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a b s t r a c t

State-of-the-art formulations of optimal experiment design problems are typically based on a design
criterion which allows us to optimize a scalar map of the predicted variance–covariance matrix of the
parameter estimate. Famous examples for such scalar objectives are the A-criterion, the E-criterion,
or the D-criterion, which aim at minimizing the trace, maximum eigenvalue, or determinant of the
variance–covariance matrix. In this paper, we propose a different way of deriving an economic design
criterion for the optimal experiment design. Here, the corresponding analysis is based on the assumption
that our ultimate goal is to solve an optimization problem with a given economic objective that depends
on uncertain parameters, which have to be estimated by the experiment. We illustrate the approach by
studying a fedbatch bioreactor.

© 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Nonlinear differential equation models are nowadays indis-
pensable tools for the analysis, design, operation and optimiza-
tion of dynamic processes. For an accuratemodeling, it is necessary
to collect experimental data by performing experiments. To limit
this experimental burden optimal experiment design (OED) meth-
ods have been developed. The idea is to design experiments which
reveal the highest amount of information. The field of OED (for
parameter estimation) has been founded by Fisher (1935) and
has been extended to static linear and nonlinear models in Box
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and Lucas (1959) and Kiefer and Wolfowitz (1959). The transition
to dynamic systems has been accomplished in Gevers and Ljung
(1986) and Mehra (1974) for the linear and in Espie and Machi-
etto (1989) for the nonlinear case. For a more detailed overview,
the reader is referred to Franceschini and Macchietto (2008) and
Pukelsheim (1993). With respect to numerical implementations,
state-of-the-art methods are described in Balsa-Canto, Alonso, and
Banga (2010), Hoang, Barz, Merchan, Biegler, and Arellano-Garcia
(2013), Körkel, Kostina, Bock, and Schlöder (2004), Schenkendorf,
Kremling, and Mangold (2009) and Telen et al. (2013). In practice,
model-based process optimization is meant to improve the perfor-
mance of the process without spending (too) much effort on per-
forming experiments.

This paper follows the philosophy to design experiments with
respect to the intended model application, a well-established
concept for linear systems (Gevers & Ljung, 1986), in particular, in
the context of joint design for control and identification (Gevers,
1993; Hjalmarsson, 2005). However, in OED for nonlinear dynamic
processes these concepts are less established, and thuswe propose
in this paper a way to formulate a design criterion that leads to
a new concept named the economic optimal experiment design for
nonlinear dynamic systems. We assume that our ultimate goal
is to solve an optimal control problem with economic objective
that depends on an unknown parameter vector p. If we solve this
optimal control problem based on an estimate of the parameters p
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in place of their unknown exact values, we will find a sub-optimal
control input. Now, the aim of economic OED is to reduce the
expected optimality gap that is associatedwith solving the optimal
control problem based on an estimate for p. The contribution
is that we formulate and approximately solve such economic
OED problems, yielding an optimally weighted A-criterion that is
invariant under affine parameter transformations.

We start in Section 2 with a motivating example and briefly
review the idea of OED in Section 3. Our contribution is presented
in Sections 4 and 5, where we discuss how to formulate economic
OED problems. Section 6 presents a case study and Section 7 the
conclusions.

2. A motivating example

We consider a dynamic model for a continuously stirred tank
reactor (CSTR) inwhich a Van de Vusse reaction takes place (Bonilla,

Diehl, Logist, DeMoor, &Van Impe, 2010):A
k1
→ B

k2
→ C and 2A

k3
→D.

Since the substances C and D are unwanted and do not react
further, our dynamic model is given by

ċA =
V̇
VR

(cA0 − cA)− k1cA − k3c2A (1)

ċB = −
V̇
VR

cB + k1cA − k2cB, (2)

where cA and cB are the concentrations of the substances A and B.
The feed inflow has a known concentration cA0 = 5.1 mol

L and its
flow rate V̇ can be controlled. The reactor capacity VR = 10 L is
given, but the reaction rates k1 = k2 and k3 are unknown, i.e., we
have two free uncertain parameters. For simplicity of presentation,
we assume in this section that we want to operate the CSTR at the
steady state optimizing the product concentration cB:

max
cA,cB,V̇

cB s.t.


0 =

V̇
VR

(cA0 − cA)− k1cA − k3c2A

0 = −
V̇
VR

cB + k1cA − k1cB.

The above expression for cB can be maximized explicitly finding
that the optimal flow rate is given by2 V̇ ∗ = k1VR. This explicit
expression for the optimal flow rate V̇ ∗ reveals that the optimal
input depends on the unknown parameter k1 only, while the
accuracy of our estimates for the other unknown parameter k3
is completely irrelevant for maximizing the steady state product
concentration cB. What would we have done if we had not
have found this explicit expression for V̇ ∗? Clearly, if we do not
employ analysis tools for getting an insight about the parametric
dependences of a process, we might spend a lot of effort or money
for measuring irrelevant parameters, in this example k3, as we
might not realize in advance that the values of these parameters
are irrelevant for computing an optimal operation point. Thus, for
a more involved process, we need advanced numerical tools to
analyze which parameter values are more relevant than others in
order to design an optimal experiment. The aim of this paper is to
develop such numerical tools.

2 In order to derive the expression for the optimal flow rate, it is helpful to employ
the explicit relation

cB = −
k1
2k3
+


k1
2k3

2

+
k21cA0VRV̇

k3(k1VR + V̇ )2
.

3. Optimal experiment design

We are interested in a maximum likelihood parameter estima-
tion problem of the form

min
x,p

1
2
∥M(x, p)− η∥2

Σ−1
+

1
2

p− p̂
2

Σ
−1
0

s.t. G(x, u, p) = 0.
(3)

Here, p ∈ Rnp is the parameter whichwewant to estimate, u ∈ Rnz

is a given control input which can be adjusted for taking the mea-
surements, and η ∈ RnM is the measurement value. The measure-
ment functionM and the right-hand side functionG are assumed to
be continuously differentiable. The function G can for example de-
note a steady state equation, where xwould denote a single steady
state, but it could also arise from discretizing a dynamic system
(Bock& Plitt, 1984). Finally,Σ ∈ SnM

+ andΣ0 ∈ Snp
+ denote the vari-

ance–covariance matrix of the measurement error and the given
initial parameter estimate p̂, respectively.

The optimal experiment design aims at minimizing a suitable
scalar design criterion Φ : Snp

+ → R of the approximate vari-
ance–covariance matrix V (u, p̂) := F (u, p̂)−1 assuming that the
Fisher information matrix, given by

F (u, p̂) := Σ−10 +Mp(xs(u, p̂), u, p̂)TΣ−1Mp(xs(u, p̂), u, p̂),

is invertible. Here, p̂ ∈ Rnp is the currently best available estimate
for the parameter, xs(u, p̂) denotes the solution of the implicit state
equation

G(xs(u, p̂), u, p̂) = 0,

which is assumed to be unique, and

Mp(xs(u, p̂), u, p̂) := −
∂M
∂x


∂G
∂x

−1
∂G
∂p
+

∂M
∂p


(xs(u,p̂),u,p̂)

.

In this context, the Jacobian matrix, given by

∂G(xs(u, p̂), u, p̂)
∂x

,

can be assumed to be invertible for all feasible inputs u such that
the above expression for Mp is well-defined. The optimal experi-
ment design problem of our interest can now be written as

min
u

Φ

V (u, p̂)


s.t. H(u) ≤ 0.

Here, H is a given constraint function.

4. Second order expansion of optimality loss

Our ultimate goal is to solve the ‘‘economic’’ optimization prob-
lem

min
x,u

F(x, u, preal) s.t.

G(x, u, preal) = 0
H(u) ≤ 0, (4)

which depends on an unknown parameter preal ∈ Rnp . The func-
tions F , G, and H are assumed to be twice continuously differen-
tiable and the state xs(u, preal) of the real dynamic process is for
any given u assumed to be determined uniquely by the equation

G(xs(u, preal), u, preal) = 0.

Similar to the non-degeneracy condition from the previous section,
the matrix
∂G(xs(u, preal), u, preal)

∂x
is assumed to be invertible for all feasible inputs u. Since preal is un-
known, a reasonable practical strategy is to first design an experi-
ment and to collectmeasurements in order to compute an estimate
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p ≈ preal and then to solve the auxiliary optimization problem

min
x,u

F(x, u, p) s.t.

G(x, u, p) = 0
H(u) ≤ 0 (5)

instead. Once we have found a minimizer (x∗(p), u∗(p)) of this op-
timization, we send the associated optimal control input u∗(p) to
the real process. This leads to a state xs(u∗(p), preal) satisfying
G(xs(u∗(p), preal), u∗(p), preal) = 0.
In this context, it is important to be aware of the fact that there is
in general a mismatch between the predicted state x∗(p) and the
actual state xs(u∗(p), preal) that is realized by nature, since nature
substitutes the exact value preal when determining its state. Thus,
sincewe areworkingwith the estimate p in place of the exact value
preal, we obtain an optimality gap,
∆(p) := F(xs(u∗(p), preal), u∗(p), preal)

− F(xs(u∗(preal), preal), u∗(preal), preal) ≥ 0.
We denote the Lagrange function of Problem (5) by
L(x, u, λ, µ, p) = F(x, u, p)+ λTG(x, u, p)+ µTH(u),
where λ ∈ Rnx are the multipliers that are associated with the
equality constraints G(x, u, p) and µ ∈ RnH the multipliers that
are associated with the inequality constraints H(u) ≤ 0. We use
the shorthand notations
r(p) := (x∗(p)T, u∗(p)T, λ∗(p)T, µ∗(p)T)T

ract(p) := (x∗(p)T, u∗(p)T, λ∗(p)T, µact,∗(p)T)T

rreal(p) := (xs(u∗(p), preal)T, u∗(p)T, λ∗(p)T, µ∗(p)T)T

ractreal(p) := (xs(u∗(p), preal)T, u∗(p)T, λ∗(p)T, µact,∗(p)T)T,
where (x∗(p), u∗(p), λ∗(p), µ∗(p)) denotes a primal–dual mini-
mizer of the parametric optimization problem (5) in dependence
on p while the vector µact,∗(p) consists of those components of
µ∗(p) that correspond to the active inequality constraints. More-
over, we introduce

Gx(p) =
∂G(x∗(p), u∗(p), p)

∂x

Gp(p) =
∂G(x∗(p), u∗(p), p)

∂p

Lrp(p) = Lpr(p)T =
∂2L(r(p), p)

∂ract ∂p
,

and Lrr(p) =
∂2L(r(p), p)

∂(ract)2

as well as

L̃rp = L̃Tpr = Lrp −


∂2L(r(p), p)

∂x2
[Gx(p)]−1 Gp(p)

∂2L(r(p), p)
∂u∂x

[Gx(p)]−1 Gp(p)

0
0


which is well-defined for all p for which Gx(p) is an invertible ma-
trix. Finally, we define the matrix

W (p) = L̃pr(p)Lrr(p)−1L̃rp(p). (6)

Theorem 1. Let F , G, and H be twice continuously differentiable and
let r(preal) be a regular KKT point3 of Problem (4). Then, the function

3 AKarush–Kuhn–Tucker (KKT) point (Nocedal &Wright, 2006) is called regular if
it satisfies the first order necessary optimality conditions, the linear independence
constraint qualification (LICQ), the strict complementarity conditions, aswell as the
second order sufficient condition (SOSC).
∆ is twice continuously differentiable at preal and we have

∆(p) =
1
2
∥p− preal∥2W (preal) + O


∥p− preal∥3


.

Proof. By substituting the complementarity conditions as well as
the state equations, given by

0 = µ∗(p)TH(u∗(p)),
0 = µ∗(preal)TH(u∗(preal)),
0 = G(xs(u∗(p), preal), u∗(p), preal),
and 0 = G(xs(u∗(preal), preal), u∗(preal), preal),

we find that the function ∆ can be written as

∆(p) = L(rreal(p), preal)− L(rreal(preal), preal).

Thus, the first order derivative term

∂∆(preal)
∂p

=
∂L(rreal(preal), preal)

∂ract
∂ractreal(preal)

∂p
= 0

vanishes, as we have ∂
∂ract L(rreal(preal), preal) = 0 and we can con-

centrate on computing the second order term

∂2∆(preal)
∂p2

=


∂ractreal(preal)

∂p

T

Lrr(preal)
∂ractreal(preal)

∂p
.

Differentiating the state equations and eliminating ∂u∗(preal)
∂p yields

the relation
∂xs(u∗(p), preal)

∂p
=

∂x∗(preal)
∂p

+ [Gx(preal)]−1Gp(preal)

which implies that we have

∂ractreal(preal)
∂p

=
∂ract(preal)

∂p
+

[Gx(preal)]−1Gp(preal)
0
0
0

 .

Moreover, since the first order optimality conditions with respect
to the active constraints can be written in the form
∂L(r(p), p)

∂ract
= 0,

the derivative of ract(p) w.r.t. p can be found by applying the im-
plicit function theorem (Robinson, 1980),

∂ract(preal)
∂p

= − (Lrr(preal))−1 Lrp(preal).

Substituting the above equations yields the statement of the
theorem. �

Remark 1. In our consideration, the function H is not allowed to
depend on p explicitly such that the parameter uncertainties enter
in the secondorder termonly. Otherwise, the loss optimalitywould
be of order O (∥p− preal∥), as discussed in Deshpade (2011). �

5. Economic optimal experiment design

Let p be a random variable with expectation value E{p} = preal
and let the variance–covariance matrix

Ep (p− preal)(p− preal)T = Σp ∈ Snp
+

be given. Now, if either

A1 the function ∆ is smooth and has bounded moments, or
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A2 the function ∆ is twice continuously differentiable and the
diameter of the support of the probability distribution of p is
of order O


∥Σp∥


,

then we have

Ep {∆(p)} =
1
2
Tr


W (preal) Σp


+ O


∥Σp∥

3
2


. (7)

This statement follows by using Theorem 1 in combination with
well-known moment expansion techniques (Oehlert, 1992). Next
if

A3 the function W is Lipschitz continuous with Lipschitz
constant L,

and if p̂ ≈ preal is an estimate of preal based on prior knowledge or
experimental data, then we also have

Ep {∆(p)} =
1
2
Tr


W (p̂) Σp


+O


∥Σp∥

1
2 + L∥p̂− preal∥


∥Σp∥


. (8)

This motivates us to formulate an ‘‘economic’’ optimal experiment
design problem of the form

min
u

1
2
Tr


W (p̂) V (u, p̂)


s.t. H(u) ≤ 0. (9)

In this optimization problem, we have substituted our approxima-
tionV (u, p̂) of the variance–covariancematrix of the parameter es-
timate p̂, which has been introduced in Section 3. Now, we run the
following loop:

S1 Compute W (p̂) by using Eq. (6).
S2 Solve problem (9) and perform an experiment at the optimizer

u∗(p̂).
S3 Compute a new parameter estimate p̂+ by solving the estima-

tion problem (3).
S4 If 1

2 Tr

W (p̂) V (u, p̂)


< ϵ for a small ϵ > 0, stop.

S5 Otherwise, setΣ0 ← V (u, p̂+) as well as p̂← p̂+ and continue
with Step S1.

If the parameter estimate converges,4 such that we have p̂→ preal
almost surely, then it follows from Eq. (8) that the estimate

Ep {∆(p)} ≈
1
2
Tr


W (p̂) V (u, p̂)


is asymptotically exact thereby justifying the formulation (9). The
economic OED formulation is invariant under linear scaling trans-
formations of the parameters.

Remark 2. The advantage of our criterion in comparison to ex-
isting scaling heuristics for the A-criterium (Recker, Kerimoglu,
Harwardt, Tkacheva, & Marquardt, 2013) is that it has a physical
interpretation as the second order approximation of the expected
optimality gap. �

6. Economic optimal experiment design for a dynamic fedbatch
bioreactor

The dynamic model equations of a well mixed fedbatch biore-
actor benchmark are given by Telen et al. (2013):

dCs

dt
= −σ(Cs)Cx +

u
VR

Cs,in −
u
VR

Cs

4 Sufficient conditions for the convergence of general maximum likelihood
parameter estimates are discussed in Theorem 2.5 in Newey andMcFadden (1994).
dCx

dt
= µ(Cs)Cx −

u
VR

Cx

dVR

dt
= u.

Here, Cs (g/L) is the concentration limiting substrate, Cx (g/L) the
biomass concentration and VR (L) the volume of liquid in the reac-
tor. The control input u (L/h) is the volumetric feed rate, containing
a substrate concentration Cs,in. The specific growth rate µ(Cs) is of
the Monod type: µ(Cs) = µmax

Cs
Ks+Cs

. The substrate consumption
rate σ(Cs) is given by σ(Cs) = (µ(Cs)/YX|S) + mσ , where YX|S is
the yield and mσ a maintenance factor. The parameter values are
given in Table 1. The current best estimates for µmax and Ks are
denoted by µ̂max and K̂s. The initial concentration of substrate and
biomass is set to 50 g and 1.31 g, respectively. The initial volume is
set to 8 L. The feed rate u is constrained by ∀t ∈ [0 h, 30 h] : 0 L/h
≤ u(t) ≤ 1 L/h. The objective of the case study is to track the sub-
strate concentration, F(x, u, p) =

 30 h
0 (Cs − 50)2 dt , where x =

(Cs, Cx, VR)
⊤ and p = (µmax, Ks)

⊤ are the state and parameter vec-
tor, respectively. The corresponding optimal control problem can
be approximated by an optimization problem of the form (4) us-
ing a piecewise constant control discretization (Bock & Plitt, 1984).
Here, this is done by using ACADO Toolkit (Houska, Ferreau, &
Diehl, 2011). The variance–covariance matrix has been computed
via a Riccati recursion (Telen et al., 2013). The measurement func-
tion is given byM(x, p) = (Cs, Cx)

⊤ with measurement error vari-
ance Σ = diag(σ 2

Cs , σ 2
Cx)
⊤.

We study two cases: a nominal optimal experiment design,
employing the A-criterion as objective (Telen et al., 2013) and
the proposed economic OED objective. The obtained state and
input trajectories are depicted in Fig. 1. The input profiles differ
profoundly. In the A-optimal OED case, the main feeding takes
place at the end of the experiment, which leads to a significant
decrease in the uncertainty of Ks, whose variance is predicted to be
in the order of 10−4 (g/L)2. However, the optimal input profile for
the economic OED formulation shows a feeding phase after 12 h
leading to a sharp increase in the substrate concentration, while
the variance ofKs is expected to be in the order of 10−2 (g/L)2. Thus,
economic OED leads to a less accurate estimate for Ks, since Ks only
affects the growth rate at low Cs values but hardly any influence
will be seen around 50 g/L. As a result, to enable an accurate
estimation of this parameter, also low Cs ranges have to be reached
as noticeable in the A-optimal experiment. This is in contrast to
the economic optimal experiment in which Cs remains closer to
50 g/L. Consequently, the expected loss of optimality in terms of
tracking the substrate concentration that is obtained realizing the
A-optimal OED design is approximately 2.53 while the economic
OED design leads to an expected loss of 0.140. Compared with the
nominal optimal tracking value of 13.8, this results in an expected
loss of 18.3% for the A-optimal design compared to 1.0% for the
economic design.

We have also performed a numerical evaluation of the expected
loss of optimality via a Monte Carlo simulation. To this end, the
optimal designed controls have been applied to the real system
and 500 randomly chosen noise realizations have been added to
the obtained state profiles. For these 500 scenarios the parameters
have been estimated and an optimal control problem minimizing
the economic objective has been solved. The 500 corresponding
optimal control profiles have been applied to the system and the
economic objective value has been computed. This enables the
computation of the statistics of the optimality gap and leads to the
following numerical results. For the A-criterion an expected op-
timality gap ∆A-criterion

MonteCarlo = 1.36 is obtained with first quartile at
0.11 and third quartile at 1.9. For the economic design, the numer-
ical results yield ∆

Economic-design
MonteCarlo = 0.256 with the first quartile at
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Table 1
Parameter values for the fedbatch bioreactor.

µ̂max 0.1 1/h K̂s 1 g/L
mσ 0.29 g/g YX|S 0.47 g/g
σ 2
Cs 1× 10−2 g2/L2 σ 2

Cx 6.25×10−4 g2/L2

Fig. 1. The state and control profiles for the A-optimal OED design (dashed) and
the economic OED design (solid).

0.028 and the third quartile at 0.36, which slightly differs from the
above values due to the proposed second order approximation of
the loss of optimality. The actual difference in performance is an
optimality loss of 9.9% for the A-optimal case and 1.9% for the eco-
nomic design.

7. Conclusions

In this paper we have discussed a new economic design ob-
jective for optimal experiment design problems for nonlinear dy-
namic systems. This design objective aims at minimizing the ex-
pected optimality gap that is associated with solving a given opti-
mal control problem based on the parameter estimate in place of
the real but unknown parameter values. One of the main results of
this paper has been presented in Section 5, where we have proven
that economic design objectives can be interpreted as A-criteria
that are scaled with an ‘‘optimal’’ weighting matrix. In particular,
the proposed economic design objective has the advantage that it
is invariant with respect to linear re-scaling of the parameters. We
have presented a numerical case study for a fedbatch bioreactor,
where our ultimate goal is to find a time-varying control profile
that maximizes the economic profit in terms of maintaining a con-
stant substrate concentration. Also, an extension of economic opti-
mal experiment design for more than one objective (Telen, Logist,
Van Derlinden, Tack, & Van Impe, 2012) is an interesting future re-
search direction.
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