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a b s t r a c t

This paper is about economic model predictive control (EMPC), a modern receding horizon based control
technique that minimizes at each sampling instance an economic objective on a moving horizon subject
to a continuous-time model dynamics and, optionally, control and state constraints. The contribution of
this paper is the introduction of a new type of terminal constraint and terminal cost, which allow us to
enforce the asymptotic orbital stability of EMPC under reasonable assumptions on the controllability and
well-posedness of the problem. We provide an associated orbital Lyapunov function that is employed for
proving stability.
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1. Introduction

The standard implementation of nonlinear model predictive
control Mayne, Rawlings, Rao, and Scokaert (2000); Rawlings and
Mayne (2009) is based on solving at each sampling time an online
optimization problem of the form

min
x,u

1
T

 t+T

t
l(x(τ ), u(τ )) dτ

s.t.


ẋ(τ ) = f (x(τ ), u(τ )), ∀τ ∈ [t, t + T ]
x(t) = xt
x(τ ) ∈ X, ∀τ ∈ [t, t + T ]
u(τ ) ∈ U, ∀τ ∈ [t, t + T ].

(1)

Here, x(τ ) ∈ Rnx denotes the predicted state at time τ , u(τ ) ∈ Rnu

the control input, X ⊆ Rnx and U ⊆ Rnu the state and control
constraint sets, and xt ∈ Rnx the current state measurement.
In the standard implementation of MPC the prediction horizon
length T > 0 is given and constant such that the scaling factor
1
T in the objective can be left away without affecting the optimal
control input. Notice that once Problem (1) is solved an optimal
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solution for the control input function u on the interval [t, t + δ]
is sent out to the real process. After a short sampling time δ >
0, when the next state measurement arrives, this procedure is
repeated, i.e., Problem (1) is solved at the time t ← t + δ and
the corresponding updated control input is sent out to the process.
In this context, it is typically assumed that

(i) we have 0 ∈ X and 0 ∈ U and the nonlinear right-hand side
function f : Rnx × Rnu → Rnx satisfies f (0, 0) = 0; and

(ii) the objective function l : Rnx × Rnu → R satisfies l(0, 0) = 0
as well as l(x, u) > 0 for all (x, u) ≠ 0.

Under these two as well as some mild technical assumptions
– mainly on the controllability of the dynamic system – it is
well-known that the above nonlinear model predictive control
problem formulation yields a locally asymptotically stable closed-
loop system. This statement has been proven in Chen and
Allgöwer (1998); Rawlings andMayne (2009) under the additional
requirement that Problem (1) is augmented with either an
additional zero terminal constraint of the form x(t + T ) = 0
or, alternatively, with an additional terminal region constraint in
combination with a terminal weight. However, it is also possible
to analyze the Lyapunov stability of an MPC controller based on
formulation (1)without adding any additional terminal constraints
or terminal weights, as discussed in Grüne (2009, 2011, 2012).

In contrast to these developments, economic model predictive
control is also based on online optimization problems of the
form (1) but Conditions (i) and (ii) may – in the most general case
– both be violated. Notice that even in the easiest case, where
Condition (i) is still satisfied, but

l(x, u) < l(0, 0)
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for some (x, u) ≠ 0, the above reviewed stability results for
standard MPC cannot be applied. For such more general eco-
nomic objectives stability has only been analyzed under the
assumption that the optimal control problem (1) is either con-
vex or formulated in such a way that certain strong duality
or dissipativity requirements hold (Amrit, Rawlings, & Angeli,
2011; Angeli, Amrit, & Rawlings, 2012; Diehl, Amrit, & Rawl-
ings, 2011; Grüne, 2011). These approaches are typically based
on a terminal constraint of the form x(t + T ) = 0 assuming
that 0 is an optimal steady state. Recent extensions also include
stability results for time-varying periodic terminal constraints
Angeli, Amrit, and Rawlings (2009); Huang, Harinath, and Biegler
(2011); Zanon, Gros, and Diehl (2013). In this context, we also re-
fer to Heidarinejad, Liu, and Christofides (2012) where a variant
of economic MPC is discussed, which allows us to ensure that the
state trajectory converges to a small region around the optimal op-
eration point by using Lyapunov techniques.

The main contribution of this paper is the introduction of
a new type of terminal constraints and terminal cost, which
allow us to prove asymptotic orbital stability of a large class of
practically relevant economic MPC based closed-loop systems.
In contrast to existing work, we do, on the one hand, only
analyze orbital stability, which corresponds in general to a weaker
concept of stabilitywhen compared to standard Lyapunov stability.
However, on the other hand, our analysis is based onmuchweaker
assumptions. In particular, we analyze stability of EMPC without
requiring any convexity assumption.

After introducing basic notation in Section 2, Section 3 presents
a novel economic MPC control scheme. In Section 4 we prove the
orbital stability of the corresponding closed loop system, while
Section 5 illustrates the practical applicability and performance of
the controller by implementing a small but non-trivial case-study.
Section 6 concludes the paper.

2. Preliminaries

We denote the minimal economic cost of a periodic orbit that
starts and ends at a given point y ∈ Rnx by

V ∗(y) := min
x,u,T

1
T

 T

0
l(x(τ ), u(τ )) dτ

s.t.


ẋ(τ ) = f (x(τ ), u(τ ))
x(0) = x(T ) = y
x(τ ) ∈ X, u(τ ) ∈ U
Tmin ≤ T ≤ Tmax.

(2)

The constraints in (2) are imposed for all τ ∈ [0, T ] and 0 < Tmin <
Tmax < ∞ are given bounds on the period length T . This period
length T is regarded as an optimization variable, since for many
physical systems it is optimal to operate the system in a periodic
mode rather than at a single steady-state, although the right-hand
side function f and the set X do not depend explicitly on t , i.e., the
system is time-invariant. Notice that if a steady-state operation is
optimal, then any T ∈ [Tmin, Tmax] is optimal. The set

Y∗ := argmin
y

V ∗(y)

denotes the set of optimal states. For example, if there exists one
unique optimal periodic orbit which happens to be a steady state,
the set Y∗ contains one single point only. However, in general,
optimal periodic solution trajectories of Problem (2), denoted by
x∗(t), are not steady states. Thus, in this case, any point x∗(t) of the
optimal orbit is contained inY∗. In otherwords, the setY∗ contains
more than one point. This statement follows from the fact that
optimal periodic orbits are invariant with regard to phase shifts,
i.e., if x∗ is an optimal orbit, we have

V ∗(x∗(t)) = min
y

V ∗(y)
for all t ∈ [0, T ]. Throughout this paper we make the following
blanket assumptions:
A1 The functions f and l are continuously differentiable.
A2 The sets U and X are non-empty and closed and there exists

for any x1, x2 ∈ X and any T > 0 a differentiable function
σ : [0, T ] → X such that σ(0) = x1 and σ(T ) = x2.

A3 The set Y∗ is non-empty and there exists a function y∗ : [0, T ∗]
→ R such that

Y∗ := {y∗(ϕ) | ϕ ∈ [0, T ∗]}.

Here, T ∗ denotes an optimal solution of Problem (2) for the
period length T .

The main purpose of Assumption A3 is to exclude the existence
of multiple disjoint optimal orbits. However, in Assumption A3
more than one choice for T ∗ may be possible. For example, as
already mentioned above, if a steady operation is optimal, all
values T ∗ ∈ [Tmin, Tmax] are optimal. Notice that if we want
to avoid potential numerical difficulties that are associated with
optimizing the period length, we can always set Tmin = Tmax.
However, the following consideration is general and does notmake
any further assumptions on the optimal period time T ∗. Moreover,
we introduce the auxiliary function

Vγ (a, b, T ) := min
x,u,v

 T

0
l(x(τ ), u(τ )) dτ + γ ∥v∥L1

s.t.

ẋ(τ ) = f (x(τ ), u(τ ))+ v(τ)
x(0) = a, x(T ) = b
x(τ ) ∈ X, u(τ ) ∈ U

(3)

for all a, b ∈ Rnx and all T ∈ R+, where the constraints in (2)
are imposed for all τ ∈ [0, T ]. Here, γ > 0 denotes a constant
which is in our context used to penalize the L1-norm, ∥v∥L1 := T
0 ∥v(τ)∥1 dτ , of the auxiliary function v : [0, T ] → Rnx . Notice

that the function Vγ (a, b, T ) has an intuitive interpretation, since
it denotes the minimum economic cost to travel from a point a to
a point b in a given time T . Here, the dynamic equation ẋ(τ ) =
f (x(τ ), u(τ )) must be satisfied, if it is optimal to choose v(τ) = 0.
However, due to the fact that the penalty parameter γ is large but
finite, the constraint v(τ) = 0 may be violated. For example, if it
is infeasible to reach the point bwhen starting from point awithin
the given time limit, it may be necessary to choose v ≠ 0, which
leads to a potentially large but finite objective value, as proven in
the proposition below.

Proposition 1. If the blanket Assumption A2 is satisfied, then we
have Vγ (a, b, T ) <∞ for all a, b ∈ X and all T > 0.
Proof. Due to Assumption A2we can find a differentiable function
σ : [0, T ] → X with σ(0) = a and σ(T ) = b. Thus, the function

v(τ) := σ̇ (t)− f (σ (τ ), u(τ ))

yields a feasible point of Problem (3) for any feasible u, which
proves the statement of the proposition. �

In the following, K denotes the set of continuous and strictly
increasing functions Sontag (1998) of the form α : R+ → R+,
which satisfy α(0) = 0. Similarly, K∞ ⊆ K denotes the functions
in K that are unbounded. Since K∞-functions are bijective, we
occasionally denote the inverse map of a function α ∈ K∞ by
α−1 ∈ K∞ such that the algebraic condition
α ◦ α−1 = α−1 ◦ α = id
is satisfied. Also notice that any K∞-function α satisfies trivially
the inequality

1
N

N
i=1

α(xi) ≤ α


N
i=1

xi


(4)

for any finite sequence x1, x2, . . . , xN ∈ R+.
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3. Economic MPC with a new type of terminal constraint

In this sectionwe are interested in a parametric optimal control
problem of the form

V(y) := min
x,u,T

 T

0
l(x(τ ), u(τ )) dτ +M(x(T ), y, T )

s.t.

ẋ(τ ) = f (x(τ ), u(τ )), x(0) = y
x(τ ) ∈ X, u(τ ) ∈ U
x(T ) ∈ Y∗, 0 ≤ T ≤ T ∗,

(5)

where the constraints are imposed for all τ ∈ [0, T ]. As in the
previous section, T ∗ ∈ [Tmin, Tmax] denotes an optimal period
time and Y∗ ⊆ Rnx denotes the set of optimal states. Thus, the
constraint x(T ) ∈ Y∗ can be interpreted as a terminal constraint,
which requires the state x(T ) to be contained in the optimal
performancemanifoldY∗. Using the notation fromAssumption A3,
this constraint can alternatively be written in the form x(T ) =
y∗(ϕ), where the phase ϕ is regarded as a free optimization
variable.

Moreover, we define the terminal cost termM by

M(a, b, T ) := Vγ (a, b, T ∗ − T )

for all a, b ∈ Rnx and all T ∈ [0, T ∗] recalling that Vγ has been
defined in Equation (3). Here, γ is assumed to be a sufficiently
large constant. In contrast to existing terminal costs for MPC, the
terminal cost in Problem (5) depends in general not only on
x(T ) but also on the incoming measurement y and the prediction
horizon T , which is itself an optimization variable.

For the following discussion, we introduce the set

Z :=

 y ∈ Rnx


∃(x, u, T ) :
ẋ(τ ) = f (x(τ ), u(τ )), x(0) = y
x(τ ) ∈ X u(τ ) ∈ U
x(T ) ∈ Y∗, 0 ≤ T < T ∗

 .

Proposition 2. If Assumption A2 is satisfied, we have V(y) <∞ for
all y ∈ Z.

Proof. This proposition is a direct consequence of Proposition 1
and the above definition of the terminal cost term M , which is
always finite. �

Notice that the evaluation of the terminal cost termM requires
itself the solution of an optimal control problem. However, in
a practical implementation, Problem (5) can be written in the
equivalent form

V(y) = min
x,u,v,T

 T∗

0
l(x(τ ), u(τ )) dτ + γ ∥v∥L1

s.t.


ẋ(τ ) = f (x(τ ), u(τ ))+ v(τ)
x(0) = x(T ∗) = y
x(τ ) ∈ X, u(τ ) ∈ U
x(T ) ∈ Y∗, 0 ≤ T ≤ T ∗

v(τ ′) = 0 for all τ ′ ∈ [0, T ],

(6)

where the constraints have to be satisfied for all τ ∈ [0, T ∗]. Thus,
we only have to solve one optimal control problem with horizon
length T ∗. Recall that this optimal control problem is feasible for
all y ∈ Z as long as Assumption A2 is satisfied.

Lemma 1. Let Assumptions A1 and A2 be satisfied. There exists for
any compact subset Y ⊆ Z a sufficiently large constant γ <∞ such
that

∀y ∈ Y, V(y) ≥ V(y∗)

for any y∗ ∈ Y∗.
Proof. The optimal control problems (6) and (2) would be equiv-
alent if Problem (6) would be augmented with an additional con-
straint of the form v(τ) = 0 for τ ∈ [T , T ∗]. Since the term ∥v∥L1
corresponds to the L1-relaxation of this constraint, we choose γ
larger than the multipliers that are associated with this path con-
straint such that we obtain the inequality T ∗V ∗(y∗) = V(y∗) ≤
V(y) for any y∗ ∈ Y∗. �

4. Orbital stability analysis

We denote with ξ(·, y0) : R+ → Z ⊆ Rnx the periodically
prolonged optimal solution for the state trajectory of Problem (6)
such that

ξ(t, y0) = ξ(t + T ∗, y0) = x∗(t)

for all t ∈ R+ and all y0 ∈ Z. Moreover, we define a function
χ(·, y0) : R+ → Z by

χ(t, y0) :=

ξ(t, y0) if t ∈ [0, T̂ (y0)]
ξ(t − T̂ (y0), ξ(T̂ (y0), y0)) if t > T̂ (y0),

where T̂ (y0) denotes the optimal solution for the time variable
T in Problem (6) such that χ(t, y0) ∈ Y∗ for all t ≥ T̂ (y0). In
words, the trajectory χ(·, y0) coincides with the function ξ(·, y0)
until the set Y∗ is reached and then remains in Y∗. In the
following considerations Y ⊆ Z denotes any forward invariant
neighborhood of the set Y∗, i.e., such that we have Y∗ ⊆ Y ⊆
Z. Moreover, we denote with y0, y1, y2, . . . ∈ Y the nominal
state sequence that is generated by the above described receding
horizon controller, i.e., the sequence that is given by the recursion

∀i ∈ N yi+1 = χ(δ, yi)

with y0 = x0. Here, δ > 0 denotes the sampling time of the
controller. This recursion is well-defined for all start points y0 ∈ Z
and all i ∈ N recalling that the optimization problem (6) admits
feasible solutions for all points y0 that are contained in the forward
invariant set Z.

A4 There exists a function α̂ ∈ K∞ such that we have T

0
l(x(τ ), u(τ )) dτ +M(x(T ), y, T )− V(y)

≥ α̂

∥x− ξ(·, y)∥L∞


for all feasible points (x, u, T ) of Problem (5) and all y ∈ Y.

Notice that the above assumption imposes only a ‘‘mild’’ regularity
requirement in the sense that for a sufficiently small neighborhood
Y this assumption is equivalent to requiring that the solution orbit
ξ(·, y) of Problem (6) is for all y ∈ Y strictly optimal.

Lemma 2. If Assumptions A1, A2, A3, and A4 are satisfied, then there
exists for any finite integer i ∈ N a function α ∈ K∞ such that

V(yi) ≤ V(y0)− α (∥χ(iδ, y0)− yi∥) (7)

for all y0 ∈ Y.

Proof. As the optimal control problem (6) enforces a periodicity
constraint, the associated periodic orbit ξ(t, yj), j ∈ N, can be
shifted in time such that the function x(t) = ξ(t+δ, yj) is a feasible
orbit of the (j + 1)th online optimization problem generating the
same objective value. Thus, it follows from Assumption A4 that
there exists a K∞ function α̂ such that

V(yj)− V(yj+1)

≥ α̂
ξ((i− j)δ, yj)− ξ((i− j− 1)δ, yj+1)


∞


(8)
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for all i ∈ N with i ≥ j+ 1. Next, the triangle inequality for norms
yields

∥ξ(iδ, y0)− yi∥∞

≤

i−1
j=0

ξ((i− j)δ, yj)− ξ((i− j− 1)δ, yj+1)

∞

(8)
≤

i−1
j=0

α̂−1

V(yj)− V(yj+1)


(4)
≤ i α̂−1


i−1
j=0


V(yj)− V(yj+1)


= i α̂−1 (V(y0)− V(yi))

recalling that the inverse map α̂−1 is a K∞ function, too. The
statement of the Lemma follows by inverting α̂−1 again and
defining α(r) := α̂(r/i) for all r ∈ R+. Since the integer i is finite,
α is a K∞ function which satisfies the inequality

V(yi) ≤ V(y0)− α (∥ξ(iδ, y0)− yi∥) (9)

for all y0 ∈ Y. Being at this point, we have already proven the
statement of the Lemma for all i with iδ < T̂ (y0), since the
functions ξ and χ are identical on the time interval [0, T̂ (y0)]. In
order to prove that (7) also holds for any finite i, the main idea is to
write the function V(y) in the equivalent form

V(y) = min
x,u,v,T

 (N+1)T∗

0
l(x(τ ), u(τ )) dτ

+ γ ∥v∥L1 − NT ∗V ∗(y∗)

s.t.


ẋ(τ ) = f (x(τ ), u(τ ))+ v(τ)
x(0) = x((N + 1)T ∗) = y
x(τ ) ∈ X, u(τ ) ∈ U
x(T + τ ′) ∈ Y∗ for all τ ′ ∈ [0,NT ∗]
0 ≤ T ≤ T ∗

v(τ ′′) = 0 for all τ ′′ ∈ [0,NT ∗ + T ],

(10)

for any y∗ ∈ Y∗ and the constraints being enforced for all τ ∈
[0, (N + 1)T ∗]. Here, N can be any sufficiently large integer such
that NT ∗ > iδ. This definition is useful, since the optimal solution
for the state trajectory of Problem (10), denoted by ξ̂ (·, y0) :
[0, (N + 1)T ∗], coincides with the function χ(·, y0) on the time
interval [0,NT ∗ + T ]. Thus, by choosing N sufficiently large, we
have χ(iδ, y0) = ξ̂ (iδ, y0). On the other hand, we also have

V(yi) ≤ V(y0)− α
ξ̂ (iδ, y0)− yi

 , (11)

which can be proven in complete analogy to inequality (11).
Consequently, we have proven the statement of the lemma. �

In the next step, we introduce the Lyapunov function candidate

L(y) := V(y)− V(y∗), y∗ ∈ Y∗

as well as another mild regularity assumptions:

A5 There exist functions α1, α2 ∈ K∞ with

α1


min
y∗∈Y∗

y− y∗
 ≤ L(y) ≤ α2


min
y∗∈Y∗

y− y∗


for all y ∈ Y.

Assumption A5 does not need any further justification in the
sense that this assumptions is always satisfied if Assumption A3
is satisfied and if Y is chosen sufficiently small.
Theorem 1. Let Assumptions A1, A2, A3, A4, and A5 be satisfied.
Now, the sequence y0, y1, y2, . . . ∈ Y that is generated by the
above described economicMPC controller, is nominally asymptotically
orbitally stable on Y with unique limit set Y∗; that is, the sequence
(yi)i∈N is orbitally stable on Y and we have

lim
i→∞

min
y∗∈Y∗

yi − y∗
 = 0

for all y0 ∈ Y.

Proof. Let us start by introducing the finite integer

N =

Tmax

δ


.

Due to our definition of the function χ there exists for any y0 ∈ Y
an integer i ∈ {1, . . . ,N} such that

χ(iδ, y0) ∈ Y∗.

Next it follows from Lemma 2 that there exists a K∞-function α
such that

V(y0)− V(yi) ≥ α (∥χ(iδ, y0)− yi∥)

≥ α


min
y∗∈Y∗

yi − y∗
 ,

where the latter inequality follows from the transformation

∥χ(iδ, y0)− yi∥ = ∥χ(iδ, y0)− yi∥
+ ∥χ(iδ, y0)− χ(iδ, y0)∥

≥ min
y∗∈Y∗

y∗ − yi
+ y∗ − χ(iδ, y0)


≥ min

y∗∈Y∗

y∗ − yi
 ,

since χ(iδ, y0) ∈ Y∗. Rearranging terms and subtracting V(y∗) for
any point y∗ ∈ Y∗ on both sides of the above inequality yields

L(yi) ≤ L(y0)− α


min
y∗∈Y∗

yi − y∗
 .

Consequently, it follows from Assumption A5 that we have

lim
i→∞

min
y∗∈Y∗

yi − y∗
 = 0,

which proves the asymptotic orbital stability of the sequence
yi on Y, since L is an N-step orbital Lyapunov function. Thus,
the proposed economic MPC controller is asymptotically orbitally
stable on the forward invariant set Y with unique limit set Y∗. �

5. Numerical case study

In order to illustrate the practical applicability of the MPC
formulation (5), we study a small but non-trivial example with
nx = 3 states and nu = 1 control input. The functions f and l are
given by

f (x, u) =

u
(1− x21) · x

2
2 + 1

x1

 (12)

and l(x, u) = x21 + x22 + x23 + u2. (13)

Moreover, we choose X = R3, U = R, Tmin = 5 and Tmax = 10.
On the first view this set-up looks almost trivial, since l is a simple
least-squares function and we neither consider state nor control
constraints. However, the actual challenge is that there exists no
steady-state pair (x, u) ∈ R3

× R with f (x, u) = 0. Thus, if
we should be able to stabilize this system at all, this can only be
achieved by choosing a non-trivially oscillating input.
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Fig. 1. A visualization of the set Y∗ in the (x2, x3)-plane shown in the form of the
black solid line. The gray dashed line shows the optimal solution for the predicted
state trajectory ξ(·, xstart) corresponding to the first online optimization problem
that is solved by the MPC controller. The red dots indicate the start point xstart as
well as the point ξ(T , xstart) at which the predicted trajectory meets the set Y∗ .

5.1. Computing the optimal periodic orbit

In order to find the optimal limit orbit Y∗, we solve the periodic
optimal control problem

min
x,u,T

 T

0

l(x(t), u(t))
T

dt s.t.

ẋ(τ ) = f (x(τ ), u(τ ))
x(0) = x(T )
Tmin ≤ T ≤ Tmax

with τ ∈ [0, T ]. In this paper, this problem is solved
numerically by employing the local optimal control problem
solver ACADO Toolkit (Houska, Ferreau, & Diehl, 2011a,b). Here,
the optimal control algorithm is based on a multiple shooting
discretization with 40 intervals and piecewise constant control
discretization in combination with an exact Hessian sequential
quadratic programming (SQP) solver. A corresponding locally
optimal solution for the orbit Y∗ in the (x2, x3)-plane is shown in
the formof the solid line in Fig. 1. Notice that the cycle time T of this
periodic orbit has been optimized, too, finding the numerical value

T ∗ ≈ 6.69.

As expected, we have obtained a quite non-trivial periodic orbit
recalling that a constant steady-state does not exist.

Notice that Assumptions A1 and A2 are trivially satisfied for our
example. Assumptions A3, A4, and A5 are difficult to check explic-
itly, but they can easily be checked numerically by computing the
Hessian matrix that is associated with the discretized approxima-
tion of the above optimal control problem. It turns out that the
eigenvalues of the Hessian matrix are all strictly positive—except
for one which is numerically very close to zero indicating the nat-
ural invariance of optimal periodic orbits with respect to phase
shifts. This suggests – at least numerically – that Assumptions A3,
A4, and A5 are satisfied in a sufficiently small local neighborhood
Y of the optimal orbit Y∗.

5.2. Economic MPC implementing the new type of terminal con-
straints

Let us now consider an MPC controller that is based on the
online optimization problem (5). We apply the above described
numerical optimal control solver in each step of the MPC
loop in order to solve the online optimization problem (6). In
the numerical implementation, the control function u and the
relaxation function v have been discretized by using piecewise
constant approximations, where the whole prediction horizon
Fig. 2. A visualization of the set Y∗ (black solid line) as well as the state of the
closed-loop MPC system (gray dashed line) in the (x2, x3)-plane. Notice that the
MPC controller is asymptotically orbitally stable, which implies in this example that
the closed-loop state (dashed) converges to the limit orbit Y∗ (solid).

Fig. 3. The closed-loop control input that is sent out to the process during the time
interval [0, 20].

has been divided into 40 sub-intervals. The constant γ has been
adjusted in such a way that the constraint v(τ) = 0 is enforced
during all numerical experiments, i.e., no relaxation is needed in
this particular case study. The terminal constraint of the form

x(T ) ∈ Y∗

has been implemented by representing the set Y∗ in the form

Y∗ =

x̂∗(ϕ, y∗) | 0 ≤ ϕ ≤ Tmax


,

where x̂∗(·, y∗) denotes the periodically prolonged optimal solu-
tion of the periodic optimal control problem from Section 5.1 for
any y∗ ∈ Y∗. Here, x̂∗(·, y∗) is represented numerically by employ-
ing a periodic Fourier approximation with sufficiently high order.
Next, we assume that our initial state measurement at time t = 0
is given by

xstart = y0 = (1.5, 0.5, 0 )T .

The sampling time has been set to δ = 0.17. The optimal solution
for the state trajectory of the first MPC online problem is shown on
the (x2, x3)-plane in form of the dashed line in Fig. 1. Notice that
we have xstart ∉ Y∗, i.e., our start point is not contained in Y∗.

Fig. 2 shows the state-trajectory of the closed loop system on
the (x2, x3)-plane in form of the gray dashed line. Notice that the
MPC controller is asymptotically orbitally stable, which can be
seen numerically from the fact that the dashed state trajectory
of the closed-loop system converges to Y∗. In fact, we observe
that the dashed line is already after a short transition period
indistinguishably close to the set Y∗. The associated closed-loop
control input is shown in Fig. 3. Notice that this closed-loop control
response becomes periodic, too, after a short transition phase.

In order to verify our proof of asymptotic orbital stability
of the proposed MPC controller numerically, Fig. 4 shows the
Lyapunov function L(yi) as a function of the iteration index i of
the MPC loop. Notice that in this figure the Lyapunov function is
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Fig. 4. The logarithm of the normed Lyapunov function log10


V(yi)−V(y∗)
V(y∗)


=

log10


L(yi)
V(y∗)


in dependence of the iteration index i of the MPC loop, where the

scaling factor V(y∗) is constant and independent of y∗ ∈ Y∗ . Notice that the
Lyapunov function is decreasing and converging to 0 – up to small numerical errors
– illustrating the orbital asymptotic stability of the MPC controller. In our example,
the numerical accuracy (KKT-tolerance) of the online optimal control problem
solver has been set to 10−6 as indicated by the red dashed line.

scaled with the constant objective value V(y∗) and displayed on
a logarithmic scale. As expected from our theoretical analysis the
functionL(yi) is – up to small numerical errors in the order of 10−6
– monotonically decreasing and converges to 0 for i→∞.

6. Conclusions

In this paper, we have introduced a novel type of phase
independent terminal constraints for economic MPC that can be
summarized in the form x(T ) ∈ Y∗, which, in combination
with the measurement dependent terminal cost M(x(T ), y, T ),
leads to an asymptotically orbitally stable economic MPC based
closed-loop system. This result has been proven in Theorem 1,
which is the main contribution of this paper. Moreover, we have
illustrated the practical applicability of the method by stabilizing a
dynamic process that does not admit a steady state. The numerical
results confirm the proven orbital stability results verifying that
the proposed orbital Lyapunov function is not only in theory but
also in the numerical experiment monotonically decreasing and
converging to zero
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