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SUMMARY

In this paper, we present an inexact sequential quadratic programming method in the context of a direct mul-
tiple shooting approach for differential algebraic equations. For the case that a numerical integration routine
is used to compute the states of a relaxed differential algebraic equation, the computation of sensitivities,
with respect to a large number of algebraic states, can become very expensive. To overcome this limita-
tion, the inexact sequential quadratic programming method that we propose in this paper requires neither
the computation of any sensitivity direction of the differential state trajectory, with respect to the algebraic
states, nor the consistent initialization of the differential algebraic equation. We prove the locally quadratic
convergence of the proposed method. Finally, we demonstrate the numerical performance of the method by
optimizing a distillation column with 82 differential and 122 algebraic states. Copyright © 2012 John Wiley
& Sons, Ltd.
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1. INTRODUCTION

For the numerical solution of nonlinear optimal control problems with an underlying differential
algebraic equation (DAE), typically, nonlinear programming (NLP) methods, also called direct
approaches, are applied. Here, the DAE is discretized first, and the optimal control problem is
transformed into a finite dimensional NLP. Many researchers have developed collocation meth-
ods to discretize the dynamic model [1, 2]. This allows the discretization of the DAE exclusively
at the level of the NLP but leads to extremely large and sparse optimization problems, whereas
the collocation scheme must be adapted to control the discretization error. Alternatively, a single
shooting approach, as introduced in [3, 4], or a multiple shooting approach, as introduced in [5, 6],
can be applied to discretize the problem on a moderate number of coarse intervals, making use of
an integration routine which adaptively discretizes the DAE in an accurate way within these coarse
intervals.

In this paper, we concentrate on a particular aspect of direct multiple shooting methods for DAE:
as the differential algebraic equation needs to be simulated subsequently during the iterations of the
NLP algorithm, it is not efficient to compute consistent initializations in every step of the optimiza-
tion algorithm. In the simplest form of the multiple shooting methods for DAE [7,8], this aspect has
simply been neglected, leading to more expensive DAE integration phases, where in every step of the
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optimization algorithm and in every multiple shooting node, the set of nonlinear consistency condi-
tions must be solved by Newton’s method. However, in [9] and later in [10], this problem has been
overcome by the introduction of DAE relaxation, which allows the satisfaction of the consistency
conditions only in the optimal solution. This relaxation function weakens the algebraic consistency
conditions by introducing slack parameters in such a way that the DAE is always consistent. Actu-
ally, it turns out that the sensitivities, with respect to these slack parameters, are only needed in
certain directions for the case that partially reduced sequential quadratic programming (PRSQP)
methods are used at the top-level of the optimization, as introduced by Leineweber [10]. However,
these methods suffer from the fact that the implementation of the PRSQP strategy, and the sensitivity
generation of the DAE are deeply intertwined, which makes the implementation complicated.

The main contribution of this paper is divided into two parts. First, a special parameterized relax-
ation function for the DAE is suggested. This special relaxation function is chosen in such a way
that the sensitivity directions of the state trajectory, with respect to the relaxation parameters, vanish
in the optimal solution. Second, an inexact SQP method is proposed, which uses this property of the
new relaxation function in a systematic way. This inexact SQP method has an interesting property,
wherein the approximations of the Hessian and Jacobian matrices become exact within the opti-
mal solution. As discussed in [11, 12], general purpose inexact SQP methods can achieve locally
q-superlinear convergence for the case that a suitable update method for the matrix approximations
is applied. Although the specialized SQP method proposed in this paper is also inexact, that is the
Hessian and the constraint Jacobian in the QPs are only approximated, the q-quadratic convergence
properties can be recovered.

In Section 2, we review the direct multiple shooting discretization approach for DAE optimal
control problems and introduce the basic notation, as well as the concept of relaxation functions
that is needed within the paper. In the next step, we concentrate on a special class of relaxation
functions for DAE systems, which are analyzed in Section 3 and for which we can show desirable
properties. These properties are used in Section 4, where the inexact SQP method is constructed.
Within this section, we discuss the q-quadratic convergence properties of the method. In Section 5,
the new approach is applied and successfully tested with both a small-scale toy problem and a large-
scale real-world DAE optimization problem arising in the context of optimal control of continuous
distillation processes. The latter model, which was validated at a real-world distillation column [13],
includes 122 implicit algebraic as well as 82 differential states. We conclude the paper in Section 6.

2. DISCRETIZATION OF DAE OPTIMIZATION PROBLEMS

In this section, we introduce the following standard formulation of the equality constrained DAE
optimization problems

minimize
x.�/,´.�/,u.�/,p

J Œx.�/, ´.�/,u.�/,p�

subject to:
8t 2 Œ0,m� W Px.t/ D f .t , x.t/, ´.t/,u.t/,p/
8t 2 Œ0,m� W 0 D g.t , x.t/, ´.t/,u.t/,p/

0 D r.x.0/, x.T /,p/

(1)

Here, x W Œ0,m�!Rnx and ´ W Œ0,m�!Rn´ denote differential and algebraic states, respectively,
whereas u W Œ0,m�!Rnu is a time-dependent control, and p 2Rnp a time constant parameter. For
ease of notation, we assume that m is a given integer. Note that this can always be achieved by
rescaling the time horizon if necessary. The right-hand side functions f ,g, and r are assumed to
be twice continuously differentiable in all arguments. The function g should additionally satisfy the
condition that @g

@´
is regular, that is, the DAE is assumed to have the index 1. Moreover, J denotes

an objective functional. Note that, for notational simplicity, the mentioned DAE optimal control
problem (1) does not take any inequality constraints into account. However, the following
considerations can easily be generalized for the case that we have additional inequalities by using
SQP methods [14, 15].
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In this paper, we are interested in the case where the mentioned DAE optimization problem is dis-
cretized by Bock’s direct multiple shooting approach [5]. This means that we discretize our control
input u on the finite mesh 0D t0 < t1 < : : : < tm D m with ti D i for all i 2 ¹0, ...,mº, writing the
piecewise constant control as 8t 2 Œi , iC 1� W u.t/ WD ui 2Rnu with i 2 ¹0, : : : ,m� 1º. The main
idea of multiple shooting is to take not only the discretized control input but also the initial values
s0 WD x.0/, : : : , sm WD x.m/ at the nodes into the formulation of the discrete NLP—in contrast to
single shooting, where only s0 is regarded as a free variable. More precisely, we define the functions
OX0, OX1, : : : , OXm�1 WRnx �Rnu�Rnp !Rnx to be solutions OXi .si ,ui ,p/ WD Oxi .iC1/ of the given

DAE on the multiple shooting intervals (i 2 ¹0, : : : ,m� 1º)

d

dt
Oxi .t/D f .t , Oxi .t/, Ó i .t/,ui ,p/

0D g.t , Oxi .t/, Ó i .t/,ui ,p/ (2)

with Oxi .0/D si

for all t 2 Œi , i C 1�. Note that the functions OXi are well defined in their domains, in the sense
that the solution of the DAE (2) uniquely exists as we assume that f and g are twice continuously
differentiable and @g

@´
regular.‡

As the optimal solution for the state x should be continuous, we have to require matching con-
ditions to be satisfied at the multiple shooting nodes. The initial value siC1 associated with the i-th
interval should, in the optimal solution, be equal to the end value OXi�1.si�1,ui�1,p/ of the previous
interval. Thus, the matching conditions can be summarized in the form

OH.˛/ WD

0
BBB@

s1 � OX0.s0,u0,p/
s2 � OX1.s1,u1,p/

...
sm � OXm�1.sm�1,um�1,p/

1
CCCAD 0 (3)

Here, we collect the .mC 1/ initial values at the nodes, the m control input pieces, as well as the
free parameters in the variable

˛ WD
�
sT0 , sT1 , : : : , sTm,uT0 ,uT1 , : : : uTm�1,pT

�T
2Rn˛

where the dimension n˛ is given by n˛ WD .mC 1/nx CmnuC np .
In the next step, the objective functional and the boundary constraints must be discretized. For

this aim, we introduce the algebraic node values

ˇ WD
�
ˇT0 ,ˇT1 , : : : ,ˇTm

�T
WD

�
´.0/T , ´.1/T , : : : , ´.m/T

�T
These algebraic node values allow us to finally write the discretized version of the optimal control
problem (1) in the form

minimize
˛,ˇ

F.˛,ˇ/

subject to: G.˛,ˇ/ D 0
OH.˛/ D 0

(4)

Here, the algebraic consistency conditions and the discretized boundary constraint have been
summarized in the function G WRn˛ �Rnˇ !R.mC1/n´Cnr , which is defined as

G.˛,ˇ/ WD

0
BBBBBB@

g.0, s0,ˇ0,u0,p/
g.1, s1,ˇ1,u1,p/

...
g.m� 1, sm�1,ˇm�1,um�1,p/

g.m, sm,ˇm,um�1,p/
r.s0, sm,p/

1
CCCCCCA

(5)

‡For a proof of this uniqueness and existence statement, we refer to [16].
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Finally, the function F W Rn˛ �Rnˇ ! R represents the discrete version of the objective func-
tional J evaluated at the multiple shooting points. In the following, we assume that F is twice
continuously differentiable in all its arguments.

Once the discrete optimization problem (4) is derived, we can, of course, use a standard NLP
solver (e.g. an SQP method) to solve this structured nonlinear program. As it was mentioned in
Section 1, this strategy has been applied in some approaches of multiple shooting for DAE [7, 8].
However, note that the evaluation of the function OH—or, more precisely, the evaluation of functions
OX0, : : : , OXm�1—is typically the most expensive part of the algorithm, as it requires solvingm DAEs

of the form (2) in each step of the SQP algorithm. Numerical integration routines, which are able to
numerically solve these DAE systems (2), usually proceed in two phases. In the first phase, a con-
sistent algebraic initialization point ˇ�i 2 R

n´ is generated which satisfies kg.i , si ,ˇ�i ,ui ,p/k 6 �,
where � > 0 is a small constant, depending on how accurate we want to solve the DAE. This first
phase can, for example, be performed through a Newton method, as the Jacobian @g

@´
is assumed to be

regular. In the second phase, the integration algorithm is started, which can, for example, be based
on an implicit Runge–Kutta method [17] or on backward differentiation formula (BDF) methods
[18, 19].

However, if we regard optimization methods for DAE, it is usually not efficient to compute a
consistent initialization in every step of the optimization algorithm. The key idea to avoid in the first
phase is to relax the DAE with the aim to simulate the differential algebraic equation on the basis of
a nonconsistent initial value. This strategy has originally been developed in [9] and was refined in
[10]. Here, relaxation means that the original algebraic condition in (2) is (for all i 2 ¹1, : : : ,m�1º)
replaced by a modified equation of the form

0D g.t , xi .t/, ´i .t/,ui ,p/� # .�i , t � i/ (6)

for all t 2 Œi , i C 1�, where # WRn´ � Œ0, 1�!Rn´ is a relaxation function and

�i WD g.i , si ,ˇi ,ui ,p/

This relaxation function is required to satisfy the conditions

8� 2Rn´ W #.� , 0/D � (7)

8� 2 Œ0, 1� W #.0, �/D 0 (8)

such that (6) is, by construction, satisfied at t D i . In addition, if the algebraic consistency condi-
tion �i D g.i , si ,ˇi ,ui ,p/ D 0 holds at the i-th shooting node, the condition (8) guarantees that
the function # vanishes on the corresponding shooting interval, such that the relaxed condition (6)
coincides with the original algebraic condition.

In [9], the function

#1.� , �/ WD � for all .� , �/ 2Rn´ � Œ0, 1� (9)

was chosen as a relaxation function. Whereas in [18] and in [10], it is reported that the function

#2.� , �/ WD � exp.�ı�/ for all .� , �/ 2Rn´ � Œ0, 1� (10)

with the empirical value ı D 5, works better in practice. One of the two main contributions of this
paper is suggesting a third choice for the function # , which will be defined in (16). In Sections 3
and 4, we will discuss the advantages and desirable properties of this new relaxation function in
comparison to the existing choices (9) and (10). However, let us first address what the introduc-
tion of a relaxation function changes with regard to the discretization of the continuous optimal
control problem. For this aim, we consider the relaxed DAEs on the multiple shooting intervals
(i 2 ¹0, : : : ,m� 1º)

d

dt
xi .t/D f .t , xi .t/, ´i .t/,ui ,p/

0D g.t , xi .t/, ´i .t/,ui ,p/� #.�i , t � i/ (11)

with xi .0/D si
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for all t 2 Œi , i C 1�. Analogous to the functions OX0, OX1, : : : , OXm�1, we define the functions
X0,X1, : : : ,Xm�1 WRnx �Rn´ �Rnu �Rnp !Rnx to be the solutions

Xi .si , �i ,ui ,p/ WD xi .i C 1/

of the relaxed DAE system (11). Moreover, we define a function H by

H.˛,� / WD

0
BBB@

s1 �X0.s0, �0,u0,p/
s2 �X1.s1, �1,u1,p/

...
sm �Xm�1.sm�1, �m�1,um�1,p/

1
CCCA (12)

Here, we us the definition

� WD
�
�T0 , �T1 , : : : , �Tm�1, �Tm , �Tr

�T
WDG.˛,ˇ/ (13)

as a notation for the components of the function G. Now, the matching conditions for the relaxed
DAE can be summarized as

H.˛,G.˛,ˇ// D 0 (14)

The associated discretized optimization problem takes the form

minimize
˛,ˇ

F.˛,ˇ/

subject to: 0 D G.˛,ˇ/
0 D H.˛,G.˛,ˇ//

(15)

Note that the optimization problems (4) and (15) are equivalent by construction:

Lemma 2.1
If the relaxation function # satisfies #.0, �/D 0 for all � 2 Œ0, 1�, the optimization problems (4) and
(15) are equivalent. That is, a point .˛�,ˇ�/ is an optimal point of the problem (4) if, and only if, it
is an optimal point of the problem (15).

Proof
If .˛�,ˇ�/ is a feasible point of one of the optimization problems, it must satisfy G.˛�,ˇ�/ D 0;
that is, the consistency condition ��i D g.ti , s�i ,ˇ�i ,u�i ,p�/ D 0 holds for all i 2 ¹1, : : : ,m � 1º.
Thus, the relaxation function # satisfies #.��i , �/ D #.0, �/ D 0 for all � 2 Œ0, 1�, that is the relax-
ation vanishes at an optimal point such that the relaxed and the original DAE exactly coincide.
Consequently, we have OH.�/ � H.�,G.˛�,ˇ�// � H.�, 0/ and the optimization problems (4)
and (15) must be equivalent. �

The advantage of the function H in comparison to the function OH is that a single evaluation is
cheaper, as the simulation of the relaxed DAE (11) does not require a first phase in which a consis-
tent initial value is computed. However, the function H does not only depend on ˛ but implicitly
also on the variable ˇ which enters via the variable � D G.˛,ˇ/. Thus, assuming that H is dif-
ferentiable, the computation of the Jacobian of H with respect to � can be expensive—especially
if we have many algebraic states. In order to overcome this problem, in [10], the use of PRSQP
methods has been proposed to solve the relaxed problem (15). These methods have the advantage of
only needing n˛C 1 directional derivatives of H per SQP step—in comparison to needing n˛Cnˇ
directional derivatives of H for the whole Jacobian which is needed within the full-space SQP
method. However, PRSQP methods suffer from the fact that the simulation and derivative genera-
tion of the DAE system and the optimization routine itself are deeply intertwined [10], which makes
the implementation complex and less attractive from a programming point of view.

The first contribution of this paper is the introduction of a novel relaxation function # defined
by (16). The desirable properties (cf. Section 3) of this special relaxation function will allow us to
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Figure 1. The function k#.� , �/k depending on � for several values of k�k (with the values k�k 2

¹1, 1
2

, 1
4

, : : : , 1
256
º) for cases aD 1

2
and b D 1.

avoid the computation of the derivatives of H with respect to ˇ. That is, we only need n˛ deriva-
tives ofH per SQP step, whereas the optimization and DAE simulation, together with the derivative
generation, can be implemented in a modular way. In the following sections, we will explain this
idea step by step.

3. PROPERTIES OF THE NEW RELAXATION FUNCTION

In this section, we are interested in the analysis of the relaxed DAE (11) under the assumption that
the relaxation function # WRn´ � Œ0, 1�!Rn´ has the form

#.� , �/ WD

´
� .1� �/

aCbk�k
k�k if k�k ¤ 0

0 otherwise
(16)

for all .� , �/ 2 Rn´ � Œ0, 1�. Here, a > 0 and b > 1 are positive design parameters, whereas k � k
denotes the Euclidean norm.§ In Figure 1, the norm k#.� , �/k is plotted as a function of the variable
� 2 Œ0, 1� for several values of k�k by using the choice aD 1

2
and b D 1.

Lemma 3.1
The relaxation function # , which is defined by (16), has the following properties:

(i) The function # is continuous on its domain Rn´ � Œ0, 1� and satisfies the fundamental
relations (7) and (8).

(ii) The function # is differentiable with respect to � , and the associated derivative P# WD d#
d�

satisfies

8� 2 Œ0, 1� W
��� P#.� , �/

��� 6 aCO.k�k/ (17)

(iii) On the domain .Rn´ n ¹0º/� Œ0, 1�, the function # is twice differentiable with respect to � ,
and the associated derivatives # 0 WD d#

d�
and # 00 WD d2#

d�2
satisfy

Z 1

0

��# 0.� , �/
�� d� 6O.k�k/ ,Z 1

0

��# 0.� , �/
��2 d� 6O.k�k/ , (18)

and
Z 1

0

��# 00.� , �/
�� d� 6O.1/

for all � 2Rn´ n ¹0º.

§In the following, we will use the notation k � k not only for the Euclidean norm on Rn´ but also for the induced matrix
or tensor norms.
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Proof
The statement (i) follows immediately from the definition of # . Let us define the exponent � by

� WD
aC bk�k

k�k
> b > 1

We can compute the slope of the function # by direct computation��� P#.� , �/
���D ² .aC bk�k/.1� �/��1 if k�k ¤ 0

0 otherwise

³
(19)

Obviously, we have ��� P#.� , �/
��� 6 aC bk�k D aCO.k�k/ (20)

for all � 2 Œ0, 1�, which shows the statement (ii). Moreover, the differentiability of # on the domain
.Rn´ n ¹0º/� Œ0, 1� is a rather trivial consequence of its definition (16). Explicitly, # 0 can be written
as

# 0.� , �/D

�
1�

a��T log.1� �/

k�k3

�
.1� �/� (21)

where we understand the above right-hand side expression at the point � D 1 in the limit sense,
which is justified because the inequality � > 1 guarantees that the limit

lim
t!1

log.1� �/.1� �/� D 0 (22)

exists. It is a simple exercise to show that, for all integers n 2 ¹0, 1, 2º, the following relation holds
(for all � > 1): Z 1

0

log.1� �/n.1� �/� d� D .�1/n
1

.1C �/nC1
(23)

Now, we use the formula (23) once with nD 0 and once with nD 1 to findZ 1

0

k# 0.� , �/k d� D
Z 1

0

�
1�

a

k�k
log.1� �/

�
.1� �/� d�

D
1

� C 1
C

a

k�k

1

.� C 1/2
6 2

a
k�k (24)

Similarly, we compute the integralZ 1

0

k# 0.� , �/k2 d� D
Z 1

0

�
1�

a

k�k
log.1� �/

�2
.1� �/2� d�

D
1

2� C 1
C 2

a

k�k

1

.2� C 1/2
C

a2

k�k2
1

.2� C 1/3
6 9

8a
k�k (25)

where we have used the formula (23) once for nD 0, once for nD 1, and once for nD 2, as well as
� > a

k�k
. Finally, we compute

Z 1

0

k# 00.� , �/k d� 6
Z 1

0

a2

k�k3
log.1� �/2.1� �/� d� �

Z 1

0

3a

k�k2
log.1� �/.1� �/� d�

D
a2

k�k3
1

.� C 1/3
C

3a

k�k2
1

.� C 1/2
6 4

a
(26)

which leads to the statement (iii). �
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Remark 3.1
The statement (ii) of the above Lemma is important, as the slope of # will influence the perfor-
mance of the numerical integration algorithm applied to the associated relaxed DAE. Whenever the
residual k�k is sufficiently small, which means, in our context, that the algebraic consistency condi-
tion is approximately satisfied, the estimate (17) guarantees that this slope can directly be influenced
by the design parameter a.

Recall that the solutions of the relaxed differential algebraic equations (11) are denoted by
Xi .si , �i ,ui ,p/. In the following, we analyze these functionsXi in more detail under the assumption
that the relaxation function # satisfies the properties (i) and (iii) of the above Lemma.

Theorem 3.1
Let i 2 ¹0, ...,m � 1º, si , ui , and p be given, the functions f and g be twice continuously differ-
entiable, and @g

@´
be regular. If the function # satisfies the properties (i) and (iii) of Lemma 3.1,

then the function Xi , which is defined to be the solution of the DAE system (11), is differentiable
with respect to �i and its Jacobian X 0i WD

@Xi
@�i

is locally Lipschitz continuous. Moreover, we have
X 0i .si , 0,ui ,p/D 0.

Proof
Let us pick � 2 Rn´ . For theoretical purposes, we eliminate the algebraic states of the system (11)
in a neighborhood of � . More precisely, the implicit function theorem guarantees the existence of a
bounded open neighborhood D �Rn´ with � 2D and a twice continuously differentiable function
h W Œi , i C 1��Rnx �Rn´ �Rnu �Rnp !Rnx , such that the differential state xi satisfies the ODE

8t 2 Œi , i C 1� W Pxi .t/D h.t , xi .t/,#.�i , t � i/,ui .t/,p/ with xi .i/D si (27)

for all �i 2 D. Here, we have used the assumption that f and g are twice continuously differen-
tiable in all arguments, whereas @g

@´
¤ 0 is regular. Note that the differential equation (27) can also

be written in its integral form

xi .t/D si C

Z iC1

i

h.� , xi .�/,#.�i , � � i/,ui .�/,p/d� (28)

for all �i 2 D. Let us define the set D� WD ¹� 2 D j � ¤ 0º. The property (iii) of Lemma 3.1
guarantees that the function # is at least on the domain D�, differentiable with respect to �i . Con-
sequently, the derivative function x0i WD

@xi
@�i

exists on D� and can also be written in its integral
form

x0i .t/D

Z t

i

@h

@x
.� , xi .�/,#.�i , � � i/,ui .�/,p/ x

0
i .�/d�

C

Z t

i

@h

@#
.� , x.�/,#.�i , � � i/,ui .�/,p/ #

0.�i , �/d�

for all �i 2D� and all t 2 Œi , iC1�. As the function h is twice continuously differentiable and as we
have assumed that D is bounded, we can always find local Lipschitz constants Hx ,H# > 0, such
that

kx0i .t/k6
Z t

i

Hxkx
0
i .�/k d� C H#

Z t

i

k# 0.�i , �/k d� (29)

for all �i 2D�. Now, an application of the integral form of Gronwall’s Lemma yields

kx0i .i C 1/k6H# eHx
Z 1

0

k# 0.�i , �/k d� (30)

that is, using property (iii) of Lemma 3.1 leads to the estimate

kX 0i .si , �i ,ui ,p/k D kx
0
i .i C 1/k6O.k�ik/ (31)

for all �i 2D�.
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For the case 0 …D, we have D� DD, that is, we know already that X is differentiable on the set
D. Otherwise, that is, for the case 0 2 D, we use (28) in combination with Gronwall’s Lemma to
conclude that there exists a constant C <1 with

kXi .si , � ,ui ,p/�Xi .si , 0,ui ,p/k6 C max
�2Œ0,1�

k#.� , �/� #.0, �/k

D C max
�2Œ0,1�

k#.� , �/k6 Ck�k (32)

for all � 2 D. Here, we have used the property .i/ of Lemma 3.1, which guarantees that we have
#.0, �/D 0 for all � 2 Œ0, 1�.

Let .�n/ 2D� be a sequence with

lim
n!1

�n D 0

Now, it is guaranteed by the estimates (31) and (32) that the function value sequences
Xi .si , �n,ui ,p/ and X 0i .si , �

n,ui ,p/ both converge uniformly to Xi .si , 0,ui ,p/ 2 Rnx and
0 2 Rnx�n´ , respectively, if n tends to infinity. Thus, we can conclude that the functionX 0i exists on
the whole set D and that we have X 0i .si , 0,ui ,p/ D 0. Moreover, as the point � , around which the
open set D has been constructed, was arbitrary, we can transfer our statement to the whole domain
Rn´ , that is X 0i exists everywhere, and we have X 0i .si , 0,ui ,p/D 0.

It remains to be shown that the function X 0i is locally Lipschitz continuous. For this aim, we start
again with the integral representation (28) for � 2D�. Differentiating twice with respect to � , tak-
ing the norm, and applying Gronwall’s Lemma show that there exist constants C0,C1,C2,C3 <1
with

kX 00i .si , �i ,ui ,p/k6 C0CC1
Z 1

0

k# 0.�i , �/k d� CC2

Z 1

0

k# 0.�i , �/k
2 d�

C C3

Z 1

0

k# 00.�i , �/kd� (33)

for all � 2 D�. Here, X 00 WD @2X

@y2
0

denotes the second derivative of X with respect to y0. This sec-

ond derivative exists on D� as the second derivative # 00 WD @2#

@y2
0

does exist on this domain. Using

Property (iii) from Lemma 3.1, we conclude that there must be a constant M <1, such that

8�i 2D
� W kX 00i .si , �i ,ui ,p/k6M (34)

In other words, the derivative X 00i exists on D� and is uniformly bounded on this set. This means
that X 0i is a continuous function on D, whose derivative exists almost everywhere and is uni-
formly bounded. Hence, X 0i is locally Lipschitz continuous on D. With the same argument, we
can continue this statement to the whole Rn´ , that is, X 0i exists everywhere and is locally Lipschitz
continuous. �

Remark 3.2
Properties (i) and (iii) from Lemma 3.1 do not uniquely characterize the relaxation function # . The
above theorem holds for all relaxation functions # which satisfy these two properties. However, in
this paper, we concentrate on the choice defined in (16), which turned out to work well in practice
as it will also later be discussed in Section 5.

Remark 3.3
For the case that the relaxation function # is defined by (16), it is worthwhile to discuss that the
estimate (31) has the explicit form

kX 0i .si , �i ,ui ,p/k6
2H# e

Hx

a
k�ik (35)
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This can be seen by using the estimate (24). The estimate (35) gives us an idea on how the func-
tion X 0i behaves with respect to the design parameter a. Indeed, choosing a very large a will lead
to a small norm of X 0i . However, we should also recall that the slope of the function # at the point
t D 0 has, in Proposition 3.1, been estimated by��� P#.� , �/

��� 6 aCO.k�k/ (36)

Thus, if we choose a very large a, the slope of # cannot be guaranteed to be small anymore, which
might lead to small steps taken by a numerical integration routine that is used to numerically solve
the relaxed DAE system (11) on the basis of an adaptive step size control.

In the next step, we discuss a generalization of Theorem 3.1 for derivatives of the function Xi ,
with respect to the variables ˛i WD .sTi ,uTi ,pT /T , which enter the DAE as the initial value, the
control input, and the parameter, respectively.

Corollary 3.1
Requiring the same assumptions as in Theorem 3.1, the function Xi ,˛i WD

@Xi
@˛i

is differentiable with

respect to �i , and its Jacobian X 0i ,˛i WD
@2Xi
@˛i@�i

is a locally Lipschitz continuous function. Moreover,
we have X 0i ,˛i .si , 0,ui ,p/D 0.

Proof
The proof of this corollary is almost analogous to the proof of Theorem 3.1. We start again with the
integral form (28) for �i 2D� and differentiate with respect to �i and ˛i

@

@˛i
x0i .t/D

Z t

i

@h

@x

@

@˛i
x0i .�/ d� C

Z t

i

�
@2h

@x@˛i
C
@2h

@x2
@xi

@˛i

�
x0i .�/d�

C

Z t

i

�
@2h

@#@˛i
C

@2h

@#@x

@xi

@˛i

�
# 0.�i , �/d� (37)

for all �i 2D� and all t 2 Œi , i C 1�. Thus, as we have kx0i .�/k 6H#eHx
R �
i k#

0.�i , � 0/k d� 0 for all
� 2 Œi , i C 1�, we can find local Lipschitz constants Hx and H# ,˛ , such that���� @

@˛i
x0i .t/

����6
Z t

i

Hx

���� @

@˛i
x0i .t/

���� d� C H# ,˛

Z t

i

k# 0.�i , �/kd� (38)

Now, the integral form of Gronwall’s Lemma yields

kX 0i ,˛i .si , �i ,ui ,p/k D

���� @

@˛i
x0i .i C 1/

���� 6 H# ,˛e
Hx

Z 1

0

k# 0.�i , �/k d� 6 O.k�ik/ (39)

for �i 2D�. For the case 0 2D, we use the Lipschitz relation

kXi ,˛i .si , �i ,ui ,p/�Xi ,˛i .si , 0,ui ,p/k 6 O.k�ik/ (40)

such that we can apply the same argumentation as in the Theorem 3.1. For every sequence .�n/ 2
D� with lim

n!1
�n D 0 , the function value sequences Xi ,˛i .si , �

n,ui ,p/ and X 0i ,˛i .si , �
n,ui ,p/

converge for n ! 1 uniformly to Xi ,˛i .si , 0,ui ,p/ and 0, respectively. Thus, the function Xi ,˛i
is differentiable on D, and we have X 0i ,˛i .si , 0,ui ,p/ D 0. This statement can be continued to the
whole domain.

It remains to show the local Lipschitz continuity of the function X 0i ,˛i . Again, the argumentation
is analogous to Theorem 3.1. First, we differentiate the integral form (37) once more, with respect to
�i , take the norm on both sides, apply the integral form of Gronwall’s Lemma, and find the estimate

kX 00i ,˛i .si , �i ,ui ,p/k6 C˛,0CC˛,1

Z 1

0

k# 0.�i , �/k d� CC˛,2

Z 1

0

k# 0.�i , �/k
2 d�

C C˛,3

Z 1

0

k# 00.�i , �/kd� <1 (41)
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for some constants C˛,0,C˛,1,C˛,2,C˛,3 < 1 and for all �i 2 D�. Obviously, we can now apply
a completely analogous argumentation as in Theorem 3.1 to show that the function X 0i ,˛i is locally
Lipschitz continuous. �

4. INEXACT SQP METHODS FOR DAE SYSTEMS

In this section, we come back to the question how to numerically solve the discretized optimization
problem (15) of the form

minimize
˛,ˇ

F.˛,ˇ/

subject to: 0DG.˛,ˇ/
0DH.˛,G.˛,ˇ//

(42)

Recall that F and G are twice continuously differentiable functions, where G is defined by (5),
whereas F is the discretized objective. The function H has, in Section 2, been defined within (12).

Proposition 4.1
Let the relaxation function # satisfy the assumptions of Theorem 3.1. Then, the following statements
hold:

(i) The function H is totally differentiable with respect to the arguments .˛,ˇ/, and the
associated total derivative functions

dH

d˛
WD

@H

@˛
C
@H

@G

@G

@˛
and

dH

dˇ
WD

@H

@G

@G

@ˇ

are locally Lipschitz continuous. In addition, we have dH
d˛
.˛, 0/ D @H

@˛
.˛, 0/, as well as

dH
dˇ
.˛, 0/D 0.

(ii) The derivative of H.�,G.�, �// with respect to its first argument, denoted by @H
@˛

, is totally
differentiable in .˛,ˇ/, and the total derivative function d

d.˛,ˇ/
@H
@˛

is locally Lipschitz

continuous. In addition, we have d
d˛

@H
@˛
.˛, 0/D @2H

@˛2
.˛, 0/, as well as d

dˇ
@H
@˛
.˛, 0/D 0.

Proof
We use the notation X WD .XT0 , : : : ,XTm�1/

T . The derivative of H can now be reduced to the
derivatives of X , as we have

dH

d˛
D
@H

@˛
C

m�1X
iD0

@H

@�i

d�i

d˛
D

@H

@˛
�

m�1X
iD0

@X

@�i

d�i

d˛
(43)

as well as

dH

dˇ
D

m�1X
iD0

@H

@�i

d�i

dˇ
D �

m�1X
iD0

@X

@�i

d�i

dˇ
(44)

where the existence and local Lipschitz continuity of the derivatives @X
@�i

is for all indices i 2
¹0, : : : ,m � 1º guaranteed by Theorem 3.1. In particular, Theorem 3.1 guarantees that the deriva-
tives of the form @X

@�i
in (43) and (44) vanish at every consistent initialization point, that is, we have

dH
d˛
.˛, 0/D @H

@˛
.˛, 0/, as well as dH

dˇ
.˛, 0/D 0, and Statement (i) is proven.

In the next step, we use Corollary 3.1 to show that also the Lipschitz continuous derivatives

d

d˛

@H

@˛
D
@2H

@˛2
�

m�1X
iD0

@2X

@˛@�i

d�i

d˛
(45)

and
d

dˇ

@H

@˛
D�

m�1X
iD0

@2X

@˛@�i

d�i

dˇ
(46)
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exist. In particular, it follows from Corollary 3.1 that we have d
d˛

@H
@˛
.˛, 0/ D @2H

@˛2
.˛, 0/ as well as

d
dˇ

@H
@˛
.˛, 0/D 0, which leads to Statement (ii). �

Note that an important consequence of the previous proposition is that all functions in the
optimization problem (42) are continuously differentiable, that is, we can formulate first order
Karush-Kuhn-Tucker (KKT) conditions.

In the following, we regard the optimization problem (42) independent of our DAE context.
Although we might, of course, still have relaxed DAE’s in mind, we will from now on only require
that the functions F and G are twice continuously differentiable, whereas the function H can be
any function that satisfies Properties (i) and (ii) of Proposition 4.1.

Lemma 4.1
Let F and G be continuously differentiable, while H satisfies the properties (i) and (ii) of
Proposition 4.1. Let .˛,ˇ/ be a minimizer of the problem (42) at which the matrix 

dG
d˛
.˛,ˇ/ dG

dˇ
.˛,ˇ/

@H
@˛
.˛,G.˛,ˇ// 0

!
(47)

has full rank. Then, .˛,ˇ/ is a KKT point, and there exist multipliers � 2 RnG and 	 2 RnH , such
that the following conditions are satisfied:

0D
dF

d˛
.˛,ˇ/C �T

dG

d˛
.˛,ˇ/C	T

@H

@˛
.˛,G.˛,ˇ// (48)

0D
dF

dˇ
.˛,ˇ/C �T

dG

dˇ
.˛,ˇ/ (49)

0DG.˛,ˇ/ (50)

0DH.˛,G.˛,ˇ// (51)

Proof
If the point .˛,ˇ/ is a minimizer of the problem (42), it must satisfy the feasibility condition
G.˛,ˇ/D 0. Consequently, we can use Properties (i) and (ii) of Proposition 4.1 to conclude that the
matrix  

dG
d˛
.˛,ˇ/ dG

dˇ
.˛,ˇ/

dH
d˛
.˛,G.˛,ˇ// dH

dˇ
.˛,G.˛,ˇ//

!
D

 
dG
d˛
.˛,ˇ/ dG

dˇ
.˛,ˇ/

@H
@˛
.˛,G.˛,ˇ// 0

!

has full rank, that is, the linear independence constraint qualification is satisfied at the mini-
mizer .˛,ˇ/. Thus, .˛,ˇ/ is a KKT point. The corresponding first order necessary conditions
are equivalent to the conditions (48)–(51). This can be verified by using Properties (i) and (ii) of
Proposition 4.1 again. �

Remark 4.1
An important observation in the above Lemma is that an evaluation of KKT conditions (48)–(51)
does not require the computation of the derivative of H with respect to ˇ. The algorithm which is
proposed in the following will make use of this observation.

In order to numerically determine KKT point w WD .˛,ˇ,�,	/, satisfying the conditions
(48)–(51), we plan to apply a Newton-type method. For this aim, we start at an initial point w0,
generating iterates of the formwkC1 WD wkCA.wk/�1ˆ.wk/, where the functionˆ WRnw !Rnw

(with nw WD n˛ C nˇ C nG C nH ) is defined as

8w 2Rnw W ˆ.w/ WD

0
BBBB@

dF
d˛
.˛,ˇ/T C dG

d˛
.˛,ˇ/T �C @H

@˛
.˛,G.˛,ˇ//T	

dF
dˇ
.˛,ˇ/T C dG

dˇ
.˛,ˇ/T �

G.˛,ˇ/

H.˛,G.˛,ˇ//

1
CCCCA (52)
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whereas the matrix-valued function A WRnw !Rnw�nw is defined as

A.w/ WD

0
BBBBBB@

d2L.˛,ˇ ,�/
d˛2

C @2�TH

@˛2
.˛,G.˛,ˇ// d2L.˛,ˇ ,�/

d˛dˇ
dG.˛,ˇ/

d˛

T @H
@˛
.˛,G.˛,ˇ//T

d2L.˛,ˇ ,�/
dˇd˛

d2L.˛,ˇ ,�/
dˇ2

dG.˛,ˇ/
dˇ

T
0

dG.˛,ˇ/
d˛

dG.˛,ˇ/
dˇ

0 0

@H
@˛
.˛,G.˛,ˇ// 0 0 0

1
CCCCCCA
(53)

for all w 2RnW , where we use the notation

L.˛,ˇ,�/ WD F.˛,ˇ/C �TG.˛,ˇ/

For the moment, we assume here that the matrix A.w/ is always invertible, such that the itera-
tions are well defined. But, we will discuss later, in more detail, under which conditions this can be
guaranteed.

Lemma 4.2
Let F and G be twice continuously differentiable, while H satisfies Properties (i) and (ii) of
Proposition 4.1. The function ˆ is a differentiable function, and its Jacobian ˆ0 WD @ˆ

@w
is locally

Lipschitz continuous on Rnw . Moreover, for every point w� 2Rnw , which satisfies ˆ.w�/D 0, we
have ˆ0.w�/D A.w�/.

Proof
The question of whether the function ˆ is differentiable is obviously reduced to the question of
whether the derivatives

dH

dˇ
and

d

dˇ

@H

@˛
(54)

exist. As the existence and local Lipschitz continuity of both terms is guaranteed by Properties (i)
and (ii) of Proposition 4.1,ˆ is differentiable, and its Jacobian is locally Lipschitz continuous. Now,
we have

ˆ0.w�/�A.w�/D

0
BBBB@
0 	T d

dˇ
@H
@˛
.˛�,G.˛�,ˇ�// 0 0

0 0 0 0

0 0 0 0

0 dH
dˇ
.˛�,G.˛�,ˇ�// 0 0

1
CCCCAD 0 (55)

as we have G.˛�,ˇ�/D 0 at every point w�, which satisfies ˆ.w�/D 0. �

Remark 4.2
The above Newton-type method can of course also be interpreted as an SQP-type method. As this
method is neither based on exact Hessians nor on exact constraint Jacobians, it can be regarded as
an inexact SQP method. Note that the approximation of the Hessian and the constraint Jacobian has
the advantage that no derivatives of the functionH with respect to ˇ are needed, which is especially
beneficial in the case that we have a large number of algebraic states in the DAE. Moreover, the
mentioned SQP formulation can, in an obvious way, be transferred to the case that we also have
inequalities.

The final step of this section is to discuss the local convergence properties of the suggested inexact
SQP method.

Theorem 4.1
Let F and G be twice continuously differentiable, while H satisfies Properties (i) and (ii) of
Proposition 4.1. If the discretized DAE optimization problem (42) has a strict local minimum at
the primal dual KKT point w�, whereas A is a regular function, then there exists an open neighbor-
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hood N .w�/ around w� 2 N .w�/, such that for all initial points w0 2 N .w�/, the sequence .wk/
converges q-quadratically to w�.

Proof
The proof is based on the standard argumentation for Newton methods. Let w� be a point that
satisfies ˆ.w�/D 0. Now, we have, for all k 2N,

wkC1 �w� D wk �w� �A.wk/�1ˆ.wk/

D wk �w� �A.wk/�1
Z 1

0

ˆ0.w�C s/.wk �w�/ds

D A.wk/�1
Z 1

0

h
A.wk/�ˆ0.w�C s/

i
ds (56)

We know from Lemma 4.2 that ˆ0 is locally Lipschitz continuous and ˆ0.w�/ D A.w�/, that is,
there exists a constant L<1, such that for all s 2 Œ0, 1�, the inequality

kA.wk/�1
h
A.wk/�ˆ0.w�C s.wk �w�//

i
.wk �w�/k 6 L kwk �w�k2

is satisfied. Thus, we find with (56) that

kwkC1 �w�k 6 L kwk �w�k2 (57)

which shows the q-quadratic convergence of the method and leads immediately to the statement of
the theorem. �

Remark 4.3
(i) The mentioned theorem assumes that the matrix-valued function A is regular. However, it

would also be enough to require that A.w�/ is regular, as this implies that there is a neigh-
borhood of w� in which A is regular. Moreover, it can easily be seen that A.w�/ must
be regular if the original unrelaxed optimization problem (4) satisfies the second-order
sufficient condition for a minimum at w�, whereas the constraints satisfy the linear inde-
pendence constraint qualification. (This follows immediately from the equivalence relations
OH.�/�H.�,ˇ�/, @

@˛
OH.�/�H˛.�,ˇ�/, and @2

@˛2
OH.�/�H˛.˛.�,ˇ�/.)

(ii) The above theorem requires that the functions F and G are twice continuously differen-
tiable, while H satisfies Properties (i) and (ii) of Proposition 4.1. Note that these require-
ments are satisfied, if F , the original DAE right-hand side functions f and g, as well as the
constraint function r are twice continuously differentiable, whereas the relaxation function
# satisfies Properties (i) and (iii) of Lemma 3.1.

(iii) Note that the proposed inexact SQP algorithm does not require the computation of any
derivatives of the functions Xi with respect to the algebraic node variables ˇi . Hence, the
proposed inexact SQP algorithm is beneficial if we have many algebraic states.

(iv) One of the main advantages of the inexact SQP method, which is proposed here, is that
it is easy to implement. We can simply take an existing SQP method, combe it with our
favorite DAE integrator by replacing the algebraic conditions with the relaxed version, and
stack the consistency conditions to the equality constraints. At the place where we would
usually call the integrator to compute the derivatives of the differential states with respect
to the variables �i , we pretend that we have never introduced any relaxation, ignoring this
dependency. The mentioned Theorem guarantees that this way of dealing with DAEs does
not destroy the q-quadratic convergence of the SQP method.

(v) Note that several variations of the previous method are possible. For example, instead of
exactly computing the Hessians, we could replace them with an approximation on the basis
of BFGS updates.
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(vi) Finally, we compare the above inexact SQP algorithm with the PRSQP method for DAE’s,
developed by Leineweber [10]. The PRSQP method is an exact SQP method, but the com-
putation of the state sensitivities and the SQP algorithm are deeply intertwined, such that
at the end, only

nx C nuC np C 1

forward directions are needed in every step of the optimization algorithm. The inexact SQP
method proposed here requires the computation of nxCnuCnp forward derivatives of the
state trajectory in every step, that is, we need 1 direction less, which is only a minor advan-
tage. The main advantage of the inexact SQP method proposed here is that it can easily
be implemented. In fact, there exist a lot of open, as well as commercial, SQP implemen-
tations, and there is also a number of DAE integrators available. As the PRSQP method
requires deep intertwining of the SQP routine and the sensitivity generation, it is not so
easily possible to couple or exchange existing software modules. In contrast, the inexact
SQP method proposed here can deal with existing integrators and SQP methods, as it is
explained previously.

(vii) Note that the mentioned method can easily be combined with the Lifted Newton methods
[20] for the case that we have both many differential and many algebraic states but only a
moderate number of control inputs and parameters.

5. NUMERICAL TEST EXAMPLES

In this section, we address the question whether the proposed inexact SQP method also works in
practice. In the previous section, we have proven the theoretical properties of the proposed method,
summarized in Theorem 4.1, which states that we can expect q-quadratic convergence of the method.
However, we should also ask some critical questions that have only been partially addressed by
our theoretical results: how should we choose the design parameters a and b associated with the
relaxation function #

#.� , �/ WD

8̂<
:̂
� .1� �/

aCbk�k
k�k if k�k ¤ 0

0 otherwise

which has been defined in (16)? Does the choice of a influence the step size control of an integration
routine? How does the inexact SQP algorithm behave if we choose a to be too small? In order to
understand the relevance of these questions, recall estimates (35) and (36). From these estimates,
we only know that the Lipschitz constant of the functions X 0i at a KKT point is small if a is large,
whereas the slope of the function # , with respect to the time t , is expected to be small for small as.
Intuitively, we expect that the Lipschitz constant of the functions X 0i will influence the convergence
behavior of the SQP method, whereas the slope of the function # might have an influence on the
step size control of the integration routine.

In order to give at least an empirical answer to these questions, we will test the inexact SQP
method by applying it first, in Section 5.1, to a small toy example in order to understand the behav-
ior of the method. Second, we apply the method in Section 5.2 to a large real-world optimal control
problem for a distillation column.

5.1. A small toy example

As a simple example for a DAE optimization, we consider the following optimal control problem

minimize
x.�/,´.�/,u.�/

R 5
0 x.t/

2C 3u.t/2 dt

subject to:
8t 2 Œ0, 5� W Px.t/ D x.t/

�
1
2
x.t/� 1

�
C u.t/C 1

2
´.t/

8t 2 Œ0, 5� W 0 D ´.t/C e´.t/C x.t/� 1
0 D x.0/� 1

(58)
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k 1 2 3 7 8

KKT-Tol: 3·67 · 100 3·46 · 10−1 6·00 · 10−2 1·79 · 10−4· · ·

· · ·

7·59 · 10−7

Figure 2. The KKT tolerance (KKT-Tol) associated with iterations wkC1 D wk �A.wk/�1ˆ.wk/ of the
inexact SQP method applied to the DAE optimal control problem (58).

In this example, we have only 1 differential and 1 algebraic state. However, the differential and the
algebraic equation are nonlinear. For our numerical test, we choose 10 multiple shooting intervals.
Moreover, we use the ACADO BDF integrator [21], which is based on a backward differentia-
tion formula (BDF) combined with a higher order diagonal implicit Runge–Kutta starter based on
the algorithmic ideas in [18]. We also use the ACADO implementation of multiple shooting SQP
methods.

Using the notation from the previous section, we start the Newton or SQP method with w0 D 0,
that is, all states and controls are simply initialized with 0. As a stopping criterion, we require the
KKT tolerance to be less than 10�6. Now, we use a D 1

2
and b D 1 within the relaxation function

(16). For these settings, the inexact SQP method converges rapidly within 8 iterations, as shown in
Figure 2.

The corresponding minimum value of the objective is 0.49581. Here, it should be remarked that
we did not use any globalization technique. That is, the full-step method was convergent in the pre-
vious example, although the starting guess w0 D 0 is actually quite far from the optimal solution.
For the case that the method is not convergent in the full-step mode, it is, for example, possible to
apply trust region methods. However, such globalization techniques for inexact SQP methods are
not in the scope of this paper, and we refer to [22] for further reading.

In this paper, we are rather interested in a discussion on how the method behaves with regard to
the design parameter a in the relaxation function. Thus, we test the inexact SQP method for several
values of a.

In Table I, the total CPU time of the inexact SQP iterations until convergence is listed. This CPU
time is, in our example, dominated by the time that is needed for the simulation of the DAE, as
well as for first and second order sensitivity generation, whereas the solution of the sub-QPs takes
usually less than 1ms. If we choose a to be too large, the slope (36) of the relaxation is too high,
such that the BDF integration routine takes many steps at the start of each interval, which is equiv-
alent to a Phase 1 step satisfying the algebraic consistency conditions first before the step size can
be increased. However, as soon as we choose a that is less than 10, we observe that the overall CPU
time improves, whereas we need the same number of SQP iterations. The CPU time achieves its
minimum if we choose the value, for a, of approximately 0.5. If we reduce a further, the approxi-
mations of the Jacobian and the Hessian become less accurate, such the CPU time increases again
because of the fact that we need more SQP iterations. It is interesting to observe that, even for aD 0,
the method is still convergent. In fact, even if we choose a to be too small, the method is still faster
than an exact SQP method, which uses an expensive Phase 1 step in the integration routine (realized
here via a large relaxation parameter a).
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Table I. The number of SQP iterations and the associated total CPU
time of the inexact SQP method for several values of the design

parameter a.

a # SQP iterations total CPU time

50 7 204ms
10 7 203ms
5 7 181ms
1 7 155ms
0.5 8 137ms
0.1 10 149ms
0.05 11 170ms
0 12 181ms

5.2. Optimal control of a distillation column

In this section, we consider a DAE model for a distillation column taken from the literature [13].
This DAE model has 82 differential states, 122 algebraic states, as well as 2 time dependent control
inputs. In this paper, we will not restate all the equations that are needed to build up the model
of the distillation column, but we will just mention that the first 42 differential states represent
molar methanol concentrations in the reboiler and condenser of the distillation column, whereas
the remaining 40 differential states are the molar tray holdups. The liquid and vapor molar fluxes
(40 each) together with the 42 temperatures of the reboiler, the 40 trays, and the condenser are the
algebraic state vectors, that is we have n´ D 40C 40C 42D 122 algebraic states. However, for the
details of the model, we refer to [13]. The optimal control problem of our interest is also taken from
[13]. We consider a least square problem of the form

minimize
x.�/,´.�/,u.�/

R T
0

�����T ´.t/� Tref

����
2

CkR.u.t/� uS/k
2 dt

subject to:
8t 2 Œ0,T � W Px.t/D f .t , x.t/, ´.t/,u.t//
8t 2 Œ0,T � W 0D g.t , x.t/, ´.t/,u.t//

x.0/D x0

(59)

where Tref is the reference temperature, at which we would like to operate the system,
�

T a projection
matrix that filters the temperatures out of the algebraic state vector that we would like to penalize,
uS a control set point, and x0 a given initial state (e.g. from a measurement). Note that this problem
is exactly coinciding with the optimization problem .7.22/ in [13]. Here, we chose T D 1000 s
to be the time horizon, whereas the 6 multiple shooting discretization intervals are also chosen as
suggested in [13].

We employ the same numerical settings as for the toy example from the previous section, that
is we use the ACADO toolkit, BDF integrator, and multiple shooting SQP implementation [21] to
implement the inexact SQP method for the distillation column problem (59). The problem turns
out to be only mildly nonlinear, such that the method converges for a D 0.5 in 5 iterations, which
corresponds to approximately 30 s of computation time.

In this example, the choice of the parameter a did not influence the number of SQP iterations,
that is we always need 5 SQP iterations. However, for a D 0.5 or smaller values of a, the BDF
integration routine needs approximately 119 integrator steps per simulation and intervals, whereas
values a� 1 lead to approximately 145 steps, as shown in Table II. Thus, we save approximately
20% of computation time in comparison to an exact SQP method with Phase 1 step.

Summarizing our observations, the inexact SQP algorithm proposed in this paper is surprisingly
robust with respect to the choice of the design parameter a. Choosing a close to 0.5 led to significant
savings in terms of computation time.
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Table II. The KKT tolerance associated with the iterations of the inexact SQP
method applied to a real-world optimal control problem with 82 differential and

122 algebraic states.

k 1 2 3 4 5

KKT-tol: 2.252 � 100 4.230 � 10�1 7.34 � 10�3 2.32 � 10�5 1.52 � 10�9

KKT-tol, KKT tolerance.

6. CONCLUSIONS AND OUTLOOK

In this paper, we have presented an inexact SQP method for DAE optimization problems, which is
designed for the case that many implicit algebraic states occur in the DAE system. The contribu-
tion of this paper is presented in two parts. First, we have introduced a special relaxation function
for differential algebraic equations with desirable properties, as discussed in Theorem 3.1 and
Corollary 3.1. Using this relaxation function in the context of DAE optimal control leads to
optimization problems of the form (42). Second, we have proposed an inexact SQP method for
optimization problems of the form (42), provided that the constraint function H satisfies the prop-
erties of Proposition 4.1. Although this SQP method is inexact, in the sense that both the Jacobian
and Hessian matrices are only approximated, the q-quadratic convergence of the proposed method
has been proven within Theorem 4.1. Finally, the method has been applied to a small toy example
as well as to a nontrivial optimal control problem, namely the optimization of a distillation column
with 82 differential and 122 implicit algebraic states. The numerical method proposed in this paper
turned out to be reliable and efficient in solving these problems.
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