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Abstract— This paper proposes a distributed closed-loop con-
trol algorithm for optimal coordination of autonomous vehicles
at traffic intersections. The main contribution of the paper is
a distributed plug-and-play closed-loop optimal control scheme
with rear-end collision avoidance constraints enforced on each
lane, which maintains recursive feasibility under the assumption
that communication between neighboring vehicles is possible.
The method is closely related to model predictive control, but
at each sampling time new vehicles are allowed to enter the
modeled region around the intersection while other vehicles
are leaving. In contrast to human drivers, autonomous vehicles
can collaboratively form the deceleration strategy before the
intersection. Our numerical results indicate that, under certain
assumptions, it is optimal for vehicles not allowed to directly
pass the intersection to slow down much before the intersection
area and then accelerate at the right time so that they can travel
through the intersection faster.

I. INTRODUCTION

The development of autonomous vehicles opens the door
toward completely new approaches for infrastructure man-
agement and traffic-flow control in cities. In fact, au-
tonomous vehicles have an enormuous potential to reduce
traffic congestions, accidents, and fatalities [4]. Because
modern vehicles can communicate via wireless networks,
many researchers have proposed methods for coordinating
automuous vehicles at intersections [6], [7], [18] as well as
methods for reliable communication between vehicles [7],
[8], [17]. Moreover, in [1], [2], [5] methods for verifying
safety have been proposed by using a supervised network.
Similarly, in [10] methods from the field of hybrid system
theory have been used to address the safe traffic control
problem.

Traffic control problems at an intersection can be for-
mulated as structured optimal control problems. Here, the
dynamics of the vehicles are often modeled by simple double
integrators but the security and collision avoidance con-
straints typically lead to a non-convex optimization problem,
which is challenging to solve—even if the order of the ve-
hicles passing the intersection is pre-determined [12]. More-
over, one is interested in solving this optimal control problem
in a distributed way using onboard computing devices on
each of the vehicles while avoiding too much communication
overhead between the vehicles. There exist several articles,
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which have addressed this problem. For example, in [13] a
hierarchical decomposition of the original problem based on
sequential quadratic programming has been proposed. The
corresponding method has been generalized in [21] using
asynchronous control and communication schemes. More-
over, in [14] an alternating direction augmented Lagrangian
based inexact Newton method (ALADIN) [11], [16] has
been used to solve the traffic optimal control problem in
a distributed way by negotiating a time schedule between
the vehicles. Other authors [15], [19] have developed convex
relaxations of the optimal traffic control problem such that
existing convex decomposition methods can be applied,
although, in general, this leads to sub-optimal solutions.

Traffic optimal control problems can also be solved online
whenever new measurements are available, which leads to
a model predictive control (MPC) strategy for traffic con-
trol [6], [3]. An example for a fully parallelizable MPC
approach for traffic control MPC can be found in [15]. As it
will also be discussed further in this paper, the corresponding
optimal control based closed-loop schemes are, however,
different from the standard MPC controllers in the sense
that the problem structure changes online. For example, if
new cars arrive in the intersection area, the number of total
differential states in the optimal control network increases—a
structural change that is not covered by standard model pre-
dictive control theory [20]. Similarly, vehicles unplug from
the network after leaving the surrounding of the intersection.

The contribution of this paper is twofold. Firstly, while ex-
isting traffic optimal control formulations [12], [14], [21] al-
ready take collision avoidance constraints on the intersection
into account, this paper focusses on optimal control prob-
lem formulations that additionally model rear-end collision
constraints of neighboring vehicles in each lane. This is non-
trivial, because these rear-end collision constraints need to be
enforced at all times and lead to additional coupling terms
between neighbors in each lane. In particular, Section II
focusses on the exact reformulation of semi-infinite rear-end
collision constraints as well as the structural properties of the
associated coupled optimal control problems. And secondly,
Section III-B proposes a recursively feasible closed-loop
control and communication scheme, which is based on the
distributed optimization algorithm ALADIN [11] and which
can ensure recursive feasibility of the traffic control problem
even if newly arriving cars are plugged into the network
while other vehicles are leaving the intersection area. Sec-
tion IV illustrates the practical performance of this control
scheme for various scenarios. In particular, we discuss why
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it is important to model rear-end collision constraints during
queueing phases by analyzing a 3-lane scenario with 5 cars,
where 2 vehicles need to yield to others. Section V concludes
the paper.

II. A DYNAMIC MODEL FOR VEHICLES AT
INTERSECTIONS

This section proposes a multi-lane model for autonomous
vehicle control at traffic intersections, as visualized in Fig-
ure 1 for a scenario with four lanes.
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Fig. 1: Sktech of an intersection with four entrance lanes and
five cars.

Similar to [13], this algorithm takes the pre-determined
orders of vehicles entering the intersection as an input.

A. Control discretization
We use the index i ∈ {1, . . . ,M} to enumerate all M

vehicles that are currently inside the intersection area or in
front of it. Let tini and touti denote the times at which the
i-th vehicle enters and leaves the intersection. We divide the
interval [0, tini ] into Ki sub-intervals, where

0 = K0 < K1 < K2 < . . . < KM .

Similarly, the interval [tini , t
out
i ] is divided into Li sub-

intervals, i.e., such that the i-th vehicle has Ni = Ki + Li
control intervals in total. Let us introduce the shorthands

Ti = [tin1 , t
in
2 , t

in
3 , . . . , t

in
i , t

out
i ]T ∈ Ri+1

and

hi,k(Ti) =



tin1 −tin0
K1−K0

if k ∈ ZK1−1
K0

,
...

...
tini −tini−1

Ki−Ki−1
if k ∈ ZKi−1

Ki−1
,

tout
i −tini
Li

otherwise

for all i ∈ {1, . . . ,M}, all k ∈ {0, . . . , Ni−1}, where we set
tin0 = 0 and Zba denotes [a, b] ∩ Z. The time grid is globally
syncronized. Next, we introduce a grid point function

ti,k(Ti) =

k−1∑
j=0

hi,j(Ti) ,

which depends on the parameter vector Ti. Clearly, if the
acceleration, ui(t), of the i-th vehicle is piecewise constant
with respect to these grid points, i.e.

ui(t) =


ai,1 if t ∈ [ti,1(Ti), ti,2(Ti)] ,

...
...

ai,Ni
if t ∈ [ti,Ni

(Ti), ti,Ni+1
(Ti)] ,

(1)

where ai,j denotes the value of piecewise constant accelera-
tion of car i on interval j. Its associated velocity and position
(on a pre-determined path) at the grid points are given by
the discrete-time recursion

∀k ∈ {0, . . . , Ni − 1},
vi,k+1(ai, Ti) = vi,k(ai, Ti) + ai,khi,k(Ti) ,

pi,k+1(ai, Ti) = pi,k(ai, Ti) + vi,k(ai, Ti)hi,k(Ti)

+ 1
2ai,khi,k(Ti)

2 .

Here, we assume that the initial positions and velocities,

pi,0(ai, Ti) = p̂i and vi,0(ai, Ti) = v̂i ,

are given. Notice that vi,k is a jointly affine function with
respect to ai and Ti. Similarly, the function pi,k is a quadratic
form in (ai, Ti). The associated continuous-time function for
the position and velocity of the i-the vehicle can be recovered
as

∀ t ∈ [ti,k(Ti), ti,k+1(Ti)],
Vi(t, ai, Ti) = vi,k(ai, Ti) + ai,k(t− ti,k(Ti)) ,

Pi(t, ai, Ti) = pi,k(ai, Ti)

+vi,k(ai, Ti)(t− ti,k(Ti))

+ 1
2ai,k(t− ti,k(Ti))

2 .
(2)

The function Vi(·, ai, Ti) is piecewise linear in time while
the position Pi(·, ai, Ti) is a piecewise quadratic function in
time.

B. Collision avoidance

As originally suggested in [14], one can enforce that no
collisions occur inside the intersection area by introducing
the collision avoidance constraints

pi,Ki(ai, Ti) = dini , pi,Ni(ai, Ti) = douti , touti ≤ tini+1 ,
(3)

such that there is at any given time t at most one vehicle
inside the intersection area. Here, dini and douti denote
the start and the end of the intersection area on the pre-
determined path of the i-th vehicle. In contrast to the models
in [13], [14], the focus of this paper is, however, on ensuring
that no rear-end collisions occur.

Let M be the set of ordered pairs of indices of neighbors
in the same lane such that, if vehicle i and vehicle j, with
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i < j, are neighbors in the same lane, then (i, j) ∈M. Now,
there are no rear-end collisions possible, if the semi-infinite
constraint

∀(i, j) ∈M, ∀t ∈ [0, tini ],

Pi(t, ai, Ti)− Pj(t, aj , Tj) > dsafe ,
(4)

is satisfied. Here, dsafe ≥ 0 is a given minimum security dis-
tance between the centers of two vehicles. Because this semi-
infinite constraint is in this form computationally intractable,
we need to introduce the following equivalent form,

Lemma 1 The semi-infinite inequality

∀τ ∈ [−1, 1], ατ2 + βτ + γ > 0 (5)

is satisfied if and only if there exists a δ > 0 with

δ +
1

4

β2

α+ δ
< γ and α+ δ > 0 . (6)

Proof. The semi-infinite inequality (5) is equivalent to

0 < min
τ2≤1

ατ2 + βτ + γ .

Thus, the tight version of the S-procedure for non-convex
quadratically constrained quadratic programs [9] can be
applied to find the equivalent dual condition

0 < sup
δ>0

γ − δ − 1

4

β2

α+ δ
s.t. 0 < α+ δ .

This inequality, in turn, is equivalent to the statement of the
lemma. �

In the following, we introduce a small abuse of notation by
writing hi,k instead of hi,k(Ti), vi,k instead of vi,k(ai, Ti),
and pi,k instead of pi,k(ai, Ti), i.e., not all dependencies are
shown. Next, we use the shorthands

αi,j,k =
h2i,k
8

(ai,k − aj,k),

βi,j,k =
h2i,k
4

(ai,k − aj,k) +
hi,k
2

(vi,k − vj,k),

γi,j,k =
h2i,k
8

(ai,k − aj,k) +
hi,k
2

(vi,k − vj,k)

+pi,k − pj,k − dsafe . (7)

in order to define function Gi,j,k as

Gi,j,k(ai, aj , Ti, Tj , δi,j,k) = γi,j,k − δi,j,k − 1
4

β2
i,j,k

αi,j,k+δi,j,k

αi,j,k + δi,j,k

δi,j,k

 (8)

for all (i, j) ∈M and all k ∈ ZKi−1
0 .

Corollary 1 The semi-infinite rear-end collision avoidance
constraint (4) is satisfied if and only if there exist scalars
δi,j,k ∈ R such that

Gi,j,k(ai, aj , Ti, Tj , δi,j,k) > 0

for all (i, j) ∈M and all k ∈ ZKi−1
0 .

Proof. Notice that the time grid is constructed in such a way
that hi,k(Ti) = hj,k(Tj) for all i < j and all k ∈ ZKi−1

0 .
Thus, by substituting (2) we find that (4) can be written in
the equivalent form

0 < pi,k − pj,k +
hi,k(Ti)

2
(vi,k − vj,k)(τ + 1)

+
h2i,k(Ti)

8
(ai,k − aj,k)(τ + 1)2 − dsafe

for all τ ∈ [0, 1], all (i, j) ∈ M, and all k ∈ ZN
1
i −1

0 . Next,
we can apply Lemma 1 in order to establish the statement
of the corollary. �

Corollary 1 provides a computationally tractable condition,
which can be used to verify that all rear-end collision
avoidance constraints are satisfied. Notice that the function
Gi,j,k depends on the accelerations ai and aj of the i-th
and j-th car and, consequently, the condition in Corollary 1
introduces a coupling between neighboring vehicles in each
lane.

III. DISTRIBUTED CONTROL OF AUTOMUOUS VEHICLES
AT INTERSECTIONS

A. Optimal control problem formulation

This paper concerns control input optimization problems
of the form

min
a,T,δ

∑M
i=1 Ji(ai, Ti) OBJECTIVE

s.t.


∀i ∈ ZM1 ,∀k ∈ ZKi

0 ,

pi,Ki
(ai, Ti) = dini ,

pi,Ni
(ai, Ti) = douti ,

0 ≤ vi,k(ai, Ti) ≤ v̄i

POSITION

AND

VELOCITY

CONSTRAINTS

s.t.

{
∀i ∈ ZM1 ,∀k ∈ ZKi−1

0

ai ≤ ai,k ≤ ai
CONTROL

CONSTRAINTS

s.t.

{
∀i ∈ ZM−1

1

touti ≤ tini+1

INTERSECTION

COLLISION

AVOIDANCE

s.t.

{
∀(i, j) ∈M, ∀k ∈ ZKi−1

0

Gi,j,k(ai, aj , Ti, Tj , δi,j,k) ≥ ε

REAR-END

COLLISION

AVOIDANCE

(9)

for a small ε > 0. Here, ai, ai ∈ R are given control bounds,
vi ≥ 0 are given speed limit of the i-th vehicle. The objective
of the i-th vehicle is given by

Ji(ai, Ti) := Qi

Ni∑
k=1

(vi,k(ai, Ti)− vrefi )2 (10)

+Ri

Ni−1∑
k=0

a2i,k + Si

Ni−1∑
k=1

(ai,k − ai,k−1)2

where vrefi ∈ R is a given reference velocity of the i-th
vehicle, with given positive weights Qi, Ri, Si > 0. Notice
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that the weights Ri and Si can be used to prioritize the
comfort for the passengers in the vehicles by penalizing large
accelerations as well as large changes of the acceleration.

Notice that (9) can be solved efficiently by using the dis-
tributed non-convex optimization algorithm ALADIN [11].
As elaborated in [14], ALADIN can be used to solve traffic
optimization problems in a distributed way. A more detailed
discussion of how ALADIN can exploit the particular band
structure of matrices in (9) would go beyond the scope of
this paper, but it is mentioned here that a direct application of
ALADIN [11] to (9) leads to an optimization scheme, where
the i-th vehicle needs to communicate with the (i + 1)-th
vehicle if i + 1 ≤ M , the (i − 1)-th vehicle if i − 1 ≥ 1,
the j1-th vehicle if (j1, i) ∈ M, and the j2-th vehicle if
(i, j2) ∈M. Thus, every vehicle communicates with at most
4 other vehicles; see also [11], [14] for more details.

B. Closed-loop optimal control

Algorithm 1 proposes a closed-loop control scheme for
the automuous vehicle network at the traffic intersection.
The main idea of this algorithm is to solve (9) whenever
the vehicles have new position and velocity measurements.
The steps of Algorithm 1, in particular Steps 1-3, have

Algorithm 1 Distributed Closed-Loop Control Scheme
Initialization: Choose discretization accuracies Ki ≥ 0 and
Li > 0 for all i = 1, ...,M .
Online:

1) Each vehicle measures (p̂i, v̂i).
2) Use ALADIN (as in [14]) to solve (9).
3) Each vehicle applies the first control a∗i,0 during the

time interval [0, hi,0].
4) All vehicles set Ki ← Ki − 1 if Ki > 0. Otherwise,

set Li ← Li − 1.
5) If L1 = 0, the first vehicle leaves the network. This

means that if there exist an index j with (1, j) ∈ M,
then we set

M←M \ {(1, j)} .

The indices of all remaining vehicles are reset, i ←
i− 1, M ←M − 1.

6) If a new vehicle arrives in the surrounding of the
intersection, it asks for the index j of the vehicle in
the front of its arrival lane and sets

M←M ∪ {(j,M + 1)}

and then sets M ←M + 1.

many similarities with a model predictive control (MPC)
scheme [20], because a certainty-equivalent optimal control
problem is solved at every sampling time. There are, how-
ever, two differences compared to standard MPC. Firstly, the
time horizon of each vehicles is shrinking after each time
step—see Step 4 in Algorithm 1. This is due to the fact that
we only model the motion of the vehicles before and on the
intersection area. And secondly, at each sampling time, there

may be a vehicle leaving the intersection (Step 5) or there
can be new vehicles arriving in the intersection area (Step 6).
Thus, the number of differential states may be changing from
iteration to iteration.

The following lemma establishes a condition under which
recursive feasibility of Algorithm 1 can be ensured.

Lemma 2 Let the initial position p̂M+1 and velocity v̂M+1

of every incoming vehicle be such that:
(C1) we have

p̂M+1+ ˆvM+1

(
v̂M+1

aM+1

)
+

1

2
aM+1

(
v̂M+1

aM+1

)2

≤ dinM+1 ,

(C2) if the j-th vehicle is on the same lane before the
incoming vehicle, then there exist scalars δk and
tinM+1, t

out
M+1 > 0 such that

Gj,M+1,k(a∗j , aM+11, Tj , TM+1, δk) ≥ ε .

for all k ∈ ZKj−1
0 . Here, a∗j is the optimal control

of the j-th vehicle that has been found in Step 2 of
Algorithm 1—before the (M + 1)-th vehicle had been
arriving.

Then all optimization problems in Algorithm 1 remain recur-
sively feasible, i.e., collisions can be avoided.

Proof. Condition (C1) ensures that—in the worst case—the
new vehicle can simply stop by breaking with acceleration
aM+1. Thus, collisions on the intersection can be avoided.
Similarly, Condition (C2) ensures that if the incoming vehicle
breaks with acceleration aj1 = [aj , . . . , aj ]

T, then it satisfies
all rear-end collision constraints with respect to the car in
front of it, i.e., the solution of the previous optimal control
problem can be used to construct a feasible solution of the
next optimization problem. Thus, both conditions together
ensure recursive feasibility of the network. �

IV. NUMERICAL CASE STUDY

This section illustrates the properties and performance
of Algorithm 1. We use the following parameter values
throughout all case studies.

TABLE I: Parameter values

dini 0 m douti 10 m

dsafe 10 m vi 90 km
h

ai −2 m
s2

ai 2 m
s2

Q 1 s2

m2 R 1 s4

m2

S 1 s4

m2

A. Low-traffic scenario

Let us consider a scenario with 4 vehicles and 2 lanes and
with

M = {(1, 2), (3, 4)} .

Table II summarizes the values for the initial states, ref-
erences, and discretization accuracies, which are used to
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simulate a low-traffic scenario based on Algorithm 1. Fig-
ure 2 shows the corresponding closed-loop trajectories that
are obtained for the 4 vehicles. In this scenario, one of
the collision avoidance constraints in the intersection area is
active. Here, vehicle 3 enters the intersection area (top-part
Figure 2) immediately after vehicle 2 has left this area.

TABLE II: Parameter values for the low-traffic scenario.

Lane 1 Lane 2

i = 1 i = 2 i = 3 i = 4

p̂i [m] −120 −160 −140 −180

v̂i

[
km
h

]
70 80 75 75

vref
i

[
km
h

]
75 75 75 70

Ki 65 70 75 80

Li 5 5 5 5

Fig. 2: Optimal position trajectories for low-traffic scenario.

In this example, all rear-end collision avoidance con-
straints are inactive during the whole closed-loop scenario—a
situation that occurs frequently in low-traffic scenarios. This
situation, however, changes in more complicated rush hour
scenarios, where it becomes rather important to take rear-end
collision avoidance constraints into account as shown next.

B. Rush hour scenario

Let us consider another scenario, which initially also
considers 4 cars on 2 lanes. After 5 sampling times, however,
a fifth vehicle enters the intersection area on a third lane.
Because, there is initially no other vehicle on this third lane,
the set of index pairs is—as in the previous scenario—given
by

M = {(1, 2), (3, 4)}

during the whole scenario. All remaining parameters for the
rush hour scenario are summarized in Table III.

TABLE III: Parameter values for the rush hour scenario.

Lane 1 Lane 2 Lane 3

i = 1 i = 2 i = 3 i = 4 i = 5

p̂i [m] −120 −160 −60 −75 −90

v̂i

[
km
h

]
70 80 35 56 65

vref
i

[
km
h

]
75 75 35 33 65

Ki 65 70 75 80 80

Li 5 5 5 5 5

Fig. 3: The upper figure shows an optimized rush hour
scenario but without enforcing rear-end collision avoidance
on lane 2—in this case vehicles 3 and 4 would crash into
each other. The lower figure shows the same but the collision
avoidance constraints are enforced as indicated by the yellow
shaded area.

Figure 3 shows the numerical results for the associated
closed-loop scenario. Notice that the plug-in conditions from
Lemma 2 were satisfied during this scenario, i.e., the fifth
vehicle registered safely after 5 sampling times without
causing infeasibilities. As indicated by the yellow shaded
area in the lower part of Figure 3, the rear-end collision
avoidance constraint between the vehicles on the second lane,
i.e., for the pair (3, 4) ∈ M, is active during on the time
interval [0, tin3 ]. Another interesting aspect of this case study
is that the vehicles in the second lane have to wait until
the vehicles from the first lane have passed the intersection
area. In contrast to the behavior that could be expected from
human drivers, the automuous vehicles 3 and 4 on lane 2 are
much more predictive and reduce their speed much before
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the intersection such that they don’t have to stop before the
intersection area. On the contrary, one can see clearly that
vehicles 3 and 4 already start accelerating again much before
entering the intersection. This is optimal, because they need
to pass this area quickly in order to free the intersection for
the fifth vehicle on the third lane, which has registered to
the network, too.

Last but not least, the proposed closed-loop algorithm
based on the distributed optimization solver ALADIN has to
potential to be scaled up for scenarios with more vehicles.
Although a detailed discussion of such larger-scale scenarios
is beyond the scope of this paper, we mention here that initial
numerical tests indicate that ALADIN can easily deal with
hundreds of vehicles as also discussed in [11], [14].

V. CONCLUSIONS

This paper has presented a distributed closed-loop control
algorithm for autonomous vehicles at traffic intersections. We
have focussed on a dynamic model for the vehicles and an
associated distributed optimal control formulation that can
take both collision avoidance constraints in the intersection
area as well as rear-end collisions in each lane into account.
In particular, Lemma 1 and Corollary 1 have introduced a
reformulation strategy, which allows us to replace the semi-
infinite rear-end collision avoidance constraints by numer-
ically tractable constraints. Moreover, we have proposed a
plug-and-play closed-loop control scheme, which has been
summarized in Algorithm 1, and which can be used to steer
all vehicles in an optimal and safe way as long as the
incoming vehicles satisfy the recursive feasibility conditions
from Lemma 2. Our numerical results indicate that rear-end
collision avoidance constraints are especially important if one
wishes to optimize the waiting behavior of the autonomous
vehicles at traffic intersections during hightraffic situations.
Future research will investigate more involved traffic scenar-
ios with multiple lanes potentially allowing more than one
car on the intersection at every time as long as collisions are
impossible.
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