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Abstract

This paper concerns a class of functions, named cost-to-travel functions, which find applications in model-
based control. For a given (potentially nonlinear) control system, the cost-to-travel function associates with
any given start and end point in the state space and any given travel duration the minimum economic cost
of the associated point-to-point motion. Cost-to-travel functions are a generalization of cost-to-go functions,
which are often used in the context of dynamic programming as well as model predictive control. We discuss
the properties of cost-to-travel functions, their relations to existing concepts in control such as dissipativity,
but also a variety of control-theoretic applications of this function class. In particular, we discuss how cost-
to-travel functions can be used to analyze the properties of economic model predictive control with return
constraints.
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1. Introduction

Optimal control as well as model predictive con-
trol theory are well-established fields of research
that are covered by many modern textbooks [15,
23, 22]. The foundations of optimal control theory
go back to the work of Bellman [3], Pontryagin [21],
and Fillipov [8]. Bellman’s principle of optimality
is the basis for dynamic programming algorithms,
which construct the optimal value function, also
called “cost-to-go function”, of an optimal control
problem by a backward recursion [4, 5]. Cost-to-go
functions are the solution of the Hamilton-Jacobi-
Bellman equation [5] and can be used as a start-
ing point for deriving Pontryagin’s maximum prin-
ciple [21, 15].

Cost-to-go functions can also be considered as
an important tool for analyzing closed-loop sys-
tems. For example, quadratic cost-to-go functions
can be used to derive closed-loop optimal control
laws for linear systems leading to the famous linear
quadratic regulator (LQR) [23]. Moreover, modern
model predictive control theory [22] frequently uses
cost-to-go functions as Lyapunov function candi-
dates that can be used to derive a number of stabil-

ity results for model predictive control with track-
ing objectives under additional controllability as-
sumptions with or without terminal costs and con-
straints [7, 10].

In recent years, so-called economic MPC schemes
have received significant attention. Here, the pri-
mary control objective is not the stabilization of
an a priori given setpoint or trajectory as in
tracking MPC, but the optimization of a general
performance criterion [2, 9]. In such economic
MPC schemes, certain dissipativity conditions have
turned out to play a crucial role, both for classifying
the optimal operating behavior for a given system
as well as for establishing closed-loop convergence
and performance guarantees [2, 17, 9, 18]. The no-
tion of dissipativity goes back to Willems [27] and it
was already shown in these early results [27] (com-
pare also [28]) that dissipativity can—at least in
principle—be characterized via cost-to-go functions
of suitably defined optimal control problems.

The goal of this letter is to propose a new type of
functions, named “cost-to-travel functions”. Cost-
to-travel functions can be viewed as a generaliza-
tion of cost-to-go functions, which open new per-
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spectives on the above mentioned existing control
theory results. The main contributions can be out-
lined as follows.

• Section 3.1 introduces a functional equation
for cost-to-travel functions, which is summa-
rized in Proposition 1 and which can be used to
construct double-sided dynamic programming
algorithms for solving time-autonomous opti-
mal control problems to global optimality. The
run-time complexity of double-sided dynamic
programming is proportional to the logarithm
of the time horizon of the given optimal control
problem.

• Theorem 1 exploits the properties of cost-to-
travel functions in order to provide an alterna-
tive, elegant proof of a result that has originally
been established in [1], namely that for any lin-
ear system with strictly convex stage-cost and
convex constraints every optimal periodic orbit
is a steady-state.

• Theorem 2 establishes an alternative charac-
terization of a certain dissipativity condition
for general (potentially nonlinear) control sys-
tems, which is crucial in economic MPC.

• Theorem 3 and the associated Lemma 1 estab-
lish (under a mild controllability assumption)
necessary and sufficient conditions to check
whether a given optimal m-periodic orbit of
a time-autonomous control system is optimal
among all N -periodic orbits with N ∈ N.

• Theorem 4 establishes conditions under which
local asymptotic orbital stability of economic
MPC with return constraints can be verified.
The corresponding proof uses the fact that
the closed-loop state-trajectory of economic
MPC with return constraints are equal to se-
lected iterates of a block-coordinate descent
method applied to minimize a particularly de-
fined “cost-of-a-round-trip function”.

Notation. We use the symbols R and N to denote
the set of real numbers and strictly positive inte-
gers, respectively. The notation N0 = N ∪ {0} de-
notes the set of positive integers including 0.

2. Cost-To-Travel Function

Let f : Rnx × Rnu → Rnx be a given continu-
ous right-hand side function, l : Rnx × Rnu → R a

given continuous stage cost, X ⊆ Rnx a closed set
modeling state constraints, and U ⊆ Rnu a compact
set modeling control constraints. The cost-to-travel
function

V : Rnx × Rnx × N0 → R ∪ {∞}

is defined as the optimal value of the optimization
problem

V (a, b,N) = min
x,u

∑N−1
k=0 l(xk, uk)

s.t.


∀k ∈ {0, 1, . . . , N − 1},
xk+1 = f(xk, uk)

xk ∈ X , uk ∈ U
x0 = a , b = xN ∈ X

(1)

for all a, b ∈ Rnx and all strictly positive integers
N ∈ N as well as

V (a, b, 0) =

{
0 if a = b ∈ X
∞ otherwise .

Here, xk and uk denote the state and control of the
discrete-time system f at time k. Since the func-
tions f and l are continuous, the set X closed, and
the set U compact, Problem (1) either has a mini-
mizer or is infeasible. If Problem (1) is infeasible,
we set V (a, b,N) = ∞ such that V is well-defined
for all points a, b ∈ Rnx and all N ∈ N0. Notice
that this implies that N -step controllability (under
constraints) from a to b is equivalent to requiring
V (a, b,N) < ∞. The function V (a, b,N) can be
interpreted as the minimum cost that is needed to
bring the system from state a to state b in time N .

2.1. Cost-To-Go Function

The cost-to-travel function V is closely related to
the so-called cost-to-go function J : Rnx ×N0 → R.
For the case that m : Rnx → R is a given continuous
terminal cost, the cost-to-go function is defined as

J(a,N) = min
b

V (a, b,N) +m(b)

for all a ∈ Rnx and all N ∈ N0. Here, the motiva-
tion for introducing the end cost m depends on the
context. In standard optimal control m is used to
model cost contributions that depend on the termi-
nal state only, while in model predictive control the
motivation for introducing m is to approximate the
infinite horizon cost and to enforce stability of the
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resulting closed-loop system [16, 22]. Here, the infi-
nite horizon cost-to-go function is typically defined
as

J∞(a) = lim
N→∞

min
b

V (a, b,N) , (2)

if this limit exists.

2.2. Guiding Example

Throughout this paper, the guiding example

f(x, u) = x+ u , X = [−2, 2] ,

l(x, u) = x2 − |u| , U = [−4, 4]
(3)

is used in order to illustrate some of the theoreti-
cal developments. Notice that the one-step cost-to-
travel function has the explicit form

V (a, b, 1) =

{
a2 − |a− b| if a, b ∈ [−2, 2]
∞ otherwise .

(4)

Moreover, we have

lim
N→∞

min
b

V (a, b,N) =

{
−∞ if a ∈ [−2, 2]
+∞ otherwise .

for this example, i.e., the standard cost-to-go func-
tion does not take finite values without further
modification.

3. Properties of Cost-To-Travel Functions

3.1. Functional equation

The cost-to-travel function V satisfies “Bellman’s
principle of optimality” [3], which yields a double-
sided dynamic programming recursion:

Proposition 1. The cost-to-travel function V sat-
isfies a functional recursion of the form

V (a, b,N +M) = min
c

V (a, c,N) + V (c, b,M)

(5)

for all a, b ∈ Rnx and all N,M ∈ N0.

Proof. The cost of traveling from a to b via c in N+
M steps is always larger than or equal to the cost to
travel from a to b without necessarily visiting c, but
we can always find a way-point c for which equality
holds [3].

Example 1. For the guiding example (3), the func-
tional equation (5) yields

V (a, b, 2)

= minc V (a, c, 1) + V (c, b, 1)

= minc a
2 + c2 − |a− c| − |b− c|

= a2 + min{−|a− 1| − |b− 1|+ 1, −|a| − |b|,
−|a+ 1| − |b+ 1|+ 1}

(6)

for all a, b ∈ [−2, 2].

Notice, that if the time horizon of the discrete
time optimal control problem

min
x,u

∑N−1
k=0 l(xk, uk) +m(xN )

s.t.


∀k ∈ {0, 1, . . . , N − 1},
xk+1 = f(xk, uk)

x0 = x̂0

xk ∈ X , uk ∈ U

(7)

is given by N = 2n + 1 for a given integer n ∈ N
and a given initial value x̂0, then an optimal solu-
tion for the first element u0 of the optimal control
sequence u = [u0, . . . , uN−1] can be found by solv-
ing the single-stage optimization problem

min
u0,xN

l(x̂0, u0) + V (f(x̂0, u0), xN , 2
n) +m(xN ) .

This is in analogy to the standard dynamic pro-
gramming procedure, which constructs the cost-to-
go function J(·, i) by a backward recursion and then
solves the problem

min
u0

l(x̂0, u0) + J(f(x̂0, u0), N − 1)

in order to find an optimal control input u0. How-
ever, the complexity of constructing the function
J(·, N − 1) by a backward recursion is of order
O (N). This is in contrast to the double-sided dy-
namic programming recursion, which leads to an
optimal control algorithm with run-time complex-
ity

O (n) = O (log(N)) ,

as we may substitute N = M = 2i in (5) such
that this equation can be used to find V (·, ·, 2i+1)
from V (·, ·, 2i) for all i ∈ {1, . . . , n− 1}. The disad-
vantage of the above construction is of course that
storing functions in X×X is expensive. However, in
the context of quadratic programming, the above
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double-sided dynamic programming algorithm is,
at least in similar version, known under the name
“cyclic reduction” and has been exploited for the
construction of practical methods with log(N) com-
plexity [25]. Cost-to-travel functions can be used
to understand this complexity result by looking at
one single equation, namely, the functional equa-
tion (5).

Example 2. Let f(x, u) = Ax + Bu be a linear
system, l(x, u) = xTQx + uTRu a quadratic stage
cost with Q � 0 and R � 0 as well as X = Rnx

and U = Rnu . For simplicity of presentation, we
assume that nx = nu and that B is invertible, al-
though the derivation below can be generalized eas-
ily for other dimensions and non-invertible matrices
B. Now, we have

V (a, b, 2i) =

(
a
b

)T(
Pi Si
ST
i Ti

)(
a
b

)
for certain matrices Pi, Si, Ti ∈ Rnx×nx . In order
to derive this result, we use the definition (1) to
find

V (a, b, 1) = aTQa+
(
B−1(b−Aa)

)T
RB−1(b−Aa) .

Thus, we have T1 =
(
B−1

)T
RB−1, S1 = ATT1,

and P1 = Q + S1A. Moreover, by substituting the
above expression for V in (5), we can use induc-
tion to prove that the functions V (·, ·, 2i) are for all
i ∈ N quadratic forms. In particular, we find the
recursion

Si+1 = −Si(Pi + Ti)
−1ST

i

and

Pi+1 = Pi + Si+1 and Ti+1 = Ti + Si+1

for the extended matrix-valued coefficients. No-
tice that we can compute these coefficients within
n = log2(N) iterations. The above recursion is
(in a very similar version) known under the name
cyclic reduction [25]; it can be used to solve finite-
horizon LQR problems much faster than with stan-
dard Riccati recursions.

3.2. Optimal periodic orbits

Let Vp : Rnx×nx → R ∪ {∞} denote the periodic
return cost function,

∀a ∈ Rnx , Vp(a,N) = V (a, a,N) .

The set of minimizer of this function,

YN = argmin
a

Vp(a,N) ,

can be interpreted the set of all points being
part of an optimal N -periodic orbit of the system
(f, l,X,U).

Example 3. For our guiding example (3), we have

Vp(a, 1) = a2

Vp(a, 2) = a2 + 1− 2 max{ |a− 1|, |a+ 1|}

for all a ∈ [−2, 2], which follows by substituting a =
b in (4) and (6), respectively. Thus, we have

Y1 = {0} and Y2 = {−1, 1} .

In general, it can be checked easily that

YN =

{
{−1, 1} if N ≡ 0 mod 2
{−1, 0, 1} if N ≡ 1 mod 2

for all N > 1.

3.3. Convexity

Problem (1) is called convex, if the function f is
jointly affine in x and u, if the function l is jointly
convex in x and u, and if the sets X and U are con-
vex. If Problem (1) is convex, then the associated
cost-to-travel function V (·, ·, N) is jointly convex in
(a, b). If, in addition, l is strictly convex, V (·, ·, N)
is strictly convex in (a, b). This follows from the
fact that the parametric minimum of a convex func-
tion over some of its variables is convex in the re-
maining variables [6]. Also notice that if V (·, ·, N)
is (strictly) convex, the functions Vsym(·, ·, N) and
Vp(·, N) are (strictly) convex, too. The latter re-
sult can be used to obtain an alternative proof of
a steady-state optimality result in periodic opti-
mal control, which has originally been established
in [1, 2].

Theorem 1. If the function f is jointly affine in x
and u, the sets X and U convex and l jointly strictly
convex in x and u, every optimal periodic orbit is
a steady-state, i.e., the minimizing state sequence
x∗0, x

∗
1, . . . , x

∗
N of Problem (1) satisfies x∗0 = x∗1 =

. . . = x∗N for any a = b ∈ YN assuming that YN is
non-empty.

The statement of the above theorem has origi-
nally been proven in [1]. However, the following
proof uses an alternative argument to establish this
well-known result by exploiting strict convexity of
the periodic return cost function.
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Proof. Problem (1) has a solution x∗0, x
∗
1, . . . , x

∗
N for

the given a = b as we assume V (a, a,N) <∞. Now,
the optimal state sequence satisfies

x∗i ∈ YN = argmin
a

Vp(a,N)

for all i ∈ {0, . . . , N}. This follows from the defini-
tion of YN and the fact that the periodically shifted
state sequence

xΠk = (xk, xk+1, . . . , xN , x1, . . . , xk−1)

with shift matrix

Π =


0 0 . . . I

I 0
. . .

...
...

. . .
. . . 0

0 . . . I 0

 ,

of an optimal state sequence x is for any phase shift
k ∈ {1, . . . , N − 1} also optimal. A consequence of
the assumptions of this theorem is that the peri-
odic return cost function Vp(·, N) is strictly convex.
Thus, YN is a singleton and we must have

x1 = x2 = . . . = xN ,

i.e., every optimal periodic orbit must be a steady
state.

Remark 1. The statement of the above theorem
can be generalized for the case that the stage cost
l is only jointly convex in x and u but not neces-
sarily strictly convex. In this case, we may state
that among all periodically optimal solutions, there
exists at least one optimal steady state, as proven
in [1], too.

4. Relation to dissipativity theory

In this section, we illustrate some relations be-
tween cost-to-travel functions and the concept of
dissipativity, as introduced by Willems in [27].

Definition 1. A system is dissipative on X×U with
respect to the supply rate s : X × U → R if there
exists a nonnegative storage function λ : X → R≥0
such that the following inequality is satisfied for all
(x, u) ∈ X× U with f(x, u) ∈ X:

λ(f(x, u))− λ(x) ≤ s(x, u). (8)

Remark 2. If in the above definition the non-
negativity assumption on the storage function λ is
dropped, one typically speaks of cyclo-dissipativity,
see, e.g., [12] (compare also [28]).

Next, let us establish a connection between dissi-
pativity and cost-to-travel functions for a particular
supply rate. For this aim, we assume that the sym-
metric minimum1

V ∗m = min
a

V (a, a,m)

exists. A function Wm : X→ R is called a separable
lower bound of V for a given m ∈ N if

∀a, b ∈ X, V (a, b,m)− V ∗m ≥Wm(b)−Wm(a) .
(9)

The following theorem shows that the existence of
such a separable lower bound is, at least for m = 1,
closely related to a dissipativity condition that is
frequently used in the context of economic MPC.

Theorem 2. Let Y1 be non-empty. The func-
tion V (·, ·, 1) admits a nonnegative separable lower
bound λ = W1 if and only if the system f is dissi-
pative for all (x, u) ∈ X × U such that f(x, u) ∈ X
with respect to the supply rate s(x, u) = l(x, u)− l∗
with l∗ = V ∗1 .

Proof. As Y1 be non-empty, the constant offset l∗ =
V ∗1 <∞ is well-defined. If f is dissipative, we have

V (a, b, 1)− V ∗1 = l(a, u)− l∗
≥ λ(f(a, u))− λ(a)
= W1(b)−W1(a)

(10)

as long as the point b = f(a, u) is reachable by ap-
plying an optimal control u ∈ U. Otherwise, if b is
not reachable from a, we have V (a, b, 1) = ∞ and
the above inequality is satisfied trivially. Thus, if f
is dissipative, V (·, ·, 1) admits a nonnegative sepa-
rable lower bound. To prove the converse implica-
tion, note that `(a, u) ≥ V (a, b, 1) for all a, b ∈ X
and u ∈ U such that f(a, u) = b. Hence, for all such
a, b, u we obtain

λ(f(a, u))− λ(a) = W1(b)−W1(a)

≤ V (a, b, 1)− V ∗1 ≤ l(a, u)− l∗,

which proves dissipativity for all (x, u) ∈ X×U such
that f(x, u) ∈ X.

1The minimizer might not be unique.
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Remark 3. In the lines of Remark 2, the nonneg-
ativity assumption on the separable lower bound W
can be dropped, in which case its existence is equiv-
alent to the system being cyclo-dissipative.

Example 4. For the guiding example (3), the one-
step cost-to-travel function is given by

V (a, b, 1) =

{
a2 − |a− b| if a, b ∈ [−2, 2]
∞ otherwise .

If the function V (·, ·, 1) would admit a nonnegative
separable lower bound W1, we would have

V (1,−1, 1) = −1 ≥W1(1)−W1(−1) (11)

V (−1, 1, 1) = −1 ≥W1(−1)−W1(1) . (12)

This is not possible, as the sum of these two in-
equalities yields −2 ≥ 0, which is a contradiction.
Thus, Theorem 2 implies that our guiding exam-
ple is not dissipative with respect to the supply rate
l(x, u) = x2 − |u|.

In the context of economic MPC, it was shown
that the dissipativity condition considered in The-
orem 2 is sufficient and under an additional con-
trollability assumption also necessary for optimal
steady-state operation, i.e., that the optimal oper-
ating behavior of the system for the given cost and
constraints is to stay at the best steady-state [2, 17].
By Theorem 2, these results can equivalently be es-
tablished by replacing the dissipativity condition
with the existence of a (nonnegative) separable
lower bound for V (·, ·, 1).

Similar statements also hold in the more general
case where not steady-state operation, but some
periodic behavior, is optimal. Namely, again cer-
tain dissipativity conditions (with a different sup-
ply rate than above) have been used as a necessary
and sufficient condition for optimal periodic behav-
ior [11, 18]. Similar to the above, one can show that
the same results can be established when replac-
ing the dissipativity condition with the existence
of a separable lower bound for V (·, ·,m). In the
following, we discuss under what conditions such a
separable lower bound exists. The following theo-
rem can be seen as a generalization of some of the
early results by Willems characterizing dissipativ-
ity [27, 28], compare Remark 4 below.

Theorem 3. Let c ∈ Ym be an arbitrary point of
an optimal periodic orbit with period m ∈ N, and
let f be such that

inf
N
V (a, c,mN) <∞ (13)

for all a ∈ X. Then V (·, ·,m) has a (not necessarily
positive) separable lower bound on X if and only if
the limit

Wm(a) = − inf
N
{V (a, c,mN)−NV ∗m} <∞ (14)

exists for all a ∈ X. Moreover, if this limit function
Wm exists, then Wm is such a separable lower bound
that satisfies (9).

Proof. The proof is divided into two parts estab-
lishing sufficiency and necessity.

Part I (Sufficiency). Let us first assume that the
limit function Wm exists. Moreover, we may as-
sume V ∗m = 0 without loss of generality, as we can
always add a constant offset to the stage cost with-
out changing the statement of this theorem. This
implies in particular that

inf
N
{V (a, c,mN)} = inf

N
{V (a, c,m(N + 1))} .

(15)

Next, by using the functional equation for the cost-
to-travel function once more, we find

Wm(b)−Wm(a)

= − infN {V (b, c,mN)}+ infN {V (a, c,mN)}
= V (a, b,m)− infN {V (a, b,m) + V (b, c,mN)}

+ infN {V (a, c,mN)}
(5)

≤ V (a, b,m)− infN {V (a, c,m(N + 1))}
+ infN {V (a, c,mN)}

(15)
= V (a, b,m) .

Thus, Wm is a separable lower bound of V (·, ·,m).

Part II (Necessity). The other way around, let
us assume that a separable lower bound Wm on
V (·, ·,m) exists, but the limit (14) does not exist.
Since we may still assume V ∗m = 0 without loss of
generality, there exists a sequence of state sequences
xn = (xn1 , . . . , x

n
n) with xn1 = a and xnn = c such that

−∞ = infn {V (a, c, nm)}

= infn

{∑n−1
i=1 V (xni , x

n
i+1,m)

}
(9)

≥ infn

{∑n−1
i=1

(
Wm(xni )−Wm(xni+1)

)}
= Wm(a)−Wm(c) .

(16)

6



This is a contradiction. Thus, the limit func-
tion (14) must exist.

Under a mild additional assumptions, the above
theorem can be used to verify whether optimal m-
periodic orbits are optimal among all periodic or-
bits of any period length. This technical addition
is established in the following lemma.

Lemma 1. If X is compact and if the controllability
condition (13) is strengthened to

inf
N
V (a, b,mN) <∞

for all a, b ∈ X, the existence of the limit func-
tion (14) is equivalent to stating that any optimal
periodic orbit with period m is also optimal among
all periodic orbits of length N for any N ∈ N.

Proof. The statement that the existence of the
limit (14) implies thatm is an optimal period length
is trivial and not further elaborated here. However,
the proof of the other direction requires a technical
argument that is less trivial: if an m-periodic orbit
is optimal among all orbits, then

V (a, c,mN) + inf
N ′
V (c, a,N ′) ≥ 0 (17)

for all a ∈ X and c ∈ Ym assuming V ∗m = 0 with-
out loss of generality. Consequently, the function
sequence

ωN (a) = V (a, c,mN)

is monotonously decreasing, ωN+1(a) ≤ ωN (a), and
for any given a ∈ X bounded below, as

ωN (a)
(17)

≥ − inf
N ′
V (c, a,N ′) > −∞ .

Consequently, we can apply the monotone conver-
gence theorem to show that the (point-wise) limit

Wm(a) = − lim
N→∞

ωN (a)

in (14) indeed exists for all a ∈ X.

Example 5. For the guiding example (3), we have

V (a, b, 2)

= a2 + min{−|a− 1| − |b− 1|+ 1, −|a| − |b|,
−|a+ 1| − |b+ 1|+ 1}

(18)

for all a, b ∈ [−2, 2] and V (a, b, 2) = ∞ if (a, b) /∈
[−2, 2]× [−2, 2]. Now, the function

W2(a) = |a|

is a separable lower bound on V (·, ·, 2). In order to
verify this, we first work out the minimum cost

V ∗2 = −2 .

Because the inequalities

|a|2 − |a− 1| − |b− 1|+ 3 ≥ |a| − |b|

|a|2 − |a| − |b|+ 2 ≥ |a| − |b|

|a|2 − |a+ 1| − |b+ 1|+ 3 ≥ |a| − |b|

hold for all a, b ∈ R, it follows from (18) that

V (a, b, 2)− V ∗2 ≥ |a| − |b| = W2(a)−W2(b) .

Thus, the 2-periodic orbit, xi = (−1)i, is in this
example optimal among all periodic orbits of any
period length.

Remark 4. For m = 1, a combination of Theo-
rem 2 and Theorem 3 yields the result that a sys-
tem is cyclo-dissipative with respect to the supply
rate s(x, u) = l(x, u)− V ∗1 if and only if W1 as de-
fined in (14) is finite. This recovers known results
stating that a system is (cyclo-)dissipative if and
only if the so-called (virtual) available storage is fi-
nite [27, 12]. Namely, W1 in essence corresponds to
the virtual available storage [12, Definition 9] (com-
pare also [28, Section 3]). If in (14), the infimum is
taken not only over N but also over c, then W1 cor-
responds to the available storage as defined in [27,
Definition 3].

5. Economic MPC with Return Constraints

Many existing stability results for economic MPC
use the above reviewed dissipativity assumptions
in order to establish convergence statements about
the associated closed-loop systems [2, 9]. More-
over, in [11, 19] sufficient conditions for establish-
ing convergence of economic MPC to an optimal
periodic orbit have been analyzed. These condi-
tions are similar in essence to the conditions from
Theorem 3 and Lemma 1 in the sense that they re-
quire that a periodic orbit with period m is known,
which is optimal among all periodic orbits with pe-
riod N , N ∈ N. However, it is already difficult
to check whether a given system is dissipative and
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the corresponding generalized conditions for check-
ing optimality of periodic orbits are even harder to
check. Thus, in a situation where we simply fail to
check whether the conditions of Theorem 3 are sat-
isfied, one might be interested in an economic MPC
scheme that converges to the optimal periodic or-
bit with given length m, although there may or may
not exist other (to us unknown) periodic orbits of
length N , N 6= m, which could lead to better per-
formance. Economic MPC with return constraints
can be a viable way of formulating MPC problems
in this case [14]. Here, economic MPC with re-
turn constraints proceeds by solving Problem (1)
for a = b = y, where y denotes the current state
measurement. As soon as this optimization prob-
lem is solved, the control input u0 is sent to the real
process. If the control system is started at the point
y0 and if no uncertainties are present, the closed-
loop state sequence is given by the recursion

∀k ∈ N, yk+1 = x∗1(yk) ,

where x∗(y) denotes a solution for an optimal state
trajectory of Problem (1) in dependence on y.

Lemma 2. Let Vp denote the periodic return cost
function as defined in Section 3.2. If Problem (1)
has a unique minimizer, the sequence y0, y1, y2, . . .
is well-defined and satisfies the inequality

∀k ∈ N, Vp(yk+1, N) ≤ Vp(yk, N) .

Proof. The statement of this lemma follows from
the fact that any optimal solution of Problem (1) for
a = b = yk can be used to construct a feasible solu-
tion of Problem (1) for a = b = yk+1 with the same
objective value by shifting the time-index. Thus,
the function Vp(·, N) is a natural orbital Lyapunov
function candidate.

5.1. Cost for a round trip

Let us define the cost-for-a-round-trip function

SN (z) =

N−2∑
i=0

V (zi, zi+1, 1) + V (zN−1, z0, 1)

for all z = (z0, z1, . . . , zN−1) ∈ Rnx×N . The func-
tion SN (z) can be interpreted as the minimum
cost that is needed to make a round-trip start-
ing from the point z0, travelling via the points
z1, z2, . . . , zN−1, and returning to z0. Notice that
SN is invariant under shifts of the form z → zΠ,

i.e., we have SN (zΠk) = SN (z) for all k ∈ N re-
calling that the shift matrix Π has been defined in
Section 3.3. Additionally, we have

argmin
z

SN (z) ⊆ YN × . . .× YN

as well as minz SN (z) = mina Vp(a,N) by defini-
tion.

5.2. Block-Coordinate Descent Methods

The goal of this section is to show that the closed-
loop trajectory y0, y1, y2, . . ., which is generated by
the above outlined economic model predictive con-
troller with return constraints, coincides with the it-
erates of a block-coordinate descent method, which
is applied to the cost for a round-trip function SN .
This is useful, because it allows us to rely on exist-
ing convergence proofs from the field of coordinate
descent methods in order to establish the conver-
gence of economic MPC schemes. Let z0 ∈ Rnx×N

be an initial guess for a minimizer of the func-
tion SN such that z00 = y0. The following block-
coordinate descent method aims at finding a min-
imizer of SN by optimizing at each iteration only
nx(N − 1) of the nxN optimization variables,

zk+1 = argmin
z

SN (z) s.t. zπ(k) = zkπ(k)

with π(k) = kmodN .
(19)

The following lemma is a consequence of the defi-
nition of the cost function SN .

Lemma 3. The closed-loop iterates of the above
Economic MPC controller coincide with selected
components of the iterates of the block-coordinate
descent method (19),

∀k ∈ N, yk = zkπ(k) .

Lemma (3) is relevant as it reduces the question
whether the closed-loop state sequence y0, y1, . . .
converges to an optimal orbit to the question
whether the block-coordinate descent method (19)
converges to a minimizer of the function SN . For-
tunately, there exists a mature body of literature
on coordinate and block-coordinate descent meth-
ods [24, 26].

Theorem 4. If the set of minimizers has the form

Z∗ = argmin
z

SN (z) = {z∗, z∗Π, . . . , z∗ΠN−1}
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for a z∗ ∈ Rnx×N , if SN is twice continuously dif-
ferentiable in a neighborhood of Z∗ and if the second
order sufficient optimality condition

∇2SN (z∗) � 0

is satisfied, then the closed-loop sequence y0, y1, . . .
generated by the economic MPC controller is locally
orbitally stable and satisfies

lim
k→∞

min
y∗∈YN

‖yk − y∗‖ = 0 ,

if miny∗∈YN
‖y0 − y∗‖ is sufficiently small.

Proof. The local orbital stability of the sequence y
follows trivially from the fact that SN is a local or-
bital Lyapunov function, but in order to establish
local asymptotic stability an additional argument
is needed: it is well-known [24] that coordinate de-
scent methods converge to a minimizer, if the ob-
jective function is convex and differentiable. In our
case, the objective of the block-coordinate descent
method (19) satisfies this condition locally in the
neighborhood of the regular minimizer z∗, as we
assume that the second order sufficient condition is
satisfied. This is sufficient to establish local conver-
gence, as the minimizer z∗ is assumed to be unique
up to phase shifts.

Notice that the condition that the optimal periodic
orbit Z∗ is unique may be considered as a mild reg-
ularity condition. However, the condition that SN
is twice continuously differentiable is more restric-
tive and further precaution is needed to meet this
requirement in practice. The following lemma out-
lines the main technique for ensuring that this con-
dition is satisfied.

Lemma 4. If we have no constraints, X = Rnx and
U = Rnu , if the linearization of the system f along
the optimal periodic orbit is locally one-step control-
lable, i.e., if the matrix ∇uf(x, u) has full rank in
the neighborhood of the optimal trajectory Z∗, and if
l and f are locally twice continuously differentiable
functions, then SN is locally twice continuously dif-
ferentiable.

Proof. The statement of this lemma is a direct con-
sequence of the implicit function theorem.

In practice discrete-time systems are often obtained
by discretizing an associated continuous-time sys-
tem. Fortunately, if a continuous-time system with
nu inputs is controllable in a linear approximation,

we can always apply the Cayley-Hamilton theo-
rem [23] to construct an associated discretization
with at most nxnu inputs, which is one-step con-
trollable. Thus, one has to choose the discretization
carefully such that the assumptions from the above
Lemma hold. Now, if we manage to choose this
discretization such that SN is locally twice contin-
uously differentiable, the second order sufficient op-
timality condition∇2SN (z∗) � 0 typically holds for
most practical optimization problems [20]. For the
case that additional control and state-constraints
are present, the statement of Lemma 4 still holds
as long as an additional linear independence con-
straint qualification (LICQ) as well as the strict
complementarity condition (SCC) are satisfied at
z∗. In this sense, one might argue that the as-
sumptions of Theorem 4 can be expected to be
satisfied for many practical discretized controllable
continuous-time systems, as long as the discretiza-
tion is chosen carefully. A more technical in-depth
analysis of whether one could relax some of the reg-
ularity assumptions in Theorem 4 is beyond the
scope of this paper. However, there exist many
articles about more general (sometimes very tech-
nical) convergence conditions of coordinate descent
methods [24, 26], and, in the sense that Lemma 3
has established the fact that the closed-loop tra-
jectory of economic MPC with return constraints
can be interpreted as the iterates of such a coor-
dinate descent method by introducing the cost-for-
a-round-trip function SN , all these existing conver-
gence results from optimization can be translated
one-to-one to obtain associated asymptotic stability
results for economic MPC with return constraints.

5.3. Numerical Illustration

Let the system (f, l,X,U) be given by

f(x, u) = x+ u , l(x, u) = x4 − u2 , X = U = R .

For this case, one might argue that it is cumbersome
to work out explicit expression for the cost-to-travel
function, although it can be checked that the sys-
tem is not dissipative. Thus, instead of attempting
to find an optimal period, we illustrate in this case
study how the methods from Section 5 can be used
by implementing an MPC with return constraints
for N = 3. It can be checked numerically that the
conditions of Theorem 4 are satisfies for this exam-
ple. Figure 1 shows the corresponding closed-loop
state trajectory y under the assumption that the
MPC controller is started at y0 = 2. Clearly, the
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Figure 1: Closed-loop state trajectory of MPC with return
constraints for N = 3 and x0 = 2.

Figure 2: The distance miny∗∈Y3
‖yk − y∗‖ between the

closed-loop state trajectory and Y3 versus the time index k.

closed-loop state trajectory converges to an optimal
3-periodic orbit. Recall that we have at this stage
no guaranteed that this 3-periodic limit orbit is op-
timal among periodic orbits with different period
length, and, in fact, 2-periodic orbits would lead to
better performance. Figure 2 shows the distance
of the state iterates yk to the set Y3, which con-
verges to 0 as predicted by Theorem 4. We have
used ACADO-Toolkit [13] for the numerical imple-
mentation of this case study.2

6. Conclusions

In this letter we have introduced the concept
of “cost-to-travel functions”, which can be con-
structed recursively by using the functional equa-
tion (5). As such one might argue that the func-
tional equation (5) is nothing but an alternative

2The accuracy (KKT-tolerance) of the ACADO solver
has been set 10−6, i.e., our numerical results in Figure 2
for miny∗∈Y3

‖yk − y∗‖ / 10−6 may be affected by small
numerical errors.

notation to write down Bellman’s principle of op-
timality. However, this alternative notation leads
not only to a new perspective on and more intuitive
proofs of existing results in control and dissipativity
theory, but also to new control theoretical results.
In particular, Theorem 1 establishes an alternative
proof of the result that for linear systems subject
to a strictly convex cost and convex constraints,
every optimal periodic orbit is a steady-state. The-
orem 2 gives an alternative equivalent characteri-
zation of a dissipativity condition which is crucial
in economic MPC. Theorem 3 and Lemma 1 pro-
vide necessary and sufficient conditions that allow
us to check whether optimal m-periodic orbits are
optimal among all N -periodic orbits of a given con-
trol system. Moreover, in Theorem 4 a new method
for proving local asymptotic orbital stability of eco-
nomic MPC with return constraints has been intro-
duced by interpreting this economic MPC controller
as a block-coordinate descent method. Last but not
least, this paper has illustrated all main theoretical
results by explicit and numerical examples.
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