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Abstract
This paper is concerned with bounding the reachable set of parametric nonlinear ordinary
differential equations using set-valued integration methods. The focus is on discrete-time
set-propagation algorithms that proceed by first constructing a predictor of the reach-
able set and then determine a step-size for which this predictor yields a valid enclosure.
For asymptotically stable systems, we give general conditions under which the computed
bounds are stable, at least for small enough parametric variations. We also propose a strat-
egy accounting for possible invariants of the dynamic system in order to further enhance
stability. These novel developments are illustrated by means of numerical examples.
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1. Introduction

Enclosing the reachable set of uncertain dynamic systems, also known as set-valued in-
tegration, finds applications in many research fields, including reachability analysis for
control systems, robust optimal control, and global optimization of dynamic systems [e.g.,
2–4]. This paper considers parametric nonlinear ordinary differential equations (ODEs)
of the form:

∀t ∈ [0, T ], ẋ(t, p) = f(x(t, p), p) with x(0, p) = x0(p) , (1)

where the statex : [0, T ] × P → R
nx is regarded as a function of the parameter vector

p ∈ P ⊆ R
np along[0, T ]; f andx0 are sufficiently often continuously differentiable.

The focus is on algorithms that compute a time-varying enclosureY (t) of the actual reach-
able setX(t) := {x(t, p) | p ∈ P} of (1). Existing approaches for set-valued integra-
tion can be broadly classified into either continuous-time or discrete-time set-propagation
methods. The emphasis here is on the latter methods, which discretize the integration
horizon into finite steps and typically proceed in two phases[8]: (i) obtain a step-size and
an a priori enclosure of the ODE solutions over the current step; then, (ii) propagate a
tightened enclosure until the end of the step. In particular, the second phase relies on a
high-order Taylor expansion of the ODE solutions in time, for instance evaluated using
interval arithmetic or Taylor model arithmetic with interval remainder bounds [7, 9]. Even
though care is taken to minimize the over-estimation of the enclosures and to mitigate the
wrapping effect, bounds computed with these approach typically explode after a finite
time, even when the solution of the original system does not.
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In fact, a natural requirement for a consistent set-valued integrator would appear to be
that, for a stable ODE system, the computed enclosures should themselves be stable, at
least for small enough parametric variations. Recently, weproposed a reversed, two-phase
algorithm that starts by constructing a predictor of the reachable set and then determines
a step-size for which this predictor yields a valid enclosure [6]. Moreover, we introduced
a new type of bounder for vector-valued functions, namely Taylor model with ellipsoidal
remainder. The main objective of this paper is to present general conditions under which
this algorithm generates stable enclosures. A second principal contribution concerns the
development of strategies accounting for possible invariants of the ODEs in order to fur-
ther improve the enclosure stability.

The paper is organized as follows. In Sect.2 we recall the set-valued integration algo-
rithm. The main contributions of the paper, namely providing stability conditions and
incorporating invariants, are presented in Sects.3 and4, respectively, and these develop-
ments are illustrated with numerical examples. Finally, Sect. 5 concludes the paper.

2. Set-Valued Integrator

Notations and concepts are introduced first in order to present the set-valued integration
from [6]. To keep our considerations general, we consider affine set-parameterizations, a
particular class of computer-representable sets in the form

∀Q ∈ Dn,ℓ, ImEℓ
(Q) := {Q [ b 1 ]T | b ∈ Eℓ } ,

whereEℓ ⊆ R
ℓ, ℓ ≥ 1, is the so-called basis set; andDn,ℓ ⊆ R

n×(ℓ+1), n ≥ 1, the
associated domain set. Usual convex sets such as intervals,ellipsoids or zonotopes can
all be characterized using affine set-parameterizations onconvex basis sets. For instance,
choosingEball

ℓ := { ξ ∈ R
ℓ | ‖ξ‖2 ≤ 1 } and the associated domainRℓ×(n+1) allows

representation of ellipsoids inRn. Nonconvex sets too can be represented in terms of
affine set-parameterizations. For instance,qth-order polynomial models with ellipsoidal
remainder terms can be constructed using the basis setE

pol(q)
ℓ × E

ball
ℓ , whereEpol(q)

ℓ
:=

{Mℓ,q(ξ) | ξ ∈ [−1, 1]ℓ} andM (q)
ℓ (ξ) ∈ R

α
(q)
ℓ is the vector containing the firstα(q)

ℓ

monomials inξ in lexicographic order.

Now, given a functiong : Rn → R
m as well as an affine set-parameterization on the basis

setEℓ with associated domainsDn,ℓ andDm,ℓ, we call the functiongEℓ : Dn,ℓ → Dm,ℓ

anEℓ-extension ofg if

∀Q ∈ Dn,ℓ, ImEℓ

(

gEℓ(Q)
)

⊇ { g(z) | z ∈ ImEℓ
(Q) } .

Moreover, we say that the extensiongEℓ has Hausdorff convergence orderq ≥ 1, if

∀Q ∈ Dn,ℓ, dH

(

ImEℓ

(

gEℓ(Q)
)

, { g(z) | z ∈ ImEℓ
(Q) }

)

≤ O(diam(ImEℓ
(Q))q) ,

wheredH denotes the usual Hausdorff distance. The construction of extensions on the
set of intervals or Taylor models with interval remainders can be automated for tree-
decomposable (factorable) functions using interval analysis and Taylor model arithmetic,
respectively, yet such extensions enjoy linear Hausdorff convergence only. On the other
hand, a procedure for constructing extensions on the set of Taylor models with ellipsoidal
remainders that enjoys quadratic Hausdorff convergence isdetailed in [6].
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Discrete-time approaches for set-valued integration typically consider a Taylor expansion
in time of the solutions as

∃τ ∈ [t, t+ h] : x(tj + hj , p) =

s
∑

i=0

hi
jφi(x(t, p), p) + hs+1

j φs+1(x(τ, p), p) , (2)

with s the expansion order; andφ0, . . . , φs+1, the Taylor coefficients of the ODE solution.
Given parameterizationsQp of the parameter set andQx(tj) of the reachable set attj , so
that ImEnp

(

Qp

)

⊇ P andImEnp

(

Qx(tj)
)

⊇ X(tj), a predictor of the reachable set is
given by:

∀h ∈ (0, T − tj ], Qx(tj + h) :=
s

⊕

i=0

hiφ
Enp

i (Qx(tj), Qp) ⊕ hTOLQunit , (3)

where⊕ denotes the extension of the addition operator;TOL > 0 is a user-defined

tolerance;Qunit ∈ Dnx,np
; andφ

Enp

i are extensions of the Taylor coefficientsφi. In turn,
a step-sizēh > 0 can be computed such that the parameterizationQx(tj + h) yields an
enclosure of the reachable set,ImEnp

(

Qx(tj + h)
)

⊇ X(tj + h), for all h̄ ∈ [0, h].

An algorithmic procedure applying these two phases repeatedly in order to compute a
matrix-valued enclosure functionQx : [0, T ] → Dnx,np

is summarized next:

Input: ODE with factorable right-hand side and initial value functions f, x0; toleranceTOL > 0; affine
parameterizationQp of the parameter setP on the basisEnp ; maximum and minimum step-sizeshmax ≥
hmin > 0; step-size reduction parameter0 < ̺ < 1

Initialization:

1. Setj = 0, t0 = 0, andQx(0) = x
Enp

0 (Qp)

Repeat:

2. Construct predictorQx(tj + h) for all h ∈ [tj , T − tj ] as in (2) with extensionsφ
Enp

0 , . . . , φ
Enp
s

3. Set step-size guessh̄ = min

{

̺
(

TOL
‖Φ(0)‖

) 1
s
, hmax

}

While h̄s Φ(h̄) ⊆/ TOL I(Qunit), Repeat h̄← ̺h̄, whereΦ(h) := φI

s+1(I(Q(tj + h)), I(Qp))

4. If h̄ < hmin, Return with an error message

5. If tj + h̄ ≥ T , Return with an indication of success; Otherwise, settj+1 ← tj + h̄, increment
j ← j + 1, andReturn to Step2

Output: Enclosure functionQx : [0, tj ]→ Dnx,np such thatImEnp

(

Qx(t)
)

⊇ X(t) for all t ∈ [0, tj ]

3. Stability of the Set-Valued Integrator

Conditions under which the set-valued integration algorithm outlined previously inherits
the stability properties of the underlying dynamic system are now discussed. Due to space
limitations, these conditions are given without a proof; see, e.g., [5].

The focus is on those asymptotically stable systems that have a unique (stable) equilibrium
point x̄(p) for every initial valuex(0, p) in the set{x0(p) | p ∈ P} and for allp ∈ P . In
particular, let us denote bȳX(P ) := { x̄(p) | p ∈ P} the set of all equilibrium points and
by Y (t, P ) := { ImEnp

(

Qx(t)
)

| p ∈ P} the parameterized reachable set enclosures for
t ≥ 0. We say that a set-valued integrator itself is locally asymptotically stable if the
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following conditions are satisfied for all sufficiently small tolerancesTOL > 0 and all
sufficiently small maximum step sizehmax > 0:

∃M < ∞ such that: ∀t ≥ 0, dH(Y (t, P ), X̄(P )) < M +O(TOL) +O(hs
max) ,

for all parameter setP with sufficiently small diameter, and

∀p ∈ P, lim sup
t→∞

dH(Y (t, {p}), x̄(p)) < O(TOL) +O(hs
max) .

It can be shown that the local asymptotic stability of the proposed set-valued integrator
depends essentially on the way the enclosures are constructed; that is, on the underlying
set arithmetic used to construct the extensions of the Taylor coefficientsφ0, . . . , φs and
of the initial value functionx0. More specifically, the key requirement is that these ex-
tensions must exhibit at least quadratic Hausdorff convergence in order for the set-valued
integrator to be locally asymptotically stable. This is thecase for instance when Taylor
models with ellipsoidal remainders are used, as illustrated in the following example.

Case Study: Anaerobic Digestion Consider the two-reaction model of an anaerobic
digester with self-regulated pH, as developed in [1]:

Ẋ1 = (µ1(ξ)− αD)X1

Ẋ2 = (µ2(ξ)− αD)X2

Ṡ1 =D(Sin
1 − S1)− k1µ1(S1)X1

Ṡ2 =D(Sin
2 − S2) + k2µ1(S1)X1 − k3µ2(S2)x2

Ż =D(Z in − Z)

Ċ =D(Cin − C)− qC + k4µ1(S1)x1 + k5µ2(S2)x2

∣

∣
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with:
µ1(S1) :=

µ̄1S1
S1+KS1

µ2(S2) :=
µ̄2S2

S2+KS2
+S2

2/KI2

φ := C + S2 − Z +KHPT +
k6µ2(S2)X2

kLa

PC :=
φ−
√

φ2−4KHPT(C+S2−Z)

2KH

qC := kLa(C + S2 − Z −KH ∗ PC)

whereX1, X2 andS1, S2 denote biomass and organic substrate concentrations for the
two reactions, respectively;C andZ denote inorganic carbon concentration and total
alkalinity, respectively. We consider a dilution rate ofD = 0.4 day−1 and the values for
all the other parameters are the same as in [1].

Enclosures of the reachable set obtained with 2nd- and 3rd-order Taylor models with
ellipsoidal remainders are shown in Fig.1, for uncertain initial values given byX1(0) ∈
0.5× [0.98, 1.02],X2(0) ∈ [0.98, 1.02], S1(0) = 1, S2(0) = 5, Z(0) = 50, andC(0) =
40. 3rd-order (or higher-order) Taylor models successfully stabilize the reachable set
enclosure here, whereas 2nd-order Taylor models fail to do so for this level of uncertainty.
In the latter case, stabilizing the enclose would require reducing the uncertainty set further.
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Figure 1: Reachable set enclosure projections for the variables X2 and S2.
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4. Accounting for ODE Invariants

In order to improve the stability of the enclosures as well asto tighten them further, sup-
pose now that an invariant for the parametric ODE system is known, namely a function
h : Rnx × R

np → R such thath(x(t, p), p) = 0 for any solutionx(t, p) of (1). Given an
affine-parameterization basisEnp

, it follows that an extensionhEnp of h should satisfy

∀t ≥ 0, ImEnp

(

hEnp (Qx(t), Qp)
)

= {0} ,

for given parameterizationsQp andQx(t) of the parameter and reachable sets.

Consider the special case ofqth-order Taylor models with ellipsoidal remainders, such

that[Px(t),Rx(t)] := Qx(t) and[Ph(t),Rh(t)] := h
E
pol(q)
np

×E
ball
np (Qx(t), Qp). The poly-

nomial partPh(t) is trivially equal to zero by construction. On application of Algorithm 1
in [6], the ellipsoidal remainder is constructed such that:

ImEball
np

(

Rh(t)
)

⊇ ImEball
np

(

Ah(t)Rx(t)Ah(t)
T
)

⊕Nh(t) , (4)

whereAh(t) is the Jacobian matrix ofh evaluated along the solution trajectory for some
p̂ ∈ P , andNh(t) is an interval nonlinearity bounder. For linear invariantsin particular,
we haveNh(t) = {0} and the ellipsoidal remainderImEball

np

(

Rh(t)
)

can be thus be safely

intersected with the hyperplaneHh(t) := {x ∈ R
nx | Ah(t)

Tx = 0}. This intersection
is simply repeated multiple times when several invariants are known.

Case Study: Reversible Chemical Reactions Consider the reversible reactionsA +
B ⇋ C andA+ C ⇋ D in a batch reactor, as described by the following dynamic model:

ẋA = −r1(xA, xB, xC)

ẋB = −r1(xA, xB, xC)

ẋC = r1(xA, xB, xC)− r2(xA, xC, xD)

ẋD = r2(xA, xC, xD)

∣

∣
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∣

∣

∣

∣

with:
r1(xA, xB, xC) := kf1xAxB − kr1xC

r2(xA, xB, xC) := kf2xAxB − kr2xC

Based on mass-conservation considerations, it is not hard to see that the functions
h1(x) := xB + xC + xD andh2(x) := xA − xB + xD are both linear solution invari-
ants for the ODE system, i.e.,ḣ1(x) = ḣ2(x) = 0 for all t ≥ 0. Such invariants are
typical in chemical reaction systems [e.g.,10, 11]. Mixed uncertainty in the initial val-
ues and kinetic parameters is considered here, withxA(0) = 1, xB(0) ∈ [0.95, 1.05],
xC(0) = xD(0) = 0, kf1 ∈ [50, 60], kf2 = 20, andkr1 = kr2 = 1.

Enclosures of the reachable set obtained with 3rd-order Taylor models with ellipsoidal re-
mainders are shown in Fig.2, with and without accounting for the invariants. On account
of the invariants the set-valued integrator is able to stabilize the reachable set enclosure,
whereas it fails to do so for this level of uncertainty when the invariants are ignored.

5 Conclusions

This paper was concerned with discrete-time, set-valued integration for computing param-
eterized enclosures of the reachable set of nonlinear parametric ODEs. Special emphasis
has been on the stability properties of the enclosures, giving conditions under which the
set-valued integrator inherits the asymptotic stability property of the original dynamic
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Figure 2: Reachable set enclosure projections for the variables xA and xB.

system. The key requirement here is that the underlying set arithmetic constructs ex-
tensions of factorable functions that are at least quadratically convergent. This stability
property has been illustrated with the case study of an anaerobic digester, using Taylor
model arithmetic with ellipsoidal remainders. Another contribution has been incorporat-
ing ODE invariants in order to further improve the stabilityof the algorithm. Future work
will focus on taking into account a priori enclosures derived from physical insight, and
applying this generic bounding capability in global and robust dynamic optimization.
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