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Abstract— Nonlinear Model Predictive Control (NMPC) re-
quires the online solution of a nonlinear Optimal Control
Problem (OCP) at each sampling instant. This paper presents
a novel, block based and highly parallelizable algorithm which
solves nonlinear OCPs using a recently proposed Augmented
Lagrangian based method (ALADIN). The latter employs
techniques from standard Sequential Quadratic Program-
ming (SQP) methods within a more parallelizable framework.
An implementation tailored to optimal control is proposed
where Nonlinear Programs (NLPs) are solved approximately
and concurrently on each stage while a centralized consensus
step is used to update the dual variables of the coupling
constraints. The implementation also comprises algorithmic
concepts to extend the parallelizability of the consensus step
and a blocking technique to accelerate convergence. The perfor-
mance of the resulting scheme is illustrated using as benchmark
example the control of an overhead crane.

I. INTRODUCTION

In direct optimal control, one first discretizes the contin-
uous time Optimal Control Problem (OCP) formulation and
then solves the resulting Nonlinear Program (NLP). In the
case of direct multiple shooting [1], N shooting intervals are
defined over the horizon length T to result in the following
discrete time OCP:

min
X,U

N−1∑
i=0

‖Fi(xi, ui)‖22 + ‖FN (xN )‖22 (1a)

s.t. x0 = x̂0, (1b)
xi+1 = Φ(xi, ui), i = 0, . . . , N − 1, (1c)

¯
ui ≤ ui ≤ ūi i = 0, . . . , N − 1, (1d)

¯
xi ≤ xi ≤ x̄i, i = 0, . . . , N, (1e)

where xi ∈ Rnx are the differential states at interval i,
ui ∈ Rnu the control inputs and X = [x>0 . . . x

>
N ]>, U =

[u>0 . . . u
>
N−1]> the corresponding trajectories. Function Φ(·)

is the numerical simulation of the continuous time system dy-
namics [2]. In Nonlinear Model Predictive Control (NMPC),
one needs to solve this OCP at each sampling instant for the
new state estimate x̂0 in (1b). For simplicity of notation, this
initial condition will be replaced by a suitable redefinition of
the state bounds

¯
x0 = x̄0 = x̂0.

The OCP instances in (1) can be solved efficiently by
the Real-Time Iteration (RTI) scheme [3] which uses one
Sequential Quadratic Programming (SQP) [4] iteration per
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time step with a Gauss-Newton (GN) Hessian approximation.
Recently, a block condensing approach [5] in combination
with a novel QP algorithm called the dual Newton strat-
egy [6] has been proposed as a competitive way of treating
the resulting structured QP subproblems [7]. Although this
approach is parallelizable, its use within an SQP method
would typically require several dual Newton iterations and
therefore communication points within an SQP iteration.

This paper aims at a highly parallelizable algorithm to
tackle the non-convex NLP directly. Many popular ap-
proaches for distributed convex optimization, such as the dual
decomposition method [8] and ADMM type approaches [9],
are generally not applicable to non-convex optimization [10].
On the other hand, SQP methods for optimal control have not
been originally designed for solving distributed optimization
problems. Therefore, they may require a larger number of
communication steps than tailored distributed optimization
methods. Since the objective and inequality constraints in (1)
are separable, non-convex decomposition algorithms based
on either augmented Lagrangian functions [11] or on a
penalty function approach [12] are applicable.

Recently, a novel Augmented Lagrangian based Alternat-
ing Direction Inexact Newton method (ALADIN) has been
proposed as a parallelizable algorithm for non-convex opti-
mization [10]. This paper presents a practical implementation
of the ALADIN scheme tailored to direct optimal control.
Similar to the idea of block condensing within the dual
Newton strategy [7], we show that an optimal block size
can be also found for ALADIN to reduce the amount of
overall iterations. In addition, a novel algorithmic scheme
is proposed based on the approximate solution of the local
NLP subproblems and the parallelization of most operations
in the consensus step.

The paper is organized as follows. Section II briefly
summarizes the classical SQP approach for direct optimal
control, including block condensing within the dual Newton
strategy. Section III presents the novel block based ALADIN
algorithm and discusses its local convergence properties. Sec-
tion IV proposes a practical embedded implementation and
motivates the advantages related to parallelization. An open-
source software implementation is discussed in Section V.
Section VI presents a numerical case study.

Notation: For the set of integers between two numbers
z1 and z2 the shorthand notation Zz2

z1 is employed, i.e.,
Zz2
z1 = {z ∈ Z|z ≥ z1 and z ≤ z2}. Let N be the number

of shooting intervals of a direct optimal control problem.
A certain block size M , with N an integer multiple of
M , divides the horizon into Ñ = N/M blocks. To refer



to variables within the nth block, the compact notation
{·}m,n := {·}nM+m is often used. The index set of active
input and state bounds on a point z is denoted by Au(z) and
Ax(z) respectively. A local minimizer for the NLP in (1) is
called a regular KKT point if the linear independence con-
straint qualification (LICQ), strict complementarity and the
second order sufficient conditions (SOSC) are satisfied [13].
A block diagonal matrix D with matrices Di and i ∈ Zn

0 is
denoted by D = blkdiag(D0, . . . , Dn).

II. SQP FOR DIRECT OPTIMAL CONTROL
In this section we briefly discuss how a classical SQP

method [13] proceeds with solving the OCP (1). In addition,
block condensing in combination with the dual Newton
strategy is presented as an efficient way to tackle the QP
subproblems.

A. The Structured QP Subproblem

Starting from an initial linearization trajectory (X0, U0),
an SQP type algorithm proceeds by solving the following
QP at each iteration k:

min
∆X,∆U

N−1∑
i=0

∥∥∥∥F k
i +Jk

i

[
∆xi
∆ui

]∥∥∥∥2

2

+‖F k
N +Jk

N∆xN‖22 (2a)

s.t. ∆xi+1 = Ak
i ∆xi+B

k
i ∆ui+c

k
i , i ∈ ZN−1

0 , (2b)

¯
ui − uki ≤ ∆ui ≤ ūi − uki , i ∈ ZN−1

0 , (2c)

¯
xi − xki ≤ ∆xi ≤ x̄i − xki , i ∈ ZN

0 , (2d)

where the shorthand notation ∆X = X − Xk and ∆U =
U − Uk is used. Matrices Ak

i = ∂Φ
∂xi

(xki , u
k
i ) and Bk

i =
∂Φ
∂ui

(xki , u
k
i ) denote the Jacobian matrices of the equality

constraint functions and can be computed efficiently using
integrators with tailored sensitivity propagation [2]. The
constant term is given by cki = Φ(xki , u

k
i ) − xki+1. Finally,

Jk
i , Jk

N are the Jacobian matrices of the residual functions
Fi and FN at (xki , u

k
i ). Note that a Gauss-Newton Hessian

approximation [14] has been used, given the least squares
type objective in (1a). A full-step SQP scheme proceeds
with updating Xk+1 ← Xk + ∆X and Uk+1 ← Uk + ∆U ,
in which (∆X,∆U) denote the optimal solution of the QP
subproblem (2).

B. Block Condensing within Dual Newton

The QP subproblem (2) can be solved either by structure-
exploiting solvers [6] or by eliminating the state devia-
tions ∆X (a procedure often called condensing [1]) and
passing the reduced problem to a dense solver, such as
qpOASES [15]. However, recent research suggests to com-
bine these two approaches by means of a block condensing
technique, first presented in [5] and used with the dual
Newton strategy for nonlinear MPC in [7]. Given a block
size M , state and input variables of each stage are gathered
in blocks. All but the first state variable of each block are
then eliminated using the continuity constraints (2b). This
reformulation yields a block-banded QP in the new stage
variables: ∆w̃n = [∆x>0,n ∆u>0,n ∆u>1,n . . . ∆u>M−1,n]>,

for n ∈ ZÑ−1
0 . This QP can subsequently be solved by the

same structure-exploiting solvers. The terminal state variable
can either form the last stage variable ∆w̃Ñ := ∆xN or it
can be eliminated within the Ñ th block.

The dual Newton strategy, which can be applied to struc-
tured QPs (2) as they arise in direct optimal control, is imple-
mented in the open-source software qpDUNES [6]. The al-
gorithm is based on dual decomposition in combination with
a semi-smooth Newton method to solve the dual problem. It
has been illustrated numerically in [7] that the combination
of block condensing with the dual Newton strategy allows
a considerable reduction of the overall number of Newton
steps, resulting in significant performance improvements.

C. Parallelization of Standard SQP

For the OCP (1), the numerical integration and sensitivity
propagation can be performed completely in parallel for
each shooting interval i ∈ ZN−1

0 [1]. Together with a
highly parallelizable QP solver such as qpDUNES, one could
obtain already a parallel implementation of the standard SQP
method. For each subproblem in (2), all block QPs are con-
densed and solved independently followed by a centralized
dual Newton step. The latter however requires that the blocks
of the dual Hessian are formed and communicated to a
central node, where this Hessian is factorized and the Newton
step on the dual variables is taken.

The described QP solver as well as the integration and sen-
sitivity propagation are intrinsically parallelizable. However,
the resulting SQP scheme requires frequent communication
between the computational units. More precisely, the dual
Hessian contributions and the resulting updates of the dual
variables need to be communicated among the agents at each
dual Newton step for the QP solution within a single SQP
iteration. Even though in our discussion we will assume
negligible communication delays between the computational
units, the communication cost related to synchronization is
still considerable in this approach. Namely, each node can
start the solution of its assigned block QP only after receiving
the updated dual variables. The highly parallelizable NLP al-
gorithm proposed in this paper aims to treat this shortcoming
by drastically reducing the need for synchronization between
the computational nodes.

III. BLOCK BASED AUGMENTED LAGRANGIAN
METHOD FOR OPTIMAL CONTROL

In this section, we propose a block based version of
ALADIN [10] to solve the nonlinear OCP (1).

A. Reformulation of the Nonlinear Program

To bring the OCP in a form that is compatible with the
framework in which ALADIN was originally presented [10],
we need to introduce only linear coupling constraints be-
tween the subsequent block stages. Inspired by the block
condensing technique presented in the previous section, we
use a similar blocking strategy to reduce the amount of NLP
subproblems and their corresponding coupling. Choosing M
as the block size, the NLP comprises Ñ − 1 coupling nodes
where Ñ = N/M . The index set for these coupling nodes



is defined as C =
{
i ∈ ZN−1

1 | i mod M = 0
}

. Introducing
the auxiliary variables si for i ∈ C, one can reformulate the
NLP in (1) as:

min
X,U, S

N−1∑
i=0

‖Fi(xi, ui)‖22 + ‖FN (xN )‖22 (3a)

s.t. xi+1 = Φ(xi, ui), i+ 1 ∈ ZN
1 \ C, (3b)

si+1 = Φ(xi, ui), i+ 1 ∈ C, (3c)
xi = si, i ∈ C, (3d)

¯
ui ≤ ui ≤ ūi i ∈ ZN−1

0 , (3e)

¯
xi ≤ xi ≤ x̄i, i ∈ ZN

0 . (3f)

with S = [s>M s>2M . . . s>N−M ]>. The extra equality con-
straints in (3d) denote the linear coupling between the
subsequent blocks.

B. Solving the Decoupled NLP Subproblems

The ALADIN scheme proceeds by constructing an aug-
mented Lagragian function with respect to the linear coupling
constraints that connect each block. We use the notation
ŵ>n := [x>0,n u

>
0,n x

>
1,n . . . u

>
M−1,n s

>
M,n] with n ∈ ZÑ−1

0 to
denote the optimization variables of each decoupled NLP:

min
ŵn

i+M−1∑
m=i

‖Fm(xm, um)‖22 + ‖F̃i+M (si+M )‖22

+ x>i λ
k−1
i − s>i+Mλ

k−1
i+M +

ρi
2
‖xi − xk−1

i ‖22

+
ρi+M

2
‖si+M − xk−1

i+M‖
2
2 (4a)

s.t. xm+1 = Φ(xm, um), m ∈ Zi+M−2
i , (4b)

si+M = Φ(xi+M−1, ui+M−1), (4c)

¯
xm ≤ xm ≤ x̄m, m ∈ Zi+M−1

i , (4d)

¯
si+M ≤ si+M ≤ s̄i+M , (4e)

¯
um ≤ um ≤ ūm, m ∈ Zi+M−1

i , (4f)

where i := nM . The state vectors at the coupling nodes,
xk−1
i and xk−1

i+M , come from the primal iterate of the previous
iteration, as explained in Section III-D. The same holds for
the Lagrange multipliers of the coupling equality constraints
λk−1
i and λk−1

i+M . Note that in order to distinguish between
initial, intermediate and terminal blocks in (4), the following
notation is used: terminal state sN := xN , terminal cost
function F̃j(sj) := FN (xN ) if j = N and 0 otherwise,
terminal state bounds

¯
sj :=

¯
xN and s̄j := x̄N if j = N and

−∞ or +∞ otherwise, regularization parameter ρj := ρ if
j ∈ C and 0 otherwise and finally λk−1

0 = λk−1
N = 0. Solving

the NLP subproblem for each block yields an intermediate
solution Ŵ k = [ŵ>0 . . . ŵ

>
Ñ−1

]>, which comprises state and
input trajectories, as well as the auxiliary variables S.

C. The Coupled Equality Constrained QP

The proposed algorithm closes the consensus gap at the
end of each iteration by solving a QP similar to the standard
SQP subproblem (2), where all inactive inequalities based on
the iterate Ŵ k are removed and the active ones are enforced

as equalities. This equality constrained QP reads as follows:

min
∆Ŵ,V

N−1∑
i=0

∥∥∥∥F k
i +Jk

i

[
∆xi
∆ui

]∥∥∥∥2

2

+‖F k
N + Jk

N∆xN‖22

+
∑
i∈C

v>i λ
k−1
i +

µ

2

∑
i∈C

‖vi‖22 (5a)

s.t. ∆xi+1 =Ak
i ∆xi+B

k
i ∆ui+c

k
i , i+ 1 ∈ ZN

1 \C, (5b)

∆si+1 =Ak
i ∆xi+B

k
i ∆ui+c

k
i , i+ 1 ∈ C, (5c)

∆ui = 0, i ∈ Au(Ŵ k), (5d)

∆xi = 0, i ∈ Ax(Ŵ k), (5e)

∆xi −∆si = ski − xki + vi, i ∈ C. (5f)

with ∆Ŵ = Ŵ − Ŵ k and V = [v>M v>2M . . . v>N−M ]>.
As in Section II, a Gauss-Newton Hessian approximation
has been used for the least squares type objective. Note
that the linearizations of the functions are calculated at the
most recent solution Ŵ k of the NLP subproblems. The
consensus QP (5) is always feasible if the original NLP (1)
is feasible. This is due to the auxiliary variables vi, which
are introduced in order to relax the coupling constraints [10].
The primal solution of the consensus QP (5) together with
the multipliers of the coupling constraints (5c) denoted by
Λ = [λ>M λ2M . . . λ>N−M ]> are used by the algorithm to
conclude the iteration, as discussed in the next section.

D. The Complete Parallelizable Scheme

The block based ALADIN scheme tailored for direct
optimal control is summarized in Algorithm 1. In each
iteration, the NLP subproblems (4) are solved in parallel.
Based on those local solutions, the equality constrained
QP (5) is formed and solved to update the dual variables of
the coupling constraints and the primal iterate. The algorithm
terminates when the residuals of the coupling constraints
and the difference between the primal solution of the local
NLPs and the coupled QP are below a certain tolerance
(see [10], [16]) or when the maximum number of iterations
nmax is reached. Step size selection within an appropriate
globalization strategy is needed to obtain global convergence
guarantees as discussed in [10]. As our focus is on embedded
applications, where parametric OCPs are solved consecu-
tively at each sampling time, a good initial guess can often
be constructed to stay within the algorithm’s region of local
convergence [3]. This implies that full steps can be taken and
globalization can be disregarded. The convergence properties
of the algorithm are formally stated in the following theorem.

Theorem 1: Assume that the nonlinear functions Fi(·)
and Φ(·) are both twice continuously differentiable and
that the NLP in (3) has a local minimizer which is a
regular KKT point. Moreover, let the residuum at the op-
timal solution r? :=

∑N−1
i=0 ‖Fi(x

?
i , u

?
i )‖22 + ‖FN (x?N )‖22 be

sufficiently small. If ρ is sufficiently large and the initial
guess (X0, U0,Λ0) is in a sufficiently small neighborhood
of the optimal solution (X?, U?,Λ?), Algorithm 1 converges
locally with linear convergence rate.



Algorithm 1 Block based ALADIN for Optimal Control
1: Input: Initial guess (X0, U0,Λ0), block size M , maximum number

of iterations nmax.
2: Output: Approximate optimal solution (X,U,Λ).
3: for k = 1 : nmax do
4: Obtain Ŵk by solving all NLPs ∀n ∈ ZÑ−1

0 in (4).
5: Check stopping criterion [10].
6: Obtain (∆Ŵ,Λ) by solving the consensus QP (5).
7: Perform a full step Ŵk ← Ŵk + ∆Ŵ, Λk ← Λ.
8: end for

Proof: The proof follows by using similar arguments
as in [10].

IV. AN EMBEDDED IMPLEMENTATION OF
BLOCK BASED ALADIN

This section addresses two major issues which typically
arise when parallelizing the block ALADIN scheme in
Algorithm 1. The first issue is related to the consensus step
which needs to be performed on a centralized node and
therefore limits the parallelization capabilities. The second
issue stems from the fact that the algorithm relies on an exact
locally optimal solution for the NLP subproblems. We will
therefore study the case where a solver is used to provide
merely an approximate solution to these problems. In the
case of embedded applications, where runtime is limited, one
can consider a fixed amount Ns of SQP iterations to solve
each subproblem.

A. Parallelizing the consensus step

In what follows, we leave out the slack reformulation
in the consensus QP (5) without loss of generality. Let us
use the coupling constraint (5f) to eliminate the auxiliary
variables ∆si and apply block condensing with block size
M . The QP can then be written in terms of the block
condensed variables:

min
∆W̃

Ñ−1∑
n=0

1

2
∆w̃>nHn∆w̃n + g>n ∆w̃n (6a)

s.t.

Ñ−1∑
n=0

Cn∆w̃n = c, (6b)

Dn∆w̃n = dn, n ∈ ZÑ−1
0 , (6c)

preserving the typical block-banded structure. We recall
that ∆w̃>n = [∆x>0,n ∆u>0,n ∆u>1,n . . . ∆u>M−1,n]. Here,
the terminal state ∆xN is condensed in the Ñ th block.
The matrices Cn in (6b) denote the contribution of each
block stage to the coupling constraint. They are defined by
condensing the dynamic constraints in (5b) and (5c), which
results in a structured coupling of the block variables from
one stage n to the next. The matrices Dn are defined as the
Jacobians of the active inequality constraints for each block
and Hn are the blocks on the diagonal of the block condensed
Hessian H . Note that the constant term dn is equal to zero
either when there are no active state bounds in the block or
the corresponding NLP subproblem is solved to convergence.

The latter assumption is not made here to allow the use of
suboptimal NLP solutions.

Let us use the compact notation C := [C0 C1 . . . CÑ−1]
and D := blkdiag(D0, . . . , DÑ−1) to abbreviate the con-
straints (6b) and (6c). Moreover, let us define Z =
blkdiag(Z0, . . . , ZÑ−1) and R = blkdiag(R0, . . . , RÑ−1)
as basis matrices for the null space and row space of D. The
following lemma provides an update for the dual and primal
variables which is largely parallelizable and equivalent to
solving the equality constrained consensus QP (6).

Lemma 1: Assume the QP (6) is feasible, the constraint
matrices Dn have full rank and all blocks of the reduced
Hessian H̃ = blkdiag(H̃0, . . . , H̃Ñ−1) defined as H̃n =

Zn
>HnZn are positive definite. Then, the optimal dual

variables Λ for the coupling constraints in (6b) can be
obtained by solving the linear system of equations

E Λ = e, (7)

where matrix E ∈ R(Ñ−1)nx×(Ñ−1)nx and right-hand side e
are defined as:

E =

Ñ−1∑
n=0

CnPnC
>
n , (8a)

e = −
Ñ−1∑
n=0

CnPn

(
HnRn (DnRn)

−1
dn + gn

)

− c+

Ñ−1∑
n=0

CnRn (DnRn)
−1
dn. (8b)

In the equations above, Pn := ZnH̃
−1
n Zn

>. The updated
primal variables can then be obtained as:

∆w̃n =− Pn

(
HnRn (DnRn)

−1
dn + C>n Λ + gn

)
+Rn (DnRn)

−1
dn, (9)

which can be calculated concurrently in each block due to
the underlying structure.

Proof: The Lemma is an application of the null space
method [13] to the consensus QP.
Lemma 1 enables us to limit the amount of centralized oper-
ations to the factorization of the dual Hessian matrix E and
the solution of the corresponding linear system (7). Similar
to the dual Newton strategy for quadratic programming [6],
a banded Cholesky factorization can be used for the block-
banded matrix E. Even though this procedure could be fur-
ther parallelized using a cyclic reduction technique [17], [6],
the dual Hessian factorization and the corresponding system
solution will be considered as centralized steps throughout
this paper. Therefore, by tuning the block size M we can
limit the amount of centralized operations in the algorithm.

B. The embedded block based ALADIN algorithm

Targeting embedded applications with close to determin-
istic workload per computational node, we propose to per-
form only a fixed number Ns of SQP iterations per NLP
subproblem (4). This implies that the obtained solutions are



Algorithm 2 Embedded block based ALADIN
1: Input: Initial guess (X0, U0,Λ0), block size M , maximum number

of iterations nmax, number of SQP iterations Ns.
2: Output: Approximate optimal solution (X,U,Λ).
3: for k = 1 : nmax do
4: for n = 0 : Ñ − 1 do in parallel
5: if k > 1 then
6: Use Λk−1 and (9) to update ∆w̃n.
7: Expand ∆w̃n to ∆ŵn.
8: ŵk−1

n ← ŵk−1
n + ∆ŵn.

9: end if
10: Perform Ns iterations for NLP in (4) to get ŵk

n.
11: Relinearize dynamics and objective at ŵk

n.
12: Calculate Zn, Rn, Pn.
13: Calculate CnPnC>n and en for (8a), (8b).
14: end for
15: Check stopping criterion [10].
16: Setup and solve system (7) to get Λk .
17: end for

only approximate. Given integrators with efficient sensitivity
propagation [2], a new linearization is performed to retrieve
the exact Jacobian information. The resulting embedded
block based ALADIN scheme is summarized in Algorithm 2
and a formal proof of its convergence properties is part of
ongoing research.

V. IMPLEMENTATION AND SOFTWARE

A software implementation of the embedded block based
ALADIN scheme in Algorithm 2 has been developed and
made publicly available [18]. It consists of a prototype
implementation in MATLAB that uses MEX files written in
plain C or open-source software for its time-critical compo-
nents. The algorithm uses the described blocking technique
to form the NLP subproblems that are then solved with
condensing and qpOASES [15]. In the implementation of
Lemma 1 for the solution of the consensus QP, the dual
Newton step in (7) is computed using a banded Cholesky
factorization of the matrix E. The numerical simulation and
sensitivity propagation is performed using auto generated
integrators from ACADO [2].

VI. NUMERICAL CASE STUDY

To demonstrate the performance of the block based AL-
ADIN scheme in optimal control, we use the example of
an overhead crane. The detailed OCP formulation can be
found in [19]. The system comprises 8 states, of which 4
are bounded, and 2 control inputs, also bounded. The horizon
length for the experiments is set to N = 80 intervals with
a sampling time of Ts = 0.2 s. Solving an OCP which
comprises both active state and control bounds at the optimal
solution (X?, U?), we intend to investigate several aspects of
the proposed scheme. Namely, how the number of iterations
is affected by the accuracy of the local NLP solvers and
the selected blocksize, how parallelizable the algorithm is
and how it compares with a classical SQP method. All
simulations were performed on a 2,5 GHz Intel i7 processor
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Fig. 1. Number of ALADIN iterations and timings [ms] as a function of
the block size for different number of SQP iterations.

(I7-4870HQ) with 16 GB of RAM, running OS X 10.11 and
Matlab R2015a.

Figure 1 shows how the number of iterations as well as
the centralized, decentralized and total computation times
are affected by the block size (x-axis) and the number of
inner SQP iterations for the subproblems (different curves).
Similar to the analogous QP case in [7], we observe that
by increasing the block size, the algorithm needs less outer
iterations, i.e., consensus steps, to converge to the optimal
solution (X?, U?) which is calculated beforehand to high
accuracy. For illustrative purposes, the simulations terminate
when max(‖Xk − X?‖∞, ‖Uk − U?‖∞) ≤ 10−8. The
decreasing number of overall iterations, in combination with
the increasing complexity of the subproblems, lead to an
optimal block size that yields the best trade-off between
the two factors. As intuitively expected, performing more
SQP iterations has usually a positive impact on the required
number of consensus steps. Figure 1 suggests that doing only
one SQP iteration is the optimal choice for this example
assuming a sequential implementation.

Table I summarizes how the computation time of one
ALADIN iteration is divided over the algorithmic compo-
nents of the method for different numbers of CPU cores.
We perform Ns = 1 SQP iterations and fix the block size
to M = 10. Based on our implementation of Algorithm 2,
its parallelization properties are studied only theoretically
here. We investigate the simplest case where there is no
communication delay and the workload is divided equally
between the computational units. We stress however at this
point the importance of few communication points in a
parallel algorithmic scheme that minimizes the idle time of
the processing units. Table I is divided in three sections.
The first two sections comprise parallel computations while
the last one refers to the centralized dual step of the scheme.
Note that the timings of the first section should be multiplied
by Ns when the algorithm performs more than one SQP
iteration.



TABLE I
DETAILED TIMINGS IN [ms] FOR ONE ALADIN ITERATION, WITH ONE

SQP ITERATION PER SUBPROBLEM AND DIFFERENT NUMBER OF CORES

Operation 1 Core 2 Cores 4 Cores

Integrate nonlinear dynamics 0.17 0.08 0.04
Condense NLP subproblems 0.20 0.10 0.05
Solve one QP per subproblem 0.37 0.19 0.09

Relinearize at last SQP iterate 0.16 0.08 0.04
Block condense consensus QP 0.20 0.10 0.05
Form dual Hessian E 0.21 0.10 0.05

Factorize and update dual variables 0.01 0.01 0.01

Total time 1.33 0.66 0.33

Finally, we compare the performance of the block based
ALADIN scheme with a classical SQP method that uses
qpDUNES and block condensing for the QP subproblems.
The timings are provided in Table II where the entries
refer to total computation times until convergence for each
algorithm. The parallel computations in the SQP method
comprise the integration of the dynamics, condensing of
each block, calculation of dual Hessian contributions and
solution of the stage QPs. The centralized steps are the
solution of the Newton system and the line search procedure
since parallelization of those operations would involve either
specialized linear algebra or a lot of communication between
agents. Since qpDUNES requires the nodes to communicate
at least twice per iteration [16], the number indicated in
the last row of the table is two times the total amount of
dual Newton iterations. On the other hand, the proposed
block ALADIN scheme needs to communicate only once per
outer iteration, leading to fewer communication points and
therefore significantly reduced need for synchronization.

VII. CONCLUSIONS AND FUTURE WORK

This paper presents a block based version of the highly
parallelizable ALADIN algorithm, tailored to direct optimal
control. A novel practical implementation is proposed and
discussed, based on the approximate solution of the NLP
subproblems in combination with a null space approach
to solve the equality constrained coupling QP. The latter
allows for parallelization of most operations in the update
of the dual variables while the new primal variables are
then calculated concurrently by each agent. An open-source
software implementation of the algorithm is tested on the
optimal control of an overhead crane. All numerical results
can be verified, based on the code which is freely available
at [18]. An efficient fully parallelized implementation that
would run on different multi-core hardware platforms is part
of ongoing research.
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TABLE II
TOTAL TIME UNTIL CONVERGENCE IN [ms] FOR ALADIN

(9 ITERATIONS) AND SQP (15 ITERATIONS) WITH BLOCK SIZE M = 10

Block-SQP Block-ALADIN
1 Core 4 Cores 1 Core 4 Cores

Parallel time 16.87 4.22 12.97 3.24
Centralized time 1.21 1.21 0.07 0.07

Total computation time 18.08 5.43 13.04 3.31
Parallelization speedup 1 3.33 1 3.94
Communication points - 62 - 9
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