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Abstract

In the first part of this thesis we present optimization studies for kites that produce wind
energy by periodically pulling a generator on the ground while flying fast in a crosswind
direction. We derive a model for a single kite and formulate an optimal control problem
with periodic boundary conditions and free cycle duration. The objective function is the
average power at the generator. We solve this nonlinear and unstable optimal control
problem numerically with Bock’s direct multiple shooting method. Here, the main result
is that we can attain about 5 MW with a 500 m2-kite at 10 m

s
wind speed. In addition, we

consider a system of two ”Dancing” kites and show that such systems can further increase
the efficiency.

In the second part of this thesis we introduce novel techniques to increase the robustness
and stability of periodic dynamical systems with respect to small disturbances on an infinite
time horizon in the past. Therefore, we start with linear time-periodic systems and consider
the corresponding periodic Lyapunov differential equations. This allows us on the one hand
to compute confidence ellipsoids of the states with respect to a white noise disturbance, and
on the other hand, we link the existence of periodic and positive definite solutions of the
periodic Lyapunov differential equation to the asymptotic stability of the underlying linear
system. We extend these considerations to linear time-periodic systems with inequality
constraints. In addition we consider random disturbances with bounded autocorrelation
functions. We transfer the results to nonlinear systems formulating nonlinear optimal
control problems that allow us to take robustness and stability aspects into account.

Finally, we apply our robustness and stability optimization techniques to the power
generating kite system. We discuss how to find trajectories and corresponding controls for
the kite such that the following requirements are satisfied:

• The kite should produce as much power as possible.

• The kite should fly on an open-stable orbit (without any feedback).

• The kite and the cable should not touch the ground even if wind turbulences are
present.

Surprisingly, such robust and open-loop stable trajectories exist and were found by the
presented stability optimization techniques. We present long time simulation of open-loop
stable kite systems testing the robustness with respect to random wind turbulences.
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Notation

Modeling of a single kite:

a the pseudo acceleration of the kite
A the area of the kite
Ac the cross wind area of the cable
AQ the cross sectional area of the cable
α the angle between the ground and the cable close to the generator
b internal friction coefficient of the cable
b0 internal friction, material constant of the cable
cB Betz factor (= 16

27
)

cd,0 the kite’s parasite drag coefficient
cD,C the aerodynamic drag coefficient of the cable
CL the kite’s lift coefficient
CD the kite’s drag coefficient
dc the diameter of the cable
δ the correlation rate of the wind turbulences
en normal vector orthogonal on effective area of the kite
er, eφ, eθ orthonormal basis vectors of the local system of the kite
et transversal vector of the kite
ex, ey, ez orthonormal basis vectors for the earth fixed system
ε the aerodynamic downwash constant
E the elastic modulus of the cable
F total effective force on the kite
Faer sum of all aerodynamic forces
Fc the tension of the cable
FD the aerodynamic drag force
Ff the effective drag force of the cable
Fint the internal friction force in the cable
FL the aerodynamic lift force

ix
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g the gravitational constant
G the kite’s effective glide ratio
γ angle between the effective wind vector and kite’s velocity vector
h the flying altitude of the kite
h0 reference altitude in the wind shear model
h1 a barometric constant
hr the roughness length
K the autocorrelation function of the wind turbulences
L the Lagrangian function of the kite system
m effective inertial mass of the kite and the cable
m effective gravitational mass of the kite and the cable
mc mass of the cable
mk mass of the kite
Ω volume of the kite
p position vector of the kite
P the power at the generator
P average power at the generator
Ψ the kite’s roll angle
q the generalized coordinates q := (r, φ, θ)T of the kite
Q the generalized forces
∼
Q the effective gravitational and spring forces
r the cable length
r0 the relieved cable length
ρ density of the air at the kite
ρ0 density of the air at the ground
ρc mass density of the cable
R rotation matrix to transform between local and earth fixed system
σx, σy, σz the wind turbulence intensities
S scaling matrix in the equations of motion
t the time
T the cycle duration of one periodic kite loop
Tc the kinetic energy of the cable
Tkin the total kinetic energy of kite and cable
Tp the duration of the pulling phase
Tr the duration of the reel-in phase
T curvature tensor associated with the local coordinates
v0 the reference wind speed in the wind shear model
vk the velocity vector of the kite
vg the velocity of the generator
V the potential energy of kite and cable
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w the wind vector
δw the wind turbulence vector
we the effective wind vector at the kite
we,c the effective wind at the cable
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Fmax

c the maximum tension in the cable
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P the average power at the generator
Pgen the power at the generator
τ the tensile strength of the cable
u the control vector
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x the differential state vector

Robustness and Stability Optimization:

E the infinite dimensional confidence ellipsoid of the output
Et a projection of E at the time t
G the fundamental solution of the linear variational system
γ the confidence level

Γ̂ Hankel operator for systems without output
h the constraint function

Ĥ the standard Hankel operator
J the objective functional
j1 the variance of the objective functional
κ homotopy parameter for the virtual feedback method
K the autocorrelation function of the disturbance
L the symmetric root of P
L0 the symmetric root of P0
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P0 initial value of the PLDE
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Introduction

The idea of using kites for wind power generation, previously motivated by Loyd [44], has
never been closer to a large scale realization than today: Massimo Ippolito, a contractor
from Torino, and the University of Torino have already tested a prototype [17] and plan
to build a large scale ”Kite-Wind-Generator”, the University of Delft is actually testing
and developing kites to produce energy with ”Laddermills” [38, 46, 54, 55] and the SkySails
company [58, 65] is already using wind power to pull large cargo ships [27, 51].

The main concept for energy production with kites is that these kites periodically pull
their cables to drive a generator on the ground, as it is shown in Figure 1 for a single
kite [28]. In this thesis we consider the case that this generator is fixed. Of course, every
kite has to be pulled back at some point in time to achieve a periodic power generating
cycle. Here, we suggest to use a lift or drag control to reduce the kite’s pulling force but
there are also other methods [17, 40, 50].

The motivation to use kites instead of conventional windmills is multifaceted: first, as
the power is increasing with the third power of the wind speed, it is an important fact
that kites can use the stronger winds that occur at higher altitudes. Additionally, kites
avoid the statical problems with the masts and basements of windmills and they can coat
a larger wind area. For simple kite systems that only pull on a cable generating energy
at a generator at the ground no large ground constructions are needed and large torques
can be avoided. This might also potentiate the possibility to place the ground station for
power producing kites on buoys in the sea anchored on the ground. However, there are also
some unsolved problems. For example the start of many kites in a system is challenging
and we have to bring down the kites during stormy weather.

In the first two chapters of this thesis we propose in-depth and advanced models for
power generating kite systems together with novel optimization studies to estimate the
possibilities of a single kite system as well as a system of two ”Dancing Kites” (cf. also
[27–29]). However our kite models are not compared with real-world data, yet, but they
can be used as a foundation for further studies. In collaboration with the groups in Delft
and Italy we are planning to develop more accurate kite models based on measurements
during the next years with the aim to apply advanced optimization and optimal control
strategies. Therefore, we are especially interested in optimal periodic control strategies for
these systems to achieve a maximal average power at the generator. Our controls are the
kite’s roll angle, its lift coefficient and the length of the cable. To solve the corresponding
optimal control problems numerically, we use the optimal control package MUSCOD-II,

1



Figure 1: Energy production with a) a single kite system and b) a Dancing Kite system

whose development was started by Leineweber [41, 43]. It is based on Bock’s direct multiple
shooting method [14] and uses a full space SQP-algorithm.

In the third and fourth chapter of this thesis we develop novel methods to include sta-
bility and robustness aspects into optimization problems for open-loop controlled periodic
systems. For this aim, we use the well developed theory [15, 32, 35, 45] of periodic Lya-
punov differential equations (PLDE’s) as a basic tool to compute the variance-covariance
matrices of the states of a linear time-periodic system (LTP-system) that is excited by a
white noise disturbance. Periodic Lyapunov differential equations are an interesting tool
to guarantee the asymptotic stability of LTP systems based on the ”Lyapunov Lemma”
[15]. We extend these theories to linear time-periodic systems with linear time-periodic
constraints and discuss how to include additional knowledge about the statistics of the
disturbance that is given in the form of a bounded autocorrelation function.

As we have the aim to provide robust performance measures we discuss several norms
on the Hankel operator of periodic systems. The most important and well known examples
of such norms are the H2- and the H∞− operator norms [19, 31, 66]. Using the terminology
of optimum experimental design [3, 36] we will identify these norms with the A- and the
E-criterion of an infinite dimensional confidence ellipsoid that is associated with the output
of an LTP system. But we are also interested in the so-called M -criterion which can be
identified with an induced norm on the Hankel operator. This M -criterion has interesting
interpretations that are discussed in Chapter 3.

We transfer our considerations to nonlinear periodic systems and concentrate on some
methods to formulate optimal control problems that include robustness and stability as-
pects. There are several approaches in the literature (cf. e.g. [21, 49]) that provide ro-
bustness optimization methods for nonlinear systems in the presence of constraints. There
are also several approaches that deal with the optimization of the stability of open-loop
controlled periodic systems (cf. [24, 47]). However, the virtual feedback method that is
developed in this thesis is a method that guarantees the stability of the system based on
smooth objectives and constraints, which can usually not be achieved by an optimization
of the spectral or pseudo-spectral radius of the monodromy matrix of a system as it is



suggested in [47] or [16]. In addition, our methods allows to combine the optimization of
the stability and robustness at the same time in a very efficient way.

Finally, we apply these new methods in Chapter 4 to our power generating kites. Here
we have the following aims

• The kite should produce as much power as possible.

• The kite should fly on an open-stable orbit (without any feedback).

• The kite and the cable should not touch the ground even if wind turbulences are
present.

One of the main numerical results of this thesis is that at least for our kite model such
robust and open-loop stable orbits exist, while the system is still producing a large amount
of energy. We present the results of long time simulations of the nonlinear dynamical
system for random wind turbulences demonstrating the performance of our methods.

This thesis is organized as follows: we start in Chapter 1 with an introduction to
kite modeling. First, we consider 2-dimensional kite models and later we develop more
advanced models for the single kite systems as well as for the Dancing Kites. In chapter 2
we use these models to formulate optimal control problems aspiring to produce as much
power as possible assuming a constant wind velocity. In Chapter 3 we discuss periodic
Lyapunov differential equations as a basic tool for robustness and stability optimization
techniques. And in Chapter 4 we apply these techniques to stabilize and robustify an
open-loop controlled power generating kite system. Finally, we conclude with an outlook.





Chapter 1

Kite Modeling

In this chapter we give an introduction to kite modeling. Therefore, we start with a simple
2-dimensional kite model that is not only helpful to understand the basic principles but
also to derive some explicit estimates e.g. for the velocity, the forces and the power of a
kite. These estimations will later be used to discuss and compare the numerical results in
Chapters 2 and 4. Additionally, the considerations will lead us to a discussion of several
concepts and on how to use systems of many kites to produce energy in an efficient way.

Furthermore, we derive an advanced 3-dimensional model including a wind shear model,
the aerodynamic effects on the kite and some physical properties of the cable. This model
will later be used for our optimization studies in Chapters 2 and 4. Additionally, we are
interested in a special kite system with two ”Dancing kites”. Therefore we transfer the
3-dimensional model for a single kite also for a similar system with two kites.

1.1 Simple 2-Dimensional Kite Models

1.1.1 The Effective Glide Ratio of a Kite

In this section we want to discuss a simplified kite model that was originally presented
in [44]. On the one hand this simplified model might be helpful to understand the more
complicated models better and on the other hand we can derive some estimates with it.

In the following considerations the earth system is always a 3-dimensional Euclidean
space R3 with the Euclidean norm ‖ · ‖ : R3 → R and the Euclidean scalar product
· : R3 × R3 → R. Furthermore, the unit vector ez ∈ R3 is directly pointing to the sky.
In this section we assume that the wind vector w ∈ R3 is constant with ‖w‖ 6= 0 and
always orthogonal to ez. Defining ex , ey ∈ R3 by ex := w

‖w‖ and ey := ez × ex we have an

orthonormal basis { ex , ey , ez } for the earth system, where the wind is blowing in the ex

direction.

Assume that a kite is flying with a constant velocity vk ∈ R3 in this earth system
parallel to the y-axis (i.e. vk = ‖vk‖ex) and on a constant altitude zk ∈ R. Here, we
assume that the aerodynamic force of the kite in ex-direction is always compensated by

5



6 CHAPTER 1. KITE MODELING

Figure 1.1: A simplified kite model

a cable as shown in Figure 1.1. This cable is always parallel to ex and consequently also
moving with the velocity vk. The effective wind vector we ∈ R3 at the kite is given by
we := w − vk.

Let us define an angle γ ∈ [0, π
2
] by

tan(γ) :=
‖w‖
‖vk‖ .

Assuming that the gravitational forces of the kite and the cable are negligible (or compen-
sated by the lift e.g. in the case of a helium-filled kite) we collect the aerodynamic forces:
the aerodynamic lift FL ∈ R3 is given by

FL :=
ρCLA

2
‖we‖we × ez

with CL being the effective lift coefficient of the kite and the cable, A the effective wing
area of the kite, and ρ the density of the air (CL, A, ρ ∈ R+). Similarly, the drag FD ∈ R3

of the kite and its cable is

FD :=
ρCDA

2
‖we‖we ,

where CD ∈ R is the effective drag coefficient of the kite and the cable. Note that both
aerodynamic forces and the cable are orthogonal to ez , i.e. all forces are in a 2-dimensional
plane. We require the y-components of these forces to be equal in a steady flight (cf.
Figure 1.1):

ρCDA

2
‖we‖2 cos(γ) =

ρCLA

2
‖we‖2 sin(γ) . (1.1)

Now, we can transform equation (1.1) to get

tan(γ) =
CD

CL

=
1

G
(1.2)
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with G := CL

CD
being the effective glide ratio. By using the definition of γ we find

‖vk‖ = G‖w‖ . (1.3)

Thus the velocity of the kite is only depending on the effective glide ratio G and on the
wind velocity ‖w‖.

The tension Fc ∈ R in the cable is equal to the sum of the x-components of the
aerodynamic forces which is given by:

Fc = ‖FL‖ cos γ + ‖FD‖ sin γ

=
ρCLA

2
‖we‖2

(
cos γ +

sin γ

G

)

=
ρCLA

2
G2

(
1 +

1

G2

) 3
2

‖w‖2 . (1.4)

Thus, the force on the cable is increasing with the square of the wind velocity ‖w‖ and
mainly depending on G2.

In the following sections we will see that the effective glide ratio G is an important
design parameter of a kite. For toy kites, paraglider or sport- and surf-kites the lift-over-
drag ratio is larger than 1 and typically between 2 and 8. However, for aircrafts this ratio
can be much larger [59] and it seems to be possible to build kites with very high lift over
drag ratios [39]. The main reason why sport kites don’t have such large effective glide
ratios G is indeed given by the equations (1.3) and (1.4): it is hard to control a kite that
is very fast and it can be quite dangerous if it pulls with too large forces on its cable.
Nevertheless, if we are interested in power generation with kites a high tension in the cable
is very useful as it will be discussed in the next section.

1.1.2 Loyd’s Upper Bound for Power Generation with Kites

In this section we are interested in the power of a kite at the constant altitude zk ∈ R3 that
is pulling a generator at the position (xg , yg , zg)

T ∈ R3 in the earth system. We assume
that this generator is constrained by xg = 0 and zg = zk while moving frictionless in the
ey-direction such that the cable between the kite and the generator is always parallel to ex

(cf. Figure 1.1). Let the length between the kite and generator be r ∈ R+. If the velocity
ṙ ∈ R of the kite in ex-direction is constant and smaller than the wind velocity ‖w‖ (i.e.
ṙ < ‖w‖), we can transfer equation (1.3) to find the kite’s steady flight velocity

vk = G (‖w‖ − ṙ) ey + ṙex , (1.5)

as the effective wind velocity in the system of the cable is (‖w‖ − ṙ). To keep the consid-
eration as simple as possible we assume that the effective glide ratio G is approximately
constant although the cable has in this case no constant length. Analogously, we can
transfer equation (1.4) to find the tension in the cable:

Fc =
ρCLA

2
G2

(
1 +

1

G2

) 3
2

(‖w‖ − ṙ)2 . (1.6)
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Now we can compute the power at the generator by

P = Fcṙ =
ρCLA

2
G2

(
1 +

1

G2

) 3
2

(‖w‖ − ṙ)2 ṙ . (1.7)

If we are only interested in the power during the pulling phase, we can optimize the power
explicitly

max
ṙ
P =

4

27

ρCLA

2
G2

(
1 +

1

G2

) 3
2

‖w‖3 , (1.8)

where the maximum can be obtained for ṙ = 1
3
‖w‖. This formula was previously developed

by Loyd [44]. If we consider more complicated models, elasticity and internal friction of
the cable, losses in generator etc. it is usually quite simple to show that equation (1.8) is
an upper bound for the power that can be produced with a kite with given coefficients CL

and G and an effective area A.
Additionally, equation (1.8) helps us to study the main influences of the wind velocity

and coefficients of the kite. First, the main result is that the power is proportional to ‖w‖3.
Of course, for conventional windmills the power is also proportional to ‖w‖3, but the main
advantage of kites is that they can use the larger winds at higher altitudes. The masts
of windmills are usually not higher than 100 m as there are statical problems with higher
constructions. And second, the power is increasing approximately with the square of the
effective glide ratio. Indeed, we will show in section 1.2.3 that this is again an advantage of
kites if we compare them with the most efficient wings of windmills. However, we should
also mention that the effective glide ratio of kites might depend on their velocity as they
start to deform and vibrate for larger velocities.

1.1.3 Lift or Drag Switches for the Periodic Pumping Mode

In the previous chapter we have only considered the case where the kite is pulling its cable.
However, if we want to construct a periodic power producing machine, we have to introduce
a retraction or a reel-in phase such that we can satisfy an additional periodic boundary
condition for the cable length r after some period time T . In this section we are interested
in an estimation of P under the assumption that the time interval [0, T ] can be divided
into one pulling phase [0 , Tp] and one retraction phase [Tp , T ], with Tr := T − Tp being
the duration of the retraction phase (with 0 < Tp < T ). Of course, we have to reduce
the tension in the cable before pulling the kite back. Otherwise, we would need the same
amount of energy for the retraction that we have produced during the pulling phase.

Let us assume that the factor ρCLA
2
G2

(
1 + 1

G2

) 3
2 in equation (1.6) takes a constant value

Kp ∈ R+ during the pulling phase and another constant value Kr ∈ R+ with Kr < Kp

during the retraction phase. This can for example be achieved by controlling the lift and
drag coefficient of the kite. Another method would be to reduce the kite’s effective wing
area during the retraction. Furthermore, we assume first that the pulling velocity ratio
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νp ∈ R+ of the cable given by νp := ṙ
‖w‖ is constant for all t ∈ [0 , Tp] and second that the

corresponding ratio νr ∈ R+ for the retraction phase given by νr := − ṙ
‖w‖ is again constant

for all t ∈ [Tp , T ]. Using equation (1.8) we can compute the average power P := 1
T

∫ T

0
Pdt

over the interval [0, T ] by

P =
Kp‖w‖3

T

(
(1− νp)

2 νpTp − κ (1 + νr)
2 νrTr

)
(1.9)

with κ := Kr

Kp
. Now, the periodic boundary condition r(T ) = r(0) yields νpTp = νrTr and

we can simplify equation (1.9) to

P = Kp‖w‖3 νpνr

νp + νr

(
(1− νp)

2 − κ (1 + νr)
2) (1.10)

We are interested in the maximum of this average power P optimized over the ve-
locity ratios νp and νr on their physically feasible domains (0, 1) and (0,∞) respectively.
Therefore, we consider the following Lemma:

Lemma 1.1.1 : For all given κ ∈ (0, 1) exists a unique ν∗p ∈
(
0, 1

3

)
such that the equation

κ =
(
1− 1ν∗p

) (
1− 2ν∗p

)−1 (
1− 3ν∗p

)3
. (1.11)

is satisfied. Let us additionally define ν∗r ∈ (0,∞) by

ν∗r :=
ν∗p

1− 3ν∗p
, (1.12)

then we have for all (νp, νr) ∈ (0, 1)× (0,∞)

νpνr

νp + νr

(
(1− νp)

2 − κ (1 + νr)
2) ≤ ν∗pν

∗
r

ν∗p + ν∗r

((
1− ν∗p

)2 − κ (1 + ν∗r )
2
)

= 2
(
ν∗p

)2 (
1− ν∗p

)
(1.13)

i.e. P has on its physically feasible domain a global maximum at ν∗p , ν
∗
r .

A rigorous proof of Lemma 1.1.1 can be found in Appendix A. Although this Lemma
gives us no explicit expression for the optimal solution, it is at least interesting to note
that equation (1.12) gives us a simple relation between ν∗p and ν∗r which is independent on

κ. Additionally, we show in Figure 1.2 the maximum of P
Kp‖w‖3 in dependence on κ. In

consistence with equation (1.8) we have

lim
κ→0

(
max
νp,νr

P

)
=

4

27
Kp‖w‖3 and lim

κ→0
(ν∗r , ν

∗
r ) =

(
1

3
, ∞

)
. (1.14)

If we like to realize the periodic pumping mode for power generation with kites, the
generator is usually fixed on the ground. The above considerations are nevertheless good
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Figure 1.2: Dependence of the average tractive power on κ.

approximations if we use long cables as discussed in section 2.3. The advantage of this
pumping method is indeed that we do not need large ground constructions. The fundament
should only compensate the cable forces but there are almost no torques - e.g. in contrast
to a high windmill where we have a large torque acting on the mast. The reduction of the
force during the retraction phase can be achieved by several methods. First, if the generator
is fixed the kite can fly to a position where the wind velocity is almost orthogonal to the
cable. This method is the most simple way to realize a power generating kite. However,
for long cables the kite will not be used optimally as it takes a long time to fly from the
optimal pulling region to a position where it can easily be pulled back. This is the reason
why we consider here the case that the kite’s aerodynamic coefficients, the effective area
or a combination of everything is controlled. Again there are several methods to realize
such a control: first, we can vary the shape and the sweep of the wings and second we can
control the angle of attack which will be discussed in section 1.3.2.

1.1.4 Power Generation in Transversal Pulling Mode

In this section we discuss a way to produce power with a kite in a transversal pulling
mode. In contrast to the periodic pumping mode that was presented in the previous
section a larger ground construction is needed to realize this method, but no retraction
phase.

Let the earth system be defined as in the section 1.1.1 where the wind w ∈ R3 is
constant and blowing in ex-direction. We consider a kite on a constant altitude zk ∈ R
that is pulling a generator on a train with position (xg , yg , zg)

T ∈ R3 in the earth system
as shown in Figure 1.3. We assume that this train is constrained by xg = 0 and zg = zk.
Similar to section 1.1.2 the train and the kite are assumed to have the same velocity vg ∈ R3

in ey-direction (vg = ‖vg‖ey) but the main difference to the consideration in section 1.1.2
is that the cable between the train and the kite is not parallel to ex and has a constant
length. Let φ ∈ (

0, π
2

)
be the angle between the cable and ex (cf. Figure 1.3). In a steady
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Figure 1.3: A kite in transversal pulling mode

flight φ is constant and the effective wind at the kite is given by

we = w − vg . (1.15)

If we define er, eφ ∈ R3 by

er := cos(φ)ex + sin(φ)ey

eφ := − sin(φ)ex + cos(φ)ey ,

we can rewrite the effective wind vector we ∈ R3 at the kite as

we = (‖w‖ cos(φ)− ‖vg‖ sin(φ)) er − (‖w‖ sin(φ) + ‖vg‖ cos(φ)) eφ (1.16)

Furthermore, we define an angle γ ∈ [0, π
2
] by

tan(γ) := −we · er

we · eφ

.

In a steady flight the components of the aerodynamic lift and the drag in eφ direction have
to compensate. Analogous to the consideration in section 1.1.1, we get

−we · eφ

we · er

= cot γ = G , (1.17)

where G is the effective glide ratio of the kite, that is defined by the ratio between the
effective aerodynamic lift and the effective drag. Using the equations (1.16) and (1.17) we
can find vg in dependence on φ :

‖vg‖ = ‖w‖G sin(φ)− cos(φ)

G cos(φ) + sin(φ)
= ‖w‖ cot(φ+ γ) (1.18)
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reminding that we have γ = arctan
(

1
G

)
. We are interested in the power P at the generator

on the train that is given by

P = Fc sin(φ)‖vg‖ with Fc :=
1

2
ρACLG

2

(
1 +

1

G2

) 3
2

(we · er)
2 (1.19)

being the force on the cable (cf. Figure 1.3). Here, ρ is the density of the air, A the effective
area and CL the effective aerodynamic lift coefficient of the kite and the cable. By using
the equations (1.16), (1.18), and (1.19) we find

P = C (we · er)
2 ‖vg‖ sin(φ) =

C‖w‖3

G2 + 1

cos(φ+ γ)

sin3(φ+ γ)
sin(φ) (1.20)

with C ∈ R being a substitution for some of the constants in equation (1.19):

C :=
1

2
ρACLG

2

(
1 +

1

G2

) 3
2

At this point it is helpful to resubstitute φ by transforming equation (1.18)

φ = arccot

(‖vg‖
‖w‖

)
− γ = arccot (Gη)− γ

with η := ‖vg‖
G‖w‖ . Together with equation (1.20) we get

P =
C‖w‖3

Γ
3
2

η (1− η)

√
1

G2
+ η2 (1.21)

where Γ ∈ R is defined by

Γ := 1 +
1

G2
.

For high effective glide ratios, we can neglect the term 1
G2 to get the approximation

P ≈ C‖w‖3η2 (1− η) . (1.22)

The term on the right hand side of equation (1.22) takes its maximum at η = 2
3

and the
maximal power is

P ≈ 4

27
C‖w‖3 . (1.23)

To be a little more accurate we write the exact optimal solution for vg and P for sufficiently
large G2 in the form of a Laurent expansion:

‖vg‖ =
2

3
G‖w‖

(
1− 3

8

1

G2
+

9

32

1

G4
+ ...

)
(1.24)

P =
4

27
C‖w‖3

(
1− 3

8

1

G2
− 3

128

1

G4
+ ...

)
(1.25)
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Hence, our kite in transversal mode is slightly suboptimal, as the Loyd-bound 4
27
C‖w‖3

can not be attained for G <∞.1 Nevertheless, it is interesting to note, that the train has
a high velocity ‖vg‖, that is almost 2G times larger than the optimal pulling velocity 1

3
‖w‖

of a kite in a longitudinal mode (cf. section 1.1.2), which can attain Loyd’s upper bound
- but only without considering the retraction phase.

For the longitudinal pulling kite in the section 1.1.2 the force on the cable is given by
4
9
C‖w‖2 if we use ṙ = 1

3
‖w‖ in equation (1.6). Let us compute the force on the cable for a

kite in transversal mode: Using equation (1.19) we get

Fc = C (we · er)
2 =

C‖w‖2

G2 + 1

1

sin2(φ+ γ)
=
C‖w‖2

Γ

(
η2 +

1

G2

)

=
4

9
C‖w‖2

(
1− 1

2

1

G2
+O

(
1

G4

))
. (1.26)

Indeed, for high effective glide ratios the force on the cable for a kite in transversal pulling
mode is almost the same as the force on the cable for a kite in longitudinal pulling mode
- and in general even less.

Finally, we like to mention that the ratio between the component of the force which is
pulling the train in ey-direction and the force on the cable itself given by

cos(φ) =
1

2

1

G
− 1

4

1

G3
+O

(
1

G5

)
(1.27)

tends to zero for high effective glide ratios. Nevertheless, this is no contradiction, since the
velocity of the train is also increasing with G.

The main advantage of power generation in transversal pulling mode is that the velocity
‖vg‖ ≈ 2

3
G‖w‖ of the train is in general much larger than the optimal pulling velocity

ṙ ≤ 1
3
‖w‖ for a kite in the longitudinal periodic pumping mode as it is better for the gears

and the generator to have higher velocities and lower forces. Furthermore, the kite can
turn its direction at the end of the train’s rail without much losses and generate power
while flying in an opposite direction - thus we can avoid the losses of a retraction phase.
However, a larger ground construction is needed to realize this method. Additionally, the
direction of the train rails should be rotated if the wind changes its direction. These are
the main drawbacks of the transversal pulling mode that make it at least at the moment
less attractive. The group in Turin suggests to use so called KiteWindGenerators [17] as
an interesting method to combine the transversal with the longitudinal pulling mode and
the KiteWindGenerator is indeed a method to achieve this aim without being dependent
on the wind direction but a large ground-construction is needed anyhow. Nevertheless, in
the case that the large ground-constructions as well as corresponding torsional moments
do not lead to problems, the KiteWindGenerator could be a way to increase the efficiency
of power generating kite systems.

1Of course, equation (1.25) is only a proof for the suboptimality of the transversal kite, if G2 is suffi-
ciently large. However, one can use equation (1.21) to show that P

C is strictly monotonically increasing in
G.
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1.2 Wind Modeling

In this section we introduce some standard wind models that can be found in the literature
[4, 7, 8, 61]. In section 1.2.1 we describe the dependence of the wind on the altitude by a
wind shear model and the barometric equation, while in section 1.2.2 a simplified version
of Dryden’s wind turbulence model is considered. Finally, we discuss in section 1.2.3
an estimate based on a Betz factor for the maximum power that can be generated with
windmills or kite systems that cover a bounded wind area.

1.2.1 Wind Shear Modeling

An important point in our motivation for using kites is that they can use the powerful
wind at high altitudes. Using the wind shear model, as it is proposed in [61], the wind
velocity w ∈ R3

in the earth system is depending on the altitude h ∈ R over
the ground:

w (h) =
ln

(
h
hr

)

ln
(

h0

hr

) v0 , (1.28)

where v0 ∈ R3 is the wind velocity at a suitable altitude
h0 ∈ R and hr ∈ R the roughness length. Note that this
model is only valid for hÀ hr and h / 1000 m, but for the
simulations in Chapter 2 the kites usually fly at altitudes
h < 1000 m.

For very low altitudes it is possible to use other wind models but we like to refer to [40]
and the references therein for an introduction of such models. Although the dependence
of the air density ρ ∈ R on the altitude h will only have a small influence on our results in
Chapter 2, we take the barometric equation into account:

ρ(h) = ρ0e
− h

h1 (1.29)

where ρ0 ∈ R is the air density at ground level and h1 ≈ 8330 m a known physical constant.

1.2.2 Dryden’s Wind Turbulence Model

In this section we consider a simplified version of Dryden’s wind turbulence model [4].
Although we will assume a constant wind w ∈ R3 for the simulation and optimization
studies in Chapter 2 this model will be used in Chapter 3 where we show how to robustify
kite trajectories with respect to Dryden turbulences. Here the wind vector w + δw is a
sum of the constant wind vector w and a wind disturbance δw ∈ R3 which is assumed to
be a random process with the expectation value E{δw} = 0.
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Let us introduce the autocorrelation function K : R×R→ R3×3 of the wind disturbance
δw in the earth system which is assumed to be a random process such that

K(t, τ) := E{δw(t)δw(τ)T}
K(t, τ) = K(τ, t)T ∀t, τ ∈ R . (1.30)

Additionally, we define the power spectral density S : R × R → Rnw×nw of the wind
disturbance to be the Fourier transform of the autocorrelation function:

S(t, ω) :=

∫ ∞

−∞
K(t, τ)e−iω(t−τ)dτ (1.31)

for all times and frequencies t, ω ∈ R.
In a simplified version of Dryden’s wind turbulence model [4] this power spectral density

S is diagonal and given by

S(t, ω) =




2σ2
xδ

δ2+ω2 0 0

0 σ2
yδ

δ2+3ω2

(δ2+ω2)2
0

0 0 σ2
zδ

δ2+3ω2

(δ2+ω2)2




for all times and frequencies t, ω ∈ R. Here, σx, σy, σz ∈ R+ are the turbulence intensities
and δ ∈ R++ is the correlation rate that can be obtained by measuring the frequency
spectrum of the wind. The corresponding autocorrelation K is given by:

K(t, τ) =




σ2
x 0 0

0 σ2
y

(
1− |τ ′|

2

)
0

0 0 σ2
z

(
1− |τ ′|

2

)


 e−|τ

′|

with τ ′ := (t−τ)δ for all t, τ, τ ′ ∈ R. Note that we can simulate a wind turbulence with the
above autocorrelation by passing a white noise signal through a sequence of linear forming
filters as it will be discussed in section 3.2.3.

1.2.3 Betz factors

For windmills the Betz factor is an important upper bound for the efficiency. As it is shown
in [7, 8] by considering a model for the global airflow the maximal power Pmax that can be
obtained by a windmill covering the area A0 for a given constant wind w ∈ R3, is given by:

Pmax =
16

27
P0 with P0 :=

1

2
ρA0‖w‖3 , (1.32)

where ρ ∈ R is the air density. Here P0 ∈ R is the whole power of the wind that is blowing
through the area A0. The so called Betz factor cB := 16

27
has to be applied to P0 to find

the maximal convertible power. In section 1.1.2 we have discussed an upper bound for
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the power that can be produced with a kite which is mainly increasing with the square of
the effective glide ratio - but without considering the global airflow. Thus, we should be
aware that we should at least correct our estimation in a conservative way if they predict a
power for a kite system that is larger than 16

27
P0, where P0 is the power of the wind blowing

through the area that is covered by the wings of the kites. Fortunately, kites can in general
coat a much larger wind area than windmills and at least for a single kite we will show in
Chapter 2 that the power of the kite is much less than 16

27
P0. Here is indeed an advantage

of kites in comparison to windmills: for windmills it is usually not efficient to have a ratio
of the wing tip speed to the wind that is larger than 5 − 6 [61] while kites can often fly
faster as they can cover larger areas.
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1.3 Advanced Kite Modeling

In this section we want to derive a 3-dimensional model for a single kite. Except the simple
kite models that can be found in [20, 44] it is hard to find anything about accurate kite
models in the literature - in contrast to many existing aircraft models (e.g. [59]). For rigid
kites the ideas from the aerodynamic part of aircraft models can be transferred. However,
in general the rigid body assumption is not correct for kites - especially if we think of foil
kites. In addition the cable and the generator have to be modeled for power generating
kites. As it was mentioned in the introduction the groups in Delft and Turin are both
planning to develop accurate models for their kites during the next years. In this thesis
we have not the possibilities to derive accurate models which would also require accurate
measurements. Rather, we are interested in a model of the cable and the kite that allows
on the one hand to estimate the main physical effects and on the other hand to make
simulation and optimization studies in reasonable computation times (cf. Chapter 2 and
Chapter 3 ).

In comparison to the kite model in [20] we improve the equations of motion in section
1.3.1 by taking a variable cable length with a given density into account. In section 1.3.2
the aerodynamic forces are computed for controllable lift coefficients while a parasite as
well as an induced drag is considered. In the sections 1.4.1 and 1.4.2 we show how the
aerodynamic drag as well as the elasticity and the internal friction of the cable can be
regarded, which is also in a clear progression to the model in [20]. Finally, we estimate the
cable sagging in section 1.4.3 in a quasi statical approximation

1.3.1 The Choice of 3-Dimensional Coordinate Systems

In this section we consider a kite at a position p ∈ R3 and a straight cable with a length
r ∈ R with r > 0 that is connecting the kite to generator at a fixed position 0 ∈ R3 on the
ground. As in section 1.1.1 we introduce an orthonormal right-handed basis {ex, ey, ez}
for the earth system, where ez ∈ R3 is a unit vector pointing to the sky. Here, we do
neither require that the wind vector w ∈ R3 is constant nor that it is always pointing in
the ex-direction.

For our purposes it is efficient to use spherical coordinates q := (r, φ, θ)T ∈ R3 to
describe the position and the orientation of the kite. We define a local orthonormal basis
{er, eφ, eθ} with er, eφ, eθ ∈ R3 by

(er, eφ, eθ) := RT (ex, ey, ez) , (1.33)

where R ∈ R3×3 is the following rotation matrix:

R :=




sin(θ) cos(φ) sin(θ) sin(φ) cos(θ)
− sin(φ) cos(φ) 0

− cos(θ) cos(φ) − cos(θ) sin(φ) sin(θ)




The position p of the kite is given by p = rer as it is shown in Figure 1.4. And its velocity
is ṗ = ṙer + r sin(θ)eφφ̇− rθ̇eθ.
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Figure 1.4: The 3-dimensional kite model.

To derive the kite‘s equations of motion, we use the Lagrangian formalism. Let ρc be the
density, dc the diameter and AQ := π

4
d2

c the cross sectional area of the cable (ρc, dc, AQ ∈ R).
Considering that the crosswind component is down rating and decreasing, when coming
closer to the generator, we approximate the kinetic energy Tc ∈ R of the homogeneous
cable by:

Tc :=

∫ 1

0

1

2
ρcAQr0‖sṗ‖2ds =

1

6
mc‖ṗ‖2 , (1.34)

where r0 is the relieved length and mc the mass of the cable (r0,mc ∈ R+). Let us define the
effective inertial mass m := mk+ mc

3
and the effective gravitational mass m := mk+ mc

2
−Ωρ

with mk being the mass and Ω the volume of the kite (m,m,Ω ∈ R+). The total kinetic
energy Tkin ∈ R+ is

Tkin :=
1

2
mk‖ṗ‖2 + Tc =

m

2
‖ṗ‖2 , (1.35)

and the potential energy can be written as2

V :=

∫ h

0

mg dh′ +
EAQ

2r0
(r − r0)

2 (1.36)

where h = p · ez is the altitude of the kite, g the gravitational constant and E the elastic
modulus of the cable (h, g, E ∈ R+).3

Now, the equations of motion are

d

dt
∇q̇L −∇qL = Q (1.37)

2As it is discussed in section 1.2.1 the air density ρ and thus also m are in general depending on the
altitude h = r cos(θ) of the kite.

3Note that only simple longitudinal elongations of the cable are considered. (cf. also section 1.4.2 )
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with L := Tkin − V being the Lagrangian function and Q ∈ R3 being a generalized force
that is considered later in more detail. We simplify the equations of motion:

d

dt
∇q̇L =

d

dt
∇q̇

m

2

(
ṙ2 + r2 sin2(θ)φ̇2 + r2θ̇2

)

= m




r̈ + ṁ
m
ṙ

r2 sin2(θ)
(
φ̈+ 2cot(θ)φ̇θ̇ + 2 ṙ

r
φ̇+ ṁ

m
φ̇
)

r2
(
θ̈ + 2 ṙ

r
θ̇ + ṁ

m
θ̇
)




and

∇qL = m




r sin2(θ)φ̇2 + rθ̇2

0

r2 sin(θ) cos(θ)φ̇2


 +

∼
Q

where we used the following definition for
∼
Q ∈ R3:

∼
Q := −mg




cos(θ)
0

−r sin(θ)


− EAQ

r0




r − r0
0
0


 .

Hence, we can summarize the equations of motion (1.37) in the form

S2 (q̈ + a) =
Q+

∼
Q

m
(1.38)

with a pseudo acceleration a ∈ R3 that will be quite small in comparison with q̈, since we
usually use very long cables

a :=



−r sin2(θ)φ̇2 − rθ̇2 + ṁ

m
ṙ

2cot(θ)φ̇θ̇ + 2 ṙ
r
φ̇+ ṁ

m
φ̇

− sin(2θ)
2

φ̇2 + 2 ṙ
r
θ̇ + ṁ

m
θ̇


 (1.39)

and a left-hand side matrix S ∈ R3×3

S :=




1 0 0
0 r sin(θ) 0
0 0 −r


 (1.40)

that is in our case simply diagonal and regular for positive r and θ ∈ (0, π).
Let us define the total force F ∈ R3 with respect to the local basis by

F := RF̂ + S−1
∼
Q ,
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where F̂ ∈ R3 is defined by F̂ := Faer+Ff+Fint as a sum of the aerodynamic force Faer ∈ R3

on the kite that will be defined in section 1.3.2, an aerodynamic friction force Ff ∈ R3 on
the cable, and an internal friction Fint ∈ R3 due to the elasticity of the cable that will be
defined in the sections 1.4.1 and 1.4.2 respectively.

Finally, we can find the generalized force Q that is needed in equation (1.37) or (1.38):

Q = T F̂ , (1.41)

where the tensor T ∈ R3×3 is defined by

T := (∇qp)
T = SR . (1.42)

Now we write the equation of motion (1.38) in the form

q̈ = S−1F

m
− a . (1.43)

1.3.2 Aerodynamic Forces

In this section we compute the sum Faer ∈ R of the aerodynamic forces that are acting on
the kite. This force is needed in equation (1.43) to compute the total force F on the kite.
Let us define the effective wind vector we ∈ R3 in the kite’s system by

we := w − ṗ = w − ṙer − r sin(θ)φ̇eφ + rθ̇eθ .

In the following consideration we assume that the transversal axis et ∈ R3 of the kite is
always perpendicular to this effective wind vector we by suitable yaw control, i.e. we have
we · et = 0. Such a yaw control can for example be realized by effective rudders at the end
of the kite.4 Furthermore, we introduce a controllable roll angle Ψ ∈ (−π

2
, π

2

) ⊆ R defined
by

sin(Ψ) := et · er , (1.44)

where et is a unit vector pointing from the left to the right wing tip. In [20] it is shown
how the vector et can explicitly be computed under these conditions. Finally, the direction
en of the aerodynamic lift is given by

en =
we

‖we‖ × et . (1.45)

The aerodynamic force on the kite is the sum of lift and drag

Faer :=
1

2
ρCLA‖we‖2en +

1

2
ρcDA‖we‖we , (1.46)

4But we should mention that a kite with passive yaw stabilization has in general a noticeable side-slip
angle influencing the drag coefficient if it is flying fast through narrow loops - this effect is however not
considered in this thesis.
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where CL and cD := cD,0 + εC2
L are the lift and drag coefficient, respectively, and A the

area of the kite (CL, cD, cD,0, ε, A ∈ R). Here we assume that the kite’s drag coefficient can
be written as a sum of the parasite drag cD,0 and an induced drag that is approximated
by εC2

L, where ε is a constant (cf. [59]). Note that this model is only valid for on a certain
domain CL,min ≤ CL ≤ CL,max, where the bounds CL,min ∈ R and CL,max ∈ R specify the
region where our model is valid.

If the kite is connected to a control unit at the bridle point by several lines, not only the
kite’s roll angle but also the angle of attack can be influenced, where the angle of attack is
simply the angle between the kite’s airfoil and the effective wind vector. Consequently, we
may assume that the lift coefficient CL is directly controlled, since CL is mainly depending
on the angle of attack. Note that we can also think of alternative methods to control the
lift. For example, additional elevators or stabilators at the kite might be helpful or we can
even vary the shape of the airfoil. Another method is to use a tow-point control as it is
realized in [40].

Of course, we should avoid negative angles of attack as well as too high angles of attack
as this causes the kite to stall. This is the main reason why we introduce bounds for the
lift coefficient in our model. Additionally, the kite might become uncontrollable if we have
a too small lift.

Finally, we should be aware that there are still a lot of effects that are not included in
our aerodynamic model of the kite. In general the aerodynamic coefficients are a nonlinear
function of the effective wind at the kite, the sideslip angle, the angle of attack, the roll,
pitch, and yaw rates of the kite, the force on the cable, other aerodynamic controls on
the wings of kite, the temperature, the actual sound speed etc.. For aircraft models these
functions are usually linearized [59] and then measured by wind-tunnel experiments. If we
want to avoid costly airflow modeling, for kites this might be a good strategy, too.
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1.4 Cable Modeling

In this section we discuss some physical properties of the cable. As in the previous section
our aim is not to find an really accurate cable model based on partial differential equations.
Rather, we are interested in simple models that allow us to estimate the main effects. First,
we compute the mass and estimate the aerodynamic drag in section 1.4.1. Furthermore,
we approximate the effects due to the elasticity and the internal friction of the cable in
section 1.4.2. Although the sagging of the cable has not directly been included in the
dynamical model in section 1.3, we show in section 1.4.3 how to obtain the bending in a
quasi statical approximation. Torsional moments in the cable are assumed to be negligible
in this thesis but we like to refer to [53, 54] for a discussion of such torsional effects in the
cable in combination with stacked kites system or so called Laddermills [38, 46]. Finally,
we like to mention that a more accurate way of modeling the dynamics of the cable and
the kite can be achieved by modeling more points of the kite or cable respectively (cf. e.g.
[54]). However such models with more mass-points or a modeling of the part of the cable
that is on the cable reel, the cable reel itself, the gears and the generator etc. are beyond
the scope of this thesis.

1.4.1 Mass and Aerodynamic Drag

The mass mc ∈ R of the cable is usually much larger than the mass mk of the kite and has
non-negligible contributions to the effective inertial mass m = mk + mc

3
and the effective

gravitational mass that are introduced in section 1.3 (cf. Table 2.1 on page 41). In contrast
to this the fraction ṁ

m
in equation (1.39) is at least in our simulations in Chapter 2 quite

small. However, if we want to avoid undesirable cable wear we can think of thicker and
more persistent cable parts near and on the cable reel. In this case the term ṁ

m
might

become more important.
Unfortunately, the air friction of the cable slows the kite down. Let us estimate the

torque Mf ∈ R3 of this friction by:

Mf ≈
∫ 1

0

(srer)× ρcD,CAc

2
‖wc,e‖wc,e ds (1.47)

where dc ∈ R is the diameter, Ac ∈ R the cross wind area given by Ac := rdc and cD,C ∈ R
the drag coefficient of the cable. Note that the effective wind vector wc,e ∈ R and the air
density ρ

wc,e = w(sr cos(θ))− sṗ and ρ = ρ0e
− sr cos(θ)

h1

are implicitly depending on s, where we use the notation from section 1.2.1. At least for
low altitudes sr cos(θ) < hr the wind vector w should not be computed by equation (1.28)
but estimated with other models (cf. section 1.2.1). Furthermore, the estimation (1.47) is
based on the assumption that the effective wind vector wc,e is always almost orthogonal to
the vector er that is pointing along the cable such that the lift of the cable can be neglected.
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This assumption is at least for the important faster parts of the cable virtually satisfied as
we are only interested in kites that are flying fast in crosswind direction. However, for a
more accurate way of modeling the cable with lift and drag we refer to [63].

The friction force Ff that is associated with the torque in equation (1.47) is given by:

Ff :=

∫ 1

0

s
ρcD,CAc

2
‖wc,e‖wc,e ds . (1.48)

For an efficient implementation it might be desirable to approximate this force again to
avoid the evaluation of the integral. Based on the assumption that we have at least for the
important faster parts of the cable wc,e ≈ swe we find the conservative approximation

Ff ≈ ρcD,CAc

8
‖we‖we , (1.49)

where we and ρ are in correspondence with the notation in section 1.3 simply evaluated at
the altitude of the kite.

Finally, we note that the aerodynamic drag of the cable is influencing the effective glide
ratio G. This is worth remarking as we have seen in sections 1.1.2 and 1.1.3 that G is an
important design parameter for power generating kites. With the approximation (1.49) we
find

G =
CL

CD

≈ CL

cD + Ac

4A
cD,C

(1.50)

with CD ≈ cD + Ac

4A
cD,C being the effective drag of the kite and the cable together. At

least in the simulations in Chapter 2 we will show that for a single kite the term Ac

4A
cD,C

is unfortunately not negligible with respect to cD. However, in this thesis we only assume
that the cross sectional area of cable has a circular shape, while the consideration of special
aerodynamically shaped cables that could indeed reduce the drag coefficient cD,C intelligibly
is beyond our scope.

1.4.2 The Elasticity and Internal Friction

Especially, for kites in the periodic pumping mode it is very important to consider the
elasticity of the cable. As it was previously mentioned in [38] after the retraction phase
the cable must be stretched first, before the kite can produce the maximum power in the
pulling phase. We will show in Chapter 3 that the time losses consumed by this effect
reduces the convertible energy. In section 1.3 we have already computed the spring force of
the cable. As the spring constant

EAQ

r0
is decreasing with the cross sectional area AQ = π

4
d2

c

the diameter dc of the cable will be an interesting parameter for optimization.5

5Note that we assume here that the cable has a constant diameter. This assumption is in our case
reasonable as the tension in the cable is much larger than the gravitational forces of the cable (cf. sec-
tion 1.4.3). A cable with a large diameter close to the generator and a smaller diameter close to the kite
would only be necessary if the gravitational forces would be dominant.
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Furthermore, we take an internal friction b ∈ R of the cable into account that is
increasing with the cross sectional area AQ := π

4
d2

c of the cable: b =
b0AQ

r0
, where b0 ∈ R is

a constant of the material. The associated friction force is

Fint := −b(ṙ − ṙ0)er (1.51)

where we use the same notation as in section 1.3. Unfortunately, the internal friction will
consume a part of the wind energy while heating the cable whenever cable oscillations
occur. However, at least for our example in Chapter 2 it can easily be estimated that the
temperature of the cable will never be a problem. Finally, we like to mention that the
elasticity might also have a positive effect: if wind turbulences are present the elasticity
and the internal friction of the cable will cause a kind of a attenuation of the varying forces
that might prevent the generator from damage.

1.4.3 Cable Sagging

In our simulations we will usually assume that the cable is a straight line as the tension
in the cable is in general larger than the gravitational forces. However, at least for the
retraction phase, where the tension in the cable is reduced, we should estimate the sagging
of the cable in a conservative way. In this section we consider a quasi statical approximation
of the cable sagging using the notation from the previous sections.

Let us assume that the cable is in the plane that is spanned by the two unit vectors
er, ez where er is pointing from the generator to the kite. The gravitational force on the
cable is given by Fg := −mcgez, where mc is the mass of the cable and g the gravitational
constant. As in the previous sections θ is the angle between er and ez. Additionally, we
define an angle α ∈ (−π

2
, π

2

)
between the ground and the tangential on the cable close to

the generator and an angle θ∗ ∈ (
0, π

2

)
with θ∗ < θ to describe the direction of the cable

close to the kite as it is shown in Figure 1.5. Now we can compute the direction of the
force Fc ∈ R3 of the cable close to the kite

Fc = sin(θ∗)‖Fc‖ep + cos(θ∗)‖Fc‖ez . (1.52)

with ep being defined by ep := ez × (er × ez). In a quasi statical approximation we may
assume that the force Fgen ∈ R3 of the cable close to the generator, the force Fc and the
gravitational force Fg are in balance:

Fgen + Fc + Fg = 0 (1.53)

Now we can find α directly:

tan(α) =
Fgen · ez

Fgen · ep

=
cos(θ∗)‖Fc‖ −mcg

sin(θ∗)‖Fc‖

=⇒ α = arctan

(
cot(θ∗)− mcg

sin(θ∗)‖Fc‖
)

' arctan

(
cot(θ)− mcg

sin(θ)‖Fc‖
)
. (1.54)
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Figure 1.5: The sagging of the cable.

In a rough quasi statical approximation, we can use this result to estimate the sagging of
the cable for the power generating kite. For our simulations in the Chapters 2 and 3 we
will usually require that we have α > 0 such that the cable does never touch the ground.
However, in general the sagging of the cable influences the dynamical behaviour of the kite.
This effect can be included with the techniques that are provided in [54]. Additionally, we
refer to [63] where the aerodynamic lift and drag as well as their effect on the sagging of
the cable are discussed.
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1.5 Dancing Kites

In the last sections we have mainly concentrated on power production with a single kite,
but in this section we want to discuss a special system with two kites to even increase the
power per kite. We call this system ”Dancing Kites” (cf. Figure 1.6).

The main idea is that we can split the cable coming from the generator into two smaller
cables each with a kite at its end. This is on the one hand a method to reduce the drag of
the cables, as the main cable is almost static for antisymmetric trajectories of the two kites
while only the two smaller cables have high velocities. On the other hand, we can reduce
the energy that has to be invested during the retraction phase, as the kites can simply fly
to a position where they can almost compensate their forces mutually.

In section 1.5.1 we will derive the equations of motion for a dancing kite system by
applying the Lagrangian formalism. Additionally, we will discuss the forces on the kites
and the cables in section 1.5.2. Of course, it is recommended to read section 1.3 first as
we will transfer many results from the single kite model.

1.5.1 The Lagrangian Formalism for Dancing Kites

In this section we derive a model for Dancing kite system that is shown in Figure 1.6. Let
the earth system and the constant wind vector w ∈ R3 be defined as in section 1.3. Similar
to the single kite model we assume that all cables can be approximated by straight lines
but they may have a certain elasticity in the longitudinal direction. Thus, it is enough to
consider the following three position in the earth system: first we describe the position of
the juncture point where the three cable pieces meet by p0 ∈ R3 and second we denote the
positions of the kites by p1 ∈ R3 and p2 ∈ R3. Note that the generator might not be fixed
if it is for example installed on a buoy or on a ship. But in the following consideration we
will confine ourselves to the case that the generator is fixed always at the point 0 ∈ R3

in the earth system.6 For the single kite model in section 1.3 it was efficient to introduce
spherical coordinates, but we guess that for a general kite system it is better to describe
the points p0, p1 and p2 in the fixed earth system - especially if the cables have a certain
elasticity and are not constrained to constant lengths by additional algebraic equations.7

The aim is now to find the equations of motion for the Dancing Kites described by the

generalized coordinates q :=
(
pT

0 , p
T
1 , p

T
2

)T ∈ (R3)
3
. Finally, we like to mention that the

6Note that e.g. for kites that pull a large cargo ship it might also be enough to assume that the ship
is approximately an inertial system as a heavy ship moves quite slow with respect to high-speed kites. In
this case the considerations in this section can of course be transferred for towing kites on a ship by a
simple re-definition of the wind vector.

7Note that the equations of motion might lead to very stiff ordinary differential equations if the elastic
modulus is large while the lengths of the cable are very short. In our case this is not a problem for the
following two reasons: first we have usually quite long and thin cables and second we use BDF integrators
that can deal with stiff ODE’s. Nevertheless, we should mention that it might in some cases or for more
general kite systems at least from a numerical point of view be better to switch to other coordinate systems
possibly neglecting the elasticity - although this could lead to an ODE with a right-hand side that might
become very expensive to evaluate.
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Figure 1.6: The Dancing Kite System.

following considerations can simply be generalized for systems with more than two kites
by introducing more indices - for example if the main cable splits into three cables each
with a kites on its end, or the two cables are again splited in several trees of cables, etc..
Another way of generalization would be to model more points of the Dancing Kite system
to get more accurate models for the cables.

Let us introduce the homogenous mass densities ρc,0, ρc,1, and ρc,2, the relieved cable
lengths r0,0,r0,1, and r0,2, the diameters dc,0, dc,1, and dc,2 as well as the cross sectional areas
AQ,0,AQ,1, and AQ,2 of the cable from the generator to the juncture point and the cables
from the juncture point to the kites respectively.
(r0,0, r0,1, r0,2, dc,0, dc,1, dc,2, AQ,0, AQ,1, AQ,2,

∼
m0,

∼
m1,

∼
m2 ∈ R+)

Now, we can compute the masses
∼
m0,

∼
m1, and

∼
m2 of the cables by

∼
mi = ρc,iAQ,ir0,i =

π

4
ρir0,id

2
c,i for all i ∈ {0, 1, 2} . (1.55)

Finally, we introduce the masses mk,1 ∈ R and mk,2 ∈ R of the kites.

To derive the equations of motion, we use the Langragian formalism: the kinetic energy
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Tkin of the kite system is given by

Tkin :=
1

2
mk,1ṗ

2
1 +

1

2
mk,2ṗ

2
2 +

1

2

∫ 1

0

∼
m0‖sṗ0‖2ds

+
1

2

∫ 1

0

∼
m1‖sṗ0 + (1− s)ṗ1‖2ds+

1

2

∫ 1

0

∼
m2‖sṗ0 + (1− s)ṗ2‖2ds

=
1

2

[
mk,1ṗ

2
1 +mk,2ṗ

2
2 +

∼
m0
‖ṗ0‖2

3

+
∼
m1
‖ṗ0‖2 + ṗ0 · ṗ1 + ‖ṗ1‖2

3
+

∼
m2
‖ṗ0‖2 + ṗ0 · ṗ2 + ‖ṗ2‖2

3

]

=
1

2
q̇TMq̇ (1.56)

with a mass configuration matrixM∈ R9×9 that is defined by the following block structure:

M :=




mc I
1
6

∼
m1 I

1
6

∼
m2 I

1
6

∼
m1 I m1 I 0

1
6

∼
m2 I 0 m2 I


 . (1.57)

Here we use the definition mc :=
∼
m0+

∼
m1+

∼
m2

3
for the average mass of the cables, m1 :=

mk,1 + 1
3

∼
m1 as well as m2 := mk,2 + 1

3

∼
m2 for the effective masses of the kites, and I for the

(3 × 3) unit matrix (mc,m1,m2 ∈ R and I ∈ R3×3). The potential energy is simply the
sum of the energies of all cable pieces and the kites:

V :=

∫ h1

0

m1g dh′ +
∫ h2

0

m2g dh′ +
∼
m0g

p0 · ez

2

+
∼
m1g

(p0 + p1) · ez

2
+

∼
m2g

(p0 + p2) · ez

2

+
E0AQ,0

2r0,0

(‖p0‖ − r0,0)
2 +

E1AQ,1

2r0,1

(‖p1 − p0‖ − r0,1)
2

+
E2AQ,2

2r0,2

(‖p2 − p0‖ − r0,2)
2 (1.58)

with h1 := p1 · ez and h2 := p2 · ez being the altidutes of the kites, m1 := mk,1 − ρΩ1 and
m2 := mk,2−ρΩ2 being the effective gravitational masses of the kites with volumes Ω1 and
Ω2, and E0, E1 and E2 being the elastic modulus of the three cables respectively. Here
we assume that the volume of the cables and the juncture points will be negligible, but
the kites might for example be filled with Helium to compensate the gravitational force
partially. (h1, h2,m1,m2,Ω1,Ω2, E0, E1, E2 ∈ R+)

Analogous to the single kite model the equations of motion are

d

dt
∇q̇L −∇qL = Q (1.59)



1.5. DANCING KITES 29

with L := Tkin − V being the Lagrangian function and Q ∈ R9 being a generalized force.
To simplify equation (1.59) we use the relation

d

dt
∇q̇L = Mq̈ + Ṁq̇ (1.60)

Let us define the force
∼
Q ∈ R9 by

∼
Q := ∇qL. This force can be simplified to

∼
Q = −




(
∼
m0+

∼
m1+

∼
m2)g

2
ez

m1gez +
∼
m1g

2
ez

m2gez +
∼
m2g

2
ez




−




E0AQ,0(‖p0‖−r0,0)

r0,0

p0

‖p0‖ +
E1AQ,1(‖p0−p1‖−r0,1)

r0,1

p0−p1

‖p0−p1‖ +
E2AQ,2(‖p0−p2‖−r0,2)

r0,2

p0−p2

‖p0−p2‖
E1AQ,1(‖p1−p0‖−r0,1)

r0,1

p1−p0

‖p1−p0‖
E2AQ,2(‖p2−p0‖−r0,2)

r2

p2−p0

‖p2−p0‖


 .

Now we can rewrite the equations of motion in the form

q̈ = M−1
(
Q+

∼
Q

)
− a . (1.61)

Here we use for a ∈ R9 the definition a := M−1Ṁq̇ for the pseudo acceleration.
Since we have used the coordinates of the fixed earth system, we may interpret the first

three components of Q +
∼
Q as the effective total force in the earth system that is acting

on the juncture point. Similarly, the remaining components can be identified with a stack

of the total forces that are acting on the kites. As we have already computed the sum
∼
Q

of the gravitaional forces and the spring tensions of the cables, it remains to consider the
other forces Q in section 1.5.2.

Finally, we like to mention that the matrix M can explicitly be inverted to achieve an
efficient implementation. The result for the inverse is

M−1 =
1

M




m1m2I −1
6
m2

∼
m1I −1

6
m1

∼
m2I

−1
6
m2

∼
m1I

(
mcm2 − 1

36

∼
m

2

2

)
I 1

36

∼
m1

∼
m2I

−1
6
m1

∼
m2I

1
36

∼
m1

∼
m2I

(
mcm1 − 1

36

∼
m

2

1

)
I


 (1.62)

with M := mcm1m2 − 1
36

(
m1

∼
m

2

2 +m2
∼
m

2

1

)
> 0 (M ∈ R+). Additionally, we assume

that the mass
∼
m0 of the cable between the generator and the juncture point is the only

time dependent mass, as the relieved length of the cable pieces between the kites and the
juncture point are assumed to be constant in our model. Thus, we can also simplify the
expression for the pseudo acceleration

a = M−1Ṁq̇ =

∼̇
m0

18M




6m1m2 ṗ0

−m2
∼
m1 ṗ1

−m1
∼
m2 ṗ2


 (1.63)

that is needed in the equations of motion (1.61).



30 CHAPTER 1. KITE MODELING

1.5.2 Forces on the Kites and Cables

In this section we consider the forces that are acting on the kites and the juncture point but
the gravitational forces and the spring tensions in the cables that were already discussed
in the last section. First, we can transfer the result for the aerodynamic forces on a kite
from section 1.3. Therefore, we use an analogous notation as in section 1.3 with the only
difference that each variable that is associated with the kite at position p1 is labeled with
the index 1, while all variables of the other kite are labeled with the index 2. Furthermore,
we assume that we can control the lift coefficients CL,1 and CL,2 as well as the roll angles
Ψ1 and Ψ2 of both kites. Obviously, equation (1.46) yields the aerodynamic forces Faer,1

and Faer,2 on the kites by introducing the correct labels respectively.
In the next step we compute the internal friction forces of all cable pieces that connect

our Dancing Kites with the generator. Therefore, we use again the results from the previous
section 1.4.2 using the same notation for the physical constants of each cable but labeled
with 0, 1 or 2, such that all variables for the cable between the generator and the juncture
point have the label 0, the variables from the juncture point to the kite at position p1 the
label 1, and the variables of the remaining cable the label 2. Finally, we can compute the
length of all cables in dependence on the positions q assuming that all cables are straight
lines and use equation (1.51) to find

Fint,0 = −b0 ṗ0 · p0

‖p0‖
p0

‖p0‖ , Fint,1 = −b1 (ṗ1 − ṗ0) · (p1 − p0)

‖p1 − p0‖
p1 − p0

‖p1 − p0‖ ,

and Fint,2 = −b2 (ṗ2 − ṗ0) · (p2 − p0)

‖p2 − p0‖
p2 − p0

‖p2 − p0‖ (1.64)

with b0, b1 and b2 being the frictional coefficients of the cables. As it is discussed in
section 1.4.2 these coefficients are again depending on the cross sectional areas, the relieved
cable lengths, and the corresponding physical constants of the material.

Finally, it is important to consider the air friction of the cables. First, we can transfer
the equation (1.47) from section 1.4.1 to estimate the torque Mf,0 of the cable between the
generator and the juncture point:

Mf,0 ≈
∫ 1

0

(sp0)× ρcD,C,0Ac,0

2
‖wc,e,0‖wc,e,0 ds . (1.65)

The approximation (1.65) is of course again based on the assumption that the effective wind
vector wc,e,0 = w(sp0 · ez)− sṗ0 is approximately orthogonal to the cable. This assumption
might not be satisfied - especially, if the kites fly almost antisymmetric trajectories such
that the velocity of the juncture point is very small. However, in the case that ‖ṗ0‖ is small
the overall contribution of Mf,0 is also very small and we can still accept the approximation
(1.65) anyhow.8 Finally, the effective force Ff,0 on the juncture point that is corresponding

8Nevertheless, we should be aware that a computation of Mf,0 based on the cable models in [63] would
be more accurate.
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Figure 1.7: Power generation with: a) stacked kites and b) stacked Dancing Kites

to the torque Mf,0 is given by

Ff,0 ≈
∫ 1

0

s
ρcD,C,0Ac,0

2
‖wc,e,0‖wc,e,0 ds . (1.66)

Now we consider the cable between the juncture point and the kite at position p1. The
torque Mf,1 that is associated with the air friction of this cable can be approximated by

Mf,1 ≈
∫ 1

0

Cf,1(s) (sp0 + (1− s)p1)× ‖wc,e,1(s)‖wc,e,1(s)ds

=: p0 × Ff,0,1 + p1 × Ff,1,0 .

Here the effective wind wc,e,1 : [0, 1] → R at the cable is in dependence on the parameter s
defined by

wc,e,1(s) := w((sp0 + (1− s)p1) · ez)− sṗ0 − (1− s)ṗ1 for all s ∈ [0, 1] (1.67)

and also assumed to be almost orthogonal to p1 − p0 such that the lift of the cable can be
neglected (cf. section 1.4.1). Additionally, we use the definition

Cf,1(s) :=
cD,C,1dc,1‖p1 − p0‖

2
ρ0e

− (sp0−(1−s)p0)ez
h1 for all s ∈ [0, 1] , (1.68)

where we use the notation from section 1.2.1 for the barometric equation. The forces
Ff,0,1 ∈ R3 and Ff,1,0 ∈ R3 are already well defined by equation (1.67) as this equation
holds for all positions p0, p1 ∈ R3 such that the forces can uniquely be obtained by a
comparison of coefficients:

Ff,0,1 =

∫ 1

0

sCf,1(s) ‖wc,e,1(s)‖wc,e,1(s)ds (1.69)
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and Ff,1,0 =

∫ 1

0

(1− s)Cf,1(s)‖wc,e,1(s)‖wc,e,1(s)ds (1.70)

Finally, we can compute the corresponding forces Ff,0,2 and Ff,2,0 by replacing the labels in
the equations (1.69) and (1.70). In our implementation the integrals in (1.66), (1.69), and
(1.70) are numerically evaluated.

Now we can collect the forces on the juncture point and both kites:

Q =




Fint,0 − Fint,1 − Fint,2 + Ff,0,0 + Ff,0,1 + Ff,0,2

Faer,1 + Fint,1 + Ff,1,0

Faer,2 + Fint,2 + Ff,2,0


 . (1.71)

Finally, Q can be used in (1.61) to obtain the final result for the equations of motion.
Once again we like to mention that are many ways to generalize the above models for

other kite systems. As an example it could be more efficient to construct stacked kites
(cf. Figure 1.7) as a cheap way to increase the wing area. Or it could be interesting to
use a system with stacked Dancing kites such that the pairs can act with phase shifts
guaranteeing a constant amount of power at the generator.



Chapter 2

Optimal Control for Power
Generating Kites

In the last chapter we have seen how we can make explicit estimates of the maximum power
of a kite based on simplified models. However, if we want to discuss more advanced models
we will need numerical methods to compute the maximum power that can be generated
with kites. The aim of this chapter is to solve optimal control problems based on the
models in the sections 1.3 and 1.5. Indeed, there are a lot of open questions that, as far
as the author is aware, can not be answered with simple models or explicit estimations.
To name some important examples: given a kite with a certain size and a generator on
the ground, in which order of size is the optimal length of the cable? Should the kite fly
better at an altitude of 100 m or is it better to use the stronger winds at an altitude of
5 km? If we have a very thin cable with a small spring constant the elasticity will reduce
the convertible energy and for a very thick cable the aerodynamic drag and the weight of
the cable will be a problem. What is the optimal diameter? To which position should the
kite fly during the retraction or reel-in phase?

Of course, the answer to these and related question will depend on our model for the
kite. We are now at the point where we have quite advanced models but we have not
compared them with real-world experiments, yet. Nevertheless, it is also important to
consider optimal control problems already in the design phase to understand the main
physical effects. If we can not answer the above questions, we can not perform prototypes
and experiments systematically.

This chapter is organized as follows: in section 2.1 we formulate optimal control prob-
lems based on the models in section 1.3 and 1.5 with the aim to find the maximum power
that can be produced with a single kite or with the Dancing Kites system. In section 2.2
we discuss a method that helps us to find local optimal solutions of the optimal control
problem with the additional quality that the cable is not coiled up after one cycle. Finally,
in section 2.3 we present the results of the numerical optimization studies for both the
single kite and the Dancing Kites system.

33
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2.1 The Formulation of Optimal Control Problems

The first aim of this section is the formulation of an optimal control problem for the single
kite in section 2.1.1 and later we will formulate a similar problem for the Dancing Kites
in section 2.1.2. Here, we use the notation and the models from the sections 1.3 and
1.5 respectively. Furthermore, we use the equations (1.49) and (1.51) from section 1.4 to
include the aerodynamic and the internal friction of the cable into our single kite model.
The estimation of cable sagging will only be regarded in a constraint of the form α ≥ 0,
where the angle α between the cable at the generator and the ground is computed by the
quasi statical approximation (1.54) in section 1.4.3.

2.1.1 The Optimal Control Problem for a Single Kite

We are interested in the tractive power Pgen ∈ R at the generator given by the following
expression:

Pgen :=

(
EAQ

r0
(r − r0) + b(ṙ − ṙ0)

)
ṙ0. (2.1)

The average P ∈ R of this power over one cycle is the objective function that we would
like to maximize:

P :=
1

T

∫ T

0

Pgendt . (2.2)

Here, T ∈ R+ is the time the kite needs for one loop. Let us define the differential state
vector x ∈ R11 by

x :=
(
r0 , r , φ , θ , ṙ0 , ṙ , φ̇ , θ̇ , Ψ , CL , W

)T

, (2.3)

where W ∈ R is the energy at the generator. Our control vector u ∈ R3 is

u :=
(
r̈0 , Ψ̇ , ĊL

)T

. (2.4)

Here we control derivatives with respect to the time of the relieved cable length, the
roll angle and the lift coefficient, while ṙ0, Ψ and CL are differential states. This is a way
to keep these functions continuous and we can simply require additional constraints of the
form |r̈0| ≤ r̈0,max , |Ψ̇| ≤ Ψ̇max and |ĊL| ≤ ĊL,max to avoid too fast changes of ṙ0, Ψ and
CL that might be hard to realize (cf. also section 1.3.2).

Furthermore, the easiest way to express the objective function (2.2) is as a Mayer term,
since T is unknown. Thus, we use the additional state W given by Ẇ := Pgen to evaluate
the integral in equation (2.2).
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To achieve that the kite flies closed loops, we have to require periodic boundary condi-
tions for all differential states but W and some additional constraints:

χ(x(0), x(T )) :=




r0(T )− r0(0)
r(T )− r(0)
φ(T )− φ(0)
θ(T )− θ(0)
ṙ0(T )− ṙ0(0)
ṙ(T )− ṙ(0)

φ̇(T )− φ̇(0)

θ̇(T )− θ̇(0)
Ψ(T )−Ψ(0)
CL(T )− CL(0)

φ̇(0)
W (0)




= 0 . (2.5)

The additional condition φ̇(0) = 0 is introduced in order to remove the indefiniteness
due to the symmetry of periodic orbits with regard to phase shifts. It is necessary to
keep the problem well defined. And W (0) = 0 is a necessary initial condition such that

W (T ) =
∫ T

0
Pgen dt holds. Note that all other initial value are degrees of freedom for the

optimization.

Now, the differential equation for the state vector x can be summarized as ẋ =
f(x, u, dc). Therefore we have to rewrite the equations of motion (1.43) for the generalized
coordinates q := (r, φ, θ)T as an ordinary differential equation of order 1. Additionally,
we add the trivial differential equations for the energy W as well as for the derivative of
the cable length ṙ0, the roll angle Ψ and the lift coefficient CL that are depending on the
controls:

ẋ =
d

dt




r0
q
ṙ0
q̇
Ψ
CL

W




= f(x, u, dc) :=




ṙ0
q̇
u1

S−1 F
m
− a

u2

u3

Pgen




. (2.6)

We collect all fixed parameters in Table 2.1. The diameter dc of the cable and the cycle
duration T are unknown and we will optimize them, too.
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All the important inequality constraints are collected in a vector η ∈ R11 :

η(x, u) :=




ṙ0 − ṙ0,max

−ṙ0 + ṙ0,min

CL − CL,max

−CL + CL,min

r̈0 − r̈0,max

−r̈0 − r̈0,max

Ψ̇− Ψ̇max

−Ψ̇− Ψ̇max

ĊL − ĊL,max

−ĊL − ĊL,max

−α




4 0 . (2.7)

Now, we define P (x(T ), T ) := W (T )
T

to be our Mayer functional and summarize our
optimal control problem in the following common form:

maximize
x(·),u(·),dc,T

P (x(T ), T )

subject to:

∀t ∈ [0, T ] : ẋ(t) = f(x(t), u(t), dc)

∀t ∈ [0, T ] : 0 < η(x(t), u(t), dc)

0 = χ(x(0), x(T ))

(2.8)

This optimal control problem must be solved numerically. We will treat this point in
section 2.3.1.

2.1.2 The Optimal Control Problem for the Dancing Kites

The aim of the following section is to formulate an optimal control problem for the Dancing
Kite system, again with the aim to produce as much power as possible. Here we will focus
on the main differences of the optimal control problem for the two kite system in comparison
to the problem for a single kite.

First, we introduce a differential state vector x ∈ R25 containing the stacked positions

q =
(
pT

0 , p
T
1 , p

T
2

)T
and velocities q̇ of the kites and the juncture point as well as some

additional states to integrate the controls or the power at the generator:

x :=
(
r0,0 , q

T , ṙ0,0 , q̇
T , Ψ1 , Ψ2 , CL,1 , CL,2 , W

)T
. (2.9)

The control vector u :=
(
r̈0,0 , Ψ̇1 , Ψ̇2 , ĊL,1 , ĊL,2

)T

is the same as for the single kite

with the only difference that we control the time derivatives of the roll angles and lift
coefficients not only for one but for both kites.
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Analogous to the single kite the objective function is the average power

P (x(T ), T ) :=
W (T )

T
=

1

T

∫ T

0

Pgendt

at the generator formulated as a Mayer term. As we are using cartesian coordinates the
expression for the power Pgen is a little more complicated than for the single kite:

Pgen =

(
E0AQ,0 (‖p0‖ − r0,0)

r0,0

+ b0
ṗ0 · p0

‖p0‖
)
ṙ0,0 . (2.10)

Again, we require periodic boundary conditions for all differential states but W and
add an additional initial value condition to remove the indefiniteness with regard to time
phase shifts:

χ(x(0), x(T )) :=




r0,0(0)− r0,0(T )
q(0)− q(T )

ṙ0,0(0)− ṙ0,0(T )
q̇(0)− q̇(T )

Ψ1(0)−Ψ1(T )
Ψ2(0)−Ψ2(T )
CL,1(0)− CL,1(T )
CL,2(0)− CL,2(T )

p3(0)
W (0)




= 0 . (2.11)

Furthermore, we have to formulate some inequality constraints for the Dancing Kites
system that can not be transferred from the problem for the single kite. The most impor-
tant constraint is to keep a certain security distance between the kites. Therefore, we need
the following two inequalities:

dmin,1 ≥
∥∥∥∥(p1 − p0)− (p1 − p0) · (p2 − p0)

‖p2 − p0‖2
(p2 − p0)

∥∥∥∥

and dmin,2 ≥
∥∥∥∥(p2 − p0)− (p2 − p0) · (p1 − p0)

‖p1 − p0‖2
(p1 − p0)

∥∥∥∥ (2.12)

with d1
min being the minimum distance of kite 1 to the cable from the juncture point to the

other kite and d2
min being the minimum distance of kite 2 to the cable from the juncture

point to kite 1. Note that it is neither enough to require just one of these inequalities nor
to only require that the Euclidean distance ‖p1 − p2‖ between the kites is bounded below
as we like to optimize both relieved cable lengths r0,1 and r0,2 independently.

Additionally, we require lower bounds ‖we,1‖ ≥ vmin,1 and ‖we,2‖ ≥ vmin,2 for the
effective wind velocities at the kites 1 and 2 respectively. The reason why we introduce
these bounds is the following: for the single kite the lift coefficient is bounded by a minimum
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value CL,min ≤ CL. Thus, the single kite can never stop and turn its direction. Of course,
we can require analogous inequalities CL,min,1 ≤ CL,1 and CL,min,1 ≤ CL,1 for the Dancing
Kites, too. With these constraints the kites can never stop at the same time but, as both
kites are coupled by the cables, the first kite can help the second one to turn its flying
direction during the reel-in phase and vice versa. Indeed, we observed this behavior in
our optimization studies as our kite model is symmetric with respect to the kites flying
directions. However, in reality kites can usually not turn their flying direction so easily
and this is the reason why we introduce lower bounds for the effective wind speeds. These
bounds can later be adjusted in such a way that they have only a very small influence on
the solution of the optimal control problem.

Together with some constraints for the controls u and the free parameters
∼
p the impor-

tant inequalities can be summarized in the form (η ∈ R27):

η(x, u,
∼
p) :=




ṙ0,0 − ṙ0,0,max

−ṙ0,0 + ṙ0,0,min

CL,1 − CL,max,1

−CL,1 + CL,min,1

CL,2 − CL,max,2

−CL,2 + CL,min,2

r̈0 − r̈0,max

−r̈0 − r̈0,max

Ψ̇1 − Ψ̇max,1

−Ψ̇1 − Ψ̇max,1

Ψ̇2 − Ψ̇max,2

−Ψ̇2 − Ψ̇max,2

ĊL,1 − ĊL,max,1

−ĊL,1 − ĊL,max,1

ĊL,2 − ĊL,max,2

−ĊL,2 − ĊL,max,2

dc,0 − dc,max,0

−dc,0 + dc,min,0

dc,1 − dc,max,1

−dc,1 + dc,min,1

dc,2 − dc,max,2

−dc,2 + dc,min,2

−
∥∥∥(p1 − p0)− (p1−p0)·(p2−p0)

‖p2−p0‖2 (p2 − p0)
∥∥∥ + dmin,1

−
∥∥∥(p2 − p0)− (p2−p0)·(p1−p0)

‖p1−p0‖2 (p1 − p0)
∥∥∥ + dmin,2

−‖we,1‖+ vmin,1

−‖we,2‖+ vmin,2

−α




4 0 . (2.13)

Here, α is again the angle between the ground and the cable near the generator that is
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computed by the quasi statical approximation in section 1.4.3.
Finally, the differential equation for the kite system can be summarized in the standard

form ẋ = f(x, u,
∼
p), where the right-hand-side function f is depending on the differential

state x, the control vector u, and five free parameters
∼
p ∈ R5 with

∼
p := (r0,1, r0,2, dc,0, dc,1, dc,2)

T (2.14)

containing the relieved cable length between the juncture point and the kites as well as
the diameters of all cables that are optimized, too. All the other parameters are fixed and
listed in Table 2.2. Here f is given by:

ẋ =
d

dt




r0,0

q
ṙ0,0

q̇
Ψ1

Ψ2

CL,1

CL,2

W




= f(x, u,
∼
p) :=




ṙ0,0

q̇
u1

M−1
(
Q+

∼
Q

)
− a

u2

u3

u4

u5

Pgen




. (2.15)

Analogous to the single kite we summarize the optimal control problem in the standard
form:

maximize
x(·),u(·),∼p,T

P (x(T ), T )

subject to:

∀t ∈ [0, T ] : ẋ(t) = f(x(t), u(t),
∼
p)

∀t ∈ [0, T ] : 0 < η(x(t), u(t),
∼
p)

0 = χ(x(0), x(T ))

(2.16)

The local numerical solutions of this optimal control problem will be discussed in sec-
tion 2.3.

2.1.3 The Choice of Parameters

In this chapter we choose parameters for the kites and their cables. Of course, we try on the
one hand to use realistic values and on the other hand conservative values as we do not have
measurements from real-world experiments. From a physical point of view a discussion of
the optimal solution in dependence on the parameters could also be interesting, but in
this thesis we constraint ourselves to the choice of a fixed set of parameters developing the
foundation for further studies.
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The area of the kite is here fixed at A = 500m. Thus, we simulate a kite that is quite
large in comparison to the existing sport kites, but the area is comparable to the wing
area of a commercial aircraft or an large windmill [26, 44]. Too large kites might have the
disadvantage that it is hard to control them through narrow loops or they start to deform
during the flight. As such effects are at the moment not taken into account we would need
more accurate models to optimize A, too. However, it is also possible to increase the wing
area with stacked kites (cf. Figure 1.7).

We choose a wind speed of 10 m
s

at an altidute of h0 = 100 m. This seems to be the
standard in literature if want to compare with the power of windmills [26].

As we discussed in the section 1.1.2 the glide ratio of the kite is an important design
parameter. Here we choose a maximal lift coefficient of CL,max = 1.5 and a minimum
lift coefficient of CL,min = 0.3 while the parasite drag cD,0 = 0.04 and the induced drag
coefficient ε = 0.04 are quite low. Thus, the kite has on the one hand a larger glide ratio
than usual sport kites but a smaller glide ratio than most aircrafts.

These and all other parameters for the single kite are collected in Table 2.1. (The
parameters for the cable are standard values for Kevlar.)

For the Dancing Kites system we use mainly the same parameters for the kites and
cables as for the single kite. Additionally, the distances of each kite to the cable of the
other one is required to be larger than dmin,1 = dmin,2 = 150m. As mentioned in the
previous section the lower bounds vmin,1 = vmin,2 = 55m

s
for the effective wind speeds at

the kites has only a very small effect on the result for the power at the generator. All
parameters for the Dancing Kite system are collected in Table 2.2:
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Table 2.1: The parameters for the single kite system

Name Symbol Value
mass of the kite mk 850 kg
area A 500 m2

volume Ω 720 m3

pure drag coefficient cD,0 0.04
induced drag constant ε 0.04

CL,max 1.5
CL,min 0.3

gravitational const. g 9.81 m
s2

air density ρ 1.23 kg
m3

cable density ρc 1450 kg
m3

cable friction cD,C 1.0

internal friction b0 108 kg
s m2

elastic modulus E 1.5 ∗ 1011Pa
reference wind w0 10 m

s

reference altitude h0 100 m
roughness length hr 0.1 m
barometric constant h1 8330m
control bounds r̈0,max 50m

s2

Ψ̇max 0.065 rad
s

ĊL,max 3.51
s

other bounds ṙ0,1
0,max 15m

s

ṙ0,1
0,min −40m

s
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Table 2.2: The parameters for the Dancing Kites

Name Symbol Value
mass of kites mk,1 = mk,2 850 kg
areas A1 = A2 500 m2

volumes Ω1 = Ω2 720 m3

pure drag coeff. cD,0,1 = cD,0,2 0.04
induced drags ε1 = ε2 0.04
gravitational const. g 9.81 m

s2

air density ρ 1.23 kg
m3

cable densities ρc,0 = ρc,1 = ρc,2 1450 kg
m3

cable frictions cD,C,0 = cD,C,1 = cD,C,2 1.0

internal frictions b0,0 = b0,1 = b0,2 5.1 ∗ 107 kg
s m2

elastic modulus E0,0 = E1,1 = E1,2 1.5 ∗ 1011Pa
reference wind w0 10 m

s

reference altitude h0 100 m
roughness length hr 0.1 m
barometric constant h1 8330m
control bounds r̈0,max 50m

s2

Ψ̇max,1 = Ψ̇max,2 0.065 rad
s

ĊL,max,1 = ĊL,max,2 3.51
s

other bounds ṙ0,0,max 15m
s

ṙ0,0,min −40m
s

CL,max,1 = CL,max,2 1.5
CL,min,1 = CL,min,2 0.3

dc,min,0 = dc,min,1 = dc,min,2 0.04m
dc,max,0 = dc,max,1 = dc,max,2 0.08m

dmin,1 = dmin,2 150m
vmin,1 = vmin,2 55m

s
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2.2 A Homotopy Strategy based on Winding Num-

bers

To study numerical solutions of our control problems, we use the package MUSCOD-II
[42] that is based on Bock’s direct multiple shooting method [14]. It allows us to find local
solutions of the above optimal control problems (2.8) and (2.16) for the single kite and the
Dancing Kites system respectively. For more information about this package we refer to
[42] and [43].

Unfortunately, for our optimal control problems many locally optimal solutions exist.
For the single kite we found for example that there is at least one locally optimal simple
loop which is shown in Figure 2.1. But there is also at least one locally optimal eight
shown in Figure 2.2 and discussed in the following section 2.3. However, optimal control
algorithms that converge to the global optimum are beyond the scope of this thesis, but
we will show in section 2.3.1 that the solutions that we are presenting in this thesis can at
least not be far from the global optimum.

In the following section 2.2.1 we like to introduce the winding number of a kite that
helps us to search only for such locally optimal solutions that have the additional quality
that the cable is not coiled up. This is helpful if we have several steering cables between
the kite and the ground but also an advantage if there is only one cable as we would need
bearings otherwise. In section 2.2.2 we will show how we can use the winding number in
practice.

2.2.1 The Definition of the Winding Number

In our model the roll angle is directly controlled. The pitch angle is not directly entering
our model but we can control the kite’s lift coefficient instead. The only angle that is only
very implicitly available in our model is the yaw angle. As an alternative we prefer to
introduce a new differential state n ∈ R, which we call the winding number of the kite.
For the single kite this winding number is defined by

n(t) :=

∫ t

0

φ̇θ̈ − θ̇φ̈

2πv2
dt′ (2.17)

with v :=

√
φ̇2 + θ̇2 . Here we use the notation from section 1.3. Additionally, we may

assume that the requirement v > 0 is always satisfied as the kite will on its power optimal
loop usually not stay at a static position. Thus, n is well defined by equation (2.17).

We are especially interested in n(T ). But to understand this in detail we have to
consider a little theorem:

Theorem 2.2.1 Suppose that the boundary conditions

v(0)− v(T ) = 0 and n(T )−N = 0 .
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are true for our differential states on the interval [0, T ] and some real valued constant N .
Then the functions φ̇(t) and θ̇(t) are both periodic with period T if and only if N is an
integer.

Proof: Let us the define a curve α on the complex plane:

α : [0, T ] → C , α(t) := φ̇(t) + iθ̇(t) .

Since we require v > 0, α never passes the point 0 ∈ C and we find

1

2πi

∫

α

1

ζ
dζ =

1

2πi

∫ T

0

α̇

α
dt

=

∫ T

0

(
φ̇θ̈ − θ̇φ̈

2πv2
+
φ̈φ̇+ θ̈θ̇

2πiv2

)
dt

= n(T ) +
1

2πi
ln

(
v(T )

v(0)

)
= N . (2.18)

Thus, if α is a closed curve, N is the winding number of α and consequently an integer.
Let us define a function β(t) : [0, T ] → R such that α(t) = v(t)eiβ(t) is true for all t ∈ [0, T ].
If α is not closed, β is not periodic modulo 2π. Thus, we have

N =
1

2πi

∫

α

1

ζ
dζ =

β(T )− β(0)

2π
∈ R�Z , (2.19)

and N is never an integer. ¤

2.2.2 Application of the Winding Number Method

In this section we want to show that this winding number N will help us to find numerical
solutions of our optimal control problem for changing topologies: first, we remove the
periodic boundary conditions for φ̇ and θ̇ in the optimal control problem (2.8) and replace
them by a periodic boundary condition for v, and a condition on n:

v(0)− v(T ) = 0 and n(T )−N = 0 with N ∈ Z .
Obviously, we have not changed anything on the solution so far, as we know from Theorem
2.2.1 that the new constraints are equivalent to the periodic boundary conditions for φ̇ and
θ̇. But the advantage of this reformulation is that we can require e.g. N = 0, if we like to
avoid that the cable is coiled up.

It is easier to find initializations for a simple loop e.g. a simple circle. If we initialize
with such a simple circle, which is corresponding to N = 1, and fix N = 0, the SQP-
iterations are not convergent. Thus, it is a better idea to change N only slightly, do some
SQP-iterations, change N again etc. This kind of homotopy method was quite successful
to find a local solution with N = 0 as it is illustrated in Figure 2.1.



2.2. A HOMOTOPY STRATEGY BASED ON WINDING NUMBERS 45

The step size was ∆N = 0.2 and we made 30
SQP-iterations for each step. The red points
represent the start and end position

(φ(0), θ(0))T = (φ(T ), θ(T ))T

of the kite on the φ, θ-plane. As we have
proved in Theorem 2.2.1 the velocity of the
kite is not periodic if N is not an integer.
The angle β(T )− β(0) between the tangen-
tial vectors at t = 0 and t = T of each trajec-
tory on the φ, θ-plane in Figure 2.1 is given
by equation 2.19:

β(T )− β(0) = 2πN .

(Thus, this angle takes the values 0◦ for the
simple loop, 72◦ for N = 0.8, ... and 360◦ for
the eight.) The ”standing eight” for N = 0
that was found by this method is a very good
initialization that is close to an optimum,
and - after some more iterations - it leads to
a local solution for N = 0 that is presented
in Figure 2.2.
Finally, we like to remark that we can trans-
fer the methods in this section for the Danc-
ing Kites by introducing winding numbers
for each cable. Indeed, for this system with
two kites it is even more important that nei-
ther the cable between the generator and the
juncture point nor the other cables from the
juncture point to the kites are coiled up.

Figure 2.1: The winding number method.
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2.3 Numerical Optimization Studies

As we have mentioned in the previous section we use the package MUSCOD-II [42, 43] for
our optimization studies that is based on Bock’s direct multiple shooting method [14]. In
this section we present numerical results for the optimal control problems (2.8) and (2.16)
from section 2.1.

2.3.1 The Results for a Single Kite

In this section, we concentrate on a local optimal loop for the single kite that has the form
of an ”eight” as it is shown in Figure 2.2. This loop has the advantage that the cable is
not coiled up after one period, if we don’t use a bearing in the cable as it is discussed in
section 2.2. The altitude of the loop is between and 275 m and 540 m and its width is 397 m.
Thus, the wind shear model yields that the wind speed is between 11.5 m

s
and 12.4 m

s
at

the kite’s flying altitude (cf. section 1.2.1). The optimal cycle duration is T = 19.9 s.
One of the most important results is the value of the objective function. For the loop

in Figure 2.2 the average power P at the generator is

P = 4.90 MW . (2.20)

We like to mention that it is quite expensive to build a windmill with a power of almost
5 MW and its wing area will typically be larger than 500 m2.

Furthermore, the average velocity of the kite during the pulling phase is 69 m
s
, which is

approximately 5.8 times faster than the average wind speed at the flying altitude. Noting
that the kite is quite fast and the optimal eight is narrow in proportion to the dimension
of our kite, we should mention that this might only be possible if we increase the kite’s
directional stability by compensating yaw wise torques, for example with effective rudders
at the back of the kite. Additionally, the kite should be rigid enough such that it does not
start to vibrate or deform while flying with such high velocities.

Figure 2.2b shows that the optimal length of the cable is between 1237 m and 1297 m
and its optimal diameter is dc = 6.7 cm. As we have mentioned in section 2.1.3 our values
for the density and the elastic modulus are based on the assumption that we use Kevlar
for the cable. If we assume that the cable has a tensile strength of τ ≈ 3 GPa the critical
diameter would be

dc,critical :=

√
4Fmax

c

πτ
≈ 3.1 cm , (2.21)

as the tension in the cable is always less than Fmax
c ≈ 2.2 MN in our example. Thus, for

our optimal diameter dc = 6.7 cm we are far from the critical value. However, the weight of
the cable is between 6323 kg and 6630kg and the effective parasite drag (cf. section 1.4.1)

dcr

4A
cD,C ≈ 0.042 (2.22)
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Figure 2.2: The local solution (”lying eight”) on the φ-θ plane together with the cable
length r. The retraction phase is red colored and dotted.

is larger than the parasite drag cD,0 = 0.04 of the kite1. Mass and drag of the cable increase
with the diameter dc while the oscillations in the cable decrease with dc. The minimum
value of r−r0 is attained during the retraction phase and its maximum at the beginning of
the pulling phase. In our example the elastic prolongation varied between 0.6 m and 5 m.
These oscillations reduce the convertible energy in the transitions between retraction and
pulling phases noticeably.

For the loop in Figure 2.2 the inequality constraint α ≥ 0 for the angle between the
ground and the cable close to the generator was never active. During the pulling phase
the ratio mcg

‖Fc‖ ≈ 0.03 is quite small and the assumption that the cable is a straight line is
virtually satisfied. Thus, the only critical moment is the retraction phase. For the loop in
Figure 2.2 we found

min
t∈[0,T ]

α(t) ≈ 4◦ > 0◦ . (2.23)

At least this quasi statical approximation indicates that the cable is never touching the
ground.

Now, we consider the result for the energy at the generator a little more in detail. In
Figure 2.3a the function W (t) is plotted. We have to invest the energy ∆W = 18.4 MJ
during the retraction phase to achieve that r is periodic. Thus, in this phase the generator
has to act as a motor, if we have only one kite at this generator.

Let us consider the velocity ṙ0 with respect to the wind speed, which is shown in
Figure 2.3b. In the black colored part of the pulling phase in Figure 2.3b the average
of ṙ0

w
is 0.248, which is close to the rough theoretical approximation ν∗p ≈ 0.240 given by

equation (1.11) in section 1.1.3. But, during a short period before the retraction phase, ṙ0
has a peak. It is interesting that we even have ṙ0 > w for this period, which is indicated

1On the other hand, our value for cD,C was 1.0, but it might be possible to design cables with much
lower drag.
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Figure 2.3: a) The energy W (t) at the generator and b) the velocity ṙ0 with respect to the
wind speed.

Figure 2.4: a) The switch of the lift coefficient and b) the coated area on the φ-θ plane.

as the green part of the plot. Of course, the kite is slowed down during this short period
but still generates energy before it is pulled back. Note that the tension in the cable was
always positive, such that it is always pulling and not pushing, although we have ṙ0 > w
in the green colored part.

In Figure 2.4a the lift coefficient CL is plotted. During the pulling phase the upper
bound CL ≤ CL,max = 1.5 is active until it switches to the lower bound CL,min = 0.3 during
the retraction phase. To understand from the physical point of view why it is optimal to
switch CL to the lower bound during the retraction phase, we have to keep in mind that
the kite’s velocity is mainly depending on the effective glide ratio2 (cf. section 1.1.2 as well
as [27, 44])

G :=
CL

cD,0 + εC2
L + dcr

4A
cD,C

, (2.24)

2Sometimes the effective glide ratio is also referred as the ”efficiency factor”.
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that is monotonically increasing with CL on the interval [CL,min, CL,max]. Of course, there
are also other methods to reduce G and consequently to slow down the kite as it is discussed
in section 1.1.3.

Another question is if it is possible to produce energy by only controlling r̈0 and Ψ̇
such that a control of the lift or drag can be avoided. This might be easier to realize in a
real-world-implementation. One answer, how to do this with a single kite can be found in
[30], but in this thesis we will only discuss this question for a two kite system in the next
section 2.3.2.

As we have discussed in section 1.2.3 the Betz factor [7, 8] is important for the efficiency
of windmills. For our case the area that is covered by the kite is shown in Figure 2.4b. Here
we assume that the wing span of the kite is approximately 50 m. The ratio of the average
tractive power P plus the losses Pdiss dissipated by cable friction etc. to the whole power

of the wind that is blowing through this area is in our case P+Pdiss

P0
≈ 0.08 ¿ 16

27
. Thus, the

global airflow should have a minor effect on our result for the single kite. However, if we
consider system with more than one kite it will become important to consider the global
airflow around the system.

As it was mentioned before, we cannot find the global optimum of the optimal con-
trol problem (2.8) with our methods. Nevertheless, the 2-dimensional approximations in
Lemma 1.1.1 yield a theoretical upper bound of 5.17 MW for the maximal power, if we
use w ≈ 11.9m

s
for the average wind speed at the flying altitude of the kite. As our results

are quite close to this approximation, they cannot be far from the global maximum of the
average tractive power.

2.3.2 The Results for the Dancing Kites

Similar to the single kite we can try to find optimal loops for the optimal control problem
(2.16) for the Dancing Kites system. Again, we are interested in solutions that neither coil
the main cable from the generator to the juncture point nor the two smaller cables from the
juncture point to the kites3. Furthermore, we introduced an additional constraint T ≤ Tmax

and observed that this bound was always active at the optimal solution for Tmax ≤ 40 s.
Nevertheless, we did not remove this bound, since the precision of our numerical solutions
would decrease for too long periods. Of course, there are methods to avoid these difficulties
e.g. by dividing the trajectory into several parts or using indirect methods, but another
observation was that the upper bound for a period time greater than 40 s does not influence
the objective much. Therefore, we decided to discuss the optimal loop for Tmax = 40 s. A
local result for the projection of the kite trajectories on the y, z-plane is shown in Figure 2.5.
The trajectory of one kite is black and the trajectory of the other one colored blue and
dashed, but during the retraction phase both trajectories are colored red and dotted.

The result for the average power of the loop in Figure 2.5 is

P = 14.86 MW .

3Therefore, we can use additional constraints that require the winding numbers of the cables to be 0
as it is discussed in section 2.2.
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Figure 2.5: a)-c) Local optimal kite trajectories on the y − z-plane. d) The length of the
cable between the generator and the juncture point. e) The position of the juncture point
on the x− z plane. f) The angle δ between the cables from the juncture point to the kites.
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Thus, each kite is producing approximately 7.43 MW, while the single kite with the same
effective area in section 2.3.1 produces only less than 5 MW. Both kites fly at altitudes
between 300 m and 700 m, where the average wind speed at the kites is 12.3m

s
.

During the pulling phase both kites are flying on almost antisymmetric trajectories such
that the velocity of the juncture point is always very low. This is one of the main reasons
why the two kite system is more efficient than a single kite, since the loss of energy due to
the aerodynamic friction of the main cable between the generator and the juncture point is
quite low. Only the shorter cable pieces between the kites and the juncture point slow down
the kites. This can also be seen more directly in Figure 2.5e, where the trajectory of the
juncture point on the x−z-plane is shown. Neglecting the oscillations of the juncture point,
it has an almost constant altitude during the pulling phase, but it is falling down during
the retraction phase of the kites due to the lower tension in the cables. Nevertheless, the
cable is not touching the ground, since the angle α between the cable close to the generator
and the ground takes the minimum value

min
t∈[0,T ]

α ≈ 1.2◦ > 0◦ . (2.25)

in a quasi static approximation (cf. section 1.4.3, equation (1.54)).
Figure 2.5d shows the length r of the main cable between the generator and the juncture

point. It is slightly longer than the cable of the single kite in section 2.3.1, but in the same
order. Its diameter is dc = 8cm - thus the upper bound for dc is active. We did not remove
this bound since we did not include the sagging of the cable directly in the dynamical
equations. For the diameters of the other cables dc,1 = dc,2 = 4.0 cm, the lower bound was
active. Again, these bounds should not be removed, since the cable would break otherwise.
The lengths of the cables between the juncture point and kite 1 or 2 are r0,1 = 378.8 m and
r0,2 = 378.9 m respectively. It is interesting to note that they have almost equal lengths. A
visualization of the kites and their trajectories on the y − z-plane is shown in Figure 2.6.

Finally, we like to discuss the angle δ between the cables that are connecting the kites
with the juncture point. As it can be seen in Figure 2.5f this angle is very large during
the retraction phase. The physical interpretation of this effect is that the kites nearly
compensate their forces if this angle δ is close to 180◦. In fact, this is the prime reason why
the two kite system is more efficient than the single kite. Since the ratio of the produced
energy to invested energy is 8.6 for the two-kite system, while it is only 5.3 for the single
kite.

This observation also shows that the switch of the lift coefficient for both kites is
not as important as for the single kite. If we do not control CL, such that we have
CL,1 = CL,2 = 1.5 for all t ∈ [0, T ], the result for the maximal average tractive power at
the generator is still

P ≈ 13.42MW , (2.26)

which is only slightly below the attainable power with lift control.
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Figure 2.6: A visualization of the kites and their trajectories for t ∈ [0s, 10s]



Chapter 3

Robustness and Stability
Optimization

In this chapter we present techniques to optimize the robustness and stability of open-
loop controlled periodic systems that are based on periodic Lyapunov differential equations
(PLDE’s). In the previous section we have discussed how to formulate and to solve optimal
control problems for nonlinear systems, in our case a power generating kite, but we have
neither considered stability aspects nor robustness with respect to uncertain parameters
or time-dependent disturbances. However, almost all dynamical systems in the real world
are subject to such uncertainties or disturbances. If we think of kites we have usually wind
turbulences or aerodynamic coefficients that can not be determined accurately etc..

Since decades robust optimal control problems have received a quite large attention.
Especially robust optimal control for linear systems is a well-developed field (cf. e.g.
[5, 6, 66]). But also for nonlinear systems we can find some approaches in literature. For
example in [49] or in [21] we can find techniques to optimize the robustness of nonlinear
systems in a linear approximation.

If we think about the robustness of open-loop controlled periodic systems, it is usually
a necessary requirement that these systems are stable. Stability optimization techniques
are either based on the optimization of the asymptotical decay rate of the system (cf.
[47]) or on the optimization of the so called pseudo-spectral abscissa that is also a kind of
asymptotical decay rate that is robustified with respect to complex model uncertainties as
it is discussed in [16, 60].

In this thesis we are interested in an optimization of both the stability and the robust-
ness of open-loop controlled periodic systems. Therefore we start in section 3.1 with an
introduction to periodic Lyapunov differential equations (PLDE) and the corresponding
stochastic interpretations for linear systems that are excited by a white noise disturbance.
Furthermore, we extend these considerations for linear systems with linear constraints. In
section 3.2 we consider the case that the disturbance has a bounded autocorrelation func-
tion. Finally, we show in section 3.3 how the considerations from the previous sections can
be transferred for nonlinear systems and how we can formulate optimal control problems
that include stability and robustness aspects.

53
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3.1 Periodic Lyapunov Differential Equations (PLDE’s)

The Lyapunov differential equation arises in a large variety of problems in linear system
theory. In this thesis we are on the one hand interested in the computation of variance-
covariance matrix functions for the output of uncertain linear periodic systems and on the
other hand in the stability analysis of linear and nonlinear periodic systems. For both tasks
the Lyapunov differential equation is a well-known tool [10, 32, 35]. Without considering
the initial value yet the periodic Lyapunov differential equation has the general form

Ṗ (t) = A(t)P (t) + P (t)A(t)T +B(t)B(t)T (3.1)

with t ∈ R, and A : R → Rnx×nx , B : R → Rnx×nw being periodic matrix functions
with period T ∈ R++. Note that we do not explicitly consider the discrete-time periodic
Lyapunov differential equation in this thesis but almost all theorems and relations that
will be considered in the following can be transferred to the discrete-time case, too.

If we search in the literature we can find a large amount of research, starting with the
fundamental work of Lyapunov [45]. Later Kalman established the link between the exis-
tence of T -periodic and positive definite solutions of the periodic Lyapunov equation and
the asymptotic behaviour of the underlying linear system [32, 35] known as the ”Lyapunov
lemma”. For a complete overview of necessary and sufficient conditions for the existence
and uniqueness of periodic solutions we refer to [15]. Often a generalization of the peri-
odic Lyapunov differential equation, namely the periodic Ricatti differential equation [1],
is considered that is important in optimal filtering [11].1

The organization of this section is as follows: we start with the introduction of some well
known theorems. Here the aim is to make the main properties and theorems available for
the formulation of robust and stable optimal control problems. In section 3.1.1 we collect
important definitions and explain the link between the Lyapunov differential equation
with a periodic boundary condition and an algebraic Lyapunov equation that leads to
the ”Lyapunov Lemma” [15]. Furthermore we provide some remarks on the Lyapunov
Lemma that will later be important for the application of periodic Lyapunov equations to
robust stability optimization of nonlinear systems. In section 3.1.2 we review the stochastic
intepretation [9] of the T -periodic solution of the periodic Lyapunov differential equation as
the state variance-covariance matrix function of asymptotically stable periodic differential
equations that are exited by a white noise disturbance [32, 35]. Note that the considerations
in this chapter will be generalized in section 3.2 for disturbances with other autocorrelation
functions. In section 3.1.3 we introduce the H2-norm for periodic systems based on the
definitions and theorems in [19, 31]. Furthermore we briefly discuss the dual Lyapunov
equation. In section 3.1.4 we introduce constrained periodic Lyapunov equations for linear
systems with linear constraints providing a stochastic interpretation that is one of the key
results of this chapter. This constrained PLDE will in all following sections be used as
an important tool. In section 3.1.5 we give an alternative interpretation of constrained
PLDE’s for L2-bounded disturbances. Both interpretations will lead us in section 3.1.6 to

1Especially, the famous continous Kalman filter is based on the study of Ricatti differential equations.
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a definition of confidence ellipsoids that are associated with the states of a linear system.
Similar to the field of optimum experimental design [3, 36] we start defining quality factors
for these ellipsoids that can later be used as robust performance measures that are suitable
objectives for our robust stability optimization techniques. Indeed the generalized A-
criterion for the ellipsoids will be identified with the H2-norm of the underlying linear
system while the H∞-norm turns out to be a generalized E-criterion for periodic systems.
Of course, both the H2-norm as well as the H∞-norm are already quite well-known robust
performance measures in the field of the linear robust control theory but our consideration
will also lead us to a third norm that is associated with the M -criterion. This third norm
turns out be an induced operator norm acting on the Hankel operator of the underlying
linear system that will be denoted as the L∞/L2-norm. As far as the author is aware
this norm has neither in the field of linear nor in field of nonlinear (and non-convex)
optimization been used as a robust performance measure. However, in contrast to the
H∞-norm, the L∞/L2-norm is computationally highly attractive and it has especially in
the presence of inequality constraints interesting interpretations with respect to robustness
as it is discussed in section 3.1.7.

3.1.1 Definitions and General Properties

Let us consider a linear system with a differential state vector x : R→ Rnx that is excited
by a disturbance function w : R→ Rnw :

ẋ(t) = A(t)x(t) +B(t)w(t) for all t ∈ R . (3.2)

We assume the coefficients A ∈ Rnx×nx and B ∈ Rnx×nw to be integrable periodic matrix
functions with a constant period T on the whole time interval. Additionally, we introduce
the fundamental solution G : R × R → Rnx×nx of (3.2), i.e. the unique solution of the
initial value problem:

∂G(t, τ)

∂t
= A(t)G(t, τ) with G(τ, τ) = 1 for all t, τ ∈ R . (3.3)

In the following we are interested in the asymptotic stability of the linear system (3.2).
Here, the system is called asymptotically stable if and only if the eigenvalues of the mon-
odromy matrix X ∈ Rnx×nx with X := G(T, 0) are all contained in the open unit disc
{λ ∈ C | |λ| < 1} [47]. The following Lemma provides a discussion of the state x of the
linear system (3.2) in dependence on the disturbance w using the assumption that X is
asymptotically stable:

Lemma 3.1.1 Let us consider the periodic system (3.2) in combination with an initial
limit value condition:

ẋ(t) = A(t)x(t) +B(t)w(t) for all t ∈ R
lim

t0→−∞
x(t0) = 0 . (3.4)
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If X is asymptotically stable the solution x of the system (3.4) can at each time t ∈ R
uniquely be obtained by applying a linear (time domain) Hankel operator Γ̂t to the distur-
bance function w:

x(t) = Γ̂tw :=

∫ ∞

−∞
Γt(τ)w(τ)dτ (3.5)

with the function Γt : R→ Rnx×nw being defined by2

Γt(τ) :=

{
G(t, τ)B(τ) if τ ≤ t
0 otherwise

(3.6)

for all t, τ ∈ R.

Proof: This Lemma is a well-known basic result and we refer to [66] for a discussion
of the details of the proof as well as an introduction to Hankel operators. ¤

Obviously, the differential equation (3.3) for the fundamental solution G is completely
independent of the matrix function B. Thus, the computation of the monodromy matrix
X is in general not enough to study any robustness aspects in dependence on the distur-
bance function w. This is one of our main motivations to introduce the following matrix
differential equation:

Definition 3.1.1 (Periodic Lyapunov Differential Equations) For every periodic lin-
ear system of the form (3.2) we define an associated periodic Lyapunov differential equation
(PLDE) for the matrix function P : R→ Rnx×nx by

Ṗ (t) = A(t)P (t) + P (t)A(t)T +B(t)B(t)T (3.7)

for all t ∈ R. The differential equation (3.2) is called the underlying linear system of the
PLDE (3.7).

We are especially interested in T -periodic solutions P of the PLDE (3.7), i.e. such
functions P that satisfy the additional condition P (0) = P (T ). Therefore, we consider the
following proposition:

Proposition 3.1.1 The PLDE (3.7) admits a unique T -periodic solution P if and only
if the monodromy matrix X := G(T, 0) of the linear system (3.2) does not have reciprocal
eigenvalues. Here we call two eigenvalues λi, λj ∈ C of the monodromy matrix X reciprocal
if they satisfy the condition3 λiλj = 1 (i, j ∈ {1, ..., nx}).

2Depending on the context the function Γt is called the Green’s function, the impulse response or
system function of (3.2). Note that Γt satisfies Γt+T (τ + T ) = Γt(τ) for all t, τ ∈ R as we assume that the
system (3.2) is T -periodic.

3Here λj ∈ C denotes the complex conjugate of λj .
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This proposition is well-known in the literature and we refer to [15] for a proof.

Analoguous to Lemma 3.1.1 we discuss the T -periodic solutions of the PLDE explicitly
under the assumption that X is asymptotically stable:

Lemma 3.1.2 Let us consider the periodic Lyapunov differential equation in combination
with a periodic boundary condition:

Ṗ (t) = A(t)P (t) + P (t)A(t)T +B(t)B(t)T

P (0) = P (T )
(3.8)

If X is asymptotically stable the function P can uniquely be obtained as the following
integral expression:

P (t) =

∫ ∞

−∞
Γt(τ)Γt(τ)

T dτ . (3.9)

Here we use the same definition for the function Γt as in Lemma 3.1.1.

Proof: We can use the same strategy as for the proof of Lemma 3.1.1 and show directly
the function P defined by (3.9) is already a solution the system (3.8). As X is assumed to
be asymptotically stable (and equivalently also exponentially stable) the integral in equa-
tion (3.9) exists. Furthermore, we know from proposition 3.1.1 that any solution of (3.8)
must be unique if X is asymptotically stable, as a asymptotically stable matrix can not
have reciprocal eigenvalues. However, we refer again to [15, 66] for the details of this proof
as this Lemma is also well-known in the literature. ¤

In the following we consider a Lemma that is providing an important link between
T -periodic and positive definite solutions of the PLDE and the asymptotic stability of
the underlying system. In literature this Lemma can usually be found under the name
”Lyapunov Lemma”:

Lemma 3.1.3 (Lyapunov Lemma) We consider the periodic Lyapunov differential equa-
tion (PLDE) in combination with a periodic boundary constraint (3.8) for the matrix
function P : R → Rnx×nx . Furthermore, we define the reachability Grammian matrix4

Q(T ) ∈ Rnx×nx, as usual, by the integral

Q(T ) :=

∫ T

0

ΓT (τ)ΓT (τ)T dτ . (3.10)

Now the following statements hold:

4Note that reachability refers to the possibility of reaching any state in Rnx starting the system from
the origin by choosing a proper disturbance function. It is worth reminding that a system is reachable if
and only if the reachability Grammian matrix is positive definite.
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(i) The PLDE system (3.8) has a unique and positive definite solution P (t) Â 0 for all
t ∈ R if and only if the monodromy matrix X := G(T, 0) is asymptotically stable and
the reachability Grammian matrix Q(T ) is positive definite.

(ii) The PLDE system (3.8) has a solution P if and only if there exists a constant matrix
P0 ∈ Rnx×nx that satisfies the algebraic Lyapunov equation

P0 = XP0X
T +Q(T ) . (3.11)

If a solution P0 of (3.11) (uniquely) exist it generates a (unique) solution P of (3.8)
with the initial value P (0) = P0. Additionally, a solution P of (3.8) is positive
(semi)definite for all times t ∈ R if and only if the initial value P0 := P (0) is positive
(semi)definite.

The above Lyapunov Lemma is well-known and we refer to [15] for a complete proof. As
we will use it as an important basis for the considerations in all sections of this chapter,
we will nevertheless discuss the proof of part (ii) of Lemma 3.1.3 that is also the key for
the proof of the other part:

Proof of part (ii): First, we find by direct calculation that the function P : R→ Rnx×nx

given by

P (t) := G(t, 0)P0G(t, 0)T +Q(t) (3.12)

for all t ∈ R with Q(t) :=
∫ t

0
Γt(τ)Γt(τ)

T dτ is the unique solution of the linear periodic
Lyapunov differential equation with the initial condition P (0) = P0 ∈ Rnx×nx . Now the
periodic boundary constraint has the form

P (T ) = G(T, 0)P0G(T, 0)T +Q(T ) = P0

⇔ P0 = XP0X
T +Q(T ) (3.13)

Thus, we have a bijective correspondence between the solutions of (3.8) and (3.11) and a
proof for the first two sentences in the statement (ii) of Lemma 3.1.3. As Q(t) is, due to
its definition, for all t ≥ 0 a positive semidefinite matrix it follows from equation (3.12)
that P (t) must be positive (semi)definite for all t ≥ 0 - and thus also for all t ∈ R as
P is periodic - if the matrix P0 is positive (semi)definite. Conversely, if P (t) is positive
(semi)definite for all t ∈ R it is a trivial consequence that P (0) is positive (semi)definite,
too. ¤

The main strategy for the proof of the first the part (i) is to discuss existence and
uniqueness of solutions of the algebraic Lyapunov equation (3.11) in dependence on the
eigenvalues of the matrices X and Q(T ). As the equation (3.11) is linear in P0 this dis-
cussion can be obtained by a consequent application of standard linear algebra tools. Due
to the above bijective correspondence (ii) between the solutions of (3.11) and the system
(3.8) the results for the algebraic Lyapunov equation can be transferred to prove part (i).
For details of this proof we refer to [15].
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Remarks on Lemma 3.1.3:

• If the PLDE system (3.8) admits a solution P the transpose P T of this function also
satisfies (3.8). Thus, if the solution P is unique we must have P (t) = P (t)T for all
t ∈ R, i.e. the solution P is symmetric.

• If we have the knowledge that the reachability Grammian matrix Q(T ) is positive
definite, the part (i) of the Lyapunov Lemma 3.1.3 is of course a perfect link between
the existence of unique T -periodic and positive definite solutions of the PLDE and
the asymptotic stability of the underlying linear system. We will later use this link
to develop stability optimization techniques.

• For some systems we can easily find mutually orthogonal subspaces U,U⊥ ⊆ Rnx

such that every state vector x can uniquely be decomposed as x = (xT
1 , x

T
2 )T with

x1 ∈ U and x2 ∈ U⊥ and the differential equation takes the form

(
ẋ1(t)
ẋ2(t)

)
=

(
A1,1(t) A1,2(t)

0 A2,2(t)

)(
x1(t)
x2(t)

)
+

(
B1(t)

0

)
w(t) (3.14)

for all t ∈ R. Here A1,1, A1,2, A2,2 and B1 are T -periodic matrix functions with proper
dimensions, as they are block components of the matrices A and B with respect to
the subspaces U and U⊥. The fundamental solution has in this case also a block
structure of the form

G(t, τ) =

(
G1,1(t, τ) G1,2(t, τ)

0 G2,2(t, τ)

)
, (3.15)

where G1,1, G1,2, G2,2 are assumed to be functions with proper dimensions. If the pair
A1,1(·), B1(·) is reachable, i.e. the reachability Grammian matrix

Q1,1(T ) :=

∫ T

0

G1,1(T, τ)B1(τ)B1(τ)
TG1,1(T, τ)

T dτ (3.16)

corresponding to the subspace U is positive definite, such a decomposition is known
as Kalman’s canonical decomposition [34] with respect to the reachability of the
system (3.2). Note that there are well developed methods to compute the subspaces
U and U⊥ for periodic systems efficiently [62].

Once such a decomposition is found it is efficient to consider the PLDE only for
the upper left block component P1,1 of the matrix function P corresponding to the
subspace U :

Ṗ1,1(t) = A1,1(t)P1,1(t) + P1,1(t)A(t)T +B1(t)B1(t)
T

P1,1(0) = P1,1(T )
(3.17)

for all t ∈ R. As Q1,1(T ) is positive definite we can apply the statement (i) of the
Lyapunov Lemma for the PLDE system (3.17). Thus, the PLDE system (3.8) has a
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(not necessarily unique) solution P with the block structure

P (t) =

(
P1,1(t) 0

0 0

)
(3.18)

for all t ∈ R with P1,1 being positive definite if and only if the matrix X1,1 :=
G1,1(T, 0) is asymptotically stable.5 Of course, we have in this case no information
about the asymptotical stability of the matrix X2,2 of the unreachable subspace U⊥,
but the other question is if we are interested in the asymptotical stability of X2,2 as
the state x2 is never influenced by the disturbance (cf. equation (3.14)). Especially,
if the matrix X2,2 is only stable, but not asymptotically stable, the system might still
have favorable stability properties. We will discuss in section 4 an example where
this decomposition becomes important.

• If we have no information about the reachability Grammian matrix Q(T ) but are
asking the question whether X is asymptotically stable or not it is advisable to
regularize the PLDE. Such a regularization can be obtained by adding a T -periodic
(possibly constant) and positive definite matrix function V : R → Rnx×nx , V (t) Â 0
for all t ∈ R to the right-hand side of the PLDE:

∼̇
P (t) = A(t)

∼
P (t) +

∼
P (t)A(t)T +B(t)B(t)T + V (t)

∼
P (0) =

∼
P (T )

(3.19)

for all t ∈ R and
∼
P : R → Rnx×nx . Now, the corresponding Grammian matrix

∼
Q(T ) := Q(T ) +

∫ T

0
G(T, τ)V (τ)G(T, τ)T dτ is always positive definite and we can

transfer the statement (i) of the Lyapunov Lemma. This regularization might seem
to be a little arbitrary on the first view but we will give an reasonable interpretation
of the matrix function V in the following section 3.1.2.

Summarizing the last three remarks, we can in almost all situations assume that the
reachability Grammian matrix is positive definite either by transforming or by regularizing
the PLDE, if necessary.

3.1.2 The Stochastic Interpretation for White Noise Disturbances

In this section we introduce an important interpretation of the solutions of the PLDE
under the assumption that the disturbance w entering the underlying linear system of the

5If the matrix X1,1 is asymptotically stable the function P in equation (3.18) satisfies for all t ∈ R

P (t) =
∫ ∞

−∞
Γt(τ)Γt(τ)T dτ .
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form (3.2) is a stationary Gaussian white noise process with

∀t ∈ R : E{w(t)} = 0

∀t1, t2 ∈ R : E{w(t1)w(t2)
T} = δ(t2 − t1) .

(3.20)

Here, δ is Dirac’s delta-distribution and E{·} denotes the statistical expectation. We will
still formally write the differential equation (3.2) in the form

ẋ(t) = A(t)x(t) +B(t)w(t) for all t ∈ R . (3.21)

using the well-developed theory of stochastic differential equations [18, 52] to understand
this expression mathematically. In the context of the following discussion we will always
assume that the monodromy matrix X of this system is asymptotically stable. Thus, the
stochastic process x is well-defined by:

x(t) :=

∫ ∞

−∞
Γt(τ)w(τ) dτ , (3.22)

where the integral is Itô’s stochastic integral [18, 52]. Note that this definition is in cor-
respondence with Lemma 3.1.1. In the following we will rely on the theory of stochastic
differential equations using the above formal standard notations in an adequate way.

Lemma 3.1.4 The T -periodic solution P of the PLDE (3.8) can be interpreted as the
variance-covariance matrix of x if the disturbance w is a white noise process.

Proof: We can simply compute the variance-covariance matrix of x(t) at any time t ∈ R:

E{x(t)x(t)T} =

∫ ∞

−∞

∫ ∞

−∞
Γt(τ) δ(τ

′ − τ) Γt(τ
′)T dτ dτ ′ =

∫ ∞

−∞
Γt(τ)Γt(τ)

T dτ = P (t)

(3.23)

Here, we have used Lemma 3.1.2 for the last step. ¤

Remarks:

• If the disturbance w is not a unit band-width white noise process but a scaled cyclo-
stationary white noise process such that

∀t ∈ R : E{w(t)} = 0

∀t1, t2 ∈ R : E{w(t1)w(t2)
T} = Σ(t1)δ(t2 − t1) ,

(3.24)

where Σ : R → Rnw×nw is a positive definite scaling matrix function with period T ,
we can obviously redefine B by B(t) → B(t)Σ

1
2 (t). In this sense, there is no loss of

generality if we assume that w is a unit band-width white noise process.
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• Let us consider a modified version of the differential equation (3.21)

∼̇
x(t) = A(t)

∼
x(t) +B(t)w(t) + v(t) for all t ∈ R , (3.25)

where the function v : R→ Rnx is representing the model error. If v is also assumed to
be a white noise process with a T -periodic and positive semidefinite scaling function
V : R→ Rnx×nx :

∀t ∈ R : E{v(t)} = 0

∀t1, t2 ∈ R : E{v(t1)v(t2)T} = V (t1)δ(t2 − t1)

∀t1, t2 ∈ R : E{w(t1)v(t2)
T} = 0

(3.26)

that is uncorrelated to the disturbance w, the variance-covariance matrix function
∼
P : R→ Rnx×nx of the state

∼
x is the unique solution of the modified PLDE system:

∼̇
P (t) = A(t)

∼
P (t) +

∼
P (t)A(t)T +B(t)B(t)T + V (t)

∼
P (0) =

∼
P (T )

. (3.27)

Note that it is often reasonable to assume that V is a positive definite function such
that the PLDE system (3.27) is a regularized PLDE as it was discussed in the previous
section. This way of regarding the model error has been established by Kalman [33].

• If we consider the stochastic differential equation (3.21) in combination with an initial
value condition of the form x(0) = x0, where x0 ∈ Rnx is a Gaussian distributed ran-
dom variable (uncorrelated to the disturbance w) with expectation value E{x0} = 0
and variance-covariance matrix P0 ∈ Rnx×nx , the variance-covariance matrix function
P of the state x satisfies the Lyapunov differential equation (LDE) with the initial
value condition P (0) = P0 for all t ≥ 0:

Ṗ (t) = A(t)P (t) + P (t)A(t)T +B(t)B(t)T

P (0) = P0

. (3.28)

However, in this thesis we are only interested in PLDE systems with periodic bound-
ary conditions.6

3.1.3 Dual PLDE’s and the H2-norm for Periodic Systems

In section 3.1.1 we have considered linear systems of the form (3.2). In this section we like
to extend this linear system by adding an output y : R→ Rny :

ẋ(t) = A(t)x(t) +B(t)w(t)

y(t) = C(t)x(t)
(3.29)

6For initial value problems with their corresponding LDE-system it is of course not a necessary require-
ment that the functions A and B are T -periodic.
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for all t ∈ R, where the definition of the matrix functions A and B as well as the definition
of the fundamental solution G and the reachability Grammian matrix Q(T ) are transferred
from section 3.1.1. The function C : R→ Rnx×ny is assumed to be a T -periodic function.

Analoguous to the Hankel operator Γ̂t of the linear system (3.2), the Hankel operator
Ĥt for a systems of the form (3.29) is conveniently defined by

Ĥw :=

∫ ∞

−∞
Ht(τ)w(τ) dτ (3.30)

for all disturbance functions w, where the function Ht : R→ Rny×nw is defined by

Ht(τ) :=

{
C(t)G(t, τ)B(τ) if t ≥ τ
0 otherwise

(3.31)

for all t, τ ∈ R. Note that Ht is a (doubly) periodic function, i.e. we have

H(t+ T, τ + T ) = H(t, τ) for all t, τ ∈ R . (3.32)

In the context of the following discussion we suppose that our standard assumptions hold,
i.e. the matrix X is asymptotically stable and the reachability Grammian Q(T ) is positive
definite. Analoguous to Lemma 3.1.1 the output y(t) can now be obtained by applying Ĥt

to the disturbance y(t) = Ĥtw.
Now we like to introduce the H2-norm of the periodic systems Ĥ given by (3.29):

Definition 3.1.2 (H2-Norm for Periodic Systems) The H2-norm of the periodic sys-
tem (3.29) is defined by

∥∥∥Ĥ
∥∥∥

2

H2

:=
1

Tny

∫ T

0

∫ ∞

−∞
Tr

(
Ht(τ)Ht(τ)

T
)

dτ dt . (3.33)

Note that this definition of the H2-norm for periodic systems is - except for the constant
factor7 1

ny
-consistent with the definitions in [19, 31].

Remarks on Definition 3.1.2:

• The H2-norm is a well-known performance measure in linear control theory. Espe-
cially for linear time invariant systems (LTI’s) the H2-norm is often used. In this
case the matrix functions A, B and C are constant and the definition 3.1.2 simplifies
to

∥∥∥Ĥ
∥∥∥

2

H2

:=
1

ny

∫ ∞

−∞
Tr

(
Ht(τ)Ht(τ)

T
)

dτ , (3.34)

7Depending on the context the H2-norm is defined without the factor 1
ny

. However, in this thesis
the factor 1

ny
is an important esthetic factor expressing that we make no difference between the time

and the components of the output - but it is a constant factor that will not change anything in further
considerations.
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i.e. we do not need to take the average over the time as the right-hand side in
equation (3.34) is already constant. Note that the definition of the H2-norm is in
this context often denoted in frequency space (cf. [66] for an introduction to Hardy
norms in frequency space).

• The H2-norm can be interpreted as a kind of generalized Frobenius norm for opera-
tors. In particular, it is not an induced norm.

• To recognize the stochastic intepretation of the H2-norm we write it in the form

∥∥∥Ĥ
∥∥∥

2

H2

=
1

Tny

∫ T

0

∫ ∞

−∞
Tr

(
Ht(τ)Ht(τ)

T
)

dτ dt

=
1

Tny

∫ T

0

Tr

(
C(t)

(∫ ∞

−∞
Γt(τ)Γt(τ)

T dτ

)
C(t)T

)
dt

=
1

Tny

∫ T

0

Tr
(
C(t)P (t)C(t)T

)
dt

=
1

Tny

∫ T

0

E
{
y(t)Ty(t)

}
dt . (3.35)

Here, we used again the assumption that the disturbance is a white noise process
transferring the results from section 3.1.2. Thus, the H2 norm can be identified with
the average over one period and over the components of the variance of the output
y.

• As we have remarked in the previous section the input disturbance can be scaled
with a positive definite and T -periodic matrix function Σ. The scaled version of the
Hankel operator has in this case the form

Ht(τ) :=

{
C(t)G(t, τ)B(τ)Σ(τ)

1
2 if t ≥ τ

0 otherwise
(3.36)

for all t ∈ R. However, as mentioned before the input scaling can always be intro-
duced by rescaling the function B afterwards and we still omit the function Σ in the
following notation without any loss of generality.

In the following we introduce a duality consideration for periodic Lyapunov differential
equations labeling all dual variables, functions, etc. with a star:

Definition 3.1.3 (Dual Periodic Lyapunov Differential Equations) For every pe-
riodic linear system of the form (3.29) we define an associated dual periodic Lyapunov
differential equation for the matrix function P ∗ : R→ Rnx×nx by

−Ṗ ∗(t) = P ∗(t)A(t) + A(t)TP ∗(t) + C(t)TC(t) (3.37)

for all t ∈ R.
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For the sake of completeness we transfer the considerations in section 3.1.1 to obtain
the dual version of Lyapunov Lemma remarking that the proof can also be transferred by
standard duality techniques:

Lemma 3.1.5 (Dual Version of the Lyapunov Lemma) We consider dual periodic
Lyapunov differential equations in combination with a periodic boundary constraint for the
matrix function P ∗ : R→ Rnx×nx

−Ṗ ∗(t) = P ∗(t)A(t) + A(t)TP ∗(t) + C(t)TC(t)

P ∗(0) = P ∗(T )
. (3.38)

Furthermore, we define the observability Grammian matrix Q∗(T ) ∈ Rnx×nx to be the dual
of the reachability Grammian matrix:

Q∗(T ) :=

∫ T

0

G(τ, 0)TC(τ)TC(τ)G(τ, 0) dτ . (3.39)

Now the following statements hold:

(i) The PLDE system (3.38) has a unique and positive definite solution P ∗(t) Â 0 for
all t ∈ R if and only if the monodromy matrix X of the underlying linear system
is asymptotically stable and the observability Grammian matrix Q∗(T ) is positive
definite. Assuming that X is asymptotically stable and Q∗(T ) positive definite P ∗

has the explicit form

P ∗(t) =

∫ ∞

t

G(τ, t)TC(τ)TC(τ)G(τ, t) dτ . (3.40)

(ii) The PLDE system (3.38) has a solution P ∗ if and only if there exists a constant
matrix P ∗0 ∈ Rnx×nx that satisfies the algebraic Lyapunov equation

P ∗0 = XTP ∗0X +Q∗(T ) . (3.41)

If a solution P ∗0 of (3.41) (uniquely) exist it generates a (unique) solution P ∗ of
(3.38) with the initial value P ∗(0) = P ∗0 . Additionally, a solution P ∗ of (3.38) is
positive (semi)definite for all times t ∈ R if and only if the initial value P ∗0 := P ∗(0)
is positive (semi)definite.

Remarks on Lemma 3.1.5

• First, we should mention that all remarks on the Lyapunov Lemma in section 3.1.1
can also be transferred to its dual version. In particular, Kalman’s canonical decom-
position can also be performed with respect to the observable subspaces of the linear
system (3.29).
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• The dual of the dual periodic Lyapunov differential equation is again defined to be
the original PLDE. Consequently, we define P ∗∗ := P , Q∗∗(T ) := Q(T ) , etc..

• The underlying linear system is in the dual case often considered in combination
with a given initial value xt ∈ Rnx at a given time t ∈ R assuming that we have no
disturbances w(τ) = 0 for all times τ ≥ t. This implies that y has the explicit form
y(τ) = C(τ)G(τ, t)xt for all τ ≥ t. Due to the explicit form of the T-periodic solution
of the PLDE in equation (3.40) the matrix function P ∗ can be used to compute the
following quadratic infinite horizon costs:

∫ ∞

t

y(τ)Ty(τ) dτ = xT
t P

∗(t)xt . (3.42)

Thus, P can be interpreted as a variance-covariance matrix while P ∗ means ”cost to
go”.

Besides our assumption that X is asymptotically stable and Q(T ) positive definite,
we will in the following context often assume that the observability Grammian matrix is
always positive definite. This assumption will later be motivated for our purposes.

Lemma 3.1.6 (Dual representations of the H2-norm) Let P be the T -periodic solu-
tion of the PLDE and P ∗ be the T -periodic solution of the dual PLDE. Now, we have the
following dual representations for the H2-norm of the underlying linear system:

∥∥∥Ĥ
∥∥∥

2

H2

=
1

Tny

∫ T

0

Tr
(
C(t)P (t)C(t)T

)
dt =

1

Tny

∫ T

0

Tr
(
B(t)TP ∗(t)B(t)

)
dt .

(3.43)

Furthermore, we have two dual lower bounds of the H2-norm given by

∥∥∥Ĥ
∥∥∥

2

H2

≥ 1

Tny

Tr (Q∗(T )P (T ) ) =
1

Tny

Tr (Q(T )P ∗(T ) ) . (3.44)

The proof of the dual representations of the H2-norm in the Lemma as well as the equation
in (3.44) can simply be obtained by standard duality techniques. In this general form for
periodic systems these equations can e.g. be found in [19, 31]. However, it remains to show
the inequality and we refer to Appendix C for a complete proof.

Remarks:

• If we compare the PLDE and the dual PLDE, dualization means that we permute
the matrix functions A and AT as well as B and CT . In equation (3.31) we have
defined the function Ht that is associated with the Hankel operator. The function
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H∗
t : R × R → Rny×nw that is associated with the dual Hankel operator8 is defined

by

H∗
t (τ) :=

{
B(τ)TG(τ, t)TC(t)T if τ ≥ t
0 otherwise

. (3.45)

for all t, τ ∈ R. Due to the causality principle the function Ht is vanishing for τ > t
while the dual function H∗

t is vanishing for τ < t. In this sense dualization permutes
future and past and in a direct consequence reachability and observability - this is
also the deeper reason for the minus sign in the dual PLDE. In particular, if we take a
close look at the equations (3.31) and (3.45) dualization also permutes the functions
G(t, ·) and G(·, t)T . Thus, sensitivities are permuted with their adjoint transpose
counterparts.

• Transferring the notation from the previous remark we can summarize the first part
of Lemma 3.45 in the abstract form∥∥∥Ĥ

∥∥∥
H2

=
∥∥∥Ĥ∗

∥∥∥
H2

. (3.46)

Thus, the H2-norm is dually invariant.

• Let L0 ∈ Rnx×nx be a symmetric matrix that satisfies L2
0 := P (0) = P (T ). Now, the

equation of the right-hand part of the inequality (3.44) has the form

‖L0 ‖2
F,Q∗(T ) :=

1

Tny

Tr (L0Q
∗(T )L0 ) =

1

Tny

Tr (L∗0Q(T )L∗0 ) := ‖L∗0 ‖2
F,Q(T ) .(3.47)

As we assume that the matrices Q(T ) and Q∗(T ) are positive definite the maps

‖ · ‖F,Q∗(T ) : Rnx×nx → R and ‖ · ‖F,Q(T ) : Rnx×nx → R

defined by (3.47) are scaled Frobenius norms on L0 and L∗0 := P ∗(0)
1
2 respectively.

In the sense that we have ‖L0 ‖F,Q∗(T ) = ‖L∗0 ‖F,Q(T ) these norms are also dually
invariant and closely related to the H2-norm.

3.1.4 Constrained Periodic Lyapunov Differential Equations

In this section we are interested in linear systems with an output constraint of the form

ẋ(t) = A(t)x(t) + B(t)w(t)

0 º C(t)x(t) + d(t)
(3.48)

for all t ∈ R, where we transfer the notations from the previous sections. Additionally, the
function d : R → Rny is assumed to be T -periodic, where all components of d should be
strictly negative, i.e. d(t) ≺ 0 for all t ∈ R. The output function

y(t) := C(t)x(t) for all t ∈ R (3.49)

8The dual of the Hankel operator is usually called Toeplitz operator [66].
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that has been introduced in section 3.1.3 becomes redundant if we write the output con-
straints in the form (3.48). Nevertheless, the introduction of an output y is still helpful to
achieve a certain consistency with the usual standard notation in linear control theory.

Similar to the definition 3.1.1 we define an associated PLDE system:

Definition 3.1.4 (Constrained Periodic Lyapunov Differential Equations) For ev-
ery periodic linear system of the form (3.48) we define an associated constrained periodic
Lyapunov differential equation for the matrix function P : R→ Rnx×nx by

Ṗ (t) = A(t)P (t) + P (t)A(t)T +B(t)B(t)T

0 º diag
[
γ2C(t)P (t)C(t)T − d(t)d(t)T

] (3.50)

for all t ∈ R. Here, diag
[
γ2C(t)P (t)C(t)− d(t)d(t)T

] ∈ Rny is a vector consisting of
the ny diagonal entries of the ny × ny-matrix γ2C(t)P (t)C(t)T − d(t)d(t)T . Furthermore
we define the variable γ ∈ R with γ > 0 in the system (3.50) to be the confidence level of
the constrained PLDE. Conversely, the differential equation (3.48) is called the underlying
constrained linear system of the constrained PLDE (3.50).

In the context of the following interpretations we will always assume that X is asymp-
totically stable and the reachability Grammian Q(T ) positive definite. Due to the Lya-
punov Lemma 3.1.3 this assumption implies that any T -periodic solution P of the PLDE is
unique and positive definite. Transferring the stochastic interpretation of P as the variance-
covariance matrix of the state x it is a direct consequence that the matrix C(t)P (t)C(t)T

is for each time t ∈ R the variance-covariance matrix of the output y(t) = C(t)x(t) as-
suming that the disturbance w is a white noise process and that the system (3.48) has
been started in the initial steady state lim

t0→−∞
x(t0) = 0. Now, it is easy to recognize the

stochastic interpretation of the constraints in the system (3.50):

Lemma 3.1.7 (Stochastic Interpretation of Constrained PLDE’s) Let us consider
the constrained periodic Lyapunov differential equation in combination with a periodic
boundary condition:

Ṗ (t) = A(t)P (t) + P (t)A(t)T +B(t)B(t)T

P (0) = P (T )

0 º diag
[
γ2C(t)P (t)C(t)T − d(t)d(t)T

] (3.51)

for all t ∈ R. The T -periodic, unique, and positive definite solution P of the PLDE satisfies
all constraints if and only if for any given time t ∈ R and any component i ∈ {1, ..., ny}
the probability for a violation of the i-th constraint of the underlying system (3.48) is less

than
∫∞

γ
1√
2π
e−

1
2
z2

dz , i.e. :

∀t ∈ R , i ∈ {1, ..., ny} : Probability { 0 < Ci(t)x(t) + di(t) } <
∫ ∞

γ

1√
2π
e−

1
2
z2

dz .

(3.52)

Here, Ci(t) is the i-th column vector of C(t).
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Proof: Note that the variance of the i-th component yi(t) = Ci(t)x(t) of the output vector
is for each time t ∈ R given by

E
{
yi(t)

2
}

= Ci(t)P (t)Ci(t)
T . (3.53)

Thus, the constraints of the form

∀t ∈ R , i ∈ {1, ..., ny} : γ2Ci(t)P (t)Ci(t)
T ≤ di(t)di(t)

T (3.54)

in (3.51) can be interpreted as confidence interval constraints. The rest of the proof follows
with stochastic standard arguments. ¤

Remarks on Lemma 3.1.7:

• The Lemma 3.1.7 explains why we call the variable γ a confidence level.

• Note that the constraint in the PLDE system (3.51) takes only the diagonal elements
of the variance matrix C(t)P (t)C(t)T of the output vector into account while there
is no direct constraint for the covariance elements of the form Ci(t)P (t)Cj(t)

T for
distinct components i 6= j. Indeed, it is important to realize that a joint chance
constraint formulation of the form

∀t ∈ R : Probability { ∃ i ∈ {1, ..., ny} : 0 < Ci(t)x(t) + di(t) } < p (3.55)

for a given probability p ∈ [0, 1) would not be consequent as there is no reason to
distinguish between the discrete component index i and the continuous time index t.
A consequent formulation of a constraint would have the form

Probability { ∃ t ∈ R, i ∈ {1, ..., ny} : 0 < Ci(t)x(t) + di(t) } < p . (3.56)

Unfortunately, the constraint (3.56) can never be satisfied as we consider our periodic
system on an infinite time horizon, i.e. the probability that a constraint is violated
if we wait for an infinitely long time is always 1 > p. Thus, we come back to
Lemma (3.1.7) identifying it - at least in the sense of the above discussion - as the
only meaningful way of formulating a stochastic confidence constraint. Note that we
will discuss another motivation for single chance constraints indexed by the time and
the components of the output variance in section 3.1.5.

Now, we come back to the considerations in section 3.1.3 linking them to constrained
periodic Lyapunov differential equations. Therefore we consider the following Lemma:

Lemma 3.1.8 If there is a T -periodic solution P of the constrained PLDE system (3.51)
then we have the following chain of inequalities:

γ2

Tny

Tr (Q∗(T )P (T ) ) ≤ γ2
∥∥∥Ĥ

∥∥∥
2

H2

≤ 1

Tny

∫ T

0

d(t)Td(t) dt =:
1

Tny

‖d‖2
L2[0,T ] . (3.57)
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Proof: If we build the sum over all ny inequalities in (3.51) and take the average over
one period and over the output components we find:

γ2

Tny

∫ T

0

Tr
(
C(t)P (t)C(t)T

) ≤ 1

Tny

∫ T

0

d(t)Td(t) dt . (3.58)

Thus, Lemma 3.1.8 is a direct consequence of Lemma 3.1.6 in section 3.1.3. ¤

In a next step we are interested in a kind of eigenvalue bound such that we can state
that our constrained linear system (3.48) is either unstable with ρ(X) > 1 or we have
an upper bound estimation of the form ρ(X) < 1 − ε if there is a feasible solution P
of the system (3.51), where ε ∈ R++ is a - for later numerical purposes possibly not too
small - positive constant. Such a statement can be obtained under the sufficient (and for
our purposes often necessary) assumption that the observability Grammian matrix Q∗(T )
is positive definite:

Lemma 3.1.9 (An Eigenvalue Bound) Let σmin, σ
∗
min ∈ R++ be the minimum eigenval-

ues of the Grammian matrix Q(T ) and its dual Q∗(T ) respectively, where both Grammians
are assumed to be positive definite. If there is a feasible and positive definite solution P of
the system (3.51) then we have the following (dually invariant) upper bound estimation:

ρ(X)2 ≤ 1− γ2 σmin σ
∗
min

‖d‖2
L2[0,T ]

. (3.59)

Proof: If there is a feasible solution P of the system (3.51) then we know from the
Lyapunov Lemma 3.1.3 that P (0) must satisfy the algebraic Lyapunov equation:

P (0) = XP (0)XT +Q(T ) . (3.60)

Let η ∈ Cnx be an eigenvector of X such that the modulus of the corresponding eigenvalue
is equal to the spectral radius ρ(X). By pre- and postmultiplying the algebraic Lyapunov
equation in (3.60) with ηT (= conjugate transpose of η) and η respectively, we find

(
1− ρ(X)2

)
ηTP (0)η = ηTQ(T )η ≥ σmin , (3.61)

The equation in (3.61) can only be satisfied for ρ(X) < 1 as we have assumed that P is
positive definite and consequently ηTP (0)η > 0. But for ρ(X) < 1 we may further conclude
that

ρ(X)2 ≤ 1− σmin

σmax (P (0) )
≤ 1− σmin

Tr (P (0) )
, (3.62)

where σmax (P (0) ) is the maximum eigenvalue of the matrix P (0). Now, we can apply
Lemma 3.1.8 to find the following chain of inequalities

1

γ2
‖d‖2

L2[0,T ] ≥ Tr (Q∗(T )P (T ) ) ≥ σ∗min Tr (P (T ) ) (3.63)
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and finally

ρ(X)2 ≤ 1− γ2 σmin σ
∗
min

‖d‖2
L2[0,T ]

. (3.64)

Now everything is proved. ¤

Remarks on Lemma 3.1.9:

• Although the proof of the Lemma is a bit technical it expresses our intuitive expec-
tation quantatively that the spectral radius of a stable system must have a certain
distance to 1 if the system is on the one hand reachable and satisfies on the other
hand constraints on an observable output in a robust way. Furthermore, the width
γ2 σmin σ∗min

‖d‖2
L2[0,T ]

of the eigenvalue bound can be controlled by γ - this knowledge will later

help us to adjust our stability optimization techniques.

• In some situations it is helpful to know that the above eigenvalue bound can be
generalized: If we formulate a constraint on P such that we can guarantee a constant
upper bound on a norm of L0 of the form

γ2 |||L0|||2 ≤ δ2 , δ ∈ R++ , (3.65)

where ||| · ||| : Rnx×nx is any matrix norm and the symmetric matrix L0 ∈ Rnx×nx is
defined by L2

0 = P (0), then we know that due to the equivalence of norms in Rnx×nx

there must be a positive constant
∼
σ ∈ R++ such that

∼
σγ2 |||L0|||2 ≤ ||L0||22 = σmax (P (0) ) . (3.66)

Of course, such an estimation leads with the inequality (3.62) to an eigenvalue bound
of the form

ρ(X)2 ≤ 1− γ2 σmin
∼
σ

δ2
. (3.67)

if X is stable. Indeed, in the above proof we have only used the equivalence of the
spectral norm and the scaled Frobenius norm of L0 in an explicit way, where the
scaled Frobenius norm

‖L0 ‖2
F,Q∗(T ) :=

1

Tny

Tr (Q∗(T )P (T ) ) (3.68)

has already been introduced in section 3.1.3.

• We should be aware of the fact that the above estimation of the eigenvalue bound
can in some situations become quite meaningless. For example if we regularize our
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PLDE and formulate observable constraints in a numerically proper way it might still
happen that our linear system is very stiff such that σmin and σ∗min are very small.

However, at this point it arises already another question: Do we have the priority
to increase the asymptotical decay rate −1

T
log (ρ(X)) of a system or do we have the

aim to increase the robustness parameter γ ? In section 3.4 we will come back
to this question providing a method to balance between robustness and stability
systematically but the estimation (3.59) shows already that - under the assumption
that σmin and σ∗min are bounded below by a positive constant - there exists at least
an upper bound for ρ(X) that decreases if we maximize the robustness parameter
γ.

3.1.5 An Interpretation of Constrained PLDE’s for L2-bounded
Disturbances

In this section we interpret constrained periodic Lyapunov differential equations under the
assumption that the disturbance is not a stochastic white noise process but an unknown
function with bounded L2-norm. Therefore we start with the following definition:

Definition 3.1.5 We define L2 to be the Hilbert space of all square-integrable functions
from R to Rnw with the L2-scalar product 〈· | ·〉L2 : L2 × L2 → R and the corresponding
L2-norm ‖ · ‖L2 : L2 → R

〈w1 | w2〉L2 :=

∫ ∞

−∞
w1(τ)

Tw2(τ) dτ and ‖w1‖L2 :=
√
〈w1, w1〉L2 (3.69)

for all w1, w2 ∈ L2.

Using the relation y(t) = Ĥtw with the notation from section 3.1.3 we can write the
i-th component (i ∈ {1, ..., ny}) of the output y of the linear system (3.29) in form of an
L2-scalar product:

yi(t) = Ĥt,iw =

∫ ∞

−∞
Ht,i(τ)w(τ) dτ = 〈HT

t,i | w〉L2 . (3.70)

Of course, we are again presuming our standard assumptions that X is asymptotically
stable and Q(T ) positive definite. Furthermore, we define the γ-ball B ⊆ L2 by

B := {w ∈ L2 | ‖w‖L2 ≤ γ} . (3.71)

Lemma 3.1.10 If the matrix function P denotes the T -periodic solution of the PLDE we
have the following worst case excitation of the output y:

max
w∈B

yi(t) = γ‖Ht,i‖L2 = γ
√
Ci(t)P (t)Ci(t)T (3.72)

for all t ∈ R and all i ∈ {1, ..., ny}, where the row vectors Ci(t) of the matrix C(t) are
defined as in the previous section 3.1.4.
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Proof: The first equation in (3.72) follows immediately from Chauchy’s inequality and

the fact that γ
Ht,i

‖Ht,i‖L2
∈ B:

max
w∈B

yi(t) = max
w∈B

〈HT
t,i | w〉L2 = γ‖Ht,i‖L2 . (3.73)

To verify the second equation in (3.72) we use the explicit representation of P from
Lemma 3.1.2

‖Ht,i‖2
L2

=

∫ ∞

−∞
Ci(t)Γt(τ)Γt(τ)

TCi(t)
T dτ = Ci(t)P (t)Ci(t)

T (3.74)

and everything is prooved. ¤

Corollary 3.1.1 (L2-Worst Case Interpretation of Constrained PLDE’s) We con-
sider the constrained linear system from section (3.1.4)

ẋ(t) = A(t)x(t) + B(t)w(t)

0 º C(t)x(t) + d(t)
(3.75)

for all t ∈ R started at the initial limit value lim
t0→−∞

x(t0) = 0. All constraints in (3.75) are

satisfied for all disturbances w ∈ B at all times t ∈ R if and only if there is a feasible and
positive definite solution of the constrained periodic Lyapunov differential equation

Ṗ (t) = A(t)P (t) + P (t)A(t)T +B(t)B(t)T

P (0) = P (T )

0 º diag
[
γ2C(t)P (t)C(t)T − d(t)d(t)T

] (3.76)

for all t ∈ R.

Proof: The corollary 3.1.1 is a direct consequence of Lemma 3.1.10 remarking that for
all components i ∈ {1, ..., ny} and all times t ∈ R

max
w∈B

(Ci(t)x(t) + di(t)) = γ
√
Ci(t)P (t)Ci(t)T −

√
di(t)di(t) . (3.77)

is the worst case excitation of the i-th constraint. ¤

Remarks:

• In an input-scaled version of Lemma 3.1.10 and the corresponing corollary 3.1.1 the
set B is not a γ-ball but a scaled ellipsoidal region given by

B :=
{
w ∈ L2 | ‖Σ− 1

2w‖L2 ≤ γ
}
, (3.78)

where the positive definite scaling matrix function Σ has been introduced within the
stochastic interpretation.
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• In Lemma (3.1.7) we have introduced the stochastic interpretation of the constrained
PLDE discussing the reason for the diagonalization of the PLDE-constraints over the
time t and all components i in a corresponding remark. Now, corollary 3.1.1 yields
this diagonalization in an even more natural way by considering worst case excitations
for L2-bounded disturbances. To summarize both interpretations we repeat that the
following three statements are equivalent:

1. The constrained PLDE (3.76) has a feasible T -periodic solution.

2. If w is a unit band-width white noise process the following confidence constraints
are satisfied for p :=

∫∞
γ

1√
2π
e−

1
2
z2

dz:

∀t ∈ R , i ∈ {1, ..., ny} : Probability { 0 < Ci(t)x(t) + di(t) } < p . (3.79)

3. If w is an L2-bounded disturbance all constraints of the constrained linear sys-
tem (3.75) are robustly satisfied:

∀t ∈ R , i ∈ {1, ..., ny} : max
‖w‖L2

≤γ
(Ci(t)x(t) + di(t) ) ≤ 0 (3.80)

• The L∞-norm ‖ · ‖ : Rny → R is defined by

‖y‖L∞ := max
i∈{1,...,ny},t∈R

yi(t) . (3.81)

Using this notation Corollary 3.1.1 yields an upper bound for the following induced
norm of the underlying system

γ2
∥∥∥Ĥ

∥∥∥
2

L∞/L2

:= γ2 max
w

‖y‖2
L∞

‖w‖2
L2

≤ ‖d‖2
L∞ (3.82)

if there is a feasible solution of the constrained PLDE (3.76). Please note the analogy
to the upper bound for the H2-norm in Lemma 3.1.8.

• It is of course an interesting question whether there are generalizations of Lemma 3.1.10
and the corresponding Corollary 3.1.1 for the case that the disturbance w is e.g.
bounded by a Lp-norm with 1 ≤ p ≤ ∞. (We use the standard definition of the
Lp-norm.) Without going into detail we remark that the worst case excitation of yi

is in this case given by9

max
‖w‖Lp

yi(t) = ‖Ht,i‖L p
p−1

(3.83)

for all t ∈ R and all {1, ..., ny}. However, the efficient computation of the general
term ‖Ht,i‖L p

p−1

for periodic systems is not discussed in this thesis and left for further

investigations.

9We use the definition p
p−1 := 1 for p = ∞ and p

p−1 := ∞ for p = 1. Note that the Lp-norm and the
L p

p−1
-norm are dual to each other [21].
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3.1.6 A Graphical Interpretation of Constrained PLDE’s

In this section we are interested in a graphical interpretation of the constrained PLDE’s.
For this aim, we assume that X is asymptotically stable, Q(T ) positive definite, and P the
unique T -periodic solution of the PLDE and we consider the following definition

Definition 3.1.6 (Confidence Ellipsoids) Let L : R → Rny×ny be the symmetric and
positive semi-definite matrix function that satisfies C(t)P (t)C(t)T = L(t)L(t)T = (L(t))2

for all t ∈ R. The set Et ⊆ Rny given by

Et := {L(t)v | v ∈ Rny , ‖v‖ ≤ 1} (3.84)

is called the confidence ellipsoid that is associated with the output y at any given time
t ∈ R. Here, ‖ · ‖ is the Euclidean norm in Rny .

Note that the symmetric and positive semi-definite matrix function L uniquely exists as
we assume that P is a symmetric and positive definite matrix function.

The stochastic interpretation of the ellipsoid Et is obviously that Et is at all times
t ∈ R a confidence ellipsoid of the output y(t) of the underlying linear system (3.48) if the
disturbance w is a white noise process. If w is an L2-bounded function we can also find an
intepretation of the ellipsoid Et. Therefore we consider the following Lemma:

Lemma 3.1.11 The ellipsoid γ Et can for each time t ∈ R be identified with the image of
the γ-ball B under the Hankel operator Ĥt :

γ Et = ĤtB , (3.85)

where B was already defined in Lemma 3.1.10.

Proof: To simplify the notation we remark that we may assume γ = 1 in this proof as
γ is just a scalar that is commuting with the Hankel operator Ĥ. It remains to be shown
that Et = ĤtB, where B is now a unit ball: Let y(t) = z + z⊥ with z ∈ ker

(
L(t)T

)
and

z⊥ ∈ Im (L(t)) be the unique decomposition for the output vector y(t) with respect to the
kernel of L(t)T and its orthogonal complement at any given time t ∈ R. Now, Chauchy’s
inequality yields for all w ∈ B:

‖z‖4 =
(
zTy(t)

)2
= 〈HT

t z | w〉2L2
≤ ‖HT

t z‖2
L2

= zTC(t)P (t)C(t)T z = ‖L(t)T z‖2 = 0

=⇒ z = 0 . (3.86)

Thus, we have ĤtB ⊆ Im (L(t)), i.e. there exists a unique vector v ∈ Rnx with y(t) = L(t)v
and vTv being minimal. This vector v is given by L(t)†y(t) with L(t)† being the Moore-
Penrose pseudo inverse of L(t). We can again apply Chauchy’s inequality to find for all
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w ∈ B
‖v‖2 = vTL(t)†y(t) = 〈HT

t L(t)†v | w〉L2

≤ ‖HT
t L(t)†v‖L2 =

√
vTL(t)†C(t)P (t)C(t)TL(t)†v = ‖v‖ .

=⇒ ‖v‖ ≤ 1 . (3.87)

Thus, we have ĤtB ⊆ Et. Conversely, we define for any v ∈ Rnx

w(τ) := Ht(τ)
TL(t)†v for all τ ∈ R

such that ‖w‖L2 = ‖v‖. As we have

y(t) = Ĥtw = C(t)P (t)C(t)L(t)†v = L(t)v ,

we conclude ĤtB ⊇ Et and equation (3.85) is proved. ¤

Remarks on Lemma 3.1.11:

• As we have already motivated during the previous sections it is not advisable to
distinguish between the continous time index t and the component index i of the
output vector. Thus, we should always keep in mind that the ellipsoid Et is nothing
but a projection of the more abstract infinite dimensional ellipsoid E onto the finite
dimensional vector space Rny for a given time t ∈ R. Here, we use the notation
γ E := ĤB to denote the set of all output functions y that can be obtained as a
solution of the linear system (3.48) with an input w ∈ B. Alternatively, if we prefer
the stochastic interpretation E is the confidence ellipsoid of the output function
y where the input disturbance w is a white noise process. Nevertheless, with the
correct interpretation in mind the ellipsoid Et is at any given time t a helpful tool
to understand many of the considerations in this thesis graphically. In particular
we can interpret the solutions of the constrained PLDE summarized in the following
corollary.

Corollary 3.1.2 (Graphical Interpretation of Constrained PLDE’s) We define at
each time t ∈ R the feasible set Pt ⊆ Rny of the constrained linear system (3.48) to be
the following box:

Pt := { v ∈ Rny | ∀i ∈ {1, ... , ny} : |vi| ≤ |di(t)| } . (3.88)

Now the following statements are equivalent:

(i) The confidence ellipsoids are subsets of the feasible boxes, i.e. ∀t ∈ R : γ Et ⊆ Pt .

(ii) The constraints in the linear system (3.48) are robustly satisfied for all w ∈ B .

(iii) The constrained PLDE (3.76) has a feasible T -periodic solution.
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Figure 3.1: An 2-dimensional example for a confidence ellipsoid Et and the feasible box Pt.

Proof: This corollary is direct consequence of Lemma 3.1.11 and corollary 3.1.1. ¤

Remarks on Corollary 3.1.2:

• We can again write the statement (i) of the corollary more compact in the form
E ⊆ P making no difference between the time and the components, where the infinite
dimensional box P denotes the set of all functions y that satisfy the constraints
|yi(t)| ≤ |di| for all t ∈ R and all i ∈ { 1, ..., ny } .

• An example for this result is illustrated in Figure 3.1.

In the following we like to transfer some quality factors for the ellipsoid E that are well-
known from optimum experimental design [3, 36]. In this thesis we are mainly interested in
the A-criterion (= trace criterion) and in the M -criterion (= maximum confidence interval
criterion) as the corresponding quality factors can efficiently be computed. However, we
will also briefly discuss the E-criterion (= maximum eigenvalue criterion):

• The quality factor ΦA ∈ R that is associated with the A-criterion is the average10

over the squares of the semi-axes of the ellipsoid E given by

ΦA :=
1

Tny

∫ T

0

Tr
(
C(t)P (t)C(t)T

)
dt = ‖Ĥ‖2

H2
, (3.89)

it can be identified with the square of the H2-norm of the linear system (3.48). Note
that

1

ny

Tr
(
C(t)P (t)C(t)T

)

10The reason why we have to take the average over the squares of the semi-axes of E is simply that the
square sum of the semi-axes does in general not exist - due to the fact that we consider our system on an
infinite time horizon.
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is for each t ∈ R the average over the squares of the semi-axes of the finite dimensional
ellipsoid Et. The stochastic interpretation is that ΦA is the average variance of the
output y as it was discussed in section 3.1.3. Furthermore, if P is a feasible T -periodic
solution of the constrained PLDE we have the upper bound estimation

γ2 ΦA ≤ 1

Tny

∫ T

0

d(t)Td(t) dt =:
1

Tny

‖d‖2
L2[0,T ] (3.90)

as it was discussed in section 3.1.4.

• The quality factor ΦM ∈ R that is associated with the M -criterion is the longest edge
of the smallest box around the ellipsoid E given by

ΦM := max
t∈R , i∈{1,...,ny}

√
Ci(t)P (t)Ci(t)T = ‖Ĥ‖L∞/L2 , (3.91)

it can be identified with the induced L∞/L2-norm of the underlying linear system
that was introduced in section 3.1.5. The stochastic interpretation is that ΦM is the
maximum confidence interval of the output y. As it was discussed in section 3.1.5
we have the upper bound estimation

γ ΦM ≤ ‖d‖L∞ (3.92)

if P is a feasible T -periodic solution of the constrained PLDE.

• The quality factor ΦE ∈ R that is associated with the E-criterion is the length of the
largest semi-axis of the ellipsoid E given by

ΦE := max
w

‖y‖L2

‖w‖L2

=: ‖Ĥ‖H∞ , (3.93)

it can be identified with the H∞-norm11 of the system 3.48 that is defined by equa-
tion (3.93) to be the (induced) spectral norm of the Hankel operator Ĥ. The stochas-
tic interpretation is that ΦE is the maximum standard deviation of 〈 η | y 〉L2 over
all functions η : R→ Rny with ‖η‖L2 = 1.

• The quality factor ΦD ∈ R that is associated with the D-criterion is not consid-
ered in this thesis as it would require a functional analytic discussion of Fredholm
determinants. In particular the determinant criterion can - as far as the author is
aware - neither be identified with a standard expression that is considered in linear
control theory nor easily be obtained as a function on the T -periodic solution P of
the PLDE. Finally, we remark that at any given time t ∈ R the average determinant
ΦD,t of the matrix C(t)P (t)C(t) given by

ΦD,t := det
(
C(t)P (t)C(t)T

) 1
ny (3.94)

11Note that the H∞ is especially for LTI-systems often defined in frequency space where it really is a
Hardy-infinity norm as defined in complex analysis.
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can - except for a constant factor - be identified with the radius of an ny-dimensional
ball that has the same volume as the ellipsoid Et. The corresponding stochastic
interpretation is that 1

ny
log

(
det

(
C(t)P (t)C(t)T

))
is (if it exists) the entropy of y(t)

if the disturbance w is a white noise process.

3.1.7 A Discussion of Constraint-Scaled Norms

In the previous section we have transferred the A-, M -, and E-criterion for linear systems
with a disturbance w as an input interpreting the corresponding quality factors for the
output y for the ellipsoidal set E graphically. In addition we identified them with the
square of the H2-, the induced L∞/L2-, and the H∞-norm respectively. However, these
norms are still not well-scaled with respect to the distance function d of the constraints in
the linear systems (3.48) - so far we have only provided some upper bound estimation for
the H2- and the L∞/L2-norm assuming that there is a feasible solution of the constrained
PLDE-system (3.51). Therefore we will introduce scaled norms or quality factors - of course
still under the assumptions that X is asymptotically stable and Q(T ) positive definite. As
mentioned before we are in this thesis mainly interested in the A- and the M -criterion
omiting a discussion of a scaled version of the E- or a possibly generalized D-criterion (if
they exist) for further investigations.

Definition 3.1.7 (Constraint-Scaled H2,d- and L∞,d/L2-norms) Transferring the no-
tation from the previous sections we define the quality factor ΦA,d ∈ R that is associated
with the constraint-scaled A-criterion and the scaled H2,d-norm by

ΦA,d :=
1

Tny

∫ T

0

ny∑
i=0

Ci(t)P (t)Ci(t)
T

di(t)di(t)T
dt =: ‖Ĥ‖2

H2,d
. (3.95)

Similarly, we define the quality factor ΦM,d ∈ R that is associated with the constraint-scaled
M-criterion and the scaled (L∞,d/L2)-norm by

ΦM,d := max
t∈R , i∈{1,...,ny}

√
Ci(t)P (t)Ci(t)T

di(t)di(t)T
=: ‖Ĥ‖L∞,d/L2 . (3.96)

Note that d was in section 3.1.4 defined to be a strictly negative function such that the
above expressions are well-defined.

Remarks on Definition 3.1.7:

• The stochastic relations as well as the graphical interpretations for L2-bounded dis-
turbances in the previous sections for the ΦA- and ΦM -criterion can of course be
transferred in a scaled version rescaling the output y componentwise with the func-
tion |d|. In particular, the L∞,d-norm is defined by

‖y‖L∞,d := max
t∈R , i∈{1,...,ny}

yi(t)

|di(t)| (3.97)
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for all functions y such that the (L∞,d/L2)-norm of Ĥ is given by

‖Ĥ‖L∞,d/L2 := max
w

‖y‖L∞,d

‖w‖L2

. (3.98)

Now, we like to transfer the upper bound estimations for the H2- and the L∞/L2-norm
that have been discussed in the previous sections under the assumption that there is a
feasible T -periodic solution of the constrained PLDE (3.51):

Theorem 3.1.1 (A tight upper bound for the L∞,d/L2-norm) We consider the con-
strained PLDE-system:

Ṗ (t) = A(t)P (t) + P (t)A(t)T +B(t)Σ(t)B(t)T

P (0) = P (T )

0 º diag
[
γ2C(t)P (t)C(t)T − d(t)d(t)T

] (3.99)

Now we have the following upper-bound: The constrained PLDE (3.99) has a feasible T -
periodic solution P if and only if the inequality

‖Ĥ‖L∞,d/L2 ≤ 1

γ
(3.100)

is satisfied.

Proof: If we write the constraints in the PLDE system (3.99) in the form

∀t ∈ R , i ∈ {1, ..., ny} :
Ci(t)P (t)Ci(t)

T

di(t)di(t)
≤ 1

γ2
(3.101)

the statement in the theorem is a direct consequence of the definition of the constraint-
scaled L∞,d/L2-norm. ¤

Remarks on Theorem 3.1.1:

• If the constrained PLDE (3.99) has a feasible T -periodic solution P then we have the
following upper bound for the H2,d-norm

‖Ĥ‖H2,d
≤ 1

γ
. (3.102)

However, this bound is of course in general not tight in the sense that the converse of
the above statement is in general not true. This is of course an important difference
between the constraint-scaled A- and M -criterion that will later be interpreted in
section 3.3.2.
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• The L∞,d/L2-norm of Ĥ can obviously be obtained as the inverse of the optimal value
of the confidence level optimization problem

max
P (·),γ

γ

s.t.:

∀t ∈ [0, T ] : Ṗ (t) = A(t)P (t) + P (t)A(t)T +B(t)Σ(t)B(t)T

P (0) = P (T )

∀t ∈ [0, T ] : 0 º diag
[
γ2C(t)P (t)C(t)T − d(t)d(t)T

]

. (3.103)
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3.2 PLDE’s for General Autocorrelation Functions

In the previous section we have considered periodic Lyapunov differential equations in
combination with their stochastic interpretation under the assumption that the input dis-
turbance w of the underlying linear system is a white noise process. However, a white noise
process is a rather theoretical construct and therefore we consider in this section a more
general class of random input disturbance processes w with an autocorrelation function
K : R× R→ Rnw×nw such that

E{w(t)} = 0

E{w(t)w(τ)T} = K(t, τ)

K(t, τ) = K(τ, t)T

∀t, τ ∈ R , (3.104)

where E{·} denotes the expectation.
A way to obtain K is of course that we have a model of the disturbance - such models

exist for example for wind turbulences as we will discuss in section 3.2.3. However, often
we can only measure the disturbance for a long time. In this case we can usually obtain
a so called frequency spectrum or power spectral density S : R × R → Rnw×nw of the
disturbance such that S is the fourier transform of K:

S(t, ω) =

∫ ∞

−∞
K(t, τ)e−iω(t−τ) dτ (3.105)

for all times and frequencies t, ω ∈ R. In the most general case S can of course depend on
the time t but in this case we will assume that S is T -periodic in its first argument (and
symmetric in the second argument), i.e. we have

∀t, ω ∈ R : S(t, ω) = S(t+ T, ω) and S(t, ω) = S(t,−ω)T . (3.106)

Consequently, K should be doubly T -periodic (and symmetric), i.e.

∀t, τ ∈ R : K(t+ T, τ + T ) = K(t, τ) and K(τ, t) = K(t, τ)T . (3.107)

Having measured S or K respectively we can try to fit the measurements with explicit
expressions. In this thesis we are especially interested in the case that K is either directly
modeled or fitted by a linear time-periodic system as it will be introduced in section 3.2.1.

The main motivation to take the frequency statistics of a disturbance into account
is that systems sometimes show a very different behaviour if the disturbance statistics
changes. To name an extreme example: Consider a simple spring with a relatively high
spring constant but a low damping rate that is excited by a random force. If the force is
only a white noise process the spring will usually not be excited much but if the power
spectral density of the force has a peak at the resonance frequency of the spring it might
come to extreme excitations. Conversely, this example can also be used to demonstrate a
general advantage of stochastic robustification in comparison to worst-case robustification
methods: If the probability that the spring and the disturbance are in resonance is very
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small, then it might be too conservative to consider for example the excitation of the spring
for an L∞-bounded worst case disturbance.

Finally, we should mention that it is from a mathematical point of view often easier to
deal with bounded autocorrelation functions. For example we will later consider nonlinear
systems in a linear approximation using the assumption that the disturbances are very
small - this is in principle no problem, but if the disturbance is a white noise random
process it is nevertheless the question in which sense such a disturbance can be small as
the autocorrelation function is a δ-distribution that is unfortunately completely unbounded.
A similar question is how to deal with linear constraints of the form

0 º C(t)x(t) +D(t)w(t) + d(t)

for all t ∈ R with a T -periodic function D. Obviously, it makes no sense to consider such
constraints that are explicitly depending on the disturbance if w is a white noise process.
But we will show in section 3.2.2 how we can generalize the constrained PLDE if we have
bounded autocorrelation functions.

3.2.1 Linear Time-Periodic Modeling of Disturbances

In this and the following sections we are mainly interested in the case that the autocorrela-
tion function K is modeled by a linear time-periodic (LTP-) system (this is often possible
for disturbances that arise in our context of periodic systems). Therefore we assume that
there exist T -periodic matrix functions Σi,∆i,j : R → Rnw×nw and Ki : R × R → Rnw×nw

for i, j ∈ {1, ...,m} with

∀i ∈ {1, ...,m} :

∂
∂t
Ki(t, τ) =

∑m
j=1 ∆i,j(t)Kj(t, τ)

lim
t→τ

Ki(t, τ) = Ki(τ, τ) = Σi(τ)
(3.108)

for all t, τ ∈ R with t > τ such that we have the relation K(t, τ) = K1(t, τ) for all t ≥ τ
and due to the naturally required symmetry K(t, τ) = K1(τ, t)

T otherwise.

Remarks:

• The linear system (3.108) is formulated as an initial limit value problem as we like
to allow that the functions Ki(·, τ) for i ∈ {1, ...,m} and τ ∈ R are only continous
but not necessarily differentiable at the point t = τ .

• In most cases it is - depending on the desired accuracy - enough to choose a small
integer m ∈ N to model the disturbance statistic. A proper m as well as the corre-
sponding functions ∆i,j and Σi for i, j ∈ {1, ...,m} are usually obtained from given
measurements of K or S respectively.

• In the following we will always assume that the system (3.108) is stable but not
necessarily asymptotically stable. Note that this assumption is reasonable for all
meaningful autocorrelation functions that arise in practice.
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• To simplify the following notation we introduce the substitutions

K :=
(
KT

1 , . . . , K
T
m

)T
, (3.109)

S :=
(
ΣT

1 , . . . ,Σ
T
m

)T
, (3.110)

∆ :=




∆1,1 . . . ∆1,m
...

. . .
...

∆m,1 . . . ∆m,m


 , (3.111)

(3.112)

where S, ∆ and K are matrix functions with proper dimensions. Instead of the
notation in (3.108) we write now

K̇(t, τ) = ∆(t)K(t, τ)

K(τ+, τ) = S(τ)
. (3.113)

Lemma 3.2.1 (PLDE’s for LTP-Autocorrelation Functions) Let us consider the lin-
ear system (3.2) where the input disturbance w is a random process with an autocorrela-
tion function K that can be described with the stable LTP-system (3.113). We are inter-
ested in the following generalized PLDE-system for the functions P : R → Rnx×nx and
R := (R1, . . . , Rm) with Ri : R→ Rnx×nw for i ∈ {1, . . . ,m}:

Ṗ (t) = A(t)P (t) + P (t)A(t)T +B(t)R1(t)
T +R1(t)B(t)T

Ṙ(t) = A(t)R(t) +R(t)∆(t)T +B(t)S(t)T

P (0) = P (T )

R(0) = R(T )

. (3.114)

Here the matrix multiplications are defined block-componentwise. If the monodromy matrix
X of the underlying linear system (3.2) is asymptotically stable then we have:

(i) The PLDE system (3.114) has a unique solution (P,R) with P being positive semi-
definite.

(ii) If P is the solution of the system (3.114) it can be identified with the variance-
covariance matrix of the states, i.e. P has the explicit form

P (t) = E { x(t)x(t)T } =

∫ ∞

−∞

∫ ∞

−∞
Γt(τ)K(τ, τ ′)Γt(τ

′)T dτ dτ ′ . (3.115)

(iii) The left block-component R1 of the solution R of the system (3.114) describes the
correlation between the states and the disturbance, i.e. R1 has the explicit form

R1(t) = E { x(t)w(t)T } =

∫ ∞

−∞
Γt(τ)K(τ, t) dτ . (3.116)
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Proof: We denote the fundamental solution of the linear system (3.113) by G : R×R→
(Rnw×nw)

m×m
. It is defined as the unique solution of the initial value problem:

∂G(t, τ)

∂t
= ∆(t)G(t, τ) with G(τ, τ) = 1 for all t, τ ∈ R . (3.117)

The second differential equation in (3.114) for the function R can obviously be considered
independently as it is not depending on P . We can solve this differential equation with an
initial value R(0) = R0 ∈ (Rnx×nw)

m
by direct calculation

R(t) = G(t, 0)R0G(t, 0)T +Q(t) (3.118)

with Q(t) :=
∫ t

0
G(t, τ)B(τ)S(τ)TG(t, τ)T dτ . Now, the periodic boundary condition for

R has the form

R0 = XR0X T +Q(T ) , (3.119)

where X := G(T, 0) is the monodromy matrix of the system (3.113). As X was assumed
to be stable and X asymptotically stable we have 1 − λi(X)λj(X ) 6= 0 for all eigenvalues
λi(X), λj(X ) ∈ C of X and X respectively for i ∈ {1, ..., nx} and j ∈ {1, ...,mnw}.12 Thus,
the equation (3.119) has a unique solution and due to the unique correspondence to the
system

Ṙ(t) = A(t)R(t) +R(t)∆(t)T +B(t)S(t)T

R(0) = R(T )
(3.120)

there exists a unique solution for R. Now, it is easy to see that there is also a unique
solution of the system

Ṗ (t) = A(t)P (t) + P (t)A(t)T +B(t)R1(t)
T +R1(t)B(t)T

P (0) = P (T )
(3.121)

as X has no reciprocal eigenvalues (analogous to the Lyapunov Lemma). As X is asymp-
totically stable (and K bounded) the integral expressions

∫ ∞

−∞

∫ ∞

−∞
Γt(τ)K(τ, τ ′)Γt(τ

′)T dτ dτ ′ (3.122)

and
∫ ∞

−∞
Γt(τ)K(τ, t) dτ (3.123)

12Note that the equation (3.119) can be written as [1−X ⊗X] Vec(R0) = Vec(Q(T )), where ⊗ denotes
the standard Kronecker tensor product. The nxmnw eigenvalues of the matrix [1−X ⊗X] have all the
form 1− λi(X)λj(X ).
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exist for all t ∈ R. These integral expressions solve13 the system (3.114) and they can
subsequently be identified with P (t) and R(t) respectively as the system (3.114) admits
only one unique solution, i.e. we have shown (ii) and (iii). The part (i) of the Lemma is
also prooved as a variance-covariance matrix is always positive semi-definite. ¤

Remarks:

• If there is a dynamic model for the disturbance we have often a stochastic differential
equation for a state vector ω : R→ (Rnw)m of the form

ω̇(t) = ∆(t)ω(t) + Λ(t)ν(t) , (3.124)

such that the first block-vector ω1 of ω returns a disturbance process w := ω1 with the
desired autocorrelation if the input ν is an uncorrelated white noise random process.
Here, Λ : R → Rmnw×nν is assumed to be a T -periodic matrix function and ∆ is
here assumed to be asymptotically stable. Theoretically, we can now compute the
variance covariance matrix of the coupled system (use the notation B := (B, 0, ..., 0)
with proper dimensions)

ẋ(t) = A(t)x(t) + B(t)ω(t)

ω̇(t) = ∆(t)ω(t) + Λ(t)ν(t)
(3.125)

by solving the corresponding periodic Lyapunov differential equation

d

dt

(
P (t) R(t)
R(t)T V(t)

)
=

(
A(t) B(t)

0 ∆(t)

)(
P (t) R(t)
R(t)T V(t)

)

+

(
P (t) R(t)
R(t)T V(t)

)(
A(t) B(t)

0 ∆(t)

)T

+

(
0 0
0 Λ(t)Λ(t)T

)

(
P (0) R(0)
R(0)T V(0)

)
=

(
P (T ) R(T )
R(T )T V(T )

)
. (3.126)

Furthermore, V(t) denotes for all t ∈ R the variance-covariance matrix of ω. Note
that the periodic Lyapunov differential equation for V given by

V̇(t) = ∆(t)V(t) + V(t)∆(t)T + Λ(t)Λ(t)T

V(0) = V(T )
(3.127)

13Note that the integral expressions (3.122) and (3.123) still solve the system (3.114) ifK is only continous
but not necessarily differentiable on the line t = τ .
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is only depending on ∆ and Λ and therefore we can assume that this equation
has already been independently pre-solved for all further purposes. This assump-
tion implies in particular that the first block-column of V is known and we may
define ST := V1 such that the remaining part of the periodic Lyapunov differential
equation (3.126) can be identified with the system (3.114) in the above Lemma.

• Unfortunately, the number of independent differential equations in the system (3.114)
is 1

2
nx(nx + 1) +mnxnw , thus linearly increasing with m. But, as mentioned before,

disturbances can often be modeled with a small integerm such that the system (3.114)
often still has an acceptable size.

• As we allowed in the above Lemma that X is only stable but not necessarily asymp-
totically stable we have also included the case that the disturbance is a super-position
of harmonic stimulations with given frequencies but (time-constant) random ampli-
tudes as well as the important case that the disturbance is a time-constant but
random parameter vector with a given variance. (This case often occurs if we can
not measure a parameter exactly.) However, in such cases we should again use special
structures of the corresponding PLDE’s for an efficient implementation that are not
considered in this thesis.

3.2.2 Generalized Constrained PLDE’s

In this section we like to consider linear systems with an output constraint that is explicitly
depending on the disturbance. These systems should have the form

ẋ(t) = A(t)x(t) +B(t)w(t)

0 º C(t)x(t) +D(t)w(t) + d(t)
(3.128)

for all t ∈ R with a T -periodic matrix function D : R → Rny×nw . Now, the output vector
y is defined such that y(t) = C(t)x(t) +D(t)w(t) for all t ∈ R. Using the notations from
the previous sections we associate with the system (3.128) also a generalized constrained
PLDE:

Definition 3.2.1 For every periodic linear system with explicitly disturbance depending
constraints of the form (3.128) we define an associated (generalized) constrained periodic
Lyapunov differential equation of the form

Ṗ (t) = A(t)P (t) + P (t)A(t)T +B(t)R1(t)
T +R1(t)B(t)T

Ṙ(t) = A(t)R(t) +R(t)∆(t)T +B(t)S(t)T

0 º diag
[
γ2

(
C(t)P (t)C(t)T + C(t)R1(t)D(t)T +D(t)R1(t)

TC(t)T

+D(t)Σ1(t)D(t)T
)− d(t)d(t)T

]
(3.129)

for all t ∈ R. The variable γ ∈ R with γ > 0 in the system (3.129) is the corresponding
confidence level of this constrained PLDE. Conversely, the differential equation (3.128) is
called the underlying constrained linear system of the constrained PLDE (3.129).
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Remarks:

• The interpretation of the constraints in the system (3.129) are completely analogous
to the interpretation of the constraints in the system (3.50): If P andR are T -periodic
solutions then the matrix

C(t)P (t)C(t)T + C(t)R1(t)D(t)T +D(t)R1(t)
TC(t)T +D(t)Σ1(t)D(t)T (3.130)

is the variance-covariance matrix of the output y - thus the constraints are confidence
constraints. In principle we can also transfer the L2-interpretation if we consider
linear systems in combination with LTP-disturbance models of the form

ẋ(t) = A(t)x(t) + B(t)ω(t)

ω̇(t) = ∆(t)ω(t) + Λ(t)v(t)

y(t) = C(t)x(t) + D(t)ω(t)

, (3.131)

with D := (D, 0, ..., 0) , where v is an L2-bounded disturbance. For such systems all
previous considerations in this chapter can be transfered.

3.2.3 A PLDE for the Dryden Wind Turbulence Model

In section 1.2.2 we have introduced Dryden’s wind turbulence model defining the autocor-
relation function in an explicit form (cf. equation (1.32)). It can readily be shown that
this autocorrelation function satisfies a LTP system of the form

K̇(t, τ) = ∆(t)K(t, τ)

K(τ+, τ) = S(τ)
. (3.132)

with m = 2, where ∆ has the block structure

∆ =

( −δI I
0 −δI

)
. (3.133)

Here I is a 3× 3-unit matrix. The matrix ST = (Σ1,Σ2) can be chosen in such a way that
K has the form K(t, τ) = (Σ1 + Σ2|t − τ |)e−δ|t−τ | (compare with equation (1.32)). Thus,
the PLDE that is associated with Dryden’s wind turbulence model has has the explicit
form

Ṗ (t) = A(t)P (t) + P (t)A(t)T +R1(t)B(t)T +B(t)R1(t)
T

Ṙ1(t) = A(t)R1(t) +B(t)Σ1 − δR1(t) +R2(t)

Ṙ2(t) = A(t)R2(t) +B(t)Σ2 − δR2(t)

P (0) = P (T )

R1(0) = R1(T )

R2(0) = R2(T ) .

(3.134)
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It is of course also possible to construct a matrix Λ ∈ (R3×3)
2×2

using the relation (3.127)
such that the Dryden turbulence model can be written in the form (3.124). Such a matrix
Λ is not unique but one diagonal solution is

Λ =




√
2σxδ

1
2 0 0

0
√

3σyδ
1
2 0 0

0 0
√

3σzδ
1
2

0 0 0

0 0
√

2σyδ
3
2 0

0 0
√

2σzδ
3
2




(3.135)

As discussed a system of the form (3.124) should not be used in the context of optimization
but the above solution for Λ can of course nevertheless be helpful - for example if we want
to simulate a disturbance with the Dryden statistic by passing a white noise signal through
the filter differential equations (3.124).
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3.3 Optimum Robust Control Design for Nonlinear

Systems

The aim of this section is to use the considerations for linear time periodic systems in
the previous two sections for the formulation of optimal control problems for nonlinear
systems that should be robustified in a linear approximation. Furthermore, we are not only
interested in a robustification of an optimal control problem but also in the asymptotical
decay rate of the underlying systems.

In section 3.3.1 we show how to approximate a nonlinear dynamical system around a
periodic reference trajectory for small disturbances and discuss a way to formulate optimal
control problems that are robustified with respect to constraints. In section (3.3.2) we
concentrate on the objectives for such periodic optimal control problems for the case that
we like to include robustness aspects directly in the objective functional. Finally, we discuss
the connection between robustness and stability aspects in section 3.4 introducing a novel
method for nonlinear systems to achieve both: Stability optimization based on smooth
optimal control problems and balance between asymptotical decay rate and robustness
aspects.

3.3.1 Robustness as a Constraint

In this section we consider a nonlinear system for the differential state vector x : R→ Rnx

of the following form:

ẋ(t) = f(x(t), u(t), p, w(t)) for all t ∈ R . (3.136)

Here, u : R → Rnu is a control function, p ∈ Rnp a constant parameter, and, analogously
to the previous sections, w : R → Rnw an unknown disturbance. The right-hand-side
function f is assumed to be sufficiently often continuously differentiable in all arguments
for all further purposes. In the following we regard periodic solutions to (3.136) and ask
the question if these solutions robustly respect inequality constraints of the form

0 º h(x(t), u(t), p, w(t)) for all t ∈ R . (3.137)

Here, the constraint function h : Rnx × Rnu × Rnp × Rnw → Rny is also assumed to be
continously differentiable in all arguments.

Let xr : R → Rnx be a reference function with period T that satisfies the differential
equation (3.136) as well as the constraint (3.137) for w ≡ 0 :

ẋr(t) = f(xr(t), u(t), p, 0)

xr(t+ T ) = xr(t)

0 º h(xr(t), u(t), p, 0)

for all t ∈ R . (3.138)

For a small disturbance w the reaction δx := x− xr can be linearly approximated by

δx(t)
.
= Γ̂tw =

∫ t

−∞
G(t, τ)B(τ)w(τ) dτ , (3.139)



3.3. OPTIMUM ROBUST CONTROL DESIGN FOR NONLINEAR SYSTEMS 91

with

A(t) := ∂f
∂x

(xr(t), u(t), p, 0)

B(t) := ∂f
∂w

(xr(t), u(t), p, 0) Σ
1
2 (t)

and ∂G(t,τ)
∂t

:= A(t)G(t, τ) with G(τ, τ) := 1

(3.140)

for all t, τ ∈ R. Here, the Hankel operator Γ̂t can be interpreted as the Fréchet derivative
of x(t) with respect to the function w. Now the considerations in the previous sections
can obviously be transferred with δx := x − xr satisfying the linear system (3.2) from
section 3.1.1 in a first order approximation:

˙δx(t)
.
= A(t)δx(t) + B(t)w(t) for all t ∈ R .

With the definitions

C(t) := ∂h
∂x

(xr(t), u(t), p, 0)

D(t) := ∂h
∂w

(xr(t), u(t), p, 0)

and d(t) := h(xr(t), u(t), p, 0)

(3.141)

we can also approximate the constraints for small disturbances:

0
·º C(t)δx(t) +D(t)w(t) + d(t) (3.142)

Note that functions A, B, C, D and d are all T -periodic assuming that u is also T -
periodic. Furthermore, if the constraints in (3.138) are strictly satisfied the function d is
strictly negative, i.e. we have d(t) ≺ 0 for all t ∈ R.

Now we are interested in optimal control problems with the aim to find a control
function u, a parameter p, the cycle duration T , and a corresponding periodic reference xr

such that the solution is simultaneously robust, stable and optimal. Therefore we consider
first the case that the function h is not explicitly depending on the disturbance w keeping in
mind that we can later generalize our considerations with the techniques from section 3.2.
Under the assumption that X is always (i.e. independent of controls, parameters, etc.)
asymptotically stable, these optimal control problems have the following form:

minimize
xr(·),P (·),u(·),p,γ,T

J [xr(·), P (·), u(·), p, γ, T ]

subject to:

∀t ∈ [0, T ] : ẋr(t) = f(xr(t), u(t), p, 0)

∀t ∈ [0, T ] : Ṗ (t) = A(t)P (t) + P (t)A(t)T +B(t)B(t)T + V (t)

xr(0) = xr(T )

P (0) = P (T )

∀t ∈ [0, T ]

∀i ∈ {1, ..., ny} : 0 º hi(xr(t), u(t), p) + γ
√
Ci(t)P (t)Ci(t)T +Wi,i(t)

(3.143)



92 CHAPTER 3. ROBUSTNESS AND STABILITY OPTIMIZATION

where J is an objective functional that will be specified in the next section 3.3.2. Of course,
in general we may not assume that X is always asymptotically stable but the case that
we have no information about X will be discussed in section 3.4. The matrix functions
V : R → Rnx×nx and W : R → Rny×ny in (3.143) are assumed to be symmetric, positive
definite and T -periodic regularization functions that will be discussed in the following
remarks.

Remarks:

• Note that we can directly transfer the interpretations of constrained PLDE’s in sec-
tion 3.1 to the underlying (asymptotically stable) linear variational system

˙δx(t) = A(t)δx(t) + B(t)w(t)

0 º C(t)δx(t) + d(t)
(3.144)

if we have γ > 0 in the optimal solution. However, if we use the system (3.144) as an
approximation to compute excitations of nonlinear systems from their periodic ref-
erence trajectory under the assumption that the disturbances and in a consequence
the caused excitations are small we should at least at one point be careful: If the dis-
turbance w enters the right-hand side function f not linearly then the interpretation
of the T-periodic solution P of the PLDE as an approximation for the variance-
covariance matrix of the states of a nonlinear system assuming that w is a white
noise random process is in general wrong as w has in this case an unbounded au-
tocorrelation function. Nevertheless, we can rescue our interpretation argumenting
a little bit different: If we assume that our disturbance is a random process with
a small bounded autocorrelation function we may first approximate the nonlinear
system with the system (3.144) and later approximate the disturbance with a white
noise process as we make an approximation in any case. This is of course only a
qualitative argumentation as we have not computed any approximation errors so far
but we like to refer to Chapter 4 where we provide a method to determine the approx-
imation errors numerically in an á posteriori simulation. Additionally, for real world
applications it is usually reasonable to assume that random disturbances are bounded
and either almost uncorrelated such that we can approximate them by a white noise
process as soon as we consider linear variational systems or we can describe them by
a bounded autocorrelation function.

• For linear systems we have already interpreted the function V either just as a regu-
larization or as a way to regard the model error in a stochastic way (cf. section 3.1.1
and 3.1.2 respectively). Now, in the context of nonlinear robust optimization there
is an additional motivation to regard a systematic error of the linear variational sys-
tem (3.144) as it is only an approximation of the nonlinear system. However, we do
not discuss a reasonable choice for the matrix function V in dependence on higher
order terms. It is a general assumption in this thesis that higher order terms are not
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dominant as our considerations are based on the linear approximation (3.144). Here,
we only assume that the PLDE is regularized with a small positive definite V such
that we can at least guarantee that the T -periodic solution P of the PLDE is always
unique and positive definite (recall that this follows from the Lyapunov Lemma 3.1.3
as we assume that X is asymptotically stable).

• In section 3.1.1 we preferred to write the PLDE constraints in the form

∀t ∈ R : 0 º diag
[
γ2C(t)P (t)C(t)T − d(t)d(t)T

]
(3.145)

assuming that the function d is strictly negative. However, as we have in general not
much information about the nonlinear constraint function h we want to rely on as few
assumptions as possible. Therefore we prefer now to write the robustified constraints
in the form

∀t ∈ [0, T ]∀i ∈ {1, ..., ny} : 0 º hi(xr(t), u(t), p) + γ
√
Ci(t)P (t)Ci(t)T +Wi,i(t) .

(3.146)

Similar to the regularization of the PLDE with the matrix function V we have here
regularized the constraints of the PLDE, too. The main motivation for an intro-
duction of the positive definite matrix function W is again that the constraints of
the linear variational system (3.144) are only an approximation of the nonlinear con-
straints such that it might be too optimistic to use the term γ

√
Ci(t)P (t)Ci(t)T as an

estimation for the necessary distance of the reference trajectory to the constraints at
some time t ∈ [0, T ] and a component i ∈ {1, ..., ny}. Especially, if we have Ci(t) = 0
at some time t and some component i we would even loose the possibility to directly
influence the distance di(t) of the reference to the i-th constraint by increasing γ if we
would not introduce any regularization. A discussion of a reasonable choice of W in
dependence on higher order terms is not considered in this thesis, but we will never-
theless assume that the constraints are regularized with a small W such that we can
at least guarantee the following: First, the expression under the square root (3.146)
is always positive as P is positive definite. Thus the right-hand side in (3.146) is
always differentiable. And second, if the constraints (3.146) are satisfied then we
may conclude that h is strictly negative. Finally, we mention that it is also possible
to construct a stochastic interpretation of W : Consider a linear output vector of the
form

y(t) = C(t)δx(t) +
∼
w(t) (3.147)

for all t ∈ R where
∼
w : R → Rny is representing the model error. If

∼
w is an

uncorrelated random noise with

E {∼w(t)} = 0

E {∼w(t)
∼
w(τ)T} = W (t)δt,τ

E {∼w(t)δx(τ)T} = 0

(3.148)
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for all t, τ ∈ R then the variance of the output y is given by

E {y(t)y(t)T} = C(t)P (t)C(t)T +W (t) (3.149)

for all t ∈ R. (Here, the Kronecker expression δt,τ is equal to 1 if t = τ and 0
otherwise.)

• Note that we can use the symmetry of this Lyapunov equation for P to achieve an
efficient implementation: The Lyapunov differential equation has at most nx(nx+1)

2

independent components.

• As mentioned it is of course not a problem to generalize the robustified optimal
control problem (3.143) for a more general class of autocorrelation functions. With
the notation from section 3.2 these optimal control problems should have the form14:

minimize
xr(·),P (·),R(·),u(·),p,γ,T

J [xr(·), P (·),R(·), u(·), p, γ, T ]

subject to:

∀t ∈ [0, T ] : ẋr(t) = f(xr(t), u(t), p, 0)

∀t ∈ [0, T ] : Ṗ (t) = A(t)P (t) + P (t)A(t)T +B(t)R1(t)
T +R1(t)B(t)T + V (t)

∀t ∈ [0, T ] : Ṙ(t) = A(t)R(t) +R(t)∆(t)T +B(t)S(t)T

xr(0) = xr(T )

P (0) = P (T )

R(0) = R(T )

∀t ∈ [0, T ] , ∀i ∈ {1, ..., ny} :

0 º hi(xr(t), u(t), p, 0) + γ
[
Ci(t)P (t)Ci(t)

T + Ci(t)R1(t)Di(t)
T

+Di(t)R1(t)
TCi(t)

T +Di(t)Σ1(t)Di(t)
T +Wi,i(t)

] 1
2

(3.150)

• Finally, we like to remark that the above considerations can be generalized for mod-
els with a finite number of discontinouities with given switch and jump functions.
Therefore we have to apply symmetric transition updates for the PLDE as it is briefly
discussed in appendix D.

3.3.2 Optimization of Constraint-Scaled Confidence Ellipsoids

In this section we concentrate again on robustified optimal control problems of the form (3.143)
discussing choices for the objective functional J which was not specified in the previous

14Here we use the definition B(t) := ∂f
∂w (xr(t), u(t), p, 0) for all t ∈ R.
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section. Therefore, we will still assume that X is always asymptotically stable. First, we
should mention that there is no unique answer on the question which objective functional
is the best choice. This is a design question depending on the application and the aim
of this section is rather to give some reasonable suggestions, interpretations and examples
how we can choose J . According to the field of optimum experimental design we call this
field of research now ”optimum robust control design”.

Let us first assume that we have the only aim to increase the robustness of a system. As
mentioned before we concentrate in this thesis mainly on two robust performance measures:
The constraint-scaled M - and the constraint-scaled A-criterion of the linear variational
system (3.144) that are equivalent to the corresponding scaled versions of the H2,d- and
the HL∞,d/L2-norm respectively (cf. section 3.1.7). Let us start with the optimization of
the regularized version of the HL∞,d/L2-norm or equivalently with the following confidence
level optimization problem:

maximize
xr(·),P (·),u(·),p,γ,T

γ

subject to:

∀t ∈ [0, T ] : ẋr(t) = f(xr(t), u(t), p, 0)

∀t ∈ [0, T ] : Ṗ (t) = A(t)P (t) + P (t)A(t)T +B(t)B(t)T + V (t)

xr(0) = xr(T )

P (0) = P (T )

∀t ∈ [0, T ]

∀i ∈ {1, ..., ny} : 0 º hi(xr(t), u(t), p) + γ
√
Ci(t)P (t)Ci(t)T +Wi,i(t)

(3.151)

Remarks:

• There exists a strictly feasible periodic reference function xr that satisfies ẋr(t) =
f(xr(t), u(t), p, 0) for all t ∈ [0, T ] together with corresponding control functions u,
parameters p, and a cycle duration T with

∀t ∈ [0, T ] , i ∈ {1, ..., ny} : hi(xr(t), u(t), p) ≺ 0

if the optimal control problem (3.151) has a feasible solution with a strictly positive
optimal value for γ.

• Exept for the regularization functions V and W (that are in our context assumed
to be small) the interpretations of the constrained PLDE’s and constrained scaled
norms in (3.1) can of course directly be transferred for the above optimal control
problem (3.151). In particular, the optimal value for the confidence level γ is (under
the assumption that the optimal value for γ is positive) equal to the inverse of

max
t∈R , i∈{1,..,ny}

√
Ci(t)P (t)Ci(t)T +Wi,i(t)

di(t)di(t)T
(3.152)
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where P is the T -periodic solution of the regularized PLDE. If we neglect V and
W this expression is equal to the constraint scaled HL∞,d/L2-norm or the square
root of the constraint scaled M -criterion respectively (cf. section 3.1.7). With the
correct interpretation and the remarks to Lemma 3.1.7 in mind we can also state the
confidence level optimization problem (3.151) is a way to minimize the probability
of a constraint violation in a linear approximation. More precisely, we have

∀t ∈ R , i ∈ {1, ..., ny} : Probability
{

0 < Ci(t)δx(t) + di(t) +
∼
w(t)

}
< p(γ)

with ∀t ∈ R : ˙δx(t) = A(t)δx(t) + B(t)w(t) + V
1
2 (t)v(t)

(3.153)

in the optimal solution of (3.151) if and only if γ is larger or equal to the optimal

value of the optimization problem (3.151). This is because p(γ) :=
∫∞

γ
1√
2π
e−

1
2
z2

dz
is monotonically decreasing with γ. Here, w and v are assumed to be independent unit
band-width white noise processes and

∼
w is a random process that satisfies (3.148).

It is of course also possible to replace the objective functional J in the optimal control
problem (3.143) by the constraint scaled and regularized A-criterion or equivalently by the
regularized H2,d-norm, i.e. we can use

J [xr(·), P (·), u(·), p, γ, T ] :=
1

Tny

∫ T

0

ny∑
i=0

Ci(t)P (t)Ci(t)
T +Wi,i(t)

di(t)di(t)T
dt (3.154)

as our objective functional. But now we recognize a disadvantage in comparison to our
way of formulating the M -criterion as a confidence level optimization problem: We have
to choose a fixed confidence level γ for the robustified constraint in (3.143). How can we
obtain a good choice for γ ? Again, we should remember that this is a design question
depending on the application and there is in general no unique answer but we suggest here
that a consistent choice is γ = 0, i.e. we consider the optimal control problem:

minimize
xr(·),P (·),u(·),p,T

1
Tny

∫ T

0

∑ny

i=0
Ci(t)P (t)Ci(t)

T +Wi,i(t)

di(t)di(t)T dt

subject to:

∀t ∈ [0, T ] : ẋr(t) = f(xr(t), u(t), p, 0)

∀t ∈ [0, T ] : Ṗ (t) = A(t)P (t) + P (t)A(t)T +B(t)B(t)T + V (t)

xr(0) = xr(T )

P (0) = P (T )

∀t ∈ [0, T ] 0 º hi(xr(t), u(t), p)

(3.155)

Our interpretation of the formulation (3.155) is the following: If we have systems with
a given state domain we have sometimes an intuitive idea in which region the system



3.3. OPTIMUM ROBUST CONTROL DESIGN FOR NONLINEAR SYSTEMS 97

should be but we can not or we do not want to incorporate this intuitive idea into the
dynamical model in a mathematical way. Rather, we start formulating some constraints
restricting the area where we think that our system should be. In this case the constraints
are introduced in order to provide a certain kind of scaling and in this case a minimization
of the expected least square deviation of the constraint-scaled output is a reasonable way
to take this aim into account. In particular, in the context of the above situation it is
usually not a too restrictive assumption that d is strictly negative such that the objective
is well-defined (and, as a matter of fact, we can even solve the above problem without even
implementing any constraint as the objective provides a barrier).

As mentioned before, we are in this thesis mainly interested in the M - and the A- crite-
rion and also at this point we do not discuss the optimization of E- or D-criteria although
at least the E-criterion or equivalently the H∞-norm can often be found in the literature
as a robust performance measure for linear systems. But there is another important case
that should be discussed: Often we have not only the aim to increase the robustness of
a system but also to optimize another given objective. Such a given objective is usually
independent of robustness aspects, i.e. independent of P and γ, and can be written in
form of a Lagrange objective functional that should be minimized:

∫ T

0

L(x(t), u(t), p, w) dt . (3.156)

Here, the Lagrange term L : Rnx × Rnu × Rnp × Rnw → R is assumed to be sufficiently
often continously differentiable in all its arguments.15

Again there are several methods to formulate robust optimal control problems in this
case. The most direct way is to choose a reasonable γ and replace in the optimal control
problem (3.143) the objective functional J directly by the above given objective (3.156)
evaluated on the reference trajectory. Then the robustness is guaranteed by the constraints.
Conversely, it is also possible to optimize γ extending the optimal control problem (3.151)
by an additional constraint of the form:

J0 ≥
∫ T

0

L(xr(t), u(t), p, 0) dt . (3.157)

In this case we have to choose a reasonable constant J0 ∈ R. Here we like to discuss a little
more costly variant that is known under the name ”robust counterpart formulation” (cf. [5,
6, 21] for surveys of robust counterpart formulations). Therefore, we choose a constant γ

15Note that in the context of periodic systems the Lagrange kernel is usually autonomous, i.e. not
explictly depending on the time t but the following considerations can be generalized also to the case of
non-autonomous objectives or for objectives with an additional Mayer term.
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and consider an optimal control problem of the form:

minimize
xr(·),P (·),u(·),p,T

∫ T

0
L(xr(t), u(t), p, 0) dt + γ

√
j1(T )

subject to:

∀t ∈ [0, T ] : ẋr(t) = f(xr(t), u(t), p, 0)

∀t ∈ [0, T ] : Ṗ (t) = A(t)P (t) + P (t)A(t)T +B(t)B(t)T + V (t)

xr(0) = xr(T )

P (0) = P (T )

∀t ∈ [0, T ]

∀i ∈ {1, ..., ny} : 0 º hi(xr(t), u(t), p) + γ
√
Ci(t)P (t)Ci(t)T +Wi,i(t)

(3.158)

Here j1(T ) := E { δJ δJT } ∈ R is denoting the variance of the given Lagrange objective
in a linear approximation. Thus, the only remaining question is how we can compute this
variance. Therefore we consider the following Lemma:

Lemma 3.3.1 (Robust Counterpart Objectives) Let us consider the linear approxi-
mation for the excitation of the Lagrange functional (3.156):

δJ :=

∫ T

0

[Lx(t) δx(t) + Lw(t)w(t) ] dt . (3.159)

where Lx : R→ R1×nx and Lw : R→ R1×nw are defined to be the partial derivatives

Lx(t) :=
∂

∂x
L(xr(t), u(t), p, 0) , Lw(t) :=

∂

∂w
L(xr(t), u(t), p, 0) Σ(t)

1
2 (3.160)

for all t ∈ R. Under the assumption that the disturbance w is a unit-bandwidth white noise
process we are interested in the following initial value problem for the states j1 : R → R
and j2 : R→ Rnx:

d
dt
j1(t) = 2Lx(t)j2(t) + Lw(t)Lw(t)T

d
dt
j2(t) = A(t)j2(t) + P (t)Lx(t)

T +B(t)Lw(t)T

j1(0) = 0

j2(0) = 0

(3.161)

for all t ∈ [0, T ], where P is the T -periodic solution of the PLDE. The variance of the
Lagrange objective can now be obtained by solving the above initial value problem:

E { δJ δJT } = j1(T ) . (3.162)

Thus, we can simply extend the optimal control problem (3.158) by the system (3.161) and
use the expression γ

√
j1(T ) as an additional Mayer term.
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Proof: Note that the autocorrelation function of the function δx is given by

E { δx(τ)δx(τ ′)T } =

{
G(τ, τ ′)P (τ ′) if τ ≥ τ ′

P (τ)G(τ ′, τ)T otherwise
(3.163)

where P is the T -periodic solution of the PLDE while the correlation between the function
δx and the (white noise) disturbance w is given by

E { δx(τ)δw(τ ′)T } =





G(τ, τ ′)B(τ ′) if τ > τ ′

1
2
B(τ ′) if τ = τ ′

0 otherwise

. (3.164)

We can use relations (3.163) and (3.164) to compute the variance

E { δJ δJT } =
∫ T

0

∫ T

0

[
Lx(τ)E { δx(τ)δx(τ ′) }Lx(τ

′)T + Lx(τ)E { δx(τ)δw(τ ′) }Lw(τ ′)T

+Lw(τ)E { δw(τ)δx(τ ′) }Lx(τ
′)T + Lw(τ) δ(τ − τ ′)Lw(τ ′)T

]
dτ dτ ′

(3.165)

Now, we can simply verify by direct calculation that the integrals on the right-hand side
in (3.165) can be evaluated by solving the differential equation (3.161) with the differential
states

j1(t) :=
∫ t

0

∫ t

0

[
Lx(τ)E { δx(τ)δx(τ ′) }Lx(τ

′)T + Lx(τ)E { δx(τ)δw(τ ′) }Lw(τ ′)T

+Lw(τ)E { δw(τ)δx(τ ′) }Lx(τ
′)T + Lw(τ) δ(τ − τ ′)Lw(τ ′)T

]
dτ dτ ′

j2(t) :=
∫ t

0
G(t, τ)P (τ)Lx(τ)

T dτ +
∫ t

0
G(t, τ)B(τ)Lw(τ)T dτ

(3.166)

for all t ∈ R. ¤

Remarks:

• We need nx +1 additional differential equations if we like to compute the variance of
the Lagrange objective. However, as the number of differential states of the PLDE
( = 1

2
nx (nx + 1) ) is quadratically increasing with nx anyhow, the system (3.161)

does usually not cause much extra effort.

• Conversely, it is of course also possible to optimize the confidence level γ while the
previous objective is formulated as an additional robustified constraint of the form:

J0 ≥
∫ T

0

L(xr(t), u(t), p, 0) dt+ γ
√
j1(T ) . (3.167)

where J0 ∈ R is a suitable constant.
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• The above Lemma can of course be transferred for the more general class of auto-
correlation functions as they have been introduced in section 3.2. (In this case we
need 1 + nx + nwm additional differential equations to compute the variance of the
objective.)

• The additional robustification term in the objective can also be regularized in the
form γ

√
j1(T ) + ε, where ε ∈ R++ is a positive constant that should compensate the

approximation error. This regularization has the advantage that we can guarantee
that the objective is always differentiable as the term under the square root is always
positive.

• We consider the special case that the Lagrange objective is a least squares term of
the form

J :=
1

T

∫ T

0

(
x(t)Qx(t)x(t)

T + u(t)TQu(t)u(t)
)

dt + pTQpp (3.168)

with given positive definite and T -periodic scaling matrix functions Qx : R→ Rnx×nx

and Qu : R→ Rnu×nu as well as a positive definite scaling matrix Qp ∈ Rnp×np . Now
we can of course use the above Lemma to compute the variance of this objective but
it is also possible to use the expectation value of J directly as a robustified objective
of the form

E {J} =
∫ T

0

(
xr(t)Qx(t)xr(t)

T + Tr (P (t)Qx(t))
)

dt

+
∫ T

0
u(t)TQu(t)u(t) dt + pTQpp .

(3.169)

Note that least squares terms of the form (3.168) are often used as an additional term
in the objective choosing small scalings Qx, Qu and Qp to achieve a certain regulariza-
tion without changing much in the objective. This is for example a way to adjust the
numerical rank of the Hessian matrix of the optimal control problem. Now, we sug-
gest to use the term (3.169) as a regularization of a corresponding robustified optimal

control problem which has several advantages: First, the term
∫ T

0
Tr (P (t)Qx(t)) dt

can be intepreted as a scaled H2-norm that is equal to the average of the variance
of the function Qx(·) 1

2 δx(·). Second, if we use the same notation as in Lemma 3.1.9

we recognize that the term
∫ T

0
Tr (P (t)Qx(t)) dt is providing an upper bound on the

spectral norm of L0 - exept for a constant that can be adjusted with the function
Qx. Thus, we can use the function Qx as a direct tool to adjust the eigenvalue bound
that was introduced in Lemma 3.1.9 (cf. especially the third remark on this Lemma),
i.e. we can (indirectly) influence the distance between the eigenvalues and the unit
circle in the complex plane. This will also be helpful in the context of the discussion
in section (3.4). Finally, it is nice to regard the following interpretation: We assume
that Qx(t) = 1, Qu(t) = 1 and Qp = 1 for all t ∈ R by rescaling x, u and p. The

term
∫ T

0
Tr (P (t) ) dt can be interpreted as the average ”moment of inertia” of the

ellipsoidal Gaussian probability distribution (total mass = 1) of (x, u, p) with respect
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Figure 3.2: A Poincare Map

to its ”center of gravity” that is placed at the point (xr, u, p). Now, we can apply
Steiner’s theorem to identify the right-hand side in (3.169) with the corresponding
”moment of inertia” with respect to the origin.

3.4 The Virtual Feedback Method

In the previous sections we have assumed that X is always asymptotically stable. However,
for some nonlinear systems it can be a quite non-trivial task to find asymptotically stable
regions and this stability assumption is not satisfied. In the context of nonlinear stability
optimization stable orbits are often found by eigenvalue optimization, i.e. the spectral
radius ρ(X) is used as the objective function that is minimized. If the minimum value of
ρ(X) is smaller than 1 then there exists an open-loop stable region of the nonlinear sys-
tem. We like to refer to [24, 47, 48] for recommendable surveys of eigenvalue optimization
for nonlinear systems. However, the spectral radius of X has unfortunately some disad-
vantages: First, the spectral radius is in general not a differentiable function of X which is
inconvenient if we like to apply derivative-based optimization methods. And second, the
spectral radius of the monodromy matrix has only poor information about the following
three robustness aspects:

• Robustness with respect to initial value disturbances (dependence on A):
Let us consider the linear time-periodic (variational) system (3.141) in a very simple
version with B ≡ 0 and an unknown initial value δx(0) = δx0:

∀t ∈ R : ˙δx(t) = A(t)δx(t) with δx(0) = δx0 . (3.170)

Now, we are interested in δx(kT ) = Xkδx0 for k ∈ N (cf. Figure 3.2). The so
called asymptotical decay rate −1

T
log (ρ(X)) (or convergence rate) of this expression

for k → ∞ is clearly increasing if we minimize the spectral radius and we have the
important relation lim

k→∞
δx(kT ) = 0 if and only if ρ(X) < 1. However the spectral

radius of X has in general only a poor information about the ”initial decay rate” or
”transient behaviour of X” and does not provide a bound on e.g. the spectral norm



102 CHAPTER 3. ROBUSTNESS AND STABILITY OPTIMIZATION

of Xk for small k. To demonstrate this aspect consider for example the matrix

X =

(
0.1 u

0 0.1

)
(3.171)

with a free parameter u ∈ R. The spectral radius of this matrix always ρ(X) = 0.1
and perfectly smaller than 1 but at the same time the parameter u can unfortunately
be arbitrarily large. To overcome this limitation the spectral radius of X is often
replaced by the so called pseudo-spectral radius (cf. [16, 60] for a recommendable
survey over the pseudo-spectral radius).

• Robustness with respect to external disturbances (dependence on B): We
consider again the linear time-periodic (variational) system (3.141)

∀t ∈ R : ˙δx(t) = A(t)δx(t) +B(t)w(t) . (3.172)

with an unknown disturbance w (for example a white noise random process, a un-
known time-constant parameter or an L2-bounded disturbance). The monodromy
matrix X has obviously no information about the function B and therefore it is in
general not enough to increase the asymptotical decay rate if we like to increase the
performance of a system with respect to input disturbances. (Consider for example
the system ˙δx(t) = −uδx(t) + euw(t) (t ∈ R) with a free parameter u ∈ R. If we
increase the asymptotical decay rate u we increase at the same time the influence of
the disturbance.)

• Robustness with respect to constraints (dependence on C and d): If we want
to guarantee robustness with respect to constraints it is of course also not enough
to consider only the asymptotical decay rate. Even if we only have an initial value
disturbance we are in many cases only interested in a fast asymptotical decay rate if
the constraints are not violated in the meantime.

In this section we are mainly interested in the case that we like to optimize the robust-
ness (including the above three aspects) of a nonlinear system while we are not interested
in the asymptotical decay rate as long as we have a way to guarantee that ρ(X) < 1
is satisfied, but the following considerations will also lead to a way to balance between
robustness and asymptotical decay rate.

We know from the Lyapunov Lemma 3.1.3 that we have ρ(X) < 1 if and only if
the initial value P (0) of T -periodic solution of the PLDE is positive definite (recall that
we assume that our PLDE is regularized such that we may assume that Q(T ) is positive
definite). Thus, the first idea that comes to mind would be to formulate a semi-definiteness
constraint. Note that it is a direct consequence of the algebraic Lyapunov equation (3.11)
that P (0) is always positive definite. Otherwise there would be a vector v ∈ Rnx with
P (0)v = 0 and the algebraic Lyapunov equation would lead to a contradiction:

0 = vTP (0)v = vTXP (0)XTv + vTQ(T )v ≥ vTQ(T )v > 0 (3.173)
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as Q(T ) is positive definite. Therefore it is enough to require P (0) º 0 instead of P (0) Â 0
and we may still conclude ρ(X) < 1. For the case that we do not want to apply interior-
point methods to deal with the semi-definitness constraint, we suggest to introduce a slack
parameter L0 ∈ Rnx×nx adding an additional initial value condition to the optimal control
problem (3.143):

minimize
xr(·),P (·),u(·),p,L0,γ,T

J [xr(·), P (·), u(·), p, L0, γ, T ]

subject to:

∀t ∈ [0, T ] : ẋr(t) = f(xr(t), u(t), p, 0)

∀t ∈ [0, T ] : Ṗ (t) = A(t)P (t) + P (t)A(t)T +B(t)B(t)T + V (t)

xr(0) = xr(T )

P (0) = P (T )

P (0) = L0L
T
0

∀t ∈ [0, T ]

∀i ∈ {1, ..., ny} : 0 º hi(xr(t), u(t), p) + γ
√
Ci(t)P (t)Ci(t)T +Wi,i(t)

(3.174)

Note that objective functional J is again not specified here but we have already discussed
a quite general class of examples for J in the previous section. The only difference is that
J may now in the most general case depend on L0.

Remarks:

• Providing that J is well defined on a sufficiently large domain the optimal con-
trol problem (3.174) has a feasible solution if and only if there exists an asymp-
totically (open-loop-) stable periodic reference trajectory xr that satisfies ẋr(t) =
f(xr(t), u(t), p, 0) for all t ∈ [0, T ] together with corresponding control functions u,
parameters p, and a cycle duration T . Furthermore, if we have γ > 0 in the optimal
solution this open-loop stable solution is strictly feasible, i.e. we have

∀t ∈ [0, T ] , ∀i ∈ {1, ..., ny} : 0 Â hi(xr(t), u(t), p) .

• In the following we assume that L0 is symmetric. This has the advantage that we
only need 1

2
nx(nx + 1) additional parameter for the slack matrix L0. Furthermore,

there exists a symmetric L0 ∈ Rnx×nx that satisfies P (0) = L0L
T
0 only if P (0) is

positive semi-definite. Finally, we like to mention that there are in principle a lot
of methods to smoothly reformulate the semi-definite constraint P (0) º 0 but if we
compute L0 anyhow it is - of course, with the Lemma 3.1.9 and the corresponding
remarks in mind - especially easy to add a suitable (possibly differentiable) norm on
L0 in the objective as a kind of stability regularization term.
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Figure 3.3: An example for the poles of the algebraic Lyapunov equation: The figure shows
the trace over the solution P0 ∈ R2×2 of the algebraic Lyapunov equation in dependence on
the matrix parameter s ∈ R. In this example X has the eigenvalues λ1 = s and λ2 = s−1.
For s = ±1 the eigenvalue λ1 and for s = 0 or s = 2 the eigenvalue λ2 of the matrix X lies
on the unit circle. Furthermore, for s = 1±√5

2
we have λ1λ2 = 1. In this example Tr(P0)

has, interpreted as a function depending on s, at all these values for s a pole.

The above optimal control problem (3.174) is obviously a way to achieve both: We
can guarantee that the system is asymptotically stable in the optimal solution and we can
easily optimize the robustness by choosing a suitable objective. However, we have already
mentioned in section 3.1.1 that the T -periodic solution of the PLDE is only uniquely ex-
isting if X has no reciprocal eigenvalues or in other words: The initial value P (0) of the
PLDE, interpreted as a function of the monodromy matrix X that is implicitly defined by
the algebraic Lyapunov equation (3.11), can have a pole if X has reciprocal eigenvalues (cf.
Figure 3.3). This is usually not a problem if we initialize16 an optimization algorithm that
is suitable to solve optimal control problems of the form (3.174) numerically, in an asymp-
totically stable region as X has never reciprocal eigenvalues if it is asymptotically stable.
But these poles can lead to numerically ill-conditioned situations during an optimization
routine if we initialize with an unstable trajectory far from an optimal solution. Therefore
we like to provide a formulation that avoids such numerical difficulties as follows:

The idea is to introduce a virtual feedback κ ∈ R that stabilizes the system artifically,
as it has in the context of stability optimization previously been motivated in [24], i.e. we

16Note that almost all optimization algorithm that are suitable to solve (nonlinear and typically also
non-convex) optimal control problems in the general form (3.174) need a reasonable initialization.
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consider an optimal control problem of the form:

minimize
xr(·),P (·),u(·),p,L0,γ,T

J [xr(·), P (·), u(·), p, L0, γ, T ]

subject to:

∀t ∈ [0, T ] : ẋr(t) = f(xr(t), u(t), p, 0)

∀t ∈ [0, T ] : Ṗ (t) = (A(t)− κI)P (t) + P (t) (A(t)− κI)T +B(t)B(t)T + V (t)

xr(0) = xr(T )

P (0) = P (T )

P (0) = L0L
T
0

∀t ∈ [0, T ]

∀i ∈ {1, ..., ny} : 0 º hi(xr(t), u(t), p) + γ
√
Ci(t)P (t)Ci(t)T +Wi,i(t)

(3.175)

with I being the nx × nx-unit matrix. Now, the strategy is the following: Choose a
sufficiently large κ such that the PLDE is asymptotically stable and solve the optimal
control problem (3.175). If we can find a solution we know that in this solution the
monodromy matrix Xκ ∈ Rnx×nx that is associated with the PLDE system in (3.175) is
given by

Xκ = e−κTX =⇒ ρ (Xκ) = e−κTρ(X) . (3.176)

Here X is still the monodromy matrix that is associated with the corresponding PLDE
without any feedback, i.e. with κ = 0. In the next step we choose a positive stepsize
∆κ ∈ R++ such that

e−(κ−∆κ)Tρ(X) < 1 (3.177)

is satisfied. Then we can solve the optimal control problem (3.175) for κ := κ−∆κ using
the previous solution as an initialization. This procedure can be applied iteratively and,
finally, in the case that we can find a solution with κ = 0 we also have a solution of the
problem (3.174).

Remarks:

• The above homotopy strategy does of course not lead to a guarantee that we can
always find a solution of the problem (3.175). It is only a way to avoid ”unstable”
initializations. However, in this thesis we like to concentrate on the case that we can
find an open-loop stable solution with this homotopy method. Further investigations
of special optimization algorithms that yield necessary and sufficient decision criteria
if there exist open-loop stable solutions of a general nonlinear system are beyond the
scope of this thesis. But we like to mention that it might at least be possible to
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derive such criteria in a local region and for small stepsizes ∆κ in the case that the
optimization algorithm is based on Newton-like methods by a consequent application
of well-developed local contractivity theorems for Newton methods (cf. [12] for an
introduction to contractivity theorems for Newton methods).

• Let us consider the situation that we have already found a feasible solution of the
above optimal control problem for a given κ ∈ R+ with γ being positive. Then we
can apply Lemma 3.1.9 to find a lower bound on the asymptotical decay rate of the
system with virtual feedback κ in this solution:

− 1

T
log (ρ (Xκ)) ≥ − 1

2T
log

(
1− γ2 σminσ

∗
min

‖d‖2
L2[0,T ]

)
. (3.178)

As we have regularized our PLDE we know that Q(T ) is positive definite and thus
we have σmin > 0. Furthermore, for some applications we can guarantee that Q∗(T )

is also positive definite such that we have γ2 σminσ∗min

‖d‖2
L2[0,T ]

> 0.

Note that there are a lot of other methods to guarantee eigenvalue bounds as it
discussed in the remarks on Lemma 3.1.9. Additionally, if we formulate confidence
level optimization problems we can directly influence the distance γ2 σminσ∗min

‖d‖2
L2[0,T ]

of the

bound to instability hoping for a larger stepsize in the next step. Furthermore, if
we add a norm on L0 or functions that are monotonically increasing in a norm on
L0 as a stability regularization term in the objective we can indirectly influence the
asymptotical decay rate. In particular, regularization terms of the form

∫ T

0

Tr (P (t)Qx(t)) dt (3.179)

(or simply Tr (P (0)Qx(0)) = Tr
(
L(0)Qx(0)L(0)T

)
) with a suitable scaling function

Qx : R→ Rnx×nx show a good performance in numerical examples.

• Similar to the argumentation in [24] the parameter κ can also be interpreted as a
slack or tuning parameter to balance between robustness and asymptotical decay
rate. If the system (3.175) has a feasible solution for a κ < 0 we can of course still
guarantee that − 1

T
log(ρ (X)) > −κ.



Chapter 4

A Robust and Open-Loop Stable
Kite Orbit

In this chapter we like to transfer the robustness and stability optimization techniques
from Chapter 3 to a power generating kite. Here, the first aim is to find an open-loop
stable kite trajectory using the virtual feedback method that was introduced in 3.4 and
the second aim is to robustify the kite-system with respect to wind turbulences. Open-
loop stable trajectories for power generating kites are from several points of view very
interesting: First, it is much easier to test real-world kites if they fly on a trajectory
that is already stable although no feedback is available. And second, if we like to use a
feedback controller to deal with larger wind turbulences it is possibly easier to implement
a controller that keeps the kite on a robust and stable rather than on an unstable reference
trajectory. Finally, we like to mention that our power generating kite model provides apart
from any practical aspects a challenging numerical test environment to test our optimal
control problem formulations that include robustness and stability aspects.

This chapter is organized as follows: In section 4.1 we discuss how to formulate an
optimal control problem for a single-kite model that takes stability and robustness aspects
with respect to white-noise wind turbulences into account. In section 4.2 we discuss the
corresponding numerical solutions. Here, one of the main results of this thesis is presented:
For our given kite model open-loop stable trajectories exist. Finally, in section 4.3 we
simulate the robustified and open-loop stable kite system with random wind-turbulences.

4.1 The Formulation of an Optimal Control Problem

Let us start with the model for the single kite from section 1.3 neglecting the cable elasticity
for simplification. This means that we use the following equations of motion for the φ and
θ coordinate of the kite:

φ̈ =
(
S−1 F

m
− a

)
2

θ̈ =
(
S−1 F

m
− a

)
3

(4.1)
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Here we transfer all notations from section 1.3 and the equations in (4.1) are nothing but
the second and the third component of the equation (1.43). As we like to neglect all cable
oscillations and elongations in the following consideration our state vector x ∈ R9 is

x :=
(
φ , θ , φ̇ , θ̇ , r , ṙ , Ψ , CL , W

)T

(4.2)

such that the right-hand side f : R9 × R3 × R3 → R9 of the differential equation for the
model has the form:

ẋ =
d

dt




φ

θ

φ̇

θ̇

r

ṙ

Ψ

CL

W




= f(x, u, w) :=




φ̇

θ̇(
S−1 F

m
− a

)
2(

S−1 F
m
− a

)
3

ṙ

u1

u2

u3

Pgen




. (4.3)

In this notation δw represents the wind disturbance - or more precisely, the wind vector w
is henceforth assumed to be a sum of a time-constant average wind vector wr ∈ R3 and a
wind turbulence vector δw : R→ R3, i.e. w(t) := wr + δw(t) for all t ∈ R.

Note that the power Pgen at the generator in equation 4.3 is now given by

Pgen = mṙ

(
S−1F

m
− a

)

1

(4.4)

and the control vector u ∈ R3 is defined to be

u :=
(
r̈ , Ψ̇ , ĊL

)T

, (4.5)

i.e. the only difference in comparison to our control vector in Chapter 2 is that we directly
control the second derivative of the cable length with respect to the time or in other words
we simply use r = r0 as we neglect the elongation of the cable.

In the following we denote the reference trajectory by xr ∈ R9. This reference should
satisfy the differential equation ẋr = f(xr, u, wr) for the case that there are no wind
turbulences present, i.e. for δw ≡ 0. The periodic boundary conditions as well as some
additional boundary constraints can directly be transferred from section 2.1.1 and we define
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the boundary constraint function χ : R9 × R9 → R10 by

χ(x(0), x(T )) :=




r(T )− r(0)
φ(T )− φ(0)
θ(T )− θ(0)
ṙ(T )− ṙ(0)

φ̇(T )− φ̇(0)

θ̇(T )− θ̇(0)
Ψ(T )−Ψ(0)
CL(T )− CL(0)

φ̇(0)
W (0)




(4.6)

Now, the reference trajectory should satisfy χ(xr(0), xr(T )) = 0. This condition requires in
particular that the kite should fly periodic loops if there are no wind turbulences present.
Similarly, all important inequality constraints are collected in a constraint function η :
R9 × R3 → R11:

η(x, u) :=




ṙ − ṙ0,max

−ṙ + ṙ0,min

CL − CL,max

−CL + CL,min

r̈ − r̈0,max

−r̈ − r̈0,max

Ψ̇− Ψ̇max

−Ψ̇− Ψ̇max

ĊL − ĊL,max

−ĊL − ĊL,max

−α




4 0 . (4.7)

Here, the constraint function η is assumed not to depend explicitly on the wind turbulence
δw. This can be motivated by the following argumentation: The first 10 components of
η are not depending on the wind anyhow, thus, the only remaining question is if α is de-
pending on the wind turbulences. Therefore we like to recall that we compute the angle α
between the ground and the cable close to the generator in a quasi statical approximation
as it was discussed in section 1.4.3. But if we use a quasi statical approximation it makes
no sense to assume that α is depending on very frequently changing wind turbulences.
However, an advanced optimization study that includes cable oscillation effects as well
as a discussion of their resonance frequencies that might interact with the Dryden wind
turbulence statistic for unfavorable cable lengths is beyond the scope of this thesis. In the
following we concentrate on a robustification under the assumption that the wind turbu-
lence δw is a white noise process. Nevertheless, we like to mention that a more consequent
optimization study could be obtained by implementing the results from section 3.2 in com-
bination with a more accurate but also more costly way of modeling the cable dynamics
with a partial differential equation.
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4.1.1 The standard optimal control problem

Before we start thinking about robustness and stability we like to consider the following
standard optimal control problem using P (xr(T ), T ) := Wr(T )

T
as a Mayer functional:

maximize
xr(·),u(·),T

P (xr(T ), T )

subject to:

∀t ∈ [0, T ] : ẋr(t) = f(xr(t), u(t), wr)

∀t ∈ [0, T ] : 0 < η(xr(t), u(t))

0 = χ(xr(0), xr(T ))

, (4.8)

where P denotes the average power at the generator andWr(T ) ∈ R is the last component of
the reference state vector xr evaluated at the time T . In other words Wr(T ) is the produced
energy after one cycle under the assumption that there are no wind turbulences present.
This optimal control problem is almost coinciding with the optimal control problem (2.8)
from section 2.1.1 as we also use the same set of parameters that can be found in table 2.1.
The only differences are that we do not optimize the cable diameter dc, i.e. we use the
constant diameter dc = 5.6 cm for all following considerations and that we neglect the cable
oscillations, i.e. the parameters E and b0 in table 2.1 are not used in the optimal control
problem (4.8). Consequently, we can already guess that there should be a local optimal
solution of the optimal control problem (4.8) that looks very similar to the solution for the
single kite model that was presented in Chapter 2. Indeed, such a solution can directly be
found after a few SQP iterations using the package MUSCOD-II [42, 43] for the optimization
that is based on Bock’s direct multiple shooting method [14] initialized with the solution
from Chapter 2.

This locally optimal solution is shown in Figure 4.1. The result for the average power
is now

P = 5.37 MW . (4.9)

Due to the facts that we do not consider the part of the energy that is consumed by cable
oscillations and that we have a thinner cable, the result for the average power is now
slightly higher than the result (P = 4.90 MW) that was presented in Chapter 2.

Now, we like to come back to a discussion of stability and robustness aspects. For this
aim, we start collecting the states that can be influenced by the wind turbulence, i.e. we

decompose our state vector x in the form x =
(
xT

1 , x
T
2 , x

T
3

)T
with (x1, x2 ∈ R4 , x3 ∈ R)

x1 :=
(
φ , θ , φ̇ , θ̇

)T

, x2 := ( r , ṙ , Ψ , CL )T and x3 := (W )T . (4.10)

The differential state x3 = W is of course depending on the wind turbulence but this state
has only been introduced to compute the energy that is needed in the objective function.
Thus, we can first concentrate on the states x1 and x2 discussing x3 later. Note that
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Figure 4.1: The power-optimal but unstable kite-trajectory on the φ − θ-plane as well as
the cable length and the lift coefficient. The reel-in phase is red colored and dotted.

the boundary condition χ(xr(0), xr(T )) = 0 for the reference includes periodic boundary
conditions of the form (

xr,1(0)
xr,2(0)

)
=

(
xr,1(T )
xr,2(T )

)
(4.11)

for the corresponding reference vectors xr,1, xr,2 : R → R4 with xr =
(
xT

r,1 , x
T
r,2 , x

T
r,3

)T
.

The corresponding differential equation with respect to this decomposition is given by

∀t ∈ R :
d

dt

(
x1(t)

x2(t)

)
=

(
f1(x1(t), x2(t), w(t))

f2(x2(t), u(t))

)
(4.12)

with the functions f1 : R4 × R4 × R3 → R4 and f2 : R4 × R3 → R4 being defined by

f1(x1, x2, w) :=




φ̇

θ̇(
S−1 F

m
− a

)
2(

S−1 F
m
− a

)
3




and f2(x2, u) :=

(
ṙ

u

)
.

(4.13)

Thus, the underlying linear variational system has the form
(

˙δx1(t)
˙δx2(t)

)
=

(
A1,1(t) A1,2(t)

0 A2,2(t)

)(
δx1(t)
δx2(t)

)
+

(
B1(t)

0

)
δw(t) (4.14)

with A1,1, A1,2, A2,2 and B1 being matrix functions that are defined by
(
A1,1(t) A1,2(t)

0 A2,2(t)

)
:=

(
∂f1

∂x1
(xr,1(t), xr,2(t), wr)

∂f1

∂x2
(xr,1(t), xr,2(t), wr)

0 ∂f2

∂x2
(xr,2(t), u(t))

)
(4.15)
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and B1(t) :=
∂f1

∂w
(xr,1(t), xr,2(t), wr) (4.16)

for all t ∈ R.

For the locally optimal solution of the problem (4.8) that is shown in Figure 4.1 the
linear variational system (4.14) is already the Kalman decomposition with respect to reach-
ability as it was introduced in section 3.1.1, i.e. it can numerically be verified that the
corresponding reachability matrix Q1,1(T ) ∈ R4×4 is positive definite. (Here, we transfer
all notations that have been introduced in section 3.1.1.) The corresponding monodromy
matrix of the form

X =

(
X1,1 X1,2

0 X2,2

)
∈ (
R4×4

)2×2
(4.17)

has in this locally optimal solution the spectral radius ρ(X) = 1.595 and the corresponding
asymptotical decay rate − 1

T
log(ρ(X)) = −0.0278 1

s
is negative. Thus, the solution that is

shown in Figure 4.1 is unstable. In particular, all eigenvalues of X2,2 lie on the unit circle
and it can easily be seen from the special structure of the right-hand-side function f2 that
this is always true, as the eigenvalues of A2,2 are independent of the states and controls for
all times t ∈ R equal to 0.

Just to demonstrate the instability of the trajectory that is shown in Figure 4.1 we
have simulated the kite by applying a small wind noise δw that is shown in the following
Figure:

The corresponding reaction of the kite is shown in Fig-
ure 4.1 as the blue dotted line: Without even considering
the angle α the altitude of the kite becomes negative after
less than three cycle durations. For the sake of complete-
ness we like to mention that the solution from Chapter 2
shows a very similar behavior, or more precisely, the spec-

tral radius of the monodromy matrix
∼
X that is associated

with the locally optimal solution of the problem (2.8) which

is shown in Figure 2.2 is given by ρ
( ∼
X

)
= 1.61 .

4.1.2 The robustified optimal control problem

Now, we like to formulate an optimal control problem that includes stability and robust-
ness aspects. Therefore we use a robust counterpart formulation that is similar to the
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formulation (3.158):

maximize
xr(·),P1,1(·),j1(·),j2(·),u(·),L0,T

P (xr(T ), T ) − γ
T

√
j1(T )

subject to:

∀t ∈ [0, T ] : ẋr(t) = f(xr(t), u(t), wr)

∀t ∈ [0, T ] : Ṗ1,1(t) = (A1,1(t)− κI)P1,1(t) + P1,1(t) (A1,1(t)− κI)T

+B1(t)ΣB1(t)
T + V (t)

∀t ∈ [0, T ] : d
dt
j1(t) = 2Lx1(t)j2(t) + Lw(t)Lw(t)T

∀t ∈ [0, T ] : d
dt
j2(t) = A1,1(t)j2(t) + P1,1(t)Lx1(t)

T +B1(t)Lw(t)T

0 = χ(xr(0), xr(T ))

P1,1(0) = P1,1(T )

P1,1(0) = L0L
T
0

j1(0) = 0

j2(0) = 0

j3(0) = 0

∀t ∈ [0, T ]

∀i ∈ {1, ..., 11} : 0 º ηi(xr(t), u(t)) + γ
√
Ci(t)P1,1(t)Ci(t)T +Wi,i(t)

.

(4.18)

In this formulation we only implement the PLDE for the state x1. The corresponding state
of the PLDE is denoted by P1,1 : R→ R4×4. Furthermore, the slack parameter L0 ∈ R4×4

has been introduced to require that P1,1(0) is positive semi-definite in the optimal solution
as it is discussed in section 3.4. Note that the symmetry of the function P1,1 as well as of
the matrix L0 can be used to achieve an efficient implementation. The states j1 : R → R
and j2 : R → R4 are introduced to compute the variance of the energy that is produced
after one cycle duration (cf. Lemma 3.3.1 from section 3.3.2). Consequently, the functions
Lx1 : R→ R4 and Lw : R→ R3 are defined by

Lx1(t) :=
∂f3

∂x1

(xr(t), u(t), wr) and Lw(t) :=
∂f3

∂w
(xr(t), u(t), wr) (4.19)

with f3(xr, u, wr) = Pgen being the right-hand-side of the differential equation that is
associated with the state x3. The matrix function C : R→ R11 is defined by

C(t) :=
∂η

∂x1

(xr(t), u(t)) (4.20)

for all t ∈ R. Finally, we need 5 differential states to implement the model equations,
10 differential states to implement the upper (or equivalently the lower) triangular of the
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symmetric PLDE for P1,1 and again 9 differential equations to compute the variance of the
energy.

The confidence level is constant in the optimal control problem (4.18) and we choose
γ = 2. The variance matrix Σ ∈ R3×3 of the white noise disturbance δw is in our example
assumed to be time-constant and we choose:

Σ =




0.5 0 0
0 0.25 0
0 0 0.25




(m

s

)2

s . (4.21)

During our optimization studies the Grammian matrix Q1,1(T ) was always positive
definite motivating that we can simply choose V := 0. (In addition, at least our physical
intuition tells us that Q1,1(T ) should be positive definite (i.e. the state x1 should be
reachable with respect to the wind disturbance) for all reasonable choices of states, controls
and the cycle duration.) The other question is of course if we should regard a model error
but we have not compared our model to real-world measurements, yet, and therefore we
have at the moment no reasonable choice for V . Finally, we have to define the diagonal
elements of the regularization matrix function W . As the first 10 components of η are
neither depending on the state vector x1 nor on the wind turbulence we use Wi,i := 0 for i ∈
{1, ..., 10}. Additionally, we useW11,11 := 10−7 to achieve a kind of numerical regularization
of the robustified constraint for the angle α keeping the square root expression numerically
differentiable.

For all other parameters we use the same values as in Chapter 2 and for the optimal
control problem (4.8) respectively such that we can compare all following results with the
optimal solution of the problem (4.8) that is shown in Figure 4.1.
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4.2 Open-Loop Stable Kite Trajectories

In this section we present a locally optimal solution of the optimal control problem (4.8)
for κ = 0. This solution was found by passing through the following stages:

• We use again the package MUSCOD-II [42, 43] and initialize the optimal control
algorithm with the unstable solution that is shown in Figure 4.1. As the asymptotical
decay rate of this initialization is −0.0278 1

s
we start safely solving the optimal control

problem (4.8) first for κ = 0.05 1
s
. (cf. section 3.4 for a discussion why it is better to

apply a virtual feedback method over κ for unstable initializations.)

• Checking the asymptotical decay rate after each homotopy step of the virtual feed-
back method we solve the optimal control problem (4.8) for κ = 0.05 1

s
, κ = 0.04 1

s
,

κ = 0.03 1
s
, ... and κ = 0. We succeeded in finding a solution for κ = 0. This means

that at least for our kite model open-loop stable trajectories exist.

• It is also possible to solve the problem in less than six homotopy steps of the virtual
feedback method by adding a regularization term of the form Tr(QxP0) to the objec-
tive function with a suitable weighting matrix Qx ∈ R4×4 during the homotopy steps
to implicitly optimize the stepsize as it is explained in section 3.4. In the last step
this regularization term can be removed again. (For example if we use a diagonal
matrix Qx such that all summands in the objective are in the same order of size we
usually succeed in two (instead of six) homotopy steps.)

The locally optimal solution of the optimal control problem (4.8) for κ = 0 is shown
in Figure 4.2. The result P = 4.12 MW for the average power is clearly smaller than the
corresponding result P = 5.37 MW without robustification but is still of reasonable size.
As we found 1

T

√
j1(T ) = 0.44 MW in the optimal solution we summarize our result for the

average power for further references in the conventional notation:

P = 4.12 ± 0.44 MW . (4.22)

The result for the spectral radius of the monodromy matrix X1,1 is ρ(X1,1) = 0.892 and
the corresponding asymptotical decay rate is

− 1

T
log (ρ(X1,1)) = 0.0062

1

s
> 0 . (4.23)

To visualize the result for the variance-covariance P on the φ− θ-plane we plotted the
projection of the 4-dimensional ellipsoids Et1 , Et2 and Et3 onto the φ − θ-plane for three
times t1, t2, t3 ∈ [0, T ] with t1 := 1.8 s, t1 := 9.2 s and t3 := 14.7 s. Here we transfer the
notation for the confidence ellipsoid from section 3.1.6, i.e. we use the definition:

Et :=
{
P1,1(t)

1
2 v | v ∈ R4 , ‖v‖ ≤ 1

}
. (4.24)

Finally, the result for the angle α is shown in Figure 4.3 At the time t∗ = 7.2 s the confidence
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Figure 4.2: An open-loop stable kite-trajectory on the φ − θ-plane as well as the cable
length and the lift coefficient. The reel-in phase is dotted. The ellipsoids are projections
of the confidence ellipsoid E onto the φ− θ-plane at different time points.

Figure 4.3: The angle α between the ground and the cable close to the generator. The
reel-in phase is dotted. The error bar shows γ times the standard deviation of α(t∗) for
the time t∗ = 7.2 s and γ = 2. At this time the confidence constraint for α is active.
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constraint for α was active. Thus, as we use γ = 2 in our example the probability p ∈ [0, 1]
that the constraint is violated at this time is in the linear approximation given by:

p =

∫ ∞

2

1√
2π
e−

z2

2 dz ≈ 0.023 . (4.25)

However at this point it arises of course the question whether the linear approximation is
sufficiently accurate for our purposes. We will give an answer to this question by testing
our solution with a random simulation that is discussed in the next section.

4.3 Robustness Tests with Random Wind Turbulences

The aim of this section is to estimate the influence of nonlinear terms to validate our linear
approximation (4.25) for the probability that the constraint for α is violated at the time
t∗ = 7.2 s. Let us first start to construct a random process that approximates a white noise
process. Therefore we choose a piecewise constant random process of the form

δw :=
∞∑

k=0

δwk ∗ χ
[k
∼
δ ,(k+1)

∼
δ )

(t) (4.26)

with

∀t ∈ R : χI(t) :=

{
1 if t ∈ I
0 otherwise

being the characteristic function for any interval I ⊆ R. Furthermore,
∼
δ ∈ R++ is the

sampling time and

(δwk)i ∈ [−δwmax
i , δwmax

i ] with δwmax
i :=

√
3Σii
∼
δ

is for each k ∈ N0 and all components i ∈ {1, 2, 3} a random variable with a homogeneous
distribution. Note that δw is a white noise random process with variance Σ if the sampling

time
∼
δ tends to 0.

Now, we suggest to test the robust and stable optimal solution that has been discussed in
the previous section with the following simulations: We first choose δ = 0.92 s to define the

sampling time for the random process
∼
δw in equation (4.26). This choice is corresponding

to

δwmax
1 = 1.28

m

s
, δwmax

2 = 0.90
m

s
and δwmax

3 = 0.90
m

s
. (4.27)

If we would use a smaller sampling time
∼
δw the corresponding values for δwmax

1 , δwmax
1

and δwmax
3 would become larger. But we have already mentioned in section 3.3.1 that

for nonlinear systems our linear approximation technique for white noise disturbances is
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only valid if δw is a small bounded autocorrelation function that is almost uncorrelated
such that we can approximate δw by a white noise process as soon as we consider the
linear variational system. Thus, as the wind disturbance δw enters our kite model in a

nonlinear way we should not choose a too small sampling time
∼
δ. We like to remind the

reader that it is of course also possible to overcome this limitations if we directly formulate
and solve an optimal control problem of the form (3.150) for the kite model under the
assumption that δw is a random process with a bounded autocorrelation function. This
can e.g. be done by implementing the Dryden wind turbulence model as it has been
discussed in section 3.2.3. However, in this chapter we like to discuss the case that we
have an almost uncorrelated wind disturbance. Thus, we should carefully distinguish
between the following two approximation errors: First, our formulation of the optimal
control problem (4.8) approximates the nonlinear model by the underlying linear variational
system around the reference trajectory to include the influence of the disturbance and we
should estimate the corresponding error due to nonlinear terms. And second, in the optimal
control problem (4.8) we replace our random wind disturbance by a white noise process
causing a second approximation error that should be estimated.

4.3.1 A simulation of the linear variational system

Let us start measuring this second approximation error by a random simulation of the
linear variational system, i.e. we simulate the system

˙δx(t) = A1,1(t)δx1(t) + B1(t)δw(t)

0 ≥ C11(t)δx1(t) + η11(t)
, (4.28)

where we evaluate the derivative functions A1,1 = ∂f1

∂x1
, B1 = ∂f1

∂δw
and C11 = ∂α

∂x1
in the

local optimal solution for the reference trajectory of the problem (4.8). Therefore we start
the above linear system at the time t∗ = 7.2 s with δx1(t

∗) = 0 using the random process

of the form (4.26) as an input disturbance (with
∼
δ = 0.92 s). We simulate until a final

time t∗+NT , where N is a sufficiently large integer. Our measurement for the probability
plinear-sim ∈ [0, 1] of a constraint violation at the time t∗ can now be obtained as

plinear-sim :=
1

N

N∑

k=1

Θ (C11(t
∗ + kT )δx1(t

∗ + kT ) + η11(t
∗ + kT )) , (4.29)

where we use the following definition of the function Θ : R→ R:

∀v ∈ R : Θ(v) :=

{
1 if v ≥ 0
0 otherwise

(4.30)

Due to the ergodic theorem [64] the measured probability plinear-sim converges for the limit
N →∞ to the probability of a constraint violation of the above linear system at the time
t∗. During our random simulations for a sufficiently large N we found that

|p− plinear-sim| < 0.001 . (4.31)
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Here, p is given by equation (4.25). Thus, the approximation error that is associated with

the fact that we use
∼
δ = 0.92 s instead of considering the above simulation for the limes

∼
δ → 0 is small.

Remarks:

• The physical interpretation of the fact that the approximation error |p− plinear-sim| is
very small although

∼
δ is almost 1 s is that we have used a model where all oscillation

effects at higher frequencies have been eliminated, i.e. we do not consider cable
oscillations or oscillations of the kite itself in our model. But, as we have discussed
before it is of course also possible to use more accurate models in combination with
more accurate wind statistics with bounded autocorrelation functions.

• Note that our random samples C11(t
∗+kT )δx1(t

∗+kT )+η11(t
∗+kT ) for k ∈ {1, ..., N}

are not stochastically independent. This is not a problem as plinear-sim converges due
to the ergodic theorem [64] for N → ∞ to the probabilty of a constraint violation
anyhow, but we should be aware of the fact that the autocorrelation of the output
y(·) = C(·)δx(·) is given by:

E
{
yi(τ)yj(τ

′)T
}

=

{
Ci(τ)G(τ, τ ′)P (τ ′)Cj(τ

′)T if τ ≥ τ ′

Ci(τ)P (τ)G(τ ′, τ)TCj(τ
′)T otherwise

(4.32)

for all τ, τ ′ ∈ R and for all i, j ∈ {1, ..., ny} if we assume that δw is a white noise
random process.

To provide at least a rough upper bound of the corresponding correlation coefficients
after k ∈ Z periods and for i = j in dependence on the monodromy matrix X we
apply the Cauchy-Schwarz inequality for the Frobenius scalar product:

∣∣E{
yi(t+ kT )yi(t)

T
}∣∣ =

∣∣Tr
(
G(t, 0)XkG(t, 0)−1P (t)Ci(t)

TCi(t)
)∣∣

≤ ‖Xk‖F ‖G(t, 0)−1P (t)Ci(t)
TCi(t)G(t, 0)‖F

= ‖Xk‖F

(
Ci(t)P (t)Ci(t)

T
)

(4.33)

for all t ∈ R and k ∈ N0, where ‖ · ‖F : Rnx×nx → R denotes the Frobenius norm.
Using the analoguous result for negative k we find the following upper bound for the
corresponding correlation coefficients

∣∣∣∣∣
E

{
yi(t+ kT )yi(t)

T
}

E {yi(t)yi(t)T}

∣∣∣∣∣ ≤ ‖X |k|‖F (4.34)

for all t ∈ R and k ∈ Z.1

1Note that the Frobenius norm ‖X |k|‖F converges for |k| → ∞ exponentially to 0 if X is asymptotically
stable.
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4.3.2 A simulation of the nonlinear system

Finally, we like to estimate the influence of nonlinear terms as the optimal control problem
approximates the nonlinear system with the linear variational system. Therefore we use
the same simulation strategy as above with the only difference that we now simulate the
system:

ẋ(t) = f(x(t), u(t), w(t))
0 ≤ η11(x(t), u(t))

. (4.35)

Our result for the corresponding probability pnonlinear-sim ∈ [0, 1] of a contraint violation
simulating the above system with the random process from equation (4.26) again with
∼
δ = 0.92 s is

pnonlinear-sim = 0.018 . (4.36)

As our result for |p− plinear-sim| was quite small we may state that the difference between
pnonlinear-sim = 0.018 and p = 0.023 can be interpreted as a reasonable estimate for the
influence of nonlinear terms. Fortunately, in this application, the linear approximation
was too conservative.



Conclusions and Outlook

We have presented optimal periodic loops for kites which are connected to a generator
on the ground, such that a maximal amount of power can be produced. To solve the
corresponding optimal control problems we used a direct multiple shooting algorithm. The
first important result was that we can produce almost 5 MW with a 500 m2-kite by flying
a loop with the form of a lying eight. During the retraction phase the kite has been slowed
down by a switch of the lift coefficient. It is flying upwards during this phase and we have
to invest a small amount of energy. In the pulling phase the lift coefficient is maximal and
we can produce energy.

Furthermore, we presented a way to reduce the aerodynamic drag of the cables by using
a system of two kites. Another advantage is that this system can increase the efficiency
during the retraction phase, as the two kites can compensate their forces by flying in
opposite positions. The result of our optimization study was that two kites each with
an area of 500 m2 can produce an average power of 14.9 MW. Additionally, we have seen
that the two kite system can also be used without a lift or drag control of the kites still
producing 13.4 MW.

In the third and fourth chapter of this thesis we have presented a method to design and
optimize the stability and robustness of nonlinear periodic systems with respect to distur-
bances on an infinite time horizon in the past. For this aim we have considered periodic
Lyapunov differential equations (PLDE’s) as a basic tool to achieve both: a computation
of the variance-covariance matrices of the states of a LTP systems and a guarantee of
asymptotic stability by requiring the periodic solution of the PLDE to be a positive defi-
nite matrix function. Furthermore, we introduced several norms on the Hankel operator of
an LTP system identifying them with quality factors that are known from the field of op-
timum experimental design [3, 36] and interpreting them as robust performance measures.
Transferring the methods to nonlinear systems we showed that these performance mea-
sures are suitable objectives for the formulation of optimal control problems that include
robustness and stability aspects.

To demonstrate that our new methods of formulating robustified optimal control prob-
lems are a powerful way to increase the robustness and stability of dynamical systems, we
applied them to our power generating kite that shall fly periodic and stable loops without
any feedback control. We discussed how we can find stable trajectories such that the kite
does not touch the ground even if small wind disturbances arise. Our robust solution was
successfully tested with long time simulations.
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In the future we plan to support real-world implementations of power generating kites
with state-of-the-art optimization techniques and algorithms, cooperating with the groups
in Delft and Turin. For this aim, advanced parameter estimation techniques (cf. e.g.
[12, 13, 37]) combined with more accurate kite models will be a first crucial step towards
the automatic generation of energy with kites. In a next step, feedback control mechanisms
should be designed for the case that larger wind turbulences arise that can not passively
be compensated by open-loop controlled kites. This might be done by Nonlinear Model
Predictive Control (NMPC) [2], as it is investigated in [23, 25] for kite control. We are ac-
tually working on NMPC-studies in combination with a Moving Horizon Estimator (MHE)
[56] for power generating kites [29].

However, it might also be an interesting task to demonstrate in real-world that open-
loop stable kite trajectories exist. It should be possible to design and optimize the param-
eters of a suitable kite system already in the building phase. Open-Loop stable kite orbits
would have several advantages: First, it is helpful to avoid as much sensors as possible and
second it is easier to test and control kites that are already flying on a stable trajectory.

Finally, we plan to extend our theoretical robustness and stability considerations to
nonlinear closed loop systems. One idea is to transfer the methods to systems with param-
eterized feedback to achieve an optimal controller design. For a linear system with a linear
feedback controller and a linear state estimator we can exactly evaluate the performance
measures of the closed loop system.
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Chapter

APPENDIX

A A proof of Lemma 1.1.1

In this section we would like to prove Lemma 1.1.1 from section 1.1.3 that we repeat here
for clarity:

Lemma A.1 We define in correspondence with the notation in section 1.1.3 the function
P : D → R with D := (0, 1)× (0,∞) ⊆ R× R by

P (νp, νr) := Kp‖w‖3 νpνr

νp + νr

(
(1− νp)

2 − κ (1 + νr)
2) . (A-1)

For all given κ ∈ (0, 1) there exists a unique ν∗p ∈
(
0, 1

3

)
such that the equation

κ =
(
1− ν∗p

) (
1− 2ν∗p

)−1 (
1− 3ν∗p

)3
. (A-2)

is satisfied. Let us additionally define ν∗r ∈ (0,∞) by

ν∗r :=
ν∗p

1− 3ν∗p
, (A-3)

then P has a global maximum at (ν∗p , ν
∗
r ) ∈ D. Furthermore, we have the relation

P (ν∗p , ν
∗
r ) = 2Kp‖w‖3

(
ν∗p

)2 (
1− ν∗p

)
. (A-4)

Proof: First, we note that we always have νp + νr > 0 for all (νp, νr) ∈ D and P is by
equation (A-1) well defined on its domain. Assuming that a local optimum (ν∗p, ν

∗
r ) ∈ D of

the differentiable function P exist we have necessarily:




∂P (ν∗p ,ν∗r )

∂νp

∂P (ν∗p ,ν∗r )

∂νr


 =




(
ν∗r

ν∗p+ν∗r

)2 ((
1− ν∗p

)2 − κ (1 + ν∗r )
2
)
− 2ν∗r ν∗p

ν∗p+ν∗r

(
1− ν∗p

)
(

ν∗p
ν∗p+ν∗r

)2 ((
1− ν∗p

)2 − κ (1 + ν∗r )
2
)
− κ

2ν∗r ν∗p
ν∗p+ν∗r

(1 + ν∗r )


 = 0 (A-5)
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Multiplying the first compontent of equation (A-5) with
(

ν∗p
ν∗r

)2

and subtracting from the

second component yields

(ν∗p)
2
(
1− ν∗p

)
= κ(ν∗r )

2 (1 + ν∗r ) =⇒ κ =
(ν∗p)

2
(
1− ν∗p

)

(ν∗r )2 (1 + ν∗r )
(A-6)

Now we can replace κ in the first component of equation (A-5) to find

0 =

(
ν∗r

ν∗p + ν∗r

)2 ((
1− ν∗p

)2 − κ (1 + ν∗r )
2
)
− 2ν∗r ν

∗
p

ν∗p + ν∗r

(
1− ν∗p

)

=
1− ν∗p(
ν∗p + ν∗r

)2

[
(ν∗r )

2
(
1− ν∗p

)− (ν∗p)
2 (1 + ν∗r )− 2ν∗pν

∗
r

(
ν∗p + ν∗r

)]

=
1− ν∗p
ν∗p + ν∗r

[
ν∗r − ν∗p − 3ν∗pν

∗
r

]

=⇒ ν∗p = ν∗r
(
1− 3ν∗p

)
(A-7)

Equation (A-7) can only be satisfied for ν∗p ∈
(
0, 1

3

)
as we would have ν∗r /∈ (0,∞) otherwise.

Thus, the fundamental relation

ν∗r :=
ν∗p

1− 3ν∗p
(A-8)

must be satisfied in any locally optimal solution. Additionally, we can combine the equa-
tions (A-6) and (A-8) to find

κ =
(
1− 1ν∗p

) (
1− 2ν∗p

)−1 (
1− 3ν∗p

)3
. (A-9)

The expression on the right-hand side of equation (A-9) is for ν∗p ∈
(
0, 1

3

)
strictly mono-

tonically decreasing1 and continuous in ν∗p. As we have the boundary values κ = 0 for
ν∗p = 1

3
and κ = 1 for ν∗p = 0 we know that equation (A-9) has an unique solution for all

κ ∈ (0, 1). Thus, P has on the feasible domain at most one local optimum. On the other
hand we can simply verify for all ν̂ ∈ ∂D at the boundary of the open domain D that

lim
ν ∈ D
ν → ν̂

P (ν) ≤ 0 (A-10)

1As we have ∂
∂ν∗p

(
1− 1ν∗p

) (
1− 2ν∗p

)−1 (
1− 3ν∗p

)3 = −
(

1−3ν∗p
1−2ν∗p

)2 (
8 + 18(ν∗p)2

)
< 0 for all ν∗p ∈

(
0 , 1

3

)

the right hand side of equation (A-9) is strictly monotically decreasing.
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while the function P is positive at the point (ν∗p, ν
∗
r ) ∈ D:

P (ν∗p, ν
∗
r ) = Kp‖w‖3

ν∗pν
∗
r

ν∗p + ν∗r

((
1− ν∗p

)2 − κ (1 + ν∗r )
2
)

with (A-9)
= Kp‖w‖3

ν∗pν
∗
r

(
1− ν∗p

)

ν∗p + ν∗r

((
1− ν∗p

)− (
1− 2ν∗p

) (
1− 3ν∗p

))

with (A-8)
= 2Kp‖w‖3

(
ν∗p

)2 (
1− ν∗p

)
> 0 . (A-11)

Now we can first conclude from (A-10) and (A-11) that P must have a local maximum.
As there is at most one local optimum of P this local optimum must be a local maximum.
Due to the uniqueness of ν∗p and ν∗r and again taking the relations (A-10) and (A-11) into

account we can finally conclude that (ν∗p, ν
∗
r ) must be a unique and global maximum of P

and Lemma A.1 is prooved. ¤
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B Optimal Control of Towing Kites

In this section we reprint a publication recently presented at the IEEE Conference on De-
cision and Control 2006 in San Diego.

Abstract

In this paper we present a challenging application of periodic optimal control. A kite that
is towing a ship into a given target direction should fly optimal loops. We show how to
find the maximum average tractive force by controlling the roll angle of the towing kite
taking into account that the wind is increasing with the altitude over the sea. The optimal
control problem for this highly nonlinear and unstable system has periodicity constraints,
free initial values, and a free cycle duration. For its solution, we use MUSCOD-II, an
optimal control package based on the direct multiple shooting method. Finally, we discuss
the influence of an important design parameter, the effective glide ratio of the kite.

Introduction

Towing kites, patented by the SkySails company [58, 65], use wind energy to pull a ship
into a given target direction. An important advantage in comparison to usual sails is that
kites can use the powerful wind at high altitudes. In addition, they can fly periodic loops
in crosswind direction to considerably increase the tractive power, as first discovered by
Loyd [44]. The SkySails concept is already close to industrial use.

In this paper, we are interested in the optimization of these loops to achieve a maximum
average tractive force in the ship’s target direction. For this aim, we use the robust optimal
control package MUSCOD-II, that is based on the direct multiple shooting method and
uses a full space SQP-algorithm [41, 43].

To formulate and implement our optimal control problem, we improve a kite model,
that was originally proposed in [20], [22] and [23]. To include the dependence of the wind
on the altitude over the sea, we use a wind shear model [61]. Furthermore, we take into
account that not only the aerodynamic drag of the kite but also the friction of the cable
will slow the system down. The objective function is the average tractive force, while the
state constraints are periodic boundary conditions to achieve a periodic loop simulation.

The selection of the parameters for our towing kite model allows us to assess the
possibility of a powerful high-speed kite including a critical discussion of the technical
feasibility. The result is considered in dependence on the angle between the wind and the
ship’s target direction. Motivated by the fundamental estimations in [44] we also determine
the influence of the effective glide ratio on the performance of a towing kite.
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We first show, in Section B, how the differential equations for a towing kite can be
found by collecting the forces on the kite. In Section B the optimal control problem is
formulated. The results of our numerical studies are presented in Section B, where we also
discuss the influence of the effective glide ratio. Finally, we conclude the paper in section
B.

The towing kite model

We consider a ship sailing with velocity vex, where ex is a unit vector x-direction. Let
ez be an unit vector pointing to the sky and ey := ez × ex, such that {ex, ey, ez} is an
orthonormal right-handed basis of the 3-dimensional Euclidean space. Furthermore, a kite
is connected to the ship by a tight cable with length r, as illustrated in Fig. .1.

To derive the kite’s equation of motion, we assume the ship to be an inertial system.
Additionally, we assume that the wind has a constant horizontal direction forming an angle
δ to the ship’s target direction. Using the wind shear model, as it is proposed in [61], the
wind velocity w is depending on the altitude h over the sea:

w (h) =
ln

(
h
hr

)

ln
(

h0

hr

) v0 , (A-12)

where v0 is the wind velocity at a suitable altitude h0 and hr the roughness length. Now,
the effective wind vector ws

e in the ship’s system is given by

ws
e = (w cos(δ)− v) ex + w sin(δ)ey . (A-13)

For our purposes it is useful to introduce spherical coordinates r, φ and θ to describe the
position and the orientation of the kite. We define the local orthonormal basis {er, eφ, eθ}
by

er := sin(θ) cos(φ)ex + sin(θ) sin(φ)ey + cos(θ)ez ,
eφ := − sin(φ)ex + cos(φ)ey ,
eθ := − cos(θ) cos(φ)ex − cos(θ) sin(φ)ey + sin(θ)ez .

Henceforth, we will write all vectors with respect to this local basis - including the accel-
eration of the kite given by Newton’s laws of motion:

F − er‖Fc‖
m

=




−rθ̇2 − r sin2(θ)φ̇2

r sin(θ)φ̈+ 2r cos(θ)φ̇θ̇

−rθ̈ + r sin(θ) cos(θ)φ̇2


 (A-14)

Here, we took into account that r is constant, thus the first equation in (A-14) is redundant
for the dynamics of the kite, but useful to calculate the radial constraint force Fc = ‖Fc‖er

on the cable. For a detailed derivation of (A-14) we refer to [20].
The total force F in the kite’s equation of motion is the sum of all forces but Fc acting

on the effective inertial mass m of the kite. We will consider these forces in the next
subsection.
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Figure .1: The towing kite in back and top view

Forces on the kite

The kite with position p = rer has in the ship’s system the velocity ṗ = r sin(θ)φ̇eφ− rθ̇eθ.
Thus, the effective wind vector we in the kite’s system is given by

we = ws
e − ṗ = ws

e − r sin(θ)φ̇eφ + rθ̇eθ . (A-15)

We assume that the transversal axis of the kite is always perpendicular to this effective
wind vector we by suitable yaw control. Furthermore, we introduce a controllable roll angle
Ψ defined by

sin(Ψ) := et · er , (A-16)

where et is a unit vector pointing from the left to the right wing tip (Fig. .1.). Using the
projection wp

e of the effective wind vector we onto the tangent plane spanned by eθ and eφ,

wp
e := eθ(eθ · we) + eφ(eφ · we) = we − er(er · we),

we can define the orthogonal unit vectors

ew :=
wp

e

‖wp
e‖ and eo := er × ew,

so that (ew, eo, er) form an orthogonal right-handed coordinate basis. Note that in this
basis the effective wind we has no component in eo direction, as

we = ‖wp
e‖ew + (we · er)er.

In [20] is shown how to calculate the unit vector et under these conditions. The vector

et = ew(− cos(ψ) sin(η)) + eo(cos(ψ) cos(η)) + er sin(ψ)
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with

η := arcsin

(
we · er
‖wp

e‖ tan(ψ)

)

satisfies the requirements (A-16). Note that the considerations would break down if the
effective wind we would be equal to zero, or if

∣∣∣∣
we · er
we · ew tan(ψ)

∣∣∣∣ > 1.

Using this result, we can find the direction en of the aerodynamic lift:

en =
we

‖we‖ × et . (A-17)

Now, we can collect the forces on the kite: The sum of the gravitational force and the
lifting force is

Fg := (V ρ−m)g




cos(θ)
0

sin(θ)


 , (A-18)

where V is the volume, m the effective gravitational mass of the kite, g the gravitational
constant and ρ the air density. Note, that the effective gravitational mass m in equation
(A-18) and the effective inertial mass m in equation (A-14) are not necessary equal. Ex-
ample: If we have a kite with mass mk and a homogeneous cable with mass mc, we find
m = mk + mc

3
but m = mk + mc

2
.

The sum of the aerodynamic lift and drag is

Faer :=
1

2
ρcLA‖we‖2en +

1

2
ρcDA‖we‖we , (A-19)

where cL and cD are the lift and drag coefficient respectively and A the area of the kite.
Additionally, the air friction of the cable slows the kite down. Unfortunately, the air friction
of the cable slows the kite down. We estimate the angular momentum of this friction by:

Mf :=

∫ r

0

(ser)× ρcD,Cdc

2

(
s‖we‖
r

)2
we

‖we‖ds

= (rer)× cD,CρAc

8
‖we‖we , (A-20)

where dc is the diameter, Ac the cross wind area and cD,C the drag coefficient of the cable.
The associated friction force is:

Ff :=
cD,CρAc

8
‖we‖we . (A-21)

Finally, the total force F in equation (A-14) is given by

F = Fg + Faer + Ff . (A-22)
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The formulation of the optimal control problem

We are interested in the tractive force Ft in the ship’s target direction. The first equation
in (A-14) yields the force on the cable2

Fc =
[
F · er +mr

(
θ̇2 + sin2(θ)φ̇2

)]
er . (A-23)

Now, Ft is simply the projection of Fc onto ex :

‖Ft‖ = ‖Fc‖ sin(θ) cos(φ) . (A-24)

The average of this tractive force over one cycle is our objective function, that we would
like to maximize:

Ft :=
1

T

∫ T

0

||Ft||dt . (A-25)

Here, T is the time the kite needs for one loop. Let us define the differential state vector
x and the control u by

x :=
(
φ , θ , φ̇ , θ̇ , Ψ , I

)T

and u := Ψ̇ .

Here we control the derivative u := Ψ̇ of the roll angle with respect to the time while
Ψ is a differential state. This is a way to keep Ψ continuous and we can simply require
additional constraints of the form |u| ≤ umax to avoid too fast changes of Ψ, that might be
hard to realize.

Furthermore, the easiest way to express the objective function (2.2) is as a Mayer term,
since T is unknown. Thus, we use an additional state I given by İ := ‖Ft‖ to evaluate the
integral in equation (2.2).

Now, the differential equation for the state vector x can be rewritten as ẋ = f(x, u) by
using equation (A-14), where all parameters are listed in Table .1:

f(x, u) :=




φ̇

θ̇
F ·eφ

mr sin θ
− 2 cot(θ)φ̇θ̇

−F ·eθ

mr
+ sin(θ) cos(θ)φ̇2

u
‖Ft‖




. (A-26)

2Alternatively, Equation (A-23) can be found more directly: The force Fc is the sum of the projection of
the total force F in er-direction and the centrifugal force Fcentrifugal = m‖ṗ‖2

r er = mr
(
θ̇2 + sin2(θ)φ̇2

)
er .
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To achieve that the kite flies closed loops, we have to require periodic boundary condi-
tions for all differential states but I :

r(x(0) , x(T ) ) :=




φ(T )− φ(0)
θ(T )− θ(0)

φ̇(T )− φ̇(0)

θ̇(T )− θ̇(0)
Ψ(T )−Ψ(0)

φ̇(0)
I(0)




= 0 . (A-27)

The additional condition φ̇(0) = 0 is introduced in order to remove the indefiniteness
due to the symmetry of periodic orbits with regard to phase shifts. It is necessary to
keep the problem well defined. And I(0) = 0 is a necessary initial condition such that

I(T ) =
∫ T

0
||Ft||dt holds. Now, we define Ft(x(t), u(t), T ) := I(T )

T
and summarize our

optimal control problem in the following common form:

maximize
x(·),u(·),T

Ft(x(t), u(t), T )

subject to:

∀t ∈ [0, T ] : ẋ(t) = f(x(t) , u(t) )

∀t ∈ [0, T ] : |u(t)| ≤ umax

0 = r(x(0) , x(T ) )

(A-28)

This optimal control problem must be solved numerically. We will treat this point in the
next section.

Numerical optimization study

To study the numerical solution, we use the optimal control package MUSCOD-II [42] that
is based on the direct multiple shooting method [14]. It allows us to find local solutions
of the above optimal control problem (A-28). For more information about this package we
refer to [42] and [43].

The tractive force in dependence on the wind direction

Let us consider the solution of the optimal control problem (A-28) in dependence on several
values of the angle δ. Fig. .2 shows some optimal loops.

Since we have symmetry in δ, it is enough to analyze the result for positive δ. We
discuss some possible trajectories reminding that MUSCOD-II can only find local but in
general not the global solution of an optimal control problem. We tested ”simple loops”
and ”skewed eights” each in clock- and counterclockwise direction. Fig. .3 shows the
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Table .1: The kite’s and other parameters

Name Symbol Value
inertial mass m 900 kg
gravitational mass m 925 kg
area A 500 m2

volume V 720 m3

lift coefficient cL 0.96
drag coefficient cD 0.08
gravitational const. g 9.81 m

s2

air density ρ 1.23 kg
m3

cable length r 1000 m
cable friction cD,C 0.4
cable diameter dc 0.05 m
reference wind w0 6 m

s

reference altitude h0 40 m
roughness length hr 0.1 m
velocity of the ship v 2 m

s

control bound umax 0.025 rad
s

Figure .2: Optimal loops in φ- and θ-coordinates from the ship’s point of view (clockwise
course) for some angle δ.
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Figure .3: Comparison between the optimal ”simple loop” and the optimal ”eight” for
δ = 0◦.

Figure .4: The maximum average tractive force in dependence on δ

comparison between the results for the optimal ”eight” and the optimal ”simple loop” for
δ = 0◦. We found that ”simple loops” in clockwise direction are the best choice, since they
provide an average tractive force that is 0.9% to 1.3% higher than those for ”eights” and,
depending on δ, 0.0% to 1.4% higher than the average tractive force for ”simple loops” in
counterclockwise direction. The only disadvantage of ”simple loops” in comparison with
”eights” seems to be that the cable is coiled up if we don’t use a good bearing.

The loops in Fig. .2 have a diameter of 100 m to 180 m while the velocity of the
kite is between 55m

s
and 63m

s
. Noting that these loops are quite narrow in proportion to

the dimension of our kite, we should think about a way to compensate yaw wise torques.
Although a detailed consideration of such torques is beyond the scope of this paper, we like
to mention that this compensation should be possible with effective rudders at the back of
the kite.

In Fig. .4 the result for the average tractive force in dependence on the angle δ between
the wind and the ship’s target direction is presented. Although we could find convergent
solutions for some values for δ greater than 140◦, they are not interesting from a practical
point of view, since the tractive force will be very low. If we are sailing downwind, the
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Figure .5: The maximum average tractive force in dependence on the effective glide ratio:
All investigated points are on parabolas

average tractive force attains almost 1 MN. Observing that the forces on the cable between
the ship and the kite are quite large, we should vary the mounting point of the cable, such
that the roll and pitch moments on the ship can be minimised [58, 65].

What are the parameters in Table .1 that mainly influence the performance of our
kite? Of course, we can use bigger kites or hope for more wind. Rather, we like to discuss
the dependence on the effective glide ratio of the kite, that will be introduced in the next
subsection.

The tractive force in dependence on the effective glide ratio

Loyd [44] laid the foundation for the analysis of power-producing kites. Transferring his
simplified considerations to our towing kite suggests that the tractive force is approximately
proportional to the square of the kite’s glide ratio cL/cD.

If we take into account that the friction of the cable is not negligible, it is useful to
define the effective glide ratio by

Geff :=
‖FL‖

‖FD + Ff‖ =
cL

cD + 1
4

Ac

A
cD,C

(A-29)

with FD and Ff being the aerodynamic drag of the kite and the cable respectively and FL

being the aerodynamic lift (cf. equation (A-19) and (A-20)).
Fig. .5 shows the numerical evaluation of the influence of the effective glide ratio for

some values for δ. To vary the effective glide ratio, we adjust the drag coefficient, while all
the other parameters in Table .1, including the lift coefficient, are fixed. In fact, we can
confirm our hypothesis that the tractive force is approximately increasing with the square
of the effective glide ratio. This can be seen in Fig. .5, where the numerical results are
interpolated with parabolas.

Consequently, on the one hand, we have to improve the effective glide ratio as a design
parameter of our kite that is mainly influencing the performance. On the other hand, we
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should try to realize a control that keeps even a high-speed kite close to the small optimal
loops that we presented in the previous section B. This might be done by Nonlinear Model
Predictive Control (NMPC) [2], as it is investigated in [20, 23] for kite control.

Conclusions and outlook

We have presented optimal periodic loops for a towing kite in dependence on the angle
between the wind and the ship’s target direction. Furthermore, we explained how to find
the maximum average tractive force by controlling the time derivative of the kite’s roll
angle. We introduced a model and corresponding parameters for a powerful kite to study a
realistic simulation. The optimal control problem was formulated with periodic boundary
conditions, free initial values and a free cycle duration. We found out that the best orbits
are simple loops such that the kite flies in downward direction on the center side of the
loop. Eight-shaped orbits are only slightly worse. Finally, we discussed the influence of
the effective glide ratio as an important design parameter of the kite.

In the future, we like to improve our model considering not only the control of the
roll angle but also of the yaw and pitch angle to guarantee always the maximum effective
glide ratio. Also, the windage disturbance of the kite from one cycle to the next – though
it is small for sufficiently large loops – should be modelled in order to evaluate the true
performance limits of the system. Moreover, for a real world implementation of our loops,
a feedback control must be designed in order to stabilize the system.

Finally, the use of wind energy with the means of kites is not limited to ship traction
systems. We should also think of converting the large wind power in high altitudes into
renewable electrical energy [17, 46]. We are currently performing optimization studies for
power producing kites based on a similar set up as presented in this paper.
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C Dual representations of the H2-norm

In this section we discuss the proof of Lemma 3.1.6 that was for periodic systems previously
published in [19, 31] with a slightly different notation. We like to recall our assumption that
X is asymptotically stable. This assumption guarantees the existence of all integrals during
the following transformations. Furthermore, we should mention that the following proof
can also be obtained in a more elegant way by applying duality tranformations. However,
we prefer here a proof that is based on standard integral transformations studying the
influence of the flow matrix functions G(t, ·) and their adjoints G(·, t)T explicitly:

Lemma C.1 (Dual Representations of the H2-norm) Let P be the T -periodic solu-
tion of the PLDE and P ∗ be the T -periodic solution of the dual PLDE. Then we have the
following dual representations for the H2-norm of the underlying linear system:

∥∥∥Ĥ
∥∥∥

H2

=
1

Tny

∫ T

0

Tr
(
C(t)P (t)C(t)T

)
dt =

1

Tny

∫ T

0

Tr
(
B(t)TP ∗(t)B(t)

)
dt .(A-30)

Furthermore, we have two dual lower bounds of the H2-norm given by

∥∥∥Ĥ
∥∥∥

H2

≥ 1

Tny

Tr (Q∗(T )P (T ) ) =
1

Tny

Tr (Q(T )P ∗(T ) ) . (A-31)

Proof: Starting with the transformation technique (3.35) and using the explicit represen-
tations (3.9) and (3.40) of P and P ∗ respectively we find

∥∥∥Ĥ
∥∥∥

H2

=
1

Tny

∫ T

0

Tr
(
C(t)P (t)C(t)T

)
dt

=
1

Tny

∫ T

0

Tr

(
C(t)

(∫ t

−∞
G(t, τ)B(τ)B(τ)TG(t, τ)T dτ

)
C(t)T

)
dt

=
1

Tny

∫ T

0

(∫ 0

−∞
Tr

(
B(τ)TG(t, τ)TC(t)TC(t)G(t, τ)B(τ)

)
dτ

)
dt

︸ ︷︷ ︸
=:A

+
1

Tny

∫ T

0

(∫ t

0

Tr
(
B(τ)TG(t, τ)TC(t)TC(t)G(t, τ)B(τ)

)
dτ

)
dt

︸ ︷︷ ︸
=:B

=
1

Tny

(A+ B) , (A-32)

where we introduced the substitutions A,B ∈ R only to keep track of the following trans-
formations. We concentrate first on the term A using the relation G(t, τ) = G(t, 0)G(0, τ)
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of the flow matrix function G:

A =

∫ 0

−∞
Tr

(
B(τ)TG(0, τ)T

(∫ T

0

G(t, 0)TC(t)TC(t)G(t, 0) dt

)
G(0, τ)B(τ)

)
dτ

=

∫ 0

−∞
Tr

(
B(τ)TG(0, τ)TQ∗(T )G(0, τ)B(τ)

)
dτ

= Tr

(
Q∗(T )

(∫ 0

−∞
G(0, τ)B(τ)B(τ)TG(0, τ)T dτ

))

= Tr (Q∗(T )P (0) ) . (A-33)

It is easy to see that B ≥ 0 and thus we can use the periodic boundary condition P (0) =
P (T ), equation (A-32), and equation (A-33) to find

∥∥∥Ĥ
∥∥∥

H2

=
1

Tny

∫ T

0

Tr
(
C(t)P (t)C(t)T

)
dt ≥ 1

Tny

Tr (Q∗(T )P (T ) ) . (A-34)

It remains to be shown the dual part of Lemma C.1. Therefore we remember that P (0)
satisfies the algebraic Lyapunov equation (cf. Lemma 3.1.3):

P (0) = XP (0)XT +Q(T ) . (A-35)

Now we can easily verify that P (0) can be written in the form of an infinite sum:

P (0) =
∞∑
i=0

X iQ(T )
(
X i

)T
. (A-36)

Together with equation (A-33) follows

A = Tr (Q∗(T )P (0) )

=
∞∑
i=0

Tr
(
Q∗(T )X iQ(T )

(
X i

)T
)

=
∞∑
i=0

Tr
( (
X i

)T
Q∗(T )X iQ(T )

)

= Tr (P ∗(T )Q(T ) ) (A-37)

as P ∗(0) = P ∗(T ) satisfies the dual algebraic Lyapunov equation

P ∗(0) = XP ∗(0)XT +Q∗(T ) =⇒ P ∗(0) =
∞∑
i=0

(
X i

)T
Q∗(T )X i . (A-38)
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Equation (A-37) completes the proof of the inequality and the equality in (A-31), but it
still remains to transform the term B to show (A-30). Therefore we introduce the function
θ : R→ R defined by

θ(t) :=

{
1 if t ≥ 0
0 otherwise

. (A-39)

This definition and equation (A-32) yields

B =

∫ T

0

(∫ t

0

Tr
(
B(τ)TG(t, τ)TC(t)TC(t)G(t, τ)B(τ)

)
dτ

)
dt

=

∫ T

0

Tr

(
B(τ)T

(∫ T

0

G(t, τ)TC(t)TC(t)G(t, τ)θ(t− τ) dt

)
B(τ)

)
dτ

=

∫ T

0

Tr

(
B(τ)T

(∫ T

τ

G(t, τ)TC(t)TC(t)G(t, τ) dt

)
B(τ)

)
dτ (A-40)

and with equation (A-37)

A = Tr (Q(T )P ∗(T ) )

= Tr

((∫ T

0

G(T, τ)B(τ)B(τ)TG(T, τ)T dτ

)(∫ ∞

T

G(t, T )TC(t)TC(t)G(t, T ) dt

) )

=

∫ T

0

Tr

(
B(τ)T

(∫ ∞

T

G(t, τ)TC(t)TC(t)G(t, τ) dt

)
B(τ)

)
dτ

(A-41)

we can finally combine the equations (A-32), (A-40) and (A-41)

∥∥∥Ĥ
∥∥∥

H2

=
1

Tny

∫ T

0

Tr
(
C(t)P (t)C(t)T

)
dt

=
1

Tny

(A+ B)

=
1

Tny

∫ T

0

Tr

(
B(τ)T

(∫ ∞

τ

G(t, τ)TC(t)TC(t)G(t, τ) dt

)
B(τ)

)
dτ

=
1

Tny

∫ T

0

Tr
(
B(τ)TP ∗(τ)B(τ)

)
dτ . (A-42)

Now, everything is prooved. ¤
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D Transition Updates of PLDE’s for Linear Systems

with Discontinouities

Let us assume that the periodic matrix functions A and B in system (3.2) have a single
discontinuity at the time ts ∈ [0, T ]. Then the monodromy matrix G(T, 0) of the system
can be obtained as the unique solution of the following two-stage problem on the time
interval [0, T ]:

∂G(t,0)
∂t

= A(t)G(t, 0) if t 6= ts

G(0, 0) = 1

G(t+s , 0) = UG(t−s , 0)

(A-43)

with U ∈ Rnx×nx being a certain transition update matrix that is usually depending on
a linear and autonomous switch and a linear jump function [12, 47, 57]. Here we use the
notations:

G(t−s , 0) := lim
t→ ts
t < ts

G(t, 0) (A-44)

and G(t+s , 0) := lim
t→ ts
t > ts

G(t, 0) . (A-45)

Of course, the periodic Lyapunov differential equation should also be updated at the
time ts. Without discussing the details we just mention here that in this case the following
two stage problem must be solved:

Ṗ (t) = A(t)P (t) + P (t)A(t) +B(t)B(t)T if t 6= ts

P (0) = P (T )

P (t+s ) = UP (t−s )UT .

(A-46)

With this small modification the considerations in this thesis can be transferred to linear
and non-linear models that are not continous (with a finite number of discontinuities).


