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Abstract— Direct optimal control first discretizes the contin-
uous time Optimal Control Problem (OCP) and then solves
the resulting Nonlinear Program (NLP). Implicit integration
schemes are used for the numerical simulation of stiff or
implicitly defined dynamics. The propagation of sensitivities
is often computationally demanding, especially when second
order derivatives are needed for numerical optimization. This
paper presents a tailored extension of the symmetric Hessian
propagation technique to implicit integrators and proposes a
novel exact Hessian based lifting approach, which combines
advantages from direct collocation and multiple shooting. The
algorithm takes Sequential Quadratic Programming (SQP)
steps which are equivalent to those for direct collocation,
while preserving many of the properties of a multiple shooting
method such as its parallelizability. The proposed algorithm
is implemented in the open-source ACADO code generation
software. Its efficiency is illustrated on a benchmark case study
from the field of time-optimal control.

I. INTRODUCTION

This paper considers the direct numerical solution of a
nonlinear Optimal Control Problem (OCP),

min
x(·), u(·)

∫ T

0

L(x(t), u(t)) dt (1a)

s.t. 0 = x(0)− x̂0, (1b)
0 = f(ẋ(t), x(t), u(t)), ∀t ∈ [0, T ], (1c)
0 ≤ c(x(t), u(t)), ∀t ∈ [0, T ], (1d)

where T is the control horizon length, x(t) ∈ Rnx denotes
the differential states and u(t) ∈ Rnu are the control inputs.
This parametric OCP depends on the current state estimate
x̂0 ∈ Rnx through the initial value condition of Eq. (1b).
The objective in (1a) is defined by the stage cost L(·)
and the path constraints in (1d) are assumed to be affine.
The nonlinear dynamics in Eq. (1c) are formulated as an
implicit system of Ordinary Differential Equations (ODE).
The presented techniques can however be extended to more
general OCP formulations including an index 1 system of
Differential Algebraic Equations (DAE) [23], nonlinear in-
equality constraints, a terminal cost or terminal constraint [8].
The functions L(·) and f(·) for this discussion need to be
twice continuously differentiable in all arguments.

In order to implement Nonlinear Model Predictive Con-
trol (NMPC), one needs to solve OCP (1) at each sampling
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instant. For that purpose, efficient online methods have been
proposed [9], [17] such as the Real-Time Iteration (RTI)
scheme [7]. The latter uses direct multiple shooting to
parametrize the continuous time OCP, which is often im-
plemented in practice using fixed step integrators [23] to
result in a deterministic runtime. The resulting Nonlinear
Program (NLP) is solved using Sequential Quadratic Pro-
gramming (SQP) [6]. In case the nonlinear dynamics (1c) are
either stiff or implicitly defined, the use of an implicit inte-
gration scheme for numerical simulation is recommended. A
novel approach based on the lifted Newton method [1] was
recently proposed for embedding these implicit integrators
within a Newton type optimization framework [21]. This
lifted implicit integrator scheme is currently implemented in
the open-source ACADO Toolkit [15], and has been extended
to inexact Newton type methods in [20].

It has been shown in [21] that the use of the lifted
collocation integrator within a multiple shooting based Gen-
eralized Gauss-Newton (GGN) method [4] results in Newton
type iterations which are equivalent to those for a direct
collocation based NLP [3]. This equivalence requires fixing
the step size of the integrator, similar to the typical case for
direct collocation. Even though step size control is an im-
portant ingredient in direct multiple shooting [5], embedded
applications often use a well chosen but fixed step size to be
able to satisfy the real-time requirements [23]. When using
direct collocation, the SQP subproblems however show a lot
of sparsity which cannot be exploited directly by embedded
QP solvers which are typically based on dense linear algebra
routines [10], [18]. The lifted collocation scheme can there-
fore be considered an alternative way to exploit this problem
structure, without increasing the feedback delay in an RTI
based framework [7], [9]. The use of this lifting scheme
does not reduce the parallelizability of the multiple shooting
method. This paper aims at extending these results to exact
Hessian based optimization.

For modern economic MPC formulations [2], [13], inexact
Newton type optimization algorithms might not be practical
and exact Hessian based schemes are typically preferred [22].
Since first order sensitivity propagation for direct optimal
control is typically considered to be relatively expensive,
one can expect the computational efficiency of second order
sensitivity analysis to be even more important. As discussed
in [11], [12], it is however possible to compute Hessian con-
tributions in an SQP method by maintaining and exploiting
their symmetry structure in the corresponding propagation.
The presentation in [22] was restricted to a chain of explicit
function evaluations, which arises when applying an explicit



integration method to the system dynamics. In addition to the
novel exact Hessian based lifted collocation integrator, this
paper presents a tailored extension of the latter symmetric
Hessian propagation technique to the family of implicit
integration schemes.

The paper is organized as follows. Section II briefly sum-
marizes direct optimal control and lifted collocation meth-
ods within multiple shooting. Section III presents tailored
sensitivity propagation techniques for implicit integration
schemes, including the extension to second order derivatives.
Subsequently, Section IV proposes the novel exact Hessian
based lifted collocation integrator. The open-source software
implementation is discussed in Section V and illustrated by
a numerical case study in Section VI.

Contribution: we propose a novel exact Hessian based
algorithm for direct optimal control, based on lifted collo-
cation integrators with symmetric Hessian propagation. The
presented lifting technique allows us to combine the con-
vergence properties of direct collocation with the desirable
implementation and parallelization features from multiple
shooting. Based on our open-source software implementation
in the ACADO Toolkit, we illustrate the computational
efficiency and convergence of the scheme.

II. DIRECT OPTIMAL CONTROL

In direct optimal control [5], one tackles the continuous
time OCP (1) by forming a discrete approximation and solv-
ing the resulting NLP. For the sake of simplicity, we consider
an equidistant grid over the control horizon consisting in the
collection of time points ti, where ti+1 − ti = T

N =: Ts
for i = 0, . . . , N − 1. Additionally, we consider a piecewise
constant control parametrization u(τ) = ui for τ ∈ [ti, ti+1).

A. Direct Multiple Shooting

A direct multiple shooting discretization [5] of the OCP
in (1) results in the following NLP:

min
X,U

N−1∑
i=0

l(xi, ui) (2a)

s.t. 0 = x0 − x̂0, (2b)
0 = φ(xi, ui)− xi+1, i = 0, . . . , N − 1, (2c)

0 ≤ ci + Ci

[
xi
ui

]
, i = 0, . . . , N − 1, (2d)

with state trajectory X := [x>0 , . . . , x
>
N ]> and control

trajectory U := [u>0 , . . . , u
>
N−1]>. Function φ(·) represents

a numerical approximation of the solution x(ti+1) for the
following initial value problem:

0 = f(ẋ(τ), x(τ), ui), τ ∈ [ti, ti+1], (3)

where x(ti) = xi. This function typically needs to be
evaluated using an implicit integration method for dynamic
systems which are either stiff or implicitly defined [14].

Let us deploy a collocation method for the evaluation
of function φ(xi, ui) in Eq. (2c), using a fixed number of

integration steps M . In this context, one needs to solve the
following system of collocation equations:

G(wi,Ki) =

 gi,1(wi,Ki,1)
...

gi,M (wi,Ki,1, . . . ,Ki,M )

 = 0, (4)

where gi,j(·) =

f(k1i,j , xi,j−1 + h
∑q
s=1 a1,sk

s
i,j , ui)

...
f(kqi,j , xi,j−1 + h

∑q
s=1 aq,sk

s
i,j , ui)

 ,
where wi := [x>i , u

>
i ]>, q denotes the number of collocation

nodes and the matrix [A]ij := ai,j the coefficients of the
method [14]. We consider a constant integration step size
h := Ts

M for simplicity of notation. The collocation variables
ksi,j ∈ Rnx denote values of the time derivative of the
differential states at shooting interval i, integration step j and
collocation stage s. These variables are collectively denoted
by Ki := [K>i,1, . . . ,K

>
i,M ]> with Ki,j := [k1

>

i,j , . . . , k
q>

i,j ]>

for i = 0, . . . , N − 1 and j = 1, . . . ,M . The intermediate
values xi,j are defined by the weights bs [3], [14]:

xi,j = xi,j−1 + h

q∑
s=1

bsk
s
i,j , j = 1, . . . ,M, (5)

where xi,0 = xi such that φ(xi, ui) := xi,M = xi + hBKi

in which B is a constant matrix.

B. Sequential Quadratic Programming

This paper considers the use of an SQP method to solve
the latter NLP (2). It iterates by sequentially solving the
following Quadratic Program (QP):

min
∆W

N−1∑
i=0

(
F>i ∆wi +

1

2
∆w>i Hi ∆wi

)
(6a)

s.t. 0 = x̄0 − x̂0 + ∆x0, (6b)

0 = di +
dφ(w̄i)

dwi
∆wi −∆xi+1, (6c)

0 ≤ c̃i + Ci ∆wi, i = 0, . . . , N − 1, (6d)

where ∆W := [∆w>0 , . . . ,∆w
>
N ]>, ∆wi := wi − w̄i for

i = 0, . . . , N − 1 and ∆wN := ∆xN . The constraint values
are rewritten using di := φ(w̄i)− x̄i+1 and c̃i := ci+Ci w̄i.
The notation w̄i := [x̄>i , ū

>
i ]> is used to denote the current

optimization values, which are updated in each iteration by
solving the QP subproblem (6), i.e., W̄+ = W̄ + ∆W in
case of a full SQP step [6].

The quadratic objective function is defined by Fi :=
∇wi

l(w̄i) and Hi := ∇2
wi
Li(w̄i, λ̄i, ν̄i), when using an

exact Hessian based SQP method [19]. Each stage term in
the separable Lagrangian function for the OCP in (2), is
defined as Li(wi, λi, νi) := l(wi) − λ>i (φ(wi)− xi+1) −
ν>i (ci + Ci wi) for i = 0, . . . , N − 1. Their exact Hessian
contributions can therefore be written as:

Hi = ∇2
wi
l(w̄i) − ∇2

wi

(
λ̄>i φ(w̄i)

)
, (7)

where the evaluation of the second order stage cost deriva-
tives ∇2

wi
l(w̄i) is considered to be relatively cheap using



techniques from Algorithmic Differentiation (AD) [11], [12].
The second order derivatives ∇2

wi

(
λ̄>i φ(w̄i)

)
are however

the result of a propagation of sensitivities through the system
dynamics, which is typically rather costly and which is the
main topic of discussion in this paper.

C. Direct Collocation

Direct collocation differs from multiple shooting in the
sense that it carries out the numerical simulation of the
continuous time dynamics directly in the NLP [3]. More
specifically, one treats the collocation equations (4) as con-
straints and the values K as decision variables. An SQP
method to solve the resulting NLP iterates by sequentially
solving the following QP subproblem:

min
∆Z

N−1∑
i=0

(
F>i ∆wi +

1

2
∆z>i H

c
i ∆zi

)
(8a)

s.t. 0 = x̄0 − x̂0 + ∆x0, (8b)

0 = Gi +
∂Gi
∂w

∆wi +
∂Gi
∂K

∆Ki, (8c)

0 = di + ∆xi + hB∆Ki −∆xi+1, (8d)
0 ≤ c̃i + Ci ∆wi, i = 0, . . . , N − 1, (8e)

where ∆Z := [∆z>0 , . . . ,∆z
>
N ]>, zi := [w>i ,K

>
i ]>, ∆zi :=

zi− z̄i for i = 0, . . . , N − 1 and ∆zN := ∆xN . In addition,
we have di = x̄i + hB K̄i − x̄i+1 and Gi = G(w̄i, K̄i).
Similar to (7), the exact Hessian contributions read as:

Hc
i = ∇2

zi l(w̄i) − ∇
2
zi

(
µ̄>i G(w̄i, K̄i)

)
. (9)

Note that the QP subproblems (6) and (8) are convex only
when the Hessian matrix is positive semi-definite which
is not necessarily the case. In what follows, we therefore
assume that a suitable regularization approach is performed
by the SQP method when needed [19], [22].

D. Lifted Collocation based Integrator

Rather recent research in [21] extended the lifted Newton
technique [1] to the implementation of an implicit integration
scheme within a Newton type optimization algorithm. At
each SQP iteration, a lifted implicit integrator performs
merely one Newton step on the system 0 = G(w̄i,Ki):

∆K̃i = −∂G(w̄i, K̄i)

∂K

−1

G(w̄i, K̄i), (10a)

Kw
i = −∂G(w̄i, K̄i)

∂K

−1
∂G(w̄i, K̄i)

∂w
, (10b)

where K̄i := [K̄>i,1, ..., K̄
>
i,M ]> denotes the currently stored

collocation values. The lifted collocation variables Ki remain
hidden from the SQP solver by directly forming the lin-
earized continuity condition in Eq. (6c). Given the SQP step
∆W by solving the QP (6), one then performs the following
update of these variables:

K̄+
i = K̃i +Kw

i ∆wi, (11)

where K̃i := K̄i + ∆K̃i. Here, K̄+
i denotes the values of

the next iteration. The resulting implementation is detailed

Algorithm 1: Lifted collocation integrator.

Input: The new values w̄i := [x̄>i , ū
>
i ]> and the SQP step ∆wi.

Algorithm:
1) Update collocation variables:

K̄i ← K̃i +Kw
i ∆wi.

2) Perform one Newton iteration:
Compute values K̃i, Kw

i using Eq. (10).

3) Evaluate integrator results:
φi ← x̄i + hB K̃i.
dφi
dwi
← dxi

dwi
+ hBKw

i .

4) Memory of the integrator:
Store K̃i and Kw

i .

Output: The linearization results
(
φi,

dφi
dwi

)
.

in Algorithm 1. It starts with the latter update based on the
previous SQP step ∆wi and the stored values K̃i, Kw

i .
It has been shown in [21] that the use of the latter lifted

collocation integrator within a multiple shooting based GGN
method [4], results in SQP iterations which are exactly
equivalent to those for a direct collocation based NLP. In
what follows, we will first present an extension of the sym-
metric Hessian propagation technique to implicit integration
schemes. Section IV will then propose the novel algorithm
for an exact Hessian based lifted collocation integrator, which
is equivalent to exact Hessian based direct collocation.

III. SENSITIVITY PROPAGATION FOR IMPLICIT
INTEGRATION SCHEMES

This section discusses discrete time sensitivity propagation
techniques, tailored to collocation based integration schemes.
For a specific shooting interval i = 0, . . . , N − 1, a more
compact notation is used to denote the collocation variables
Ki,n ← Kn = (kn,1, . . . , kn,q), the controls ui ← u and the
intermediate state values xi,n ← xn such that wn = (xn, u).
Given the particular structure of the collocation equations
for M integration steps in Eq. (4), the variables Kn can be
computed sequentially. The lifted Newton step from Eq. (10)
can therefore be written as the following forward sequence:

∆K̃n = − ∂gn
∂Kn

−1(
gn +

∂gn
∂xn−1

∆x̃n−1

)
, (12)

for n = 1, . . . ,M and where gn := gn(w̄n−1, K̄n), ∆x̃0 = 0
such that

∆x̃n = ∆x̃n−1 + hB∆K̃n. (13)

Let us briefly summarize first order sensitivity propagation
techniques before presenting a tailored extension of the
symmetric Hessian scheme.

A. First Order Sensitivity Propagation

Following the Implicit Function Theorem (IFT), one can
compute the first order sensitivities:

Kw
n :=

dKn

dwn−1
= − ∂gn

∂Kn

−1 ∂gn
∂wn−1

. (14)



1) Forward propagation: These derivatives are used to
propagate the sensitivities Sn := dxn

dw0
forward:

Sn = Sn−1 + hBKw
n

dwn−1
dw0

= Sn−1 + hBKw
n

[
Sn−1
du
dw0

]
= Sn−1 + hBK0

n,

(15)

for n = 1, . . . ,M , where K0
n := dKn

dw0
and du

dw0
=
[

0 1
]
.

The latter forward sequence starting at S0 :=
[

1 0
]
,

results in the complete Jacobian SM = dxM

dw0
.

2) Adjoint propagation: One can alternatively propagate
the adjoint sensitivities λn := dxM

dxn

>
λ̄ as:

λn−1 =
dxn

dxn−1

>
λn = λn + hKx>

n B>λn

= λn +
∂gn
∂xn−1

>
µn,

(16)

for n = M, . . . , 1 and µ>n := −hλ>nB
∂gn
∂Kn

−1
. This back-

ward sweep starts at λM := λ̄ and results in λ0 = dxM

dx0

>
λ̄.

B. Symmetric Second Order Derivatives

In the context of the exact Hessian based SQP method
from Section II-B, we are interested in directional second
order derivatives of the form:

∇2
w0

(
λ̄>φ(w̄)

)
= ∇2

w0

(
λ̄>xM

)
. (17)

For reasons which will be clarified further in the next section,
we also consider the computation of the corresponding
gradient contributions ∇w0,K

(
λ̄>xM

)
∆K̃, based on the

propagated values ∆K̃n in Eq. (12) for n = 1, . . . ,M .
Combining the forward and backward techniques for first
order derivatives, this results in four possible propagation
schemes [12]. We briefly recall the Forward-over-adjoint
(FOA) approach as the classical alternative to our proposed
symmetric Hessian propagation scheme.

Let us first introduce the following expression

µ>n gn(w̄n−1, K̄n) =

q∑
r=1

µ>n,rfn,r, (18)

for which fn,r := f(k̄n,r, w̄n,r) and the stage values
x̄n,r := x̄n−1+h

∑q
s=1 ar,sk̄n,s are defined. Using the latter

more compact notation, the expressions for the second order
sensitivities read as:

Kw,w
n = ∇2

wn−1

(
hλ>nBKn

)
=

q∑
r=1

dzn,r
dwn−1

> ∂2
(
µ>n,rfn,r

)
∂z2n,r

dzn,r
dwn−1

,
(19)

where zn,r := [w>n,r, k
>
n,r]
> and given dzn,r

dwn−1
based on first

order sensitivity information. Note that these expressions can
be efficiently evaluated using symmetric AD [22].

1) Forward-over-adjoint: Applying the forward mode of
AD to the adjoint sequence yields H̃n := dλn

dw0
where

H̃n−1 =
dwn

dwn−1

>
H̃n +Kw,w

n

dwn−1
dw0

, (20)

for n = M, . . . , 1, based on the computed first order
sensitivities and the definition of Kw,w

n in (19). Given the
starting value H̃M := 0, the latter backward sweep provides
the desired Hessian matrix H̃0 = ∇2

w0

(
λ̄>xM

)
. Note that

these equations are not symmetric, although the resulting
Hessian matrix H̃0 definitely is.

2) Symmetric approach: In a similar way as for the
discussion in [22], one can instead perform a symmetric
Hessian propagation sweep:

Ĥn−1 = Ĥn +
dwn−1

dw0

>
Kw,w
n

dwn−1
dw0

, (21)

for n = M, . . . , 1. This sequence also provides the desired
Hessian matrix Ĥ0 = ∇2

w0

(
λ̄>xM

)
given ĤM := 0, for

which the proof can be found in [22]. The latter expression
corresponds to a simple summation of symmetric terms

Ĥ0 =

M∑
n=1

q∑
r=1

dzn,r
dw0

> ∂2
(
µ>n,rfn,r

)
∂z2n,r

dzn,r
dw0

, (22)

which are independent of each other, i.e., the order in
which these terms are accumulated is arbitrary. In addition,
since these equations are completely symmetric, one can for
example propagate only the lower triangular part.

Remark 1: Regarding the gradient contributions which
were mentioned earlier, one can additionally propagate the
following corresponding sequence:

hn−1 = hn +

q∑
r=1

dzn,r
dw0

> ∂2
(
µ>n,rfn,r

)
∂z2n,r

∆z̃n,r, (23)

for n = M, . . . , 1 and where the stage values ∆x̃n,r :=
∆x̃n−1 + h

∑q
s=1 ar,s∆k̃n,s are defined. Given the value

hM := 0, the latter backward sweep results in h0 =
∇w0,K

(
λ̄>xM

)
∆K̃. Note that the same procedure holds

for the FOA scheme, and the gradient result can be used in
the SQP method as discussed further.

3) Forward-backward sensitivity propagation: By com-
bining the proposed techniques, let us present the resulting
forward-backward scheme to propagate all first and second
order derivative information. The forward sweep propagates
the values ∆K̃n, ∆x̃n using Eqs. (12) and (13) in combina-
tion with the first order sensitivities Kw

n , Sn using Eqs. (14)
and (15). The latter trajectories need to be stored together
with the factorization of the Jacobian ∂gn

∂Kn
for n = 1, . . . ,M .

Based on the stored forward information, the subsequent
adjoint sweep propagates the derivatives λn using Eq. (16)
and the Hessian and gradient results Ĥn, hn using respec-
tively Eq. (21) and (23). This forward-backward procedure
is detailed in Algorithm 2. Note that the computation of the
values µn has been omitted in the latter Algorithm, since
they will be provided as the multipliers corresponding the
collocation equations in the next Section.



Algorithm 2: Forward-backward Hessian propagation

Input: The values w0, seed vector λ̄ and values µ̄.
Algorithm:

Forward sweep: n = 1, . . . ,M

1) Compute and store factorization of Jacobian ∂gn
∂Kn

.

2) Propagate and store ∆K̃n, ∆x̃n using eqs. (12)
and (13), with Kw

n , Sn using eqs. (14) and (15).

Backward sweep: n = M, . . . , 1

3) Propagate λn, Ĥn and hn using eqs. (16), (21) and (23),
where the values µn ← µ̄n are used.

Output: The desired results x̃M , SM = dxM
dw0

, Ĥ0 = ∇2
w0

(
λ̄>xM

)
and h0 = ∇w0,K

(
λ̄>xM

)
∆K̃.

Remark 2: The discussion in [22] proposes a three-sweep
propagation (TSP) scheme to reduce the memory require-
ments when computing Hessian contributions. The idea is
based on the observation that the symmetric equations (21)
can be propagated in any time direction. However, in the
case of an implicit integration scheme, the sensitivities of
the collocation variables and the factorization of the Jaco-
bian matrices need to be stored in addition to the forward
sensitivities Sn. Even though this is not studied further in this
paper, the TSP approach could still be beneficial for implicit
schemes in case one allows certain recalculations to occur,
similar to a checkpointing technique [12].

Remark 3: Unlike the case for explicit integration meth-
ods, the bottleneck in the implementation of implicit inte-
gration schemes is typically the factorization of the Jacobian
matrix and the corresponding linear system solutions. Since
these computations are necessary in the same way for both
the symmetric and the FOA based Hessian propagation
scheme, it can be expected that their computational com-
plexity is relatively similar.

IV. EXACT HESSIAN BASED LIFTED
COLLOCATION INTEGRATORS

At each iteration of an exact Hessian based SQP method, a
call to the lifted collocation integrator performs the sensitiv-
ity propagation sweeps as described in Algorithm 2. Based
on these sensitivity results, the corresponding data in the QP
subproblem (6) can be defined as described in Algorithm 3
for each shooting interval i = 0, . . . , N − 1. Note that the
constant term in the linearized continuity condition is defined
as φ(w̄i) = x̄i + hB K̃i = x̃i+1.

The following theorem extends the convergence result
from [21] on the connection between multiple shooting based
on the lifted integrator scheme and direct collocation, to the
context of exact Hessian based SQP methods.

Theorem 1: The use of the exact Hessian based lifted
collocation integrator within direct multiple shooting, as
defined by Algorithm 3, results in SQP steps ∆Z which are
exactly equivalent to the solution of the SQP subproblem (8)
for direct collocation. For this purpose, the dual solution
(λ, µ) needs to be updated in accordance with the optimality
conditions of the latter QP.

Algorithm 3: Exact Hessian lifted collocation integrator.

Input: The values w̄i := [x̄>i , ū
>
i ]>, λ̄i, µ̄i and the SQP step ∆wi.

Algorithm:
1) Update collocation variables:

K̄i ← K̃i +Kw
i ∆wi

and update multipliers using Eq. (29).

2) Algorithm 2 for w0 ← w̄i, λ̄← λ̄i and µ̄← µ̄i:
Perform the forward-backward propagation to compute
the values x̃M , SM , Ĥ0 and h0.

3) Evaluate QP data using integrator results:
φi ← x̃M and dφi

dwi
← SM .

Hi ← ∇2
wi
l(w̄i)− Ĥ0 and Fi ← ∇wi l(w̄i)− h0.

4) Memory of the integrator:

Store K̃i, Kw
i and ∂Gi

∂K
, ∂

2(µ̄>i Gi)

∂Ki∂zi
from Algorithm 2.

Output: The linearization
(
φi,

dφi
dwi

)
and objective term (Fi, Hi).

Proof: Let us start from the direct collocation QP, in
which Eq. (8c) can be rewritten as:

∆Ki = −∂Gi
∂K

−1(
Gi +

∂Gi
∂w

∆wi

)
, (24)

which indeed corresponds to the lifted collocation update
∆Ki = K̄+

i − K̄i = ∆K̃i + Kw
i ∆wi in (11) based on

the expressions in Eq. (10). Therefore, also the linearized
continuity condition is the same for both problem formula-
tions [21]. Next, let us eliminate the collocation variables
from the objective in Eq. (8a):

1

2
∆z>i ∇2

z(µ̄
>
i Gi) ∆zi =

1

2
∆w>i

(
∂2(µ̄>i Gi)

∂w2
i

∆wi +
∂2(µ̄>i Gi)

∂wi∂Ki
∆Ki

)
+

1

2
∆K>i

(
∂2(µ̄>i Gi)

∂Ki∂wi
∆wi +

∂2(µ̄>i Gi)

∂K2
i

∆Ki

)
=

1

2
∆w>i Mi ∆wi +m>i ∆wi + constant,

(25)

where ∆Ki = ∆K̃i +Kw
i ∆wi has been used and the latter

constant term does not affect the solution of the optimization
problem. The Hessian term Mi can be written as:

Mi =
∂2(µ̄>i Gi)

∂w2
i

+
∂2(µ̄>i Gi)

∂wi∂Ki
Kw
i

+Kw>

i

∂2(µ̄>i Gi)

∂Ki∂wi
+Kw>

i

∂2(µ̄>i Gi)

∂K2
i

Kw
i ,

(26)

which corresponds to the Hessian ∇2
wi

(λ̄>i φ(w̄i)), computed
in Section III-B, as follows:

∇2
wi

(
λ̄>i φ(w̄i)

)
=

dzi
dwi

> ∂2
(
µ̄>i Gi

)
∂z2i

dzi
dwi

, (27)

where dzi
dwi

=
[

1 Kw
i

]
. Similarly, the gradient term mi can

be written as:

∇2
wi,Ki

(
λ̄>i φ(w̄i)

)
∆K̃i =

dzi
dwi

> ∂2(µ̄>i Gi)

∂zi∂Ki
∆K̃i. (28)



Note that new values of the multipliers λ̄+i for the continuity
conditions in the next iteration are obtained directly from the
QP solution in (6), while the multiplier values µ̄+

i for the
collocation equations should be updated:

µ̄+
i = −∂Gi

∂K

−>(
hB>λ̄+i +

∂2(µ̄>i Gi)

∂Ki∂zi
∆zi

)
, (29)

which follows from the optimality conditions for the direct
collocation subproblem in Eq. (8).

Corollary 1: Given good initial values (W̄, K̄), direct
multiple shooting using the exact Hessian based lifted im-
plicit integrator scheme converges to a local solution of the
direct collocation based NLP. Under the same assumptions
as described in [19], this convergence is locally quadratic.

Proof: this results directly from Theorem 1 and the
classical local convergence of the exact Hessian based SQP
method, applied to the direct collocation based NLP.

Remark 4: The procedure detailed in Algorithm 3 corre-
sponds to respectively condensing and expanding back the
lifted collocation variables [1], as an efficient way within
direct multiple shooting of exploiting the problem structure
which is typical to direct collocation. Even though Theo-
rem 1 shows that the lifting scheme adopts the convergence
properties from direct collocation, it is important to note
that it additionally preserves many of the advantages of the
multiple shooting method. Examples of the latter are the
parallelizability of Algorithm 3 over all the shooting intervals
and the opportunity to use any embedded convex solver for
the QP subproblem (6) as discussed in [18].

V. IMPLEMENTATION AND SOFTWARE

The presented second order sensitivity propagation tech-
niques have been made part of the open-source ACADO
Toolkit software [15], which can be downloaded from
www.acadotoolkit.org. Its code generation tool offers
a relatively easy way to export highly efficient C-code for
fast optimal control, as presented in [16], [23]. From now
on, it also allows to efficiently deploy the lifted collocation
integrators within a direct multiple shooting method for exact
Hessian based real-time optimal control.

The auto generated solvers are based on the Real-Time
Iteration (RTI) scheme, which was proposed as an efficient
online SQP-type algorithm for Nonlinear MPC [8]. In the
numerical results of this paper, the QP solutions are obtained
using the active-set solver qpOASES [10] in combination
with a condensing technique to numerically eliminate the
state variables as proposed by [5].

VI. NUMERICAL CASE STUDY: TIME OPTIMAL
PENDULUM SWING-UP

The case study concerns the classical system of a pen-
dulum, mounted on top of a cart [23]. More particular, a
time-optimal swing-up of this pendulum system is consid-
ered. Based on the open-source software implementation in
the ACADO code generation tool, the performance of the
proposed exact Hessian based lifted collocation integrator
will be illustrated numerically. All simulations are carried

out on a standard computer, equipped with Intel i7-3720QM
processor, and using a 64-bit version of Ubuntu 14.04 and
the g++ compiler version 4.8.4.

A. Problem formulation

Let us briefly summarize the implicit ODE model, similar
to the one used in [23]:

(M +m)p̈+ml(θ̈ cos(θ)− sin(θ)θ̇2)− F = 0,

lθ̈ + p̈ cos(θ) + g sin(θ) = 0,
(30)

where the differential states x = [p, θ, ṗ, θ̇]> consist of the
position of the cart p, the angle θ of the pendulum and their
corresponding velocities. The control input to the system is
the force u = F . The time-optimal OCP formulation of
interest then reads as:

min
x(·),u(·),T

T (31a)

s.t. 0 = x(0)− x̂0, (31b)
0 = fpend(ẋ(t), x(t), u(t)), ∀t ∈ [0, T ], (31c)
0 = x(T )− x̂T , (31d)

¯
x ≤ x(t) ≤ x̄, ∀t ∈ [0, T ], (31e)

¯
u ≤ u(t) ≤ ū, ∀t ∈ [0, T ], (31f)

where fpend(·) denotes the dynamics from (30), x̂0 and x̂T
define respectively the initial and terminal state constraints,
eqs. (31e) and (31f) denote simple bounds on states and
controls and the control objective is to directly minimize the
time variable T . Note that the latter OCP can be cast into the
problem formulation from Eq. (1), by introducing time as an
extra state for which Ṫ = 0 and defining the transformed
dynamics 0 = fpend( 1

T ẋ(t), x(t), u(t)).

B. Numerical results

Figure 1 presents the solution of one OCP for the time-
optimal pendulum swing-up. It shows the trajectories for the
states p and θ and for the control input F . Note that this
solution is a local minimum as it was found by a Newton
type algorithm for a nonlinear optimization problem which is
non-convex. The figure in addition shows the distance ‖Z −
Z∗‖∞ of the current values Z from the local minimum Z∗ =
(W ∗,K∗), and this in each iteration of the exact Hessian
based SQP method as presented in this paper. As can be
seen from that figure, the convergence is locally quadratic
once the scheme iterates close enough to the solution.

Table I subsequently presents the average computation
times for one SQP step based on the lifted collocation
integrator within direct multiple shooting. Two integration
steps M = 2 were used of the 6th order Gauss collocation
(q = 3) method [14] over each of the N = 20 shooting
intervals. Note that these timing results include a block based
regularization of the Hessian to guarantee a convex structured
QP subproblem in the exact Hessian based SQP implemen-
tation [22]. A more detailed study on how the convergence
of the scheme is affected by different techniques to perform
a sparsity preserving Hessian regularization is outside the
scope of this paper. As can also be seen from this table,
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Fig. 1. This figure illustrates the solution trajectory for one time-optimal
OCP and the convergence of the exact Hessian based SQP method.

TABLE I
COMPUTATION TIMES: EXACT HESSIAN BASED LIFTING SCHEME.

Symmetric FOA

Forward sweep 192 µs 192 µs
Backward sweep 213 µs 320 µs

Total simulation 405 µs 512 µs

Total SQP step 525 µs 660 µs

the symmetric Hessian propagation scheme can still reduce
the total simulation time by about 20% compared to the
classical FOA based scheme. This difference is considerably
smaller than for an explicit integration method [22], because
the used linear algebra is typically the bottleneck for the
implementation of an implicit integrator.

VII. CONCLUSIONS

This paper presents an extension of the symmetric Hessian
propagation technique to implicit integration schemes for
direct optimal control. It additionally proposes a novel exact
Hessian based lifted collocation integrator which can be
used within direct multiple shooting. The presented lifting
technique allows us to combine the convergence properties
of direct collocation with the desirable implementation and
parallelization features from multiple shooting. The schemes
have been implemented in the open-source ACADO code
generation tool and their performance illustrated using the
nontrivial example of a time-optimal swing-up for a pendu-
lum, mounted on top of a cart.
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[13] Lars Grüne. NMPC Without Terminal Constraints. In Proceedings
of the IFAC Conference on Nonlinear Model Predictive Control 2012,
2012.

[14] E. Hairer and G. Wanner. Solving Ordinary Differential Equations II –
Stiff and Differential-Algebraic Problems. Springer, Berlin Heidelberg,
2nd edition, 1991.

[15] B. Houska, H. J. Ferreau, and M. Diehl. ACADO toolkit – an open
source framework for automatic control and dynamic optimization.
Optimal Control Applications and Methods, 32(3):298–312, 2011.

[16] B. Houska, H. J. Ferreau, and M. Diehl. An auto-generated real-
time iteration algorithm for nonlinear MPC in the microsecond range.
Automatica, 47(10):2279–2285, 2011.

[17] C. Kirches, L. Wirsching, S. Sager, and H.G Bock. Efficient numerics
for nonlinear model predictive control. In Recent Advances in
Optimization and its Applications in Engineering, pages 339–357.
Springer, 2010.

[18] D. Kouzoupis, R. Quirynen, J. V. Frasch, and M. Diehl. Block
condensing for fast nonlinear MPC with the dual Newton strategy. In
Proceedings of the IFAC Conference on Nonlinear Model Predictive
Control (NMPC), 2015.

[19] Jorge Nocedal and Stephen Wright. Numerical Optimization. Springer-
Verlag, 2000.

[20] R. Quirynen, S. Gros, and M. Diehl. Inexact Newton based lifted
implicit integrators for fast nonlinear MPC. In Proceedings of the
5th IFAC Conference on Nonlinear Model Predictive Control, pages
32–38, 2015.

[21] R. Quirynen, S. Gros, and M. Diehl. Lifted implicit integrators for
direct optimal control. In Proceedings of the IEEE conference on
Decision and control (CDC), 2015.

[22] R. Quirynen, B. Houska, M. Vallerio, D. Telen, F. Logist, J. Van
Impe, and M. Diehl. Symmetric algorithmic differentiation based exact
Hessian SQP method and software for economic MPC. In Proceedings
of the IEEE conference on Decision and control (CDC), pages 2752–
2757, 2014.

[23] R. Quirynen, M. Vukov, M. Zanon, and M. Diehl. Autogenerating
microsecond solvers for nonlinear MPC: a tutorial using ACADO
integrators. Optimal Control Applications and Methods, 36:685–704,
2014.


