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Abstract. When nonlinear dynamic systems shall
be controlled to perform certain tasks optimal-
ly, nonlinear optimal control problems have to be
solved. Often it is even desired to solve such prob-
lems in real-time, possibly on embedded hard-
ware. This occurs most prominently in the frame-
work of model predictive control (MPC) of fast
systems, e.g. in mechatronics or automotive en-
gineering. We briefly review the state-of-the-art
in nonlinear dynamic optimisation and point out
the differences between direct approaches based
on Sequential Quadratic Programming (SQP) and
Interior-Point (IP) methods. We then review algo-
rithmic ideas for embedded nonlinear optimisa-
tion, in particular the so-called real-time iteration.

These methods are recently implemented in
the ACADO Toolkit, an open-source software en-
vironment and algorithm collection for Automat-
ic Control and Dynamic Optimisation. The ACA-
DO Toolkit provides a general framework for us-
ing a variety of algorithms for direct optimal con-
trol, including in particular embedded optimisa-
tion in form of model predictive control (MPC)
as well as moving horizon estimation (MHE).
ACADOToolkit is implemented as self-contained
C++ code whose object-oriented design allows
for convenient coupling of existing optimisation
packages and for extending it with user written
optimisation routines.

We finally present simulation results using
ACADO Toolkit for a challenging test problem,
namely nonlinear MPC of power generating kite
systems.

1. Introduction. During the last decades the
number of applications where control techniques
based on dynamic optimisation lead to improved
performance has rapidly increased. These tech-
niques use a mathematical model in form of dif-
ferential equations of the process to be controlled
to predict its future behaviour and calculate opti-
mised control actions. Often it is desired to per-
form this optimisation online, during the runtime
of the process, to obtain a feedback controller.
Within such advanced controllers, the numerical
solution of optimal control problems is the main
algorithmic step. Thus, efficient and reliable opti-
misation algorithms for performing this step, pos-
sibly on embedded hardware, are of great interest.

Searching the literature, we encounter a num-
ber of optimisation software packages for solv-
ing optimal control problems. Among them are
the open-source packageIPOPT [51, 52], which
implements an interior point algorithm for the
optimisation of large-scale differential algebraic
systems discretised by collocation methods. It is
written inC/C++ andFortran, but uses model-
ing languages likeAMPL or MATLAB for provid-
ing additional user interfaces and to allow auto-
matic differentiation. Similar toIPOPT, the com-
mercialMATLAB packagePROPT [2] solves op-
timal control problems based on collocation tech-
niques, while using existing NLP solvers such as
KNITRO, CONOPT, SNOPT or CPLEX. The us-
age ofMATLAB syntax makesPROPT quite user-
friendly.

The proprietary packageMUSCOD-II offers
a different way for solving optimal control prob-



lems. It discretises the differential algebraic sys-
tems based on BDF or Runge-Kutta integra-
tion methods and uses Bock’s direct multiple
shooting [11]; sequential quadratic programming
(SQP) is used for solving the resulting NLPs.
Its highly efficient algorithms are implemented in
C/C++ andFortran, however, its software de-
sign makes it difficult to extend the code. Further
existing packages based on shooting techniques
aredsoa [22], OptCon [48], andNEWCON [45].

Each of the above packages has its particular
strengths and all of them have proven success-
ful for a specific range of applications. As they
are all tailored to a certain choice of underly-
ing numerical algorithms, it is usually problem
dependent which one is most suited. Moreover,
their specialised software design renders it diffi-
cult to combine algorithmic ideas from different
packages or to extend them with new mathemat-
ical concepts. To overcome these drawbacks, the
ACADO Toolkit has been designed to meet the
following five key properties that are in the au-
thors’ opinion crucial for software packages for
automatic control based on dynamic optimisation:

1. Open-source: The package needs to be freely
available at least to academic users for allow-
ing researchers to reproduce all results and
to test own modifications. For this reason,
theACADO Toolkit is distributed under the
GNU Lesser General Public Licence (LGPL),
which even allows the package to be linked
against proprietary software.

2. User-friendliness: The syntax to formulate op-
timal control problems should be as intuitive
as possible. Given the fact that dynamic op-
timisation is more and more widely used in
many different engineering applications, al-
so non-experts should be able to formulate
their control problems quickly. Therefore, the
ACADO Toolkitmakes intensive use of the
object-oriented capabilities ofC++, in partic-
ular operator overloading, that allows to state
optimal control problems in a way that is very
close to the usual mathematical syntax.

3. Code extensibility: The software design should
allow to extend the package by linking ex-

isting algorithms and to implement new de-
velopments while avoiding code duplication.
TheACADO Toolkit realises these require-
ments by a careful design of interfaces guar-
anteeing that almost all algorithmic parts can
also be used in their well-documented stand-
alone versions.

4. Self-containedness: The software must only
depend on external packages if this is really in-
evitable; usage of external packages should be
optional and the main package should provide
a mode to run stand-alone. This feature is par-
ticularly crucial for applications on embedded
hardware as they usually occur in model pre-
dictive controllers. Compiling external pack-
ages might often not be possible on the giv-
en hardware, or they can significantly increase
the size of the executable as well as the soft-
ware maintenance effort, and non-trivial soft-
ware license issues may arise. To avoid these
troubles, theACADO Toolkit is written in
a completely self-contained manner; the use
of external packages for graphical output or
sparse linear algebra operations is optional.

5. Efficiency: Of course, all these before-
mentioned properties may not seriously affect
the efficiency of the implementation. There-
fore, theACADO Toolkit is designed such
that basically all computational overhead on-
ly occurs during an offline initialisation step
while the online computations remain fully ef-
ficient.

1.1. Problem Formulation. Throughout this
paper we regard optimal control problems (OCPs)
of the following general form that can be handled
by theACADO Toolkit:

minimise
x(·),z(·),u(·),p

T
∫

0

L(τ, x(τ), z(τ), u(τ), p) dτ

+ M(x(T ), z(T ), p)

subject to x(0) = x0

ẋ(t) = f(t, x(t), z(t), u(t), p)

0 = g(t, x(t), z(t), u(t), p)

0 ≥ h(t, x(t), z(t), u(t), p)

0 ≥ r(x(T ), z(T ), p)

(1)

for all t ∈ [0, T ].



OCPs of this form comprise a dynamic system
with differential statesx : R → R

nx , a time vary-
ing control inputu : R → R

nu , and time-constant
parametersp ∈ R

np. In some cases, the formu-
lation of the dynamic system requires also alge-
braic states, which we denote byz : R → R

nz .
The horizon length might either be fixed or is sub-
ject to optimisation. The algorithms implemented
in ACADO Toolkit assume that the differential
and algebraic right-hand side functionsf and g

are sufficiently smooth. Model predictive control
(MPC) and moving horizon estimation (MHE)
problems are special cases of this general formu-
lation.

All direct optimal control algorithms start
with transforming the continuous-time OCP of
form (1) into a finite-dimensional nonlinear pro-
gramming (NLP) problem. The so-called “simul-
taneous” approach comes in the form of direct
collocation methods [50, 5] as well as in form
of direct multiple shooting [11, 36]. Collocation
schemes or efficient integrators are employed to
arrive at the following discrete-time optimal con-
trol problem, which is a finite-dimensional NLP:

minimise
x, z, u

N−1
∑

i=0

Li(xi, zi, ui) + E (xN )

subject to x0 = x̄0

xi+1 = fi(xi, zi, ui) (2)

0 = gi(xi, zi, ui)

0 ≥ hi(xi, zi, ui)

0 ≥ r (xN )

for all i = 0, . . . , N − 1. In order to simplify
the notation, we skipped possibly free parameters
p andT from the formulation and will continue
to do so in the presentation to follow. Note that
problem formulation (2) is still fully general as
these parameters could be covered by introducing
auxiliary differential states to the system. The si-
multaneous approach addresses this nonlinear op-
timal control problem (2) by a Newton-type op-
timisation algorithm. The two steps – simulation
and optimisation – are performed simultaneously.

Another approach, that emerged early in the
nonlinear optimal control literature, is the so-
called “sequential” approach to optimal control

problems [46]. It is based on the observation that
within problem (2), the initial valuex0 togeth-
er with the system equations uniquely determine
the valuesx and z if the controlsu are fixed.
Thus, a simple system simulation yields implic-
it functions that satisfy the system equations for
all u. By doing so, one arrives at a problem with
strongly reduced variable space compared to the
original problem, and it is thus an appealing idea
to use the reduced problem within an optimisa-
tion procedure. At each optimisation iteration the
two steps, system simulation and optimisation,
are performed sequentially, one after the other.

The optimisation problem of the sequential
approach has much less variables, but also less
structure in the linear subproblems than the
simultaneous approach. Even more important,
the Newton-type optimisation procedure behaves
quite differently for both approaches: typically,
faster local convergence rates are observed for the
simultaneous approach, in particular for unstable
or highly nonlinear systems, because – intuitively
speaking – the nonlinearity is equally distributed
over the horizon.

1.2. Outline. The article is organised as fol-
lows: Section 2 briefly reviews Newton-type op-
timisation methods and how they can be applied
to optimal control problems. Afterwards, Sec-
tion 3 discusses several ideas to make these meth-
ods suitable for real-time applications by exploit-
ing the fact that MPC requires the solution of
a whole sequence of “neighbouring” problems.
Section 4 describes how these real-time algo-
rithms can be used within the open-source pack-
ageACADO Toolkit. Its main software mod-
ules and algorithmic features are sketched and
ACADO Toolkit’s simulation environment for
performing closed-loop simulations is presented.
This environment is then used for setting up a
nonlinear MPC simulation for a power generat-
ing kite system in Section 5; the numerical re-
sults are briefly discussed. Section 6 concludes
and describes a couple of future developments of
ACADO Toolkit.

2. Newton-Type Optimisation for Optimal
Control



Newton’s method for solving nonlinear equa-
tions of the formZ(W ) = 0 starts with an initial
guessW 0 and generates a series of iteratesW k

each solving a linearisation of the system at the
previous iterate, i.e., for givenW k the next iterate
W k+1 shall satisfyZ(W k)+∇Z(W k)T (W k+1−

W k) = 0. The hope is that the linearisations –
that can be solved w.r.t.W k+1 by standard linear
algebra tools – are sufficiently good approxima-
tions of the original nonlinear system and that the
iterates converge towards a solutionW ∗. If the
Jacobian∇Z(W k)T is computed exactly, New-
ton’s method has locally a quadratic convergence
rate, otherwise the convergence rate is slower but
the iterations cheaper. This gives rise to the larger
class of “Newton-type methods” and we refer to
[14] for an excellent overview of them.

The discrete-time optimal control problem (2)
is a specially structured instance of a generic NLP
that has the form

minimise
X

F (X)

subject to

0 = G(X)

0 ≥ H(X) .

(3)

Under mild assumptions, any locally optimal so-
lution X∗ of this problem has to satisfy the
famous Karush-Kuhn-Tucker (KKT) conditions:
there exist multiplier vectorsλ∗ andµ∗ so that
the following equations hold:

∇XL(X∗, λ∗, µ∗) = 0 (4a)

G(X∗) = 0 (4b)

H(X∗) ≤ 0 (4c)

µ∗ ≥ 0 (4d)

Hi(X
∗) µ∗i = 0 . (4e)

for all i = 1, . . . , nH . Therein we have used the
definition of the Lagrange function

L(X,λ, µ) = F (X) + G(X)T λ + H(X)T µ .

(5)
All Newton-type optimisation methods try to find
a point satisfying these conditions by using suc-
cessive linearisations of the problem functions.
Major differences exist, however, on how to treat

the last conditions (4d)–(4e) that are due to the in-
equality constraints, and the two big families are
Sequential Quadratic Programming (SQP) type
methods and Interior Point (IP) methods.

2.1. Sequential Quadratic Programming.
One variant to iteratively solve the KKT system
is to linearise all nonlinear functions appearing
in Eqs. (4a)–(4e). The resulting linear comple-
mentarity system can be interpreted as the KKT
conditions of a quadratic program (QP)

minimise
X

F k
QP(X)

subject to

0 = G(Xk) + ∇G(Xk)T (X − Xk)

0 ≥ H(Xk) + ∇H(Xk)T (X − Xk)

(6)

with objective function

F k
QP(X) = ∇F (Xk)T X

+1
2
(X − Xk)T∇2

XL(Xk, λk, µk)(X − Xk)

In the case that the so-called Hessian matrix
∇2

XL(Xk, λk, µk) is positive semi-definite, this
QP is convex so that global solutions can be
found reliably. This general approach to address
the nonlinear optimisation problem is called Se-
quential Quadratic Programming (SQP). Apart
from the presented “exact Hessian” SQP variant
presented above, several other – and much more
widely used – SQP variants exist, that make use
of inexact Hessian or Jacobian matrices.

The Constrained (or Generalised) Gauss-
Newton method is a particularly successful SQP
variant that is based on approximations of the
Hessian. It is applicable when the objective func-
tion is a sum of squares:

F (X) =
1

2
‖R(X)‖2

2 . (7)

In this case, the Hessian can be approximated by

Ak = ∇R(Xk)∇R(Xk)T (8)

and the corresponding QP objective is easily seen
to be

F k
QP(X) =

1

2
‖R(Xk)+∇R(Xk)T (X−Xk)‖2

2 .

(9)



The constrained Gauss-Newton method has on-
ly linear convergence but often with a surpris-
ingly fast contraction rate. The contraction rate
is fast when the residual norm‖R(X∗)‖ is small
or the problem functionsR,G,H have small sec-
ond derivatives. It has been developed and exten-
sively investigated by Bock and coworkers, see
e.g. [10, 47] and is implemented in the pack-
ages PARFIT [10] and also as one variant within
MUSCOD-II [15, 36].

2.2. Interior Point Methods. In contrast to
SQP methods, an alternative way to address the
solution of the KKT system is to replace the non-
smooth KKT conditions in Eq. (4d)–(4e) by a
smooth nonlinear approximation, withτ > 0:

∇XL(X∗, λ∗, µ∗) = 0 (10a)

G(X∗) = 0 (10b)

Hi(X
∗) µ∗i = τ, 1 ≤ i ≤ nH . (10c)

This system is then solved with Newton’s method.
The obtained solution is not a solution to the orig-
inal problem, but to the problem

minimise
X

F (X) − τ
∑nH

i=1 log(−Hi(X))

subject to

0 = G(X) .

(11)

Thus, the solution is in the interior of the set de-
scribed by the inequality constraints, and the clos-
er to the true solution the smallerτ gets. The cru-
cial feature of the family of “interior point meth-
ods” is the fact that, once a solution for a giv-
en τ is found, the parameterτ can be reduced
without jeopardising convergence of Newton’s
method. After only a limited number of Newton
iterations a quite accurate solution of the original
NLP is obtained. We refer to the excellent text-
books [54, 12] for details. A widely used imple-
mentation of nonlinear interior point methods is
the open-source code IPOPT [51].

2.3. Solving the Linear Subproblems. We
mentioned earlier that discrete-time optimal con-
trol problems (2) are specially structured NLPs.
In order to solve them efficiently, this structure
has to be exploited when employing either of the
before-mentioned solution approaches.

When an SQP-type method is used, the un-
derlying quadratic programs (6) are linearised
variants of the original nonlinear problem and
thus inherit its special structure. In particular,
the QP matrices occuring in the objective func-
tion and the constraints are block-(bi)diagonal,
i.e. sparse, where the number of blocks corre-
sponds to the number of intervals used to dis-
cretise the continuous-time problem. As most QP
solvers, especially when they are based on an
active-set method, work on dense matrices, an ap-
proach became popular that is often called “con-
densing" [11]. Condensing is based on a similar
observation as the sequential approach, namely
the fact that all system states are uniquely deter-
mined by their initial value and the control se-
quence. Thus, it is easily possible to use the equal-
ity constraints describing the dynamic system to
eliminate all dynamic states from the QP. This
leads to a usually much smaller QP, which comes
at the expense of dense QP matrices. Condens-
ing can be an efficient way to exploit the structure
of the optimal control NLP when the number of
states is significantly higher than that of the con-
trols and if the number of discretisation intervals
is small.

When solving the KKT systems (10) within an
interior point method (similar ideas also exists for
active-set methods), the sparsity can also be ex-
ploited by using a sparse linear system solver. The
almost block diagonal structure of this linear sys-
tem allows it to be efficiently factorised by a (dis-
crete time) Riccati recursion. This was described
for linear model predictive control in [44, 34],
though the main idea is older [24, 49].

3. Real-Time Optimal Control Methods

For exploiting the fact that (nonlinear) MPC
requires the solution of a whole sequence of
“neighbouring” NLPs and not just a number of
stand-alone problems, we have first the possibility
to initialise subsequent problems efficiently based
on previous information. In this section we intro-
duce several concepts for such initialisations, in
particular the important concept of NLP sensitiv-
ities. On the other hand, we will give an overview
of specially tailored online algorithms for approx-



imately solving each NLP, that deliver on pur-
pose inaccurate solutions and postpone calcula-
tions from one problem to the next.

3.1. Online Initialisation. A first and obvious
way to transfer solution information from one
solved MPC problem to the initialisation of the
next one is based on the dynamic programming
principle, also-called the principle of optimality
of subarcs: Let us assume we have computed an
optimal solution (x∗0, z

∗

0 , u∗0, x
∗

1, z
∗

1 , u∗1, . . . , x
∗

N )

of the MPC problem (2) starting with initial value
x̄0. If we regard a shortened MPC problem with-
out the first interval, which starts with the initial
valuex̄1 chosen to bex∗1, then for this shortened
problem the vector(x∗1, z

∗

1 , u∗1, . . . , x
∗

N ) is the op-
timal solution. Based on the expectation that the
measured or observed true initial value for the
shortened MPC problem differs not much fromx∗1
– i.e. we believe our prediction model and expect
no disturbances – this “shrinking horizon” initial-
isation is canonical.

However, in the case of moving (finite) hori-
zon problems, the horizon is not only shortened
by removing the first interval, but also prolonged
at the end by appending a new terminal interval –
i.e. the horizon is moved forward in time. In the
moving horizon case, the principle of optimali-
ty is thus not strictly applicable, and we have to
think about how to initialise the appended new
variableszN , uN , xN+1. Often, they are obtained
by settinguN := uN−1 or settinguN as the
steady-state control. The stateszN andxN+1 are
then obtained by forward simulation. We call this
transformation of the variables from one problem
to the next “shift initialisation". Though the shift-
ed solution is not optimal for the new undisturbed
problem, in the case of long horizon lengthsN

we can expect the shifted solution to be a good
initial guess for the new solution. Moreover, for
most MPC schemes with stability guarantee (for
an overview see e.g. [41]) there exists a canonical
choice ofuN that implies feasibility (but not opti-
mality) of the shifted solution for the new, undis-
turbed problem. The shift initialisation is very of-
ten used e.g. in [38, 7, 42, 21].

3.2. NLP Sensitivities. In the shift initialisation
discussed above we did assume that the new ini-
tial value corresponds to the model prediction.
This is of course never the case, because exactly
the fact that the initial state is subject to distur-
bances motivates the use of MPC. By far the most
important change from one optimisation problem
to the next one are thus the unpredictable changes
in the initial value. The concept of parametric
NLP sensitivities can be used to construct a guess
for the new initial value.

To illustrate the idea, let us first regard the
parametric root finding problemR(x̄0,W ) = 0

that results from the necessary optimality con-
ditions of an IP method, i.e. the system (10) in
variablesW = (X,λ, µ). In the MPC context,
this system depends on the uncertain initial value
x̄0. We denote the solution manifold byW ∗(x̄0).
When we know the solutionW = W ∗(x̄0) for
a previous initial valuēx0 and want to compute
the solution for a new initial valuēx′0, then a
good solution predictor forW ∗(x̄′0) is provided
byW ′ = W + dW ∗

dx̄0
(x̄0)(x̄

′

0−x̄0)wheredW ∗

dx̄0
(x̄0)

is given by the implicit function theorem. An im-
portant practical observation is that an approx-
imate tangential predictor can also be obtained
when it is computed at a pointW that does not ex-
actly lie on the solution manifold. This fact leads
to a combination of a predictor and corrector step
in one linear system [17, 55]. Unfortunately, the
interior point solution manifold is strongly non-
linear at points where the active set changes, and
the tangential predictor is not a good approxima-
tion when we linearise at such points.

This is because the true NLP solution is not de-
termined by a smooth root finding problem (10).
Instead, it is a well-known fact from paramet-
ric optimisation that the solution manifold has
smooth parts when the active set does not change
(and bifurcations are excluded), but that non-
differentiable points occur whenever the active set
changes [29]. In order to “jump” over these non-
smooth points to deliver better predictors than the
IP predictors discussed before, we have to regard
directional derivatives of the solution manifold.
These “generalised tangential predictors” can be
computed by suitable quadratic programs [29,



Thm 3.3.4]. The theoretical results can be made
a practical algorithm by the following procedure
proposed in [15]: first, we have to make sure that
the parameter̄x0 enters the NLP linearly, which
is automatically the case for simultaneous op-
timal control formulations. Second, we address
the problem with an exact Hessian SQP method.
Third, we just take our current solution guessW

for a problem x̄0, and then solve the QP sub-
problem for the new parameter valuex̄′0, but ini-
tialised atW . It can be shown [15, Thm. 3.6] that
this “initial value embedding” procedure delivers
exactly the generalised tangential predictor when
started at a solutionW = W ∗(x̄0). It is impor-
tant to remark that the predictor becomes approx-
imately tangential when we do not start on the
solution manifold or no exact Hessian matrix is
used.

3.3. Brief Overview of Online Optimisation
for MPC. We will now review a few of the ap-
proaches suggested in the literature in a personal
and incomplete selection.

The Newton-Type Controller of Li and
Biegler [37] was probably one of the first true
online algorithms for MPC. It is based on a se-
quential optimal control formulation, thus it iter-
ated in the space of controls only. It uses an SQP-
type procedure with Gauss-Newton Hessian and
line search, and in each sampling time, only one
SQP iteration is performed. The transition from
one problem to the next uses a shift of the con-
trols. The result of each SQP iterate is used to
give an approximate feedback to the plant. As a
sequential scheme without tangential predictor, it
seems to have had sometimes problems with non-
linear convergence, though closed-loop stability
was proven for open-loop stable processes [38],
and in principle, the theoretical nonlinear MPC
stability analysis from [19] is applicable.

The Real-Time Iteration Schemepresented
in [15, 17] also performs one SQP type itera-
tion with Gauss-Newton Hessian per sampling
time. However, it employs a simultaneous NLP
parameterisation, Bock’s direct multiple shoot-
ing method, with full derivatives and condensing.
Moreover, it uses the generalised tangential pre-

dictor of the “initial value embedding” discussed
in previous subsection to correct for the mismatch
between the expected statex̄0 and the actual state
x̄′0. For doing so, an inequality constrained QP is
solved. The computations in each iteration are di-
vided into a long “preparation phase”, in which
the system linearisation, elimination of algebra-
ic variables and condensing are performed, and
a much shorter “feedback phase” just one con-
densed QP is solved. Depending on the applica-
tion, the feedback phase can be several orders of
magnitude shorter than the feedback phase. The
iterates of the scheme are visualised in Fig. 1(a).

1

2

3W ∗

x̄0
(a) Real-Time Iteration Scheme

1

2

3W ∗

x̄0
(b) Advanced Step Controller

Fig. 1. Subsequent solution approximations across an

active-set change.

Note that only one system linearisation and
one QP solution are performed in each sampling
time, and that the QP corresponds to a linear
MPC feedback along a time varying trajectory.
In contrast to IP formulations, the real-time iter-
ation scheme gives priority to active set changes
and works well when the active set changes faster
than the linearised system matrices. In the lim-
iting case of a linear system model it gives the
same feedback as linear MPC. Error bounds and
closed loop stability of the scheme have been es-
tablished for shrinking horizon problems in [16]



and for MPC with shifted and non-shifted initial-
isations in [19, 18].

TheAdvanced Step Controllerby Zavala and
Biegler [55] iterates a complete Newton-type IP
procedure to convergence (withτ → 0) in each
sampling time. In this respect, it is just like offline
optimal control. However, two features qualify it
as an online algorithm: first, it takes computation-
al delay into account by solving an “advanced”
problem with the expected statēx0 as initial val-
ue – similar as in the real-time iterations with shift
– and second, it applies the obtained solution not
directly, but computes first the tangential predic-
tor which is correcting for the differences between
expected statēx0 and the actual statēx′0. Note
that in contrast to the other online algorithms, sev-
eral Newton iterations are performed during the
“preparation phase”. The tangential predictor is
computed in the “feedback phase” by only one
linear system solve based on the last Newton iter-
ation’s matrix factorisation. The IP predictor can-
not “jump” over active set changes as easily as
the SQP based predictor of the real-time iteration,
see Fig. 1(b). Roughly speaking, the advanced
step controller gives lower priority to sudden ac-
tive set changes than to system nonlinearity. As
the advanced step controller solves each expect-
ed problem exactly, classical MPC stability the-
ory [41] can relatively easily be extended to this
scheme [55].

4. ACADO Toolkit for Automatic Control and
Dynamic Optimisation

After briefly reviewing a couple of dedicat-
ed numerical algorithms for real-time optimal
control, we will now describe how they can
be used within the open-source packageACADO

Toolkit.

4.1. Scope of the Software. The open-source
packageACADO Toolkit 1.0 can deal with
the following three important problem class-
es: First, offline dynamic optimisation problems,
where the aim is to find an open-loop control
which minimises a given objective functional.
The second class are parameter and state esti-
mation problems, where parameters or unknown
control inputs should be identified by measuring

an output of a given (nonlinear) dynamic system.
The third class are combined online estimation
and model predictive control problems, where pa-
rameterised dynamic optimisation problems have
to be solved repeatedly to obtain a dynamic feed-
back control law.

The basic class of problems which can be
solved withACADO Toolkit are standard op-
timal control problems (OCPs) as stated in Sec-
tion 1.1. The algorithms that are currently im-
plemented inACADO Toolkit assume that
the right-hand side functionf is smooth or at
least sufficiently often differentiable depending
on which specific discretisation method is used.
The same requirements should be satisfied for the
algebraic right-hand sideg. Moreover, we assume
that the function∂g

∂z
is always regular, i.e. the in-

dex of the DAE should be one. The remaining
functions, namely the Lagrange termL, the May-
er termM , the boundary constraint functionr, as
well the path constraint functions are assumed to
be at least twice continously differentiable in all
their arguments.

An important subclass of optimal control
problems, which requires special attention, are
state and parameter estimation problems. This
subclass can theoretically also be transformed in-
to a problem of the form (1). However, as men-
tioned in Section 2.1, parameter estimation prob-
lems with least-squares objective terms can be
treated with a specialised algorithm known un-
der the name generalised Gauss-Newton method.
The general parameter estimation problem formu-
lation is as follows:

minimise
x(·),z(·),u(·),p

N
∑

i=1

‖ h(ti, x(ti), z(ti), u(ti), p) − ηi‖
2
Si

subject to

ẋ(t) = f(t, x(t), z(t), u(t), p)

0 = g(t, x(t), z(t), u(t), p)

0 = r(x(0), x(T ), p)

0 ≥ s(t, x(t), z(t), u(t), p)

(12)

for all t ∈ [0, T ]. Here,h is called a measure-
ment function whileη1, . . . , ηN are the measure-
ments taken at the time pointst1, . . . , tN ∈ [0, T ].
Note that the least-squares term is in this formula-
tion weighted with positive semi-definite weight-



ing matricesS1, . . . , SN , which are typically the
inverses of the variance covariance matrices asso-
ciated with the measurement errors.

Finally, model based feedback control con-
stitutes the third main problem class that can
be tackled withACADO Toolkit. It comprises
two kinds of online dynamic optimisation prob-
lems: the Model Predictive Control (MPC) prob-
lem of finding optimal control actions to be fed
back to the controlled process, and the Moving
Horizon Estimation (MHE) problem of estimat-
ing the current process states using measurements
of its outputs. The MPC problem is a special case
of an (OCP) and is assumed to be stated in the
following form:

min
x(·), z(·)
u(·), p

t0+T
∫

t0

‖h(t, x(t), z(t), u(t), p) − η(t)‖2
Qdτ

+ ‖m(T, x(T ), p)− η(T )‖2
P

s. t.

x(t0) = x0

ẋ(t) = f(t, x(t), z(t), u(t), p)

0 = g(t, x(t), z(t), u(t), p)

0 = r(x(T ), z(T ), p)

0 ≥ s(t, x(t), z(t), u(t), p)

(13)

for all t ∈ [t0, t0 + T ]. In contrast to OCPs,
MPC problems are assumed to be formulated on
a fixed horizonT and employing a tracking ob-
jective function that quadratically penalises devi-
ations of the process outputs from a given refer-
ence trajectoryη. Moreover, formulation (MPC)
requires a fixed initial valuex0 for the differential
states to be given.

In case not all differential states of the pro-
cess can be measured directly, an estimate has to
be obtained using an online state estimator. This
is usually done by one of the many Kalman fil-
ter variants or by solving an MHE problem. The
MHE problem has basically the same form as
problem formulation (12). Both, the MPC and the
MHE problem are solved repeatedly, during the
runtime of the process, to yield a model and opti-
misation based feedback controller.

4.2. Symbolic Expressions. One fundamental
requirement on an optimal control package is that

Listing 1: Dimension and convexity detection for
symbolic functions
i n t main ( ) {

D i f f e r e n t i a l S t a t e x ;
Func t ion f ;

f << exp ( x ) + 1 . 0 ;
f << x∗x ;

p r i n t f ( " The d imens ion of f i s " ) ;
p r i n t f ("%d . \ n " , f . getDim ( ) ) ;

i f ( f . i sConvex ( ) == TRUE )
p r i n t f ( " Func t ion f i s convex . \ n " ) ;

r e t u r n 0 ;
}

functions such as objectives, right-hand sides of
differential equations or constraint functions can
be provided by the user in a convenient manner.
Often this is achieved by letting the user link plain
C functions to the package. However,ACADO
Toolkit implements more powerful features: It
uses symbolic expressions as a base class to build
up complex model equations by making extensive
use of theC++ class concept together with opera-
tor overloading. By doing so, all structural infor-
mation about the functions is kept.

In order to illustrate this concept, we consider
theACADO tutorial code Listing 1. Running this
simple piece of code shows that the dimension of
the defined functionf is two and that it depends
on one differential state. Moreover, the convexity
of the components off is recognised. Due to op-
erator overloading the syntax can be used as if we
would write standardC/C++ code.

The use of symbolic expressions offers a cou-
ple of interesting features:

• Automatic differentiation:The symbolic no-
tation of functions enables us to provide not
only numeric but also automatic and symbol-
ic differentiation. The automatic differentia-
tion [8, 27, 28] is implemented in its forward
as well as in the adjoint mode for first and
(mixed) second order derivatives. Moreover,
all expressions can symbolically be differen-
tiated returning again an expression, like AD
with source code transformation. This func-



tionality can be used recursively leading to ar-
bitrary orders of symbolic differentiation.

• Convexity detection:As we have already il-
lustrated in the example code, functions can
be tested for convexity/concavity. The corre-
sponding algorithmic routines are based on
disciplined convex programming [25]. Note
that the syntax for the routines is (almost) the
same as in theMATLAB packageCVX [26].
However theACADO code isC++ based.

• Code optimisation:In the context of optimal
control algorithms, right-hand side functions
are typically evaluated many times. Thus, it
is efficient to pre-optimise functions internally
during the initialisation phase, which is done
automatically withinACADO Toolkit. By
doing so, sparsity patterns or specific struc-
tures of the constraints can be exploited to
speed-up computation.

• C Code Generation:Each model function
written in theACADO notation can later also
be exported in form of (optimised) standardC
code.

4.3. Software Modules and Algorithmic Fea-
tures. ACADO Toolkit is designed as a plat-
form for new algorithmic extensions, but already
implements a number of algorithmic components
to solve optimal control problems in the form giv-
en in Section 4.1. These components are imple-
mented within different abstract software mod-
ules to facilitate future extensions. We briefly
sketch them one by one.

First, for the optimisation of dynamic sys-
tems based on single or multiple shooting meth-
ods [11], it is necessary to simulate ODE or DAE
systems. Moreover, sensitivities of the state tra-
jectory with respect to initial values, controls,
etc. must be computed efficiently. For this aim,
ACADO Toolkit comes along with state-of-
the-art integration routines such as several Runge-
Kutta methods as well as a BDF (backward differ-
entiation formula) method which is used for stiff
differential or differential algebraic equations. A
particular feature of theACADO BDF integrator,
which is based on the algorithmic ideas in [3, 4],
is that it can also deal with fully implicit differ-

ential algebraic equations of index1 given in the
form

∀t ∈ [0, T ] : F (ẏ(t), y(t), u(t), p, T ) = 0 , (14)

where differential and algebraic states are merged
into one state vectory.

Sensitivities can either be computed using in-
ternal numerical differentiation [10, 4] or (inter-
nal) automatic differentiation. However, for auto-
matic differentiation the right hand side functions
must be provided in theACADO syntax. In order to
provide consistent and self-containedC++ code,
the integration routines have been implemented
in cooperation with the classFunction, which
detects for example the sparsity patterns of the
right-hand side functions. However, note that in
the current release,ACADO Toolkit does only
provide dense linear algebra routines. It also pro-
vides interfaces for external sparse linear algebra
solvers, which can be linked and then be used e.g.
within the BDF integrator. Tailored sparse linear
algebra solvers will be made available in future
versions.

Second, once an integrator for dynamic sys-
tems is avaliable, the original continuous op-
timal control problem can be discretised. The
most simple strategy is to regard the simula-
tion of the system as a function evaluation de-
pending on the initial values, parameters, con-
trols, etc. leading to a single shooting discreti-
sation.ACADO Toolkit also implements mul-
tiple shooting methods, which out-perform sin-
gle shooting methods in many cases [11, 35]. As
an alternative to shooting techniques, collocation
methods have attracted a lot of attention during
the last decades [6, 52]. Here, the dynamic sys-
tem is discretised at the level of the NLP, lead-
ing to quite large and sparse nonlinear programs.
In ACADO Toolkit, collocation methods are
currently under development and will be released
soon.

As described in Section 1.1, discretisation
of the dynamic system transforms the contin-
uous optimal control problem into a special-
ly structured nonlinear program of form (3).
Thus, specially tailored nonlinear optimisation
algorithms form the third main software mod-



ule withinACADO Toolkit. Currently,ACADO
Toolkit provides several SQP-type methods
that can e.g. be based on BFGS Hessian ap-
proximations, as described in [43], or on Gauss-
Newton methods [9]. In addition, line search
globalisation routines [43, 30] as well as auto-
initialisation techniques are implemented to make
the optimisation routines more reliable. If multi-
ple shooting is used for the discretisation,ACADO

Toolkit exploits the structure via condensing
techniques as described in Section 2.3. By default,
the dense QP are solved using the open-source
C++ software packageqpOASES [1, 23].

Together with the implementation of colloca-
tion methods, interior point methods, e.g. as de-
scribed in [6], are currently under development.
This comprises both the development of own code
to keepACADO Toolkit self-contained as well
as linkage of existing open-source packages.

4.4. Functionality for Model-Based Feedback
Control. Besides the before-mentioned features
to solve offline optimal control problems,ACADO
Toolkit provides a complete simulation en-
vironment for closed-loop simulations as illus-
trated in Figure 4.4. Its main components are
the Process class for setting up realistic sim-
ulations of the process to be controlled and the
Controllerclass for implementing the closed-
loop controller. This controller can later be used
stand-alone, e.g. on embedded hardware, for real-
world feedback control applications.

The Process class in depicted in Fig-
ure 2(b). Its most prominent members are a dy-
namic system, comprising a differential equation
as well as an optional output function modelling
the process, and an integrator capable of simu-
lating these model equations. The simulation us-
es (optimised) control and parameter inputs from
the controller, which might be subject to noise or
delays that can be introduced via an (hypothet-
ical) actuator. In addition, so-called process dis-
turbances can be specified by the user for setting
up arbitrary disturbance scenarios for the simula-
tion. For example, in the powerkite example pre-
sented in Section 5 the process disturbance intro-
duces wind disturbances on the flying kite. Final-

ly, the outputs obtained by integrating the model
equations can again be subject to noise or delays
introduced via a (hypothetical) sensor. It is impor-
tant to note that the model used for simulating the
process does not need to be the same as specified
within the optimal control formulations within the
controller.

(a) Simulation Environment

(b) Process

(c) Controller

Fig. 2. The main components ofACADO Toolkit’s

simulation environment.

The design of theController class is illus-
trated in Figure 2(c) and consists of three major
blocks: first, an online state/parameter estimator
uses the outputs of the process to obtain estimates
for the differential states as well as, if present, the
parameters and disturbances together with sen-
sitivity information. This estimator might either



be a moving horizon estimator or one of several
implemented variants of the Kalman filter. Sec-
ond, a so-called reference generator provides ref-
erence trajectories to the feedback law. These ref-
erences can either be statically given by the us-
er according to a desired simulation scenario or
can be calculated dynamically based on informa-
tion from the estimator. Finally, both the state/pa-
rameter estimates as well as the reference trajec-
tories are used by the feedback law class to com-
pute optimised controls and parameters. The feed-
back law can be something as simple as a linear
state feedback but will usually obtain the controls
from one of the real-time algorithms described in
Section 3.3. Currently, only the real-time iteration
scheme can be used but other real-time methods
are under development.

While theProcess is conceptionally thought
to produce a continuous output stream, output
of the Controller comes in sampled form.
The sampling time is determined dynamical-
ly based on the sampling times given for es-
timator, reference generator and feedback law.
Their sampling times are usually pre-defined
by the user, however, this concept is current-
ly extended to the case where these block
dynamically vary their sampling times based
on the computation time required to perform
their respective tasks. Communication between
Process andController is orchestrated by
theSimulationEnviroment. It also features
the simulation of computational delay, i.e. it can
delay the control input to theProcess by the
amount of time theController took to deter-
mine the feedback control. This feature seems to
be crucial for realistic closed-loop simulations of
fast processes where the sampling time is not neg-
liglible compared to the settling time of the con-
trolled process.

5. Numerical Example: Nonlinear MPC of
Power Generating Kite Systems As a numer-
ical example we present an optimization study
for kites that produce wind energy by period-
ically pulling a generator on the ground while
flying fast in a crosswind direction. This appli-
cation – initially motivated by Loyd[39] in the

1980s – is described in detail in [32], cf. al-
so [31, 13, 33, 53, 20].
The main concept for energy production with
kites is that these kites periodically pull their ca-
bles to drive a generator on the ground, as it is
shown in Figure 3. In this paper we consider the
case that this generator is fixed on a tower of 60m
height. Of course, every kite has to be pulled back
at some point in time to achieve a periodic pow-
er generating cycle. In this paper we use a lift or
drag control to reduce the kite’s pulling force as
described in [32].

5.1. Model and Problem Description The
model is a system of 9 nonlinear differential equa-
tions and the controls are the change of the kite’s
roll angle, the change of its lift coefficient and the
second time-derivative of the cable length. In our
numerical example we attempt to follow a pre-
calculated reference trajectory with the kite. This
reference trajectory is a repetition of an optimal
periodic loop of 18s being the solution of an of-
fline optimal control problem achieving a maxi-
mal average power at the generator for one cycle.
The objective function consists of 9 least-squares
terms. The position of the kite, given in polar co-
ordinates, and its velocity are the 6 states, which
should follow the time-dependent reference tra-
jectory. Furthermore, the three controls are pe-
nalized to provide for a decent control action. A
”soft” zero terminal constraint is introduced in
form of an extra least-squares term at the end node
of the control/prediction horizon.
An important point in the considerations in [32] is
that the wind is increasing with the altitude above
the ground level and kites can use this powerful
wind at high altitudes in contrast to conventional

Fig. 3. Energy production with a single kite



windmills. Using the wind shear model, as also
proposed in [40], the wind velocityw is depend-
ing on the altitudeh over the ground:

w (h) =
ln

(

h
hr

)

ln
(

h0

hr

) (v0 + wv) , (15)

wherev0 is the wind velocity at a suitable alti-
tudeh0 andhr the roughness length. We also sim-
ulate a disturbancewv which is unknown to the
optimization routine and makes the online control
problem more challenging. Practically speaking,
this disturbance can be interpreted as a sudden un-
forseen gust of wind or a diminishment of wind.
In our simulations we consider the wind velocity
at100m to double from10m

s
to 20m

s
for 6 s.

5.2. Setting-Up the Simulation with ACADO
Toolkit To solve the corresponding MPC prob-
lem numerically, we use theACADO Toolkit

and combine the direct multiple shooting method
and a generalized Gauss-Newton-algorithm.

The corresponding setup in ACADO
Toolkit is shown in listing 2. After the
definition of the model equations, which cannot
be shown here in all detail, the online optimal
control problemOCP is set up. The control/pre-
diction horizon length is set to10 s while the
sampling time is fixed at1 s. Note that the
number of piecewise constant control intervals
is 10, which is also set in the constructor of the
OCP. The setup of the optimal control problem
realizes the formulation (13) comprising the
model response functionh and the end termm.

For the definition of the process a wind distur-
bance is read from a file to be simulated by the
SimulationEnvironment. For the real-time
algorithm we have set two options: The integra-
tor tolerance is defined to be10−6, while a KKT
tolerance of10−5 should be obtained during the
online optimization.

5.3. Results In Figure 4 the numerical results
are visualized. The kite is following its steady-
state trajectory at first when no disturbance is
present andwv = 0. Then the disturbancewv =

10 is active for6 s and the kite is blown off its ref-
erence trajectory. However, when the disturbance

Listing 2: Setting up (simulated) process and
feedback controller for powerkite NMPC simula-
tion.

/ / SETUP OF THE MODEL
/ / −−−−−−−−−−−−−−−−−−
/ / . . . d e f i n i t i o n of t he k i t e model
/ / . . . d e f i n i t i o n of model response h , m
/ / . . . d e f i n i t i o n of we igh t ing ma t r i ces P ,Q

/ / SETTING UP OF THE OPTIMAL CONTROL PROBLEM:
/ / −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
cons t doub le t S t a r t = 0 . 0 ;
cons t doub le tEnd = 10 . 0 ;

OCP ocp ( t S t a r t , tEnd , 10 ) ;
ocp . minimizeLSQ ( Q, h , e t a ) ;
ocp . minimizeLSQEndTerm ( P , m, e t a ) ;

ocp . s ub j ec tTo ( k i teMode l ) ;

/ / . . . d e f i n i t i o n of c o n t r o l and
/ / s t a t e c o n s t r a i n t s

/ / SETTING UP THE (SIMULATED) PROCESS
/ / −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
P roces s p roces s ( k i teMode l ) ;
p ro ces s . s e t P r o c e s sD i s t u r b an ce (

" w i nd_d i s t u rbance . t x t " ) ;

/ / SETTING UP THE NMPC CONTROLLER
/ / −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
RealT imeAlgor i thm a lgo r i t hm ( ocp ) ;
a l go r i t hm . s e t ( " I n t e g r a t o r T o l e r a n c e " , 1e−6 ) ;
a l go r i t hm . s e t ( " KKTto lerance " , 1e−5 ) ;

doub le sampl ingTime = 1 . 0 ;
P e r i o d i cRe f e r e n ceT r a j e c t o r y r e f e r e n c e ;
r e f e r e n c e = readF romF i le ( " p e r i o d i c _ d a t a . t x t " ) ;
C o n t r o l l e r c o n t r o l l e r ( a lgo r i t hm ,

re f e rence ,
sampl ingTime ) ;

/ / RUN SIMULATION
/ / −−−−−−−−−−−−−−
Vector x0 ( " i n i t i a l _ v a l u e . t x t " ) ;
doub le s imS ta r tT ime = 0 . 0 ;
doub le simEndTime = 90 . 0 ;

S imu la t ionEnv i ronmen t sim ( p rocess ,
c o n t r o l l e r ) ;

sim . i n i t ( x0 ) ;
sim . run ( s imStar tT ime , simEndTime ) ;



vanished the controller is able to bring the kite
back again after approximatly one cycle duration.
In general, NMPC can handle quite large distur-
banceswv. No matter at which point of the loop
the disturbance was applied, the kite always found
its way back to its reference loop for disturbances
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Fig. 4. angular position of kite (polar coordinates)

of this magnitude and length. This is demonstrat-
ing the robustness of the chosen approach. How-
ever, there is no theoretical guarantee that the op-
timization routine can always remain safely in its
region of convergence, when the disturbances are
too large.
Note that after the simulation of90 s of flight
time, which correspond to5 cycles, a total energy
of 234.7 MJ was gained.

6. Conclusions and Future Work

We reviewed a couple of important algorith-
mic ideas for embedded nonlinear optimisation
and showed how they can be used within the
ACADO Toolkit, a software environment and
algorithm collection for automatic control and dy-
namic optimization. It is an open-source (GNU
Lesser Public License) software package written
in C++ that is completely self-contained. How-
ever, its software design allows to easily extend
the ACADO Toolkit with existing numerical
optimization packages and its user-friendly syn-
tax makes it very convenient to set up customized
optimization problems. We sketched its key algo-
rithmic features, in particular its simulation en-
vironment for setting up closed-loop MPC/MHE
simulations. We demonstrated the usage of this
environment for performing a nonlinear MPC
simulation for a power generating kite system and
briefly discussed the numerical results.

ACADO Toolkit is currently released in
version1.0 that implements the functionality de-
scribed in this paper. However, several algorith-
mic extensions like collocation techniques, inte-
rior point methods, sequential convex program-
ming methods, and multi-objective optimization
tools are currently under development and will
become part of future releases. Finally, we would
like to invite external developers to realise their
own algorithmic ideas within the open framework
of ACADO Toolkit.
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