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Preface 

The need for a comprehensive survey-type exposition on formal languages 
and related mainstream areas of computer science has been evident for some 
years. In the early 1970s, when .the book Formal Languages by the second
mentioned editor appeared, it was still quite feasible to write a comprehensive 
book with that title and include also topics of current research interest. This 
would not be possible anymore. A standard-sized book on formal languages 
would either have to stay on a fairly low level or else be specialized and 
restricted to some narrow sector of the field. 

The setup becomes drastically different in a collection of contributions, 
where the best authorities in the world join forces, each of them concentrat
ing on their own areas of specialization. The present three-volume Handbook 
constitutes such a unique collection. In these three volumes we present the 
current state of the art in formal language theory. We were most satisfied with 
the enthusiastic response given to our request for contributions by specialists 
representing various subfields. The need for a Handbook of Formal Languages 
was in many answers expressed in different ways: as an easily accessible his
torical reference, a general source of information, an overall course-aid, and a 
compact collection of material for self-study. We are convinced that the final 
result will satisfy such various needs. 

The theory of formal languages constitutes the stem or backbone of the 
field of science now generally known as theoretical computer science. In a 
very true sense its role has been the same as that of philosophy with respect 
to science in general: it has nourished and often initiated a number of more 
specialized fields. In this sense formal language theory has been the origin of 
many other fields. However, the historical development can be viewed also 
from a different angle. The origins of formal language theory, as we know it 
today, come from different parts of human knowledge. This also explains the 
wide and diverse applicability of the theory. Let us have a brief look at some 
of these origins. The topic is discussed in more detail in the introductory 
Chapter 1 of Volume 1. 

The main source of the theory of formal languages, most clearly visible 
in Volume 1 of this Handbook, is mathematics. Particular areas of mathe
matics important in this respect are combinatorics and the algebra of semi
groups and monoids. An outstanding pioneer in this line of research was 
Axel Thue. Already in 1906 he published a paper about avoidable and un-



vi Preface 

avoidable patterns in long and infinite words. Thue and Emil Post were 
the two originators of the formal notion of a rewriting system or a gram
mar. That their work remained largely unknown for decades was due to 
the difficult accessibility of their writings and, perhaps much more impor
tantly, to the fact that the time was not yet ripe for mathematical ideas, 
where noncommutativity played an essential role in an otherwise very simple 
setup. 

Mathematical origins of formal language theory come also from mathe
maticallogic and, according to the present terminology, computability theory. 
Here the work of Alan Turing in the mid-1930s is of crucial importance. The 
general idea is to find models of computing. The power of a specific model 
can be described by the complexity of the language it generates or accepts. 
Trends and aspects of mathematical language theory are the subject matter 
of each chapter in Volume 1 of the Handbook. Such trends and aspects are 
present also in many chapters in Volumes 2 and 3. 

Returning to the origins of formal language theory, we observe next that 
much of formal language theory has originated from linguistics. In particular, 
this concerns the study of grammars and the grammatical structure of a lan
guage, initiated by Noam Chomsky in the 1950s. While the basic hierarchy 
of grammars is thoroughly covered in Volume 1, many aspects pertinent to 
linguistics are discussed later, notably in Volume 2. 

The modeling of certain objects or phenomena has initiated large and 
significant parts of formal language theory. A model can be expressed by 
or identified with a language. Specific tasks of modeling have given rise to 
specific kinds of languages. A very typical example of this are the L systems 
introduced by Aristid Lindenmayer in the late 1960s, intended as models in 
developmental biology. This and other types of modeling situations, ranging 
from molecular genetics and semiotics to artificial intelligence and artificial 
life, are presented in this Handbook. Words are one-dimensional, therefore 
linearity is a feature present in most of formal language theory. However, 
sometimes a linear model is not sufficient. This means that the language 
used does not consist of words (strings) but rather of trees, graphs, or some 
other nonlinear objects. In this way the possibilities for modeling will be 
greatly increased. Such extensions of formal language theory are considered 
in Volume 3: languages are built from nonlinear objects rather than strings. 

We have now already described the contents of the different volumes of 
this Handbook in brief terms. Volume 1 is devoted to the mathematical as
pects of the theory, whereas applications are more directly present in the 
other two volumes, of which Volume 3 also goes into nonlinearity. The di
vision of topics is also reflected in the titles of the volumes. However, the 
borderlines between the volumes are by no means strict. From many points 
of view, for instance, the first chapters of Volumes 2 and 3 could have been 
included in Volume 1. 

We now come to a very important editorial decision we have made. Each 
of the 33 individual chapters constitutes its own entity, where the subject 
matter is developed from the beginning. References to other chapters are 
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only occasional and comparable with references to other existing literature. 
This style of writing was suggested to the authors of the individual chapters 
by us from the very beginning. Such an editorial policy has both advantages 
and disadvantages as regards the final result. A person who reads through the 
whole Handbook has to get used to the fact that notation and terminology are 
by no means uniform in different chapters; the same term may have different 
meanings, and several terms may mean the same thing. Moreover, the prereq
uisites, especially in regard to mathematical maturity, vary from chapter to 
chapter. On the positive side, for a person interested in studying only a spe
cific area, the material is all presented in a compact form in one place. More
over, it might be counterproductive to try to change, even for the purposes 
of a handbook, the terminology and notation already well-established within 
the research community of a specific subarea. In this connection we also want 
to emphasize the diversity of many of the subareas of the field. An interested 
reader will find several chapters in this Handbook having almost totally dis
joint reference lists, although each of them contains more than 100 references. 

We noticed that guaranteed timeliness of the production of the Handbook 
gave additional impetus and motivation to the authors. As an illustration of 
the timeliness, we only mention that detailed accounts about DNA comput
ing appear here in a handbook form, less than two years after the first ideas 
about DNA computing were published. 

Having discussed the reasons behind our most important editorial deci
sion, let us still go back to formal languages in general. Obviously there cannot 
be any doubt about the mathematical strength of the theory - many chapters 
in Volume 1 alone suffice to show the strength. The theory still abounds with 
challenging problems for an interested student or researcher. Mathematical 
strength is also a necessary condition for applicability, which in the case of 
formal language theory has proved to be both broad and diverse. Some de
tails of this were already mentioned above. As the whole Handbook abounds 
with illustrations of various applications, it would serve no purpose to try to 
classify them here according to their importance or frequency. The reader is 
invited to study from the Handbook older applications of context-free and 
contextual grammars to linguistics, of parsing techniques to compiler con
struction, of combinatorics of words to information theory, or of morphisms 
to developmental biology. Among the newer application areas the reader may 
be interested in computer graphics (application of L systems, picture lan
guages, weighted automata), construction and verification of concurrent and 
distributed systems (traces, omega-languages, grammar systems), molecular 
biology (splicing systems, theory of deletion), pattern matching, or cryptol
ogy, just to mention a few of the topics discussed in the Handbook. 

About Volume 3 

Some brief guidelines about the contents of the present Volume 3 follow. Tree 
automata and tree languages were introduced already in the 1960s; Chapter 1 



viii Preface 

gives a comprehensive survey of this highly developed area. Chapter 2 deals 
with related issues, important in linguistics. Graph grammars generalize both 
string grammars and tree grammars and considerably extend possible appli
cation areas. Chapter 3 is a thorough survey of context-free graph grammars. 
Chapter 4 considers another generalization of string languages, namely two
dimensional languages where strings are replaced by rectangular arrays of 
symbols. Term rewriting plays an important role in the theory of program
ming languages - the basics of term rewriting are considered in Chapter 5. 
Considering infinite strings rather than finite ones is important for both the
ory and applications. Chapter 6 considers languages consisting of infinite 
strings (of order type w), concentrating on the topological aspects of the the
ory of w-Ianguages. Chapter 7 considers formal languages in the framework 
of mathematical logic. The theory of traces based on partially commutative 
monoids forms a very successful framework for the study of concurrency; it 
is presented in Chapter 8. 

The volume ends with beautiful applications of language theory to com
puter graphics. Chapter 9 applies L systems, and Chapter 10 automata. The 
diverse illustrations show the really many vistas and possibilities! 
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Tree Languages 

Ferenc Gecseg and Magnus Steinby 

1. Introduction 

The theory of tree automata and tree languages emerged in the middle of 
the 1960s quite naturally from the view of finite automata as unary algebras 
advocated by J. R. Biichi and J. B. Wright. From this perspective the gener
alization from strings to trees means simply that any finite algebra of finite 
type can be regarded as an automaton which as inputs accepts terms over the 
ranked alphabet formed by the operation symbols of the algebra, and these 
terms again can be seen as (formal representations of) labeled trees with a 
left-to-right ordering of the branches. Strings over a finite alphabet can then 
be regarded as terms over a unary ranked alphabet, and hence finite automata 
become special tree automata and string languages unary tree languages. The 
theory of tree automata and tree languages can thus be seen as an outgrowth 
of Biichi's and Wright's program which had as its goal a general theory that 
would encompass automata, universal algebra, equational logic, and formal 
languages. Some interesting vistas of this program and its development are 
opened by Biichi's posthumous book [Biic89] in which many of the ideas are 
traced back to people like Thue, Skolem, Post, and even Leibniz. 

The theory of tree automata and tree languages could not have grown and 
thrived the way it has done just as a simple mathematical generalization of 
the theory of finite automata, but there are other explanations for its vigor. 
First of all, the step from unary operations to many-place operations is not 
always just a technicality since it may introduce many new, and sometimes 
unexpected, phenomena and choices. For example, that string automata usu
ally read their inputs starting from the left end is mostly a mere matter of 
convention of no consequence, but for tree automata whether to start from 
the root or from the leaves often makes a real difference. The fact that sev
eral subtrees may be attached to a node of a tree also often opens many 
new possibilities compared to the situation in strings, where prefixes and 
suffixes corresponding to given places are unique. Such facts explain partly 
the richness of the study of tree automata and tree languages, and its vital
ity as an independent part of the theory of automata and formal languages. 
However, this depends certainly also much on external motivations and con
nections with other disciplines. In fact, already the very first papers on the 

G. Rozenberg et al. (eds.), Handbook of Formal Languages
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topic were motivated mainly by logic, and the basic objects of the theory, 
the trees, appear in mathematics, logic, and computer science in numerous 
forms, as formal terms, derivation or parsing trees, computation trees, and 
representations of various hierarchically organized structures. 

Our goal has been to present a general readable survey of the theory of 
tree languages. Some central parts of the theory, in particular regular tree 
languages, are discussed in relatively great detail, and many proofs are at least 
outlined to give the reader a good grasp of the basic notions. It is hoped that 
then even the material which is treated more lightly can be appreciated. Of 
course, it has been necessary to restrict the scope of our paper in many ways. 
First of all, we consider finite trees only. The theory of w-tree automata and 
languages of infinite trees is mathematically quite different from the theory 
we are considering. Moreover, a good overview of this area has been written 
by W. Thomas [Th090]. Although it is impossible to draw any strict line 
between the theories of tree languages and tree automata, we have limited 
our subject further by omitting results and topics which concern only tree 
automata without any immediate applications to language theory. Section 22 
in which many further topics are discussed briefly and several references to 
the literature are given, is intended to make up at least partly for the many 
inevitable omissions. 

The fact that tree automata and tree languages were connected from 
the very beginning with universal algebra appears very fortunate. Especially 
in the case of finite tree recognizers and regular tree languages universal 
algebra has been of direct use, but the algebraic formalism has served well 
also in other parts of the theory. The definition of trees as terms is also 
very convenient although a more combinatorial view of trees is often possible 
and sometimes perhaps even preferable. We also base our presentation on 
universal algebra, and it is similar to the one adopted in our monograph 
[GeS84] although we have made some changes both in our terminology and 
notation. The necessary algebraic preliminaries are reviewed in Section 3. 

The list of references is quite extensive, but we made no attempt to in
corporate in it all relevant items. From the older literature we mention just a 
few of the most important early papers and papers to which direct reference 
is made. The bibliography of [GeS84] covers the area fairly well up to around 
1982. To achieve even this degree of completeness now would be a rather 
formidable task. Instead, we have tried to find many recent papers which will 
also guide the interested reader further into the literature. 

2. Trees and terms 

The 'trees' considered in the theory of tree languages may be visualized as 
rooted tree-like labeled graphs in which the edges leaving any node have a 
specified order. The labels are taken from some finite set of symbols, and the 
use of each symbol is usually restricted to nodes for which the number of 
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outgoing edges belongs to some set of numbers, the 'arities' of the symbol. 
In fact, without any essential loss of generality, we shall assume that each 
symbol has exactly one arity. Hence, the labels form a finite set of operation 
symbols in the sense of universal algebra and we can define trees formally as 
terms. Moreover, we shall allow the use of a second finite alphabet for labeling 
leaves of trees. Also this furthers the algebraic formulation of the theory by 
admitting a clear distinction between constants and generating elements in 
the various algebras involved. Finally, let us emphasize again that only finite 
trees will be considered here. 

A mnked alphabet is a finite nonempty set of symbols each of which has 
a unique nonnegative arity (or mnk). In what follows, the Greek capitals E, 
fl and r always denote ranked alphabets. For each m ~ 0, the set of m
ary symbols in the ranked alphabet E is denoted by Em. For any ranked 
alphabets E and fl, E ~ fl means that Em ~ [}m for every m ~ o. The 
union E U fl of two ranked alphabets E and fl can be defined if Em n En = 0 
whenever m # n, and then (E U [})m = Em U flm (m ~ 0). The letters X, 
Y and Z will denote ordinary finite alphabets. They are called leaf alphabets 
and they are assumed to be disjoint from the ranked alphabets considered in 
a given context. 

There are two main ways of defining our trees formally, a set-theoretical 
one which uses a Dewey notation for identifying the nodes of a tree, and 
another in which trees are defined as terms, i.e. as purely syntactic objects. 
Since there are natural translations between the two formalisms, the choice 
between them is largely a matter of convenience and taste. We introduce 
both systems, but use mainly the definition of trees as terms which is per
fectly suited for an algebraic treatment of our subject. The set U of all finite 
strings of positive integers, which we separate by dots, form with respect to 
catenation a free monoid with the empty string e as the identity. The prefix 
relation in U is denoted by ~: u ~ v iff u.w = v for some w E U. A finite 
subset D of U is a (finite) tree domain if 

(1) 'u ~ v, v E D implies u E D, and 
(2) 'u.i E D whenever u.j E D, u E U and 1 ~ i ~ j. 

Each tree domain D may be regarded as an unlabeled tree the nodes of which 
correspond to the elements of D. The root of the tree is represented bye, 
and the leaves are the nodes which are maximal with respect to the prefix 
relation. For example, {e, 1, 2, 1.1, 1.2, 2.1} is a tree domain which can be 
depicted as the unlabeled tree of Fig. 2.1(a). 

If E is a ranked alphabet and X a leaf alphabet, then a EX-tree is a 
mapping t : D 04 E U X, where D is a tree domain, and for each u E D, 

(1) t(u) E Eo U X, if u is a leaf in D, and 
(2) t(u) E Em, where m = max{j E N+ I u.j ED}, otherwise. 

The set D is called the domain of the tree t. For example, Fig. 2.1(b) 
represents a EX tree t : D 04 E U X, where D = {e,1,2,1.1,1.2,2.1}, 
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Fig. 2.1 

tee) = t(l) = feE 172 ), t(2) = geE Ed, t(l.l) = x(E X), t(l.2) = C(E Eo) 
and t(2.1) = y( EX). 

If 17 is regarded as a (finite) set of operation symbols and X as a set of 
variables, the set T .. dX) of E-terms with variables inX, is defined inductively 
as the smallest set T of strings such that 

(1) X ~ T, and 
(2) f(tl, ... , tm) E T whenever m ~ 0, f E Em and tl, ... , tm E T. 

If c E Eo, we will write simply c for the term c( ), but otherwise it is usually 
not necessary to separate the case m = ° when one considers generally some 
f E Em with m ~ 0. 

The second definition of a tree states now simply that a EX-tree is a 
E-term with variables in X. Hence, from now on T.dX) is the set of all 
EX-trees. For example, the tree shown in Fig. 2.1(b) is defined formally as 
the term f(J(x,c),g(y». Although the letters in X will often be treated as 
variables in the algebraic formulations of various definitions, it should be 
noted that X is really to be regarded as a leaf alphabet, a set of symbols 
for labeling leaves of trees. Let us also note that other ways of writing terms 
could be used equally well. We refer the reader to [Biic89] for an extensive 
treatment of the Polish notation of trees. 

The inductive definition of TIJ(X) suggests a natural principle of tree 
induction for proving facts about EX-trees: first one shows that every x in 
X has the claimed property, and then that f(tl, ... , tm ) has the property 
whenever m ~ 0, f E Em and tl, ... , tm are EX-trees with this property. 
It is often convenient to consider also the trees c (c E Eo) separately in 
the basis step. Concepts associated with EX-trees are usually defined by 
recursive schemes which also follow the inductive definition of TIJ(X). For 
example, the height hg(t), the root symbol root(t), and the set of subtrees 
sub(t) of a EX-tree t are defined so that 

(1) hg(t) = 0, root(t) = t, sub(t) = {t} for t E X U Eo, and 
(2) hg(t) = 1 + max(hg(ti ) 11 ::; i ::; m), root(t) = f, and 

sub(t) = {t} U sub(tI) U ... U sub(tm), for t = f(h, .. ·, tm ). 
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Note that for c E Eo, we put hg(c) = O. Since the same tree may appear 
several times as a subtree of a given tree, there is sometimes a need to dis
tinguish between a subtree and an occurrence of a subtree. A way to do 
this formally is provided by the following notion of a 'context'. Let ~ be a 
special symbol which does not appear in the alphabets considered here. We 
call a E(X U {~} )-tree in which ~ appears exactly once, a EX-context. The 
set of EX-contexts is denoted by Ct(E,X). If c E Eo, 9 EEl, f E E2 
and x E X, then ~, g(~) and f(f(x, 0, c) are examples of EX-contexts. If 
p, q E Ct(E, X), then p. q denotes the EX-context obtained by replacing the 
~ appearing in q by p. For example, g(O· f(f(x, 0, c) = f(f(x, g(~)), c). It is 
clear that Ct(E, X) forms with respect to this product a monoid in which ~ 
is the unit element. If p E Ct(E, X) and t E TL'(X), then t· p is the EX-tree 
which is obtained when the ~ in p is replaced by t. We shall also write p(t) 
instead of t· p. If t is a EX-tree and s E sub(t), there is for each occurrence 
of s a unique EX -context p such that t = p( s) and the ~ in p marks the place 
of the root of this occurrence of s. 

Finally, let us note how ordinary words, or strings, can be viewed as unary 
trees. This observation often provides useful guidelines for generalizations 
from string languages to tree languages. If we regard a given alphabet X as 
a (unary) ranked alphabet E = E l , where El = X, then W f-+ tw, where tw 
is defined so that 

(1) te = c:, where c: is a new symbol, and 
(2) tw = x(tv ) for w = vx, v E X* and x EX, 

defines a bijection between the set X* of words over X and the set TL'( {c}) 
of E{c}-trees. For example, the word xyy becomes the tree y(y(x(c:))). The 
translation would be even more obvious, if we used the right Polish notation 
for trees (cf. [Biic89]). 

3. Algebraic preliminaries 

We shall now review briefly some general algebraic notions. Proper introduc
tions to universal algebra are provided by [BuS81] or [Wec92], for example. 

The operations of the algebras considered here are indexed by the same 
ranked alphabets used for labeling the nodes of trees, and therefore all our 
algebras are of finite type. A E-algebra A is a pair (A, (fA I fEE)) which 
consists of a nonempty set A, the set of elements of A, and a E-indexed family 
of operations on A. If f E Em, then fA : Am - A is an m-ary operation. 
Since A 0 is a singleton, each nullary symbol c( E Eo) fixes a constant in 
A which we also denote by cA. We shall write simply A = (A, E). A E
algebra B = (B, E) is a subalgebra of a E-algebra A = (A, E) if B ~ A 
and each operation fB of B is the restriction of the corresponding operation 
fA of A to B. If B is a subalgebra of A then B is a closed subset of A, 
i.e. fA(bl, ... ,bm) E B whenever m ~ 0, f E Em and b1, ... ,bm E B. 
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There is a natural bijection between the subalgebras of a given E-algebra 
and its non empty closed subsets, and therefore the two notions are often 
identified. Since the intersection of any closed subsets is a closed subset, every 
subset H of an algebra is contained in a unique minimal closed subset [H]. 
If [H] i= 0, the corresponding subalgebra is the subalgebra generated by H. A 
(homo)morphism of a E-algebra A = (A, E) into a E-algebra B = (B, E) is 
a mapping cp : A -+ B such that for all m ~ 0, f E Em and al, ... , am E A, 

fA(al,"" am)cp = fB(alCP, ... , amcp). 

Hence, a morphism of E-algebras is an operation-preserving mapping be
tween them. The fact that cP is a morphism from A to B is expressed by 
writing cP : A -+ B. A morphism is called an epimorphism if it is surjective, 
a monomorphism if it is injective, and an isomorphism if it is bijective. If 
there exists an isomorphism cp : A -+ B, then A and B are said to be iso
morphic, A ~ B in symbols. A congruence of a E-algebra A = (A, E) is an 
equivalence relation E>(~ A x A) on A which is invariant with respect to the 
operations of A, i.e. if m ~ 0, f E Em and at, ... ,am, bl , ... ,bm E A, then 
alE>bl, ... ,amE>bm implies fA(al, ... ,am)E>fA(bl, ... ,bm). The set Con (A) 
of all congruence relations of A forms a complete lattice with respect to the 
inclusion relation ~. In fact, (Con(A), ~) is a complete sublattice of the lat
tice (Eq(A),~) of all equivalence relations on A. Every algebra A = (A, E) 
has at least the trivial congruences 8A = {(a,a) I a E A} and ~A = A x A. 

If E> E ConCA), one can define the quotient algebra AlE> = (AlE>, E) so 
that for any m ~ 0, f E Em and alE>, ... , amE> E AlE>, 

fA/B(alE>, ... , amE» = fA(al, ... , am)E>. 

The congruence property guarantees that these operations are well-defined; 
the E>-class fA(al,"" am)E> does not depend on the representatives al, ... , 
am chosen from the congruence classes al E>, ... , am E>. 

Morphisms, congruences and quotient algebras are intimately related with 
each other. First of all, if E> E ConCA), then the natural mapping 

E>Q : A -+ AIE>,a 1-+ aE>, 

is an epimorphism from A onto AI E>. On the other hand, the kernel relation 
kercp(= cp. cp-l) defined by 

a == a' (kercp) iff acp = a' cp (a, a' E A), 

of any morphism cp : A -+ B is a congruence of the algebra A, and if cp 
is an epimorphism, then A/kercp ~ B. These two facts also mean that the 
epimorphic images of a given E-algebra A are, up to isomorphism, exactly 
the quotient algebras AlE>. 

The direct product of two E-algebras A = (A, E) and B = (B, E) is the 
E-algebra A x B = (A x B, E) for which the operations are defined so that 
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fAXB«al, bd, ... , (am, bm)) = (JA(al, ... , am), fB(bl, ... , bm)) 

for all m ~ 0, f E Em and (al,bd, ... ,(am,bm) E A x B. 
Finally, we consider term algebras. They play an important role in the 

theory of tree languages, similar to the one played by free monoids in the 
theory of string languages. If E is a ranked alphabet and X a leaf alphabet, 
we assume that Eo U X ¥- 0. This assumption means that TE(X) ¥- 0, and 
the EX-term algebra TE(X) = (TE(X), E) is defined by putting 

fTI.;(X)(tl, ... , tm) = f(h, ... , tm), 

for all m ~ 0, f E Em and h, ... , tm E TE(X), In particular, if c E Eo and 
we write c for c( ), then cTI.;(X) = c. 

The EX-term algebra is, in fact, the free E-algebra generated by X, i.e. 
X generates it freely over the class of all E-algebras. This means the following 
three things. 

1. TE(X) is a E-algebra. This is obvious. 
2. TE(X) is generated by X, i.e. TE(X) is the smallest closed subset of TE(X) 

which contains X as a subset. This follows from the fact that every EX
tree can be constructed from letters in X using the operations of the term 
algebra. For example, the term f(g(x), c), where f E E2 , 9 E El, c E Eo 
and x E X, is obtained by computing fTI.;(X)(gTI.;(X)(x),cTI.;(X»). 

3. If A = (A, E) is any E-algebra, then every mapping a : X -+ A can be 
extended in a unique way to a morphism 

aA : TE(X) -+ A. 

This morphic extension can be defined inductively as follows: 

- xaA = xa for x EX; 
- caA = cA for c E Eo; 
- taA = fA(haA,"" tmaA) for t = f(tl,"" tm) (m> 0). 

We use aA as a fixed notation. For any EX-tree t, taA is also the value of 
the term operation (or derived operation) 

t A : AX -+ A 

of A defined by t when evaluated for the values assigned to the variables by 
a. For example, if t = f(g(x), c) as above, then . 

taA = fA(gA(xa),cA) = tA(a). 
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4. Term rewriting systems 

Since trees are terms, there are some natural connections between tree lan
guages and term rewriting systems. Moreover, various tree automata are often 
defined conveniently as term rewriting system. In fact, term rewriting sys
tems are also called tree rewriting systems. Here we define some basic notions 
associated with term rewriting systems adapting the terminology to our for
malism. General surveys of the area and many relevant references can be 
found in [DeJ91], [Hu080] and [Ave95], for example. 

In what follows, E = {6, 6, ... } is a count ably infinite set of symbols 
which we use as variables. It is assumed that these symbols do not appear 
in the other alphabets we consider. We call E(X U E)-trees EX-trees with 
variables. The set of variables appearing in such a tree t is denoted by Var(t). 
A EX-substitution is a finite set of pairs (ei, r), where ei E E, r E TE(X) and 
no variable ei appears in two different pairs. The set of variables appearing 
in a substitution C5 is denoted by Var(C5). If C5 = {(eil' rd, ... , (eik' rk)} is 
a EX-substitution and t E TE(X), then C5(t) is the EX-tree with variables 
obtained when the occurrences of the variables ei1 , ••• , eik in t are replaced 
by the corresponding trees ri, ... , rk. If Var(t) ~ Var(C5), then C5(t) is a EX
tree. For example, if a = {(6,g(c)),(6,x)} and t = f(f(6,x),f(6,y)), 
then C5(t) = f(f(g(c),x), f(g(c), y)). If C5 is a EX-substitution, a EX-tree t 
is a C5-instance of a EX-tree s with variables, if t = C5(S). 

A EX-rewrite rule is an ordered pair (u, v) of EX-trees with variables 
such that Var(v) ~ Var(u). Usually one writes u -+ v instead of (u, v), and u 
is called the lefthand side of the rule while v is its righthand side. A EX -term 
rewriting system (a EX-TRS, for short) is a set of EX-rewrite rules. For any 
EX-TRS S, the rewrite relation ~s (~TE(X) X TE(X)) is defined so that 
for any s, t E TE(X), S ~ s t exactly in case t results from s by replacing in 
it an instance of the lefthand side of some rule in S by the corresponding 
instance of the right hand side of that rule. More formally speaking, s ~ s t if 
there exist a rule u -+ veE S), a EX-context p and a EX-substitution C5 for 
which s = p(C5(U)) and t = p(C5(V)). The transitive closure of ~s is denoted 
by *!. Hence, s ~! t means that for some k ~ 1, there is an S-derivation 

of length k of t from s. Let ~s and ¢:?s be, respectively, the reflexive tran
sitive closure and the equivalence closure of *s. For any EX-trees sand t, 

- t is an immediate S-successor of s, if s ~s t; 
- t is an S-successor of s, if s ~s t; 
- t is a pmper S-successor of s, if s ~! t; 
- sand tare S-equivalent, if s ¢:?s t. 

The modifier S can be omitted when there is no danger of confusion. The 
corresponding notions of predecessors are defined in the natural way. A EX
tree is S-irreducible if it has no proper successors. The set of all S-irreducible 
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EX-trees is denoted by IRR(S). If s ¢>s t and t E IRR(S), then t is a normal 
form of s. 

A EX-TRS is terminating if there are no infinite S-derivations tl =?s 
t2 =?S ... , and it is confluent, if t =?s u and t =?s v always imply the 
existence of a EX-tree s for which u =?s s and v =?s s hold. It is a well
known fact that for a terminating confluent EX-TRS, every EX-tree has a 
unique normal form, and this can be obtained from the tree as the result of 
a finite derivation. 

5. Finite tree recognizers 

Sets of EX-trees are called EX-languages, and we speak simply about tree 
languages when there is no need to specify the alphabets. We shall now in
troduce the family of tree languages which plays the same role in our theory 
as the regular (rational) languages play in the standard theory of formal lan
guages. Moreover, the ordinary regular languages can be regarded as special 
regular tree languages. The regular tree languages are obtained in many dif
ferent ways, and even the finite recognizers which yield them can be defined 
in a few different ways. Our basic tree recognizers can be regarded as general
izations of Rabin-Scott recognizers. The generalization becomes particularly 
obvious if the Rabin-Scott recognizers are defined as unary algebras. 

For any ranked alphabet E and any leaf alphabet X, a EX-recognizer is 
a system A = (A, a, F) which consists of a finite E-algebra A = (A, E), the 
elements of which are called states, an initial assignment a : X -+ A, and a 
set F(~ A) of final states. If aA : T.,dX) -+ A is the morphic extension of a, 
the EX-language recognized by A is 

T(A) = {t E TE(X) I taA E F}. 

A EX-language is recognizable, or regular, if it is recognized by some 
EX-recognizer. The set of all recognizable EX-languages is denoted by 
Rec(E, X), and the family of all recognizable tree languages by Rec. 

We have defined, in fact, the deterministic frontier-to-root (or bottom
up) finite tree recognizers. The working of a EX-recognizer A = (A, a, F) 
can be described in less abstract terms as follows. It begins the reading of a 
given input tree t( E TE(X)) from the leaves. If a leaf is labeled with a nullary 
symbol c( E Eo), A starts at that leafin state cA , but if the label x is from the 
leaf alphabet X, the starting state is xa. The reading proceeds then towards 
the root. If A has reached the m predecessors, counted from left to right, 
of a node labeled with an m-ary symbol f( E Em) in the states at. ... , am, 
respectively, then A enters this node in state fA(at. ... , am). The tree t is 
accepted if A reaches the root of t in a final state; the state at the root is 
precisely taA. For example, if t = f(J(x,c),x), where f E E 2 , C E Eo and 
x EX, A starts at the two x-labeled leaves in state xa, at the c-labeled leaf 
in state cA, and it reaches the root oft in state taA = fA(JA(xa,cA),xa). 
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Let A = (A, 17,6, ao, F) be an ordinary Rabin-Scott recognizer (of 
strings), where A is the state set, 17 the input alphabet (for the moment 
an ordinary alphabet), 6 : A x 17 -+ A the transition function, ao( E A) 
the initial state, and F(c;;. A) the set of final states. If 6 is extended in the 
usual way to a mapping 6 : A x 17* -+ A, the language recognized by A 
is L(A) = {w E 17* I 6(ao,w) E F}. If we turn 17 into a unary ranked 
alphabet and identify words over 17 with E{ c:}-trees as suggested in Sec
tion 2, A may be reconstrued as a 17 { c }-recognizer as follows. The transi
tion function is replaced by the family (fA I fEE) of unary operations, 
where fA : A -+ A, a f-+ 6(a, I), is the transition induced by the input letter 
f( E E). Hence the triple (A, 17, 6) becomes a E-algebra A = (A, E). The 
initial state is replaced by the initial assignment 0: : {c} -+ A, c f-+ ao. It is 
now clear that for any w E 17*, 6( ao, w) = twO:A, and therefore the 17 {c}
recognizer B = (A, 0:, F) recognizes the language L(A) in the sense that 
T(B) = {tw I w E L(A)}. 

We shall now illustrate by an example some of the basic capabilities of 
EX -tree recognizers. 

Example 5.1. Let 17 = 171 U 172,171 = {g}, 172 = {f} and X = {x,y}. We 
shall construct a EX-recognizer recognizing the EX-tree language T of all 
EX-trees t which satisty the following three conditions. 

(1) t has an odd number of f-Iabeled nodes. 
(2) t has at least two g-labeled nodes. 
(3) No x-labeled leaf of t is to the right of a y-Iabeled leaf in t. 

The construction of the required EX-recognizer A = (A, 0:, F) becomes quite 
transparent if we let each state be a triple (a, b, c), where a is the number of 
!'S encountered so far counted modulo 2, b is the number of g's counted up 
to the limit 2, and c expresses the situation concerning the third condition. 
Hence, let A = {O, 1} x {O, 1, 2} x {O, 1, 2}. The initial assignment 0: : X -+ A 
is defined by putting xo: = (0,0,0) and yo: = (0,0,1). The E-algebra A = 
(A, E) is defined as follows. 

(a) For any (a, b, c) E A, 

gA((a, b, c)) = { 
(a, b + 1, c), if b = ° or b = 1, 
(a,2,c), ifb=2. 

(b) For any (a1,b1,cd,(a2,b2,c2) E A, f A ((al,b1,cd,(a2,b2,c2)) = (a,b,c), 
where a = a1 + a2 + 1 (mod2), 

b _ { b1 + b2, if ° ~ b1 + b2 ~ 2; 
- 2, otherwise, 

and 

{ 
0, if C1 = C2 = 0; 

C = 1, if C1 -::P 2 and C2 = 1; 
2, otherwise. 

It should be clear that T(A) = T if we put F = {(1, 2, 0), (1,2,1)}. 
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Examples of nonregular tree languages can easily be found by using the 
following generalization of the Pumping Lemma of regular languages. The 
powers pn of a EX-context p are defined by (1) pO = e, and (2) pHl = 
pk . P (k ~ 0). 

Proposition 5.2. (The Pumping Lemma) For any recognizable EX -tree 
language T, there is a number n ~ 1 such that, ift E T and hg(t) ~ n, then 
for some s E TE(X) and p, q E Ct(E, X), 

(1) t = s . p . q, 
(2) hg(p) ~ 1, and 
(3) s· pk . q E T for all k ~ o. 
Proof. Suppose T is recognized by an n-state EX-recognizer A. Any EX-tree 
t in T of height ~ n contains a path from some leaf to the root consisting of at 
least n + 1 nodes, and A must arrive in the same state at two of these nodes. 
A representation t = s . p . q of the required kind is obtained by 'cutting' the 
tree t at these nodes: saA = (s . p)aA. 0 

Suppose f E E2 and x, y EX. It is easily seen that the Pumping Lemma 
implies that, for example, {f(t, t) I t E TE{X)} and the set of all EX-trees 
with the same number of x-labeled leaves and y-Iabeled leaves, are not in 
Rec(E,X). 

Exactly as in the case of regular string languages, the Pumping Lemma 
implies also here that the finiteness of regular tree languages is decidable. The 
emptiness of T(A) for a given EX-recognizer A = (A, a, F) can naturally 
be decided by forming [Xa], the subalgebra generated by Xa: T(A) = 0 iff 
[X a] n F = 0. We record these conclusions as 

Proposition 5.3. It is decidable whether the tree language recognized by a 
given EX -recognizer is empty or nonempty, and whether it is finite or infi
nite. 0 

The nondeterministic (n.d.) version of the EX-recognizer is obtained by 
allowing both the state transitions and the initial assignment to be non
deterministic. This can be done formally as follows. In an n.d. E-algebra 
A = (A, E) each m-ary symbol f (f E Em, m ~ 0) is realized as an m-ary 
n.d. operation fA: A --+ pA on A. In particular, any nullary symbol C(E Eo) 
gives an operation cA : {0} --+ pA which may be identified with the subset 
cA(0). If A is viewed as a tree automaton, fA(al, ... , am) is the set of states 
in which A may enter an f -labeled node if al, ... ,am are some possible states 
at the predecessor nodes. An n. d. initial assignment a : X --+ pA gives for 
each x( E X) the set xa of states in which the automaton may start at an 
x-labeled leaf. We define now an n.d. frontier-to-root EX-recognizer, an n.d.f. 
EX-recognizer for short, as a system A = (A,a,F), where A = (A, E) is a 
finite n.d. E-algebra, a : X --+ pA an n.d. initial assignment, and F(~ A) 
is a set of final states. A EX-tree is accepted by A if there is at least one 
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combination of choices of starting states and next-states which results in a 
final state at the root of the tree. This idea can be formalized by means of 
the subset algebra pA = (pA, E) which is defined so that 

fPA(Al , ... ,Am) = UUA(al,'" ,am) I al E A1, ... ,am E Am}, 

for all m ~ 0, f E Em and Al , . .. ,Am ~ A. If we extend a : X --+ pA to a 
morphism apA : T.dX) --+ pA, the tree language recognized by A is 

T(A) = {t E TE(X) I tapA n F =f. 0}. 

Any EX-recognizer may be viewed as an n.dJ. EX-recognizer in which all 
fA- and xa-values are singletons. On the other hand, applied to any n.dJ. 
EX-recognizer A = (A, a, F) the usual subset construction gives the EX
recognizer B = (pA,a,G), where G = {H E pA I H n F =f. 0}, which is 
easily seen to be equivalent to A. Hence the n.dJ. EX-recognizers recognize 
exactly the regular EX-tree languages. 

The family of regular string languages does not change if we define the 
finite recognizers so that they read the input words from right to left instead of 
the usualleft-to-right. This can be seen directly from the definitions when one 
considers nondeterministic recognizers. It is almost equally easy to see that 
n.d. finite tree recognizers which read their input trees starting at the root 
define the same recognizable tree languages as the tree recognizers working 
in the opposite direction. On the other hand, it turns out that determinism 
is an essential restriction in the root-to-frontier case. 

An n.d. root-to-frontier E-algebra A consists of a nonempty set A of ele
ments and a E-indexed family (fA I fEE) of mappings, where fA : A --+ 

pAm for f E Em. For c E Eo, we find it more convenient to regard cA as a sub
set of A. We write simply A = (A, E). An n.d. root-to-frontier EX-recognizer, 
or an n.d.r. EX-recognizer, is now defined as a system A = (A,I,w), where 

(1) A = (A, E) is a finite n.d.r. E-algebra, 
(2) I(~ A) is the set of initial states, and 
(3) w : X --+ pA is the final assignment. 

Such a recognizer A operates on a given input tree t( E TE(X)) as follows. 
It may start at the root of t in any of the initial states a E I. Suppose A may 
be in some state a at an f-labeled node, where f E Em and m ~ 1. Then 
any m-tuple (a1, ... , am) E fA(a) gives a possible combination for states at 
the successor nodes. The tree is finally accepted by A if it is possible to make 
all such choices in such a way that A reaches every leaf in a state which is 
consistent with the label of the leaf; if a leaf is labeled by x EX, the state 
should be in xw, and for c E Eo, every c-Iabeled leaf should be reached in 
some state from cA. For a formal definition of the tree language recognized 
by A, we define inductively for each EX-tree t the set tw of states a(E A) 
such that A can read t succesfully starting at the root of t in state a: 
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- xw = xw for x E X j 
- cw = cA for c E Eo j 
- tw = {a E A I fA (a) n (tlw x ... x tmw) # 0} for t = f(tt. ... , tm) (m> 1). 

Now the tree language recognized by A is T(A) = {t E TE(X) I tw n I =I- 0}. 
Every n.d.r. EX-recognizer A = (A,I, w) can be transformed into an 

equivalent n.dJ. EX -recognizer B = (8, w, I) by making the initial states 
final states, interpreting the final assignment as an initial assignment, and 
by reversing the direction of the state transitions, which means that for any 
m > 0, f E Em and a,al, ... ,am E A, 

a E fB(ab ... ,am) iff (at. ... , am) E fA(a)j 

for c E Eo, we put c'3 = cA. By tree induction one easily shows that tWpA = tw 
for every EX-tree t. This implies that T(B) = T(A). Since the transforma
tion works also in the opposite direction, it is clear that exactly the recog
nizable EX-tree languages are recognized by n.d.r. EX-recognizers. 

A deterministic root-to-frontier EX-recognizer or a d.r. EX-recognizer, 
is an n.d.r. EX-recognizer which has exactly one initial state and in which 
all sets fA(a) are singletons. These tree recognizers are essentially weaker 
than the other three types of recognizers we have defined since they have to 
make the decision about acceptance at each leaf of the input tree separately 
based only on the information given by the path leading from the root to that 
leaf. For example, if f E E2 and x,y E X, {f(x,y), f(y, x)} is a set which 
cannot be recognized by a d.r. EX-recognizer. On the other hand, it is easy 
to construct an n.d.r. EX-recognizer which recognizes this tree language by 
guessing at the root whether the tree is f(x,y) or f(y,x). 

It is possible, and often very convenient, to define tree recognizers as 
special term rewriting systems. For example, an n.dJ. EX-recognizer A = 
(A, a, F) may be recoDstrued as an .aX-rewriting system S as follows. The 
ranked alphabet n is defined by putting no = EouA (AnE = 0 is assumed) 
and nm = Em for all m > 0. The rules of S are obtained as follows. 

1. If x E X, a E A and a E xa, include the rule x -+ a. 
2. If c E Eo and a E cA, include the rule c -+ a. 
3. For any m > 0, f E Em, at. . .. , am E A, and a E fA(at. . .. , am), include 

the rule f(al,"" am) -+ a. 

Now it is easy to see that T(A) = {t E TE(X) I t =?s a for some a E A'}. 
Similarly, any n.d.r. EX-recognizer A = (A,I,w) can be defined as an 

nX-rewriting system S, where n is now obtained by adding the states of A 
to E as unary symbols. The set S of rules is defined as follows. 

1. If m > 0, f E Em, a, al,"" am E A, and (al,"" am) E fA(a), include 
the rule a(f(6,· .. ,'m)) -+ f(al('d, ... ,am('m))' 

2. If c E Eo and a E cA , include the rule a(c) -+ c. 
3. If x E X and a E xw, include the rule a(x) -+ x. 
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Now the acceptance of a EX-tree t means that, for some initial state a E I, 
a(t) can be transformed to t by the rewriting system S, i.e. 

T(A) = {t E TE(X) I a(t) =?s t for some a E I}. 

6. Regular tree grammars 

The regular tree grammars to be considered here are the natural counterparts 
of the type 3 grammars of the Chomsky hierarchy. A regular EX-grammar 
is a system G = (N, 17, X, P, ao), where 

(1) N is a finite nonempty set of nonterminal symbols (N n (17 u X) = 0 is 
assumed), 

(2) P is a finite set of productions of the form a -+ r, where a E Nand 
r E TE(X UN), and 

(3) ao E N is the initial symbol. 

The one-step derivation relation =?G and the general derivability relation 
=?a of G can be defined simply by interpreting the productions of G as the 
rewrite rules of a term rewriting system: for any s, t E TE(X UN), S =?G t 
iff there is a production a -+ r( E P) such that s = p( a) and t = p(r) 
for some E(X U N)-context p. The tree language generated by G is the set 
T(G) = {t E TE(X) I ao =?a t}. Two regular EX-tree grammars GI and G2 

are equivalent if T(Gd = T(G2 ). 

Example 6.1. Let E = EI U E 2, EI = {g}, E2 = {f} and X = {x}. If 
P = {ao -+ f(g(ao),x),ao -+ x} is the production set of the regular EX
grammar G = ({ao}, 17, X, P, ao), then the three simplest trees in T(G) have 
the derivations 

ao =?G x, 
ao =?G f(g(ao), x) =?G f(g(x),x), and 
ao =?G f(g(ao), x) =?G f(g(j(g(ao),x)),x) =?G f(g(j(g(x),x)),x), 

respectively. 

A regular EX-grammar G = (N, 17, X, P, ao) is in normal form if each 
production is ofthe form a -+ x (a EN, x EX), ofthe form a -+ c (a E N, c E 
Eo), or of the form a -+ f(a}, ... , am) (m > 0, f E Em, a, al,·.·, am EN). 
It is easy to see that any regular EX-grammar can be transformed into 
an equivalent grammar in normal form. First of all, all rules of the form 
a -+ b, where a, bEN, can be discarded if we add new rules which an
ticipate all chains of applications of them. If hg(r) > 1 for some rule 
a -+ r, we can write r = f(rl, ... , rm), and replace this rule by the rules 
a -+ f(a}, ... , am), al -+ r}, ... , am -+ Tm, where al, ... , am are new nonter
minals. This way the heights of the righthand sides can be reduced until every 
rule is ofthe form a -+ x, a -+ c (a E A,x E X,c E Eo), or a -+ f(d l , ... , dm), 
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where m > 0, f E Em, a E A and dl , ... , dm E N U Eo U X. Finally, rules 
a -+ f(d!, ... , dm), where di E Eo U X for some values of i can be eliminated 
by replacing in the rule each such di by a new nonterminal ai and introducing 
the production ai -+ di . For example, the grammar of Example 3.2.1 is equiv
alent to the normal form grammar G' = ({ao, aI, a2}, E, X, pI, ao), where pI 
consists of the rules ao -+ f(al,a2), ao -+ x, al -+ g(ao) and a2 -+ x. 

Proposition 6.2. Exactly the recognizable tree languages can be generated 
by regular tree grammars. 

Proof. First we note the obvious fact that every recognizable EX-tree lan
guage can be recognized by an n.dJ. EX-recognizer with exactly one final 
state. It suffices then to show that every such recognizer can be converted 
into an equivalent regular EX-grammar, and conversely. Indeed, if A = 
(A, 0:, {ao}) is a EX-recognizer with one final state and G = (A, E, X, P, ao) 
is the normal form EX-grammar, where 

P = {a -+ x I x E X, a E xo:} U {a -+ C ICE Eo, a E cA} 

U{a -+ f(al, ... ,am ) 1m> 0,1 E Em,a,al, ... ,am E A, 
a E IA(al, ... , am)} 

then T(G) = T(A). This follows from the fact that for any t E TE(X) and 
any a E A, a E to:A iff a =?a t, as one readily verifies by tree induction. Since 
it is also clear that any normal form EX-grammar is obtained this way from 
a certain EX-recognizer, this proves the proposition. 

7. Tree language operations and closure properties 
ofRec 

We shall now consider several basic operations on tree languages. It turns out 
that the family Rec is closed under most of them. For the sake of simplicity, 
we usually assume that the tree languages are over the same alphabets 17 and 
X, and show then that Rec( 17, X) is closed under the operation in question. 
This is no serious limitation since it can easily be seen that if 17 ~ rl and 
X ~ Y, then any EX-language is in Rec(E, X) iff it is recognizable as an 
rlY -language. 

First we note the basic set-theoretic operations. 

Proposition 7.1. IIS,T E Rec(E, X), thenSnT,SUT,S-T E Rec(E,X). 
Moreover, 0 E Rec(E, X), and hence Rec(E, X) forms a field of sets on 
TE(X). 

Proof. Suppose Sand T are recognized by the EX-recognizers A = (A, 0:, F) 
and B = (l3, (3, G). It is easy to see that for the direct product C = A x l3 
and the initial assignment 
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"/: X -+ A x B, x ..... (xa,x{3), 

we have t"/c = (taA, t{3B) for every EX-tree t. This means that any Boolean 
combination of Sand T can be recognized by a EX-recognizer (C, ,,/, H) by 
choosing the set H of final states suitably. For example, S - T is recognized 
by (C, ,,/, F x (B - G)). The rest of the proposition is now obvious. 0 

Next we consider some products of tree languages. For any J in Em (m ~ 
1), the J-product J(T!, ... , Tm) of m EX-languages T!, ... , Tm is defined as 
the set of all EX-trees J(t!, ... , tm), where tl E Tl , ... , tm E Tm. By using 
Proposition 6.2, it is easy to prove the following fact. 

Proposition 7.2. For any f E Em and any Tl, ... ,Tm E Rec(E,X) (m ~ 
1), also J(T!, ... ,Tm) E Rec(E, X). 0 

The tree language product T(x - Tx I x E X) of an X-indexed family 
(Tx I x E X) of EX-languages and a EX-language T is the set of all EX-trees 
which can be obtained from some t E T by replacing in it simultaneously every 
letter x E X by a tree from the corresponding set Tx j different occurrences 
of a symbol x may be replaced by different trees from Tx. Instead of a formal 
definition, which starts with a~ inductive definition for the case T = {t} 
(t E T .. dX)), we note as an example that if c,d E Eo, f E 172 , X = {x,y}, 
T = {f(f(y,z),f(c,y))}, Ty = {c,z} and Tz = {d}, then T(x - Tx I x E 
X) consists of the trees f(f( c, d), f( c, c)), f(f( c, d), fCc, z)), f(f(z, d), f( c, c)) 
and f(f(z, d), fCc, z)). 

For each z E X, the z-product S 'z T of two EX-languages is defined as 
the special tree language product T(x - Tx I x E X), where Tz = Sand 
Tx = {x} for all x E X, x f:. z. (Note the order in which we wrote Sand Tj 
when proceeding in the frontier-to-root direction, the trees from S will be read 
first.) Using again tree grammars it is easy to see that Rec(E,X) is closed 
under the tree product. Indeed, a regular tree grammar G in normal form 
generating T can be converted into a grammar which generates T( x - Tx I 
x E X) by replacing each production of the form a -+ x by the production 
a -+ ax, where ax is the initial symbol of a EX-grammar Gx which generates 
Tx , and then adding all productions ofthe grammars Gx to the production set 
of G. Of course, it can be assumed that the nonterminal sets of the different 
grammars are disjoint. We state the conclusion without any formal proof. 

Proposition 7.3. If T E Rec(E,X) and Tx E Rec(E,X) for all x E X, 
then T(x - Tx I x E X) E Rec(E, X). In particular, S·z T E Rec(E,X) 
whenever z E X and S,T E Rec(E, X). 0 

For each z E X we define the z-quotient of a EX-language T by a EX
language S as the EX-language 
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This operation generalizes the usual left quotient operation K-1 L = {v I 
(3u E K)uv E L}j S-zT consists of the trees from which a tree in T can be 
obtained by replacing each z-labeled leaf by a tree from S. If T is recognized 
by a EX-recognizer A = (A, a, F), then S-zT is recognized by the n.dJ. EX
recognizer B = (A, f3, F), where f3 : X -+ pA is defined so that zf3 = SaA 
and xf3 = xa for all x EX, x t= Zj in this way f3 in effect tries to place every 
tree s E S in place of each z-labeled leaf. Since every set S-zT is recognized 
by a recognizer obtained this way from A, the number of different quotient 
sets S-zT for a given regular set T must be finite. Note, however, that the 
construction of the recognizer B is effective only if we can form the set SaA 
effectively. If S E Rec(E, X), this is certainly the case. 

Proposition 7.4. 1fT E Rec(E,X), then S-zT E Rec(E,X) for any EX
languages S and any z EX. For any given recognizable EX -language T, the 
number of different quotient sets S-zT is finite. 0 

For any z E X, the z-iteration TU of a EX-language T is defined as 
the union Uk>o Tk,z, where ro,z = {z}, and Ti,z = Ti-1,z 'z T U Ti-1,z 
for j > O. These z-products are meant as counterparts of the *-operation 
of usual languagesj TU is the iterative closure of T with respect to the z
product. The following result can be proved easily, for example, by using 
regular tree grammars. (Here it is useful to note that we may allow such a 
grammar to have several initial symbols.) 

Proposition 7.5. If T E Rec( 17, X), then TU E Rec( 17, X) for every z E 
X. 0 

If p E Ct(E,X) and T ~ T.dX), we put 

p(T) = {p(t) It E T} 

and 
p-l(T) = {t E TE(X) I p(t) E T}. 

Proposition 7.6. If p E Ct(E,X) and T E Rec(E,X), then p(T) and 
p-l(T) are also recognizable EX-languages. For each T E Rec(E,X), the 
set {p-l(T) I p E Ct(E,X)} is finite. 

Proof. If we regard {p} and T as E(X U {O)-languages, then obviously 
p(T) = T'e {pl. As e does not appear in p(T), we get p(T) E Rec(E,X) 
by Proposition 7.3. Suppose now that A = (A, a, F) is a EX-recognizer for 
T. For any EX-context p we define the mapping PA,a : A -+ A so that for 
each a E A, PA,a(a) is obtained by evaluating p in A when each x E X is 
assigned the value xa and e is assigned the value a. Now it is easy to see that 
p-l(T) is recognized by (A,a,Fp), where Fp = {a E A I PA,a(a) E F}. This 
also proves the last part of the proposition. 0 
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It is often natural to view tree languages as subsets of term algebras the 
same way as one regards string languages as subsets of free monoids. We 
consider now morphisms of term algebras and their inverses as tree language 
operations. Since TE(X) is generated by X, any morphism cp : TE(X) -+ 

TE(Y) is completely determined by the images xcp of the letters x E X. 
For each EX-tree t, the EY-tree tcp is obtained by replacing each x-labeled 
(x E X) leaf of t by the EY-tree xcp. The mapping cp is extended to the set 
of EX-languages in the usual way: ifT ~ TE(X), then Tcp = {tcp I t E T}(~ 
TE(Y))' Similarly, if T ~ TE(Y), then Tcp-l = {t E TJJ(X) I tcp E T}. 

Proposition 7.7. Let cp: TE(X) -+ TE(Y) be a morphism of E-algebras. 

(a) If T E Rec(E, X), then Tcp E Rec(E, Y). 
(b) If T E Rec(E, Y), then Tcp-1 E Rec(E, X). 

Proof. Since Tcp = T(x - {xcp} I x E X), (a) follows from Proposition 7.3. 
Assume now that T E Rec(E, Y), and let A = (A, a, F) be a EY

recognizer such that T = T(A). Since Tcp-l consists ofthose EX-trees which 
yield a EY-tree in T when each x-labeled leafis replaced by the corresponding 
EY -tree xcp, it is clear that Tcp-l = T(B) for B = (A, /3, F) when /3 : X -+ A 
is defined so that x/3 = (xcp)aA for every x E X. 0 

If we interpret strings as unary trees, the corresponding term algebra 
morphisms are not equivalent to morphisms of free monoids; they just add a 
fixed string to one end of any string while monoid morphisms replace each 
symbol by a string and may, moreover, change the alphabet. 

Let 17 and fl be ranked alphabets, and let X and Y be leaf alphabets. 
Also, for each m ~ 0, let Sm = {6, ... , ~m} be a set of new auxiliary symbols. 
Suppose we are given a mapping hx : X -+ T.a(Y) and for each m ~ 0 such 
that Em =I=- 0 a mapping hm : Em -+ T.a(Y U Em). The tree homomorphism 
h : TE(X) -+ T.a(Y) determined by these mappings is defined inductively as 
follows: 

(1) h(x) = hx(x) for x EX; 
(2) h(t) = hm(f)(6 - h(tl),"" ~m - h(tm)), for t = f(t1,'''' tm ), where 

m ~ 0 and f E Em. 

Hence, h replaces each x-labeled leaf by an flY-tree hx(x) and each f
labeled node by a piece of an DY-tree with Sm-marked leafs to which the 
images of the subtrees attached to the node are adjoined. 

Tree homomorphisms do not always preserve recognizability. This is due 
to their ability to make identical copies of arbitrarily large subtrees. For 
example, let 17 = 171 = {f}, X = {x}, fl = D2 = {g} and Y = {y}. The 
tree homomorphism h : TE(X) -+ T.a(Y) defined by hx(x) = y and h1(f) = 
g(6, 6), maps the recognizable EX-language TE(X) to the nonrecognizable 
flY-language consisting of all trees in which every path from the root to a 
leaf is of the same length. 
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A tree homomorphism h : TE(X) --+ Ta(Y) is linear (or noncopying) if 
no hm(J) contains more than one occurrence of each ei E Em. It can be 
shown that linear tree homomorphisms map recognizable tree languages to 
recognizable tree languages. Also, it is known that the inverses of arbitrary 
tree homomorphisms preserve recognizability. We state these facts formally 
in the following proposition. For proofs we refer the reader to [GeS84]. 

Proposition 7.S. Let h : TE(X) --+ Ta(Y) be a tree homomorphism. 

(a) 1fT E Rec(n, Y), then h-l(T) E Rec(E,X). 
(b) If h is linear, then h(T) E Rec( n, Y) whenever T E Rec( 17, X). 0 

A tree homomorphism h : T E (X) --+ T a(Y) is alphabetic if hx (x) E Y for eve
ry x E X, and for all m ~ 0 and f E Em, hm(f) is of the form g(6,···, em), 
where 9 E nm. Hence, such an alphabetic tree homomorphism h simply re
labels the nodes of each EX-tree. It is also linear and thus preserves rec
ognizability. Let us also note that each morphism cp : TE(X) --+ TE(Y) 
of term algebras is as a mapping identical to the linear tree homomor
phism h : TE(X) --+ TE(Y) determined by hx(x) = xcp (x E X) and 
hm(f) = f(6,.·., ~m) (m ~ 0, f E Em). This shows that Proposition 
7.7 is actually a special case of Proposition 7.8. 

8. Local tree languages 

Most of the well-known characterizations of regular string languages have 
natural counterparts in the theory of tree languages. One such characteri
zation states that the regular languages are exactly the alphabetic morphic 
images of local languages. The membership in a local language can be tested 
by noting the first letter, the last letter and the pairs of consecutive letters 
of the given word. 

In a tree t the root symbol root(t) corresponds to the last letter of a word. 
As the counterparts of the pairs of consecutive letters we introduce the forks 
of a tree: 

(1) fork(t) = 0 for t E X U Eo, and 
(2) for t = f(tl, ... , tm) with m > 0, fork(t) = fork(tI) u ... U fork(tm) U 

{f(dl , •.. , dm )}, where di = root(ti) (i = 1, ... , m). 

The set of all forks of EX-trees is denoted by fork(E,X). This is always 
a finite set. For example, if 17 consists of the symbols f( E 172 ), g( E Ed 
and c( E Eo), and X = {x}, then fork( 17, X) consists of 20 forks, and for 
t = f(J(x,c),g(c)), we have fork(t) = {f(f,g),f(x,c),g(c)}. 

A EX-tree language T is called local (in the strict sense) if there are sets 
R(C;;; E U X) and E(C;;; fork(E, X)) such that for any t E TE(X), t E T iff 
root(t) E Rand fork(t) C;;; E. In this case we write T = L(R, E). Note that 
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this definition does not require that we specify which leaf symbols are allowed 
since these can be seen from Rand E. It is quite obvious that every local 
tree language is recognizable. 

Proposition 8.1. For any E and X, a EX -language T is recognizable iff 
there exist a ranked alphabet n, an alphabet Y, a local ny -language L, and 
an alphabetic tree homomorphism h : Tn(Y) ---t TE(X) for which T = h(L). 

Proof. It follows from Proposition 7.8 that any T which has such a representa
tion is recognizable. So, suppose that T E Rec(E, X), and let A = (A, a, F) 
be a EX-recognizer for T. Let Y = {(x,xa) 1 x E X}(~ X x A). The ranked 
alphabet n is defined so that no = {(c,cA ) 1 c E Eo}(~ Eo x A) and for any 
m > 0, nm = Em X A. If we now set 

R = {( d, a) E n u Y 1 a E F} 

and define E as the set of all nY-forks 

where m > 0, f E Em and a = fA(al, ... , am), the trees in L(R, E) represent 
the successful runs of A on EX-trees as follows. Each node of such a tree is 
labeled by a pair (d, a) where d( E E u X) is the label of the corresponding 
node of a given EX-tree t and a is the state of A at that node. That the 
root symbol is in R means that A reached the root of t in a final state. 
Hence T = h( L( R, E)) if we define the alphabetic tree homomorphism h : 
Tn(Y) ---t TE(X) so that hy((x, xa)) = x for all (x, xa) E Y, ho((c, a)) = c 
for (c, a) E no, and hm((f, a)) = f(6, ... , ~m) for m > ° and (I, a) E nm. 

9. A Kleene theorem for tree languages 

We present now a counterpart to Kleene's fundamental characterization of the 
recognizable languages. Though the formalism of regular expressions needed 
here is more complicated than the original one, the generalization from strings 
to trees is very natural, and even the standard proof of Kleene's theorem can 
be followed quite closely. 

The main complications compared to the string case are related to the 
product and iteration operations. First of all, instead of just one of each, 
we have now a z-product and a z-iteration for every z in the leaf alphabet. 
Moreover, one cannot always represent a recognizable EX-language by using 
just z-products and z-iterations where z E X, but an extended leaf alphabet 
has to be used. 

For any ranked alphabet E and any leaf alphabet Z, the set of regular EZ
expressions RE( E, Z) and the E Z-language 1171 denoted by such an expression 
17 are defined inductively by the following six clauses. 
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1. <I> E RE(E, Z) and 1<1>1 = 0. 
2. For any dE Z U Eo, dE RE(E, Z) and Idl = {d}. 
3. If m > 0, f E Em and db"" tim E ZUEo, then f(d l , ... , dm) E RE(E, Z) 

and If(dl , . .. ,dn)1 = {f(db ... ,dm )}. 

4. If (, T/ E RE(E, Z), then «( + T/) E RE(E, Z) and 1«( + T/)I = 1(1 U IT/I. 
5. If (,T/ E RE(E,Z) and z E Z, then «(·z T/) E RE(E,Z) and I«(·z T/)I = 

1(I'z IT/I· 
6. If (E RE(E,Z) and z E Z, then «("Z) E RE(E,Z) and I«("Z)I = 1(lu. 

Regular EZ-expressions may be simplified by omitting parentheses which are 
not needed for indicating the order in which the operations are to be per
formed. If we agree that iterations take precedence over products and these 
precede unions, and omit the outermost parentheses, we may write, for ex
ample, g(c) + c'y f(y, z)U instead of (g(c) + (c' y (J(y, z)U))). In this example 
c E Eo, 9 EEl, f E E2 and y, z E Z. The tree language denoted by the ex
pression contains the trees g(c), z, f(c,z), f(c,f(c,z)), f(c,f(c,f(c,z))), .... 
Note that the symbol y does not appear in these trees. 

If a regular EZ-expression 0 is of the form u«( 'z T/)v, where (,T/ E 
RE(E, Z) and z E Z, then all occurrences of z in the string 'zT/ are said 
to be bound in O. Occurrences of a letter z( E Z) which are not bound in 0 are 
free, and z is free in 0 if it has at least one free occurrence in O. We denote by 
FL(O) the set ofletters which are free in O. It is easy to see that FL(O) consists 
of exactly those letters z( E Z) which may appear in some tree belonging to 
101. The following result follows now directly from the inductive definitions of 
regular expression and the tree languages denoted by them, and the closure 
properties proved in Section 7. 

Proposition 9.1. IfT/ E RE(E,Z), then IT/I E Rec(E,FL(T/)). o 

As a converse of this proposition we may present the following fact. 

Proposition 9.2. For any EX -recognizer A = (A, a, F) one can construct 
a regular expression T/ E RE(E, X U A) such that IT/I = T(A) (it is assumed 
that (X U E) n A = 0). 

Proof. We outline a proof modelled after the usual proof of the corresponding 
fact about string languages. For any B, C ~ A and a E A, let T( B, C, a) 
denote the set of all E(X U B)-trees t such that if we extend a to a mapping 
f3 : X U B --+ A by setting bf3 = b for every b E B, then 

(i) tf3A = a, and 
(ii) sf3A E C for every s E sub(t) - (Eo U X U {t}). 

Then T(A) = U(T(0, A, a)la E F). Hence it suffices to show that we can 
write a regular E(X U A)-expression for every set T(B, C, a), and this can 
be done as follows by induction on the number ICI of allowed intermediate 
states. 
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1. Every T(B, 0, a) is a finite set for which the required expression can be 
immediately written. 

2. Suppose that we can write a regular E(X U A)-expression for every 
T(B, e, a) such that lei::; k, where 0 ::; k < IAI. If ICI = k + 1, we 
may write e = D U {c}, where IDI = k and c E A. For any B ~ A and 
aE A, 

T(B, e, a) = T(B, D, a)UT(B,D, c) 'cT(BU{c}, D, c)*c'cT(BU{c}, D, a), 

which shows that we can write a regular E(X U A)-expression also for any 
such T(B, e, a). 

Propositions 9.1 and 9.2 can be summed up as 

Proposition 9.3 (Kleene's Theorem). A EX -tree language is recogniz
able iff there exist an alphabet Z(X ~ Z) and a regular EZ-expression 'TJ for 
which T = I'TJI. 

10. Regular tree systems 

A Post normal system is regular if its rules are of the form ue -+ ve, where 
'U and v are words consisting of terminal and nonterminal symbols and e is a 
variable. J. R. Biichi (1964) proved that regular systems produce exactly the 
regular languages. In [Bra69] regular systems and this result are generalized 
from strings to trees. 

In a regular EX -system R = (n, X, P, Ax) 

(1) n is a ranked alphabet such that 17 ~ n, 
(2) P is a finite set of regular rewrite rules u -+ v, where u, v E Tn(X), and 
(3) Ax is a finite set of nX-trees. 

The sets of terminal symbols and nonterminal symbols of Rare 17 U X and 
n - E, respectively, and the elements of Ax are the axioms of R. Otherwise R 
is just an .oX-rewriting system in which the rules contain no variables. Hence, 
the relation ~R of direct derivation is defined so that for any s, t E Tn(X), 
s ~R t iff s = p(u) and t = p(v), for some p E Ct(n,X) and u -+ v E R. 
Similarly, for any s, t E Tn(X), s ~n t iff there is a k ~ 0 and a sequence 
to, t1"'" tk of nX-trees, called a derivation oft from s in R, such that s = to, 
tk = t and ti ~R tH1 for i = 0, ... , k - 1. The tree language generated by 
R is the set T(R) of all EX-trees derivable from some axiom. Two EX
tree systems are equivalent if they generate the same tree language. Without 
specifying the alphabets we speak generally about regular tree systems. 

Regular tree systems are more general than regular tree grammars in 
many ways. Firstly, the left-hand side of a rule is not necessarily just a non
terminal symbol, but it may be any tree built from terminal and nonterminal 
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symbols, and it can be even 'larger' than the right-hand side of the rule. More
over, nonterminals may appear on both sides of a rule in arbitrary positions. 
Also, a regular tree system may have any finite number of axioms. Neverthe
less, the tree languages generated by regular tree systems are always recogniz
able. We outline a proof of this fact by showing how any regular tree system 
can effectively be transformed into an equivalent regular tree grammar. 

It is obvious that any regular tree system R is equivalent to a system 
RO with just one axiom which, moreover, is a one-node tree consisting of 
a nonterminal symbol. This can be achieved simply by introducing a new 
nullary nonterminal Ao, which becomes the only axiom of RO, and a new 
rule Ao --+ 'U for each axiom u of R. From now on we assume always that 
Ax = {Ao} for some nullary nonterminal Ao, and we write R = (n, X, P, Ao). 

A regular EX-system R = (n, X, P, Ao) is simple if every rule of P is of 
the form A --+ w(A1, ... , Am), w(A1, ... , Am) --+ A, A --+ "I, or "I --+ A, where 
m> 0, w E n m, A,B,A1, ... ,Am E no - Eo and "I E noux. 
Lemma 10.1. For any regular tree system one can effectively find an equiv
alent simple regular tree system. 

The lemma is proved by showing that every rule u --+ v can be replaced 
by a set of simple rules which first reduce u stepwise into a single nonterminal 
which is then stepwise expanded to v. By introducing new nonterminals one 
can make sure that the new rules may be used only for simulating applications 
of the original rule. For example, the rule B(g(x), A) --+ f(d,g(x)), where 
B E n 2 - E 2, g EEl, X E X, A E no - Eo, f E E2 and d E Eo, can 
be replaced by the simple rules x --+ A 1, g(At} --+ A2, B(A2,A) --+ A3, 
A3 --+ f(B 1, B 2), B1 --+ d, B2 --+ g(B3) and B3 --+ x, where the Ai's and Bi'S 
are new nullary nonterminals. 

A simple regular EX-system R = (n, X, P, Ao) is expansive if each rule 
in P is of the form A --+ f(A 1, ... ,Am), A --+ c or A --+ x, where m > 0, 
f E Em, C E Eo, x E X and A, At, ... ,Am E no - Eo. Note that in an 
expansive system only nullary nonterminals are needed. The conversion of 
any simple regular tree system into an equivalent expansive one is based on 
the following lemma. 

Lemma 10.2. For any simple regular EX -system R = (n, X, P, Ao), the 
questions "A =?R f (A1' ... , Am) ?", "A =?R c?" and "A =?R x?" are decid
able for any m > 0, f E Em, C E Eo, x E X and A,A1, ... ,Am E no - Eo. 

The lemma can be proved by showing that in each of the three cases 
one can give an upper bound for the minimal length derivations. Any 
derivation in a simple regular EX-system R = (n,X,p,Ao) which yields 
a terminal tree from Ao can be decomposed into derivations of the form 
A =?R f(A 1 , ... ,Am), A =>R c and A =>R x. This implies that R is equiva
lent to the expansive system RO = (n,X,pO,Ao), where 
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PO={A-f(Al, ... ,Am)lm>o, fEEm' 

A, Ai E no - Eo, A =>~ f(Ab ... ,Am)} 

u{ A - c ICE Eo, A E no - Eo, A =>~ c} 
u{A-xlxEX, AEno-Eo, A=>~x}. 

By Lemma 10.2 the set po can be constructed effectively. If we omit from an 
expansive regular tree system all redundant nonterminals, it may be regarded 
as a regular tree grammar in normal form. On the other hand, each regular 
tree grammar in normal form may be viewed as an expansive regular tree 
system, and hence we have the following conclusion. 

Proposition 10.3. The tree languages generated by regular tree systems are 
exactly the regular tree languages. Moreover, for each regular EX -system n 
one can construct effectively a EX-recognizer A such thatT(A) = T(n), and 
conversely, every EX -recognizer can be converted into an equivalent regular 
EX-system. 

11. Algebraic characterizations of recognizability 

Regular tree languages have several elegant algebraic characterizations. Some 
of these follow directly from the definition of tree recognizers as algebras. 
Firstly, we note that the EX-language recognized by a EX-recognizer A = 
(A, a, F) is the inverse image of F under the morphism aA: TE(X) - A, 
i.e. T(A) = Fa:;.l. On the other hand, if A = (A, E) is a finite E-algebra, 
cp: TE(X) - A a morphism, and F ~ A, then the EX-language T = Fcp-l 
is recognized by the EX-recognizer A = (A,a,F), where a = cplX. These 
observations yield the following result. 

Proposition 11.1. A EX-language is recognizable iJJthere exist a finite E
algebra A = (A, E), a morphism cp: TE(X) - A and subset F ~ A such 
that T = Fcp-l. 0 

This charcaterization can be expressed also in terms of congruences. An 
equivalence e on a set S is said to be of finite index if S / e is finite, and 
e saturates a subset U of S if U is the union of some e-classes. If cp : 
TE(X) - A is a morphism into a finite E-algebra, kercp is a congruence 
of TE(X) of finite index, and its congruence classes are the sets acp-l where 
a E TE( X)cp (~ A). Hence, T = Fcp-l is saturated by a congruence of TE( X) 
of finite index for every F ~ A. On the other hand, if a EX-language T is 
saturated by a congruence e of TE(X) of finite index, then T = (Tcp)cp-l 
where cp: TE(X) - TE(X)/e, t t-+ te, is the canonical morphism. Since the 
supremum of any set of congruences of TE(X) which saturate a given EX
language T also saturates T, among the congruences of TE (X) which saturate 
T there is a greatest one, the Nerode congruence PT ofT. By Proposition 11.1 
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we get now the following counterpart of Nerode's well-known characterization 
of regular string languages. 

Proposition 11.2. For any EX -language T the following three conditions 
are equivalent: 

(1) T E Rec(E, X); 
(2) T is saturated by a congruence of TdX) of finite index; 
(3) the Nerode congruence PT ofT is of finite index. o 

The congruence PT is also called the syntactic congruence of T since two 
EX-trees sand tare PT-equivalent iff they appear in T in the same 'contexts', 
i.e. 

sPTt iff (Vp E Ct(E,X))[P(s) E T {:} p(t) E T]. 

The quotient algebra T:r;(X)/ PT, the syntactic algebra of T, is the algebra of 
the minimal EX-recognizer of T (cf. [Ste92], for example). Proposition 11.2 
implies that a tree language is recognizable iff its syntactic algebra is finite. 
This characterization can also be presented in terms of monoids as follows. 
The syntactic monoid congruence /-LT of a EX-language T is a congruence of 
the monoid of EX-contexts which is defined so that for any p, q E Ct( E, X), 

P/-LTq iff ("It E T:r;(X))(Vr E Ct(E, X))[t· p. rET {:} t· q. rET]. 

The syntactic monoid of T is defined in [Th084] as the quotient monoid 
Ct(E,X)//-LT' In [Sa183] it was shown that the syntactic monoid of any EX
language T is isomorphic to the translation monoid of the syntactic algebra 
of T. This means that T is recognizable iff its syntactic monoid is finite. 

The Nerode theorem for trees can be modified in several ways. For exam
ple, all congruences appearing in Proposition 11.2 can be made fully invariant. 
Let us also mention one more characterization based on congruences which 
is less obvious than the others. 

Consider any algebra A = (A, E). If P ~ A x A, the congruence generated 
by P is the intersection of all congruences of A which contain P as a subset, and 
a congruence of A is finitely generated if it is generated by a finite subset of 
A x A. A EX-language is called congruential if it is the union of finitely many 
congruence classes of a finitely generated congruence of the term algebra 
T:r;(X). The following result appears in [Koz77] and a proof of it is presented 
in [FiiV89b]. 

Proposition 11.3. A EX -language is recognizable iff it is congruential. 0 

Next we shall describe briefly how the recognizable tree languages can be 
obtained by solving systems of fixed-point equations of a certain kind. The 
lattice theoretic concepts and facts to be used can be found in [DaP90] or 
[Wec92], for example. This characterization is actually also closely connected 
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with the Nerode theorem. For any given E and X, the systems of equations 
are of the form 

(E) 

where k ~ 1, e1,"" ek are new symbols, the 'unknowns', and every tij is a E
term over XU{6, ... , ek}. When the terms are interpreted in the subset alge
bra ofTL'(X) and the +-symbols as unions, then each set Pi = {til, ... , tinJ 
(1 ::; i ::; k) defines an operator 

Pi: (pTL'(X))k --+ pTL'(X), (Tl, ... , Tk) t-t 

{tij(Sl, ... , Sk) 11::; j ::; ni, Sl E T1'"'' Sk E Td, 

where tij(Sl, ... , Sk) = tij(6 +-- Sl,· .. , ek +-- Sk). A k-tuple T = (T1, ... , Tk) 
of EX-languages is a solution of (E) if P1(T) = T1'"'' A(T) = Tk. These 
solutions are also exactly the fixed-points of the operator 

lIE: (pT(E,X))k --+ (pT(E,X))k, 

(T1, ... ,Tk) t-t (P1(T1, ... ,Tk), ... ,A(T1, ... ,Tk))' 

The k-tuples of EX-languages form a complete lattice with respect to the 
partial ordering defined by componentwise inclusion, 

(81, ... ,8k) ::; (T1, ... , Tk) iff 8 1 <;;;; T1'"'' 8k <;;;; Tk, 

and lIE is an isotone mapping of this complete lattice into itself. By the 
Tarski-Knaster fixed-point theorem this means that lIE has fixed-points and 
also a least fixed point lfp(lIE)' A EX-language is equational if it can be 
expressed as the union of some components of such a least fixed-point. Since 
lIE is not only isotone but continuous, Ifp(lIE) can be obtained by applying 
lIE repeatedly to the least element 0 = (0, ... ,0) of the lattice and then 
forming the supremum of the resulting elements, i.e. lfp(lIE) = sup{lIE(O) I 
n ~ a}. 

The definition of equational subsets can be extended to arbitrary algebras. 
One of the main results of [MeW67] can be expressed by saying that a subset 
8 of a E-algebra A = (A, E) is equational iff 8 = Trp for some alphabet X, a 
morphism rp: TL'(X) --+ A and a recognizable EX-language T. A subset of 
a E-algebra A = (A, E) is recognizable if it is saturated by a congruence of 
A of finite index. In general, the recognizable and the equational subsets of 
an algebra are not the same. For example, if the type of the free monoid X* 
is extended by adding to it the letters of the alphabet X as constants, then 
the equational subsets are precisely the context-free languages over X, while 
the recognizable subsets are the regular languages over X. That the term 
algebras TL'(X) are special in this respect is shown by the following fact (cf. 
[MeW67, GeS84]). 

Proposition 11.4. A tree language is equational iff it is recognizable. 0 
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The proposition can be proved by showing that every system of equations 
which defines a given EX-language T can be replaced by a system in which 
all terms are of the form x (x EX), c (c E Eo) or f(~il"" '~im), where 
m ~ 1, f E Em and the ~ij 's are unknowns, and every such term appears 
exactly once. One then shows that if the system (E) is in this normal form, 
then the components of lfp( II E) are the congruence classes of a congruence 
of TE(X), and that every congruence of TE(X) of finite index can be ob
tained this way. The claim follows then from Proposition 11.2. One can also 
explain Proposition 11.4 in an intuitively appealing way by noting a natural 
correspondence between systems of equations and regular tree grammars. 

Example 11.5. Let 1.7 = 1.72 U 1.71,1.72 = {f}, 1.71 = {g} and X = {x}. The 
only component of the least solution of the one-equation system 

6 = f(g(6),x) + x (11.1) 

is T = {x,f(g(x),x),f(g(J(g(x),x)),x), ... }. It is clear that T is generated 
by the regular tree grammar which has one nonterminal symbol ao and the 
productions ao --+ f(g(ao), x) and ao --+ x which are found directly from the 
equation. The system 

6 = f(6, 6), 6 = g(~l) + g(6), 6 = x, ~4 = Q, (11.2) 

is in the normal form described above when Q = g(6) + ... + f(~4' ~4) is the 
sum of all the missing terms of the allowed types. Moreover, if (T1' T2, T3, T4) 
is the least solution of (11.2), then the Ti'S are the classes of a congruence of 
TE(X) and T = T1 U T3. The system (11.2) can be converted into a regular 
tree grammar with four nonterminals a1, a2, a3 and a4, and the productions 

If ai is chosen as the initial symbol, then the grammar generates the EX
language Ti (1 :::; i :::; 4). 

12. Monadic second-order logic and regular tree 
languages 

Similarly as regular expressions, formulas of logic can be used for defining reg
ular tree languages. In fact, in [Th W68] and [Don70] a well-known character
ization of the regular string languages by J. R. Biichi (1960) and C. C. Elgot 
(1961) is extended to trees by showing that the recognizable EX-languages 
are precisely the sets definable by formulas of a suitable monadic second-order 
logic. 

Let us consider a fixed, but arbitrary, pair of alphabets 1.7 and X, and 
let n be the greatest number for which En i= 0. With each EX-tree t we 
associate a relational structure 
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i = (dom{t), <,0"1. ... ,an, (Pz I z E E u X)), 

where dom{t) is the domain of t (as defined in Section 2), < is the proper 
prefix relation on dom{t) (i.e. u < v iff U.w = v for some w E U, w -:f. e), 
ai (I :::; i :::; n) is the ith successor relation on dom{t) (i.e. uaiV iff u.i = v), 
and for each z E E u X, Pz is a unary predicate defined so that for any 
u E dom{t) , Pz{u) is true iff t{u) = z (Le. the node u of t is labeled by z). 
Since the tree t and the structure i define each other uniquely we identify 
the two. A monadic second-order (MSO) language £2{E, X) for expressing 
properties of EX-trees is defined as follows. The alphabet consists of 

(1) individual variables u, v, w, ... which range over nodes of a tree, 
(2) set variables U, V, W, . .. which range over sets of nodes of a tree, 
(3) the relation symbols <, a1,.'" an, Pz (z E E u X) and ~ (equality), 
(4) the connectives -', /\, V, -+, +-+, 

(5) the quantifiers V and :3 which are applied both to individual and set 
variables, and 

(6) the parentheses ( and ). 

The atomic formulas are of the form u < v, uaiV, Pz{u), u E V, or u ~ v, 
and they are interpreted as expected. For example, uaiV claims that node v 
is the ith successor of node u, and PzCu) means that node u is labeled by z. 
The satisfaction relation F is now defined in the natural way. Any £2(E, X)
sentence cp defines a EX-language T{cp) = {t E TE{X) Ii F cp} consisting of 
those EX-trees which, when viewed as structures, satisfy cp. A EX-language 
is MSO-definable if it is defined this way by some £2{E, X)-sentence. 

Example 12.1. Let E = E2 = {f,g} and X = {x,y}. For 

cp:= (:3v){{Vu)(-,{u ~ v) -+ (v < u)) /\ Pf{v)), 

T{cp) = {t E TE{X) I root{t) = !} is the set of all EX-trees in which the 
root is labeled by f. Similarly, for 

"p := (:3V)(Vu){Vv){{{u E V /\ v E V) -+ (u ~ v V u < v V v < u))/\ 

({u < v /\ v E V) -+ U E V) /\ (Pf{u) V Px{u)) /\ (:3w){w E V /\ Px{w))), 

T(,tj;) consists of all EX-trees in which there is a path from the root to an 
x-labeled leaf along which all inner nodes are labeled by f. 

We state now without proof the result mentioned at the beginning of the 
section. 

Proposition 12.2. A EX -language is MSO-definable iff it is recognizable. 



Tree Languages 29 

13. Families of special regular tree languages 

In recent years the study of subfamilies of Rec has gained some popularity. 
Most of these families arise as natural generalizations of well-known fami
lies of regular languages, but there are also families with no counterparts in 
the string case. A family of tree languages may be defined as a mapping V 
which associates with each pair (E,X) a set V(E,X) of EX-languages. We 
write V = {VeE, X)} with the understanding that 17 and X range over all 
ranked alphabets and alphabets, respectively. Since we consider here fami
lies of regular tree languages only, V( 17, X) ~ Rec( 17, X) always holds. Often 
a fixed, but arbitrary, ranked alphabet 17 is assumed and then we speak 
about a family of regular E-tree languages and write V = {VeX)}, rather 
than V = {V( 17, X)}. First we review some of the ways of classifying and 
characterizing such families. 

In [Ste79, Ste92] and [Alm91] extensions of Eilenberg's variety theory are 
proposed as general frameworks for the classification of subfamilies of Rec. 
For each 17, a bijection between varieties of finite E-algebras, and varieties 
of E-tree languages is established; a E-VTL is a family V = {VeX)} of 
regular 17-tree languages such that for any X, V( X) is nonempty and contains 
S n T, TE(X) - T and p-l(T) whenever S, T E VeX) and p E Ct(E, X), and 
Tcp-l E VeX) if cp: TE(X) --+ TE(Y) is a morphism and T E V(Y). The 
correspondence means that any 17-VTL can be characterized by finding the 
variety of finite E-algebras generated by the syntactic algebras of the tree 
languages in the E-VTL. Since the syntactic algebra of a EX-language T 
is the algebra of the minimal EX-recognizer of T, such a characterization is 
likely to give a decision procedure for the family in question. By replacing 
the morphisms by certain tree homomorphisms, one obtains a more general 
notion of varieties of tree languages for which the ranked alphabet is not fixed 
(cf. (JPT93, Ste95]). Most of the natural subfamilies of Rec seem to fit into 
this scheme. Some families of regular tree languages have been characterized 
in terms of syntactic monoids [Th084, NiP89, PeP92, Pod92]. So far, there 
is no corresponding general variety theory. Since the syntactic monoid of a 
tree language is determined by its syntactic algebra, any characterization of a 
family by syntactic monoids gives also a characterization in terms of syntactic 
algebras. In [Wil93] a new kind of syntactic algebras for tree languages over 
binary ranked alphabets is introduced. For this the term algebras TE(X) are 
replaced by certain new tree algebras in which trees are constructed from the 
symbols of 17 and X by some external operators which are independent of E. 
Many families of regular tree languages have been characterized in terms of 
some restriction of the MSO logic for trees [Th084, Heu88, Heu89a, Heu91, 
Pot94a, Pot94b], and thus define the expressive power of such a logic. 

The greatest variety of tree languages is Rec itself, and the least one is 
Triv which is defined so that for any 17 and X, Triv(E, X) = {0, TE(X)}. 
One more obvious example is Nil which is defined so that for any 17 and 
X, Nil(E, X) consists of all finite EX-languages and their complements. 
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The notation Nil refers to the fact that the syntactic algebras of these tree 
languages are nilpotent. 

The local tree languages were among the first special regular tree lan
guages to be considered [Tha67, Don70j. The family SLoe of the tree lan
guages L(R, E) which are local in the strict sense (cf. Section 8) is not 
closed under union or complement. However, by forming the Boolean closure 
Loc( 17, X) of each SLoc( 17, X) one obtains the family of local tree languages 
Loc = {Loc(17,X)} which is a variety. 

Recall that a language is definite if there is a k ~ 0 such that the member
ship of any word is determined by its suffix of length k. The reverse definite 
languages are defined similarly in terms of prefixes, and combinations of such 
prefix and a suffix conditions yield the generalized definite languages. The no
tions have quite natural tree language counterparts: suffixes are replaced by 
root segments and prefixes by subtrees. Definite, reverse definite, and gener
alized definite tree languages are discussed extensively in [Heu89aj. All three 
types form varieties which we denote by Def, RDef and GDef, respectively. 
For regular tree languages the properties of being definite, reverse definite or 
generalized definite are decidable [Heu88, Heu89a, Heu89bj. For definiteness 
a new proof is given in [NiP89j by describing the syntactic monoids of definite 
tree languages. The syntactic monoids of reverse and generalized definite tree 
languages are considered in [peP92j. 

As noted in Section 4, the family DRec of tree languages recognized by 
deterministic root-to-frontier recognizers is a proper subfamily of Rec. The 
most salient feature of these languages is that any path from the root to a leaf 
accepted in one tree is accepted in any tree. In fact, a regular tree language T 
is in DRec iff it contains any tree in which every path from the root to a leaf 
appears in some tree belonging to T [Cou78, Vir80/83j. In [Jur92j it is shown 
that the Boolean closure '13(DRec) of DRec is a proper subvariety of Rec, 
and this variety is compared with the varieties Nil, Def, RDef, GDef and 
Lac. The power of d.r. tree recognizers can be enhanced in various ways. One 
possibility is to equip them with a finite look-ahead capability. Increasing the 
depth of the look-ahead always increases the recognition power, and hence an 
infinite hierarchy of families of tree languages is obtained, but the hierarchy 
does not exhaust all of Rec [Jur95j. In [FiiV89aj a more general notion of 
iterated look-ahead is considered. Here the application of a transition rule 
for an m-ary symbol is restricted by demanding that the m direct subtrees 
belong to some given DRec-languages. The look-ahead may be iterated by 
using as look-ahead languages languages defined by look-ahead recognizers 
etc. This leads again to an infinite hierarchy but the closure of it is again a 
proper subfamily of Rec. The two hierarchies are compared in [Jur94j. One 
further idea is the regular frontier check [JPT94j which means that a tree 
is accepted only if the label-state pairs of the leaves of the run tree of the 
d.r. recognizer form a word belonging to a given regular check language. In 
general, each family .c of check languages yields a different family of tree 



Tree Languages 31 

languages FC(£), and if £ is a *-variety (in the sense of Eilenberg), then 
FC(£) is a VTL. Even if £ is the family of all regular languages, FC(£) is 
still a proper subvariety of Rec. 

In the case of words, star-free, aperiodic (or noncounting), and first-order 
definable languages are the same as shown by the classic results by M.
P. Schiitzenberger (1965), R. McNaughton (1971) and R. E. Ladner (1977). 
However, W. Thomas [Th084j showed that extending these notions to trees 
leads to different families of tree languages. The study of these families is 
intimately connected with certain restrictions of the MSO logic for trees. A 
EX-language T is 

- star-free if for some Z(2 X), T can be constructed from finite EZ-tree 
languages by forming finite unions, complements and z-products (z E Z, 
but no z-iterations); 

- aperiodic (or noncounting) if for some n ~ 0, 

- first-order definable if it can be defined by an £2(E,X)-sentence without 
any set variables; 

- chain-definable if it can be defined by an £2(17, X)-sentence when all set 
variables are assumed to range over chains of nodes only; 

- antichain-definable if it can be defined by an £2(17, X)-sentence when all 
set variables are assumed to range over anti-chains of nodes only. 

For these families, their internal relationships, and related topics we refer the 
reader to [Th084, Heu89a, Heu91, PoT93, Pot94j. 

14. The yield-function and context-free languages 

If one ignores the ranks of the symbols in 17, any regular EX-grammar be
comes a context-free grammar in which the terminal alphabet consists of 
17 U X, the parentheses and the comma, and any recognizable EX-language 
is then seen to be a context-free language over this alphabet. However, there 
is a more important connection between regular tree languages and context
free languages which stems from the fact that the usual syntactic descriptions 
of the strings in the language L generated by a given CF grammar, the deriva
tion trees or the parse trees, form a regular tree language T and each string 
of L can be read from the leaves of a tree belonging to T. In this section we 
shall define formally the process of reading a string from the leaves of a tree, 
the yield-function. Then we show that the context-free languages are precisely 
the yield-languages of the regular tree languages. These facts suggest that CF 
languages can be viewed through the theory of regular tree languages. Indeed, 
it turns out that many results about them have elegant proofs based on this 
connection. The section is concluded with a few examples of such proofs. 
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For any given E and X, the yield yd(t) of a EX-tree t is defined so that 

(1) yd(x) = x for x E X, 
(2) yd(c) = e for c E Eo, and 
(3) yd(t) = yd(tl)yd(t2) ... yd(tm ) for t = J(tt, . .. , tm ), m > 0. 

Hence the yield of a EX-tree t is the word in X* obtained by reading from 
left to right the labels of the leaves of t and noting the symbols from X, 
but ignoring the leaves labeled by a symbol from Eo. For example, if t = 
f(f(g(x), c), y), where J E E2 , 9 E Et, c E Eo and x, y E X, then yd(t) = xy. 
It is easy to see that the yield-function yd: TE -+ X* is surjective, i.e. every 
word X* is the yield of some EX-tree, iff Eo =I- 0 and Em =I- 0 for some 
m ~ 2. Note also that we actually have a separate yield-function for each 
choice of 17 and X, but since there is danger of confusion, we do not indicate 
this by our notation. 

The yield of a EX-language T is the language yd(T) = {yd(t) 1 t E T}. 
Moreover, for any language L ~ X*, we set yd-1(L) = {t E TE(X) 1 yd(t) E 
L}. 

In the customary derivation trees of a CF grammar the inner nodes are 
labeled by nonterminal symbols, but the outdegree of a node depends on 
the length of the righthand side of the corresponding production rather than 
the symbol itself. This does not agree with our convention which assigns 
a unique arity to each symbol of a ranked alphabet, but the problem can 
be easily solved either by modifying the definition of derivation trees or by 
considering production trees in which inner nodes are labeled by productions 
rather than nonterminals. We choose the second alternative. 

Let G = (N,X,P,ao) be a context-free grammar, where N is the non
terminal alphabet, X is the terminal alphabet, N n X = 0, P is the set of 
productions, and ao( E N) is the initial symbol. We associate with G a ranked 
alphabet EG which is defined so that for any m ~ 0, 

E~ = ([a -+ 'Yll a -+ 'Y E P, 19b) = m}, 

where 19b) denotes the length ofthe righthand side ofthe production a -+ 'Y. 
For each symbol dEN U X, the set P( G, d) of production trees with d at the 
root is defined by the following conditions. 

1. P(G,x) = {x} for each x E X. 
2. For a E N, [a -+ e] E P(G, a) iff a -+ e E P. 
3. If a -+ dl ... dm is a production with m > 0, a E N, dl , ... ,dm E NuX 

and tl E P( G, dd, ... ,tm E P( G, dm), then [a -+ dl ... dm]{tt, ... ,tm) E 
P(G,a). 

4. Nothing is in any of the sets P(G, d) unless this follows from 1, 2 and 3. 

The set of production trees of G is the EG X-language P(G) = P(G, ao). Each 
EG X-tree in a set P(G, d) represents in an obvious way a leftmost derivation 
of a word in X* which starts with the symbol d, and conversely, every such 
derivation has a unique representation by a production tree. Moreover, the 
word is the yield of the corresponding production tree. 
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Example 14.1. If G = (N,X,P,ao) is the CF grammar with N = {ao,b}, 
X = {x,y} and P = {ao -+ xby,ao -+ e,b -+ xao}, the leftmost derivation 

ao =?G xby =?G xxaoY =?G xxy 

is represented by the production tree lao -+ xbyl(x, [b -+ xaol(x, lao -+ eD, y). 

For any CF grammar G = (N, X, P, ao), P( G) is a local forest in the strict 
sense; it suffices to check that the label of the root is of the form lao -+ 'Yl 
and that if an inner node is labeled by [a -+ d1 ... dml, then the m successor 
nodes are labeled by symbols matching the symbols di • In fact, it is easy to 
see that this checking can be carried out by a d.r. EG X-recognizer. These 
observations lead to 

Proposition 14.2. Every context-free language is the yield of a recognizable 
tree language. More precisely, for any context-free language L over an alpha
bet X, there exist a ranked alphabet E and a EX -language T recognized by a 
d.r. EX -recognizer such that L = yd(T). 0 

The result can be stated in a stronger form where E is fixed in advance, 
for example so that it consists of one binary and one nullary symbol. This 
can be seen by using the Chomsky normal form and modifying slightly the 
production trees. 

Proposition 14.3. The yield of any regular tree language is a context-free 
language. 

Proof, If T E Rec( E, X), for some E and X, then T is generated by a regular 
EX-grammar G = (N,E,X,P,ao) in normal form. Let ydo: T(E,X U 

N) -+ (X U N)* be the yield-function which corresponds to the extended leaf 
alphabet Xu N. If we define the CF grammar GO = (N, X, po, ao) so that 
po = {a -+ yd°(-y) I a -+ 'Y E P}, then it is easy to show that for all a E N 
and W E (X U N)*, a =?Go W exactly in case there exists atE T.dX) such 
that a =?G t and ydO(t) = w. This implies that yd(T) = L(GO). 0 

Propositions 14.2 and 14.3 can be summed up by saying that a language is 
context-free iff it is the yield of a regular tree language. Since the equational 
subsets of the monoids X* are precisely the CF languages, this conclusion can 
also be seen as a manifestation of the result by Mezei and Wright which we 
mentioned in Section 11. Let us make some remarks about the yield-function 
and its inverse. A converse of Proposition 14.2 stating that if yd(T) is a CF 
language, then the tree language T is recognizable, does not hold generally. 
Neither is it true that if L is a CF language, then yd-1(L) is always a regular 
tree language. Also, if the function yd is not surjective, then yd-1(L) may 
be regular although L is not a CF language. 

Example 14.4. If E = E2 = if} and X = {x}, then T = {f(t, t) I t E 
T.dX)} is not a recognizable tree language although yd(T) = {x2n I n ~ I} 



34 F. Gecseg and M. Steinby 

is a OF (and even regular) language. If E = E2 = {J} and X = {x,y}, then 
L = {xnyn I n ~ I} is an example of a OF language for which yd-1(L) is 
not a regular tree language. Finally, if E = E3 = {g} and X = {x, y}, then 
L = {xnynx2n I n ~ I} is not context-free, but yd-1(L) = 0 is a regular tree 
language. 

In contrast with these negative facts the following two propositions hold. 

Proposition 14.5. If L(~ X*) is a regular language, then for any ranked 
alphabet E, yd-1(L) E Rec(E, X). 

Proof. Since L is regular, there exist a finite monoid M, a monoid morphism 
cp: X* -+ M and a subset F(~ M) for which L = Fcp-l. Let A = (M, E) 
be the finite E-algebra which is defined so that for any m ~ 0, f E Em and 
all"" am E M, fA(al."" am) = al ..... am (where the product is formed 
in M); in particular, cA is the unit element 1 for every c E Eo. It is now easy 
to show that yd-1(L) is recognized by the EX-recognizer A = (A, a, F), 
where a: X -+ M is the restriction of cp to X. 0 

We omit the proof of the next proposition (d. [GeS84]), but note that 
the weaker claim that L is context-free follows immediately from Proposition 
14.3. Note also that the second premise holds always if the yield-function is 
surjective. 

Proposition 14.6. Let L(~ X*) be a language and E a ranked alphabet. If 
yd-1(L) E Rec(E, X) and yd(yd-1(L)) = L, then L is regular. 0 

Let us now consider some examples of the way the connection between 
regular tree languages and OF languages can be applied. In such applications 
the following notation and observations are useful. For any given E and X, let 
yd. be the yield-function corresponding to the alphabets E and Xu{e}. Theil 
for each EX-context p there are words u,v E X* such that yd.(p) = ~v, 
and if t E TE(X), then yd(p(t)) = uyd(t)v. 

Example 14.7. The Pumping Lemma for context-free languages, in its basic 
form, states that for each OF language L(~ X*) there is a constant C ~ 0 
such that if w ELand 19(w) ~ C, then one can write w = uvxyz so that 
vy :f:. e and uvkxykz E L for all k ~ O. It obviously suffices to consider the 
case L ~ X+. Then L can be represented in the form L = yd(T) for some 
T E Rec(E, X), where 17 is a ranked alphabet consisting of binary symbols, 
and the results follows from the Pumping Lemma for regular tree languages. 
To see this, it suffices to observe 

(1) that if we express a EX-tree t in the form t = s . p. q, where s E TE(X), 
p, q E Ot(E, X), yd.(p) = vey, yd.(q) = uez and yd(s) = x, then yd(t) = 
uvxyz and yd(s· pk . q) = uvkxykz for all k ~ 0, and 

(2) that if yd(t) = wand 19(w) = n, then hg(t) ~ log2n. 

Of course, the proof of Proposition 5.2 simply generalizes the usual proof 
of the Pumping Lemma for OF languages. 
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Example 14.8. The intersection of a CF language L(~ X*) and a regular 
language R(~ X*) is again a CF language. This is usually proved by con
structing from a pushdown automaton recognizing L and a finite automaton 
recognizing R a new pushdown automaton which recognizes L n R. How
ever, the fact follows also very simply from the results of this section and the 
observation that if L = yd(T) , then L n R = yd(T n yd-l(R)). 

Example 14.9. J. Gruska (1971) has presented a Kleene-like characteriza
tion of the context-free languages in which the usual products and iterations 
of languages are replaced by substitution and substitution closure opera
tions. If K, L ~ X* and x EX, then the x-substitution of K into L is 
the language consisting of all words of the form UOVl Ul ... Uk-l VkUk, where 
k 2:: 0, Vl, ... , Vk E K, UOXUlX ... Uk-lXUk ELand x does not appear in 
the words Ui. The x-substitution closure of a language L is the language 
L*x = U(Li,X Ii 2:: 0), where LO,x = {x} and Li,x = Li-l,x·x L U Li-1,x for 
i > o. Gruska's theorem states that the CF languages form the smallest family 
of languages which contains all finite languages and is closed under union, x
substitutions and x-substitution closures. This result can be obtained as a di
rect consequence of Kleene's theorem for tree languages by observing first that 
for any EX-languages Sand T and any x E X, yd(S·x T) = yd(S) ·x yd(T) 
and yd(T*X) = yd(T)*x. 

Some further examples of this kind are considered in [Rou70a] and [Tha73]. 

15. Context-free tree grammars and pushdown tree 
recognlzers 

Regular tree grammars are natural generalizations of regular grammars from 
strings to trees. Accordingly, in the righthand sides of the productions of 
regular tree grammars only the leaves have nonterminal labels. If we allow 
for arbitrary nodes of a production to have a label which is a nontermi
nal symbol, then we get a generalization of context-free grammars [Rou69, 
Rou70a], called context-free tree grammars, which can be viewed as symbolic 
nondeterministic recursive procedures with parameters. 

A context-free tree grammar is a system G = (N,E,X,P,ao), where 

(1) N is a ranked alphabet of nonterminal symbols. 
(2) 17 is a ranked alphabet of terminal symbols. 
(3) X is a leaf alphabet. It is assumed, that (17 U X) n N = 0. 
(4) P is a finite set of productions of the form a(~l' ... '~m) -+ q (a E 

Nm , m 2:: 0, q E TNUE(X)). 
(5) ao E No is the initial symbol. 

The direct derivation relation ~G and the derivation relation ~G can be 
given in the natural way if productions are interpreted as rewrite rules of a 
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term rewriting system. The EX-language T(G) generated by G is given by 

T(G) = {t E TE(X) lao ::::}a t}. 

As usual, for the yield language given by T(G) we use the notation L(G). 

Example 15.1. Let G = (N,E,X,P,ao) be the context-free tree grammar 
where N = No U Nl, No = {ao}, Nl = {all; 17 = L\ U 172 ,171 = {fl,gl}, 
172 = {h}; X = {x} and P = {aD ~ al(x), al(e) ~ h(e), al(e) ~ 
h(e,al(gl(e)))}. Then 

T(G) = {h(x), h(x, h(gl(X))), ... , 

h(x, h(g1 (x), . .. , h(g~-l(x), h (gi(x))) ... )), ... } 

and L(G) = {xn I n ~ I}. 

For every macro grammar one can give in a straightforward way a context
free tree grammar generating the same (string) language. The converse is 
also true. Therefore, by using Fisher's result (cf. [Fis68]) stating that macro 
languages are equivalent to indexed languages, we obtain 

Proposition 15.2. The class of languages generated by context-free tree 
gmmmars coincides with the class of all indexed languages. 0 

This theorem makes it possible to use tree automaton theoretic methods 
to prove certain results concerning indexed languages, such as the closure un
der intersection with regular languages and the decidability of the infiniteness 
problem. We note that in [ArD78] the closure of context-free tree languages 
under inverse homomorphisms is studied. 

In [EnS77/78] two types of derivations of context-free tree grammars are 
introduced. A direct derivation s ::::} t in a context-free tree grammar G = 
(N, 17, X, P, ao) is 

outside-in, in notation s ::::}OI t, if t is obtained from s by applying a pro
duction at a node d such that none of the ancestors of d is labeled by a 
nonterminal symbol, and 

inside-out, in notation s ::::} 10 t, if t is obtained from s by applying a pro
duction at a node d such that none of the descendants of d is labeled by 
a nonterminal symbol. 

The reflexive and transitive closure of ::::}OI will be denoted by ::::}()/" More
over, ::::};o will stand for the reflexive and transitive closure of::::} 10. The 17X
language TOJ(G) aI-generated by G is TOI(G) = {t E TE(X) I ao ::::}()J t}. 
Similarly, the EX-language Tw(G) la-generated by G is Tw(G) = {t E 
TE(X) lao ::::}jo t}. Tree languages OI-generated (IO-generated) by context
free tree grammars are called aI-tree languages (la-tree languages). It is not 
hard to show that the OI-tree languages are exactly the context-free tree 
languages. 
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Engelfriet and Schmidt in [EnS77 /78] give fixed point characterizations 
for OI and 10 tree languages. Their basic operations are the OI and 10 tree 
language substitutions. They speak about 

- 01 substitution when different occurrences of a variable can be substituted 
by different trees from the corresponding tree language, and 

- 10 substitution in which one has to substitute the same tree for all occur
rences of the same variable. 

In case of 01 substitutions the solutions of the systems of equations are 
OI tree languages, while using 10 substitutions the solutions are 10 tree 
languages. A fixed-point characterization for 01 tree languages can be found 
also in [Niv75]. 

A third way to represent context-free tree languages is the use of push
down tree recognizers. Both root-to-frontier and frontier-to-root models have 
been introduced. Here we deal only with root-to-frontier pushdown tree rec
ognizers introduced in [Gue83]. For the frontier-to-root models, we refer the 
reader to [CDGV94, Sal88c, ScG85]. 

A root-to-frontier pushdown tree recognizer consists of an n.d.r. recognizer 
and a pushdown store mechanism for maintaining tree-formed stores during 
the recognition process. It reads an input tree as an n.d.r. recognizer, while 
scanning the root of the tree in the pushdown store. The root of the tree in 
the pushdown store can be popped or replaced by a tree according to the 
actual state, the scanned symbol of the input tree and the label at the root 
of the pushdown tree. The formal definition is given as follows. 

A root-to-frontier pushdown tree recognizer (r.p. recognizer) is a seven
tuple A = (A, E, r, X, P, ao, zo), where 

(1) A is a ranked alphabet consisting of binary symbols, the set of states of 
A. (It is assumed that A is disjoint with all other sets in the definition 
of A.) 

(2) E is a ranked alphabet, the input alphabet. 
(3) r is a ranked alphabet, the pushdown alphabet. 
(4) X is a finite leaf alphabet. 
(5) P is a finite set of productions of the following two types: 

(ia) a(J(6, ... ,em),g(em+1, ... ,em+n)) -+ f(al(6,qt}, ... ,am(em,qm)) 
(a,al, ... ,am E A, f E Em, m ~ 0, 9 Ern, n ~ 0, Ql, ... ,qn E 
Tr( {em+l, ... , em+n})), 

(ib) a(x,g(6, ... ,en)) -+ x (a E A, x E X, 9 Ern, n ~ 0), 
(ii) a(e,g(6, ... ,en))-+b(e,Q) (a,bEA, gErn, n~O, QETr(En)). 

(6) ao E A is the initial state. 
(7) Zo E ro is the start symbol appearing initially in the pushdown store. 

Rules of type (i) correspond to read rules and those of type (ii) to e-rules in 
pushdown (string) recognizers. 

If ~ * is the derivation relation of A as a term rewriting system, then the 
tree language T(A) recognized by A is given by 
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T(A) = {t E TE(X) I ao(t,zo):::}* t}. 

Example 15.3. Let A = (A, E, r, X, P, ao, zo) be the r.p. recognizer where E 
and X are the same as in Example 15.1. Moreover, A = {an}; r = ro u r l , 
ro = {zo, zb}, rl = {Zl, zD and P consists of the following productions: 

ao(fl(~)'ZO) ~ fl(ao(~,zb)), 
ao(f2(~1'~2)'ZO) ~ f2(ao(~1,zb),ao(~2,zl(Zl(Zb)))), 
ao(f2(~1'~2),zl(~3)) ~ f2(ao(~1,~3),ao(~2,zl(Zl(~3)))), 
ao(x, Zb) ~ x, 
ao(gl(~1),Zl(~2)) ~ gl(aO(~1'~2))' 
ao(fl(~1),zl(~2)) ~ fl(ao(~1'~2)). 

This r.p. recognizer A recognizes the EX-language of Example 15.1. 

The relation between context-free tree languages and tree languages rec
ognized by r.p. recognizers suggested by Examples 15.1 and 15.3 is generally 
true. Namely, we have the following result the proof of which is omitted. 

Proposition 15.4. A tree language is context-free iff it can be recognized by 
an r.p. recognzzer. 

16. Thee transformations and tree transducers 

In Section 2 TE(X) was defined as the set of all E-trees over the leaf alphabet 
X. Here and in the next sections in some cases we shall allow X to be a 
possibly infinite set of trees. In such cases there will always exist a ranked 
alphabet n and a leaf alphabet Y such that TE(X) ~ T.a(Y). Moreover, it 
will be assumed that whenever a symbol belongs to more than one ranked 
alphabet, then it has the same rank in all of them. 

A binary relation T ~ TE(X) x T.a(Y) is a tree transformation. An inclu
sion (s, t) E T is interpreted to mean that T may transform s into t. We can 
speak of compositions, inverses, domains and ranges of tree transformations 
as those of binary relations. 

With each tree transformation T ~ TE(X) x T.a(Y) one can associate a 
translation {(yd(s),yd(t)) I (s,t) E T} from X* to Y*. 

The important tree transformations are those which can be given in an 
effective way. Tree transducers are general devices inducing such transfor
mations. They are generalizations of generalized sequential machines from 
strings to trees. There are two main types of such systems: frontier-to
root tree transducers which process a tree from the leaves towards the root 
[Tha73], and root-to-frontier tree transducers working in the opposite direc
tion [Rou70b, Tha70j. 

A frontier-to-root tree transducer (F-transducer) is a system 

~= (E,X,A,n,y,p,A'), 

where 



(1) E and n are ranked alphabets. 
(2) X and Yare the leaf alphabets. 
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(3) A is a ranked alphabet consisting of unary operators, the state set of 2(, 
(It is assumed that A is disjoint with all other sets in the definition of 
21., except A'.) 

(4) P is a finite set of productions of the following two types: 

(i) x -+ a(q) (x E X, a E A, q E Tn(Y)), 
(ii) f(al (6), .. ·, am (€m)) -+ a(q(6, ... , €m)) (f E Em, m > 0, 

al,"" am, a E A, q(€l,"" €m) E Tn(Y U Em)). 
(5) A' is the set of final states. 

In the sequel we shall simply write f(al, . .. , am) for f(al (6), ... ,am(€m)). 
Moreover, if a E A is a state and t is a tree, then we generally write at for a(t). 
Similarly, if T is a tree language, then AT will stand for {at I a E A, t E T}. 
Furthermore, for any a E A, we put 21.(a) = (E, X, A, n, Y, P, a). 

Next we define the transformations induced by F-transducers. Consider 
21. from the above definition and two trees s, t E TE(X U ATn(Y)). It is said 
that t can be obtained by a direct derivation from s in 21. if t can be obtained 
from s by 

(i) replacing an occurrence of an x in s by the righthand side aq of a pro
duction x -+ aq in P, or by 

(ii) replacing an occurrence of a subtree f(altl, ... ,amtm) (f E Em, 
al, ... ,am E A, tl, ... ,tm E Tn(Y)) in s by aq(tl, ... ,tm), where 
f(al, ... , am) -+ aq is a production from P. 

If s directly derives t in 21., then we write s ~21 t. The reflexive and transitive 
closure s ~2t t is the derivation relation. Hence s ~2t t iff there is a derivation 

of t from s in 21.. If there is no danger of confusion we omit 21. in ~2( and ~2t. 
The relation 

721 = {(s, t) Is E TE, t E Tn, s ~* at for some a E A'} 

is the transformation induced by 21.. A relation 7 ~ TE(X) x Tn(Y) is an 
F-transformation if there exists an F-transducer 21. such that 7 = 72(. The 
class of all F-transformations will be denoted by Y. 

Example 16.1. Let 21. = (E,{x},{ao,al},n,{y},P,ao), where E = E2 = 
{f}, n = nl = {g} and P consists of the productions x -+ alY and 
f(al, ad -+ aog(€d. Then 

f(x, x) ~ f(alY, x) ~ f(alY, alY) ~ aog(y) 

is a derivation in 21.. It can be shown that 72( consists of the single pair 
(f(x, x), g(y)). 
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A root-to-frontier tree transducer (R-transducer) is a system 

I.2t = (17, X, A, il, Y, P, A'), 

where 

(1) 17, X, A, il, Y and A' are specified in the same way as in the definition 
of an F-transducer, 

(2) P is a finite set of productions of the following two types: 

(i) ax - q (a E A, x E X, q E Ta(Y)), 
(ii) af(6, ... '~m) - q (a E A, f E Em, m ~ 0, q E Ta(Y U AEm)). 

In the sequel we shall write af for af(6,··., ~m). 
Let s, t E Ta(YUATE(X)) be trees. It is said that t can be obtained by a 

direct derivation from s in I.2t (in notation s =>!! t), if t can be obtained from 
s by 

(i) replacing an occurrence of a subtree ax (a E A, x E X) in s by the 
righthand side q of a production ax - q in P, or by 

(ii) replacing an occurrence of a subtree af(sl, ... , sm) (a E A, f E 

Em, m ~ 0, S1, ... , Sm E TE(X)) in s by q(Sl, ... , sm), where af - q 
is in P. 

The reflexive and transitive closure s =>~ t is the derivation relation. Hence 
s =>~ t iff there is a derivation 

s => t1 => ... => tk-1 => t (k ~ 0) 

of t from s in ~. If there is no danger of confusion we omit I.2t in =>!! and =>~. 
The relation 

1"21 = {(s, t) Is E TE(X), t E Ta(Y), as =>* t for some a E A'} 

is the transformation induced by 1.2t. A relation 1" ~ TE(X) x Ta(Y) is an 
R-transformation, if T = Til for an R-transducer 1.2t. The class of all R
transformations will be denoted by 'R. 

Example 16.2. Let ~ = (E,{x},{ao,a1,a2},il,{Y1,Y2},P,ao) be the R
transducer, where 17 = 171 = {f}, il = ill U il2, ill = {gd, il2 = {g2} 
and P consists of the productions aof - g2 (a1 ~b a2~r), ad - g1 (a16), 
a2f - 91(a2~r), a1 x - Y1 and a2X - Y2· Then 

aof(f(x)) => 92(ad(x), ad(x)) => 
g2(g1 (a1 x ), ad(x)) => g2(g1 (yr), a2f(x)) => 
g2(g1 (yr), gl (a2x)) => g2(g1 (Y1), gl (Y2)). 

By induction on the heights of the input trees one can easily show that 
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There are some important special types of tree transducers. Let us first 
consider an F-transducer!.2( = (E,X,A,il, Y,P,A'). 

(1) A production of!.2( is linear if each variable occurs at most once in its 
righthand side. Moreover, !.2( is a linear F -transducer (an LF -transducer) 
if all of its productions are linear. 

(2) !.2( is a totally definedF-transducer (a TF-transducer) if 
(i) for each x E X there is a production in P with left hand side x, 

and 
(ii) for all m ~ 0, f E Em, al, ... , am E A there is a production in P 

with lefthand side f(al,' .. ,am), 
(3) !.2( is a nondeleting F -transducer (an NF-transducer) if for every produc

tion f(all ... ,am) - aq (J E Em, m > 0) from P each ~i E Em occurs 
at least once in q. 

(4) !.2( is a deterministic F -transducer (a DF-transducer) if there are no two 
different productions in P with the same lefthand side. 

The R-transducer counterparts of linear, totally defined, nondeleting, and 
deterministic F-transducers (LR-, TR,- NR- and DR-transducers) are defined 
similarly. The class of transformations induced by such special transduc
ers will be denoted by the correspondig calligraphic letters. For instance, 
NF will stand for the class of transformations induced by all nondelet
ing F-transducers, and .c:D'R is the class of all linear, deterministic R
transformations. 

A one-state TDF-transducer is also called an HF-transducer. Similarly, a 
one-state TDR-transducer is called an HR-transducer. These names will be 
justified by Proposition 16.4. 

There are the following main differences between F-transducers and R
transducers: 

(1) An F-transducer first processes an input subtree nondeterministically 
and then makes copies of the resulting output subtree. 

(2) An R-transducer can first make copies of an input subtree and then 
process each copy independently in a nondeterministic fashion. 

(3) F-transducers should process even those subtrees which are deleted 
afterwards. 

These differences lead to 

Proposition 16.3. F and 'R are incomparable. 

Proof. The F-transducer of Example 16.1 cannot be induced by any R
transducer, and the R-transducer of Example 16.2 cannot be induced by 
any F-transducer. 0 

Although F and 'R are incomparable, in some special cases we have com
parability. It is not hard to prove 

Proposition 16.4. For any tree transformation T(~ TE(X) x T.a(Y)) the 
following three conditions are equivalent: 
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(1) 7 is induced by an HF -transducer; 
(2) 7 is induced by an HR-transducer; 
(3) 7 = {(t, h(t)) I t E T.,dX)} for some tree homomorphism h : 

Tn(Y). 
T.,dX) -+ 

o 

Since the HF- and HR-transformations are simply the graphs of tree ho
momorphisms, we denote 1{F and 1{n by 1{. 

We note also the following two comparability results [Eng75b, GeS84]. 

Proposition 16.5. en is a proper subclass of eF. o 

Proposition 16.6. e.Nn = £.NF. o 

We mention one more useful special type of tree transformations. 
An F-transducer ~ = (17, X, A, a, X, P, A') is an F-relabeling if each pro

duction in P has one of the following forms: 

(1) x -+ ax (x E X, a E A)j 
(2) f(a1, ... ,am) -+ ag(6, ... '~m) (j E Em, 9 E am, m ~ 0, a1, ... ,am, 

a E A). 

R-relabelings, DF-relabelings and DR-relabelings are defined in a natural 
way. Both F-relabelings and R-relabelings induce the same class of transfor
mations. Thus, in the sequel we shall speak simply about relabelings. 

Two F- or R-transducers are equivalent if they induce the same transfor
mation. In the most general case it is undecidable for two F-transducers or 
for two R-transducers whether they are equivalent. However, the equivalence 
problem is decidable if they are deterministic [Esi80/83, Zac79]. 

17. Composition and decomposition of tree 
transformations 

Take two tree transformations 71 ~ TE(X) x Tn(Y) and 72 ~ Tn(Y)xTr(Z). 
Their composition will be denoted by 71 072. If K1 and K2 are two classes 
of tree transformations, then the composition K1 0 K2 of K1 by K2 is defined 
by K1 0 K2 = {71 072 I 71 E K1, 72 E K2}. Furthermore K1 = K, and 
Kn = K 0 Kn-1 if n > 1. We say that a class K of tree transformations is 
closed under composition if K 0 K ~ K. 

The decomposition results of the following two propositions are very use
ful, and they also reflect the ways nondeterminism appears in F- and R
transducers. 

Proposition 17.1. F = eF 0 1{ = en 0 1{. o 

Proposition 17.2. n = 1{ 0 cn. o 
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Since both 1-l and C'R contain all the identity transformations, from 
Propositions 17.1 and 17.2 we obtain 

Proposition 17.3. F ~ 'R2 and 'R ~ F2. 0 

By Proposition 16.3, we know that the above inclusions are proper and 
hence neither F nor 'R is closed under composition. 

Later we shall need 

Proposition 17.4. The following equalities hold: 

(i) Fo'DF= F, 
(ii) 'R 0 £.N'R = 'R, 

(iii) CF 0 CF = CF, 
(iv) 'DF 0 'DF = 'DF. o 

Further decomposition results can be found in [Eng75b], [FiiV87a] and 
[GeS84]. In [FiiV92] and [VaF87] semigroups generated by some important 
subclasses of deterministic tree transformations are studied. 

18. 'free transducers with regular look-ahead 

The next root-to-frontier tree transducer model is capable of recognizing 
before the application of a production at a node of an input tree whether the 
subtree at a son of this node belongs to a given recognizable tree language 
[Eng76/77]. 

A root-to-frontier tree tmnsducer with regular look-ahead (RR-tmnsducer) 
is a system m = (E,X,A, n, Y,P,A'), where 

(1) E, X, A, n, Y and A' have the same meanings as in the definition 
of an R-transducer, and 

(2) P is a finite set of productions of the form (p --t q, D), where P --t q is 
an R-transducer production and D is a mapping from the set of variables ~i 
occurring in pinto Rec(E,X). 

The RR-transducer m is deterministic (DRR -tmnsducer) if A' is a single
ton, and whenever (PI --t ql, Dd and (P2 --t q2, D2) are two productions in 
P with PI = P2 and ql '" q2, then there exists an i (1 :::; i :::; m) such that 
DI (~i)nD2(~i) = 0, where m is the number of auxiliary variables in PI( = P2). 

Direct derivations for RR-transducers are defined in the same way as for 
R-transducers with the exception that a production (af --t q, D) can be 
applied to a subtree f(pl. .. . ,Pm) if each Pi (i = 1, ... , m) is in the corre
sponding D(~i)' Derivations and tmnsformations induced by RR-transducers 
can now be defined in a natural way. The class of all RR-transformations 
will be denoted by 'RR. Moreover, 'D'RR will denote the class of all DRR-
transformations. 

We mention only the following two results concerning RR-transducers 
which will be used later. Proposition 18.1 follows from the fact that all look
ahead information used by an RR-transducer can be supplied by a determin
istic relabeling (by processing the input tree once). 
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Proposition 18.1. Every DRR -transformation can be given as a composi
tion of a DF -relabeling with a DR-transformation. D 

Proposition 18.2. The composition of a DRR -transformatin by a DF -rela
beling is again a DRR -transformation. D 

19. Generalized syntax directed translations 

The systems of this section are mathematical models of syntax directed trans
lators of context-free languages [AhU71, Bak78b]. Furthermore, such systems 
are more convenient in studying certain properties of R-transformations since 
they translate trees into strings. We would like to remind the reader that the 
notations ax and af to be used in the following definition are introduced in 
Section 16. Furthermore, also in the next definition, AEm is treated as an 
alphabet the elements of which are trees of form aei with a E A and ei E Em. 

A generalized syntax directed translator (GSDT) is a system 

Qt = (E, X, A, Y, P, A'), 

where 

(1) E is a ranked alphabet, 
(2) X and Yare alphabets, 
(3) A is a unary ranked alphabet (the state set), 
(4) P is a finite set of productions of the following two types: 

(i) ax ~ w (a E A, x E X, wE Y*); 
(ii) af ~ W (a E A, f E Em, m ~ 0, wE (Y U AEm)*), 

(5) A' ~ A is the set of initial states. 

Deterministic, 'linear, totally defined and nondeleting GSDTs are defined 
in a natural way. Moreover, a one-state, totally defined, deterministic GSDT 
is a GSDH-translator. 

Take two words u, v E (Y U ATE (X)) *. (Here again each element of 
ATE(X) is considered a symbol.) It is said that v can be obtained by a 
direct derivation from u in Qt, if v can be obtained from u by 

(i) replacing an occurrence of ax (a E A, x E X) in u by the righthand side 
W of a production ax ~ W from P, or 

(ii) replacing an occurrence of an af(sl, ... , sm) (a E A, f E Em, m ~ 
0, Sl, ... ,Sm E TE(X)) in u by vlai(l)Silv2 ... vkai(k)sikvk+b where 
af ~ Vlai(l)ei 1 V2 ... Vkai(k)eik Vk+1 (1 ::; ij ::; m, j = 1, ... , k, vb· .. , 
Vk+1 E Y*) is a production in P. 

Now derivations in a GSDT and the translation T~ induced by a GSDT 
Qt can be defined in an obvious way. The class of all GSDT-translations will 
be denoted by y. For the class of GSDH-translations we use the notation YR. 

The relation between GSDTs and R-transducers is shown by 
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Proposition 19.1. For each GSDT ~ = (E, X, A, Y, P, A') there exist a 
ranked alphabet il and an R-transducer!B = (E,X, A, il, Y, pi, A') such that 
r2{ = {(s,yd(t)) I (s,t) E r!8}. Moreover, if~ is linear, deterministic, non
deleting or a GSDH-translator, then!B can also be chosen, correspondingly, 
as a linear, deterministic, nondeleting or an RH-transducer. 

Conversely, for every R-transducer!B there exists a GSDT 2l such that 
{(s,yd(t» I (s,t) E r!8} = r2{. If!B is linear, deterministic, nondeleting or 
an RH-transducer, then 2l is, respectively, linear, deterministic, nondeleting 
or a GSDH-translator. 0 

20. Surface tree languages 

The images of recognizable tree languages under tree transformations are 
called surface tree languages. More precisely, let IC be a class of tree trans
formations. A tree language S ~ T.a(Y) is a K-surface tree language if there 
exist an R E Rec(E, X) and a tree transformation r ~ TE(X) x T.a(Y) from 
IC such that S = flr. The class of all K-surface tree languages will be denoted 
by Surf(IC). 

Before studying surface tree languages, we state some simple results con
cerning domains and ranges of tree transformations which will be used fre
quently in the sequel. The domain, the range and the inverse of a tree trans
formation r will be denoted by dom(r), range(r) and r-1, respectively. 

Propositiqn 20.1. The following statements hold for an arbitrary recogniz
able tree language T. 

(i) There exists a DF-transformation r such that dom{r) = range{r) = T 
and r is the identity mapping on T. 

(ii) There exists an LNR-transformation r such that dom(r) = range(r) = 
T and r is the identity mapping on T. 

(iii) If r is an arbitrary F -transformation then Tr- 1 is recognizable. In par
ticular, dom( r) is recognizable. 

(iv) If r is an arbitrary R-transformation then Tr- 1 is recognizable. In par
ticular, dom( r) is recognizable. 

Proof. Statements (i) and (ii) can be proved by straightforward constructions. 
In order to show (iii), let ~ = (E, X, A, il, Y, P, A') be an F-transducer. 

Take the n.dJ. EX-recognizer B = (B, (3, F), where B = (A, E), F = A', and 
for all m ;:::: 0, f E Em and al, ... , am, a E A, 

f(al, ... , am) = {a I (3q E T.a(Y U Em))(J(al, ... , am) -+ aq E PH. 
Moreover, let x{3 = {a E A I (3q E T.a(Y))(x -+ aq E PH (x E X). One 
can show by induction on hg(s) that for all a E A and s E TE{X), a E 
s{3B ¢:> (3t E T.a(Y))(s =>* at) holds. Therefore, dom(r2{) is recognizable. 



46 F. Gecseg and M. Steinby 

Furthermore, let T E Rec(n, Y) be arbitrary and r: Tn(Y) -+ Tn(Y) a 
DF-transducer satisfying condition (i) of this proposition. By Proposition 
17.4, r!1{ 0 r is an F-transformation and Triil = dom(r!1{ 0 r). Thus, Triil is 
recognizable. 

Statement (iv) follows from (iii) by Proposition 17.3. 0 

Since F and n contain all identity transformations, both the class of 
F -surface tree languages and that of R-surface tree languages contain all 
recognizable tree languages. However, as it is shown by the example following 
the definition of the tree homomorphism in Section 7, both of them are strictly 
larger than Rec. 

The next result shows that among F-transducers the linear ones preserve 
recognizability. 

Proposition 20.2. Let ~ = (E, X, A, n, Y, P, A') be an arbitrary F -trans
ducer. Then r!1{ preserves recognizability iff ~ is equivalent to an LF -trans
ducer. 

Proof. First we show that if ~ is linear, then it preserves recognizability. For 
this, let us note that, by Propositions 20.1 and 16.5, for every recognizable 
tree language T there is an LF-transducer r such that dom(r) = T and r is 
the identity mapping on T. Moreover, by Proposition 17.4, £F is closed under 
composition. Therefore, it is enough to show that range(r) is recognizable. 
Obviously, we may also suppose that ~ is connected, i.e. for every a E A 
there exist an s E TE(X) and atE Tn(Y) such that s ~* at. 

Consider the regular nY-grammar G = (A,n,y,p',A'), where P' is 
given as follows: 

(i) if x -+ aq (x E X, a E A, q E Tn(Y)) is in P, then a -+ q is in P, 
(ii) if f(al, ... ,am) -+ aq (J E Em, m ~ 0, al, ... , am, a E A, q E Tn(Y U 

Em)) is in P then a -+ q(a1, ... , am) is in P'. 

One can show that for all a E A and t E Tn(Y), the equivalence 

a ~G t {:} (3s E TE(X))(S ~~ at) 

holds. 
Conversely, assume that ~ is connected and preserves recognizability. Let 

us say that a state a E A is copying if there exist a tree s E TE(X), a 
subtree s' of s and a terminal derivation s ~* a't (a' E A') such that !X gets 
into a at the end of the transformation of s' and at least two copies of the 
resulting subtree are made. One can show that if !X preserves recognizability, 
then range(r!1{(a)) is finite for all copying states a. Furthermore, if for each 
copying state a E A, range ( r!1{(a)) is finite, then a linear transducer !B can be 
constructed such that !B and !X are equivalent. 0 

By Proposition 17.2, Surf(1i) ~ Surf('R). The next example shows that 
the inclusion is proper. 
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Example 20.3. Let m. be the R-transducer of Example 16.2. Moreover, let 
S = {g2{gi{Yl),gi{Y2)) In = 0,1, ... }. If R is the recognizable tree language 
{I{x)}·", {I(x)}·"', then Rr'! = S. On the other hand, since yd{t) = YIY2 
for every tree t in S, if for an HR-transducer ~, we have S = Tr'13 for a 
recognizable tree language T, then ~ can be chosen linear. Therefore, by 
Propositions 16.5 and 20.2, S would be recognizable. However, it is not hard 
to see that S is not recognizable. 

From Propositions 17.1, 17.2 and 20.2 together with Example 20.3 we 
obtain 

Proposition 20.4. Surf{F) = Surf{1t), and Surf{1t) is a proper subclass of 
~~. 0 

By Proposition 20.1, for every recognizable tree language T there exists a 
DF-transformation r such that dom{r) = range(r) = T and r is the identity 
mapping on T. Therefore, by Proposition 17.4, we have 

Proposition 20.5. The class Surf{F) is closed under intersection with rec
ognizable tree languages. 0 

Furthermore, by Proposition 20.1, for every recognizable tree language T 
there exists an LNR-transformation r such that dom{r) = range(r) = T and 
r is the identity mapping on T. Moreover, by Proposition 17.4, 'RoCN''R = 'R. 
Therefore, we have 

Proposition 20.6. The class Surf{'R) is closed under intersection with rec
ognizable tree languages. 0 

By Proposition 17.4, V:F is closed under composition. Thus, Surf(V:F) is 
closed under DF -transformations. Although V'R is not closed under compo
sition, we have 

Proposition 20.7. Take two DR-transducers m. = (E, X, A, il, Y, P, ao) and 
~ = (il, Y, B, r, Z, pI, bo). There is a DR-transducer 

It = (E,X,C,r,z,p",co) 

such that for every tree language R ~ TE{X), Rr'! 0 r'13 = 8r(, where 8 = 
R n dom(r'! 0 r'13)' 0 

From this result, by Propositions 7.1 and 20.1, we obtain 

Corollary 20.8. Surf(V'R) is closed under DR-transformations. 0 

It is easy to give an F-transformation r and a regular tree language T such 
that Tr is the union oftwo given F-surface tree languages. Similar statement 
holds for R-surface tree languages. Thus, we have 
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Proposition 20.9. Both Surf (F) and SurfeR) are closed under union. 0 

The proof of the following result can be found in [Rou70bj. 

Proposition 20.10. SurfeR) is closed under LR-transformations. 0 

Let m = (E,X,A,il,Y,P,A' ) be an R-transducer and T ~ TE(X) an 
arbitrary tree language. Assume that TT21 ~ TnoUfh (Y). Delete all non
linear productions from P, and denote by pI the resulting set. Then for 
23 = (1.7, X, A, il, Y, pI, A'), we have TT21 = TT'13, which, by Propositions 
16.5 and 20.2, implies 

Proposition 20.11. Let T ~ TE X Tn be an R-transformation and T E 
Rec( 1.7, X). If TT ~ T nOun1 (Y), then TT is recognizable. 0 

Consider a ranked alphabet E. Let pt(E) = pt(E)o U pt(Eh be a new 
ranked alphabet, where pt(E)o = Eo and pt(Eh = {/ I f E Em, m > O}. 
Take an alphabet X which may contain variables. The set of all paths in s, 
pt( 8), is defined as follows: 

(1) if 8 E Eo U X, then pt(s) = {s}, 
(2) if s = f(s1,"" 8 m) (f E Em, m> 0, S1, ... , 8m E TE(X)), then pt(8) = 

U(f(pt(8d) Ii = 1, ... , m). 

If T ~ TE(X) is an arbitrary tree language, then pt(T) = U(pt(s) Is E T). 

Proposition 20.12. 1fT E SurfeR), then pt(T) E SurfeR). 

Proof. Let T ~ TE(X), Consider the R-transducer 

m = (1.7, X, {a}, pt(E), Y, P, a), 

where 

p = {ap --- pip E Eo U X} U {af --- /(aed I f E Em, m > 0, 1::; i ::; m}. 

Obviously, TT21 = pt(T). Moreover, m is linear. Therefore, by Proposition 
20.10, pt(T) E SurfeR). 0 

From the previous result, by Proposition 20.11, we obtain 

Corollary 20.13. 1fT E Surf(R), then pt(T) is recognizable. o 

If 1.7 is a ranked alphabet, then a EX-language T is infinite if and only if 
pt(T) is infinite. Moreover, T is empty if and only if pt(T) is empty. Thus, 
from Corollary 20.13, by using Proposition 5.3, one gets 

Proposition 20.14. The emptiness and finiteness problems are decidable 
fOT R-suTface tree languages. 0 
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By Propositions 17.1, 20.2 and 16.4, from the above result we obtain 

Corollary 20.15. The emptiness and finiteness problems are decidable for 
F -surface tree languages. 0 

Let E = El = {h,J2, fa} and il = ill U il2 with ill = {gl,g2} and 
il2 = {g3}' Take the R-transducers ~h = (E,{x}, {ao,al,a2}, il, {x},Pl,ao) 
and 1.X2 = (E, {x}, {ao,al,a2}, il, {x}, P2, ao), where 

and 

Pl = {aoft -+ g3(al6,a26),ad2 -+ alel,ad2 -+ gl(a26), 

ad3 -+ g2(al6), ad3 -+ g2(a2€!), alX -+ x, a2X -+ x} 

P2 = {aoh -+ g3(al6,a26),ad2 -+ g2(a16),ad2 -+ gl(a26), 

ad3 -+ al6,ad3 -+ g2(a2el),alx -+ x,a2X -+ x}. 

Let T = {ft(x)·x {h(x)}*x·x {fa(x)}*x. Then TT'Zl = {g3(g~(x),gHY4(x))) I 
i,j ~ O} and TT'Z2 = {93(9~(X),gt(g~(x))) I i,j ~ O}. Thus, TT'Zl n 
TT'Z2 = {g3(g~(x),gtcgHx)))} and Pt(TT'Zl n TT'Z2) = {Y3yHx) I i ~ 

O} U {Y3(YHY~(x))) I i ~ O}, which is obviously not recognizable. Therefore, 

by Corollary 20.13, TT'Zl n TT'Z2 ¢ SurfeR). Thus, we have 

Proposition 20.16. SurfeR) is not closed under intersection. o 

Finally, we remark that it is undecidable if the intersection of two R
surface tree languages is empty [Rou70bj. Recent decidability results con
cerning ranges of DR-transformations can be found in [Fiil94j. 

21. The hierarchies of surface tree languages 
and transformational languages 

In Section 17 we saw that neither F nor R is closed under composition. It 
was a relatively long-standing open problem whether pn and Rn form proper 
hierarchies. The answer is affirmative as it is shown in [Eng78, Eng82j. Even 
more is true. Namely, the classes of (n, F)-transformational languages and 
the classes of (n, R)-transformationallanguages form proper hierarchies. 

If K is a class of tree transformations and n ~ 1, a tree language T is called 
an (n, K)-surface tree language if T E Surf(Kn), i.e. T is obtained from some 
regular tree language by applying to it consecutively n K-transformations. 
Furthermore, the (string) language L is an (n, K)-transformationallanguage 
if L = yd(T) for some (n, K)-surface tree language T. If n = 1 then we speak 
about K-transformationallanguages, as well. 
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The procedure to prove the hierarchy results will be based on some "bridge 
theorems" concerning three (string) language operations: res, C2 and c*. These 
associate with each language which is not in a given class another language 
which is not in another, larger class. The procedure involves also classes of 
tree languages closed under at least relabeling or regular insertion. 

For a ranked alphabet E and an alphabet X, with each symbol dEE U X 
we associate a nonvoid recognizable tree language Td ~ Tn(d)(Et), where 
il( d) is a ranked alphabet disjoint with E and consisting of unary operational 
symbols only. Let il = U(il(d) IdE EUX). Then a mapping cp from the set 
of all EX-trees into the set of subsets of TEun(X) is a regular inserlion if cp 
inserts directly below each node labeled by d of a tree s E T.dX) a unary 
tree from the tree language Td. 

Let m = (E, X, A, il, Y, P, A') be an R-transducer. Take a tree s E TE(X) 
and a node d of s. Denote by s' the subtree of s at this node d. Consider a state 
a and a derivation a: as =>* t (t E Tn(Y)). Suppose that exactly k copies 
of this occurrence of s' are created during a and that these, counted from 
left to right, are translated into the trees tl,'" , tk( E Tn(Y)) starting the 
translations, respectively, in states aI, ... , ak. Then (al, .. . , ak) is the state
sequence of 0: at d. The R-transducer l2( is k-copying if for alls E T.dX), any 
node d of s, and any derivation a: as =>* t (a E A', t E Tn(Y)), the length 
of the state-sequence of 0: at d is at most k. Moreover, m is finite-copying 
if it is k-copying for some k. These concepts can be defined for GSDTs in a 
similar way. For the class of tree transformations induced by k-copying (finite
copying) R-transducers we shall use the notation 'Rk ('R!). The corresponding 
notation will be used for Q, and for subclasses of'R and Q. It is clear that 
the k-copying and finite-copying versions of Proposition 19.1 hold. 

The next proposition shows that 'Rk(K) coincides with V'Rk(K) for all 
classes K of tree languages closed under regular insertion and relabeling. 

Proposition 21.1. Let K be a class of tree languages closed under relabeling 
and regular inserlion. Take an R-transducer m = (E, X, A, il, Y, P, A'), an 
R E K and a positive integer k. Then 

S = {t E Tn(Y) I there is a k-copying derivation 
as =>* t for some a E A' and s E R} 

o 

Let X be an alphabet and # rt. X a symbol. For each L ~ X*, res(L,#) 
(regular substitution) is the language given as follows: 

(i) if L = {e}, then res(L, #) = #*; 
(ii) if L = {x} (x E X), then res(L,#) = #*x#*j 
(iii) if L = {ux} (u E X·, x E X), then res(L,#) = res(u,#)res(x,#); 
(iv) if L is arbitrary, then res(L,#) = U(res(w,#) I w E L). 

It is not hard to prove 
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Proposition 21.2. Let K be a class of tree languages closed under regular 
insertion. For each R E K there exist a linear non deleting GSDT Qt and a 
tree language S E K such that res(yd(R),#) = ST'lJ.. 0 

Proposition 21.3. Let Y be an alphabet and # ~ Y a symbol. Take a lan
guage L S;;; X* and a class K of tree languages closed under relabeling and 
regular insertion. Ifres(L,#) E VQ(K), then L E VQf(K). 

Proof. Let res(L, #) = TT'lJ. where Qt = (E,X,A, Yu{#},P,ao) is a determin
istic GSDT and T S;;; TE(X) is a tree language from K. Moreover, let A = 
{a1, ... ,ad. A word Yil#nlYi2#n2 ... Yir_l#nr-1Yir (E res(L,#), Yill ... ' 

Yir E Y) is called proper if n1, n2, ... , nr-1 are pairwise distinct. Consider a 
derivation 

0:: aos ~* w1b181W2b281W3 ... w l bl S1WI+1 ~* 

W1V1W2V2W3 ... W/V/WI+1 = w, 

where SET, 81 is a subtree of 8, (b1 , b2, ... , bt) is the state-sequence of 0: at 
S1, bis1 ~* Vi (i = 1, ... ,1) and W1, ... ,Wl+1,V1, ... ,VI E (Y u {#})*. It is 
easy to see that if W is proper and bi = bj (i i- j), then in Vi at most one 
symbol from Y occurs. 

Now for each f E Em (m > 0) take all pairs (f, M), where M = 
(mij)(1~i~k,1~j~m) is a k x m-matrix whose elements are from YuASmu{ e}. 
Moreover, let fl be the ranked alphabet with flo = Eo and flm = {(f, M) I 
f E Em} (m> 0). One can give a DF-relabeling s:B = (E,X,B, n,X,p',B) 
which relabels trees in the following way. Take a tree 8 E TE(X) and let 
f(s1, ... ,8m) (m > 0) be the subtree of 8 at a node d. Then s:B translates 
f(s1, ... ,8m) into (f,M)(8~, ... ,8~) and M provides us with the informa-
tion about which of the subtrees Sj (j = 1, ... ,m) is translated by Qt(ai) 
(i = 1, ... , k) into a word from (Y U {#})* with 

(i) no occurrence of letters from Y (mij = e), 
(ii) exactly one occurrence Y of letters from Y (mij = y), 
(iiia) at least two occurrences of letters from Y (mij = ai~j), and 
(iiib) the given subtree is not in dom( T'lJ.(a;)) (mij = ai~j). 

Let It = (fl,X,A,y,plI,ao) be a GSDT, where p lI is given as follows. 

(a) If ap --+ W (a E A, p E X uno, W E (Y u {#})*) is in P, then the 
production obtained by replacing every occurrence of # by e is in PII. 

(b) Let af --+ W (a E A, f E Em, m > 0, W E (Y u {#} u ASm)*) be in 
P. Then the productions a(f,M) --+ w' are in plI, where w' is obtained 
from W by replacing all occurrences of ai~j (1 ::; i ::; k, 1 ::; j ::; m) by 
mij and all occurrences of # bye. 

It is clear that It is deterministic. Moreover, 

(*) L = {w' E Y* I aOT'll(s) ~~ w', a08~; w, sET, 

wE (Y u {#})*, and w is proper if Iw'l > 2}. 
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By our remark concerning state-sequences of derivations yielding proper 
words and the construction of ~, the elements of a state-sequence of a deriva
tion aoTIll (s) =} ~ WI from (*) are different at any node of Till (s). Therefore, 
since ~ has k elements, each element of L can be obtained by a k-copying 
derivation in ~. Thus, since by our assumptions TTIll E K, using Proposition 
21.1, we get L E V~h(K). 0 

Let X be an alphabet and # ~ X a symbol. For each language L ~ X*, 
the language c*(L, #) is defined by 

c*(L, #) = {(w#)n I w E L, n = 1,2, ... }. 

The proof of the following proposition, which will be omitted, can be given 
by a straightforward construction. 

Proposition 21.4. Let K be a class of tree languages closed under regular 
insertion. For each R E K there exist a deterministic GSDT m and a tree 
language S E K such that c* (yd( R), #) = ST'l' 0 

Proposition 21.5. Let U ~ c*(L,#) (L ~ Z*, # ~ X) be a language 
containing infinitely many words (w#)n for each wE L. Furthermore, let K 
be a class of tree languages closed under relabeling and regular insertion. If 
U E V9f(,R(K)), then L E V9(K). 

Proof. Let m = (E, X, A, fl, Y, P, AI) be an R-transducer and 

~ = (.0, Y,B,Z U {#},Pl,bo) 

a k-copying deterministic GSDT. Moreover, take a tree language R ~ TE(X) 
from K satisfying U = (RT'l)TIll' Since K is closed under regular insertion, 
we may assume that AI is a singleton, say AI = ao. First a second com
ponent is added to each state of m to keep track of the state-sequences of 
the derivations of the output trees of m in lB. The resulting R-transducer 
~ = (E,X,A,fl,Y,P,ao) translates every s E TE(X) into a tree t E Tn(Y) 
in the same way as m provided that t E dom( Till). In addition, if during the 
translation of s into t by m, an occurrence of a subtree Sl in s is translated 
starting in a state a into a tree t', then during the corresponding transforma
tion of s by ~, Sl will be translated starting in a state consisting of a and the 
state-sequence of the derivation of t in 93 at the subtree t'. Thus, ~ has the 
property that if during the above translation of s by ~ two copies of an occur
rence of Sl are translated starting in states al and a2, respectively, into the 
trees tl and t2 such that al = a2, then the state-sequences of the derivation 
of t in IB at tl and t2 coincide. Assume that m itself has this property. 

Consider a word (w#)m E (RT'l)TIll with m> 2k + 1. Let s E R be 
a tree for which there exists a derivation 0:: aos =}; t( E Tn(Y)) such 
that Till (t) = (w#)m. Let a be the state-sequence of 0: at a subtree Sl of s. 
Assume that a state a E A occurs more than once in a, and let ai, , ... ,aij be 
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all occurrences of a in a. Moreover, let til' ... ,tij be the trees into which s' is 
transformed during a starting in ail' ... , aij' respectively. By the properties 
of~, the state-sequences of (3': bot =>; (w#)m at til' . .. ,tij coincide. Let 
(b l , ... , bs ) be this common state-sequence. Among til' ... ,tij let til be one 
of the trees for which 1"~(bd (til) ... 1"~(bs) (til) has the maximal number of 
occurrences of #. Replace the considered occurrences of til' ... ,tij in t by 

till and denote by t' the resulting tree. Then for t' we have 1"~ (t') = (w# )m' 
with m' ~ m. Therefore, if we replace in a every sub derivation arS' =>~ tr 
(ar = a, r = i l , ... ,ij) by as' =>~ till then for the resulting tree t', bot' =>; 
(w#)m' and m' ~ m. By prescribing the applications of productions of ~ 
in such a way that at all occurrences of the same state in a state-sequence 
the same production is applied, we arrive at a DR-transducer ~l such that 
(S1"211 )1"~ contains infinitely many words (w#)n for each wE L and only such 
words, where S is obtained from R by relabeling. If ~l is the DR-transducer 
corresponding to ~ by Proposition 19.1, then yd( 1"'ll1 (1"211 (s ))) = 1"~ (1"211 (s)) 
for each S E S. Finally, it is possible to construct a DRR-transducer Itl which 
transforms these t into w. Therefore, by Proposition 20.7 and a repeated 
application of Propositions 18.1 and 18.2, there exist aTE K and a DR
transformation 1" such that T1" = S1"211 0 1"~1 01"(1. (Observe that closure 
under relabeling implies closure under intersection with recognizable tree 
languages). 0 

Let X be an alphabet and # ~ X a symbol. Then for L ~ X* the language 
c2(L,#) is defined by c2(L,#) = {w#w I wE L}. 

The proof of the following result, which will be omitted, can be given by 
a straightforward construction. 

Proposition 21.6. Let K be a class of tree languages closed under relabeling 
and regular insertion. If R E K, then there exist a 2-copying GSDH-translator 

1.2( and a tree language T E K such that c2(yd(R),#) = Tn.»,. 0 

Proposition 21.7. Let Y be an alphabet and # ~ Y a symbol. Take a lan
guage L ~ y* and a class K of tree languages closed under relabeling and 
regular insertion. If c2(L, #) E Q(K), then L E'DQ(K). 

Proof. The idea behind the proof is similar to that of Proposition 21.5, but 
this is much simpler. 

Let ~ = (E, X, A, Y U {#}, P, A') be a GSDT and R E K a tree language 
such that R1"21 = c2(L, #). Since K is closed under regular insertion, we may 
suppose that A' is a singleton, say A' = {ao}. Take a tree s E R, a subtree 
8' of s, and consider the derivation 

*" # a: aos=> wlalsw2 ... wkakswk+1=>WIVIW2 ... WkVkWk+1=W W 

(Wb . .. ,Wk+b VI, ... ,Vk E (Y U {#})*, w E Y*), 
where (aI, ... ,ak) is the state sequence of a at s'. Assume that a state a oc
curs at least twice in (ab ... ,ak), and let ail and ai2 be two such occurrences 
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of a. Then taking the corresponding occurrences of Vi l and Vi2 in w#w, we 
have the decomposition w#w = Ul Vi l U2Vi2 U3. On the other hand, the words 
Ul Vij U2Vij U3 (j = 1,2) are also in RTf,!. Hence Vi l = Vi2 must hold. This 
implies that if we replace for each l (1 ~ l ~ k) such that al = a, alP' =>* VI 

by als' =>* Vip we get the same word w#w. Therefore, by prescribing the 
applications of productions of m in such a way that at all occurrences of the 
same state in a state-sequence the same production is applied, we arrive at 
a deterministic GSDT m1 yielding S7',!l = c2(L, #) for an S E K. The proof 
can be finished in the same way as that of Proposition 21.5. 0 

Now we use the bridge theorems to get the hierarchy results. Before stating 
the main result of this section we remark that if a class K of tree languages 
is closed under regular insertion, then R( K) is also closed under regular 
insertion. 

Proposition 21.8. If K is a class of tree languages closed under relabeling 
and regular insertion and ydVRf(K) c ydVR(K) , then for each integer 
n 2: 1, 

Proof. We shall proceed by induction on n. Let n = 1. Take a tree language 
R such that R E R(K) and yd(R) ~ ydVRf(K). By Propositions 21.2 and 
19.1 there exist an LNR-transformation 7 and a tree language S E R(K) such 
that res(yd(R), #) = yd(S7). Moreover, by Proposition 17.4, S7 E R(K). On 
the other hand, since yd(R) ~ ydVRf(K), by Propositions 19.1 and 21.3, 
res(yd(R) , #) fj. ydVR(K). Thus, the proper inclusion ydVR(K) C ydR(K) 
holds. 

Next take an R E R(K) with yd(R) ~ ydVR(K). Then, by Proposi
tion 21.6, there exist a 2-copying homomorphism 7 and a tree language 
S E R(K) such that c2(yd(R), #) = yd(S7). On the other hand, since 
yd(R) ~ ydVR(K) , by Proposition 21.7, c2(yd(R), #) ~ ydR(K). There
fore, the inclusion ydR(K) C ydVRf(R(K)) is valid. 

Again take an R E R(K) with yd(R) ~ ydVR(K). By Proposition 
21.4, there exist a DR-transformation 7 and a tree language S E R(K) 
such that c*(yd(R), #) = yd(S7). Moreover, since yd(R) ~ ydVR(K) , by 
Proposition 21.5, c*(yd(R), #) ~ ydVRf(R(K)). Thus, we have got that 
ydVRf(R(K)) C ydVR(R(K)). 

Finally, take an R E R2(K) with yd(R) ~ ydVRf(R(K)). Then, again by 
Proposition 21.2, there exist an LNR-transformation 7 and a tree language 
S E R2(K) such that res(yd(R), #) = yd(S7). Moreover, by Proposition 
17.4, S7 E R2(K). On the other hand, since yd(R) ~ ydVRf(R(K)) , by 
Proposition 21.3, res(yd(R), #) ~ ydVR(R(K)). Therefore, ydVR(R(K)) C 
ydR2(K). Summarizing our results, we have 

ydR(K) C ydVRf(R(K)) c ydVR(R(K)) c ydR2(K) 

which completes the proof for n = 1. 
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yd'D'R.('R. fa (K» 

Fig. 21.1 

The transition from n to n + 1 is illustrated by Fig. 21.1. o 

It is not hard to show that if T ~ T .. dX) is a recognizable tree lan
guage and !.2( = (E, X, A, Y, P, ao) a finite copying deterministic GSDT, then 
Par(TTS]() is semilinear, where Par(TT'l) is the set of all Parikh-vectors of the 
words in TTS](. Moreover, there exist a recognizable tree language T and a 
GSDT !.2( for which Par(TT'l) is not semilinear. Finally, Rec is closed under 
relabeling and regular insertion. Therefore, from Proposition 21.8 we obtain 

Proposition 21.9. For every natural number n, the inclusions 

ydnn(Rec) c ydVnf(nn(Rec)) c ydVn(nn(Rec)) c ydnn+1(Rec) 

hold. o 

Proposition 21.9 directly implies 

Corollary 21.10. For every natural number n, ydnn(Rec) c ydnn+1(Rec) 
and nn(Rec) c nn+1(Rec). 0 

To establish the corresponding inclusions for F -transformations, we prove 
first 

Proposition 21.11. For every natural number n the inclusions 

ydnn(Rec) c ydp+1(Rec) C ydnn+1(Rec) 

hold. 

Proof. By Propositions 17.1 and 17.2, we have ydnn(Rec) ~ ydFn+1(Rec) ~ 
ydnn+1 (Rec). By the proofs of Propositions 21.8 and 21.9, ydnn(Rec) c 
ydH.(nn(Rec)). Thus, the inclusion ydnn(Rec) c ydp+1(Rec) is valid. Fi
nally, by Proposition 21.9, 

ydH.(nn(Rec)) ~ ydVn(nn(Rec)) c ydnn+1(Rec), 

which ends the proof of the proposition. o 

From Proposition 21.11, using Propositions 17.1 and 17.2, we obtain 

Corollary 21.12. For every natural number n, ydFn(Rec) C ydp+1(Rec) 
and P(Rec) C p+1(Rec). 0 
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22. Some further topics 

In this final section we consider a few further themes of tree language theory 
and some of its connections with other disciplines. Each topic is discussed 
very briefly, but we try also to give some useful references. 

Let us first consider some new types of tree recognizers obtained by 
strengthening in a way or another the basic models. Alternation is a nat
ural generalization of nondeterminism which was first defined for Turing ma
chines. All configurations in a computation of an n.d. recognizer are exis
tential in the sense that the existence of one successful continuation starting 
from such a configuration suffices, but an alternating recognizer may also 
have universal configurations from which all computations should lead to ac
ceptance. Alternating root-to-frontier tree recognizers recognize just the reg
ular tree languages [Slu85], but alternating frontier-to-root tree recognizers 
are much stronger [SaI86]. In fact, all recursively enumerable languages are 
yield-languages of tree languages recognized by the latter type of automata 
[SaI89]. In [SaI92] the effect of bounding the number of alternations along the 
paths of the computation trees of these recognizers is studied. If the bound 
is a constant, just the regular tree languages can be obtained, but already 
bounds logarithmic in the heights of the trees allow the recognition of non
regular tree languages. Alternating pushdown tree automata have also been 
studied [Slu83, SaI88]. In Section 13 we already mentioned d.r. recognizers 
with look-ahead mechanisms by which the use state-transitions can be con
trolled by properties of the immediate subtrees of the current node. A similar 
idea is to impose equality or disequality conditions between some subtrees. 
For example, in [BoT92] n.d.f recognizers with equality and disequality con
straints are studied. The corresponding family of tree languages is a proper 
extension of Rec which enjoys some good closure properties, and the empti
ness and finiteness problems are decidable for these recognizers. For some 
further developments along these lines we refer the reader to [CCD93] and 
[CCC94]. The synchronized tree automata of [SaI94] are root-to-frontier tree 
recognizers in which the parallel computations along different paths can com
municate through synchronizing symbols which are associated with some of 
the states: when such a symbol is encountered the computation along that 
path has to wait until the computations along the other paths either produce 
the same synchronizing symbol or terminate successfully. The family of tree 
languages recognized by synchronized n.d.r. recognizers is strictly between 
the families Rec and the context-free tree languages, but the synchronized 
d.r. recognizers yield a family of tree languages incomparable with Rec. The 
emptiness problem for synchronized tree automata is decidable since the tree 
languages are effectively context-free even in the nondeterministic case. The 
equality problem is undecidable in the nondeterministic case, but decidable 
for deterministic automata. 

A theory of power series on trees, which extends in a natural way the 
classical theory of power series on words, is presented in [BeR82]. A power 
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series on trees is defined as a mapping from the set of trees to a commutative 
field, and hence they may also be viewed as generalized tree languages which 
admit 'multiplicities' with various interpretations. Recognizable power series 
on tree languages are introduced in two ways, either as series with linear 
representations or as solutions of systems of linear equations. The former 
definition can be viewed as an arithmetic formulation of frontier-to-root rec
ognizers while the latter corresponds to root-to-frontier recognizers. Some of 
the most central parts of the theory of recognizable tree languages are redone 
in this setting. For example, an analogue for the theorem showing the rela
tionship between recognizable tree languages and context-free languages is 
presented. As applications several enumeration problems and the evaluation 
of arithmetic expressions are considered. Some further papers in this area are 
[BoL83, BoA89, Boz91, Tso89]. 

The ambiguity of an n.dJ. EX-recognizer A for a EX-tree t is the number 
da A (t) of different accepting computations of A for t; clearly, T( A) consists 
of the EX-trees t for which daA(t) > o. The degree of ambiguity of A is 
da(A) = sup{ da A (t) I t E T.dX)}, and A is said to be m-ambiguous (m ~ 0) 
if da(A) ~ m, and A is finitely ambiguous if da(A) is finite. In [Sei89a] it 
is shown that the equivalence of two m-ambiguous tree recognizers can be 
decided in polynomial time. That the finite ambiguity of an n.dJ. recognizer 
is also decidable in polynomial time is proved in [Sei89b]. Moreover, an upper 
bound for the finite degree of ambiguity is given in terms of the number of 
states and the maximal arity of the ranked alphabet. For tree transducers 
somewhat similar questions conc::erning the numbers of output trees, i.e. the 
valuedness of transducers, are studied in [Sei92a, Sei94]. A survey of these 
topics appear in [Sei92b] 

The treatment of recognizable and algebraic (equational) subsets of alge
bras based on F. W. Lawvere's 'theories' (1963) by Eilenberg and Wright 
[EiW67] yields a category theoretic formulation of the main results of 
[Me W67] and also suggests generalizations beyond trees. This approach is 
developed further in [ArG68], and the magmoid formalism of Arnold and 
Dauchet [ArD78/79] builds on similar ideas. Some further papers in which 
tree automata and tree languages are studied using category theory are 
[Alg75, ArM79, Hor81, AdT81]. As more recent contributions we may men
tion [Ros92], where syntactic congruences - also of tree languages - are dis
cussed using categories called 'quantaloids', and [Ros94], where the connec
tion between recognizable tree languages and context-free languages is pre
sented in category theoretic terms. 

As shown by M. Nivat (1968), a (word) translation is rational iff it can be 
represented as the composition of an inverse morphism, the intersection with 
a regular language, and a morphism. This fact yields a powerful algebraic tool 
for the study of rational translations, the (rational) bimorphisms. As a natural 
counterpart to this notion in tree language theory a tree bimorphism is defined 
as triple B = (g, R, h), where g: Tr(Z) -t T.dX) and h: Tr(Z) -t Tn(Y) 
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are tree homomorphisms, and R E Rec( r, Z). The tree bimorphism B defines 
the tree transformation 

r(B) = ((g(t) , h(t)) It E R} (= 911 0 nR 0 h ~ T.dX) x Ta(Y)). 

The decomposition results of [Eng75b] show that all F- and R-tree transfor
mations can be defined by such tree bimorphisms, but this does not lead to 
any useful characterizations of these classes of tree transformations. More
over, the family of tree transformations defined by these tree bimorphisms 
enjoy few of the good properties of the original rational bimorphisms. Hence 
attention has turned to special classes of tree bimorphisms which are obtained 
by placing some restrictions on the tree homomorphisms or the tree language 
R. One of the most natural restrictions is to require that the tree homomor
phisms are linear. Some papers in this area are [ArD76a, ArD76b, ArD82 , 
DaM79]. Other classes of tree transformations defined by certain types of 
tree bimorphisms are the 'primitive transformations' of [Tak73J, the 'rational 
relations' of [Tak77], the 'E-rational' and 'E-algebraic' tree transformations 
considered in [Ste86, Ste90], and the 'alphabetic tree relations' of [Boz92]. 
Tree bimorphisms are discussed also in [DaT92] and in [Rau92]. 

Suitably defined and interpreted tree transducers may be used for for
mal treatments of program schemata, denotational semantics, syntax-directed 
translations or attributed grammars. For general discussions of such aspects 
of the theory of tree languages we refer the reader to [Tha73 , Eng80]. For 
algebraic semantics, where context-free tree languages, but also infinite trees, 
playa central role [Cou86, Cou90, Gue92] may be consulted. Here we men
tion some newer types of tree transducers whose definitions were motivated 
by such considerations. The attributed tree transducers introduced in [Fii181] 
are formal models of the attributed grammars of D. Knuth (1968), and they 
also generalize these by allowing arbitrary input trees instead of just parse 
trees. This notion and related ideas are studied also in [Bar82, Eng80, FiiV95, 
FHVV93, KiiV94]. The modular tree transducers of [En V91] can be defined as 
special term rewriting systems in which the rules are partitioned into modules. 
Each module is equipped with a natural number and it can call modules with 
lower numbers. Modular tree transducers compute precisely the primitive re
cursive functions on trees, and the modular tree transductions form a strict 
hierarchy corresponding to the number of modules allowed. The idea of macro 
tree transducers in which features of macro grammars and R-transducers are 
combined were introduced in [Eng80, CoF-Z82]. The automaton-theoretic 
aspects of these transducers are studied thoroughly in [En V85]. In [En V91] 
macro tree transducers are compared with modular tree transducers, and in 
[FHVV93] they are compared with attributed tree transducers with external 
functions. The notion of tree transducers with regular look-ahead (consid
ered in Section 18) has been developed further in various ways in the papers 
[EnV85, EnV86, EnV87, EnV88, FiiV89a, FiiV89c, FiiV89/90, Vag92]. 

The tree-adjoining grammars and some related notions considered in 
[Lev73, JLT75, LeJ78] are motivated by the linguistics of natural languages. 
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The study of these systems has mostly followed its own course, but there 
are certainly connections with the theory considered here. The family of tree 
languages generated by tree-adjoining grammars includes properly our family 
Rec (although here some adjustments must be made in the formalisms), and 
the corresponding family of yield-languages is strictly between the families 
of context-free languages and the indexed languages. A brief presentation of 
this theory, a survey of its main results and several references can be found 
in [JoS92]. 

That trees are naturally suited for representing hierarchically organized 
patterns was observed already in the the 1970s [FuB73]. Many examples of 
attempts to use tree languages for describing classes of patterns can be found 
in the books [Fu82, GoT78, Mic86], for example, and some general reflections 
on tree languages and tree automata in the context of pattern recognition are 
presented in [Ste89]. The inference of tree languages from finite samples is a 
problem which has been studied mostly within pattern recognition theory, cf. 
[BrF77, GET76, Lev81, FuK84, Kam88, Knu94]' for example. The heuristics 
in these inference methods is usually derived from the "k-tail method" of 
A. W. Biermann and J. A. Feldman (1972). In [KnS94] a general algebraic 
foundation for such methods is proposed. 

Although the theories of tree languages and term rewriting systems (cf. 
Section 4) both study terms and many types of tree automata have natural 
definitions as term rewriting systems, it has taken a rather long time for any 
deeper connections between the two disciplines to emerge. However, in recent 
years the situation has changed rapidly, and here we shall consider some 
examples of such connections. The set of terms irreducible with respect to a 
given term rewriting system can sometimes be described as a tree language of 
a certain type. In [GaB85] it is shown that if a finite TRS S is left-linear, i.e. 
no variable appears more than once in the lefthand side of any rule of S, then 
IRR( S) is a recognizable tree language. However, not every recognizable tree 
language arises this way from a finite left-linear TRS. In [FiiV90] it is proved 
that these sets IRR(S), where S is a finite left-linear TRS, are exactly the 
sets recognized by certain special deterministic root-to-frontier recognizers, 
the d.r. recognizers with prefix look-ahead. On the other hand, if IRR(S) 
is regular for a finite TRS S, then by [Kuc91] there is a finite left-linear 
system S such that IRR(S') = IRR(S). In [GaB85] a TRS is called monadic 
if its rules are left-linear and of height ~ 1. If S is a finite monadic TRS 
in which no two rules have the same left hand side and R is a regular tree 
language, then the set of trees red uci ble to a tree in R n IRR( S) is recognized 
by a deterministic frontier-to-root pushdown tree recognizer [GaB85]. This 
result is improved upon in [SaI88c], where it is shown that a simpler type 
of tree pushdown recognizer suffices. The study of the connections between 
tree pushdown automata and term rewriting is pursued further in [CDGV94], 
where the authors also explore the extent to which the stack operations of 
frontier-to-root pushdown tree automata can be limited without losing the 
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necessary computational power, and on the other hand they extend the class 
of rewriting systems with which a tree pushdown automaton can be associated 
this way. Moreover, the authors show, generalizing a result from [SaI88c], that 
if S is a finite linear 'monadic' TRS, then the set SeT) of all successors of 
any regular tree language T in S is regular. 

For any EX-TRS S, the relation <=>; (cf. Section 4) is a congruence of 
the EX-term algebra. In some cases the classes of this congruence can be 
described in terms of tree language theory. In [GaB85] it is proved that if 
S is a finite terminating monadic TRS with the Church-Rosser property, 
then each <=> ;-class can be recognized by a tree pushdown recognizer of a 
certain kind, and in [SaI88c] it then is shown that a simpler type of such 
recognizers suffices. For any E and X, a finitely generated congruence of 
the EX-term algebra is actually the <=>;-relation of some finite ground TRS 
Sj a TRS is ground if its rules contain no variables. Hence the fact that 
congruential tree languages are regular (cf. Section 11) also means that for 
any finite ground TRS S, the equivalence classes of <=>; are regular tree 
languages. In their proof of this result FUlop and Vagvolgyi [FiiV89b] use 
ground tree transducers. These transducers were introduced in [DaT85] and 
used (cf. [DHLT90], too) for proving the decidability of the confluence of finite 
ground TRSs, and also the decidability of some other problems concerning 
such rewriting systems. The decidability of the confluence of finite ground 
TRSs is proved in [Oya87] in a different way, but also using tree automata. 
In [Gi191] several decidability questions concerning the regularity of the tree 
languages S(R) or S(R) n IRR(S), where S is a TRS and R a regular tree 
language, and some related decidabilty problems are considered. 

Although it is impossible to draw any border between the theories of tree 
languages and tree automata, we have limited the scope of this paper by 
omitting automaton-theoretic topics which do not seem to have any immedi
ate relevance to language theory. However, there is also an extensive 'pure' 
theory of tree automata, and contrary to common belief, the generalizations 
from finite automata are not always straightforward here either. The theory 
of tree transducers shows clearly that the step from unary to many-place 
operations may complicate matters considerably, but also open many new 
possiblities. The structure theory, i.e. the theory of compositions and decom
positions, of tree automata (cf. [Gec85, GeI93, Imr92, Imr95], for example) 
offers another prime example of this. Let us also note that even this theory 
has a language-theoretic aspect as shown by [Gec94]. 
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Tree-Adjoining Grammars 

Aravind K. Joshi and Yves Schabes 

1. Introduction 

In this paper, we will describe a tree generating system called tree-adjoining 
grammar (TAG) and state some of the recent results about TAGs. The work 
on TAGs is motivated by linguistic considerations. However, a number of 
formal results have been established for TAGs, which we believe, would be 
of interest to researchers in formal languages and automata, including those 
interested in tree grammars and tree automata. 

After giving a short introduction to TAG, we briefly state these results 
concerning both the properties of the string sets and tree sets (Section 2). We 
will also describe the notion of lexicalization of grammars (Section 3) and in
vestigate the relationship of lexicalization to context-free grammars (CFGs) 
and TAGs and then summarize the issues on lexicalization (Sections 4, 5 and 
6). We then describe an automaton model that exactly corresponds to TAGs 
(Section 7). As we have said earlier TAGs were motivated by some impor
tant linguistic considerations. The formal aspects of these considerations are 
mathematically important also. Hence we have presented a brief discussion of 
these issues together with some simple examples (Section 8). We also present 
in Section 9 some variants of TAGs that are currently under investigation. We 
then present a bottom up predictive parser for TAGs, which is both theoret
icallyand practically important (Section 10) and then offer some concluding 
remarks (Section 11). 

The motivations for the study of tree-adjoining grammars (TAG) are of 
linguistic and formal nature. The elementary objects manipulated by a TAG 
are trees, i.e., structured objects and not strings. Using structured objects as 
the elementary objects of a formalism, it is possible to construct formalisms 
whose properties relate directly to the strong generative capacity (structural 
description) which is more relevant to linguistic descriptions than the weak 
generative capacity (set of strings). 

TAG is a tree-generating system rather than a string generating system. 
The set of trees derived in a TAG constitute the object language. Hence, in 
order to describe the derivation of a tree in the object language, it is necessary 
to talk about derivation 'trees' for the object language trees. These derivation 
trees are important both syntactically and semantically. It has also turned 

G. Rozenberg et al. (eds.), Handbook of Formal Languages
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out that some other formalisms which are weakly equivalent to TAGs are 
similar to each other in terms of the properties of the derivation 'trees' of 
these formalisms [Weir 1988, Joshi et al. 1991]. 

Another important linguistic motivation for TAGs is that TAGs allow 
factoring recursion from the statement of linguistic constraints (dependen
cies), thus making these constraints strictly local, and thereby simplifying 
linguistic description [Kroch and Joshi 1985]. 

Lexicalization of grammar formalism is also one of the key motivations, 
both linguistic and formal. Most current linguistic theories give lexical ac
counts of several phenomena that used to be considered purely syntactic. 
The information put in the lexicon is thereby increased in both amount and 
complexityl. 

On the formal side, lexicalization allows us to associate each elementary 
structure in a grammar with a lexical item (terminal symbol in the context of 
formal grammars). The well-known Greibach Normal Form (CNF) for CFG 
is a kind of lexicalization, however it is a weak lexicalization in a certain sense 
as it does not preserve structures of the original grammar. Our tree based 
approach to lexicalization allows us to achieve lexicalization while preserving 
structures, which is linguistically very significant. 

2. Tree-adjoining grammars 

TAGs were introduced by Joshi, Levy and Takallashi (1975) and Joshi (1985). 
For more details on the original definition of TAGs, we refer the reader to 
[Joshi 1987, Kroch and Joshi 1985]. It is known that tree-adjoining languages 
(TALs) generate some strictly context-sensitive languages and fall in the class 
of the so-called 'mildly context-sensitive languages' [Joshi et al. 1991]. TALs 
properly contain context-free languages and are properly contained by in
dexed languages. 

Although the original definition of TAGs did not include substitution as a 
combining operation, it can be easily shown that the addition of substitution 
does not affect the formal properties of TAGs. 

We first give an overview of TAG and then we study the lexicalization 
process. 

Definition 2.1 (tree-adjoining grammar). 
A tree-adjoining grammar (TAG) consists of a quintuple (E, NT, I, A, S), 
where 

1 Some of the linguistic formalisms illustrating the increased use of lexi
cal information are, lexical rules in LFG [Kaplan and Bresnan 1983), GPSG 
[Gazdar et al. 1985), HPSG [Pollard and Sag 1987), Combinatory Categorial 
Grammars [Steedman 1987), Karttunen's version of Categorial Grammar 
[Karttunen1986], some versions of GB theory [Chomsky 1981], and Lexicon
Grammars [Gross 1984]. 
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(i) E is a finite set of terminal symbols; 
(ii) NT is a finite set of non-terminal symbols2 : En NT = 0; 
(iii) S is a distinguished non-terminal symbol: SENT; 
(iv) I is a finite set of finite trees, called initial trees, characterized as follows 

(see tree on the left in Fig. 2.1): 
• interior nodes are labeled by non-terminal symbols; 
• the nodes on the frontier of initial trees are labeled by terminals or 

non-terminals; non-terminal symbols on the frontier of the trees in I 
are marked for substitution; by convention, we annotate nodes to be 
substituted with a down arrow (!); 

(v) A is a finite set of finite trees, called auxiliary trees, characterized as 
follows (see tree on the right in Fig. 2.1): 
• interior nodes are labeled by non-terminal symbols; 
• the nodes on the frontier of auxiliary trees are labeled by terminal 

symbols or non-terminal symbols. Non-terminal symbol on the frontier 
of the trees in A are marked for substitution except for one node, 
called the foot node; by convention, we annotate the foot node with 
an asterisk (*); the label of the foot node must be identical to the 
label of the root node. 

In lexicalized TAG, at least one terminal symbol (the anchor) must appear 
at the frontier of all initial or auxiliary trees. 

The trees in I U A are called elementary trees. We call an elementary tree 
an X -type elementary tree if its root is labeled by the non-terminal X. 

A tree built by composition of two other trees is called a derived tree. 
We now define the two composition operations that TAG uses: adjoining 

and substitution. 

Initial tree: 
x 

Auxiliary tree: 

terminal nodes or 
substitution nodes 

Z 

Fig. 2.1. Schematic initial and auxiliary trees 

2 We use lower-case letters for terminal symbols and upper-case letters for non
terminal symbols. 
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Adjoining builds a new tree from an auxiliary tree /3 and a tree 0: (0: 
is any tree, initial, auxiliary or derived). Let 0: be a tree containing a non
substitution node n labeled by X and let /3 be an auxiliary tree whose root 
node is also labeled by X. The resulting tree, 'Y, obtained by adjoining /3 to 
0: at node n (see top two illustrations in Fig. 2.2) is built as follows: 

• the sub-tree of 0: dominated by n, call it t, is excised, leaving a copy of n 
behind. 

• the auxiliary tree /3 is attached at the copy of n and its root node is identified 
with the copy of n. 

• the sub-tree t is attached to the foot node of /3 and the root node of t (Le. 
n) is identified with the foot node of /3. 

The top two illustrations in Fig. 2.2 illustrate how adjoining works. The 
auxiliary tree /31 is adjoined on the V P node in the tree 0:2. 0:1 is the resulting 
tree. 

Substitution takes place only on non-terminal nodes of the frontier of a 
tree (see bottom two illustrations in Fig. 2.2). An example of substitution 
is given in the fourth illustration (from the top) in Fig. 2.2. By convention, 
the nodes on which substitution is allowed are marked by a down arrow (1). 
When substitution occurs on a node n, the node is replaced by the tree to 
be substituted. When a node is marked for substitution, only trees derived 
from initial trees can be substituted for it. 

By definition, any adjunction on a node marked for substitution is dis
allowed. For example, no adjunction can be performed on any N P node in 
the' tree 0:2. Of course, adjunction is possible on the root node of the tree 
substituted for the substitution node. 

2.1 Adjoining constraints 

In the system that we have described so far, an auxiliary tree (3 can be 
adjoined on a node n if the label of n is identical to the label of the root 
node of the auxiliary tree /3 and if n is labeled by a non-terminal symbol 
not annotated for substitution. It is convenient for linguistic description to 
have more precision for specifying which auxiliary trees can be adjoined at 
a given node. This is exactly what is achieved by constraints on adjunction 
[Joshi 1987]. In a TAG G = (E, NT, I, A, S), one can, for each node of an 
elementary tree (on which adjoining is allowed), specify one of the following 
three constraints on adjunction: 

• Selective Adjunction (SA(T), for short): only members of a set T ~ A of 
auxiliary trees can be adjoined on the given node. The adjunction of an 
auxiliary is not mandatory on the given node. 
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y y X 

(o)-A (II) 

L..----"_----''''--....o. L x· ~ 

s 
/\ s NPoJ. VP 

/\ A 
NPoJ. VP VP V VP 

/\ + /\ ----+ 

I /\ 
V NP)J. V VP* bas V NP)J. 

(Q2) I (f31) I (QI) I 
loved has loved 

Adjoining 

( "',. 

6 6 '6 
6 --

s 

/\ s NPoJ. VP 

/\ A 
NPoJ. vp NP V NP 

/\ + /\ ----+ I /\ 
V NP)J. oj. N loved OJ. N 

(Q2) I (Q3) I (Q4) I 
loved woman woman 

Substitution 

Fig. 2.2. Combining operations: adjoining and substitution 
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• Null Adjunction (N A for short): it disallows any adjunction on the given 
node.3 

• Obligatory Adjunction (OA(T), for short): an auxiliary tree member of the 
set T ~ A must be adjoined on the given node. In this case, the adjunction 
of an auxiliary tree is mandatory. OA is used as a notational shorthand for 
OA(A). 

If there are no substitution nodes in the elementary trees and if there are 
no constraints on adjoining, then we have the 'pure' (old) Tree Adjoining 
Grammar (TAG) as described in [Joshi et al. 1975J. 

The operation of substitution and the constraints on adjoining are both 
needed for linguistic reasons. Constraints on adjoining are also needed for 
formal reasons in order to obtain some closure properties. 

2.2 Derivation in TAG 

We now define by an example the notion of derivation in a TAG. Unlike CFGs, 
the tree obtained by derivation (the derived tree) does not give enough infor
mation to determine how it was constructed. The derivation tree is an object 
that specifies uniquely how a derived tree was constructed. Both operations, 
adjunction and substitution, are considered in a TAG derivation. Take for 
example the derived tree a5 in Fig. 2.3; a5 yields the sentence yesterday a 
man saw Mary. It has been built with the elementary trees shown in Fig. 2.4. 

s 

~ 
Ad S 

I ~ 
yesterday NP VP 

1\ 1\ 
D N V NP 

I I I I 
a man saw N 

I 
Mary 

Fig. 2.3. Derived tree for: yesterday a man saw Mary 

3 Null adjunction constraint corresponds to a selective adjunction constraint for 
which the set of auxiliary trees T is empty: N A = SA(0) 
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S NP 

/\ /\ 
Adv S* D DJ, N 

((3yest) I (aa) I (aman ) I 
yesterday a man 

NP 

I 
N 

I 
saw Mary 

Fig. 2.4. Some elementary trees 

The root of a derivation tree for TAGs is labeled by an S-type initial 
tree. All other nodes in the derivation tree are labeled by auxiliary trees 
in the case of adjunction or initial trees in the case of substitution. A tree 
address is associated with each node (except the root node) in the derivation 
tree. This tree address is the address of the node in the parent tree to which 
the adjunction or substitution has been performed. We use the following 
convention: trees that are adjoined to their parent tree are linked by an 
unbroken line to their parent, and trees that are substituted are linked by a 
dashed line.4 Since by definition, adjunction can only occur at a particular 
node one time, all the children of a node in the derivation tree will have 
distinct addresses associated with them. 

The derivation tree in Fig. 2.5 specifies how the derived tree as pictured 
in Fig. 2.3 was obtained. This derivation tree (Fig. 2.5) should be interpreted 
as follows: aa is substituted in the tree a man at the node of address 1 (D), 
aman is substituted in the tree a saw at address 1 (NPo) in a man , aMary is 
substituted in the tree a saw at node 2·2 (N PI) and the tree (3yest is adjoined 
in the tree a saw at node 0 (S). 

The order in which the derivation tree is interpreted has no impact on 
the resulting derived tree. 

4 We will use Gom addresses as tree addresses: 0 is the address of the root node, 
k is the address of the kth child of the root node, and p . q is the address of the 
lh child of the node at address p. 
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llsaw --:---.-. _ .... - I 

-- I 

nman (1) CXMary (2.2) Pyest (0) 

CXa (1) 

Fig. 2.5. Derivation tree for Yesterday a man saw Mary 

2.3 Some properties of the string languages and tree sets 

We summarize some of the well known properties of tree-adjoining grammar's 
string languages and of the tree sets. 

The tree set of a TAG is defined as the set of completed5 initial trees 
derived from some S-rooted initial tree: 

TG = {t I t is 'derived' from some S-rooted initial tree} 
The string language of a TAG, L(G), is then defined as the set of yields 

of all the trees in the tree set: 
LG = {w I w is the yield of some tin TG} 

Adjunction is more powerful than substitution and it generates some 
context-sensitive languages (see Joshi [1985J for more details). 6 

Some well known properties of the string languages follow: 

• context-free languages are strictly included in tree-adjoining languages, 
which themselves are strictly included in indexed languagesj 

CFL c TAL C Indexed Languages C CSL 
• TALs are semilinearj 
• All closure properties of context-free languages also hold for tree-adjoining 

languages. In fact, TALs are a full abstract family of languages (full AFLs). 
• a variant of the push-down automaton called embedded push-down au

tomaton (EPDA) [Vijay-Shanker 1987] characterizes exactly the set of tree
adjoining languages, just as push-down automaton characterizes CFLs. 

• there is a pumping lemma for tree-adjoining languages. 
• tree-adjoining languages can be parsed in polynomial time, in the worst 

case in O(n6 ) time. 

Some well know properties of the tree sets of tree-adjoining grammars 
follow: 

5 We say that an initial tree is completed if there is no substitution nodes on the 
frontier of it. 

6 Adjunction can simulate substitution with respect to the weak generative ca
pacity. It is also possible to encode a context-free grammar with auxiliary trees 
using adjunction only. However, although the languages correspond, the possible 
encoding does not directly reflect the tree set of original context-free grammar 
since this encoding uses adjunction. 
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• the tree sets of recognizable sets (regular tree sets)[Thatcher 1971] are 
strictly included in the tree sets of tree-adjoining grammars, T(T AG); 

recognizable sets C T(T AG) 
• the set of paths of all the trees in the tree set of a given TAG, P(T(G)), is 

a context-free language; 
P(T(G)) is a CFL 

• the tree sets of TAG are equivalent to the tree sets of linear indexed lan
guages. Hence, linear versions of Schimpf-Gallier tree automaton 
[Schimpf and Gallier 1985] are equivalent to T(T AG); 

• for every TAG, G, the tree set of G, T(G), is recognizable in polynomial 
time, in the worst case in O(n3)-time, where n is the number of nodes in a 
tree t E T(G). 

We now give two examples to illustrate some properties of tree-adjoining 
grammars. 

Example 2.1. Consider the following TAG G1 = ({a, e, b}, {S}, {Q;6}, {,82}, S) 

e 

G1 generates the language L1 = {anebnln 2: I}. For example, in Fig. 2.6, 
0.7 has been obtained by adjoining ,82 on the root node of 0.6 and Q;s has been 
obtained by adjoining ,82 on the node at address 2 in in the tree Q;7. 

SNA 

/\ 
a SNA 

/\ 
SNA a S 

/\ /\ 
a S SNA b 

/\ /\ 
SNA b SNA b 

(07) I (08) I 
e e 

Fig. 2.6. Some derived trees of G1 
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Although L1 is a context-free language, G1 generates cross serial depen
dencies. For example, 0:7 generates, a1 eb1, and O:s generates, a1 a2eb2b1. It 
can be shown that T(Gd is not recognizable. 

Example 2.2. Consider the TAG G2 = ({a,b,c,d,e},{S}, {0:6}, {.63},S) be
low 

S 

(0:6) I 
e 

G2 generates the context-sensitive language L2 = {anbnecndnln ~ I}. For 
example, in Fig. 2.7,0:9 has been obtained by adjoining.63 on the root node 
of 0:6 and 0:10 has been obtained by adjoining .63 on the node at address 2 in 
in the tree 0:9. 

One can show that {anbncndnenln ~ I} is not a tree-adjoining language. 

We have seen in Section 2.2 that the derivation in TAG is also a tree. For 
a given TAG, G, it can be shown that the set of derivations trees of G, D(G), 
is recognizable (in fact a local set). Many different grammar formalisms have 
been shown to be equivalent to TAG, their derivation trees are also local sets. 

SNA 

~ 
a SNA d 

SNA 
If\ 
a S d 

If\ ~ 
a S d b SNA C 

~ ~ 
b SNA C b SNA c 

(a9) I (alO) I 
e e 

Fig. 2.7. Some derived trees of G2 
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3. Lexicalized grammars 

We define a notion of "lexicalized grammars" that is of both linguistic and 
formal significance. We then show how TAG arises in the processes of lexi
calizing context-free grammars. 

In this "lexicalized grammar" approach [Schabes et al. 1988, Schabes 
1990]' each elementary structure is systematically associated with a lexical 
item called the anchor. By 'lexicalized' we mean that in each structure there is 
a lexical item that is realized. The 'grammar' consists of a lexicon where each 
lexical item is associated with a finite number of structures for which that 
item is the anchor. There are operations which tell us how these structures 
are composed. A grammar of this form will be said to be 'lexicalized'. 

Definition 3.1 (Lexicalized Grammar). A grammar is 'lexicalized' if it 
consists of: 

• a finite set of structures each associated with a lexical item; each lexical 
item will be called the anchor of the corresponding structure; 

• an operation or operations for composing the structures. 

We require that the anchor must be an overt (i.e. not the empty string) lexical 
item. 

The lexicon consists of a finite set of structures each associated with an 
anchor. The structures defined by the lexicon are called elementary structures. 
Structures built by combination of others are called derived structures. 

As part of our definition of lexicalized grammars, we require that the 
structures be of finite size. We also require that the combining operations 
combine a finite set of structures into a finite number of structures. We will 
consider operations that combine two structures to form one derived struc
ture. 

Other constraints can be put on the operations. For examples, the oper
ations could be restricted not to copy, erase or restructure unbounded com
ponents of their arguments. We could also impose that the operations yield 
languages of constant growth [Joshi 1985]. The operations that we will use 
have these properties. 

Categorial Grammars [Lambek 1958, Steedman 1987] are lexicalized ac
cording to our definition since each basic category has a lexical item associ
ated with it. 

As in Categorial Grammars, we say that the category of a word is the 
entire structure it selects. If a structure is associated with an anchor, we say 
that the entire structure is the category structure of the anchor. 

We also use the term 'lexicalized' when speaking about structures. We 
say that a structure is lexicalized if there is at least one overt lexical item 
that appears in it. If more than one lexical item appears, either one lexical 
item is designated as the anchor or a subset of the lexical items local to the 
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structure are designated as multi-component anchor. A grammar consisting 
of only lexicalized structures is of course lexicalized. 

For example, the following structures are lexicalized according to our 
definition: 7 

S S 

/\ /\ 
NP NPj. VP NPj. VP 

/\ /\ /\ 
nj. N V NPj. V S* 

(0:11) I (0:12) I (0:13) I 
men eat think 

S 

/\ 
S NPj. VP 

/\ ~ 
NPj. VP V NPj. pp 

A I /\ 
V NP take P NP 

I A I I 
kick D N into N 

(0:14) I I (0:15) 
the bucket account 

Some simple properties follow immediately from the definition of lexical
ized grammars. 

Proposition 3.1. Lexicalized grammars are finitely ambiguous. 

A grammar is said to be finitely ambiguous if there is no sentence of finite 
length that can be analyzed in an infinite number of ways. 

The fact that lexicalized grammars are finitely ambiguous can be seen 
by considering an arbitrary sentence of finite length. The set of structures 
anchored by the words in the input sentence consists of a set of structures 
necessary to analyze the sentence; while any other structure introduces lexical 
items not present in the input string. Since the set of selected structures is 
finite, these structures can be combined in finitely many ways (since each tree 
is associated with at least one lexical item and since structures can combine to 

7 The interpretation of the annotations on these structures is not relevant now 
and it will be given later. 
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produce finitely many structures). Therefore lexicalized grammars are finitely 
ambiguous. 

Since a sentence of finite length can only be finitely ambiguous,the search 
space used for analysis is finite. Therefore, the recognition problem for lexi
calized grammars is decidable 

Proposition 3.2. It is decidable whether or not a string is accepted by a 
lexicalized grammar. 8 

Having stated the basic definition of lexicalized grammars and also some 
simple properties, we now turn our attention to one of the major issues: can 
context-free grammars be lexicalized? 

Not every grammar is in a lexicalized form. Given a grammar G stated in 
a formalism, we will try find another grammar Glex (not necessarily stated 
in the same formalism) that generates the same language and also the same 
tree set as G and for which the lexicalized property holds. We refer to this 
process as lexicalization of a grammar. 

Definition 3.2 (Lexicalization). We say that a formalism F can be lexi
calized by another formalism F', if for any finitely ambiguous grammar G in 
F there is a grammar G' in F' such that G' is a lexicalized grammar and such 
that G and G' generate the same tree set (and a fortiori the same language). 

The next section discusses what it means to lexicalize a grammar. We will 
investigate the conditions under which such a 'lexicalization' is possible for 
CFGs and tree-adjoining grammars (TAGs). We present a method to lexical
ize grammars such as CFGs, while keeping the rules in their full generality. 
We then show how a lexicalized grammar naturally follows from the extended 
domain of locality of TAGs. 

4. 'Lexicalization' of CFGs 

Our definition of lexicalized grammars implies their being finitely ambiguous. 
Therefore a necessary condition of lexicalization of a CFG is that it is finitely 
ambiguous. As a consequence, recursive chain rules obtained by derivation 
(such as X~X) or elementary (such as X --+ X) are disallowed since they 
generate infinitely ambiguous branches without introducing lexical items. 

In general, a CFG will not be in lexicalized form. For example a rule of 
the form, S --+ N P V P or S --+ S S, is not lexicalized since no lexical item 
appears on the right hand side of the rule. 

A lexicalized CFG would be one for which each production rule has a 
terminal symbol on its right hand side. These constitute the structures as-

8 Assuming that one can compute the result of the combination operations. 
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sociated with the lexical anchors. The combining operation is the standard 
substitution operation.9 

Lexicalization of CFG that is achieved by transforming it into an equiv
alent Greibach Normal Form CFG, can be regarded as a weak lexicalization, 
because it does not give us the same set of trees as the original CFG. Our 
notion of lexicalization can be regarded as strong lexicalization. 1o 

In the next sections, we propose to extend the domain of locality of 
context-free grammar in order to make lexical item appear local to the pro
duction rules. The domain of locality of a CFG is extended by using a tree 
rewriting system that uses only substitution. We will see that in general, 
CFGs cannot be lexicalized using substitution alone, even if the domain of 
locality is extended to trees. Furthermore, in the cases where a CFG could 
be lexicalized by extending the domain of locality and using substitution 
alone, we will show that, in general, there is not enough freedom to choose 
the anchor of each structure. This is important because we want the choice 
of the anchor for a given structure to be determined on purely linguistic 
grounds. We will then show how the operation of adjunction enables us to 
freely 'lexicalize' CFGs. 

4.1 Substitution and lexicalization of CFGs 

We already know that we need to assume that the given CFG is finitely am
biguous in order to be able to lexicalized it. We propose to extend the domain 
of locality of CFGs to make lexical items appear as part of the elementary 
structures by using a grammar on trees that uses substitution as combin
ing operation. This tree-substitution grammar consists of a set of trees that 
are not restricted to be of depth one (rules of context-free grammars can be 
thought as trees of depth one) combined with substitutionY 

A finite set of elementary trees that can be combined with substitution 
define a tree-based system that we will call a tree substitution grammar. 

Definition 4.1 (Tree-Substitution Grammar). 
A Tree-Substitution Grammar (TSG) consists of a quadruple (E, NT,!, S), 
where 

(i) E is a finite set of terminal symbols; 
(ii) NT is a finite set of non-terminal symbols12 : En NT = 0; 

9 Variables are independently substituted by substitution. This standard (or first 
order) substitution contrasts with more powerful versions of substitution which 
allow to substitute multiple occurrences of the same variable by the same term. 

10 For some recent results in strong lexicalization and CFGs, see 
[Schabes and Waters 1995] and the discussion in Section 10. 

11 We assume here first order substitution meaning that all substitutions are 
independent. 

12 We use lower-case letters for terminal symbols and upper-case letters for non
terminal symbols. 
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(iii) S is a distinguished non-terminal symbol: SENT; 
(iv) I is a finite set of finite trees whose interior nodes are labeled by non

terminal symbols and whose frontier nodes are labeled by terminal or 
non- terminal symbols. All non-terminal symbols on the frontier of the 
trees in I are marked for substitution. The trees in I are called initial 
trees. 

We say that a tree is derived if it has been built from some initial tree in 
which initial or derived trees were substituted. A tree will be said of type X 
if its root is labeled by X. A tree is considered completed if its frontier is to 
be made only of nodes labeled by terminal symbols. 

Whenever the string of labels of the nodes on the frontier of an X-type 
initial tree tx is c¥ E (E U NT)*, we will write: Fr(tx) = c¥. 

As for TAG, the derivation in TSG is stated in the form of a tree called 
the derivation tree (see Section 2.2). 

It is easy to see that the set of languages generated by this tree rewriting 
system is exactly the same set as context-free languages. 

We now come back to the problem of lexicalizing context-free grammars. 
One can try to lexicalize finitely ambiguous CFGs by using tree-substitution 
grammars. However we will exhibit a counter example that shows that, in 
the general case, finitely ambiguous CFGs cannot be lexicalized with a tree 
system that uses substitution as the only combining operation. 

Proposition 4.1. Finitely ambiguous context-free grammars cannot be lex
icalized with a tree-substitution grammar. 

Proof. 13 We show this proposition by a contradiction. Suppose that finitely 
ambiguous CFGs can be lexicalized with TSG. Then the following CFG can 
be lexicalized:14 

Example 4.1 (counterexample). 

S--->SS 
S--->a 

Suppose there were a lexicalized TSG G generating the same tree set as 
the one generated by the above grammar. Any derivation in G must start 
from some initial tree. Take an arbitrary initial tree t in G. Since G is a 
lexicalized version of the above context-free grammar, there is a node n on 
the frontier of t labeled by a. Since substitution can only take place on the 
frontier of a tree, the distance between n and the root node of t is constant 
in any derived tree from t. And this is the case for any initial tree t (of which 
there are only finitely many). This implies that in any derived tree from G 

13 The underlying idea behind this proof was suggested to us by Stuart Shieber. 
14 This example was pointed out to us by Fernando Pereira. 
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there is at least one branch of bounded length from the root node to a node 
labeled by a (that branch cannot further expand). However in the derivation 
trees defined by the context-free grammar given above, a can occur arbitrarily 
far away from the root node of the derivation. Contradiction. 0 

The CFG given in Example 4.1 cannot be lexicalized with a TSG. The 
difficulty is due to the fact that TSGs do not permit the distance between 
two nodes in the same initial tree to increase. 

For example, one might think that the following TSG is a lexicalized ver
sion of the above grammar: 

S S 

A A 
S SJ, S S SJ, 

(a16) I (a17) (alS) 
a a a 

However, this lexicalized TSG does not generate all the trees generated 
by the context-free grammar; for example the following tree (a19) cannot be 
generated by the above TSG: 

s 

/\ 
s s 

/\/\ 
s s s s 

(a19) I I I I 
a a a a 

We now turn to a less formal observation. Even if some CFGs can be 
lexicalized by using TSG, the choice of the lexical items that emerge as the 
anchor may be too restrictive, for example, the choice may not be linguisti
cally motivated. 

Consider the following example: 

Example 4.2. 

S ----t NP VP 
VP ----t adv VP 
VP ----tv 
NP-+n 



Tree-Adjoining Grammars 85 

The grammar can be lexicalized as follows: 

s s 

/\ /\ 
NPJ.VP NPJ. VP 

(020) I (021) /\ 
v adv VP 

VP VP I NP 

/\ I V I (022) (023) (024) 
adv VPJ. V D 

This tree-substitution grammar generates exactly the same set of trees as 
in Example 4.2, however, in this lexicalization one is forced to choose adv (or 
n) as the anchor of a structure rooted by S (02r), and it cannot be avoided. 
This choice is not linguistically motivated. If one tried not to have an S-type 
initial tree anchored by n or by adv, recursion on the V P node would be 
inhibited. 

For example, the grammar written below: 

S 

/\ 
NP.I. VP VP VP NP 

(020) I (022) /\ (023) I (024) I 
v adv VPJ. v n 

does not generate the tree 025: 

s 
/\ 

NPJ. VP 

/\ 
adv VP 

I 
V 

This example shows that even when it is possible to lexicalize a CFG, 
substitution (TSG) alone does not allow us to freely choose the lexical an
chors. Substitution alone forces us to make choices of anchors that might 



86 A. K. Joshi and Y. Schabes 

not be linguistically (syntactically or semantically) justified. From the proof 
of Proposition 4.1 we conclude that a tree based system that can lexicalize 
context-free grammars must permit the distance between two nodes in the 
same tree to be increased during a derivation. In the next section, we suggest 
the use of an additional operation when defining a tree-based system in which 
one tries to lexicalize CFGs. 

4.2 Lexicalization of CFGs with TAGs 

Another combining operation is needed to lexicalize finitely ambiguous CFGs. 
As the previous examples suggest us, we need an operation that is capable 
of inserting a tree inside another one. We suggest using adjunction as an 
additional combining operation. A tree-based system that uses substitution 
and adjunction coincides with a tree-adjoining grammar (TAG). 

We first show that the CFGs in Examples 4.1 and 4.2 for which TSG 
failed can be lexicalized within TAGs. 

Example 4.3. Example 4.1 could not be lexicalized with TSG. It can be lex
icalized by using adjunction as follows: 15 

S 

(a16) I 
a 

S 

/\ 
S* S 

I 
a 

The auxiliary tree (34 can now be inserted by adjunction inside the derived 
trees. 

For example, the following derived trees can be derived by successive 
adjunction of (34: 

S S 

/\ /\ 
s S S S S 

/\ 1/\ /\/\ 
s S S aSS S S S S 

(a16) I (a26) I I (a27 ) 1 1 (a2S) 1 1 1 1 
a a a a a a a a a 

15 a is taken as the lexical anchor of both the initial tree Q16 and the auxiliary 
tree {34. 
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Example 4.4. The CFG given in Example 4.2 can be lexicalized by using 
adjunction and one can choose the anchor freely:16 

s 

/\ 
NPj, vp NP 

I I 
v n 

The auxiliary tree (35 can be inserted in a20 at the V P node by adjunction. 
Using adjunction one is thus able to choose the appropriate lexical item as 
anchor. The following trees (a29 and (30) can be derived by substitution of 
a24 into a20 for the N P node and by adjunction of (35 on the V P node in 
a20: 

S 

/\ s NP vp 

/\ I /\ 
NP VP n adv VP 

(a29) I I (a30) I 
n v v 

We are now ready to prove the main result: any finitely ambiguous 
context-free grammar can be lexicalized within tree-adjoining grammars; fur
thermore adjunction is the only operation needed. Substitution as an addi
tional operation enables one to lexicalize CFGs in a more compact way. 

Proposition 4.2. If G = (E, NT, P, S) is a finitely ambiguous CFG which 
does not generate the empty string, then there is a lexicalized tree-adjoining 
grammar G1ex = (E, NT, I, A, S) generating the same language and tree set 
as G. Furthermore Gl ex can be chosen to have no substitution nodes in any 
elementary trees. 

We give a constructive proof of this proposition. Given an arbitrary CFG, 
G, we construct a lexicalized TAG, Gl ex , that generates the same language 
and tree set as G. The construction is not optimal with respect to time or 
the number of trees but it does satisfy the requirements. 

16 We chose v as the lexical anchor of <l20 but, formally, we could have chosen n 
instead. 
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The idea is to separate the recursive part of the grammar G from the 
non-recursive part. The non-recursive part generates a finite number of trees, 
and we will take those trees as initial TAG trees. Whenever there is in G 
a recursion of the form B=*aB{3, we will create an B-type auxiliary tree in 
which a and (3 are expanded in all possible ways by the non-recursive part of 
the grammar. Since the grammar is finitely ambiguous and since ,\ tj. L(G), 
we are guaranteed that a{3 derives some lexical item within the non-recursive 
part of the grammar. The proof follows. 

Proof of Proposition 4.2. Let G = (E, NT, P, S) be a finitely ambiguous 
context-free grammar s.t. ,\ tj. L(G). We say that BENT is a recursive 

symbol if and only if 3a, {3 E (E U NT)* s.t. B=*aB{3. We say that a produc
tion rule B ---+ 8 is recursive whenever B is recursive. 

The set of production rules of G can be partitioned into two sets: the 
set of recursive production rules, say R ~ P, and the set of non-recursive 
production rules, say NR ~ Pj R U NR = P and R n NR = 0. In order to 
determine whether a production is recursive, given G, we construct a directed 
graph 9 whose nodes are labeled by non-terminal symbols and whose arcs 
are labeled by production rules. There is an arc labeled by pEP from a node 
labeled by B to a node labeled by C whenever p is of the form B ---+ aC{3, 
where a, {3 E (E U NT) *. Then, a symbol B is recursive if the node labeled by 
B in 9 belongs to a cycle. A production is recursive if there is an arc labeled 
by the production which belongs to a cycle. 

Let L(NR) = {wIS=*w using only production rules in NR}. L(NR) is a 
finite set. Since ,\ ¢ L(G), ,\ ¢ L(NR). Let I be the set of all derivation 
trees defined by L(NR). I is a finite set of treesj the trees in I have at least 
one terminal symbol on the frontier since the empty string is not part of the 
language. I will be the set of initial trees of the lexicalized TAG Glex . 

We then form a base of minimal cycles of 9. Classical algorithms on graphs 
gives us methods to find a finite set of so-called 'base-cycles' such that any 
cycle is a combination of those cycles and such that they do not have any 
sub-cycle. Let {Cl ... cd be a base of cycles of 9 (each Gi is a cycle of 9). 

We initialize the set of auxiliary trees of Glex to the empty set, i.e. A := 0. 
We repeat the following procedure for all cycles Gi in the base until no more 
trees can be added to A. 

For all nodes ni in Gi, let Bi be the label of ni, 

According to Gi, Bi=*aiBi{3i, 
If Bi is the label of a node in a tree in I U A then 

for all derivations ai=*wi E E*, {3i=*Zi E E* 
that use only non-recursive production rules 

add to A the auxiliary tree corresponding to all derivations: 
Bi=*aiBi{3i=*WiBiZi where the node labeled Bi on the frontier is 
the foot node. 
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In this procedure, we are guaranteed that the auxiliary trees have at 
least one lexical item on the frontier, because ai/3i must always derive some 
terminal symbol otherwise, the derivation Bi,*aiBi/3i would derive a rule of 
the form Bi,*Bi and the grammar would be infinitely ambiguous. 

It is clear that Glex generates exactly the same tree set as G. Furthermore 
Glex is lexicalized. 

We just showed that adjunction is sufficient to lexicalize context-free 
grammars. However, the use of substitution as an additional operation to 
adjunction enables one to lexicalize a grammar with a more compact TAG. 

5. Closure of TAGs under lexicalization 

In the previous section, we showed that context-free grammars can be lexi
calized within tree-adjoining grammars. We now ask ourselves if TAGs are 
closed under lexicalization: given a finitely ambiguous TAG, G, (A rf. L(G)), 
is there a lexicalized TAG, Glex , which generates the same language and the 
same tree set as G? The answer is yes. We therefore establish that TAGs are 
closed under lexicalization. The following proposition holds: 

Proposition 5.1 (TAGs are closed under lexicalization). llG is a fin
itely ambiguous TA G that uses substitution and adjunction as combining op
eration, s.t. A rf. L(G), then there exists a lexicalized TAG Glex which gener
ates the same language and the same tree set as G. 

The proof of this proposition is similar to the proof of Proposition 4.2 
and we only give a sketch of it. It consists of separating the recursive part 
of the grammar from the non-recursive part. The recursive part of the lan
guage is represented in Glex by auxiliary trees. Since G is finitely ambiguous, 
those auxiliary trees will have at least one terminal symbol on the frontier. 
The non-recursive part of the grammar is encoded as initial trees. Since the 
empty string is not generated, those initial trees have at least one terminal 
symbol on the frontier. In order to determine whether an elementary tree is 
recursive, given G, we construct a directed graph 9 whose nodes are labeled 
by elementary trees and whose arcs are labeled by tree addresses. There is an 
arc labeled by ad from a node labeled by (:J to a node labeled by a whenever 
(:J can operate (by adjunction or substitution) at address ad in a. Then, an 
elementary tree 6 is recursive if the node labeled by 6 in 9 belongs to a cycle. 
The construction of the lexicalized TAG is then similar to the one proposed 
for Proposition 4.2. 
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6. Summary of lexicalization17 

The elementary objects manipulated by a tree-adjoining grammar are trees, 
i.e., structured objects and not strings. The properties of TAGs relate directly 
to the strong generative capacity (structural description) which is more rel
evant to linguistic descriptions than the weak generative capacity (set of 
strings). The tree sets of TAGs are not recognizable sets but are equivalent 
to the tree sets of linear indexed languages. Hence, tree-adjoining grammars 
generate some context-sensitive languages. However, tree-adjoining languages 
are strictly contained in the class of indexed languages. 

The lexicalization of grammar formalisms is of linguistic and formal in
terest. We have taken the point of view that rules should not be separated 
totally from their lexical realization. In this "lexicalized" approach, each el
ementary structure is systematically associated with a lexical anchor. These 
structures specify extended domains of locality (as compared to Context Free 
Grammars) over which constraints can be stated. 

The process of lexicalization of context-free rules forces us to use oper
ations for combining structures that make the formalism fall in the class 
of mildly context sensitive languages. Substitution and adjunction give us 
the freedom to lexicalize CFGs. Elementary structures of extended domain 
of locality, when they are combined with substitution and adjunction, yield 
Lexicalized TAGs. TAGs were so far introduced as an independent formal 
system. We have shown that they derive from the lexicalization process of 
context-free grammars. We also have shown that TAGs are closed under lex
icalization. 

Until recently it was an open problem whether or not there is a subclass 
of TAGs such that lexicalization can be achieved and yet this class was not 
more powerful than CFGs. This question has now been answered in the affir
mative in [Schabes and Waters 1995]. The tree insertion grammar they define 

'7 There are several important papers about TAGs describing their linguis
tic, computational and formal properties. Some of these are: Joshi 
[Joshi 1987J, Joshi, Vijay-Shanker and Weir [Joshi et al. 1991J, Vijay-Shanker 
[Vijay-Shanker 1987J, Weir [Weir 1988J, Schabes [Schabes 1990, Schabes 1991J, 
Schabes and Joshi [Schabes and Joshi 1988, Schabes and Joshi 1989J, Kroch 
[Kroch 1987J, Kroch and Joshi [Kroch and Joshi 1985J, AbeiUe, Bishop, 
Cote and Schabes [AbeiUe et al. 1990J, AbeilIe [AbeiUe 1988J, Schabes 
and Waters [Schabes and Waters 1995J, Rambow, Vijay-Shanker and Weir 
[Rambow et al. 1995J, Joshi and Srinivas [Joshi and Srinivas 1994J, Rambow 
[Rambow 1994J, Vijay-Shanker [Vijay-Shanker 1992J, Shieber and Schabes 
[Shieber and Schabes 1990J. A reader interested in TAGs will find these papers 
very useful. Additional useful references will be found in the Special Issue 
of Computational Intelligence (November 1994) [CI 1994] devoted to Tree
Adjoining Grammars. A wide coverage lexicalized TAG grammar for English 
(about 300,000 inflected items and about 570 trees in 38 families) and a parser 
(XTAG System) has been described in [XTAG-Group 1995], which includes 
evaluation of XTAG on corpora such as the Wall Street Journal, IBM Computer 
Manuals and ATIS Corpus. 
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is such a class. This class however cannot capture context-sensitive phenom
ena needed for the description of natural languages (for example, crossed 
dependencies), although it appears to be adequate for English for practical 
purposes. 

7. Embedded push-down automaton (EPDA) 

We will now describe an automaton related to TAGs and briefly describe a 
processing application to crossed dependencies. 

An EPDA, M', is very similar to a PDA, except that the push-down store 
is not necessarily just one stack but a sequence of stacks. The overall stack 
discipline is similar to a PDA, i.e., the stack head will be always at the top 
symbol of the top stack, and if the stack head ever reaches the bottom of a 
stack, then the stack head automatically moves to the top of the stack below 
(or to the left of) the current stack,if there is one [Vijay-Shanker 1987; Joshi 
1987; Joshi, Vijay-Shanker, and Weir 1988]. 

Initially, M' starts with only one stack, but unlike a PDA, an EPDA may 
create new stacks above and below (right and left of) the current stack. The 
behavior of M is specified by a transition function, 8', which for a given input 
symbol, the state of the finite control, and the stack symbol, specifies the new 
state, and whether the current stack is pushed or popped; it also specifies new 
stacks to be created above and below the current stack. The number of stacks 
to be created above and below the current stack are specified by the move. 
Also, in each one of the newly created stacks, some specified finite strings of 
symbols can be written (pushed). Thus: 

8' (input symbol, current state, stack symbol) = 
(new state, sb l , sb2, ... , sbm , push/pop on current stack, stl, st2, ... , stn ) 

where sb l , sb2, ... , sbm are the stacks introduced below the current stack, 
and stl! St2, ... , stn are the stacks introduced above the current stackl8 . In 
each one of the newly created stacks, specified information may be pushed. 
For simplicity, we have not shown this information explicitly in the above 
definition. As in the case of a PDA, an EPDA can be nondeterministic also. 

A string of symbols on the input tape is recognized (parsed, accepted) by 
M', if starting in the initial state, and with the input head on the leftmost 
symbol of the string on the input tape, there is a sequence of moves as 
specified by 8' such that the input head moves past the rightmost symbol on 
the input tape and the current stack is empty, and there are no more stacks 
below the current stack. Figures 7.1 and 7.2 illustrate moves of an EPDA, 
M'. 

18 The transition function must also specify whether the input head moves one 
symbol to the right or stays where it is. 
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Given the initial configuration as shown in (I), let us assume that for 
the given input symbol, the current state of the finite control, and the stack 
symbol, 8' specifies the move shown in (2): 

(I) Inpulllpe 

Current Slict 

, 
(2) 

~ 
l 

z. Y, ~ z. Y. Iz. I w z. Xo rili: 
CUm:nI 

Fig. 1.1. Moves of an EPDA 

," 

l' 
I 

I 
~ ~ ~ ~ ~ ~ 

~ 
'" [ 

I 

~ ~ ~ ~ ~ 
.,..." 

Fig. 1 .2. Moves of an EPDA 
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In this move, two stacks have been created above (to the right of) the 
current stack (which is shown by dotted lines), and three stacks have been 
created below (to the left of) the current stack (Le., the current stack in 
(1), the old current stack). W has been pushed on the current stack, Xo 
and X I, respectively, have been pushed on the two stacks introduced above 
the current stack, and Yo, YI , and Y2 , respectively, have been pushed on the 
stacks created below the (old) current stack. The stack head has moved to 
the top of top stack, so now the topmost stack is the new current stack and 
the stack head is on the topmost symbol in the new current stack. We will 
use Zo to denote the bottom of each stack. 

Let us assume that in the next move the configuration is as shown in (3) in 
Fig. 7.2. In this move, 1 stack has been created below the current stack (which 
is shown by dotted lines) with Vo pushed on it, 2 stacks have been created 
above the (old) current stack with To and TI pushed on them, respectively. 
V is pushed on the (old) current stack. The stack head has again moved to 
the topmost symbol of top stack, which is now the new current stack. 

Thus in an EPDA in a given configuration there is a sequence of stacks; 
however, the stack head is always at the top of the top stack at the end of a 
move. Thus although, unlike a PDA, there is a sequence of stacks in a given 
configuration, the overall stack discipline is the same as in a PDA. PDAs 
are special cases of EPDAs, where in each move no new stacks are created, 
only a push/pop is carried out on the current stack. Note that in an EPDA, 
during each move, push/pop is carried out on the current stack and pushes 
on the newly created stacks. Since, in a given move, the information popped 
from the current stack may be identical to the information pushed on a newly 
created stack, we will have the effect of moving information from one stack 
to another. In this case the information, although popped from the current 
stack, is still in the EPDA. We will use the term POP (capitalized) to denote 
the case when information is popped from the current stack and it is not 
'moved' to a newly created stack, i.e., the information is discharged from the 
EPDA and it is lost from the EPDA. 

7.1 Crossed dependencies 

We will now illustrate how EPDAs can process crossed dependencies as they 
arise in certain languages, for example, Dutch. The analysis presented below 
not only recognizes the strings with crossed dependencies but also shows how 
the interpretation is done incrementally. The reader will also note that the 
machine shown in Fig. 7.3 can also recognize strings of the form {anbncn I 
n 2: I} and {anbncndn I n 2: I}, which correspond to a mixture of crossed 
and nested dependencies. 

Rather than defining the EPDA, Md, formally, (Le. specifying the transi
tion function completely), we will describe simply the moves Md goes through 
during the processing of the input string (see Fig. 7.3. The symbols in the in
put string are indexed so as to bring out the dependencies explicitly and thus 
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(I) 

(2) 

(3) 

(4) 

(5) ~ 
(6) ~ IZoIN~ 

(7) ~ 
(8) 

(9) 

~ 
~ 

~ 
~ 
~ 

IZol I 

Izo~~p,~~1 

Izo~~~p,1 I 
Izo~1 I I 
Izo I I I I 

\j(NP~ 

Fig. 1.3. Crossed Dependencies (Dutch) 

the indexing is only for convenience. Also NPs are treated as single symbols. 
In the initial configurl1tion, the input head is on NPI and the stack head is 
on top of the current stack. The first three moves of Md , i.e., moves 1, 2, 
and 3, push NPl, NP2 , NP3 on the stack. At the end of the third move, the 
current stack has NPI , NP2, and NP3 on it and the input head is on VI. No 
new stacks have been created in these moves. In move 4, NP3 is popped from 
the current stack and a new stack has been created below the current stack 
and NP3 is pushed on this stack, thus NP3 is still within the EPDA and not 
POPPED out of the EPDA. At the end of move 4, the stack head is on top 
of the topmost stack, i.e., on NP2 and the input head stays at VI. Moves 5 
and 6 are similar to move 4. In move 5, NP2 is popped from the current stack 
and a new stack with NP2 on it is created below the current stack. Thus the 
stack containing NP2 appears between the stack containing NP3 and the cur
rent stack. The input head stays at VI. Similarly, in move 6, NPI is popped 
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from the current stack and a new stack is created below the current stack, 
and NPI is pushed on it. The input head stays at VI. The current stack is 
now empty and since there are stacks below the current stack, the stack head 
moves to the top of topmost stack below the empty current stack, i.e., it is 
on NPI . In move 7, NPI is POPPED. In effect, we have matched VI from 
the input to NPI and the structure VI (NPl> S) is now POPPED and NPI is 
no longer held by Md 19 • Vi(NPI,S) denotes a structure encoding VI and its 
argument structure. Note that this structure has its predicate and one argu
ment filled in, and it has a slot for an S type argument, which will be filled 
in by the next package that is POPPED by Md. Thus we are following the 
principle of partial interpretation (PPI), as described in Section 1. Similarly 
in move 8, V2 and NP2 are matched and NP2 is POPPED, i.e., the structure 
V2 (NP2 , S) is POPPED. This structure now fills in the S argument of the 
structure POPPED earlier, and it itself is ready to receive a structure to fill 
its S argument. In move 9, V3 and NP3 are matched and NP3 is POPPED, 
i.e., the structure V:3(NP3 ) is POPPED, which fills in the S argument of the 
structure previously POPPED. During the moves 7, 8, and 9, the input head 
moves one symbol to the right. Hence, at the end of move 9, the input head is 
past the rightmost symbol on the input tape; also, the current stack is empty 
and there are no stacks below the current stack. Hence, the input string has 
been successfully recognized (parsed). 

8. Linguistic relevance 

In this section we will discuss very briefly the linguistic relevance of TAGs. 
The two formal properties discussed below are linguistically very crucial 
and they are mathematically also very interesting. Tree-adjoining grammars 
(TAG) constitute a tree-generating formalism with some attractive properties 
for characterizing the strong generative capacity of grammars, that is, their 
capacity to characterize the structural descriptions associated with sentences. 
Among these properties the two most basic ones are as follows. 

1. Extended domain of locality (EDL): TAGs have a larger domain of lo
cality than context-free grammars (CPG) and CPG based grammars such as 
head-driven phrase structure grammars (HPSG) and lexical-functional gram
mars (LFG). In the CFG in Fig. 8.1 the dependency between the verb likes 
and its two arguments, subject (NP) and object (NP), is specified by means 
of the first two rules of the grammar. It is not possible to specify this depen
dency in a single rule without giving up the VP (verb phrase) node in the 
structure. That is, if we introduce the rule, S --t NP V NP, then we express 

19 Although we are encoding a structure, only a bounded amount of information 
is stored in the EPDA stacks. The symbols NP, S, etc. are all atomic symbols. 
In an EPDA behaving as a parser, these symbols can be regarded as pointers 
to relevant structures, already constructed, and outside the EPDA. 
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8yn/.aciic Rules fA':J.:ical Rules 

I. S -+ NP VP -1. NP -+ Harry 

2. VP -+ VP ADV G. NP -; peanuts 

3. VP -+ V NP 6. V -; likes 

7. ADV -; passionately 

Fig. 8.1. A Context-I-'ree Grammar (CFG) 

t.his depcllliency in one rule, but. then we cannot have VP in the grammar. 
Hence, if we regard each rule of a CFG as specifying t.he domain of locality, 
then the domain of localit.y for a CFG cannot locally (i.e., in one rule) encode 
the dependency between a verb and its arguments, and still keep the VP node 
ill the grammar. TAGs will permit the localillation of these dependencies, in
eluding the so-called long-distance dependencies. 

2. Fact.oring recursion from the domain of dependencies (FRD): The ele
ment.ary structures of TAGs are the domains over which dependencies such 
as agreement, subcat.egorization, and filler-gap, for example, are stated. The 
long-distance behavior of some of these dependencies follows from the op
eration of 'adjoining', thus factoring recursion from the domain over which 
dependencies are initially stated. 

All other properties of TAGs, mathematical, computational, and linguis
tic follow from EDL and FRD. TAGs belong to t.he so-called 'mildly context
sensitive grammars' (MCSG). Roughly speaking, MCSG are only slightly 
more powerful than CFGs and preserve all the properties of CFGs. This 
extra power is a corollary of EDL and FRD and appears to be adequate 
for characterizing various phenomena which require more formal power than 
CFGs. Parsing algorithms for CFGs have been extended to TAGs. Three 
other formal systems, linear indexed grammars, head grammars and combi
natory categorial grammars, have been shown to be weakly equivalent, that 
is in t.erms of the sets of strings these systems generate. 

The only operation in TAGs for composing trees is adjoining. Alt.hough 
adjoining can simulate substitution, by adding the operation of substitution 
explicitly, we obtain lexicalized TAGs, called LTAGs. LTAGs are formally 
equivalent to TAGs. Hence, we will describe LTAGs only. Moreover, LTAGs 
have direct linguistic relevance. All recent work, linguistic and computational, 
has been done in the framework of LTAGs. 

As we have already discussed in Section 3, in a 'lexicalized' grammar, 
each elementary structure is associated with a lexical item called its 'anchor'. 
By 'lexicalized' we mean that in each structure there is a lexical item that is 
n~aH7.ed. In a lexicalized grammar the grammar consists of a lexicon where 
each lexical item is associated with a finite set of elementary structures for 
which that item is the anchor (multiple anchors are possible). In addition to 
these anchored structures we have a finite set of operations which tell us how 
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these structures are composed. There are no rules as such in the grammar. 
The composition operations are universal in the sense that they are the same 
for all grammars in the class of lexicalized grammars. 

In a CFG, if we take each rule in the grammar as an elementary structure 
then it is easily seen that, in general, a CFG is not a lexicalized grammar. 
A CFG, G, which is not in a lexicalized form cannot be lexicalized by a lexi
calized grammar, G', using substitution as the only operation for composing 
structures, such that both G and G' generate the same strings and the same 
structural descriptions. If in addition to the operation of substitution we add 
the operation of adjoining, then any CFG can be lexicalized and, more in
terestingly, the resulting system of grammar is exactly the lexicalized TAG 
(LTAG) system, which is described below. Thus LTAGs arise naturally in the 
process of lexicalizing CFGs. 

In the LTAG, GI, in Fig. 8.2, each word is associated with a structure 
(tree) (the word serves as an anchor for the tree) which encodes the depen
dencies between this word and its arguments (and therefore indirectly its 
dependency on other words which are anchors for structures that will fill up 
the slots of the arguments). 

Thus, for likes, the associated tree encodes the arguments of likes (that 
is, the two NP nodes in the tree for likes) and also provides slots in the 
structure where they fit. The trees for Harry and peanuts can be substituted 
respectively in the subject and object slots of the tree for likes. The tree for 
passionately can be inserted (adjoined) into the tree for likes at the VP node. 
Adjoinable trees, which have a root node and a foot node (marked with *) 
with the same label, are called auxiliary trees. The other elementary trees are 
called initial trees. Derivation in a TAG is quite different from a derivation 
in a CFG. The tree in Fig. 8.3 is a derived tree in G1. It is not the derivation 
tree. The derivation tree (not shown here) will be a record of the history of 
the various adjoinings and substitutions carried out to produce the tree in 
Fig. 8.3. 

Now consider the TAG, G2 , in Fig. 8.4. For simplicity the trees in G2 

are shown with the NP substitutions already carried out. By adjoining the 
tree for tell at the interior S' node of the tree for likes in G2 , we obtain the 
derived tree in Fig. 8.5 corresponding to whoi did John tell Sam that Bill likes 
~ Note that in the tree for likes, the dependent elements whoi and the gap ~ 
both appear in the same elementary tree. In the derived tree in Fig. 8.5 the 
two dependent elements have moved apart and thus the dependencies have 
become long-distance.2o This example illustrates the property FRD. 

Using FRD, it can be shown that the principle of subjacency, a constraint 
on long-distance dependencies, which rules out sentences such as Who i did 
you wonder why she wrote to ei, is a corollary of the fact that there cannot be 

20 The specific linguistic details in Figures 8.4 and 8.5 may be ignored by a reader 
not familiar with the Government and Binding Theory. The factoring of recur
sion from the domain of dependencies illustrated in these figures is independent 
of any particular grammatical theory. 
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Operations: (1) Substitution (for nodes marked with 1). (2) Adjoining. 

Fig. 8.2. Elementary Trees for a TAG, G1 
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Fig. 8.3. A Derived Tree for the TGA, G1 
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S' 

NPj [+wh] S' 

who COMP S 

that NP VP 

Bill v NP 

S' likes e j 

COMP S 

<I> INFL NP VP 

did John v NP S'* 

tell Sam 

Fig. 8.4. Elementary Trees for a TAG, G2 
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S' 

NP; [+wh) S. 

~ 
who COMP S 

I~ 
• INFL NP VP 

II~ 
did John V NP 

I A 
tell Sam S· 

~ 
COMP S 

I~ 
that NP VP 

I A 
DIU V NP 

I I 
likes e i 

Fig. 8.5. A Derived Tree for the TAG, G2 

an elementary tree (for English) which has two preposed WH-phrases. Thus, 
the long-distance constraint is replaced by a local constraint on an elementary 
tree, a constraint that is needed in any case to define the elementary trees 
that are allowed and those that are not. Further linguistic results using EDL 
and FRD have been obtained in the treatment of linguistic phenomena such 
as extraposition, asymmetries in long-distance extractions, the clause-final 
verb clusters in Dutch and German and idioms-their noncompositional and 
compositional aspects, among others. 
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9. Some variants of TAGs 

9.1 Feature structure based TAGs 

A feature structure consists of a set of attribute-value pairs, where a value 
may be atomic or another feature structure. The main operation for combin
ing feature structures is unification. A variety of grammars such as GPSG, 
HPSG, and LFG are feature structure based grammars with CFG as their 
skeletons. A feature structure based TAG is a TAG in which feature struc
tures are associated with the nodes of the elementary trees. The operations of 
substitution and adjoining are then defined in terms of unifications of appro
priate feature structures, thus allowing the constraints on substitution and 
adjoining to be modeled by the success or failure of unifications. In contrast 
to feature structure based grammars with CFG skeletons, those with TAG 
skeletons need only finite-valued features due to EDL and FRD, thus reducing 
the role of unification as compared to CFG based systems [Joshi et al. 1991]. 

9.2 Synchronous TAGs 

Synchronous TAGs are a variant of TAGs, which characterize correspon
dences between languages [Shieber and Schabes 1990]. Using EDL and FRD, 
synchronous TAGs allow the application of TAGs beyond syntax to the task 
of semantic interpretation, language generation and automatic translation. 
The task of interpretation consists of associating a syntactic analysis of a 
sentence with some other structure - a logical form representation or an 
analysis of a target language sentence. In a synchronous TAG both the orig
inal language and its associated structure are defined by grammars stated 
in the TAG formalism. The two TAGs are synchronized with respect to the 
operations of substitution and adjoining, which are applied simultaneously to 
related nodes in pairs of trees, one tree for each language. The left member 
of a pair is an elementary tree from the TAG for one language, say English, 
and the right member of the pair is an elementary tree from the TAG for 
another language, say the logical form language. 

9.3 Probabilistic LTAGs 

Probabilistic CFGs can be defined by associating a probability with each rule 
of the grammar. Then the probability of a derivation can be easily computed 
because each rewriting in a CFG derivation is independent of context and 
hence, the probabilities associated with the different rewriting rules can be 
multiplied. However, the rule expansions are, in general, not context-free. 
A probabilistic CFG can distinguish two words or phrases wand w' only 
if the probabilities P( w / N) and P( w' / N) as given by the grammar differ 
for some nonterminal. That is, all the distinctions made by a probabilistic 
CFG must be mediated by the nonterminals of the grammar. Representing 
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distributional distinctions in nonterminals leads to an explosion in the num
ber of parameters required to model the language. These problems can be 
avoided by adopting probabilistic TAGs, which provide a framework for in
tegrating the lexical sensitivity of stochastic approaches and the hierarchical 
structure of grammatical systems [Resnick 1994, Schabes 1992J. Since every 
tree is associated with a lexical anchor, words and their associated structures 
are tightly linked. Thus the probabilities associated with the operations of 
substitution and adjoining are sensitive to lexical context. This attention to 
lexical context is not acquired at the expense of the independence assump
tion of probabilities because substitutions and adjoinings at different nodes 
are independent of each other. Further EDL and FRD allow one to capture 
locally the co-occurrences between, the verb likes and the head nouns of the 
subject and the object of likes even though they may be arbitrarily apart in 
a sentence. 

9.4 Using description trees in TAG 

A new perspective on TAGs is provided in [Vijay-Shanker 1992J by providing 
a formalism for describing the trees in TAG. Roughly speaking an internal 
node of a tree in TAG is viewed as a pair of nodes (say top and bottom)one 
dominating the other. The root and the foot node of an auxiliary tree in a 
TAG can be identified with the top and bottom nodes respectively during 
the process of adjunction. Formal correspondence of this approach has been 
studied in [Vijay-Shanker 1992J and the key ideas in this approach are also 
incorporated in D-Tree Grammars [Rambow et al. 1995]. 

9.5 Muti-component TAGs (MCTAG) 

In MCTAGs a variant of the adjoining operation is introduced under which, 
instead of a single auxiliary tree, a set of such trees is adjoined to a 
given elementary tree. Under this definition, MCTAGs are equivalent to 
TAGs both in terms of the strings and structural descriptions they generate 
[Joshi 1987, Joshi et al. 1991J. Such MCTAGs have been used in the analysis 
of extraposition as well as certain kinds of word order variations, for example 
scrambling [Rambow 1994J. 

10. Parsing lexicalized tree-adjoining grammars (LTAG) 

Although formal properties of tree-adjoining grammars have been investi
gated [Vijay-Shanker 1987, Vijay-Shanker and Joshi 1985J - for example, 
there is an O(n6 )-time CKY-like algorithm for TAGs - little attention has 
been put on the design of practical parser for TAG whose average complex
ity is superior to its worse case. In this Section we will present a predictive 
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bottom-up parser for TAGs which is in the spirit of Earley's parser and we 
discuss modifications to the parsing algorithms that make it possible to han
dle extensions of TAGs such as constraints on adjunction, substitution, and 
feature structure representation for TAGs. We present this algorithm as it is 
both theoretically and practically important. 

In 1985, Vijay-Shanker and Joshi introduced a CKY-like algorithm for 
TAGs which uses dynamic programming techniques. They established for the 
first time O(n6 ) time as an upper bound for parsing TAGs. The algorithm 
was implemented, but in our opinion the result was more theoretical than 
practical for several reasons. The algorithm assumes that elementary trees 
are binary branching. Most importantly, although it runs in O{n6 ) worst 
time, it also runs in O{n6 ) best time. As a consequence, the CKY algorithm 
is in practice very slow. The lack of any predictive information (Le. top
down information) in this purely bottom-up parser disallows for a better 
behavior. We investigate the use of predictive information in the design of 
parsers for TAGs whose practical performance is superior to the worst case 
complexity. In order to use predictive information, any algorithm should have 
enough information to know which tokens are to be expected after a given 
left context. That type of information is in nature top-down and is therefore 
not available for pure bottom-up parsers as the CKY-type parser for TAGs. 
Our main objective is to define practical parsers for TAGs that are easy to 
modify to handle extensions of TAGs such as unification-based TAG. 

Since the average time complexity of Earley's parser for CFGs depends on 
the grammar and in practice runs much better than its worst time complexity, 
we decided to try to adapt Earley's parser for CFGs to TAGs. 

Finding an Earley-type parser for TAGs that use predictive information 
may seem a difficult task because it is not clear how to parse TAGs bottom 
up using top-down information while scanning the input string from left to 
right: since adjunction wraps a pair of strings around a string, parsing from 
left to right requires to remember more information is expected. 

10.1 Left to right parsing of TAGs 

Our main goal is to define a practical parser for tree-adjoining grammars. We 
are going to improve the performance of the parser by designing a bottom
up parser which uses top-down prediction. The predictive information will be 
used as the parser reads the input from left to right and will enable the parser 
to restrict the number of hypothesis it needs to assume. The most filtering 
that one might expect with some left to right predictive information is to 
rule out all hypotheses that are not consistent with the prefix of the input 
string that has been read so far. This notion is captured in the definition of 
the valid prefix property (see Section 10.8). However, the parser will not use 
all predictive information in order to lower its worst case complexity. 

The algorithm relies on a tree traversal that enables one to scan the input 
string from left to right while recognizing adjunction. 
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This traversal is exemplified by the notion of dotted tree which consists of 
a node in a tree associated with a position relative to the node. The position 
is characterized as a dot at one of the following four possible positions: above 
or below and either to the left or to the right of the node. The four positions 
of the dot are annotated by la, lb, ra, rb (resp. left above, left below, right 
above, right below). 

The tree traversal consists of moving the dot in the tree in a manner 
consistent with the left to right scanning of the yield while still being able to 
recognize adjunctions on interior nodes of the tree. The tree traversal starts 
when the dot is above and to the left of the root node and ends when the dot 
is above and to the right of the root node. At any time, there is only one dot 
in the dotted tree. 

The tree traversal is illustrated in (see Fig. 10.1) and is precisely defined 
as follows: 

• if the dot is at position la of an internal node (Le. not a leaf), we move the 
dot down to position lb, 

• if the dot is at position lb of an internal node, we move to position la of its 
leftmost child, 

• if the dot is at position la of a leaf, we move the dot to the right to position 
ra of the leaf, 

• if the dot is at position rb of a node, we move the dot up to position ra of 
the same node, 

• if the dot is at position ra of a node, there are two cases: 
• if the node has a right sibling, then we move the dot to the right sibling at 

position lao 
• if the node does not have a right sibling, then we move the dot to its parent 

at position rb. 

This traversal will enable us to scan the frontier of an elementary tree 
from left to right while trying to recognize possible adjunctions between the 
above and below positions of the dot. 

In effect, a dotted tree separates a tree into two parts (see Fig. 10.2): a 
left context consisting of nodes that have been already traversed and a right 
context that still needs to be traversed. 

Start End 

'. " .A • 

. ~. 
BCD 

.&./4. 
E F G H I 

Fig. 10.1. Example of a tree traversal 



Left context, 
already traversed 
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Right context 
to be traversed. 

Fig. 10.2. Left and right contexts of a dotted tree 

It is important to note that the nodes on the path from the root node 
to the dotted node have been traversed only to their left sides. This fact is 
significant since adjoining may add material on both sides of a node and is 
therefore more complex to recognize than concatenation. For those nodes, 
only the left parts of the auxiliary trees that were adjoining to them have 
been seen. 

Suppose that we are trying to recognize the input WIW2W3W4W5 (where 
each Wi are strings of tokens) which was obtained by adjoining an auxiliary 
tree (3 into the tree a (see Fig. 10.3). 

Since the input is recognized from left to right, the algorithm must act as 
if it visits the resulting derived tree (rightmost tree in Fig. 10.3 and Fig. 10.4) 
from left to right. In particular, it should visit the nodes labeled by A in the 
following order (see Fig. 10.4) 

I" ... 2" . .. 3" . . ·4" .. . 

This derived tree however is a composite tree, result of adjoining the 
second tree in Fig. 10.3 and Fig. 10.4 into the first tree in in Fig. 10.3 and 
Fig. 10.4. Since the algorithm never builds derived tree, it visits the A nodes 
in the following order (see Fig. 10.4) 

1 I' .. ·2' 2· . ·3 3' .. · 4' 4· .. 

Fig. 10.3, An adjunction to be recognized 
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Fig. 10.4. Moving the dot while recognizing an adjunction 

In order to achieve this traversal across and within trees several concepts 
and data structures must be defined. 

In the tree traversal defined above we consider equivalent (and therefore 
indistinguishable) two successive dot positions (according to the tree traver
sal) that do not cross a node in the tree (see Fig. 10.5). For example the 
following equivalences hold for the tree a pictured in Fig. 10.1: 

< a, 0, lb >=< a, 1, la > 
< a, 1, ra >=< a, 2, la > 
< a, 2, lb >=< a,2 . 1, la > 

where < a, dot, pos > is the dotted tree in which the dot is at address dot 
and at position pos in the tree a. 

We assume that the input string is a1 ... an and that the tree-adjoining 
grammar is G = (E, NT, I, A, S): E is the finite set of terminal symbols, NT 
is the set of non-terminal symbols (E n NT = 0), I is the set of initial trees, 
A is the set of auxiliary trees and S is the start non-terminal symbol. 

The algorithm collects items into a chart.21 An item s is defined as an 
8-tuple, s = [a, dot, pos, i, j, k, l, sat?] where: 

• a is an elementary tree, initial or auxiliary tree: a E I u A. 
• dot is an address in a. It is the address of the dot in the tree a. 

Fig. 10.5. Left, left to right tree traversal; right, equivalent dot positions 

21 We could have grouped the items into item sets as in [Earley 1968] but we chose 
not to, allowing us to define an agenda driven parser. 
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• pos E {la, lb, rb, ra}. It is the position of the dot: to the left and above, or 
to the left and below, or to the right and below, or to the right and above. 

• i, j, k, 1 are indices of positions in the input string ranging over {O,· .. ,n} U 
{ - }, n being the length of the input string and - indicating that the index 
is not bound. i and 1 are always bound, j and k can be simultaneously 
unbound. We will come back to these indices later. 

• sat? is a boolean; sat? E {true, nil}. The boolean sat? indicates whether 
an adjunction has been recognized on the node at address dot in the tree 
a. The algorithm may set sat? to t only when pos = rb. 

The components a, dot,pos of an item define a dotted tree. The additional 
indices i,j, k, 1 record portions ofthe input string. In the following, we will re
fer only to one of the two equivalent dot positions for a dotted tree. For exam
ple, if the dot at address dot and at position pos in the tree a is equivalent to 
the dot at address dot' at position pos' in a, then s = [a, dot, pos, i, j, k, 1, sat?] 
and s' = [a, dot',pos', i,j, k, 1, sat?] refer to the same item. We will use to our 
convenience s or s' to refer to this unique item. 

It is useful to think of TAG elementary trees as a set of productions on 
pairs of trees and addresses (Le. nodes). For example, the tree in Fig. 10.1, 
let's call it a, can be written as: 

(a, 0) - (a,l) (a,2) (a,3) 
(a, 2) - (a,2· 1) (a,2· 2) (a,2· 3) 
(a, 3) - (a,3· 1) (a,3· 2) 

Of course, the label of the node at address i in a is associated with each 
pair (a, i). 22 For example, consider the dotted tree < a, 2, ra > in which 
the dot is at address 2 and at position "right above" in the tree a (the tree 
in Fig. 10.1). Note that the dotted trees < a, 2, ra > and < a, 3, la > are 
equivalent. The dotted tree < a, 2, ra > is can be written in the following 
notation: 

(a,O) - (a, 1) (a,2) • (a,3) 

One can therefore put into correspondence an item defined on a dotted 
tree with an item defined on a dotted rule. An item s = [a, dot, pos, i, j, k, 1, 
sat?] can also be written as the corresponding dotted rule associated with 
the indices i, j, k, 1 and the flag sat?: 

TJo - TJ1 ... TJy • TJy+1 .•. TJz Ii, j, k, 1, sat?] 
where TJo = (a, u) and TJp = (a, u· p), p E [1, z] 

Here u is the address of the parent node (TJo) of the dotted node when 
pos E {la, ra}, and where u = dot when pos E {lb, rb}. 

22 TAGs could be defined in terms of such productions. However adjunction must 
be defined within this production system. This is not our goal, since we want 
to draw an analogy and not to define a formal system. 
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The algorithm collects items into a set C called a chart. The algorithm 
maintains a property that is satisfied for all items in the chart C. This property 
is pictured in Fig. 10.6 in terms of dotted trees. We informally describe it 
equivalently in terms of dotted rules. If an item of the form: 

'TJo -+ 'TJl ... 'TJy • 'TJy+l ... 'TJz [i, j, k, l, sat?] with'TJo = (a, u) and'TJp = (a, u· p) 

is in the chart then the elementary tree a derives a tree such that: 

(i) 'TJl . .. 'TJy =* ai ... al 
(ii) (a, 1) =* aj+l .. . ak 

where f is the address of the foot node of a. (ii) only applies when the 
foot node of a (if there is one) is subsumed by one of the nodes 'TJl .. . 'TJy. 
When no foot node is found below 'TJl . .. 'TJy, the indices j and k are not 
bound. 

When pos = rb, the dot is at the end the dotted rule and if sat? = t 
the boundaries ai ... al include the string introduced by an adjunction on the 
dotted tree. 

The flag sat? is needed since standard TAG derivations [Vijay-Shanker 
1987] disallow more than one adjunction on the same node. sat? = t indicates 
that an adjunction was recognized on the dotted node (node at address dot in 
a). No more adjunction must be attempted on this node. sat? = nil indicates 
that an auxiliary tree can still be adjoined on the dotted node. 

Initially, the chart C consists of all items of the form [a, 0, la, 0, -, -,0, nil], 
with a an initial tree whose root node is labeled with S. These initial items 
correspond to dotted initial trees with the dot above and to the left of the 
root node (at address 0). 

Depending on the existing items in the chart C, new items are added to 
the chart by four operations until no more items can be added to the chart. 
The operations are: PREDICT, COMPLETE, ADJOIN and SCAN. If, in the final 
chart, there is an item corresponding to an initial tree completely recognized, 
i.e. with the dot to the right and above the root node which spans the input 

x 

'\ 1\ 
, , 1\ 

L-____ ~I-'~_X--~I~' ______ ~ 

~4 1 '" "J /,,~ .. +( .. lJ, 
I , 

I , 
I , 

I ' L. ___ __ \ 

aI .. , ·'- tI .. 

Fig. 10.6. Invariant 
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from position 0 to n (i.e. an item of the form [a, 0, ra, 0, -, -, n, nil]), the 
input is recognized. 

The SCAN (see Fig. 10.7) operation is a bottom-up operation that scans 
the input string. It applies when the dot is to the left and above a terminal 
symbol. 

This operation consists of two cases. In the first case, the dotted node is 
to the left and above a node labeled by a non empty terminal which matches 
the next token to be expected. In this case, the dot is moved to the right 
and the span from i to l is increased by one (from i to l + 1). The indices 
regarding the foot node (j and k) remain unchanged. In the second case, the 
dot is to the left and above an empty symbol. In this case, the dot is moved 
to the right and no token is consumed. 

The PREDICT (see Fig. 10.7) operation is a top-down operation. It predicts 
new items accordingly to the left context that has already been seen. 

It consists of three steps which may not always be applicable simultane
ously. Step 1 applies when the dot is to the left and above a non-terminal 
symbol. All auxiliary trees adjoinable at the dotted node are predicted. Step 
2 also applies when the dot is to the left and above a non-terminal symbol. If 
there is no obligatory adjoining constraint on the dotted node, the algorithm 
tries to recognize the tree without any adjunction by moving the dot below 
the dotted node. Step 3 applies when the dot is to the left and below the foot 
node of an auxiliary tree. The algorithm then considers all nodes on which 
the auxiliary tree could have been adjoined and tries to recognize the subtree 
below each one. It is in Step 3 of the PREDICT operation that the valid prefix 
property is violated since not all predicted nodes are compatible with the 
left context seen so far. The ones that are not compatible will be pruned in 
a later point in the algorithm (by the COMPLETE operation). Ruling them 
out during this step requires more complex data-structures and increases the 
complexity of the algorithm [Schabes and Joshi 19881. 

The COMPLETE (see Fig. 10.7) operation is a bottom-up operation that 
combines two items to form another item that spans a bigger portion of the 
input. 

It consists of two possibly non-exclusive steps that apply when the dot is 
at position rb (right below). Step 1 considers that the next token comes from 
the part to the right of the foot node of an auxiliary tree adjoined on the 
dotted node. Step 2 tries to further recognize the same tree and concatenate 
boundaries of two items within the same tree. Step 2 must be differentiated 
into two cases, one when the dotted node subsumes the foot node (in which 
case j and k are set when the dot is at position right below), the other when 
it does not subsume the foot node (in which case j and k are not set when 
the dot is at position right below). 

The ADJOIN operation (see Fig. 10.7) is a bottom-up operation that com
bines two items by adjunction to form an item that spans a bigger portion of 
the input. It consists of a single step. The item produced has its flag (sat?) 
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6 
. 

(I) A ----. 6 
I ij.k.I,nil/ II.-,-.I,nil/ 

6'~~ (2) 6 -8 
" a li.j.k.l.nil/ /ij.k.1+ i.nil] li.j, k. I,nil] 11.-.-. I, nil/ 

6 -. D (3) 6-8 
( ij,k.l.nil/ (ij.t.l.nil] II.-.-.I.nill II.-.-.I.nil/ 

SCAN PREDICT 

& A A 
(I) + 6 ----. 6 

li.j,k.l,nill li.-,-.i.nil] li.i.l,l.nil( 

B B B 

(2.1) 6 + 6 ----. 6 
li.j,k.l,.I'III?/ /lI,-,-,i.nil/ Ih.j.k,l.nil/ 

(2.2) 6 + 6 ----. 6 
li.-.-.I .. fIl/?] (hj.k.i.nil) Ihj.k.l.nil/ 

COMPLETE 

A' 

& & 6 + -
/ij.k./.nill /j.I'.q.k.nill /i.p.q.I.,ru,/ 

ADJOIN 

Fig. 10.7. The four operations of the parse 

set to true since an adjunction was recognized on the dotted node. The set
ting of this flag prevents that the same operation applies a second time on 
the same item and therefore allows only one adjunction on a given node. 
This flag would be ignored for cases of alternative definition of tag deriva
tions which allow for repeated adjunctions on a same node as suggested in 
[Schabes and Shieber 1994]. 
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10.2 The algorithm 

The algorithm is a bottom-up parser that uses top-down information. It is 
a general recognizer for TAGs with adjunction constraints. Unlike the CKY
type algorithm for TAGs, it requires no condition on the grammar: the ele
mentary trees (initial or auxiliary) need not to be binary and they may have 
the empty string as frontier. The algorithm given below is off-line: it needs 
to know the length n of the input string before starting any computation. 
However it can very easily be modified to an on-line algorithm by the use of 
an end-marker in the input string. 

The pseudo code for the recognizer is shown in Fig. 10.8. Each operation 
is stated as inference rules using the following notation: 

item! item2 d' . 
dd . con ItlOns 

a Item3 
It specifies that if the items above the horizontal line are present in the 

chart, then item below the horizontal line must be added to the chart only if 
the conditions of application are met. 

In addition, we use the following notations. A tree a will be considered to 
be a function from tree addresses to symbols of the grammar (terminal and 
non-terminal symbols): if x is a valid address in a, then a(x) is the label of 
the node at address x in the tree a. 

Addresses of nodes in a tree are encoded by Gom-positions as defined 
by the following inductive definition: 0 is the address of the root node, 
k (k natural number) is the address of the kth child of the root node, 
x . y (x is an address, y a natural number) is the address of the yth child of 
the node at address x. 

Given a tree a and an address add in a, we define Adj(a, add) to be 
the set of auxiliary trees that can be adjoined at the node at address add 
in a; OA(a, dot) is defined as a boolean, true when the node at address 
dot in the tree a has an obligatory adjoining constraint, false otherwise; 
Foot(a) is defined as the address of the foot node of the tree a if there 
is one, otherwise Foot(a) is undefined. For TAGs with no constraints on 
adjunction, Adj(a, add) is the set of elementary auxiliary trees whose root 
node is labeled by a(add). 

10.3 An example 

We give an example that illustrates how the recognizer works. The gram
mar used for the example (see Fig. 10.9) generates the language L = 
{anbnecndnJn 2: a}. It consists of an initial tree a and an auxiliary tree (3. 
There is a null adjoining constraint on the root node and on the foot node of (3. 

The input string given to the recognizer is: aabbeccdd. The corresponding 
chart is shown in Fig. 10.3. The input is recognized since 
[a, 0, right, above, 0, -, -, 9, nil] is in the chart C. For purpose of explana
tion, we have preceded each item with a number that uniquely identifies the 
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Let G = (E,NT,I,A,S) be a TAG, 
Let al"'an be the input string, 

program recognizer 
begin 

C = {[a, 0, la, 0, -, -, 0, nilll a E I, a(O) = S } 

Apply the following operations on each item in the chart C 
until no more items can be added to the chart C: 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

[a, dot, la, i, j, k, l, nil] (do ) .... (do) 
atE LJ, a t = al+l 

[a,dot,ra,i,j,k,l + 1,nil] 

[a, dot, la, i,j, k, l, nil] 
[a, dot, ra, i, j, k, l, nil] 

[a, dot, la, i, j, k, l, nil] 
[.8,0, la, l, -, -, l, nil] 

a(dot) E E,a(dot) = f 

a(dot) E NT,.8 E Add(a, dot) 

[a, dot,la,i,j,k, l,nil] a(dot) E NT,OA(a,dot) = false 
[a, dot, lb, i,j, k, l, nil] 

[a, dot, lb, l, -, -, l, nil] d t = F () Ad'(" do ') 
[" d 'lb l _ _ l 'l] 0 oot a ,a E 11 u, t 
u, ot, " , " nl 

[a, dot, rb, i, j, k, l, nil] [.8, dot', lb, i, -, -, i, nil] dot' = Foot(.8) , 
[.8,dot',rb,i,i,l,l,nil] .8 E Adj(a, dot) 

[a, dot, rb, i, j, k, l, true] [a, dot, la, h, 1', k', i, sat?] (dot) NT 
[a, dot,ra,h,j U j',k U k',l, sat?] a E 

[.8,O,ra,i,j,k,l,nil] ,[a,dot,rb,j,p,q,k,nil] .8 E Adj(a, dot) 
[a, dot, rb, l,p, q,l, true] 

If there is an item of the form [a,O,ra,O,-,-,n,nil] in C with a E I 
and a(O) = S then return acceptance, otherwise return rejection, 

end, 
Fig. 10.S. Pseudo-code for the recognizer 

SNA 

If\ 
a S b 

~ (.8) S d 
C NA 
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Input read Items in the chart 
1.1a, dot: 0, la, 0, -, -, 0, ni~l init 
2. [,8, dot: 0, la, 0, -, -,0, nil] pred(l) 
3. [a, dot: 1, la, 0, -, -,0, nil] pred(1) 
4. [,8, dot: 1, la, 0, -, -,0, nil] pred(2) 

a S. [,8,dot:2,la,0,-,-,I,nil] scm 
a 6. [,8, dot: 0, la, 1, -, -, 1, nil] pred(S) 
a 7. [,8, dot: 2.1, la, 1, -, -, 1, nil] pred(S) 
a 8. [,8, dot: 1, la, 1, -, -, 1, nil] pred(6) 
aa 9. [,8, dot: 2, la, 1, -, -, 2, nil] se(8) 
aa 10. [,8, dot: 0, la, 2, -, -, 2, nil] pred(9) 
aa 11. [,8, dot : 2.1,la,2,-,-,2,nil] pred(9) 
aa 12. [,8, dot: l,la, 2, -, -, 2, nil] pred(10) 
aab 13. [,8, dot : 2.2, la, 2, -, -, 3, nil] se(ll) 
aab 14. [,8, dot: 2.2, lb, 3, -, -,3, nil] pred(13) 
aab lS. [,8, dot : 2.1,la,3,-,-,3,nil] pred(14) 
aab 16. [a, dot: 1, la, 3, -, -,3, nil] pred(14) 
aabb 17. [,8, dot : 2.2,la,3,-,-,4,nil] se(lS) 
aabb 18. [,8, dot: 2.2, lb, 4, -, -, 4, nil] pred(17) 
aabb 19. [,8, dot : 2.1,la,4, -, -, 4, nil] pred(18) 
aabb 20. [a, dot: 1, la, 4, -, -,4, nil] pred(18) 
aabbe 21. [a, dot : 0,rb,4,-,-,5,nil] se(20) 
aabbe 22. [,8, dot: 2.2, rb, 4, 4, 5, 5, nil] eomp(21+ 18) 
aabbe 23. [,8, dot: 2.3, la, 3, 4, 5, 5, nil] eompl(22+ lS) 
aabbec 24. [,8, dot: 2, rb, 3,4,5,6, nil] se(23) 
aabbec 2S. [,8, dot : 2.2,rb,3,3,6,6,nil] eompl(24+14) 
aabbec 26. [,8, dot: 2.3, la, 2, 3, 6, 6, nil] eompl(2S+ 13) 
aabbecc 27. [,8, dot: 2, rb, 2, 3, 6, 7, nil] se(26) 
aabbecc 28. [,8, dot: 3, la, 1,3,6,7, nil] eompl(26+9) 
aabbeccd 29. [,8, dot: 0, rb, 1,3,6,8, nil] se(28) 
aabbeccd 30. [,8, dot: 0, ra, 1,3,6,8, nil] eompl(28+6) 
aabbeccd 31. [,8, dot: 2, rb, 1,4,5,8, t] adj(30+24) 
aabbeccd 32. [,8, dot: 3, la, 0, 4, 5, 8, nil] eompl(31 +S) 
aabbeccdd 33. [,8, dot: 0, rb, 0, 4,5,9, nil] se(32) 
aabbeccdd 34. [,8, dot: 0, ra, 0,4,5,9, nil] eompl(33+2) 
aabbeccdd 3S. [a, dot: 0, rb, 0, -, -,9, t] adj(34 +21) 
aabbeccdd 36. [a, dot: 0, ra, 0, -, -,9, nil] eompl(3S+1) 

Fig. 10.10. Items constituting the chart for the input: 
oala2b3b4e5c6c7d8dg 

item and the operation(s) that caused it to be placed into the chart are writ
ten to its right. We used the following abbreviations: init for the initialization 
step, pred(k) for the PREDICT operation applied to the item numbered by k, 
se(k) for the SCAN operation applied to the item numbered by k, compl(k+l) 
for the COMPLETE operation applied to the items numbered by k and land 
adj(k+l) for the ADJOIN operation applied to the items numbered by k and 
l. With this convention, one can trace step by step the construction of the 
chart. For example, 

31. [/3, dot: 2, rb, 1,4,5,8, t] adj(30+24) 
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stands for the item [,6, dot: 2, rb, 1,4,5,8, t] uniquely identified by the num
ber 31 which was placed into the chart by applying the ADJOIN operation on 
the items identified by the numbers 30 and 24. 

10.4 Implementation 

The algorithm described previously can be implemented to follow an arbitrary 
search space strategy by using a priority function that ranks the items to be 
processed. The ranking function can also be defined to obtain a left to right 
behavior as for context-free grammars [Earley 1968]. 

In order to bound the worst case complexity as stated in the next section, 
arrays must be used to implement efficiently the different operations. Due to 
the lack of space we do not address these issues. 

10.5 Complexity 

The algorithm is a general parser for TAGs with constraints on adjunction 
that takes in worst case O(IAIIAUlINn6 ) time and O(IAUlINn4) space, n be
ing the length of the input string, IAI the number of auxiliary trees, IAUll the 
number of elementary trees in the grammar and N the maximum number of 
nodes in an elementary tree. The worst case complexity is similar to the CKY
type parser for TAG [Vijay-Shanker 1987, Vijay-Shanker and Joshi 1985].23 

The worst case complexity can be reached by the ADJOIN operation. An 
intuition of the validity of this result can be obtained by observing that the 
ADJOIN operation 

[,6,0, ra,i,j,k,l, nil] [a,dot,rb,j,m,n,k,nil],6 E Adj(a, dot) 
[a, dot, rb, i, m, n, 1, true] 

may be called at most lAllA U lINn6 time since there are at most n6 

instances of the indices (i,j, k, 1, m, n) and at most IAI x IA U liN (a,,6, dot) 
pairs of dotted trees to combine. When it is used with unambiguous tree
adjoining grammars, the algorithm takes at most O(IAIIAUlINn4)-time and 
linear time on a large class of grammars. 

It is possible to achieve O(IA U lINn6 )-time worst complexity, however 
the implementation for such bounds requires complex data structures. 

23 Recently Satta [Satta 1994] was able to transfer the complexity bound of TAG 
parsing to the one of matrix multiplication. As a consequence, it is shown that 
if one were to improve the bound of O(n6 )-time for the TAG parsing problem, 
one would have implicitly improved upon the bound of O(n3 )-time for matrix 
multiplication. Although this is possible, it can require very elaborate (and non 
practical) techniques. 
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10.6 The parser 

The algorithm we described so far is a recognizer. However, if we include 
pointers from an item to a set of items of set of item pairs (pairs of items 
for the COMPLETE and the ADJOIN operation, or item for the SCAN and the 
PREDICT operations) which caused it to be placed in the chart (in a similar 
manner to that shown in Fig. 10.3), the recognizer can be modified to record 
all parse trees of the input string. 

Instead of storing items of the form [a, dot,pos, i, j, k, l, sat?] in the chart, 
the parser stores items with a set of pairs or singletons of other items that 
caused them to exist. The fact that the same item may be added more than 
once reflects the fact that the item can be obtained in more than one way. 
This corresponds to local or global ambiguity. Therefore, when an item is 
added, if the item is already in the chart, the new items that caused the 
same item to exist are added to the set of causes.24 

The worst case time complexity for the parser is the same as for the recog
nizer (O(IAIIA U IINn6 )-time) since keeping track of the source of each item 
does not introduce any overhead. However, the worst case space complexity 
increases to O(IAIIA U IINn6 )-space since each cause of existence must be 
recorded. Due to the nature of each operation, the additional space required 
to record the derivation is not worse than O(IAIIAuIINn6 ). For example, in 
the case of the ADJOIN operation, 

[,6,0, ra, i, j, k, l, nil] [a, dot, rb, j, m, n, k, nil] () 
,6 E Adj a, dot 

[a, dot, rb, i, m, n, l, true] 

for a given item [a, dot, rb, i, m, n, l, true] there can be at most O(IAIIA U 
II) pairs of the form ([,6,O,ra,i,j,k,l,nilj, [a,dot,rb,j,m,n,k,nilj) which 
need to be stored. 

Once the recognizer has succeeded, it has encoded all possible parses in 
the form of a graph (encoded with those pairs of causes) which takes in the 
worst case O(IGI 2Nn6 )-space. All the derivations can then be enumerated 
by tracing back the causes of each item. Of course, the enumeration of all 
the derivations may take exponential time when the string is exponentially 
ambiguous or may not terminate when the input is infinitely ambiguous. 

10.7 Parsing substitution 

TAGs use adjunction as their basic composition operation. As a consequence 
tree-adjoining languages (TALs) are mildly context-sensitive and properly 
contain context-free languages.25 

24 These operations can be done in constant time since if an item is added more 
than once, each of the pairs (or singletons) of items that caused it to be places 
on the chart are distinct. 

25 It is also possible to encode a context-free grammar with auxiliary trees us
ing adjunction only. However, although the languages correspond, the possible 
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Substitution of non-terminal symbols is the basic operation used in CFG. 
Substitution can be very easily extended to trees and has been found to be a 
useful additional operation for obtaining appropriate structural descriptions 
[Abeille 1988]. 

Substitution of trees is defined to take place on specified nodes on the 
frontiers of elementary trees. When a node is marked to be substituted, no 
adjunction can take place on that node. Furthermore, substitution is always 
mandatory. Only trees derived from initial trees rooted by a node of the same 
label can be substituted on a substitution node. The resulting tree is obtained 
by replacing the node by the tree derived from the initial tree. 

The parser can be extended very easily to handle substitution. The algo
rithm must be modified as follows. 

First, the ADJ function must disallow any adjunction to be taken place 
on nodes marked for substitution. 

Then, more operations must be added to the parser: PREDICT SUBSTI

TUTION and COMPLETE SUBSTITUTION. These two operations are explained 
in details below. 

Given a tree a and an address add in a, assuming that the node at address 
add in a is marked for substitution, we define Substit(a, add) to be the set of 
initial trees that can be substituted at the node at address add in a. For TAGs 
with no constraints on substitution, Substit(a, add) is the set of elementary 
initial trees whose root node is labeled by a( add). 

PREDICT SUBSTITUTION operation predicts all possible initial trees that 
can be substituted at a node marked for substitution. 

[a, dot, la, i, j, k, l, sat?] , S b . ( do) , . a E u stzt a, t 
[a ,0, la, l, -, -, l, ml] 

(10.1) 

COMPLETE SUBSTITUTION is a bottom-up operation that combines two 
items by substitution. 

[a,nil,ra,l,-,-,m,nil][a',dot',la,i,j,k,l,sat?] , S b ( d X 0 ) 
a E u stit a, ot 1 .2 

[a', dot', ra, i, j, k, m, sat?] 

The introduction of PREDICT SUBSTITUTION and of COMPLETE SUB

STITUTION does not increase the worst case complexity of the overall TAG 
parser. 

10.8 The valid prefix property and parsing of tree-adjoining 
grammar 

The valid prefix property, the capability of a left to right parser to detect 
errors "as soon as possible", is often unobserved in parsing CFGs. Earley's 

encoding does not reflect directly the original context free grammar since this 
encoding uses adjunction. 
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parser for CFGs [Earley 1968] maintains the valid prefix property and obtains 
a worst case complexity (O(n3)-time) as good as parsers that do not maintain 
it, such as the CKY parser [Younger 1967, Kasami 1965]. This follows from 
the path set complexity, as we will see. 

A parser that satisfies the valid prefix property will only consider hypothe
ses consistent with the input seen so far. More precisely, parsers satisfying 
the valid prefix property guarantee that, as they read the input from left to 
right, the substrings read so far are valid prefixes of the language defined 
by the grammar: if the parser has read the tokens al··· ak from the in
put al ... akakH ... an, then it is guaranteed that there is a string of tokens 
bl ... bm (bi may not be part of the input) with which the string al ... ak can 
be suffixed to form a string of the language; i.e. al ... akbl ... bm is a valid 
string of the language.26 

The valid prefix property for an algorithm implies that it must have some 
top-down component that enables it to compute which tokens are to be ex
pected as the input string is read. Pure bottom-up parsers as the CKY-type 
parsers27 cannot have the valid prefix property since they do not use any 
top-down information. 

Maintaining the VPP requires a parser to recognize the possible parse 
trees in a prefix order. The prefix traversal of the output tree consists of two 
components: a top-down component that expands a constituent to go to the 
next level down, and a bottom-up component that reduces a constituent to 
go to the next level up. When the VPP is maintained, these two components 
must be constrained together. 

Context-free productions can be expanded independently of their context, 
in particular, independently of the productions that subsume them. The path 
set (language defined as the set of paths from root to frontier of all derived 
trees) of CFGs is therefore a regular set.28 It follows that no additional com
plexity is required to correctly constrain the top-down and bottom-up behav
ior required by the prefix traversal of the parse tree: the expansion and the 
reduction of a constituent. 

Contrary to CFGs, maintaining the valid prefix property for TAGs seems 
costly. Two observations corroborate this statement and an explanation can 
be found in the path set complexity of TAG. 

Our first observation was that the worst case complexity of parsers for 
TAG that maintain the VPP is higher than the parsers that do not maintain 

26 The valid prefix property is independent from the on-line property. An on-line 
left to right parser is able to output for each new token read whether the string 
seen so far is a valid string of the language. The valid prefix property is also 
sometimes referred as the error detecting property because it implies that errors 
can be detected as soon as possible. However, the lack of VPP does not imply 
that errors are undetected. 

27 We exclude any use of top-down information, even precompiled before run-time. 
28 This result follows from Thatcher [Thatcher 1971], who defines frontier to root 

finite state tree automata. 
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VPP. Vijay-Shanker and Joshi [Vijay-Shanker and Joshi 1985]29 proposed a 
CKY-type parser for TAG that achieves O(n6 )-time worst case complexity. 
As the original CKY parser for CFGs, this parser does not maintain the 
VPP. The Earley-type parser developed for TAGs [Schabes and Joshi 1988] 
is bottom-up and uses top-down prediction. It maintains the VPP at a 
cost to its worst case complexity - O(n9)-time in the worst case. Other 
parsers for TAGs have been proposed [Lang 1988, Lavelli and Satta 1991, 
Vijay-Shanker and Weir 1990]. Although they achieve O(n6 ) worst case time 
complexity, none of these algorithms satisfies the VPP. To our knowledge, 
Schabes and Joshi's parser (1988) is the only known polynomial-time parser 
for TAG which satisfies the valid prefix property. It is still an open problem 
whether a better worst case complexity can be obtained for parsing TAGs 
while maintaining the valid prefix property. 

The second observation is in the context of deterministic left to right 
parsing of TAGs [Schabes and Vijay-Shanker 1990] where it was for the first 
time explicitly noticed that VPP is problematic to obtain. The authors were 
not able to define a bottom-up deterministic machine that satisfies the valid 
prefix property and which recognizes exactly tree-adjoining languages when 
used non-deterministically. Instead, they used a deterministic machine that 
does not satisfy the VPP, the bottom-up embedded push-down automaton. 
However, that machine recognizes exactly tree-adjoining languages when used 
non-deterministically. 

The explanation for the difficulty of maintaining the VPP can be seen 
in in the complexity of the path set of TAGs. Tree-adjoining grammars gen
erate some languages that are context-sensitive. The path set of a TAG is 
a context-free language [Weir 1988] and is therefore more powerful than the 
path set of a CFG. Therefore in TAGs, the expansion of a branch may depend 
on the parent super-tree, Le. what is above this branch. Going bottom-up, 
these dependencies can be captured by a stack mechanism since trees are 
embedded by adjunction. However, if one would like to maintain the valid 
prefix property, which requires traversing the output tree in a prefix fashion, 
the dependencies are more complex than a context-free language and the 
complexity of the parsing algorithm increases. 

For example, consider the trees a, f3 and 'Y in Fig. 10.11. When 'Y is ad
joined into f3 at the B node, and the result is adjoined into a at the A node, 
the resulting tree yields the string ux'zx"vy"ty'w (see Fig. 10.11). 

If this TAG derived tree is recognized purely bottom-up from leaf to 
root (and therefore without maintaining the VPP), a stack based mechanism 
suffices for keeping track of the trees to which to algorithm needs to come 
back. This is illustrated by the fact that the tree domains are embedded (see 
bottom left tree in Fig. 10.11) when they are read from leaf to root in the 
derived tree. 

29 The parser is also reported in Vijay-Shanker [Vijay-Shanker 1987]. 
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l.Lft 1ft RiJ!hl Rt!Cl1J!nililin 

Fig. 10.11. Above, a sequence of adjunctions; below left, bottom-up recognition of 
the derived tree; right, left to right recognition of the derived tree 

However, if this derivation is recognized from left to right while maintain
ing the valid prefix property, the dependencies are more complex and can no 
longer be captured by a stack (see bottom right tree in Fig. 10.11). 

The context-free complexity of the path set of TAGs makes the valid 
prefix property harder to maintain. We suspect that the same difficulty arises 
for context-sensitive formalism which use operations such as adjoining or 
wrapping [Joshi et al. 1991]. 

In conclusion, Earley's parser for context-free grammars has been ex
tended to tree-adjoining grammars. The notion of dotted rule was extended 
to tree and a left to right tree traversal was designed to recognize adjunction 
while reading the input from left to right. The parser for tree-adjoining gram
mars achieves O(IAIIA U IINn6 ) time in the worst case. However, because of 
predictive information based on the prefixes of the input, the parser behaves 
in practice much faster than its worst case. 

This parser also handles various extensions of tree-adjoining grammars 
such as adjoining constraints and feature based tree-adjoining grammars 
[Vijay-Shanker and Joshi 1988]. Its performance is further improved by a 
strategy which uses the lexicalized aspect of lexicalized tree-adjoining gram
mars. This parser is part of the XTAG System, which includes a wide coverage 
grammar of English together with a morphological analyzer [XTAG-Group 
1995] . See also Section 6. 
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11. Summary 

We have presented a class of grammars, Tree-Adjoining Grammars (TAG). 
Although motivated originally by some important linguistic considerations 
TAGs have turned out to be mathematically and computationally very inter
esting and have led to important mathematical results, which in turn have 
important linguistic implications. Thus TAGs represent an important class 
of grammars which demostrate the fascinating interplay between formal lin
guistic properties and mathematical/computational properties investigated 
in formal language theory and automata theory, including tree languages 
and tree automata. 
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Context-Free Graph Grammars 

Joost Engelfriet 

Summary. Graph languages are sets of labeled graphs. They can be generated 
by graph grammars, and in particular by context-free graph grammars. There are 
several types of context-free graph grammars, depending, e.g., on whether (hy
per)edges or nodes are rewritten by graphs. Basic properties of the main types 
of context-free graph grammars are discussed. Other, equivalent, ways of defin
ing context-free graph languages are: generating graph expressions by regular tree 
grammars, and translating trees into graphs by formulas of monadic second-order 
logic. Context-free graph grammars can be used to generate string languages and 
tree languages. 

1. Introduction 

Many types of graphs have a hierarchical, tree-like structure in the sense that 
they can be built recursively from certain basic graphs by certain operations 
that attach these graphs to each other. As examples we mention trees, graphs 
of tree-width :::; k, cographs, and flowcharts of structured programs. Such 
sets of graphs, or graph languages, can naturally be generated by context
free graph grammars: graph rewriting systems in which the application of a 
rewriting rule (or production) consists of replacing, in a given "host" graph, 
one of its atomic graphical items by a graph, and attaching this graph to the 
remainder of the host graph; moreover, the application should be independent 
of the context of the atomic item. The productions of the graph grammar cor
respond directly to the recursive building rules of the graph language. From 
this point of view, context-free graph grammars are the natural generaliza
tion of the classical context-free grammars that generate strings. Thus, their 
investigation leads to what may be called "formal graph language theory" . 
However, as opposed to the case of strings, there are many different types of 
context-free graph grammars. This diversity is caused, among others, by the 
following choices: which type of graphs one wishes to consider (e.g., directed 
or undirected), which atomic items of these graphs are to be replaced (e.g., 
edges or nodes), and how the graphs are attached to each other (e.g., by iden
tifying some of their nodes, or by connecting some of their nodes by edges). 
From the large number of types of context-free graph grammars that have 
been investigated since the early seventies, two main types have turned out to 
be the most natural, robust, and easy to handle: the Hyperedge Replacement 
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grammars and the C-edNCE grammars, to be presented in Sections 3 and 4, 
respectively. In the Hyperedge Replacement (HR) grammar, the atomic items 
are the hyperedges, and graphs are attached to each other by node identifi
cation (or "gluing"). A hyperedge is an edge that may be incident with any 
number of nodes rather than with just two; allowing hyperedges instead of 
just edges is an essential, and powerful, feature of the HR grammar. In the 
C-edNCE grammar (also to be called Node Replacement or NR grammar), 
the atomic items are the nodes, and graphs are connected to each other by 
additional edges. In Section 2 we first discuss, in a rather informal way, two 
special cases of the C-edNCE and the HR grammar. 

In Section 5 the classes of HR and NR context-free graph languages are 
characterized in terms of transductions of trees into graphs by formulas of 
Monadic Second Order (MSO) logic. These characterizations are completely 
grammar independent, and generalize the well-known MSO characterizations 
of regular string and tree languages. Since many properties of graphs can be 
expressed in MSO logic, this allows easy proofs of many closure properties 
and decidability results of the HR and NR graph languages. 

In Section 6, context-free graph grammars are used to generate strings or 
trees (representing strings and trees by graphs in the obvious way). Context
free graph grammars can generate certain non-context-free string languages 
(which thus are context-free after all, but from a graph grammar point of 
view). This class of string languages has quite a number of equivalent char
acterizations in formal language theory. 

In Section 7 a completely different way of generating graphs in a context
free way is considered: a regular tree grammar (which can be viewed as a 
particular kind of context-free string grammar) is used to generate a set 
of graph expressions, and these expressions are then evaluated as graphs. 
Depending on which graph operations are allowed in the expressions, different 
classes of graph languages are obtained (including the classes of HR and NR 
graph languages). 

The presented topics form a personal selection from the field of context
free graph grammars, a selection which is far from complete. More informa
tion can be obtained from, e.g., [DHK, Hab1, Hab2, ER2, Eng4, Cou3, Coull, 
Nag2] and from the proceedings of the Workshop on Graph Grammars, held 
every four years since 1978 ([CEER, EKR, ENRR]). 

2. Node and edge replacement 

To give the reader some feeling for context-free graph grammars, we first 
discuss two rather simple types of such grammars, without going into too 
many formal details. 

Strings are sequences of symbols, and in a context-free (string) gram
mar symbols are replaced by strings. Graphs are composed of two types of 
objects: nodes and edges, possibly labeled by symbols. Thus, nodes can be 
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replaced by graphs, and edges can be replaced by graphs. In other words, in 
defining context-free graph grammars, it is natural to choose between node 
replacement or edge replacement. In general, a production of a context-free 
graph grammar is of the form X - (D,E), where X is a nonterminal sym
bol, D is a graph, and E is some additional information, depending on the 
type of grammar. For a given graph H, such a production can be applied to 
any node/edge m of H with label X. Application of the production consists 
of removing m from H and attaching the graph D to the neighbourhood of 
m in H, as specified by E. Hence there are (at least) two basic choices to 
be made: after choosing between nodes or edges, one has to decide how to 
attach D to the neighbourhood of m, or, how to "embed" Din H; in other 
words, one should choose the embedding mechanism of the graph grammar. 
We now discuss two types of context-free graph grammar, one based on node 
replacement and the other on edge replacement. 

A very simple type of context-free graph grammar that uses node replace
ment, is the B-NCE graph grammar, i.e., the graph grammar with Neigbour
hood Controlled Embedding [JR3], under the Boundary restriction [RW1]. 
These grammars generate undirected node-labeled graphs. The embedding 
mechanism connects D to H by establishing edges between D and the neigh
bourhood of m, depending on the labels of these neighbours. To be more pre
cise, a production of a B-NCE grammar is of the form X - (D, E), where X 
is a (nonterminal) node label, D is an undirected graph (with terminal and 
nonterminal node labels), and E is a finite set of connection instructions; a 
connection instruction is a pair ((J, x), where (J is a terminal node label, and 
x is a node of D. Application of the production to a node m (labeled X) of 
a graph H consists of removing m and all its incident edges from H, adding 
D to H (disjointly), and constructing all edges {w,x} such that E contains 
a connection instruction ((J, x) and w is a neighbour of m in H with label (J. 
Since (J is a terminal label (this is the Boundary restriction), we may as well 
assume that there are no edges between nonterminal nodes in D, i.e., that 
each nonterminal node has a "boundary" of terminal nodes; this ensures that 
the rewriting process is indeed "context-free". 

As an example we consider a B-NCE grammar G that generates all (un
ordered) binary trees such that there is exactly one leaf that has an additional 
edge to the root. For convenience we assume that the root has one child only, 
which should not be a leaf. G has terminal symbols rand n (to label the root, 
and all other nodes, respectively), and nonterminal symbols Sand T (where 
S is the initial nonterminal). The productions pI, P2, P3 of G are given in 
Fig. 2.1, in the format X - DE. Thus, Pl has no connection instructions, 
and P2 and P3 each have two connection instructions (and note that x, y, z 
are nodes, not node labels). Figure 2.2 shows a derivation in which the pro
ductions PI, three times P2, and five times P3 are applied. The edges that are 
established by the embedding mechanism, i.e., by the connection instructions, 
are drawn fatter (except in the last graph). 
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Fig. 2.2. A derivation of a B-NCE grammar 
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A simple type of context-free graph grammar that uses edge replace
ment is the ER grammar, i.e., the Edge Replacement grammar [HKl]. These 
grammars generate directed edge-labeled graphs. The embedding mechanism 
glues D to H by identifying the source and target of m with two particular 
nodes of D. More precisely, a production of an ER grammar is of the form 
X --+ (D, E), where X is a (nonterminal) edge label, D is a directed graph 
(with terminal and nonterminal edge labels), and E is an ordered pair (db d2 ) 

where dl and d2 are nodes of D. Let m be an edge of a graph H, with label 
X, source VI, and target V2. Application of the production to m consists of 
removing m, adding D to H (disjointly), and identifying dl with Vb and d2 

with V2. 

As an example we consider an ER grammar G that generates all "circular 
2-trees". A 2-tree (see, e.g., [Bod, Klo]) is an undirected unlabeled graph 
that can be obtained by starting with a single edge and repeatedly adding a 
triangle that has an edge of the graph as one of its sides. To obtain a circular 
2-tree the edges should be directed in such a way that all triangles become 
cycles. G has one nonterminal symbol X and one terminal symbol a. The 
productions PI and P2 of G are given in Fig. 2.3, where the pair E = (d l , d2 ) 

is indicated by labeling dl with '(sou)' and d2 with '(tar)'. Figure 2.4 shows 
a derivation of a circular 2-tree, in which production PI is applied five times, 
and production P2 eleven times. The nonterminal that labels the edge that is 
replaced in the next derivation step is written in boldface. 

X 

PI: X 
-+ (sou);::;:---z (tar) 

XVX P2 : X -+ 
(sou) a (tar) •• ---0_". 

Fig. 2.3. Productions of an ER grammar 
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Fig. 2.4. A derivation of an ER grammar 
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3. Hyperedge replacement grammars 

3.1 Definitions and examples 

Hypergraphs Hyperedge Replacement (HR) grammars generate directed 
hypergraphs with labeled (hyper )edges. In an ordinary directed graph, each 
edge has a source and a target, which are nodes of the graph. In a hypergraph 
we allow edges to "have" any number of nodes rather than exactly two. Such 
generalized edges are also called hyperedges. As an example, Fig. 3.1(a) shows 
a hypergraph in which every hyperedge has four nodes: a node to its north, 
its east, its south, and its west. This hypergraph might model part of a 
geometrical configuration of processors that are connected by channels, as 
suggested by the way in which the hypergraph is drawn in Fig. 3.1(a). In 
pictures of hypergraphs, nodes are drawn as fat dots and edges are drawn as 
boxes. Undirected lines, called tentacles, connect each edge with its nodes. 
Such a tentacle is labeled by a selector that indicates the relationship between 
the edge and the node (in Fig. 3.1(a) the selector n abbreviates 'north', etc.). 
The label of the edge is shown within the box (in Fig. 3.1(a) all edges are 
labeled p). As another example, Fig. 3.1(b) shows a hypergraph that models 
the arithmetical expression 2 x (2+3). The edges that are labeled x or + have 
a result, a first argument, and a second argument (with selectors r, j, and 
s, respectively), and the other two edges have a result only. This shows that 
the edges in a hypergraph need not all be of the same type, where the 'type' 
of an edge is the set of selectors that label its tentacles. We stress here that 
different tentacles of an edge are labeled by different selectors: in this way 

(a) (b) 

Fig. 3.1. (a) A hypergraph with 4 (hyper)edges and 13 nodes, and (b) a hypergraph 
that models the expression 2 x (2 + 3) 
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each selector selects a unique node of the edge. However, different selectors 
may select the same node. 

To be able to attach hypergraphs to each other we allow certain nodes of 
a hypergraph to be distinguished, or "external". One may think of the root of 
a tree, or of the head and tail of a list. These nodes determine the embedding 
mechanism of the HR grammar. In pictures they will be labeled with the 
appropriate selector, between parentheses. As an example, in Fig. 3.1(b) the 
label (r) indicates that the top node is distinguished by selector r as the 
result node of the whole hypergraph. The 'type' of such a hypergraph is the 
set of selectors that label its external nodes; as with edges, for each selector 
s (in the type of the hypergraph) there is a unique node labeled by s, but a 
node may be labeled by different selectors. 

A production of an HR grammar will be of the form X -+ D, where X is 
a nonterminal edge label, and D is a hypergraph with external nodes. This 
production is applicable to an edge e of a hypergraph H if e has label X, and 
e and D have the same type (in the sense explained above). Application of 
the production consists ofremoving e (together with its tentacles), adding (a 
disjoint isomorphic copy of) D to the remainder of H, and, finally, identifying 
the s-node of e in H with the external s-node of D, for every selector s in 
their common type. This means that the external nodes of D "represent" the 
nodes of e, which are "passed" to (some of) the edges of D; all other nodes 
of D (and all its edges) are "created" during application. 

We now turn to the formal definition of a hypergraph (with external 
nodes). 

Definition 3.1. Let r be an alphabet of edge labels, and let E be an alpha
bet of selectors. A hypergraph over rand E is a tuple H = (V, E, lab, nod, ext), 
where V is the finite set of nodes, E is the finite set of edges (or hyperedges), 
disjoint with V, lab : E -+ r is the labeling function, nod is the incidence 
function that associates with each e E E a partial function nod(e) : E -+ V, 
and ext is the external function, a partial function E -+ V. The type of H is 
type(H) = dom(ext), the domain of the external function. For each e E E, 
the type of e is type( e) = dom( nod( e)). 0 

The components of H are also denoted VH , E H , labH , nodH , and extH. For 
e E E, the range of nod(e), ran(nod(e)), is the set of nodes of e (or, incident 
with e); for s E type(e), the node nod(e)(s) is also denoted nod(e, s), and is 
said to be the s-node of e (or, s-incident with e). The range of ext, ran(ext), is 
the set of external nodes of H; for s E type ( H), the node ext ( s) is called the 
external s-node of H. Note that, informally, nod(e) and ext can be viewed as 
records of nodes, with selectors from E. 

One of the main technical problems with graphs, as opposed to strings or 
trees, is that there is no unique linear notation for graphs. Thus, we always 
have to work with concrete (hyper)graphs, as defined above, and we have to 
be careful in stating when such graphs are considered to be "the same", i.e., 
to be isomorphic. After having mastered such technical subtleties, it is better 
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to disregard them as much as possible, because they can be a hindrance to 
intuitive understanding. Let us start by being precise. 

Two hypergraphs Hand K are isomorphic if they only differ in the iden
tity of their nodes and edges, i.e., if there are bijections 9 : VH -+ VK and h : 
EH -+ EK such that labK(h(e)) = labH(e), nodK(h(e), s) = g(nodH(e, s)), 
and extK(s) = g(extH(s)) for all e E EH and sEE. We also say that H 
and K are isomorphic copies of each other. Hand K are said to be node
isomorphic if E H = E K and there are bijections 9 and h as above, such that 
h is the identity on E H. Thus, two hypergraphs are node-isomorphic if they 
differ only in the identity of their nodes. 

In what follows, we will consider node-isomorphic hypergraphs to be the 
same; in particular, we write H = K whenever Hand K are node-isomorphic. 
We will usually, but not always, distinguish carefully between isomorphic 
hypergraphs. 

Two hypergraphs Hand K are disjoint if EH n EK = 0; since we identify 
node-isomorphic hypergraphs, it may in fact always be assumed that (VH U 
EH) n (VK UEK) = 0. 

For a hypergraph H, the set of all hypergraphs isomorphic to H is denoted 
[H]. Sometimes, H is called a "concrete" hypergraph and [H) an. "abstract" 
hypergraph. During a derivation in an HR grammar we need to rewrite con
crete hypergraphs (modulo node-isomorphism) because the rewriting works 
on (necessarily concrete) edges; however, the final result ofthe derivation will 
be viewed as an abstract hypergraph. 

The set of all (concrete) hypergraphs (with external nodes) over rand 
E is denoted H G Rr,E, and the set of all abstract hypergraphs is denoted 
[HGRr,E]. A hypergraph language is a subset L of [HGRr,E] such that all 
hypergraphs in L have the same type. 

The hypergraphs in [Be] have E ~ {I, 2, ... }, and, in particular, type(e) 
and type(H) are always equal to [1, n] = {I, ... ,n} for some n. This means 
that nod(e) and ext are sequences of nodes (rather than records of nodes); it 
simplifies the description of hypergraphs, but complicates some of the proofs. 
The hypergraphs in [HK3, Habl] have E ~ {sou,tar} x {I,2, ... }, and all 
types are of the form ({sou} x [I,m]) U ({tar} x [I,n]) for some m,n. This 
means that each edge has a sequence of source nodes and a sequence of target 
nodes, and similarly for the external nodes. 

Graphs, strings, and trees We will say that a hyperedge e is an ordinary 
edge if type( e) = {sou, tar}. In pictures, such an edge will also be drawn as 
usual as a directed line from the source node to the target node, with label 
lab(e). Hypergraphs with ordinary edges only, correspond to edge-labeled 
directed graphs (with multiple edges and loops allowed). HR grammars that 
rewrite ordinary edges only are in fact Edge Replacement grammars (see 
Section 2). We will say that a hyperedge e is a tag if type(e) = {owner}, 
i.e., it has an owner (and nothing else). Note that we consider 'owner' as 
a reserved selector, just as 'sou' and 'tar'. Tags can be used to model node 
labels: if a node owns exactly one tag, then the label of the tag is viewed 
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as the label of the node. In pictures, the node and edge will also be drawn 
together as a labeled node. Thus, hypergraphs of which all edges are ordinary 
edges or tags, and each node owns exactly one tag, represent (and will in fact 
be identified with) node- and edge-labeled directed graphs, as considered in 
Section 4. 

Figure 3.2 shows such a hypergraph, drawn (a) as a hypergraph (where s, 
t, and 0 abbreviate 'sou', 'tar', and 'owner', respectively) and (b) as a labeled 
graph. 

Strings and trees can be represented by hypergraphs in several ways. 
Although there are convenient representations by hypergraphs that are not 
graphs, for reasons of uniformity we choose a representation by node- and 
edge-labeled directed graphs. Strings over an alphabet T are represented by 
chains of which the edges are labeled by symbols from T and the nodes are 
labeled by # (standing for 'unlabeled'). To be precise, if w = al ... an (with 
n ~ 0 and ai E T), then w is represented (modulo isomorphism) by the 
hypergraph sgr( w) over T U {#} and {sou, tar, owner}, defined by sgr( w) = 
({vo,vl, ... ,vn},{el, ... ,en,to,tl, ... ,tn},lab,nod,ext) where ext = 0 and 
for alII::; i ::; n, nod(ei,sou) = Vi-l, nod(ei,tar) = Vi, and lab(ei) = ai, 
and for all 0 ::; i ::; n, nod(ti, owner) = Vi and lab(ti) = #. Figure 3.3 shows 
sgr(abb) at the left. To model context-free string grammarsl by HR grammars 

"''' '" 

(a) (b) 

Fig. 3.2. A hypergraph which is a node- and edge-labeled directed graph; it is the 
(hyper)graph representation tgr(t) of the tree t = -y(,I3(a), -y(a, a)) 

a b b a b b • • • • • • # # 
. . . ., . ,. . 

# # (sou) # # (tar) 

Fig. 3.3. The hypergraph representations sgr(abb) and sgre(abb) 

1 A context-free grammar is denoted G = (N, T, P, S) where N is the alphabet 
of nonterminals, with initial nonterminal S, T is the alphabet of terminals, 
and P is the finite set of productions (of the form X ---> W with X E Nand 
wE (N UT)*). 
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it is convenient to have the additional representation sgre(w) of W, which is 
of type {sou, tar} and is defined just as sgr(w) , except that ext(sou) = Vo and 
ext(tar) = Vn, and the tags to and tn are removed. Figure 3.3 shows sgre(abb) 
at the right. Intuitively, the nodes Vl, ... ,Vn-l represent the positions be
tween the symbols of the string w, and the nodes Vo and Vn represent its 
beginning and end, respectively. Note that for the empty string >., sgr(>.) has 
nO edges and just One node, and in sgre(>') this is both the external source 
and target node. 

Trees can be viewed as graphs in the usual way. We consider the labeled 
ordered trees that are familiar from, e.g., tree language theory and term 
rewriting systems. Let ..1 be a ranked alphabet, i.e., an alphabet together 
with a function rank: ..1-+ {O, 1,2, ... }. By T,d we denote the set of all trees 
(or terms, or expressions) over ..1, i.e., the smallest set of strings such that 
T 4 = {6tl ... tn 1 6 E ..1, rank( 6) = n, and tl, ... ,tn E T,d}. For readability 
we also write 6(tl,"" tn) instead of Dtl ... tn. 'lfees in T4 are represented in 
the usual way by directed graphs of which the nodes are labeled by symbols 
from ..1. To indicate the order, we label the edges that lead from a node to its 
n children by the numbers 1 to n (where n is the rank ofthe label of the node). 
Thus, a tree t is represented (modulo isomorphism) by a hypergraph tgr(t) 
over L1U{l, ... , m4} (where m,d is the maximal rank of the symbols in ..1) and 
{sou, tar, owner}. To model regular tree grammars2 by HR grammars, it is 
convenient (and natural) to let the root of the tree be its external owner-node; 
thus, tgre(t) is the same as tgr(t), but of type {owner}. The (hyper)graph 
representation tgr( t) of the tree t = 'Y (3a'Yaa = 'Y«(3( a), 'Y( a, a)), where the 
ranks of a, /3, 'Yare 0, 1, and 2, respectively, is shown in Fig. 3.2; tgre(t) is 
obtained by labeling the root with '(owner)'. An alternative representation of 
trees by hypergraphs is suggested in Fig. 3.1(b) (where, moreover, the subtree 
2 is shared). 

As usual, for a tree t over ..1 we denote by yt the yield of t, i.e., the 
string over the alphabet {6 E ..11 rank(6) = O}, defined by y(6(tl,"" tn)) = 
ytl ... ytn. For a tree language L and a class of tree languages £, y L = {yt 1 

tEL} and y£ = {yL 1 L E £}. 

Hyperedge replacement As observed before, application of a production 
X -+ D of an HR grammar to an edge e with label X consists of replacing e 
by (an isomorphic copy of) D in a particular way. This substitution operation 
will now be defined, independent of the notion of grammar (see [Cou1] for 
a general approach to context-free grammars for any type of objects, based 
on an abstract notion of object substitution). Informally, for disjoint hyper
graphs Hand K, and an edge e E E H ofthe same type as K, the substitution 
H[e/ K] of K for e in H is obtained from H by removing e, adding K, and 
identifying the s-node of e with the external s-node of K for every selector 

2 A regular tree grammar is a context-free grammar G = (N, .1, P, S) such that 
N U .1 is a ranked alphabet with rank(X) = 0 for every X E N, and every 
production in P is of the form X --+ t with t E TNU4. 
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s. The external nodes of H[el K] are those of H. To be on the safe side, we 
also define this formally, starting with node identification. 

Let H be a hypergraph and R ~ VH X VH . Intuitively, we wish to identify 
nodes v and v', for every pair (V,V') E R. Let =R denote the smallest equiv
alence relation on VH containing R, i.e., v =R v' iff there is a sequence of 
nodes Vl, ... , Vn (n ~ 1) such that Vl = v, Vn = v', and (Vi, Vi+d E R u R-1 

for all 1 ::; i < n. For v E VH, let [V]R denote the equivalence class of 
v with respect to =R, and let VH I =R = {[V]R I v E VH}. Then we de
fine the hypergraph HI R, obtained by node identification of R in H, by 
HI R = (VH I =R, EH, labH , nod, ext) where, for every edge e and selector 
s, nod(e,s) = [nodH(e,s)]R and ext(s) = [extH(s)]R. It is easy to see that 
if H' is node-isomorphic with H through a bijection h : VH -+ VB', and 
R' = {(h(u),h(v)) I (u,v) E R}, then H'IR' is node-isomorphic with HIR. 

Definition 3.2. Let H, K E HGRr,E be disjoint hypergraphs, and let e E 

EH with type(e) = type(K). Let (H - e) + K be the result of removing 
e from H and adding K, i.e., (H - e) + K = (V,E,lab,nod,ext) where 
V = VH U VK, E = (EH - {e}) U EK, lab = labH U labK restricted to E, 
nod = nodH U nodK restricted to E, and ext = extH. The substitution of 
K for e in H is the hypergraph H[el K] = ((H - e) + K)I R where R = 
((nodH(e,s),extK(s)) Is E type(e)}. 0 

It is easy to verify that substitution is an operation on (disjoint) hypergraphs, 
in the sense that if H and H' are node-isomorphic, and K and K' are node
isomorphic, then so are H[el K] and H'[el K']. 

Example 3.3. Consider the hypergraphs Hand K of Fig. 3.4, of type {i, o} 
and {i, t, J}, respectively. H represents a flow graph with an entrance (or 
input) and an exit (or output), and K represents a flow graph with an en
trance, a true-exit, and a false-exit. Figure 3.4 also shows H[el K], where e 
is the edge of H with label B (of the same type as K). 0 

It can be shown that this substitution operation is both confluent and associa
tive (see [Cou1] for the relevance of these notions for context-free rewriting). 
Confluence means that for disjoint hypergraphs H, K1, K2 and distinct edges 
el, e2 of H (with type(ei) = type(Ki)), 

HIed K1][e21 K2] = H[e21 K2][ed K1], 

i.e., it does not matter whether K2 is substituted in H after or before 
Kl is substituted in H. Associativity means that for disjoint hypergraphs 
H, K1 , K2, an edge el of H, and an edge e2 of Kl (with type(ei) = type(Ki)), 

i.e., it does not matter whether K2 is substituted in Kl after or before Kl 
is substituted in H. Note that in these equations, equality means node
isomorphism. 
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f f 
(t) (f) (0) 

H K H[eJK] 

Fig. 3.4. Two hypergraphs, and the result of their substitution (where e is the 
edge of H with label B) 

To ensure a correct definition of the yield of a derivation tree of an HR 
grammar (Definition 3.9), we also have to define the substitution of abstract 
hypergraphs into a concrete hypergraph, with an abstract hypergraph as re
sult. Let H be a hypergraph, let el,' .. , en be edges of H, and let K I , ... , Kn 
be abstract hypergraphs (with type(ei) = type(Ki)). Then the substitution 
of Ki for ei in H, denoted by H[el/Kl, ... , en/Kn], is the abstract hyper-
graph [H[eI/ KI]· .. [en/ Kn]], where H, KI, ... ,Kn are mutually disjoint and 
Ki = [Ki] for every I ::; i ::; n. It can easily be seen that this definition does 
not depend on the choice of the concrete hypergraphs K i . 

The representation of strings by hypergraphs, as discussed before, re
spects the operation of substitution of strings. More precisely, if u, v, ware 
strings, and x is a symbol that does not occur in them, then sgre(uvw) = 
sgre(uxw)[ex/sgre(v)], where ex is the edge ofsgre(uxw) with label x. A sim
ilar statement holds for the substitution of a tree for a leaf of another tree. 
This is the basis of the simulation of context-free grammars and regular tree 
grammars by HR grammars. 

Treewidth As pointed out in [Laul, Cou5], hyperedge replacement is closely 
related to the notion of treewidth, introduced in [RobS2]. Treewidth plays an 
important role in algorithmic graph theory, because many graph algorithms 
that are inefficient on arbitrary graphs, work efficiently on graphs of bounded 
treewidth. 

Definition 3.4. A tree decomposition of a hypergraph H consists of a family 
{XdiEI of subsets of VH and a symmetric binary relation F on I such that 
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(1) (I, F) is a tree (in the graph-theoretic sense, i.e., a connected acyclic 
undirected unlabelled graph), 

(2) VH = UiEJ Xi, 
(3) for every e E EH there exists i E I with ran(nodH(e)) ~ Xi, 
(4) there exists i El with ran(extH) ~ Xi, 
(5) for all i 1 , i2 ,j E I, if j is on the shortest path from i 1 to i2 in the tree 

(I, F), then Xii n Xi2 ~ Xj. 

The width of a tree decomposition is m~EJ#Xi - 1. The treewidth of a 
hypergraph H is the minimum width of all tree decompositions of H. 0 

As an example (see Fig. 2.4 in Section 2), all 2-trees are of treewidth 2 (ex
cept the one-edge 2-tree which has treewidth 1), and, in fact, every graph of 
treewidth ~ 2 is a subgraph of a 2-tree. Figure 3.14 is a tree decomposition 
(of width 4) of the hypergraph H of Fig. 3.12. The large circles correspond 
to the Xi (suggestively arranged as a tree, cf. Fig. 3.13), and the dots rep
resent the nodes of H, where two dots that are connected by a dashed line 
represent the same node (and representative dots have been encircled); note 
that, by requirement (5) of Definition 3.4, dashed lines need only be between 
neighbouring Xi. Each edge is drawn inside the Xi that contains all its nodes. 

For k ~ 1, we denote by TW(k) the set of all hypergraphs of treewidth 
~ k; thus, HE TW(k) if and only if H has a tree decomposition ({XihEJ, F) 
with #Xi ~ k + 1 for all i E I. 

There are many different characterizations of treewidth (for a survey see 
[Bod]; see also [Klo]). One of them is the following, in which the use of 
hyperedges is essential. 

Proposition 3.5. For every k ~ 1, TW(k) is the smallest substitution
closed set of hypergmphs that contains all hypergmphs with at most k + 1 
nodes. 

Proof. Obviously, TW(k) contains all hypergraphs with ~ k + 1 nodes (with 
a tree consisting of one node i only, and Xi = VH ). Next we show that 
TW(k) is substitution closed. Let H', H" E TW(k), with tree decompositions 
({XIhEJ" F') and ({XI/hEJII, F"), respectively, of width ~ k (where we may 
assume that I' n I" = 0). Let e be an edge of H' with type(e) = type(H"). 
Then a tree decomposition for H = H/[e/ H"] can be constructed as follows. 
Let i' E I' be a tree node that "contains" e, i.e., ran(nod(e)) ~ XI, (see 
Definition 3.4(3)). Let i" E I" be a tree node that "contains" all external 
nodes of H", i.e., ran(extHII) ~ XI:, (see Definition 3.4(4)). Consider the 
tree obtained by taking the (disjoint) union of the trees for H' and H", 
with an additional edge between tree nodes i ' and i". Formally, let R = 
{(nodH'(e, s), extH" (s)) I s E type(e)}, and construct the tree decomposition 
({XihEJ, F) with I = I' UI", Xi = {[V]R I v E XI} for i E I', Xi = {[V]R I 
v E Xn for i E I", and F = F' U F" u {( i', i"), (i" , i/)}. It is straightforward 
to verify that this is indeed a tree decomposition of H, of width ~ k. 
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In the remainder of the proof we need the (usual) notion of the restriction 
of a hypergraph H to a set of nodes V ~ VH : it is the tuple (V, E, lab, nod), 
where E = {e E EH I ran(nodH(e» ~ V}, and lab and nod are the restric
tions of labH and nodH to E. Note that the restriction of H to V is not yet 
a hypergraph (because the external nodes are missing). 

It remains to show that every hypergraph H of treewidth ::; k belongs 
to the substitution closure of the set of all hypergraphs with at most k + 1 
nodes. Let ({ XdiEI' F) be a tree decomposition of H of width::; k. We use 
induction on #1, the number of tree nodes. If #1 = 1, then H has::; k + 1 
nodes. Now assume that #1 > 1. Let io E I be a tree node that contains 
all external nodes of H. Let i" E I be a leaf of the tree (i.e., a tree node of 
degree 1), with i" =I i o, and let i' be its neighbour. We now construct two 
hypergraphs H' and H" such that H = H'[e/ H"] for an edge e of H'. Let 
Y = XiI n XiII. Note that, by Definition 3.4(5), Y = (UiEI-{ill} Xi) n XiII. 
Let Sy be a new selector, for every y E Y. Then H' = (Hf,extH), where Hf 
is the restriction of H to UiEI-{ill} Xi, with an additional new edge e of type 
{Sy lyE Y} such that nod(e, Sy) = Y for every y E Y. And H" = (Hf/, ext") , 
where Hf' is the restriction of H to Xi", and ext"(sy) = y for every y E Y. 
It is easy to see that H = H'[e/ H"]. Also, H" has at most k + 1 nodes. And 
finally, H' has the tree decomposition ({Xi hE!', F') with I' = I - {i"} and 
F' = F - {( i', i"), (i", i')} (the new edge e is contained in the tree node i'). 
Thus, we can apply the induction hypothesis to H'. 0 

Let HGRk+1 denote the set of hypergraphs with at most k + 1 nodes. Note 
that in the proof of Proposition 3.5 we have also shown that TW(k) is the 
smallest set of hypergraphs containing HGRk+1 and closed under substitu
tion of hypergraphs from HGRk+1 (i.e., if HE TW(k) and H' E HGRk+1, 
then H[e/ H'] E TW(k». By a similar proof it can be shown that TW(k) 
is the smallest set of hypergraphs containing H G Rk+1 and closed under 
substitution into hypergraphs from HGRk+1 (i.e., if H E HGRk+1 and 
Hf, ... ,H~ E TW(k), then H[el/Hf]··· [en/H~] E TW(k». 

Hyperedge replacement grammars For convenience we will assume that 
the nonterminals of an HR grammar are typed, in the sense that a nontermi
nal always uses the same selectors. Let E be a finite set (of selectors). A E
typed alphabet is an alphabet N together with a mapping type: N - peE), 
the set of subsets of E. For X E N and any object e, let sn(X, e) denote the 
hypergraph (V,E,lab,nod,ext) with E = {e}, lab(e) = X, V = type(X), 
nod(e, s) = s, and ext(s) = s, for every s E type(X). Figure 3.5 shows 
sn(X, e) for type(X) = {p, q, r}, and sn(Y, e) for type(Y) = 0. We use sn as 
an abbreviation of' single edge' (and in Section 4 as an abbreviation of 'single 
node'). 

We now define HR grammars, introduced in [HK2, BC] (see Section 1.5 
of [Hab1] for precise historical information). 
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(b) 

Fig. 3.5. (a) sn(X,e) with type(X) = {p,q,r}, and (b) sn(Y,e) with type(Y) = 0 

Definition 3.6. A hyperedge replacement grammar (or HR grammar) is a 
tuple G = (N, T, E, P, S), where N is the E-typed alphabet of nonterminal 
edge labels, T is the alphabet of terminal edge labels (disjoint with N), E 
is the alphabet of selectors, P is the finite set of productions, and SEN is 
the initial nonterminal. Every production is of the form X --+ D with X E N 
and D E HGRNUT,E, such that type(X) = type(D) and, for every e E ED 
with labD(e) E N, type(e) = type(labD(e)). 0 

An edge with a terminal or nonterminal label is said to be a terminal or 
nonterminal edge, respectively. For a production p : X --+ D, lhs(p) = X 
and rhs(p) = D (its left-hand side and right-hand side, respectively). Two 
productions Xl --+ Dl and X2 --+ D2 are called isomorphic if Xl = X 2, and 
Dl and D2 are isomorphic. A production that is isomorphic to a production 
in P will be called a production copy of G. We will not always distinguish 
between a production in P and its isomorphic copies. 

The process of rewriting in an HR grammar is defined through the notion 
of substitution, in a standard language theoretic way, as follows. 

Let G = (N, T, E, P, S) be an HR grammar. Let Hand H' be hypergraphs 
in HGRNUT,E, let e E EH , and let p : X --+ D be a production copy of G 
such that D and H are disjoint. Then we write H '*e,p H', or just H '* H', 
iflabH(e) = X and H' = H[e/D]. H '*e,p H' is called a derivation step, and 
a sequence of such derivation steps is called a derivation. A derivation 

n 2: 0, is creative if the hypergraphs Ho and rhs(Pi), 1 ::; i ::; n, are mutually 
disjoint. We will restrict ourselves to creative derivations. Thus, we write 
H ~* H' if there is a creative derivation as above, with Ho = Hand Hn = 
H'. 

A sentential form of G is a hypergraph H such that sn(S, e) ~* H for 
some e. For X E N, the hypergraph language generated by X is 

L(G,X) = {[H]I H E HGRT,E and sn(X, e) ~* H for some e}. 

The hyper graph language generated by G is L(G) = L(G, S). 
By HR we denote the class of hypergraph languages generated by HR 

grammars. Two HR grammars G and G' are equivalent if L(G) = L(G'). 
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Thus, sentential forms of G are concrete hypergraphs (modulo node iso
morphism), but the language generated by G consists of abstract hyper
graphs: L(G) ~ [HGRT,.d. It is not difficult to show that if Hand H' are 
isomorphic and sn(S, e) ~. H, then sn(S,e') ~. H' for some e'. Note also 
that for every [H] E L(G), type(H) = type(S). 

Viewing every right-hand side W of a production of a context-free string 
grammar G as the hypergraph sgre(w), we obtain an HR grammar G', with 
each nonterminal oftype {sou, tar}, such that L(G') = {sgre(w) I W E L(G)}. 
In fact, if G = (N,T,P, S) then G' = (N, T U {#}, {sou, tar,owner},P', S) 
with P' = {X -+ sgre(w) I X -+ W E Pl. Note in particular that A
productions are allowed (i.e., productions of which the right-hand side is the 
empty string); application of such a production to an edge results in the iden
tification of the source and target of that edge (as it should). An HR gram
mar Gil such that L( Gil) = {sgr( w) I w E L( G)} can be obtained from G' by 
adding the production So -+ sgr(S) for a new initial nonterminal So of type 
0. Similarly, viewing trees t as hypergraphs tgre(t) as explained above, every 
regular tree grammar G turns into an HR grammar G', with each nontermi
naloftype {owner} (except So, in case the production So -+ tgr(S) is added). 
If G = (N, Ll,P, S) then G' = (N, Ll U {I, ... ,m~}, {sou, tar,owner},P', S) 
with P' = {X -+ tgre(t) I X -+ t E Pl. These translations work because, 
as observed before, the representation functions sgre and tgre respect the 
operation of substitution. Thus, every context-free string language and ev
ery regular tree language is in HR (but HR contains more string and tree 
languages, see Section 6). 

It follows immediately from Proposition 3.5 and the definition of L( G) 
that the graphs in L( G) are of bounded treewidth. More precisely, define the 
width of G to be the maximum of all #VD - 1 where D is the right-hand 
side of a production of G. If the width of Gis k, then L(G) ~ TW(k), i.e., 
all hypergraphs generated by G have treewidth at most k. As a consequence, 
e.g., the set of all complete graphs cannot be generated by an HR grammar 
(it is easy to see that a clique of a graph of treewidth k has at most k + 1 
nodes). For the same reason, the set of all (hyper) graphs , over given rand E, 
cannot be generated by an HR grammar (which may be a surprise from the 
point of view of context-free string grammars). The other way around, it is not 
difficult to see from the proof of Proposition 3.5 (see also the remark following 
it) that there is an HR grammar G of width k that generates all hypergraphs 
in TW(k) n HGRr,E of a given type T ~ E (with #T :$ k + 1). In fact, 
G= (N,T, E',P, S) with N = {S}U{1, ... ,k+1}, E' = EU{I, ... ,k+1}, 
type(S) = T, type(i) = {1, ... , i}, and P consists of all productions X -+ D 
such that D E HGRNur,E' with #VD :$ k + 1 and D does not contain 
edges with the same label and the same nodes (and type(e) ~ E for every 
terminal edge e of D). This implies that, for every k ~ 1, a hypergraph H has 
treewidth :$ k if and only if it can be generated by an HR grammar of width 
:$ k (as shown in [Lau1]). It also implies that a hypergraph language is of 
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bounded treewidth if and only if it is included in an HR language {which will 
be stated in Theorem 3.27}. It is shown in [eS] that the set of obstructions 
of a minor-closed graph language L E HR can be constructed effectively from 
an HR grammar generating L. 

We now give some examples of HR grammars. 

Example 3.1. (1) The ER {and so HR} grammar G of Section 2 generates, 
to be precise, circular 2-trees that have external nodes: the nodes of the 
edge the derivation starts with. To generate all circular 2-trees of type 0, the 
production S -+ ed{X} should be added, with type{S} = 0 and ed(X) is 
the one-edge hypergraph in Fig. 2.4. Then Fig. 2.4 shows a derivation in the 
resulting HR grammar GI , without the first step sn{S, e) => ed{X}. 

(2) Let us consider an HR grammar G2 such that L{G2 } is the set of all 
"triple stars", of the form shown in Fig. 3.6 (where edge labels are dropped). 
Thus a triple star is the disjoint union of three copies of the same star. 
G2 = (N,T,E,P,S) with N = {S,X}, T = {*}, E = {sou,tar,p,q,r}, 
type{S} = 0, type{X) = {p, q, r}, and P contains the three productions shown 
in Fig. 3.7 (where the edge label * of the three ordinary edges is dropped). A 
triple star with 3n edges is generated by starting with the first production, 
applying the second production n times (each time adding one edge to each 
star), and finally removing the nonterminal edge by the third production. 
Note that from the point of view of context-free (string) grammars, L(G2) is 
rather noncontext-free: it is similar to the language {anbncn I n ~ a}. 

(3) The next example is an HR grammar G3 that generates all "grass
hoppers", of the form shown in Fig. 3.8 (cf. [EHL]). The five productions 
of G3 are shown in Fig. 3.9. The selectors s, t, 0 abbreviate 'sou', 'tar', and 
'owner', which means that we could also have drawn A as an ordinary edge 
label, and B as a node label. Note that the productions for A correspond, 
via sgre' to the context-free grammar productions A -+ aA and A -+ >., and 
L(G3 , A) = {sgre(an) I n ~ a}. 

*** Fig. 3.6. A triple star 

s- x-I (P)h(') x - (q). 

(p) • • (r) 

Fig. 3.7. Productions of HR grammar G2 , generating triple stars 
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b 

~ 
a a a a a a a a a a a a a 

Fig. 3.8. A grasshopper 

B ..... 
b 

(O)~ 
B ..... 

(0) 
• 

o lID 

(s)~(t) 
(s)(t) 

A ..... A ..... • 

Fig. 3.9. Productions of HR grammar Ga, generating grasshoppers 

(4) Closely related to G3 is the HR grammar G4 with the productions 
shown in Fig. 3.10. It corresponds, in fact, to the regular tree grammar 
(N,.1,P,B) with N = {B,A}, .1 = {a,,B,'Y}, rank(a) = 0, rank(,B) = 1, 
rank(-y) = 2, and productions B -+ 'Y(A, B), B -+ a, A -+ ,B(A), A -+ a in P. 
G3 generates all "combs" (with teeth of irregular length), i.e., all trees tgr(t) 
where t is of the form 'Y(,Bn 1 a, 'Y(,Bn2 a , 'Y( . .. 'Y(,Bn k a , a) ... ))) with k ~ 0 and 
ni ~ o. Figure 3.2 shows the comb with k = 2, nl = 1, and n2 = O. Note that 
in Fig. 3.10 we could also have drawn the nonterminal edges as node labels. 
Note also that if A = B then G4 would generate all trees in TLl. 

(5) As a last example we consider an HR grammar G5 generating 
"structured" control-flow graphs, similar to the grammar of [FKZ] (see also 
[Hab1, DHK]). The flow graphs correspond to the programs of a program
ming language with the following context-free syntax for 'statements' and 
'boolean statements', respectively (in BNF notation): 

S ::= S; S I if B then S else S fi I while B do S od I 
(basic statement) I skip 

B S; B I if B then B else B fi I while B do B od I 
(basic test) I true! I false! 

where (basic statement) = {g,h,k, . .. } and (basic test) = {p,q,r, .. . }. The 
idea is that a boolean statement is a statement that computes and delivers a 
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(0) 
B -+ • 

Q 

(0) 

A-+ 

r 
(0) 

A -+ • 
Q 

Fig. 3.10. Productions of HR grammar G4, generating combs 

truth value. The truth value is delivered explicitly by true!, false!, or as the 
value of a basic test. 

The flow graphs corresponding to these statements are generated by the 
HR grammar G5 of which the productions are given in Fig. 3.11 (also in BNF 
notation), in the order corresponding to the above syntax. 

Note that Fig. 3.4 illustrates, on the level of flow graphs, the derivation 
step while B do S od => while Sj B do Sod, according to the production 
B --+ SjB. Figure 3.12 shows the flow graph in L(G5 ) corresponding to 
statement 

while 9 j if p then false! else q fi do 
if r then h else skip fi odj 

k. 
Note that the width of G5 is 4. Hence, by the discussion above, all flow graphs 
in L(G5 ) have treewidth:::; 4. This leads to efficient algorithms for, e.g., global 
data-flow analysis ([FKZ]) and register allocation ([Tho]). 0 

Derivation trees One of the main features of a context-free string gram
mar is that derivations can be composed and decomposed. Formally this 
can be expressed in the following way (see, e.g., Lemma 11.1.1 of [Ber]): 
UIXI U2X2 ... unXnun+! =>* v if and only if there exist Vb ... , Vn such that 
v = UI VI U2V2 ... Un Vn Un+! and Xi => * Vi for every i (where Xi is a non
terminal, and Ui and Vi are terminal strings). Due to the confluence and 
associativity of hypergraph substitution a similar result holds for HR gram
mars (see [Coul]). It is often called the Context-Freeness Lemma, and can be 
found, e.g., in [HK2, HK3, Habl, DHK]. It was first shown for ER grammars, 
in [HKl]. 
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Lemma 3.S. Let G = (N, T, E, P, S) be an HR grammar. Let Hand K be 
hypergraphs in H G RNUT,E and H G RT,E, respectively, let el, ... ,en be all the 
nonterminal edges of H, and let ei be labeled by Xi in H. Then H =>* K if 
and only if there exist hypergraphs Kl, ... , Kn in HGRT,E (disjoint with H) 
such that K = H[eI/ KIl··· [en/ Knl and sn(Xi' ei) =>* Ki for all! ::; i ::; n. 
Moreover, the length of the derivation H => * K equals the sum of the lengths 
of the derivations sn(Xi' ei) =>* K i . 

Proof. We prove the equivalence by induction on the length of the derivation 
H =>* K, and on the sum of the lengths of the derivations sn(Xi' ei) =>* K i . 

f 
(i)(o) 

s::= • 

f 

(0) 
(0) 

B::= 

f 

(I) 

(t) (I) 
(t) (I) (t) 

A t f 

(I) 
• 

(i)(t) 
• 

(t) 
• 

(i) (f) 
• 

(t) (I) 

Fig. 3.11. Productions of HR grammar G5, generating flow graphs 
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Fig. 3.12. A flow graph generated by HR grammar G5 

(Only if) Let H =>* K. If the derivation has length 0, and so K = H, 
then n = 0 and there is nothing to prove. Otherwise, because of confluence of 
substitution, we may assume w.l.o.g. that in the first step of the derivation 
a production copy p is applied to edge e,.u say p : Xn -+ D. Thus, H => 
H[en/ DJ =>* K. Let en+b ... , en+d be all nonterminal edges of D, with labels 
Xn+b . .. ,Xn+d' By induction, there exist hypergraphs Ki , for 1 :::; i :::; n + d 
and i 1= n, such that sn(Xi' ei) =>* Ki and 

K = H[en/Dlh/Kll'" [en-l/Kn-l][en+1/Kn+11'" [en+d/Kn+dl. 

Define Kn = D[en+1/Kn+1J··· [en+d/Kn+dJ. By induction (in the other di
rection) D =>* Kn, and hence (using p) sn(Xn' en) => D =>* Kn. By conflu
ence of substitution (n - 1 times), 

and by associativity of substitution (d times) this is equal to 

H[ed KIJ ... [en-d Kn-1J[en/ D[en+1/ Kn+1]· •• [en+d/ Kn+d]] 

= H[edK1]··· [en-dKn-d[en/Kn]. 

(If) This part of the proof is analogous to the one above. Consider K = 
H[edK1J··· [en/Kn] with sn(Xi,ei) =>* Ki. If all these derivations have 
length 0, then n = 0 and K = H. Otherwise, by confluence, we may assume 
that the last derivation has positive length. Let sn(Xn' en) => D =>* Kn be 
the first step of the last derivation, with production copy p : Xn -+ D. By 
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induction (in the other direction), there exist K i , for n + 1 ~ i ~ n + d, 
such that Kn = D[en+1/Kn+1J··· [en+d/Kn+dJ and sn(Xi,ei) =>* Ki. By 
the calculation above (in reverse), 

K = H[en/ D][el/ KIJ ... [en-l/ Kn- 1][en+1/ Kn +1J ... [en+d/ Kn+dJ. 

Hence, by induction, H[en/ DJ =>* K, and so (using p) H => H[en/ DJ =>* K. 
o 

From this lemma it should be clear that the notion of a derivation tree (as 
known for context-free string grammars) can also be defined in a natural 
way for HR grammars. A slight difference is that the derivation trees are 
"abstract syntax trees" : they are labeled by productions rather than symbols. 
In analogy with context-free string grammars, the hypergraph that is the 
result of such a derivation tree t will be called the yield of t, denoted yield(t), 
although this might lead to confusion with the "ordinary" yield yt of t, which 
is the string of labels of its leaves. 

For convenience, we will assume from now on that for each production p 
of an HR grammar G = (N, T, E, P, S), the nonterminal edges of rhs(p) are 
linearly ordered in a fixed (but arbitrary) way. Moreover, we turn P into a 
ranked alphabet by defining rank(p) to be the number of nonterminal edges 
ofrhs(p). Recall that Tp denotes the set of all trees over P. 

Definition 3.9. Let G = (N,T,E,P,S) be an HR grammar. A derivation 
tree for X E N is a tree p(tl, ... , tn) in Tp such that lhs(p) = X and, for 
every 1 ~ i ~ n, ti is a derivation tree for Xi, where Xi is the label of the 
ith nonterminal edge of rhs(p) (in the given order). The yield of a derivation 
tree is an abstract hypergraph in [HGRT,EJ, defined by 

where el, ... , en are the nonterminal edges of rhs(p) (in that order). 
For X E N we denote by D( G, X) the set of all derivation trees for X; 

also, D(G) = D(G, S) is the set of all derivation trees of G. 0 

Note that the substitution of abstract hypergraphs in a concrete one, such 
as rhs(p), results again in an abstract hypergraph (as defined before). Thus, 
every production p can be interpreted as an operation on [HGRT,Ej, viz. the 
operation -XHl ... Hn.rhs(p)[el/Hl. ... , en/HnJ, and then yield(t) is just the 
value of the expression t E Tp in the resulting algebra. 

From Definition 3.9 it should be clear that the yield of a derivation tree t 
can also be computed as follows. Consider for every node x of t an isomorphic 
copy D( x) of rhs(px), where Px is the label of x in t, in such a way that 
all these copies are disjoint. Then the yield of t is obtained by taking the 
disjoint union of all D(x), removing all nonterminal edges, and identifying 
nodes as follows. If el, ... ,en are the (ordered) nonterminal edges of D(x), 
and x has children Xl, ... ,Xn in t, then nodD(x)(ei,s) should be identified 
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with extD(x;)(S) for every appropriate s. AB an example, Fig. 3.13 shows 
a derivation tree t = Pl(P2(P3(P4),PS(P6(P7)))) of the HR grammar which 
is obtained from Gs (of Example 3.7(5), see Fig. 3.11) by substituting the 
basic statements and tests in the right-hand sides of the productions, in all 
possible ways (for the sake of getting a smaller derivation tree). The nodes of 
t are blown up, and their labels Pi shown inside (without the selectors on the 
tentacles of rhs(pi)). The yield of t is the flow graph of Fig. 3.12. In Fig. 3.14 
it is shown by dashed lines which nodes ofthe (disjoint copies of) right-hand 
sides have to be identified to obtain yield(t); representatives of each class of 

BA!i) 
p 

B q 

(I) (f) 

Fig. 3.13. A derivation tree of an HR grammar 
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.. . . 

l O~·: 

.' 

---

Fig. 3.14. The yield of a derivation tree of an HR grammar 

identified nodes are encircled. Note that Fig. 3.14 can also be viewed as a 
tree decomposition of yield{t) (as discussed after Definition 3.4). In general, 
the derivation tree t corresponds to the tree decomposition ({ XihEl, F) of 
yield(t) where I is the set of nodes of t, F is the symmetric relation between 
a node and one of its children, and for i E lit, Xi = ([v] I v E VD(i)} 

where [v] is the equivalence class with respect to the above identification (cf. 
also the second remark following Proposition 3.5). In the other direction, 
for every tree decomposition of a hypergraph H there is a derivation tree t 
of an HR grammar, such that yield(t) = Hand t corresponds to that tree 
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decomposition. Thus, as shown in [Laul], derivation trees of HR grammars 
correspond to tree decompositions of hypergraphs. 

Theorem 3.10. Let G = (N, T, E, P, S) be an HR grammar. 
For every X E N, L(G,X) = {yield(t) It E D(G,X)}. 
In particular, L(G) = {yield(t) I t E D(G)}. 

Proof. (~) This part of the proof is by induction on the length of the deriva
tion sn(X, e) =}* H. Let sn(X, e) =} D =}* H, with production (copy) 
p : X -+ D. By Lemma 3.8 there exist hypergraphs Hl , ... , Hn such that H = 
D[el/ Hl]··· [en/ Hn] and sn(Xi, ei) =}* Hi, where el, ... , en are the nonter-
minal edges of D (with labels Xl, ... , Xn). By induction, there are derivation 
trees ti for Xi such that yield(ti) = [Hi]. Then p(tl,"" tn) is a derivation 
tree for X and its yield is yield(p(tll"" tn)) = D[el/[Hl], ... , en/[Hnll = 
[D[el/ Hl , ... , en/ Hnll = [H]. 

The G~)-part can be shown in a similar way, by induction on the size of 
the derivation tree. 0 

The proof of Theorem 3.10 shows how to construct a derivation tree for each 
derivation, and the other way around, inductively. With a little bit more 
thought, it should be clear that it is in fact very easy to construct a concrete 
(hyper)graph representation of the derivation tree t of a derivation 

where Hn is terminal. In fact, tgr(t) has nodes ell ... , en with root el, and for 
every i, ei has label Pi (through a tag, as explained before) and the children 
of ei are the nonterminal edges of rhs(pi) (in their order); note that since 
Hn is terminal, all these nonterminal edges are indeed among ell' .. , en' It 
should be clear that this construction is much more direct than for context
free string grammars, where one has no convenient notation for the nodes 
of the derivation tree. Thus, in this case, the fact that concrete graphs are 
rewritten (rather than abstract ones) is an advantage. 

The set D( G) of derivation trees of an HR grammar G is a regular tree 
language (just as in the case of ordinary context-free grammars). In fact, 
with G = (N, T, E, P, S) we associate the regular tree grammar rtg( G) = 
(N, P, pI, S) where pI is defined as follows: if p : X -+ D is a production 
in P, and D has nonterminal edges el,"" en (in that order) with labels 
Xl,"" Xn, then X -+ P(Xll"" Xn) is a production in pl. It should be 
clear that L(rtg( G)) = D( G). 

It is now easy to see that the emptiness problem is decidable for HR 
languages: for an HR grammar G, L( G) = 0 if and only if D( G) = 0 if and 
only if L(rtg(G)) = 0, and the emptiness problem is decidable for regular 
tree languages (which are a special type of context-free string languages). 

Another straightforward consequence of Lemma 3.8 is a least fixed point 
result for HR grammars (see [HKl, Be] and Section III.3 of [HabI]). Let 
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G = (N, T, E, P, S) be an HR grammar. Then {L(G, X)}XEN is the smallest 
family of hypergraph languages such that for every X E N, L(G,X) is the 
union of the hypergraph languages D[et/ L( G, Xt}, ... ,en/ L( G, Xn )], where 
X - D is a production in P (and Xi is the label of ei, the ith nonterminal 
edge of D). Here, 'smallest' is with respect to coordinate-wise inclusion. 

The class HR of hypergraph languages generated by HR grammars has a 
large number of nice closure properties (see also Theorem 5.5 of Section 5). 
Here we show that HR is closed under substitution (Theorem IlL1.2 of 
[Habl]). Let L ~ [HGRT,E] , and let c/>(a) be a hypergraph language for 
every a E T. Then the substitution of the c/>(a) in L, denoted by c/>(L) , is 
the hypergraph language consisting of all [H[et/ Hl] ... [en/ Hnll such that 
[H] E L, EH = {el,"" en}, Hi E c/>(1abH ( ei)) and type(Hi) = type ( ei) for 
every 1 ::; i ::; n. A class £, of hypergraph languages is closed under substi
tution if c/>(L) E £, whenever L E £, and c/>(a) E £, for every a E T (where 
L ~ [HGRT,E])' 

Theorem 3.11. HR is closed under substitution. 

Proof. The proof is similar to the one for context-free string grammars. Let 
L(G) = L ~ [HGRT,E], and let L(Ga ) = c/>(a) , for every a E T. We may 
assume that the nonterminal alphabets of G and the Ga are mutually dis
joint. Let Sa be the initial nonterminal of Ga. We may also assume that for 
every production X - D of G and every terminal edge e of D with label 
a, type(e) = type(Sa) (otherwise the production can be thrown away be
cause it generates a terminal edge which cannot be substituted for). Then 
L(G') = c/>(L), where the new grammar G' has all productions of all the Ga , 

and all productions of G in which, in the right-hand sides, every terminal edge 
with label a is relabeled by Sa. The initial nonterminal of G' is the one of G. 

Obviously, for every nonterminal X of Ga , L(G',X) = L(Ga , X). Using 
Lemma 3.B, it can be shown that for every nonterminal X of G and every ter
minal hypergraph K', X ~ * K' in G' iff there exists a terminal hypergraph 
K such that K' E c/>(K) and X ~* Kin G. The proof uses the fact (based on 
confluence and associativity of substitution) that c/>(H[et/ K l ]· .. [en / Kn]) = 
¢(H)[edc/>(Kd]'" [en/c/>(Kn)] where the ei are nonterminal edges of H. 0 

In fact, HR is even closed under iterated nested substitution (Theorem IlL 1.5 
of [HabI]). The proof is similar to the one for context-free string grammars 
(see, e.g., [Gru]). Of course, HR is not closed under arbitrary iterated substi
tutions; these lead to the generalization of L-systems to hypergraph grammars 
(see [Kre]). 

In the definition of HR grammar we have allowed the initial nonterminal 
S to have an arbitrary type. We now show that, in a certain sense, we may 
always assume S to have type 0. To do this, we code hypergraphs with external 
nodes as hypergraphs without external nodes. Coding one type of graph into 
another type of graph is done very often in graph grammar theory, in order 
to be able to compare one type of graph grammar with another type. 
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Let H be a hypergraph over rand E, and let $ be an edge label not in r. 
The closure of His cl(H) = (V,E, lab,nod,ext) with V = VH, E = EHU{e$} 
(where e$ is a new edge), lab(e) = labH(e) and nod (e) = nodH(e) for e E E, 
lab(e$) = $, nod(e$) = extH, and ext = 0. Thus, rather than indicating the 
external nodes by 'ext', they are indicated by a special edge with label $. Note 
that type(cl(H)) = 0 and type(e$) = type(H). For a hypergraph language L, 
cl(L) = ([cl(H)] I [H] E L} as usual. 

Proposition 3.12. For every hypergraph language L, 
L E HR if and only if cl(L) E HR. 

Proof. (Only if) Let G be an HR grammar with initial nonterminal S. Let 
G' be obtained from G by taking a new initial nonterminal S' of type 0, 
and adding the production S' -+ (V, E, lab, nod, 0) with V = type(S), E = 
{e, e$}, lab(e) = S, lab(e$) = $, and nod(e, s) = nod(e$, s) = s for every 
s E type( S). Obviously, G' generates cl( L( G)). 

(If) Let G = (N,T,E,P,S) be an HR grammar such that L(G) = cl(L). 
Thus, type(S) = 0. Obviously, in every derivation of G exactly one produc
tion X -+ D is applied such that D has an edge with label $. We will con
struct a grammar G' = (N', T - {$}, E, P', S') generating L that simulates 
a derivation of G by starting with such a right-hand side D, and applying 
the productions that led to D in reverse order. The nonterminals of G' are 
those of G (to simulate the 'ordinary' parts of the derivation), those of G 
with a hat (to simulate the part in reverse), and the new initial nonterminal 

$ (whlch is a convenient notation). Thus, N' = N U {X I X E N U {$}} and 
S' = $. The productions of P' are constructed as follows. 

First, all productions of P that do not contain $, are in P'. Second, 
for every production p : X -+ D of P and every edge eo of D with label 
Xo E N U {$}, P' contains the "reversed" production rev(p, eo) which is 
defined to be Xo -+ D' where D' = (VD' ED, lab, nod, ext) with lab(e) = 
labD(e) and nod (e) = nodD(e) for e 1- eo, lab(eo) = X, nod(eo) = extD, and 
ext = nodD(eo). Thus, nodD(eo) and extD have been interchanged. Finally, 
P' contains the production Ps : S -+ E, where E is the empty hypergraph. 

To understand the correctness of this construction, note that every deriva
tion of a terminal hypergraph cl(H) in G can (due to confluence of substitu
tion) be written as sn(S, et} ::::}el,Pl HI ::::}e2,P2 H2 ••• ::::}en,Pn Hn ::::}* cl(H), 
where Hn contains an edge en+1 with label $, and ei+1 is an edge of 
rhs(pi) for every 1 ::; i ::; n. Thus, the Pilabel a path in the correspond
ing derivation tree, from the root to the tree node where the edge with 
lab~ $ is generated. This derivation is simulated in G by a derivation 

sn($, en+t} ::::}en+l'P~ H~ ::::}en'P~_l H~_I ... ::::}e2'p~ Hi ::::}el,PS Hi' ::::}* H, 
where p~ = rev(pi' ei+1)' Using associativity of substitution, it is easy to see 
that cl(Hi') = Hn. Thus, the derivation Hi' ::::}* H can be obtained from 
Hn ::::}* cl(H) by removing all edges with label $ and turning their nodes into 
external nodes. 0 
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3.2 Normal forms 

In this section we discuss a number of normal forms for HR grammars, such 
as generalizations of Chomsky and Greibach Normal Form, but also normal 
forms that are typical for hyperedge replacement. 

There are some straightforward normal forms that are similar to those 
for context-free string grammars. First of all, every HR grammar can be 
reduced in the sense that nonterminals that do not occur in any derivation 
sn(S, e) =>* H with H terminal, can be removed. These nonterminals can 
be computed in exactly the same way as for context-free string grammars. 
Second, let us look at a version of Chomsky Normal Form. 

Proposition 3.13. For every HR gmmmar an equivalent HR gmmmar can 
be constructed such that each right-hand side of a production has at most two 
edges. 

Proof. The proof is analogous to the one for context-free string grammars. 
Let G = (N, T, E, P, S) be an HR grammar, and let X -+ D be a production 
of G such that D has more than two edges. We will replace this production 
by a production X -+ D', where D' has one edge less, and a new production 
Y -+ T, where T has exactly two edges. By repeating this process, a grammar 
of the required form is obtained. Let el, e2 be two edges of D, let f be a new 
edge, and let Y be a new nonterminal. Intuitively, we replace in D the two 
edges el and e2 by the new edge f (with as many tentacles as el and e2 
together, and with label Y), and we let T consist of the two edges el and 
e2· Formally, D' = (VD,E,lab,nod,extD) where E = (ED - {el,e2}) u {f}, 
and lab and nod are defined as follows. For e E ED - {el' e2}, lab( e) = 
lab D (e) and node e) = nodD (e). For f we use new selectors of the form (i, s), 
with i E {1,2} and sEE; f has type {(i, s) I s E typeD (ei)}. We define 
lab(j) = Y and nod(j, (i, s)) = nodD(ei, s). Finally, T = (V, E, lab, nod, ext) 
with V = type(j), E = {el' e2}, lab(ei) = labD(ei), type(ed = typeD(ei), 
nod(ei's) = (i,s), and ext«i,s)) = (i,s). 

Let G' be the HR grammar so obtained. Intuitively it should be clear 
that the construction works, i.e., that L(G') = L(G). A formal proof can 
be based on the confluence and associativity of substitution. Note first that 
D'[f IT] = D. Hence, by associativity, we obtain that for every hypergraph 
H and every edge e of H with type (e) = type(D), H[el D] = H[el D'[j IT]] = 
H[el D'][f IT]. This means that application of X -+ D can be simulated by 
the consecutive application of X -+ D' and Y -+ T. It immediately shows that 
L(G) ~ L(G'). It also shows that L(G) ~ L(G'), because in any derivation 
of G' the application of X -+ D' must be followed (after some time) by the 
application of Y -+ T to the edge f (because Y is new); using confluence 
repeatedly, we obtain an equivalent derivation in which Y -+ T immediately 
follows X -+ D'. 0 

We now consider a normal form that is typical for HR grammars (though it 
partly generalizes the removal of A-productions from context-free grammars). 
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First of all, let us take a closer look at the identification of nodes, as a result 
of the application of a production X ~ D to an edge e of a hypergraph 
H. For every selector s in the common type of e and D, nodH(e, s) and 
extD(s) are identified. However, in general, these nodes are not the only ones 
that are identified. Due to the fact that extD may not be injective, different 
nodes of e may be identified (if, e.g., extD(sd = extD(s2), then nod(e, Sl) 
and nod(e, S2) are identified). If we require extD to be injective for every 
right-hand side D of a production, then we have the nice property that the 
terminal part of a sentential form (i.e., the hypergraph consisting of all nodes 
and all terminal edges) will always be a subgraph of the generated terminal 
hypergraph. Moreover, since nod(e) need not be injective, different external 
nodes of D may be identified. If we require nod( e) to be injective for every 
nonterminal edge e, then every right-hand side D of an applied production 
will be a subgraph of the generated terminal hypergraph (when disregarding 
ext). 

Definition 3.14. An HR grammar G is repetition-free if, for every produc
tion X ~ D of G, extD is injective and nodD(e) is injective for every non
terminal edge e of D. 0 

In Example 3.7, Gl , G2 , and G4 are repetition-free, but G3 and G5 are not 
(because extD is not always injective, Le., some nodes are labeled by two 
selectors) . 

It is easy to show, for a repetition-free HR grammar G, that nodH(e) is 
injective for every nonterminal edge e of a sentential form H of G. This means 
that application of a production X ~ D to e results in the identification of 
the nodes nodH(e, s) and extD(s), and no other nodes. It is also easy to show 
that if sn(X, e) ::}* H, then extH is injective. 

Theorem 3.15. For every HR grammar G = (N, T, E, P, S) with type(S) = 
0, an equivalent repetition-free HR grammar G' can be constructed. 

Proof. For a hypergraph H, we define rel(H) to be the following equivalence 
relation on type(H): rel(H) = {(st, S2) I extH(sd = extH(s2)}. Similarly, 
for every edge e of H, rel(e) = {(Sl, S2) I nodH(e, Sl) = nodH(e, S2)} is an 
equivalence relation on type( e). 

As a first intermediate result we show that for every HR grammar 
G = (N, T, E, P, S) with type(8) = 0 an equivalent HR grammar Gl = 
(Nl , T, E, PI, Sd can be constructed with the following property: 

(PRl ) there is a mapping relt : Nl ~ P(E X E) such that for every produc
tion X ~ D of Gl , relt(X) = rel(D) and relt(lab(e)) ~ rel(e) for every 
nonterminal edge of D. 

The set Nl of nonterminals of Gl consists of all pairs (X, p) where X is a 
nonterminal of G and p is an equivalence relation on type(X); (X, p) has the 
same type as X. The mapping relt, as required in property PRl , is defined by 
rell(X,p) = p. Furthermore, 81 = (8,0). Intuitively, if sn(X,e)::}* H in G, 
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and H is terminal, then H will be generated by sn«X,rel(H)), e) in Gl . To 
realize this, we compute rel(H) "bottom-up" (with respect to the derivation 
tree of that derivation). Thus, the correctness proof will use Lemma 3.8. 

The productions in PI are defined as follows. Let X --. D be a pro
duction in P, such that el, ... ,en are all the nonterminal edges of D, with 
labels Xl,'" ,Xn , respectively. Let, moreover, Pi be an equivalence relation 
on type(Xi) for every 1 ::; i::; n. Construct D' from D by relabeling every ei 
with (Xi, Pi), and construct D" from D' by identifying all nodes according to 
the Pi, i.e., D" = D'/R where R = ((nod(ei,st},nod(ei,s2)) I (SbS2) E pd. 
Then (X,rel(D")) --. D" is in Pl. 

G l has property PRI by construction. With Lemma 3.8 it can be shown 
that, for every terminal hypergraph K, sn«X, p), e) =>* K in G l if and 
only if sn(X, e) =>* K in G and P = rel(K). The induction step uses the 
fact that D[ed K l ]· .. [en/ Kn] = D"[ed K l ]· .. [en/ Kn], if Kb"" Kn are 
terminal hypergraphs with Pi = rel(Ki), and D" is constructed from D as 
above. This shows that Gl satisfies our requirements. 

The remainder of the proof is similar to the one of (the Well-Formedness) 
Theorem 1.4.6 of [Habl]. As a second intermediate result we show that for 
every HR grammar G l = (Nl , T, E, Pb St} with property PRI an equivalent 
HR grammar G2 = (N2, T, E, P2, S2) can be constructed with the following 
strengthening of property PRl: 

(PR2) there is a mapping reb: N2 --. peE x E) such that for every produc
tion X --. D of G2 , reb(X) = rel(D) and reb(lab(e)) = rel(e) for every 
nonterminal edge of D. 

This time we use a "top-down" construction. Let rell be the mapping as 
required by property PRI of G l (note that we assume G l to be arbitrary, 
rather than as constructed in the previous part of the proof). It is easy to 
see from PRI that reh (lab( e)) ~ rel( e) for every nonterminal edge e of every 
sentential form of G l . This implies that nodes of a sentential form cannot 
be identified by the application of a production (cf. the discussion preceding 
this theorem). However, the nodes of the right-hand side of a production can 
still be identified during application. To avoid this, we compute rel( e) for all 
nonterminal edges e of all sentential forms in a top-down fashion. 

Similar to the previous construction, the set N2 of nonterminals of G2 

consists of all pairs (X,p) where X E Nl , P is an equivalence relation on 
type(X), and rell(X) ~ p; (X, p) has the same type as X. The mapping 
reh is defined by reI2(X, p) = p, and S2 = (Sl,0). The set of produc
tions P2 is defined as follows. Let X --. D be a production in PI, such 
that el, ... , en are all the nonterminal edges of D, with labels Xb · .. , X n, 
respectively. Let, moreover, p be an equivalence relation on type(X) with 
reh(X) ~ p (and note that, by PRl, reh(X) = rel(D)). Construct D' from 
D by identifying all external nodes according to P, i.e., D' = D / R where 
R = {(ext(sl),ext(s2)) I (SI,S2) E pl. Construct D" from D' by relabeling 
every ei with (Xi, reID' (ei)). Then (X,p) --. D" is in P2 • 
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By construction, G2 has property PR2. It can be shown by induction on 
the length of the derivations that, for every hypergraph H, sn( 82 , e) ~ * H in 
G2 if and only if there exists K such that sn(811 e) ~* Kin G1 and H is ob
tained from K by relabeling every nonterminal edge e with (labK(e), relK(e)). 
This shows the correctness of G1. 

Finally, we construct for every HR grammar G2 = (N2' T, E, P2, 82 ) 

that has property PR2 an equivalent repetition-free HR grammar G' = 
(N', T, E', P', 8'), by an obvious subset construction on the selectors. Thus, 
E' = P(E). Furthermore, N' = N2 and 8' = 82 , but with a different 
type function: for X E N', type' (X) is the set of equivalence classes of 
the equivalence relation reh(X) on type(X), where reh is the mapping on 
N2 that satisfies property PR2• Finally, if X -+ D is in P2, then P' con
tains the production X -+ D', such that D' = (VD,ED,labD,nod',ext') 
with nod'(e,[s]) = nodD(e,s) (where [s] is the equivalence class of s for the 
equivalence relation rel(e) on type(e)), and ext'([s]) = extD(s) (where [s] is 
the equivalence class of s for the equivalence relation rel(D) on type(D)). It 
should be clear that L(G') = L(G2 ). 0 

For arbitrary HR grammars G, the construction in the above proof produces 
a grammar G' such that L(G') = {[H] E L(G) I extH is injective} (cf. the 
fact that A-productions can be removed from context-free string grammars, 
at the cost of removing A from the language). Therefore, Theorem 3.15 also 
holds for HR grammars G such that extH is injective for every [H] E L(G). 
Furthermore, for an arbitrary HR grammar G, cl(L(G)) can be generated 
by a repetition-free HR grammar (cf. Proposition 3.12). Hence, one can in 
many cases restrict attention to repetition-free HR grammars (and this will 
not always be mentioned in what follows). 

We have defined substitution of hypergraphs similar to the way it is de
fined in [BC). In [Habl]' H[el K) is defined only in the restricted case that 
rel(K) ~ rel(e) (in the terminology introduced in the above proof). Clearly, 
for repetition-free HR grammars (and even for grammars with property PRd 
this difference does not influence the generated language. It is proved in Theo
rem 1.4.6 of [Habl] that for every HR grammar there is an equivalent one that 
is repetition-free (and the proof is equal to the last two stages of the proof of 
Theorem 3.15); this, together with Theorem 3.15, shows that the same class 
of hypergraph languages (of type 0) is generated. The advantage of repetition
free substitution, i.e., a substitution H[eIK] where both nod(e) and ext(K) 
are injective (or slightly more general, where rel(K) ~ rel(e)), is that it 
can be defined more easily than in the general case. In fact, for repetition
free substitution it suffices to take a node-isomorphic copy of K such that 
nodH(e,s) = extK(s) for every s, and VH n VK = ran(nodH(e)) = extK. 
Then H[el K] = (VH U VK, EH U EK, labH U labK , nodH U nodK, extH). De
fined in this way, repetition-free substitution is confluent and associative, 
even without node-isomorphism. The advantage of general substitution is of 
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course that it is more flexible, because it allows to identify already generated 
nodes (similar to the advantage of A-rules in context-free string grammars). 

Since the proof of Theorem 3.15 does not change the number of edges 
in the right-hand sides of productions, it follows from Theorem 3.13 that for 
every HR grammar (of type 0) an equivalent repetition-free HR grammar can 
be constructed such that every right-hand side of a production has at most 
two edges. 

A production X -t D of a HR grammar G is an empty production if ED = 
o and VD = ran(extD), i.e., D consists of external nodes only. Assuming extD 
to be injective, application of such a production to an edge e of a sentential 
form H of G results in the disappearance of e (cf. grammar G2 in Fig. 3.7). 
It is easy to show (similar to the removal of A-productions from a context
free string grammar) that empty productions can be removed from every 
HR grammar (except that one empty production S -t D may be needed, 
where S is the initial nonterminal); cf. Theorem IV.1.5 of [Habl]. If G is a 
repetition-free HR grammar without empty productions, and H ::} H', then 
size(H) ::; size(H') , where size(H) = #VH + #EH. This implies that the 
membership problem for HR grammars is decidable (because there are only 
finitely many different non-isomorphic hypergraphs of a given size). 

A generalization of Greibach Normal Form (GNF) has been shown in 
[EHL]. 

Theorem 3.16. For every HR grammar G = (N, T, E, P, S) with type(S) = 
0, an equivalent repetition-free HR grammar G' can be constructed such that 
for every production X -t D of G' and every external node v of D, either v 
is incident with a terminal edge or v is incident with at least two edges. 

In Example 3.7, GI , G2 , and G4 are in GNF. Apart from not being repetition
free, G5 is not in GNF because in several of the right-hand sides (such as 
the one corresponding to S -t. S; S) the external i-node is incident with 
exactly one edge, which, moreover, is nonterminal. Also apart from not be
ing repetition-free, G3 is not in GNF because of the external t-node of the 
production A -+ sgre(aA). Note therefore that this GNF is in fact a gener
alization of "double" GNF of context-free string grammars, in which every 
right-hand side of a production both starts and ends with a terminal (cf., 
e.g., [Eng5]). A general theory of grammar forms (see, e.g., [Woo]) has not 
yet been developed for HR grammars. 

We end this section with a normal form result from [Vog], for HR gram
mars that generate simple hypergraphs. A hypergraph H is simple if their 
do not exist two distinct edges e and e' of H such that lab( e) = lab( e') 
and node e) = node e'). An HR grammar G is external edge-free if, for ev
ery production X -+ D of G, there is no terminal edge e of D such that 
ran(nodD(e)) ~ ran(extD) (i.e., such that all nodes of e are external). In 
Example 3.7, GI and G5 are not external edge-free, but the others are. 
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Theorem 3.17. For every HR grammar G such that all hypergrophs in L( G) 
are simple and of type 0, an equivalent repetition-free HR grammar G' can 
be constructed such that G' is external edge-free. 

Proof. We follow the proof of this result in Proposition 4.3 of [Vog]. The idea 
of the construction is to compute, in a bottom-up fashion, all the terminal 
edges between the nodes of a nonterminal edge e that are generated later on 
from e, and to generate these (in the new grammar) at the moment that e is 
generated. Since all generated hypergraphs are simple, there are only finitely 
many such terminal edges. 

Let G = (N,T,E,P,8) be a repetition-free HR grammar that gen
erates simple hypergraphs only, with type(8) = 0. We construct G' = 
(N', T, E, P', 8') as follows. N' consists of all pairs (X, F) where X E Nand 
F is a simple terminal hypergraph of type type(X) with #type(X) nodes, 
which are all externalj (X, F) has the same type as X. The initial nonterminal 
is 8' = (8, E), where E is the empty hypergraph. 

The productions of P' are constructed as follows. For every simple hyper
graph H, we denote by clean( H) the hypergraph obtained from H by deleting 
all the terminal edges between its external nodes, and by rubbish(H) the su~ 
hypergraph of H consisting of all its external nodes with all terminal edges 
between them. 

Let X -+ D be a production of G, and let (X1,F(1)), ... ,(Xn,F(n)) be 
in N', where Xl, ... , Xn are the labels of the nonterminal edges el, ... , en 
of D, respectively. We may assume that the hypergraphs D, F(l), ... , F(n) 
are mutually disjoint. Construct the hypergraph D' by relabeling ei with 
(Xi,F(i)) and adding the edges of F(i) to D in the obvious way. Thus, 
D' = (VD, E', lab', nod', extD) such that E' is the union of ED and all EF(i)' 
1 ~ i ~ n, and similarly for lab', except that lab'(ei) = (Xi,F(i))j further
more, nod'(e) = nodD(e) for e E ED, and, for e E EF(i)' if nodF(i)(e,st) = 
extF(i)(S2) then nod'(e, SI) = nodD(ei, S2). If D' is not simple, then no pro
duction is added to P'. If D' is simple, then (X, rubbish(D')) -+ clean(D') is 
a production of P'. 

By construction G'is external edge-free. It can be shown, using Lemma 3.8, 
that for every terminal hypergraph H', sn((X,F),e) =}* H' in G' if and 
only if there exists a terminal hypergraph H such that sn(X, e) =}* H, 
clean(H) = H', and rubbish(H) = F. This shows that G' and G are equiva
~~. 0 

3.3 Subclasses 

In this section we discuss a number of natural subclasses of the HR gram
mars. Whenever we define an X-HR grammar for some X, X-HR will denote 
the class of hypergraph languages generated by X-HR grammars. X·Y-HR 
grammars are HR grammars that are both X and Y. 
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We start with some restrictions on HR grammars that are well known 
from context-free string grammars. 

Definition 3.1B. An HR grammar G = (N,T,E,P,S) is linear, or a LIN
HR grammar, if, for every production X -+ D, D has at most one nonterminal 
edge. 

Gis nonterminal bounded, or an NB-HR grammar, if there is a number 
b ~ 1 such that for every sentential form H, the number of nonterminal edges 
of H is at most b. 

G is derivation bounded, or a DB-HR grammar, if there is a number b ~ 1 
such that for every hyper graph H E L( G) there is a derivation sn( S, e) => 
Hl => ... => Hn => H such that, for every 1 :::; i :::; n, the number of 
nonterminal edges of Hi is at most b. 0 

In Example 3.7, G2 is linear, and G3 and G4 are derivation bounded (but 
not nonterminal bounded). 

Linear HR grammars have linear derivation trees, where a (graph theo
retic) tree is linear if its nodes are of degree 2 or 1 (or 0). Thus, they are 
closely related to the notion of path width, which is similar to treewidth but 
restricted to linear tree decompositions (see [RobSl, Bod, Klo]). In particular, 
all LIN-HR languages are of bounded pathwidth. 

The nonterminal bounded (or ultra-linear) context-free string languages 
are those that can be recognized by finite-turn pushdown automata (see 
[GinSl]). The class of derivation bounded (or finite index) context-free string 
languages has several different characterizations; as shown in [GinS2], it 
equals the substitution closure of the class of linear languages, also called 
the class of quasi-rational languages (see Section VII of [Ber]). 

For context-free string grammars, linear, nonterminal bounded, and deri
vation bounded grammars are increasingly more powerful. For HR grammars 
it is shown in Theorem 4.2 of [EHL] that linear grammars already have all 
that power: for every derivation bounded HR grammar there is an equivalent 
linear HR grammar. The productions of a LIN-HR grammar generating all 
grasshoppers (i.e., equivalent with G3 of Example 3.7) are given in Fig. 3.15 
(where h stands for hops and 9 for grass). A LIN-HR grammar for the set 
L( G4 ) of all combs can be obtained analogously. 

The intuitive idea is that a bounded number of nonterminal edges can 
be simulated by one nonterminal edge, which has as many tentacles as these 
edges together (cf. the proof of Theorem 3.13). This shows that linear HR 
grammars are more powerful than one would expect from the theory of 
context-free string grammars. 

Theorem 3.19. DB-HR = LIN-HR. 

Proof. Clearly, every linear HR grammar is derivation bounded. Thus, it suf
fices to show that DB-HR ~ LIN-HR. Let G = (N, T, E, P, S) be a derivation 
bounded HR grammar, with bound b. We construct a linear HR grammar 
G' = (N',T,E', P', S') as follows. First, N' consists of all triples (E,lab), 
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Fig. 3.15. A LIN-HR grammar generating grasshoppers 

where E is a nonempty subset of {I, ... , b}, and lab: E -+ N. The initial 
nonterminal is 8' = ({I}, lab) with lab(l) = 8. Intuitively, an edge with label 
(E,lab) represents #E nonterminal edges of G, where edge i E E has label 
lab(i). Second, E' = {I, ... ,b} x E; every new selector (i, s) represents selec
tor s of edge i. Nonterminal (E, lab) has type {(i, s) liE E, s E type(lab(i))}. 
The productions of P' are constructed as follows. 

Let X -+ D be a production of P, and denote by ne(D) the set of nonter
minal edges of D. Let (E, lab) be in N' and let io E E, such that lab(io) = X 
and #E-1+#ne(D) ::; b. We will construct a production of P' that simulates 
the application of production X -+ D to edge io. 

Assume first that #E-1+#ne(D) > O. Take an injection f from ne(D) to 
{I, ... ,b} such that f(ne(D))n(E -{ io}) = 0, and define (El , labl ) such that 
El = (E-{ io} )Uf(ne(D)), labl (i) = lab(i) for i E E- {io}, and labl(f(e)) = 
labD(e) for e E ne(D). Then P' contains the production (E,lab) -+ D', where 
D' = (V', E',lab', nod', ext') with V' = VDU{(i,s) E type«(E,lab)) I i"l- io}, 
E' = ED - ne(D) U {et} (for some new nonterminal edge ed, lab'(e) = 
labD(e) and nod'(e) = nodD(e) for e E ED - ne(D), lab'(et} = (El,labl ), 
nod'(el,(i,s)) = (i,s) for i E E - {io}, nod'(el,(f(e),s)) = nodD(e,s) for 
e E ne(D), ext'«i,s)) = (i,s) for i"l- io, and ext'«io,s)) = extD(s). 

Assume now that #E - 1 + #ne(D) = 0, i.e., E = {io} and ne(D) = 0. 
Then P' contains the production (E,lab) -+ D' where D' equals D except 
that extD,((io,s)) = extD(s). 

Linearity and correctness of G' should be clear from the construction. 0 

From this result it follows that Proposition 3.12 also holds for LIN-HR. The 
construction in the (only if)-part of the proof obviously preserves linearity. 
The construction in the (if)-part of the proof does not preserve linearity (be
cause of productions rev(p, e) where e has label $), but the resulting grammar 
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G' is clearly nonterminal bounded with bound 2 (because a sentential form 
of G' contains at most one nonterminal with a hat and one without a hat). 

Note in particular that, by Theorem 3.19, the derivation bounded context
free string languages (coded by sgr) can be generated by linear HR grammars. 
We will consider this in more detail in Section 6. 

As observed above, the class of derivation bounded context-free string 
languages is the substitution closure of the linear languages. This also holds 
for HR languages, in the following form. 

Theorem 3.20. LIN-HR is closed under substitution. 

Proof. The proof is similar to the proof of Theorem 4.2 of [GinS2]; see also 
Lemma VII.5.3 of [Ber], or Theorem VI.10.1 of [Sal]. 

Consider the proof of Theorem 3.11, and assume that G and the Ga are all 
linear. By Theorem 3.19 it suffices to show that the grammar G' is derivation 
bounded. Let b be the maximal number of edges in the right-hand side of 
a production of G. Then G' is derivation bounded with bound b. In fact, 
after applying a production of G' that corresponds to a production of G, 
the derivation should proceed by first applying all productions from the Ga , 

until no nonterminals of the Ga are left. Such a strategy is allowed because 
of confluence of substitution. 0 

We now turn to a restriction that is typical for HR grammars. 

Definition 3.21. An HR grammar G = (N, T, E, P, S) is apex, or an A-HR 
grammar, if, for every production X -+ D, no nonterminal edge is inci
dent with an external node of D (i.e., for every nonterminal edge e of D, 
ran(nodD(e)) n ran(extD) = 0). 0 

Of the grammars of Example 3.7 only G4 is apex. It is easy to turn G3 into 
an equivalent apex grammar: just replace A -+ sgre(aA) by the productions 
A -+ sgre(aAa) and A -+ sgre(a). 

The idea of an apex HR grammar G (introduced in [ERl]) is that nonter
minal edges cannot "pass" nodes to each other. When a production X -+ D 
is applied to an edge e, only terminal edges of D can have the nodes of e; non
terminal edges of D can only be incident with newly created nodes. This way 
of building hypergraphs is reminiscent of the domino game and is particularly 
easy to visualize. 

There is no Chomsky Normal Form for apex grammars (in particular, 
Proposition 3.13 does not hold for apex grammars). It is shown in [Eng3] that 
the set of all k-ary trees is an apex HR language that cannot be generated by 
an apex grammar that has less than k nonterminal edges in each right-hand 
side of its productions. 

In an apex grammar it may even be assumed that nonterminal edges are 
"separated", i.e., have no nodes in common. This is a normal form result 
for A-HR grammars. An HR grammar G is separated if for every production 
X -+ D of G and every two nonterminal edges el and e2 of D, ran( nod( el)) n 
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ran(nod(e2)) = 0. G4 of Example 3.7 is separated (and so is G2 because it is 
linear). Not every HR language can be generated by a separated HR grammar 
(see Lemma 7.6(3) of [eER]). 

Proposition 3.22. For every A-HR grammar an equivalent separated A-HR 
grammar can be constructed. 

Proof. The idea is to combine all nonterminal edges of the right-hand side 
of a production into one nonterminal edge (cf. the proof of Theorem 3.19). 
Application of a production of G' to this edge consists of the application of 
a production of G to each of the edges it simulates. 

Let G = (N, T, E, P, 8) be an apex HR grammar, and let b be the maximal 
number of nonterminal edges in the right-hand side of a production of G. We 
construct a separated apex HR grammar G' = (N',T,E',P', 8'), similar to 
the one in the proof of Theorem 3.19. In particular, it has the same N', E', 
and 8'. The productions of P' are constructed as follows. 

Let (E, lab) be in N', and let Xi -t Di be a production of P for every 
i E E, such that lab(i) = Xi and the Di are mutually disjoint. We construct 
a production of P' that simulates the application of productions Xi -t Di to 
edge i, for all i E E simultaneously. For every i E E, let !i be an injection from 
ne(Di) to {I, ... , b}, where ne(Di) denotes the set of nonterm ina I edges of Di. 
Let ei be a new edge, for every i such that Di is not a terminal hypergraph 
(i.e., such that ne(Di) i= 0), and define, for every such i, (Ei,labi ) such 
that Ei = !i(ne(Di)) and labi(!i(e)) = labDi(e) for e E ne(Di). Then P' 
contains the production (E,lab) -t D, where D = (V,E',lab',nod,ext) with 
V = UiEE VDi , E' = {ei I ne(Di) i= 0} U UiEE(EDi - ne(Di)), lab'(e) = 
labDi(e) and nod(e) = nodD , (e) for e E EDi - ne(Di), lab'(ei) = (Ei,labi), 
nod(ei, (fi( e), s)) = nodDi (e, s) for e E ne(Dd, and ext((i, s)) = extDi (s). 

Intuitively, D consists of the disjoint union of the Di , where the non
terminal edges of each Di are replaced by one nonterminal edge. Thus, the 
nonterminal edges of D are in distinct connected components of D, and hence 
have no nodes in common. This shows that G' is separated. 0 

Theorem 3.15 also holds for (separated) apex grammars, because in the proof 
only external nodes are identified, or nodes belonging to the same nontermi
nal edge. Thus, we may always assume that a (separated) apex HR grammar 
of type 0 is repetition-free. Repetition-free separated apex grammars have 
derivation trees that correspond to domino tree decompositions, which are 
tree decompositions ({ XihEI, F) such that each node of the hypergraph be
longs to at most two of the Xi (see [BE]). In fact, consider the alternative way 
of constructing the yield of a derivation tree t, as discussed after Definition 3.9 
(and illustrated by Figs. 3.13 and 3.14). For a repetition-free separated apex 
grammar, each node ofyield(t) is obtained by the identification of at most two 
nodes of the disjoint union of all D(x) (i.e., all dashed paths, as in Fig. 3.14, 
are of length 1). 
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With the help of the separated normal form, it can be shown that Propo
sition 3.12 also holds for A-HR. 

Proposition 3.23. For every hypergraph language L, 
L E A-HR if and only if cl(L) E A-HR. 

Proof. The construction in the (only if)-part of the proof of Proposition 3.12 
obviously preserves the apex property. Now let G = (N, T, E, P, S) be an 
A-HR grammar such that L(G) = deL). By Proposition 3.22 we may assume 
that G is separated. Unfortunately, the grammar G' that is constructed from 
G in the (if)-part of the proof of Proposition 3.12, need not be apex because 
of productions rev(p, e) where e has label $. Let us say that G has the dollar 
property if G is still a separated apex grammar when $ is considered to be a 
nonterminal (i.e., an edge with label $, in the right-hand side of a production, 
should not be incident with an external node or with a node of a nonterminal 
edge). It is easy to see that G' is a (separated) apex grammar if G has the 
dollar property. Thus, it now remains to construct a separated apex grammar 
G1 with the dollar property, equivalent with G. 

Let us say that a production X -+ D is a $-production if D has an edge 
with label $. Note that such an X occurs at most once in the right-hand side of 
a production, and does not occur in the right-hand side of any $-production. 
Consider a $-production Xo -+ Do. Add to P all productions X -+ D[e/ Do) 
where X -+ D is in P and e has label Xo, and remove Xo -+ Do from P. 
Do this for all the $-productions (that were originally in P). In the resulting 
grammar (which is still separated apex), no $-labeled edge is incident with an 
external node. In this grammar, consider a $-production Xo -+ Do. Let e be a 
nonterminal edge of Do that has a node in common with the $-labeled edge of 
Do. Let X be the label of e, and let X -+ D1, .•. ,X -+ Dn be all productions 
with left-hand side X. Replace $-production Xo -+ Do by all $-productions 
Xo -+ Do[e/ Dl]' . .. , Xo -+ Do[e/ Dn). Clearly, the $-labeled edge in the new 
$-productions has nodes in common with less nonterminal edges than in the 
old $-production. Thus, by repeating this procedure, a grammar is obtained 
that has the dollar property. 0 

For a repetition-free apex grammar G it is easy to see that the set of sentential 
forms of G, and hence in particular the hypergraph language generated by 
G, is of bounded degree (which means that there is a bound on the number 
of hyperedges that are incident with a node of a sentential form). In fact, the 
terminal edges incident with a node v are generated when v itself is generated, 
as a non-external node of a right-hand side D of a production, and when the 
nonterminal edges of D that are incident with v in D are rewritten. Thus, the 
degree of v is at most m2 , where m is the maximal degree of the edges of the 
right-hand sides of the productions of G. This shows that A-HR languages 
are of bounded degree. In [EHL) that is also proved in the other direction. 

Theorem 3.24. A-HR is the class of HR languages of bounded degree. 
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Proof. In [EHL] the proof is only given for A-HR languages of type 0. This 
is sufficient by Proposition 3.23. For any HR grammar G = (N, T, E, P, S) 
we define the grammar sc( G) = (N, T, E, pi, S), where pi consists of all 
productions X -+ D[el/ D1]· .. [en/ Dn] such that X -+ D is in P, e1, . .. , en 
are the nonterminal edges of D, and labD(ei) -+ Di is in P for every 1 ~ 
i ~ n. In other words, the productions of sc(G) are obtained by applying 
the productions of G to the right-hand sides of the productions of G (sc 
stands for 'shortcut'). Using Lemma 3.8 and the confluence and associativity 
of substitution, it is not difficult to show that L(sc(G)) = L(G). 

If G is an HR grammar (of type 0) that satisfies the GNF conditions of 
Theorem 3.16, and the hypergraphs in L(G) are of bounded degree, then an 
equivalent A-HR grammar can be obtained from G by repeatedly applying the 
above operation 'sc'. In fact, if L(G) is of bounded degree b, then it suffices 
to apply the operation b times. See Section 2 of [EHL] for the correctness 
~~ 0 

This theorem is closely related to the fact (shown in [BE]) that a set of graphs 
is of bounded domino treewidth if and only if it is of bounded treewidth and 
of bounded degree. 

LIN-HR and A-HR are incomparable, proper subclasses ofHR: first, there 
are LIN-HR languages L1 of unbounded degree (such as the set L(G2) of 
all triple stars), and second, there are A-HR languages L2 of unbounded 
pathwidth (such as the set of all binary trees, see Theorem 16 of [EL]). Note 
that, if L1 and L2 are over disjoint edge label alphabets and do not contain 
hypergraphs without edges, L1 U L2 is in HR but neither in LIN-HR nor in 
A -HR (by an easy argument). 

It is easy to see that A-HR is not closed under substitution (identifying all 
nodes of a chain of edges produces a node of arbitrary large degree). In fact, 
it is not difficult to show that the substitution closure of A-HR is HR. But, 
by Theorems 3.24 and 3.11, A-HR is closed under repetition-free substitution 
(where a substitution ¢ is repetition-free if extH is injective for all H in all 
¢(a)). 

Let us now consider the linear, nonterminal bounded, and derivation 
bounded restrictions for apex grammars. For apex grammars the situation is 
different than for arbitrary HR grammars. The construction in the proof of 
Theorem 3.19 does not preserve the apex property. Note that, though the set 
L(G3 ) of all grasshoppers is a DB·A-HR language, the LIN-HR grammar of 
Fig 3.15, generating L(G3 ), is not apex. In fact, it is shown in Theorem 18 
of [EL] that LIN·A-HR is properly included in DB·A-HR. Of course, by The
orem 3.19, DB·A-HR is included in LIN-HR. It is shown in Theorems 4.1 
and 4.3 of [EHLJ, as a special case of Theorem 3.24, that DB·A-HR is the 
class of LIN-HR hypergraph languages of bounded degree. Together with 
Theorem 3.24 this means the following. 

Theorem 3.25. DHA-HR = LIN-HR n A-HR. 
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Since both LIN-HR and A-HR are closed under repetition-free substitution, 
so is DB·A-HR. Using the fact that the proof of Theorem 3.15 preserves 
derivation boundedness, it can be shown in exactly the same way as for 
context-free string grammars (see [GinS2] or Proposition VII.5.5 of [Ber]) , 
that DB·A-HR is included in the repetition-free substitution closure of LIN· A
HR, i.e., the smallest class of hypergraph languages that contains LIN·A-HR 
and is closed under repetition-free substitution. Thus, by the above theorem, 
LIN-HR n A-HR is the repetition-free substitution closure of LIN·A-HR. 

Nonterminal bounded apex grammars can be simulated by linear ones (as 
shown in [ELl). 

Theorem 3.26. NB-A-HR = LIN· A-HR. 

Proof. It suffices to show that NB·A-HR ~ LIN·A-HR. The proof is similar 
to the one of Theorem 3.19. Again we use the fact that a bounded number 
of nonterminal edges can be simulated by one nonterminal edge. However 
this time, to preserve the apex property, we apply a production to each of 
these edges simultaneously, rather than to one of them, as in the proof of 
Proposition 3.22. This works because, whatever derivation strategy is used, 
the number of nonterminal edges stays bounded. 

Let G = (N, T, E, P, 8) be a nonterminal bounded HR grammar, with 
bound b. We construct a linear HR grammar G' = (N',T,E',P',8') very 
similar to those in the proofs of Theorem 3.19 and Proposition 3.22. Again, 
G' has the same N', E', and 8'. The productions of P' are constructed as 
follows. 

Let (E, lab) be in N' and let Xi -+ Di be a production of P for every i E 

E, such that lab{i) = Xi, the Di are mutually disjoint, and EiEE #ne{Dd ~ 
b (where ne{D;) denotes the set of nonterm ina I edges of Di). We construct 
a production of P' that simulates the application of production Xi -+ Di to 
edge i, for all i E E simultaneously. 

Assume first that EiEE #ne{Di) > o. Take injections Ii from ne{Di) 
to {I, ... , b} such that the fi{ne{Di)) are mutually disjoint, and define 
(Et,labd such that El = UiEEIi{ne{Di)) and labl{/i{e)) = labD;{e) for 
e E ne{Di). Then P' contains the production (E,lab) -+ D, where D = 
{V, E', lab', nod, ext) with V = UiEE VD;, E' = {ell U UiEE{ED; - ne{Di)) 
(for some new nonterminal edge ed, lab'{e) = labD;{e) and nod{e) = 
nodD;(e) for e E ED; - ne{Di), lab'{ed = (Et,labd, nod{el, (fi(e),s)) = 
nodD;(e,s) for e E ne{Di), and ext{{i,s)) = extD;{s). 

Assume now that EiEE #ne{Dd = 0, i.e., that all Di are terminal hy
pergraphs. Then P' contains the production (E,lab) -+ D where D is the 
disjoint union of the Di , with extD{{i, s)) = extD;{s). 

By construction, G' is linear and apex. The correctness of G' should also 
be clear from the construction. 0 

The reason that LIN·A-HR is a proper subset of DB·A-HR is that the hyper
graphs H in a LIN·A-HR language are of bounded bandwidth, i.e., for some 
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b, the nodes of H can be ordered as Vi, ... , vn such that if Vi and Vj are 
incident with the same edge, then Ii - jl ~ b (in fact, b = 2w + 1, where 
w is the width of the generating grammar). But, there are DB·A-HR lan
guages of unbounded bandwidth, such as the set L(G4 ) of all combs and the 
set L(G3 ) of all grasshoppers. We note that, by Theorem 3.25, all DB·A-HR 
languages are of bounded cutwidth, because they are of bounded pathwidth 
and of bounded degree (see Theorem 49 of [Bod]). We also note that, for 
every k, the set of hypergraphs of bandwidth ~ k (cutwidth ~ k) can be 
generated by a LIN·A-HR grammar (LIN-HR grammar, respectively). The 
relationships between the various subclasses and the various notions of width 
can be expressed (though not in the sharpest way) as follows. 

Theorem 3.27. A hypergraph language is of bounded treewidth if and only 
if it is a subset of a hypergraph language in HR. The same statement holds 
for: pathwidth and LIN-HR, domino treewidth and A-HR, cutwidth and 
LIN-HR n A-HR, and bandwidth and LIN· A-HR. 

4. Node replacement grammars 

4.1 Definitions and examples 

Graphs C-edNCE, or Node Replacement (NR), grammars generate ordi
nary node- and edge-labeled directed graphs. Node Replacement grammars 
generating hypergraphs have recently been considered in [Kle, KJ]. 

For convenience, we do not allow graphs with loops, and we require multi
ple edges between the same pair of nodes to have different labels. Thus, from 
now on, a graph is defined as follows. Let E be an alphabet of node labels and 
r an alphabet of edge labels. A graph over E and r is a tuple H = (V, E, A), 
where V is the finite set of nodes, E ~ ((v,,),,w) I v,w E V,v =I w,')' E r} 
is the set of edges, and A : V - E is the node labeling function. The com
ponents of H are also denoted as VH, EH, and AH, respectively. A graph is 
undirected if E is symmetric, i.e., for every (v, ')', w) E E, also (w, ')', v) E E. 
Graphs with unlabeled nodes and/or edges are modeled by taking E = {#} 
and/or r = {*}, respectively. 

As usual, two graphs Hand K are isomorphic if there is a bijection 
f: VH - VK such that EK = {(f(v),')',f(w)) I (v,')',w) E E H } and, for all 
v E VH, AK(f(V)) = AH(V). For a graph H, the set of all graphs isomorphic to 
H is denoted [H]. In general, for any notion of isomorphism between objects, 
we use [x] to denote the set of objects isomorphic to x. In such a case, x is 
called a 'concrete' object and [x] an 'abstract' object. 

The set of all (concrete) graphs over E and r is denoted GRE,r, and the 
set of all abstract graphs is denoted [GRE,rl. A subset of [GRE,rl is called 
a graph language. 
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A production of a C-edNCE grammar will be of the form X --t (D, C) 
where X is a nonterminal node label, D is a graph, and C is a set of connec
tion instructions. A rewriting step according to such a production consists of 
removing a node v labeled X from the given graph H, adding D to H (dis
jointly), and adding edges between D and H as specified by the connection 
instructions in C. The pair (D, C) can be viewed as a new type of object, and 
the rewriting step can be viewed as the substitution of this object (D, C) for 
the node v in the graph H. Intuitively, these objects are quite natural: they 
are graphs ready to be embedded in an environment. Their formal definition 
is as follows. 

Definition 4.1. Let E be an alphabet of node labels and r an alphabet of 
edge labels. A graph with embedding over E and r is a tuple K = (V, E, A, C) 
with (V,E, A) E GRE,r and C ~ ExrxrxVx{in,out}. C is the connection 
relation of K, and each element (a,/3, 'Y, x, d) of 0 (with a E E, /3,'Y E r, 
x E V, and dE {in, out}) is a connection instruction of K. 

As usual, the components of K are denoted as VK, EK, AK, and OK, re
spectively. To improve readability, a connection instruction (a, /3, 'Y, x, d) will 
always be written as (a, /3h, x, d). Warning: in the literature the elements 
of a connection instruction are often listed in another order. Two graphs 
with embedding Hand K are isomorphic if there is a graph isomorphism 
f from (VH,EH,AH) to (VK,EK,AK) such that CK = {(a,/3h,f(x),d) I 
(a, /3h, x, d) E CH }. They are disjoint if VH n VK = 0. 

The set of all concrete graphs with embedding over E and r is denoted 
by GREE,r, and the set of abstract graphs with embedding by [GREE,rl. 
Every graph is also viewed as a graph with empty embedding (i.e., 0 = 0); 
thus GRE,r ~ GREE,r. In what follows we will also say 'graph' instead of 
'graph with embedding'; this should not lead to confusion. 

Intuitively, for a graph with embedding K, a connection instruction 
(a,/3h,x,out) of OK means that if there was a /3-labeled edge from the 
node v for which K is substituted to a node w with label a, then the embed
ding mechanism will establish a 'Y-labeled edge from x to w. And similarly 
for 'in' instead of 'out', where 'in' refers to incoming edges of v and 'out' to 
outgoing edges of v. Note in particular that the edge label is changed from 
/3 into 'Y (which explains the notation /3h). This feature is called dynamic 
edge relabeling; it is comparable to, and as flexible as, the use of tentacles in 
HR grammars. 

An example is now given of a graph with embedding. At the same time 
we discuss a way of drawing graphs with embedding (and hence productions 
of edNCE grammars) that was introduced in [Kaul. 

Example 4.2. Let E = {X,Y,a,b,a,a'}, r = {a,a',/3,/3','Y,'Y','Yb'Y2,8,8'}. 
Consider the graph with embedding K E GREE,r with VK = {x,y}, 
AK(X) = X, AK(Y) = b, EK = {(y,a,x)}, and CK consists of the fol
lowing tuples: (a, 'Y /8, y, out), (a', 'Y' /8', x, in), (Y, /3hl, y, in), (Y, /3h2' x, in), 
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a b.._--; 
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(a) (b) 
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(c) 

Fig. 4.1. Two graphs with embedding, and the result of their substitution: (a) is 
H, (b) is K, and (c) is H[v/K], where v is the node of H with label X 

and (a, a/a', x, out). In Fig. 4.1(b) a graphical specification of K is given. The 
graph Ko = (VK,EK,.AK) is drawn within a large box. Graphs are drawn 
in the usual way, except that nodes that are labeled by a capital (which is 
usually a nonterminal symbol), are represented by a small box. The area out
side the large box symbolizes the environment of the graph Ko, and the large 
box itself may be viewed as a (nonterminal) node, to be rewritten by K. The 
connection instructions are represented by directed lines that connect nodes 
(of Ko) inside the box with node labels outside the box. Such a directed line 
has two arrows (in the same direction) and two labels: the one outside the 
box is the "old" label and the one inside the box is the "new" label. Lines 
outside the box may be shared, in an obvious way. 

As another example, Fig. 4.1(a) represents the graph with embedding H in 
GREE,r where VH = {u,v,w}, .AH(U) = Y, .AH(V) = X, .AH(W) = a, EH = 
{(u,,8,v),(v,a,w),(w,,8,u)}, and CH = {(u,,8h,u,in),(u,,8h,v,out), 
(u',,8' h', v, in), (u',,8' /0., w, in)}. 0 
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Node replacement We now define formally how to substitute a graph with 
embedding for a node of a graph H (see [CER]).1t is convenient (and natural) 
to allow H to be a graph with embedding too; in the frequent case that H 
is an ordinary graph, the result of the substitution will also be an ordinary 
graph. 

Definition 4.3. Let H,K E GREE,r be two disjoint graphs with embed
ding, and let v E VH. The substitution of K for v in H, denoted H[v/K], is 
the graph with embedding (V, E, A, C) in GREE,r such that 

V = (VH-{V})UVK' 
E = {(x, ,,(,y) E EH I x 1= V,y 1= v} UEK 

U ((w,,,(,x) 13P E r: (w,P,v) E EH,(AH(w),Ph,x,in) E CK} 

U {(x,,,(,w) 13P E r: (v,P,w) E EH, (AH(w),Ph,x,out) E CK}, 
A(X) = AH(X) if x E VH - {v}, and A(X) = AK(X) if x E VK, 

C = {(a,Ph,x,d)ECHlx1=v} 

U {(a, P/6, x, d) I 3"( E r : (a, Ph, v, d) E CH, (a, ,,(/6, x, d) E CK}. 

o 

Example 4.4. Let H and K be the graphs with embedding of Figs. 4.I(a) 
and (b) respectively (as considered in Example 4.2). Let v be the node of 
H with label X. The graph with embedding H[v/K] is drawn in Fig. 4.I(c). 
The three edges that are the result of the embedding process are drawn fatter 
than the other edges (as was done in Fig. 2.2). Formally, H[v/KJ is the graph 
(V, E, A, C) with 
V = {u,w,x,y}, A(U) = Y, A(W) =a, A(X) = X, A(y) = b, 
E = {(w, p, '11.), (y, a, x), (x, a', w), ('II., "(1, y), ('II., "(2, x n, and 
C = {(a', P' / a, w, in), (a, Ph, '11., in), (a, P/6, y, out), (u', P' /6', x, inn. 
Note that, pictorially, the parts of Hand H[v/K] outside their boxes are 
the same; a line inside the box of H that represents part of a connection 
instruction is treated "in the same way" as an edge of H. 0 

In order to use this substitution operation as the basic operation in context
free NR grammars, we would like it to be confluent and associative (see 
[Coul]), just as the substitution operation ofHR grammars. It can be shown 
that the above substitution operation is associative, i.e., if H, K1, K2 are 
disjoint graphs with embedding, Vl is a node of H, and V2 is a node of K 1, 

then H[vl/K1][V2/K2] = H[vl/Kdv2/K2]]. However, it is not confluent in 
general, as shown in the following straightforward example. 

Example 4.5. Let E = {A,B,a,b} and r = {a,p,6,6'}, and consider the 
following three graphs with embedding H, K, M: 
VH = {'II., v}, EH = {(u,a,vn, AH(U) = A, AH(V) = B, and CH = 0, 
VK = {x}, EK = 0, AK(X) = a, and CK = {(B,a/p,x,out), (b,P/6',x,outn, 
VM = {y}, EM = 0, AM(Y) = b, and CM = {(A,a/p,y,in),(a,p/6,y,inn. 
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Substituting K for u and M for v (in that order) in H gives the graph with two 
nodes x and y, labeled a and b, respectively, and one edge (x,8,y). However, 
interchanging the order of substitution gives the same graph, except that its 
edge is (x, 8', y). Since the order of substitution results in two different graphs 
H[u/ K)[v / MJ and H[v / M)[u/ KJ, substitution is not confluent. 0 

Since substitution is not confluent in general, we will require explicitly that 
the set of productions of a C-edNCE grammar gives rise to confluent substi
tutions, in the following sense. 

Definition 4.6. Let P be a set of productions of the form X -+ D with 
X E E and DE GREE,r. P is confluent iffor all disjoint graphs H, Db D2 E 

GREE,r and all nodes Vb v2 E VH with Vl f. V2: 
if AH(Vl) -+ D~ and AH(V2) -+ D~ are in P for certain D1,D2 that are iso
morphic to Dl, D2, respectively, then H[vt/ Dd[vd D2J = H[vd D2][vt/ DlJ. 

o 

It is easy to verify whether or not a given (finite) P is confluent, as shown 
in the following proposition. A symbolic picture of the equivalence in the 
statement of this proposition is given in Fig. 4.2 (where Xl and X2 are fat 
dots or boxes). 

Proposition 4.7. Let P be a set of productions of the form X -+ D with 
X E E and DE GREE,r. Then P is confluent if and only if for all Xl -+ Dl 
and X 2 -+ D2 in P, all nodes Xl E VD1 and X2 E VD2 , and all edge labels 
a,8 E r, the following equivalence holds: 

3{3 E r: (X2,a/{3,xl,out) E GD1 and (AD1 (Xl),{3/8,x2,in) E GD2 
{=::} 

3'Y E r: (Xl ,a/'Y,x2,in) E GD2 and (AD2(X2), 'Y/8,Xb out) E GD1. 

Proof. Without loss of generality we may assume that P consists of disjoint 
productions, i.e., if Xl -+ Dl and X 2 -+ D2 are in P, then Dl and D2 are 
disjoint. 

(Only if) To prove the equivalence, consider Xl -+ Dl and X 2 -+ D2 in P 
and a, /5 E r. Let H be the graph with nodes Vl and V2, where Vi is labeled 
Xi, a single edge (Vi, a, V2), and empty connection relation. The equivalence 
then follows from the equality of H[vt/ Dl ][V2/ D2J and H[vd D2][vt/ DlJ. 

Fig. 4.2. Confluence 
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(If) Consider disjoint graphs H, DI, D2 E GREE,r and nodes Vi, V2 E 
VH with VI ::/= V2, such that Xl --+ DI and X 2 --+ D2 are in P, where 
Xi = AH( vd· It has to be shown that H[vl/ D I][V2/ D2] = H[V2/ D2][vl/ DI]' 
Using Definition 4.3 it can easily be verified that these two graphs have the 
same nodes with the same labels, the same connection relation, and the same 
edges (x, ,,(, y) with (x, y), (y, x) ¢ VD1 X VD2 . It follows from the assumed 
equivalence that they also have the same edges (x, ,,(, y) with x E VD1 , Y E VD2 
or x E VD2 ,y E VD1 . 0 

Note that the (Only if) part of the proof shows that H can be restricted to 
GRE,r (i.e., to have no embedding) in Definition 4.6. 

Node replacement grammars We now turn to the definition of the NR 
grammar, or C-edNCE grammar. In 'C-edNCE', the C stands for 'confluent' 
(or 'context-free'), NCE stands for neighbourhood controlled embedding, the d 
stands for 'directed graphs', and the e stands for the feature of dynamic edge 
relabeling. Thus, C-edNCE grammars are context-free graph grammars with 
neighbourhood controlled embedding and dynamic edge relabeling. They were 
introduced in [Nag1, Nag2] , as depth-1 context-free graph grammars (and can 
be viewed as a natural generalization of the NLC grammars of [JR1, JR4]). 

Definition 4.8. A C-edNCE grammar, or node replacement (NR) grammar 
is a tuple G = (E, Ll, r, n, P, S) where E is the alphabet of node labels, 
Ll ~ E is the alphabet of terminal node labels, r is the alphabet of edge 
labels, n ~ r is the alphabet of terminal edge labels, P is the finite set of 
productions, and SEE - Ll is the initial nonterminal. A production is of 
the form X --+ D with X E E - Ll and D E GREE,r. Moreover, G should 
have the following properties. 
(1) P is confluent. 
(2) For every X --+ D E P, if (x,,,{,y) E ED and AD(X),AD(y) E Ll, then 

"( En; also, if (u,(3h,x,d) E CD, u E Ll, and AD(X) ELl, then "( E n. 
(3) If S --+ D E P, then CD = 0. 0 

Elements of E - Ll are called nonterminal node labels, and elements of r - n 
nonterminal edge labels. A node with a terminal or nonterminallabel is said 
to be a terminal or nonterminal node, respectively, and similarly for edges. 
For a production p : X --+ D, lhs(p) = X and rhs(p) = D. Two productions 
Xl --+ DI and X 2 --+ D2 are called isomorphic if Xl = X 2 and Dl and D2 
are isomorphic. A production that is isomorphic to a production in P will be 
called a production copy of G. 

Property (1) in Definition 4.8 is the essential confluence property of C
edNCE grammars. It can be checked statically by Proposition 4.7. In the 
literature it is customary to give a dynamic definition of confluence, by re
stricting H to be a sentential form of G in Definition 4.6. It is shown in [ER2] 
that this does not change the class of generated graph languages. Property 
(2) is a "non-blocking property" ensuring that if a sentential form of the 
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grammar has terminal nodes only, then all edges are terminal too. It can be 
dropped from the definition, as shown in [SW1J. Property (3) can easily be 
dropped, and is just added for technical convenience. Intuitively it expresses 
that initially no connection instructions are needed. 

As for HR grammars, the process of rewriting in a C-edNCE grammar is 
defined through the notion of substitution, as follows. 

Let G = (E, Ll, r, il, P, S) be a C-edNCE grammar. Let H and H' be 
graphs in GREE,r, let v E VH , and let p: X -+ D be a production copy of G 
such that D and H are disjoint. Then we write H =>v,p H', or just H => H', 
if AH(V) = X and H' = H[v/DJ. H =>v,p H' is called a derivation step, and 
a sequence of such derivation steps is called a derivation. A derivation 

n ~ 0, is creative if the graphs Ho and rhs(pi), 1 ~ i ~ n, are mutually 
disjoint. As in the case of HR grammars, we will restrict ourselves to creative 
derivations. Thus, we write H => * H' if there is a creative derivation as 
above, with Ho = Hand Hn = H'. 

For X E E - Ll and any object x, let sn(X,x) denote the graph with 
embedding (V,E,A,C) with V = {x}, E = 0, A(X) = X, and C = 
{(a,"(h,x,d) I a E E,,,( E r,d E {in, out}}. Note that if sn(X,x) =>v,p H, 
then v = x and p equals X -+ H. 

A sentential form of G is a graph H such that sn( S, x) => * H for some 
x. Due to property (3) of Definition 4.8, if sn(S,x) =>+ H, then H is an 
ordinary graph, i.e., H E GRE,r. For X E E - Ll, 

L(G, X) = {[HJ I H E GRELl,n and sn(X,x) =>* H for some x}. 

The graph language generated by G is L(G) = L{G, S) ~ [GRLl,nJ. By 
C-edNCE we denote the class of graph languages generated by C-edNCE 
grammars. 

Many sets of graphs with "tree-like" graph theoretic properties can be 
defined by C-edNCE grammars. For example cographs, series-parallel graphs, 
transitive VSP graphs, complete bipartite graphs, acyclic tournaments, edge 
complements of trees, and all HR graph languages (see Theorem 4.21). We 
now give some examples of C-edNCE grammars. 

Example 4.9. (1) Let us consider a C-edNCE grammar Gl such that L(Gt} 
is the set of all "streets", of the form shown in Fig. 4.3, where unlabeled 
edges (nodes) have label * (# respectively). G l = (E, Ll, r, il, P, S) with 
E = {S,X,#}, Ll = {#}, r = {h,r,a,b,*} (where h stands for 'house' and 
r for 'road'), il = {a, b, *}, and P contains the three productions shown in 
Fig. 4.4. In Fig. 4.4, the right-hand side of a production (which is a graph 
with embedding) is drawn as explained in Example 4.2, and the left-hand 
side is given as a label of the large box (usually at the upper left corner); 
this suggests that the large box is a nonterminal node that can be rewritten 
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Fig. 4.4. Productions of C-edNCE grammar Gl, generating streets 

by the represented graph with embedding. Thus, the first production has 
empty connection relation, and the other two productions both have the 
connection instructions (#, hl*, Xl, in), (#, hla, X2, in), (#, hla, X3, out), and 
(#,rla,x4,in) where Xl. X2, X3, and X4 are the terminal nodes of the right
hand side, numbered from above. The grammar G l generates a street with n 
houses, n 2 1, by starting with the first production, adding one house with 
each application of the second production, n - 1 times, and adding the nth 
house with the last production. Note that L( Gd is similar to the (noncontext
free) language {anbanban I n ~ O}, as can be seen from Fig. 4.3. And note 
that, as can easily be shown, L(Gd is also an HR language. 

(2) The C-edNCE grammar G2 with the three productions shown in 
Fig. 4.5 generates all (undirected) complete graphs K n , with n ;::: 1. As 
usual, an undirected edge stands for two directed edges. Similarly, two con
nection instructions (a,{3h,x,in) and (a,{3h,x,out) are represented by 
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s 

~ 
x 

x tb 
Fig. 4.5. Productions of C-edNCE grammar G2, generating complete graphs 

an undirected line. Moreover, as usual, we drop the labels # and * (also 
from connection instructions). Thus, the second production is X -+ D with 
VD = {y,x}, AD(Y) = #, AD(X) = X, ED = {(y,*,x),(x,*,y)}, and 
CD = {(#,*/*,y,in), (#,*/*,y,out), (#,*/*,x,in), (#,*/*,x,out)}. A sen
tential form of G2 is Kn of which exactly one node is labeled with X. Since 
L(G2) is not of bounded treewidth, it is not an HR language. 

(3) Let Krn,n be the (undirected) complete bipartite graph on m and 
n nodes, i.e., the graph (V, E, A) such that V = {Ul, ... , Urn, Vb .. • , Vn}, 
E = {(Ui,*,Vj),(Vj,*,Ui) 11 :::; i:::; m,I :::; j:::; n}, and ).(x) = # for 
every x E V. The O-edNOE grammar G3 with the five productions shown in 
Fig. 4.6 generates all graphs Krn,n with m, n ~ 1. Just as L( G2 ), L( G3 ) is 
not an HR language. 

(4) The O-edNOE grammar G4 with the four productions shown in 
Fig. 4.7 generates all cogmphs. The grammar reflects the recursive definition 
of cographs: a cograph is either a single node, or the disjoint union of two 
cographs, or the join of two cographs (see, e.g., [OLS]). Since L( G2 ) ~ L( G4 ), 

L(G4 ) is not of bounded treewidth, and hence not an HR language. 

s X 

tiJ B r X 

y 

tb y 

Fig. 4.6. Productions of C-edNCE grammar G3, generating complete bipartite 
graphs 
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X X X X 
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X X 

Fig. 4.7. Productions of C-edNCE grammar G4, generating cographs 

(5) Let G5 be the B-NCE grammar of Section 2, see Fig. 2.1. This is a 
C-edNCE grammar if each connection instruction (0", x) is changed into the 
connection instructions (0", */*, x, in) and (0", */*, x, out). L(G5 ) is also an HR 
language. 

(6) The next, and last, example demonstrates the dynamic edge relabeling 
feature of C-edNCE grammars. Simultaneously we show that this feature is 
also present in HR grammars, through the use of selectors. Figure 4.8(a) 
shows a sentential form of a C-edNCE grammar G6 that generates all "waves" 
(of which an example is obtained by dropping the nonterminal node and 
its incident edges from Fig. 4.8(a)). Figure 4.8(b) shows a corresponding 
sentential form of an HR grammar Gw , equivalent with G6 • In G6 , 1 and 3 
are edge labels, but in Gw they are selectors. The three productions of G6 

are given in Fig. 4.9(a). Note that the third production is X - E, where E 
is the empty graph (with empty embedding). Application of this production 

~~ 
(b) 

~~x 
(a) 

Fig. 4.8. Sentential forms of (a) a C-edNCE grammar, and (b) an HR grammar 
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~~xl 
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D 
(a) 

Fig. 4.9. Productions of (a) C-edNCE grammar G6 and (b) HR grammar Gw • 

generating waves 

to a node v with label X results in the disappearance of v and all its incident 
edges. The three productions of Cw are shown in Fig. 4.9(b). 0 

Derivation trees Due to the similar approaches to HR grammars and 
C-edNCE grammars, both based on associative and confluent substitution, 
the notion of derivation tree of a C-edNCE grammar can be developed in ex
actly the same way as for HR grammars (this is one of the points of [Coul]). 
For completeness sake we state the analogue of the Context-Freeness Lemma 
(Lemma 3.8). 

Lemma 4.10. Let C = (E, Ll, r, fJ, P, S) be a C-edNCE grammar. Let H 
and K be graphs in CREE,r and CRELl,n, respectively, let VI, ... , Vn be all 
the nonterminal nodes of H, and let Vi be labeled by Xi in H. Then H => * K 
if and only if there exist graphs K1, ... , Kn in CRELl,n (disjoint with H) 
such that K = H[vl/ Kll··· [vn / Knl and sn(Xi , Vi) =>* Ki for aliI ~ i ~ n. 
Moreover, the length of the derivation H =>* K equals the sum of the lengths 
of the derivations sn(Xi' Vi) =>* K i . 

Proof. The proof is exactly the same as that of Lemma 3.8, except that one 
should be careful with confluence. Clearly, what is needed in the proof is that 
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the set of all "productions" X --+ K such that sn(X,x) =>* K for some x, 
is confluent (Definition 4.6). This can be proved in a straighforward way, by 
induction on the lengths of the involved derivations, using the confluence of P 
and the associativity of substitution (see [Cou1] or Lemma 17 of [ER2D. 0 

The notion of derivation tree of a C-edNCE grammar G = (E, il, r, il, P, S) 
can be defined exactly as in Definition 3.9, with the appropriate change of 
terminology, of course. The yield of a derivation tree t E Tp is an abstract 
graph yield(t) E [GRE,a,n]. (To see this, note that the "non-blocking prop
erty" for graphs with embedding, as formulated in condition (2) of Defini
tion 4.8 for the right-hand sides of productions, is closed under substitu
tion.) The analogue of Theorem 3.10 then holds for C-edNCE grammars 
(with the same proof, using Lemma 4.10 instead of Lemma 3.8): for ev
ery X E E -..::1, L(G,X) = {yield(t) I t E D(G,X)}, and, in particular, 
L(G) = {yield(t) I t E D(G)}. As for HR grammars, it is easy to construct 
a concrete graph representation of a derivation tree directly from the deriva
tion. 

Also as for HR grammars, the set D( G) of derivation trees of a C-edNCE 
grammar G is a regular tree language, and hence the emptiness problem 
of C-edNCE graph languages is decidable. We now show that the finiteness 
problem is also decidable, using the following (effective) proposition that 
extends Parikh's theorem for context-free languages (see, e.g., Theorem 7.1 
of [SaID to C-edNCE languages. For a graph language L S; [GR,a,n] and a 
sequence 7r = (ilb ... , ilk) of subsets of il, we denote by Par1l"(L) the set of 
all (nb ... ,nk) such that ni = #{v E VH I AH(V) E L1i} for some [H] E L. 
Proposition 4.11. For every graph language L in C-edNCE, Par1l"(L) is 
semilinear. 

Proof. Let G = (E, il, r, il, P, S) be a C-edNCE grammar. Using Parikh's 
theorem for context-free languages, it suffices to construct a context-free 
(string) grammar G' = (N,L1,P',S) such that Par1l"(L(G')) = Par1l"(L(G)), 
where Par1l"(L(G')) is the set of all (n1, ... , nk) such that for some wE L(G'), 
ni is the number of occurrences of a symbol from ili in w. This is easy: 
N = E - ..::1, and P' is obtained from P by turning each production X --+ D 
of P, with VD = {Vb ..• ,vn } into the production X --+ U1·· ·Un of P', where 
Ui = AD( Vi). Thus, if G generates a graph H, then G' generates the sequence 
oflabels of the nodes of H, in some (irrelevant) order. The correctness of the 
construction is also based on condition (2) of Definition 4.8. 0 

Note that this does not hold for edges: a complete graph with n nodes has 
2n2 edges, but the set {2n2 1 n ~ I} is not semilinear. 

Since graphs do not have multiple edges with the same label, L( G) is 
finite if and only if {# V H I H E L} is finite. Thus, it suffices to test the 
semilinear set Par1l"(L(G)), with 7r = (..1), for finiteness. In fact, it suffices to 
test whether L(G') is finite, for the context-free grammar G' constructed in 
the proof of Proposition 4.11. 
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Theorem 4.12. It is decidable, for an arbitrary C-edNCE grammar G, 
whether or not L( G) is empty, and also whether or not L( G) is finite. 

We finally note that, also entirely similar to the case of HR grammars, a least 
fixed point result for C-edNCE grammars is obtained from Lemma 4.10. 

4.2 Subclasses and normal forms 

We consider a few of the most important subclasses of the C-edNCE gram
mars. Whenever we define an X-edNCE grammar for some X, X-edNCE 
will denote the class of graph languages generated by X-edNCE grammars. 
X·Y-edNCE grammars are edNCE grammars that are both X and Y. 

First of all, the linear (LIN-edNCE), nonterminal bounded (NB-edNCE), 
and derivation bounded (DB-edNCE) grammars can be defined analogously 
to the case of HR grammars (and ordinary context-free grammars). Thus, a 
C-edNCE grammar is linear if each right-hand side of a production contains 
at most one nonterminal node. As in the case of HR grammars, a bounded 
number of nonterminal nodes can be simulated by one, i.e., DB-edNCE = 
LIN-edNCE (see Theorem 12 of [ELl). The proof is very similar to the one 
of Theorem 3.19. In fact, a nonterminal node of a C-edNCE grammar, with 
its incident edges, is very similar to a nonterminal edge of a HR grammar, 
with its tentacles, where the labels of the edges correspond to the selectors 
of the tentacles. Of the C-edNCE grammars of Example 4.9, G4 and G5 are 
not derivation bounded, and the others are linear. 

Since every sentential form of a linear grammar contains at most one non
terminal node, the grammar never uses connection instructions (a, f3! 'Y, x, d) 
where a is a nonterminal node label. Hence, by Proposition 4.7, it is not nec
essary for a linear grammar to verify that its set of productions is confluent 
(condition (1) of Definition 4.8). A much larger class of grammars with this 
convenient property is the class of boundary grammars, introduced in [RW1j 
and studied in, e.g., [RW2, ELWj, cf. Section 2. 

Definition 4.13. A C-edNCE grammar G = (E,.:1,r,n,p,S) is boundary, 
or a B-edNCE grammar, if, for every production X --+ D and every connection 
instruction (a,f3h, x,d) E CD, a is terminal. 0 

As observed above, LIN-edNCE ~ B-edNCE. Grammar G4 of Example 4.9 
is not boundary, and all the others are. 

Obviously, for every B-edNCE grammar there is an equivalent one such 
that the right-hand sides of its productions do not contain edges between 
nonterminal nodes. Thus, the idea of a boundary grammar is that nonterminal 
nodes are not connected, i.e., every nonterminal node has a "boundary" of 
terminal neighbours around itself. Note that every HR grammar has the 
boundary property, in the sense that every nonterminal edge is incident with 
a "boundary" of (terminal) nodes. 
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In an HR grammar, a nonterminal edge can distinguish each incident node 
separately, through the selectors on its tentacles. In a B-edNCE grammar, 
in general, a nonterminal node cannot (and need not) distinguish between 
all its terminal neigbours. Consider a graph Hover E and r, and a node 
x of H. For another node Y of H and for u E E and 'Y E r, we say that Y 
is a (u, 'Y)- neighbour of x if AH (y) = u and (y, 'Y, x) E E H. Similarly, Y is a 
(1, u)-neighbour of x if (x,'Y, y) E EH and AH{Y) = u. The context of x in H 
is contH{x) = {('Y,AH{Y)) I (x,'Y,Y) E EH} U {(AH{Y),'Y) I (Y,'Y,x) E EH}. 
Thus, the context of a nonterminal node x in a sentential form H indicates 
precisely how the neighbourhood of x looks like, from the point of view of the 
embedding process of the B-edNCE grammar. If s E contH{x), then x has at 
least one s-neighbour, but the embedding process cannot distinguish between 
different s-neighbours of x. We now consider B-edNCE grammars such that 
every nonterminal node x in a sentential form has exactly one s-neighbour 
for every s E contH{x). This is enforced by an obvious statical property of 
the grammar. As will be shown in Section 4.3, such grammars have the same 
power as HR grammars (and when restricted to be linear they have the same 
power as LIN -HR grammars). 

Definition 4.14. A B-edNCE grammar G = (E, ..1, r, il, P, S) is nontermi
nal neighbour deterministic, or a Bnd-edNCE grammar, if, for every produc
tion X --+ D, every nonterminal node x E VD , and all u E ..1 and 'Y E r, 
(1) {y E VD I AD{Y) = u and (Y,'Y,x) E ED} U {.B E r I (u,.Bh,x,in) E CD} 

is a singleton or empty, and, analogously for 'out', 
(2) {y E VD I >'D(Y) = u and (x,'Y,Y) E ED} U {.B E r I (u,.Bh,x,out) E 

CD} is a singleton or empty (where we assume that VD n r = 0). 0 

Of the grammars of Example 4.9, G l , G5 , and Gs are Bnd-edNCE grammars. 
We now turn to the apex restriction for NR grammars, similar to the one 

for HR grammars. 

Definition 4.15. A B-edNCE grammar G = (E, ..1, r, il, P, S) is apex, or 
an A-edNCE grammar, iffor every production X --+ D and every connection 
instruction (u,.B h, x, d) E CD, u and x are terminal. 0 

In Example 4.9, the only apex grammar is G l . 

As for HR grammars, the idea of an apex NR grammar G (introduced in 
Definition 1.4.9 of [Nag2]) is that nonterminal nodes cannot "pass" neighbours 
to each other. When a production X --+ D is applied to a nonterminal node v, 
only terminal nodes of D can be connected to the neighbours of v (which are 
terminal nodes too). It will be shown in the next subsection that A-HR and 
A-edNCE grammars have the same power (and similarly for LIN.A, NB·A, 
and DB.A). 

It is easy to show that for every A-edNCE grammar there is an equivalent 
A·Bnd-edNCE grammar, just renaming edges. In fact, if for a nonterminal 
node x two incoming edges (YlI'Y,X) and (Y2,'Y,X) with A(Yd = A(Y2) = u 
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are in the right-hand side of a production, one can change the second edge 
into (Y2, "I' , X) for some new nonterminal edge label "I', and add connection 
instruction (u,"I'I/3,z,in) to every right-hand side of a production that has 
connection instruction (a,"II/3,z,in). And similarly for outgoing edges ofx. 

Thus, A-edNCE ~ Bnd-edNCE ~ B-edNCE ~ C-edNCE, and LIN-edNCE 
~ B-edNCE. These are all proper inclusions, and LIN-edNCE is incomparable 
with A-edNCE and Bnd-edNCE. A Venn-diagram is given in Fig. 4.11 in 
Section 4.3. 

As for HR grammars, several normal forms have been developed in the lit
erature for C-edNCE grammars. We mention a few of them, starting with an 
analogue of Chomsky Normal Form. A C-edNCE grammar G is in Chomsky 
Normal Form if for every production p of G, either (1) rhs(p) has two nodes, 
not both with a terminal label, or (2) rhs(p) has one node, with a terminal 
label, or (3) rhs(p) is the empty graph, lhs(p) is the initial nonterminal S 
of G, and S does not occur in the right-hand side of any production of G. 
The following result is stated in Lemma 4 of [Bra2J; see also the results on 
Chomsky Normal Form in [Nag1, Nag2]. For its proof (which is analogous to 
the one for ordinary context-free grammars) we refer to [ER2]. 

Theorem 4.16. For every C-edNCE grammar an equivalent C-edNCE gram
mar in Chomsky Normal Form can be constructed. The same holds for the 
subclasses B, Bnd, LIN, and LIN-Bnd. 0 

It is more usual to require for Chomsky Normal Form that right-hand sides 
with two nodes have nonterminal nodes only. It is not difficult to show that, 
for a C-edNCE grammar, this requirement can be met by a similar trick as 
for context-free string grammars. For B-edNCE grammars, it would mean 
that only discrete graphs can be generated. As in the case of HR grammars, 
there is no Chomsky Normal Form for apex grammars (the proof in [Eng3] 
for HR grammars can easily be carried over to A-edNCE grammars). 

From Theorem 4.16 we obtain the following enumeration property of 
C-edNCE languages, as shown in a general framework in Corollary 10 of 
[Well]. 

Theorem 4.17. For every C-edNCE language L there is a constant c such 
that for every natural number n, #{[H] ELI #VH = n} ::; 2c·n . 

Proof. Let G be a C-edNCE grammar generating L, in Chomsky Normal 
Form. Then every derivation of a graph H with # VH = n > 0 is of length 
::; 2n, and hence every derivation tree that yields such a graph has at most 

2n nodes. Clearly, there are at most d2n derivation trees with 2n nodes, where 
d is the number of productions of G. 0 

As observed in [Well] this implies that the set [GRLl,n] of all graphs over 
given alphabets Ll and il, is not in C-edNCE (similar to the case of HR 
grammars). From the point of view of context-free string grammars this is 
an unexpected weakness of context-free graph grammars that one, however, 
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has to live with; intuitively, the graphs in a context-free graph language are 
always ''tree-like''. Other graph languages that are not in C-edNCE as a 
consequence of Theorem 4.17 are, e.g., the set of all connected graphs and 
the set of all tournaments. 

Another consequence of Theorem 4.16 is that the membership problem for 
C-edNCE grammars is decidable. As observed in the proof of Theorem 4.17, 
for a given graph with n nodes it suffices to check all derivations of length at 
most 2n. This can be done in nondeterministic polynomial time. Surprisingly, 
from the point of view of context-free string languages, there exist LIN·A
edNCE graph languages with an NP-complete membership problem (see, 
e.g., [DHK, ER2]). Conditions that guarantee deterministic polynomial time 
recognition are stated in Theorem 4.29. 

There are also normal forms that concern the embedding process, and 
in particular the edges that are incident with nonterminal nodes. One of 
them is the neighbourhood preserving normal form which requires that every 
edge incident with a nonterminal node x of a sentential form, is used by the 
embedding process when a production is applied to x (see Definition 1.4.9 of 
[Nag2]). The neighbourhood preserving normal form was proved for B-NLC 
in [RW1], for B-edNCE in [ER1], and for C-edNCE in [SW2]. 

Theorem 4.18. For every C-edNCE gmmmar an equivalent C-edNCE gmm
mar G can be constructed such that for every sentential form H of G, every 
nonterminal node v of H, and every production p with Ihs(P) = AH(V), the 
following holds: 
if (w,{3,v) is in EH (v,{3,w) is in EH), then rhs(p) has a connection in
struction of the form (AH(W),{3h,x, d) with d = in (d = out, respectively). 

The same holds for the subclasses defined above. 0 

All grammars in Example 4.9 are in neighbourhood preserving normal form, 
except G6 (because of its production with empty right-hand side). 

We finally discuss a straightforward normal form for B-edNCE grammars 
that is needed in the next subsection. For boundary grammars it is possible 
to store the context of a nonterminal node (as defined before Definition 4.14) 
in its label. 

Definition 4.19. A B-edNCE grammar G = (5.:, Ll, r, il, P, S) is context 
consistent if there is a mapping 'f/ from E - Ll to p«(r x Ll) u (Ll x r», 
such that for every nonterminal node v of every sentential form H of G, 
'f/(AH(V» = contH(v), 0 

In Example 4.9, Gt. Ga, and G6 are context consistent. The next normal 
form result was shown in Section 3 of [RW1] for B-NLC grammars, and in 
Lemma 4 of [ER1] for B-edNCE grammars. 

Theorem 4.20. For every B-edNCE gmmmar an equivalent context con
sistent B-edNCE gmmmar can be constructed, and the same is true for the 
subclasses of B-edNCE discussed above. 
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Proof. Let G = (E, Ll, r, il, P, S) be a B-edNCE grammar. An equivalent 
context consistent B-edNCE grammar G' can be obtained by an easy top
down construction, adding the context of each nonterminal node to its label. 
The nonterminal node labels of G' are of the form (X, c) where X is a non
terminal node label of G and c ~ (r x Ll) U (Ll x r) is a possible context. 
The initial nonterminal of G' is (8,0). Let X --t D be a production of G, 
and let Xl, ... ,Xn be the nonterminal nodes of D, with labels X I, ... , Xn . 

Let c ~ (r x Ll) U (Ll x r). Then G' has the production (X, c) --t D' 
where D' is obtained from D by relabeling each node Xi with (Xi, Ci) where 
Ci = contD(xi) U ((u,'Y) I 3(u,(3h,xi,in) E CD : (u,(3) E c} U (('Y,u) I 
3(u,(3h,Xi,out) E CD : ((3,u) E c}. It should be clear that G' is context 
consistent with respect to the mapping", defined by ",(X, c) = c. D 

4.3 Comparison of HR and NR 

In this subsection we show that the C-edNCE grammars have more graph 
generating power than the HR grammars, and that they have the same power 
when restricted to be apex. We also consider simple criteria that characterize 
the HR graph languages within the class of C-edNCE languages. Finally we 
discuss the fact that C-edNCE grammars and HR grammars have the same 
hypergraph generating power. 

As suggested in Section 3.1 (see Fig. 3.2), every graph is a hyper
graph. More precisely, we identify a graph H = (V, E, A) over E and r 
with the hypergraph hyp(H) = (V,E U V,lab,nod,0) over E U rand 
E' = {sou, tar, owner} such that for e = (u, 'Y, v) E E, type( e) = {sou, tar}, 
nod(e, sou) = u, nod(e, tar) = v, and lab(e) = 'Y, and such that for v E V, 
type(v) = {owner}, nod(v,owner) = v, and lab (v) = A(V). Note that the 
hyperedges in V are tags that label the nodes. Note also that hyp(H) is of 
type 0. For the graph H of Fig. 3.2(b), the hypergraph hyp(H) is shown in 
Fig. 3.2(a). 

Let HRg denote the class of graph languages in HR, i.e., the class of all 
graph languages L ~ [GR..!;',r] such that L = L(G) for some HR grammar 
G (or, more precisely, hyp(L) = L(G)). Similarly, let A-HRg denote the 
class of graph languages in A-HR. We now show that graph generating HR 
grammars can be simulated by C-edNCE grammars that are boundary and 
even nonterminal neighbour deterministic. Vice versa, Bnd-edNCE grammars 
can be simulated by HR grammars. Moreover, apex HR grammars correspond 
to apex C-edNCE grammars. These results are shown in Theorem 2 of [ER1], 
in an indirect way. Here we give direct constructions (see also [Vog]). As an 
example of how close the two formalisms are, one should consider Bnd-edNCE 
grammar G6 and HR grammar Gw of Example 4.9(6), see Fig. 4.9. 

Theorem 4.21. HRg = Bnd-edNCE and A-HRg = A-edNCE. 
The same holds for the linear, nonterminal bounded, and derivation bounded 
classes (i.e., with additional prefix LIN, NB, and DB, respectively). 
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Proof. We first show how to simulate HR grammars by Bnd-edNCE grammars 
(see also the proof of Lemma 7.8 of [CER]). Let G = (N, T, E, P, S) be an HR 
grammar that generates a graph language. By Theorem 3.17 we may assume 
G to be repetition-free and external edge-free. We will construct an equivalent 
Bnd-edNCE grammar G'. Intuitively, a production X -+ D of G is turned into 
a production X -+ D' of G' as follows. Each nonterminal edge of D is turned 
into a nonterminal node (with the same label), and each of its tentacles is 
turned into an undirected edge with the selector as label (but note that an 
undirected edge is really two directed edges). Then, the external nodes of 
D are removed, together with their incident edges (including the edges that 
just resulted from tentacles of nonterminals), and these edges are turned into 
connection instructions of D' in a straightforward way. Note that since G is 
external edge-free, every nonexternal node of D must have a (unique) tag. 
As a result of this construction, the sentential forms of G' can be obtained 
from the sentential forms of G in the same way (where, of course, external 
nodes need not be removed), and hence G' generates the same graphs as G. 

Formally, G' = (E', .1, r, fl, P', S) with E' = NUT, .1 = T, r = E U T, 
fl = T, and P' = {X -+ nr(D) I X -+ D E P} where the mapping 'nr' from 
hypergraphs to graphs is defined as follows. Let D = (V, E, lab, nod, ext) be 
a hypergraph over NuT and E. Then nr(D) = (V',E','x,C) is the graph 
(with embedding) over E' and r such that 

(1) V' consists of all nonexternal nodes and all nonterminal edges of D, i.e., 
V' = (V - ran(ext)) U {e E E Ilab(e) EN}, 

(2) for every nonexternal node v E V, ,x(v) = lab(e) where e E E is the 
(unique) tag with nod(e, owner) = v, and for every nonterminal edge 
e E E, A(e) = lab(e), 

(3) E' consists of all terminal edges of D between nonexternal nodes, and 
all tentacles of nonterminal edges of D to nonexternal nodes, i.e., E' = 
((u",v) I u,V E V - ran(ext)" E T,3e E E : nod(e,sou) = 
u, nod(e, tar) = v,lab(e) = ,} U {(e, s, v), (v, s, e) I v E V - ran(ext), e E 
E with lab(e) EN,s E E, and nod(e,s) = v}, and 

(4) C is obtained from all terminal edges of D that are incident with an 
external node, and all tentacles of nonterminal edges of D to external 
nodes, i.e., C = C1 U C2 U C3 , where C1 is the set of all (a, sh, v, in) such 
that a" E T and there exists e E E with lab(e) =" nod(e, sou) = ext(s), 
nod( e, tar) = v, and v ~ ran(ext), C2 is the set of all (a, sh, v, out) such 
that a" E T and there exists e E E with lab( e) = " nod( e, tar) = 
ext(s), nod(e, sou) = v, and v ~ ran(ext), and C3 = ((a,s/s',e,d) I a E 
T,lab(e) E N,nod(e,s') = ext(s),d E {in, out}}. 

Note that for the mapping 'nr' node-isomorphic hypergraphs cannot 
be identified. The essential property of 'nr' is that it is a homomorphism 
with respect to substitution, i.e., if Hand K are hypergraphs and e is 
a nonterminal edge of H (and hence a nonterminal node of nr(H)), then 
nr(H[e/ K]) is isomorphic with nr(H)[e/nr(K)]. Together with the fact that 
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nr(sn(S, e)) = sn(S, e) this implies that, modulo isomorphism, the sentential 
forms of G' are obtained by applying 'nr' to the sentential forms of G, and 
hence L(G') = L(G). 

It is easy to verify that G' is a Bnd-edNCE grammar. Moreover, if Gis 
an A-HR grammar, then in (4) above the last component of CD' is empty, 
and hence G' is an A-edNCE grammar. Note by the way that in this last 
component one can see clearly how the use of tentacles in the HR grammar is 
simulated by the dynamic edge relabeling feature of the C-edNCE grammar. 
As an example, consider HR grammar Gw of Fig. 4.9, which is repetition-free 
and external edge-free (assuming that only nonexternal nodes have tags, with 
label # ). The constructed Bnd-edN CE grammar G~ is almost the same as G6 : 

in G6 the incoming edges with label 3 that are incident with the nonterminal 
node are missing (because they are not needed). 

Next we show how to simulate Bnd-edNCE grammars by HR grammars. 
The idea of the simulation is the same as above, but now in the other direc
tion. Let G = (17,.1, r, fI, P, S) be a Bnd-edNCE grammar. By Theorem 4.20 
we may assume G to be context consistent, with context mapping",. We will 
construct an equivalent HR grammar G'. The nonterminal edge labels of G' 
are the nonterminal node labels of G, and type(X) = ",(X) for every non
terminal X. Thus, the elements of ",(X) are used as selectors for X in G'. 
Intuitively, a production X -+ D of G is turned into a production X -+ D' of 
G' as follows. For each element of ",(X) a new node is added to D, which is 
the external node of D' corresponding to that element. Then, each nontermi
nal node of D is turned into a nonterminal edge (with the same label), and 
its incident edges are turned into tentacles in the obvious way. Finally, the 
connection instructions of D are turned into edges between external nodes 
and terminal nodes of D, and into tentacles between external nodes and the 
nonterminal edges. 

Formally, G' = (N,T,E',P',S) with N = E -..:1, T = {} u..:1, E' = 
{sou, tar, owner} U (r x .1) u (.1 x r), type(X) = ",(X) for every X E N, 
and P' is constructed as follows. Let X -+ D be a production of G, with 
D = (V, E,.x, C). Then P' contains the production X -+ D' such that 

(1) VD , consists of all terminal nodes of D and a new external s-node for 
every selector s E ",(X), i.e., VD , = {x E V I .x(x) E .1}U{vs Is E ",(X)}, 

(2) extD'(s) = Vs for every s E ",(X), 
(3) ED' consists of all edges between terminal nodes of D, all edges that 

result from connection instructions of D for terminal nodes, all tags for 
all terminal nodes of D, and all nonterminal nodes of D, i.e., ED' = 
El U E2 U E3 U E4 where 
(3.1) El = {(x, ,)" y) EEl .x(x), .x(y) E .1} and, for e = (x, ,)" y), lab(e) = 

,)" nod(e, sou) = x, and nod(e, tar) = y, 

(3.2) E2 = (((J,(3h,x,d) E C I .x(x) E .1} and, for e = ((J,(3h,x,d), 
lab (e) = ,)" if d = in then nod(e,sou) = V(cr,{3) and nod(e, tar) = x, 
and if d = out then nod(e, sou) = x and nod(e, tar) = V({3,cr) , 
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(3.3) E3 = {x I x E V,.\{x) E Ll} with lab (x) = .\(x) and nod {x, owner) = 
x, 

(3.4) E4 = {x E V I .\(x) E E - Ll}, with lab{x) = .\(x), and 
if (y, 'Y, x) E E then nod{x, (.\{y), 'Y)) = y, 
if (x, 'Y, y) E E then nod{x, (-y, .\(y)) = y, 
if (u,Ph,x,in) E C then nod{x, (u,'Y)) = v(u,P)' and 
if (u, Ph, x, out) E C then nod{x, (-y, u)) = v(P,u); 
since Gis nonterminal neighbour deterministic, nod{x) is well de
fined. 

If G is an A-edNCE grammar, then the last two types of tentacles in (3.4) 
do not exist, and so G' is an A-HR grammar. Note that we have observed 
in Section 4.2 that every A-edNCE grammar can be turned into one that is 
also a Bnd-edNCE grammar. As an example consider Bnd-edNCE grammar 
Gs (which is context consistent). The constructed HR grammar G~ is closely 
related to Gw : the nonterminal edge of G~ has two tentacles with selectors 
(#, 1) and (1, #) instead of the one tentacle with selector 1 of Gw , but these 
two tentacles always point to the same node. 0 

Thus, NR grammars have more graph generating power than HR grammars 
(because Bnd-edNCE is a proper subclass of C-edNCE). Nevertheless, as 
shown in [CoulD], the class of HR graph languages is rather close to the class 
C-edNCE. In fact, there is a unary operation on graphs such that C-edNCE 
is the closure of HRg under this operation. We now define this operation. For 
a graph H = (V, E,.\) over E and r, and an edge label e E r, the expansion 
expe{H) of H is the graph (V',E','\') over E and r - {e} where V' is the 
set of all v E V such that v has no incoming edge with label e in H {i.e., 
(u, e, v) ¢ E), .\'(v) = .\(v) for v E V', and E' consists of all (VI, 'Y, V2), 'Y =F e, 
for which there is an edge (WI, 'Y, W2) E E such that there is an e-path from 
Vi to Wi in H, i.e., a (possibly empty) directed path of e-Iabeled edges. As 
usual, for a graph language L, eXPe{L) = {[expe(H)] I [H] E L}, and for a 
class of graph languages C, exp{C) = {eXPe(L) I L E C, L ~ [GRn,r] , e E r}. 
We say that C' is the expansion closure of C if C' = exp(C') = exp{C). The 
following result is shown in [CoulD]. The case of linear grammars was not 
considered in [CoulD], but both results can also quite easily be shown through 
the characterization of C-edNCE in terms of handle replacement grammmars 
in [CER] (using the normal form for such grammars from [EH3]). 

Theorem 4.22. C-edNCE is the expansion closure of HRg , and LIN-edNCE 
is the expansion closure of LIN-HRg • 0 

Thus, as an analogy, HRg is as close to C-edNCE as the context-sensitive 
languages are to the recursively enumerable languages (in the sense that 
every r.e. language can be obtained from a context-sensitive language by 
erasing). As an example, consider the HR grammar Gtri of Fig. 4.lD, that 
generates sequences of triangles. It is easy to see that eXPe (L( Gtri)) is the set 
of all complete graphs (which is not in HR). 
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s ..... x ..... x ..... (0) 
• 

Fig. 4.10. Productions of HR grammar Gtri 

The class HRg of HR graph languages can be characterized within the 
class C-edNCE: there are simple conditions on the graphs of a language 
L E C-edNCE that express membership of L in HR. We have seen in 
Section 3.1 that every HR language is of bounded treewidth. That is one 
such characterization, as shown in Theorem 3.5 of [CE] (based on results of 
[Cou8]). 

Theorem 4.23. HRg is the class of C-edNCE languages of bounded treewidth. 
o 

To present some other (decidable) characterizations we need some more ter
minology. 

Recall that Km,n is the complete bipartite graph on m and n nodes (see 
G3 of Example 4.9). For a graph H we denote by und(H) the underly
ing undirected, unlabeled graph (i.e., V = VH, E = {(u,*,v) I (u,,),,v) E 
EH or (V, ,)" U) E EH for some ')'}, and A(X) = # for every x E V). We will 
say that a graph language L is of bounded bi-degree if there exists a natural 
number n such that Kn,n is not a subgraph of any graph und(H), H E L 
(and hence the same holds for Km,m with m > n). This means that it is 
impossible to find a graph in L with 2n nodes Ul,"" Un, Vb"" Vn such that 
there is an edge (in any direction) between each Ui and each Vj, 1 ~ i,j ~ n. 
As usual, a graph language L is of bounded degree if there exists n such that 
all nodes in all graphs of L have degree at most n. This is equivalent to 
saying that there exists n such that K l,n is not a subgraph of any graph 
und(H), H E L. A graph language L is of bounded average degree (or sparse) 
if there exists n such that #EH ~ n· #VH for every H E L, i.e., if the 
number of edges of a graph of L is linearly bounded by its number of nodes. 
Of course, every language of bounded degree is also of bounded bi-degree 
and of bounded average degree. Every language of bounded treewidth is also 
of bounded bi-degree (because the treewidth of Km,n is min{m,n}) and of 
bounded average degree (see [CoulD]). 

The following result is shown in [CoulD]; see [We12] for a related earlier 
result. The proof uses Theorem 4.22 and shows that if the expansion of an 
HR graph language is of bounded bi- (or average) degree, then it is in HR. 

Theorem 4.24. HRg is the class of C-edNCE languages of bounded bi
degree, and it is the class of C-edNCE languages of bounded average degree. 
It is decidable, for a C-edNCE grammar G, whether or not L(G) E HR. 0 

As observed before, the special case of linear grammars is not considered in 
[CoulD]. But with Theorem 4.22 the proof of Theorem 4.24 works also for 
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that case. Thus, LIN-HRg is the class of LIN-edNCE languages of bounded 
bi-degree. Together with Theorems 3.27 and 4.23 this gives the following 
result. 

Theorem 4.25. LIN-HRg is the class of LIN-edNCE languages of bounded 
pathwidth, and LIN-HRg = LIN-edNCE n HR. 0 

It follows from Theorem 4.24 that every C-edNCE language of bounded de
gree is in HR. Thus, for graph languages of bounded degree there is no dif
ference between HR and NR. This was proved for B-edNCE languages in 
Theorem 7 of [ER1], and for C-edNCE languages in [Bra3, EH3]. Together 
with Theorem 3.24 and Theorem 4.21 it implies the following result. 

Theorem 4.26. A-edNCE = A-HRg is the class of C-edNCE languages of 
bounded degree. 0 

Since it is decidable whether a C-edNCE language is of bounded degree (see 
the discussion following Theorem 5.8), this shows that A-edNCE is a decid
able subclass of C-edNCE (just as HRg). 

A Venn diagram of the subclasses of C-edNCE that we have considered is 
given in Fig. 4.11, where, in order to improve the readability of the diagram, 
we have consistently omitted the suffix edNCE. Each class is represented by 
the largest rectangle that has the name of the class in its upper left corner. 
By Theorem 4.21, Bnd can also be read as HRg, and A can be read both 
as A-edNCE and as A-HR; BBD and BD abbreviate bounded bi-degree and 
bounded degree, respectively. Note that the diagram faithfully represents 
the facts that LIN n Bnd = LIN·Bnd (Theorem 4.25) and LIN·Bnd n A = 
DB·A (Theorem 3.25). The classes corresponding to the minimal rectangles 
are nonempty. For Bnd-edNCE (= HRg) and its subclasses this was shown in 
Section 3.3, after Theorems 3.24 and 3.26. The set of all edge complements of 
all binary trees is in C-edNCE but not in B-edNCE (Theorem 35 of [ELW]). 
The set of all complete graphs is in LIN-edNCE but not in Bnd-edNCE. A 
language in B-edNCE which is neither in Bnd-edNCE nor in LIN-edNCE 

C 

B LIN 

BBD Bnd LIN·Bnd 

BD A DB·A 

LIN·A 

Fig. 4.11. A Venn diagram of subclasses of C-edNCE 
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can be obtained by taking the union of two languages (over disjoint node 
alphabets) which are in one of these classes but not in the other. 

To compare the graph generating power of HR and NR grammars, we 
had to encode graphs as hypergraphs (in the obvious way). Vice versa, there 
is also a well-known straightforward way of coding hypergraphs as (bipar
tit e) graphs, allowing us to compare the hypergraph generating power of 
HR and NR grammars. Since we have already coded hypergraphs of ar
bitrary type as hypergraphs of type 0 (by the cl operation, d. Proposi
tions 3.12 and 3.23), it remains to encode hypergraphs of type 0 by graphs. 
Let H = (V, E, lab, nod, 0) be a hypergraph over rand E. We encode H as 
the graph gra0(H) = (VUE, E' ,),) over ru{#} and E, with ),(v) = # for ev
ery v E V, ),(e) = lab(e) for every e E E, and E' = ((e,s,v) I nod(e,s) = v}. 
Thus, gra0(H) models the s-incidence relations between the nodes and edges 
of H. Note that the encodings 'hyp' and 'gra0' are not each other's inverse! 
For the hypergraph H = hyp(K) of Fig. 3.2(a), where K is the graph of 
Fig. 3.2(b), a picture of gra0(H) is easily obtained from the picture of H in 
Fig. 3.2(a) by viewing both dots and boxes as nodes (labeling the dots with 
#), and viewing the tentacles as labeled edges, directed from boxes to dots. 

Definition 4.27. For a hypergraph H in HGRr,E, the graph encoding of H 
is the graph in GRru{$,#},E defined by gra(H) = gra0(cl(H)). 
For a hypergraph language L, gra(L) = {[gra(H)] I [H] E L}. For a class K of 
graph languages we define K h to be the class of hypergraph languages in K, 
i.e., Kh is the class of all hypergraph languages L such that gra(L) E K. 0 

Note that for the mapping 'gra', node-isomorphic hypergraphs cannot be 
identified. But, clearly, 'gra' is an injective mapping for abstract (hyper)graphs. 
Note also that 'gra' maps graphs into graphs, because every graph is a hy
pergraph. 

It turns out that NR grammars have exactly the same hypergraph gener
ating power as HR grammars ([ERl, CEl). 

Theorem 4.28. HR = C-edNCEh = Bnd-edNCEh and A-HR = A-edNCEh . 

The same holds for the linear classes. 

Proof. For the inclusion of HR in Bnd-edNCEh , it suffices to show (by Propo
sition 3.12) that for every L E HR of type 0, gra0(L) is in Bnd-edNCE. The 
proof is the same as the first part of the proof of Theorem 4.21, except that 
the terminal edges of the HR grammar should now be treated in the same 
way as the nonterminal edges. The other inclusion is much more involved; 
see Theorem 1 of [ERl] and Theorem 3.10 of [CE]. 0 

This means in particular that HR is closed under 'gra', but C-edNCE is not 
(more precisely, if L E HR then gra(L) E HR, and if L E C-edNCE - HR 
then gra(L) ~ C-edNCE). 

We have seen that the membership problem of HR and C-edNCE gram
mars is decidable, but possibly NP-complete (d. the discussion after The
orem 4.17). A well-known restriction on a HR or C-edNCE language L to 
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be recognizable in polynomial time is that all (hyper )graphs in L are con
nected and of bounded degree, see, e.g., [RWl, ELW, Bral, Sch, Lau2]. In 
[Lau2, ELW] it is shown that such a language is even in LOG(CFL), i.e., can 
be reduced to a context-free string language in logarithmic space. In the lin
ear case it can be recognized in nondeterministic logarithmic space. Note that 
the result for C-edNCE implies the one for HR by Theorem 4.28, whereas 
the result for HR implies the one for C-edNCE by Theorem 4.26. In fact, by 
Theorems 4.26 and 3.24, the result concerns the A-HR languages of which all 
hypergraphs are connected. 

Theorem 4.29. Every HR (or C-edNCE) language L oj which the elements 
are connected and oj bounded degree is in LOG(CFL), and hence also in 
PTIME. If, moreover, L is a LIN-HR (or LIN-edNCE) language, then L is 
in NLOG. D 

Generalizations of this result can be found in [Lau2]. See, e.g., [DHK, ER2] for 
a more detailed discussion, and for other restrictions that guarantee PTIME 
recognition. 

Related to the membership problem is the concept of a graph automa
ton, i.e., an automaton with a graph as input. A theory of graph automata 
corresponding to the classes of graph languages discussed above, is still miss
ing from formal graph language theory. A first result in that direction is in 
[BSJ, where a (multi-head finite-state) graph automaton is introduced that 
recognizes the connected LIN-NCE graph languages. 

5. Monadic second order logic 

Both HR and C-edNCE can be characterized in a completely grammar in
dependent way by Monadic Second Order (MSO) logic. These, surprisingly 
similar, characterizations lead in particular to a lot of closure and decidability 
properties of HR and C-edNCE. The main idea is that of an MSO definable 
function from graphs to graphs, introduced in [Eng2, Cou4] (see [Coug]). 
The characterization says that C-edNCE is the class of all graph languages 
f(TLl) where TLl is the set of (graph representations of) trees over a ranked 
alphabet ..1 and J is an MSO definable function from trees to graphs. Since 
f is defined on trees t, the graphs J(t) are "tree-like". Similarly, HR is the 
class of hypergraph languages L such that gra(L) = J(TLl) for some J and 
T Ll as before. Thus, hypergraphs are represented by their graph encoding 
(Definition 4.27). The usefulness of the MSO characterizations is that MSO 
logic is a convenient language to talk about graphs, and hence can be used 
as a specification language for sets of graphs and functions on graphs. Many 
results on HR and C-edNCE languages have a proof through the MSO char
acterization that is much easier than the one based on grammars. For more 
information concerning the relationship between HR, NR, and MSO logic we 
refer, e.g., to [Coull]. 
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For alphabets E and r, we define a monadic second-order logical language 
MSOL(E, r), of which each closed formula expresses a property of the graphs 
in GRE,r. The language has node variables, denoted u, v, ... , and node-set 
variables, denoted U, V, .... For a given graph H, each node variable ranges 
over the elements of VH and each node-set variable over the subsets of VH . 

There are four types of atomic formulas in MSOL(E,r): labu(u), for every 
CT E E, edge,y( u, v), for every 'Y E r, u = v, and u E U. Their meaning 
should be clear: node u has label CT, there is an edge with label 'Y from node 
u to node v, nodes u and v are the same, and node u is an element of node
set U, respectively. The formulas of the language are constructed from the 
atomic formulas through the propositional connectives /\, V, -', -T, f-+, and 
the quantifiers V and 3, in the usual way. Note that not only node variables 
but also node-set variables may be quantified (which makes the logic monadic 
second-order rather than first-order). Note also that there are no edge or edge
set variables. As usual, a formula is closed if it has no free variables. For a 
closed formula ¢ of MSOL(E, r) and a graph H of GRE,r we write H F ¢ 
if ¢ is true for H. Note that if H and H' are isomorphic, then H F ¢ if 
and only if H' F ¢. If formula ¢ has free variables, say u, v, and U (and no 
others), then we also write the formula as ¢(u, v, U)j if graph H has nodes 
x, y E VH and a set of nodes X ~ VH , then we write H F ¢(x, y, X) to 
mean that ¢ is true for H when u, v, and U are given the values x, y, and 
X, respectively. 

It is well known that there exists an MSOL formula path( u, v) that ex
presses the existence of a directed path from u to v (see, e.g., Section 2.7 
of [Coull]). Thus, as a very simple example, H F VuVv : path(u,v) means 
that H is strongly connected. As another example, bipartiteness of a graph 
is expressed by the formula 3U3V : (part(U, V) /\ VuVv : edge( u, v) -T (u E 
U /\ v E V) V (u E V /\ v E U), where part(U, V) expresses that U and V 
form a partition of the set of all nodes, and edge(u, v) is an abbreviation of 
the disjunction of all edge')' ( u, v), 'Y E r. 

For hypergraphs, the above MSO language can be extended in an obvi
ous way. In view of the MSO characterization of HR, the language should 
moreover be extended with hyperedge variables and hyperedge-set variables. 
Rather than introducing this extended language, the same effect is obtained 
by representing every hypergraph H by its graph encoding gra(H) and using 
the above MSO language for gra(H). Note that both the nodes and edges of 
H are nodes of gra(H). The nodes of H are the nodes of gra(H) with label 
#, and the edges of H are the nodes of gra(H) that do not have label # or 
$. As a simple example, H F Vu : nd( u) -T (3e : ed( e) /\ inc( e, u)) means 
that every node of the hypergraph H is incident with an edge (i.e., H has 
no isolated nodes), where nd(u) is the formula lab#(u), ed(e) is the formula 
-,lab#( e) /\ -,lab$( e), and inc( e, u) is the disjunction of all formulas edges ( e, u) 
for every selector s in the selector alphabet of H (expressing that e is incident 
with u). 
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Definition 5.1. A graph language L ~ [GRE,r] is MSO definable if there is 
a closed formula cP in MSOL(17, r) such that L = {[H] E [GRE,r] I H F cP}. 
A hypergraph language L is MSOh definable if gra(L) is MSO definable. 0 

Many sets of (hyper)graphs that are not "tree-like", are MSO or MSOh defin
able. Thus, as shown above, the set of strongly connected graphs and the set 
of bipartite graphs are MSO definable, and the set of hypergraphs without 
isolated nodes is MSOh definable. Other examples of MSO definable sets of 
graphs are: all planar graphs, grids, chordal graphs, trees, and, for fixed k, 
k-colourable graphs, k-connected graphs, etc. (see [Coull], where MS1 and 
MS2 are used instead of MSO and MSOh, respectively). Since every graph 
is a hypergraph, both MSO and MSOh definability apply to graphs. It is 
not difficult to see that every MSO definable graph language is also MSOh 
definable. The other way around, it can be shown that the set of Hamilto
nian graphs (i.e., the graphs with a Hamiltonian circuit) is MSOh definable 
but not MSO definable (see Proposition 3.3 of [Coull]). Thus, as could be 
expected, the feature of edge variables and edge-set variables extends the 
expressive power of the MSO language. Restricted to certain specific types 
of graphs, such as trees (and, more generally, graphs of bounded treewidth 
and graphs of bounded degree) the two MSO languages have the same power 
(see [Cou8] and Lemma 3.6 of [CE]). 

For tree languages L ~ T Ll the following classical result is well known: 
a tree language is MSO definable if and only if it is a regular tree language 
(see [Don, TW]); the analogous classical result holds for string languages 
(see [Buc, Elg]). For graph languages a corresponding result holds in one di
rection: all MSO or MSOh definable graph languages are recognizable (see 
Theorem 7.3 and the discussion following it). Thus, the MSO or MSOh de
finable graph languages enjoy several properties that are similar to those of 
the regular tree and string languages (see, e.g., Theorem 5.5). 

We now turn to MSO definable functions f. The idea is that, for a given 
input graph H, the nodes, edges, and labels of the output graph H' = f(H) 
are described in terms of MSOL formulas on H. For each node label a of H' 
there is a formula cPu (u) expressing that u will be a node of H' with label a. 
Thus, the nodes of H' are a subset of the nodes of H. For each edge label 
"( of H' there is a formula cP"(( u, v) expressing that there will be a ,,(-labeled 
edge from u to v in H'. Finally, to allow for partial functions, there is a 
closed formula cPdom that specifies the domain dom(J) of f (which means 
that dom(J) is an MSO definable set of graphs). 

Definition 5.2. Let 17i and Fi be alphabets, for i E {1,2}. An MSO de
finable function f : [GRE1,r1] - [GRE2,r2] is specified by formulas in 
MSOL(L\, F1 ), as follows: 

- a closed formula cPdom, the domain formula, 
- a formula cPu(u), for every a E 172, the node formulas, 
- a formula cP"(( u, v), for every "( E n, the edge formulas. 
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The domain of f is {[Hl E [GRE1,r1l I H F if>dom}, and for every [Hl E 
dom(f), f([H]) is the graph [(V, E, 'x)l E [GRE2 ,nl such that 

- V = {x E VH I there is exactly one (J E E2 such that H F if>u(x)} 
- E = ((x, 1', y) I x,y E V,x I- Y,1' E r 2, and H F if>')'(x,y)}, and 
- for x E V, ,X(x) = (J where H F if>u(x). 

A function f from hypergraphs to hypergraphs is an MSOh definable function 
if there is an MSO definable function f' such that for every hypergraph H, 
f'(gra(H)) = gra(f(H)). 

For a class C of graph languages, 

MSOF(C) = {f(L) I f is MSO definable, L E q, 

and for a class C of hypergraph languages, 

MSOhF(C) = {f(L) I f is MSOh definable,L E q. 

o 

In [Coull, Cou9], the MSO (MSOh) definable functions defined above are 
the non-copying (l,l)-definable ((2,2)-definable) transductions without pa
rameters. 

Many functions on graphs are MSO definable, for instance, node relabel
ings, edge relabelings, edge complement, transitive closure, Hasse diagram, 
and the function that maps a cotree into the cograph it represents (where a 
cotree of a cograph is the tree representing an expression, in terms of the oper
ations of disjoint union and join, which denotes the graph, cf. Example 4.9(4) 
and [CLS]). The classes of MSO definable and MSOh definable functions on 
graphs are incomparable: edge complement is not MSOh definable, whereas 
the function that is the identity on Hamiltonian graphs is MSOh definable 
but not MSO definable. 

Example 5.3. (1) Consider the function f that is defined for every acyclic 
graph in [GRE,rl and computes its transitive closure in [GRE,ru{.,.}], where 
T is used to label the new edges. To show that f is MSO definable, we take 
if>dom to be -,(3u3v: -,(u = v) /\path(u,v) /\path(v,u)), expressing that the 
input graph H is acyclic. For every (J E E, if>u (u) is labu (u), i.e., every node of 
H is a node of f (H) and has the same label. Finally, if>')'( u, v) is edge')' (u, v), 
for every l' E r, and if>.,. ( u, v) is path( u, v). Thus, the edges of H remain in 
f(H), but f(H) also contains all edges that correspond to paths in H. 

(2) Let .1 be the ranked alphabet {a, b, c} with rank( a) = 2 and rank(b) = 
rank(c) = O. For t E Ttl, let tf be the graph obtained from tgr(t) by adding 
an unlabeled edge from every leaf with label c to the root, and dropping 
all node and edge labels. To show that there is an MSO definable function 
f : [GR{a,b,c},{1,2}l - [GR{#},{*}l such that f(tgr(t)) = tf for all t E Ttl, 
we take for if>dom and for if>#(u) the formula Vv : v = v (which is always 
true), and for if> * ( u, v) we take edge( u, v) V (leaf( u) /\labc(u) /\root( v)), where 
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root(v) is ...,3w : edge(w,v), leaf(u) is ...,3w : edge(u,w), and edge(u,v) is 
edge! ( u, v) V edge2 (u, v). 0 

The logical characterization of C-edNCE is the following (presented in [Eng2] , 
proved in [Oos] , and generalized in [Cou6]): C-edNCE = MSOF(TREES), 
where TREES denotes the class of all tree languages T 1l for some ranked al
phabet L1 (viewed as graph languages through the usual representation 'tgr'). 
Thus, Example 5.3(2) shows that the set of all binary trees of which some of 
the leaves are connected to the root, is in C-edNCE. Moreover, LIN-edNCE = 
MSOF(STRINGS), where STRINGS denotes the class of all string languages 
E* for some alphabet E (viewed as graph languages through the represen
tation 'sgr', cf. Section 3.1). The logical characterization of HR (shown in 
[CE]) is HR = MSOF(TREES)h, i.e., HR is the class of all hypergraph lan
guages L such that gra(L) E MSOF(TREES). Since (as can easily be shown) 
it does not matter whether the input tree t of the MSO definable function is 
represented by tgr(t) or gra(tgr(t)), this class equals MSOhF(TREES). For 
linear HR languages, the same is true for STRINGS instead of TREES. These 
results are summarized in the following theorem. 

Theorem 5.4. C-edNCE = MSOF(TREES), 
LIN-edNCE = MSOF(STRINGS), 
HR = MSOF(TREES)h = MSOhF(TREES), and 
LIN-HR = MSOF(STRINGS)h = MSOhF(STRINGS). o 

Obviously, assuming the characterizations for C-edNCE and LIN-edNCE, 
those for HR and LIN-HR are equivalent with Theorem 4.28. 

In one direction, Theorem 5.4 is proved by showing that the yield func
tion of a C-edNCE (HR) grammar is MSO (MSOh) definable. Note that the 
domain of 'yield' is the set of derivation trees of the grammar, which is a reg
ular tree language and hence can be described by the domain formula of the 
MSO definable function (because regular tree languages are MSO definable). 
The other direction is much more involved. 

From Theorem 5.4 a lot of closure properties and decidability results can 
be deduced, which we will now discuss. We start with closure properties. It 
is not hard to see that the class of MSO definable functions is closed under 
composition. Note also that for every MSO definable graph language L, the 
identity on L is an MSO definable function. As an immediate consequence, 
the same facts are true for MSOh. This gives the following result. 

Theorem 5.5. C-edNCE and LIN-edNCE are closed under MSO definable 
junctions, and in particular under intersection with MSO definable graph 
languages. 
HR and LIN-HR are closed under MSOh definable functions, and in partic
ular under intersection with MSOh definable hypergraph languages. 0 

As an example, it should be obvious that there is an MSO definable function 
f such that f(gra(H)) = H for every graph H. From HR = C-edNCEh and 
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the closure of C-edNCE under this J, it follows immediately that HRg ~ C
edNCE (as we already know from Theorem 4.21). We also note that, roughly 
speaking, the proof of Theorem 4.24 in [CoulO] is given using Theorem 4.22 
and showing that the expansion mapping 'exp' is MSOh definable when re
stricted to graph languages L such that exp( L) is of bounded bi- (or average) 
degree. 

HR and LIN-HR are not closed under MSO definable functions. In fact, 
they are not closed under the MSO definable function that translates any 
discrete graph into the complete graph with the same number of nodes: the 
set of discrete graphs is in LIN-HR, but the set of complete graphs is not in 
HR. Also, C-edNCE and LIN-edNCE are not closed under MSOh definable 
functions. Roughly speaking, they are not closed under the MSOh definable 
function that translates any graph H into the discrete graph with #E H 

nodes: the set of complete graphs is in LIN-edNCE, but the set of all discrete 
graphs with 2n2 nodes is not in C-edNCE by Proposition 4.11 because the 
set {2n2 In 2 I} is not semilinear. 

The closure of HR under intersection with MSOh definable sets was first 
proved by Courcelle in Corollary 4.8 of [Cou2J, and this was the start of all 
results discussed in this section. The closure of C-edNCE under intersection 
with MSO definable sets was first shown in Theorem 6.9 of [CER]. We now 
show how this closure result leads to examples of graph languages that are 
not in C-edNCE. Let Gm,n be the m x n grid, i.e., the unlabeled graph 
with nodes Vi,j, 1 ::; i ::; m, 1 ::; j ::; n, and all edges (Vi,j, *, Vi,j+d and 
(Vi,j,*,Vi+1,j). A square grid is a grid Gn,n. It can be shown that the set of 
all square grids is MSO definable (see Section 2.9 of [Coull]). The following 
result was proved in Corollary 4.3 of [RW2] for B-NLC, and extended to 
C-edNCE in Theorem 1.5.16 of [Sch] (see also [Bra2]). 

Theorem 5.6. No C-edNCE graph language contains infinitely many square 
grids. 

Proof. For HR languages this follows from the fact that HR languages are of 
bounded treewidth, and that the treewidth of Gn,n is n (see Corollary 89 of 
[Bod]). 

Now let L be a C-edNCE language and let Lg = L n {[Gn,n] I n 2 2}. 
By Theorem 5.5 and the MSO definability of the set of square grids, Lg is in 
C-edNCE. Hence, the set {#VH I H E Lg} is semilinear by Proposition 4.11, 
and so the string language S(Lg) = {am 1m = #VH for some [H] E Lg} is 
regular (which can also be seen directly from the proof of Proposition 4.11). 
Note that the number of nodes of Gn,n is n2 • Hence, if Lg would be infinite, 
then S(Lg) would be an infinite subset of the string language {an2 In 2 2}, 
which is impossible by the pumping lemma for regular string languages. D 

This implies immediately that the graph language [GRLl,n] (with #{} 2 2) 
is not in C-edNCE (as we already know from Theorem 4.17). Similarly the 
following sets of graphs in [GRLl,n] are not C-edNCE graph languages: all 
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connected graphs, all planar graphs, all grids, all graphs of degree ~ 4, and 
all chordal graphs (for this last set, add all edges from Vi,j to Vi+1,j+1 to the 
grids). 

The MSO definable functions of [Cou4] are more general in two ways (see 
[Coull, Cou9]). First, each node of the input graph is used to represent (at 
most) k nodes of the output graph, where k is fixed. As an example, the 
function f that maps each graph H into the disjoint union of H with itself is 
then MSO definable (with k = 2); clearly this function is not MSO definable 
in our sense, because f(H) has more nodes than H. Second, by admitting 
free variables in the defining formulas, MSO definable relations are obtained. 
Theorems 5.4 and 5.5 are also valid for these generalized MSO definable 
relations. A special case of this is the following (see [Eng2, CEl). Let ¢>(U) be 
an MSOL formula. For a graph H and X ~ VH , we say that the subgraph of 
H induced by X is an induced </>-subgraph of H if H F ¢>(X). Similarly, for a 
hypergraph H and a subhypergraph X ~ VH U EH of H, we say that X is a 
</>-subhypergraph of H if gra(H) F ¢>(X). 

Theorem 5.7. Let ¢>(U) be an MSOL formula. If L is in C-edNCE, then 
the set of all induced ¢>-subgraphs of L is in C-edNCE. If L is in HR, then 
the set of all ¢>-subhypergraphs of L is in HR. The same is true for the linear 
classes. 0 

Note that C-edNCE is not closed under taking subgraphs: the set of all com
plete graphs is in C-edNCE, but the set of all graphs (which is its set of 
subgraphs) is not in C-edNCE. More strongly, if L is a C-edNCE language 
that is not in HR, then the set of subgraphs of L is not in C-edNCE (see 
Theorem 3.12 of [CE]). This is a characterization of HR within C-edNCE 
similar to Theorem 4.24 (see also [We12]). 

We now turn to decidability properties, using the fact that all the results 
we have mentioned, or will mention, are effective. First, Theorems 4.12 and 
5.5 can be combined in an obvious way: it is decidable for an MSO definable 
function f and a C-edNCE language L whether or not f{L) is empty (and, 
whether or not it is finite). In particular, it is decidable whether or not L n 
R = 0, and whether or not L ~ R, where R is an MSO definable set (see, 
e.g., [Wan] for complexity aspects). The analogous statements hold for HR 
languages and MSOh. Second, a similar combination of Theorems 4.12 and 5.7 
can be used to prove the following result (see [Eng2]). Let ¢>(U) be an MSOL 
formula and H a graph. By size",{H) we denote the maximal number of nodes 
of an induced </>-subgraph of H, and by num",{H) we denote the number of 
induced ¢>-subgraphs of H (where isomorphic ones are not identified). 

Theorem 5.S. Let ¢>(U) be an MSOL formula. It is decidable for a C-edNCE 
grammarG 
(1) whether or not there exists a natural number b such that size",{H) :5 b 

for all [H] E L{G), and 
(2) whether or not there exists a natural number b such that num",(H) :5 b 

for all [H] E L(G). 0 
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The analogous result holds for HR grammars and the size and number of 
¢-subhypergraphs. The decidability of boundedness of numerical functions 
on graphs was first investigated (for HR) in [HKV2] (see Theorem 7.4). 

As an example, since the connected components of a graph are induced 
4>-subgraphs (for an appropriate 4>(U)), it is decidable for a C-edNCE graph 
language whether or not there is a bound on the size of the connected com
ponents of its graphs, and also, whether or not there is a bound on the num
ber of connected components of its graphs. As another example, the cliques 
of a graph are induced 4>-subgraphs. Hence, it is decidable for a C-edNCE 
language whether there is a bound on the size of the cliques in its graphs. 
This was shown for B-NLC in [RW2]. Since HR languages are of bounded 
treewidth, they always have bounded clique size. As a last example, since the 
subgraph induced by a node and all its neighbours is a 4>-subgraph (for appro
priate 4», it is decidable whether a C-edNCE graph language is of bounded 
degree (see Theorem 4.26). 

We finally mention an MSO version of Parikh's theorem, generalizing 
Proposition 4.11, proved in [CoulO] (see also Section 7.3 of [Coull]). For 
an MSO formula 4>(U1, ••• , Uk) and a graph language L, let Par(L,4» = 
{(#Xl, ... , #Xk) I H 1= 4>(XI, ... , Xk) for some [H] E L with Xl. ... , Xk ~ 
V H }. Similarly, for a hypergraph language L, Parh (L, 4» = {( #X 1, ... , #X Ie) I 
gra(H) 1= 4>(X1, ... , Xk) for some [H] E L with Xl. ... , Xk ~ VH U EH}. 

Theorem 5.9. Let 4>(Ul, ... , Uk) be an Msa formula. For every graph lan
guage L in C-edNCE, Par(L, 4» is semilinear. For every hypergraph language 
L in HR, Parh(L,4» is semilinear. 

Proof. By Theorem 5.4 (or Theorem 4.28) it suffices to give the proof for 
C-edNCE. For H E GRLl,n and XI. ... ,Xk ~ VH, let H(XI. ... ,Xk) E 

GRLlX{O,l}k,n be the graph obtained from H by changing the label (J of 
every node v of H into ((J, bl , ... , bk), where bi = 1 if v E Xi and bi = 0 oth
erwise. For L ~ [GRLl,n] , let L", = {[H(Xl , ... ,Xk)] I [H] E L,XI. ... ,Xk ~ 
VH, H 1= 4>(Xl. ... , Xk)}. Then, obviously, Par(L,4» = Par ... (L",) where 
11" = (L11 , ••• ,L1k ) with L1i = {«(J,bl. ... ,bk ) I bi = 1}. Hence, by Proposi
tion 4.11, it suffices to show that L", is in C-edNCE. Let L' ~ [GRLlX{O,l}k,nj 
be the graph language obtained from L by changing every node label (J of a 
node of a graph of L into some ((J, bl , ... , bk), arbitrarily. It is an easy exercise 
to prove that L' is in C-edNCE. It is also easy to see that the graph lan
guage [GRLl,n]", = {[H(Xl, ... ,Xk)] I H E GRLl,n,Xt, ... ,Xk ~ VH,H 1= 
4>(Xl. ... ,Xk)} is MSO definable. Since clearly L", = L' n [GRLl,nj"" L", is 
in C-edNCE by Theorem 5.5. 0 

Note that Theorem 5.8(1) is an immediate consequence of this result. De
cidability of the bounded bidegree property (see Theorem 4.24) also easily 
follows, taking the formula 

4>(U, V) == 'r/u'r/v : u E U 1\ v E V -+ (u =I v 1\ (edge(u, v) V edge(v, u)). 
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Note that for HR languages, Theorem 5.9 shows that Parikh's theorem also 
holds for edges (cf. Section IV.4 of [Habl]), as opposed to C-edNCE languages 
(see Proposition 4.11). 

6. Graph grammars generating strings and trees 

Since strings and trees are graphs (in the sense that they can be represented 
by graphs), graph grammars can be used in particular to generate string 
languages and tree languages. We will mainly consider the string languages 
generated by HR and NR grammars, see [HK2, HK3, Habl, DHK, EHl, EO, 
JR2]. 

Recall from Section 3.1 that a string wE r* is represented by the graph 
sgr(w) (an edge-labeled chain). For a string language L, sgr(L) = {[sgr(w)] I 
w E L}. For a class C of (hyper)graph languages we denote by STR(C) the 
class of all string languages in C, i.e., the class of all string languages L such 
that sgr(L) E C. 

Since the nodes of sgr( w) have degree at most 2, Theorem 4.26 shows that 
NR grammars and HR grammars (and even apex grammars) generate the 
same class of string languages: STR{C-edNCE) = STR{HR) = STR(A-HR). 
From Theorem 5.4 it follows that this is the class STR{MSOF{TREES)), 
i.e., the class of ranges of MSO definable tree-to-string functions. Similarly, 
STR(LIN-edNCE) = STR(LIN-HR) = STR(DB·A-HR), and this is the class 
STR{MSOF(STRINGS)) of ranges of MSO definable string-to-string func
tions. We also note that it is decidable whether or not a C-edNCE or HR 
grammar generates a string language (Theorem V.3.2 of [Habl]). This is be
cause the property of being a string (i.e., being of the form sgr{w) for some 
string w), is clearly MSO definable and MSOh definable, cf. the discussion 
on decidability properties after Theorem 5.7. 

As argued in Section 3.1 every context-free string language is in STR{HR). 
The nonterminals ofthe corresponding HR grammars have two tentacles (i.e., 
they are Edge Replacement grammars). However, using more tentacles, it is 
not difficult to see that STR(HR) also contains noncontext-free languages, 
such as {anbncn I n ~ a}. Figure 6.1 shows the 2n + 1 productions of a 
LIN-HR grammar G that generates sgr(L) where L is the string language 
consisting of all w$w such that w is a palindrome over the alphabet T, with 
#T = n (and a E T). Thus, L is in STR(LIN-HR). Note that a sentential 
form of G can be viewed as string "with two holes" where the beginning 
and end of the ith hole are kept in the tentacles Si and ti of nonterminal X, 
respectively. The last production in a derivation fills each hole with an edge 
(for odd length palindromes) or closes each hole by identifying its beginning 
with its end (for even length palindromes). 

It is shown in [HK2, HK3j that it is essential that the nonterminals of an 
HR grammar can have arbitrarily many tentacles. Putting a bound on the 
number of tentacles gives a class of string languages smaller than STR{HR). 
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(sil a (tl) ('2) a (t2) . .. ....-.....-. ('l)(tl) ('2)(t2) 

x- • • 

Fig. 6.1. A string generating HR grammar 

To be able to give quite precise statements, we switch to the representation 
sgre(w), see Section 3.1. Let, for a class K of hyper graph languages, STR,,(K) 
be the class of all string languages L such that sgre(L) E K. By Theorem 5.4, 
STR,,(HR) = STR(HR) because there are MSOh definable functions that 
translate sgr(w) into sgre(w) and back (or see Theorem 6.7 of [EH1]). Let 
HRk (LIN-HRk) denote the class of languages generated by HR (LIN-HR) 
grammars in which the number of tentacles of each nonterminal is at most k, 
i.e., #type(X) ~ k for every nonterminal X. The following hierarchy result is 
from [HK2, HK3] (see also Theorems V.3.4 and V.4.5 of [Habl] , and Section 6 
of [EH1]). 

Theorem 6.1. STRe (HR2) is the class of context-free languages. 
For every k ~ 1, STRe(HR2k) = STRe (HR2k+1) C STRe(HR2k+2). 0 

In fact, let L2k+2 be the language {aia2··· a2k+21 n ~ OJ, where ab ... , a2k+2 
are different symbols. Then L2k+2 is in STR,,(LIN-HR2k+2) but not in 
STR,,(HR2k). Note also that HR2k C HR2k+l, as shown in [HK2, Habl, 
DHK]. 

Of course, results for HR languages can be carried over to STR(HR) 
languages. For a string language L ~ r* and a sequence 7r = (rb . .. ,n) of 
subsets of r, we denote by Par1l"(L) the usual Parikh image of L, i.e., the set 
of all (nl' ... , nk) such that for some w E L, ni is the number of occurrences 
of a symbol from r i in w. From Theorem 5.9 we obtain the following result. 

Theorem 6.2. For every language Lin STR(HR), Par1l"(L) is semilinear. 
o 

Since strings are connected and of bounded degree, the next result follows 
from Theorem 4.29. 

Theorem 6.3. Every STR(HR) language is in LOG(CFL), and hence also 
in PTIME. Every STR(LIN-HR) language is in NLOG. 0 
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In the past, and also more recently (in particular by computational linguists), 
other generating mechanisms have been studied for the class of languages 
STR(HR), which we now discuss. It is shown in (EHl] (see also [DHK]) that 
STR(HR) = OUT(DTWT), the class of output languages of deterministic 
treewalking tree-to-string transducers (see, e.g., [ERS], where this class is 
denoted DCT(REC)). In [ERS] the class OUT(DTWT) has been studied in 
depth. It equals the class yDTfc(REGT) of yields of images of the regular 
tree languages under deterministic finite-copying top-down tree transducers. 
Moreover, STRe(HR2k) = OUT(DTWTk), where k is the crossing number of 
the treewalking transducer, i.e., the maximal number of times it crosses each 
edge of its input tree in one direction (and k is the copying number of the cor
responding finite-copying top-down tree transducer). For linear HR grammars 
it is shown in [EHl] that STR(LIN-HR) = OUT(2DGSM), the class of output 
languages of 2dgsm's (which are deterministic finite state transducers with 
a two-way input tape and a one-way output tape). OUT(2DGSM) equals 
the class ETOLFIN of ETOL languages of finite index. Both STR(HR) and 
STR(LIN-HR) are substitution closed full AFLs (cf. Theorems 3.11 and 3.20), 
which are moreover closed under 2DGSM mappings. The class of context-free 
languages is not included in STR(LIN-HR), as shown in [Gre]. Note that by 
Theorem 3.19 all derivation bounded context-free string languages are in 
STR(LIN-HR). 

Another grammatical formalism with the same string generating power as 
the context-free graph grammar is the "multiple" context-free grammar (or 
"string-based linear context-free rewriting system") of [SMFK, VWJ]. The 
nonterminals of a multiple context-free grammar generate tuples of terminal 
strings. However, the generation of these tuples is in the direction opposite 
to the generation of the sentential forms of the grammar. In fact, a multiple 
context-free grammar can be viewed as a (restricted) attribute grammar with 
synthesized attributes of type string, cf. [Engl] (where a generalization of 
Theorem 6.3 is proved). Let X = {Xi,j I i, j ~ I} be a set of variables. A mul
tiple context-free grammar (abbreviated mc/g) is a 4-tuple G = (N, T, P, S) 
where N is a ranked alphabet of nonterminals (with rank ~ 1), the initial 
nonterminal SEN has rank 1, T is a terminal alphabet, and P is a finite 
set of productions, of the form 

XO(Ul, ... ,uro ) -+ X1(Xl,1, ... ,xl,rl) ... Xn(Xn,l, . .. ,xn,rJ (6.1) 

where n ~ 0, Xi is a nonterminal of rank ri, Ub . .. ,Uro are strings over the 
alphabet T U {Xi,j 11 ~ i ~ n, 1 ~ j ~ r i}, and each Xi,j occurs exactly once 
in the left-hand side XO(Ul, ... , uro ). The productions can be viewed as term 
rewriting rules in the obvious way (where each variable Xi,j ranges over T*), 
and then L(G) = {w E T* I Sew) =>* >.}. Alternatively (as in [SMFK, VWJ]), 
the set L(G,X) of tuples of terminal strings (Wb ... , wr ) E (T*t generated 
by nonterminal X of rank r, can be defined recursively as follows: for each 
production (6.1) as above, if (Wi,l, ... , Wi,r.) E L(G, Xi) for every 1 ::; i ::; n, 



Context-Free Graph Grammars 199 

then (ui, . .. , u~o) E L( G, Xo), where u~ is the result of substituting Wi,j for 
Xi,j in Us. Then L( G) = {w I (w) E L( G, S)}. According to this last definition 
one can in fact build a derivation tree of the context-free grammar that has a 
production Xo -+ Xl ... Xn corresponding to each production (6.1) as above, 
and then compute bottom-up the tuples of terminal strings belonging to each 
nonterminal in the tree. Note that the order of the nonterminals in the right
hand side of a production is, in fact, irrelevant. By MCF we denote the class 
of languages generated by multiple context-free grammars, and by LIN-MCF 
the class of languages generated by linear mcfg's (which means, as usual, that 
each right-hand side of a production contains at most one nonterminal, i.e., 
n::; 1 in the above production (6.1)). 

As an example, the language of all strings w$w where w is a palindrome 
over the alphabet T (see Fig. 6.1) is generated by the (linear) mcfg Gpal = 
({S,X},T,P,S) with productions S(XI$X2) -+ X(XI,X2), X(axla,ax2a)-+ 
X(XI' X2) for every a E T, X(a, a) -+ ,X for every a E T, and X('x,'x) -+ ,X, 

where we have used Xl and X2 for XI,1 and XI,2, respectively. Note that X 
has rank 2 (and S rank 1). 

Mcfg's in which every nonterminal has rank 1 are equivalent with context
free grammars. A production Xo -+ WOXIWI ... Xnwn of a context-free gram
mar (where Wi is a terminal string) corresponds to the mcfg production 
Xo(u) -+ X I(X1,d·· ,Xn(Xn,1) with U = WOX1,IW1" ·Xn,1Wn. 

It is shown in [Wei] that MCF = OUT(DTWT), which gives the next 
result. 

Theorem 6.4. MCF = STR(HR) and LIN-MCF = STR(LIN-HR). 

Proof. We only show the easy direction: the inclusion of MCF in STR(HR). 
As an example, the LIN-HR grammar of Fig. 6.1 will (almost) correspond to 
the above linear mcfg Gpa1 ' 

We first represent tuples of strings by hypergraphs, extending the repre
sentation sgre. For r ~ 0, let hr be the set of selectors {Sbtt"",sr,tr }, 
where S1 = sou and tl = tar. For a tuple (UI,"" ur ) of strings over T, 
sgre( UI, ••• ,ur) is the hypergraph over T U {#} and hr U {owner}, of type 
hr' defined as follows. Let sgre(ui) = (Vi,Ei,labi,nodi,exti) be disjoint, 
for 1 ::; i ::; r. Then sgre(UI, ... ,Ur ) = (V,E,lab,nod,ext) where V, E, 
lab, and nod are the union of all Vi, E i , labi , and nodi, respectively, and 
ext(si) = exti(SOU) , ext(ti) = exti(tar). Thus, sgre(U1, ... ,Ur ) is just the 
disjoint union of all sgre(Ui), with an appropriate renaming of the external 
nodes. As an example, the hypergraph sgre(ab, a,'x, abb) is shown in Fig. 6.2 
(without node labels #). 

Let G = (N, T, P, S) be an mcfg. It suffices to construct an HR grammar 
G' such that L(G') = sgre(L(G)). Let G' = (N,T,hrm U {owner},P',S), 
where rm is the maximal rank of a nonterminal of G, and, for every X E N 
of rank r, type(X) = hr. Note that type(S) = {Sl' tIl = {sou, tar}. The 
idea is to construct P' in such a way that for every nonterminal X of rank 
'r and every terminal hypergraph H, X=>* H in G' if and only if H = 
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a b a a b b • • • • • • •• • •• _.-... ---0 .......... __ ._. 

(8~) (t2) (83)(t3) (84) (~) 

Fig. 6.2. The hypergraph representation of (ab, a, A, abb) 

sgre(Wl, ... ,wr ) for some (Wl,'" ,wr ) E L(G,X). For every production in P 
of the form (6.1) given above, P' contains the production Xo -+ D' where 
D' is obtained from D = sgre (Ul, ... , Uro) as follows. Let Aj be the unique 
edge of D with label Xi,j' Construct D' from D by first adding nonterminal 
hyperedges el, ... ,en with lab(ei) = Xi, nod(ei,sj) = nod(Aj,Sou), and 
nod(ei' tj) = nod(Aj, tar), and then removing all edges Aj. The correctness 
of this construction can easily be shown, using Lemma 3.8. 

The three productions for X in the HR grammar of Fig. 6.1 are obtained 
from those of the example mcfg Gpal as explained above. The production for 
S is obtained by additionally changing the type of S, and the type of the 
right-hand side of its production, to 0 (which is allowed because S does not 
occur in the right-hand side of any production). 

For the other direction of the proof we note that the construction in 
the proof of Theorem VA.5 of [Habl] transforms each string generating HR 
grammar into an equivalent One that corresponds to an mcfg in the same way 
as G' above corresponds to G. 0 

In fact, MCFk = STRe(HR2k) for every k, where MCFk is generated by 
mcfg's in which the rank of each nonterminal is at most k. 

The last condition in the definition of mcfg says that each Xi,j occurs 
exactly once in the left-hand side of the production. It is shown in [SMFK] 
that this can be relaxed to 'at most once'. However, dropping the condition 
completely gives a much larger class of languages (called the "parallel" mcf 
languages in [SMFK]). In particular Theorem 6.2 is not true for this class: 
the grammar with productions S(xlxd -+ S(xd, Sea) -+ A generates the 
language {a2n I n ~ OJ. In fact, it is not difficult to show that the result
ing class is yDT(REGT), the class of yields of images of the regular tree 
languages under deterministic top-down tree transducers (without copying 
bound). The grammars can also be viewed as (arbitrary) attribute grammars 
with synthesized attributes of type string, and hence Theorem 6.3 still holds 
for this class (see [Eng1]). 

Still another grammatical formalism, for the same class STR(HR), is de
fined in [RamS]: the local unordered scattered context grammar, which is a 
usual unordered scattered context grammar (see, e.g., page 260 of [Sal]) with 
a "local" rewriting mode: a production (Xl! ... , X r ) -+ (0'1, •.• , ar ) is ap
plicable to nonterminal occurrences Xl, . .. ,Xr of a sentential form {3 only if 
these occurrences were produced by the same application of a production dur
ing the derivation of {3. Using this formalism, it is shown in [RamS] is that 
there is no Chomsky Normal Form (cf. Proposition 3.13) for STRe(HRk) 
grammars. More precisely, let HRn,k denote the class of languages generated 
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by HRk grammars that have at most n nonterminal edges in the right-hand 
side of a production. This class is also generated by the MCFk grammars 
with at most n nonterminals occurring in the right-hand side of each produc
tion. The main result of [RamS] is that STRe(HRn,2k) C STRe(HRn+1,2k) 
for k ~ 2 and n ~ 3. Thus, for a fixed number of tentacles 2k the num
ber of nonterminals in the right-hand sides of productions gives rise to a 
proper hierarchy. Note that there is no such hierarchy for k = 1 because of 
the Chomsky Normal Form for context-free string grammars. Since, more
over, for n ~ 2, STRe(HRn,2k) is a full AFL, this implies that, for k ~ 2, 
STRe(HR2k ) is not a full principal AFL (as opposed again to the case k = 1, 
see Theorem 6.1). 

We now briefly consider the tree languages generated by HR and NR 
grammars. As in the case of strings, by Theorem 4.2~, NR and HR (and 
A-HR) grammars generate the same class of tree languages. Let TR(HR) 
denote the class of all tree languages in HR, i.e., the class of all tree lan
guages L such that tgr(L) E HR(where tgr(t) is the graph representing the 
tree t, see Section 3.1). From Theorem 5.4 it follows that this is the class 
TR(MSOF(TREES)), i.e., the class of ranges of MSO definable tree-to-tree 
functions. From this (and the closure of the MSO definable functions under 
composition) it follows that TR(HR) is closed under MSO definable tree-to
tree functions. It also implies that STR(HR) = yTR(HR), because there is 
an MSO definable function that transforms a tree t into its yield yt, and also 
(using the MSO definable functions of [Cou4]) one that transforms a string 
into a tree of which it is the yield. 

There is a natural relationship between HR grammars and attribute gram
mars, see, e.g., [EH2]. It is shown in [EH2] that TR(HR) is included in the 
class of output languages of attribute grammars with attributes of type tree. 
In fact, TR(HR) is generated by such attribute grammars in which every at
tribute is used exactly once. In [EH2] trees are represented by hypergraphs as 
in Fig. 3.1 (b) (without sharing of subtrees), instead of by 'tgr', but these two 
representations can be transformed into each other by MSO definable func
tions. If sharing of subtrees is allowed, then all output languages of attribute 
grammars are obtained. See also [EVog] where macro tree transductions are 
computed by top-down tree transducers that output hypergraphs represent
ing trees (rather than trees). 

In [RG] a grammatical formalism is defined for the generation of tuples 
of trees, which we will here refer to as the "multiple" regular tree gram
mar. The multiple regular tree gmmmar (mrtg) is defined in the same way 
as the multiple context-free grammar, except that T is a ranked alpha
bet and, in production (6.1), Ul, ... ,U':o are trees over the ranked alpha
bet T U {Xi,j I 1 ~ i ~ n, 1 ~ j ~ ri} (where each variable Xi,j has rank 
0). Note that mrtg's in which every nonterminal has rank 1 correspond to 
regular tree grammars. Note also that mrtg's correspond to the tree-valued 
attribute grammars mentioned above, with synthesized attributes only. By 
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MREGT we denote the class of tree languages generated by mrtg's. By a 
straightforward variation of the proof of Theorem 6.4 (using tgre instead of 
sgre' and {OI, ... ,Or} instead of {Sbtb""Sr,tr}, with 01 = owner) it can 
be shown that MREGT ~ TR(HR), as observed in [RG]. It seems to be open 
whether or not this is inclusion is proper. It is proved in [RG] that MREGT = 
DTfc(REGT}, the class of images of the regular tree languages under deter
ministic finite-copying top-down tree transducers. Since obviously yMREGT 
= MCF, this gives an alternative proof of Theorem 6.4. 

Direct proofs of equivalence of several of the above formalisms have been 
worked out in detail in [VugJ. 

7. Tree grammars generating graphs 

As observed after Theorem 3.10, the set D(G) of derivation trees of an HR 
grammar G is a regular tree language, where each tree is a gmph expres
sion, i.e., an expression that denotes a graph when viewing each node label 
(i.e., each production of G) as an operation on graphs (cf. the remark just 
after Definition 3.9). The same is true for C-edNCE grammars. These are 
special cases of a general approach (introduced in [MW)) in which regular 
tree languages are used to define subsets of arbitrary algebras, as follows. For 
a ranked alphabet E of operators (which, here, we allow to be infinite), a 
E-algebra is a set A on which an operation 0' A : A k -+ A is defined for every 
0' E E of rank k. For simplicity we will assume that every element of A is 
a constant of the algebra, i.e., for every a E A there exists 0' E E of rank 0 
such that 0' A = a; thus, when defining an algebra, we will only mention the 
operations of arity > O. Now every tree tETE can be viewed as an expression 
that denotes an element val(t} of A (where, formally, 'val' is the unique ho
momorphism from the free E-algebra TE to A). A subset L of A is equational 
if L = val(R) for some regular tree language R ~ TA , where Ll is a finite 
subset of E (with the same rank function). Thus, a regular tree grammar that 
generates R can now be viewed as a grammar that generates a subset of A, by 
taking the values of the generated trees. The name "equational" comes from 
viewing the regular tree grammar that generates R as a system of equations 
of which val(R) is the least fixed point (as shown in [MW)}. It is well known 
that the context-free languages are the equational subsets of the algebra of 
all strings, with concatenation as operation. Also, the regular tree languages 
are the equational subsets of the free algebra TE' For graph languages this 
approach was introduced in [BC) (see [Cou2, Coull, Cou12, Eng4] for more 
information}. It means that regular tree grammars can be used as context-free 
graph grammars. 

If one now considers the algebra A of all (abstract) hypergraphs, with an 
operation PA for every possible HR-production p, then val = yield, and it is 
not difficult to show that HR is precisely the class of equational subsets of 
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this algebra. A similar fact is true for C-edNCE and the algebra of all graphs 
with embedding. Since the operations PA are rather complicated substitution 
operations on (hyper)graphs, it would be nice to replace them by simpler 
operations. The existence of such simple operations was shown in [Be] for HR, 
and in [CER] for C-edNCE. We start with the operations for HR (cf. [Cou7]). 
For readability, each operator is also the name of the corresponding operation 
(i.e., we do not distinguish between a and a A), and binary operations will be 
written infix. 

Let HRA be the algebra of all abstract hypergraphs (where the edge labels 
and selectors are taken from some fixed infinite set), with the following set 
of operations EHRA • For hypergraphs Hand K, their pamllel composition 
HI I K is (H + K)I R where H + K is their disjoint union, and R is the 
node identification ((extH(s), extK(s) I s E type(H) n type(K)} (recall the 
definition of node identification just before Definition 3.2). Thus, HI I K is 
obtained by gluing Hand K together at the external nodes with a common 
selector. This is a binary operation that can be viewed as a concatenation 
operation for hypergraphs. To change selectors and to get rid of them, we 
need additional unary operations. Consider a function p : L" -+ 17, where 
17 and 17' are finite sets of selectors. For a hypergraph H, its p-selection 
selp(H) is obtained from H by changing its external function into extH' = 
extHop (where H' abbreviates selp(H)). Hence type(H') ~ 17', and if p(s') E 
type(H), then extHI(s') = extH(p(S')). 

Thus, the set EHRA consists of the operation of parallel composition, the 
infinitely many operations selp, one for each p, and infinitely many constants 
(as observed above, every hypergraph is a constant of HRA). 

Example 7.1. As a very simple example, the productions of a regular tree 
grammar G such that val(L(G)) is the set of all triple stars (see Exam
ple 3.7(2) and Figs. 3.6 and 3.7) are: S -+ se10{X), X -+ XI I H3 , and 
X -+ Ho, where the constants H3 and Ho are given in Fig. 7.1. Thus, from 
the least fixed point point of view, a triple star is obtained by taking Ho, 
adding H3 by parallel composition any number of times, and finally remov
ing the selectors (sel0 is selp where p is the empty function). 0 

Theorem 7.2. HR is the class of hypergmph languages that are equational 
subsets of the algebm HRA. 

(p) • • (p) • (11') • 

(q) • • (q) • (ql) • 

(r) • • (r) • (r/) • 

H3 Ho H' 0 

Fig. 7.1. H3 , Ho, and Hh 
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Proof. We start by showing that every equational subset of HRA is in HR. 
Let G = (N, Ll, P, S) be a regular tree grammar, where Ll is a finite subset 
of E HRA , and let val(L(G» be a hypergraph language (which means that 
all its hypergraphs have the same type). We will construct an HR grammar 
G' such that L(G') = val(L(G)). We may assume that G is in normal form, 
i.e., that every rule is of one of the forms X -+ X' I IX" or X -+ selp(X') 
or X -+ D, where D is a terminal hypergraph (i.e., a constant of HRA). 
We may also assume that N is a typed alphabet, and that for every non
terminal X E N and every t E T,:l, if X :::::}* t then type(X) = type(val(t)). 
This can be achieved by a standard construction, adding the type informa
tion to the nonterminals, using that type(HIIK) = type(H) U type(K) and 
type(selp(H» = p-l(type(H)). 

G' has the same nonterminal alphabet N as G (with the same types), and 
the same initial nonterminal S. Its terminal edge labels and selectors are those 
that appear in its set of productions P', which is defined as follows. Recall 
the definition of sn(X, e), just before Definition 3.6. If X -+ X' I I X" is in P, 
then X -+ sn(X', edllsn(X", e2) is in P' (for certain, distinct, edges el, e2). 
Note that in the first production I I is an operator, but in the second it is an 
operation. If X -+ selp(X') is in P, then X -+ selp(sn(X', e» is in P'. And 
every production X -+ D of P, with D terminal, is also in P'. This defines 
the HR grammar G'. Its correctness is based on Lemma 3.8, and the obvious 
fact that for arbitrary terminal hypergraphs H' and H", of the same type as 
X' and X", respectively, H'IIH" = (sn(X',eI)llsn(X", e2»)[el/H', edH"J 
and selp(H') = selp(sn(X',e»)[eIH'J. 

Now consider an HR grammar G = (N, T, E, P, S). We construct a 
regular tree grammar G' over EHRA such that val(L(G')) = L(G). G' 
has the same nonterminals and initial nonterminal as G, and its produc
tions are constructed as follows. Let X -+ D be a production of G, 
and let the nonterminal edges of D be el. ... , en with labels Xl. ... , Xn. 
Introduce new selectors of the form (i, s), with 1 :::; i :::; nand s E 
type(Xi). Let D' be the terminal hypergraph obtained from D by removing 
el, ... ,en and extending the external function of D with the new selectors: 
extDI((i,s» = nodD(ei's) (and extDI(s) = extD(s) for s E type(D)). Now 
G' has the production X -+ se1p(D' I IselpJXI)/;' . .; IselpJXn », where 
Pi((i, s» = s for all s E type (Xi) , and P is the identity on type(D). The 
correctness of this construction is based on the fact that for arbitrary hy
pergraphs HI' ... ' Hn with type(Hi) = type(Xi), D[el/ HI, ... , enl HnJ = 
selp(D' I IselpJHI)/;'·'; IselpJHn)). Intuitively, selpi changes the external 
s-nodes of Hi into external (i, s )-nodes, which are identified with the corre
sponding external nodes of D' by parallel composition, after which the (i, s) 
selectors are removed by p. 0 

Based on such a characterization, results and techniques from tree language 
theory can be applied to the area of context-free graph grammars. Let us 
consider some examples, for the algebra HRA. 
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It is shown in [Cou4] that the mapping val : TEHRA - HRA is MSOh 
definable. Together with Theorem 7.2 and the MSO definability of the regular 
tree languages ([Buc, Elg]) this implies the inclusion HR ~ MSOhF(TREES) 
of Theorem 5.4 (cf. the discussion after that theorem). 

A property of graphs is said to be recognizable ([Cou2, Coull, Cou12]), 
or compatible ([HK4, HKV1, Habl, DHK]) or finite ([LW, HKL]), if there is 
a finite tree automaton that, given an arbitrary tree representation of a graph 
can find out whether or not the graph has the property. This notion was intro
duced in [MW] for properties of elements of arbitrary algebras (with finitely 
many operations). The formal definition is as follows (slightly generalized). A 
hypergraph language L ~ HRA is recognizable if, for every finite Ll ~ EHRA , 

the tree language val- 1(L) nT./l = {t E T./l I valet) E L} is regular. Note that 
since the regular tree languages are closed under the Boolean set operations, 
so are the recognizable hypergraph languages. The main importance of the 
notion of recognizability is the following straightforward generalization of the 
well-known closure of the context-free languages under intersection with reg
ular languages, shown in [Cou2] (for arbitrary algebras) and in [HK4] (see 
also Section VI.5 of [Habl]). 

Theorem 7.3. HR is closed under intersection with recognizable hypergraph 
languages. 

Proof. Let Ll be in HR, and let L2 be a recognizable hypergraph language. 
By Theorem 7.2 there is a regular tree language Rl ~ T./l (where Ll is a finite 
subset of L'HRA) , such that Ll = val(Rt}. By the definition ofrecognizability, 
the tree language R2 = {t E T./l I valet) E L2} is regular. Clearly, Ll n 
L2 = val(R1 n R2). Thus, since the regular tree languages are closed under 
intersection, Ll n L2 is equational and hence in HR by Theorem 7.2. 0 

The main result of [Cou2] is that every MSOh definable hypergraph language 
is recognizable, thus showing the closure of HR under intersection with MSOh 
definable hypergraph languages (see Theorem 5.5). The importance of that 
result is that it usually allows one to see recognizability of a graph property in 
a glance, thus avoiding the explicit, and often complicated, construction of a 
finite tree automaton. However, not all recognizable hypergraph languages are 
MSOh definable (see [Cou4]). It is an open question whether the recognizable 
hypergraph languages can be characterized by an appropriate extension of 
the MSO language. 

For the effective version of recognizability (requiring the existence of an 
algorithm that, for an input Ll, computes a regular tree grammar for the 
language {t E T./l I valet) E L}), Theorem 7.3 is effective. Thus, together 
with the decidability of the emptiness problem for HR grammars, it shows 
that it is decidable for an HR language L and a recognizable language R 
whether or not L n R = 0, and whether or not L ~ R (see [HKV1], and see 
the decidability results in Section 5; for complexity aspects see [LW]). 
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Just as certain properties of graphs can be recognized by finite tree au
tomata, certain functions on graphs can be computed by tree transducers. Let 
T be a class of tree transductions and let f : HRA -+ B be a partial function, 
where B is an algebra with set of operations EB . Then f is T-transducible if, 
for every finite Ll ~ EHRA there is a (functional) transduction 7 : T,Lj. -+ TEB 
in T such that f 0 val = val 0 7, i.e., f(val(t)) = val(7(t)) for every t E T,Lj.. 
Thus, for every tree representation of a hypergraph H, the tree transducer 7 
computes a tree that represents f(H) E B. 

Let DT be the class of tree transductions computed by deterministic 
top-down tree transducers (see [GeeS]). As first observed in [Drel], DT
transducible functions on hypergraphs were introduced in the literature on 
graph grammars in disguise (and in a slightly weaker form); they are called 
compatible functions ([HKV2, Habl, DHK]) or inductively computable func
tions ([Cou2, Coul, CM]). Let B be the usual Boolean algebra of truth val
ues true and false. The DT-transducible boolean functions on hypergraphs 
correspond precisely to the recognizable hypergraph languages (as shown in 
Proposition 1.5 of [Cou2]; see also [Dre3, Eng4]). Now let B be the algebra 
PTM of all natural numbers, with the usual binary numerical operations + 
(plus), . (times), and max (maximum). In [HKV2] it is shown that for such a 
DT-transducible numerical function f on hypergraphs, it can be decided, for 
every HR language L, whether or not f is bounded on L (i.e., whether or not 
f(L) is finite). Here we need effective DT-transducibility, i.e., the existence 
of an algorithm that, for an input Ll, constructs a deterministic top-down 
tree transducer that computes a transduction 7 such that f 0 val = valor. 
The result of [HKV2] is the following (see also Chapter VII of [Habl]). 

Theorem 7.4. Let f : HRA -+ PTM be effectively DT-transducible. It is 
decidable for an HR grammar G whether or not there exists a natural number 
b such that f(H) ~ b for every H E L(G). 0 

It is shown in [Eng4] that a tree language theoretic proof of this result can be 
given, using the decidability of the finiteness of the range of a top-down tree 
transducer. The result has been generalized in [Dre3] to a much larger class 
of tree transductions, and to a large class of algebras (instead of just PTM). 
It is proved in [CM] that for every MSOL formula fj>(U), size", and num", are 
(effectively) DT-transducible, thus showing a link with Theorem 5.B. 

Now let B be the algebra HRA itself, and let LB be the class of func
tional linear bottom-up tree transductions (see [GeeS]). Since the regular 
tree languages are closed under LB transductions (see [GeeS]), Theorem 7.2 
implies that HR is closed under LB-transducible functions, thus generaliz
ing Theorem 7.3. The main result of [CE] (though not explicitly stated in 
this form) is that every MSOh definable function is LB-transducible, which 
implies the closure of HR under MSOh definable functions and so the inclu
sion MSOhF(TREES) ~ HR of Theorem 5.4. It is not difficult to show that 
LB ~ MSOT, the class of MSO definable (or, equivalently, MSOh definable) 
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tree-to-tree functions. The next result generalizes the closure of HR under 
LB-transducible functions, and hence Theorem 7.3. 

Theorem 7.5. HR is closed under MSOT-transducible functions. 

Proof. Let L E HR and let f be an MSOT-transducible function. By Theo
rem 7.2, L = val(R) for some regular tree language R ~ T,d, where .1 is a 
finite subset of EHRA. By the MSOT-transducibility of f, there is an MSO 
definable function T : T,d ~ TEHRA such that f(L) = f(val(R)) = val(T(R)). 
Since regular tree languages are MSOh definable, val is an MSOh definable 
function ([Cou4]), and the MSOh definable functions are closed under com
position, the restriction of valoT to R is an MSOh definable function g. Thus, 
f(L) = g(T,d) is in MSOhF(TREES) and hence in HR by Theorem 5.4. D 

Results similar to the above can be proved for C-edNCE grammars, using the 
algebraic characterization of the C-edNCE graph languages from [CER] (see 
also [Cou6]). As opposed to what one might expect, the algebra NRA does 
not consist of all graphs with embedding, but of all (abstract) graphs with 
external nodes (called 'ports' in [CER]), i.e., of all tuples (V, E, A, ext) where 
(V, E, A) is a graph and ext is a finite subset of S x V, for some fixed infinite 
set S of selectors. Note that 'ext' is a relation rather than a partial function 
as in the case of hypergraphs. The algebra NRA of all graphs with external 
nodes has the following set of operations ENRA (see [Eng4]). Consider a 
finite set C ~ S x r x S, where r is an edge label alphabet. For (disjoint) 
graphs with external nodes Hand K, their C-connection H /\c K is (VH U 

VK, EH U EK U E, AH U AK,extH U extK) where E = {(v",w) 13(s", t) E 
C: either (s,v) E extH and (t,w) E extK, or (s,v) E extK and (t,w) E 
ext H }. Thus, H /\c K is obtained by taking the disjoint union of Hand 
K and connecting them by additional edges between their external nodes, as 
specified by C. Just as for hypergraphs, this is a binary operation that can be 
viewed as a concatenation operation for graphs. And just as for HRA, NRA 
has additional unary selection operations. Consider a finite set p ~ S x S. 
For a graph with external nodes H, its p-selection selp(H) is obtained from 
H by changing its external relation into extH 0 p. 

Example 7.6. The productions of a regular tree grammar generating all 
triple stars in the algebra NRA (instead of HRA, see Example 7.1) are: 
S ~ sel0(X /\c Ho), X ~ X /\0 Hb, and X ~ E, where Ho and Hb are given 
in Fig. 7.1, C = {(p, *,p'), (q, *, q'), (r, *, r'n, and E is the empty graph. Note 
that /\0 is just disjoint union. Thus, a triple star is obtained by taking the 
disjoint union of Ho and any number of copies of Hb, drawing edges from 
the external s-node to the external s'-nodes (for s = p, q, r), and removing 
all selectors. D 

Theorem 7.7. C-edNCE is the class of graph languages that are equational 
s'ubsets of the algebra NRA. D 
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For more examples of the use of tree language theory in the theory of graph 
grammars we refer to [Coull, Eng4], and to [Dre2, Dre3] where the field of 
T-transducibility is explored. In particular, the results in [Dre2, Dre3] show 
a clear tradeoff between the power of the class T of tree transductions and 
the "power" (i.e., the specific properties) of the target algebra B of the T
transducible functions. 

We finally note that if one has an associative operation of concatenation 
of graphs, such as the parallel composition of hypergraphs, then not only 
trees but also strings can be interpreted as graphs (after assigning a graph 
to each symbol of the string). Thus, context-free grammars, and in fact any 
other type of string grammars, can be used to generate graphs (see [EVer]). 

Acknowledgement. I wish to thank Grzegorz Rozenberg for stimulating 
me to write this paper and for his support during its writing. 
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Two-Dimensional Languages 

Dora Giammarresi and Antonio Restivo 

1. Introduction 

The aim of this chapter is to generalize concepts and techniques of formal 
language theory to two dimensions. Informally, a two-dimensional string is 
called a picture and is defined as a rectangular array of symbols taken from 
a finite alphabet. A two-dimensional language (or picture language) is a set 
of pictures. 

A generalization of formal languages to two dimensions is possible in 
different ways, and several formal models to recognize or generate two
dimensional objects have been proposed in the literature. These approaches 
were initially motivated by problems arising in the framework of pattern 
recognition and image processing (cf. [11,28]), but two-dimensional patterns 
also appear in studies concerning cellular automata and other models of par
allel computing. 

In this chapter, we limit ourselves to the study of two-dimensional lan
guages defined (recognized, generated) by finite state devices. Similarly to 
one-dimensional strings, this corresponds to the "ground" level of the the
ory: ground level means both the lower level in a hierarchy of languages and 
also the level on which the study of higher classes can be based. This choice 
is further motivated by the fact that, for the finite state case we are able to 
develop a coherent theory that, unifying different approaches, gives rise to a 
robust notion of recognizable two-dimensional language. The situation looks 
completely different for the higher levels of the Chomsky hierarchy, where a 
comparable theory is not yet known. 

Before embarking on a formal treatment, we would like to mention first 
some of our expectations from a sound definition of finite state recognizability 
for picture languages. As a primary requirement, we would like that the 
class of recognizable picture languages includes in some sense the class of 
recognizable string languages. More precisely, we would like that, when we 
restrict ourselves to pictures of size (1, n) (or size (n, 1)), the definitions of 
recognizability for pictures and for strings respectively, coincide. Moreover 
we would like that the definition of recognizability for pictures comes as 
"natural" generalization of some corresponding definition for strings and that, 
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of course, the new definition inherits as many as possible properties from the 
corresponding definition for strings. 

As for as the notion of recognizability for string languages is concerned, 
it is well known that the same family can be defined starting from different 
approaches. More precisely: the family of languages recognized by finite state 
automata coincides with the one defined by means of regular expressions 
(Kleene's Theorem), with the one defined in terms of monadic second-order 
formulas (Biichi's Theorem) and with the one defined in an algebraic setting 
(Myhill-Nerode's Theorem). An analogous "robustness" for the notion of rec
ognizability in two dimensions is the most ambitious property we would like 
to get for picture languages. 

Let us shortly indicate the different approaches considered in this chapter. 
A first natural approach is to define picture languages by means of regular 
expressions. The following (regular) operations are introduced for set of pic
tures: row and column concatenations, row and column Kleene closures and 
boolean operations. A regular expression is then a formula expressing how a 
specific picture language can be obtained from some elementary languages by 
regular operations. Different families of languages can be defined, depending 
on the choice of operations allowed to be used in the expression. 

An important role in the theory of picture recognizability is played by 
the approach in terms of automata. The first generalization of finite state 
automata to two dimensions can be attributed to M. Blum and C. Hewitt 
who in [IJ introduced the notion of a four-way automaton moving on a two
dimensional tape as the natural extension of a one-dimensional two-way finite 
automaton. Unlike the finite automata for strings this corresponding model 
in two dimensions is not actually a powerful model: in fact some important 
properties are not satisfied in this model. 

After this paper, much work have been done in studying properties of pic
ture languages recognized by finite state machines and several other models 
have been designed. A survey on this subject can be found in [21J. An inter
sting model of two-dimensional tape acceptor is the twp-dimensional on-line 
tessellation automaton introduced by K. Inoue and A. Nakamura in [18J. This 
is defined as an infinite two-dimensional array of identical conventional finite 
state automata and it is a special type of cellular automaton. Despite it is 
not evident that it is a generalization of a one-dimensional model, it can be 
easily identified to a conventional automaton when restricted to one-row (or 
one-column) pictures. Moreover, the family of picture languages recognized 
by this model of automaton satisfy many important properties. 

Different systems to generate pictures using grammars have been also 
explored (cf. [31, 32, 33, 35, 34, 36, 29, 30, 39]). However, in the finite state 
case, this approach is shown to be less powerful than others. 

Another possible generalization is to describe picture languages by logic 
formulas. Recently, W. Thomas gave a general formalism to describe graphs 
(and, in particular, pictures) as model theoretical structures and showed 
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as "recognizability" corresponds to the notions of definability on existen
tial monadic second order logic (cf. [38]). This is coherent with the string 
language recognizability theory where Biichi's Theorem holds. 

In a recent proposal (cf. [13, 14]) a notion of recognizability of a set of pic
tures in terms of tiling systems is introduced. The underlying idea is to define 
recognizability by "projection of local properties". Informally, recognition in 
a tiling system is defined in terms of a finite set of square pictures of side two 
which correspond somehow to automaton transitions and are called "tiles". 
In a picture to be recognized (say over the alphabet E), each quadruple of 
positions that form a square is to be covered by a tile (with symbols say in 
the alphabet r) such that a coherent assignment of picture positions to labels 
in r is built up, and such that a projection from r to E reestablishes the 
considered picture. Then the tiles can be viewed as local "automaton transi
tions", and tiling a given picture means to construct a run of the automaton 
on it. In a more formal way, the tiles define a local language over r and a 
projection from r to 17, applied to this local language, produces the language 
over E "recognized" by the tiling system. 

A leading part of this chapter is devoted to showing that some of these 
different approaches are indeed equivalent and give rise to the same notion of 
finite-state recognizability for picture languages. In a specific way we prove 
that the following families of two-dimensional languages coincide: languages 
recognized by on-line tesselation automata, languages expressed by formulas 
of existential monadic second order logic, languages recognized by finite tiling 
systems, languages corresponding to regular expressions of a special type. All 
these results indicate that recognizability of pictures in the sense described 
here is a robust notion, which at the same time can be defined in terms of 
machine models, regular expressions, logic formulas and tiling systems. 

We further show that some remarkable properties of recognizable string 
languages (such as closure properties, iteration lemma, etc.) can be extended 
to the two-dimensional case. However, at the same time, we show that the 
notion of recognizable picture languages do not share some properties that 
are fundamental in the theory of recognizable string languages. In particular, 
differently from the case of words, the family of recognizable picture lan
guages is not closed under complementation. Furthermore, while the empti
ness problem is decidable for finite automata on words, it is undecidable in 
the two-dimensional case for recognizable picture languages. These results 
indicate that two-dimensional languages are considerably more complicated 
than string languages, for which non-deterministic is not more powerful than 
deterministic, and for which the emptiness problem is decidable. 

A special role is played by picture languages over one-letter alphabet. This 
leads to the theory of recognizable functions. The chapter ends reporting some 
ideas and suggestions to extend the arguments here presented beyond finite 
state recognizability. 
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2. Preliminaries 

We assume that the reader is familiar with the basic terminology and prop
erties of the theory of one-dimensional languages as can be found for exam
ple in [17]. We will first introduce some definitions about two-dimensional 
languages by borrowing and extending notation from the theory of one
dimensional languages. Next, we will give formal definitions of concatenation 
operations between two-dimensional strings (pictures) and two-dimensional 
languages. The notations used can be mainly found in [21] or in [14]. 

Let E be a finite alphabet. 

Definition 2.1. A two-dimensional string (or a picture ) over E is a 
two-dimensional rectangular array of elements of E. The set of all two
dimensional strings over E is denoted by E**. A two-dimensional language 
over E is a subset of E** . 

Given a picture p E E**, let f 1 (p) denote the number of rows of p and 
f2(P) denote the number of columns of p. The pair (fl(p),f2(P)) is called the 
size of the picture p. The empty picture is the only picture of size (0,0) and 
it will be denoted by>.. Pictures of size (0, n) or (n,O) where n > 0 are not 
defined. The set of all pictures over E of size (m, n), with m, n > 0 will be 
indicated by Emxn. Furthermore, if 1 ::; i ::; fl(P) and 1 ::; j ::; f2(p), p(i,j) 
or, equivalently, Pi,j denotes the symbol in p with coordinates (i,j). 

Before continuing with notations and definitions, we give some simple 
examples of two-dimensional languages. We will return to some of these ex
amples later in the chapter. 

Example 2.1. Let E = {a} be a one-letter alphabet. The set of pictures of a's 
with three columns is a two-dimensional language over E. It can be formally 
described as 

L = {pi p E E** and f2(P) = 3}. 

Example 2.2. Let E = {a} be a one-letter alphabet and let L be the subset of 
E** that contains all the pictures with a shape of "squares". More formally, 
language L can be described as 

Many other simple languages can be derived from the previous one. For ex
ample, we could define "squares of odd side" over E. Other "languages of 
squares" can be defined. For instance, take a two-letter alphabet r = {O, I}, 
and consider the set of squares in which all the letters in the main diagonal 
(Le., in position (i, i)) are 1, whereas the remaining positions carry letter o. 
Namely, pictures like the following: 
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1 0 0 0 0 0 
0 1 0 0 0 0 
0 0 1 0 0 0 
0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 

Another "language of squares" to which we will refer in the sequel is the 
subset of r** of squares of odd side-length whose "central position" (Le., the 
position where the two diagonals meet) carries letter 1. Namely, pictures like 
the following: 

1 1 0 0 1 
1 0 0 0 1 
1 1 1 1 0 
1 0 0 0 1 
0 0 0 1 1 

Example 2.3. Let E be a finite alphabet. A language L ~ E** of strings can 
be thought of as a set of pictures consisting of one row only. More formally, 
L is defined as: 

L = {p Ip E E** and fl(P) = I} 

Example 2.4. Let E = {O, I} be an alphabet. We can define the language of 
pictures over E whose first column is equal to the last one. Then, formally L 
is defined as: 

L = {p I p(i, 1) = p(i,f2(p)), i = 1, ... , fl(p)}. 

Another (similar) example is given by the language of pictures over E 
whose first column is equal to some other column. It can be formally defined 
as: 

L1 = {pI3j, 2 <.5: j <.5: f2(P): Vi = 1, ... ,fl(P)p(i,1) =p(i,j)}. 

Definition 2.2. Let p be a picture of size (m, n). A block (or a sub-picture) 
of p is a picture p' that is a sub-array of p. That is, if (m', n') is the size of p', 
then m' <.5: m and n' <.5: n and there exist integers h, k (h <.5: m - m', k <.5: n - n' ) 
such that p'(i,j) = p(i + h,j + k) for all 0 <.5: i <.5: m' and 0 <.5: j <.5: n'. 

In the sequel we will need to describe scanning strategies for pictures. 
To this end, we identify the boundary of a picture by using special symbols. 
Namely, for any picture p of size (m, n), we define fi as the picture of size 
(m + 2, n + 2) obtained by surrounding p with a special boundary symbol 
# tf E. 
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# # ... # # 
# Pu ... Pln # 

p= 

# Pml ... Pmn # 
# # ... # # 

Other notions we will need will be those of projection of a picture and of 
projection of a language. Let rand E be two finite alphabets and 1r : r -t E 
be a mapping to which we will refer as a projection. 

Definition 2.3. Let P E r** be a picture. The projection by mapping 1r of 
picture p is the picture p' E E** such that p'(i,j) = 1r(p(i,j)), for all 1 ~ 
i ~ fl(p), 1 ~ j ~ f2(P), 

When there is no danger of ambiguity, we will use 1r(p) to indicate the pro
jection of picture p by mapping 1r. The definition of projection of a picture 
can be extended in a natural way to sets of pictures. 

Definition 2.4. Let L ~ r** be a picture language. The projection by map
ping 1r of L is the language L' = {p'lp' = 1r(p) Vp E L} ~ E**. 

As in the case of pictures, we will indicate by 1r(L) the projection of language 
L by mapping 1r. 

We now define some concatenation operations between pictures and two
dimensional languages. Let p and q be two pictures over an alphabet E, of 
size (m, n) and (m', n'), m, n, m', n' > 0, respectively: 

pu Pln 

p= q= 

Pml Pmn 

Definition 2.5. The column concatenation of P and q (denoted by pCDq) is 
a partial operation, defined only if m = m', and it is given by 

pu Pln qu 

pCDq = 

Pml Pmn qm'l 

Similarly, the row concatenation of p and q (denoted by peq) is a partial 
operation, defined only if n = n', and it is given by 

Pu Pln 

Pml Pmn P e q = f--!-:.:..:..:::...-----'-=--1 
qu qln' 
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Moreover, the column and the row concatenation of p and the empty picture 
A is always defined and A is the neutral element for both the operations. 

As done in the string language theory, these definitions of pictures con
catenation can be extended to define concatenations between set of pictures, 
i.e., two-dimensional languages. 

Definition 2.6. Let Ll. L2 be two-dimensional languages over an alphabet 
E, the column concatenation of Ll and L2 (denoted by Ll CDL2) is defined 
by 

Ll CD L2 = {pCDqi p E Ll andq E L2}. 

Similarly, the row concatenation of Ll and L2 (denoted by Ll 8 L2) is defined 
by 

Ll 8 L2 = {p8qi p E LI andq E L2}. 

By iterating the concatenation operations, we can define the correspond
ing transitive closures of columns and rows, which can be viewed as a sort of 
"two-dimensional Kleene star". 

Definition 2.7. Let L be a picture language. The column closure of L (de
noted by L * CD ) is defined as 

where LOCD = A, LICD = L, LnCD = LCDL(n-I)CD. 
Similarly, the row closure of L (denoted by L*8) is defined as 

L*8 = ULi8 
i?:O 

where Lo8 = A, Ll8 = L, Ln8 = L8L(n-I)8 . 

Remark that in the consecutive applications of row and column closure 
respectively, the two operations commute. Thus, we define L ** = (L * CD)* 8 = 
(L * 8 ) * CD: this notation is coherent with the fact that E** denotes the set of 
all possible pictures over the alphabet E. 

Using concatenation and closure operations, it is possible to express two
dimensional languages by means of simpler languages. For example, consider 
the two languages L, Ll ~ E** defined in Example 2.4. Then Ll = LCD E**. 
Moreover, language L could be obtained as L = Lo8 where Lo is the lan
guage of strings whose first symbol is equal to the last one viewed as a 
two-dimensional language of pictures of dimension 1 x n. 

As a further example, consider the language in the Example 2.1 of pictures 
with three columns. The column closure of this language gives the set of 
pictures whose number of column is a multiple of three. 

Another operation we can define on pictures is the rotation. Without loss 
of generality we define a clockwise rotation. 
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Definition 2.8. Let p be a picture. The (clockwise) rotation of p, indicated 
as pR, is defined by 

Pml Pl1 

Pmn PIn 

The rotation of a picture can be extended in a natural way to define the 
rotation of a picture language. The rotation of a language L will be referred 
to as LR. 

We conclude this section by defining an operator that takes two one
dimensional (string) languages over the same alphabet E and produces a 
two-dimensional language over E. 

Definition 2.9. Let E be a finite alphabet and let 81, 82 ~ E* be two string 
languages over E. The row-column combination of 8 1 and 82 is a two
dimensional language L = 81 EE1 82 ~ E** such that, a picture p E E** 
belongs to L if and only if the strings corresponding to the rows and to the 
columns of p belong to 81 and to 82 , respectively. 

As an example of application of the operator EE1, consider again the lan
guage L in Example 2.4, which consists of all pictures over E = {a, I} whose 
first column is equal to the last column. Denote by 80 ~ E* the string lan
guage whose first letter is equal to the last one: then L = 80 EE1 E* . 

3. Regular expressions 

The basic operations introduced in Section 2. can be used to obtain, starting 
from some elementary languages, larger families of picture languages. 

Given an alphabet E, the empty language 0 and every language 0}, 
with a E E, are called atomic languages over E. Let us denote by n the 
following set of operations: 

n = {8, CD, *8, *CD, U, n,C}. 

The elements of n are called regular operations. A language over E is regular 
if it is obtained from atomic languages by finitely many applications of reg
ular operations. A regular expression is a formula expressing how a specific 
language is obtained from atomic languages by regular operations. 

Definition 3.1. A regular expression (RE) over an alphabet E is defined 
recursively as follows: 

(i) 0 and every letter a E E are regular expressions. 
(ii) If 0: and (3 are regular expressions, then (0:) U ((3), (0:) n ((3), C(o:), 

(0:) <D ((3), (0:) 8 ((3), (0:)*<D, (0:)*8 are regular expressions. 
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Every regular expression over E denotes a two-dimensional language over 
E using the standard notation: 0 denotes the empty language, a denotes the 
language {0}, (0:) U ((3) denotes the union of the languages denoted by 0: 
and (3, (0:) n ((3) denotes their intersection, (0:) CD ((3) and (0:) 8 ((3) denote 
their column and row concatenation respectively, (o:)*CD and (0:)*8 denote 
the column and the row closure respectively of the language denoted by 0:, 
while C(o:) denotes its complement. 

Definition 3.2. A two-dimensional language L C E** is regular if it is 
denoted by a regular expression over E. 

The family of regular languages will be denoted by C( RE). 

Example 3.1. Let E = {a, b}. The regular expression 

denotes the language consisting of all "chessboards" with even side-length; 
that is pictures of the following form: 

a b a b a b a b 
b a b a b a b a 
a b a b a b a b 
b a b a b a b a 
a b a b a b a b 
b a b a b a b a 

It is interesting to consider the following subsets of the set R of regular 
operations: 

Rl = {8, CD,*8,*CD,U,n} 

R2 = {8, CD,U,n,C}. 

The regular expressions that contain only operations from set Rl are called 
complementation-free regular expressions (CFRE) while the corresponding 
languages are called complementation-free regular languages. The family of 
these languages is denoted by C(CFRE). For instance, the language in Ex
ample 3.1 is in C(CFRE). 

Similarly, the regular expressions using only operations from R2 are called 
star-free regular expressions (SFRE). The corresponding family of languages 
is the family of star-free regular languages and it is denoted by C(SFRE). 

Example 3.2. Consider the language L consisting of all pictures over E = 
{ a, b} such that there exists at least a row containing two consecutive occur
rences of symbol "a". L is in C(SFRE). In fact, it can be expressed by the 
following star-free regular expression: 
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A special role in this theory will be played by expressions that use also 
the projection operation. We consider in particular the following definition. 

Definition 3.3. A language L over an alphabet E is a projection of a 
complementation-free regular language if there exists a language L' over 
an alphabet r that is denoted by a regular expression containing operations 
from Rl only (i.e. L' E C{CFRE)) and a projection n : r ---t E such that 
L = n(L'). 

The family of languages that are projection of complementation-free reg
ular languages will be denoted by C(PCFRE). 

4. Automata 

In this section we consider two different kinds of automata that read two
dimensional tapes. The first one, called "four-way automaton" , is a sequential 
device while the other one is a particular cellular automaton called "two
dimensional on-line tesselation automaton" . 

4.1 Four-way automata 

One of the first definition of "recognizable picture language" was proposed by 
M~ Blum and C. Hewitt, who in 1967 introduced a model of finite automaton 
that reads a two-dimensional tape (cf. [1]). A four-way finite automaton is de
fined as extension of the two-way automaton that recognizes strings (cf. [17]) 
by allowing the finite control to move in four directions: Left, Right, Up, 
Down. We give below the formal definition. 

Definition 4.1. A non-deterministic (deterministic) four-way finite automa
ton, referred as 4NFA (4DFA) , is a 7-tuple A = (E, Q, Ll, qo, qa, qr, 8) where: 

- E is the input alphabet; 
- Q is a finite set of states; 
- Ll = {R, L, U, D} is the set of "directions"; 
- qo E Q is the "initial" state; 
- qa, qr E Q are the "accepting" and the "rejecting" state, respectively; 
- 8 : Q \ {qa, qr} X E -t 2Qx .6 {6 : Q \ {qa, qr} X E -t Q x Ll ) is the 

transition function. 

In what follows, whenever there is no need to specify whether it is deter
ministic or non-deterministic, we refer to a four-way automaton as 4FA. As 
the conventional model of automaton on strings, a 4FA can be thought of as 
a finite control in a state of set Q that reads the input picture. The moves 
of the finite control depend on the transition function 8: given the actual 
state and the symbol in the actual position, 8 outputs the new state for the 
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control and move it by one position according to the output direction. When 
the finite control falls in either state qa or state qr, the 4FA halts (this is 
because no transitions are defined in those states). We use the convention 
that a 4FA reads pictures with borders p and that, when the control moves 
in a position carring symbol #, it comes back in p immediately at the next 
move. Equivalently, one could assume that the control is somehow "border 
sensitive": namely, the control knows when it is close to the border, and never 
comes out of p. 

A 4FA recognizes a picture p E E** if, starting from the position (1,1) 
in the initial state, it possibly moves around and eventually halts in the 
accepting state qa. Notice that, during the recognition process, a 4FA is not 
required to read all the positions of the input picture; moreover the finite 
control can come back to a given position as many times as needed. We now 
give some examples of picture languages recognized by 4FA. 

Example 4.1. Let E = {O, I} be an alphabet and let L ~ E** be the language 
of pictures whose first column is equal to the last one (see Example 2.4). Then, 
L is recognized by a 4DFA that operates as follows. It scans a picture prow 
by row from left to right, proceeding from top to bottom, and by checking at 
the same time that all positions contain letters in E and that the leftmost 
letter in a row is equal to the rightmost one. 

Example 4.2. Let E = {O, I} be an alphabet and let L ~ E** be the language 
of squares in Example 2.2. Then L can be recognized by a 4DFA that does 
the following. It scans a picture p starting from position (1,1) and moving 
along the diagonal (i.e., moving one step right/one step down). If it reaches 
the bottom-right corner then picture p is a square. In this case it does a 
complete scan of p to check that all positions contain letters of E. 

Now consider the language L1 ~ E** consisting of squares of odd side
length with "1" in the central position, that was described in Example 2.2. 
L1 can be recognized by a 4NFA that operates as follows. Given a picture p, 
it starts scanning p from position (1,1), again moving downward along the 
diagonal. At some point, with this point being chosen non-deterministically, 
the automaton "memorizes" the letter in the diagonal and starts moving 
downward along the other diagonal (i.e., moving one step left/one step down). 
If it reaches the bottom-left corner, then p is a square of odd side-length whose 
central position contains the "memorized letter". If the "memorized letter" 
was 1, then the automaton accepts; otherwise it rejects. 

The families of languages recognized by four-way non-deterministic and 
deterministic automata are denoted by C(4NFA) and C(4DFA), respectively. 
The main results established on these family of languages are given below 
(cf. [1] and [23]): they show that, despite 4FA's are a very natural general
ization of finite automata to two dimensions, they do not maintain most of 
the important properties that finite automata have for strings. 

Theorem 4.1. C(4DFA) is strictly included in C(4NFA). 
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Proof We show that the language LI over E = {O, I} consisting of squares 
of odd side-length whose "central" position is a 1 cannot be recognized by a 
4DFA. This proves the theorem, as LI E £(4NFA) (see Example 4.2). 

Consider first the behavior of a 4DFA A when reading a block (sub
picture) b of "O"s and "1"s of size (m, m). A can enter the block at one of 
the 4m - 4 positions of the perimeter of b being at one of the IQI states. 
Similarly, A can leave b at one of the 4m - 4 positions in one of the IQI 
states. Thus the block b defines a mapping from the (4m - 4)IQI incoming 
pairs into (4m - 4)IQI outcoming pairs. There are ((4m - 4)IQI)(4m-4)IQI 
such mappings. On the other hand, there are 2m2 different blocks of size 
(m, m) on a two-letter alphabet. If we choose m sufficiently large, we have 
((4m_4)IQI)(4m-4)IQI < 2m2 and then there exist two blocks that correspond 
to the same mapping. Let us call bl and b2 such two blocks. 

Now, assume by contradiction that we have a 4DFA A that can recognize 
language L1• Without loss of generality, we assume that A accepts pictures in 
LI by halting in the lower right corner of the pictures. Let (i, j) be a position 
where bl and b2 differ (Le., bl(i,j) = 1 and b2(i,j) = 0 or vice versa). Then 
we construct two square pictures PI and P2 of odd side-length as follows. We 
construct PI by taking bl and adding rows and columns of O's to the four 
sides of bl in a way that PI is a squares of odd side-length whose central 
position coincides with position bl(i,j). Then we construct P2 by taking PI 
and replacing the sub-picture bl with the block b2 • When A accepts Pb it 
starts and ends outside bl ; hence it must accepts also P2 but the central 
position of P2 is a O. This gives the desired contradiction. 

Theorem 4.2. £ (4DFA) and £ (4NFA) are not closed under row and column 
concatenation and closure operations. 

The complete proof of the above theorem can be found in [23). As in the 
proof of Theorem 4.1, the main idea behind the proof is to use combinatorial 
arguments to show that some particular languages are not in £(4NFA). For 
example, to prove the non-closure under row concatenation, it is enough to 
show that the language LI described in Example 2.4· cannot be recognized 
by a 4NFA. Notice that, if we let L be the language described again in 
Example 2.4, L E £(4DFA) (as shown in Example 4.1) and LI = L(J)E**. 

Regarding boolean operations between languages, the following theorem 
holds (d. [21)). 

Theorem 4.3. £(4DFA) and £(4NFA) are closed under boolean union and 
intersection operations. Moreover £ (4DFA) is closed under complement. 

Notice that the question of whether the family £(4NFA) is closed under 
complement is still open. 
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4.2 On-line tesselation automata 

In Section 4.1 we have considered automata that operate sequentially by 
moving around on an input tape, reading one symbol at each step. In this 
section we deal with cellular automata, i.e., automata that operate on the 
entire tape simultaneously. Informally a two-dimensional cellular automaton 
(2CA for short) is an array of "cells" (identical finite state machines) each of 
them being in some state at any given time. The cells operate in a sequence 
of discrete time steps: at each step every cell changes to a (possible) new 
state depending on the states of its neighbours. 

Here, we consider a particular model of 2CA, the two-dimensional on
line tessellation automata (20TA) introduced by K. Inoue and A. Nakamura 
in [18]. A 20TA is a restricted type of 2CA in which cells do not make tran
sitions at every time-step: rather a "transition wave" passes once diagonally 
across the array. Each cell changes its state depending on the two neighbors 
to the top and to the left, respectively. 

The formal definition we give here is slightly different from the one of 
Inoue et al. and it uses some ideas in [16]. 

Definition 4.2. A non-deterministic (deterministic) two-dimensional on
line tesselation automaton, referred as 20TA (2-DOTA), is completely de
fined by A = (E, Q, qo, F, 8) where: 

- E is the input alphabet; 
- Q is a finite set of states; 
- I ~ Q (I = {i} ~ Q) is the set of "initial" states; 
- F ~ Q is the set of "final" (or "accepting") states; 
- 8 : Q x Q x E ----+ 2Q (8 : Q x Q x E ----+ Q) is the transition function. 

A run of A on a picture p E E** consists of associating a state (from 
the set Q) to each position (i,j) of p. Such state is given by the transition 
function 8 and depends on the states already associated to positions (i - 1, j) 
and (i,j - 1) and on the symbol p(i,j) . 

# # # # # # # # 
# # 
# # 
# p(i-l,j) # 
# p(i,j-l) p(i,j) # 
# # 
# # # # # # # # 

At time t = 0 an initial state qo is associated to all the positions of the first 
row and of the first column of ji. The computation consists of £1 (p) +£2(p)-1 
steps. It starts at time t = 1 by reading p(l, 1) and associating the state 
8 (qo, qo, p( 1, 1)) to position (1, 1). At time t = 2, states are simultaneously 
associated to positions (1,2) and (2,1), and so on, to the next diagonals. At 



228 D. Giammarresi and A. Restivo 

time t = k, states are simultaneously associated to each position (i,j) such 
that i + j - 1 = k. A 20TA A recognizes a picture p if there exists a run of A 
on p such that the state associated to position U\ (p), £2 (P)) is a final state. 

We give first some examples of languages recognized by 20TA. 

Example 4.3. Let E = {a} and let L ~ E** the language of all pictures over 
E with an odd number of columns. That is: L = {p I £2(P) is odd }. 

A 20TA can recognize pictures of L by associating states "I" and "2" to 
the positions of each odd and even column, respectively. A picture is accepted 
if positions of the rightmost column contain state "1". More formally, L is 
recognized by the 20TA A = (E, Q,I, F, 8) defined as follows: 

- Q = {0,1,2}; 
- I = {O}; 
- F = {I}; 
- 8(0,0, a) = 8(0,2, a) = 8(1,0, a) = 8(1,2, a) = 1; 

8(0,I,a) = 8(2,I,a) = 2. 

Example 4.4. Let E = {a} and let L ~ E** the language of all squares 
over E described in Example 2.2 A 20TA can recognize pictures of L by 
associating state "I" to positions in the main diagonal and states "2" and 
"3" to positions above and below such diagonal, respectively. A picture is 
accepted if the position of the bottom-right corner contains state "1". 

More formally, L is recognized by the following 20TA A = (E, Q, I, F, 8) 
defined as follows: 

- Q = {O, 1,2, 3}; 
- I = {O}; 
- F = {I}; 
- 8(0,O,a) = 8(2,3,a) = 1; 

8(0,1, a) = 8(0,2, a) = 8(2,1, a) = 8(2,2, a) = 2; 
8(1,0, a) = 8(3,0, a) = 8(1,3, a) = 8(3,3, a) = 3. 

Notice that a 20TA reduces to a standard automaton on words when we 
restrict it to operate on one-row pictures only. 

The families of two-dimensional languages recognized by a 20TA and a 
2DOTA are denoted by .c(20TA) and .c(2DOTA), respectively. We remark 
that, also in this model, deterministic automata are less powerful than non
deterministic automata. In fact the following theorem holds (see [18] for the 
proof). 

Theorem 4.4. The family .c(2DOTA) is strictly included in .c(20TA). 

We now analyze properties of family .c(20TA)(cf. [18]). 

Theorem 4.5 . .c(20TA) is closed under projection. 
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Proof Let rand E be two finite alphabets and let 7r : r ~ E be a projection. 
Let L <:;; r** be a language recognized by a 20TA A = (r,Q,I,F,8). Then, 
it is easy to verify that language L' = 7r(L) is recognized by the 20TA 
A' = (E, Q, I, F, 8') where: 

8'(p,q,a) = u 8(p, q, b). 
bEr:7r(a)=b 

Theorem 4.6. C(20TA) is closed under row and column concatenation and 
closure operations. 

To conclude this section, we consider comparisons among the families of two
dimensional languages defined by automata models. The following theorem, 
whose proof can be found in [18]' shows that two-dimensional on-line tesse
lation automata are more powerful than four-way automata. 

Theorem 4.7. C(4NFA) c C(20TA). 

Regarding the deterministic versions of these automata, the two corre
sponding families of languages are not related by inclusion relations. In fact 
in [18] there are examples of picture languages recognized by a DFA and not 
recognized by any 2DOTA and vice versa. 

5. Grammars 

Different systems for generating pictures using grammars have been explored 
in the literature (cf., for example, [31, 32, 33, 35, 34, 36, 29, 30, 39]). We 
consider here models that consist of two sets of rewriting rules: horizontal 
and vertical rules, respectively, that correspond either to a context-free or 
regular (conventional) grammars. 

These models operate by first generating a (horizontal) string (J' using the 
horizontal rules; then generating a rectangular picture from the top row (J' 

by applying in parallel vertical rules. These grammars actually formalize the 
parallel generation of two-dimensional languages. By parallel generation we 
mean the simultaneous applications of several production rules. 

Since in this chapter we limit ourselves to finite-state models, in this sec
tion we consider right-linear grammars only. We give first a formal definition. 

Definition 5.1. A two-dimensional right-linear grammar (2RLG) is defined 
by a 7-tuple G = (Vh, Vv , E],E, S,Rh,Rv)' where: 

- Vh is a finite set of horizontal variables; 
- Vv is a finite set of vertical variables; 
- Er <:;; Vv is a finite set of intermediates; 
- E is a finite set of terminals; 



230 D. Giammarresi and A. Restivo 

- S E Vh is a starting symbol; 
- Rh is a finite set of horizontal rules of the form V -+ AV' or V -+ A, 

where V, V' E Vh and A EEl; 
- Rv is a finite set of vertical rules of the form W -+ aW' or W -+ a, where 

W, W' E Vv and a E E. 

The derivation is performed in two phases. In the first phase, the string 
grammar G h = (Vh, E I, S, R h) generates a string language H (G) over the 
intermediate alphabet EI. The strings in H(G) become the top rows of the 
pictures to generate. During the second phase, each intermediate symbol is 
treated as a start symbol: the vertical generation of the columns of the pic
tures is done in parallel and obtained by applying the rules in Rv. Notice 
that the rules of Rv must be applied in parallel in order to ensure that the 
terminating rules (Le., rules of the form Vi -+ ai) are all applied simultane
ously in every column. These grammars ensure that the columns can grow 
only in one direction, namely, downward. 

Example 5.1. Let G = (Vh' Vv, E I, E, S, R h, Rv) be a grammar, where: 

Vh = {S,T}; Vv = {A,B,C,D}; 
EI = {A,B}; E = {O, I}; 
Rh = {S -+ AT;T -+ BS;T -+ B} ; 
Rv = {A -+ IC;C -+ OA;C -+ O;B -+ OD;D -+ IB;D -+ I}. 

In the first phase, G generates the string language H(G) = {AB}+. In the 
second phase, starting from the string of H (G) considered as top rows of 
pictures, by application of the vertical rules in R v , we obtain the picture 
language L generated by G, which is the set of "chessboard" pictures of even 
side-length; i.e., pictures of the following form: 

I 0 I 0 I 0 I 0 I 0 
0 I 0 I 0 I 0 I 0 I 
I 0 I 0 I 0 I 0 I 0 
0 I 0 I 0 I 0 I 0 I 
I 0 I 0 I 0 I 0 I 0 
0 I 0 I 0 I 0 I 0 I 

We denote by C(2RLG) the family of picture languages generated by 
two-dimensional right-linear grammars. 

We now give some notations that will be used in the proof of the theorem 
below. A string w E (E U {#} ) * is a standard string if it is of the form: 

w = UI#U2# ... #un # 

with Ui E E* for I :::; i :::; n and lUll = IU21 = ... = Iunl. Let S denotes the 
set of standard strings. 

Given a picture p E E** of size (m, n), we denote by s(p) the following 
string over E U {#}: 
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s(p) = Pu·· ·Pml#P12" ·Pm2#··· ... #Pln" ·Pmn#. 

Given a picture language L ~ E**, we denote by s(L) the string language 
defined as s(L) = {s(p) Ip E L}. 

The following theorem holds. 

Theorem 5.1. £(2RLG) is strictly included in £ (4 DFA). 

Proof. Let L be a picture language generated by a 2RLG. We have to show 
that there exists a 4DFA that recognizes L. We first remark that there ex
ists a finite (string) automaton M that reading string of S only, is able to 
distinguish those in s(L) from those not in s(L). Indeed, we can associate to 
the two-dimensional grammar G the right-linear string grammar Gh, gener
ating language H(G) over E l , and, for each element A EEl, a right-linear 
string-grammar GA, with starting symbol A and rules in Rv , which generates 
a string language LA over E. Let r(L) be the string language over E U {#} 
obtained by substituting each symbol A in H(G) with the corresponding lan
guage LA#. By well known results from string language theory, since H(G) 
and all the LA'S are regular languages, also r(L) is a regular language and 
then there exists a finite automaton M that recognizes it. 

Remark that s(L) = r(L)nS. This means that, if M receives as input only 
standard strings, i.e. strings of S, M is able to distinguish strings belonging 
to s(L) from strings that are not in s(L). 

We are now able to exhibit a 4DFA recognizing L. Such 4DFA works as 
follows. It scans a picture P starting from position (1,1) and reading down
wards the first column of P until it reaches the border in the position position 
(m + 1, 1). Then, it moves to the top position of the second column of p, i.e., 
position (1,2), and reads downwards this column, and so on until it reaches 
the last position of the last column, i.e., position (m + 1, n). In order to 
recognize L it suffices that the 4DFA, while scanning the picture this way, 
simulates the behavior of the string automaton M that recognizes the string 
language r(L). This proves the inclusion £(2RLG) ~ £(4DFA). 

In order to show that this inclusion is strict, it suffices to consider the 
language of squares over a one-letter alphabet. This language is recognized 
by a 4DFA (see Example 4.2), but it cannot be generated by a 2RLG. Indeed, 
in these grammars the horizontal and the vertical generations are independent 
and there is no way to control that the number of rows in a picture is equal 
to the number of columns. 

Several properties offamily £(2RLG) have been studied in [29], [36]. We 
give here, in particular, the following proposition that will be useful for the 
comparisons among all the families given later in the chapter. The proof is 
easy to infer as a consequence of the definition itself. 

Proposition 5.1. The family £ (2RLG) is closed under projection. 
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The grammars presented in this section were introduced by Siromoney 
et al. in [32J and are usually called "matrix grammars". In [29], Nivat et al. 
extended this model introducing the notion of "image grammars". The basic 
difference between image grammars and matrix grammars is the concept of 
synchronization defined by a set of tables, where a table represents a set of 
rules that can be applied simultaneously for rewriting columns. 

Another model to generate pictures that has not been considered here is 
the model of "array grammars" (cf. [35J,[31]). An array grammar operates by 
replacing a subarray a with a subarray {3, the same way as a string grammar 
replaces substrings by other substrings. However, when the two subarrays 
a and {3 do not have the same size, it is not clear how a can be replaced 
by {3. To avoid this problem, the array grammars are usually required to be 
isometric. 

6. Logic formulas 

In a logic formalism, pictures are considered as model theoretic structures. We 
refer here to [15J. The notations are borrowed from [38J, where general graphs 
are considered in the framework of relational structures. The result is actually 
a "translation" of the logic formalism to describe words to a formalism to 
describe labeled grids. 

A picture p of size (m, n) over E can be viewed as a vertex-labeled "grid 
graph" with m . n vertices and then it can be represented as a relational 
structure. More formally we give the following definition. 

Definition 6.1. Let p be a picture of size (m, n). Then p can be represented 
by the signature l!. = (dom(p), 81 , 82 , (Pa)aEE), where: 

- dom(p) = {1,2,oo.,i1(p)} x {1,2,oo.,i2 (p)}i 
- 81 and 82 are the successor relations for the two components of points of 

dom(p) , that is: (i,j) 81 (i+ 1,j) and (i,j) 82 (i,j + 1) for 1 :$ i :$ m, 1 :$ 
j:$ ni 

- Pa = {(i,j)lp(i,j) = a} for a E E gives the set of points in dom(p) that 
are labeled with a. 

Properties of pictures can be described by first-order and monadic second
order formulas, using first-order variables x, y, Z, Xl, X2,' •• for points of 
dom(p), i.e., positions, and monadic second-order variables X, Y, Z, Xl, X 2 , • •• 

for sets of positions. 
Atomic formulas are of the form x81y, x82y, X(x), and Pa(x): they are 

interpreted in a natural way by (x, y) E 8 i , X E X, x EPa, respectively. For
mulas are built up from atomic formulas by means of the Boolean connectives 
-', /\, V, --+, ~ and the quantifiers 3, V, applicable to first-order as well as to 
second-order variables. A formula without free variables is called a sentence. 
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If ip(Xl' .'" Xn) is a formula with at most Xl,"" Xn occurring free in 
ip, p is a picture, and Q1.' .. ,Qn are subsets of dom(p), we write 

if p satisfies ip under the above mentioned interpretation, where Qi is taken 
as interpretation of Xi' If ip is a sentence, we write p F ip. 

The language L( ip) defined by a sentence ip is the set of all pictures p E E** 
such that E. F ip. 

Definition 6.2. Let L be a picture language. 

L is Monadic Second-Order definable if there is a monadic second-order 
sentence ip with L = L( ip). 

L is First-Order definable if there is a sentence ip containing only first-order 
quantifiers (i. e., ranging over position variables only) such that L = L( ip). 

L is Existential Monadic Second-Order definable if there is a sentence of the 
form ip = 3Xl ... 3Xn ,¢(Xl , ... , Xn ), where '¢ contains only first-order 
quantifiers, such that L = L( ip). 

The families of two-dimensional languages that are Monadic Second
Order, First-Order and Existential Monadic Second-Order definable will be 
denoted by £(MSO), £(FO) and £(EMSO), respectively. 

In [15] some examples of formulas defining properties of two-dimensional 
languages are given. Let us mention only some properties of positions and 
pictures which are easily described by first-order formulas. An upper border 
position x of a picture, i.e., a position x = (l,j) for some j, is described by 

where "t" stands for "top". Similarly, the other borders (left, right and bot
tom) can be described by corresponding formulas ipl(X), ipr(x), ipb(X). The 
four corner positions (top-left, top-right, bottom-left, bottom-right) are de
fined by appropriate conjunctions of these formulas and they will be indicated 
here by iptl(x), iptr(x), ipbl(X), ipbr(X) , respectively. 

Example 6.1. Consider the language L described in Example 2.3 of all the 
words, considered as pictures of size (l,n), over an alphabet E. L is definable 
by the first-order sentence VXipt(x). 

Example 6.2. Let L be the language of squares over a one-letter alphabet 
E = {a} described in Example 2.2. Then L can be described by an existential 
monadic second order formula that postulates a set of positions which (i) 
contains the left upper corner, (ii) is "closed under diagonal successors" (i.e., 
passing from (i,j) to (i + 1,j + 1)), (iii) does not hit the bottom or right 
border, excepting the bottom right corner. An existential monadic second
order sentence expressing this is the following: 
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3X (3x{'Ptl{x) 1\ X{x)) 
l\'Vx'Vy'Vz {X (x) 1\ XSIY 1\ yS2Z) -+ X{z)) 
I\'VX{{'Pb{X) V 'Pr{X)) -+ (--,X{x) V'Pbr{x))) 

where 'Ptl{x), 'Pb{X), 'Pr{x) and 'Pbr{X) are first-order formulas expressing the 
properties that x is a ''top-left'', "bottom", "right", "bottom-right" position, 
respectively. 

Moreover it can be shown that the set of squares cannot be described by 
a first-order sentence. 

7. Tiling systems 

In this section, we consider a notion of finite state recognizability for picture 
languages introduced recently in [13]. This notion takes as starting point 
a well known characterization of recognizable string languages in terms of 
local languages and projections. Namely, any recognizable (by means of finite 
automata) string language can be obtained as projection of a local string 
language over a larger alphabet (cf. Theorem 6.1 in [7]). Such notions can be 
extended in a natural way to the two dimensional case: more precisely, we 
define local picture languages by means of a set of square arrays of side-length 
two, here called "tiles", that represent the only allowed blocks of that size in 
the pictures of the language. Then we say that a two-dimensional language 
is ''tiling recognizable" if it can be obtained as a projection of a local picture 
language. 

We remark that this approach is very close to that one proposed by 
W. Thomas in the more general framework of graphs (cf. [38]). 

7.1 Local two-dimensional languages 

Given a picture p of size (m, n), let h ::; m, k ::; n: we denote by Bh,k{p) 
the set of all blocks (or sub-pictures) of p of size (h, k). We call tile a square 
picture of size (2,2). 

Definition 7.1. Let r be a finite alphabet. A two-dimensional language L ~ 
r** is local if there exists a finite set 8 of tiles over the alphabet r u {#} 
such that L = {p E r**IB2,2(P) ~ 8}. 

Therefore 8 represents the set of allowed blocks for pictures belonging 
to the local language L. Given a language L, we can consider the set 8 
as the set of all possible blocks of size (2,2) of pictures that belong to L 
(when considered with the frame of # symbols). The language L is local if, 
given such a set 8, we can exactly retrieve the language L. We will assume 
implicitely, that the empty picture>. belongs to L if and only if 8 contains 
the tile with four # symbols. We call the set 8 a representation by tiles for 
the local language L and write L = L(8). 
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The family of local picture languages will be denoted by LOC. We now 
give an example of a local two-dimensional language. 

Example 7.1. Let r = {O, I} be an alphabet and let 8 be the following set 
of tiles over r. 

8= 

1flOJ[ITQ][Q]Tl[ffi][1ill[llQJ 
[QJJJ' [ill] , [QTI]' cm:J 'CllQ] 'CllQ]' 

[QTI][QJJJcmJcmJ[!I1J[!I1J 
[!rn' [II!] , [II!] , [Qll] 'CTIQ] '[ill]' 

[!rn[!I1J[HQJITIIJ 
[HI] , [Qll]' [II!] , [II!] 

The language L = L(8) is the language of squares pictures in which all main 
diagonal positions carry symbol 1, whereas the remaining positions carry 
symbol "0": this is the two-dimensional language described in Example 2.2. 

Notice that the language of squares over a one-letter alphabet is not a 
local language because there is no "local strategy" to compare the number 
of rows and columns using only one symbol. 

Another way to understand the notion of local two-dimensional language 
is to reason in terms of a computational procedure to recognize a picture: a 
window of size 2 x 2 is moved around the picture and a record is made of the 
blocks of size (2,2) observed through the window, regardless of the order and 
the number of occurrences of these blocks. A picture is "accepted" if the set 
of the recorded blocks is included in the given set 8 of tiles. 

The definition of the family LOC extends the classic notion of a local 
string language to two dimensions. We recall, (cf. [7]), that a local string 
language is defined by means of a set of strings of length two (that contains 
all possible allowed factors of length two for the strings of the language) and a 
pair of sets of letters (that correspond to the possible beginnings and endings 
for the string in the language). 

As a final remark, we notice that, analogously to the one-dimensional 
theory, we can generalize this notion of local language by taking blocks of 
different size. Let h, k be two positive integers: a two-dimensional language L 
is (h, k )-local when we can test whether a picture x belongs to L by checking 
only set Bh,k(X) (Le., set containing its blocks of size (h, k)). Using this more 
general definition, the family LOC corresponds to the family of (2,2)-local 
two-dimensional languages. We will return to this generalization later. 
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7.2 Tiling recognizable languages 

We now define two-dimensional languages using the notion of local languages 
introduced above and the notion of projection of a language (see Section 2.). 
Combining these two notions, yields the definition of tiling system. 

Definition 7.2. A tiling system (TS) is 4-tuple T = (E,r,8,7r), where E 
and r are two finite alphabets, 8 is finite set of tiles over the alphabet ru { # } 
and 7r : r --+ E is a projection. 

The tiling system T defines ("recognizes") a language L over the alphabet 
E as follows: L = 7r(L') where L' = L(8) is the local language over r 
corresponding to the set of tiles 8. We write L = L(T) and we say that L is 
the language recognized by T. We will refer to the local language L' ~ r** 
as the underlying local language for L, while we will call r the local alphabet. 

We say that a language L ~ E** is recognizable by tiling systems (or 
tiling recognizable) if there exists a tiling system T = (E, r, 8, 7r) such that 
L = L(T). We denote by £(TS) the family of all two-dimensional languages 
recognizable by tiling systems. In other words L E £(TS) if it is a projection 
of some local language. 

We show first an example. 

Example 7.2. Let E = {a} be a one-letter alphabet and let L be the language 
of squares over E, that is L = {x I il(x) = i2(X)} ~ E**. Language L 
is recognizable by a TS. In fact we can take as underlying local language 
L', the one in Example 7.1 (i.e., the language of squares over the alphabet 
r = {O, I} with l's in the main diagonal and O's in the other positions) and 
apply the projection 7r : r --+ E such that 11"(0) = 7r(1) = a. It is easy to see 
that L = 7r(L'). 

A similar argument can be used to prove that the set of squares over 
any alphabet is recognizable by a TS. For example, if E = {a,b}, we take a 
local language over the alphabet r = {ao,bo,al,bl } such that in the main 
diagonal positions there can be only al and bl while the remaining positions 
can contain only ao and boo Then we use a projection 7r : r --+ E that 
"restores" each ai to a and each bi to b for i = 0, l. 

Remark 7.1. A tiling system (E, r, 8, 11") for a picture language is in some 
sense a generalization to two dimensions of an automaton that recognizes a 
string language. Indeed, in the one-dimensional case, the 4-tuple (E, r, 8, 11") 
corresponds exactly to the automaton. The alphabet r is in a one-to-one 
correspondence with the edges of the state-graph of the automaton. The set 
8 (that in one dimension is a set of strings of length two on the alphabet 
r u { # }) describes the edges adjacencies and thus provides a description of 
the state-graph. The mapping 11" : r --+ E gives the labeling of the edges 
in the state-graph. Then, the set of words of the underlying local language 
defined by set e corresponds to all accepting paths in the state-graph and 
its projection by 11" gives the language recognized by the automaton (cf. [7]). 
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As consequence of the above remark, we have that when rectangles degen
erate in strings, the definition of recognizability by tiling systems coincides 
with the classical definition for strings. Equivalently, given a recognizable 
(by means of finite automata) string language L, if we consider L as a two
dimensional language whose pictures have only one row, then L is also rec
ognizable by (two-dimensional) tiling systems. 

Remark 7.2. Finally, we notice that this definition of recognizability in terms 
of local languages and projections is implicitly non-deterministic. This can 
be easily understood if we refer to the above remark and look at the one
dimensional case: if no particular constraints are given for the set e, the 
4-tuple (17, r, e, 71") corresponds in general to a non-deterministic automaton. 

We now give some examples of two-dimensional languages recognizable 
by tiling systems to emphasize the power of this definition of recognizability 
in describing properties of pictures. 

Example 7.3. Let 17 be a finite alphabet and let p E 17** be a picture over 17. 
The language L = {p} that contains the single picture p belongs to £(TS). 

The easier way to define a tiling system (17, r, e, 71") for L is the following. 
Let (m, n) be the size of p (i.e., £l(P) = m and £2(P) = n). We take a 
local alphabet of m· n symbols r = {ai,jl i = 1, ... , mj = 1, ... , n}. Then, 
we consider the picture p' E r** of the same size as p such that p' (i, j) = 
ai,j, Vi = 1, ... , m, and j = 1, ... , n. The language L' = {p'} is local and the 
corresponding set e contains all the (m + 1) x (n + 1) different blocks of size 
(2,2) of i/. 

1mfl1#la1nl ~ lamnl#1 
~'# #'~' # #' 

# # 
t-----"-~#"..;, 1-#'7.-t--"--i 

L-,",,--'--'...:....::c:....; 

I i. =:. 1, ... , m - 1 
J -1, ... ,n-1 

8= 

The projection 71" : r -+ 17 is defined as 7I"(ai,j) = p(i,j). 

Example 7.4. Let 17 = {a} be a one-letter alphabet and let L be the lan
guages of all pictures over 17 with 3 columns described in Example 2.1. Lan
guage L is in £(TS): it is not difficult to verify that we can take a local 
language over a three letters alphabet with a set of allowed tiles 8 contain
ing all the blocks of size (2,2) of the following picture. 
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# # # # # 
# 1 2 3 # 
# 1 2 3 # 
# 1 2 3 # 
# 1 2 3 # 
# 1 2 3 # 
# 1 2 3 # 
# # # # # 

Obviously, the projection 7r is such that 7r(1) = 7r(2) = 7r(3) = a. 

Similarly, one can show that the language Lc = {xl £2(X) = c} ~ E** 
where c is any positive integer constant, belongs to .L:(TS). (It suffices to take 
a local alphabet of size c and define an underlying local language whose rect
angles have a different letter for each column). Moreover, it is not difficult to 
prove that the corresponding languages over any alphabet r are recognizable 
by using a local alphabet of size c· IFI (see Example 7.2). 

7.3 Closure properties 

In this section we examine some properties of the family .L:(TS) concerning 
closure under different kinds of operations. All these results can be also found 
in [14]. 

We start with a simple theorem whose proof derives directly from the 
definition of tiling systems. 

Theorem 7.1. The family .L:(TS) is closed under projection. 

Proof Let L\, E2 be two finite alphabets and let cp : E1 ~ E2 be a projec
tion. We have to prove that, if L1 ~ Ei* is recognizable by tiling systems 
then L2 = cp(Ld is recognizable by tiling systems, too. 

Let ~ = (Eb r, e, 7r1) be a tiling system for L1: that is L1 = L(~). 
Then L1 = 7r1 (L'), where L' is the (underlying) local language represented 
bye. It easy to see that L' is an underlying local language also for L 2 ; in 
fact L2 = 7r2(L') where 7r2 = cp' 7r1 : r ~ E2. Hence T2 = (E2' r, e, 7r2) is a 
tiling system for L 2 . 

We now consider concatenation operations (see Section 2 for the formal 
definitions) . 

Theorem 7.2. The family .L: (TS) is closed under row and column concate
nation operations. 

Proof Let L1 and L2 be picture languages over an alphabet E and let L = 
L1 CD L2 be the language corresponding to the column concatenation of L1 
and L 2 . By definition of column concatenation, a picture pEL is composed 
by a pair of pictures P1 E L1 and P2 E L2 with the same number of rows such 
that the rightmost column of P1 is glued to the leftmost column of P2. 
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Let (17, r 1, 8 1, 71"1) and (17, n, 8 2, 71"2) be two tiling systems for L1 and L2 , 

respectively. Without loss of generality we assume that the local alphabets 
r1 and r2 are disjoint. We can define a tiling system (17, r, 8, 71") for L as 
follows. We take r = r 1 U r 2• 

Note that set 8 has to contain all the elements from set 8 1 except those 
corresponding to the right borders and all elements from set 8 2 except those 
corresponding to the left borders. Moreover, we should add some "middle 
tiles" corresponding to the two columns where the gluing is done. Such tiles 
contain pieces of the right border of pictures in L1 in the left side and pieces 
of the left border of pictures in L2 in the right side. More formally, we first 
define the following three sets of tiles. 

8~ = {I ~~ I ~~ II I ~~ I ~~ I E 8 1 and bl, d1 Ie # } 

8~ = {I ~~ I ~~ II I ~~ I ~~ I E 8 2 and a2, C2 Ie # } 

I ~ I: I, I ~ I: I, I ~~ I: I E 8 1, tmj1 a2 tmj# ~1 C2 I 8 12 = 
# #' b1 b2 ' d1 d2 ~ [1]1] ~ 

[!ll]'~' ~ E 8 2 

Then, we take: 8 = 8~ u 8~ U 8 12 • 

The projection 71" : r - 17 is defined in a way that its restrictions to 
alphabets r 1 and r 2 coincide with projections 71"1 and 71"2, respectively. In 
formulas, we have: 

Va E r, 

In a similar way, we can obtain a tiling system for the row concatenation 
L = L1 6L2. By definition of row concatenation, a picture pEL consists of 
a pair of pictures PI E L1 and P2 E L2 with the same number of columns 
such that the row at the bottom of PI is glued to the row at the top of P2. 
Thus, in order to define a tiling system for L starting from the tiling systems 
for L1 and L 2, we can proceed as before. The only difference is that, this 
time, set 8 should contain all the elements from set 8 1 except for those 
corresponding to the bottom borders and all elements from set 8 2 except 
for those corresponding to the top borders and plus some "middle tiles" 
corresponding to the two rows where the gluing is done. 

Theorem 7.3. The family £(TS) is closed under row and column closure 
operations. 

Proof. Let L be a picture language over an alphabet 17 that is recognizable 
by tiling systems. By definition, the column closure L*(J) of L is given by 
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successions of column concatenation operations between pictures in L. Then 
we can find a tiling system (E, r, 8, 7r) for L*(J) using the same technique as 
in the proof of the previous theorem. 

We consider two different tiling systems for L, say (E, n, 8 1, 7r1) and 
(E, r2 , 8 2 , 7r2)' such that the local alphabets nand r2 are disjoint. We define 
r = r 1 U r 2 and build a set 8 12 as in the proof of the previous theorem. 
Then, the set of tiles 8 is defined as 8 = 8 1 U 8 12 • The projection 7r : r -+ E 
is defined again as in the proof of the previous theorem. 

The same idea can be used to define a tiling system for the picture lan
guage L*8 corresponding to the row closure of L. 

We now consider the Boolean operations. 

Theorem 7.4. The family 'c(TS) is closed under union and intersection. 

Proof. Let L1 and L2 be two picture languages over an alphabet E and let 
(E,r1,81,7rd and (E,r2,82,7r2) be two tiling systems to recognize L1 and 
L 2 , respectively. Once again, we assume that the local alphabets r 1 and r 2 

are disjoint. A tiling system (E, r, 8, 7r) for the "union language" L = L1 UL2 
is quite easy to construct. We take as local alphabet r = r1 U r2 and define 
the projection 1r so that its restrictions to alphabets nand r 2 coincide with 
1r1 and 1r2, respectively (see proof of Theorem 7.2). The set of tiles 8 is the 
union of sets 8 1 and 8 2 . 

To construct a tiling system (E, r, 8, 7r) for the "intersection language" 
L = L1 nL2 we need to find an underlying local language for L whose pictures 
"belong", in some sense, to both the underlying local languages for Ll and 
L 2 . This can be accomplished by taking as local alphabet r a particular 
subset of r1 x r2 such that 

Then, a set of tiles 8 that represents the intersection of sets 8 1 and 8 2 can 
be defined as follows. 

Finally, the projection 7r : r -+ E is well defined as 

7r((a1,a2)) = 7r1(a1) = 1r2(a2), V(a1,a2) E r 1 x r 2· 

Remark that the closure under union together with Example 7.3 imply 
that all finite languages belong to 'c(TS). 

In a different set-up, K. Inoue and 1. Takanami (cf. [22], [18], [19]) proved 
that 'c(TS) is not closed under Boolean complementation. We give here a 
shorter proof of this fact, that refers directly to family 'c(TS) and uses a 
combinatorial argument 



Two-Dimensional Languages 241 

Theorem 7.5. The family £(TS) is not closed under complement. 

Proof Let E = {a, b} an alphabet and let 

L = {p E E** Ip = 8 e8 where 8 is a square}. 

That is, language L contains pictures of size (2n, n) for every n E IN such 
that the top and the bottom square halves are identical. The proof of the 
theorem is given by showing that L ¢ £(TS) while CL E £(TS). 

We first prove that L ¢ £(TS). Suppose, by contradiction, that L E 

£(TS). Then L is a projection of a local language L' over an alphabet r. A 
counting argument will show that this leads to a contradiction. Let a and -y 
be the sizes of the alphabets E and r respectively. Without loss of generality, 
we assume that a :-:::; -y. Fix an integer n and let 

Ln = {p E E** Ip = 8 e8 where 8 is a square of size n}. 

The number of pictures in Ln is an2 . Let L~ be the set of pictures in L' (over 
r) whose projections are in Ln. Notice that by choice of -y there are at most 
-y2n possibilities for the n-th and (n+l)-th rows in the pictures of L~, since 
the number of stripe-pictures of size (2, n) on the alphabet r is -y2n. 

For n sufficiently large it will be that an2 2: -y2n. Therefore, for n suffi
ciently large, there will be two different pictures p = sp esp, q = Sq e 8q E Ln 
(with 8 -I- 8 ) such that the corresponding p' = 8' e 8" q' = 8 ' e 8" E L' p r q p P' q q n 
have the same nth and (n+ 1 )th rows. This implies that, by definition of local 
language, pictures v' = 8~ e 8~ and w' = 8~ e s; belong to L~, too. Therefore 
pictures n:( v') = 8p e 8q and n:( w') = Sq e sp belong to Ln. This is the required 
contradiction. 

We now prove that C L E £(TS). We decompose C L = L1 U L2, where: 

L1 = {p E E**I i1(P) =/: 2i2(P)} 
L2 = {p E E**I i1(p) = 2i2(p) and top and bottom halves are different}. 
It is quite easy to show that L1 is recognizable, using a tiling system which, 
within a rectangle, builds up a line declining stepwise two squares by one, 
starting at the top left corner and missing the bottom right corner. On the 
other hand, L2 can be written as: 

L2 = L3 n (E** e (L4 n (17** CD L5 CD 17**)) e 17**) 

where: 

L3 = {p E 17** I i1(p) = 2i2(p)} 
L4 = {p E E** I i1(p) = i2(P) + I} 
L5 = {p E 17** I i2(p) = 1 and p(l, 1) =/: p(1,i1(p))}, 

Language L3 and L4 can be recognized by techniques similar to the one for L1 
above described (using the opposite of the last condition for e.g. L3)' To see 
that L5 is recognizable it suffices to observe that it is actually a recognizable 
string language. This shows that language L2 E £(TS) and consequently that 
the whole C L is recognizable. 
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Remark 7.3. In Remark 7.2 we noticed that the definition of family £(TS) 
is implicitly non-deterministic. Then, as consequence of non-closure under 
complement of family £(TS), we infer that it is not possible to eliminate the 
non-determinism from this model without loosing in power of recognition (as 
long as deterministic versions allow complementation). 

We conclude this section by considering the rotations (see Section 2. for 
the formal definition). The following theorem holds. 

Theorem 7.6. The family £(TS) is closed under rotation. 

Proof. Let L ~ E** and let T = (E, r, e, 7r) be a tiling system to recognize 
L. It is not difficult to verify that the rotation of L can be recognized by 
tiling system T R = (E, r, eR , 7r) where eR is the rotation of set e. 

7.4 Domino systems 

We defined "local languages" as languages given by a finite set of authorized 
tiles of size (2,2). The use of blocks of size (2,2) implies that, in a compu
tational procedure to recognize a given picture, the horizontal and vertical 
controls are done at the same time. Then it is natural to ask what happens 
when the two scannings are done separately and in particular what this can 
imply when we apply projections afterwords. 

In [25] the so-called hv-local picture languages are defined, where the 
square tiles of side 2 are replaced by "dominoes" that correspond to two 
kinds of tiles: horizontal dominoes of size (1,2) and vertical dominoes of size 
(2,1). Notice that, from a computational point of view, this corresponds to 
the fact that the horizontal and the vertical scanning of an input picture can 
be done separately. We now give some more formal definitions. 

Recall that, given a picture p of size (m, n), and h :S m, k :S n, we denote 
by Bh,k(P) the set of all blocks (sub-pictures) of p of size (h, k). We call 
domino a picture whose size is either (1,2) or (2,1). 

Let r be a finite alphabet. 

Definition 7.3. A two-dimensional language L ~ r** is hv-Iocal if there 
exists a finite set .1 of dominoes over the alphabet r u {#} such that language 
L = {p E r**I(B1,2(P) u B2,1(P)) ~ .1}. 

The set .1 will be called a representation by dominoes for the hv-Iocal 
language L and we will write L = L(.1). It will be implicitly assumed that 
the empty picture oX belongs to an hv-Iocallanguage if both the dominoes of 
sizes (1,2) and (2,1) with two # symbols belong to .1. 

The family of hv-Iocal picture languages is strictly contained in the family 
LOC of local picture language as it is proved in the following proposition. 

Proposition 7.1. If L ~ r** is an hv-Iocal two-dimensional language then 
L is a local language. 
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Proof. Let L ~ r** be an hv-local picture language. Then L = L(Ll) where 
Ll is a finite set of dominoes. We will construct a finite set of tiles 8 and 
show that L = L (8). The set of tiles 8 will be defined in a way that all the 
sub-blocks of sizes (1,2) and (2,1) of each tile in 8 should belong to the set 
of dominoes Ll. More formally, we define 8 as follows. 

Let L' = L(8). We now show that L' = L. Let pEL': then, by definition, 
B2,2(fi) E 8. This implies that B1,2(fi) ~ B1,2(B2,2(fi)) ~ B1,2(8) ~ Ll. 
Similarly B2,1 (fi) ~ Ll. Hence pEL. 

Conversely, let pEL and q E B2,2(fi). Then B1,2(q) ~ B1,2(fi) ~ Ll and 
B2,1(q) ~ B2,1(fi) ~ Ll. Therefore q E 8 and pEL'. 

We remark that the converse of Proposition 7.1 is not true, that is there 
are languages that are local but not hv-Iocal. This can be easily understood 
by considering the local language over E = {O, I} of squares of O's with the 
main diagonal of l's described in Example 7.1. 

The relevance of family of hv-Iocal languages lies in the fact that it can 
be used to define a special kind of tiling system called domino system. 

Definition 7.4. A domino system (DS) is a 4-tuple V = (E, r, Ll, 7f), where 
E and r are two finite alphabets, Ll is a finite set of dominoes over the 
alphabet r u { #} and 7f : r -t E is a projection from r to E. 

The domino system V "recognizes" a language L over the alphabet E 
defined as L = 7f(L') where L' = L(Ll) is the hv-Iocal language over r 
corresponding to the set of dominoes Ll. 

We denote by £(DS) the family of two-dimensional languages recognized 
by domino systems. The following theorem holds. 

Theorem 7.7. £(TS)=£(DS) 

Proof The inclusion £(DS)~ £(TS) is an immediate consequence of Propo
sition 7.1. The inverse inclusion is based on the following lemma. The proof 
we give here is shorter than the original one in [25]. 

Lemma 7.1. Let L be a local language over an alphabet E. Then there exists 
an hv-local language L' over an alphabet r and a mapping 7f : r -t E such 
that L = 7f(L'). 

Proof Let L = L(8) where 8 is a finite set of tiles over EU{#}. Recall that, 
by definition, 8 contains all allowed sub-pictures of size (2,2) of pictures in L. 
The idea of the proof is to show that we can express the property of "beeing 
an allowed sub-picture of size (2,2) of picture in L" by means of dominoes 
over a larger alphabet r. This is accomplished by choosing r as the set 8 
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itself and defining the set ..1 of dominoes by forcing some conditions on the 
tiles to stay in the same domino. More formally, we do the following. 

Let r = e ~ (17U {#})2X2 and let 

Cl C2 
C3 C4 

d1 d2 

d3 d4 

Language L' = L(Ll) is an hv-locallanguage over r. Then we define a 
mapping rr between the two alphabets as follows. 

rr: r --t 17 

~1 a2 
--t al 

a3 a4 

To complete the proof, we have to show that rr(L') = L. Before proving 
it formally, we give an example to clarify how a picture pEL and a picture 
p' E L' such that rr(p') = p are related. Suppose that picture p is the one 
below: 

# # # # # 
p= # Pu P12 P13 # 

# P21 P22 P23 # 
# # # # # 

Then the corresponding picture if will be the following. 

# # # # # # # # # # 
# pu pu P12 P12 P13 P13 # # # 
# Pll Pu P12 P12 P13 P13 # # # 

p'= # P21 P21 P22 P22 P23 P23 # # # 
# P21 P21 P22 P22 P23 P23 # # # 
# # # # # # # # # # 
# # # # # # # # # # 
# # # # # # # # # # 

Note that in the definition of iI we have used several different "border 
symbols". More precisely, we have assumed without loss of generality that 
border symbols for r are all tiles containing symbol # at the top-left position. 

Now we prove that L = rr(L'). Let pEL, P of size (m, n). We consider a 
picture p' over r defined as follows. 

'( .. ) p(i,j) p(i,j+l) £ . _ 1 1 1 
P 'L.J = p(i+l,j) p(i+l,j+l) or ~ - , ... ,m- , j = 1, ... ,n- ; 

'(.) p( i, n) # £ . 1 1 
P ~,n = p(i+l,n) # or ~ = , ... ,m- ; 
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'( ') p(m,j) p(m,j+l) 
pm,] = # # for j = 1, ... , n - 1 ; 

It is easy to verify (by definitions of L' and 11') that p' E L' and 1I'(p') = p. 

Conversely, let p' E L' and let q E B2,2(iI) be a sub-picture of iI of size 
(2,2), To prove that 1I'(p') E L it suffices to show that 1I'(q) E B. Without 
loss of generality, (because of definition of L'), suppose the block q is the 
following. 

al b1 b1 b2 

q= 
Cl d1 d1 d2 
Cl d1 d1 d2 
C3 C4 d3 d4 

where all the symbols al,bl,b2,Cl,C2,C3,dl,d2,d3,d4 E E U {#} and the 

~l bl ~l b2 ~l d1 ~l d2 four quadruples d' d d' , d dEB. 
cl 1 1 2 C3 C4 3 4 

~l bl Then 1I'(q) = dEB. 
Cl 1 

Before concluding we give, as example, an application of Theorem 7.7. 

Example 7.5. Consider language L of squares over the one-letter alphabet 
E = {a}. In Example 7.2 we saw that L E C(TS). In order to show that 
L E C(DS) it suffices to verify that it can be obtained as projection of the 
language L' over r = {O, 1, 2} of squares whose positions in the main diagonal 
are covered by l's, positions above the main diagonal are covered by O's and 
positions below the main diagonal are covered by 2's. That is, L' contains 
pictures like the following. 

1 0 0 0 0 0 
2 1 0 0 0 0 
2 2 1 0 0 0 
2 2 2 1 0 0 
2 2 2 2 1 0 
2 2 2 2 2 1 

Language L' is hv-local, in fact it is represented by the following set of domi-
noes. 

<1= 

~,tE,tE,[E,[!J.tE,tE,tll[~l 
I # I # 1,1 # 11 1,c:mJ,[!IQJ,1 0 I # I, 

I # I 21,[IT!J,mIl,ll I # I 
Then £ = 11'(£') where 11' : r -t E, 11'(0) = 11'(1) = 11'(2) = a. 
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7.5 Generalizations of local languages 

In Section 7.4 we considered a special subclass of local languages, namely 
the hv-Iocal languages, and we proved that the family C(DS) of languages 
that are projections of hv-Iocallanguages coincides with the family C(TS) of 
languages that are projections of local languages. 

In the string language theory there exist two important generalizations 
of local languages: the locally testable languages (cf. [27]) and the threshold 
locally testable languages. In this section we extend these two notions to the 
two-dimensional case and we show that the corresponding two-dimensional 
languages and their projections are all recognizable by tiling systems. 

Let E be a finite alphabet: for any pair of integers h, k 2 1, we define an 
equivalence relation on E** denoted by f'Vhk as follows. 

In other words, two pictures p and q are f'V hk - equivalent if the corresponding 
pictures with border, have the same set of blocks of size (h, k). 

We can now give the following definition. 

Definition 7.5. A two-dimensional language Lover E is locally testable if 
it is union of f'Vhk-equivalence classes for some hand k. 

The family of all locally testable two-dimensional languages is denoted by 
LT. The following theorem holds (see [13J for the proof). 

Theorem 7.8. The family LT is properly included in the family £(TS). 

Remark 7.4. Family LT is an example of sub-family of family £(TS) that is 
closed under complement. 

A further generalization can be obtained starting from the locally testable 
languages and adding the extra condition of counting, up to a fixed thresh
old, the number of occurrences of the sub-pictures of size (h,k). This gives 
the definition of locally threshold testable two-dimensional languages. More 
formally, let t 2 1 be a threshold number and let h, k 2 1. Given a picture 
p, for any picture (J of size (h, k), we defineocc~(p) to be the number of 
occurrences of (J in p if (J occurs less than t times in p or to be equal to t 
otherwise. 

Given two pictures p and q, we say that they are f'V~ k -equivalent if, 
for every picture (J of size (h, k), occ~(p) = occ~(q). The r~lation f'V~,k is an 
equivalence relation. 

Definition 7.6. A two-dimensional language Lover E is locally threshold 
testable if it is the union of f'V~,k-equivalence classes for some h, k and t. 

The family of all locally threshold testable two-dimensional languages is 
denoted by LTT. The following theorem holds (see [15] for the proof). 
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Theorem 7.9. Every language in LTT is a projection of a locally testable 
language. 

The following corollary is an easy consequence of Theorem 7.9. 

Corollary 7.1. The family LTT is properly included in the family £(TS). 

8. Equivalence theorems 

The families of two-dimensional languages defined in the previous sections 
are based on different approaches to recognize or generate pictures that were 
all generalizations from the one-dimensional languages theory. It turns out 
that equivalence theorems hold among these families and that such theorems 
are, in some sense, the analogous of fundamental equivalence theorems among 
the families of recognizable string languages. 

8.1 Tiling systems and automata 

Tiling systems for picture languages were defined generalizing to the two
dimensional case a characterization of finite automata for strings in terms of 
local sets and projections (see Section 7.2). In [22] K. Inoue and I. Takanami 
proved that tiling systems can be viewed as machine devices. More specifi
cally, a tiling system can simulate an on-line tesselation automaton and vice 
versa. This is the contents of the following theorem. 

Theorem 8.1. £ (20TA) = £ (TS). 

To make to proof of the theorem easier to read, we split the theorem in 
two lemmas corresponding to the two inclusions in the theorem. 

Lemma 8.1. If a language is recognized by two-dimensional on-line tesse
lation automata then it is recognized by finite tiling systems (£(20TA)~ 
£ (TS)). 

Proof. Let L ~ E** be a language recognized by a two-dimensional on-line 
tesselation automaton A = (E, Q, I, F, 15). We have to show that there exists 
a tiling system T that recognizes L. Let T = (E, r, 8, rr) be a tiling system 
such that: 
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8b = { I a, b =I- # and qo E I}; 
8 1 = { a,b=l-#,qOEIand q E8(s,qO,b)}; 

8 r = { a, b =I- # and qo E I}; 

8t1 = { I a =I- #, qo E I and q E 8(qo,qo,a)}; 

8tr = { I a =I- # and qo E I}; 
8bl = { I a =I- # and qo E I}; 
8br = { I a =I- # and qo E I,qf E F}; 

- 7r: (17U {#}) x Q ~ 17 such that 7r(a,q)=a,Va E L'U{#},q E Q. 

Notice that set 8 is defined in a way that a picture p' of the underlying 
local language of L(7) describes exactly a run of the 20TA A on p = 7r(p'). 
Then, it is easy to verify that L(A) = L(7). 

Lemma 8.2. If a language is recognizable by finite tiling systems then it 
is recognizable by two-dimensional on-line tesselation automata (C(TS)r; 
C(20TA)). 

Proof. Let L ~ 17** be a language recognized by the tiling system (17, r, 8, 7r) 
and let L' the underling local language represented by the set of tiles 8 (i.e., 
7r(L') = L). Since C(20TA) is closed under -projection (see Theorem 4.5), it 
suffices to show that there exists a 20TA recognizing L' r; r**. 

Let A = (r,Q,I,F,8) be a 20TA such that: 

-Q=8; 

- I = {I ~ I : II b, c, d E r U {#} and I ~ I : I E 8 } 
-F={I;I:I'I;I:IE8} ; 
- 8: Q x Q x 17 ~ 2Q such that: vi : I : 1,1 : I : I E Q: 

8 (ffilj,BBj, a) = {tffij I tffij E Q }. 

Notice that the transition function 8 is defined in a way that the run of A 
over a picture p simulates a tiling of p by elements of Q = 8. The initial states 
correspond to the tiles in the first row and in the first column of p and the 
final state to accept p correspond to the tile in the bottom-right corner of p. 
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The transition 8 (I : I ~ I, I : I : I, a), that computes the state for position 

(i,j), corresponds to the following "portion" of tiling of p (position (i,j) is 
in the center): 

~y 
z a b 
ted 

Then, it can be easily verified that L' = L(A). 

8.2 Tiling systems and logic formulas 

Finite tiling systems have also a natural logic meaning. In this section we 
prove that an analogous of Biichi's theorem for strings (cf. [3]' [4] or [37]) 
holds also for two-dimensional languages. More precisely, in [15] it is shown 
that the family of languages recognized by finite tiling systems and the family 
of languages defined by existential monadic second order formulas coincide. 
This is the contents of the following theorem. 

Theorem 8.2. £(TS)=£(EMSO) 

Again, we split the theorem in two lemmas corresponding to the two 
inclusion relations in the theorem. 

Lemma 8.3. If a language is recognizable by finite tiling systems then it is 
definable by existential monadic second order formulas (£(TS) ~ £(EMSO)). 

Proof. Let L ~ E** be recognized by the finite tiling system (E, r, 8, 11"). 
Without loss of generality we assume that r = E x Q and 11" : E x Q ---+ E 
is the canonical projection. Moreover, to indicate a picture p' of the local 
language L' = L(8), we use the notations p' = pxc, where p and c are two 
pictures of the same size over the alphabets E and Q, respectively. 

We have: 
pEL iff there is a picture c E Q** of the same size as p such that 

the blocks of size (2,2) of iXc belong to 8. 
We have to formalize the right-hand side by an EMSO-formula to be in

terpreted in p. Let Q = {qI, ... , qk}: we use set variables Xl"'" Xk where 
XI(X) has the meaning c(x) = ql. The above equivalence can then be refor
mulated as follows. 

pEL iff P satisfies the following condition: 
3XI ... 3Xk(XI, ... , Xk form a partition of dom(p) 
and for the picture c given by c(i,j) = ql iff (i,j) E Xl 

the blocks of size (2,2) of iXc belong to 8. 
The partition condition on X I, ... ,Xk corresponds to the following formula. 

CPpart(Xt, . .. ,Xk) : Vz (Xl (Z) V ... V Xk(Z)) /\ 1\ -,(Xi(Z) /\ Xj(Z)). 
i¥-j 
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Next we have to express that each sub-picture of size (2,2) of iiXC (where c 
is defined by a given partition Xl, ... , Xk as above) belongs to 8. Each tile 
() E 8 can be numerated in the form: 

()=~ 
~ 

with ()i E (E x Q) U { #} for i E {l, ... 4}. We divide 8 into nine disjoint sets: 

8 = 8m U 8t U 8 b U 81 U 8 r U 8 tl U 8 tr U 8bl U 8br 

where 8 m contains all "middle tiles" , i.e., those without #; 8 t contains the 
"top tiles" , i.e., those with ()l =()2 = # and ()3, ()4 E ExQ, and so on until 8br 

that contains all "bottom-right tiles", i.e., those with ()l =f:. # and ()2 = ()3 = 
()4 = #. 

By nine corresponding formulas 'l/Jm, 'l/Jt, ..• , 'l/Jbr we describe in each case 
which of the four positions Xl,X2,X3,X4 of a tile should match the picture 
(excluding the boundary #). (The formulas 'l/Jm, 'l/Jt, ... are variants of the 
formulas ~t(x), ~b(X), ... described in Section 6 .. We set: 

'l/Jm(Xl, X2, X3, X4) := X1SIX3/\ X 1S2 X2/\ X3S2X4 /\ X2 S 1X4 

'l/Jt(X3, X4) := X3S2X4 /\ ...,3x XSIX3 /\ ...,3x XSIX4 

'l/Jbr(Xl) := ...,3x X1SIX /\ ...,3x X1S2X. 

Then, we have to express that, for each quadruple satisfying one of the 
formulas above, the corresponding sub-picture belongs to the corresponding 
set in B. For example, let us focus on middle tiles. For each quadruple (i,j), 
(i+1,j), (i,j+1), (i+1,j+1) of positions of dom(pxc), i.e., for each quadruple 
satisfying 'l/Jm(Xl,X2,X3,X4), the tile 

(pxc)(i,j) (pxc)(i,j+1) 
(pxc)(i+1,j) (px c)(i+ 1,j+ 1) 

belongs to 8 m . More formally, we use nine formulas Xm, Xt, ... , Xbr express
ing this for the nine possible cases. If for a tile () we have ()i = (a, qd, where 
i E {I, ... , 4}, we let ~()i (x) be an abbreviation for Pa(x) /\ XI(X). Now let: 
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Thus we obtain an existential monadic second-order sentence defining L: 

3X1 ... 3Xk(CPpart 1\ '<Ixl'" '<IX4 (Xml\Xt I\XbI\XII\XrI\XtlI\XtrI\XbII\Xbr))' 

To prove the other inclusion of Theorem 8.2, i.e., that an EMSO-definable 
picture language is recognized by finite tiling system, we make use of the 
following theorem that holds in general for different structures (a proof that 
refers directly to picture languages can be found in [15]). 

Theorem 8.3. A language is first-order definable if and only if it is locally 
threshold testable. 

Lemma 8.4. If a language is definable by existential monadic second order 
formulas then it is recognizable by finite tiling systems (£(EMSO)c;. £(TS)). 

Proof. Let L c;. E** be defined by the following existential monadic second
order formula. 

cP : 3X1 ... 3Xk1/!(Xb . .. ,Xk) 

where 1/! is a first-order formula. Notice that 1/!(X1, ... , Xk) is satisfied in 
picture models of the form (p,Ql,'" ,Qk) with Qi c;. dom(p) for i = 1, ... ,k. 
Such an expanded picture model corresponds to a picture over the extended 
alphabet r = E x {O, l}k where the m-th additional component is 1 at 
position (i,j) if and only if (i,j) E Qm; otherwise it is O. Let us call L' 
the language over r defined by 1/!(Xb ... , Xk). By Theorem 8.3, the picture 
language L' is locally threshold testable and therefore, by Theorem 7.9, it is 
recognized by tiling systems. 

Let 1f be the canonical projection from Ex {a, l}k to E. Then L = 1f(L'). 
Since £(TS) is closed under projection, this implies that also L is recognized 
by tiling systems. 

It is interesting to remark that, as a technical application of Theorem 8.2 
together with Theorem 7.5, we easily obtain that the class of picture lan
guages definable in existential monadic second-order logic is not closed under 
complement. This situation is in some contrast to the involved proof of Fagin 
(cf. [10]) (applying an extension of Ehrenfeucht-Fraisse games) which shows 
nonclosure under complement of existential monadic second-order logic with 
respect to the class of arbitrary finite graphs. 

8.3 Tiling systems and regular expressions 

Let L c;. E** be a language defined by a finite tiling system. By Lemma 7.1, L 
can be defined as well by domino systems, i.e., L is a projection of a hv-Iocal 
language K. We first analyze the relations between hv-Iocallanguages and 
languages denoted by regular expressions. 

Theorem 8.4. The family of hv-local languages is included in the family 
£ (CFRE). 
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Proof. If K ~ r** is hv-Iocal, then there exists a finite set L1 of dominoes 
over r u {I} such that K = {p E r** I B1,2(P) u B2,1(ii) ~ L1}. 

Let L1h (L1v respectively) denote the set of horizontal (vertical, resp.) 
dominoes of L1 (Le., Ll = L1h U L1v). Denote by Kh (Kv, resp.) the hv-Iocal 
language obtained replacing L1 with L1h (L1v, resp.). Now, one can associate 
to the picture language Kh a local string language Sh ~ r* defined by the 
set of dominoes L1h, considered as a subset of (r u {#})2. Similarly, one 
can associate to the picture language K v the local string language Sv ~ r*, 
defined by the set of dominoes L1v considered as subset of (r U {#})2. It is 
easy to verify that a picture p over r is in K if and only if each row of p 
(taken as a string) is in Sh and each column of p (taken as a string) is in Sv' 
This corresponds to the following equality (see Section 2 for the definition of 
91). 

K = Sh 91Sv 
Since Sh (Sv resp.) is a local string language, it is also regular, i.e., there 

exists a regular (string) expression O:h (O:v resp.) denoting Sh (Sv resp.). Let 
fA (f3v resp.) the regular (picture) expression obtained replacing in O:h (O:v 

resp.) the concatenation with the operation (J) (9 resp.) and the * operation 
with the operation *(J) ( *9 resp.). Then the language K corresponds to the 
following complementation-free regular expression: 

K = ({3h)*9 n ((3v)*(J). 

Using this result, one can obtain the following Kleene-like characterization 
for the family £(TS). 

Theorem 8.5. C(TS) = C(PCFRE). 

Proof We prove first the inclusion C(TS) ~ £(PCFRE). We recall (see 
Theorem 7.7) that, for any language L ~ E** belonging to C(TS), there 
exists an alphabet r, a projection 7r : r - E and a hv-Iocallanguage Kover 
r such that L = 7r(K).Then, by Theorem 8.4, K E C(CFRE) and therefore 
L E C(PCFRE). 

To prove the converse, we first remark that (as it is easy to verify) the 
atomic languages belong to £(TS). Moreover, since £(TS) is closed under 
all the operations in 'Rl plus projection (see Section 7.3), one concludes that 
£(PCFRE) ~ £(TS). 

The previous theorem can be restated also as follows: "Family £(TS) 
coincides with the smallest family of languages that contains the atomic lan
guages and is closed under regular opemtions in'Rl plus projection". In other 
words, a language in £(TS) can be expressed by a formula containing regular 
operations (without complementation) and projection. 

In the course of the proofs of previous theorems we also proved the fol
lowing result which is of independent interest, since it allows to define tiling 
recognizable picture languages in terms of recognizable string languages. This 
characterization will be useful for further generalizations (cf. Section 11). 
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Theorem 8.6. A picture language L over an alphabet E is tiling recognizable 
if and only if there exist two recognizable string languages 81 and 82 over an 
alphabet r and a projection 7r : r ~ E such that L = 7r(81 ffi 82), 

As a consequence of this theorem, a tiling recognizable language can be 
specified by a triple (AI. A2, 7r), where Al and A2 are two (standard) finite 
automata and 7r is a projection. 

8.4 Comparing all families 

We summarize in the following theorem the equivalence results obtained in 
the previous sections. 

Theorem 8.7. Given a two-dimensional language L, the following condi
tions are equivalent. 

(i) L is defined by a complementation-free regular expression with projec
tion (L E £(PCFRE)). 

(ii) L is recognized by an on-line tesselation automaton (L E £(20TA)). 
(iii) L is defined by an existential monadic second order formula 

(L E £ (EM80)). 
(iv) L is recognized by a finite tiling system (L E £(TS)). 

For the sequel, the family of two-dimensional languages defined in the 
theorem above will be denoted by REC and the elements of REC will be 
simply referred as recognizable two-dimensional languages. 

Remark that Theorem 8.7 indicates the "robustness" of this notion of 
"finite-state" recognizability for two-dimensional languages. In fact, it can 
be defined in terms of machine models, regular expressions, logic formulas 
and tiling systems. 

In the next part of this section we summarize the inclusion relationships 
between the families of two-dimensional languages introduced in this chapter 
and defined in terms of different formal models for recognizing or generating 
languages. 

As far as machine models are concerned, in Section 4. we showed that 
£(4DFA) is properly included in £(4NFA) (cf. Theorem 4.1) and that 
£(2DOTA) is properly included in .c(20TA) (cf. Theorem 4.4). Moreover, 
£(4NFA) is properly included in .c(20TA) (cf. Theorem 4.7) whereas the 
family £(2DOTA) is incomparable with £(4DFA) and .c(4NFA). 

In connection with tiling systems it has been proved in [13J that the 
family of locally testable languages LT is properly included in £( 4DFA) and 
we showed (cf. Theorem 8.3) that the family of locally threshold testable 
languages LTT coincides with family .c(FO) of first-order formulas definable 
languages. 

Regarding grammar models, we proved (cf. Theorem 5.1) that .c(2RLG) 
is properly included in .c(DFA). Moreover .c(2RLG) is not comparable with 
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LOC and LT. Indeed it is easy to give examples of languages in £(2RLG) 
that are not in LOC. On the other hand, the fact that the family £(2RLG) 
is closed under projection (cf. Proposition 5.1) and that is properly included 
in REC, implies that LOC cannot be included in £(2RLG). We do not know 
whether there is some inclusion relation between £(2RLG) and £(2DOTA). 

Some interesting open problems in the theory arises for two-dimensional 
languages defined by regular expressions. The following inclusions trivially 
hold. 

£(SFRE) <;;;; £(RE) 

£(CFRE) <;;;; £(RE) 

It is easy to verify that the first inclusion is strict. We are not able to prove 
that also the second inclusion is strict. A related open problem is whether 
£(SFRE) is included in £(CFRE). This inclusion holds and it is strict in the 
one-dimensional case. 

In Section 8.3 we showed that £(CFRE) is included in REC and such 
inclusion is strict (it can be seen by considering, for instance, the language of 
squares). The main open problem concerning regular expressions is whether 
£(RE) is included in REC. We know that REC is not closed under comple
mentation (cf. Theorem 7.5); on the other hand we do not have any example 
of languages in £(RE) and not in REC. 

Relations between larger families of regular expressions and recognizable 
picture languages are studied in [26]. 

9. Properties of recognizable languages 

9.1 Necessary conditions for recognizability 

In this section we provide some tools that can be used to show the non
recognizability of some picture languages and to show that a given language 
is infinite. All the proofs will use the tiling system characterization for the 
family REC. 

We first state an analogous to the "pumping lemma" for recognizable 
string language (cf. [17]) that holds for the family REC. Roughly speak
ing, this lemma says that, if a language contains a picture whose number 
of columns is sufficiently larger than its number of rows then the language 
contains an infinite number of pictures with that number of rows. 

Lemma 9.1. (Horizontal Iteration Lemma) Let L be a recognizable two
dimensional language. Then there is a function <p : 1N -+ 1N such that if p is 
a picture in L such that fl(p) = n, f2(p) > <p(n), we may write p = xCDqCDy 

with f2(xCDq) :s: <p(n) and f2(y) ~ 1; and for all i ~ 0, picture X CD qi CD CDy 
is in L. Furthermore, <p(n) :s: "In, n E 1N, where "I is the size of any local 
alphabet used to represent L. 
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Proof. Let (E, r, e, '/r) be a tiling system for the language L and let L' be 
the underling local language for L defined by set e. Given a picture p' E L' 
with n rows, p' can have, at most, 'Yn distinct columns, where 'Y is the size of 
local alphabet r. Then, if l2(p') > 'Yn there exist two columns, say the h-th 
and the k-th ones with h < k, that are equal. 

h k 

" " q" Y" 

We decompose p' = X (])q (])y, that is we write p' as column concatenations 
of three pictures x, q and y that are the blocks of p' corresponding to columns 
from 1 to h, columns from h + 1 to k and columns from k + 1 to l2(p') 
respectively. By definition of local language, p' E L' means that its blocks of 
size (2,2) belong to set e. It is not difficult to verify that therefore also the 
picture x(])y is in L. Moreover, for any i = 2,3, ... , pictures p~ = X (])qi(]) (])y 

are defined by the same set of tiles as p' and therefore they all belong to L . 
This concludes the proof of the lemma. 

In a similar fashion one can state a "Vertical Iteration Lemma" that refers 
to languages containing pictures whose number of rows is larger than an 
exponential function of its number of columns. (In this case the Lemma states 
that the language contains an infinite number of pictures with that number 
of columns.) 

An application of Lemma 9.1 will be given in Section 10. 
We now give a definition of an equivalence relation among pictures. Let 

E be a finite alphabet. 

Definition 9.1. Let L ~ E** be a language and let p, q E L be two pictures 
of the same size (k, r). Pictures p and q are syntactically equivalent modulo 
L (p "'L q) if for any xl, X2, Yl, Y2 E E** it holds that 

Xl (]) (Yl 8p8Y2) (])X2 E L ¢:> Xl (]) (Yl 8q8Y2) (])X2 E L 

that corresponds to the following: 

Yl Yl 

Xl P X2 Xl q X2 EL. 

Y2 Y2 
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Notice that the syntactic equivalence can be defined only among pictures 
of the same size. If the alphabet E has a symbols, then the number of different 
pictures of size (k, r) over E is ak ·r . We denote by h(k, r) the number of 
equivalence classes of pictures of size (k, r). The following lemma gives an 
upper bound on the number h(k,r). 

Lemma 9.2. (Syntactic Equivalence Lemma) Let L be a recognizable lan
guage, then there exists a positive integer c such that h (k, r) S ck+r. 

Proof. Let L' ~ r** be an underling local language for L and let "( be the 
size of the local alphabet r. We set c = "(2. 

For any picture p, we call perimeter of p the set composed by all positions 
of the bottom and the top rows and of the leftmost and the rightmost columns 
of p. Let p, q E L be two pictures of size (k, r) and let p', q' E L' be their 
corresponding pictures in L' (that is 1I"(p') = P and 1I"(q') = q). It is not 
difficult to verify that, if p' and q' have the same perimeter, then pictures p 
and q are syntactically equivalent. 

Then, the lemma follows by noticing that the number of different perime
ters of pictures of size (k, r) over r is "(2(k+r)-4. 

Remark 9.1. The proof of non-closure under complement of family REC (see 
Theorem 7.5) is actually based on the Syntactic Equivalence Lemma. In fact, 
in such proof it is shown that there exists a constant c such that if n is greater 
than c then we can find two square pictures p and q (p =1 q) of side n that are 
syntactically equivalent. This implies that picture p8q belongs to language 
Ln and gives the contradiction. 

9.2 Undecidability results 

In this section we analyze some properties that the family of recognizable 
picture languages does not share with the corresponding family in one di
mension. We already saw one of these properties in Section 7.3 where we 
proved that family REC is not closed under complement. As in the previ
ous section, all the proofs will refer to the tiling systems characterization of 
family REC. 

We consider the decidability of the emptiness problem. In the one
dimensional case it is trivially decidable whether the language recognized 
by a finite automaton is empty (cf., e.g., [17]). The corresponding problem 
in two dimensions can be formulated as follows. 

Emptiness Problem for recognizable picture languages: Given a tiling 
system 7 = (E, r, e, 11"), decide whether the corresponding picture language 
L = L(7) is empty. 

We give first an example. 

Example 9.1. Let e be the following set of tiles over r = {O, I}. 
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1TITI[ITQ][IIQJ[QJQl[Qll] 
@IT)' ~ 'OO!] 'cmJ '[QJ1J' 

8= 
[llIJ[1ll][1ll][IDJ[TI#l 
ITJJJ' [llI] '0J1] 'cmJ 'cmJ 

The local picture language L = L(8) is an empty set (there are no left-border 
(or right-border) tiles that allow us to "switch" from the Is in the top to the 
Os in the bottom of the pictures). 

In the case of Example 9.1, it is quite easy to verify that the language 
corresponding to the given set of tiles 8 is empty. Nevertheless, this is not 
always the case. We will prove that, in general, the Emptiness Problem for 
recognizable two-dimensional languages is undecidable. 

Theorem 9.1. The Emptiness Problem for the family REG is undecidable. 

Proof We use the known fact that, "Given a Turing Machine M, it is un
decidable whether the language L(M) recognized by M is empty" (see, for 
example, [17]). We describe a procedure that, given any Turing Machine M, 
define a set of tiles 8M such that "Language L(M) is empty if and only if 
the local language L(8M ) is empty". This will give, as a consequence, that 
the emptiness problem is undecidable for the family LOC and therefore, in 
general, (since LOC C REC) it is undecidable for the family REC. 

Given a Turing Machine M, let rand Q be the alphabet and the set of 
states of M, respectively. An instantaneous configuration of M is given by 
a string uqv where uv E r* is the contents of the tape between the leftmost 
and the rightmost non-blank symbol, state q E Q is the current state and 
the first letter of v is the one scanned by the tape-head. We consider a new 
alphabet r' in a one-to-one correspondence with r such that if x E r then 
x' is the corresponding letter in r'. Then, we can rewrite any instantaneous 
configuration uqv as uqv', where v' is the string over r' corresponding to v. 

A successful computation of M can be described as a finite sequence of 
strings W = (Wi, W2, ... , wm ) where Wi is the ith instantaneous configuration 
of M. Given a successful computation w, we add as many as needed Band 
B' "blank" symbols to the beginning and to the end, respectively, of each 
instantaneous configuration Wi in a way that, for i = 1,2, ... ,m: 

the first symbol of Wi is the blank B; 
the last symbol of Wi is the blank B'; 
all strings Wi have the same length n. 

Notice that, if qo and qf are the initial and the final state, respectively, of 
M, the following holds: 

- Wi E B* qor* B'* 
- Wf E B* r*qfr'* B'* 
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- if Wi = uqv' and q has position j in Wi, then Wi+! = UIPVl and p has 
position j - 1, j or j + 1 in Wi+! according to the corresponding transition. 

Let Pw be a picture of size (m, n) obtained by writing all strings in W in 
a way that Wi+! is below Wi for i = 2, ... ,m. Then all possible blocks of size 
(2,2) of ~ are compatible with the transitions of the Turing Machine M. 

I qo 

r qi r' 

qf I 
Let eM be the set of tiles over r u r' u Q U { #} that can appear as blocks of 
pictures Pw for some successful computation W of M. Then, it is not difficult 
to verify that: 

If M has successful computation, i.e. if C(M) i= 0, then there exist a picture 
whose blocks of size (2,2) belongs to eM. i.e. C(eM) i= 0. 

If C( eM) i= 0 then M has successful computation. 

This concludes the proof. 

A problem that is complementary to the Emptiness Problem is the so
called Universe Problem. It can be stated as follows: "Given a tiling sys
tem (E, r, e, 11") for a two-dimensional language over an alphabet E, decide 
whether the language L(E, r, e, 11") coincides with the whole E**." We re
call that the family LT of locally testable two-dimensional languages (see 
Remark 7.4) is closed under complement and it contains the family LOC 
of local languages. Moreover, notice that in the previous proof we actually 
showed that the emptiness problem is undecidable for the family LOC. This 
proves the following corollary. 

Corollary 9.1. The Universe Problem for recognizable picture languages is 
undecidable. 

10. Recognizable functions 

In the theory of string languages the case of one-letter alphabet plays a special 
role and leads to the theory of recognizable set of numbers (cf. [7]). 
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In this section we consider two-dimensional languages over one-letter al
phabets. In this case a picture can be actually identified with a pair (m, n) of 
natural numbers, where m is the height (Le., the number ofrows) of the pic
ture and n is its length (Le., the number of columns). With this assumptions 
the study of a picture language over a one-letter alphabets can be performed 
as well by investigating the corresponding set of integer pairs. On the other 
hand, every function I : IN - IN defined over the set of natural numbers 
is actually a set of integer pairs and therefore it can be viewed as a two
dimensional language over a one-letter alphabet. 

We can "export" the definition of recognizability from picture languages 
to functions and we say that a function is recognizable if it is so the corre
sponding picture language. Of course we can define functions recognized by 
4-way automata, by grammars, by tiling systems, and so on for any definition 
given in this chapter. Here we refer to family REC and, in particular, we use 
the tiling systems characterization of REC. Our aim is identifying classes 
of recognizable functions and finding particular characterizations for them. 
Most of the results in this section are from [12]. 

We establish first some notations and give formal definitions. Let IN in
dicate the set of natural numbers. Given a function I : IN - IN, the two
dimensional language associated to I is defined as 

L f = {p E 17**lil(P) = nandi2 (P) = I(n), n E IN} 

where 17 is a one-letter alphabet. 

Definition 10.1. A function I : IN - IN is recognizable il the associated 
two-dimensional language L f is recognizable. 

We denote by FREe the family of all functions recognizable by finite 
tiling systems. In the sequel, the two notations f E FREe and Lf EREC 
will be used indifferently with the meaning of "function I is recognizable (by 
finite tiling systems)". As simple examples of such recognizable functions, let 
us consider the following. 

Example 10.1. The "constant function", e.g., function f(n) = c, c E IN, is 
recognizable. In fact, language Lf corresponds to that one in Example 7.4. 
Furthermore, the "identity function", e.g., function I(n) = n, is recognizable: 
language Lf corresponds to the language of squares in in Example 7.2. 

Given two functions I, 9 : IN - IN, we indicate by I + 9 the function 
defined as (J + g)(n) = I(n) + g(n). Similarly,if c E IN, we indicate by c· I 
the function defined as (c· J)(n) = c· f(n). We show that family FREe is 
closed under these operations of sum and product for a positive constant. 

Lemma 10.1. Let I,g : IN - IN be two functions and let c E IN. II I,g E 

FREe then 1+ 9 E FREe and c· I E FREe· 



260 D. Giammarresi and A. Restivo 

Proof. Remark first that, the two-dimensional language associated to a func
tion has the property that, for each n E IN, it contains only one rectangle 
of height n. This implies that Lf+g = LfCDLg. Then, since family REC is 
closed under column concatenation, Lf+g EREC, that is function f + 9 is 
recognizable. Similarly, it holds that Le.f = L f CDLf CD . .. CDLf. c times. Then 
L e.! EREC, that is function c· f is recognizable. 

Another results that we can easily establish is about inverse functions. 
Recall that all the functions to whom we are concerned have values in IN, 
therefore all the "inverse" functions should be considered in this context. 

Lemma 10.2. Let f : IN -+ IN be a function such that its inverse f- 1 is 
also a function. If f E FREe then its inverse f- 1 E FREe. 

Proof. The result holds because of the closure under rotation of family REC 
(d. Theorem 7.6). 

We now give sufficient conditions for a function to be recognizable. Next 
we will show families of recognizable functions. 

Theorem 10.1. Let f : IN ---+ IN be a function satisfying the following 
recurrence equation 

{ f(l) =c 
fen + 1) = k· fen) + g(n) 

(10.1) 

where c, k E IN and 9 E FREe· Then, function f E FREe. 

Proof. By definition of recognizable function and of recognizable picture lan
guage, it suffices to give a local two-dimensional language whose rectangles 
have size (n, fen)), for n E IN. Since function 9 is recognizable, then we have 
local rectangles of size (n,g(n)), for n E IN. 

We explain first how to construct the rectangles for f in the particular 
case when k = 1. The basic idea is to think the rectangles as built recursively 
from n = 1,2, ... as if they were built following the computation for the 
corresponding values of function f. We define first a rectangle for f(l). Then, 
given the rectangle for f (n), we construct that one corresponding to f (n + 1) 
by performing a column concatenation with the rectangle corresponding to 
g(n) and adding a row of l's below. (We assume that symbol 1 does not 
belong to the local alphabet for L g .) 

In the figures that will follow we indicate by f (n) also the corresponding 
rectangle of the local two-dimensional language (e.g., the rectangle of size 
(n, fen)). We give below the rectangle corresponding to value f(4). Notice 
that this rectangle contains inside the rectangle corresponding to values f(l) 
(explicitly written), the rectangle corresponding to values f(2) (the one of 
size (2,10) in the top-right corner), and so on. 
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f(I) I g(I) 
g(2) 

1 1 1 1 1 1 1 111 g(3) 

1 111 1 1 1 1 1 1 1 1 1 1 1 111 1 1 

1 1 1 1 1 111 1 1 1 1 1 1 1 111 1 1 111 1 1 1 1 1 1 1 1 1 1 1 

If we choose in an appropriate way a representation for function g(n), 
this kind of rectangles are actually local. The "acceptance conditions" can be 
given by defining in a convenient way the tiles of the border. For example, 
a rectangle that belongs to Lf will have alII's in the last row. This implies 

that tiles for the bottom border will be only I ~ I ~ ,. Moreover, we do not 

include tile I ~ I: I among the tiles for the right border. This guarantees that, 

at each step of the recursive construction, we can add only one row of 1 'so 
As example we construct explicitly the local language for the function 

that satisfy the following equations. 

{ f(I) =1 
f(n + 1) = f(n) + n 

We give below the rectangle corresponding to value f(6}. Notice that it con
tains inside the representations for values f(I) up to f(5). 

0 b b c b c c b c c c b c c c c 

1 1 a b a b c a b c c a b c c c 

1 1 1 1 a a b a a b c a a b c c 

1 1 1 1 1 1 1 a a a b a a a b c 

1 1 1 1 1 1 1 1 1 1 1 a a a a b 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

Notice that, differently from before (cf. Example 7.2), to represent the func
tion g(n) = n we have taken a local languages of squares over the three-letter 
alphabet {a, b, c}. This is because we need to define also concatenations be
tween those squares. The set (9 that represents Lf will contain all the sub
blocks of size (2,2) of the rectangle above (completed with the border of # 
symbols). 

The general case, e.g. when k ~ 1, can be dealt with by extending the 
same idea as in the case of k = 1. We give here only an intuition about 
how to proceed. Again we think the rectangles of the corresponding local 
language as constructed recursively, but this time, at the (n + 1 )th step we 
have to concatenate k different copies of rectangles corresponding to f(n). 
This can be achieved by defining the set (9 in such a way that, for all n, we 
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can construct k different rectangles corresponding to f(n) that have symbols 
1,2, ... ,k , respectively, in the last row. For example, if k = 4, the rectangle 
corresponding to f (n + 1) will be the following. 

f(n) f(n) f(n) f(n) g(n) 

11111111 22222222 33333333 44444444 

1 111 1 1 1 111 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 111 

Moreover, as before, we define border-tiles that will enforce us to accept only 
rectangles that have 1 's in all positions of the last row. 

Notice that the Equation 10.1 is quite general, that is by putting partic
ular values in c, k and g(n), we obtain a very large number of functions. In 
this sense, Theorem 10.1 can be considered as a sufficient condition for the 
recognizability of functions. 

As application, let us consider Equation 10.1 with c = 2, k = 1 and 
g(n) = 2n + 1. This corresponds to function f(n) = n2 (because of the 
equality (n + 1)2 = n2 + 2n + 1). Then, Theorem 10.1 says that function 
f(n) = n2 is recognizable. In general, using the classical Newton's formula 
for computing the n-th power of a binomial 

(n + l)k = nk + ( ~ )nk- 1 + ( ~ )nk- 2 + ... + ( k ~ 1 )n + 1 

and proceeding by induction we obtain that functions f(n) = nk are rec
ognizable for all k 2 2. Therefore, because of Lemma 10.1, all polynomial 
functions with positive integer coefficients (e.g., the functions of the form 
f(n) = aknk + ak-lnk-l + ... + ao with k 2 2, ai E lN ,i = 0, ... ,k) are 
recognizable. 

As another particular case, consider Equation 10.1 with c = k = 2,3, ... 
and g(n) = 0, n E IN. The corresponding functions result of the form 
f(n) = kn. Then the exponential functions, e.g., the functions of the form 
f(n) = kn , k 2 2, are all recognizable. Moreover, because the inverse of a 
recognizable function is also recognizable (cf. LemmalO.2), it holds that func
tions f(n) = yin, mE lN as well as functions f(n) = 10gb n, bE lN, are all 
recognizable. 

Remark that logarithmic and exponential functions are tight upper and 
lower bounds for recognizable functions. This holds as immediate consequence 
of Iteration Lemma (cf. Lemma 9.1). In fact, let f : lN ~ lN be a super
exponential function (that is f is a function that grows faster than any 
exponential function; for example f(n) = n!) and let L f be the language 
associates to f. Recall that the language associated to a function contains 
exactly one picture with n rows for each n E IN. Then, since the function f 
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is super-exponential, there are pictures in Lf satisfying the hypothesis of the 
Iteration Lemma. Consequently, L f contains an infinite number of pictures 
with the same number of rows and therefore function f is not recognizable. 

We state the following corollary. 

Corollary 10.1. All functions that grow slower than any logarithmic func
tion or faster than any exponential function, are not recognizable. 

As final note, we mention that some work has been devoted in iden
tifying classes of recognizable functions with respect to the definition of 
four-way automata recognizability. In [20] it is proved that the functions 
f(n) = n 2 , f(n) = kn, f(n) = n! are all not acceptable by four-way finite 
automata. Then we can conclude that the family of picture languages defined 
by four-way automata is strictly included in REC even when restricted to the 
case of one-letter alphabet. 

11. Beyond finite state recognizability 

In this chapter we have investigated the notion of finite state recognizability 
for two-dimensional languages. This notion has been introduced by using 
different formal models like automata, grammars, regular expressions, logic 
formulas and tiling systems. The equivalence stated between some of these 
different approaches indicates that the corresponding notion of recognizability 
is a "robust" one and it can be taken as the natural candidate for being the 
right generalization of the one-dimensional case. 

The situation is completely different for the higher levels of the Chomsky 
hierarchy. In particular, a comparable theory of context-free picture languages 
has not been yet developed. Several attempts to extend this notion to two di
mensions have been tried, but the theory lacks of elegant connections between 
the different approaches. We shortly indicate some of these proposals. 

A first natural approach is in terms of grammars. In Section 5, we pro
posed a model of grammar (known as "matrix grammar") consisting of two 
sets of rewriting rules: horizontal and vertical rules, respectively. This model 
can be extended by considering contex-free rules instead of the right-linear 
ones. This can be done in several ways and gives rise to different notions of 
context-free picture languages (cf. [36, 29]). 

As mentioned in Section 5, there exists another model to generate pic
tures: the "array grammars". In an array grammar, a derivation operates by 
replacing sub-arrays by sub-arrays. Also in this model it is possible to define 
something like "context-free rules". The families of languages obtained by 
array grammars are nevertheless very different from those obtained by ma
trix grammars. Some attempts to put together matrix grammars and array 
grammars were carried out in [39]. 

As far as the approach in terms of (sequential) automata is concerned, 
various model have been proposed that generalize 4FA's (cf. [21] for a surveys 
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on the subject). However, it is not yet known any deep result analogous to 
that (of one-dimensional case) connecting the "push-down" acceptance and 
the "context-free" generation. 

Let us finally indicate two new proposals generalizing some ideas and 
formal methods that have been successfully applied in this chapter to define 
finite-state recognizability. 

The first proposal, is to extend to the context-free case the characteriza
tion of recognizable picture languages given in Theorem 8.6. This theorem 
states that a picture language is recognizable if and only if it can be obtained 
as a projection of the row-column composition of two recognizable string 
languages. Then, one can introduce the following definition. 

Definition 11.1. A picture language L over an alphabet E is contex-free if 
there exist two contex-free string languages 81 and 82 over an alphabet rand 
a projection 7r : r --+ E such that L = 7r(81 EB 82). 

In this way context-free picture language Lover E can be described by a 
triple (G b G2 , 7r), where G1 and G2 are two context-free grammars over the 
(terminal) alphabet rand 7r : r --+ E is a projection. 

As a consequence of Theorem 8.6, the family REC is included in the 
family of context-free picture languages just defined. It is easy to show that 
the inclusion is strict. For instance, if 81 is a non-recognizable context-free 
string language over E and 82 = E, then language L = 81 EB 82 contains 
one-row pictures only, and therefore corresponds to 81 viewed as a picture 
language. Then L is not recognizable. However, remark that there exist non
recognizable context-free string languages 81 and 82 such that L = 81 EB82 is a 
recognizable picture language. Consider, for instance, the following languages 
over the alphabet E = {a, b, c, d}. 

8 1 = {anbn In 2: I} U {cndn In 2: I} 

8 2 = {ancn In 2: I} U {bndn In 2: I} 

Then L = 8 1 EB 82 is the set of all squares over E of the form: 

a a a a b b b b 
a a a a b b b b 
a a a a b b b b 
a a a a b b b b 
c c c c d d d d 
c c c c d d d d 
c c c c d d d d 
c c c c d d d d 

It is easy to verify that L EREC. 
An interesting problem is to investigate the relationships between this 

definition of context-free picture language and those given in terms of gram
mars. 
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Another possible approach is suggested by the notion of tiling recogniz
ability. Recall that this notion takes as a starting point the characterization of 
recognizable string languages as a projection of local languages. For context
free string languages there exists a similar characterization, the Chomsky
Schiitzenberger theorem (cf. [5] or [2]), stating that a string language S 
is context-free if and only if there exist a Dyck language Dn over n pairs 
of "parentheses", a recognizable language R and an alphabetic morphism ¢ 
such that: 

S = ¢(Dn nR). 

If we take this characterization as a starting point for a generalization of 
the notion of context-free language, the main problem is to devise a suitable 
definition of "two-dimensional Dyck language". For instance, a first possi
ble choice is to define a two-dimensional Dyck language Dm,n as the row
column composition of two Dyck languages: Dm,n = Dm EB Dn. A minor 
problem in this approach is to extend the notion of alphabetic morphism to 
two dimensions. Indeed, alphabetic morphisms can erase symbols while in a 
two-dimensional array the erasing can create holes. If we limit ourselves to 
consider non-cancellative morphism, i.e., projection, we obtain only pictures 
of even size. 

A possible research direction is to search for other candidates which gen
eralize the notion of Dyck language in a purely two-dimensional fashion (i.e., 
not as a derivation of the corresponding one-dimensional notion as in the 
previous definition) that further avoid the restrictions on the size of the pic
tures. 
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Basics of Term Rewriting 

Matthias Jantzen 

1. Introduction 

Terms and trees are important structured objects that can be found almost 
everywhere in Computer Science, not only in connection with their mathe
matical foundations. In any axiomatic definition of structures and equation
ally defined calculi one will find the combination of axioms, i.e., equations, 
and a method of deriving new theorems from those by using deduction rules. 
This situation traditionally can be found in logic and became important in 
applications such as symbolic algebraic computation, program specification 
and verification using abstract data types, and automated theorem proving. 
Term rewriting can be seen as a generalization of string rewriting as studied 
early in this century by Axel Thue. Terms are structured strings that can well 
be visualized by rooted, node-labelled, and ordered trees. This was already 
recognized by Axel Thue in 1910, [ThuelO]. In his paper he investigated the 
formulation of new concepts from already given ones and designed a theory 
of terms or trees and how to create and use them. He posed what we now 
call the word problem for equational theories and thereby introduced the idea 
of a universal algebra and the free algebra over sets of equations. The theo
rems deduced syntactically from a set of axioms within a calculus are useful 
only in the context of a semantic interpretation in an algebraic structure 
that models the theory specified by the axioms and the deduction rules. The 
semantic equality means that a theorem a = b is true in each model of a 
given theory whereas syntactic equality a = E b is its deducibility (provabil
ity) from the axioms E. From Birkhoff 1935, [Birk35], we know that semantic 
and syntactic equality coincides and thus the deduction rules specified in the 
calculus could in general be used for deciding semantic equality. However, 
deduction rules might use several premises in order to obtain one conclusion 
and are not always useful for algorithmic solutions. Term rewriting systems, 
in this context usually called reduction systems, define an oriented rewrite 
relation ===} R between the objects that hopefully can be used to decide the 
syntactic equality a =E b. If the equivalence relation ~R equals =E, the 
rewrite relation ===} R does not allow infinite derivations, and each sequence 
of derivations starting in some element a ends in an effectively computable 
unique normal form a! then this reduction system R can be used to decide 

G. Rozenberg et al. (eds.), Handbook of Formal Languages
© Springer-Verlag Berlin Heidelberg 1997
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the syntactic equality a =E b. This is the main context in which term rewrit
ing will be presented here. There exist many good surveys on rewriting, of 
which we could recommend Dershowitz and Jouannaud 1990, [DeJo90j, as 
the most complete and Klop 1992, [Klop92j, as one particularly dedicated 
to term rewriting. The tutorial by Klop, [Klop87], is a good starting point 
while Huet and Oppen, [HuOp80j, and Avenhaus and Madlener, [AvMa90], 
are more general but shorter. The present article does not intend to make 
those obsolete and we will (and have to) omit many proofs and instead refer 
to the literature. For those interested in more specific subjects and details we 
also include references for further reading. 

2. Terms 

In order to model algebraic structures one usually uses sets equipped with 
relations and functions, including the O-ary functions as constants from these 
sets, as primitives. The names for them form a set r, called vocabulary and the 
structure is then seen as an interpretation of this vocabulary. In Computer 
Science we mostly consider many-sorted algebras as r-structures and the 
vocabulary is regarded as many-sorted signature E. In this context terms 
appear as structured strings over E and describe the composition of functions 
in the E-algebra, which serves as an interpretation or as a model of the 
signature E. 

Abstmct specifications, for instance, are defined on the basis of a signature 
E and specifying equations as class of algebras isomorphic to the free quotient 
term algebra, see [MeTu92, EhMa85j. 

Definition 2.1 (S-sorted Signature). 
A signature E := (S, F, r) consists of: 

1. S, a non-empty set of sorts, 
2. F, a non-empty set of function symbols or operators such that S n F = 0, 

and 
3. r, a mapping r: F --+ S· x S that assignes a type r(J):= (w,s) to each 

function symbol f E F. 

If r(J) := (w, s) then w is called the domain type and s is named codomain 
type or range type. F is often called an operator alphabet. 

If r(J) := (A,s) then f is a constant symbol or name of sort s. The 
subset of constant symbols will be denoted by Fo := {J E FI3s E S : r(J) := 
(A, s)}. 

The length Iwl is called arity of f. 0 

In some references the set F is defined as an (S· x S)-indexed family 
of function symbols. This may allow overloading, i.e., the use of one func
tion symbol f with two different types (w, s) and (w', s') assigned to it. 
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By using the mapping r we do not allow overloading. If lSI = 1 then one 
considers the homogenous case while the many-sorted signature corresponds 
to heterogenous r-structures. Since we do not make use of different algebras 
other than the free term algebra that can be used as model for a signature 
E we may define terms over a signature without resorting to their algebraic 
interpretations. 

Definition 2.2 (Terms over E). 
Let E := (S, F, r) be an S-sorted signature, and X be a countable set of 
variables disjoint from F uS, such that the function r can be extended to 
r : (FUX) -t S* x Sand assignes to each variable its unique sort. Let Xs := 

{x E Xlr(x) = (oX, s)} denote the set of variables of sort s . If E is equipped 
with a set X of variables then we will denote this by (E, X). Ters (E, X) de
notes the set of terms of sort sand Ter(E, X) := USES Ters(E, X) denotes 
the set of all terms. These sets are inductively defined by: 

1. Each constant symbol f E Fo of sort s E S is a term of sort s in 
Ters(E, X). 

2. Each variable x E Xs is a term of sort s in Ters(E,X). 
3. If f is a function symbol of type r(f) = (SlS2"'Sk,S) andfor 1::; i::; k 

each ti is a term in TerSi(E,X) then f(h,t2,"',h) is a term of sort s 
in Ters(E, X). 

4. Nothing else is a term over (E,X). 

A term without variables is called ground term (in some references also 
named closed term). We write Ter(E) if only ground terms are considered, 
i.e., X = 0. A term is called linear if no variable in it occurs more than 
once. The set of variables occuring in a term t is denoted by var(t). 0 

Regarded as a set of (structured) strings the set Ters(E, X) is a context
free language Ls <;: (17 U X)* for any sort s E S, if both S and X are 
finite sets. From the definition it follows that we have to write terms in 
prefix notation, but for an easier reading we will sometimes also use the more 
intuitive infix-notation. In the sequel we do present only the homogenous 
case, which, in principle, can be extended to the heterogenous case. This 
means that the set of sorts S used in the signatures E will contain only a 
single sort s. 

The notion of a factor (i.e., a non-scattered substring) is no longer useful 
when we consider terms (or trees). We therefore need its variant for the 
structered strings, namely subterms (resp. subtrees). In order to identify a 
subterm within a term we need a description of possible positions for its 
occurence, the so called address domain. We will use the Dewey decimal 
notation by which the address p of (an occurence of) a subtree of t describes 
the unique path from the root of t to that of the subtree tip, In using the set 
IN+ of strings over the non-negative integers IN we will use a centered dot 
to distinguish 12 from 1· 2. In the context of tree rewriting, due to Gorn, 
the address domain is called tree domain, compare [Rose73, Brai69, Gorn67]. 
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Definition 2.3 (Address Domain). 
For a given signature (E,X) we define the address domain dorn(t) of each 
term t E Ter(E,X) and the sub terms tip of t rooted at some positon p as 
follows: 

1. for t E (Fo U X) we define dom(t) := {,x} and tlA := t. 
2. if t = f(tt. t2,···, tk) then dom(t) := {i· pll ::; i ::; k,p E dom(ti)} U {,x}. 

The subterms are inductively specified by tli.p := tilp and tlA := t, whereby 
the address i . p will be identified with p when i = ,x. 

The sub term relation will be denoted by :::! with tp :::! t for each p E dom(t). 
A sub term tip is called proper, if it is distinct from t, i.e., tlp:f. t. This will 
be denoted by tp <l t. 0 

It is wellknown that only regular sets of strings can be defined from a 
starting string when a finite set of strings is used to replace only the right
most symbol of each intermediately obtained string. This is, for instance, 
done by using right-linear context-free grammars. For sets of trees a simi
lar result holds true: If only the leaves of a tree are replaced by trees from 
a spezified finite set then the collection of trees obtainable from an initial 
tree is a regular set of trees. These results were well explained and stud
ied by Rounds, Brainerd, Doner, Mezei and Wright, Thatcher, Thatcher and 
Wright: [Roun70, Brai69, Done67, MeWr67, That67, ThWr66]. 

For strings there are some useful notions we want to recall here and gen
eralize them in an obvious way to terms: 

Definition 2.4 (Number of Operators). 
Let E:= (S,F,r) be a signature, then for each term t E Ter(E,X) we define 
the number Itlg of occurences of an operator or a variable g E F U X in t by 

if t :f. g and t E (X UFo). 
if t = g and t E (X UFo). 
if t = f(tl, ... , tn ) and n ~ 1. 

With [g = f] we use a notation introduced by K. Iverson 1962 for predi-

{ I, if Pen) is true, 
cates Pen) over the naturals. [P(n)]:= 0 th . 

, 0 erwzse. 

For any subset M ~ F U X let ItIM:= 2:fEM Itlf· 

If a string w := ala2··· ak E y* is encoded as monadic term tw := 
al(a2(··· (ak(x))·· .)) by considering the symbols ai E Y as unary operators 
applied to a variable x rt Y or to the only constant .1 rt Y, then Itwly is 
equal to the length of w, denoted by Iwl. For strings Iwla then denotes the 
number of occurences of the symbol a within wand equals Itwl a • 0 

It was Brainerd who showed the Biichi-like result, that one can also use 
tree replacement rules tl - t2 with ground terms hand t2 to generate 
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regular sets of trees. This type of tree replacement rule could be applied 
to any tree having tl as subtree, since subtrees are always near the border 
built by the leaves. This regularity observable in ground term rewriting is 
the reason for the many decidability results for these systems. Looking for 
a generalization of the production rules of context-free string grammars to 
those of tree grammars one has to find the proper notion for the embedding. 

Definition 2.5 (Substitution). 
Let (E, X) be a signature. A substitution is a mapping u : Ter( E, X) -+ 

Ter(E, X) that satisfies: 

1. u(f(tl' t2,"" tk)) = f(u(tt), U(t2)"'" U(tk)) for every f E F. 
2. u(x) E Ters(E,X) for each variable x E Xs. 

If u(x) E Ter(E) for each x E X then u is called ground substitution. A 
term t2 is said to match a term tl if t2 = u( tI} for some substitution u. If u 
is a substitution for which U(Xi) i= Xi for exactly the variables Xi, 1 ~ i ~ k, 
then we will also write t[Xl +- u(xd,' .. , Xk +- U(Xk)] to specify u(t). 0 

We will likewise write [Xl t-+ u(xd,"" Xk t-+ U(Xk)] to specify u for 
those variables Xl to Xk where U(Xi) i= Xi. 

Usually it is assumed that u(x) = X for allmost all variables, i.e., 
I{x E Xlu(x) i= x}1 E IN and the above notation will be appropriate. Note 
that t = u(t) for any ground term t and each substitution u. 

If t2 matches the term tl then t2 is also called an instance of tl or tt 
subsumes t2' The relation of subsumption, see Definition 4.3, is a decidable 
quasi-ordering on terms (see Definition 4.2). 

The equivalence relation ~ := « n «-1 induced by the subsumption 
relation is called liteml similarity. The quasi-ordering ~ denotes encompass
ment between terms and tl ~ t2 means that tt subsumes a subterm of t2' 
Slightly more general than the problem of matching between two terms is the 
question of (syntactic) unification. 

Definition 2.6 (Syntactic Unification). 
Let tl, t2 E Ter(E,X). 

1. Any substitution u that satisfies u(tI} = U(t2) is called unifier of tl and 
t2' 

2. U( s, t) := {ulu(td = U(t2)} is the set of all unifiers of tl and t2' 
3. A unifier u oftl and t2 is called most general, and written as mgu(tl,t2) 

if each unifier p can be obtained from u by composition with some other 
unifier T, i. e., p = T 0 u, where 0 denotes the usual composition of map
pings. 0 

The most general unifiers of tl and t2 are a basis of the set U(s, t) of 
all unifiers with respect to an ordering « on all substitutions, defined by 
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a « p if 37: p = 7 0 a. The set U(s, t) may be empty. In order that unifiers 
may exist the terms tl and t2 obviously must be of the same type. 

If syntactic unification is possible, then there exist most general unifiers 
which are unique up to literal similarity. This situation changes if one con
siders the so-called semantic unification, see Definition 2.7. 

However, even syntactic unification is not always possible, as can be seen 
by the following example: 

Example 2.1. 
- The terms tl := f(g(a,x),y) and t2 := f(x,g(a,b)) are not unifiable since 

t2h E var(ltld and for any substitution a the term a(t2ld will become a 
strict subterm of a(tlll)' 

-For t3:= f(y,g(a,x)) and t4:= f(x,g(a, b)) one finds the mgu(t3,t4) 
a := [x 1-+ b, y 1-+ bj. 

- t5 := f(g(xo, xo), g(Xb Xl),"', g(Xn-b xn-t) and t6 := f(Xb X2,"', xn) 
have a most general unifier mgu (t5, t6) of exponential size. It can be best 
described by a recursive substitution process: first do Xn 1-+ g(xn-l,xn-d, 
then Xn-l 1-+ g(Xn-2, Xn-2) ... until finally Xl 1-+ g(xo, xo). 

The problem of finding a (most general) unifier for two given terms tl 
and t2 was first solved by Robinson, [Robi65]' see also [Huet76, MaM082j. 
The straight forward method leads to an exponential algorithm, whereas it 
is possible to solve this problem in linear time by using appropriate data 
structures, see [PaWe78j. Unfortunately, this algorithm is not very practical. 

Semantic unification, usually called E-unification is not that simple. For 
more details see the very informative introduction to unification theory of 
Siekmann [Siek90j and Stickel [Stic86]. 

Definition 2.7 (E-unification). 
Let E be a set of equations serving as axioms for a theory. Then a substitution 
a is a solution in E for s = t, if a(s) =E aCt) (see Definition 2.10). Any 
such substitution is called an E-unifier. 0 

The problem here is that if the word problem for E is undecidable, then 
so is the problem of E-unification. Also, there are cases in which there is no 
minimal set ofE-unifiers or there are infinitely man most general E-unifiers. A 
set S of substitutions is called minimal, if for any two different substitutions 
a, T E S the following holds: -,3p E S : po 7 = a. Theories have been 
classified with respect to most general unifiers: 

A theory is called unitary, if a most general unifier always exists and is 
unique. It is called finitary, if most general unifiers exist and there are always 
finitely many, and infinitary if there exists at least on equation s = t that 
admitts infinitely many E-unifiers. 

In the initial (absolutely free) term algebra the 0-unification equals the 
syntactic unification and two terms s = t always have a unique mgu (s, t). 
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The easiest way to rewrite a term it is to replace a whole subterm t2 by 
another one without resorting to any specific context other than its address. 
Even though this is merely a notational help for term manipulation we will 
consider this here as the simplest rewrite rule for terms. The other mentioned 
"real" rewrite rules will need the concepts of subsumption and unification. 

Definition 2.8 (Term Replacement Rules). 
Let (17, X) be a signature and tt, t2 E Ter( 17, X) terms. For p E dom( tl) 
and t2, tllp E Ters(17, X) let tl [p +- t2J denote the term obtained from tl by 
replacing its subterm tllp by t2. More formally, this can be defined by: 

1. tl[A+-t2J = t2 
2. tl[i· q +- t2J = f(tl, t2,···, ti[q +- t2]'···, tk) if tl = f(h, t2,···, tk) and 

1 ~ i ~ k. 0 

It is easy to verify the rules of embedding and associativity: 

1. tl [P +- t2Jlpoq = t21q 
2. tl[P +- t2J[P· q +- t3J = tl[P +- t2[q +- hll· 

Commutativity in the form 
3. tl [P +- t2][q +- t3J = tdq +- t3J[P +- t2J 

in general only holds if neither p is a prefix of q nor q is a prefix of p. In 
this special case we also have a law of persistence: 

4. tl[p +- t2Jlq = itlq 

Definition 2.9 (Reduction System). 
Let (17,X) be a signature and R ~ Ter(17,X) x Ter(17, X). An element 
(l, r) E R is called reduction rule if 

1. 1, r E Ters(17, X) for some s E S, 
2.1 f/. X, and 
3. var(r) ~ var(l). 

We will write 1 ---+ r if (l, r) E R. The reduction system or term rewriting 
system is given by a set R of reduction rules for a signature (17, X). A 
reduction rule 1 ---+ r E R is called 

1. linear, if I and r are linear terms, (cf. Def. 2.2). 
2. left-linear, if 1 is a linear term. 
3. right-linear, if r is a linear term. 

R is called linear (lejt-linear, right-linear, resp.) , if each rule 1 ---+ r E R 
has the respective property. 

R specifies a (one-step) reduction relation ~R ~ Ter(17, X) x Ter(17, X) 
as follows: tl ~ R t2 if there is a rule 1 ---+ r E R, a substitution a such that 
a(l) = tllp for some address p E dom(tl) and t2 = tl[P +- a(r)J. 
The inverse of ~R will be denoted by ¢=R. 
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For n E IN we define the relations ~ R and ~R: 

L t n+ I n h 0 . th·d . l· - e ==? R := ===} R 0 ===} R were ===} R zs e z entzty re atzon. 
- {=:}R := ===} R U -¢= R is the symmetric closure of ===} R. 

L ·k . W n h 0 . d h - z ewzse we use R := {=:}R 0 {=:}R were {=:}R agazn enotes t e 

identity relation on Ter( E, X). From this it follows that ~R = {=:}R 
I 

and ===}R = ===}R· 

- The reflexive transitive closure of ===} R is a quasi-ordering (see Defini-

tion 4·2) and will be denoted by ~R:= Ui~O ::b.R . 

- ~ R := ~ R 0 ===} R denotes its transitive closure. 
If tl ~R t2 (resp. tl ~R h, tl ===}R t2) then t2 is a descendant 
(proper descendant, direct descendant, resp.) of ===}R. 

* * * - {=:}R := -¢= R U ===} R is the symmetric, reflexive, and transitive closure 
of ===}R· 

E 0 I 
- ===}R := ===}R U ===}R· 

Here 0 denotes the composition of relations, i. e., (a, c) E (===} F 0 ===}a) iff 
3b such that (a,b) E ===}F and (b,c) E ===}a. 

When R is known we shall omit the subscript in ===} R. Two reduction 
systems RI and R2 are called equivalent if ~Rl := ~R2. D 

If R ~ Ter( E) x Ter( E) then R is called a ground reduction system. 
Since there appear no variables in a ground rule 1 -+ r E R this rule is 
applicable to the term tl if 1 is a subterm of tl, i.e., 1 = tllp for some 
address p E dom(h). The papers [Brai69, Rose73] by Brainerd and Rosen 
are two of the early important papers on ground term rewriting. 

The relation ~R is a congruence relation on Ter(E, X), that is an equiv
alence relation ~ which satisfies f(tl, t2,···, tn) ~ f(rl, r2,···, rn) whenever 
ti ~ ri for each 1 ~ i ~ n. 

The main interest for the study of term rewriting systems comes from 
questions concerning equationally defined structures. Given a set of specifying 
equations E C Ter(E, X) x Ter(E, X) for a signature (E, X), then two 
terms tl, t2 E Ter( E, X) are called semantically equal whenever tl = t2 is 
valid in each model, i.e., E-algebra of (E, X). This is usually abbreviated 
by (E,X) 1= (tl = t2) and we say (E,X) models (tl = t2). The variables in 
tl and t2 are here assumed to be universally quantified, which means that 
one considers only ground terms and asks, whether U(tl) = U(t2) is true in 
that E-algebra. 

If each equation in a set E of equations is valid in all models of (E, X), 
then we write (E,X) 1= E. In this case tl and t2 are semantically equal 
in the theory specified by E. Since it is usually not easy to decide whether 
an equation is valid in each interpretation (model) of a signature the result 
of Birkhoff, [Birk35] stated below, is of great value. The operational equality 
defined by a set E C Ter(E, X) x Ter(E, X) of equations is usually defined 
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by an equational deduction system and deducibility (provability) is denoted 
by the symbol 1-. « L', X), E) I- (t1 = t2) then expresses the fact that t1 and 
t2 are provably equal in the theory specified by E. 

Definition 2.10 (E-equality). 
Let (L', X) be a signature and E ~ Ter( L', X) x Ter( L', X) a set of equa
tions. The six deduction rules below define the relation I- of deducibility or 
provability: 

1. «L',X),E) I- (Sl = ft), if (Sl,tt) E E 

2. «L',X),E) I- (Sl = st) 

«E, X), E) I- (Sl = td 
3. «L',X),E) I- (U(Sl) = u(ft)) ,for any substitution u. 

«L', X), E) I- (Sl = td,··· ,«E, X), E) I- (sn = tn) 
4· «E, X), E) I- (f(Sl, ... sn) = f(t1, ... tn)) 

«E, X), E) I- (t1 = t2), «E, X), E) I- (t2 = t3) 
5. «E,X),E) I- (t1 = t3) 

«E, X), E) I- (t1 = t2) 
6. «L',X),E) I- (t2 = td 

Two terms t1,t2 E Ter(L',X) are called equal (mod E), written t1 =E t2 if 
«L',X),E) I- (t1 = t2) 0 

There are many other notations possible for equational deduction sys
tem that can be used alternatively. The notation t1 = E t2 instead of 
«E, X), E) I- (t1 = t2) is taken from [BuL082J. 

Theorem 2.1 (Birkhoff 1935). 
Let (E,X) be a signature and E c Ter(L',X) x Ter(E,X) be a set of spec
ifying equations. Then «L', X), E) I- (t1 = t2) if and only if «L', X), E) F 
(t1 = t2). 

If in an equational system each valid equation can be derived opera
tionally, i.e., if « E, X), E) F (t1 = t2) implies t1 = E t2 for all terms t1 
and t2, then the system is called complete, see e.g. [RySa92, Stir92j. The sys
tem is called correct or sound, if ft =E t2 implies «L',X),E) F (ft = t2). 

From Birkhoff's result it is clear, that one can reduce the validity problem 
or uniform word problem for «L', X), E), i.e., the question of whether an 
equation t1 = t2 is true in each model (L'-algebra) of (L', X) to the question 
of whether t1 =E t2 holds. Since the equations in an equational deduction 
system are not directed and specify a symmetric relation =E it becomes 
obvious that a reduction system R is sought such that not only ~R equals 
=E, but which in addition can be used for deciding the question t1 =E t2 
for arbitrary given terms t1, t2. 
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Given «E,X),E) the following tasks thus have to be taken: 

1. define the rules of R on the basis of E such that ~R equals = E 

2. define an algorithm to apply rules from R deciding tl ~R t2 for arbitrary 
given terms tl, t2. 

Starting with the (finite) set of equations E we can try to give an ori
entation to each of the pairs (1, r) E E and consider them as rules in the 
rewriting system R. This assures that ~R equals =E. If in addition it 
can be proved that there do not exist any infinite derivations of the form 
tl ==? R t2 ==? R t3 ==? R '" ==? R ti ==? R ti+1 ==? R .. , then there is a 
good chance to also solve the second step since there always exists at least 
one (irreducible) final element of each chain of derivation steps that can be 
considered a normal form of its offspring. The set of all derivations starting 
at some term tl for a finite and terminating set of rules R is finite so that 
the question "tl ~ R t2?" will then be decidable. 

Definition 2.11 (Termination). 
Let (E,X) be a signature and R ~ Ter(E, X) x Ter(E,X) a reduction sys
tem. R and likewise ==? R is called terminating (also: strongly normalizing 
or noetherian) if every reduction sequence 

tl ==?R t2 ==?R ta ==?R •.. ==?R ti ==?R ti+1 ==?R •.. 

eventually must terminate. o 

If a relation R is terminating then there might exist arbitrary long re
duction sequences. Consider R defined by {g ==?R fiCa) I Vi E IN} U 

{f(f(a)) ==? R f(a)}. Note, that ==? R is terminating if ~ R is well-founded 
(see Definition 4.2). 

The simple ground reduction system with the rules h(b) -+ a, h(a) -+ b, 
and f(a, b) -+ f(h(b), h(a)) is obviously not terminating. Fortunately, the 
problem of termination for ground reduction systems is effectively decidable. 
The following lemma can be proved easily, consult [HuLa78]. It shows that 
a proof of (non-)termination for a reduction system needs to consider only 
derivation sequences that start with ground instances of left-hand sides of 
the rules. 

Lemma 2.1 (Huet and Lankford 1978). 
A finite reduction system R is non-terminating if and only if there exists an 
infinite derivation to ==?R tl ==?R t2 ==?R t3 ==?R ... where to = a(l) for 
a rule 1 -+ r E R and some ground substitution a. 

Proof. 
If R is terminating then no such infinite derivation exists. So, assume R is 
not terminating and there exists an infinite derivation 
(*) to ==?R tl ==?R t2 ==?R t3 ==?R '" 

If to already is ground then all the terms ti of that derivation are ground. 
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Otherwise, choose a ground substitution 0"0 such that O"o(to) is minimal (in 
length) among all ground terms that are an initial term of an infinite deriva
tion. Without restriction, let (*) be this derivation sequence and Ii - ri 
the rule used with the substitution O"i in the step ti ==> R ti+1 at address 
Pi E dom(ti). Note, to cannot be a constant because then to = 0"0(10) would 
require 10 E X which we did not allow for reduction rules, compare Defini
tion 2.9. So, to must be of the form to = f(sl, S2, • .• ,sn). If for some index 
m we had Pm = oX this would mean tm = O"m(lm), 1m - rm E R, and O"m 
must be ground since tm is a ground term. In this case the statement of the 
lemma would be valid. We are left with the case that Pi i= oX for all i ~ O. But 
then, by the pigeon-hole principle there must exist a subterm Sj, (1 ~ j ~ n) 
that is the starting point of an infinite derivation. But this is impossible since 
S j is smaller than the minimal term to. 0 

Lemma 2.2 (Subterm Self-Embedding). 
If a finite ground reduction system R has an infinite derivation then there 
exist a rule I - r E R and a term t such that I is a subterm of t and 

I~Rt. 

It follows from the embedding property that ground termination is decid
able for finite ground reduction systems. 

Theorem 2.2 (Ground Termination, Huet & Lankford 1978). 
For every finite ground reduction system R ~ Ter(E) x Ter(E) it is decidable, 
whether it is terminating. 

If arbitrary reduction systems are considered then termination becomes 
an undecidable property even if very restricted systems are used that consist 
of only one rule, see [Dauc88, Dauc92]. Dauchet was able to construct for 
each Turing machine a one-rule term rewriting system that simulates the 
computation of that machine. 

Theorem 2.3 (Dauchet 1988). 
Termination is undecidable for one-rule reduction systems which are left lin
ear and variable preserving. 

In order to define terminating term rewriting systems or to be able to 
prove termination of given reduction systems one can use a variety of partial 
orderings on terms. We will present several reduction orderings in Section 4. 

One of the simplest algorithms for deciding the question tl = E t2? by 
means of a terminating reduction system R would be to nondeterministically 
apply rules from the set R to the terms tl and t2 in any order until normal 
forms are obtained. It is desirable that both terms have an identical unique 
normal form if and only if tl and t2 are equal modulo E. Unfortunately, this 
so-called Church-Rosser property is not fullfilled in general. 
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3. Church-Rosser properties 

Confluence and Church-Rosser properties have been defined in the gen
eral setting of abstract replacement or transformation systems. Newman, 
[Newm42], was the first who recognized the importance of the notion of con
fluence to guarantee that a terminating abstract replacement system has 
unique normal forms. There exists an extensive amount of literature on this 
subject of rewriting. The survey [Klop92] by Klop contains a lot of details 
in this respect. We want to display here only those concepts that are funda
mental and we will use term rewriting as its basic application. 

Definition 3.1 (Confluence). 
Let R ~ Ter( 17, X) x Ter( 17, X) be a reduction system. The relation ====? R 

and likewise R is called 

1. locally confluent if ¢=R 0 ====?R ~ ~R 0 ~R. 
2. strongly confluent if ¢=R 0 ====?R ~ ~R 0 ~R. 

fl f * * * * 3. con uent z ¢= R 0 ====? R ~ ====? R 0 ¢= R. 

4. ground confluent if for each ground term to E Ter(17) the divergence 

tl ~ R to ~ R t2 implies the existence of t3 such that tl ~ R t3 ~ R 

t2· 
5. Church-Rosser if ~R ~ ~R 0 ~R. 0 

In a confluent relation R any two terms tl and t2 having a common 
ancestor to, i.e. a term such that h ~R to ~R t2, always have a common 
descendant or common reduct t3, i.e. a term for which tl ~R t3 ~R t2 

holds. In ground confluent reduction systems the relation ~ R is restricted 
to ground terms, since the descendants of a ground term again are ground 
terms. Ground confluent reduction systems are not the same as confluent 
ground reduction systems. However, any confluent ground reduction systems 
is obviously ground confluent. 

Definition 3.2 (Critical Pair). 
Let h -+ rl and h -+ r2 be two rules in some reduction system R such that 
h is unifiable (after renaming of variables) with a non-variable subterm s of 
12. This means that there exists an address p E dom(12)' s:= 121p ~ var(12) 
and a:= mgu(h,s) such that a(l2)[p <- a(rl)] ¢=R a(12) ====?R a(r2). The 
tuple (a(h)[p <- a(rl)],a(r2) is called a critical pair. 0 

Theorem 3.1 (Critical Pair Lemma, Knuth and Bendix 1970). 
A reduction system R is locally confluent if each critical pair has a common 
reduct. 

The proof given by Knuth and Bendix in [KnBe70] was later formulated 
by Huet, [Huet80], and by Le Chenadec, [LeCh86]. The Critical Pair Lemma 
holds even for non-terminating reduction systems. The following three rules 
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define a reduction system which is locally confluent because it has no critical 
pairs, i.e., is non-overlapping, but is not confluent, see [DeJ090]: 

f(x,x) - g(x), f(x,g(x)) - b, and h(c,y) - f(h(y,c),h(y,y)). 

A left-linear reduction system that has no critical pairs, i.e., is non-ambiguous, 
is always confluent. These reduction systems are called orthogonal. Ground 
reduction systems are a special cases of left-linear reduction systems as they 
do not have any variable. 

Definition 3.3 (Normal Form). 
Let R ~ Ter(E, X) x Ter(E, X) be a reduction system. An element tl E 

Ter(E, X) is called normal form or irreducible modulo R if there is no term 

t2 such that h ~ R t2· A term tl is said to have a normal form if tl ~ R t2 
for some irreducible term t2. The normal form of tl will be denoted by tIl. 

o 

Obviously, if a reduction system R is terminating, then every element in 
Ter(E, X) has a normal form but this need not be uniquely determined. The 
set of all normal forms will be finite, if the reduction system has only finitely 
many term rewriting rules. If R is confluent, then normal forms must be 
unique, if they exist. Also, any confluent relation is automatically locally con
fluent but not every locally confluent relation must be confluent. Consider the 
relation ~H specified by: {tl ~H t 2, t2 ~H h, tl ~H t3, t2 ~H t4}. 

t3 and t4 are different irreducible elements for which t3 ~H t4 holds. This 
is due to the fact that the relation ~ H is not terminating. The property 
of strong confluence, on the other hand, is strong enough to guarantee con
fluence for ground reduction systems without the need for a terminating 
relation. This was shown by Rosen, [Rose73]. 

Theorem 3.2 (Rosen 1973). 
Let R ~ Ter( E) x Ter( E) be any ground reduction system. Then R is con
fluent if R is strongly confluent. 

The converse is easily seen not to be true. The system R specified by 
the rules {a ---+ b, a ---+ c, b ---+ d, c ---+ e, d ---+ e} is confluent but not 
strongly confluent. Aside of this observation it was shown by Dauchet and 
Tison, Dauchet et al., and Oyamaguchi, [DaTi84, DTHL87, Oyam87], that 
confluence of ground term rewriting systems is decidable. 

Theorem 3.3 (Dauchet & Tison 1984). 
Confluence is decidable for any ground reduction system R ~ Ter(E) x 
Ter(E). 

If a terminating reduction system is not confluent in general it might still 
be confluent if only ground terms are considered. This property is sufficient 
for some applications, since it guarantees unique normal forms for the congru
ence classes of ground terms. Unfortunately, the test for ground confluence is 
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harder than that for arbitrary terminating reduction systems. This has been 
made precise by Kapur, Narendran and Otto in [KaN090j. 

Theorem 3.4 (Kapur et al. 1990). 
Ground confluence is undecidable for finite terminating left linear reduction 
systems. 

It was Newman who proved the equivalence of confluence and local conflu
ence for terminating relations and thus made it possible to decide confluence 
for arbitrary finite terminating reduction systems. 

Theorem 3.5 (Newman 1942). 
Let R ~ Ter(E, X) X Ter(E, X) be a terminating reduction system. Then R 
is confluent if and only if R is locally confluent. 

The Church-Rosser property can be shown to be equivalent to the con
fluence of a relation. Compare e.g. [Huet80j. 

Theorem 3.6. 
A reduction system R and likewise the relation ~ R is confluent if and only 
if it is Church-Rosser. 

Proof. It follows immediately from the definition that the relation ~ R is 
confluent if it is Church-Rosser. For the converse we assume that ~ R is 
confluent and show that tl ~R t2 implies that tl and t2 have a common 
descendant for each n E IN by induction on n. If n = 0 then tl = t2 and 
nothing has to be proved. Assume that tl ~R t2 and hand t2 have a 
common descendant for a fixed m. Then h '{}4lR t2 implies the existence 
of some t3 such that tl ~R t3 {:=:}R t2. By induction hypothesis there is 
a common descendant t4 of tl and h. Now, if h ¢:=R t2 then t4 is the 
common descendant of tl and t2. If, on the other hand, t3 ~ R t2 then 
we have t4 ~ R t3 ~ R t2 and confluence of ~ R guarantees a common 
descendant of t4 and t2 which is also a descendant of h and the theorem is 
proved. 0 

Definition 3.4 (Convergent Reduction System). 
If a reduction system R is terminating and confluent, respectively Church
Rosser, then it is called convergent (by different authors also: complete, 
uniquely terminating, or sometimes canonical). 

If R is terminating and ground confluent, then it is called ground conver-
gent 0 

We do not want to use the terminus canonical here, because it promises 
the uniquenes of the whole system R. Also we do not speak about complete 
systems if we mean uniquely terminating reduction systems. In the context of 
model theory completeness means a slightly different aspect, the semantical 
completeness, see [RySa92, Stir92j and page 277. In fact, convergent systems 



Basics of Term Rewriting 283 

may be obtained using the completion algorithm by Knuth and Bendix, see 
[KnBe70J, and then appear as completed systems. 

In a convergent reduction system each element has a unique normal form. 
Thus the question of E-equality can be decided, once a finite convergent 
reduction system R can be effectively constructed from E such that ~R 
equals =E. Then tl =E t2 if and only if their normal forms h! and h! are 
identical. 

The Knuth-Bendix completion procedure will be described in a simple 
version in Section 5. because we need the concept of reduction orderings in 
its description. 

In a reduction system R it may happen that the right-hand side rl of 
a rule it --+ rl E R containes a left-hand side h of another h --+ r2 E 
R as a subterm, its right-hand side rl matches 12 (12 subsumes rd, or 
l2 encompasses rl (h ~ rl) see page 273 and Def. 4.3. In these cases any 
application of the rule it --+ rl will immediately allow an application of the 
rule 12 --+ r2 that could have been applied already to rl before using the rule 
It --+ rl· Since the term obtained after applying the rule It --+ rl E R cannot 
be a normal form this situation should and can be avoided. 

Definition 3.5 (Reduced Reduction System). 
A reduction system is called reduced if 

1. for each rule I --+ r E R the right-hand side r is irreducible modulo Rand 
2. each term s less than I in the encompassment ordering s ~ I is irreducible 

modulo R \ {(I, rn. 0 

The above definition of reduced reduction systems is equivalent to the 
standard definition, see [Huet81J and [Klop92J. In these more standard defi
nitions it is required that the left-hand side of a rule 1--+ r is not rewritable 
by any other rule. Klop called these reduced systems irreducible. 

The following observation can be used as simple exercise: If a ground 
reduction system is reduced then it must be confluent. In this case, the diver
gence tt {:= R to ==> R t2 means that there exist rules it --+ rl, l2 --+ r2 E R, 
addresses p, q E dom(to) such that neither p is a prefix of q nor q is a pre
fix of p, with tolp = it and tol q = l2 (Otherwise, R is not reduced). Then 
tl = to(P ~ rl] and t2 = to[q ~ r2] and the application of the two rules is 
commutable: to(P ~ rl][q ~ r2] = to[q ~ r2J(P ~ rlJ is the common reduct 
of hand t2, hence R is locally confluent. 

The following Theorem 3.7 is a consequence of this observation since a 
non-terminating ground reduction system R cannot be reduced. To see this, 
consider Lemma 2.1 from which we know, that then there would exist an 
infinite derivation sequence starting with the left-hand side of one rule 1--+ r. 
The second rule must be applied to the right-hand side r of the rule I --+ r. 
Thus, R cannot be reduced in this case. Thus we find: 
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Theorem 3.7 (Reduced Ground Reduction Systems). 
Every reduced ground reduction system is convergent. 

The following result by Butler and Lankford, [BuLa80j, and Metivier, 
[Meti83J, gives the reason for the definition of canonical reduction systems. 

Theorem 3.8 (Unique Reduction Systems). 
If two equivalent convergent reduction systems Rl and R2 are reduced, and 
compatible with the same reduction ordering then Rl and R2 are equal up to 
literal similarity (renaming of variables). 

For the definition of a reduction ordering and compatibility see Defini
tions 4.6 and 4.7. Similar results have been proved for convergent string 
rewriting systems by Kapur and Narendran, [KaNa83/85j, and for vector 
replacement systems by Lankford and Ballantyne, [LaBa83j. 

Definition 3.6 (Canonical Reduction System). 
A convergent reduction system that is reduced will be called canonical. 0 

For all the further subjects and results about term rewriting we will need 
the concept of reduction orderings. 

4. Orderings 

For proving termination of reduction systems and for designing convergent 
systems using the Knuth-Bendix completion method one needs methods that 
are based on orderings compatible in a suitable sense with term rewriting and 
term structures. The literature is rich of papers defining and studying various 
orderings that can be used in this context. Since there is no total ordering 
on terms one is lead to the search for an ordering that distinguishes as many 
terms as possible, and thereby extends the other orderings. 

Definition 4.1 (Extension and restriction). 
Let R 1 , R2 ~ M x M be binary relations. Rl is called a restriction of R2 
and R2 an extension of Rl if Rl ~ R2. 0 

Definition 4.2 (Basic orderings). 
Let R ~ M x M be any binary relation. 

1. R is a partial ordering (of M) if R is reflexive, transitive and antisym
metric. Then (M, R) is a partially ordered set (abbr. poset). 

2. R is a strict partial ordering often called precedence relation (of M) if R 
is irrefiexive and transitive. 

3. R is a linear ordering if R is a strict partial ordering and 'r/x, y E M: (x Ry 
or yRx) 

4. R is a quasi-ordering (of M) if R is reflexive and transitive. 
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5. Let R be a quasi-ordering. A subset W ~ M is a cone if x E Wand x R y 
implies yEW for all x, y EM. A cone W is generated by Wo ~ W if 
W = {y 13x E Wo:xRy}. 

6. R is well-founded If every subset W ~ M has a minimal element, i.e., if 
W f= 0 then 3u E W:...,3v E W:vRu. 

7. R is a well-quasi-ordering (of M) if R is a quasi-ordering and every cone 
is finitely generated. 

8. R is a well-partial-ordering (of M) if R is a partial-ordering and every 
cone is finitely generated. 0 

The reflexive part R" := RnR-l of a quasi ordering R is an equivalence 
relation. The strict partial ordering R'" associated to R is given by R'" := 

R \ R". Quasi-orderings and partial-orderings are usually abbreviated by 
symbols like to ~,:j,~, or ~, t, ;2, where the last three denote the inverse 
of the former three. The irreflexive or strict parts then are abbreviated by 
<, -<, C, >, ~, resp. :::). 

If :j ~ M x M is well-founded, then there cannot exist an infinite de
scending chain ml ~ m2 ~ ... ~ mi ~ mi+1 ~ ... of elements mi E M 
in the strict part ~ of :j -1. Conversely, if a strict partial-ordering ~ does 
not have infinite descending chains, then it is well-founded. By the results 
of Kruskal, [Krus60, Krus72J, we know that a quasi-ordering :j ~ M x M 
is a well-quasi-ordering if there does not exist an infinite descending chain 
ml ~ m2 ~ ... ~ mi ~ mi+1 ~ ... of elements mi E M and ev
ery subset of pairwise incomparable elements, a so called antichain, is fi
nite. Equivalently, :j is a well-quasi-ordering, if for every infinite sequence 
ml, m2, m3, ... mi, mH 1 •.• of elements mi E M there exists i < j such that 
mi :j mj. Any transitive extension of a well-quasi-ordering is again a well
quasi-ordering. Conversely, any restriction to a quasi-ordering is well-founded 
but generally not a well-Quasi-ordering. 

There is a variety of possibilities for comparing terms that can serve as 
a basis for a well-quasi-ordering. The standard ordering of subterms .:g and 
the encompassment relation ~ used in the context of matching were already 
mentioned in Section 2, compare page 272 and page 273. 

Definition 4.3 (Term Comparison). 
Let E := (S,F,T) be a signature, R ~ Ter(E,X) x Ter(E,X) a reduction 
system, t l , t2 E Ter(E, X) terms, and!::: (resp. ~) ~ F x F a (strict) partial 
ordering on the operator alphabet of E. We will say (the subtermrelation is 
repeated from Definition 2.3): 

1. tl is a subterm of t2, written tl .:g t2, if tl = t21p for some address 
p E dom(t2). 

2. tl is a proper subterm of t2, written tl <I t2, if tl1 t2 and h f= t2. 
3. tl subsumes t2, written tl « t2, if a(tt) = t2 
4- tl encompasses t2, written tl ~ t2, if a(tl) 1 t2 for some substitution a. 
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5. tt strictly encompasses t2, written tt ~ t2, if u(tt) <l t2 for some substi
tution u, i. e., tl encompasses but not subsumes t2. 

6. tl is homeomorphicallyembedded in t2, written tl :::;emb t2, iff 
tl = f(rl,r2, ... ,rm ), t2 = g(Sl,S2, ... ,Sn), and either a), b), c) or d) 
holds: 
a) t1 = x and x E var(t2) iff x :::;emb t2 

b) t1 :::;emb Si for some 1 :::; i :::; n, 
c) f = 9 and "1I::'1: rj :::;emb Sij where 1 :::; i1 :::; i2 :::; ... :::; im :::; n. 
d) t1 = t2· 

7. t1 is embedded in t2, written tl ~emb t2, iff tl = f(r1,r2, ... ,rm), 
t2 = g(S1, 82,···, sn), and either a), b), c) or d) holds: 
a) t1 = x and x E var(t2) iff x ~emb t2 
b) tl ~emb Si for some 1 :::; i :::; n, 
c) f ~ 9 and VI::'1: rj ~emb Si j where 1 :::; il :::; i2 :::; ... :::; im :::; n. 
d) tl = t2. 0 

Notice, Huet in [Huet81] used the terminus containment instead of en
compassment. Also, the embedding relation ~emb based on a quasi ordering 
~ equals the (strict) embedding :::;emb if ~ is the equality relation =. 

The following remarkable result of Kruskal, [Krus54, Krus60], appears 
to be a generalization of Lemma 2.2. See also [Ders79, Ders82a, Ders87a, 
DeJ090]. 

Theorem 4.1 (Kruska11954, 1960). 
Let E := (8, F, T) be a signature having a finite set F of operators. Any 
infinite sequence t1 ,t2,t3 ,··· of terms ti E Ter(E,X) contains two terms ti 
and tj with i < j and tl :::;emb t2. 

Following Plaisted, [Plai85b]' we call a reduction system R self-embedding 
if it has a (finite or infinite) sequence 
h ===> R t2 ===> R ... ===> R ti ===> R ... ===> R tj ===> R ... with tl :::;emb t2. If no 
such derivation exists R is called non-self-embedding. 

A direct consequence of Kruskal's result, Theorem 4.1, is a generalization 
of Lemma 2.2 on self-embedding with respect to the subterm relation, see 
[Ders82a]. 

Theorem 4.2 (Dershowitz 1982). 
If a finite reduction system is non-terminating then it is self-embedding. 

To prove termination of a reduction system R it would thus be sufficient 
to verify that it is not self-embedding. But there exist reduction systems that 
are self-embedding and nevertheless terminating. For instance, the single rule 
f(f(x)) - f(g(f(x))) has this property. 

So, one might hope that the property of being non-self-embedding could 
be decidable for arbitrary reduction systems even though uniform termination 
is not. However, Plaisted has shown the problem not to be partially decidable 
in [Plai85b]. 
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Theorem 4.3 (Plaisted 1985). 
It is undecidable whether an arbitrary finite reduction systems is non-self
embedding (whether it is self-embedding, resp.). 

When looking for a terminating reduction relation R one usually tries to 

find a well-founded ordering t such that t1 ~ R t2 implies t1 >- t2 which 
is the case when ===> R ~ >-. Then termination of R will be guaranteed. 

Definition 4.4 (Monotonicity). 
A relation t ~ Ter( E, X) x Ter( E, X) is called monotonic or compatible 
with the term structure if for each term to E Ter( E, X) and p E dom( to) 
one has tolP f- t1J t tolP f- t2J whenever t1 t t2· 0 

If t is a partial ordering, then monotonicity reduces to the weaker re-
quirement: s >- t implies f( it, ... , s, ... , tn) >- f( t1, ... , t, ... , tn) for any 
j(t1, ... ,s, ... ,tn ),f(t1, ... ,t, ... ,tn ) E Ter(E,X). Now, if there exists a 
monotonic well-founded ordering t such that for every rule 1 -+ r of a re
duction system R and each ground substitution a one has a(l) >- a(r}, then 
R is terminating. Testing this requires considering infinitely many ground 
terms. Therefore substitution closure is the desired property to reduce the 
search space. 

Definition 4.5. 
A relation t ~ Ter(E,X) x Ter(E,X) is called closed under substitutions 
or stable whenever t1 >- t2 implies a(t1) >- a(t2) for all substitutions a. 0 

This now leads to the definition of a reduction ordering. 

Definition 4.6 (Reduction Ordering). 
A reduction ordering is a well-founded partial ordering t on Ter(E, X) that 
is monotonic and closed under substitutions. 0 

Definition 4.7 (Compatibility). 
Let >- be a reduction ordering. A reduction system R is called compatible 
with >- if 1 >- r for each rule 1 -+ r E R 0 

Theorem 4.4 (Manna and Ness 1969). 
A reduction system R is terminating if and only if there exists a reduction 
ordering >- with which it is compatible. 

For proving termination of R it would be sufficient by the above result 
([MaNe70, Lank75a]) to find a well-founded ordering >- such that >- n ~ R 

is well-founded. Dershowitz called such orderings well-founded for deriva
tions. 

What one needs are monotonic extensions of a well-founded ordering, the 
so called simplification orderings, [Ders82aJ. 
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Definition 4.8 (Simplification Ordering). 
A strict partial ordering >- is a simplification ordering if it satisfies the fol
lowing three properties: 

1. >- is monotonic, 
2. >- has the subtermproperty, i.e., f(tl, ... ,ti-l,ti,ti+l, ... ,tn ) >- ti, and 
3. >- has the deletion property, i.e., for an operator with variable arity 

f(tt, ... , ti-l, ti, ti+1, ... , tn ) >- f(tl, . .. , ti-l ,ti+l,· .. , tn ). 0 

If all operators have a fixed arity (no overloading) then the deletion con
dition is superfluous. Also, closure under substitution, cf. Def. 4.5 is not re
quired for simplification orderings. Together with it we would get a reduction 
ordering, see [Lank77, Ders82aJ: 

Lemma 4.1. 
A ny stable simplification ordering is already a reduction ordering. 

Every simplification ordering is terminating and contains the embedding 
relation. This can be shown by structural (noetherian) induction over the 
subterm relation. Also, each simplification ordering is monotonic. Simplifi
cation orderings are a handy tool and very often lead to total orderings on 
the ground terms. But they cannot always be used to verify termination of 
reductions systems. For example, let Rl := {f(a) -+ feb), g(b) -+ g(a)} 
and R2 := {f(f(a)) -+ f(g(f(a)))}. Both systems are terminating but for 
neither there exists a simplification ordering >- with 1 >- r when 1 -+ r 
is a rule. For Rl no choice of a >- b or b >- a will work. For R2 we know 
f(fCa)) ~emb f(g(f(a))) and hence f(f(a)) --< f(g(f(a))) by the above, but 
we should have f(f(a)) >- f(g(f(a))). 

Also, it is in general undecidable whether a one-rule term rewriting sys
tem is terminating with respect to a simplification ordering. This result by 
Middeldorp and Gramlich, [MiGr95]' used a simulation of a linear bounded 
automaton by one left-linear reduction rule and thereby reduced the un
decidable emptiness problem of linear bounded automata to the termina
tion problem. Their construction based upon the construction of Dauchet, 
[Dauc88, Dauc89, Dauc92J, showing undecidability of termination. 

In most cases reduction orderings are defined inductively over the struc
ture of the terms which usually lets them automatically become monotonic 
and closed under substitutions. The desired compatibility is what then guides 
the definition of the reduction ordering. One of the prominent orderings de
fined on terms is the Knuth-Bendix ordering, first defined in [KnBe70]. This 
is a generalization of the ordering by length in that one defines a weight to 
each of the operators and then adds the weights almost without consideration 
of the structure of terms. Even though this ordering fails in many complicated 
cases it is useful for standard situations. We assume the reader familiar with 
the notions used for handling strings and sets of strings. The concept of a 
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multiset (sometimes called bag) needs some notation which is not uniqueley 
used. 

Definition 4.9 (Multisets). 
Given a base set B then the set of total mappings from B into IN will be 
denoted by INB . Each such mapping is called multiset or bag. The empty 
multiset will be denoted by [ ] and the following operations on multisets 
Ml,M2 E INB are used: 

1. Ml ~ M2 iff "Ix E B : Ml(X) ::; M2(x) 
2. Ml = M2 iff "Ix E B : Ml(X) = M2(X) 
3. M3 := Ml + M2 is called sum, iff Vb E B : M3(b) = Ml(b) + M2(b). 
4. M3 := Ml - M2 is called difference, iff Vb E B : M3(b) = max(0,M1 -

M2)' 
5. For n E IN the scalarproduct M2 := n . Ml is defined by Vb E B : 

M2(b) := n· Ml(b). 0 

If the base set B is linearly ordered and finite with cardinality n .
IBI, then each multiset M ~ INB can be denoted as vector in the form 
(M(bt), M(b2), ... , M(bn». Often, finite multisets are denoted by listing all 
its elements in its multiplicity. For instance, [a, a, b, b, b, d, e, e] could be writ
ten as vector (2,3,0,1,2) (assuming the standard ordering on an alphabet). 
But the interesting cases are those, where vectors cannot be used since B is 
neither linearly ordered nor finite. 

Definition 4.10 (Specific Orderings). 
Let B, B 1 , B2 be sets, M be a set of symbols partially ordered by 2, and 
!: ~ B x B a quasi ordering on B which both need not be strict. Finite 
sequences s E Bn for some n E IN of elements bi E B will be denoted as 
tuples by (bl,b2, ... ,bn ). Finite sequences of symbols from an alphabet M 
are usually written as strings without commas and brackets. 

For strings u E M* (as well as for finite sequences s E Bn, n E IN) let 
lulx (resp.lslbJ denote the number of occurrences of the symbol x E M in u 
(bi E B in s, resp.) and lui := 'Ex EM lulx denotes the length of u (lsi := n, 
resp.) , compare Def. 2.4. 

1. The lexicographic or dictionary extension 21ex of 2 ~ M to the set 
M* of all strings satisfies the following requirements for u, v E M* and 
a,b EM: 
a) u >lex A for each nonempty u E M*. 
b) au 21ex av, whenever u 21ex v. 
c) au >lex bv, whenever a> b. 

2. The so called length and lexicographic or lexical extension 21g-1ex ~ 
M* x M* of 2 satisfies: u >lg-lex v, whenever lui> Ivl or lui = Ivl 
and u >lex v. 
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3. Let 9 : M - IN be a homomorphism (g(uv) = g(u)+g(v) and g(,X) = 0) 
specifying a weight function. The partial weight ordering ~g is defined 
by u ~g v iff g(u) ~ g(v). 

4· For any m, n E IN, m * n -# 0 the lexicographic extension 1:1ex of 1: on 
finite sequences built with elements from B is defined for p E Bm, q E Bn 
by P = (p1,P2 ... ,Pm) 1:1ex (ql, q2,··., qn) = q iff there exists i ~ m, such 
that Pi )- qi and Pj = qj for all j < i. 

5. For any n E IN, n -# 0 and orderings 1:i ~ B;, 1 < i ~ n one defines the 
induced lexicographic extension on the cartesian product (cross-product) 
of the relations 1:~x ~ Bi by (Xl, X2 ... ,xn) 1:!:'x (Yl, Y2, ... ,Yn) iff there 
exists i ~ n, such that Xi )-i Yi and Xj r::::;j Yj for all j < i. {Recall: 
r::::;j:= 1:j n 1:;:-1 is the equivalence relation induced by 1:j. 

6. The multiset extension >mul ~ (INB)2 of a strict partial-ordering > ~ B2 
is given as follows: M1 >mul M2 if the following two requirements are 
full filled: 
a) Ml -# M2, i.e ::Ix: M1(X) -# M2(X) and 
b) 'r/y E (M2 - Md::lx E (Ml - M2) such that x> y. 

7. The multiset extension 1:mu1 ~ (INB)2 of a quasi ordering 1: ~ B2 zs 
defined similarly by: M1 1:mu1 M2 if one of the following is satisfied: 
a) M1 = M2 
b)::Ix E M1::1y E M2 : (x r::::; y) and (M1-{X} 1: mu1 M3), where M3 E INB 

is defined for each element Y E B by 

M ( ).= { 0 ,if x)- y. 
3 y. M2 (y) , otherwise. 0 

Some autors use pointed brackets to denote sequences of elements bi E B 
by (bl, b2, ... ,bn), whereas we use the tuple notation. 

For the lexicographic (resp. lexical or multiset) extension of a quasi order
ing one has to take care that equivalent elements x r::::; y := (x ~ y) and (y ~ 
x) are exchangable. Therefore precedence relations which are irreflexive are 
usualle preferred. 

One method to apply the multiset extension of a strict partial-ordering 
< ~ B2 directly for comparing trees is to assign a certain multiset to each 
(internal) operator in F (the roots of the subterms) and then compare the 
multisets assigned to the roots of the whole terms. 

Example 4.1. 
Consider terms with operator set F := Fo U F2, where F2 := {mul, add}, 
Fo := {a, b, c}, and > denotes the usual linear ordering on IN. The mul
tiset Mu ~ 1N{2,O} assigned to the root of a term u E Ter(F) is de
fined for i E {O,2} recursively on the structure of the subterms: Mu(i) := 

L:v<lu (IVlIFi + IV2IF.), where only those subterms of u are to be considered 
that have the form v = mul( Vl, V2). This definition assigns to a term t 
the multiset M t which counts for each i E {O,2} the number of all i-nary 
operators that occur below the operator mu!. 
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We then define tl > t2 iff Mtl >mul Mt2 . One verifies tl >mul t2 for 
tl := mul(a, add(b, c)) and t2 := add(mul(a, b), mul(a, c)) since Mtl = 
[2,0,0, OJ and Mt2 = [0,0,0, OJ. Obviously Mtl >mul M t2 . This ordering 
applies not only to a * (b + c) >mul (a * b) + (a * c) but also to all terms 
obtained from this structure by substitution, e.g., (a + b) * (c + d) >mul 

((a + b) * c) + ((a + b) * d) >mul ((a * c) + (b *C)) + ((a * d) + (b * d)). This 
follows from Theorem 4.5 by Dershowitz and Manna 1979, [DeMa79j. 

In most cases the quasi orderings !:': used for extensions are strict partial 
orderings, written as >-, hence precedence relations, and then the lexical 
>-Ig-Iex and dictionary extensions >-Iex are strict again. However, even then 
the lexicographic extension is not well-founded. There exist infinite decreasing 
sequences x >-Iex xy >-Iex x2y >-Iex ... xiy >-Iex xi+ly >-Iex for symbols x >- y. 
Since there are only finitely man strings of equal length, the lexical extension 
!:':Iex of a well-founded ordering is well-founded. It is total, if !:': is a linear 
ordering. If in a weight ordering '2: g the weight function g satisfies Vx EM: 
g(x) i= 0 then its lexical extension '2:~ex is well-founded, too, and is total if 
the underlying ordering '2: g is total. The lexicographic extension of n well
founded orderings (Bi' »i), 1 ::; i ::; n to the cross-product of the underlying 
base sets is also well-founded. 

Theorem 4.5 (Dershowitz and Manna 1979). 
> ~ B2 is a well-paTtial-ordering if and only if the multiset extension >mul 

is a well-paTtial-ordering on the domain of multisets INB. 

Many of the reduction orderings defined on terms are extensions of already 
defined orderings, including strict partial orderings on the set of function 
symbols F, the so called operator alphabet of the underlying signature E := 

(S,F,T). 
In [Stei89, Stei90a, Stei90b] Steinbach compares a large number of order

ings for terms with respect to inclusion. From the many orderings that have 
been defined one has to choose the one that fits best. This usually means 
that (a) it allows a proof of termination (which is generally the case), (b) it 
is compatible with the reduction system (which usually cannot be altered too 
severely), and (c) it can be testet effectively. This last point is really impor
tant: The Knuth-Bendix completion method requires comparisons between 
terms in each and every single step, as will be described later in Section 5. 
We present the original definition of the Knuth-Bendix ordering, [KnBe70], 
knowing of several generalizations or variants. 

Definition 4.11 (Knuth-Bendix Ordering (KBO)). 
Let E : = (S, F, T) be a signature and a precedence relation > c F X F. 

The Knuth-Bendix ordering >KB~ Ter(E, X) x Ter(E, X) is defined 
on the basis of > and a (weight) function cp : (F U X) --+ IN for which 
cpUn) = 0 for at most one distiguished maximal operator fn E FI , Vf E 
F \ {f n} : f n > f. For some fixed J.L E IN the weight function cp must satisfy: 
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1. cp(x) = JL > 0 for each variable x EX. 
2. cp(f) ~ JL, if f E Fo is a constant. 
3. cp(f) > 0, if f E F1 \ Un} has arity 1. 
4· cp(fn) ~ 0, if fn E F1 and \:If E F \ Un} : fn > f 
5. cp(f) ~ 0 in all other cases. 

By cp(f(t1, t2,···, tn)) := cp(f) + cp(tt} + CP(t2) + ... + cp(tn) the mapping cp 
is canonically extended to terms s, t E Ter(E, X). 
Now, S >KB t holds for terms s:= f(sl,s2, ... ,Sm) andt :=g(tl,t2, ... ,tn) 
if and only if one of the following is satisfied: 

(a) \:Ix EX: Islx ~ It Ix and cp(s) > cp(t). 
(b) \:Ix EX: Islx = Itlx and f > g. 
(c) \:Ix EX: Islx = Itl x, f = g, and (Sl, S2,· .. , sm) >~B (t1, t2,··., tn). 0 

It is not difficult to verify that the (original) Knuth-Bendix ordering 
>KB is a reduction ordering. However, there exist many cases for which this 
ordering is not suitable. 

Suppose we want to show termination of s = x*(( -y)*y) --+ -(y*y)*x = t 
using the Knuth-Bendix ordering >KB. The infix terms shall be encoded by 
s:= mul(x,mul(neg(y),y) and t:= mul(neg(mul(y,y)),x). Condition (c) 
is the only one that must be fullfilled, since the weights and root symbols are 
the same. This demands that (x,mul(neg(y),y) >~B (neg(mul(y,y)),x), 
hence x >KB neg(mul(y, y)). But this is impossible because of the conditions 
put on the variables. 

Dershowitz [Ders87a] has slightly generalized the original Knuth-Bendix 
ordering >KB to a quasi-ordering tkho by initially using a quasi-ordering 
tF on the operator symbols and another quasi-ordering tT on the terms. 
We do not want to discuss the differences here in detail. The Knuth-Bendix 
orderings both do use a recursive lexical comparison between the tuples of 
subterms (after first having compared the weights and the precendence of 
the root operators). Modifications of this concept (recursively) compare the 
multisets of the direct subterms of the root operator. If a term t is regarded 
as bigger than any term constructed from terms smaller than t using only 
operators smaller than the root of t one is in addition lead to a comparison of 
single subterms with a complete term. This is what recursive path orderings 
do. Its definition goes back to Plaisted [Plai78] and Dershowitz [Ders82a]. 
Plaisted first defined an ordering based on the path of subterms which was 
discussed by Rusinowitch in [Rusi87c]. The two variants of using lexical- or 
multiset-orderings for sequences of subterms also distinguish the recursive 
path orderings. According to Dershowitz, [Ders87a], the lexicographic path 
ordering goes back to Kamin and Levy [KaLe80a]. The original definition 
of the recursive path ordering is based on multiset comparisons and now 
called multiset path ordering by Dershowitz and Jouannaud in [DeJo90]. The 
naming recursive path ordering is reserved by them for a combination of the 
lexicographic path ordering with the multiset path ordering. We present the 
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definition of the recursive path ordering as in [Ders87a, Ders87b] but call 
it multiset path ordering as in [DeJ090]. In [DeH093] Dershowitz and Hoot 
generalized this concept by using terminating functions on the subterms and 
defined a general path ordering that includes the path orderings presented 
here, as well as other variants we shall not describe. 

Definition 4.12 (Multiset Path Ordering, Dershowitz 1982). 
Let E:= (S, F, 7) be a signature, s, t E Ter(E,X) terms, and ~ ~ F X F a 
quasi-ordering on the operator alphabet of E. 
The multiset path ordering ~mpo is defined recursively. s ~mpo t holds for 
terms s := I(S1, S2, ... , sm) and t := g(t1, t2, ... , tn) if and only if one of the 
following is satisfied: 

1. Si ~mpo t for some i E {l, ... ,m}. 
2. f >- 9 and s ~mpo t/'Vj E {I, ... , n}. 
3. 1 ~ 9 and [Sl1 82, ... , sm] ~~~~ [t1, t2,· .. , tn] 

(~ := ~ n ~-1 is the equivalence relation induced by ~). o 

Two terms s := f(s1, S2, ... , Sm) and t := g(h, t2, ... , tn ) are equivalent 
under ~mpo if f ~ g, n = m, and there is a permutation 7r such that 
Vi E {l, ... , n} : Si ~mpo t7r(i). Thus, the permutative congruence recursively 
considers permutations of all the subterms. The relation ~mpo is a quasi
ordering with ~mpo (:= ~mpo n ~mpo -1) as the induced equivalence rela
tion. The strict part of ~mpo, obviously, is given by >-mpo:= ~mpo \ ~mpo. 

The definition of the lexicographic variant of the path ordering is similar 
except for 3 of Definition 4.12. 

Definition 4.13 (Lexicographic Path Ordering). 
Let E := (S, F,7) be a signature, s, t E Ter(E, X) terms, and ~ ~ F X F a 
quasi-ordering on the operator alphabet of E. The lexicographic path ordering 
bpo is defined recursively. 

S ~lpo t holds for terms s := f(Sl1 82, ... , sm) and t := g(h, t2,··· ,tn) if 
and only if one of the following is satisfied: 

1. Si ~lpotlorsome i E {l, ... ,m}. 
2·1>- 9 and S ~lpo tjVj E {I, ... ,n}. 
3. f ~ 9 and(s1,s2, .. ·,sm) d~~ (tl,t2, ... ,tn) and Vj E {l, ... ,n} 

S ~lpo tj 
4· Vx EX: t ~lpo X if t -I x. 

(~ := ~ n ~-1 is the equivalence relation induced by ~). 0 

The requirement 4 of the above definition is only needed if the simplifica
tion ordering ~lpo' (satisfying only the requirements 1, 2, and 3) should be 
extended to a reduction ordering. 

Both types of recursive path orderings can be used in many, though not 
all cases. So it is important to know that these orderings behave well. 
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Theorem 4.6 (Dershowitz 1982 / Kamin and Levy 1980). 
Let F be a set of operators and ~ ~ F x F a quasi-ordering, then the fol
lowing holds: 

1. The multiset path ordering is a reduction ordering and a simplification 
ordering. 

2. The lexicographic path ordering is a simplification ordering and a reduction 
ordering, only if each of the operators has a fixed arity. 

Let us use a variant of Example 4.1 to show how the multiset path ordering 
can be used. 

Example 4.2. The following transformation rules for logical expressions are 
to be proved for termination: 

1. -{..,x) ~ x 
2 .• (x Vy) ~ (.x A .y) 
3 .• (xAy) ~ (.xV.y) 
4. x A (y V z) ---+ (x A y) V (x A z) 
5. (x V y) A z ~ (x t\ z) V (y A z) 

Since ~mpo is a simplification ordering it is enought to verify I ~mpo r for 
each of the above five rules I ~ r. 

The first rule is easy, since the right hand side is a strict subterm of the 
left. Thus, an ordering on the operators is not yet needed. 

For the second rule, we have to compare .( x V y) with (.x A .y) which 
means to compare -, with A and defining • >- A gives the desired result. 

The third rule is similar and yields • >- V. 

The fourth rule is the distributivity we studied in Example 4.1. If we set 
A >- V then we have to verify x A (yV z) ~mpo (x Ay) and x A (yV z) V (x AZ). 
In both these cases the root operators are equal and we have to compare the 
multisets of the respective subterms. Thus [x, (y V z)] ~~~~ [x, y] has to be 
checked, but this is easy, since (y V z) ~mpo y. The second case is similar and 
1 ~mpo r holds for this rule. 

For the last rule one verifies 1 ~mpo r by the same arguments. 

The way we constructed the precedence on the operators step by step 
suggests that this might be automated. Indeed, Ait-Kaci 1985 [Ai-Ka85] and 
Lescanne 1983 [Lesc83b] have shown that (minimal) precedence orderings can 
automatically be constructed, if a multiset path ordering exists. 

The question, whether there exists a precedence between two operators 
such that s ~mpo t for two terms sand t has been shown to be NP-complete 
by Krishnamoorthy and Narendran [KrNa85]. 

However, there exist terminating reduction systems of which the termina
tion cannot be proved by some multiset path ordering. The standard example 
is that of the definition of Ackermann's function: 
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1. ack(O, y) ---+ succ(y) 
2. ack(succ(x), 0) ---+ ack(x, succ(O)) 
3. ack(succ(x),succ(y)) ---+ ack(x,ack(succ(x),y) 

It is well-known that the Ackermann function is not primitive recursive. 
Hence, there exist derivations the length of which cannot be bounded by any 
primitive recursive function. With the precedence ack>- succ it is, however, 
easy to prove termination of the above system with the lexicographic path 
ordering. For each of the three rules 1 -+ r E ~lpo can be verified. The 
multiset path ordering cannot show termination of this system. 

The combination of the multiset path ordering and the lexicographic path 
ordering as suggested by Kamin and Levi [KaLe80a, KaLe80b] gives more 
powerful orderings. These recursive path orderings have been enriched by 
a so-called status which is assigned to the operators. For each operator its 
status determines the orderings according to which its subterms are to be 
compared. Different possible statuses are mult (left, right, resp.) for using 
·the multiset extension (lexicographic extension with subtermes ordered from 
left to right or from right to left). This principle has been added to most 
of the known recursive path orderings. To the multiset path ordering - for
merly named recursive path ordering - with status (RPOS, as abbreviated 
in [Rusi87c]), cf. [KaLe80a, KaLe80b, DeOk88]. Not described in this paper 
and equivalent to a recursive decomposition ordering used by Steinbach, see 
also [Rusi87c, JoLR83, Stei88], is the path of subterms ordering (PSO) by 
Plaisted [Plai78]. It has been studied by Rusinowitch [Rusi87c] and was also 
generalized to PSDS by adding the status. Kapur, Narendran and Sivaku
mar [KaNS85] defined a path ordering with status (KNSS) that turned out 
to be equivalent to a generalization of the improved recursive decomposition 
ordering by Rusinowitch [Rusi87c]. This ordering is one of the most gen
eral orderings we may use, see the comparison given by Steinbach, [Stei88]. 
However, the newly defined general path ordering by Dershowitz and Hoot 
[DeH093] has not been compared with each and every ordering, yet. Despite of 
their usefulness, none of these orderings can successfully be used to show ter
mination of the rule f(f(x)) -+ f(g(f(x))), since f(f(x)) ;Semb f(g(f(x))). 
On the other hand termination of this rule is observed easily: the number of 
adjacent f's reduces with each application. 

5. Completion 

As we have seen in Section 3 the search for convergent reduction systems 
is important for those who want to construct algorithms based on rewriting 
for deciding E-equality. From Theorem 3.5 by Newman and the Critical Pair 
Lemma of Knuth and Bendix we know that is sufficient to check each critical 
pair of a terminating reduction system for a common reduct. If this test 
fails for a critical pair then the method by Knuth and Bendix completes the 
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system with a new rule that assures the existence of a common descendant 
(common reduct). 

We want to explain the essentials of the completion procedure by an 
example that appeared already in [KnBe70] and was also used by Klop in 
[Klop92]. The completion procedure itself is first defined in a simple version 
without interreducing the left and right-hand sides of the rules created. This 
highly ineffective method can be improved by using certain strategies. One 
such version has been given by Huet in [Huet81] together with its proof of 
correctness. 

Knuth Bendix Completion, simple version 

Input: An equational specification ((E, X), E) and a reduction 
ordering t on Ter(E, X). 

Output: A convergent set R of rewriting rules. 

Step 1 Orient the equations (s = t) E E to form rules I --+ r, 
were 1>- rand {l,r} = {s,t}. If sand t are incompa-
rable wrt. t then stop with failure. The resulting set 
of rules obtained is called Ro. 

Step 2 For all critical pairs (tl! t2) obtained from rules in ~ 
compute the normal forms tt! and t2! using the rules 
of ~. If s ;= td and t ;= t2! are incomparable with 
respect to t then stop with failure. If s = t then do 
nothing, otherwise orient the pair (s, t) to form the rule 
I --+ r, were I >- r and {I, r} = {s, t}. All rules obtained 
this way are collected in the set Rf, and ~+1 is defined 
by ~+1;= ~ URf· 

Step 3 If Rf = 0 then stop with the result R ;= ~,else pro-
ceede with step 2. 

If the set E of equations is finite, then this algorithm may either stop with 
success resulting in a finite and convergent set of rules R, or stop with failure. 
In this case a different reduction ordering might be tried. If the algorithm 
does not stop, then the infinite union Ui>O ~ forms a convergent set of rules. 

This algorithm is proved correct easily; For all i E IN each rule I --+ r E ~ 
satisfies I >- r by construction, hence Ui>O ~ is terminating. Also, each rule 
I --+ r E ~ satisfies I = E r, hence this hoTds for any rule from R. Any critical 
pair obtained by rules of R has a common descendant, hence R is convergent. 

To give an example this algorithm shall be applied to the set E below. 

Exar,nple 5{.1. a) 

Let E;= b) 
c) 

mul(e,x) = x, } 
mul(inv(x) , x) = e, 
mul(x,mul(y,z)) = mul(mul(x,y),z) 
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If one uses the Knuth-Bendix ordering >KB with inv > mul > e and 
~(inv) = ~(mul) = 0 then orienting the equations gives the set 

{ 
l. 

Ro = 2. 
3. 

mul(e, x) -+ x, } 
mul(inv(x), x) -+ e, 
mul(mul(x, y), z) -+ mul(x, mul(y, z)) 

Here, the first two orientations are forced by the requirements from Defi
nition 2.9: No single variable is allowed as a left-hand side of a rule and the 
variables of any right-hand side must already be contained in the respective 
left-hand side. The third follows from the Knuth-Bendix ordering >KB. 

Now, the first two rules admit no minimal superposition with a non
variable subterm, hence no critical pair emerges from rules 1 and 2. 

Rule 3, however, ad mitts overlaps with rules 1 and 2: Using the substitu
tion Ix I-t e, y I-t xl we find the superposition 
mul(x, z) {:=Ro mul(mul(e, x),z) ~Ro mul(e, mul(x, z)) giving the 
critical pair from rules 1 and 3: 

(1,3) := (muI(x, z), mul(e, muI(x, z))). 

But mul(e, mul(x, z)) is easily reduced to muI(x, z) by applying rule l. 
Hence the critical pair (1,3) is convergent and no rule is added to RD. 

Another critical pair (2,3) is obtained from rule 2 and 3 by observing 
the superposition obtained by using the substitution Ix I-t inv(x), y I-t xl: 
mul(e, z) {:=Ro mul(mul(inv(x), x), z) ~Ro mul(inv(x), mul(x, z)). 
The critical pair 

(2,3) = (mul(e, z),mul(inv(x), mul(x, z))) 

yields the Ro-normalforms e and mul(inv(x), mUl(x, z)) and is not con
vergent. Hence, the new rule 
4. mul(inv(x), mul(x, z)) -+ e is added to Ro and Rl now consists of the 
rules 1 to 4. In what follows we want to list the superpositions, critical pairs 
and new rules found in the order they can be obtained. Notice, in each step 
one has I4 ~ I4+1. 

Continuation of Example 5.1 

1. mul(e, x) -+ x. 

2. mul(inv(x), x) -+ e. 
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3. mul(x, mUl(y, z)) ~ mul(mul(x, y), z). 

mul(e, z) ¢=2 mul(mul(inv(x), x), z) ===}3 mul(inv(x), mul(x, z)). 

(2,3) = (mul(e, z), mul(inv(x), mul(x, z))). 

4. mul(inv(x), mUl(x, z)) ~ e. 

mul(inv(inv(y)), e) ¢=2 mul(inv(inv(y)), mul(inv(y), y)) ===}4 y. 

(2,4) = (mul(inv(inv(y)), e), y). 

5. mul(inv(inv(y)), e) ~ y. 

mUl(inv(e), z) ¢=1 mUl(inv(e), mul(e, z)) ===}4 z. 

(1,4) = (mul(inv(e), z), z). 

6. mul(inv(e), z) ~ z. 

mul(inv(inv(y)), mul(e,x)) ¢=3 mUl(mul(inv(inv(y)), e), x) and 
mUl(mul(inv(inv(y)), e), x) ===}s mul(y, x). 

(3,5) = (mul(inv(inv(y)), mul(e, x)), mul(y, x)). 

7. mul(inv(inv(y)), x) ~ mul(y, x). 

Y ¢=s mul(inv(inv(y)), e) ===}7 mul(y, e). 

(7,5) = (mul(y, e), y). 

8. mul(y, e) ~ y. 

Y ¢=s mul(inv(inv(y)), e) ===}8 inv(inv(y)). 

(5,8) = (y, inv(inv(y))). 

9. inv(inv(y)) ~ y. 

Rule 9 can now be used to ensure common reducts for the critical 
pairs (2,4) which yielded rule 5. and (3,5). Thus, rules 5. and 7. are 
no longer needed. 

inv(e) ¢=8 mul(inv(e), e) ===}6 e. 

(8,6) = (inv(e), e). 
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10. inv(e) ...... e. 

Now, rule 6. can be cancelled. 

mul(y, inv(y)) {::=9 mUl(inv(inv(y)), inv(y)) ==>2 e. 

(9,2) = (mul(y, inv(y)), e). 

11. mul(y, inv(y)) ...... e. 

mul(y, mUl(inv(y), x) {::=3 mul(mul(y, inv(y), x) ==>11 mul(e, x). 

(3,11)1 = mul(y, mUl(inv(y), x), mul(e, x). 

12. mul(y, mul(inv(y), x) ...... e. 

mul(x, mul(y, inv(mul(x, y)))) {::=3 

mul(mul(x, y), inv(mul(x, y))) ==>11 e. 

(3,11)2 = (mul(x, mul(y, inv(mul(x, y)))), e). 

13. mUl(x, mul(y, inv(mul(x, y)))) ...... e. 

mul(y, inv(mul(x, y))) {::=4 

mul(inv(x), mUl(x, mul(y, inv(mul(x, y))))) ==>13 mUl(inv(x), e). 

(4,13) = (mul(y,inv(mul(x,y))), mul(inv(x),e). 

14. mul(y, inv(mul(x, y))) ...... inv(x) 

Rule 13. is now cancelled. 

inv(mul(x, y)) {::=4 

mul(inv(y), mul(y, inv(mul(x, y)))) ==>14 mul(inv(y), inv(x)). 

(4,14) = (inv(mul(x, y)), mul(inv(y), inv(x))). 

15. inv(mul(x, y)) ...... mul(inv(y), inv(x)) 

Now, rule 14. is cancelled. 

As a result the system formed by rules 1., 2., 3., 4., 5., 8., 9., 10., 
11., 12., and 15. is convergent and equivalent to the equational specification 
E given by the three equations a),b), and c) from the beginning of Exam
ple 5.1. Written in infix notation and using x-1 instead of inv(x) and x * y 
for mul(x, y) these ten rules read as follows: 
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Convergent System for Group Theory 
1. e*x -+ x 
2. X-I *x -+ e 
3. (x*y)*z -+ x * (y * z) 
4. x-1*(x*z) -+ z 
8. y*e -+ y 
9. (y-l )-1 -+ y 

10. e-1 -+ e 
11. y * y-l -+ e 
12. y*(y-l*x) -+ x 
15. (x * y)-l -+ y-l * x-I 

In Example 5.1 we have deleted rules when it was clear that the conflu
ence of critical pairs was not destroyed. The simple algorithm we started with 
didn't have a feature to do that regularly but it should preferably be incor
porated into implementations of the completion procedure. Also, the systems 
produced by the simple completion algorithm need not be interreduced. 

It is possible to transform a convergent reduction system which is not re
duced to a canonical reduction system. The following optimization procedure 
can be performed after any completion, see [Meti83] and [Aven86]: 

Definition 5.1 (Interreduction Procedure). 
Let R ~ Ter( 17, X) X Ter( 17, X) be a convergent reduction system. Define: 

Ro := {l -+ rlll -+ r E R} and 
R1:={1-trll-+rERoand "f,l'-+r'ERo :l'~l}. 0 

Lemma 5.1. 
Rl as defined above is (up to literal similarity) the canonical reduction system 
equivalent to R. 

Proof. 
(a) We first show that the sets of irreducible terms coincide for all three sets 

of rules involved: Irr(R) = Irr(Ro) = Irr(R1 ). The sets of left-hand sides 
of the rules in R and in Ro coincide by definition and thus we obviously 
have Irr(R) = Irr(Ro). Since Rl ~ Ro we find Irr(Ro) ~ Irr(Rd. Now, 
let t E Irr(Rl) and assume t is reducible by some rule in Ro, say by 
10 -+ ro E Ro. Then there exists a rule 1 -+ r E Rl such that 1 ~ 10, and 
hence t is reducible also by a rule from R1 . This proves Irr(Rl) ~ Irr(Ro) 
and thus the desired equality Irr(Ro) = Irr(Rl)' 

(b) Since R is convergent ==? R is terminating and so are ==? Ro and ==? Rl . 
+ * * (c) For each rule 1 -+ r E Rl we have I ==?R r, hence {:::::}Rl ~ {:::::}R. 

Conversely, assume s ~R t then for their R1-normalforms s land 
tl we conclude from ~Rl ~ ~R that s l~R s ~R t ~R tl· 
Since R is convergent, s land t 1 have common reduct in R. On the 
other hand, s 1, t 1 E Lf R) = Irr( Ro) = Irr( R d implies s 1 = t 1 by the 



Basics of Term Rewriting 301 

convergence of R. Now, S =*Rl s!= t!~Rl t implies S ~Rl t and 
thus ~Rl = ~R and moreover, Rl is confluent. 

(d) From the construction it follws that Rl is interreduced: if 1 -+ r E Rl ~ 
Ro then by the definition of Ro r is a Ro-normalform, hence by (a) a 
R1-normalform. The rules in Rl may only be literally similar variations 
of each other. 
From (a) to (d) it follows that Rl is reduced, convergent, and equivalent 
to R hence (up to literal similarity) the canonical equivalent reduction 
system 0 

Standard implementations of completion algorithms produce interreduced 
convergent systems during the completion and not just after the completion if 
they exist for the reduction ordering given. In addition, many completion al
gorithms work much more efficient than the simple method. Some of them use 
strategies for selecting the rules with which critical pairs are built or interre
duce the rules before searching new critical pairs. Without further discussion 
we present a more efficient version of the completion method (Figure 5.1), cf. 
Klop [Klop92] (compare also Huet [Huet81]). 

This completion algorithm not only is more efficient than the simple ver
sion but in addition yields an interreduced term rewriting system as out
put upon successful termination. A direct proof of correctness for comple
tion algorithms, like the one given by Huet for his version in [Huet81] usu
ally is not simple. The method introduced by Bachmair et al. [BaDH86] 
gives much easier proofs that are more flexible to use. There, proofs and 
subproofs are ordered by some well-founded proof-ordering and a proof of 
a completion strategy then uses two components. The first is an infer
ence system used to generate new rewrite rules the other uses the proof
ordering to simplify the intermediate proofs until a normalized proof is ob
tained. We do not want to go into these details, even thought these appli
cations of rewriting are really valuable. The interested reader should consult 
[Aven84, BaDH86, BaDP89, DeOS88, Klop92]. 

The method of critical pair completion can be applied also to structures 
that are usually not represented by terms. Confluent string rewriting was 
studied in [Book82a, BoOt93, Jant88, KaNa83/85], vector replacement sys
tems in [BaLa81], and the important technique to construct polynomial ideal 
bases, of which the Grabner basis is a convergent rewriting system with poly
nomials that are used to find the remainders by division in a Euclidian do
main, see [Buch83, Buch85a, Buch85b, KaKa83, KaKa88]. For an overview 
see [BuLo82] and a detailed textbook is [BeKW93]. The latter two structures 
are commutative, and commutativity is not directly expressible by terminat
ing rules in term rewriting systems. The method to be used in those cases is 
explained in Section 6. 
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Knuth Bendix Completion, more efficient version 

Input: An equational specification ((17, X), E) and a reduction or
dering ton Ter(17, X). 

Output: A convergent set R of rewriting rules. 

success 

R:=0 
while E =1= 0 do 

choose an equation (s, t) E E; 
reduce sand t to their respective normal forms 
sl and tl with rules from the current R; 
if sl= tl 
then 

E:= E \ {(s, t)} 
else 

case of 
81>- tl then 

O! := sl and (3 := tl; 
tl>- 81 then 

O! := tl and (3 := sl; 
else 

stop with failure 
end case 

end if 
R := { 'Y -+ 81 1 'Y -+ 8 E Rand 

81 is irreducible modulo R U {O! -+ (3} }; 
CP:= {(p,q) 1 (p,q) is a critical pair 

between the rules in Rand O! -+ (3 }; 
E : = E U Cp U { b, 8) 1 'Y -+ 8 E Rand 

'Y is reducible by O! -+ (3} \ {(s, t)}; 
R := R U {O! -+ (3} \ h -+ 81 'Y is reducible by O! -+ (3} 

end while 

Fig. 5.1 

6. Rewriting modulo a relation 

Whenever two terms it, t2 E Ter(E, X) are unifiable it is not possible to 
orient them by a reduction ordering. Terms with this property appear in cases 
when commutativity is required. The terms f(x, y) and f(y, x) are of this 
kind and an equational specification containing the equation (J (x, y), f (y, x)) 
cannot be dealt with using the approach described so far. 

If one wants to consider a system of equations E := Eo U S where Eo 
is set of equations yielding a convergent reduction system and the equa
tions in S cannot or just should not be oriented by a reduction ordering. 
The equations of commutativity (J(x, y) = f(y, x)) and of associativity 
f(J(x,y),z) = f(x,f(y,z)) usually fall into this category. The following ex
ample from [Klop87] describes a ground convergent reduction system Ro for 
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the non-negative integers which looses this property after adding commuta
tivity for addition: 

Example 6.1. 
Let Ro ~ Ter(E, X) x Ter(E, X) consist of the following rules: 

1. add(x, zero) -+ x 
2. add(x,succ(y)) -+ succ(add(x,y)) 
3. mul(x, zero) -+ zero 
4. mul(x,succ(y)) -+ add(mul(x,y),x) 

The set Ro above has been obtained from an equational specification Eo 
to which the set S:= {(add(x,y),add(y,x))} should afterwards be added. 
If this additional equation is oriented to yield (add( x, y) -+ add(y, x)), then 
Rl := Ro U {(add(x, y) -+ add(y, x))} is no longer {locally) confluent. If the 
rewriting of terms is restricted to ground terms only, however, then Rl is 
locally ground confluent but not terminating. 

To see this, consider the possibility of infinite ground reductions described 
in the derivations below: 

add(succ(zero) , zero) ===>Rl add(zero,succ(zero)) ===>Rl 

add(succ(zero) , zero) ===>Rl succ(zero) ~Rl 

succ(add(zero, zero) ===>Rl succ(add(zero, zero)) ~Rl 

add(zero, succ(zero)). 

Equations in a set S that are not orientable usually play the role of 
defining an equivalence or congruence relation =8' Often this equivalence is 
easy to decide or the equivalence classes are finite. The latter is the case, 
for instance, for finitely presented semigroups, see [BaLa81]' and was stud
ied by Lankford and Ballantyne, Huet, Petersen and Stickel, Bachmair and 
Dershowitz, [LaBa77a, LaBa77b, LaBa77c, PeSt81, BaDe87/89]. The paper 
by Jouannaud and Kirchner [JoKi86] on this subject is very detailed and 
proves a generalized abstract Church-Rosser theorem. Many authors consid
ered so-called class-rewriting ([DeJ090]) in the context of associative and com
mutative term rewriting, see [BaPI85a, BaP185b, KaSZ90, ZaKa90, Stei90b, 
NaRu91, RuVi91, NaRu93] to only name a few. 

It is necessary to define exactly what is ment by a reduction modulo an 
equivalence relation =8' In principle one would think of rewriting a term t 
in any single step by choosing a suitable representative t' E [tJ8 to which a 
rule is to be applied, but this would sometimes be a non-terminating proce
dure (the S-equivalence classes need neither be finite nor recursive). Thus, 
the composition of the usual reduction relation and the equivalence relation 
induced by the non-orient able equations should be used only in those cases 
where termination can be guaranteed. For the widespread AC-case, i.e. S 
consists of the equations of commutativity and associativity, this is fullfilled. 
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We then will replace S := {(f(x, y),J(y, x)), (f(f(x, y), z), f(x, fey, z)))} for 
the appropriate operator symbols f by the abbreviation A C. 

Definition 6.1 (Class rewriting). 
Let E := (S,F,r) be a signature, R ~ Ter(E,X) x Ter(E,X) a reduction 
system, h,t2 E Ter(E,X) terms, and S C Ter(E,X) x Ter(E,X) a set of 
equations defining the congruence relation =s according to Definition 2.10. 
The following combinations of ===? Rand =s are defined: 

1. The relation ===? Ris rewriting mod S is defined by: t1 ===? RIS t2 iff 
3s1,S2 E Ter(E,X): t1 =s S1 ===?R S2 =S t2. 

2. The S-extended rewrite relation ===? R,S is defined by: t1 ===? R,S t2 iff 
3p E dom(tt},a : t11p =s a(l) andt2 = tdp - a(r)] for some rule 
l- r E R. 0 

Rewriting mod S in fact means that the relation ===? Ris may be defined on 
the congruence classes [tl=s. Termination of ===? RIS thus requires a reduction 
ordering that is compatible with =s! 

In using the reduction ===?R,S so-called A-unification has to be performed, 
see also [Dome91, Fage87, GNPS90, KaKN85, KaNa92a, Kirc86, Stic81], but 
we do not go into the details of this concept. 

Observe, ===?R ~ ===?R,S ~ ===?RIs and usually the inclusions are proper. 
This can be seen by Example 6.2 below. 

Example 6.2. 
Let R consist of the single ground rule mule a, b) - c and S be the set AC 
consisting of the equations mul(x, y) = mul(y, x) and mul(mul(x, y),z) = 
mul(x, muley, z)). 

Then it is obvious that mul(mul(b,a),a) is not reducible by ===?R 
but mul(mul(b,a),a) ===?R,AC mul(c,a), since mul(mul(b,a),a) =AC 
mule mule a, b), a) ===? R mule c, a) and the rule is applied at the first sub
term mule a, b). 

The term mul(mul(b, b), a) is irreducible with respect to both ===?R and 
===?R,S, but mul(mul(b,b), a) =AC mul(b,mul(a, b)) ===?R mul(b,c). 

Now, confluence and Church-Rosser properties can be formulated mod
ulo a congruence relation =s for relations ===? RS satisfying ===? R ~ ===? RS 

~ ===?RIs since then =RuS = ({:::::}RS U {:::::}s)*, where {:::::}S, as usual, 
denotes the symmetric closure of S. 

Definition 6.2 (Confluence modulo =s). 
Let R ~ Ter(E,X) X Ter(E,X) be a reduction system, S C Ter(E,X) x 
Ter(E,X) be a set of equations defining the congruence relation =S, and let 
===? RS be any relation satisfying ===? R ~ ===? RS ~ ===? RI s· 

1. A pair of terms (Sl,S2) E Ter(E,X) x Ter(E,X) is RS-confluent mod
ulo S (more precisely: modulo =s) iff there exist terms tl, h such that 
sId:::;,. RS h, S2 d:::;,. RS t2 and h = S t2' This will be denoted by sds S2· 
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2. R S (and ~ RS) is locally confluent modulo S iff Sl 1s S2 for any 
u, Sl, S2 E Ter( E, X) satisfying Sl ¢= RS U ~ RS S2. 

3. RS is confluent modulo S iff s11s S2 whenever there exist u, Sl, S2 E 
Ter(E,X) satisfying Sl ~RS U ~RS S2· 

4. RS is locally coherent modulo S iff Sl 1s S2 whenever there exist 
u, Sl, S2 E Ter( E, X) satisfying Sl ¢= RS U H S2. 

5. RS is coherent modulo S iff Sl 1s S2 whenever there exist u, Sl, S2 E 

Ter(E, X) satisfying Sl ~RS U =s S2. 

6. R S is Church-Rosser modulo S iff sds S2 whenever Sl = RuS S2· 

7. R S is convergent modulo S iff R S is Church-Rosser modulo S and ~ R/S 
is terminating. 0 

Since ~R 5;;; ~Rs 5;;; ~R/S it follows that ~R/S, RIS for short, is 
Church-Rosser modulo S if RS has this property, and RS is Church-Rosser 
modulo S, if R is Church-Rosser modulo S. 

It is conceivable that RS is Church-Rosser modulo S if R S is both con
fluent and coherent modulo S. However, this is generally not the case as can 
be seen by Example 6.3 below. Conversely, if RS is Church-Rosser modulo 
S then RS is both confluent and coherent modulo S. 

Example 6.3. 
Let R := {a(d) - a(a(d)),b(d) - b(b(d)),c(d) - c(c(d))} be a set of 
ground rules and S : = {(a 2i (d), b2i (d)), (b2i+1 (d), c2i+1 (d))). Then we have 
a2i (d) ~R a2i+1(d),b2i (d) ~R b2i+1(d) and c2i (d) ~R C2i+1(d) for all 
i ~ 1. R, i.e. ~ R is is confluent and coherent modulo S but not Church
Rosser modulo S: Obviously, a(d) =RuS c(d) but not a(d)!s c(d). 

Jouannaud and Kirchner [JoKi86] have proved the following generaliza
tion of the result of Newman [Newm42] and of the Critical Pair Lemma 
[KnBe70j. 

Theorem 6.1 (Jouannaud and Kirchner 1986). 
Let R, and S be defined as in Definition 6.2 with R terminating modulo 
S, i. e., ~ R/ S a terminating relation. Then the following statements are 
equivalent: 

1. R S is Church-Rosser modulo S. 
2. RS is confluent modulo Sand RS is coherent modulo S. 
3. RS is locally confluent modulo Sand RS is locally coherent modulo S. 
4. Vs, t : (s =RuS t iff s1s t), i.e., (s, t) is RS -confluent modulo =s for all 

(R U S)-equal terms sand t, i.e., which satisfy s =RUS t. 

Theorem 6.1 is no longer true if termination would have been required 
only for the relation ~ RS. Example 6.4 (2) shows the existence of (abstract) 
relations that fullfill the local properties (Theorem 6.1(2)) but not the global 
ones. 
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Example 6.4. 
1. For a {::= RS b( '¢:::::::>s U {::= RS )C1 '¢:::::::>s C2 ('¢:::::::>s U {::= Rs)d =;. RS e the 

relation =;. RS is terminating, confluent modulo S but not coherent modulo 
S. 

2. Assume a {::= RS b( '¢:::::::>s U {::= RS )c( '¢:::::::>s U {::= Rs)d =;. RS e then the 
relation =;. RS is terminating, both locally coherent and locally confluent 
modulo S but neither confluent modulo S nor Church-Rosser modulo S. 
We have a = RuS e but not als e. 

Unfortunately, Theorem 6.1 does not automatically give an effective test 
for the Church-Rosser property since there are in general infintely many 
triples (tl, t2, t3) for which t1 {::=Rs t2 =;'Rs h or t1 {::=Rs t2 '¢:::::::>s t3 may 
hold. Also reduction orderings that are compatible with S-equality are to be 
defined in order to successfully apply Theorem 6.1. 

Definition 6.3 (S-compatible Reduction Ordering). 
A reduction ordering > is compatible with S if s > t implies u > v for all 
terms u, v with u =s 8 and t =s v. 0 

Thus, if > ~ Ter(E, X) x Ter(E, X) is a reduction ordering compatible 
with S, then> induces a reduction ordering on the equivalence classes in 
Ter(E, X)/ =S. 

For example, if Rand S are defined as before (Def. 6.2) with =;. R/S 

terminating then ~ R/ s is a reduction ordering compatible with S. Obvi

ously, ~ R/S is a well-founded strict partial ordering compatible with term 
replacement and substitution, hence a reduction ordering (Def. 4.6). To see 

that ~R/8 is compatible with S let 81 ~R/8 82, 81 =8 h, and 82 =8 t2· 

To prove h ~R/8 t2 consider 83 in 81 =;'R/8 83 ~R/S 82. Now, 81 =8 h 
shows h =;'R/8 83 ~R/8 82, hence h ~R/8 82. This reduction implies 

that t1 ~R/8 t3 =;'R/8 S2 for some t3 and again t3 =;'R/8 t2 (since 

82 =8 t2) finally implies t1 ~R/S t2· 
In order to find completion algorithms for term rewriting modulo an equiv

alence relation =8 Jouannaud and Kirchner [JoKi86] presented a method that 
was applicable when the congruence classes modulo =s are finite. This al
gorithm was generalized by Bachmair and Dershowitz [BaDe87/89] also to 
systems with infinite congruence classes and allows most general equational 
specifications S with the only requirement that there exists a finite complete 
S-unification algorithm. Since an exposition of their result would exceed the 
space allowed for this contribution we refer to their work. 

In many cases class-rewriting is used when the equational system S := 

AC describes just commutativity and associativity. For this setting a lot 
of results and specialized methods have been obtained: [BaPI85b, BaLa81, 
DeMS90, DHJP83, Dome91, Fage87, GnLe86, KaKN85, Stie81], and later 
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[AvDH92, Bach92, DePu93, JoMa92, KaNa92a, KaNa92b, KaSZ90, NaRu93, 
NiRu94, RuNi93, Stei90b, Vign94, ZaKa90j. Others, not mentioned here, have 
followed. 

Marche defined in [Marc93j the S-normalized rewrite relation ===} RI S1 
that can be used when R is convergent modulo S. He generalized the ground 
completion given by Narendran and Rusinovitch [NaRu91] as well as Buch
bergers result on Grabner bases for polynomial ideals, which are convergent 
systems modulo the theory of commutative rings, see also [Marc91, Marc92, 
Marc93j. 

Definition 6.4 (S-normalized rewrite relation). 
Let R ~ Ter(E, X) x Ter(E, X) a be a reduction system that is conver
gent modulo a congruence relation =s defined by a set S c Ter(E, X) x 
Ter(E, X). The S-normalized rewriting relation is defined for terms tl, t2 E 
Ter(E,X) by: tl ===}RIS! t2 iff for a := tds there exists P E dom(a) : 
alp =s a(l) and t2 = alp +- a(r)] for some rule 1-+ r E R. 0 

One of the prominent applications of class rewriting modulo a commuta
tive ring is the construction of Grabner bases for polynomial ideals that we 
will present here as an example. The equations defining the theory of commu
tative rings could be given by the set of equations in the table below, where 
the equations are already oriented to form the rules of an AC-convergent 
reduction system. The ordering used there is an associative path ordering 
based upon the precedence ... > * > - > + > 0 defined in [BaPI85a] and 
studied also by Delor and Puel1993 in [DePu93]. 

Convergent System (mod AC) for Commutative Rings 
1. x+O -+ x 6. x * (y + z) -+ (x*y)+(x*z) 
2. x + (-x) -+ 0 7. x* 1 -+ x 
3. -0 -+ 0 8. x*O -+ 0 
4. -(-x) -+ x 9. x * (-y) -+ -(x * y) 
5. -(x + y) -+ (-x) + (-y) 

But when using the rewriting with polynomials in the fiel of polynomials 
over a Euclidian domain we use the above system only implicitely. In fact, 
computing a Grabner basis can be done for polynomial ideals in which the co
efficients of monomials in polynomials are taken from any Euclidian domain, 
see [KaKa83, KaKa88], consult Becker, Kredel and Weispfenning [BeKW93] 
and [BuLo82, Buch83, Buch85a, Buch85bj. 

Let us recall the definition of an ideal: 

Definition 6.5 (Ideal of a commutative ring). 
I ~ R is an ideal of the commutative ring R if 

1. Va, bEl: a - bEl. 
2. Va E IVr E R: a * rEI. 
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The ideal I is finitely generated, if there exists a finite subset B := {bl • b2 • 
...• bn} ~ R such that I = n::~=l bi * ri I ri E R}. The ideal generated by the 
set {bt , b2 , • •• , bn} will be denoted by E~=l bi * R. 0 

Here we want to consider only the ring Q[xt, X2, ...• XnJ of multivari
ate polynomials with indeterminantes Xl, ... , xn and coefficients in Q. By 
Hilbert's basis theorem we know that any ideal of a polynomial ring is finitely 
generated. Since the rationals form a field the polynomial ring over Q is what 
is called a Euclidian ring. In such a ring the remainders of divisions are again 
elements of the ring. 

In the following we will, however, try to omit most of the necessary math
ematical rigorousness, since it should basically serve as an illustrating and 
motivating example. 

Definition 6.6 (Polynomials over tlJ). 
Polynomials p E Q[Xl' X2, ••• ,XnJ are represented as follows: 

- t := X~l • X~2 ••••• x!", each ki E IN is called a term representing the 
indefinite ring element II:"l X:i in a unique way. 

- The total degree of a term t := X~l . X~2 ••••• x!" is deg(t) := E~=l ki . 

- A total ordering on terms ~ is defined by tl := X~l . X~2 ••••• x!" :::J 
t2 := X~l . X~2 ••••• x~ iff either deg(tl) > deg(t2) or (deg(tt) = 
deg(t2) and (kl , k2 •... , kn) >Iex (It, l2,"" In»). 

- A monomial m := c· t is build by a coefficient cEQ and a term t. 

- The degree of a monomial m := c· t is defined by deg(m) := deg(t). 

- A total ordering on monomials mi := Ci . ti is defined by ml :::J m2 iff 
either tl :::J t2 or (tl = t2 and Cl > C2). 

- A polynomial is uniquely represented by a sum of monomials in decreasing 
order: p := ml + m2 + ... + mk, where mi ~ mi+l. This is called its 
standard form. 

- deg(p) := max(deg(mi): mi is a monomial ofp) denotes the degree olthe 
polynomial p. 

- For a polynomial p in standard form head(p) := ml = Cl . tl is called the 
head monomial. The remaining part of p is tail(p) := m2 + ... + mk· 

- Two polynomials are compared by the total ordering of their standard 
form representations: p ;;! q iff head(p) :::J head(q) or (head(p) = 
head(q) and tail(p) ;;! tail(q»). 0 
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Suppose, I ~ Q(x!, .. . ,xn) is a finitely generated polynomial ideal, gen
erated by the set B := {P!'P2,'" ,Pm} of polynomials. Any two given poly
nomials p, q E Q(Xl,"" xn) are equivalent modulo I iff p - q is an element 
of I. Since word problems have been solvable in many cases by convergent 
rewriting systems one is lead to the search for a suitable rewriting system 
in this case, too. If I is finitely generated, then there may exist different 
bases generating the same ideal and, moreover, there are bases in which a 
polynomial can have different presentations by polynomials from such a basis. 

Consider the ideal generated by the single polynomial p := 2· x2 • Y - y. 
If a polynomial ql is an element of the ideal I generated by p, then there 
exists a (linear combination of polynomials in Q[x, yD, hence a polynomial 
q2 E Q[x, y], such that ql = q2 . P without remainder. If the division of 
ql by p is not possible without remainder rem, then this remainder is a 
representative of the residue class mod(I). If rem is not divisible by any 
other element of I, then this remainder is a normal form for the residue class 
of ql. 

For example, let ql := 4· x 3 • y, then ql = p' 2· x + 2· X· Y and 2· X· Y is 
the remainder. 

The rewriting rules for a finite basis of generating polynomials of an 
ideal in a Euclidian ring can be found in Kandri-Rodi and Kapur, [KaKa83, 
KaKa88J. 

Definition 6.7 (Polynomials as reduction rules). 
Let F ~ Q[Xl' X2, ... ,xnJ be set of polynomials. Each polynomial will be 
considered in its standard form representation. 

To each polynomial p E F a rule, also called p, is associated by 

p : head(p) ---t - tail (p) . 

A rule p := head(p) ---t tail(p) is applicable to a polynomial ql only if ql ;;;:! p. 
Then ql ~p q2 iff 3m E Q[Xl,X2,'" ,xnJ : ql ;;;:! m· p /\ q2 := ql - m· p. 

We write ql ~ F q2 if there exist a polynomial p E F such that ql ~ p 

Q2. 0 

If polynomials in the ring Z[x!, X2, ... ,xnJ are considered, then the re
duction relation is usually formulated a bit more complicated, d. [KaKN85J. 

In the example with the polynomial p := 2 . x 2 • Y - Y the associated 
rule is 2· x 2 • Y ---t y. To apply this rule to ql := 4· x 3 • y one can choose 
m := 2x as multiplicator polynomial and one has ql - m· p = 2· X· y. Thus 
4· x3 . Y ~p 2· x . y, and the same result is obtained as remainder rem by 
the division qdp above. 

Theorem 6.2 (Termination of reductions with polynomials). 
If F ~ R[Xb X2, ... ,xnJ is finite and R[Xb X2, ... ,xnJ is a Euclidian domain, 
then the relation ~ F is terminating. 
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This is easily seen, since the head monomial will be replaced by a smaller 
monomial and the right-hand side of a rule is strictly smaller than the head 
monomial in the ordering ~ on the polynomials. 

Definition 6.8 (Grabner basis). 
Let R[XI' ... ,xn] be a polynomial ring over a field R then F ~ R[XI, ... , xn] 
is called Grabner basis for the ideal generated by F, if the reduction system 
formed by the rules associated to the polynomials in F is convergent. 0 

If F is a Grabner basis of an ideal I, then each polynomial pEl will be 
reduced to zero by the reduction rules associated to F and each polynomial 
P E R[XI, X2, ... ,xn] will be reduced to a unique normal form, namely its 
remainder modulo I as the representative of the residue class of p modulo 
F. Obviously, the way polynomials are used here as reduction rules can be 
understood as term rewriting modulo AC. The polynomials of a Grabner 
basis define a relation on terms over a suitable signature that is convergent 
modulo AC, recall Def. 6.2. However, the precise translation between these 
two concepts is not that obvious, cf. [Buch87]. For instance, the variables 
used in the term rewriting have to be distiguished from the indeterminantes 
used in the polynomials. 

Example 6.5. 
Let PI := X· y2 - X + 1 and P2 := x2 . y - 2· x· y. The set {PbP2} is not a 
Grabner basis for the ideal P := (PI + P2) * Q[x, y] generated by PI and P2: 
The polynomial X2.y2 can be reduced to two different irreducible polynomials 
by: x 2 - x -¢::=Pl x2 . y2 =>P2 2 . x . y2 =>Pl 2· x - 2. The critical pair of 
P2 and PI is (2. X· y2, x 2 - x) to which the so-called subtraction-polynomial 
(S-polynomial for short) 2· x . y2 - x2 - x is associated, see [Buch85b]. The 
S-polynomial sp(p, q) of two polynomials p and q is defined by sp(p, q) := 
u·p-v·q, where u·head(p) = v·head(q) = lcm(head(p) , head(q)). Completion 
of this critical pair gives a new rule x 2 - x --+ 2 . x - 2 to which the S
polynomial P3 := x2 - 3 . x - 2 = y . P2 + 2 . PI - X . PI as an element of 
P is assigned. Also, the polynomials P4 := x . y - 2 . y = P2 - Y . P - 3 and 
P5 := 2· y2 - X + 1 = PI - Y . P4 are elements of the ideal P, and obtainable by 
critical pair completion. The set of polynomials {P3,P4,P5} forms a Grabner 
basis, as can easily be checked. The S-polynomials Sp(Pi,Pj) reduce to zero 
for i,j E {3, 4, 5} by using this same set of polynomials (rules, respectively). 

The completion indicated by Example 6.5 above can be performed suc
cessfully for any finite basis of an ideal in a polynomial ring over a field, a 
Euclidian domain, and in many other cases, cf. [KaKa88]. 

Theorem 6.3 (Grabner basis by completion). 
For each finite set F ~ R[xlJ X2, ... ,xn ] in the ring of polynomials over a 
Euclidian domain R one can effectively construct the Grabner basis for the 
ideal generated by F by the Knuth-Bendix critical pair completion method. 
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The paper [Buch87] by Buchberger gives a lot of information on the his
toric origins of conceps and their use in different areas, all related to the 
critical pair completion related to constructive ring theory. 

7. Sundries 

In this final section we want to give a short glimpse and hints to some areas in 
term rewriting we did not spend enough room for a more thorough discussion. 

In addition to the orderings we described in Section 4 there exists an 
ordering by which a multivariate polynomial of n variables is assigned to 
each n-ary operator f E Fn of the signature (17, X). The functions must 
satisfy requirements that allow evaluations of the polynomials assigned to 
the terms of each rule li --+ ri such that the values obtained decrease in 
every step. The use of polynomial interpretations was developed by Lankford 
in [Lank75a, Lank75b, Lank79a). 

Proof orderings, for instance, see [BaDH86, BaDe94) where only shortly 
addressed to on page 301 and have been used in several contributions with 
success: [Aven84, Aven95, BaDe87/89, BaDP89, DeOS88, DeJ090, KaKa88, 
Klop92). 

The concept of modularity of term rewriting systems was studied by 
Toyama in [Toya87b) and can be described informally as follows. In designing 
equational systems like, for instance, abstract data types one usually wants 
to use already specified parts in extending the specification. Hence one is 
interested in the question under which circumstances a wanted or certified 
property P of reductions systems Rl and R2 holds true for the combined 
system Rl l:.J R2, where the disjoint union is used. This composition is called 
disjoint sum and is has been shown by [Toya87a) that termination is not a 
modular property whereas the disjoint sum of two confluent reduction sys
tems is again confluent [Toya87b). Kurihara and Kaij in [KuKa88) presented 
another approach to modularity wherby the reduction of the combined sys
tem is a composition of normalform reductions of the modules. 

More research on modularity can be found in [Gram92a, Gram94a, 
Gram94c, KlMi94, KuKa88, KuOh92, Midd89a, Midd89b, Midd90). 

Recently, Ohlebusch has proved that even the disjoint sum of convergent 
reduction systems needs no longer be terminating, cf. [Ohle95). 

Conditional term rewriting arises naturally in the development of alge
braic specifications. It is a concept that tries to capture the complexity of 
descriptions in which some rules should be used only in case the term to be 
rewritten fullfills certain preconditions. The first concepts go back to universal 
algebra and logic, see [MeTu92), and found their adaption to term rewriting 



312 M. Jantzen 

in [BrDJ79, Ganz87, Kap184, Lank79b, DeOS88]. A rule of a conditional term 
rewriting system has the form: 

o ===} 1 -t r, where 0 is a condition. 

The condition C is formulated in some suitable logic and mostly universal 
Horn clauses are used. In this case an initial model for any finite set of condi
tional equations exists. Then the rule above reads as A~=l (Ui, Vi) ===} 1 -t r, 
where var( Ui) U var( Vi) ~ var(l). 

Now, there are at least three plausible ways to define when and how 
such a rule can be applied to some term t in order to define an operational 
semantics, see [Kapl84, DeOS88]. These are distinguished by the method of 
interpreting the equations (Ui,Vi) in C: (Ui,Vi) is true, iff either of a), b) 
or c) holds: 

or or 

Requirement a) is too restrictive and c) is very general, so that this con
dition may in some cases become undecidable. Condition b) is the most 
commonly used and requires the definition of the reduct of Ui and Vi by 
using the rules of a system being defined. One defines tl ===} R t2 to hold, 
whenever there exists a conditional rule in A~=l (Ui, Vi) ===} 1 -t r E R such 
that tl ===}l-+r t2 as usual and Ui!R Vi holds for each 1 ~ i ~ n. This 
requires a recursive application of this definition while performing the reduc
tions Ui ~R ud= Vd~R Vi. Hence, not only termination of this condi
tional rewriting becomes a problem but also completion of critical pairs. A so
called contextual critical pair of two conditional rules Oi ===} Ii -t ri, i = 1,2 
is given by a(Od /\ 0'(02 ) : (s, t), where (s, t) is the critical pair of the 
unconditional rules 11 -t rl and 12 -t r2. In case that there exists some re
duction ordering > such that 1 > r, 1 > Ui, and 1 > Vi for every conditional 
rule A~=l ( Ui, Vi) ===} 1 -t r, then the conditional reduction system is also ter
minating and it is confluent if and only if all contextual critical pairs have a 
common reduct, cf. [Kapl87bj. Work on completion algorithms for conditional 
rewriting systems is presented in [Ganz88a, Ganz88b, Ganz91a, KoRu91bj 
and many more results than we can mention have been obtained in this im
portant area. This list of citations gives only a vage idea of the importance and 
the active research: [AvBe92, AvL093, AvL094a, AvLo94b, BeK186, BoRe87, 
Ders90, DeOk90, DeSi88, DeMS90, Dros84, Ganz91a, GaWa92, Gram94b, 
Gram94c, JoWa86, Kapl87a, KaRe89, KIVr90, Midd94, NaOr84, Orej87, 
Plai88, Toya88b, WiGr94aj. 

We also skipped a discussion of ordered or order-sorted rewriting, and 
did not include details on the special S-unification that has to be used in 
connection with class-rewriting. 
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w-Languages 

Ludwig Staiger 

1. Introduction 

The purpose of this chapter is to give an introduction into languages of infinite 
strings (of order type w), so-called w-Ianguages. The set of all infinite strings 
over a finite alphabet may be considered, as we shall see below, in a natural 
way as a metric space. 

In general, the space of infinite strings is not only considered in topology 
but also in various other areas of mathematics and computer science, for 
example in symbolic dynamics and information theory. 

In formal language theory we are mainly interested in computational as
pects of w-Ianguages. Therefore, in this respect it is convenient to consider 
w-Ianguages together with their finite string counterparts, languages. In 
this paper we will not stress too much the automata-theoretic aspect of 
w-Ianguages, but rather their description of w-Ianguages via languages. 
The automata-theoretic aspects have been recently considered in detail in 
W. Thomas' contribution "Automata on infinite objects" [Th90] to the Hand
book of Theoretical Computer Science, in J. Engelfriet's and H. J. Hooge
boom's Fundamental Study "X-automata on w-words" [EH93] and in [Tho]. 

Therefore our consideration lays stress on the relations between classes 
of languages and classes of w-Ianguages as well as on topological aspects, in 
particular on mappings acting continuously on the space of infinite words. 

We try to link the consideration of classes of languages with their 
w-counterparts where we use the fact that both parts are defined by the same 
classes of devices. The investigated relationships involve operations transfer
ring languages to w-Ianguages (and vice versa), and they give descriptional 
results for w-Ianguages by operations and languages in the related language 
class. 

Most of the classes of w-Ianguages investigated up to now were defined by 
accepting devices. Adopting the topological point of view we try to consider 
our accepting devices (at least the deterministic ones) as continuous mappings 
on spaces of infinite words. To be concrete, we shall focus on the consideration 
of classes of w-Ianguages which on the one hand have been investigated up 
to now and on the other hand have close relationships to classical families of 
languages such as regular, context-free, or recursively enumerable languages. 

G. Rozenberg et al. (eds.), Handbook of Formal Languages
© Springer-Verlag Berlin Heidelberg 1997



340 L. Staiger 

Therefore, we assume the reader to be familiar with the calassical theory 
of formal languages (cf., e.g., [Gi75],[HU79],[Sa73l), in particular with the 
families of regular, deterministic context-free, context-free, recursive, and re
cursively enumerable languages, which will be denoted by R, DCF, CF, 
REK, and RE, respectively, in the sequel. 

Finally, we mention some books, such as [TB70] , [Ei74], [LS77] , [NP85J, 
[PP93] and, except the above mentioned papers [EH93] and [Th90J, also some 
other papers that survey parts of the theory of w-Ianguages (cf. [CG77J, 
[HR86], [Ni79], [St87bJ, [Wi93l). 

Notation 

The set {O, 1,2, ... } of natural numbers is denoted by IN, and for a finite 
alphabet X by X* (XW) we denote the set of finite words (infinite sequences) 
on X. For a word w E X* and a string b E X* U XW let W • b be their 
concatenation. This in an obvious way defines a product W . B as well as an 
n-th power wn (n ~ 1) of sets W ~ X* and B ~ X* U XW. 
For a word W E X* its length is Iwl, and e denotes the empty word in X*. 
An infinite sequence e E XW is also called an w-word, and it is also understood 
as a mapping e : w -t X where w := {I, 2, 3, ... }. Then e(i) is the i-th letter 
of e, and e(m, n] := e(m + 1) ..... e(n) is an interval (subword) of e. 

For B E X* U XW we define the state B I w of B generated by the word 
w E X* as B Iw := {b : w . b E B}, and we call a set B finite-state if the 
number of different states Blw (w E X*) is finite. 

We introduce into X* U XW a partial ordering 

w !;;; b:<=? 3b'(b' E X* U XW A W· b' = b) , 

and we call A(b) := {w : w E X* A w !;;; b} and A(B):= U A(b) the sets 
bEB 

of initial words (prefixes) of b E X* U XW and B ~ X* U XW, respectively. A 
language W ~ X* is referred to as prefix-free provided w, v E W and w !;;; v 
imply w = v, that is, no word in W is a proper prefix of an other word in W. 

We extend the operations * and W to arbitrary subsets W ~ X* in the 
usual way: 

W* .- U wn where Wo := {e} , and 
nElN 

WW ._ {WO' WI ..... Wi .... : i E IN A Wi E W \ {e}} 

is the set of (infinite) sequences in XW formed by concatenating members of 
W. 
We will refer to subsets of X* and XW as languages or w-Ianguages, respec
tively. 

A homomorhism h : X* -t y* is a mapping satisfying the relation 
h(w . v) = h(w) . h(v). Thus, in order to define a homomorhism it is suf-
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ficient to assign to each letter x E X its value h( x) E Y*. If h( w) = e implies 
w = e we call the homomorhism he-free. 

If h(x) E Y, that is, the homomorhism is length preserving, we will call 
h also a projection. Particular cases of projections are the following ones: 
For the product alphabet X x Y of the alphabets define the projections into 
X and Y via pr1((x,y)) := X and pr2((X,y)):= y, respectively. 

2. Topology for languages and w-Ianguages 

2.1 Cantor topology 

Unlike the case of languages topology is a very important means to facilitate 
the study of w-Ianguages. For instance, as we shall see below several hierar
chies of w-Iaguages are topologically based, that is, the distinctness of their 
classes can be proven by topological means already. 

In this paper we consider XW as a topological space with the basis 
(w . XW)WEX*. Since X is finite, this topological space is homeomorphic to 
the Cantor discontinuum, hence compact. 

It is more convenient to define this topology via the following metric. 

{!(TJ,~) = inf {r-1wl : w is a common prefix of TJ and 0 (2.1) 

It is easily verified that {! is indeed a metric which in addition satisfies the 
ultrametric inequality. 

(2.2) 

Open (in view of Eq. (2.2) they are simultaneously closed) balls in this 
space (XW, (!) are the above mentioned basis sets w . XW. Then open sets in 
XW are of the form W . XW where W £; X*. From this it follows that a subset 
F £; xw is closed if and only if A(e) £; A(F) implies e E F, and E £; XW 
is simultaneously open and closed iff F = W . XW for some finite language 
W £; X*. 

The topological closure of a subset F £; XW, that is, the smallest closed 
subset of XW containing F is denoted by C(F). One has C(F) = {~ : A(~) £; 
A(F)}. 

Having defined open and closed sets in XW, we proceed to the next classes 
of the Borel hierarchy (cf. [Ku66]): 

F u is the set of countable unions of closed subsets of XW, 
G6 is the set of countable intersections of open subsets of Xw. 
F u6 is the set of countable intersections of F u-subsets of XW, 
G6u is the set of countable unions of G6-subsets of XW, and so on. 1 

1 Borel classes are also defined for larger countable ordinals than natural numbers, 
but since we will· not need higher level Borel classes, we refer the interested 
reader to a textbook on topology, e.g. [Ku66]. 
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To be consistent with this notation, we denote the classes of open and of 
closed subsets of XW by G and F, respectively. 

A subset F ~ XW is referred to as a Borel set if F belongs to some Borel 
class F (l<' 

It is interesting to note that w-Ianguages in low-level Borel classes can 
be characterized via operations transforming languages to w-Ianguages. To 
this end we introduce two limit operations: the first one will be referred to as 
6-limit, and the second one introduced in [8W74J, [L877] or [BN80] is usually 
called the adherence of a language. 

Definition 2.1. Let W ~ X*. We will refer to 

W 6 := {( : (E XW A A«() n W is infinite} 

as the 6 -limit of the language W, and to 

lsW:= {(: (E XW AA«() ~ A(W)} 

as the adherence of the language W. 

The following relations hold true. 

W6 ~ A(W)6 = ls W = ls A(W) (2.3) 

Other notations used for W 6 are W (as, e.g., in [Th90]) or lim(W) (as, e.g., in 
[EH93]). We prefer the first one for the reason given in the next proposition. 

Proposition 2.1. A subset F ~ XW is a G6-set iff there is a V ~ X* such 
that F = V 6 . 

Using the identity C(F) = ls A(F) = (A(F))6 we obtain a similar proposition 
for ls. 

Corollary 2.1. A subset F ~ XW is closed iff there is a language W ~ X* 
such that F = ls W. 
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Denote by B(M) the closure of the class of sets M by Boolean operations. 
Then it is well known that in the space (XW, (!) the following proper inclusions 
hold. 

/ "" F ".6 G 6". 

"" / 
F".6 n G6". 

i 
B(F".) = B(G6) 

/ "" F". G6 = {V6 : V <;;; X*} 

"" / 
F". n G6 

i 
B(F) = B(G) 

/ "" {lsW: W<;;;X*}=F G={W·Xw: W<;;;X*} 

"" / 
FnG 

2.2 Continuous mappings 

Let X, Y be finite alphabets. In this part we consider continuous mappings 
from (XW, (!) to (yw, (}). 2 We recall that a mapping cP : XW ----. yw is contin
uous provided it satisfies the following property. 

CP(1im ~i) = lim CP(~i) (2.4) 
1.--+00 2--+00 

Here it is understood that the identity holds if only limi-+oo ~i exists. Next 
we derive a relationship between continuous mappings cP : XW ----. yw and 
word functions monotone with respect to the prefix relation. 

To this end we call a function tp : X* ----. Y* sequential provided for all 
words w, v E X* it holds tp(w) ~ tp(v) whenever w ~ v, moreover, a mapping 
tp : X* ----. Y* is referred to as totally unbounded if the image tp(W) of 
every infinite language W <;;; X* is again infinite. Consequently, every totally 
unbounded sequential mapping tp : X* ----. y* defines in a unique wayan 
extension mapping Vi : XW ----. yw via the equation: 

A(Vi(~)) = A(tp(A(~))) (2.5) 

Then we have the following. 

2 Since there is no danger of confusion, we use the same symbol {l for the metrics 
in both spaces. 
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Theorem 2.1. Let tP : XW --+ yw. tP is continuous if and only if there is a 
totally unbounded sequential mapping cp : X* --+ y* such that tP = cp. 

Proof. First remark that a mapping tP : xw --+ yw is continuous if and only 
iff or every infinite family of words (Wi)iElN with Wi C Wi+! it holds 

Let tP : xw --+ yw be continuous. Then the image tP(w . XW) of a ball 
W . XW is either a single point {'T/w} ~ yw or there is a smallest ball Vw . yw 
which contains tP( W· XW), that is, Vw is the longest word such that Vw . yw 2 
tP(w, XW). We define cp inductively as follows. 

cp(e) .- e, and 

cp(w, x) := {vw.x 
'T/w.x(O, Icp(w)1 + 1] 

, if VW ' x exists 
, otherwise 

Since tP(w. XW) 2 tP(w· x· X W), the function cp is sequential. 

(2.6) 

It remains to show that cp is totally unbounded. First we show that the 
image of an infinite directed family of words (Wi)iElN, Wi C Wi+! is infi
nite. Following the above remark on the continuity of tP we observe that 
limi ...... oo Ivw.l = 00 or, otherwise, tP( Wi . XW) = {'T/wJ for some i E IN. In both 
cases it is evident that {cp( Wi) : i E IN} is infinite. 

Now let (Wi)iElN be an arbitrary infinite family of words. Assume {cp(Wi) : 
i E IN} to be finite. Without loss of generality we may assume cp( Wi) = v 
for all i E IN. Consider the family (Wi' XW)iElN for some x E X which is 
an infinite subfamily of XW. Since the metric space (XW, e) is compact, this 
family contains a convergent subfamily (Wij • xW)jElN. Let limj ...... oo Wij . XW = 
e E XW. Then every prefix u of e is a prefix of some word Wij' hence cp( u) [;;; 
cp( Wij) = v, and cp(A(e)) is a finite set, which was shown to be impossible. 0 

Theorem 2.1 shows a close relationship between countinuous mappings 
cp : XW --+ yw and sequential functions cp : X* --+ Y*. In the preceding 
proof we derived from cP a particular function cp generating tP. The structure 
of the set of all sequential functions generating one continuous mapping CP, 
{cp : cp = tP}, is investigated in more detail in [LS77, Sects. 7.1 and 7.4]. 

We conclude our considerations on continuous mappings with considering 
again the Borel hierarchy. First we mention the following well-known preser
vation property of the inverse of continuous mappings. 

Theorem 2.2. A mapping tP : XW --+ yw is continuous if and only if for 
every closed (open) subset E ~ yw its preimage tP-1(E) is also closed (open). 

Since the inverse mapping cp-l : 2Y '" ---+ 2x '" preserves complement and 
arbitrary union and intersection, from Theorem 2.2 the following property 
holds. 
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Corollary 2.2. Let tP : XW ---t yw be continuous and M <:;; 2Yw U 2Xw 

be a Borel class. Then E E M or E E B(M) implies tP-i(E) E M or 
tP-i(E) E B(M), respectively. 

The images of Borel sets under continuous mappings are, however, not 
necessarily again Borel sets. To characterize them we have to introduce ana
lytic sets, that is, projective sets of the first class. 

Projections like pri : (X x Y)* ---t X* are totally unbounded sequential 
mappings. Their extensions like pri : (X x y)W ---t XW are, therefore, contin
uous mappings. As usually, we set Pi : = {pr 1 (E) : E ~ (X x y)W 1\ E E G 6 } 

and refer to Pi as the class of analytic subsets of XW. The following holds. 

Lemma 2.1. Let F ~ XW be a Borel set and let tP : XW ---t yw be continuous. 
Then tP( F) E Pl. 

In particular, all Borel sets in XW are analytic sets. Since (XW, e) is 
compact the continuous image of a closed set is again closed. This yields 
a strengthening of Lemma 2.1 for the Borel classes F and F u' 

Lemma 2.2. Let E <:;; XW be closed or an F u-set, and let tP : xw ---t yw be 
continuous. Then tP(E) is also closed or an F u-set, respectively. 

Another relation between Borel sets and analytic sets is given by Soulslin's 
theorem. 

Theorem 2.3. A subset F ~ XW is a Borel set if and only if F and XW \ F 
are analytic sets. 

2.3 Wadge's hierarchy 

As we shall see later in Section 5. the hierarchy of Borel classes is too coarse to 
yield topologically based hierarchy results for certain classes of w-languages. 
In view of Theorem 2.2 and Corollary 2.2 we may use continuous mappings 
to refine the Borel hierarchy in the following sense. The resulting hierarchy is 
called Wadge hierarchy after its inventor W. W. Wadge (cf. [Mo80], [vE86]). 

We call a subset E ~ XW Wadge reducible to F ~ XW (short: E :S:w F) 
iff E = tP- i (F) for some continuous mapping tP : XW ---t XW, and we call E 
and F Wadge equivalent (short: E =w F) provided E :S:w F and F :S:w E. 

Clearly, the relation :s: w is reflexive and transitive, thus =w is an equiv
alence relation. The equivalence classes of =w are called Wadge degrees. 

For a subset F ~ XW we call {E : E ~ XW 1\ E :S:w F} the Wadge class 
of F. We remark that due to Corollary 2.2 each Borel class M contains the 
Wadge class {E : E :S:w F} whenever F E M. 

The next propositions show that Borel sets are in some sense comparable 
with respect to :s: w . 

Theorem 2.4 (Wadge). If E, F ~ XW are Borel sets, then E :S:w F or 
F:S:w XW \E. 



346 L. Staiger 

Lemma 2.3. Let E, F ~ XW be Borel sets. It holds one of the following four 
relations: E <w F, F <w E, E =w F, or XW \ E =w F, and if E <w F 
then also E <w XW \ F. 

Though the differences of Borel classes F \ G, G \ F, F n \ G 5 and G 5 \ F n 

are Wadge degrees, already in 8( G) Wadge reducibilities achieve a refinement 
of the Borel hierarchy in XW. 

2.4 Joint topologies on X* u XW 

Infinite words are in a natural sense least upper bounds of a directed family 
of finite words. This may be regarded as a limit process. Several concepts of 
limits are associated with topology. Therefore, it would be desirable to have a 
topology on a space containing X* and XW and compatible with the Cantor 
topology an XW. 

In [BN80] a metric extending the one from Eq. (2.1) was introduced (We 
denote it likewise with the same letter e.). 

e(p, q) := inf{r-1wl : W E A(p) U A(q)} 

where p,q E X* U XW. 
It turns out that in this metric the space X* U XW may be considered as 

a closed subset of the space (X U {d})W where d is a letter not in X. The 
function 

f(P):= { ~. dW 
, pEXw 
, pEX* 

is a one-to-one and distance preserving embedding of X* U XW into X* . dW U 
XW ~ (X U {d})w. 

As R. Redziejowski [Re86] pointed out, the limit in this natural extension 
of Cantor topology does, however, not coincide with the idea of an infinite 
word being a least upper bound of an infinite directed set of finite words. 
This drawback seems to be essential, since in the theory of automata on 
infinite words exactly this latter variant of limit is used. So, for example, 
in the extension of Cantor topology the infinite word aW is the limit of the 
sequence (an. b)nEIN whereas it is clearly not its least upper bound. 

Redziejowski [Re86] shows a way to avoid these inconsistencies by intro
ducing a topology on X*uXw whose limit coincides with the above mentioned 
least upper bound. This space is, however, not metrizable, and thus differs 
essentially from Cantor topology. 

In this paper we present a different idea: We do not try to construct a 
topology on X* U XW, but we relate a topology on X* to the Cantor topology 
onXW. 

Since X* is only a countable set, we cannot expect a topology on X* to 
be close to a metrizable topology, in fact we will use a topology on X* in 
which the Borel hierarchy collapses to the classes F and G: 



w-Languages 347 

We define a language W ~ XW to be open if W . X* = W, thus resembling 
the definition of open sets in Cantor topology. Likewise, a language V ~ X* 
is closed iff V = A(V). Since UiEIN A(Vi) = A(UiEIN Vi), the Borel classes 
F and Fa, and hence also G and Go, coincide in the space X*. 

We link this topology on X* via our 8-limit to the Cantor topology on 
XW. Then every language W ~ X* has as its image the Go-set WO ~ XW. (In 
fact, because ofthe different cardinalities of the spaces X* and X W, we cannot 
expect to obtain every subset of XW as an image.) One easily observes, that 
due to the properties (W . X*)O = W . XW and e E A(V)O <=> A(e) ~ A(V) 
there is a close correspondence between open or closed subsets, respectively, 
in both topologies. To be more specific, the image of every open (closed) 
language W ~ X* is also open (closed), and every open (closed) w-Ianguage 
F <;;; XW is the image of an appropriately chosen open (closed) language. 

non 
Moreover, one can easily prove that ( U (Wi· X* \ Vi· X*)) = U (Wi· 

i=l i=l 
XW \ Vi . XW). This shows that the presented correspondence extends to the 
Boolean closure of G, B(G), in both spaces. What about the class Fan Go 
in the Borel hierarchy of XW? 

Above we mentioned that the Borel hierarchy in X* collapses to the classes 
F and G. Nevertheless, we find a class of languages which corresponds to the 
class Fan Go in the above mentioned sense. 

As in [St87aJ we call a language W ~ X* a (0-, 8)-subset of X* provided 
for every e E XW either A(e) n W or A(e) \ W is a finite language. Then it 
holds 

Theorem 2.5 ([StS7a]). If W ~ X* is a (0-,8)-subset of X* then Wo E 

Fan Go, and vice versa, if F ~ XW is simultaneously an Fa - and aGo -set 
then there is a (0-,8) -set W ~ X* such that F = Wo. 

If, moreover, F = Vo E Fa where V is a regular (recursive) language 
then there is a regular {recursive} (0-, b)-set W <;;; X* such that V <;;; Wand 
F=Wo. 

We summarize these relationships in the following table: 

a language corresponds to an w-Ianguage 

W = A(W), closed ~ F closed 
W = W . X*, open ~ F open 

WE B(G) ~ FE B(G) 
W a (0-,8)-set ~ FE Fa nGo 

Warbitrary ~ FE Go 

In Theorem 2.1 we derived a connection between continuous mappings cP of 
the Cantor space and sequential word-functions 'P. It is interesting to note 
that to some extent our 8-limit connects also the images or preimages of 'P 
and cP = 'P. 
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Lemma 2.4 ([St87a]). Let <p : X* - y* be a totally unbounded sequential 
junction, and let V ~ y* be a (0-,8) -subset of y* and W ~ X* be arbitrary. 
Then 

cp(ls W) , and 

cp-l(Vc5) . 

(2.7) 

(2.8) 

Remark 2.1. In view of the identities A( <p(W» = A( <p(A(W))) and ls W = 

A(W)c5 our Eq. (2.7) is in fact an equation for closed languages. Though 
Lemma 2.2 states that the continuous image of an F u-set is again an F u-set, in 
contrast to Eq. (2.8), an identity like <p(U)c5 = cp(Uc5) cannot be established for 
(0-, b)-subsets of X*. For instance, let <p( w) := a1wl and U := a* . b ~ {a, b} *. 
Then U = A(U) n U· {a,b}* E 8(G), but <p(U)c5 = {aWl and cp(Uc5) = 0. 

For more detailed investigations on the validity of equations similar to those 
of Lemma 2.4 also in case of partially defined and not necessarily totally 
unbounded sequential functions see [St87aj. 

3. The Chomsky hierarchy of w-Ianguages 

In formal language theory one starting point was the study of phrase-struc
ture-grammars and the Chomsky hierarchy. Though the study of w-Ianguages 
started from logical considerations, most of the classes of w-Ianguages best 
known today are closely related to the classes of languages in Chomsky's 
hierarchy. Up to now, however, it appeared that generation by grammars, 
except for some investigations concerning context-free w-Ianguages [CG77], 
[Ni77,78]' [BN80j, is of minor importance in the w-case. Instead if one refers 
to language-theoretic generation mainly operations which transfer languages 
to w-Ianguages like w, ls, c5 are used. This yields also descriptions of classes 
of w-Ianguages in terms of the Chomsky hierarchy. 

Therefore, in this paper we will not pursue generation of w-Ianguages by 
grammars, but will mainly deal with acceptance by automata and the just 
mentioned transfer operations. 

3.1 Acceptance of w-Ianguages by automata 

Now let us consider in more detail the accepting process for w-Ianguages. 
Since finite automata as well as pushdown automata may be viewed as special 
cases of Turing machines, we start with this more general case of accepting 
devices. We consider Turing machines M = (X, r, Z, Zo, R) with an input 
tape on which the read-only-head moves only to right, n working tapes, X 
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as its input alphabet, r as its worktape alphabet, Z the finite set of internal 
states, Zo the initial state, and the relation 

Re;, Z x X x rn x Z x {0,+1} x (r x {-1,0,+1})n 

defining the next configuration. If n = 0, then M is called a finite automaton, 
and a pushdown automaton may be conceived as a Turing machine with only 
one working tape on which the head has to erase the written symbols when 
moving to the left. 
Here (z, Xo, XI, ... , Xn; Z, Yo, Yl, ... , Yn) E R means that when M is in state 
Z E Z, reads Xo E X on its input tape and Xi E r on its worktapes (i E 
{1, ... , n} ), M changes its state to z' E Z, moves its head on the input 
tape to the right if Yo = + 1 or if Yo = ° does not move the head, and for 
(i E {1, ... ,n}) and Yi = (x~,mi) with x~ E rand mi E {-1,0,+1} the 
machine M writes x~ instead of Xi in its i-th worktape and moves the head 
on this tape to the left, if mi = -1, to the right, if mi = +1, or does not 
move it, if mi = 0. 

Unless stated otherwise, in the sequel we shall assume that our accepting 
devices be fully defined, i.e., the transition relation R is to contain for every 
situation (z,XO,XI, ... ,xn) in Z X xn+l at least one (exactly one, if the 
device is deterministic) move (z, Xo, Xl, ... , Xn; z, Yo, Yl, ... , Yn). Because of 
the complexity of notation of the accepting process for multitape Turing 
machines, we will describe the construction of machines and their behaviour 
only in an informal manner leaving the details to the reader. 

Let the input of the Turing machine be some sequence ~ E Xw. We accept 
~ if the sequence of states the Turing machine runs through in its (some of its, 
if the machine is nondeterministic) computation with input ~, ~M(~)' fulfils 
a certain conditon. 

Remark 3.1. It should be noted that our acceptance condition differs from 
those considered in [EH93], [CG77], [CG78a]. We do not require that the 
machine M read the whole input tape we only require that the device runs 
forever. 

In the above mentioned papers an infinite word is accepted only if addi
tionally the machine reads the whole input tape. This latter condition allows 
for a further possibility to reject an input w-word ~, thus introduces into ac
ceptance an additional V3-condition. This V3-condition causes, in particular 
in nondeterministic case, the classes investigated here and in [SW78] to differ 
from those of [EH93]' [CG77], [CG78a]. We shall return to this point later. 

We say that an input sequence ~ E XW is accepted by M according to 
condition E if there is a sequence of states 'TJ E ~ M (~) such that 'TJ satisfies 

In the sequel we shall confine to conditions which are constructed along 
the following lines: 

Let a : ZW -+ 2z be a mapping which assigns to every w-word 'TJ E ZW a 
subset Z' e;, Z, and let R e;, 2z x 2z be a relation between subsets of Z. We 
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say that a pair (M, Z) where Z ~ 2z accepts an w-word e E XW if and only 
if 

3Z'3",(Z' E Z 1\ '" E ~ M (e) 1\ (O!{'17) , Z') E R) . 

Here we shall be mainly concerned with the following mappings a and rela
tions R: For an w-word '" E ZW let ron(",) := {z : z E Zl\3i(i E IN\{O}I\,,,(i) = 
z)} be the ronge of '" (considered as a mapping '" : IN \ {O} -+ Z), 
that is, the set of all letters occurring in "', and let inJ(",) := {z : z E 
Z 1\ ",-l(Z) is infinite} be the infinity set of "', that is, the set of all letters 
occurring infinitely often in ",. As relations R we shall use =, ~ and n where 
Z' n Z" :<=> Z' n Z" i: 0. Other mappings and relations used throughout the 
literature are fin(",) := mn(",) \ inJ(",), or ;2 [MY88 , Ya89], and C/:, which is 
equivalent to n (cf. [Wa79]). 

We obtain the six types of acceptance presented in the following table. 
For the sake of completeness we add a simple description and their corre
spondence to the five types originally defined by Landweber [La69] a notation 
which is also frequently used. Moreover, we give hints to the first appearance. 

(ron,n) I-acceptance at least once [HS67] 

(ron, ~) l' -acceptance everywhere [La69] 

(ron,=) [SW74] 

(inJ, n) 2-acceptance infinitely often [Bii60] 

(inJ, ~) 2' -acceptance almost everywhere [La69] 

(inJ, =) 3-acceptance [Mu63] 

Other acceptance conditions not based on a subset Z ~ 2z but rather on 
a subset n ~ 2z x 2z were introduced by Rabin [Ra69] and Streett [Sr82]. 
A comparison of these and Biichi's [Bii60] and Muller's [Mu63] acceptance 
conditions can be found in [CD93] or [VW94]. 

The w-Ianguage accepted by a pair (M, Z) where Z ~ 2z according to 
mode (a, R) is defined as 

TR(M, Z) := {e : e E XW 1\ 3Z'3",(Z' E Z 1\ '" E ~M(e) 1\ (a(",) , Z') E R)} . 

For our six acceptance modes we have the following relationships. 

Proposition 3.1. Let a E {ron, in!}, Z ~ 2z and define Z := {Z" : Z" ~ 
Z' Jor some Z' E Z}, Z := UZ'EZ Z' and Z := {Z' : Z' ~ Z 1\ Z n z' i: 0)}. 
Then 

Te(M,Z) 

T~(M,Z) 

= Te(M, Z) = T~(M, Z) , 

T~(M,{Z}) = T~(M,Z) , 

and iJ the machine M is a deterministic one, we have further 

(3.1) 

(3.2) 
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T~(M,{Z}) = XW\T~(M,{Z\Z}),and (3.3) 

T~(M,{Z'}) = T~(M,{Z'})n nT~(M,{{z}}). (3.4) 
zEZ' 

For deterministic accepting devices M it is natural to consider ~ M as 
a mapping ~ M : XW --t ZW. It is obvious that this mapping is continuous, 
because e(<PM(e), <PM (17)) :s; e(e, 17). Then we have the following. 

Proposition 3.2. Let M be a deterministic Turing machine, and let ~M : 

XW --t ZW be the mapping as described above. Then 

T~n(M, {Z'}) ~Al«Z')W) , (3.5) 
T~'(m(M, {Z'}) ~"i}(Z* . z' . ZW) , (3.6) 
T~nf(M,{z'}) = ~Al(Z* . (Z')W) , and (3.7) 
T~nf (M, {Z'}) ~Al«Z* . Z')W) . (3.8) 

Since (Z')W E F, Z* . Z' . ZW E G, Z* . (Z')W E F.,., and (Z* . Z')W E 

G,5, we obtain some relations between accepted classes and Borel classes for 
deterministic devices. 

Corollary 3.1. Let M = (X, r, z, Zo, R) be a deterministic Turing machine, 
and let Z ~ 2z. Then 

T:;:n(M, Z) E B(G) , 

T~nj (M, Z) E F.,., T~nj (M, Z) E G,5 , and T!:nj (M, Z) E B(G,5) . 

Our Eq. (3.2) shows that for acceptance via (a, n)-mode a single final set 
is sufficient. Next we show that the same is true for (a, ~)-mode, but with 
a slight modification of the accepting Turing machine, whereas in case of 
(a, =)-mode the results of Wagner [Wa79] (see also Section 5) show that it 
is not possible to bound the cardinality of Z. 

Lemma 3.1. Let a = inf or a = ran and F = Tf!.(M, Z) for some Turing 
machine M = (X, Z, Zo, R) and Z ~ 2z. Then there is a Turing machine 
Ml = (X, S, so, R l ) and some S' ~ S satisfying F = T~(Mb {S'}). 

Proof. We follow the line of the construction given in [SW74, Lemma 7]. Let 
Z = {Zb"" Zd. Then we set 

S .- Z X 2{1 ..... k} 

So .- (zo, {I, ... , k}) 

S' .- Z X (2{1 ..... k} \ {0}) , and 

«z,A),x; (z',A'),y) E Rl iff (z,x; z',y) E R 

where x := (xo, Xl,"" xn) and y := (Yo, Yb ... , Yn) are shortcuts and 
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An {i : z' E Zi} , if A # 0 , and 
{I, ... ,k} , otherwise. A':= { 

Informally, the construction works as follows: The machine MI remem
bers in the 2z -component of its states which one of the final sets Zl, ... , Zk 
the machine M has visited continuously. If this set of indices is empty MI 
reinitializes it as {I, ... , k}. This much explanation shows our assertion. 0 

Remark 3.2. From the preceding proof it is immediate that the construction 
introduces only an additional deterministic finite-state control. Thus neither 
the principal computational power of the underlying accepting device is in
creased, nor nondeterminism is introduced by the construction. 

Next we show that for nondeterministic machines the acceptance modes 
(inf, n) and (inf, =) are of equal power. 

Lemma 3.2. Let F = T!:nl (M, Z) for some Turing machine M = (X, Z, zo, 
R) and Z ~ 2z. Then there is a Turing machine MI = (X, S, so, Rt) and 
some S ~ S satisfying F = T~nl (MI' {S}). 

Proof Let Z = {Zl, ... ,Zk}. Then we set 

S .- zu (~{i} X Z. x (2 Z; \ {0))) U {s}, 

So .- Zo, 

and for x:= (xo, X!, ..• ,xn) and y := (Yo, Yl,···, Yn) 

RI := R U {(z,x; (i, z', {z'} ),y): (z, x; z', y) E R 1\ z' E Zi} U 

{((i, z, A),x; (i, z', A U {z'}), y): (z, x; z',y) E R 1\ z' E Zi 1\ A ¥= Zi} U 

{((i,Z,Zi),X; (i,z', {z'}),y):(z,x;z',y) E Rl\z' E Zi}U 

{((i, z, A),x; s, y) : (z, x; z',y) E R 1\ z' ri. Zi} U 

{(s, x; s, ((xo, 0), (Xl, +1), ... , (xn, +1)) : Xj EX} . 

Informally, machine MI at some appropriate time instant (when z' E Zi) 
starts to guess whether M will only visit states in the final set Zi. If this is 
true then MI will accept if M infinitely often runs through the whole set Zi. 
Otherwise, if M leaves Zi, MI switches to the nonfinal absorbing state s. 0 

Remark 3.3. As in the proof of Lemma 3.1 this construction, besides a non
deterministic guess, introduces only an additional finite-state control. 

Using a similar idea we can also show the following. 

Lemma 3.3. Let F = Ttl (M, Z) for some Turing machine M = (X, Z, zo, 
R) and Z ~ 2z. Then there is a Turing machine MI = (X, S, so, R I) and 
some S ~ 28 satisfying F = T~n(MI,S). 
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3.2 Finite automata and regular w-Ianguages 

We start the presentation of the classes of the Chomsky hierarchy of 
w-Ianguages with w-Ianguages defined by the simplest accepting device, finite 
automata. This class is the one most extensively investigated in literature, 
and the one with the most widespread range of applications. 

As it was explained above, a finite automaton in a quadruple M = 
(X, z, Zo, R) where X, Z are finite sets of input letters and states, respec
tively, Zo E Z is the initial state, and R ~ Z x X x Z is the transition rela
tion. An automaton is said to be deterministic if for each pair (z, x) E Z x X 
there is at most one state z' such that in (z, x, z') E R. In order to emphasize 
that an automaton M is deterministic, we shall also write M = (X, z, Zo, f) 
instead of M = (X, z, Zo, R), where f : Z x X -f Z is the transition function. 

In order to formalize the accepting behaviour of finite automata, we in
troduce the notion of a run of an automaton as follows. 

Let ~ E XW be an w-word, a complete run of M on ~ is a sequence ( E 

(X x Z)W of pairs (~(i), Zi) E X x Z such that 'v'i(i > 0 -f (Zi-l, ~(i), Zi) E R). 
When ( E (X x Z)W is a complete run of M on ~ the sequence pr2(() E ZW is 
called a run of M on~. The set of all runs of M on ~ is denoted by runM(~)' 
or simply by run(~), if there is no danger of confusion. 

The notion of a run over a finite word w = Xl ..... Xn E X* is introduced 
similarly as the finite sequence of pairs (Xi,Zi) with (Zi-I,Xi,Zi) E R. We 
say that a finite automaton M = (X, z, Zo, R) accepts a language W ~ X* 
if there is a Z' ~ Z such that W = {w : runM(w) ends with some z' E Z'}. 
Languages accepted by finite automata are known as regular languages. 

The w-Ianguage F ~ XW accepted by a finite automaton M = (X, z, Zo, 
R) is defined as 

T~(M, Z) := {~ : ~ E XW 1\ 3Z'37J(Z' E Z 1\ 7J E runM(~) 1\ (a(7J) , Z') E R)} . 

where a and R are defined as above. 
Denote by NFA(X)(a,R) and DFA(X)(a,R) the of all w-Ianguages 

F ~ XW accepted by nondeterministic or deterministic finite automata, re
spectively, and let Ri,X) be the class of all w-Ianguages F ~ XW accepted by 
finite automata according to at least one of the six modes (ran, n), (ran, ~), 
(ran,=), (inJ,n), (inf,~), and (inJ,=). 

In the sequel, we will refer to sets F E Ri,X) as regular w-Ianguages. 
It is interesting that for a E {ran, in!} and R E {n, ~, =} the above 

mentioned classes NFA(X)(a,R) and DFA(X)(a,R) can be characterized in 

terms of RSX) and the Borel hierarchy (cf. [MN66], [La69], [SW74], [Wa79], 
[TY83]). 

Theorem 3.1. 

DFA (X) (ran, ~) 
DFA (X) (ran, n) 
DFA(X) (ran, =) 

NFA(X) (ran, ~) 
NFA (X) (ran, n) 
F cr n Go n RSX ) 

F nRi,X) 
GnRi,X) 
8(G) n Ri,X) 
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NFA(X)(inj,~) NFA(X)(ran,=) = FernR.SX) DFA(X)(inj,~) 

DFA(X)(inj,n) 
DFA (X) (inj, =) 

= G c5 nRl,X) 
= NFA(X)(inj,n) = NFA(X)(inj,=) RSX) 

Remark 3.4. The identity DFA (X) (inj, =) = NFA (X) (inf, n) is McNaugh
ton's theorem [MN66] stating that also in case of w-Ianguages deterministic 
and nondeterministic finite automata have the same accepting power. Due to 
this result one easily observes that Rl,X) ~ B(Gc5). 

The original proof of McNaughton is quite complicated, simpler variants 
were developed, e.g., by Choueka [Ch74], Schiitzenberger (cf. [Pe85]), and 
Thomas [Th81] (cf. also [Th90J). In [Sa88] Safra gave a sophisticated essen
tially optimal variant of the determinization procedure (cf. also [Tho]). 

Remark 3.5. The inclusion NFA(X)(ran,n) ~ G is due to the fact that we 
consider only automata having a fully defined transition relation. For partially 
defined automata we have (cf. [EH93]) 

pDFA (X) (ran, n) 

pNFA(X)(ran,n) 

{F n E : F E F n RSX) 1\ E E G n RSX)} and 

Fer n RSX) . 

For the other five modes of acceptance the use of partially defined automata 
does not change the defined classes. This can be easily verified by the intro
duction of transitions leading to a nonfinal absorbing state. 

Regular w-Ianguages were introduced by Biichi [Bii60] using (in!, n)-a
ceptance by nondeterministic automata. It was also in his paper where the 
following closure properties of RSX ) were mentioned. 

Proposition 3.3. RSX ) is closed under union, intersection, complement, 
and product with regular languages and, moreover, if E E Rl,x x Y) then 
pr 1 (E) is also regular. 

It should be mentioned that the nondeterministic classes and the determin
istic ones are related via a projection lemma, the proof of which is easily 
accomplished by adding to the input letters a second coordinate which con
trols the branching behaviour of the nondeterministic automaton. 

Lemma 3.4 (Projection lemma for finite automata). Let X, Y be fi
nite alphabets containing at least two letters. Then F E NFA(XXY)(a,R) 
implies prl(F) E NFA(X)(a,R). 
Conversely, if E E NFA (X) (a, R) then there are a finite alphabet Y and an 
FE DFA(XXY)(a,R) such that E = prl(F). 

Next we are going to give a description of regular w-languages in terms 
of regular languages. 
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Theorem 3.2 ([Bii60]). F E Ri,X) iff there are an n E IN and regular 

languages Wi, Vi ~ X* (i = 1, ... ,n) such that 

n 

F= UWi·V:w . 

i=l 

Proof. By standard methods of automata theory it is easy to construct a 
nondeterministic automaton for which F = T~nf (M, {Z} ), when we are given 
automata accepting the languages Wi, Vi ~ X*. 

Conversely, let F = T~nf (M, {Z}) for some (nondeterministic) automaton 
M = (X, Z, ZO, R), and let Wz := {Xl··· Xn : n E IN 1\ 3zl , ... , Zn(Zi E 

Z 1\ (ZO, Xl, zt}, ... , (Zn-b Xn, Zn) E R 1\ Zn = z)} and V;' := {Xl··· Xn : n E 

INI\3zl , ... ,Zn(Zi E ZI\(Z,XI,Zt}, ... ,(Zn-I,Xn,Zn) E Rl\zn = zl\z' E 

{ Zl, ... Zn} ) }, that is, Wz consists of all words w E X* which move the 
automaton M from the initial state to state Z E Z, and V;' consists of 
all words v E X* which move the automaton M from the state Z to itself 
intermediately passing a designated state z'. Then the languages Wz and 
V/ are regular, and the assertion follows from the obvious identity F 

UzEZ,z/EZ' W z · (V/f. 0 

As an immediate consequence of Theorem 3.2 we obtain that the initial 
word languages of regular w-Ianguages are again regular. 

Lemma 3.5 (Init-Iemma for regular w-Ianguages). If F ~ XW is regu
lar then A(F) is also regular. 

Representations similar to the one given in Theorem 3.2 in terms of reg
ular languages and the operations w, is, and ti can be derived also for the 
subclasses given in Theorem 3.1. First we remark the following property of 
the mentioned operations. 

Lemma 3.6. If W ~ X* is a regular language, then WW, is Wand Wti are 
regular w-languages. 

Proposition 3.4 ([SW74], [TY83]). 

CLASS REPRESENTATION COMMENT 

1. RSX)nG W·XW W regular 

2. Ri,X) n F lsW W regular 

n 
U Wi ·is Vi Wi, Vi regular and Wi prefix-free 
i=l 

V regular and a (0-, c5)-set 



356 L. Staiger 

CLASS REPRESENTATION COMMENT 

RLX) n Fu 
n 

4· U Wi ·lsVi Wi, Vi regular 
i=l 
n 

5. RLX) nGo U Wi' Viw Wi, Vi regular and prefix-free 
i=l 

5a. RLX) n Go VO V regular 

(Here, e.g., line 4 reads as follows: F E RLX) n F u if and only if there 
are an n E IN and regular languages Wi and Vi (1 ::; i ::; n) such that 

n 

F= U Wi·lsVi.) 
i=l 

Next we give examples which show that the classes of regular w-Ianguages 
of Proposition 3.4 form a hierarchy analogous to the first levels of the Borel 
hierarchy. To this end we define for an alphabet X ;2 {O, 1} the following 
regular w-Ianguages 8 1 := X* . 0 . XW, P1 := Ow, 8~ := X* . Ow, and P~ := 
(X· O)w. Then we have 

81 E (G\F)nRSX) (3.9) 

P1 E (F\ G) nRSX) (3.10) 

0.81 U 1· P1 E (B(G) \ (F U G)) n RSX) (3.11) 

8~ E (Fu \ Go) n RSX) (3.12) 
p,' 

2 E (Go\Fu)nRSX) (3.13) 

o· 8~ U 1· P2 E RSX) \ (Go U Fu) (3.14) 

3.3 Context-free w-Ianguages 

Next we deal with so called context-free w-Ianguages. As it was mentioned 
above in the introduction to this section in contrast to the language case we 
do not pursue the generation of w-Ianguages by grammars as, e.g., in [CG77j 
or [BN80j, but rather define them via their accepting devices, pushdown 
automata, and relate them to the class of context-free languages in a way 
similar to Theorem 3.2. In order to avoid confusion over the different ways of 
acceptance by pushdown automata used in [CG77] and [Li76] and used here 
(cf. also Remark 3.1 above) we will not derive a characterization of the classes 
of w-Ianguages accepted by nondeterministic pushdown automata analogous 
to Theorem 3.1 in the case of regular w-Ianguages. 

To facilitate our arguments we introduce the usual notation for pushdown 
automata. 

A pushdown automaton is a sextuple M = (X,F,Z,zo,Fo,R) where X, 
Z, zo, and R are as above in the definition of the multitape Turing machine, 
Fo E F is the initial pushdown letter. Observe that as usual we consider the 
transition relation R as a subset of Z x (X U {e}) x F x Z x F*. 
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A configuration of M is a pair (z,,),) E Z x r*with the intuitive meaning 
that the pushdown automaton M is in state Z E Z with a word ')' E r* as 
the contents of its pushdown store. For x E (X U {e}) and a E r we write 

( z, a . ')') ~ (z', ')" . ')') (3.15) 

iff (z, x, a, z', ')") E R. The formula Eq. (3.15) is called a move of M, if x is 
the empty word e, it is called an e-move. 

In case of a pushdown automaton M = (X, r, z, Zo, ro, R) and an input 

~ E XW we call an infinite sequence of ((Zi,Xi,')'i)):l where (Zi,')'i) X~l 
(Zi+ 1, ')'i+1) , starting with the initial configuration (zo, ro) and satisfying 
I1:1 Xi ~ ~,3 a complete run over ~, and the corresponding sequence of 
states Zl . Z2 ... Zi ... E ZW a run of M over ~. As for finite automata we use 
the notation runM(O to denote the set of all runs of M over ~. 

We define the w-Ianguage accepted by a pushdown automaton in the same 
way as we did above for finite automata, and we denote by NPDA (X) (a, R) 
and DPDA (X) (a, R) the classes of all w-Ianguages F ~ XW accepted by 
nondeterministic or deterministic pushdown automata, respectively. 

Remark 3.6. As explained above we do not require that the pushdown au
tomaton reads the whole input tape, thus it might happen that we define -
at least in the nondeterministic case - classes smaller than the corresponding 
ones in [CG77], [CG78b] and [Li76]. 

But, as, e.g., Lemma 5.2 of [Li76] shows, our classes DPDA (X) (a, R) 
coincide with the ones given in [Li76] or [CG78b]. 

Utilizing Lemmas 3.2 and 3.3 we can show that in the nondeterministic 
case NPDA (X) (inf, n) = NPDA (X) (inf, =) is the largest of our classes of 
w-Ianguages accepted by pushdown automata. Then applying the same idea 
as in the proof of [Li76, Lemma 4.1J we obtain the following theorem which 
verifies that our class NPDA (X) (inf, n) = NPDA (X) (inf, =) coincides with 
the corresponding class of [Li76] or [CG78]. 

Theorem 3.3 ([Li76j,[CG77]). F E NPDA(X)(inf,n) iff there are an 
n E IN and context-free languages Wi, Vi ~ X* (i = 1, ... ,n) such that 

n 

F= UWi·Viw . 

i=l 

Proof. If Wi, Vi are context-free languages then it is easy to construct a push
down automaton accepting F from the nondeterministic pushdown automata 
accepting the languages Wi, Vi. 

To prove the converse, let M = (X, r, z, zo, ro, R) be a pushdown au
tomaton such that F = T~nf (M, {Z}) for some Z ~ Z. Define for all pairs 

3 Here the condition I1:':1 Xi ~ ~ suffices, because we do not require the automa
ton M to read the whole input tape. 
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(z, a) E Z x r and all z' E Z the following context-free languages Wz,a : = 
{Xl···xn:n E INI\31'(l'Er*I\(Zo,ro)~···~(z,a.1'))} and Vz(,~):= 

{Xl··· Xn:n E IN 1\ 31', 1" (1',1" E r* I\(z, a) ~ ... ~ (z', 1") ... ~ (z, a .1'))}, 
that is, Wz,a consists of all words w E X* which move the automaton M from 
the initial configuration to a configuration with state z E Z and a Eras the 
topmost letter of the pushdown store, andV:'~ consists of all words v E X* 
which move the automaton M from the configuration (z, a) to a configuration 
with same state z E Z and the same letter a E r at the top of the pushdown 
store thereby intermediately passing a designated state z' (not necessarily 
distinct from z). 

Let ~ E F. Then there is a complete run ((Zi,Xi,l'i)):l of M over ~ in 
which a state z' E Z occurs infinitely often. Since the length of the informa
tion stored in the pushdown store hi I is positive, there are infinitely many 
i E IN such that 11'i I ::; hj I forall j ~ i. Among these infinitely many time 
instants there are infinitely many having the property that Zij equals some 
fixed state z E Z and the word l'ij starts with a fixed letter a E r and the 
automaton M passes the state z' in between time instants i j and ij+l. 

Then, by definition, the input words w, Vj transferring M from time in
stant 0 to il and from i j to ij+l belong to the languages Wz,a and Vz~~ 
respectively. 

Now, we distinguish two cases: 
First, let M read the whole input ~ E XW. Then infinitely many ofthe Vj are 

, W 

nonempty. Thus ~ E Wz,a . (V:'a) . 
Otherwise, M reads only a finite part u C ~ of the input ~ E XW. Then 
u E Wz,a, and regardless of the tail (, where u . ( = ~, the automaton M 
accepts every w-word starting with u. Thus ~ E Wz,a . XW. 

Consequently F = U(z,a)EZxr Wz,a . (U{at where 

uz'.= Vz~a' if e ~ V:'a , and { ' , 

z,a . X, otherwise. 

As a consequence of our above considerations we define 

CF(X) 
W 

DCF(X) 
W 

.- NPDA(X)(in/,=) ,and 

.- DPDA(X)(in/,=) 

o 

and call them the classes of context-free w-languages and deterministic 
context-free w-languages, respectively. 

Analogously to the case of regular languages we obtain an Init-Iemma for 
context-free w-Ianguages. The first part of it is an immediate consequence 
of the above Theorem 3.3, whereas the second case is proved in [CG78b, 
Corollary 2.11]. 
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Lemma 3.7 (Init-Iemma for context-free w-Ianguages). If F ~ XW 
is a (deterministic) context-free w-language then A(F) is (deterministic) 
context-free language. 

As it was mentioned in Remark 3.6 for deterministic pushdown automata 
the results of [CG78b] and [Li76, 77] apply to our situation. We obtain char
acterizations of Borel subclasses of DCFSX) which are similar to Theorem 3.1 
and Proposition 3.4. We present it in a similar way as Proposition 3.4. 

Proposition 3.5 ([CG78b], [Li77]). 

CLASS DPDA(a,R) REPRESENTATION COMMENT 

1. DCF(X)nG W DPDA( ran, n) W·Xw WEDCF 

2. DCF(X) nF W DPDA(ran, ~) lsW WEDCF 

3. DCFSX) nGe DPDA(inf, n) We WEDCF 

4· DCF(X) nF W (1 DPDA(inf, ~) X W\ we WEDCF 

Next we are going to derive a projection lemma for context-free w-Ianguages. 
To this end we start with some language theoretic observations. 

A proof of the following technical lemma can be found, e.g., in [WW86 , 
Theorem 12.4]. 

Lemma 3.8. For every context-free language W ~ X* there is pushdown 
automaton M without e-moves and having a single accepting state which 
accepts W. Moreover every word w ~ A(W) leads M to a nonfinal absorbing 
state. 

Labelling the last letter of every word and using an additional input co
ordinate controlling the nondeterministic behaviour of the automaton in 
Lemma 3.8 yields. 

Lemma 3.9. For every context-free language W ~ X* \ {e} there are an 
alphabet Y and a deterministic pushdown automaton M without e-moves ac
cepting a prefix-free language V ~ (XxY)* such that W = prl(V). Moreover, 
this same automaton (using a different set of final states) accepts also A(V). 

Utilizing Lemma 3.9 and the characterization of Theorem 3.3 we can prove 
the following. 

Lemma 3.10 (Projection lemma for context-free w-Ianguages). If 
F ~ XW is a context-free w-language then there are an alphabet Y and a 
deterministic context-free w-language E ~ (X x y)W such that F = prl(E). 
In particular, the w-language E ~ (X x y)W can be shown to be in the form 
E = U~=l Wi . V:w where Wi, Vi are prefix-free deterministic context-free lan
guages, thus, E E DCFSX) n G e. 
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In a similar way, using additionally Proposition 3.5.2 and Eq. (2.7), one 
proves an analogous statement for closed context-free w-Ianguages. Its impli
cation 3 -t 1 was shown already in [BN80j. 

Lemma 3.11 (Projection lemma for closed context-free w-Ianguages). 
If F ~ XW is an w-language then the following conditions are equivalent: 

1. F E F n CFSX ) . 

2. There are an alphabet Y and a closed deterministic context-free w-language 
E ~ (X x y)W such that F = prl(E). 

3. E = Is W for some context-free language W ~ X*. 

Lemma 3.11.3 and Proposition 3.5.2 state that Is W is a (deterministic) 
context-free w-Ianguage provided only W is a (deterministic) context-free 
language. What concerns the operation wand 0, so Theorem 3.3 and Propo
sition 3.5.3 show that WW E CFSX) for W E CF and VO E DCFSX ) for 
V E DCF. 

Using the same technique which proves nonclosure of DCF under * it is 
shown in [CG78bj that there is V E DCF such that VW ~ DCFSX ). Next 
we give an example showing that the D-limit of a context-free language need 
not be context-free. 

Example 3.1 (fLi76J). Let #(w, 1) be the number of occurrences ofthe letter 
1 in the word wand define W := {w·1·0#(w,11.1 : w E {O, 1 }*}. Then WO :f. 0 
(e.g. n:,o 1 . Oi E WO) but does not contain an ultimately periodic w-word. 

According to Theorem 3.3 WO ~ CFSX ). 

Though the class {WO : W ~ X* 1\ W E CF} is not contained in CFSX ), 

its prefix languages are in some sense related to the class of context-free 
languages. 

Proposition 3.6 ([Li76]). Let X ;2 {a,b,d}. Then W ~ {a,b}* and 
W· dW = VO for some V E CF imply that WE CF. 

From the Init-lemma for context-free w-Ianguages and the well-known clo
sure properties of the families CF and DCF we obtain the following useful 
proposition similar to the preceding one. 

Proposition 3.7. Let X ;2 {a, b, d} and W ~ {a, b} *. Then the following 
equivalences hold. 

W E CF (DCF) {:> W· d . XW E CFSX) n G (DCFSX) n G) 

W E CF (DCF) {:> Is(W, d*) E CFSX ) n F (DCFSX ) n F) 

Utilizing this proposition we get that well-known results from Language the
ory allow not only to show the proper inclusion DCFSX ) c CFSX ) but also 
the following more detailed ones involving Borel subclasses. 
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Corollary 3.2. 

DCF(X) n G c CF(X) n G 
w w' 

DCF(X) n F c CF(X) n F 
w w C CF(X) nF w u 

To conclude this section we mention some closure and nonclosure prop
erties of the families CFSX) and DCFSX) which may be derived from the 
preceding results and well-known closure and nonclosure properties of the 
corresponding families of languages. 

Proposition 3.8. 
1. CFSX) is closed under union, multiplication with context-free languages 

and intersection with regular w-languages, but not under intersection and 
complementation. 

2. DCFSX) is closed under complementation, union and intersection with reg
ular w-languages, and multiplication with prefix-free deterministic context
free languages, but not under union, intersection and multiplication with 
arbitmry deterministic context-free languages 

3.4 w-languages accepted by Turing machines 

In contrast to the case of finite automata and pushdown automata in this 
part we will not refer explicitly to the model of Turing machines, but rather 
immediately give a description of the accepting devices in terms of mappings 
ifJ : XW --t ZW. This description has several advantages. We avoid the cum
bersome notation of (multitape) Turing machines and its infinite behaviour. 
Instead we can make use of the concise description and notation introduced 
in recursion theory and predicate calculus. Moreover, we may use several 
results obtained there. 

To describe the classes of w-Ianguages accepted by deterministic Turing 
machines we start by introducing the arithmetical hierarchies of languages 
and w-Ianguages, respectively (cf. [Ro67], [SW78]): 

We say that a language W ~ X* belongs to the class En iff W = {w : 
:3al". Qnan : (a17"" an, w) E Rw}, and F ~ XW belongs to the class 
E~X) iff F = {e : :3al ... Qnan : (a17"" an-l,e(O, an]) E RF}, where Rw ~ 
(IN)n x X* and RF ~ (IN)n-1 x X* are recursive relations and Qi is one of 
the quantifiers Vor :3 (not necessarily in an alternating order). 

The classes IIn and II~X) are defined as IIn := {X* \ W : WEEn} and 
II~X) := {XW \F: F E E~X)}. In particular, III nEI and EI are the classes 
of recursive or recursively enumerable languages, respectively. 

The classes En and IIn, and likewise E~X) and II~X) satisfy the inclusion 
relations indicated in the following diagram (all inclusions are proper and 
other than the indicated ones do not hold): 
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/ ""-
En+! IIn+1 

""- / 
En+l n IIn+l 

i 
B(En) = B(IIn) 

i 
En U IIn 

/ ""-
En IIn 

""- / 

This diagram resembles in some sense the diagram of the classes of the 
Borel hierarchy. Indeed, the classes E~X) and II~X) are properly contained 
in the respective classes of the Borel hierarchy (the proper inclusions hold 
already for cardinality reasons): 

Moreover, like their Borel counterparts, the classes of the arithmetical 
hierarchy are closed under union and intersection. 

Next we exhibit w-Ianguages Sn and Pn which are in some sense most 
complex in the classes E~X) and II~X), respectively. 

To this end we introduce a Cantor pairing function, that is, a computable 
bijection (-, .) : IN x IN --7 IN. Let l : IN --7 IN and r : IN --7 IN be the left and 
right inverse functions of (" . ), respectively, defined via the equations 

l((k,m)):= k and r((k,m)):= m. 

For the sake of convenience let (.,.) be monotone in both arguments. Then 
l(k) :::; k as well as r(k) :::; k. 

As usual the Cantor pairing function (".) is extended to n arguments 
(n ~ 1): 

(k 1 ) := kl and (k 1 , ..• , kn) := (kl' (k2 , .•. , kn)) . 

Let {O, I} S;;; X. Then 

Pn := {~ : ~ E XW 1\ Vk13k2 ... Qnkn(~{ (kb ... , kn)) = 0) , and (3.16) 

Sn := {~: ~ E XW 1\ 3k1Vk2 ... Qnkn{~{(kl'''' ,kn)) = 0) . (3.17) 
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Remark 3.7. Here we require that in both definitions the sequence of quan
tifiers has to alternate. Observe that 8n E E~X) and Pn E II~X). 

Let <p : X* --+ X* be a recursive totally unbounded sequential function. 
Then the continuous mapping Cj5 : XW --+ XW is called a recursive opemtor. 
The following theorem proves that the w-Ianguages 8n and Pn are most com
plex elements with respect to reducibility by recursive operators in the classes 
E~X) and II~X) (cf. [SW78J). 

Theorem 3.4. Let tJt : XW --+ XW be a recursive opemtor, and let F E E~X) 
and E E II~X). Then tJt-l(F) E E~X) and tJt-l(E) E II~X). 
Moreover, there are recursive opemtors qJ F, qJ E : XW --+ XW such that F = 
qJpl(8n ) and E = qJE/(Pn ). 

Remark 3.8. A similar theorem holds for continuous mappings qJ and Borel 
classes of the first countable ordinal involving the same sets 8n and Pn . For 
a proof stressing the parallel treatment of arithmetical and Borel hierarchies 
see, e.g., [St86aj. 

In case n = 2 Theorem 3.4 holds also with 82(P2 ) replaced by the regular 
w-Ianguages 82 = X* . ow (P~ = (X* . O)W, respectively) introduced at the 
end of Section 3.2. 

Similar to the low level Borel classes, for the low level classes of the 
arithmetical hierarchy of w-Ianguges we have also some characterizations in 
terms of recursive or recursively enumerable languages (cf. [St86aj). 

Lemma 3.12. 
1. A set E ~ XW is in EiX ) iff there is a recursive (or, equivalently, a 

recursively enumemble) language W ~ X* such that E = W . Xw. 

2. A set F ~ XW is in IIiX ) if and only if F is closed in the Cantor topology 
of XW and X* \ A(F) is recursively enumemble. 

3. A set E ~ XW is in II~X) iff there is a recursive (or, equivalently, a 
recursively enumemble) language W ~ X* such that E = W 6• 

Proof We give only a proof for the most complicated Assertion 3. That 
W 6 E II~X) for a recursively enumerable language W ~ X* follows by a 
simple application of the Tarski-Kuratowski algorithm to the formula 

~ E W 6 *> Vi3n3m(n ~ i /\ (m, ~(O, nJ) E Rw) . 

Conversely, let F E II~X): Then there is a recursive relation RF such 
that F = {~ : Vk3m«k,~(O,mJ) E RF)}. First observe that without loss 
of generality we may assume that (k, w) E RF implies (k, u) f/. RF for all 
proper prefixes u c w. Using a Cantor pairing function as defined above we 
define the relation R:= {(k,v) : 3w(w ~ v /\ (k,w) E RF /\ Ivl = (k, Iwl))}. 

Then, since the quantifier 3w is bounded, R is also a recursive relation. 
Moreover, both relations Rand RF share the property that given k E IN 
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and ~ E XW there is at most one word v c ~ or w C ~ such that (k,v) E R 
or (k, w) E RF, respectively. The purpose of our construction is to guarantee 
that k is recursively bounded by Ivl for R, more precisely, for every v C ~ 
such that (k, v) E R it holds k = l(lvl). 

The following items show some relationships between R and R F : 

1. If (k, v) E R then k = 1(lvl) and there is a w ~ v such that (k, w) E RF. 
2. If (k,w) E RF and w C ~ then there is a v such that w ~ v C ~ and 

(k,v) E R. 
3. If (k, v), (k, v') E R and v ~ v' then v = v'. 

Now 1. and 2. yield F = {~ : Vk3m«k, ~(O, mJ) E RH. 
Define V := {v : (1(lvl), v) E R/\ Vk(k ~ 1(lvl) -+ 3u( u ~ v/\(k, u) E R) H. 

The quantifier 3u is bounded, hence V is a recursive language. 
If ~ E V 6 there are infinitely many v E A(~) n V. In virtue of the above 

Item 3 we have 1(lvl) =1= 1(lv'l) for different words v, v' E A(~) n V. In partic
ular, the set {1(lvl) : v E A(~) n V} is infinite. By the construction of V this 
implies that for all k E IN there is a v C ~ such that (k, v) E R. 

Let now ~ E F. Then for every k E IN there is a Vk C ~ such that 
(k, Vk) E R. By the monotonicity of the Cantor pairing function, IVkl ~ k, 
and the family (Vk)kEIN is a family of prefixes of ~ of unbounded lengths. 
Consequently, there are infinitely many l such that Vi ~ VI for all i ~ l. Since 
(i, Vi) E R, we have VI E V and also ~ E V6. 0 

Since on the one hand the Turing machine mappings ~ M considered in 
connection with Proposition 3.2 are recursive operators and on the other 
hand for a recursive language W ~ X* it is easy to construct Turing ma
chines M I , M2 and sets Zl! Z2 such that T~n(Mb {Zd) = W· XW and 
T~nf (M2' {Z2}) = W 6 , we obtain as a corollary to Lemma 3.12 the following 
characterization of the classes of w-Ianguages accepted by deterministic Tur
ing machines. 
To this end the class of all w-Ianguages F ~ XW accepted by deterministic 
(nondeterministic) Turing machines according to mode (a, R) is denoted by 
DT(X) (a, R) (or NT(X) (a, R) , respectively). 

Corollary 3.3. 

DT(X) (ran, ~) = IIiX) , DT(X) (ran, n) = L'iX) 
DT(X) (in!, ~) = L'~X) DT(X) (in!, n) = II~X) 

Since Turing machines allow for a parallel composition, we obtain from 
Eq. (3.4) a characterization for the classes DT(X)(a, =). 

Corollary 3.4. 

DT(X) (ran, =) 
DT(X) (in!, =) 

B(IIiX») 
= B(II~X») 
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Next we prove a lemma which relates the nondeterministic to the determin
istic classes in a simple way. 

Lemma 3.13 (Projection lemma for Turing machines). 
F E NT(X x Y) (a, R) implies that pr 1 (F) E NT(X) (a, R). 
Conversely, for every E E NT(X)(a,R) there is an F E DT(XXY)(a,R) 
such that E = prl (F). 

Proof. The first assertion is clear because nondeterministic classes are closed 
under projection. 

Let M = (X, T, Z, zo, R) be a nondeterministic Turing machine. Then for 
every tuple (z, xo, ... ,xn) E Z x X x rn there are at most kM tuples such 
that (z, xo, ... ,Xn, z', Yo, . " ,Yn) E R. 

Choose Y := {I, ... ,kM} and define a deterministic Turing machine M' = 
(X x Y, T, Z', zb, R') in such a way that the second component of the input 
'fl E (X x y)W controls the choice of the transition whenever M has to choose 
its next action nondeterministically. 0 

The following lemma shows that, similar to the case of finite automata, 
several classes of w-Ianguages accepted by nondeterministic Turing machines 
coincide with the corresponding "deterministic" classes. 

Lemma 3.14. LetF s (XxY)w. ThenF E E~XXY),F' E niXXY) andE E 

EiXXY ) imply that prl (F) E E~X), F' E niX) and E E EiX) , respectively. 

But, similar to the case of Borel classes, also the projections of sets from 
the second n -class lead beyond the range of the arithmetical hierarchy. Here 
we have to introduce the first E-class, E~(X), of the analytical hierarchy of 
w-Ianguages (cf. [Ro67, SW78]): 

F E E~(X) iff F = {(: 3'fl('fl E {a, I}W 1\ Vn3m«n,'fl(O,mj,(O,m]) E RF))}, 

for some recursive relation R F , that is, 

(3.18) 

Analogously, W E El iff W = {w: 3'fl('fl E {O,I}WVn3m«n,'fl(O,mj,w) E 
Rw ))}, where Rw is an appropriately chosen recursive relation. 

The following facts are known (cf. [Ro67]): 

E(X) u II(X) c E1(X) and 
n n l' 

if F E E~(XXY) then prl (F) E E~(X) . 

We obtain the recursive analogue to Theorem 3.1. 
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Theorem 3.5. 

DT(X) (ron, ~) NT(X) (ron, ~) = II(X) 
I 

DT(X) (ron, n) = NT(X) (ron, n) E(X) 
I 

DT(X) (ron, =) = B(E~X») 
DT(X) (inf, ~) = NT(X) ( inf, ~) = NT(X) (ron, =) = E(X) 

2 
DT(X) (inf, n) = II(X) 

2 
DT(X) (inf, =) = B(E~X») 
NT(X) (inf, n) = NT(X) (inf, =) EI(X) 

I 

For the initial word languages we get the following results. It is shown in 
[St86bJ that, in general, we cannot improve on the classes achieved for A(F). 
To this end let A( F) be the class of languages generated by {A( F) : F E F} 
and closed under intersection with regular languages and removal of the last 
letter (end marker). 

Lemma 3.15 (Init-Iemma for recursive w-Ianguages). 
Let d be a letter not in X. Then: 

A( IIJxU{ d}») n 2x • = A(E~(XU{d} ») n 2X* = 

A(B(E~XU{d}»)) n 2X* = A(E~XU{d}») n 2X* = 

A( II~XU{ d}») n 2X* = 

A(E~XU{d}») n 2X* = 

E~ n 2x • 

E2 n 2X* 

III n 2X* 

EI n 2X• 

Moreover, unlike the cases of finite automata and deterministic pushdown 
automata, the classes of w-Ianguages accepted by Turing machines are not 
characterized in a topological way. We mention the following generalization 
of Theorem I5-XI of [Ro67J. 

Lemma 3.16 ([Ro67,St86b]). Let X be an alphabet and d be a letter not 
in X. Then for a language W ~ X* the following equivalence is true: 

WEEn {=::} W· d· (X U {d})W E E~XU{d}) , and 

WE lIn {=::} XW U W . ~ E II~XU{d}) . 

A£, a consequence of the strictness of the arithmetical hierarchy of languages 
we obtain that every E-class of the arithmetical hierarchy of w-Ianguages 
contains open sets which are not contained in the preceding E-class, and 
every II-class contains closed sets which are not contained in the preceding 
II-class. 
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Concluding remarks 

The reader might have expected that in connection with the title "The Chom
sky Hierarchy of w-Ianguages" we consider also a class of w-Ianguages related 
to context-sensitive languages. Because of the infinite length of the inputs, 
it is, however, difficult to define classes of w-Ianguages by means of space or 
time complexity. 

For instance, Theorem 7.16 of [CG78a] shows that for every recursively 
enumerable language V ~ X* there is a deterministic context-sensitive lan
guage W such that V . XW = W . XW and VII' = W6. In [SN86] this result 
was extended to languages W accepted in linear time and logarithmic space 
on Turing machines. 

In Remark 3.5 we mentioned that for partially defined devices the class of 
w-Ianguages accepted according to the mode (ran, n) might be larger than for 
fully defined devices, whereas in the remaining five cases the accepted classes 
do not change. (In fact, the hint given there concerned only finite automata, 
but it is valid also in case of most other accepting devices.) 
For partially defined Turing machines one can prove analogously to Re
mark 3.5 that 

pDT(X) (ran, n) 

pNT(X) (ran, n) 

{E n F : E E E~X) /\ FE lIiX)} and 

= E~X). 

In Remark 3.1 we claimed that the accepting power of devices is increased 
when we additionally demand that the device reads the whole input tape. For 
finite automata this results, obviously, in the same classes as for partially de
fined automata, but in case of more powerful devices we obtain results which 
show that the requirement to read the whole input offers stronger possibili
ties to reject an input w-word than that to be merely partially defined. For 
nondeterministic devices this is explained by blind counter arguments in The
orem 3.10 and 3.12 of [EH93]. (If, however, the accepting device is not forced 
to read the whole input, a blind counter appears to be useless.) 

We mention still that in case of deterministic Turing machines the classes 

DT(X) (a, R) of w-Ianguages accepted by fulfilling the acceptance condition 
(a, R) and reading the whole input can be described as follows. 

DT(X) (ran, ~) {F : F E F /\ A(F) E 1I2 } 

DT(X) (ran, n) = {E n F : E E E~X) /\ F E DT(X) (ran, ~)} 
DT(X) (ran, =) = {E n F : E E B( lIiX») /\ F E DT(X) (ran, ~)} 
DT(X) (inf, ~) {E n F : E E E~X) /\ F E DT(X\ ran, ~)} 
DT(X) (inf, n) lI~X) 

DT(X)(inf,=) = B(lI~X») 
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Since {F : F E F 1\ A(F) E ll2} CJ. E~X) (cf. [St86aj), the first four 
classes contain properly their counterparts DT(X) (0:, R), and we have also 
DT(X) (ran, n) :J pDT(X) (ran, n). 

4. Languages and w-languages 

In this section we investigate classes of w-Ianguages which are generated from 
classes of languages using the operations described in the introduction. In 
particular we are interested in the closure properties which are inherited from 
the underlying classes of languages. We choose an alphabet to be large enough 
(a count ably infinite one, IN say, will suffice) to encompass all finite alphabets 
encountered in the sequel. As usually, we call a family W ~ {W : 3X(X ~ 
IN 1\ X is finite 1\ W ~ X*)} containing at least one nonempty language a 
family of languages. Similarly, :F ~ {F : 3X (X ~ IN I\X is finite I\F ~ XW)} 
will be referred to as a family of w-languages provided it contains a nonempty 
w-Ianguage. 

In the theory of languages several families, such as the families of regular, 
context-free, recursive, and recursively enumerable languages, are shown to be 
closed under natural operations like (non-erasing) homomorphisms, inverse 
homomorphisms, intersection with regular languages, union, product, and 
Kleene-star. Such families were called abstract families of languages (AFLs) 
(cf. [Gi75])j families of languages closed only under the first three operations 
were called trios (cf. [Gi75]). 

In the previous section we have seen that the families of w-Ianguages 
in the Chomsky hierarchy follow two patterns of generation by families of 
languages. Here we show that by these two patterns several closure properties 
of the underlying family of languages are preserved. 

The first one is the one from the representation theorems of regular and 
context-free w-Ianguages which was called w-Kleene closure in [CG77], the 
second one uses projection and the o-limit as in the representation theorem 
for recursive w-Ianguages. 

4.1 w-Kleene closure 

In Theorems 3.2 and 3.3 we observed that w-Ianguages accepted by finite or 
pushdown automata are in the same way derived from the underlying classes 
of languages accepted by the same types of automata. In this part we study 
common properties of classes of w-Ianguages derived in this way from classes 
of languages. In particular, we are interested which closure properties are 
inherited from the classes of languages by their counterparts in the range of 
w-Ianguages. 

First we recall the notion of w-Kleene closure of a family of languages 
from [CG77]. 
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Definition 4.1. For a family of languages W we call 

Kw(W) := {U Wi . ~w : n E 1N 1\ Wi, Vi E W} 
.=1 

its w-Kleene closure 

We obtain our main result in this part. 

Theorem 4.1. Let W be an abstract family of languages. Then its w-Kleene 
closure Kw(W) is closed under union, intersection with regular w-languages, 
e-free homomorphism, inverse homomorphism, and multiplication with lan
guages from W. 
IfW is additionally closed under arbitrary homomorphism, then so is Kw(W). 

Proof. It is easy to see that Kw(W) is closed under union, e-free (arbitrary) 
homomorphism and multiplication with languages from W. 

Next we show that Kw(W) is closed under inverse homomorphism. Let 
e E h- 1(W . VW) where W, V E W. Then there is an'T} E W· VW such that 
'T} = h(e) and'T} has a factorization 'T} = h(e(l)) ..... h(e(i)) .... according to 
the finite language h(X). 

On the other hand, 'T} has also a factorization 'T} = Wi • vi ..... v~ .... with 
respect to W· Vw. Since the length of h( x) (x E X) is bounded, one can find a 
word u with lui < max{lh(x)1 : x E X} for which 'T} = W·U·Vl·U· ... ·Vi ·u· ... 
such that W . u E W . V* and Vi . u E V*. This shows e E h -1 (W . V* . u) . 
h- 1((V* ju)· u)w. Consequently, 

u 
lul~max{lh(x)l:xEX} 

Since W is an AFL, we have h- 1(W· V* . u), h- 1«V* ju) . u) E W. On the 
other hand, the inclusion h- 1(W . V* . u) . h-1«V* ju) . u)W ~ h- 1(W . VW) 
is obvious, hence h- 1(W . VW) E Kw(W). 

Now consider intersection with regular w-Ianguages. Let F E Rl,X) Then 
there are a finite automaton M = (X, Z, Zo, R) and a Z ~ Z such that 

in! • F = Tn (M, { Z} ). According to the proof of Theorem 3.2 we have F = 
UzEZ,Z/EZ Wz . (V/)w. 

Consider e E W . VW n F. Because Z is finite, there is a factiorization 
e = W . VI ..... Vi .... where W E W· V* n Wz and all Vi E V* n V/ for some 
z E Z, Zl E Z. This shows W· VWnF ~ UZEZ,Z/EZ(W. V* nWz)· (V*nv/)w. 

The converse inclusion is obvious. Since Wz and V/ are regular languages, 
W· V* n Wz , V* n ~Z' E W, and hence W· VW nF E Kw(W). 0 

Since either card(VW) ::; 1 and VW ~ {w}W or otherwise card(VW) = 2No , 

Definition 4.1 implies the following property of Kw(W). 
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Corollary 4.1. If F E Kw (W) is at most countable then F contains only 
ultimately periodic w-words, and if, moreover, F is finite then F is already 
regular. 

Next we consider the w-Kleene closures of the families of languages men
tioned in the introduction. To this end we denote by Rw := U{Ri,X) : 
X <;;; IN 1\ X is finite}, DCFw := U{DCFSX ) : X <;;; IN 1\ X is finite}, 
CFw := U{CFSX) : X <;;; IN 1\ X is finite}, and REKw := U{E~(X) : X <;;; 
1N 1\ X is finite} the families of regular, deterministic context-free, context
free, and recursive w-Ianguages, respectively, introduced in the preceding sec
tion. 

Corollary 4.2. We have 

Moreover, 

Rw 
= CFw , and 

:J DCFw 
c REKw. 

Proof. The identities follow from Theorems 3.2 and 3.3. The proper inclusion 
for deterministic context-free w-Ianguages is proved in [CG78b, Theorem 3.2]. 
Inclusion can be verified along the lines of the proof of Theorem 3.3 above, 
and the properness follows from the fact that Kw{DCF) is closed under union, 
whereas DCF w is not. In the case of REKw inclusion is obtained by usual 
recursion-theoretic means, and the properness follows from the fact that for 
example UtEIN(1 . Oin E REKw \ Kw(RE) (cf. Corollary 4.1 above). 

The inclusion Kw(DCF) C CFw is also in [CG78b, Theorem 3.2], and 
the other one follows from CF C REK and the Init-Iemma below. D 

It is, however, not known whether the inclusion Kw(REK) <;;; Kw{RE) is 
proper or not. 

We conclude this part with a look at the initial word languages of an 
w-Kleene closure. 

Lemma 4.1 (Init-Iemma for the w-Kleene closure). Let W be an AFL, 
and let W A be the trio generated by the family of initial word languages 
{A(F) : FE Kw(Wn· Then W A :;2 Wand W A is an AFL. If W is closed 
under arbitrary homomorphism then W A = W. 

4.2 w-power languages 

In the definition of the w-Kleene closure the w-power of a language W <;;; X* 
plays a crucial role. Unlike the other two operations transferring languages 
to w-Ianguages is and 6 we have no nice characterization of WW in terms of 
Borel classes. 
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We have up to now only some obvious facts. If a language W is prefix-free 
then WW = (W*)6 is a G6-set, it is even closed if W is finite. In [LT86b] a 
thorough characterization of w-powers of finite languages is given. One might 
hope that this continues to some general relationship between the operations 
o and w. 

In fact this is not the case. If we consider the infinite intersection 
niEIN(W\ {e})i ·Xw the assumption WW = niEIN(W\ {e})i ·Xw is tempting, 
but in general WW and niEIN(W \ {e})i . XW do not coincide, even if WW is 
a Go-set (cf. [St86c]). We have only the obvious inclusion 

WW ~ n (W \ {eW· XW ~ (W*)O . ( 4.1) 
iEIN 

A tighter relation between WW and niEIN(W \ {e})i . XW is given by the 
following lemma. 

Lemma 4.2. Let v . WW be an ultimately periodic sequence in niEIN(W \ 
{e})i . XW. Then v . WW E WW. 

Proof Let v· WW E niEIN(W \ {e})i. XW. Then for every i E IN there is a 
prefix Ul ... Ui of v . WW such that Uj E W*. Let Ul be longer than v and let 
i> Iwl. Then there are j, k ::; i with j < k such that IU1'" ukl-Iul'" ujl is 
divisible by Iwl. Hence v· WW = Ul'" Uj . (Uj+l'" Uk)w. 0 

Since a regular w-Ianguage is uniquely specified by its ultimately periodic 
w-words, we have the following corollary. 

Corollary 4.3. Let WW be regular. Then niEIN(W \ {e})i . XW = WW if and 
only if niEIN(W \ {e})i . XW is also regular. 

In [DL95]' [Lt91a,b], [LT87] and [St86c] several properties ofthe operation 
W were considered. In particular, the properties of WW were investigated under 
the assumption that W is a code, that is, every word w E W* uniquely 
factorizes into a product w = Wl •.. Wn where Wl, ... , Wn E W. 

First we derive an example which shows that even for a regular code 
V ~ X* its w-power VW may not be a Go-set. 

Example 4.1 (Wagner). Let V := {a,ba} U {ab,ac}*· aca. In [St86c] it is 
shown that VW C niEIN(V \ {e})i. XW C (V*)O, and that VW is not even a 
Go-set. 

Finally, we quote a result from [LT87] about w-powers of regular lan
guages. 

Theorem 4.2 ([LT87]). Let F = WW be a regular w-language. Then there 
is a regular language V such that F = VW. 

Moreover, among all W such that F = WW there is only a finite number 
of maximal with respect to "~" ones and all of them are regular. 
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In contrast to our theorem, it is easy to see that for the regular w-Ianguage 
(a* . b)W the languages Vf := UiEIN ai . b· (a* . b)f(i) where f : IN ---4 IN is an 
arbitrary function are 2~o many minimal languages satisfying Vj = (a* . b)w. 

4.3 a-transducers, gsm-mappings, and w-transductions 

In the theory of formal languages the concept of a-transducer plays an im
portant role, particularly in connection with closure properties of classes of 
languages. We utilize this concept for its facility to encompass several natural 
language theoretic operations (cf. [Gi75]). 

Definition 4.2. An a-transducer is a sextuple M := (Z, X, Y, H, zo, Z') 
where 

1. Z, X, Yare finite nonempty sets of states, input letters and output letters, 
respectively, 

2. H is a finite subset of Z x X* x y* x Z, the set of transitions, 
3. Zo E Z is the initial state, and 
4. Z' ~ Z is the set of accepting states. 

The inverse of an a-transducer M = (Z, X, Y, H, zo, Z') is the transducer 
M-I := (Z,Y,X,H-l,zo,Z'), where H- I := {(z',v,w,z) : (z,w,v,z') E 

H}. An a-transducer M effects an operation on languages as follows [Gi75]. 
A finite sequence of transductions of is called a computation of M, if it has 
the form 

with Zf. E Z'. The words w := WI ..•.. Wf. and v := Vi ..... Vf. are called 
the input and the output of the computation, respectively. We abbreviate the 
fact that w is an input and v a corresponding output word of a computation 
of the a-transducer M by w f-M v. We set 

M(w) := {v: v E Y* I\w f-M v} 

and M(W) := UWEWM(w) for W ~ X*. 
We call an a-transducer e-output bounded, provided there is a k E IN 

such that (Zl. W2, e, Z2), ... , (ZHI' Wf., e, Zf.+1) implies £ :S k, that is, the a
transducer has at most k consecutive transitions having the empty word e as 
output. 

An a-transducer M := (Z, X, Y, H, zo, Z') such that Z' = Z and M as 
well as its inverse M-I are e-output bounded will be referred to as an w
transducer. 

The infinite behaviour of an a-transducer M can be regarded as the limit 
of the finite behaviour, that is, we call an infinite sequence of transitions 
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an w-computation, iff it has infinitely many prefixes being a computation of 
M. 

Analogously, we denote the input-output relation also by ~ f--M ",. Then 
M(~):= {"': '" E yw I\~ I-M "'} and M(F):= UeEfM(~) for F ~ XW. 

We may consider computations and w-computations of an a-transducer 
M as subsets of H* or HW, respectively. Then 

Lemma 4.3. The set V M ~ H* of computations is a regular language, and 
the set EM ~ HW is a regular w-Ianguage in the Borel class G6. More pre
cisely, we have EM = V6 for some regular language V ~ V M. 

Using techniques known from automata theory we obtain from Lemma 4.3 
the following decomposition of a-transducers. 

Lemma 4.4. Let M := (Z, X, Y, H, zo, Z') be an (e-output bounded) a
tmnsducer. Then there are homomorphisms hand g and a regular language 
W such that M(F) = h(W6 n g-l(F)) for every F ~ XW. 
If, moreover M is e-output bounded then h, g and W may be chosen in such 
a way that h is e-free. 

The proof of Theorem 4.1 now yields 

Corollary 4.4. If F ~ XW is regular then M(F) is also regular. 

By standard techniques of automata theory, similar to the ones in the 
language-case (see e.g. [Gi75]), we can prove that a-transducer-mappings are 
closed under composition in the case of w-Ianguages, too. 

Lemma 4.5. Let Ml and M2 be a-tmnsducers. Then there is an a-tmns
ducer M such that M 2(M 1(F)) = M(F) for every F ~ XW. If, moreover, 
Ml and M2 are e-output bounded then M is also e-output bounded. 

Our lemma has the following consequence. 

Corollary 4.5. Let F be a family of w-Ianguages. Then the family of w
languages {M(F) : F E F and M is an (e-output bounded) a-tmnsducer} 
contains Rw and is closed under (e-free) homomorphism, inverse homomor
phism and intersection with regular w-Ianguages. 

If is readily seen from Lemma 4.4 that the infinite belaviour of a-transducers, 
{((, "') : '" E M((H, is a binary infinitary rational relation in the sense of 
Gire and Nivat [GN84]. It was observed by Thomas [Th92] that there are 
several subclasses of the class of infinitary rational relations defined by logical 
means and via acceptance by certain multitape finite automata. We will not 
pursue this direction any farther here, instead we return to special cases of 
a-transducers. A first one is known as generalized sequential machine. 

Definition 4.3. A genemlized sequential machine (or short: gsm) is a sex
tuple A = (X, Y, Z, f,g, zo) where 
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X and Yare the finite input and output alphabets resp. , 
Z is the finite set of states, 
Zo E Z is the initial state, 
f : Z x X -> Z is the next state funtion, and 
9 : Z X X -> Y* is the output function. 

As usual f and 9 may be extended to Z x X* via 

f(z, e) := z, f(z, W· v) := f(J(z, w), v) , and 
g(z,e) :=e, g(z,w·v) :=g(z,w).g(J(z,w),v). 

A generalized sequential machine A defines a sequential mapping 'P A: X* -> y* 
by 'PA(W) := g(zo, w). Particularly interesting for our further investigation 
are totally unbounded gsms, or in other words, finite automata realizing con
tinuous mappings CPA: XW -> yw. 
A related notion is the notion of w-tranductions introduced by Gire [Gi84] 
which are simple compositions of totally unbounded gsms and their inverses. 

Definition 4.4. An w-transduction is a relation r ~ xw x yw for which 
there are two totally unbounded gsm-mappings 'P : XW -> ZW and 'l/J : ZW -> 

yw such that r = 'P 0 'l/J-1. 

As usual we write r(() := {17 : ((,17) E r} and r- 1 (17) := {( : ((, 'l/J) E r}, and 
we shall consider w-transductions also as mappings r : XW -> 2Y"'. 

Lemma 4.6 ([Tr62]). Let F ~ XW be a nonempty closed and regular w
language. Then there is a sequential machine A with g : X -> X such that 
<PA(XW) = F and <PA(() = ( for (E F. 

In [LT90] a class of a-transducers realizing w-transductions is characterized. 

Lemma 4.7. A mapping r : XW -> 2Yw is a rational w-transduction iff there 
is an w-transducer M such that M(() = r(() for all (E XW. 

From our definition of w-transductions it follows immediately that r- 1 = 
'l/J 0 'P- 1 is also an w-transduction. With the help of Lemmas 4.5 and 4.7 
one can derive the result of [Gi84] that w-transductions are closed under 
composition. 
As a consequence of Lemma 4.6 we obtain that for every nonempty closed and 
regular w-Ianguage F ~ XW there is a totally unbounded gsm-mapping 'PF : 
X* -> X* such that 'PF 0 'Pp1(E) = F n E for all E ~ XW. A strengthening 
of this fact has been proved in [LT86a]. 

Proposition 4.1. For every closed and regular w-language F ~ XW there 
are e-free homomorphisms hI, h2 , h3 such that hI 0 h"21 0 h3(E) = F n E for 
all E ~ XW. 

This yields the following representation of rational w-transductions in terms 
of e-free homomorphisms. 
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Theorem 4.3 ([LT90)). Let r be a rational w-transduction. Then there are 
e-free homomorphisms h1' h2, h3 and 91,92,93 such that r = h1 0 h21 0 h3 = 
-1 -1 

91 092 0 93 . 

From the very definition of w-transductions and from Corollary 2.2, Lemma 2.2 
and Corollary 4.4 we obtain that the class of closed regular w-Ianguages 
F n Rw is the smallest class of w-Ianguage closed under w-transductions. 
Other classes closed under w-transductions are Fun Rw and Rw itself, which 
latter in virtue of Corollary 4.5 is the smallest class of w-Ianguages closed 
under arbitrary a-transducer mappings. In [Ti90] it is shown indeed these 
three are the only classes of regular languages closed under w-transductions. 

4.4 Limit-closure 

Now we deal with the pattern of generation of w-Ianguages from languages 
which applies to w-Ianguages accepted by Turing machines. In virtue of The
orem 3.5 and Lemma 3.12.3 we have 

REKw = {h{W6): W E REK} = {h{W6): WERE} (4.2) 

where h denotes a projection, that is, a length preserving homomorphism. 
Analogously to Eq. (4.2) we define the limit-closure £w{W) of a family of 

languages W as 

£w{W) := {h{W6) : WE W 1\ h is a projection} (4.3) 

Along with this limit closure we define. 

LlW := {W6 : W E W} . (4.4) 

Next, we are going to derive which closure properties of .cw{W) inherits from 
W. We refer to [St87a, Setion 6] where closure properties of L1W inherited 
from those of W are derived. 

To this end we have to introduce the language theoretic operation of 
continuation. We set for U ~ X* 

w l>U := {u: u E Un w· X* 1\ Vv{w C v C u ~ v ¢ Un , (4.5) 

that is, w l>U is the set of smallest with respect to the prefix relation "!;:" 
words u E U which have w as prefix. One may think of them as the least 
continuations of the word w to words in U, hence the term continuation. 
We define the continuation of a language W to a language U as 

W I> U:= U w I> U 
wEW 

Then in [St87a, Eq. (20)] it is shown that 
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(4.6) 

Thus the language-theoretic operation of continuation resembles in some 
sense intersection. Indeed, the next lemma shows that trios, that is, fami
lies of languages closed under e-free homomorphism, inverse homomorphism 
and intersection with regular languages, are also closed under continuation 
to regular languages. 

Lemma 4.8. Let U ~ X* be a regular language. Then there is an e-free 
a-transducer Mu := (8, X, X, H, so, 8') satisfying Mu(W) = W t>U for 
arbitrary W ~ X* . 

Proof. Let M := (X, Z, f, Zo, Z') be a deterministic finite automaton accept
ing the language U. We take a dual state set Z := {z: z E Z} disjoint to Z 
and define 
8 :=ZUZ, 

so:=zo , 

8':=Z' U {Z' : z' E Z'} , and 
H consisting of transitions of the following form 

(x,z,f(z,x),x) , where x E X and z E Z , 

(x,z,f(z,x),x) , where x EX and z E Z\Z', and -(e, Z, fez, x), x) , where x E X and z E Z \ Z' . 

Informally, the transducer works in two phases: 
First by rules of the first kind it transfers the input word to the output, 
randomly switching by applying one rule of the second kind to the second 
phase. 

In this second phase it adds in a nondeterministic way by transitions of 
the third kind a tail such that the resulting output word is in U. Here the 
requirement that z tJ. {z: z E Z'} guarantees that Mu stops its output when 
reaching a first word in U which continues the part of the input word read 
until phase two. 

Assume the transducer Mu reads the whole input word wand reaches 
a final state. Then either if w E U (in which case it never uses transitions 
of the third kind) or Mu adds a suffix v to w such that w . v E U and no 
intermediate word u, w !: u c w· v belongs to U. Thus Mu (w) = w t> U. D 

Trios are by no means the only classes of languages closed under continu
ation to regular languages. Closure under continuation to regular languages 
can be proved also for many classes of languages defined by deterministic ac
cepting devices, e.g., for deterministic context-free languages, which are not 
closed under projection. Informally, if an accepting device for the language 
W may communicate with a deterministic finite automaton accepting the 
regular language U then using a simple protocol of communication, as, e.g., 
described in [St87a, Section 6], one may construct a device accepting W t> U. 
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Utilizing the operation of continuation the following closure property of 
the family LlW has been shown in [St87a, Lemma 44]. 

Lemma 4.9. If a family of languages is closed under inverse gsm-mapping, 
multiplication with finite languages from the right and under continuation 
to regular languages, then Ll W is closed under inverse gsm-mapping and 
intersection with w-languages from G D n Rw' 

From this lemma we obtain the following closure property of .cw(W). 

Theorem 4.4. If W is a trio then .cw(W) is closed under e-free homomor
phism, inverse homomorphism, and intersection with regular w-languages. 

Proof In virtue of Lemmas 4.4 and 4.5 it suffices to show that .cw(W) = 
{M(WD) : W E W 1\ Mis an e-free a-transducer}. From Lemma 4.4 we 
obtain that M(WD) = h(g-I(WD) n VD) for homomorphisms h,g, where h 
is e-free, and a regular language V. Now utilizing Lemma 4.9 we obtain a 
W', W" E W such that M(WD) = h(W')D n VD) = h(W")D). Finally, we 
observe that every e-free homomorphism h may be represented as hI 0 h2 
where hI is a projection and h2 maps its input alphabet X in a one-to-one 
manner onto a prefix-free language C. It is readily seen that h2 (W")D) = 
h2(W")D, and the assertion is proved. 0 

Now, by standard techniques of language theory one proves the following 
corolleries to Theorem 4.4. 

Corollary 4.6. IfW is closed under union then .cw(W) is also closed under 
union, and if W is a trio closed under product then .cw (W) is closed under 
multiplication with languages W E W from the left. 

Corollary 4.7. IfW is an AFL, then 

Lw(W) ;;:? Kw(W). 

Applying our mapping Lw to the families of languages considered up to now 
we obtain 

Lw(R) 

Lw(DCF) 

Lw(CF) :l 

.cw(RE) 

Kw(R) = R w, 

CF w :l Kw (DCF), 

Kw(CF) = CFw , and 

Lw(REK) = REKw' 

(4.7) 

(4.8) 

(4.9) 

(4.10) 

The proper inclusion in Eq. (4.9) is explained by Example 3.1 which shows 
that already LlCF Cf:. CF w' We obtain also an Init-lemma. 

Lemma 4.10 (Init-Iemma for the limit-closure). Let V be a trio and 
let VL be the trio generated by {A(F) : FE Lw(V)}. Then VL ;2 V. 

Unlike the Init-lemma for the w-Kleene-closure we cannot expect that VL = V 
even if V is an AFL closed under arbitrary homomorphism, as the example 
V = RE shows. Here VL = Ei :l RE. 
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5. Wagner's hierarchy 

Our Theorem 3.1 shows that the Borel subclasses of RLX) correspond to 
the automata theoretic defined subclasses. In 1979 K. Wagner proved that 
this correspondence between topological and automata theoretic proporties 
of regular w-Ianguages can be extended much farther to a countably infi
nite hierarchy of classes of regular w-Ianguages. This hierarchy will be called 
henceforth Wagner's hierarchy. Utilizing results of [BL69], [vW76], [Ba92] 
and Wagner's original paper [Wa79], it was shown (cf., e.g., [Se95a]) that 
Wagner's hierarchy is indeed the Wadge hierarchy restricted to regular sub
sets of XW, thus showing that the Wagner (or Wadge) hierarchy for regular 
w-Ianguages can be also defined in automata theoretic terms. 

Fragments of Wagner's hierarchy were investigated as the Boolean hierar
chy over RLX) n G.s in [Wa77] and [Ka85] and as the Hausdorff-Kuratowski 
hierarchy for regular w-Ianguages in [Ba92]. 

In this section we shall give a general outline of Wagner's approach. For 
a more detailed treatment the reader is referred to the above mentioned 
papers, in particular [Wa79] or [Se95a], or to [WY95] where a polynomial
time algorithm computing the Wagner degree of a regular w-Ianguage F from 
an automaton accepting F is presented. 

5.1 Wagner classes 

Next we introduce the Wagner classes C~, b~, E~ of [Wa77,79]: 
We say that a state z' E Z of a finite automaton A = (X, Z, ZQ, f) is 

reachable from another state Z E Z provided there is a nonempty word w E 
X*\ {e} such that z' = fez, w). A loop in a finite automaton A is a set Z' ~ Z 
such that each two states z, z' E Z' are likewise reachable. Given Z ~ 2z 
the set L of all loops in A is partitioned into the set P = L n Z of positive 
loops and the set N := L \ P of negative loops. The set of all maximal loops 
(with respect to set inclusion) is denoted by M. (Notice that a maximal loop 
is the same as what is known as a 'strongly connected component' in the 
underlying graph.) 

An alternating chain of length n is of the form 

Ll C L2 C L3 C ... c Ln , 

where Li E P iff Li+1 E N for 1 ~ i < n. A positive chain starts with a 
positive loop Ll E P, and a negative chain starts with a negative loop. 

Notice that all loops of a chain are contained in a maximal loop M EM. 
Let M be a maximal loop. In every alternating chain of maximal length 
contained in M one can replace the last element by M itself. Therefore all 
alternating chains of maximal length contained in M have the same sign. The 
length of a maximal alternating chain in M is denoted by l(M) and the sign 
of these chains is denoted by sCM). 
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The first invariant of a pair (A, Z) is the maximum of all the values £(M), 
that is, the maximum length of all alternating chains in (A, Z). It is denoted 
by m(A,Z). 

A top loop is a maximal loop M that contains a chain of length £(M) = 
m(A, Z). A top loop is positive or negative depending on whether it occurs in 
a longest chain that is a positive or negative. (Notice that if a longest chain 
has even length then a positive top loop is a negative loop.) 

An alternating superchain is a sequence L1, ... ,Ln of top loops where for 
every i with 1 ::; i < n the loop Li+1 is reachable from Li and Li is a positive 
top loop iff Li+1 is not. The alternating superchain is called positive if L1 
is a positive top loop and negative otherwise. (Notice that one loop cannot 
occur at two distinct places in a superchain.) 

The second invariant of a pair (A, Z) is the maximal length of all al
ternating superchains. It is denoted by n(A, Z). A longest superchain is an 
alternating superchain of length n(A, Z). The pair (A, Z) is called prime if 
all longest superchains have the same sign. Denote by s(A, Z) the sign of the 
longest superchain if (A, Z) is prime and s(A, Z) := 0 if (A, Z) is nonprime. 
First we recall Wagner's fundamental independence result. 

Theorem 5.1 ([Wa77,79]). Let A = (X,Z,zo'/) and A' = (X,S,sO,g) 
be two deterministic automata and let Z ~ 2z and S ~ 28 such that 
T!nf(A,z) = T!nf(A',S). Then s(A,Z) = s(A',S), m(A,Z) = m(A',S) 
and n(A,Z) = n(A',S). 

Theorem 5.1 allows us to define the following classes of regular w-languages. 

Definition 5.1. 

c~ .- {T!nf (A, Z) : s(A, Z) = + 1/\ m(A, Z) = m /\ n(A, Z) = n} 

D~ .- {T!nf(A,z): s(A,Z) = -l/\m(A,Z) = m/\n(A,Z) = n} 

E~ := {T!nf (A, Z) : s(A, Z) = 0 /\ m(A, Z) = m /\ n(A, Z) = n} 

c~ := C~ U {T!nf(A,z) : m(A,Z) < m V (m(A,Z) = m /\n(A,Z) < n)} 

b~ := D~ U {T!nf(A,z) : m(A,Z) < m V (m(A,Z) = m/\ n(A,Z) < n)} 

Observe that en = en \ iJn and Dn = iJn \ en m m m m m m' 
Moreover, we have the following complementation property 

FE iJn m iff (5.1) 

The classes cr, br, c!n, iJ!n can be represented as Boolean expressions 
over regular w-languages in G or G.s, respectively. In view of Eq. (5.1) we 
may confine here to the representation results for 6r and C!n. 
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Theorem 5.2 ([Ba92, Wa77,79]). Form,n ~ 1, 

n-l 

e;n-l = {U (Fi \ FI) : Fi , FI E G n R~X)} 
i=l 

n-l 

{U(Fi \FI): Fi,FI E G} n R~X) , 

i=l 

n-l 

ern {FU U(Fi \FI): F,Fi,FI E GnR~X)} 
i=l 
n-l 

= {FU U(Fi \FI): F,Fi,FI E G} n R~X) , and 
i=l 

n-l 

eim+! = {U (Fi \ FI): Fi,FI E G6 nR~X)} 
i=l 
n-l 

{ U (Fi \ FI) : Fi , FI E G.s} n R~X) , and 
i=l 

n-l 

aim = {FU U(Fi\FI):F,Fi,FIEG6nR~X)} 
i=l 

n-l 

= {FU U(Fi \FI): F,Fi,FI E G6} n R~X) . 

i=l 
A A eX) A eX) 

In particular, we have ct = {0}, cl = G n ~ , c~ = G6 n ~ . 
Before proceeding to a topological characterization of the classes a~ and 

D":'n, when m, n ~ 2, let us consider superchains of length f. ~ 2: 
Assume we have a finite automaton A = (X, Z, Zo, J) and two maximal loops 
Zl, Z2 ~ Z, Zl n Z2 = 0 such that Z2 is reachable from Zl' Let further 
Zi be a nonempty set of loops in Zi (i = 1,2). Then Fi := T!nf (A, Zi) are 
nonempty regular w-Ianguages. 

Consider the topological closures of FI and F2, C (F1) and C (F2)' in Cantor 
space. Then 

(5.2) 

This consideration transforming reachability of chains to a topological argu
ment might facilitate the understanding of the following result. 

Theorem 5.3 ([Wa77,79]). Let n ~ 1 and m ~ 2. Then 

1. E E a::, iff there are Eb ·· . , En such that E = U~=l E i , Ei E er for i 
odd, Ei E br for i even, C(Ei) n Ei+l = 0, and Ei ~ C(Ei+!)' 

2. F E .0::. iff there are Fb .. . , Fn such that F = U~=l Fi, Fi E .or for i 
odd, Fi E ar for i even, C(Fi) n Fi+! = 0, and Fi ~ C(Fi+I)' 
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5.2 gsm-reducibility 

So far we have characterized Wagner's classes 6~ and b~. Next we introduce 
the type of reducibility introduced in [Wa77,79] for regular w-Ianguages. 

Definition 5.2. An w-Ianguage F ~ XW is called DA-reducible (short: 
F ~DA E) to an w-Ianguage E ~ XW if there is a totally unbounded gsm
mapping c.p : X* --+ X* such that F = ~-l(E). 

Totally unbounded gsm-mappings are totally unbounded sequential map
pings. So Wagner's DA-reducibility is a particular case of the Wadge re
ducibility introduced in Section 2.3. It is remarkable that due to results 
of [BL69], [vW78], [Wa79], [Ba92], and [Se95a] Wadge-reducibility and DA
reducibility coincide for regular w-Ianguages. 

Theorem 5.4. Let E, F ~ XW be regular. Then E ~w F implies E ~DA F. 

Therefore, if a Wadge-deree {E : E =w F} contains a regular w-Ianguage we 
shall refer to {E: E =w F} n niX) as a Wagner degree. 

From Theorem 5.2 we obtain 

Lemma 5.1. The sets C~ = 6~ \ b~ and D~ = b~ \ ~ are Wagner 
degrees. 

It turns out, however, that the sets E~ are not single Wagner degrees but, 
in fact, countable unions of Wagner degrees. We derive an example that Ej 
is not a single degree. 

Example 5.1. Consider thew-language F:= C·{O, l}*·owUl·(O*·1)w ~ {O, l}W 
introduced at the end of Section 3.2. It is obvious that F E Ej. Moreover, if 
we consider the w-Ianguage F' := OW U 0* . 1 . F it turns out that F' E Ej, 
too. 

Assume F' ~ w F, that is, there is a continuous mapping c1> : XW --+ XW 
such that F' = c1>-l(F). Then c1>(OW) E F. We have to consider two cases: 
c1>(OW) E F no· {O, 1}W and c1>(OW) E F n 1· {O, l}w. 

In the first case, since c1> is continuous, there is a k E 1N satisfying c1>(Ok ·1· 
o· {O, 1 }W) ~ O· {O, 1}w. Now, F' = c1>-l(F) implies that c1>(Ok ·1· (0* ·l)W) ~ 
o· {O, 1}· Ow and c1>(Ok ·1· {O, 1}· OW) ~ O· (0* ·l)W which is impossible. In the 
second case we derive likewise the contradiction c1>(Ok ·1·{0, 1 }·OW) ~ 1.(0* ·l)W 
and c1>(Ok . 1 . (0* . l)W) ~ 1· {O, 1}· Ow. 

In order to solve this problem, Wagner introdced a procedure which he 
called derivation. It relies on the following separation principle explicitly uti
lized by Selivanov [Se95a,b]: 

Let F E E~ and consider the set W p of all words w such that F n w· XW E 
6~ and the set Vp of all words v such that F n w· XW E D~. It turns out 
that for regular w-Ianguages F the following separation procedure yields an 
w-Ianguage in a lower class E:::, (m' < m): First remove from F the set 
W p . XW and then add the whole set Vp . XW. That is, to speak in terms of 
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Wagner's paper: 
The derivative of an w-Ianguage F E E~ is aF := (F \ W F . XW) U VF . XW. 
This results in the following procedure for automata: 

The derivative o(A, Z) of a non-prime pair (A, Z) with A = (X, z, zo, f) 
is a new pair «X,S,sO,g),S), which is described in what follows. 
The set of all states from which a positive longest superchain is reachable is 
denoted by a+ Z. Likewise, the set of all states from which a negative longest 
super chain is reachable is denoted by a- Z. Their intersection is denoted by 
oZ. Observe that zo E az if OZ i- 0. 

Now S is the union of az with two new states s+ and s-, So := Zo if 
az i- 0 and So := s+ otherwise. The transition function is defined by 

._ { 
fsis,x) 

g(s,x) 
s-

g(s+,x) .- s+, 

g(s-,x) .- s-, 

if f(s,x) E az 
if f(s, x) E a+ z \ a-z 
if f(s,x) rf. a+z 

and S:= {L E Z: L ~ aZ} U {{s+}}. 
Notice that m(a(A,Z)) < m(A,Z) whenever m(A,Z) > 1. 

Finally, we give Wagner's naming procedure. 

for s E oZ, 

Let (A, Z) be a pair such that A = (X, z, zo, f) is a deterministic automa
ton, Z ~ 2z , m:= m(A,Z), and n = n(A,Z). We now associate with (A,Z) 
a name of a Wadge degree, W(A, Z), constructed recursively as described 
below. 

1. If (A, Z) is prime and all longest superchains are positive, then W(A, Z):= 
C~. 

2. If (A, Z) is prime and all longest superchains are negative, then W(A, Z):= 
D~. 

3. If (A,Z) is non-prime and m = 1, then W(A,Z) := Ef. 
4. If (A,Z) is non-prime and m > 1, then W(A,Z):= E~W(a(A,Z)). 

As the above invariance theorem proves, this procedure assigns to a regular 
w-Ianguage F ~ XW independently of the pair (A, Z) which accepts F a 
unique name of the form 

W(F) := W(A, Z) = E~ll ... E~""H~~~~ , 

where ml > m2 > ... > mk > mk+l, H E {C,D,E} and mk+1 = 1 if 
H=E. 

Moreover, it is shown in [Wa79] that for every admissible name E~ll ... 
E~kkH~",.~ll there is a regular w-Ianguage F ~ XW such that W(F) = 
Enl En" H nk+l 

ml··· m" m"+l· 
Now the ~w-relation can be easily read off from the names of the Wag-

ner degrees: Let F, F' ~ XW be regular w-Ianguages. Then F ~w F' iff 
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for the corresponding names W(F) = E~\ ... E~kkH~~~\ and W(F') = 
I I I 

E~~ ... Enl,H'~tl there is an index j ::; min{k+ 1, k' + 1} such that mi = m~ 
1 m l 1+1 

and ni = n~ for 1 ::; i ::; j and either of the following conditions holds: 

1. j = k + 1 ::; k' + 1 and H' = E or H = H'. 
2. j < min{k+1, k' +1} and mJ+l < mj+1 or (mj+1 = mj+lJ\nj+1 < nj+l)· 

Concluding remark 

Besides the reducibility via totally unbounded gsm-mappings in [Wa79] also 
a reducibility via sequential machine mappings, that is, length preserving 
gsm-mappings, was considered. Here also the results of [BL69], [vW76], and 
Wagner's original paper [Wa79] show that here the corresponding degrees, 
Wagner's so-called DS-degrees, coincide with the restriction of so-called Lif
schitz degrees (cf. [vW76]) to regular w-Ianguages. 
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Languages, Automata, and Logic* 

Wolfgang Thomas 

1. Introduction 

The subject of this chapter is the study of formal languages (mostly languages 
recognizable by finite automata) in the framework of mathematical logic. 

The connection between automata and logic goes back to work of Biichi 
[Bii60] and Elgot [EI61], who showed that finite automata and monadic 
second-order logic (interpreted over finite words) have the same expressive 
power, and that the transformations from formulas to automata and vice 
versa are effective. Later, in work of Biichi [Bii62], McNaughton [McN66], and 
Rabin [Ra69], such an equivalence was shown also between finite automata 
and monadic second-order logic over infinite words and trees. This research 
was initiated by decision problems for restricted systems of arithmetic and 
the problem of synthesizing circuits with nonterminating behaviour from logic 
specifications [Ch63], [TB73]. The reduction of formulas to finite automata 
was the key to the solution of both problems: The monadic second-order the
ories SIS and S2S of one, respectively two successor functions were shown 
to be decidable in [Bii62] and [Ra69], leading to decidability results also for 
other interesting mathematical theories and for several logics of programs. 
Furthermore, it turned out (in the work of Biichi and Landweber [BL69]) 
that the circuit synthesis problem with respect to SIS specifications is solv
able effectively, which gave a new perspective to the automatic construction 
of nonterminating programs. 

In the eighties, the bridge between the descriptive formalism of monadic 
second-order logic and the computational (or operational) model of finite 
automaton was refined and extended to allow practical use. Temporal logics 
and fixed-point logics took the role of the specification languages (replacing 
the classical systems of first-order logic and monadic second-order logic), and 
more efficient transformations from logic formulas to automata were found. 
This led to powerful algorithms and software systems for the verification 
of finite-state programs (model-checking). The area has developed into an 
distinct subject, built on an extensive literature which cannot be covered here 
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in detail; as recent monographs in the field we mention [McM93), [Ar94a), and 
[Ku94). 

The equivalence between automata and logical formalisms also started 
new tracks of research in language theory itself. For example, the classifi
cation theory of formal languages was deepened by including logical notions 
and techniques, and the logical approach helped in generalizing language the
oretical results from the domain of words to more general structures like trees 
and partial orders. 

The logical description of the behaviour of computational models was 
also taken up in complexity theory. Starting from Fagin's work [Fa74), it 
was shown that many complexity classes, such as NP, P, PSPACE, could 
be characterized by different versions of second-order logic (involving, for 
example, fixed point operators or transitive closure operators). This theory 
now forms the core of the subject finite model theory or (more specifically) 
descriptive complexity theory, and we refer the reader to [EF95] for a recent 
and comprehensive exposition. The topic of the present chapter, where finite 
automata are considered rather than resource-bounded Turing machines, may 
be called a descriptive theory of recognizability. In the logical framework, this 
corresponds to restricting second-order logic (as used in describing classical 
complexity classes) to its monadic (or even first-order) fragment. 

A surprising merge of techniques and results from automata theory, logic, 
and complexity was finally achieved in circuit complexity theory, where the 
computational power of boolean circuits is studied, regarding restrictions 
in their size, depth, and types of allowed gates. It turned out that natural 
families of circuits (given by such bounds on size and depth) can be described 
by generalized models of finite automata as well as by appropriate systems 
of first-order logic. In Straubing's book [St94] these results are developed 
in detail, including algebraic aspects (concerning, e.g., varieties of monoids 
associated with regular languages). 

The main objective of this survey is to explain the precise relation between 
finite automata and monadic second-order logic and to give self-contained 
proofs of some fundamental results. This will include certain difficult au
tomata theoretic constructions over infinite words and trees, e.g., Safra's de
terminization of w-automata [SaB8] and Rabin's Tree Theorem [Ra69], which 
are as yet not accessible in textbooks or surveys, as well as a short exposi
tion of the Ehrenfeucht-Fraisse game technique and some of its applications 
concerning first-order logic in formal language theory. Thus, some comple
mentary material to the related survey paper [Th90] is given. On the other 
hand, only short remarks will be made on the neighbour subjects mentioned 
above, for which the reader can refer to the cited monographs. 

2. Models and formulas 

Let us start with a simple example to explain the description of formal lan
guages by logical formulas. The finite automaton 
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--0 b ... 

~~ 
o 

a 

accepts those words over the alphabet A = {a, b, c} where no a is succeeded 
by a b, any b is succeeded by a, and a is the last letter. These three conditions 
can be expressed by a first-order formula, using variables x, y, ... for letter 
positions, a formula S(x, y) to indicate that position y succeeds x, and Qa(x) 
to formalize that position x carries letter a: 

'Pl : -,jxjy(S(x, y) A Qa(x) A Qb(Y)) A VX(Qb(X) ---t jy(S(x, y) A Qa(Y))) 
A jx(-,jyS(x,y) A Qa(x)) 

Note that -,jyS(x, y) expresses that x is the last letter position of the word 
under consideration. 

Another example shows that variables X, Y, ... ranging over sets of posi
tions (and corresponding atomic formulas X(y), meaning "y E X") can be 
useful. Consider the set of words over A = {a, b} where any two occurrences 
of b (such that no further b occurs between them) are separated by a block of 
an odd number of letters a. It suffices to express that for any two occurrences 
of b without a further b between them there is a set of positions containing 
the position of the first b, then every second position, and finally the position 
of the next b: 

'P2: VxVy(Qb(X) A x < y A Qb(Y) A Vz(x < z A z < y ---t -,Qb(Z)) 
---t 3X(X(x) A VuVv(S(u, v) ---t (X(u) +-t -,X(v))) A X(y))) 

In the remainder of the section we introduce the framework for the definition 
of formal languages more precisely. We include also more general structures 
than words, in particular labelled trees and graphs. 

2.1 Words, trees, and graphs as models 

Let A be a finite alphabet and let w = ao .. . an-l be a word over A. The 
word w is represented by the relational structure 

:!Q= (dom(w),Sw,<w,(Q;:')aEA) 

called the word model for w, where dom(w) = {O, ... ,n - I} is the set of 
(letter) positions of w (the "domain" of w), SW is the successor relation on 
dom(w) with (i, i + 1) E SW for 0 S i < n - 1, <w is the natural order 
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on dom(w), and the Q::: are unary predicates, collecting for each label a the 
letter positions of w which carry a: Thus Q::: = {i E dom(w) I ai = a}. A 
word model w can be viewed as a vertex labelled graph with edge relation 
sw (that induces the linear ordering <W). The relations SW, <ware called 
numerical, while the unary relations Q::: are called letter predicates. 

This framework is easily adapted to w-words over a given alphabet A, i.e., 
to sequences Q = aOal ... with ai E A. The corresponding structures g are 
of the form 

g = (w, sa, <a, (Q~)aEA) 

where the domain is fixed as the set w = {a, 1,2, ... } of natural numbers. 
Another generalization is to include trees. We shall restrict ourselves to 

proper binary trees, in which each node is either a leaf or has two successors 
(being ordered as left and right successor). This saves notation but covers all 
typical features arising with trees. Thus, nodes of trees will be represented 
as finite words over the alphabet {a, I} (where ° means "branch left" and 1 
means "branch right"), and tree domains will be prefix closed subsets P of 
{O, I}", such that for any word w E P either both or none of wO, wi also 
belong to P. 

A tree over the alphabet A is a map t : dom(t) -t A where dom(t) is a 
tree domain. The corresponding relational structure has the form 

1 = (dom{t), S~, sf, <t, (Q!)aEA). 

Here S8, Sf are the left, respectively right successor relations over dom{t) 
(with (u,uO) E S~ and (u,ul) E Sf for u,uO,ul E dom{t», <t is the proper 
prefix relation over dom(t), and Q! = {u E dom(t) I t(u) = a}. We say that 
a tree is finite if its domain is finite; as infinite trees over A we shall consider 
only the full binary trees, i.e., maps from {a, I}" to A. We denote by TA the 
set of finite trees over A, and by TA the set of infinite (full binary) trees 
over A. 

A further step of generalization is to consider vertex- and edge-labelled 
directed graphs. Usually, the vertex labels will be from an alphabet A, and 
the edge labels from an alphabet B. The vertex set is partitioned into sets 
Qa (collecting the vertices with label a, respectively), and the edge set is 
partitioned into sets Eb (collecting the edges labelled b, respectively). Thus, 
graphs will be represented in the form 

G = {V, {Ef)bEB, (Q~)aEA)' 

where the QCj are disjoint sets with UaEA QCj = V and the Ef are disjoint 
subsets of V X V. In acyclic graphs, a partial order (the reflexive transitive 
closure of E := UbEB Ef!) may be added. Tree models and word models arise 
then as special cases: For trees, V is a tree domain and there are two labels 
on edges, indicating transition to left and right successor; for words, there 
is only one label for the edge relation (which coincides with the successor 
relation). 
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When no confusion arises we cancel the superscripts w, a, t, G for the 
relations and just speak, for instance, of the successor relation B or the or
dering <. 

Two versions of graphs which are important in a generalized theory of for
mal languages are Mazurkiewicz trace graphs [DR95] and texts [ER93]. Trace 
graphs arise from words by a "dependence relation" on the alphabet, and 
texts are obtained from words by introducing a second (arbitrary) successor 
relation. More details will be given later in this chapter in connection with 
results related to these structures. 

2.2 First-order logic 

Properties of words, trees, or graphs can be formalized in logical languages. 
We begin with the first-order language. 

Consider word models over the alphabet A. The corresponding first-order 
language has variables x, y, . .. ranging over positions in word models, and is 
built up from atomic formulas of the form 

x = y, B (x, y), x < y, Q a (x) for a E A 

by means of the connectives -',1\, V, -, f-t and the quantifiers :3 and V. The 
set of used relation symbols B, <, Qa is called the signature of this first-order 
language. (The equality sign = is tacitly assumed present.) The notation 
rp( Xl, ... , xn) indicates that in the formula rp at most the variables Xl, ... , Xn 
occur free (i.e., not in the scope of some quantifier). A sentence is a formula 
without free variables. 

If Pl, ... ,Pn are positions from dom(w), then (1Q,Pl.··· ,Pn) 1= rp(Xl, ... , 
Xn) means that rp is satisfied in 1Q when =, B, <, Qa are interpreted by 
equality, BW, <w, Q:;:, respectively, and Pl, ... ,Pn serve as interpretations of 
Xl, ... , x n , respectively. The empty model is usually excluded in the frame
work of mathematical logic. In the sequel we allow the empty word € as 
member of formal languages, and admit the empty model as interpretation of 
sentences. The natural convention that f satisfies universal sentences Vxrp( x) 
but does not satisfy existential sentences :3xrp( x) fixes the satisfaction relation 
between f and sentences rp. 

The language defined by the sentence rp is L( rp) = {w E A * I w 1= rp}. 
Similarly, the w-Ianguage defined by rp is Lw(rp) = {a E AW I Q 1= rp}. For 
the example sentence rp2 of the introduction of this section, Lw (rp2) contains 
all w-words over {a, b} where between any two (successive) occurrences of b 
there is an odd number of letters a. 

We say that a language L ~ A* (resp. w-Ianguage L ~ AW) is FO[B, <]
definable (or first-order definable) if a first-order sentence rp as above exists 
with L = L(rp) (resp. with L = Lw(rp)). Similarly, by FO[S]-definability we 
mean the existence of such a sentence in which no use is made of <. Note that 
in the first case we may as well drop the symbol S for successor since B(x, y) 
can be expressed in terms of < by the formula x < y 1\ -,:3z(x < z 1\ z < y). 
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In the definition of word properties, it is often convenient to allow pred
icates first(x) and last(x) which apply only to the first, respectively last 
position (if it exists) of a word model. Thus, first(x), last(x) will stand for 
the formulas -,3yS(y,x) and -,3yS(x,y), respectively. (If < is used, replace 
S by <.) If only nonempty words are considered, there is the alternative to 
introduce special constants min and max denoting the first, respectively last 
element of a word model (which exist by the non-emptiness assumption). 

In an analogous way, first-order formulas over tree models and graph 
models are introduced. The signature is adapted accordingly, along with the 
interpretation of its relation symbols. So for (binary) trees we use the relation 
symbols So, Sl for the two successor relations, and < stands now for the 
partial order of the proper prefix relation over tree domains. By T(cp), resp. 
Tw (cp), we denote the set of finite, resp. infinite trees (over a given alphabet 
A) which satisfy the sentence cpo 

Sometimes it is convenient to use function symbols rather than relation 
symbols, for example the symbols suc, sUCo, SUC1 for successor functions in
stead of S, So, Sl as introduced above. This allows shorter formalizations 
especially if compositions of functions are considered. For example, one can 
write y = suc(suc(suc(x))) instead of 3z13z2(S(x, zd A. S(Z1' Z2) A. S(Z2' y)). 
However, our general considerations would become more complicated with 
function symbols, e.g. a convention would be necessary for the assignment of 
a successor to the last position of a word (or alternatively, partial functions 
would have to be admitted). Since it is always possible to eliminate function 
symbols in terms of relation symbols (for the graphs of the functions under 
consideration), we shall restrict to the relational case in the sequel. 

Over graphs, the edge relation symbols Eb take the role of the successor 
relation symbols S, So, S1. Thus, given the label alphabets A (for vertices) 
and B (for edges), the atomic formulas of the associated first-order language 
are x = y, Eb(X, y), and Qa(x). 

We shall use some standard results of quantifier logic, especially the prenex 
normal form into which each (first-order) formula can be transformed. Here a 
prefix of quantifiers precedes a quantifier-free kernel. If successive quantifiers 
of the same type are grouped into n blocks, beginning say with existential 
quantifiers, such a formula has the form 

3x1'IX2 ... 3j'IXn CPO(X1,X2, ... x n ) 

with tuples Xi of variables and quantifier-free CPo. Such a formula is called a 
E~-foTmula. By a II~-foTmula we mean the dual case, i.e., a formula where 
there are n alternating blocks of quantifiers beginning with a block of univer
sal quantifiers. By the laws of quantifier logic, the negation of a E~-formula 
can be written as a II~-formula. Boolean combinations of E~-formulas will 
be called B(E~)-formulas. The superscript 0 indicates that the classification 
according to first-order quantifiers is considered (and may be omitted if this 
context is clear); a superscript 1 refers to the classification by second-order 
quantifiers. 
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2.3 Monadic second-order logic 

We extend the logical formalism by second-order variables X, Y, ... , Xl, ... 
which range over sets of elements of models, i.e., sets of letter positions, sets 
of tree nodes, sets of graph vertices. Corresponding atomic formulas X(x), 
X(y), ... are also introduced, with the intended meaning "x belongs to X", "y 
belongs to X" , etc. Since sets are monadic second-order objects, in contrast 
to relations of higher arity (which are polyadic), the resulting system is called 
monadic second-order logic, in short MSO-logic. 

Again, for second-order formulas a prenex normal form exists. Here one 
can shift all second-order quantifiers in front of first-order quantifiers, by tak
ing singletons as representations of elements. For example, 'v'x3Y r.p(x, Y) is 
equivalent to 'v'X3Y'v'x('v'u'v'v(X(u) 1\ X(v) --+ u = v) --+ (X (x) --+ r.p(x, Y))). 
Now a E!-formula is a formula where a prefix of n second-order quanti
fier blocks, starting with existential quantifiers, precedes a formula where at 
most first-order quantifiers occur. EI-formulas of MSO-Iogic are also called 
existential monadic second-order formulas, in short EMSO-formulas. 

Note that in MSO-Iogic the order relation < over words becomes definable 
in terms of successor S: We have (over word models) the equivalence between 
x < y and 

..,x = Y 1\ 'v'X(X(y) 1\ 'v'z'v'z'(X(z) 1\ S(z',z) --+ X(z')) --+ X(x)). 

We obtain that any FO[<]-definable word language is also MSO[S]-definable 
(and henceforth we just say "MSO-definable"). Over trees, a similar definition 
in terms of So, Sl can be given for the partial tree order < (the proper prefix 
relation over dom(t) for a given tree t). 

In the study of monadic second-order logic we shall use a modified logical 
system of same expressive power, which we call MSOo-logic. It has a simpler 
syntax, in which the first-order variables are cancelled. As for the prenex nor
mal form of MS O-formulas , the idea is to simulate (quantifiers over) elements 
by (quantifiers over) singletons. Thus {x} ~ X will replace X (x). There are 
new atomic formulas in MSOo-logic, namely (given the label alphabet A) 

X ~ Y, Sing(X), Suc(X, Y), X ~ Qa (for a E A) 

meaning that X is a subset of Y, X is a singleton, X, Yare singletons {x}, 
{y} with S(x,y), and X is a subset of Qa, respectively. 

The translation from MSO- to MSOo-logic is easy by induction over the 
construction of MSO-formulas. For example, 

'v'x(Qa(x) --+ 3y{S(x,y) 1\ Z{y))) 

is rewritten as 

'v'X(Sing(X) 1\ X ~ Qa --+ 3Y(Sing(Y) 1\ Suc(X, Y) 1\ Y ~ Z)). 
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Over trees and graphs, we would use formulas SUCi(X, y) and Eb(X, Y) in
stead of Suc(X, Y). 

An MSO-formula r,o(XI , ... ,Xn ) with at most the free variables Xl.'" ,Xn 

is interpreted in a word model (tree model, graph) with n designated subsets 
PI, ... , Pn . Such a model represents a word (tree, graph) over the expanded 
alphabet A' = A x {O, 1} n, where the label (a, CI, ... , cn ) of position p (node 
p, vertex p) indicates that p carries label a from A and that p belongs to Pj 
iff Cj = 1. For instance, the w-word model (q, PI, P2) where a = abbaaaa . .. , 
PI is the set of even numbers, and P2 is the set of prime numbers, will be 
identified with the following w-word over {a, b} x {O, 1}2, where letters are 
written as columns: 

a b 
1 0 
o 0 

b a a a a 
1 0 101 
1 1 0 1 0 

In the sequel we shall often use such identification of set expansions of 
models with models over extended alphabets. 

It is worth mentioning that in the logical framework there is no essen
tial difficulty in transferring definability notions from the domain of words 
to the more extended domains of trees and graphs, and that also the tran
sition from finite models to infinite models does not involve any conceptual 
problem. It is only necessary to adapt the signature under consideration and 
to change the class of admitted models. For definability notions from for
mal language theory, which are based on automata, grammars, or regular 
expressions, such generalizations are more involved, and sometimes only pos
sible with additional conventions that need special justification. In this sense 
the logical approach may serve as a support and guideline for generalizing 
classical formal language theory. 

3. Automata and MSO-Iogic on finite words and trees 

3.1 MSO-Iogic on words 

To specify recognizable (i.e., regular) languages, we refer to nondetermin
istic automata over an alphabet A, which are presented in the form A = 
(Q, A, qQ,.d, F) where Q is the finite state set, A is the input alphabet, qQ 
the initial state, Ll ~ Q x A x Q the transition relation, and F the set of 
final states. A word w = aQ .•. an-I is accepted by A if there is a successful 
run of A on w, i.e. a sequence p = p(O) ... p(n) of states with p(O) = qQ, 
(p(i), ai, p(i + 1)) E Ll for i < n, and p(n) E F. The language recognized by 
A collects all words over A accepted by A. 

Theorem 3.1. (Biichi [Bii60] , Elgot [EI61]) A language of finite words is 
recognizable by a finite automaton iff it is MSO[S]-definable, and both con
versions, from automata to formulas and vice versa, are effective. 
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Proof. To show the direction from left to right, let A = (Q,A,qo,..1,F) be 
a finite automaton. Assume Q = {O, ... , k} where qo = O. We have to find 
a monadic second-order sentence that expresses in any given word model 
w (over A) that A accepts w. Over a word w = aO ... an-l, the sentence 
will state the existence of a successful run Po, ... ,Pn of A, i.e. with Po = 0, 
(Pi,qi,Pi+1) E ..1 fori < n,andpn E F. We may code such a state sequence up 
to Pn-I by a tuple (Xo, ... , Xk) of pairwise disjoint subsets of {O, ... , n - I} 
such that Xi contains those positions of w where state i is assumed. (A more 
efficient coding would use a correspondence between states and O-I-vectors of 
suitable length, which allows to describe a run over 2m states by an m-tuple 
of subsets of the word domain.) From the last state Pn-I the automaton 
should be able to reach a final state via the word's last letter an-I. Thus, A 
accepts the nonempty word w iff 

1Q f= 3Xo ... 3Xk (I\i#j 'VX-,(Xi(X) 1\ Xj(x)) 
1\ 'Vx(first(x) -+ Xo(x)) 
1\ 'Vx'Vy(S(x, y) -+ V(i,a,j)E£l(Xi(X) 1\ Qa(x) 1\ Xj(y))) 
1\ 'Vx(last(x) -+ V 3jEF:(i,a,j)E£l(Xi(X) 1\ Qa(x))) 

The empty word satisfies this sentence (with Xi = 0). Thus, if A does not 
accept 10, a corresponding clause (such as 3x x = x) should be added. 

Let us show the direction from right to left. Here we refer to the MSOo-
formulas introduced in the previous section and show the claim by induction 
on these formulas. We have to exhibit for any given formula 'P(Xl, ... , Xn) 
a finite automaton which accepts precisely those words w E A x {O, I}n 
which satisfy 'P. (Recall that such words are represented by word models 
(1Q, Pl, ... , Pn).) It is easy to present finite automata that recognize the sets 
defined by atomic formulas Xj ~ X k, Sing(Xj), Suc(Xj, X k), and Xj ~ Qa. 
E.g., the finite automaton checking whether Xj ~ X k holds in w E (A x 
{o,I}n)* has to verify that whenever 1 occurs in the j-th additional 0-1-
component it occurs also in the k-th additional O-I-component. 

For the inductive step, it suffices to consider the connectives -', V and 
the existential set quantification, since the other connectives and the univer
sal set quantifier are definable in terms of them. This in turn amounts to 
the proof that the class of recognizable languages shares well-known closure 
properties, namely closure under complement, under union, and under pro
jection. Let us discuss the latter case: Assuming that the language defined 
by the formula 'I/J(XI , ... , Xn) over the alphabet A x {O, l}n is recognized by 
the automaton A, we have to exhibit an automaton corresponding to the for
mula 'P(XI, ... ,Xn-d = 3Xn'I/J(XI, ... ,Xn). The required automaton (over 
A x {O, 1 }n-I) just has to guess (by nondeterminism) a O-I-sequence which 
should define the n-th additional components and has to work on this ex
tended word over A x {O, l}n like A. 

The formula in the above proof, describing acceptance of the underlying 
word model by an automaton, is an EMSO-formula of a special type. Invoking 
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the second part of the proof, we see that it provides a normal form of MSO[S]
formulas, in Biichi's terminology an "automata normal form" . 

Corollary 3.I.Any MSO[S]-/ormula can be written as an EMSO[S]-/ormula. 

In [Th82a] it is shown that even a single existential set quantifier suffices 
in EMSO-formulas for defining recognizable languages. 

The automata theoretic approach to monadic second-order logic yields a 
form of quantifier elimination, as is visible from the reduction of arbitrary 
formulas to the mentioned automata normal form. AB in classical logic, one 
derives from it decidability results. Not all quantifiers are eliminated here, but 
a normal form is reached in which only existential set quantifiers and (in the 
kernel) universal first-order quantifiers appear. (If the predicates "first" and 
"last" were expanded, one first-order quantifier alternation would have to be 
added.) Advantages of the normal form are its strong closure properties (un
der boolean operations and projection) and its algorithmic (or operational) 
meaning. 

The potential to eliminate quantifiers rests on the simultaneous closure 
of the class of recognizable languages under projection (corresponding to 
existential quantification) and complement (allowing to treat the dual, uni
versal quantification). In the automata theoretic framework, this is usually 
shown via the reduction of nondeterministic automata (which yield projec
tion easily) to deterministic automata (which yield complementation easily). 
Successive alternations of quantifiers thus amount to successive applications 
of the powerset construction for automata. This means that (in the straight
forward approach) each quantifier alternation induces an exponential blow-up 
of the size of corresponding finite automata. Indeed, from results of Meyer 
and Stockmeyer (see [AHU74]) it follows that, regarding computation time, a 
blow-up cannot be avoided: The time complexity of any algorithm converting 
MSO-formulas (even FO[S, <I-formulas) to equivalent finite automata can
not be bounded by an elementary function (i.e., by an iterated exponential 
of the form 21\(21\ ... (2n} ... ) in the length n of the given formula). It is re
markable, however, that a conversion algorithm has been implemented which 
allows nontrivial practical applications in hardware verification [BK95J. 

In a corresponding reduction of MSO-logic to finite automata over infinite 
words and infinite trees, the determinization and complementation results are 
more difficult; this will be treated in Sections 5 and 6. 

A natural generalization of MSO-logic is to admit second-order variables 
of higher arity, i.e., variables ranging over relations, together with quantifiers 
for them. This leads to a much larger language class than the class of regular 
languages: 

Theorem 3.2. (Fagin [Fa74]) A language belongs to the complexity class NP 
iff it is definable in (geneml) existential second-order logic. 

It follows that full second-order logic covers all languages in the polyno
mial time hierarchy. Other second-order concepts, such as least fixed-point 
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operator or transitive closure operator, lead to logics which characterize fur
ther complexity classes like P, NLOGSPACE, PSPACE. For these results of 
descriptive complexity theory the reader should consult [EF95]. 

If only binary relations are admitted and restricted to so-called "match
ings" [LST95], a characterization of the context-free languages is obtained. A 
relation R ~ {a, ... , n - 1 P is called matching if it contains only pairs (i, j) 
with i < j such that each position i belongs to at most one pair in R, and 
there are no "crossings" between pairs (Le., for (i,j), (k,l) E R, i < k < j 
implies i < k < l < j). Typically, this kind of binary relation serves to define 
Dyck languages, by connecting positions where matching letters ai, ai occur. 

Theorem 3.3. (Lautemann, Schwentick, Therien [LST95]) A language is 
context-free iff it is definable in existential second-order logic where the 
second-order variable mnges only over matchings. 

We turn to some applications of Theorem 3.1 to decision problems and 
results concerning definability of sets and relations over finite words. Biichi 
and Elgot used the result to derive the decidability of the weak monadic 
second-order theory of successor, sometimes denoted WS1S; it consists of all 
MSO-sentences which are true in the structure (w, S, <) under the provision 
that set quantifiers range only over finite sets. Indeed, any MSO-sentence 
cp with this interpretation is equivalent to an input-free finite automaton 
on finite words, and truth of cp in (w, S, <) amounts to the existence of a 
successful run of this automaton (which is easily checked). 

In [Bii60] and [EI61] it was also noted that from the decidability of WS1S 
the decidability of Presburger Arithmetic can be inferred, the set of true first
order sentences in the structure (w, +). The idea is to represent numbers in 
binary, Le. as a-I-words, and to view any a-I-word as (characteristic function 
of) a finite set. It is convenient to write down the binary representations in 
reversed order, which puts the i-th hit bi in the expansion E!=obi 2i to po
sition i, yielding the word bo ... bl • Then, for example, the number 25 with 
reversed binary representation 10011 corresponds to the finite set {a, 3, 4}. It 
is now easy to write down a formula cp(XI , X 2, X3) which expresses that the 
(finite) sets X I,X2,X3 represent numbers XI,X2,X3 such that Xl + X2 = X3: 
One describes the addition algorithm which proceeds digit by digit (using 
successor to proceed to the next digit and the existence of an auxiliary set 
for the carries). In this way, any first-order formula cp(XI, . .. ,xn ) in the sig
nature + is inductively transformed into a corresponding weak MSO-formula 
cp'(XI, ... ,Xn ), using finite-set quantifiers in place of first-order quantifiers 
over numbers. The decidability of Presburger arithmetic follows by apply
ing this translation to first-order sentences in the signature + (without free 
variables) and invoking decidability of WS1S. 

Instead of translating Presburger formulas CP(XI, . .. ,xn ) into weak MSO
logic one can proceed directly to finite automata. An input for such an au
tomaton is a word over the alphabet {a, I}n which stands for an n-tuple 
(k l , ... kn ) of numbers; the sequence of the j-th components is the reversed 
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binary representation of kj • The length of the word is determined by the 
highest digit carrying a Ij if this highest nonzero digit, say at position I, oc
curs with kj, the representations of the km with m '# j are filled from their 
highest nonzero digit with zeroes up to this position I. A finite automaton 
which scans such a word over {O, l}n can be viewed as an acceptor with one 
reading head per component, whose heads move synchronously through the 
input. Thus one calls word relations recognized by such automata synchro
nized rational relations [FS93]. In the context of numbers represented over 
base 2, one speaks of 2-recognizable relations of natural numbers. 

In Biichi's work [Bii60], the question was considered which extension of 
Presburger arithmetic would allow to define precisely the 2-recognizable sets 
of natural numbers. In other words, how can one extend Pres burger arith
metic to have also a translation back from weak MSO-Iogic (or from finite 
automata)? Biichi suggested to adjoin the predicate of being a power of 2, 
but V. Bruyere showed that slightly stronger arithmetical means are neces
sary, and in fact that the function V2 is appropriate which associates with 
each number m > 0 the greatest power of 2 which divides m. 

In general, one considers p-ary representations of natural numbers for any 
p > 0 and the associated notion of a p-recognizable relation, using automata 
working over the alphabet {O, ... ,p_l}n if the relation is n-ary. (Then the 1-
recognizable sets of numbers are the ultimately periodic ones.) On the logical 
side, one defines for p > 0 the function Vp by 

Vp(m) = greatest power of p which divides m 

for m > O. Then the following equivalence result holds: 

Theorem 3.4. (d. [BHMV94]) 
A relation of natural numbers is p-recognizable iff it is first-order definable in 
the structure (w, +, Vp) (by a formula rp(Xl, . .. , xn) if the relation is n-ary). 

A deep theorem due to Cobham connects the notions of p- and q
recognizability for different p and q: A set of natural numbers which is both 
p- and q-recognizable for multiplicatively independent p and q must be 1-
recognizable, hence ultimately periodic (see, e.g., [pe90]). Here two numbers 
p, q are called multiplicatively independent if there are no powers pm and qn 
(m, n > 0) which coincide. A generalization of Cobham's Theorem, namely 
for relations instead of sets of numbers, was obtained by Semenov and later 
given a very elegant proof by Muchnikj for comprehensive expositions see the 
lucid survey [BHMV94] or [MV96]. 

It is interesting to note that the expressive power of finite automata which 
recognize relations in an asynchronous manner (such that the reading heads 
on different components may be apart by arbitrary distances) is much greater 
than in the synchronous case. For instance, while the class of synchronized 
rational relations is captured by the weak MSO-logic of successor and thus 
closed under boolean operations and projection, the application of boolean 
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operations and projection to asynchronously recognized relations leads to 
nonrecursive relations, and indeed one can exhaust in this way the arithmeti
cal hierarchy of word-relations and languages [Sei92]. On the other hand, if 
the distance between the reading heads is uniformly bounded, a reduction to 
synchronized mode is possible, even over infinite input words [FS93]. 

3.2 MSO-Iogic on traces and trees 

The mathematical core of Theorem 3.1 is the fact that the model of finite 
automaton is closed under the operations of complementation and projection, 
or, in logical terms, negation and existential quantification. It is natural to 
ask over which generalized structures (instead of finite words) a similar theory 
of finite automata is possible, aiming at corresponding logical consequences. 

In this section we discuss some basic classes of structures where such a 
generalization is possible. 

The first is the class of (dependency graphs of) Mazurkiewicz traces, cf. 
[DR95]. This subject is covered by an own chapter in the present Handbook, 
and we skip some details. Traces are formed over a dependence alphabet, which 
is a pair (A, D) with an alphabet A and a reflexive and symmetric "depen
dency relation" D ~ A x A. Note that each letter is considered dependent on 
itself. We view traces as special acyclic (and hence partially ordered) graphs 
whose vertices are labelled in A and whose edge relation respects D in the 
sense that edges connect only vertices carrying dependent letters and that 
any two vertices labelled by dependent letters are connected by a path. Thus, 
by reflexivity of D, an antichain in a trace graph (i.e., a set of vertices which 
are pairwise unrelated by the partial order) can have at most IAI elements. 
In order to obtain a canonical representation, we keep in the edge set E only 
those edges that are present in the Hasse diagram of the partial order (i.e., 
not generated by transitive closure from other edges), and also include the 
generated partial order <. Thus a trace graph has the form (V,E, <, (QaEA», 
such that the above-mentioned conditions on vertices with dependent letters 
are satisfied. A trace language is identified with a set of trace graphs over the 
given dependency alphabet (A, D). The notion of MSO-definability for trace 
languages is now canonical. 

On the other hand, it is nontrivial to set up a model of finite automaton 
which works in accordance with the idea of dependency and independency in
herent in the definition of traces over an alphabet (A, D). Zielonka suggested 
in [Zi87] the model of asynchronous finite automaton. The idea is to decom
pose the dependency alphabet into (possibly overlapping) maximal cliques 
w.r.t. the dependence relation Dj each such clique is called a "process". (For 
example, if A = {a, b, c, d} and the dependency relation is generated by the 
pairs (a, b), ( b, c), (c, d), then these three pairs form three processes.) A run 
of an asynchronous automaton on a trace is fixed by associating a number 
of states to each vertex: if the vertex is labelled a then one state for each 
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process to which letter a belongs is listed. The transition relation now de
fines which state assignments for a vertex are possible, taking into account 
its label a and the state assignments of the last occurrences of vertices (in 
the partial order) where processes of a were involved. In deterministic asyn
chronous automata the state assignment is uniquely determined by the state 
assignments of preceding vertices. An initial condition for first vertices (with 
respect to <) and a final condition for the last ones is also given. It turns out 
that recognizability by asynchronous automata also matches the algebraic 
definition of recognizability and thus provides a robust and natural notion 
(d. [DR95]). The fundamental result on asynchronous automata states that 
the nondeterministic and the deterministic version are expressively equiva
lent [Zi87]. Thus, the proof method of Theorem 3.1 can be applied, and one 
obtains the following result, shown, e.g., in [DR95]: 

Theorem 3.5. A set of tmces is recognizable by an asynchronous automaton 
iff it is MSO-definable. 

For certain mtional tmce languages, which transcend the class of recog
nizable trace languages, Choffrut and Guerra [CG95] found a logical charac
terization, extending MSO-Iogic with formulas which allow to compare car
dinalities of sets. 

Over trees, the situation is somewhat easier, referring to the theory of 
finite tree automata (see, e.g., [GS84] or the chapter on tree languages in this 
Handbook). We consider tree automata working in bottom-up (or frontier
to-root) mode. In their transition relation, they can at each node only merge 
information which is provided by the states assumed at the son nodes. There 
are no points where information has to be kept along diverging branches 
which later may join again (as may happen in trace graphs). 

Definition 3.1. A tree automaton has the form A = (Q,A,qo,Ll,F) where 
Q is finite, qo E Q, F ~ Q, and Ll ~ Q x A x Q x Qj a transition (q, a, q', q") 
allows to proceed from two states q', q" at the successor nodes of a node u 
to state q at u while reading letter a as label of u. A run of A on an input 
tree t is built up in the canonical way as a map p : dom(t) --+ Q, initialized 
for any leaf u labelled a using a transition (q, a, qo, qo) (which leads to the 
assignment p(u) = q). The run p is called successful if p(f) E F, and a tree is 
accepted if a successful run exists on it. The tree language recognized by A 
consists of the trees accepted by A. 

The classical subset construction works without essential change also for 
tree automata of this form, which shows that over trees the nondetermin
istic and the deterministic automaton model (in frontier-to-root mode) are 
equivalent. So the method of Theorem 3.1 can be applied again: 

Theorem 3.6. (Thatcher and Wright [TW68], Doner [D070]) A set of finite 
trees is recognizable by a finite tree automaton iff it is MSO-definable. 
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With the same argument as for MSO-Iogic on words, also over finite trees 
MSO-Iogic is equivalent in expressive power to EMSO-Iogic. 

For the proof of Theorem 3.6, seemingly weaker quantifiers than those 
ranging over arbitrary subsets of tree domains suffice. Let us call antichain 
a subset P of a tree domain such that any two distinct nodes in P are 
incomparable by the prefix relation < (Le., they do not belong to a common 
path). Antichain logic is the restriction of monadic second-order logic where 
set quantifications range over antichains only. Now we note that over proper 
binary trees (where each node has either two successors or is a leaf), the inner 
nodes can be mapped injectively into the set of leaves: From a given inner 
node we follow the path which first branches right and then always branches 
left until a leaf is reached. Thus a set of inner nodes can be coded by a set 
of leaves and hence by an antichain. Using this idea, quantifiers over subsets 
of proper binary trees can be simulated by quantifiers over antichains: 

Proposition 3.1. ([PT93j) A set of proper trees (without unary branching) 
is recognizable by a finite tree automaton iff it is definable in antichain logic. 

Similarly, chain logic is introduced; it allows only set quantifiers ranging 
over sets where any two elements are related via the partial prefix order. As 
shown in [Th84bj, this system is strictly weaker than MSO-logic. 

Theorem 3.6 allows to obtain decidability results for tree theories, as 
Theorem 3.1 does for theories of successor (i.e., fragments of arithmetic). In 
[TW68j and [Do70j, the weak monadic theory of the binary infinite tree was 
shown to be decidable, using the decidability of the emptiness problem for 
tree automata. 

Dauchet and Tison [DT90j applied tree automata in the spirit of the decid
ability proof for Presburger arithmetic (as discussed in the previous section). 
Here an n-ary relation of finite trees with label alphabet A is captured by 
a set of trees over the alphabet An (possibly extended by a dummy label 
in the individual components if tuples of trees with different domains are to 
be handled). In analogy to the case of word relations, the j-th components 
code the j-th tree of the n-tuple. Three relations between trees are considered 
in [DT90j, each of them given by a finite tree rewriting system S ("ground 
rewriting system"): The first relation RI collects all tree pairs (s, t) such that 
t is obtained from s by application of a rule from S, the second relation R2 
contains all pairs (8, t) where such rewriting steps are applied in parallel, and 
the third, R3 , is the transitive closure of R1• Now the first-order theory of the 
ground rewrite system S is defined to be the set of all first-order sentences 
in the signature with the relations Rt, R 2 , R3 which are true in the domain 
of all trees over A with the relations R;. determined by S as explained above. 

Inductively, each first-order formula cp(XI' ••. ,xn ) of this language can be 
transformed into a tree automaton accepting those n-tuples of trees which 
satisfy cpo Hence the following result is obtained: 
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Theorem 3.7. [DT90] The first-order theory of any ground rewrite system 
is decidable. 

An interesting issue in present research is the problem of finding more 
general domains of graphs where the automata theoretic approach to MSO
logic works again. These attempts are subject to limitations, however, for 
instance regarding decidability results: There are natural classes of acyclic 
labelled graphs over which even the satisfiability of EMSO-formulas is unde
cidable. The most basic example is the class of "pictures" or "two-dimensional 
words", i.e., rectangular arrays of labelled vertices which are connected by 
two successor relations, a horizontal and a vertical one. It is easy to show 
that the halting problem for Turing machines is reducible to satisfiability of 
EMSO-formulas over such pictures: For each Turing machine M one can write 
down an EMSO-sentence cP M, describing those pictures that code a halting 
computation of M starting with the empty tape. (Such a picture, say over 
the alphabet {a, l}k, represents a halting computation in the form of a two
dimensional space-time-diagram, such that all points visited by M belong to 
the picture. Existential quantifiers over sets Xl,"" X k serve to express that 
an appropriate assignment of values from {a, l}k to picture points exists, 
while the local conditions on neighbour letters, as fixed by the Turing ma
chine instructions, are expressible in first-order logic.) Thus, satisfiability of 
cP M in the domain of pictures amounts to existence of a halting computation 
of M starting on the empty tape, whence satisfiability of EMSO-sentences 
over pictures is undecidable. (A detailed discussion of picture languages is 
given in the chapter by D. Giammarresi and A. Restivo in this Handbook.) 

Over the class of pictures, also other facts fail which are familiar from the 
domain of words or trees. First, EMSO-Iogic turns out to be strictly weaker 
than MSO-Iogic over pictures; for example, the set of (nx2n)-dimensional pic
tures which are composed from two identical square pictures is MSO-definable 
but not EMSO-definable (cf. [GRST96]). Closely related is the fact that the 
powerset construction fails for canonical models of finite automata over pic
tures and acyclic graphs (see [PST94], where a claim of [KS81] concerning 
applicability of the powerset construction is corrected). Also in the domain of 
arbitrary finite graphs MSO-Iogic can be separated from EMSO-Iogic: Con
nectivity is an MSO-expressible graph property which is not definable in 
EM SO-logic (cf. [FSV95]). 

Some classes of graphs have been found where the classical technique of 
connecting MSO-Iogic with notions of recognizability can be applied; usually, 
however, this depends on the possibility to describe graph properties in terms 
of certain tree properties. As an example we mention properties of texts, a 
structure introduced in [ER93]. A text is a word which has a second ordering 
besides the natural ordering of letters. Alternatively, a text is presented as a 
word together with a permutation of its positions, for example in the form 
(acabaacbc, (5,2,4,1,3,6,7,8,9)). A text can be built up in a structured way, 
combining parts of it in the form of a tree structure, called shape. Hoogeboom 
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and ten Pas showed in [HP94] that a natural algebraic notion of recogniz
ability and definability in MSO-Iogic coincide for text languages where these 
tree representations involve only trees of bounded arity (i.e., can be handled 
by finite tree automata). 

A more general framework of definability of graph properties (which im
plicitly involves terms and trees with unbounded arity) was developed by 
Courcelle [C090]. It is based on the construction of graphs in a many-sorted 
graph algebra and leads to an algebraic notion of recognizability of graph sets 
which is strictly more expressive than MSO-Iogic. The finitary framework of 
MSO-Iogic and tree automata is exceeded by the admission of infinitely many 
sorts in this graph algebra, a feature which is necessary, for example, in the 
definition of picture languages. 

There is as yet no characterization of the classes of graphs which share the 
desirable properties of the classical theory, namely a decidable satisfiability 
problem (or validity problem) for MSO-formulas, the equivalence between 
MSO-Iogic and its existential part, EMSO-Iogic, as well as between MSO
logic and finite-state acceptors. An interesting class where this question is 
open is given by the graphs of bounded tree-width; see [C091] and [Se92] for 
a detailed treatment and partial results in two complementary approaches. 

A general method to construct sets of graphs from sets of trees is to 
apply monadic second-order interpretations. An interpretation describes a 
relational structure S (say, a graph) within a given structure R (say, a tree) 
by providing "defining formulas". One formula (with a free variable) defines a 
copy of the domain of S within R, and further formulas are provided to define 
the relations of S as relations over that part of R which represents S. Seese 
[Se92] applies interpretations of graphs in trees and uses tree automata theory 
to obtain decidability results, as well as upper time-bounds for computational 
graph problems. In [C094], the related notion of monadic second-order graph 
transduction is studied. Sets of graphs which are generated by (different ver
sions of) context-free graph grammars are shown to be presentable as images 
of recognizable tree languages under such MSO-definable graph transduc
tions. A detailed exposition of these results and their applications is given in 
the survey [C096]. 

4. First-order definability 

4.1 The Ehrenfeucht-Fraisse game 

The limited expressive power of finite automata (and hence MSO-Iogic) over 
words or trees is verified conveniently using pumping lemmas and related 
combinatorial arguments. For first-order logic, the situation is more involved. 
The most versatile method to show non-definability in systems of first-order 
logic is the Ehrenfeucht-Frai'sse game, and it is applied in characterizations 
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of several classes of first-order definable languages. We give the main facts in 
a brief overview; more background can be found, e.g., in [EFT94] or [EF95]. 

In the sequel we consider a first-order language (with equality) for a signa
ture Big with the unary relation symbols Q1"'" Qk and the binary relation 
symbols Rl, ... , RI. The restriction to unary and binary relations is inessen
tial but saves notation and is enough for the present purposes. Letters Q and 
R will indicate unary, resp. binary relation symbols. The structures for the 
signature Big are of the form S = (B, Qr, ... , Q~, Rr, ... , Rr) where B is the 
structure's universe, Qf ~ B for 1 ::;: i ::;: k and Rr ~ B x B for 1 ::;: j ::;: l. 
Sometimes we expand such a structure by designated elements from its uni
verse. For example, if '8 = (S1, . .. , sn) is an n-tuple of elements from Band 
cp(X') is a formula where at most the variables of X' = (Xl, ... , xn) occur free, 
then (S, '8) 1= cp(X') indicates that cp holds in S when interpreting Xi by Si for 
i = 1, ... ,n. 

The quantifier-depth qd( cp) of a formula cp is the maximal number of nested 
quantifiers in cpo Given m ~ 0, two structures S, T with universes B, T and 
designated n-tuples '8, t of elements from B, T, respectively, are called m
equivalent (written (S,'8) =m (T,t)) if 

(S, '8) 1= cp(X') {=? (T, t) 1= cp(X') 

for all Big-formulas cp(X') of quantifier-depth::;: m. For the case of empty se
quences '8 and t this means that the two structures satisfy the same sentences 
(formulas without free variables) of quantifier-depth at most m. 

The Ehrenfeucht-Fraisse game (short: EF-game) allows to verify the claim 
(5, '8) =m (T, t). As a preparation we need the notion of partial isomorphism. 
Given Big-structures 5 and T with universes Band T, we indicate a finite 
relation {(Sl, tt}, ... , (sn, tn)} ~ B x T by '8 1-+ t. Such a relation is called a 
partial isomorphism if the assignment Si 1-+ ti determines an injective (par
tial) function p from B to T (whose domain consists of the elements in '8), 
which moreover preserves all relations QS, RS under consideration, in the 
sense that 

S E QS {=? pes) E QT and (s, s') E R S {=? (p(s),p(s')) E RT 

for all symbols Q, R from Big and all s, s' in the domain of p. 
Let us now describe how to play the EF-game. The game Gm((S, '8), (T, t)) 

is played between two players called Spoiler and Duplicator (as suggested in 
[FSV95]) on the structures (S, '8) and (T, t). There are m rounds carried out 
as follows: The initial configuration is the relation '8 1-+ t. Given a configu
ration r, a round is composed of two moves: first Spoiler picks an element s 
from B or t from T, and then Duplicator reacts by choosing an element in the 
other structure, i.e. by choosing some t from T, resp. some s from B. The new 
configuration is r U {(s, tn. After m rounds, Duplicator has won if the final 
configuration is a partial isomorphism (otherwise Spoiler has won). Note that 
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this can happen only if each intermediate configuration is also partial isomor
phism. While Duplicator aims at a partial isomorphism at the end, Spoiler 
tries to avoid this. We say that Duplicator wins the game Gm((S, s), (T,t)) 
if Duplicator has a strategy to win each play (we skip a formal definition of 
"strategy" ). 

Example 4.1. Let u = aabaacaa and v = aacaabaa and consider the game 
G2(!!:dL) over the word models for u, v (including the linear ordering < of 
letter positions). Duplicator loses this game: Spoiler can pick the u-positions 
with the letters band c, whence Duplicator can only respond by picking the 
positions with band c in v, in order to preserve the relations Qb and Qc; but 
then the order between the positions is not preserved and the constructed 
correspondence is not a partial isomorphism. 

Example 4.2. Consider the same game as before, however over word models 
in the signature with successor relation S only (besides the letter predicates 
Qa, Qb, Qc). Now Duplicator has a winning strategy: If Spoiler picks a po
sition with b or c or a position adjacent to one of them, Duplicator reacts 
accordingly in the other word; in the remaining cases, where Spoiler picks 
the first or last position, Duplicator does the same in the other word. It is 
easy to check that for the second move, Duplicator will be able to respond 
in building a partial isomorphism, respecting the letter predicates and the 
successor relation. Thus Duplicator wins this game. 

Example 4.3. Finally, we consider word models as labelled linear order
ings (without successor relation); so we identify a word w with a structure 
(dom(w), <, (Qa)aEA). With this format of word models (and assuming the 
trivial alphabet A = {a}), Duplicator wins the game G2 (aaa,an ) for any 
n ~ 3: In the first round, Spoiler may pick a first position, a last position, or 
a non-border position in one of the two words, and Duplicator reacts accord
ingly. This allows Duplicator also to respond correctly (i.e., order-preserving) 
in the second round. Let us now consider a 3-rounds game G3 (a i , ai ): Here 
after the first round decompositions of the two words in the form ai = ail aai2 

and ai = ail aah are reached (the displayed letters a representing the posi
tions chosen in the first round). Remembering the 2-rounds game, Duplicator 
will win if i l , jl are both ~ 3 or else il = jl, and similarly for i2, j2. Clearly 
Duplicator can reach such a decomposition in the first round if i,j are both 
~ 7, or if i = j. In general, with k rounds ahead, Duplicator needs to ensure 
that corresponding letter-blocks delimited by chosen positions are of length 
~ 2k - 1 or are of the same length. In this way one sees that Duplicator 
wins Gm (ai, ai ) for any i, j ~ 2m - 1; and by a slightly generalized argu
ment one verifies that Duplicator also wins Gm (wi, wi) for any word wand 
i,j ~ 2m -1. 

How can one verify in general that Duplicator wins the game Gm((S, s), 
(7, I))? A simple approach is to specify, for each k = 0, ... , m, a set h 
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of partial isomorphisms (describing configurations) which would Duplicator 
allow to win with k rounds ahead. Of course, S 1-+ I should belong to 1m, 
all partial isomorphisms in the sets 1k should extend S 1-+ I, and any way 
to continue a play from a configuration in h should lead to a configuration 
in h-l. More precisely, there should be nonempty sets 1m, ... , 10 of partial 
isomorphisms, each of them extending S 1-+ I, such that for all k = m, ... , 1 
the following properties hold: 

- (back properly) Vp E 1k Vt E T 3s E S such that p U {(s, t)} E h-l 
- (forth property) Vp E h Vs E S 3t E T such that p U {(s, t)} Elk-I. 

If a sequence 1m, ... ,10 with these properties exists, we write (S, s) ~m 
(T, I). By induction on m one verifies that this condition holds iff Duplicator 
wins Gm«S, s), (T, t)). 

F'ralsse showed in the 1950s that the relations =m and ~m coincide on re
lational structures of finite signature; later Ehrenfeucht introduced the game 
theoretical formulation of ~m: 

Theorem 4.1. (Ehrenfeucht-Fralsse Theorem) 
Form ~ 0: 
(S,s)=m(T,I) iff (S,s)~m(T,t) iff Duplicator wins Gm«S,s),(T,t)). 

Proof. The second equivalence was explained above. The step from ~m
equivalence to =m-equivalence is easy by induction on m. For the converse, 
it is sufficient to describe any ~m-class by a formula of quantifier-depth m. 
More precisely: For each structure (S, s) and any given m ~ 0, there is a for
mula <I'(.5,s) (x) of quantifier-depth m which holds in precisely those structures 
(T, t) that are ~m-equivalent to (S, s). 

The definition proceeds by induction on m, giving the formalization of 
~o-equivalence (partial isomorphism) and of the two extension properties 
(forth and back): 

m+l (-) <I'(S,s) x 

/\ 
I"(X) atomic, (S,s)FI"(x) 

/\ 3Xn+1 <I'(.5,s,s) (x, xn+d 
sES 

I"(X) atomic, (S,s)F .... I"(x) 

1\ VXn +1 V <I'(.5,s,8) (x, Xn +1) 

sES 

To justify this definition in case the structure S is infinite, one has to 
observe that (due to the finite signature) there are only finitely many atomic 
formulas involving variables from Xl, ... ,Xn , and that (as verified by induc
tion on m) the number of logically nonequivalent formulas <I'(.5,s)(x) is finite 
(for any given length of tuples s). Thus the disjunction and the conjunction 
(over s E S) in the definition of <I'(.;j) (x) both range only over finitely many 

formulas <I'(.5,s,s) (x, xn+d and thus specify first-order formulas. 
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Let us reconsider the examples above. The Ehrenfeucht-Fraisse Theorem 
says that Duplicator wins the m-round game on two word models iff they 
cannot be distinguished by sentences of quantifier-depth m. Recalling the 
first example, concerning u = aabaacaa and v = aacaabaa where Spoiler wins 
G2 (y.,1l), we see that there is indeed a sentence of quantifier-depth 2 in the 
signature with < which distinguishes between u and v (namely, 3x3y(Qb(X) A 
x < yAQc(Y)). On the other hand, as seen from the second example together 
with Theorem 4.1, no sentence of quantifier-depth 2 in which the successor 
relation is the only numerical relation can distinguish between u and v. 

Coming back to the Example 4.3, we conclude the following: 

Proposition 4.1. The language {an I n is even} is not first-order definable. 

Proof. Supposing that a defining first-order sentence exists, we can eliminate 
the use of the successor relation S in terms of < , and obtain a sentence cp 
with < only, say of quantifier-depth m. This sentence cp is satisfied in a2m • 

By Example 4.3 and Theorem 4.1, we have a2m =m a2m+1; hence cp is also 
satisfied in the word a2m+1 (of odd length), which gives a contradiction. 

In general, any first-order definable language L shares the following strong 
pumping property: If m is suffiently large, then for any three words u, v, w 
over the alphabet under consideration we have uvmw E L iff uvm+1w E L. 
In algebraic terms, this means that the syntactic monoid of a first-order 
definable language is aperiodic. 

4.2 Locally threshold testable sets 

In this section we determine the expressive power of first-order logic over "suc
cessor structures", more generally over graphs of bounded degree. A graph 
with edge relation E is of degree ::::; d if for any vertex s there are at most 
d vertices t with (s, t) E E or (t, s) E E. Special cases are the (binary) tree 
models or word models with successor relation only. Using EF-games, we 
show that first-order logic over graphs of bounded degree is of rather limited 
power; it can only express statements saying which local neighbourhoods of 
vertices appear in a graph and which not, and how often (counted up to some 
fixed threshold) such a neighbourhood may occur. 

To specify neighbourhoods, we say that for a graph 5, s E S, and r E 

N, the "sphere with radius r around s in 5" is the induced subgraph of 
5 with vertices of distance::::; r from s. (Here we assume that edges may 
be traversed in both directions.) This subgraph with designated center s is 
denoted r-sph(5, s). Since we consider graphs of degree::::; d, there is, for any 
r > 0, only a finite number of possible isomorphism types of r-spheres. For an 
isomorphism type u of r-spheres, let occ(u, 5) be the number of occurrences 
of spheres of type u in 5. We show that any first-order formula is equivalent 
(over graphs of degree ::::; d) to a statement on these occurrence numbers for 
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finitely many types a. Moreover, for any given formula the values occ(a, S) 
are relevant only up to a certain threshold q EN. 

Definition 4.1. Let S "'r,q T if for any isomorphism type a of spheres of 
radius r the numbers occ(a, S) and occ(a, T) are either both larger than 
the threshold number q or else coincide. A set of graphs is locally threshold 
testable if for some r, q, it is a union of ""r,q-equivalence classes (which is a 
finite union if the degrees of the graphs under consideration are bounded). 

The following theorem states that ""r,q-equivalence (for suitable r, q) is 
fine enough to capture m-equivalence (i.e., indistinguishability by formulas of 
quantifier depth m). More general formulations are possible, but for simplicity 
we stay with the case of graphs of degree bounded by d. 

Theorem 4.2. ("Sphere Theorem", [Hf65]) 
For any m ~ 0 there are r, q ~ 0 such that for any two graphs S, T (finite or 
infinite, but of degree ~ d) we have: If S "'r,q T then S =m T. 

Proof. By Theorem 4.1, it suffices to ensure S ~m T from S ""r,q T for 
suitably chosen r, q. Set r = 3m and q = m·e where c is the maximal size of a 
3m-sphere. The required sequence of sets 1o, ... ,1m of partial isomorphisms 
is defined as follows: Let p : (st. ... , Sm-k) H (tt. ... ,tm-k) belong to h iff 

m-k m-k 
U 3k - sph(S, Si) U 3k - sph(T, ti) 
i=l i=l 

i.e., the two induced subgraphs formed from the 3k-spheres around the 
Si, resp. the ti, are isomorphic. To verify e.g. the forth property, assume 
this condition holds for p and let s(= Sm-(k-l)) E S. We have to find 
t(= tm-(k-l)) E T such that 

m-(k-l) m-(k-l) 

U 3k - 1 - sph(S, Si) U 3k - 1 - sph(T, ti)' 
i=l i=l 

If S E j . 3k -sph(S, Si) for some Si, we may choose t from 1. 3k -sph(T, ti) 
correspondingly; note that 3k- 1-sph(S, s) is contained in 3r-sph(S, Si) and 
thus 3k - 1-sph(T, t) in 3k -sph(T, ti). So 3k - 1-sph(S, s) ~ 3k - 1-sph(T, t) 
holds. Otherwise, 3k - 1-sph(S,s), say of type a, is disjoint from all 3k- 1_ 

sph(S, sd, and it suffices to find a sphere oftype a in T which is disjoint from 
all spheres 3k - 1-sph(T, ti)' This will be possible if the number of occurrences 
of spheres of type a in T is large enough. But this is guaranteed in view of 
the number of these spheres in S and the assumption S ""r,q T. 

As a consequence, we note the following result: 

Theorem 4.3. A first-order definable set of graphs of bounded degree is lo
cally threshold testable. 
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Thus, first-order logic over words, trees, and graphs of bounded degree, 
can express only "local properties", i.e., statements on occurrences of local 
neighbourhoods. More precisely, each first-order formula is equivalent to a 
boolean combination of statements "sphere a occurs ~ n times" (because for 
a of radius rand n :::; q, such conditions fix the "'r,q-class to which a structure 
belongs). The statement "sphere a (of k elements) occurs ~ n times" can be 
expressed by a sentence of the form 

where each Yi is a (k - I)-tuple of variables and the formula cp states the 
following: The Xi are pairwise distinct (as centers of spheres), for each i 
the elements Xi and Yi are pairwise distinct building a graph of isomorphism 
type a (expressed by a conjunction of all atomic formulas and their negations 
which hold over the elements Xi, Yi to form a sphere of type a), and for any 
element z distinct from Xi and the Yi the distance from Xi is greater than 
d (i.e. is not adjacent to one of those elements of Yi which were chosen in 
distance < d to xd. When written in prenex normal form, this sentence is of 
E2-form. 

Corollary 4.1. Over graphs of bounded degree, any first-order sentence is 
equivalent to a boolean combination of E 2 -sentences. 

This strong reduction of quantifier complexity of formulas shows again 
the weakness of first-order logic over graphs. 

In the domain of words, we see that a language is FO[SJ-definable iff 
it is locally threshold testable [Th82aJ. The locally threshold testable word 
languages are usually introduced in a slightly different but equivalent way 
than above. Note that prefixes and suffixes of words may be specified by 
spheres whose center has no predecessor, respectively has no successor. When 
spheres are replaced just by (word-) segments without designated center (as 
is usually done in language theory), prefixes and suffixes have to be treated 
separately: For a word w over an alphabet A, a word a E A +, and a number 
q let OCCU,q( w) be the number of occurrences of a in w if this number is < q, 
and otherwise q. Furthermore, let prefd(w) and sufd(w) be the segment of 
the first, resp. last d letters of w (or w itself if Iwl < d). Now define, for 
words u, v and given d and q, u "'d,q v if for all segments a of length:::; d 
we have occu,q(u) = occu,q(v), prefd(u) = prefd(v), and sufd(u) = sufd(v). 
A language is then called locally threshold testable if it is a union of "'d,q

equivalence classes for some d and q. 
As an example, consider the language L defined by the regular expression 

a*ba*ca*. For any d and q, one finds a number n such that anbancan "'d,q 

ancanban (in accordance with Example 4.2 given above for EF-games). Since 
the first word belongs to L and the second does not, L is not locally threshold 
testable, hence not FO[SJ-definable. 
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Theorem 4.3 can also be applied to obtain linear time bounds for first
order expressible graph problems [Se96]. Furthermore, it yields a new proof 
for the reduction of EMSO-Iogic to finite automata: An EMSO-formula de
fines a projection of a first-order definable set and hence, by Theorem 4.3, a 
projection of a locally threshold testable set. Since locally threshold testable 
languages are recognized by finite automata, so are their projections (us
ing nondeterminism). In [Th91] this approach is considered over graphs of 
bounded degree and taken as a starting point to introduce finite-state graph 
acceptors. In the framework of two-dimensional words (rectangular arrays 
of symbols, with a horizontal and a vertical successor relation), these graph 
acceptors turn out to be equivalent to "tiling systems" (cf. [GRST96] or the 
chapter on two-dimensional languages in this Handbook). 

4.3 Star-free languages 

A language L ~ 17+ is called star-free if it can be constructed from finite lan
guages by applications of boolean operations and concatenation. Accordingly, 
star-free expressions over a given alphabet A are built up from constants 0, f 

and a E A (denoting the empty set, the singleton with the empty word, and 
the set {a}, respectively) by means ofthe operations U, n, '" (for complement 
w.r.t. A*), and concatenation dot .. The expression A* is also admitted, as 
abbreviation of", 0. By a natural correspondence between these operations 
and the logical connectives V, /\, ..." and 3, it is easy to transform star-free 
expressions into first-order formulas. For example, over A = {a, b, c} the ex
pression A* . a· b . ,...., (A* . a· A*) defines the same language as 

3x3y(S(x, y) /\ Qa(X) /\ Qb(y) /\ ...,3z(y < Z /\ Qa(Z))). 

An analysis of first-order definability shows also the converse: 

Theorem 4.4. (McNaughton, Papert [McNP71]) 
A language is star-free iff it is first-order definable (in the signature with <). 

Proof. For the translation of first-order formulas into star-free expressions, 
we follow the approach of [La77], [Th82a], [PP86], applying the Ehrenfeucht
Fralsse technique. 

We proceed by induction on quantifier-depth m and sketch the induc
tion step. Consider a first-order formula 11'( Xl, ... , xn) of quantifier-depth m, 
where for simplicity we assume that II' implies Xl < ... < Xn- We shall 
reformulate cp(XI, ... ,Xn) as a disjunction of "normal formulas" 

where the "pi, again of quantifier-depth m, speak only about the segments en
closed by the Xi; i.e.,,,po speaks only about the segment up to (and excluding) 
Xl, for 0 < i < n the formula "pi speaks only about the segment enclosed by Xi 

and Xi+l, and'lj;n speaks about the segment after Xn to the end of the word. 
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(Formally, this is ensured by allowing only relativized quantifiers in the .,pi, 
e.g. in .,pI only quantifiers 3Y(XI < y < X2 /I. ... ) and VY(XI < Y < X2 ........ ).) 
Given the reduction to disjunctions of normal formulas, the induction is easy: 
in the induction step, a formula such as 3xcp(x) is written as a disjunction of 
normal formulas 3x(.,po /I. Qa(X) /I. .,pIl, where for .,pO,.,p1 equivalent star-free 
expressions TO, TI exist by induction hypothesis. Then 3xcp(x) is equivalent 
to the corresponding union of expressions TO . a . TI. 

To achieve the reduction of formulas to disjunctions of normal formulas, 
two facts are used on the m-equivalence between word models, which can be 
verified with the Ehrenfeucht-Fralsse game technique: first, the description 
of the =m-class of a word model (W,PI,'" ,Pn) with designated positions 
PI, ... ,Pn by a formula CP~'Pl" .. 'Pn) (cf. the proof of Theorem 4.1), and sec
ondly the following "congruence lemma" for m-equivalence: 

Lemma 4.1. If:g =m u' J a E A J and Q =m v' J then u . a . V =m u' . a . v' . 

Proof. We use the Ehrenfeucht-Fralsse Theorem 4.1. The assumption tells us 
that Duplicator has winning strategies for the games Gm(:g, u' ) and Gm(Q, v'). 
An obvious composition of these two strategies ("on the segments u and u' 
use the first strategy, on the segments v and v' use the second strategy") 
guarantees Duplicator to win also the game Gm ( u . a . v, u' . a . v'). 

Now a first-order formula CP(Xll'" ,xn ) of quantifier-depth m (assuming 
Xl < ... < Xn as before) is transformed into a normal formula as follows. 
By definition of m-equivalence =m, the class of word models (Q, ql,·.·, qn) 
which satisfy cP is a (finite) union of =m-classes, each of them described 
by a formula CP"/!.. ) (Xl, ... , Xn) where (w, PI, ... ,Pn) is a represent a-\3£,Pl , ... ,Pn 

tive of the respective class. So cp is equivalent to a disjunction of formulas 
CP~'Pl""'Pn)(XI"'" x n ), and it suffices to express such a formula as a disjunc
tion of normal formulas. By the lemma above the =m-c1ass of (1Q,PI,'" ,Pn) 
is fixed by the =m-classes of the segments Wo, ..• , Wn of w delimited by the 
positions Pi, and by the letters ai associated with the Pi. We now collect 
conjunctions of corresponding formulas cP:;,', and Qa,(Xi) (each conjunction 
describing a sequence Wo, aI, ... ,an, wn), namely those conjunctions which 
imply CP~'Pl' ... 'Pn)(XI"" ,xn)' Altogether we obtain a formula equivalent to 
cp, as a disjunction of conjunctions of formulas cp:;,', and Qa,(Xi). Thus a dis
junction of normal formulas is reached. 

Theorem 4.4 is the starting point of a rich definability theory of star-free 
languages. The significance of the class of star-free languages is much sup
ported by Schiitzenberger's fundamental characterization [Sch65] in terms of 
finite group-free (or: aperiodic) monoids. (Whereas we have verified the ape
riodicity property of first-order definable languages in Proposition 4.1 above, 
the converse is more difficult and relies on nontrivial results concerning the 
decomposition of monoidsj see [Pi86j, [Pe90].) In the framework of minimal 
deterministic automata, this aperiodicity property amounts to the lack of 
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words which induce a nontrivial permutation on a subset of the state space. 
Since this property is decidable, or equivalently whether the syntactic monoid 
of a regular language contains a nontrivial group, Schiitzenberger's theorem 
together with Theorem 4.4 provides an algorithm to decide whether a regu
lar language is first-order definable. Many more language classes have been 
characterized by special types of regular expressions, restrictions and variants 
of first-order formulas, structural properties of automata, and corresponding 
properties of syntactic monoids. The class of locally threshold testable lan
guages, considered in the previous section, is an example, and adaptations 
of the Ehrenfeucht-Fralsse method are usually applied in fixing the logical 
part of the characterizations. The field is presented, e.g., in [Pi86]' [St94], 
and Pin's chapter in this Handbook (Vol. 1). Below we list only a small se
lection of results. We shall only consider languages of words; in fact, it seems 
difficult to characterize first-order logic over trees by structural properties of 
tree automata (for partial results in this direction see [P095]). 

Within the class of star-free languages, a hierarchy (Vn)n>O of language 
classes can be built up whose levels measure the concatenation depth of 
defining star-free expressions. Fixing an alphabet A with at least two letters, 
one sets Vo to be the class consisting of the languages 0 and A*, and Vn +1 

to be the class of boolean combinations of languages Lo . a1 . L1 .... ak . Lk 
with k ;::: 0, ai E A, and Li E Vn . The levels of this hierarchy have a natural 
characterization in terms of quantifier-prefixes of first-order formulas in which 
only < (but not S) appears as a numerical relation: 

Theorem 4.5. (cf. [PP86]) A star-free language belongs to the class Vn iff 
it is definable by a B(En)-sentence of first-order logic with <. 

The first level of this hierarchy gives the class of piecewise testable lan
guages (Simon [Si75]). It can be shown that the Vn form a strictly increasing 
hierarchy; in the logical framework the EF-game may be applied for the hier
archy proof [Th84aj. Analogous results can be proved for the closely related 
"dot-depth hierarchy" [Th82aj, [Th87j. A still finer classification, distinguish
ing formulas not only by the number of quantifier alternations but also by 
the lengths of quantifier blocks, is studied in [BS95j. An open problem in 
this theory is the question whether the smallest n such that a given star-free 
language belongs to Vn can be computed effectively. 

The most elementary examples of languages which are not first-order de
finable are based on "modular counting"; instances are the set of words of 
even length or the language PARITY over {a, b} consisting of the words with 
an even number of occurrences of b (cf. Proposition 4.1 above). Two kinds of 
extensions of first-order logic have been considered to obtain stronger frame
works within the expressive range of MSO-Iogic where such languages become 
definable: the adjunction of stronger quantifiers (or similar operators), and 
the use of more general numerical relations than successor and order. 

Properties which involve modular counting are conveniently described 
by modular quantifiers 3Q ,rx , to be read as "there are exactly r elements x 
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modulo q such that ... ". In [STT95] it is shown that the languages definable 
in the extension of first-order logic by modular quantifiers are those whose 
syntactic monoid is finite and contains only groups which are solvable. As a 
consequence, this class is properly included in the class of regular languages, 
and membership of a regular language in it is decidable. 

Certain properties concerning modular counting are also captured by spe
cial numerical predicates, in particular the unary predicates Cr,q, containing 
those numbers (in word models: positions) which are congruent to r modulo 
q. The use of these predicates was suggested in [McNP71], and together with 
successor and order they constitute the regular numerical predicates. Using 
them, the set of words of even length becomes definable, whereas PARITY 
is not definable in first-order logic with regular numerical predicates only. 

Such extensions of FO[S, <]-logic by additional numerical relations are 
closely connected with circuit complexity classes. Let us mention two fun
damental theorems, which are the entrance to a fascinating and fastly de
veloping theory: A language is definable in first-order logic with arbitrary 
numerical relations iff it belongs to the circuit complexity class ACo, i.e., 
is defined by a family of circuits of bounded depth and with "and" -gates 
and "or"-gates of unbounded fan-in [Im87]. As shown in [BCST88], the in
tersection of A CO with the class of regular languages contains precisely the 
languages definable in first-order logic with regular numerical predicates. The 
reader should consult Straubing's book [St94] for proofs, many more results, 
and some intriguing open problems. 

In this section we discussed three typical applications of the Ehrenfeucht
Fralsse technique to first-order definable formal languages: the confinement 
of FO[S]-logic to the definition of local properties only (Theorems 4.2 and 
4.3), the inability of FO[S, <]-logic to specify conditions on modular count
ing (Proposition 4.3), and the compatibility ofFO[S, <]-definability with con
catenation (Congruence Lemma 4.1). Another important application of model 
theoretic games in the theory of automata and transition systems, which we 
cannot discuss further here, is the notion of bisimulation. Bisimulations can 
be viewed as special families of partial isomorphisms, corresponding to a re
stricted type of EF -game. This game is played on tree structures arising from 
unravellings of transition systems, and a play of the game is required to pro
ceed only "downward" the two trees under consideration, starting from the 
roots. The corresponding logics are systems of modal logic and process logic 
(equivalent to variants of first-order logic). For an overview of this subject 
see [Mi90] or [St96]. 

5. Automata and MSO-Iogic on infinite words 

In his paper [Bii62]' Biichi showed that MSO-logic over w-words is equivalent 
to finite automata equipped with natural acceptance conditions for infinite 
words. This founded a beautiful branch of definability theory for properties 
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of infinite sequences, complementing earlier results of descriptive set theory 
and recursion theory. 

In this section, only some central logical aspects of w-automata are re
viewed. More information can be found in Staiger's chapter on w-languages 
in this Handbook or in the surveys [HR86], [St87], [Th90], [TL94]. 

5.1 w-automata 

While the acceptance condition of automata over finite words is rather canon
ical, there are many possibilities of defining acceptance of infinite words. An 
acceptance condition restricts the occurrences of states in a run p under con
sideration. Usually, it refers to those states which occur infinitely often in p 

and is fixed by an "acceptance component" of the w-automaton. 

Definition 5.1. A finite w-automaton has the form A = (Q, A, qQ, Ll, Acc) 
with finite state set Q, input alphabet A, initial state qQ, transition relation 
L1 ~ Q x A x Q, and an acceptance component Acc. A run of A on a given input 
w-word 0: = 0:(0)0:(1) ... with o:(i) E A is a sequence p = p(O)p(l) ... E QW 
such that p(O) = qQ and (p(i), o:(i), p(i + 1)) E Ll for i ~ O. In deterministic 
automata the transition relation is replaced by a transition function 8 : Q x 
A -+ Q, and a run has to satisfy p(i + 1) = 8(p(i), o:(i)) for i ~ O. 

Let us introduce the standard acceptance modes. We write 3w for the quan
tifier "there exist infinitely many" and consider the set 

In(p) = {q E Q I 3W i p(i) = q}. 

The most frequently used acceptance conditions are the following require
ments on In(p) (called so according to their inventors): 

- Buchi condition [Bii62]: In(p) n F # 0 for a set F ~ Q of "final states" , 
requiring that some final state occurs infinitely often in the run p. 

- Muller condition [Mu63]: V FEF In(p) = F, for a family F ~ 2Q of final 
state sets, requiring that the set of states assumed infinitely often in the 
run p forms a set in F. 

- Rabin condition ("pairs condition") [Ra69], [Ra72]: 
V~=l (In(p) n Ei = 0 /I. In(p) n Fi # 0), for a sequence n of "accepting 
pairs" (Eb F1), ••• , (En' Fn) with Ei , Fi ~ Q; it requires that for some i, 
all states of Ei are visited only finitely often in p (~xcluded from some 
point onwards), but some state of Fi (i.e., a final state) is visited infinitely 
often. 

- Streett condition ("complemented pairs condition", the dual of the Rabin 
condition) [St82]: I\~=l (In(p)nEi # 0 V In(p)nFi = 0) for a sequence {} of 
pairs (El, F1), ... , (En' Fn) where the Ei , Fi are subsets of Q; it represents 
a "fairness condition" which can be read as "for each i, if some state of Fi 
is visited infinitely often, then some state of Ei is visited infinitely often." 
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Thus, an w-automaton A = (Q, A, qQ,..1, F) (used with the Biichi accep
tance condition) is called Biichi automaton; similarly, we speak of Muller 
automata A = (Q, A, qQ,..1, F), Rabin automata, and Streett automata A = 
(Q, A, qQ,..1, n), respectively, according to the use of their acceptance compo
nent. An w-language is called Biichi-, Muller-, Rabin-, Streett-recognizable if 
it consists of the w-words (over the considered alphabet) which are accepted 
by a Biichi-, Muller-, Rabin-, Streett-automaton, respectively. 

It is useful to compare these acceptance conditions in a simple case. 

Example 5.1. Consider the w-language L ~ {a, b, c}W consisting of all w
words a which satisfy the condition "if a occurs infinitely often in a, then 
also b does". The most convenient option is to use a Streett automaton for 
defining L, which has three states qa, qb, qc visited after reading a, b, c, re
spectively. The acceptance component n just contains the pair ({ qb}, {qa}). 
A corresponding Muller automaton (over the same state graph) has the ac
ceptance component F which contains all sets F for which the implication 
qa E F ~ qb E F holds. For obtaining a suitable Rabin automaton, note that 
a is in L iff either b occurs infinitely often in a or both a, b occur only finitely 
often. Thus, two accepting pairs suffice (again over the same state graph), 
namely (0, {qb}) and ({qa, qb}, {qc}). To obtain a suitable Biichi automaton, 
we capture the disjunction "either b infinitely often or a, b finitely often" by 
nondeterminism: we introduce an extra "c-sink-state" qc!, reached via letter 
c from any of qa, qb, qc and such that only one transition from qc! exists, via 
c back to qc!. Now we may set F = {qb, qc!} as set of final states. 

An exercise in simulation shows that the above example is typical: 

Proposition 5.1. Nondeterministic Biichi-, Muller-, Rabin-, and Streett
automata all recognize the same class of w-languages. 

Proof. A Biichi-, Rabin-, or Streett-automaton is easily simulated by a Muller 
automaton, by collecting, in its acceptance component F, those state sets 
which lead to acceptance in the given automaton. In turn, given a Muller 
automaton with acceptance component F, a corresponding Biichi automaton 
guesses in advance the set F E F of states to be visited infinitely often, and 
also guesses the point on its input a from which onwards only states in F 
will be seen. From there it suffices to check that the visited states fill the set 
F again and again. This can be signalled by the Biichi acceptance condition. 

It follows from McNaughton's Theorem (see next section) that even de
terministic automata can be obtained when the Muller-, Rabin-, or Streett
acceptance is used. For the complexity analysis of the transformations from 
one acceptance condition to another, see, e.g., [Sa88], [Sa92] and [KPB95]. 

In a more general framework of acceptance conditions, one can also con
sider the case that only the mere occurrence of states in runs is restricted 
(instead of the infinite occurrence). For a given run p one considers the set 

Oc(p) = {q E Q 13i p(i) = q} 
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and may form analogous expressions as above, e.g. Oc(p) n F of 0 for a set 
F of states or Oc(p) E :F for a system :F of state sets. The latter is called 
Staiger-Wagner acceptance (introduced in [SW74]); it captures the general 
case of condition where the set of visited states in a run determines whether 
the input is accepted. (In the classification of execution sequence properties 
of nonterminating programs, this case is described by the term "obligation 
property", cf. [MP92].) 

A still more flexible framework is obtained in a logical setting: Here we 
consider acceptance components which are boolean combinations of formulas 
"3i p(i) E F" and "3W i p(i) E F" for state sets F of a given automaton. All 
conditions mentioned above can be formulated in this way. A natural classifi
cation leads to six classes, given by the mentioned "atomic conditions" , their 
negations, and boolean combinations of the first, resp. second type of atomic 
formula. Boolean combinations of conditions "3i p( i) E F" characterize the 
Staiger-Wagner-acceptance mode, while Muller acceptance is described by 
boolean combinations of conditions "3w i p(i) E F". A complete analysis of 
the expressiveness of the acceptance conditions and their transfer to automata 
with arbitrary storage types (like pushdown store) is given by Staiger [St87] 
and Engelfriet and Hoogeboom [EH93]. 

Let us connect the Biichi recognizable w-languages with the standard 
notion of regular sets of finite words. Suppose the Biichi automaton A = 
(Q,A,qo,Ll,F) accepts the w-word 0:, say by a run which reaches a final 
state q E F and revisits this final state again and again. Let Uq, Vq be the 
(regular) sets of words which allow A to pass from qo to q, resp. from q to 
q. Then the w-word 0: can be decomposed as 0: = UVOVI ••• with U E Uq , 

Vi E Vq for i ~ 0, in short, 0: E Uq • ~w. Thus we have Lw(A) = UqEF Uq . V;. 
It is not difficult to show that this form of w-languages characterizes Biichi 
recognizability: An w-language is Biichi recognizable iff it is a finite union of 
sets U· VW where U, V are regular sets of finite words. One speaks of the 
regular w-languages. 

In the sequel we focus on the Biichi recognizable (or regular) w-languages 
and their logical description. The key result, due to Biichi [Bii62]' states that 
an w-language is Biichi recognizable iff it is MSO-definable. The nontrivial 
step in the proof is to show closure of the class of Biichi recognizable sets 
under complement. The original approach of [Bii62] (see also [Th90]) uses a 
representation of Biichi recognizable sets in the form Ul <i<n Ui . Viw, where 
the Ui, Vi are classes of a sufficiently fine congruence over A* of finite index, 
and applies a combinatorial argument (e.g., a form of Ramsey's Theorem) to 
guarantee that the complement has again such a representation. 

An alternative is to proceed to deterministic automata. This approach 
does not work when the Biichi acceptance condition is employed. (For exam
ple, a deterministic Biichi automaton recognizes the set of w-words over {a, b} 
with infinitely many occurrences of a, but no deterministic Biichi automaton 
recognizes the complement of this set.) However, it turns out that determinis-
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tic Muller automata are equivalent in expressive power to (nondeterministic) 
Biichi automata. The complementation result follows, because the class of 
w-languages recognized by deterministic Muller automata is clearly closed 
under complement. (In an automaton with state set Q and system F of final 
state sets, proceed to 2Q \ F.) In the next two subsections we give a proof of 
this determinization theorem and discuss some of its logical applications. 

5.2 Determinization of w-automata 

The purpose of this section is to show the key theorem of the theory of finite 
w-automata: 

Theorem 5.1. (McNaughton's Theorem [McN66]) 
A Buchi automaton can be transformed effectively into an equivalent deter
ministic Muller automaton. 

We shall follow Safra's proof [Sa88], which is an intricate refinement of 
the classical subset construction as used in the determinization of automata 
over finite words. First we outline the main ideas and do some preparations. 

Let A = (Q, A, qo, Ll, F) be a Biichi automaton. The classical subset con
struction uses sets of states from Q, which we call (Q- )macrostates here, 
as states of the desired deterministic automaton, and such a macrostate is 
declared final if it contains a state from F. Starting from {qo}, the subset 
automaton will assume after a finite input word w the macrostate consisting 
of all states reachable by A from qo via w. However, the acceptance of an 
w-word by A cannot be captured by this construction: For instance, assume 
F = {q} and that A can reach q via each prefix of a, but that no such run 
ending in q can be continued on the given input w-word (while it is continued 
from other reachable states). Then "success" is signalled by each macrostate 
of the run of the subset automaton (since q is present in all macrostates), but 
no infinite run of A on the input exists in which q occurs infinitely often. 

In Safra's construction, an own thread of macrostates is split off whenever 
final states are encountered. The different macrostates which are to be han
dled simultaneously are organized in a tree structure, called Safra tree. Safra 
trees will serve as states of the deterministic automaton to be constructed. 
The root macrostate of such a Safra tree collects the momentary reachable 
states of the given automaton A, as in the classical subset automaton. The 
"splitting of threads" is realized by a simple rule: For each macrostate occur
ring in a given Safra tree in which final states (from F) are present, say the 
states ft, ... ,fm, introduce {ft,···, fm} as a new son-macrostate (more pre
cisely, as the youngest son in the order of sons). To proceed to the next Safra 
tree in the run, apply the usual subset construction macrostate-wise for each 
macrostate in the Safra tree (including the newly created son-macrostates), 
i.e. compute the set of states reachable from the respective macrostate via 
the input letter under consideration. Note that in this way the union of 
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son-macrostates is always initialized and henceforth kept as a subset of the 
corresponding parent macrostate. 

Without a process of merging macrostates, this construction will lead to 
trees of unbounded size. To obtain a finite bound on the size of Safra trees, two 
merge operations are performed, which we call "horizontal" and "vertical" 
(referring to the usual display oftrees). A horizontal merge causes deletion of 
a state q in all macrostates for which also an older-brother macrostate with 
q exists. (Empty macrostates arising in this way are deleted from the Safra 
tree.) This makes brother macrostates disjoint, allowing at most IQI sons for 
a given parent. The vertical merge, which will need some extra justification, 
causes deletion of all sons of a macrostate (with all their descendants) if 
the union of these son macrostates equals the parent macrostate. When this 
happens, we say a "breakpoint" is reached for the parent macrostate. Due to 
the vertical merge, the union of brother-macrostates in Safra trees is always a 
proper subset of the corresponding parent macrostate; thus the height (length 
of a longest path) of Safra trees is bounded by IQI- 1. 

Let us analyze the role of breakpoints in the context of the subset 
construction. Assume that on a given input word, we start from some 
macrostate Ro, reach after reading input UI the macrostate QI which con
tains a nonempty subset FI ~ F, and continuing the run (starting now with 
FI as son of QI) reach after reading VI a breakpoint, i.e. we reach a set RI 

from QI and a set GI from FI such that GI = R I . Clearly, in this situation, 
any state in RI is reachable by A from some Ro-state via UI VI with an in
termediate visit in F (namely, in Ft). Suppose we continue in this way, as 
indicated in the figure. 

Ui 
Qi 

Vi 
~ ~ ~ 

UI II 

Fi 
Vi Gi ~ Fl ~ G1 

Inductively on i > 0 one obtains: For all q E 14 there is apE Ro such 
that A reaches from p the state q via UI VI ... UiVi, passing i times through F, 
namely, at least once on each of the segments UjVj. (This claim also holds if 
between Ri and 14+1 more sons than just Fi+1 are created.) Let us note an 
interesting consequence: 

Remark 5.1. Suppose Ro, RI , ... is a macrostate sequence of A, obtained by 
starting in Ro = {qo} and applying the subset construction, such that (for 
i > 0) 14 is the i-th breakpoint macrostate, reached after input WI", Wi, 

respectively. Then there exists a successful run of A on the w-word WI W2 .... 

Proof. For i > 0 and any q E 14 pick an A-run on WI .•. Wi from qo to q which 
passes i times through F, namely at least once on each of the segments Wj 

(as shown above). These finite runs form a tree which is finitely branching 
and infinite. An application of Konig's Lemma yields some (infinite) run of 
A on WI W2 ... with infinitely many visits to F. 
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Thus, an infinite sequence of breakpoints can serve to detect a success
ful A-run. It will be seen that this method to detect successful A-runs is 
complete. 

Proof of McNaughton's Theorem. Given the Biichi automaton A = 
(Q,A,qo,..1,F) the desired Muller automaton B = (QS,A,qOB,8,F) is de
fined as follows: Let QB be the set of all Safra trees over Q; these are ordered 
trees labelled by Q-macrostates, such that brother macrostates are disjoint 
and their union is a proper subset of the respective parent macrostate. We 
allow that any macrostate in a Safra tree may be marked, say by"!" (which 
will indicate the occurrence of breakpoints). 

Formally, one distinguishes between a node of a Safra tree, which is named 
by a positive natural number, and its label, which is either a macrostate or 
a pair of a macrostate and the mark "!". Names of deleted nodes may be 
reused. If there are at most m nodes in the Safra trees under consideration, 
names from the set {I, ... , 2m} will be sufficient; the m extra names are used 
to handle the interplay between deletion and creation of nodes correctly: If in 
a sequence S1, S2,'" of successive Safra trees (on some input) a node name 
k appears in each tree, say labelled with macrostate R1,R2 , ••• , respectively, 
then we shall need that a thread of states q1, Q2, . •• with Qi E ~ indeed 
represents an A-run on the considered input. If node names could be reused 
immediately after deletion (e.g. due to horizontal merge) when a new node is 
to be created (due to visits of final states), the A-runs would be confused. So 
we keep the names for nodes which stay, but take for any newly created node 
a name which does not occur in the previous Safra tree (using, if necessary, 
the reservoir of extra names m + 1, ... , 2m). 

As initial state QOB one takes the Safra tree consisting just of the root 
macrostate {qo}. For a given Safra tree s and an input letter a, the value 
8(s, a) of the transition function 8 is determined in stages as mentioned above: 

1. For any macrostate R in s with states from F add a node as youngest son, 
labelled with macrostate R n F, 

2. apply the subset construction, i.e., replace any macrostate R by the set 
{q E Q 13r E R (r,a,q) E..1} 

3. apply the horizontal and then the vertical merge as explained above, mark
ing a parent macrostate with "!" if all sons are deleted by the vertical 
merge. 

Finally, let a set S of Safra trees be in the system F of final state sets if some 
node k appears in all Safra trees of S, and k is marked by"!" at least once 
in S. 

The proof is finished by showing Lw(A) = Lw(B). 
If B accepts the w-word a, then, by the definition of F, in the successful 

run of Safra trees of B some node k finally stays and is marked by"!" infinitely 
often. The argument of Remark 5.1 above, applied to the sequence R1 , R2 , ... 

of the macrostates which are labels of k at the "!"-indicated breakpoints, 
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shows that some A-run exists on fr with infinitely many visits to F. Hence 
A accepts fr. 

Conversely, suppose that A accepts fr, say by a run p which passes through 
the state q E F infinitely often. Consider the Safra tree run of f3 on fr. The 
root macros tate of each Safra tree in this run is nonempty (since the root 
macrostate of the i-th Safra tree contains p(i)). If the root is marked "!" 
infinitely often (let us call this the "easy case"), then f3 accepts by definition 
and we are done. Otherwise, after the last occurrence of the mark "!" at the 
root (if marks existed at all), state q E F will be reached at some later point 
(being visited infinitely often in p) and thus be put into a son macrostate 
of the root. From this point onwards, the states of the run p appear in the 
macrostates ofthis son, or (due to horizontal merge operations) get associated 
to older brothers of this son. Such a shift to an older brother can happen only 
a finite number of times, after which the states of p will be associated to some 
fixed son of the root; note that the deletion of this son itself by vertical merge 
is no more possible because the last breakpoint of the root was already passed. 
If this son is marked "!" again and again, we are done as in the "easy case" 
before. Otherwise, proceed with this son (in which q occurs infinitely often) in 
the same way as with the root above; as a consequence, q will occur infinitely 
often in the macrostates of some fixed gmndson of the root. Continuing in 
this way, the "easy case" (and hence acceptance by f3) must apply eventually; 
otherwise the height of the used Safra trees would increase beyond the bound 
IQI- 1 (which is impossible). Thus f3 accepts fr. 0 

The deterministic automaton resulting from Safra's construction is pre
sented more concisely if one refers to the Rabin acceptance condition. The 
acceptance condition can be formulated as requiring that some node name 
is missing only finitely often but occurs marked "!" infinitely often. So we 
get a deterministic Rabin automaton with accepting pairs (Ek' Fk), where 
Ek contains the Safra trees without node name k and Fk contains the Safra 
trees with node name k marked "!". In the next proposition we verify that 
the number of Safra tree nodes k may be bounded by the number of states 
of the given Biichi automaton, which yields a tight complexity bound for 
determinization: 

Proposition 5.2. Safra's construction converts a Buchi automaton with n 
states into a deterministic Rabin automaton with 20 (n.log(n)) states and O(n) 
accepting pairs. 

Proof. Suppose a Biichi automaton with state set Q = {qb ... , qn} is given. 
In a first step, we verify inductively on the height of Safra trees over Q that 
the number of nodes in a Safra tree over Q is bounded by n. (This is trivial 
for height 0; in the induction step observe that the sons of the root define 
Safra trees of lower height over disjoint sets Qi of states. Thus, by induction 
hypothesis, the cardinality ofthe whole Safra tree is bounded by (EilQil) + 1, 
which is ~ IQI(= n) because Ui Qi is a proper subset of Q.) Consequently, 
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as mentioned in the proof above, the numbers 1, ... , 2n are sufficient as node 
names of Safra trees over Q, and the constructed Rabin automaton has 2n 
accepting pairs. In a second step, note that a state qi occurring in a Safra tree 
s belongs to the macrostates along a unique path prefix of s, starting at the 
root and ending at some node k. A Safra tree is determined if to each qi this 
"last node" k is associated (or a dummy value 0 if qi does not occur in s) and, 
furthermore, the "parent function" , the "next-older-brother function", and 
the "!-function" on the set of nodes are known. The latter functions associate 
to each node its parent node, its next-older brother (or 0 if none exists), and 
1 or 0 as indicator of presence or absence of "!", respectively. Altogether a 
Safra tree s is described by four maps, one from {qt, ... , qn} to {O, ... , 2n}, 
the three others from {I, ... , 2n} to {O, ... , 2n}. The number of combinations 
of such maps (and hence the number of possible Safra trees) is thus bounded 
by (2n + 1)n+3.2n, which is in 20 (n.!og(n». 

This complexity bound is optimal in the following sense: 

Theorem 5.2. (cf. [Sa88]) There is no conversion of Ruchi automata with n 
states into deterministic Rabin automata with 20 ( n) states and O( n) accepting 
pazrs. 

For the proof we use an elegant (and up to now unpublished) example of 
Michel [Mi88], concerning the complexity of complementing nondeterministic 
Biichi automata. We present it before giving the proof of Theorem 5.2. 

Theorem 5.3. ([Mi88]) There is a family (Ln)n>l of w-Ianguages such that 
each Ln is recognized by a Ruchi automaton with n + 2 states, and any Ruchi 
automaton recognizing the complement of Ln has ~ n! states. 

Proof. We shall define Ln over the alphabet {I, ... ,n, #} and consider com
plementation relative to {I, ... , n, #}w. It is easy (when coding letter i( < n) 
by Oi 1 and n by ono* 1) to adapt the construction to the fixed alphabet 
{O, 1, #}, over which the resulting w-language L~ is recognized by a Biichi 
automaton with a number of states linear in n, but such that its complement 
w.r.t. {O, 1, #}W is not Biichi recognizable with < n! states. 

Let Ln be the w-Ianguage recognized by the following Biichi automaton: 

• o 
~ 

~0" ... • 
~# 1 0 0 ... 
• l, ... ,n,# l, ... ,R,# l, .•. ,n,# 

() 
l, ... ,n,# 
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By the in-out-transitions to and from the final state, which have to be 
passed infinitely often within any successful run, the following remark is easily 
shown: 

(*) a E Ln iff there is a cycle (ili2)(i2ia) ... (ikit) of letter-pairs such that 
each letter-pair occurs infinitely often as a segment of a. 

Consequently, an w-word (il .. . in#)W does not belong to L~ for any per
mutation (i l ... in) of (1 ... n). 

Now let B be a Biichi automaton which accepts the complement language 
{I, ... , n, #}W \ Ln. Consider any two distinct permutations (il ... in) and 
(jl .. . jn) of (1. . . n), so that B accepts the w-words a = (i l .. . in#)W and 
{3 = (jl .. . jn#)w. Choose successful runs of B on a and {3, and suppose that 
in the run on a, the automaton B finally loops through the set R of states 
(with some final state, say p), while in the run on {3 it finally loops through 
the set S of states. It suffices to show that Rand S are disjoint (then ~ n! 
pairwise disjoint loops exist in B). 

For a contradiction assume q ERn S. Using the two given runs, we 
build up a new run through B which reaches q, loops through R such that 
an input segment il ... in is traversed at least once and also the final state 
p is visited, comes back to q, loops through S such that an input segment 
jt ... jn is traversed at least once, comes back to q, and so on in alternation 
through Rand S. This run is accepting by its infinitely many visits to p. The 
corresponding input 'Y however contains (as we will show) a cycle as described 
in the characterization (*) of Ln above; thus B accepts some w-word in Ln, 
which gives the desired contradiction. 

To verify the existence of a cycle as in (*), consider the first k where the 
entries ik, jk of the two permutations are distinct. Then ik appears as i, for 
some I > k, and ik appears as im for some m > k. The claimed cycle of letter
pairs occurring infinitely often in 'Y may now be chosen as (ikik+l), . .. ,(i,-li,) 
(= (i,-dk)), Ukik+d,···, Um-lim) (= (im-lik)). 

Proof of Theorem 5.2. Assume there is a conversion of Biichi automata 
into deterministic Rabin automata which transforms Biichi automata with 
n states into deterministic Rabin automata with 20 (n) states and O(n) ac
cepting pairs. Consider the deterministic Rabin automata which would be 
obtained in this way from the Biichi automata recognizing the languages Ln. 
We shall convert such a deterministic Rabin automaton 'R, say with 20 (n) 

states and with accepting pairs (Ei' Fi ) (1 ~ i ~ kn), into a nondeterministic 
Biichi automaton B which recognizes the complement of Ln and has only 
20 (n) states, contradicting the previous theorem. 

The automaton B has states of the form q and (q,J, J) where q is a state 
of n and I, J are sets of indices from {I, ... , kn}. The first component of such 
a triple serves to simulate n, the other two to test that 'R's acceptance con
dition fails. This means that a Streett condition holds: For all i E {I, ... , kn} 
there are infinitely many visits to Ei or only finitely many visits to Fi; in 
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other words: Infinitely many visits to Fi imply infinitely many visits to Ei. 
By nondeterminism, B guesses at which point the finitely often visited states 
in a run are all passed ("infinity point"). This is implemented by switching 
from states q to states (q',J, J), beginning with I = J = 0. Afterwards 'R 
collects in the component I the indices i for which visits to Fi occur, simi
larly in the component J the indices j for which visits to E j occur. Anytime 
when I ~ J holds, both components are reset to 0. This happens infinitely 
often beyond the infinity point iff for all i, infinitely many visits to Fi imply 
infinitely many visits to E i , as was to be checked. Since B has 20 (n) many 
states, the claim is proved. 

Applications of the Safra determinization construction in obtaining (es
sentially optimal) complexity bounds for logics of programs are given, e.g., in 
[EJ88]. In [Sa92], Safra achieved a transformation of nondeterministic Streett 
automata into deterministic Rabin automata with the same asymptotic blow 
up as for nondeterministic Biichi automataj more precisely, a nondeterminis
tic Streett automaton with n states and h pairs in the acceptance component 
is converted into a deterministic Rabin automaton with 20 (nh.\og(nh» states 
and nh pairs. A generalization of the Safra construction to asynchronous finite 
automata (accepting infinite Mazurkiewicz traces) is presented in [KMS95]. 

5.3 Applications to definability and decision problems 

As a first consequence of McNaughton's Theorem, we note the equivalence 
between Biichi automata and MSO-logic over infinite words (originally shown 
by Biichi without use of deterministic automata). 

Theorem 5.4. (Biichi's Theorem [Bii62]) 
An w-language is Buchi-recognizable iff it is MBO-definable, and the trans
formation of Biichi automata into MBO-formulas and conversely is effective. 

Proof. Given a Biichi automaton A, it is straightforward to formulate accep
tance of an input w-wordj the formula of the proof of Theorem 3.1 has to 
be changed only in the acceptance part (the last conjunctive clause), which 
should express that infinitely often a final state occurs. For the converse, the 
proof of Theorem 3.1 is easily copied, using McNaughton's Theorem for the 
complementation step. 

Corollary 5.1. [Bii62] The theory SlS (of all MBO-sentences which are 
true in the structure (w, B, <)) is decidable. 

Proof. By Theorem 5.4, a given MSO-sentence cp (without letter predicates 
Qa) is effectively transformed into an input-free Biichi automaton A, such 
that cp is true in (w, B, <) iff A has some successful run. The latter is decidable 
because a successful run exists iff there is a final state which is reachable from 
the initial state and such that q is reachable from q via a nonempty path. 
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Let us look more closely into the formulas which arise from the proof above 
and from the application of McNaughton's Theorem. We consider an alphabet 
A = {O, l}n and a defining MSO-formula rp(Xb . .. , Xn) (interpreted in w
words over this alphabet). By Theorem 5.4 it can be rewritten as a formula 
which describes the acceptance by a Biichi automaton, Le., in the form 

3Yo ... 3Yk (I[Y{O») /\ VxVy{S{x,y) ~ H[Y(x),X{x), Y{y))) 
/\ Vx3y{x < y /\ K[Y{y)))); 

here the formula J[Y{O») is a boolean combination offormulas Yi(O) (using the 
constant 0 for convenience), and similarly H[Y{x),X{x), Y{y») and K[Y{y») 
are boolean combinations of the indicated atomic formulas. We obtain an 
EMSO formula, or (in the terminology of prefix normal forms) a E}-formula. 

McNaughton's Theorem yields an additional reduction, from MSO-logic 
to weak MSO-logic, where set quantifiers range only over finite sets. For 
simplicity, we apply McNaughton's Theorem in the form which yields, given 
a Biichi automaton as described by the formula above, a deterministic Rabin 
automaton R, say with a list [} of accepting pairs (E1 , Ft}, ... , (Em' Fm). For 
each Ei Crespo Fd, consider the usual finite automaton A; (resp. Bi ) with the 
same transition graph as R but final state set Ei Crespo Fi). For each A; one 
can write down a formula rpi{X1 , ... , X n, y) which expresses in an w-word 
model Q. that the prefix of O! up to (and excluding) y is accepted by A;. For 
this, one simply has to relativize each quantifier occurring in the automata 
normal form for A; to the segment [0, y). Formally one replaces a quantifier 
such as 3z ... by 3z(z < y /\ ... ) and Vz ... by Vz{z < y ~ ... ), whence 
rpi is called bounded in y. Similarly, obtain 'l/Ji (X b ... , X n, y) from Bi , also 
bounded in y. Hence we have the following result: 

Proposition 5.3. Any MSO-formula rp(X1 , ••• ,Xn) is equivalent (over w
words from ({O, l}n)w) to a formula 

m 

V (3xVy(x < y ~ ...,rpi(Xl, ... , X n , y» /\ Vx3y(x < y /\ 'l/Ji(X1 , .•• , X n , y») 
i=l 

where the rpi and 'l/Ji are bounded in y. 

Proof. It suffices to note that the A; and Bi introduced above are determinis
tic and have the same state graphs; thus all formulas rpi and 'l/Ji speak indeed 
about the same run on the input w-word, and the disjunction expresses that 
R accepts the input word under consideration. 

When quantifier complexity is measured only in terms of unbounded quan
tifiers, this result yields a reduction of the E}-formulas arising from Biichi 
automata to boolean combinations of E~-formulas. Furthermore, we observe 
that the set quantifiers in rpi, 'l/Ji, which refer to the (finite!) runs of A; and 
Bi , range only over finite sets. 
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Corollary 5.2. Any MSO-formula cp(XI, ... , Xn) is equivalent (over w
words) to a weak MSO-formula. 

Proposition 5.3 can be interpreted also in topological terms, referring to 
the Cantor topology on the space of all w-words over a given alphabet (see the 
chapter on w-Ianguages of this Handbook, [Mos80], or [TL94] for definitions). 
While recognition of an w-Ianguage L by a nondeterministic Biichi automaton 
shows that L is "projective", the recognition by a deterministic Muller or 
Rabin automaton puts L into the boolean closure of the second level of the 
Borel hierarchy. 

The disjunctions of Proposition 5.3 lead to a classification of w-languages, 
in which the complexity ofthese formulas (e.g., given by the parameter m) is 
connected with structural properties of deterministic Muller automata. This 
theory was initiated by Landweber [La69], continued by Staiger and Wagner 
[SW74], and culminated in a deep structure theory of w-automata by Wag
ner [Wa79] (see Staiger's chapter of this Handbook). Wagner showed that all 
deterministic Muller automata accepting a fixed w-Ianguage share a struc
tural invariant, which refers to the chains of strongly connected subsets of 
the transition graphs (ordered by set inclusion), and is given by the maximal 
number of alternations between accepting and nonaccepting sets in such a 
chain. To take a simple example, if the formula of Proposition 5.3 describes 
a deterministic Biichi automaton (which means that m = 1 and only the 
1/Jl-part of the formula is present), then corresponding Muller automata have 
systems :F of final (strongly connected) state sets which are upward closed 
with respect to set inclusion, and thus there are no strongly connected sets 
ReS with R E :F and S ¢ :F. As a consequence of this theory, the Rabin in
dex of a regular w-Ianguage L is effectively computable, which is the minimal 
m such that a disjunction of length m as above in Proposition 5.3 defines L. 
An efficient procedure to determine the Rabin index is developed in [WY95]; 
for a different approach see [KPB95]. 

If in Proposition 5.3 we replace the quantifiers 3xVy(x < y -+ ... ) by 
Vy ... and Vx3y(x < y A ... ) by 3y ... , then formulas arise which characterize 
the Staiger-Wagner-recognizable w-Ianguages. A beautiful result of [SW74] 
states that membership of a regular w-Ianguage in this class is decidable 
and that these w-languages are precisely those sets L such that L and its 
complement are both recognized by deterministic Biichi automata. 

Another variant of the formulas in Proposition 5.3 is obtained with 
boolean combinations of statements "there are ~ k segments w" and ''there 
are infinitely many segments w". As in the theory of classical formal lan
guages, the w-Ianguages defined by such statements are called locally threshold 
testable, and finitely locally threshold testable when conditions of the second 
type are excluded. As for finite words, the finitely locally threshold testable 
w-Ianguages coincide with those definable in FO[S]-logic, the first-order logic 
of successor. Wilke showed in [Wi93] that an w-Ianguage is finitely locally 
threshold testable iff it is both locally threshold testable and Staiger-Wagner 
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recognizable. Since the latter two properties are decidable (by [BP89] and 
[SW74]), so is the first, and we may conclude that one can decide effectively 
whether a regular w-Ianguage is definable in FO[S]-logic. 

Biichi's Theorem 5.4 has been refined and extended in many ways. For ex
ample, a transfer from w-words to infinite Mazurkiewicz traces was achieved 
by Ebinger and Muscholl in [EM96]. In the sequel we discuss in a little 
more detail two logical systems which are applied in the verification of (non
terminating finite-state) programs, namely propositional temporal logic and 
monadic second-order logic over timed words. 

Propositional temporal logic PTL is a version of first-order logic over w
word models where quantifiers over "positions" or "time instances" are cap
tured by temporal operators. One obtains a variable-free notation, reflecting 
the fact that the reference to such quantified positions is very restricted. 
The standard operators are X ("next"), F ("eventually"), G ("always"), and 
U ("until"). PTL-formulas are built up inductively from propositional vari
ables PI, P2, ... by application of boolean connectives, the unary temporal 
operators X, F, G, and the binary operator U. If the propositional variables 
Pl, ... Pn are used, the resulting formulas are interpreted in w-words over the 
alphabet {D, l}n. To give an idea of the semantics of PTL-formulas, consider 
the following example: 

Example 5.2. The property of w-words over {D, 1 P defined by the condition 
"after any letter with first component 1 there appears another letter with first 
component 1 such that between them only letters with second component D 
occur" is formalized by the PTL-formula G(Pl - X((""P2)Upt)). 

In general, we introduce the semantics of PTL-formulas cp with proposi
tional variables PI, ... , Pn concisely by associating with them certain first
order formulas cp'(X1 , .. . Xn,x), to be interpreted in w-words over {D,l}n 
"from position x onwards". (For a more detailed and standard introduction 
see e.g. [Em9D] or [MP92].) For cp = Pi we have cp'(x) = Xi(X), and the 
boolean connectives are handled as usual. Given PTL-formulas cp, 1jJ we set 

- (Xcp)'(x) = 3y(S(x, y) /\ cp'(y)) 
- (Fcp)'(x) = 3y(x ::; Y /\ cp'(y)) 
- (Gcp)'(x) = Vy(x ::; y - cp'(y)) 
- (cpU1jJ)'(x) = 3z(x ::; z /\ 1jJ'(z) /\ Vy(x ::; y < z - cp'(y))). 

Finally, we say that an w-word 0: E {D,l}n satisfies cp if (Q,D) F cp'(x), and 
an w-language L ~ {D, l}n is called PTL-definable iff for some PTL-formula 
cp with propositional variables Pl, ... , Pn the set L contains precisely those 
w-words over {D, l}n which satisfy cp. 

By the above definition, each PTL-definable w-Ianguage is first-order de
finable. A difficult and rather technical result states that the converse is also 
true: 
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Theorem 5.5. (Kamp [Kam68j, see also [GHR94]) 
An w-language is PTL-definable iff it is first-order definable (in the signature 
with Sand <). 

Despite the practical advantage of short formalizations of interesting prop
erties (see the Example above), a certain weakness of the temporal framework 
is the fact that the (implicit) quantifications are all unbounded towards in
finity, except for the bounded quantification appearing in the until-operator. 
This makes it hard to formalize properties of finite segments of w-words, 
e.g. of finite prefixes. A remedy for this is the introduction of past operators 
which, given a word position as reference point, refer back to the prefix up to 
this point. In analogy to the "future operators" introduced before one can in
troduce past operators (namely, "previous", "once", "has always been", and 
"since"), which allow to express first-order properties of prefixes more easily. 
If only these temporal operators referring to the past are used, one speaks 
of a past formula [MP92j. The use of past formulas makes it possible to 
put PTL-formulas into a normal form as presented in Proposition 5.3 above. 
Since in the first-order framework the analogue of this normal form also holds 
[Th81j, it turns out that any PTL-formula can be written as a disjunction 
of formulas FG<p /\ GF"p with past-formulas <p,,,p. In [MP92j, applications of 
this representation to finite-state program verification are studied. 

Another classification of PTL-definable properties is obtained by can
celling certain temporal operators. If the "next" -operator is not admitted, for 
instance, just the "stutter invariant" w-languages become definable, in which 
two w-words are not distinguished when they can be made equal by shrink
ing or extending nonzero blocks of identical letters. An interesting class of 
w-languages arises by cancelling the "until" -operator from PTL; an automata 
theoretic (and semigroup theoretic) analysis of this restricted temporal logic 
RTL is carried out in [CPP93]. Recently, an infinite hierarchy based on the 
nesting of "until" -operators was established in [EW96], [TW96], providing 
also an algorithm for computing the level of a PTL-definable w-language in 
this hierarchy. 

The unidirectional (or "one-way") character of PTL's future operators 
("from now to infinity") is useful for the translation of PTL-formulas into w
automata, essentially because automata also work in a one-way mode. Indeed, 
for PTL a more direct construction is possible than for general MSO-formulas 
(or general first-order formulas). It is no more necessary to follow the induc
tive structure of a given formula, in particular to apply determinization for 
each negation step (which causes an exponential blow-up each time negation 
is applied over existential quantification). Instead, for PTL-formulas one can 
build a Biichi automaton which keeps track of the satisfaction of all subfor
mulas of the given formula simultaneously while reading an input word. (The 
set of subformulas of a given formula is called its Fischer-Ladner closure, and 
the construction of a model given by truth-values for all subformulas a Hin
tikka structure.) Hence, the state space is essentially the set of truth-value 
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vectors where each component refers to a specific subformula of the given 
formula. For instance, components referring to complementary subformulas 
-,'lj; and 'lj; will have complementary values at each position of a run. Nonde
terminism is applied to guess claims about the future correctly, e.g. that a 
subformula F'lj; or cpU'lj; is true; such "obligations" have to be verified at later 
points in a run. Some book-keeping is necessary for this, which means that 
auxiliary truth-value components have to be added (however not more than 
there are subformulas). Altogether, the following result is obtained: 

Theorem 5.6. (cf. [LPZ85], [VW94]) PTL-formulas of length n can be 
translated effectively into equivalent Buchi automata with 20 (n) states (and 
in time 20 (n) ); consequently, the satisfiability problem for PTL is solvable in 
exponential time (even in PSPACE). 

More powerful logics allow the same basic construction, for example the 
extension of PTL by "automaton operators", which increase the expressive 
power to capture full MSO-Iogic (or Biichi automata). The complexity of sat
isfiability of PTL-formulas is PSPACE-hard [SC85j; in this sense the bound 
of the Theorem is optimal. 

In program verification, the result is applied for "PTL-model-checking", 
which means to check that all computation paths of a finite-state program 
P satisfy a given PTL-formula cpo In automata theoretic terms, one checks 
that the w-Ianguage of computation paths through P is contained in the w
language defined by cpo Via the above translation, this can be achieved in a 
time which is polynomial in the size (number of states) of P and exponential 
in the length of cpo For more details and for applications in practical verifica
tion tasks, the reader should consult specific surveys and monographs such 
as [Em90j, [McM93]' [CGL94j, [Ku94], [Em96], [Va96j. 

In practice, the verification of nonterminating systems requires to check 
more complex computation properties than simply a correct order of events or 
states in time, as expressible in PTL or MSO-Iogic. Often, the specification of 
a program involves also conditions on admissible time intervals or durations of 
states. There is by now a large number of logics and automata models which 
incorporate such aspects, e.g., the timed automata of Alur and Dill [AD94j. 
(For an overview of the field see [He96j.) The underlying models are timed 
words, extending classical w-words. A timed word is an w-sequence of letters 
("states") together with a sequence of strictly increasing non-negative real 
numbers, such that the i-th number indicates the beginning of the lifetime 
of the i-th state. In this framework, a natural extension of Biichi's Theorem 
is presented by Wilke in [Wi94j; it offers a logic in which time bounds given 
by natural numbers k are expressible, e.g., statements of the type "there 
is a time instance < x belonging to a set X such that the time interval 
from greatest such instance in X up to x is bounded by k". First-order and 
monadic second-order quantifications are allowed, with the exception that set 
variables X used in statements of the type above appear only in a leading 
block of existential set quantifiers. Wilke showed that this "MSO-Iogic of 
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relative distance" characterizes the expressive power of the timed automata 
in the sense of Alur and Dill [AD94]; the decidability of the emptiness problem 
for these automata implies that also the satisfiability problem for this timed 
MSO-Iogic is decidable. 

6. Automata and MSO-logic on infinite trees 

Rabin showed in [Ra69] that the correspondence between automata and 
MSO-formulas can be lifted from the domain of infinite words to the domain 
of infinite trees. As a consequence, the monadic second-order theory S2S of 
two successor functions turned out to be decidable. The intricate proof as 
well as its main conclusion, the decidability of a powerful theory, served as 
starting point of many papers which clarified further the relation between 
logic and automata and obtained applications in several areas. The core of 
Rabin's work is a complementation theorem for nondeterministic finite au
tomata on infinite trees. In the first two parts of this section we give a fairly 
self-contained proof, which follows a game theoretical approach suggested by 
Biichi [Bii77], [Bii83] and Gurevich and Harrington [GH82]' and uses more 
recent work of [EJ91], [Mst91a], [McN93], [Th95], and [Zi95]. The last section 
presents some logical applications. 

6.1 Automata on infinite trees 

We shall consider finite tree automata working "top-down" on infinite input 
trees. Transitions are of the form (q, a, q', q"), allowing to pass from state q 
at node u with input-tree label a to the states q', q" at the successor nodes 
uO, u1, respectively. In this way a run is built up. The acceptance condition 
is a requirement on the state sequences along the paths of the given run, and 
thus it has the same format as in w-automata. Again, many different types 
of acceptance conditions are possible. For the sequel we shall start with the 
Muller acceptance condition. 

Definition 6.1. A Muller tree automaton is of the form.A = (Q, A, qo, Ll,F) 
where Q, A, qo, F are given as for (sequential) Muller automata, and Ll ~ 
Q x A x Q x Q is the transition relation. A run of .A on the tree t E T'A is 
a tree p E TO' satisfying p(€) = qo and (p(w),t(w),p(wO),p(wl)) E Ll for 
w E {a, I} *. The run p is successful if for each path 11" E {a, l}W we have 
In(pI1l") E F, i.e., along each path of p the Muller acceptance condition is 
satisfied. The automaton .A accepts the tree t if there is a successful run of 
A on t. The tree language recognized by .A is the set Tw(A) = {t E T'A I 
A accepts t}. 

Other acceptance conditions as known from w-automata, like the Biichi condi
tion, Rabin condition, Streett condition, are introduced accordingly. It turns 
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out that Muller, Rabin, and Streett tree automata have the same expressive 
power. (For a different type of acceptance see [BN95J.) 

Let us look at two simple examples, which also show that Biichi tree 
automata are strictly weaker than Muller tree automata. 

Example 6.1. We describe a Muller tree automaton which recognizes the set 

Tl = {t E T{;.,b} I some path through t carries infinitely many b}. 

The Muller tree automaton has three states qo, ql, q+ of which qo, ql serve 
to guess a path down the input tree, such that qo signals that a was seen 
last and ql that b was seen last. On nodes outside the guessed path, state 
q+ is assumed. Thus, we use the following list of transitions (with i E 

{O, I}): (qi, a, qo, q+), (qi, a, q+, qo), (qi, b, ql, q+), (qi, b, q+, qt}, (q+, a, q+, q+), 
(q+, b, q+, q+). The system of final state sets should then consist of the sets 
{qO, qt}, {qt}, {q+}. Using the Biichi acceptance condition, it suffices to spec
ify {ql, q+} as final state set. 

Let us see that the complement T2 of Tl is recognizable by a Muller tree 
automaton, however not by a Biichi tree automaton [Ra70J. 

Example 6.2. The tree language 

T2 = {t E T{:"b} I each path through t carries only finitely many b} 

is Muller recognizable (and hence Rabin recognizable), but not Biichi rec
ognizable: An appropriate (deterministic) Muller tree automaton has two 
states qo, ql which signal that a, resp. b was seen last (using the transitions 
(qi, a,Qo, qo), (qi,b,ql,qt)). The system of final state sets consists only of 
{qo}. Now for contradiction suppose that T2 is recognized by a Biichi tree 
automaton A, say with n states and with final state set F. Consider the 
input tree t from T{a,b} which has label b exactly at the nodes from 1+0, 
1 +01 +0, ... ,(1 +o)n. Thus label b occurs when a left successor is taken after 
a sequence of right successors, however allowing at most n left turns. Clearly 
t belongs to T2 • Consider a successful run p of A on t. Since a final state 
is visited infinitely often on the path 1 W of p, we may pick mo such that 
p(1mo) E F. Similarly, on the path 1mo Q1W infinitely many visits to F occur, 
and thus we may pick ml such that p(1mo01ml) E F. Continuing in this way, 
we obtain a visit to F at n+ 1 nodes 1mo , 1moQ1ml, ... ,1moQ1mlO ... 1mn. 
Thus a state repetition must occur, say at nodes u and v from this set. By 
construction, on the finite path segment of t from u to v the label b occurs 
(namely, after a left turn). Now form a new input tree t' by repeating this 
finite path segment from u (inclusive) to v (exclusive) indefinitely, copying 
also the subtrees which have their roots on this path segment. On the infinite 
path constructed from these segments, label b occurs infinitely often; thus t' 
is not in T2 • However, the automaton A accepts t'; a successful run is easily 
constructed from p using the coincidence of states at nodes u and v. This 
contradicts the assumption that A recognizes T2 . 
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We now turn to the complementation problem for automata on infinite 
trees. The solution is simplified considerably when we use a seemingly more 
complicated acceptance condition, the "Rabin chain condition" (introduced 
by Mostowski [Mst84], [Mst9Ia]), also called "parity condition" (introduced 
independently by Emerson and Jutla [EJ9I]). The idea is to fix the final 
state sets not by listing their states separately in each case, but to use a 
more uniform scheme based on a global indexing of the states. The minimal 
index of a state within a set of states already determines whether the set as 
a whole is accepting or not. 

Definition 6.2. A Rabin chain tree automaton (or parity tree automaton) is 
presented in the form A = (Q, A, qO,..1, il) where Q, A, qo,..1 are given as for 
Muller tree automata, and 

is a strictly increasing chain of sets of states from Q. A run p of the automaton 
is successful if for each path 7r there is some k such that 

Equivalently, the states in Ei \ Fi-l are indexed by 2i - 1 and the states 
in Fi \ Ei by 2i, and a set In(pl7r) of states is accepting (on the path 7r) iff 
the minimal index of states in In(pl7r) is even ("parity condition"). 

Rabin chain tree automata are easily converted into Muller tree automata: 
Given a Rabin chain tree automaton with acceptance component il, fix a 
system F of final state sets by including all sets F which satisfy the Rabin 
chain condition (*), applied to F in place of In(pl7r). The converse is also 
true [Mst91b], [Ca94]. We give a simple proof, using a data structure of 
Biichi [Bii83). 

Theorem 6.1. For any Muller tree automaton one can construct an equiv
alent Rabin chain tree automaton. 

Proof. Let A = (Q,A,qo,..1,F) be a Muller tree automaton, assuming with
out loss of generality that Q = {I, ... , n} and qo = 1. The states of the desired 
Rabin chain tree automaton A' will be permutations of (1 ... n) together with 
an index from {I, ... ,n}. This data structure was applied by Biichi [Bii83] 
under the name "order-vector with hit". The idea is to keep a record of the 
states in the order of their "last visits" (as in the "later appearance record" 
LAR of Gurevich-Harrington [GH82]), together with a pointer to the posi
tion where the last change in this record occurred (the "hit position"). In the 
sequel, we indicate an order-vector with hit h in the form ((il ... in), h), or 
sometimes more concisely as (il ... ih ... in), where (i1 ... in) is a permutation 
of (1 .. . n). -
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Let us explain this data structure by an example. Assume Q = {I, 2, 3, 4}, 
and that a sequence 1 3 4 2 3 1 3 3 1 ... of states over Q is built up, looping 
finally through the state set {1,3}. We start with an order-vector whose 
last state is 1, indicating that the run over Q begins with 1, and which 
elsewhere is arbitrary, say (~341). The next vector is always obtained by 
shifting the new momentary state of Q towards the right and setting the 
hit to the position from where in the previous vector this state was taken. 
In the example, we obtain, starting from (~341), the vectors (2113), (2134), 
(1342), (2113), (24~1), (2413), etc. It is clear that in our case wherefrom some 
point onwards only the states 1,3 are visited, these two remain at the two 
last positions of the order-vector, the hit will finally assume only positions 3 
and 4, and infinitely often the hit will be on the penultimate position, with 
states 1, 3 in some order listed from there onwards. In general, one verifies the 
following claim, which allows to extract the set of infinitely often visited states 
from the information provided by the order-vectors and their hit positions: 

Remark 6.1. Let jOjIJ2'" be a sequence of states from {I, ... , n} and 
jojU~ ... be the corresponding sequence of order vectors with hit positions. 
Then 

In(johh ... ) = F (say with IFI = k) iff the sequence jojU~ ... satisfies: 

1. only finitely often the hit is < (n - k) + 1, 
2. infinitely often the hit is (n - k) + 1, such that the order-vector entries 

at positions (n - k) + 1, ... , n form the set F. 

This motivates the definition of the desired Rabin chain tree automaton 
A' over the set of order-vectors with hit; the indexing of these states by the 
hit (which amounts to the indexing of final state sets by their cardinality) 
supplies a scale as needed for introducing the Rabin chain acceptance condi
tion. 

The state set of A' is the set of order-vectors over Q = {I, ... , n} with hit 
position, the initial state is (~ ... n 1). If (i,a,i',i") E <1, then all transitions 
of the following form are put into the transition relation <1' of A': 

h ( ., ., ") ('" '11 '") b' d f ( . . .) b h'ft' w ere ~l"'~n-IZ , Zl"'~n-l~ are 0 tame rom Zl"'~n-l~ ys 1 mg 
i', resp. i", to the right and where hI is the position of i' in (il ... in - l i) and 
h2 the position of i" in (i l ... in - l i). Finally, following the above Remark, 
the Rabin chain acceptance condition is given by the chain n := EI C FI C 

... C En C Fn where Ei is the set of order-vectors with hit < i and of 
order-vectors with hit i such that the entries from position i onwards do not 
form a set in F; on the other hand, Fi is the union of Ei with the set of 
all order-vectors with hit i such that the entries from position i onwards do 
form a set in :F. It may happen that some difference sets Fi \ Ei or Ei+1 \ Fi 
are empty; if Fi = Ei or if Ei+l = Fi then we drop the two sets (Fi and Ei , 
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respectively Ei+1 and Fi) to ensure that the Rabin chain is proper. It is now 
easy to check (using the Remark above) that A' accepts the same trees as A. 

6.2 Determinacy and complementation 

In this section we show that the class of Rabin chain recognizable tree lan
guages is closed under complement. 

For this, a game theoretic view of tree automata acceptance is used. With 
any tree automaton A = (Q, A, qo, ..1, (J) and any input tree t one associates 
an "infinite two-person game" rA,t. It is played by two players, named "Au
tomaton" and "Pathfinder" (following [GH82j), on the tree t. A play of the 
game is given by an infinite sequence of actions performed by the players in 
alternation: First Automaton picks a transition from ..1 which can serve to 
start a run at the root of the input tree, then Pathfinder decides on a direc
tion (left or right) to proceed to a son of the root, upon which Automaton 
chooses again a transition for this node (compatible with the first transition 
and the input tree); then Pathfinder reacts again by branching left or right 
from the momentary node, etc. Thus a sequence of transitions (and hence 
a state sequence from Q) is built up along a path chosen by Pathfinder. 
Automaton wins the play if the constructed state sequence satisfies the ac
ceptance condition, otherwise Pathfinder wins. Player Automaton tries to 
realize the acceptance condition, while Pathfinder tries to avoid this. 

Formally, it is convenient to describe a playas a sequence of "game posi
tions". A game position where Automaton has to act is a triple of the form 
(tree node w, tree label t(w), state q at w). By choice of a transition T of the 
form (q, t( w), q', q"), a game position of Pathfinder is reached, which is the 
triple (tree node w, tree label t(w), transition T at w). Pathfinder's choice of 
a direction will re-establish a game position for Automaton, consisting of tree 
node wO or wI, the corresponding tree label, and a new state (q', respectively 
q", induced by the transition T chosen before). The standard initial position 
of the play is Automaton's position (f, t(f), qo). 

The game r A,t is presentable as an infinite graph consisting of all game 
positions as vertices, such that an edge connects position Pi to position P2 if 
an admissible action transforms Pi into P2. Automaton and Pathfinder can 
be imagined to move in alternation a token through this infinite graph along 
edges, building up an infinite play. 

A strategy from position p for the player Automaton, respectively Pathfin
der, is a function which for any finite path from P to a position p' (of Automa
ton, respectively Pathfinder) gives as value a position which is reachable from 
p' via an edge. A winning strategy of Automaton, respectively Pathfinder, 
from P is a strategy from P which leads to a win of any play, whatever the 
actions chosen by the adversary (Pathfinder, respectively Automaton) are. A 
successful run of A on t immediately yields a winning strategy for Automa
ton in r A,t: Along each path the suitable choice of transitions is fixed by the 
run. Conversely, a winning strategy for Automaton in r A,t clearly provides a 
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method to build up a successful run of A on t. Thus we reach the following 
game theoretic formulation of tree automaton acceptance: 

Remark 6.2. The tree automaton A accepts the input tree t iff in the game 
rA,t there is a winning strategy for player Automaton from the initial position 
(€, t(€), qo). 

Complementation 9f tree automata means to express the condition that 
a given automaton A does not accept t by acceptance of another automaton. 
In view of Remark 6.2 this means to conclude from nonexistence of a winning 
strategy for Automaton in r A,t the existence of a winning strategy for Au
tomaton in a different game r8,t (such that B depends only on A but not on 
t). For this, we shall proceed in two steps: First we show that if Automaton 
has no winning strategy in rA,t, then Pathfinder has a winning strategy (from 
the standard initial position). Secondly, Pathfinder's strategy is converted to 
an Automaton strategy. The first step means to prove that the games rA,t 

are determined, i.e., that at least one player has a winning strategy from any 
given position. 

A simple kind of winning strategy will suffice if the tree automaton ac
cepts by the Rabin chain condition, as we assumed. It will turn out that 
"memoryless" winning strategies are enough. A function is called a mem
oryless stmtegy if its values depend only on the last positions of the finite 
initial plays which are given as arguments. In the graph theoretic framework, 
a memoryless strategy, say for Automaton, is simply given by a subset of the 
game graph's edge set, such that exactly one outgoing edge remains for any 
of Automaton's positions. 

The above-mentioned first step in the complementation of tree automata 
is the following result on memoryless determinacy of Rabin chain games, 
proved in detail later in this section. 

Theorem 6.2. (Determinacy of Rabin chain tree automata games, [EJ91], 
[Mst91aD 
Let A be a Rabin chain tree automaton and t be an input tree for A. Then in 
r A,t, from any game position either Automaton or Pathfinder has a memo
ryless winning stmtegy. 

Let us apply the theorem to establish complementation for Rabin chain 
tree automata. It will involve the step from a Pathfinder strategy to an Au
tomaton strategy. 

Theorem 6.3. (Complementation of Rabin chain tree automata) 
For any Rabin chain tree automaton A over the alphabet A one can con
struct effectively a Muller tree automaton (and hence also a Rabin chain tree 
automaton) B which recognizes ~ \ T(A). 

Proof. Let A = (Q, A, qo, ..:1, .a) be a Rabin chain tree automaton. We have to 
find a (Muller) tree automaton B accepting precisely the trees t E T'A which 
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are not accepted by A. We start with the following equivalences: For any 
tree t, A does not accept t iff (by Remark 6.2) Automaton has no winning 
strategy from the initial position (E, teE), qo) in rA,t iff (by Theorem 6.2) 

(+) in r A,t, Pathfinder has a memoryless winning strategy from (E, teE), qo). 

We reformulate (+) in the form "B accepts t" for some tree automaton 
B. We start from the observation that Pathfinder's strategy is a function 
f from the set {0,1}* x A x Ll of his game positions into the set {a, 1} of 
directions. Decompose this function into a family (fw : A x L1 --+ {a, 1}) 
of "local instructions", parametrized by w E {O, 1 } *. The set I of possible 
local instructions i : A x Ll --+ {a, 1} is finite, and thus Pathfinder's winning 
strategy can be coded by the I-labelled tree s with sew) = fw. Let sAt 
be the corresponding (I x A)-labelled tree with sAt(W) = (s(w),t(w)) for 
wE {0,1}*. 

Now (+) is equivalent to the following: 

There is an I-labelled tree s such that for all sequences 1'01'1 • •• of 
transitions chosen by Automaton and for all (in fact for the unique) 
7r E {O,l}w determined by 1'01'1 • •• via the strategy coded by s, the 
generated state sequence violates the Rabin chain condition n. 

A reformulation of this yields: 

(1) There is an I-labelled tree s such that sAt satisfies: 
(2) for all7r E {0,1}W 

(3) for all 1'01'1 ••• E Llw 
(4) if the sequence s 17r oflocal instructions applied to the sequence 

of tree labels tl7r and to the transition sequence 1'01'1 .•• indeed 
produces the path 7r, then the state sequence determined by 
TOTI ••. violates n. 

Condition (4) describes a property of w-words over I x A x Ll x {O, 1} which 
obviously can be checked by a sequential Muller automaton M 4 , indepen
dently of t. Condition (3) describes a property of w-words over I x A x {a, 1}, 
which results from (4) by a universal quantification (equivalently, by a nega
tion, a projection, and another negation). By the established closure prop
erties of Muller recognizable w-languages, (3) is checked by a sequential and 
deterministic Muller automaton M3' Now Condition (2) defines a property 
of (I x A)-labelled trees, which can be checked by a deterministic Muller tree 
automaton M 2 , simulating M3 along each path. (Note that, by determinism 
of M 3 , the M 3-runs on different paths of an (I x A)-labelled tree agree on 
the respective common prefix and hence can be merged into one run of M 2 .) 

Finally, applying nondeterminism, a Muller tree automaton B can be built 
which checks Condition (1), by guessing a tree s on the input tree t and 
working on sAt like M 2. 
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By its construction from M 4 , B does not depend on the tree t under 
consideration. Thus B accepts precisely the trees which A does not accept. 

It remains to verify the Determinacy Theorem. We refer to the abstract 
setting of countable game graphs, using terminology and ideas from [GH82]' 
[McN93], [Th95], [Zi95]. The players are now named 0 and 1 (instead of 
Automaton and Pathfinder). 

Definition 6.3. A game graph is of the form G = (Vo, Vi, E, c, C), where 
Va, VI are disjoint at most countable sets of vertices (we always set in this 
case V : = Vo U Vi) and E ~ (Vo x Vi) U (VI X Vo) is an edge relation such that 
for each vertex the set of outgoing edges is nonempty and finite. Furthermore, 
c : V - C is a map, called coloring, into a finite set C of colors. A game 
is a pair (G, Win) consisting of such a game graph G and an w-Ianguage 
Win ~ CW, called winning set. The set Vi is intended as the set of game 
positions where it is the turn of player i to move. A play is a sequence 'Y E VW 
wi th (,,((j), 'Y(j + 1)) E E for j ~ O. Player 0 wins the play 'Y if the associated 
w-word c("(O))c("(l)) ... of colors belongs to Win. 

The condition that for each vertex there is an outgoing edge serves to 
avoid deadlocks in plays. The notions of strategy and winning strategy are 
defined as before. Recall that a memory less strategy, say for player 0, is 
given by a subset of the edge set E which leaves precisely one out-edge for 
any vertex in Va. 

Example 6.3. Given a Rabin chain tree automaton A = (Q, A, qo,..:1, D), the 
game r A,t is of the form above. (We assume A to be complete, which can 
be ensured by including a sink state in Ed Take Automaton to be player 
o and Pathfinder to be player 1, and specify the game graph as follows: Let 
Vo be the set of triples (w,t(w),q) E {0,1}* x A x Q, VI the set of triples 
(w, t(w), T) E {O, I} * x A x ..:1. Fix the edge relation E in the natural way so 
that succeeding game positions match and are also compatible with t, and 
define the color of a triple (w, t( w), q), resp. (w, t( w), (q, a, q', q")), to be the 
state q. The winning set collects those state sequences which satisfy D. 

Example 6.4. Given an input-free Rabin chain tree automaton A = (Q, qo,..:1, 
D) with..:1 ~ Q x Q x Q, define a simpler game rA, in which the tree t and the 
parameter w in the game positions are suppressed: Let Vo = Q, VI = ..:1, and 
fix E in analogy to the previous example, collecting the edges (q, (q, q', q")), 
«q,q',q"),q'), and «q,q',q"),q") for (q,q',q") E ..:1. The coloring c is the 
identity on Vo(= Q) and maps a transition (q,q',q") E Vi to q. The winning 
set consists again of the state sequences which satisfy D. Since the game 
graph is finite one speaks of a finite-state game. As in Remark 6.2 we obtain: 
Player 0 (Automaton) has a winning strategy in rA from position qo iff the 
automaton A admits at least one successful run. 
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Theorem 6.4. (Memoryless determinacy of Rabin chain games) 
Let G = (Vo, V}, E, c, C) be a game graph and Win be a winning set specified 
by a Rabin chain condition, referring to the chain a : El C Fl C ... C En C 

Fn ~ C (i.e., with 0: E Win iff 3k(In(0:) n Ek = 0 and In(o:) n Fk '" 0)). 
Then from any vertex of G either player 0 or player 1 has a memoryless 
winning strategy. 

An application of this result to the games r A,t yields the Determinacy 
Theorem 6.2 and thus the desired complementation of Rabin chain tree au
tomata. 

Before turning to the proof, we study the simple case that to win a play 
over G (with vertex set V) it suffices to reach a certain vertex just once. 
Given a subset U ~ V and a player i, the attractor set Attri(G, U) is the 
set of all vertices from where player i can force a visit to some vertex of U 
in finitely many steps. (The suggestive terminology of "attractor sets" and 
"traps" as used below is due to Zielonka [Zi95].) The following easy lemma 
shows how to form an attractor set and how to build a memoryless strategy 
on it which enforces a visit to Uj we state it for player 0 (the definition for 
player 1 is dual). The idea is to collect, inductively for j = 0,1,2, ... , the 
vertices from which player 0 can force a visit to U in ::; j steps. 

Lemma 6.1. (Attractor Lemma) 
Let G be a game graph G with vertex set V = Vo U Vi and edge relation E, 
and suppose U ~ V. Define a sequence (Uj)j~O by Uo = U and 

Uj+1 = UjU{u E Vo 13v(E(u,v)Av E Uj)}U{u E Vi I Vv(E(u,v) -+ v E Uj)} 

Then Attro(G, U) = Uj~O Uj . Moreover, a memoryless strategy for player 0 
to enforce a visit in U (just once) is obtained by choosing from any Yo-vertex 
in Uj+1 \ Uj an edge to a vertex in Uj {which exists by construction}. If G 
is finite, Attro(G, U) is the first Uj where Uj = Uj+1 and hence computable 
{as is the corresponding strategy to enforce a visit to U}. 

The figure below illustrates the situation. Vertices in Vo are indicated by 
circles, vertices in Vl by boxes. Arrows denote edges which have to be present, 
dashed arrows denote edges which may be present. 

It is clear that when player i is outside Attri( G, U), he cannot force a tran
sition into Attri(G, U) (otherwise he would already be inside Attri(G, U)). 
Thus the complement of Attri(G, U) is a "trap" for player i. Hence in such a 
complement set Z each vertex has an outgoing edge back to Z, and we have 
the following statement: 

Remark 6.3. The complement of an attractor set within the game graph G 
defines (by the induced subgraph) again a game graphj short: Complements 
of attractor sets induce subgames. 
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~~ U , 

trap for 0 

Attro(G,U) 

Proof of the Determinacy Theorem 6.4. Let G = (Vo, V1, E, c, 0) be a game 
graph and Win ~ Ow be defined by the Rabin chain condition with the chain 
n : El C Fl C ... C En C Fn(~ 0). The claim is proved by induction on 
the number of nonempty entries of n. If no such entry exists, player 1 wins 
trivially. Assume El f:. 0 (otherwise Fl f:. 0; then switch the role of the two 
players in the remainder of the proof). Note that since El is the smallest 
set of the chain n, infinitely many visits to E1-colored vertices (short: E1-

vertices) cause a win of player 1: there is no way to cause a win of player 0 
by visiting more states! 

Let Wo be the set of vertices from where player 0 has a memoryless 
winning strategy. The aim is to show that from each vertex in V \ Wo player 
1 has a memoryless winning strategy. 

As a preparation, we merge the different memoryless strategies as given 
from the different vertices in Wo into a single memoryless strategy which 
applies uniformly to all vertices in Woo 

Note that a memoryless strategy for player 0 is representable by a graph 
(U, Eu) where U ~ V, Eu ~ En(U x U), and Eu has just one outgoing edge 
from any vertex in Un Vo. Invoking a well-ordering on the set of those graphs 
(U, Eu) which constitute winning strategies for player 0, we may index the 
strategy graphs by ordinal numbers. The desired uniform strategy is now 
defined on the union of all domains U of these strategy graphs (forming the 
set Wo), and for any vertex x E Wo n Vo the chosen out-edge is determined 
by the unique strategy graph (U, Eu) containing x which has the smallest 
ordinal index. If we follow this choice of edges during a play, at any moment 
the index of the used strategy stays equal or decreases. Since a proper decrease 
of ordinals is possible only a finite number of times, ultimately the relevant 
index stays constant and hence a fixed of the given winning strategies will 
be applied, which guarantees that player 0 wins when following the uniform 
strategy. (For readers who prefer an application of the axiom of choice over 
transfinite well-orderings, the argument starts by choosing one strategy graph 
(Uv,Ev) for any v E Woo Since the vertex set is countable, these graphs can 
be indexed by natural numbers, and the uniform strategy may be defined, for 



Languages, Automata, and Logic 441 

a given x E Wo n Vo, by the unique out-edge as determined by that strategy 
graph (Uv, Ev) containing x which has minimal index.) 

Referring to the uniform strategy on Wo, we see that the complement 
V \ Wo is a trap for player 0 and defines a subgame, denoted G \ Wo for 
short. (Note that by definition of Wo we have Attro(G, Wo) = Wo and hence 
Remark 6.3 applies.) Let us assume that some vertices in V\ Wo are colored in 
the minimal set El of the Rabin chain. (Otherwise the induction hypothesis 
gives the claim of the Theorem easily.) We form the set 

Y = Attrl(G \ Wo, (V \ Wo) n Ed 

collecting those vertices in the subgame G \ Wo from where player 1 can force 
a visit to El within this subgame. 

v 

Now the complement Z of Y within V \ Wo defines again a subgame, 
being the complement of the attractor set Y. Z is disjoint from the E1-

vertices, whence the induction hypothesis can be applied to Z. Hence we 
obtain a partition of Z into the vertices from which player 0, resp. player 1 
wins over Z by memoryless strategies. If there are indeed vertices from which 
player 0 wins in Z, player 0 would win from there also relative to the original 
game over V, contradicting the fact that Z is disjoint from Woo Thus from 
each vertex in Z player 1 has a memoryless strategy in the subgame over Z. 
These strategies can be merged into one uniform strategy over Z, as above 
for Woo 

This strategy for player lover Z is now lifted to yield a memoryless 
winning strategy for player 1 from all vertices in V \ Wo: For vertices in the 
E1-attractor set Y the memoryless (attractor) strategy to force a visit to an 
E1-vertex is applied. When an E1-vertex within V \ Wo is reached, player 1 
can be sure to continue by an edge back to V \ Wo (recall that V \ Wo is 
a trap for player 0). Thus there can be only two possibilities: Either player 
1 is allowed to stay in Z from some moment onwards; then the strategy 
supplied by the induction hypothesis suffices. Or Z is left infinitely often 
within V \ Wo; then player 1 forces visits of E1-vertices infinitely often by 
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the mentioned memoryless (attractor) strategy, which again causes player 1 
to win. 0 

A determinacy result holds also for games where the winning set is de
fined by a Muller (or Rabin or Streett) condition. In these cases, the win
ning strategy of at least one player needs in general some memory (of uni
formly bounded finite size), and the construction of strategies is more in
volved. References on such strategy constructions are [GH82]' further devel
oped in [YY90) , [Ze94), as well as [Mu92) and [KI94). In [K194] essentially 
optimal complexity bounds for complementation of (Streett-) tree automata 
are given. An approach using alternating tree automata was developed by 
Muller and Schupp [MS90), [MS95). Alternating automata are a generaliza
tion of nondeterministic automata in which transitions are defined by "and
or" -expressions, instead of "or" -expressions as present in nondeterministic 
automata. In the self-dual framework of alternating automata, complemen
tation is easy, while projection is the nontrivial step. Another natural self-dual 
calculus to show the complementation of Rabin tree automata is developed 
by Arnold [Ar94b); it involves operators for the definition ofleast and greatest 
fixed points over the powerset of {O, I} *, the set of tree nodes. Definitions of 
winning strategies in fixed point calculi are presented in [EJ91) and [WaI96). 
Fixed point expressions allow very compact representations of the desired ver
tex sets from where player 0, respectively player 1 wins, but are (as yet) found 
difficult to read by nonspecialists. Thus we used here a more standard graph 
theoretic presentation in the style of [McN93), and owing a lot to Zielonka's 
work [Zi95]. In the exposition above, the problem of introducing memory is 
settled in advance (following [Th95]): the reduction of Muller tree automata 
to Rabin chain tree automata of Theorem 6.1, which expands the state space 
by "order-vectors" (or "later appearance records"), may be viewed as supply
ing sufficient memory in the game graphs. Relative to these expanded game 
graphs the simple construction of memoryless strategies suffices. 

If the game graph is finite, the determinacy result can be sharpened by 
an effectiveness claim. This is the content of the "Biichi-Landweber Theo
rem" [BL69), again presented here for the case of the Rabin chain winning 
condition and memoryless strategies (instead of the classical Muller condi
tion and finite-memory strategies). The proof is simple in the presence of the 
Determinacy Theorem 6.4. 

Theorem 6.5. (Effective determinacy of finite-state games, [BL69]) 
Let (G, Win) be a game where G is finite and Win is given in Rabin chain 
form as in the preceding Theorem. Then the sets Uo, U1 of vertices from which 
player 0, respectively 1, wins by a memoryless strategy exhaust the vertex set 
of G and are effectively computable, as well as corresponding memoryless 
winning strategies (specified by subsets of the edge set of G). 

Proof. By Theorem 6.4, each vertex belongs to either Uo or Ul. We verify that 
the property of a vertex v of G to belong to Uo is in NP (and hence of course 
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decidable): Given G = (Vo, VI, E, c, C) and a vertex v, one guesses a subset 
of the edge set which defines a strategy for player 0 from vertex v (Le., has 
precisely one outgoing edge from any vertex in Vo, keeps all outgoing edges 
from vertices in VI, and contains an edge with source v), and then checks 
that in this "strategy graph" player 1 cannot win. This means that player 1, 
starting from v, cannot choose edges which allow him to reach (and repeatedly 
loop through) a cycle that violates the winning condition Win. Clearly this 
can be tested in polynomial time. 

The test whether v E U1 and the detection of corresponding winning 
strategies is analogous, with players 0 and 1 exchanged. 

By Theorem 6.4, the complement property of "v E Uo" is "v E U1". 

Thus membership in Uo (as well as membership in U1 ) is a problem in 
NP n co - NP. It is open whether a polynomial-time algorithm exists. This 
question is equivalent to the problem whether there is a polynomial-time 
model-checking algorithm for the modal Jl.-calculus [EJS93], [Em96]. 

It is possible to avoid the use of the Determinacy Theorem 6.4 and to 
construct the sets Uo and U1 as well as the corresponding winning strategies 
directly. This is the approach of the (rather difficult) original proof of Biichi 
and Landweber for finite-state games with Muller winning condition ([BL69], 
see also [TB73]). The use of the Rabin chain winning condition allows a 
simpler construction, by an induction on the size of the game graphs (see 
[McN93, Sect. 6], [Th95]). Theorem 6.5 provides a solution to "Church's 
Problem" [Ch63], which asked for an automatic synthesis of reactive finite
state programs from automaton specifications (or from MSO-specifications, 
invoking their translation into automata). 

An easy application of Theorem 6.5 shows that the emptiness problem 
of automata over infinite trees is decidable (here with the Rabin chain ac
ceptance condition). As a preparation, we introduce the notion of a "regular 
tree" over an alphabet A. 

Definition 6.4. A tree t E T'A is called regular if it is "finitely generated" , 
i.e. generated by a deterministic finite automaton B = (Q13, {a, I}, q013, b13, f13) 
equipped with an output function f13 : Q13 -+ A. The label t(w) of the tree t 
at node w E {a, 1}* is f13(b13(q013, w)), the output of B after reading input w. 

There is an equivalent definition in terms of input-free deterministic tree 
automata (without acceptance condition). The idea is to capture the inputs 
0, 1 of B ("directions") by the two branchings which are given within tree au
tomaton transitions. From a finite word automaton B as above, derive a deter
ministic tree automaton C = (Q13 X A, (q013, ao), ..1), setting ao = f13(b13(qO, E)) 
and allowing a transition ((qt, at), (q2, a2), (q3, a3)) in ..1 iff f13(qi) = ai for 
i = 1,2,3, b13(ql,O) = q2, and b13(qt,l) = q3. Clearly the unique run of 
C generates (in its A-component) the tree which is generated by the word 
automaton B. Conversely, an input-free tree automaton as above induces 
canonically a word automaton which generates the same (regular) tree. 
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Theorem 6.6. (Rabin Basis Theorem, cf. [Ra72]) 
For Rabin chain tree automata A, the emptiness problem "Tw(A) = 0?" 
is decidable, and any nonempty set Tw(A) contains a regular tree (whose 
generating automaton B is obtained effectively from A). 

Proof. Given a Rabin chain tree automaton A = (Q, A, qo,..1, 11), proceed to 
the "input-guessing" (and input-free) tree automaton A' = (Q x A, {qo} x 
A, ..1/, il'), which nondeterministically generates an input tree t (by its several 
initial states and its transitions) and on t works like A (by an appropriate 
definition of ..1' and il'). Then: Tw(A) '" 0 iff A' has some successful run. 

We consider the finite-state game r A' associated to A' as in Example 6.4. 
By the game theoretical formulation of acceptance, A' has some successful 
run iff in rA' the player Automaton wins from some initial position (qo,a). 
Whether this holds can be checked effectively by Theorem 6.5, which yields 
the decidability claim. 

Now assume Tw(A) '" 0, i.e., that A' admits a successful run. So in r A' the 
player Automaton wins from some initial position (qO, a), and by Theorem 
6.5 he does so by means of a memoryless strategy. This strategy induces 
a deterministic tree automaton as "subautomaton" of A', where for each 
state (q, a) (as game position for Automaton) only one transition exists (as 
move of Automaton) for continuation of a run. By the remark above, such 
a deterministic tree automaton generates a regular tree. By construction of 
A', this regular tree belongs to the tree language recognized by A. 

In Theorem 6.6 we applied the effective determinacy result 6.5. Rabin used 
a converse approach in [Ra72]; he gave a direct proof of the Basis Theorem 
(for tree automata with Rabin acceptance condition) and used the existence 
of regular trees to show that finite-state winning strategies exist in games 
over finite graphs (see, e.g., [Th90J). 

In [EJ88] (see also [Em96J) it is proved that the non-emptiness problem for 
Rabin tree automata with m states and n accepting pairs is solvable in time 
O«mn)3n). Furthermore, a polynomial-time reduction of the propositional 
satisfiability problem 3-SAT to the non-emptiness problem of Rabin tree 
automata shows the latter to be NP-complete. 

6.3 Applications to decision problems of MSO-Iogic 

The complementation theorem for tree automata is the central step in con
necting MSO-formulas and tree automata. 

We consider monadic second-order formulas interpreted in the structure 
T = ({ 0, I} * , S6, sf) of the binary tree, where s1 is the i-th successor rela
tion {i.e., s1 ('II., v) holds iff ui = v). The set of sentences (in the corresponding 
language with the two successor relation symbols So, Sd which are true in 
T.. form the theory S2S ("second-order theory of two successors"). Monadic 
second-order formulas r,o(Xb ... , Xn) with free set variables Xb ... Xn are 
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interpreted in expanded structures t = ('l., P1 , .•. , Pn). As explained in Sec
tion 2.1, such a tree structure t is identified with the corresponding infinite 
tree t E Tfo,l}n; for each node W E {O,l}* we have t(w) = (C1,""Cn) where 
Ci = 1 iff w E Pi. 

The equivalence between MSO-logic and tree automata rests on the fol
lowing statement: 

Theorem 6.7. For any formula cp(X1"" ,Xn) of the monadic second-order 
language in the signature with So, Sl, one can construct effectively a Muller 
tree automaton A such that A accepts a tree t iff t satisfies cp. 

Proof. Follow the pattern of Theorem 2.1 and consider the modified but 
equivalent logic MSOo in which first-order quantifiers are simulated by 
second-order quantifiers over singletons. By induction on formulas of this logic 
one constructs corresponding tree automata. The case of atomic formulas is 
easy, as are the induction steps concerning V and 3 (using nondeterminism). 
The complementation step is clear from Theorem 6.3. 

By formalizing the Muller (or Rabin or Streett) acceptance condition of 
tree automata in MSO-logic, tree automata (and hence MSO-formulas) are 
converted into equivalent E~-formulas: A sequence of existential set quan
tifiers expresses the existence of a run, whereas the condition that the run 
is successful requires a universal quantifier over paths (i.e., a universal set 
quantifier) followed by a first-order formula .. 

More refined results of tree language definability are obtained when re
stricted MSO-formulas are considered. For example, if only weak second-order 
quantifiers are admitted (ranging over finite sets of tree nodes), a proper sub
class of the MSO-definable tree languages (the class of weakly definable tree 
languages) is obtained. As shown by Rabin [Ra70], these tree languages are 
the sets L such that both L and the complement of L are recognizable by 
Biichi tree automata. The classification of weak second-order formulas ac
cording to quantifier alternation of the prenex normal form yields an infinite 
hierarchy ([Th82b]). Another hierarchy is built up by classifying the Rabin 
recognizable tree languages according to the number of disjunction members 
in the Rabin acceptance condition. Niwinski [Ni88] proved that this hierarchy 
is infinite, sharpening considerably the separation of Biichi and Rabin recog
nizability as explained above in Example 6.2. For a more detailed synopsis of 
the classification of Rabin recognizable tree languages and for further refer
ences we refer the reader to the concluding section of [TL94]. The connections 
to fixed point logics constitute an own fascinating chapter of definability the
ory and are developed by Arnold and Niwinski in [AN92], [Ni96]. 

Let us turn to decidability results for monadic second-order theories. An 
application of Theorem 6.7 to an MSO-sentence cp yields an input-free tree 
automaton which admits a successful run iff cp is true in the tree structure 
T. The existence of such a successful run is decided effectively by Theorem 
6.6. Hence we obtain the celebrated 
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Theorem 6.B. (Rabin Tree Theorem [Ra69]) The theory S2S is decidable. 

Many mathematical theories have been shown to be decidable by an in
terpretation in S2S; some examples are presented in [Ra69]. In particular, 
the decidability S2S extends to tree models with arbitrary finite and even 
countable branching (such trees are easily embedded in the binary tree T). 

Another type of application is the decidability of modal logics or pro
gram logics, if their models are propositional Kripke structures, i.e. at most 
countable directed graphs whose vertices are propositional models. Since any 
propositional model over say n propositional variables is coded by a vector 
from {O,l}n (giving a truth value assignment), such a Kripke structure in
duces (by unravelling) a {a, 1 }n-valued tree t. An embedding of this tree into 
the binary tree is possible, preserving the prefix relation between tree nodes. 
(If we reach a t-node v from the root by taking the root's il-th successor, 
from there the i2-th successor, etc., until reaching v as an il-th successor, we 
code v by the node 1 i 1 01 i2 0 ... IiI ° of the binary tree.) Such an embedding 
is described by its range, a set Po ~ {a, 1}*. Then a Kripke structure over 
n propositional variables is coded by a binary tree model cr, Po, Pl ,···, Pn ) 

with Pl , ... ,Pn ~ Po· Assume now that any formula cp in n propositional 
variables of a given modal logic .c can be translated into an S2S-formula 
~(Xo, Xl"'" Xn ), such that a Kripke structure satisfies cp iff the correspond
ing tree model (r., Po, Pl , ... ,Pn ) satisfies cpo Then satisfiability of .c-formulas 
is reducible to the question whether 3Xo3Xl ... 3Xn cp(Xo, Xl. ... , Xn) holds 
in T, which in turn is decidable by Rabin's Tree Theorem. Many modal logics 
have been proved decidable along this line; examples are the modal JL-calculus 
and the computation tree logic CTL * (see, e.g., [Th90], [EJ88], [KG96] for 
a more detailed explanation and further references, and [JW95] for a recent 
automata theoretic study of the modal JL-calculus). Moreover, if a formula of 
such a logic is satisfiable, i.e., if a binary tree model (T., Po, Pl , ... , Pn ) exists 
for a corresponding MSO-formula, then, by Rabin's Basis Theorem 6.6, also 
a regular tree model can be guaranteed. Such regular models originate from 
finite graphs (the generating automata). So the respective modal logic .c has 
the so-called finite model property. 

The process of unravelling is also the basis of an interesting general
ization of Rabin's Tree Theorem. Consider any relational structure M = 
(M, Pl , ... Pm, R1 , ... , Rn) where the Pi are subsets of M and the ~ are 
binary relations over M. (The restriction to unary and binary relations is not 
essential but assumed for notational convenience.) The tree structure over M 
is the structure 

M# = (M+,8M,pt, ... P;:;',Rt, ... ,R~), 

where M+ is the set of nonempty sequences over M and for x, y E M+ 

- 8 M (x, y) iff x/\m = y for some m E M, 
- p/(x) iff there are z E M*,m EM with x = z/\m and Pi(m), 
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- Rt(x,y) iff there are z E M*,m,m' E M such that x = z/\m, y = z/\m', 
Ri(m, m'). 

In unpublished work of Stupp [St75], it was shown that the decidability of the 
monadic second-order theory of a given structure M can be transferred to 
M#. Rabin's Tree Theorem amounts to the case where M is the two element 
structure ({O, l},Po,Pd where Po = {O} and PI = {I} (which clearly has a 
decidable monadic second-order theory). 

For the unravelling of a structure M, e.g., for the step from a state tran
sition graph to the tree of execution sequences, the above construction does 
not provide enough information connecting successive tree levels: Here, for a 
binary relation R ~ M x M we would need a relation R' ~ M+ X M+ which 
contains all pairs (z/\m, z/\m/\m') with R( m, m'). Given R+ as above, this 
relation R' is definable in the presence of an additional unary predicate, the 
clone predicate, defined by 

eM = {x/\m/\m I x E M+,m EM}. 

Now let the unravelling of.M be the structure 

M+ = (M+,sM,eM,pt, ... P:"Rt, ... ,R~). 

A related notion of unravelling (giving computation trees of deterministic 
transition systems) is developed in [Co95]. In unpublished work of Muchnik 
(see [Sem84]), in [Co95] and (for the general form) in [WaI96] it is shown how 
to translate a sentence cp of the monadic second-order language of M+ into a 
sentence cp of the language of the original structure M such that M+ F cp iff 
M F cpo This yields the following powerful transfer theorem for decidability 
of theories: 

Theorem 6.9. (Muchnik, cf. [WaI96]) If the monadic second-order theory 
of M is decidable, so is the monadic second-order theory of M+ . 

A different kind of generalization of the Rabin Tree Theorem is concerned 
with the monadic second-order theory of infinite graphs which are "regular 
modifications of trees". A first result in this direction was proved by Muller 
and Schupp [MS85]; they showed that the monadic second-order theory of 
any context-free graph is decidable. These graphs are obtained as transition 
graphs of pushdown automata (where a vertex is a word qv E Q . P*, for a 
state set Q and a pushdown alphabet P). The binary tree arises as a special 
case, using the pushdown automaton with a single state qo and transitions 
allowing to add 0 and 1 to the top of any pushdown store content, say with 
qoO as initial configuration. 

More general classes of graphs with a decidable monadic second-order 
theory were obtained by Courcelle [Co95] and Caucal [Ca96]. We discuss here 
the graphs considered by Caucal, which are specified by a concrete language 
theoretical description. Vertices are represented by words over an alphabet A 
and edges are labelled by letters of an alphabet B; thus a graph is given by 
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its edge set, as a subset of A * x B x A *. The mentioned graphs are formed 
in three stages, using the notions of a "recognizable graph", "right closure" 
of a graph, and "rational restriction" of a graph: 

Definition 6.5. A graph G, presented as a set of triples (u, b, v) E A * x B x 
A *, is called recognizable if it is a finite union of sets U x {b} x V with regular 
U, V ~ A*. Its right closure, written G.A*, is obtained from G by including 
any edge (uw, b, vw) if (u, b, v) belongs to G. A rational restriction of a graph 
H with vertices in A * via the regular language W ~ A * is obtained from H 
by keeping only the vertices in Wand forming the induced subgraph of H. 
Now let the class n contain all graphs which are rational restrictions of right 
closures of recognizable graphs. 

Example 6.5. Any transition graph of a pushdown automaton A belongs to 
n: Choose the alphabet A to be the union of the state set Q and the pushdown 
alphabet P of A, and let B be the terminal alphabet of A. The finite transition 
table of A determines a finite (and hence recognizable) graph Go with edge 
set contained in Q. P x B x Q. P*; now the transition graph G of A is the right 
closure of Go restricted to all vertices in Q . P* which are reachable from a 
designated initial configuration qoVo. The rules generating these vertices from 
qovo have the form qaw -+ q'uw with q,q' E Q, a E P, and u,w E P*; thus 
they form a prefix rewriting system (or regular canonical system in the sense 
of Buchi [Bu64]) and are known to generate a regular language. This shows 
that G belongs to n. 

It can be shown that the graphs in R are obtained from the full binary 
tree by two operations, "inverse rational substitution" and an abstract ver
sion of "rational restriction" (in a certain analogy to the generation of the 
context-free languages from the Dyck languages by inverse morphisms and in
tersection with regular sets). Both operations preserve the decidability of the 
monadic second-order theory. Thus, by Rabin's Tree Theorem, the following 
holds: 

Theorem 6.10. [Ca96] Each graph in the class n, i.e., each rational re
striction of the right closure of a recognizable graph, has a decidable monadic 
second-order theory. 

It is possible to include also nonregular features in graphs and still keep 
the decidability of the monadic theory. For example, as shown by Elgot and 
Rabin [ER66], there are nonregular sets P of natural numbers, e.g., the set 
of squares, the set of powers of 2 or the set of factorial numbers, such that 
the structure (w, S, P) of the natural numbers with successor and expanded 
by P has a decidable monadic second-order theory. Nevertheless, slight gen
eralizations of the operations leading to Theorem 6.10 produce graphs with 
an undecidable monadic second-order theory, for example the infinite grid 
(with edges (aib j , a, ai+1bi) and (aibi, b, aibi+1) for i,j ~ 0). So, it seems 
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that Theorems 6.9 and 6.10 exhaust rather well the class of infinite graphs 
whose monadic second-order theory is decidable. 
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Partial Commutation and Traces 

Volker Diekert and Yves Metivier 

1. Introduction 

Parallelism and concurrency are fundamental concepts in computer science. 
Specification and verification of concurrent programs are of first importance. 
It concerns our daily life whether software written for distributed systems 
behaves correctly. 

It is clear that a satisfactory notion of correctness has to be based on a rig
orous mathematical model. Several formalisms have been proposed. Among 
others there are Petri nets, Hoare's and Milner's CSP and CCS, event struc
tures, and branching temporal logics. The mathematical analysis of these 
models may become complicated, however. Based on the behavior of ele
mentary net systems Mazurkiewicz introduced the concept of partial com
mutation to the computer science community. The abstract description of a 
concurrent process is then called a trace, being defined as a congruence class 
of a word (sequence) modulo identities of the form ab = ba for some pairs of 
letters. 

The success of Mazurkiewicz' approach results from the fact that on one 
hand partial commutation copes with some important phenomena in concur
rency and on the other hand it is close to the classical theory of free monoids 
describing sequential programs. In particular it is possible to transfer the 
notion of finite sequential state control to the notion of finite asynchronous 
state control. There is a satisfactory theory of recognizable languages relat
ing finite semigroups, rational operations, asynchronous automata, and logic. 
This leads to decidability results and various effective operations. 

The theory of partial commutation and of trace monoids has been devel
oped both by its interpretation as a model for parallel computation and by 
its mathematical interest in algebra, formal languages, and combinatorics. 
Since the beginning in combinatorics by Cartier and Foata (1969) and the 
formulation of trace theory by Mazurkiewicz (1977) the theory has grown in 
breadth and depth. It led to significant results with interesting applications. 
The present contribution reflects some important topics including basic prop
erties and infinite traces. Most of the results are from the monograph [34], but 
we covered also some new material. Each section gives a short bibliographical 
remark and leads to further references. 

G. Rozenberg et al. (eds.), Handbook of Formal Languages
© Springer-Verlag Berlin Heidelberg 1997
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2. Free partially commutative monoids 

2.1 First definitions and basic properties 

Let E be a finite alphabet, its elements are called letters. We denote by E* 
the set of all words over E. Formally, E* with the concatenation operation 
forms the free monoid with the set of generators E, the empty word, denoted 
by 1, plays the role of the unit element. For any word x of E*, Ixl denotes the 
length of x and Ixl a denotes its a-length, Le., Ixla is the number of occurrences 
of a letter a in x. The notation alph(x) = {a E E /Ix/ a i= O} is used for the 
set of letters of E actually appearing in the word x. 

Throughout we mean by I ~ E x E a symmetric and irreflexive relation 
over the alphabet E, called the independence (or commutation) relation. 
Intuitively, (a, b) E I means that a and b act on disjoint sets of resources. 
As a consequence, the order in which they are performed does not matter, 
ab = ba. They can also be performed in parallel or simultaneously. 

For every letter a of E, we denote by I (a) the set of letters which commute 
with a: 

I(a) = {b E E / (a, b) E I}. 

The pair (E, I) is called the independence alphabet and can be conve
niently represented by an undirected graph (also called the commutation 
graph). The vertex set is E, edges are between independent letters. 

Example 2.1. Let E = {a,b,c,d} and 1= {(a,d),(d,a),(b,c), (c,b)}, then 
the commutation graph is given in the picture below. 

a b 

(E,I) = X 
c d 
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The complement E x E \ I of I is called the dependence relation D. 
Intuitively, two letters a and b such that (a, b) ~ I are dependent and cannot 
be executed simultaneously. 

The pair (E, D) is called the dependence alphabet. Again, we identify 
(E, D) with an undirected graph (the non-commutation graph). In the pic
tures we omit always the self-loops. If we take the same example as above, 
the dependence alphabet is given by the following non-commutation graph. 

a--b 

(E,D) = I 
c--d 

For any letter a of E, D(a) denotes the set of letters which depend on a: 

D(a) = {b EEl (a,b) ~ I}. 

Since f is irreflexive, we have a E D(a). We extend this notation for all A ~ E 
by setting: 

D(A) = {b EEl 3a E A : (a, b) ED}. 

The relation f induces an equivalence relation f"V [ over E*. Two words x 
and yare equivalent under f"V [, denoted by x f"V [ y, if there exists a sequence 
Zl, Z2, ... , Zk of words such that x = Zl, Y = Zk, and for all i, 1 :::; i < k, there 
exist words z~, Z~/, and letters ai, bi satisfying: 

Zi = z~aibiz~/, Zi+1 = z~biaiz~/, and (ai,bi ) E f. 

Thus, two words are equivalent by f"V [ if one can be obtained from the other 
by successive transpositions of neighboring independent letters. It is easy to 
verify that f"V [ is the least congruence over E* such that ab f"V [ ba for all pairs 
(a, b) E f. The quotient of E* by the congruence f"V[ is the free partially com
mutative monoid induced by the relation f, it is denoted by M(E, 1). The ele
ments ofM(E, f), which are equivalence classes of words of E* under the rela
tion f"V[, are called traces. Consequently, M(E,f) is called trace monoid, too. 

If f is empty, then M(E, f) is the free monoid 17*; if any two different 
letters of E commute, then M( E, 1) is the free commutative monoid denoted 
by NE or simply by Nk where k = 1171. Other families of free partially com
mutative mono ids are the direct products of free monoids: 

Er x E~ x··· x E~ 

and free products of free commutative monoids: 

Nkl * Nk2 * ... * Nkn 

For a word x of E* the equivalence class of x under f"V[ is denoted by [xlI. 
Thus, [xlI is the set of words which are equivalent to a given word x, hence 
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[xlI = {y E E* I Y ""I x}. 

For instance, if we consider I defined above, we have: 

[baadcbl I = {baadcb, baadbc, badacb, badabc, bdaabc, bdaacb}. 

Since the relation"" I is a congruence, the concatenation in M( E, I) is given 
by [xJI[y]J = [xyJI for all x, y E E*. The class of the empty word is called 
the empty trace, also denoted by 1. The definition of length, of a-length, 
and of the alphabet is invariant under the commutation of letters, hence it 
can be transferred to a trace from any representing word. We can write It I , 
Itla , and alph(t) for a trace t and a letter a. Following the same example 
above with t = [baadcbJI we have It I = 6, Itla = Itlb = 2, Itl c = Itld = 1, 
and alph(t) = {a,b,c,d}. A trace t (word x, resp.) is called connected, if 
alph(t) (alph(x), resp.) induces a connected subgraph of (E, D). The trace 
t = [baadcbJI above is connected, but [adJI is not. 

Two traces u and v of M(E, I) are said to be independent and this fact 
is denoted by uI v, if 

alph(u) x alph(v) ~ I. 

Independence of traces is equivalent to the following condition: 

uv = vu and alph(u) n alph(v) = 0. 

Trace monoids are placed between free and free commutative monoids. 
There are two canonical homomorphisms: 

and 

cp: E* ---+ M(E, I) 

x ~ [xJI 

7r : M(E, I) ---+ NE 

t ~ (Itla)aEE. 

The image 7r(t) ENE is called the Parikh-image of t E M(E, I). The compo
sition 

E* M(E, I) 
is the usual Parikh-mapping from words to vectors. 

For sake of simplicity we sometimes use words to denote the corresponding 
trace. Thus, if x E E* and the context M(E, I) is clear then we may write 
x E M(E,l) to denote in fact the class [xlI. Following the same convention, 
we view E as a subset of M(E, I), too. If x is a word or a trace then x* is 
either the set of words {xn I n 2:: O} or the set of traces {[xn]J I n 2:: O}. 

A trace language is any subset of M(E, I). If X ~ E*, then the trace 
language cp(X) ~ M(E, I) is also denoted by [Xl. This allows us to write 

[Xl = {[x]J I x EX}. 
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For any trace language T ~ M(17, I), the language cp-l(T) consists of all 
representing words. The operation X 1-+ cp-l([X]) can be viewed as a closure 
operation on languages. Therefore we prefer to write X instead of cp-l([X]) 
or cp-l(cp(X)). A subset X of 17* is said to be I-closed (or simply closed, if 
there is no ambiguity), if X = X. 

For example, let I be defined as in Ex. 2.1, if X = (ad)* then 

X = {x E {a,d}* Ilxla = Ixld}. 

2.2 Projection techniques and Levi's lemma 

Let A ~ 17 be a subset and IA = (A x A) nI be the induced independence re
lation. We may define a canonical homomorphism 11A : M(17, I) ~ M(A, IA) 
by erasing all letters from a trace which do not belong to A, hence for a E 17 
we have: 

11"A(a) = a, if a E A and 11"A(a) = 1 otherwise. 

Of particular interest is IA = 0. Then A is a clique of the dependence alphabet 
and 11" A a projection onto the free monoid A *. This is in particular the case 
when A = {a,b} and (a,b) E D. (We shall write 11"a,b instead of 11"{a,b}.) 
The following proposition is called is Projection Lemma. It states that every 
trace has a unique representation as a tuple of words. For (17,1) fixed this 
canonical representation is computable in linear time from any word defining 
the congruence class of a trace. 

Proposition 2.1. Let u and v be two traces of M( 17, I), then we have u = v 
if and only if 

11"a,b(U) = 11"a,b(V) for all (a, b) E D. 

Proof. Clearly, the condition is necessary. Conversely, we prove by induction 
on the length of u (and of v). If u or v is the empty trace we have nothing to 
do. Let us suppose u = au' and v = cv', where a and c are letters of 17 and 
where u' and v' are traces of M(17, I). 

We assume first a f:- c. Since lula = Ivl a, we have Iv'la ;:: 1 and v' = t'at" 
with It'la = o. If (a, b) ED, then 11"a,b(U) = 11"a,b(V) and hence (ct')Ia. Finally 
v = ct'at" = act't". Thus, we have reduced to the case a = c, or u = au' 
and v = av" for some traces u', v". The inductive hypothesis yields u' = v", 
hence u = v. 

Since direct products of free monoids are cancellative, we deduce the same 
property for trace monoids. 

Corollary 2.1. The monoidM(17,I) is cancellative, i.e., the equation uxv = 
uyv implies x = y for all u, v, x, y E M(17,I). 

Another corollary shows the following version of an embedding theorem. 
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k 

Corollary 2.2. Let (17, D) = U (Ai, Di ) be a union of subalphabets with 
i=l 

Ii = (Ai x Ai) \ D i , Mi = M(Ai,Ii), and 7ri : M(17, I) -t Mi the canonical 
homomorphism for 1 :s; i :s; k. Then we obtain a canonical injective homo
morphism 

M(17,I) ---+ 

t t---> 

Mlx···xM k 

( 7rl(t), ... , 7rk(t)). 

The following proposition is called Levi's Lemma. It is one of the most 
important tools in trace theory. 

Proposition 2.2. Let t, u, v, and w be traces ofM(17, I). Then the following 
assertions are equivalent. 

i) tu = vw 
ii) There exist p, q, r, s E M(17,I) such that 

t = pr, u = sq, v = ps, w = rq with alph(r) x alph(s) ~ I. 

Proof Clearly, ii) implies i). Conversely, we use an induction on the length 
of t. It t is the empty trace then the property is true with p = r = 1, q = w 
and s = v. Therefore we may assume that t = at' for some a E 17. 

- If Ivl a = 0 then necessarily alv and w = aw'. As at'u = vaw' and alv we 
have t' u = vw'. Now applying the inductive hypothesis we find p, q, r', s E 
M(E, I) such that 

t' = pr', u = sq, v = ps, w' = r'q and r'Is. 

Let r = ar', as alv, we also have alp and aIs. Hence 

t = at' = apr' = par' = pr 

with r I s, and the result follows. 
- If Ivl a > 0, then v = av'. In this case we apply the inductive hypothesis 

with t'u = v'w. We find p', q, r, s such that t' = p'r, u = sq, v = p's, w = rq 
and rIs. The desired formula is obtained considering t = at' and p = ap'. 

From this proposition, using an induction, we obtain the following more 
general form of Levi's Lemma: 

Corollary 2.3. Let u, v, tI, ... , tn E M(17, I) be traces. Then the following 
assertions are equivalent. 

i) uv = tl ... tn, 
ii) There exist PI, ... ,Pn, qI, ... , qn E M(17,I) such that u = PlP2··· Pn, 

V = ql ... qn with Piqi = ti and qil(Pi+l ... Pn) for all 1 :s; i < n. 

Together with the existence of a positive weight, Levi's Lemma character
izes free partially commutative monoids. By a positive weight we mean any 
homomorphism 1 : M -t N such that 1-1(0) = {I}. For trace monoids the 
length-function is a positive weight. 
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Proposition 2.3. A monoid M with a positive weight is isomorphic to a free 

partially commutative monoid if and only if for all x, y, z, t E M the equation 
xy = zt implies the existence of r, u, v, s E M such that x = ru, y = VS, 

Z = rv, t = us, and uv = vu. 

Proof. We need a proof only for the if-part. 
Let E = (M \ {I}) \ (M \ {1})2. A straightforward verification shows that 
E generates M and that it is contained in any set generating M: it is the 
minimal generating set of M. We define the independence relation 1M on E 
by (x,y) ElM , ifyx = xy in M. 

Let 'P be the canonical surjective homomorphism from E* onto M; it 
induces a surjective homomorphism (j5 : M(E,IM) ---7 M. We prove by in
duction on the weight that (j5 is injective. Let t', til E M(E,IM) such that 
(j5(tf) = (j5(t"). Using induction, we assume that every proper factor of tf has 
exactly one inverse image. If tf E E u {I} then tf = til since (j5-1 (x) = {x} 
for all x E E U {I}. If tf ~ E U {I} then tf = xy, til = zt with x, z E E and 
y ::/= 1, t ::/= 1. Since (j5(x)(j5(y) = (j5(z)(j5(t) and (j5 is surjective, the hypothesis 
about M implies that 

(j5(x) = (j5(r)(j5(u), (j5(y) = (j5(v)(j5(s), (j5(z) = (j5(r)(j5(v), (j5(t) = (j5(u)(j5(s) 

and (j5( uv) = (j5( vu), 

where r, u, v, S are some traces of M(E,IM). Since (j5(x), (j5(y), (j5(z), (j5(t) are 
proper factors of (j5(tf), we have 

x = ru, y = VS, Z = rv, and t = us. 

- If r ::/= 1 or S ::/= 1, then (j5( uv) is a proper factor of (j5( tf), it follows uv = vu 
in M(E,IM). Hence tf = ruvs = rvus = til. 

- Ifr = s = 1, then u = x E E and v = z E E; thus, u,v E E are independent 
elements and tf = UV = vu = til are the same trace by definition of 1M . 

2.3 Normal forms 

Two main normal forms are defined in a free partially commutative monoid, 
the lexicographic normal form (studied first by Anisimov and Knuth [3]) and 
the Foata normal form. We assume that the alphabet E is totally ordered, 
and we consider the corresponding lexicographic ordering < on E*. Let X 
be a set of words, the unique minimal element of X with respect to the lexi
cographic ordering (if it exists) is denoted by Min(X). A word x is said to 
be in the lexicographic normal form if it is minimal among the set of words 
which are equivalent to x, i.e., 

x = Min([x]). 

As the lexicographic ordering is a total order and [xl is finite, each trace has 
a unique minimal representative. 

Let I be the independence relation of Ex. 2.1 above, assuming that a < 
b < c < d, then the word baadbc is in lexicographic normal form. 
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Proposition 2.4. A word x is the lexicographic normal form of a trace if 
and only if for all factorizations x = ybuaz, where y, u, z E E*, (a, b) E l, 
and a < b, there exists a letter of u which does not commute with a. 

Proof. If x is minimal then, clearly, it satisfies the condition of the statement. 
Conversely, suppose there is a word w equivalent to x such that w < Xj 

then x = x'bx" and w = x' az' with a < b. The words x and ware equivalent, 
thus alb. Since Ixl a = Iwla we have x" = uav with lul a = o. Now from 
the equivalence between x and w we deduce that al u. Therefore x does not 
satisfy the condition of the proposition. 

From this we deduce immediately that the set LexNF of words in lexi
cographic normal form is a regular languagej indeed it is equal to the following 
(star-free) set 

LexNF= E* \ u E*bl(a)*aE*. 
(a,b)EI,a<b 

A word x of E* is in the Foata normal form, if it is the empty word or if 
there exist an integer n > 0 and non-empty words Xi (1 ~ i ~ n) such that 

i) x = Xl··· xn , 

ii) for each i, the word Xi is a product of pairwise independent letters and 
Xi is minimal with respect to the lexicographic ordering, 

iii) For each 1 ~ i < n and for each letter a of Xi+! there exists a letter b of 
Xi such that (a, b) E D. 

If we consider the factorization of Foata given above, each Xi is called a step. 
Let I be defined by the first picture, the Foata normal form of baadcb is 
(b) (ad) (a)(bc). 

Proposition 2.5. Every trace has a unique Foata normal form. 

Proof. Let x be a word of E*. We prove the existence of a normal form by 
induction on the length of x. The result is trivial if x = 1. Let x = x' a with 
a E Ej let xi X2 ... x~ be a decomposition in steps for x'. If al x' then let 
i = 0, else let i be the integer such that x~ is the right-most step containing 
a letter b such that (a, b) E D. 

Let x" be the word obtained inserting a in X~+l with respect to the lexi
cographic ordering. The decomposition xi X2 ... x~x" X~+2 ... x~ is a normal 
form for x. 

We prove the uniqueness by contradiction. Assume that there exists a 
word x with two different normal forms. We choose x with minimal length, 
let xi x~ ... x~ and xq x~ ... x~ be two step decompositions of x. As x has 
minimal length and trace monoids are cancellative, Cor. 2.1, necessarily 
xi and x~ are different: xi = yay' and x~ = yby" with a =I b. Thus, 
xi X2 ... x~ = yay' X2 ... x~ and x~ x~ ... x; = yby" x~ ... x;. If b ¢ alph(y') we 
have x~ ... x~ = z'bz" with Iz'lb = o. As yay' z'bz" rv yby"x~ ... x; necessar
ily bI(ay'z') by Prop. 2.1. This yields a contradiction to the third condition 
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of the definition of a Foata normal form; thus b E alph(y') and by symmetry 
a E alph(y"). Using once more the definition of the normal form, we have 
a < b and b < a. This yields the final contradiction and the result. 

2.4 A simple algorithm to compute normal forms 

Let us describe a simple method which enables to compute normal forms. 
Let M(17, J) be a free partially commutative monoid, we use a stack for each 
letter of the alphabet 17. Let x be a word of 17*, we scan x from right to left; 
when processing a letter a it is pushed on its stack and a marker is pushed 
on the stack of all the letters b (b i= a) which do not commute with a. 

When all of the word has been processed we can compute either the lexi
cographic normal form or the Foata normal form. 

- To get the lexicographic normal form: it suffices to take among the letters 
being on the top of some stack that letter a being minimal with respect 
to the given lexicographic ordering. We pop a marker on each stack corre
sponding to a letter b (b i= a) which does not commute with a. We repeat 
this loop until all stacks are empty. 

- To get the Foata normal form we take within a loop the set formed by 
letters being on the top of stacks; arranging the letters in the lexicographic 
order yields a step. As previously we pop the corresponding markers. Again 
this loop is repeated until all stacks are empty. 

For example, with (17, J) as in Ex. 2.1 and the word badacb we get the stacks 
given below. The lexicographic normal form is baadbe, and the Foata normal 
form is (b) (ad)(a) (be). 

* b 
a 
a 

* 
* 
a 

* 
* 
* b 

b 

* 
* 
* 
c 

c 

2.5 Mobius functions and normal forms 

* d 

* 
* 
d 

This section presents the relation between liftings of Mobius functions and 
normal forms for trace monoids. It will not be used in the sequel. A reader 
not being familiar with the basic notions might skip this section. It is worth 
mentioning however that the study of the Mobius function was really at the 
beginning of trace theory in combinatorics. In particular, Thm. 2.1 below is 
from the original Lecture Notes [13] by Cartier and Foata. 
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Let M = M( E, J) and cp : E* --+ M the canonical homomorphism. A set 
of normal forms (or across-section) is a subset S ~ E* such that cp induces 
a bijection between S and M. For example, LexNF is a set of normal forms. 
By XS we denote the characteristic function of S: 

xs(w) = 1, if wE Sand Xs(w) = 0 otherwise. 

We view XS as a function from E* to Z. Functions from E* (from M resp.) 
to Z are called formal power series. The set of all power series is denoted by 
Z( (E*)) (by Z( (M )) resp.). A convenient notation of power series is 

f= Lf(w)w. 
w 

The set of power series is a ring by the usual addition and the non
commutative Cauchy-product. 

(f + g)(w) = f(w) + g(w) 

(f. g)(w) = L f(u)g(v) 
'UV=w 

The unit of this ring is 1 = X{1}, which fits perfectly to the notation of 
power series above. (More general, identifying wE M with X{w} the notation 
above becomes a true identity on power series.) If f(l) E {-1,+1}, then 
there exists a unique power series f- 1 such that f· f- 1 = f- 1 . f = 1, it is 
called the formal inverse of f. Clearly, (f-1)-1 = f. 

There is a canonical ring homomorphism from Z((E*)) onto Z((M )), de
noted (by abuse of language) again by cpo We have (cp(f))(t) = Lrp(w)=t f(w) 
for all f E Z( (E*)) and t E M. Observe that S ~ E* is a set of normal forms if 
and only if cp(Xs) = XM. The function XM : M --+ Z is the constant function 
with value 1. An important combinatorial property of finitely generated free 
partially commutative monoids is that the formal inverse (XM)-1 E Z((M)) 
is a polynomial, i.e., only finitely many values are non-zero. 

Definition 2.1. Denote by:F = {F ~ E I (a, b) E J for all a,b E F,a t= b} 
the set of independence cliques. For each F E :F let [F] E M be the trace [F] = 
ilaEF a. (The product is well-defined, since the elements of F commute.) The 
clique polynomial of M is defined as the formal power series 

Il-M = L(_1)IFI[Fj. 
FE:F 

Theorem 2.1. The clique polynomial Il-M is the Mobius function ofM(E, I), 
i. e., Il-M is the formal inverse of the constant function with value 1: 

Il-M = (XM)-1. 
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Proof We have to show (J.LM . XM)(t) = 1, if t = 1 and (J.LM . XM)(t) = 0 
otherwise. For t E M let min(t) be the set of minimal elements, i.e., min(t) = 
{a EEl t = as for some s E M}. 

Clearly, min(t) E F and we have 

(J.LM·XM)(t)= L (_1)IFI. 
t=[Fj·s 

Since M is left cancellative we can write 

(J.LM· XM)(t) = L (-1)1F1. 
F~min(t) 

Indeed, if t = [FJ . s, then F ~ min(t) and s is uniquely defined by F. 
Conversely, if F ~ min(t), then F E F and there exists some unique s EM 
such that t = [FJ . s. Therefore the claim follows (with n = I min(t)I) from 
the well-known identity 

if n = 0, 
otherwise. 

Remark 2.1. For infinitely generated free partially commutative monoids 
Thm. 2.1 holds as well. The only difference is that J.LM becomes a formal 
power series with infinitely many non-zero coefficients. The classical Mobius 
inversion formula is now a corollary. Let N' = {n E N In> O} be the mul
tiplicative monoid of positive integers. It is a commutative monoid, freely 
generated by the primes. The Mobius function from elementary number the
ory is J.L : N' ----+ Z, where J.L( n) is defined as: 

(n) = { (_1)k if n is a product of k distinct primes, k ~ 0 
J.L 0 otherwise. 

Thus, J.L is the Mobius function of the monoid N'. Let f, 9 : N' ~ Z be two 
functions. Mobius inversion states the equivalence: 

"In : g(n) = L f(d) <===} "In: f(n) = L J.L(d)g( ~). 
~n ~n 

This is a direct consequence of Thm. 2.1 in the special case of the commutative 
monoid N', since the equivalence states 9 = f . XN' <===} f = J.LN' . g. 

Definition 2.2. A lifting of the Mobius function J.LM is a polynomial J.L E 
Z( (E*)) such that first cp(J.L) = J.LM and second cp induces a bijection between 
the two sets {WF E E* I J.L(WF) =1= O} and {[FJ EM I FE F}. It is called an 
unambiguous lifting if, in addition, J.L -1 (W) ~ 0 for all W E E*. 

Remark 2.2. If J.L E Z((E*)) is an unambiguous lifting of J.LM then we can 
write J.L = E(-l)lwFlwF. 
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The following corollary is a direct consequence of Thm. 2.1 and of the 
definition of an unambiguous lifting. 

Corollary 2.4. If J..l E Z((17*)) is an unambiguous lifting of J..lM, then the 
formal inverse J..l- l is the chamcteristic function over a set of normal forms. 

Another way to obtain a set of normal forms is by complete rewriting 
systems. Let us recall some basic notions and facts. 

A semi-Thue system is a set of rules R ~ 17* x E*. It defines a one
step reduction ==> by ulv==}urv for u, v E 17*, (l, r) E R. By ~ (and ~, 

R R R R 
resp.) we denote the reflexive and transitive closure (reflexive, symmetric 
and transitive closure resp.) of ==}. By E* / R we mean the quotient monoid 

R 

17*/~. 
R 

Example 2.2. For an independence relation I ~ E x 17 and a partial order < 
of 17 let 

8(1) = {(ab,ba) I (a,b)EI}, 
8(I, <) = {(ba,ab) I (a,b) E I and a < b}. 

Then we have 17* /8(1) = M(17,I) and if for all (a,b) E I either a < b or 
b < a, then 17* /8(1, <) = M(17,I). 

- A semi-Thue system R is called Noetherian, if there is no infinite chain 
Wl ==}W2==} ... 

R R ' 

- it is called confluent, if for all u~w~v, there exists some z E 17* such 
R R 

that u~z~v. 
R R 

- Confluence of Noetherian systems is equivalent with local confluence, Le., 
for all u{==w==}v there exists some z E E* such that u~z~v. 

R R R R 

- A system being both Noetherian and (locally) confluent is called complete. 

- For a complete system R, the set of irreducible words 

Irr(R) = {w E 17* l,Bv: (w==}v)} 
R 

is in canonical bijection with the quotient monoid 17* / R. Hence, Irr( R) is 
a set of normal forms for the monoid 17* / R. 

Definition 2.3. Let (17, I) be an independence alphabet. A transitive orien
tation of I is a partial order < of 17 such that first 1+ = {(a, b) E I I a < b} 
is a tmnsitive relation and second, it holds either a < b or b < a for all 
(a, b) E I. 
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Lemma 2.1. 
i) Let < be a transitive orientation of I and the lexicographical order of 

E* be defined by some linear extension of <. Then 8(1, <) is complete 
and the set of irreducible words is the set of lexicographic normal forms, 
Irr(8(I, <)) = LexNF. 

ii) Let R ~ E* x E* be any finite complete semi-Thue system such that 
E* / R = M ( E, I). Then there exists a transitive orientation < such that 
8(1, <) ~ R. In particular, by i) we have Irr(R) = LexNF. 

Proof. i): By the characterization of lexicographic normal forms given in 
Prop. 2.4, the following (infinite) system is easily seen to be complete: 

R = {(bua, abu) I a < band aI(bu)}. 

Of course 8(1, <) ~ Rand Irr(R) = LexNF. Since < is a transitive orienta
tion, one can show that (bua, abu) E R implies bua ~ z for some z with 

8(1,<) 

abu~z. Since R is Noetherian, we have ~ = ~ and i) follows. 
R R 8(1,<) 

ii): Consider the relation < satisfying a < b <===> (ba, ab) E R. The 
relation < is asymmetric and irreflexive and it holds a < b or b < a for all 
(a, b) E I. Moreover, an easy reflection shows a*b* ~ Irr(R) for all a < b. 
Consider a < b < c and cnbnan for n :2: O. Then 

bncnan~cnbnan~cnanbn 
R R 

Since R is finite and complete, we have cnan ~ Irr(R) for n large enough. 
Hence, (a, c) E I but we do not have c < a. Therefore a < c, and < is 
transitive. Since < is asymmetric, the relation is a partial order, and it is a 
transitive orientation of I. The assertion follows. 

There is a surprising relation between unambiguous liftings of Mobius 
functions, finite complete semi-Thue systems, and transitive orientations of 
I. We can state the following theorem. 

Theorem 2.2. Let (E, I) be an independence alphabet M(E, I). Then the 
following assertions are equivalent. 

i) There exists an unambiguous lifting of the Mobius function J.lM. 
ii) There exists a finite complete semi- Thue system R such that E* / R = M. 
iii) There exists a transitive orientation of I. 

In fact, Thm. 2.2 is a corollary of Prop. 2.1 and the following more precise 
theorem. 

Theorem 2.3. 
i) Let J.l E Z((E*)) be an unambiguous lifting. For (a, b) E I define a < b by 

J.l(ba) = 1. Then < is a transitive orientation, 8(I, <) is complete, and 
h -1 we ave J.l = Xlrr(8(1.<))' 
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ii) Let < be a transitive orientation of I. Then there exists a unique unam
biguous lifting J.L such that J.L(ba) = 1 for all a < b, (a, b) E I. This function 
J.L is characterized by J.L = (Xlrr(S(I,<))-l. 

2.6 Bibliographical remarks 

The theory of free partially commutative monoids (trace theory) has its ori
gins in combinatorics. The existence of the Foata normal form and the char
acterization of the Mobius function as the polynomial over the independence 
cliques is from [13J. In computer science trace theory became popular mainly 
by the work of Mazurkiewicz, see [69, 70J. Early ideas can also be found 
in the paper by Keller (1973), where the Projection Lemma is (implicitly) 
stated in [64, Lem. 2.5J. The Projection Lemma in the more general context 
of semi-commutations is due to Clerbout [15J. Levi's Lemma and the Projec
tion Lemma, as stated here, can be found in a paper of Cori and Perrin [21J. 
Prop. 2.3 has been shown by Duboc [40J. The characterization of lexicogra
phic normal forms, Prop. 2.4, is due to Anisimov and Knuth [3J. The simple 
algorithm to compute normal forms has been proposed by Perrin, see [84J. 

The characterization, when lexicographic normal forms are the irreducible 
words of some finite complete semi-Thue system, is from Metivier and 
Ochmanski [75] and Otto [82]. The bridge to unambiguous lifting of the 
Mobius functions is from Diekert [23]. A generalization of Thms. 2.2 and 
2.3 has been conjectured in [24] and later been shown in [26]. 

3. Combinatorial properties 

3.1 Equations 

Let M be any monoid. Two elements x, y E M are called conjugated, if 
xz = zy for some z E M. They are called transposed, if x = uv and y = vu for 
some u, v E M. Clearly, transposed elements are conjugated, and conjugacy 
is transitive. In free commutative monoids conjugacy is the identity relation. 
In free monoids conjugated elements are transposed. Moreover, if x = uv and 
y = VU, then u, v E r* for some word r. These results generalize immediately 
to direct products of free monoids. (The word r has however to be replaced by 
a tuple of pairwise independent words (rb . .. ,rk) such that u, vEri· .. rn 

For trace monoids where the dependence relation D is not transitive, the 
situation is different. Let (17, D) = a - b - c. Then the traces abc and cba 
are not transposed, but they are conjugated: (abc)(aba) = (aba)(cba), since 
ac = ca. Note that abc and bca = bac are transposed, as well as bac and cba. 
Thus, the conjugation of abc and cba has been realized by two transpositions. 
This is a general fact: In trace monoids conjugacy is always equal to the 
equivalence relation generated by transposition. 
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Proposition 3.1. Let x, y, z E M(E, I) be traces. Then we have xz = zy if 
and only if there are traces Zl, Z2, Ut, . .. , Uk, k ~ 0, satisfying the following 
conditions 

i) x = Ul ... Uk, Y = Uk' .. UlJ 
ii) Ui1uj for 1 ~ i < j - 1 ~ k - 1, 
iii) Zl = (Ul'" uk-d··· (UIU2)Ul, 
ivY Z = ZlZ2 with xIz2. 

Proof. Using the Projection Lemma, Prop. 2.1, an easy reflection shows that 
the conditions imply xz = zy. For the converse let xz = zy. By Levi's Lemma, 
Prop. 2.2, we can write x = x'u, z = z'y' = x'z', and y = uy' with ulz'. If 
x' = 1 then we are done with x = y = U and z = z'. If x' 1= 1, then Iz'l < Izl 
and we can use induction. Hence we may assume x' = Ul ... Uk, y' = Uk ... Ul, 

Ui1uj for 1 ~ i < j -1 ~ k-l, zi = (Ul ... uk-d··· (UIU2)(Ut) and z' = ZiZ2 
with x'Iz2. Putting Uk+l = U and Zl = x'zi we obtain the result, since ulz2. 

The diameter of a dependence alphabet (17, D) is the maximum over the 
lengths of the shortest paths connecting letters from 17; e.g., if M(E,I) is 
commutative, then the diameter is zero, if it is free and 1171 ~ 2, then it is 
one. For (17, D) = a - b - c the diameter is two. Observe that some of the Ui 
in Prop. 3.1 may be empty, this allows to regroup them. One can derive the 
following statement. 

Corollary 3.1. Let (17, D) be a dependence alphabet of diameter d. Then 
traces x, y E M(E, I) are conjugated if and only if they can transformed into 
each other by at most d transpositions. 

A basic problem is to determine the solutions of the equation xy = yx 
in trace monoids. As one might hope, the equation xy = yx holds if and 
only if there are pairwise independent and connected traces tl,' .. ,tk such 
that x, yEti· .. tit. This will be seen from a more general approach (making 
proofs thereby simpler). 

Consider X = {x, y} with x 1= y as an alphabet of two unknowns. A 
(non-trivial) equation in two unknowns e = f is a pair of (distinct) words 
e,f E X*. A solution of e = f is a homomorphism 8 : X* ---+ M(E, I) such 
that 8(e) = 8U). If a solution 8 is defined by 8(x) = U and 8(y) = v, we 
also say that (u, v) is a solution for e = f, or more conveniently we write that 
x = U and y = v. A solution (u, v) is called cyclic, if u, v E t* for some trace t. 

Lemma 3.1. Let x = U, Y = v with u, v E M(E, I) be a solution of a non
trivial equation e = f in unknowns {x, y}. The solution is cyclic, if one of 
the following conditions is satisfied: 

i) M(E,1) is free, i.e., 1=0. 
ii) ll!7r(u) = (37r(v) for some rational numbers ll!,(3 > 0, where 7r(u), 7r(v) 

denote the Parikh-images of U and v in NE . 
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Proof. Assume by contradiction that the assertion would be wrong. Let (u, v) 
be a pair where lui + Ivl is minimal under the condition that (u, v) is a non
cyclic solution for some non-trivial equation e = f satisfying i) or ii). Clearly, 
by cancellation and symmetry we may assume that e begins with x, f begins 
with y, and lui ~ Ivl. By Levi's Lemma we can write u = pw' and v = pw 
with wlw'. If 1= 0, then w' = 1. However, the same is true for ii), because 
0:1l"(u) = (31l"(v) with 0:,(3 > 0 and lui ~ Ivl imply lul a ~ Ivl a for all a E.E. 
Hence we have v = uw in both cases. Moreover, we may assume u f= 1 and 
w f= 1. Now replace the unknown y by xz. This yields a new non-trivial 
equation e' = l' in the set of unknowns {x,z}. Clearly (u,w) is a solution 
of e' = l' and we have lui + Iwl < lui + Ivl. If 1= 0 then (u,w) is a cyclic 
solution by minimality of lui + Ivl. If 0:1l"(u) = (31l"(v), then w f= 1 implies 
o > (3. Hence 01l"(u) = (3(1l"(u) + 1l"(w)) implies (0: - (3)1l"(u) = (31l"(w) with 
(0: - (3), (3 > o. Again, by minimality of lui + lvi, we find that (u, w) is a cyclic 
solution. Thus, in both cases u, w E t* for some t, hence u, v E t* being a 
contradiction. 

Remark 3.1. An equation e = f is called unbalanced, if the number of oc
currences of x (or of y) in the left-hand side of the equation differs from 
that of the right-hand side. Of course, if (u, v) is a solution of an unbalanced 
equation e = f, then 01l"(u) = (31l"(v) with 0:,(3 > o. In fact we may take 
0= 1(lelx -lflx)1 and (3 = 1(lfly -lely)l· 

The lemma above yields therefore a special case: 

Proposition 3.2. Every solution in trace monoids of an unbalanced equation 
in two unknowns is cyclic. 

Lemma 3.2. Let x = u, y = v be a solution of a non-trivial equation in two 
unknowns in a trace monoid. Write u = UI··· Urn, V = VI· .. Vn such that 
Ui,Vj are connected and Ui1uj,vi1vj for all i f= j. Then for all (i,j) with 
1 ~ i ::; m and 1 ~ j ~ n we have either alph(ui) = alph(vj) or Ui1vj. 

Proof Let a E alph(u), b E alph(v) with (a, b) ED. Projection to {a, b}* and 
applying i) of Lem. 3.1 yields {a, b} ~ alph( u) n alph( v). The lemma follows. 

Proposition 3.3. Let x = u, y = v be a solution of a non-trivial equation in 
two unknowns in a trace monoid. Then there are pairwise independent traces 
h, ... ,tk such that u, v E ti ... tk. 
Proof By Lem. 3.2 we are reduced to the case where alph(u) = alph(v) 
and u is connected. Let a,b E alph(u), (a,b) E D. Choose 0:,(3 > 0 such 
that o:lula = (3lvl a. By Lem. 3.1 it is enough to show that o:lulb = (3lvlb. By 
projection to {a, b} * and i) of the same lemma we find integers t a , tb > 0 such 
that lul a = mta, Ivl a = nta, IU\b = mtb, and \V\b = ntb. The above implies 
o:m = (3n and this in turn O\Ulb = (3\V\b. 

A connected trace r E M(E, I) is called a primitive root, if r = sn implies 
n = 1. From Prop. 3.3 and Lem. 3.2 we may derive the following corollaries: 
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Corollary 3.2. Every non-empty connected trace is the power of a unique 
primitive root. Moreover, if uv = vu E M(E,I), U i- 1, and uv is connected, 
then u, v E r* for the primitive root r of u. 

Corollary 3.3. Let Ul, ... ,Uk E M( 17, I) be pairwise commuting traces, i. e., 
UiUj = UjUi for all i, j. Then there are pairwise independent and connected 
traces tl, ... ,tm such that Ui E ti ... t:n for all 1 :::; i :::; k. 

The following consequence will be used in the next section. 

Corollary 3.4. Let h : Nk -> M( 17,1) be an injective homomorphism. Then 
17 contains at least k pairwise independent letters. 

Proof Let Ui be the image under h of the i-th unit-vector, 1 :::; i :::; k. 
According to Cor. 3.3 write Ui = t7 i '1 ••• t~,m. The matrix (ni,j h~i~k,l~j~m 
has rank at least k. Hence m 2: k. It is enough to pick one letter from each 
alph(ti)' 1 :::; i :::; m. 

3.2 Strong homomorphisms and codings 

A homomorphism between trace monoids h : M( 17, I) -> M( 17' ,I') is given 
by a mapping h : 17 -> M(E', I') such that h(a)h(b) = h(b)h(a) for all 
(a, b) E I. We say that h is a strong homomorphism, if moreover we have 
h(a)J'h(b) for all (a, b) E I. This means that independent letters are mapped 
to independent traces. In this section we show that the existence of injective 
strong homomorphisms is directly related to morphisms of graphs. By minor 
modifications the following correspondences could be made functorial, but 
we do not intend to introduce categories here. 

Definition 3.1. A morphism H of dependence alphabets from (E',D') to 
(E, D) is a morphism of the underlying undirected graphs (with self-loops), 
i.e., H is a mapping H : 17' -> 17 on letters such that (H(a'), H(b')) E D for 
all (a', b') ED'. 

Example 3.1. Write (E, D) = (U~=l Ai,U~=l Ai x Ai) and let (E',D') be the 
disjoint union of the complete graphs (Ai,Ai x Ai)' We obtain a morphism 
H: (17', D') ---> (E, D) which is induced by set inclusions Ai ~ E,l :::; i :::; k. 

The following proposition is another variant of Prop. 2.1 and of Cor. 2.2. 
The proof is an easy exercise. 

Proposition 3.4. Let H : (E', D') ---> (17, D) be a morphism of de
pendence graphs and for each a E 17 let h( a) E M( 17', I') be a trace 
such that alph(h(a)) = H-1(a). Then h induces a strong homomorphism 
h : M( E, 1) ---> M( 17', I'). This homomorphism is injective if and only if H 
is surjective on vertices and edges. 
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Example 3.2. Let H: (E/,D') ~ (E,D) as in Ex. 3.1 and let the homomor
phism h of Prop. 3.4 be defined by h(a) = n a'. Then h coincides with 

a'EH-l(a) 
the canonical injective homomorphism from Cor.2.2 in the special case where 
Mi = Ai for alII ~ i ~ k. 

An injective homomorphism between trace monoids is denoted henceforth 
as a coding. According to [12] we call an injective strong homomorphism 
a strong coding. A strong coding allows to encode a trace in such a way 
that independency is preserved. The question arises whether there exists a 
strong coding for given dependence alphabets (E, D), (E', D'). In general, 
the answer is at least NP-hard, due to the following fact rephrasing Cor. 3.4. 

Proposition 3.5. Let (E, D) be a dependence alphabet and k ~ O. Then the 
following assertions are equivalent: 

i) There exists a coding from Nk into M(E, I). 
ii) There exists a strong coding from Nk into M(E, I). 
iii) The dependence alphabet contains an independent set of size k. 

Definition 3.2. A relational morphism H : (E/, D') ~ (E, D) of depen
dence alphabets is a relation H ~ E' x E such that (a', b' ) E D' implies 
H(al ) x H(b') ~ D. It is called surjective on vertices and edges, if both for 
all a E E there exists a' E E' with (a', a) E H and for all (a, b) E D, a =f:. b 
there exists (a', b' ) E D' , a' =f:. b' such that (a, b) E H(a') x H(b'). 

The following result shows that there exists a strong coding 

h: M(E,I) ~ M(E', I') 

if and only if there exists some relational morphism 

H: (E/,D') ~ (E,D) 

being surjective on vertices and edges. 

Theorem 3.1. 
i) Let h: M(E, I) ~ M(E',1') be a strong coding and H = ((a/,a) E E' x 

E I a' E alph(h(a»}. Then H is a relational morphism being surjective 
on vertices and edges. 

ii) Let H : (E/, D') ~ (E, D) be a relational morphism being surjective on 
vertices and edges. Then we can construct a strong coding h : M(E, I) ~ 
M(E',I') such that H = ((a',a) E E' x E I a' E alph(h(a»}. 

Proof. Part i) is easy and omitted. We sketch ii): First we order the al
phabets, i.e., we assume E = {al,a2"'} with al < a2 < ... and E' = 
{a~, a~, ... } with a~ < a~ < .... For each i = 1,2, ... , we define a set Hi 
by Hi = {aj E E' I (aj, ai) E H}. If (ai, aj) E I, then Hi x Hj ~ I', since 
H is a relational morphism. We have Hi =f:. 0 for all i, since H is surjective 
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on vertices; and if (ai, aj) E D, i # j, then there are b' E Hi, d E Hj with 
(b', c') E D', b' # c', since H is surjective on edges. 

Assume that Hi = {a~l'· .. , a~k} with a~l < . .. < a~k· Define the traces 
--+ ~ --+ 
Hi = a~l ... a~k and Hi = a~k ... a~l· Thus, Hi is the product of a~l E Hi in 

increasing order and M is the product in decreasing order. Now define 
--+ .~ 

h: MI(17,I) ---+ MI(17',I'), h(ai) = (Hi)tHi. 

The equality H = {(a', a) E 17' x 17 I a' E alph( h( a))} is obvious. Let 
us show by contradiction that h is injective. Assume h( aix) = h(y), with 
ai E 17 and x, y E 17* such that aix # y. Then y must contain a letter 
depending on ai, hence we can write y = uajz with aiIu and (ai,aj) ED. 
By cancellation we may assume i # j. Therefore we find b' E Hi, c' E Hj 
with (b',e') E D',b' # e'. The result now follows by projection onto {b',c'}* 
and some few calculations left to the reader. 

Remark 3.2. The proof of Thm. 3.1 is valid for countable alphabets as well, 
as long as we demand that {a' E 17' I (a', a) E H} is finite for all a E 17. 

Corollary 3.5. It is NP-complete to decide whether there exists a strong 
coding between trace monoids. 

Proof It is clearly in NP to decide whether there exists a relational morphism 
being surjective on vertices and edges. The hardness follows by Prop. 3.5, iii). 

Corollary 3.6. There is a strong coding ofMl(17, I) into a k-fold direct prod
uct of free monoids, if and only if (17, D) has a covering by k cliques, i.e., 

Little is known about the existence of codings. According to the following 
example we can construct codings in some cases, where strong codings do 
not exist. 

a - b 
Example 3.3. Let (E, D) = I I and (E', D') = p - q U r - s. AI-

d c 
gebraically MIl = MI(17, D) is a free product of commutative monoids, 
MIl = N2 * N2, and Ml2 = MI( 17', D') is a direct product of free monoids, 
Ml2 = {p,q}* x {r,s}*. By Cor. 3.6 there is no strong coding of MIl into 
Ml2 . But there is a coding. Take any non-singular 2 x 2-matrix with non-zero 
entries, say the matrix with columns G) and (i). Then define accordingly by 
using the columns of the matrix as exponents for the letters: 

An easy exercise shows that the homomorphism h : MIl ---+ M2 is a 
coding. 
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3.3 Trace codes 

Codes over words are widely studied, see [5J for a comprehensive treatise. 
They play a fundamental role in computer science. There are well-known 
algorithms to test whether a finite (or regular) set X ~ E* is a code, Le., 
whether it generates a free submonoid with basis X. In trace monoids the 
same question turns out to be undecidable. 

Proposition 3.6. It is undecidable whether a finite subset X of the direct 
product {a, b } * x {c, d} * generates a free submonoid (with basis X). 

Proof An instance of the Post correspondence problem (PCP) consists of two 
lists (UI, ... , Un), (VI"" Vn ) with n ~ 2, Ui, Vi E E+ for 1 ::; i ::; n. A special 
solution to this instance of the PCP is a finite sequence (1, i I , ... ,ik, n) such 
that UI Uil ... Uik Un = VI ViI' .. Vik Vn · It is well-known that the existence of a 
special solution is undecidable. In order to reduce PCP to the problem above 
one employs markers. Let # be a new symbol; replace each letter a E E in 
the words ui,1 ::; i ::; n, by a#, and in the words Vi, 1 ::; i ::; n, replace 
each letter a E E by #a. Then, add the symbol # in front of the new word 
UI, and add # at the end of the new Vn . We have now two lists of words 
('Iii, ... ,un), (V-I,"" V~) over the new alphabet E U {#}. Using any coding 
of (EU {#})* into {c, d}*, we may view Ui, Vi E {c, d} + for 1 ::; i ::; n. Finally 
define X = {(abi,ui) 11 ::; i::; n} U {(abi,vi) 11::; i::; n}. It is not difficult 
to see that X generates a free submonoid (with basis X) of {a, b} * x {c, d} * 
if and only if the given instance of PCP has no special solution. 

Let M = M(E, 1) be a trace monoid and X ~ M be any subset. Define 
an independence relation Ix ~ X x X by xIXY if and only if xy = yx in M. 
This yields a free partially commutative monoid Mx = M(X, Ix) and the 
inclusion X ~ M induces a homomorphism hx : Mx ----t M. The set X is 
called a trace code, if hx is a coding. 

Remark 3.3. 
i) If we can decide whether X ~ M(E, I) is a trace code (X being finite), 

then we can decide whether X generates a free monoid, Le., whether X 
is a code. Indeed, X is a code if and only if X is a trace code and Ix is 
empty. Whether or not the converse is true remains unclear. 

ii) The question whether a finite subset X of M is a trace code can easily be re
duced to the problem whether the intersection of two rational sets is empty. 
Define any total order < on X. For x E X let LexNF(x, X) ~ X* be the 
rational set of lexicographic normal forms from M(X, Ix) having as first 
letter x. Let cp x : X* ----t M(X, Ix) the canonical homomorphism. Clearly, 
CPx restricted to some LexNF(x, X) is injective and hx (cpx (LexNF(x, X))) 
is a rational set of M( E, I). Now observe that X is a trace code if and only 
if hx(cpx(LexNF(x,X))) n hx(cpx(LexNF(y,X))) = 0 for all X,y E X, 
x i- y. This finishes the reduction to the intersection problem. 

This remark and the results of the next section imply the following fact. 
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Proposition 3.7. Let X ~ M( E, J) be a finite set of connected traces. Then 
it is decidable whether X is a trace code. 

Proof In the terminology of the next section, LexNF(x, X) is star-connected 
by Cor. 4.3 below. Hence cpx(LexNF(x,X)) ~ M(X,Ix) is star-connected, 
and since hx maps connected traces of M(X, Ix) to connected traces of 
M(E,I) (by definition of Ix), we see that hx(cpx(LexNF(x, X))) is recog
nizable, c.f. Thm. 4.1. There is an effective procedure testing the emptiness 
of the intersection of two recognizable sets. 

Emptiness of the intersection of two rational sets is known to be decidable, 
if the independence alphabet is a transitive forest, [1]. Therefore we can state 
by the remark above: 

Proposition 3.8. Let the independence alphabet be a transitive forest. Then 
it is decidable whether a finite set X ~ M(E,I) is a trace code. 

A transitive forest is the transitive closure of the descendant relation in 
a union of trees. Another characterization says that transitive forests are 
the elements of the smallest families of graphs containing the empty graph 
and being closed under disjoint union and complex product with a one point 
graph. It can be defined by forbidden structures, too. An independence al
phabet is a transitive forest if and only if it does not contain neither C4 nor 
P4 as an induced subgraph. By C4 we mean the chordless cycle and by P4 
the chordless path with 4 letters. 

The proof of Prop. 3.6 shows that the trace code property is undecidable 
in the monoid {a, b} * x {c, d} *, which means that the independence alphabet 
is the graph C4 . An undecidability result for P4 would have given a character
ization theorem, but the decidability, even decidability in polynomial time, 
is known in this particular case. 

Proposition 3.9. If (E, 1) or (E, D) is a P4, then the trace code property 
can be decided in polynomial time. 

If the trace code property can be decided for (E, I) or for (E, D), then 
it can be decided for all induced subgraphs and for all dependence alpha
bets, obtained by edge-contraction. Unfortunately, this is not enough to con
clude that the undecidability of the trace code property can be characterized 
by some finite list of forbidden induced subgraphs. The classification of all 
independence alphabets where the (trace) code property is decidable is a 
challenge. 

3.4 Bibliographical remarks 

Equations over traces have been studied first by Cori and Metivier [19] and 
Duboc. The results of Sect. 3.1 are due to Duboc, see [40]. The results pre
sented here are also exposed by Choffrut and by Duchamp and Krob in 
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[34, Chapt. 3,4]. A celebrated result of Makanin states that it is decidable 
whether a system of equations with constants has a solution over words, [68]. 
Recently, the extension to traces has been solved by Matiyasevich (personal 
communication) . 

The undecidability of the trace code property is due to Hotz and Claus [62] 
and Chrobak and Rytter [14]. This result and the proof techniques are close 
to a classical result of Greibach [57] showing that ambiguity of minimal linear 
grammars is undecidable. The decidability for the intersection problem in case 
of transitive forests is from Aalbersberg and Hoogeboom [1]. It led directly 
to Prop. 3.8. After that result the characterization of dependence graphs 
where the trace code property is decidable concentrated on the graph P4. 
Hoogeboom and Muscholl [61] proved the positive result Prop. 3.9 for the code 
property (being therefore negative for completing the picture). It has been 
independently observed by Matiyasevich, who also proposed the notion of 
trace code and extended the decidability result for the code-property provided 
the independence relation is acyclic. The topic of free trace submonoids is also 
mentioned in the chapter by Choffrut of [34]. 

The question whether the existence of codings (injective homomorphisms) 
between trace monoids can be decided has been raised by Ochmanski in [81], 
where among others a variant of Prop. 3.5 is stated. The notion of a strong 
coding has been defined by Bruyere et al. in [12]. Thm. 3.1 is the main result 
of [33]. It answers a question of the former paper and solves the problem 
above for strong codings. However, the decidability for codings is still open, 
some partial results and conjectures are in [11, 33]. 

4. Recognizable trace languages 

4.1 Basic facts about recognizable and rational sets 

Let M be a monoid with the unit element 1, a subset T of M is said to be 
recognizable if there exists a homomorphism ." from M to a finite monoid 
S such that T = .,,-l(F} for some subset F ~ S. We also say that the 
homomorphism." recognizes T. 

For a monoid M, an M -automaton A = (M, Q, 6, qo, F) consists of a fi
nite set Q of states, an initial state qo E Q, a subset F ~ Q of final states, and 
a transition function 6 from Q x M to Q satisfying the following conditions: 

VqEQ 6(q, 1) = q, 

6(q, mlm2) = 6(6(q, mt}, m2). 

The subset T of M recognized by the automaton A is defined by 

T= {m E M 16(qo,m) E F}. 
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Let T ~ M be any subset. The syntactic congruence =T ~ M x M is 
defined by setting x =T y if for all u, v E M we have uxv E T ¢=:::} uyv E 

T. The quotient monoid M/=T is called the syntactic monoid of T. The 
canonical homomorphism M -+ M/=T recognizes T. If cp : E* -+ M is 
a surjective homomorphism, then the syntactic monoids of T ~ M and of 
cp-l(T) ~ E* are isomorphic (via cp). We have a classical result: 

Proposition 4.1. Let cp : E* -+ M be a surjective homomorphism onto a 
monoid M and T ~ M. Then the following assertions are equivalent. 

i) The set T is recognizable. 
ii) The syntactic congruence =T is of finite index. 
iii) There exists an M-automaton recognizing T. 
iv) The set cp-l{T) is a recognizable (or regular) subset of E*. 

The family of recognizable sets is denoted by Rec(M). It is a Boolean al
gebra. The family of rational sets, denoted by Rat{M), is inductively defined 
by starting from the finite subsets of M and the closure under the operations 
of union Xu Y, concatenation X . Y = {xy E M I x E X, Y E Y}, and iter
ation (or Kleene-star) X* = Ui>o Xi, where XO = {I} and Xi = X(i-l) . X 
for i 2:: 1. -

If we replace the iteration-operation by complementation, we obtain the 
family of star-free sets, denoted by SF(M). 

For finitely generated free monoids Kleene's Theorem asserts Rec{E*) = 
Rat{E*); and we can speak of regular languages without ambiguity. Due 
to Schiitzenberger, the star-free languages SF{E*) have been characterized 
by the fact that they are recognized by some finite aperiodic monoid. (A 
finite monoid S is aperiodic if and only if there exists some p 2:: 0 such that 
xP+1 = xP for all XES.) For example, the language (ab) * ~ {a, b} * is star
free (!), the language (aa)* ~ {a}* is not star-free. The commutative closure 
of the star-free language (ab)* is the non-regular, context-free language {w E 

{a, b}* Ilwla = Iwlb}. 
The rational subsets of the free commutative monoid NE are exactly the 

semi-linear sets. There are semi-linear sets, which are not recognizable: Con
sider (ab)* ~ N{a,b}. 

Star-free trace languages are recognizable by Cor. 4.1 below. For a trace 
monoid M = M{ E, I) we therefore have the following situation with strict 
inclusions, in general: 

SF(M) ~ Rec(M) ~ Rat(M). 

4.2 Recognizability and rational operations 

A rational expression over words or traces is called star-connected, if the 
Kleene-star is used over connected languages, only. Let X ~ E* (X ~ 
M( E, I), resp.) be a languages. A word t (trace t, resp.) is called an iter
ative factor of X, if ut*v ~ X for some u, v. 
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Remark 4.1. If all iterative factors of X are connected, then every rational 
expression for X is star-connected. Indeed, if the star is used over some word 
or trace t inside the expression for some rational language L, then t becomes 
an iterative factor of L. 

Another operation for trace languages is called concurrent-star (or c-star 
for short). It is in fact the composition of two operations. For a language 
X we define X c-* to be the Kleene-star (c(X))*, where c(X) is the set of 
connected components: 

c(X) = {u E M(E,I) I u is connected, u i= 1 and 3v : uv E X, ulv}. 

Thus, xc-* is the Kleene-star over the connected language of all con
nected components. 

The family of c-rational trace languages is defined as the rational sets, but 
instead of the Kleene-star we allow the c-star operation, only. The following 
assertion is Ochmanski's Theorem. 

Theorem 4.1. Let cp : E* --+ M(E, I) be the canonical homomorphism and 
T ~ M( E, I) be a trace language. Then the following assertions are equiva
lent. 

i) T is recognizable. 
ii) There exists a rational language X ~ E* such that every iterative factor 

of X is connected and cp(X) = T. 
iii) T is star-connected. 
iv) T is a c-mtional language. 

Proof. The implication i) =} ii) follows from Lem. 4.1 below. 
ii) '* iii): As we have remarked above, if every iterative factor is connected, 
then X is star-connected. 
iii) '* iv): Every star-connected expression is also a c-rational expression. 
iv) '* i): It remains to show that recognizable trace languages are closed un
der taking connected components, concatenation, and the Kleene-star over 
connected languages. The closure under taking connected components is triv
ial. The closure under concatenation is stated in Cor. 4.1, and the closure 
under Kleene-star over connected languages is stated in Cor. 4.2. In order to 
establish these results we shall use below the notion of rank as a tool. 

Remark 4.2. In Thm. 6.1 we will see that, in addition to the equivalences 
above and just as for words, recognizable trace languages can also be char
acterized by monadic second-order logic. 

4.3 The rank 

The rank is defined with respect to a fixed independence relation I ~ E x E. 
Let X ~ E* be a subset of words and x, y E E*. By Cor. 2.3 we have xy E X 
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if and only if there are xo, Yo, ... ,Xn, Yn E E* such that XoYo ... XnYn EX, 
[x] = [xo'" xn], [y] = [Yo'" Yn], and xiI(YHl ... Yn) for 0 :S i < n. For xy E 
X we define Rank(x, y, X) to be the least number n such that a factorization 
as above is possible. The rank of the language X is 

Rank(X) = ma.x{Rank(x, y, X) I xy E X} 

(with the convention Rank(0) = 0). 
We say that X has a finite rank, if there exists an integer k such that 

Rank(X) = k. 
For example, if we assume that alb then, considering the set of couples 

{(an,bn) In;::: O}, we see that Rank«ab)*) is infinite. The rank of a*b* is 
one. 

Remark 4.3. A subset X of E* has a rank equal to 0, if and only if for all 
couples (x, y) of words such that xy E X, there exist two words x', y' such 
that x' y' EX, x rv x', and Y rv y', where rv is a shorthand of rv I. 

Theorem 4.2. If a regular subset X of E* has a finite rank, then [X] is 
recognizable. 

Proof Let T = [Xl, we prove that the family {u-lT I u E M(E,I)} is finite. 
Let k be the rank of X. Let TJ be a morphism from E* to a finite monoid 

S recognizing X (Le., X = TJ-l(TJ(X))) such that in addition 

TJ(u) = TJ(v) implies alph(u) = alph(v). 

Clearly such an TJ exists. Define a finite set R(u) for u E M(E, 1) as follows 

R(u) = {(so, ... ,Sk) I u = [xo" 'Xk], Si = TJ(Xi), Xi E E*,O:S i:S k}. 

. • ISI(k+l) Note that the number of dIfferent R(u) IS bounded by 2 . We prove that 
if R(u) = R(u'), then u-lT = u'-lT. For this assume that R(u) = R(u') and 
uv E T. We prove that u'v E T. Let x, Y E E* be words such that [x] = u, 
[y] = v; the set X has a finite rank equal to k and xy E X. Thus, for some 
Xi, Yi, ° :s: i :s: k we have 

X rv XOXl ... Xk, 
Y rv YOYl ... Yk, 

XOYOXlYl ... XkYk E X, 
xjIYi for all i < j. 

As the morphism TJ recognizes X, 

TJ-l(TJ(XOYOXlYl" 'XkYk)) ~ X. 

Let a = TJ-l(TJ(XOYOXlYl ... XkYk)). Since xjIYi for all i < j we can deduce 

a T7- l (TJ(XOXl " . XkYOYl ... Yk)) 

= TJ-l(TJ(xO)TJ(Xl)'" T7(Xk)TJ(YOYl'" Yk)). 
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Let x' E E* such that [x'] = u' and x' admits x~, ... ,xk as a decomposition 
verifying 77(xh) = 77(XO), ... , 77(xk) = 77(Xk). This is possible due to R(u) = 
R(u'). Now 

77-1(77(X~)77(xD··· 77(Xk)77(YOYI ... Yk» = 77- I(77(XOXI ... XkYOYl··· Yk)). 

Using the fact that 77 is compatible with alphabets we obtain 

a 77-I(77(X~YOX~YI·· ·XkYk»). 

Finally, since a ~ X we have xhYOX~Yl ... XkYk E X and thus u'v E T. 

Remark 4.4. Let us note that the converse of this theorem is false. For E = 
{a, b} with alb, the closure of the set of words X = (ab)* . (a* U b*) is 
recognizable, since X = {a, b} *, but the rank of X is not finite. 

Proposition 4.2. Given two sets of words Xl and X 2 , if they are closed, 
then the rank of the concatenated language X I X 2 is at most 1. 

Proof Let xy E X 1X2 , by definition we have xy rv XIX2 with Xl E Xl and 
X2 E X 2. Applying Levi's Lemma there exist x~,x~,xr,x~ E E* such that 

As Xl and X2 are closed we have x~x~ E Xl and xrx~ E X 2. Thus 
x~x~xrx~ E X I X2 and the rank of X I X2 is at most 1. 

Corollary 4.1. The family of recognizable trace languages is closed under 
concatenation. 

Proposition 4.3. Let X be a set of connected woms. If it is closed, then the 
rank of X* is finite. 

Proof We show that the rank of X* is bounded by 21EI. Let xy E X*. By 
Cor. 2.3 we may write: 

X tv PI··' Pn, 
Y tv ql ... qn, 
qil(Pi+1 ... Pn) for 1 ~ i < n, 
(Piqi) E X for 1 ~ i ~ n. 

Consider an index i such that Pi =1= 1 =1= qi' Since Piqi is connected, there 
exist letters ai E alph(Pi) and bi E alph(qi) such that (ai, bd E D but 
biI(pi+l ... Pn). It follows that the letters bi are pairwise distinct. Hence there 
are at most 1171 indices such that Pi =1= 1 =1= qi. Next we group the factors with 
index i where Pi = 1 or qi = 1 into blocks. Note that every block belongs to 
X*. Therefore, for some k ~ lEI we can rewrite X and Y as follows. 
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x '" rOPlrl ... Pkrk, 
y '" SOqlSI ... qkSk, 
SiI (Pi+1ri+1 ... Pkrk) 
qiI(ri+1 ... Pkrk) 
ri,si E X* 
(Piqi) EX 

for 1 ::; i < n, 
for 1 ::; i < n, 
for 0 ::; i ::; n, 
for 1 ::; i ::; n. 

We obtain the claim about the rank by roso(Plqt}rlSl'" (Pkqk)rksk E X*. 

By Thm. 4.2 and Prop. 4.3 we obtain the following missing piece of in the 
proof of the implication Thm. 4.1, iv) => i). 

Corollary 4.2. Let T be a recognizable tmce language which is connected, 
then T* is recognizable. 

4.4 Recognizability and the lexicographic normal form 

Consider a total order on the alphabet and the set of lexicographic normal 
forms of traces LexNF. Recall that if T ~ M(17, I) is recognizable and if 
cp-l(T) denotes the set of representing words, then X = cp-l(T) n LexNF is 
a recognizable word language with T = [Xl. 

Lemma 4.1. Let X ~ LexNF be a regular language. Then every itemtive 
factor of X is connected. In particular, [Xl ~ M(17, I) is a recognizable tmce 
language. 

Proof We show a stronger assertion: Let w E LexNF such that w2 E LexNF 
(this condition holds for every iterative factor of X), then w is a connected 
word. 

Let t = [wl E M(17,I) and assume by contradiction that t is not con
nected, i.e., t = uv with u =f. 1, v =f. 1, and ulv. Then, assuming the first 
letter from w being from u, we can factorize w such that 

w alXla2X2a3X3a4X4···an-lXn-lanXn, 

u = alxla3x3'" akXk, 
v a2X2a4X4 ... amXm 

with ai E 17, Xi E E*, {k,m} = {n-l,n}, and m = n, ifn is even and k = n 
otherwise. Moreover, due to uIv we have al < ... < an. 

Since w2 E LexNF, all factors of w2 belong to LexNF, too. Hence, if n 
is even, then amxmal E LexNF. If n is odd, then n ~ 3 and akxkalXla2 E 
LexNF. In the first case, we have al < am and (amxm)Ial; in the second 
case, we have a2 < ak and (akxkalxt}Ia2. Hence, a contradiction follows in 
both cases. 

Note that Lem. 4.1 implies i) => ii) of Thm. 4.1. The following statement 
is a corollary. It is also a consequence of Thm. 6.1 below which will be shown 
below without using results from this section. 
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Corollary 4.3. For a trace language T ~ M(17,I) let Min(T) = {x E 

LexNF I [x] E T}. Then T is a recognizable trace language if and only if 
Min(T) ~ E* is regular. 

4.5 The star problem and the finite power property 

The star problem is to decide for a given recognizable trace language T ~ 
M(E, I) whether T* is recognizable. It is not known whether the star problem 
is decidable. There is a close connection to the finite power property (FPP). 

A language T ~ M( 17,1) is said to satisfy FPP, if T* = (T U {I}) k for 
some k 2 O. We say that FPP is decidable on M(17, I), ifFPP for recognizable 
languages of M(E,1) is decidable. 

If a recognizable language T satisfies FPP, then T* is recognizable, too. 
The converse need not be true, e.g., let 0 -I r ~ L'. Then r* ~ M(17, I) is 
recognizable, it is even star-free, but r does not satisfy FPP. 

Theorem 4.3. [87] If the independence alphabet (17, I) does not contain any 
C4 (cycle of four letters) as an induced subgraph, then both, the star problem 
and the finite power problem are decidable. 

Remark 4.5. Thm. 4.3 applies to free commutative monoids. Note however 
that for commutative monoids the star problem and FPP are questions about 
semi-linear sets (or equivalently questions which can be formulated in Pres
burger arithmetic), hence the decidability is also clear from classical results, 
[43,55]. 

Both, the star problem and FPP are semi-decidable. For FPP this is 
clear, simply compute Tk until Tk ~ Tk-l, k ~ 1. For the star problem, 
the existence of a semi-algorithm to this problem is a consequence of the 
following fact: 

Proposition 4.4. Let T ~ M(E, I) be a recognizable trace language. Then 
T* is recognizable if and only if there exists a recognizable language K ~ 
M(17, I) \ {I} such that both K2 ~ K and (K \ K2) ~ (T \ {I}) ~ K. 
Moreover, if such a K exists, then K = T* \ {I}, and K \ K2 is the minimal 
set of generators for T* . 

A semi-algorithm to decide the star problem computes all K, patiently, 
one after the other, testing each time the three inclusions K2 ~ K and 
(K\K2) ~ (T\ {I}) ~ K. 

Let X ~ E*. If X possesses the finite power property in 17*, then [X] 
possesses the finite power property in M(17, I). This implication may not be 
reversed, in general: 

Example 4.1. Let 17 = {a, b}, alb, and X = (a2 )* + (b2 )* + ab + ba. This set 
does not possess the finite power property, since for all integer n, the word 
(ab)n belongs to xn but not to Xi for all i < n. Nevertheless, the subset [X] 
of M(E, 1) verifies [X]* = [X]3. 
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The basic relation between the star problem and FPP is due to the fol
lowing proposition: 

Proposition 4.5. Let T ~ M(17, I) be recognizable and let b be a new letter. 
Define K = T·b+ ~ M(17, I) xb*. Then the following assertions are equivalent 

i) T satisfies the finite power property. 
ii) K satisfies the finite power property. 
iii) K* is recognizable. 

Proof Without restriction we have 1 E T. Clearly, ifT* = Tk for some k ::::: 0, 
then we have Kk+l = Kk. This proves i) => ii) => iii). 
For the converse observe that if xbk E K* with x E M(17, I), k ::::: 1, then we 
must have x E T k' for some k' ~ k. (In fact x E Tk, since 1 E T.) Now assume 
that K* is recognizable. By the pumping lemma for regular languages (uvw
Theorem) there exists some n ::::: 0 such that whenever xbm E K* we find 
some k ~ n with xbk E K*. As we have just seen this implies x E Tk ~ Tn, 
and hence T* ~ Tn. 

As a final result of this section, let us show that FPP is decidable for 
connected languages. For this we recall the notion of distance function on 
automata. A path in the automaton A is a sequence C = (ft, ... , fn) of 
consecutive transitions fi = (qi, ai, qi+t), 1 ~ i ~ n. The integer n is called 
the length of the path C. The word w = al ... an is the label of C. The state 
ql is the origin of the path and the state qn+l its end. By convention, there 
is for each state q E Q a path of length 0 from q to q. Its label is the empty 
word 1. A path C from q to q' is successful if q is an initial state, q' is final, 
i.e., q E Qo and q' E F. The set recognized by A, denoted by L(A) is defined 
as the set of labels of successful paths. 

A distance automaton (A, d) is a pair where A = (17, Q, Ll, Qo, F) is a 
non-deterministic automaton and d is a distance function 

d: Q x (17U{l}) x Q -+ {0,1,00} 

satisfying for all (q,a,q') E Q x (17U{l}) x Q the property d(q,a,q') = 00 if 
and only if (q, a, q') ¢ Ll. 

n 

For a path C, we note d( C) = L d( qi, ai, qi+ d. The function d is extended 
i=l 

on Q x 17* x Q by : d(q, w, q') being the minimum of the d(C) over all paths 
C from q to q' labeled by w. If there does not exist such a path, we set 
d(q, w, q') = 00. 

A distance automaton (A, d)) is called limited in distance, if there exists 
an integer k such that for all w E L(A) we have d(q, w, q') ~ k for some 
q E Qo and q' E F. 

The following result of Hashiguchi [59J will be used. 

Theorem 4.4. It is decidable whether a finite distance automaton (A, d) is 
limited in distance. 
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As in the word case this theorem can be used for the following assertion. 

Theorem 4.5. Let T be a recognizable subset ofM(E, J) such that each trace 
of T is connected. Then it is decidable whether T possesses the finite power 
property. 

Proof From Corollary 4.2 we know that T* is recognizable. We describe a 
finite distance automaton recognizing T* and having limited distance if and 
only if T* has the finite power property. 

To simplify notations we use a finite monoid 8 recognizing at the same 
time T and T*, and where moreover the elements of 8 code the alphabet. 
Thus, we let 'f/ be a homomorphism from M(E, J) onto 8 such that 

- T = 'f/-1('f/(T)), 
- T* = 'f/-1('f/(T*)), 
- and 'f/(u) = 'f/(v) implies alph(u) = alph(v). 

Note that 'f/(T* \ {I}) = 'f/(T*) \ {I} due to the assumptions above. We 
now give the description of the automaton. The states are tuples of various 
length (so, S1,"" S2m) E 8 2m+! with m :S n, where n = lEI. Furthermore we 
have Si E 'f/(T*), if i is even. The Si, where i is odd, are called active elements. 
There is a single initial state (1) where 1 E 8 denotes the unit element. 

There are two sorts of f-transitions. 

- The first one has distance zero and is always allowed if m < n. For any 
o :S i :S 2m we may perform the following operation 

This transition creates a new active component. 
- The other f-transition has distance one; it decides that an active compo

nent is not used anymore, since a factor is completed. For Si E 'f/(T), i odd, 
we may perform with distance one: 

Thus, with distance one a (2m + I)-tuple is transformed into a (2m -1)
tuple. Now we describe the action of a letter. Let a E E; there are two types 
of transitions. If i is odd and a is independent of the alphabets corresponding 
to Sj where i < j, then we may perform: 

reading a change (so, ... , Si,"" S2m) to (so, ... , Si . 'f/(a), ... , S2m)' 

This transition has distance zero. 
For i even, we allow the same transformation, if a is independent of the 

alphabet corresponding to Sj where i < j and if, in addition, 'f/(a) E 'f/(T). In 
this case the transition has distance one. 

The final states are the I-tuples (so) with So E 'f/(T*). 
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To see the correctness of this construction, observe first that when there 
is a path with label t from the initial to a final state with distance k then 
t E Tk. Conversely, we have to prove that if t E Tk then there is a path 
with distance k labeled with t starting at (1) and ending in some (so) with 
So E 'T/(T*). 

Let t = uv E Tk, we can write U = UI" 'Uk, v = VI" ,vk such that 
UiVi E T, UiVi oj:. 1, and vJUj for all i < j. We call the index i active 
when Ui oj:. 1 and Vi oj:. 1. At most n indices can be active, since T is a 
connected language. Hence, if m is the number of active indices, we have 
m ::; n. Let d = I{vi I Vi = 1}1· The set {Vi I Vi = I} contains the factors 
which are completed. We group the corresponding neighboring Ui together 
into one factor, including those Ui where Ui = 1, and we rename them as 
Ui with i even. We rewrite U = UOUI ... U2m such that UI, U3, U5, ... agree 
with the active Ui from the old factorization. It follows that the Ui, i even, 
are products such that 'I/(Ui) E 'T/(T*). Now, using an induction on lui one 
proves that reading U we may reach the state ('I/(Uo) , 'I/(UI), ... , 'I/(U2m)) with 
distance d. At the end of this procedure there are no active components 
anymore, hence m = 0, d = k. The result follows. 

4.6 An algorithm to compute closures 

Let (E,I) be an independence alphabet. Given two words x and Y of E*, 
the I-shuffle of x and y, denoted by xllIry, is the set of words of the form 
XIYI ... XnYn with x = Xl ... Xn, Y = YI ... Yn , Xi, Yi E E* for all 1 ::; i ::; n, 
and xjIYi for all 1 ::; i < j ::; n. The inclusion XIIIIY ~ {x· y} is straightfor
ward. The I-shuffle is extended to sets by 

XIII1Y = U{XIIIIY I X E X, Y E Y}. 

Remark 4.6. The standard shuffle operation III on words can not be ex
pressed with the I-shuffle. We have bab E abIIIb, but never bab E abIIIlb, 
since (b, b) ~ I. On the other hand: 

xilly = XIIIIY for all xIy. 

We will apply the I -shuffle mainly to closed languages. Then the I-shuffle 
becomes more powerful. 

Lemma 4.2. For all x, Y E E* we have x . Y = XIIIIY' 

We are now ready to define the procedure P. This procedure adds to X 
the words belonging to the sets: 

zo(xlIIIIYI)ZI ... Zn-l (XnIIIIYn)Zn 

where ZOXIYIZI ... Zn-IXnYnZn E X, Xi, Yi E E+, Zo, Zi E E* for all 1 ::; i ::; 
n,n:::: O. 
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There is no need to emphasize the factors Zi explicitly. Observing that 
{ Zi} = Zi IIlJ 1 and allowing the factors Xi (and/or Yi) to be the empty word 
we obtain a more compact notation. Formally, let X be an element of E*, 
then we define: 

P(X) = {y EEl Y E (xdIIIYl) ... (XnIIIIYn) 
x = XlYl·· ·xnYn, Xi,Yi E E*, 1 :S i:S n}. 

The definition of P is extended in a natural way to a set X of words by 

P(X) = U P(x). 
xEX 

For example, let a and b be two letters such that alb. We have 

P(a*b) = 

P({abab}) = 

p 2 ( {abab}) 

a*ba* , 

{abab,baab,abba,aabb,baba}, 

P({abab}) U {bbaa} = {abab}. 

Due to the definition of P, for every set of words X we have P(X)UP(Y) = 
P(X U Y), P(X) . P(Y) ~ P(X· Y), and (P(X))* ~ P(X*). If X = X*, 
then we have P(X) = (P(X))*. 

Moreover, we have X ~ P(X) ~ X, and X = P(X) if and only if X = X. 
Note also that for any word x = al··· anan+b the n-fold application pn 
computes the closure of x: 

(The exponent n is an overestimation, Cor. 4.4 below yields that a flog n 1-
fold application is enough in order to compute the closure of a word of length 
n.) We have 

X = U pi(X) = P*(X). 
i~O 

Remark 4.7. The procedure P is a modification of the procedure S intro
duced by Metivier [74] The procedure S adds to X the words belonging to 
the sets: 

(xlIIIYl) ... (xnIIIYn), 

where XlYl ... XnYn E X and for all i we have alph(xi) x alph(Yi) ~ I. The 
relation between both procedures is as follows: 

X ~ SeX) ~ P(X) ~ SIEI(X) ~ pIEI(X) ~ X. 

Theorem 4.6. If X is recognizable, then P(X) is recognizable. 
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Proof. Let fJ : E* ~ S be a homomorphism onto a finite monoid S recog
nizing X, i.e., X = fJ-l(7J(X)). As usual, we may assume that fJ(x) = 7J(Y) 
implies alph(x) = alph(y) for all X,y E E*. Thus, for pES we define by 
alph(p) = alph(x) where p = fJ(x). Define the state set Q = S x S. We allow 
E-transitions and two types of a-transitions, a E E. 

8((p, q), 1) (pq, 1) 
8((p,q),a) = (p,q7J(a)) 
8((p, q), a) = (pfJ(a) , q) 

for all (p, q) E Q, 
for all (p,q) E Q, a E E, 
for all (p,q) E Q, a E E, alph(q) x {a} ~ I. 

The initial state is (1, 1) and the final states are the pairs (p, 1) with p E fJ( X). 
It is not difficult to see that the automaton just defined recognizes P(X). 

The following example is due to Arnold. It shows that every finite iteration 
of P may fail to compute the closure of a recognizable set even when its closure 
is recognizable: 

Example 4.2. Let E = {a,b} with alb, and X = (ab)*({l} U a+ U b+). We 
have X = E*, and by induction, we can prove that a3n+1 b3n+1 rf. pn(x) for 
all n 2: O. Thus, for each integer n we have pn(x) =1= X. 

Remark 4.8. This behavior above is not a particular failure of the procedure 
P. In fact, let for a moment P : P(E*) ~ P(E*) be any procedure satisfying 
the following properties: 

I p(X U Y) = p(X) U p(Y), 
II X ~ p(X) ~ X, 
III If X is recognizable, then p(X) is recognizable. 

Then possibly pn(x) =1= X for all n, even when X and X are recognizable. 
Indeed, assume that for E = {a, b} with alb we would have 

pn((ab)*( {I} U a+ U b+)) = E* for some n E N. 

Then pn((ab)*) U pn((ab)*(a+ U b+)) = E* due to 1. By II we obtain 
pn((ab)*) = {w EEl Iwl a = Iwlb}. Finally the latter set would be rec
ognizable by III, hence a contradiction. 

We deduce from the previous remark that neither P nor any other pro
cedure satisfying I, II, and III provides us with a semi-algorithm to compute 
the I-closure on the class of recognizable languages. However, the following 
results show that we can use the procedure P to compute closures in the 
cases described in previous sections. 

Proposition 4.6. Let (E, I) be an independence alphabet. For all I -closed 
subsets XI, X2 of E*, we have: 

Proof. This follows from Lem. 4.2. 
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Corollary 4.4. Let (E, I) be an independence alphabet and Xl!"" Xn be 
I -closed subsets of E*. Then we have: 

Xl" ,Xn = prlognl(XI ·· ·Xn). 

Theorem 4.7. Let (E, I) be an independence alphabet and weE, I) be the 
maximal number of pairwise independent letters. Let X be any I -closed subset 
of E* containing connected words, only. Then we have: 

X* = p 21L'lw(L',I) (X*). 

Proof Let WI! • •• , Wm E X \ {I} be a list of m non-empty words, and w E 

E* such that W E [WI'" WmJ. Each Wi can be identified with a (scattered) 
subword Wi of w. More precisely, let n = Iwi and W = a(I)··· a(n) with 
a(j) E E. We say that a position j with a = a(j), I :::; j :::; n belongs to Wi, if 

IWI" ,wi-Ila < la(I)·. ·a(j)la:::; IWI" 'Wi-IWila' 

For each Wi let first(i) (last(i) resp.) be the first (last resp.) position belonging 
to Wi. This yields an interval 

int(i) = [first(i),last(i)] ~ {I, ... ,n}. 

The crucial observation is due to the fact that all words of X are connected. 
As it can be seen from the proof of Prop. 4.3 (or be shown directly) there is 
no position j where more than lEI intervals intersect: 

I{i I j E int(i)}I :::; lEI for alII:::;j:::; n. 

We now use at most lEI values blue, green, red, etc. in order to give a 
first coloring of w. We demand that positions belonging to the same Wi have 
the same color and in addition that the colors of Wi and Wj are different if 
int(i) n int(j) =f. 0 for all i =f. j. We need in fact a finer coloring (or a second 
coloring). To define this consider a certain color, say red. Let Wil'" . , Wi r , 

I :::; i l :::; ... :::; iT :::; n be the list of red subwords. We define a graph Cered) = 
(V(red), E(red» with vertex set V(red) = {I, ... , r} and pq E E(red) if and 
only if p < q but first(ip) > last(iq ). Since the intervals of the red subwords 
do not intersect, Cered) is a permutation graph. Hence it is a perfect graph 
and its chromatic number is equal to the cardinality of its largest clique. A 
clique in Cered) however corresponds to pairwise independent subwords. This 
is clear, since pq E E(red) implies alph(wip ) x alph(Wiq ) ~ I. Therefore at 
most weE, I) different shades of red suffice such that p and q have different 
colors for all pq E E(red). In total we need at most IElw(E, I) colors such 
that the following invariant is satisfied: 

Whenever i =f. j and int(i) n int(j) =f. 0 or i < j and first(i) > last(j), 
then i and j have different colors. 
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Finally, we mark a color, if all subwords having this color are factors of 
w, i.e., for all subwords Wi of a marked color it holds lint(i)1 = IWil. Now let 
k be the number of unmarked colors, k ::; 117lw(17,I). 

Since X is I-closed and we are interested in X* , it is enough to prove by 
induction on k that for some permutation (J' of {I, ... , m} we have 

wE p2k(W(1(1) ... W(1(m)). 

If all colors are marked, i.e., k = 0, then we have W = W(1(l) ... W(1(m) and 
the claim is true. Let k > 0. Since X is I-closed we may henceforth assume 
that Wi = Wi for all i. We define a new word w' by grouping the subwords 
with color k into factors. Assume that color k is purple (viewed as a shade 
of red). Then formally, let Wil' ... ' Wip be the list of all purple subwords in 
w, listed from left to right as they appear in w. Write W = Ui ... up such 
that each uq contains exactly one purple subword Wi'l' 1 ::; p and such that 
the first letter of each U2, ... ,up is purple too. Let u~ (u~, resp.) denote the 
scattered subword of uq containing the positions belonging to Wi, . .. ,Wiq-i 
(Wi'l+1' ... ' Wm, resp.). Then uq E [U~Wiq u~l and more precisely 

uq E (U~II1IWiq)II1IU~. 

Next, we define 
I (' ") (' ") W = uiWil Ui ... UpWipUp . 

Clearly, W E p2(w' ). Moreover, w' E [Wi··· wml and the same coloring being 
inherited from W satisfies the invariant above. (This is the main point of the 
proof. It is not totally obvious since in w' there may be new intersections of 
intervals.) Now the color k (= purple) can be marked. Hence, by induction 
w' E p2(k-i) (W(1(l) .. ·W(1(m)) for some permutation (J'. The result follows 
from 

wE p2(p2(k-i) (W(1(l) ... W(1(m))) ~ p2 IE1w(E,I)(W(1(l) ... W(1(m))). 

Corollary 4.5. Let X be a recognizable set of words such that all its itemtive 
factors are connected or, more geneml, let X be star-connected. Then there 
exists an integer n such that pn(x) = X. 

Proof. This can be seen by structural induction over the star-connected ex
pression for X using Cor. 4.4 and Thm. 4.7. 

Corollary 4.6. Let M(17, I) be a trace monoid. There exists an integer n 
such that for each subset X of 17* containing Min([X]) we have pn(x) = x. 

Proof By Lem. 4.1 all iterative factors of the set of lexicographic normal 
forms LexNF are connected. By Cor. 4.5 there is an integer n such that 
pn(Min([x])) = x for all x E 17*. Hence pn(x) = X, if Min([X]) ~ X. 

The hypothesis Min([X]) ~ X is not always necessary. 
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Example 4.9. Let E = {a, b} with alb and a < b. Let X = b+ a+. Then 

X = P(X) = b+III/a+ = E* \ (a* U b*) 

is recognizable. But Min(X) = a+b+ (and hence Min(X) n X = 0). 

4.7 Bibliographical remarks 

The investigation of recognizable subsets is central in the theory of traces. The 
closure under concatenation has been shown by Fliess [46], a much simpler 
proof for this result has been given by Cori and Perrin [21]. The recogniz
ability of star-connected languages, Cor. 4.3, has been independently proved 
by Clerbout (for semi-commutations) [15], Metivier [72], and by Ochmanski 
[80]. The notion of iterative factor is from [71]. The notion of rank has been 
introduced by Hashiguchi [60] thereby allowing to shorten some proofs. The 
closure properties can also be deduced from logic, see [34, Chapt. 10] for 
details. Lem. 4.1 is from [80] j for a generalization to concurrency monoids 
see [36]. A straightforward proof of Cor. 4.3 by monadic second order logic 
(without involving c-rational operations) has been independently given by 
Courcelle [22]. 

The relation between the star problem and FPP in Sect. 4.5 is due to 
Richomme [87]. Preliminary results are shown in [49]. 

The procedure P has been defined first in a technical report being the 
basis of [76] where the results are shown with respect to the procedure S. 
This procedure is originally from the thesis [74], see also [25, Problem 246). 
Thm. 4.7 is a positive answer to this problem and Cor. 4.6 leads to another 
proof for showing that star-connected languages are recognizable. 

5. Rational trace languages 

This section contains some characterization- and decidability results about 
rational trace languages known in the literature. Due to the lack of space 
we deal with some few topics, only. In particular we do not speak about any 
counting techniques. 

5.1 Unambiguous languages 

Definition 5.1. A trace language T ~ M(E, I) is called k-sequential, k ~ 
1, if there is a regular word language L ~ E* such that c.p( L) = T and 
1c.p-l(t)nLI :::; k for all t E T. The family of k-sequentiallanguages is denoted 
by Ratk(M). 
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It is clear from Cor. 4.3 that every recognizable trace language is 1-
sequential. The inclusion Ratk(M} ~ Rat(M} is trivial for all k ~ 1. It has 
been shown by Bertoni, Mauri, and Sabadini [6] that the following inclusions 
are proper for some independence alphabets: 

Rec(M) ~ Ratl(M} ~ Rat2(M} ~ ... ~ U Ratk(M) ~ Rat(M). 
k~l 

Example 5.1. Let (a, b) E I, then (ab)* ~ M(E,I) is I-sequential but not 
recognizable. 

Example 5.2. Let (E,I) = a-b-e. Then the language T = (ab)*e*Ua*(be)* 
is 2-sequential but not I-sequential. Clearly, T is 2-sequential. We sketch 
the proof for the fact that T is not I-sequential. Assume by contradiction 
that there exists a regular language L ~ {a, b, e} * such that cp( L) = T and 
Icp-l(t) n LI = 1 for all t E T. Consider a deterministic finite automaton 
accepting L. Replace all b-transitions by f-transitions. In this way we obtain 
an automaton A accepting a*e*. (Note that this automaton has no f-Ioops on 
accepting paths.) By the property of L there exists for amem, m ~ 0 exactly 
one accepting path in A, for amcn, m 1= n there are exactly two. Based upon 
a product automaton construction for A one can show that the following 
language is regular: 

{W E a* c* 1 there exists more than one path of A accepting w } 

We obtain a contradiction since {amen 1 n 1= m} is not regular. 

Definition 5.2. The unambiguous rational operations are defined by the fol
lowing restrictions of the rational operations. 

- The union X U Y is allowed only if X n Y = 0. 
- The concatenation X . Y is allowed only if for all x, x' EX, y, y' E Y the 

equality xy = x' y' implies x = x' and y = y'. 
- The Kleene-star X* is allowed only if X is the basis of a free monoid, i.e., 

only if Xl· .. Xm = Yl ... Yn with Xi, Yj E X, 1 ::; i ::; m, 1 ::; j ::; n implies 
m = n and Xi = Yi for alll ::; i ::; m. 

The family of unambiguous rational languages, UR(M), is the closure of the 
set of finite languages under unambiguous rational operations. 

It is a classical result that regular languages are unambiguous rational. 
From this statement we may derive: 

Proposition 5.1. The family of unambiguous rational trace languages co
incides with the family of I-sequential rational languages, i.e., UR(M) = 
Ratl(M). 
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Proof The inclusion UR(M) ~ Ratl (M) is shown by structural induction. 
For the converse, let T E Ratl (M) and L ~ E* be a regular language such 
that <p(L) = T and l<p-l(t) n LI = 1 for all t E T. Then any unambiguous 
rational expression for L yields an unambiguous expression for T. 

A well-known result of Eilenberg and Schiitzenberger [43J says that semi
linear sets are unambiguous rational. This statement has a generalization: 

Theorem 5.1. We have UR(M(E, I)) = Rat(M(L', I)) if and only if I is 
tmnsitive, i.e., M(L', I) is a free product of commutative monoids. 

Proof. A proof of the if-part by generating.functions is given in [34, Chapt. 5J. 
For the converse let a, b, and c three distinct letters such that (a, b), (b, c) E I, 
but (a,c) tt I. Let T = (ab)*c* Ua*(bc)*. It is shown in Ex. 5.2 that T is not 
I-sequential, hence T E Rat(M(E, I)) \ UR(M(L', I)). 

Theorem 5.2. The family of mtional tmce languages is an effective Boolean 
algebm if and only if (E, I) is tmnsitive. 

Proof For a proof of the if-part see [89J. The other direction is easy and 
shown in the next lemma. 

Lemma 5.1. If (E, 1) is not tmnsitive, then Rat(M(E, I)) is not closed un
der intersection. 

Proof Take three distinct letters a, b, and c such that (a, b), (b, c) E I, but 
(a, c) rf. I. Consider T = (ab)*c* na*(bc)*. We have T = {anbncn E M(L', I) I 
n ~ O}. IfT would be rational, then 1i"a,c(T) ~ {a,c}* would be rational, too. 
However 1i"a,c(T) = {ancn E {a,c}* 1 n ~ O}. Hence, a contradiction. 

5.2 Decidability results 

Consider the following six decision problems, where each instance consists of 
rational trace languages R, T ~ M(E, I). 

- Intersection INT(E, I): 
Question: Does R n T = 0 hold? 

- Inclusion INC(E,I): 
Question: Does R ~ T hold? 

- Equality EQU(E, I): 
Question: Does R = T hold? 

- Universality UNI(L', I): 
Question: Does R = M(E, I) hold? 

- Complementation COM(L',I): 
Question: Is M(E, I) \ R a rational (finite resp.) trace language? 

- Recognizability REC(E, I): 
Question: Is R recognizable? 
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The intersection problem plays a special role. It turns out that it is the 
easiest among the problems above. 

Theorem 5.3. INT(E, D) is decidable if and only if (E, I) is a transitive 
forest. 

The proof of this result is given in [1]. Recall that transitive forests are 
characterized by forbidden induced subgraphs C4 and P4. In particular, every 
transitive independence alphabet (E,1) is a transitive forest. 

Theorem 5.4. If the independence relation I is transitive, then all decision 
problems above are decidable. 

Proof. The decidability of INT(E, I), INC(E, I), EQU(E, I), and UNI(E, 1) 
follows from Thm. 5.2. The answer to COM(E,I) is always "yes" (decidable 
resp.). REC(E, D) is for commutative and free monoids a question about 
semi-linear sets being decidable by Pres burger arithmetic [55]. In [89] it is 
shown that this property is preserved under taking free products of them 
yielding the result. 

Theorem 5.5. If any of the problems 

INC(E,I) , EQU(E,I), UNI(E,1), COM(E,I) , or REC(E,I) 

is decidable, then the independence relation I is transitive. 

Proof. All undecidability proofs for the problems above follow the same 
scheme. This scheme is due to Ibarra [63]' who proved that universality of 
rational transductions from {a, c} * to b* is undecidable. Our notation is bor
rowed from [89]. 

Let us start with the following formulation of the PCP. 

Instance: Two homomorphisms f : A+ ---> B+ and g: A+ ---> B+ 
Question: Does exist some word w E A+ such that f(w) = g(w). 

Let C = AUB be the disjoint union of the two alphabets and M = C* x N. 
Consider the following two languages 

W(f) {(uf(u),n) EM I u E A+,n = If(u)l} 

W(g) {(ug(u),n) EM I u E A+,n = Ig(u)l} 

The complements of W(f) and W(g) are rational languages. This can easily 
be seen by using a non-deterministic two-tape automaton: Assume, we want 
to accept all (x, n) EM not belonging to W(f). (We assume that the number 
n E N is coded in unary on the second tape.) Of course, the automaton is able 
to guess and to check whether x rt A+ B+ or, if x = UV, u E A+, v E B+, but 
n -I If (u) I or v -I n. Thus, we may assume that the input is of the form (x, n) 
where x = ulau2!(Ul)VaW with a E A,UI,U2 E A*, f(udvaw E B+, f(a) -I 
Va, but n = If(Ulau2)1, IVai = If(a)1, and Iwl = If(U2)1. (We put f(Ui) = 1, 
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if Ui = 1, i = 1,2.) The automaton reads non-deterministically Ul on the first 
tape and in parallel it scans If(Ul)1 fields on the second tape. The automaton 
remembers the letter a and proceeds non-deterministically, on the first tape 
only, to the position of the word Va' It checks that, indeed, Va o:J f(a). It now 
accepts, if the rest ofthe input satisfies Iwl = n-Ival-If(udl. Hence, W(f) 
and W (g) are rational languages. 

The following statements are equivalent. 

i) The instance of the PCP has no solution, i.e., f (w) o:J g( w) for all w E A + . 
ii) W(f) n W(g) = 0 
iii) W(f) U W(g) = M(17, J) 
iv) W (f) n W (g) is finite. 
v) W (f) U W (g) is recognizable. 
vi) W(f) n W(g) is rational. 

The implications i) => ii) => iii) => iv) => v) => vi) are trivial. We show vi) => 
i). Assume by contradiction that f(w) = g(w) for some w E A+. The trace 
language w+(f(w))+ x N is recognizable. Now, if W(f) n W(g) is rational, 
then 

W(f) n W(g) n (w+(f(w))+ x N) = {(wn(f(w)t,n 'If(w)l) In 2 I} 

is again rational, since it is the intersection of a rational with a recognizable 
language. However, the projection to the first component yields the non
rational language 

{wn(f(w))n In 2 I} ~ A+ B+ ~ C*. 

Contradiction! So far, we have dealt with the monoid M(17, J) = C* x N. 
Encoding C* into {a, c} *, we see that the results holds for M = {a, c} * x b* 
as well. 

This shows that the problems UNI(17,J) by iii), REC(17,I) by v), and 
COM(17,1) by vi) (by iv) resp.) are undecidable, as soon as J is not transitive. 
A fortiori, (by the undecidability of UNI(17, J)) the problems EQU(17, 1) and 
INC(E, I) are undecidable in this case. 

5.3 Bibliographical remarks 

The presentation of Sect. 5 has been inspired by the work of Bertoni, Gold
wurm, Mauri, and Sabadini [34, Chapt. 5] and by Sakarovitch [89]. The results 
of the present section can be found there. Prop. 5.1 is originally stated in [8]. 
Thms. 5.1 and 5.2 are from [2, 8, 88]. The decision problems of Sect. 5.2 
have been proposed first by Berstel [4, Thm. 8.4] for rational relation. They 
have been considered for trace languages by Gibbons and Rytter [53] thereby 
showing that, up to INT(17, I), the other problems become undecidable for 
the dependence alphabet (17, D) = a - b - c. The decidability of REC( 17, J) 
for a transitive independence relation is due to Sakarovitch [89]. The charac
terization by Thm. 5.3 has been obtained by Aalbersberg and Hoogeboom [1]. 
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6. Dependence graphs and logic 

6.1 Dependence graphs 

So far, a trace has been defined as a congruence class of a word modulo a 
partial commutation. A trace has also a unique representation as a labeled, 
directed, and acyclic graph, defining therefore a labeled partial order or a 
pomset, (partially ordered multiset). We start with an abstract definition. 
Let (17, D) be a dependence alphabet. A dependence graph is (an isomorphism 
class of) a node-labeled acyclic graph [V, E, A], where 

- V is an at most countable set of vertices, 
- E ~ V x V is the edge (or arc) relation such that the directed graph (V, E) 

is acyclic and the induced partial order is well-founded. 
- ). : V -+ E is the node-labeling such that ().(x), ).(y)) E D if and only if 

(x,y) E EuE- l Uidv . 

Remark 6.1. A partial order is called well-founded, if every non-empty set has 
minimal elements. This assumption will become crucial in Prop. 6.1 below. 
However, as long as we deal with finite traces only, well-foundedness has no 
significance. (Hence we can forget about it.) We are more general here, since 
we want a basis which allows to include a theory of infinite traces, c.f. Sect. 8 .. 

The set of dependence graphs is denoted by G(17, D). It is a monoid, the 
empty graph 1 = [0,0.0] is the neutral element and the concatenation of the 
dependence graphs [Vb El , AI] and [V2' E2, ).2] is defined as follows. First, 
we take the disjoint union of labeled acyclic graphs, and then we introduce 
additionally arcs from VI to V2 between all nodes with dependent labels. 
Formally 

[Vb Eb ).1]· [V2' E2, ).2] 

[VlU¥2,EIUE2U{(x,y) E VI x V2 1 ().1(X),A2(Y» E D},).lU).2]. 

Remark 6.2. Let a be any countable ordinal, e.g. a = w, a = w + 1 or a = WW. 

Consider any subset L ~ G(17, D) and let 9 : a --+ L be an arbitrary 
mapping. 

Then we can easily define the ordered product -II g(i) E G(E, D) 
iEa 

as follows. As above, we take the disjoint union of the labeled graphs g( i) 
over all i E a. Then we introduce additional arcs from a vertex x of the graph 
g(i) to a vertex y of g(j) for all i < j and ().i(X) , Aj(Y)) E D. 

We define -La = {II g(i) I 9 : a --+ L is a mapping }. 
iEa 
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In particular, for L ~ G(17, D) the w-product LW ~ G(17, D) is defined. 
According to this definition we have the following situation for subsets con
taining the empty graph: 

In particular: 
LW = L*U(L\{I})W ,iflEL. 

Finite dependence graphs form a submonoid of G(17, D). For a dependence 
graph t = [V,E,>.] and a letter a E 17 let Va = {x E V I >.(x) = a}. This is a 
linearly ordered set, hence a well-order and therefore a countable ordinal. This 
ordinal is denoted by Itla and gives the a-length of t. It leads to a standard 
representation where V = {(a, i + 1) I a E 17,0 ::; i < Itla }. The intended 
semantics is that (a, i + 1) denotes the (i + 1 )-st node of V having label a. 
(The notation i + 1 is used to exclude limit ordinals, it is of no importance 
for the finite case.) We have A(a,i) = a, and «a,i), (b,j)) E E if and only if 
(a, b) ED and i < j. 

Proposition 6.1. The monoid G(17, D) of dependence graphs is left-cancel
lative. Its submonoid of finite graphs is cancellative. 

Proof The result for finite dependence graphs is easily seen from the stan
dard representation. For the general case one may use ordinal arithmetic. 

A letter a E E is given as a on&point graph, labeled with a. Let us denote 
this graph by CPG(a). Then CPG can be extended to a homomorphism 

CPG : 17* -t G(17, D). 

Moreover: CPG(ab) = <PG(ba) for (a, b) E I, since CPG(ab) consists of two nodes, 
one labeled with a the other one labeled with b, and the graph has no edges. 
Thus, <PG factorizes and we obtain a homomorphism 

CPG : M(17, I) --+ G(17, D). 

For t = al ... an E M(E, I), ai E 17 for all 1 ::; i ::; n we have the following 
explicit description of <PG(t). We take any set of n nodes, say V = {I, ... , n}, 
then we label node i with ai and we put (i,j) E E if and only if (ai,aj) E D 
and i < j. 

Proposition 6.2. The monoid of traces M(17, I) can be identified with the 
submonoid of finite graphs of G(17, D). The homomorphism <PG above then 
becomes the canonical homomorphism <p: 17* --+ M(17,I). 

Proof. Let t = [V, E, >'] be a finite dependence graph. Choosing a linear 
order of V which refines the partial order (V, E*), we may assume that 
V = {I, ... , n} with (i, j) E E only if i < j. An easy reflection yields 
CPG(>.(l) ... >'(n)) = t, hence <PG is onto. To see that <PG is injective, let 
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'PIG(U) = 'PIG(V) = [V,E,.x] and (a,b) E D. Consider the set Va,b = {x E 
V I A( x) E {a, b}}. Since (a, b) ED, this is a labeled linear order, which 
can be identified with a word of {a, b} *. From the very definition of 'PIG this 
word is equal to 7l"a,b(U) (where 7l"a,b(U) denotes the projection of U to {a, b }*). 
Hence 7l"a,b(U) = 7l"a,b(V) for all (a, b) ED. Therefore U = v by Prop. 2.1. 

For the rest of this section we deal with finite traces only and we think of 
(E, D) as being fixed. In particular the size of (E, D) is viewed as a constant. 
As we have mentioned above, it is sometimes convenient to identify a trace 
t (or its dependence graph [V, E, AD with its induced labeled partial order 
[V, E* , A]. (Following standard notations E* means the reflexive, transitive 
closure of E.) However, if t is of length n then both [V, E, .x] and [V, E* , A] 
are representations of t of size 8(n2 ), since the dependence graph of an has 
n(n2-1) edges. Hence, often we content ourselves with representing t by its 
Hasse diagram [V, H, A]. In the Hasse diagram all redundant edges have been 
removed. Thus, H <:;:; E is the smallest subset such that H* = E*. In the 
Hasse diagram the in- and out-degree of every node is bounded by lEI. For a 
fixed alphabet it is therefore a representation which is linear in its length. For 
It I = n the Hasse diagram has size 8(n) and it is computable in linear time. 

Example 6.1. Let 

and t [acebdac] 

dependence graph 

Hasse diagramm 

The Hasse diagram allows a nice visualization of factors. We say that U is a 
factor of t, if we can write t = puq for some p, q E M(E, I). Given such a 
factorization t = puq and a representation of t by its Hasse diagram [V, H,.x] 
we can identify p, u and q as a partition of V = P U U U Q. We say that 
U <:;:; V corresponds to some factor in this situation. 

Proposition 6.3. Let [V, H,.x] nV, E, A] resp.) the Hasse diagram (the de
pendence graph, resp.) of a trace and U <:;:; V. Then U corresponds to some 
factor if and only if for all x, y E U every directed path from x to y is entirely 
contained in [U, H n (U xU)] ([U, En (U xU)] resp.). 
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Example 6.2. Let (E, D) as in the previous example. 

t = r~ .................................................... 

The polygon bdc is a factor of t, the dotted rectangle cbc is not. 

Another advantage of the graph interpretation of traces is the existence 
of "visual proofs". Here is such a proof for Levi's Lemma, Prop. 2.2. 

= = 

The independence of rand s is clear since there is neither an arc from y to 
x nor from t to z. 

The proof of Cor. 2.3 is no more difficult: 

= = 

There are no arcs between Pj and qi for i < j. 

6.2 Traces and logic 

Many classical results about first- and monadic second-order logic are ex
tendible from words to traces. Monadic second-order formulae are built up 
upon first-order variables x, y, . .. ranging over elements of V and second
order variables X, Y, ... ranging over subsets of V. There are four types of 
atomic formulae: 

x E X, x = y, (x,y) E E, and 'x(x) = a for a E E. 

We also allow Boolean constants true and false, the logical connectives V, 1\, 
.." and quantification 3, V of first- and second-order variables. A first-order 
formula is a formula without any second-order variable. A sentence is a closed 
formula, i.e., a formula without free variables. Identifying a trace t E M(E, J) 
with its dependence graph t = [V, E,'xJ, every sentence I/! has an obvious 
interpretation over t. Thus, the truth value of t F I/! is well-defined. The 
trace language defined by a sentence I/! is L(I/!) = {t E M( E,[) I t F I/!}. We 
can speak therefore of first-order definability and of second-order definability 
of trace languages. 
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Example 6.3. Let bEE be a letter. The trace (or word) language defined by 
an even number of b is definable in monadic second-order logic. We divide the 
set of positions where a letter b occurs in two disjoint sets X and Y. Then 
we say that between any two different positions of X there is at least one 
position of Y, and vice versa. 

Example 6.4. Let E have a linear ordering and let LexNF ~ E* be the set 
of words which are lexicographic normal forms of traces from M(L', J). Then 
LexNF is definable in first-order logic. In fact, by Prop. 2.4 a word is not in 
LexNF if and only if there are positions i, k such that i ::; k, A(i) > A(k), and 
(A(j), A(k)) E J for all i ::; j < k. 

The predicate x = y, belonging to our syntax, is redundant as long as 
we work with dependence graphs. It could be viewed as an abbreviation 
of A(X) = A(Y) /\ --,(x,y) E E /\ --,(y,x) E E, and A(X) = A(Y) is the formula 
VaEE(A(X) = a/\A(y) = a). In general, transitive closure cannot be expressed 
in first-order logic. Due to the structure of dependence graphs we can do it 
here. A formula defining (x, y) E E+ (meaning that there is a non-empty 
path from x to y) can be written in first-order logic with the help of at most 
IEI- 2 additional variables. In fact, (x, y) E E+ is equivalent with: 

(x, y) E Ev V (3z1 · . · 3Zk : (x, Zl) E E/\ A (Zi-l, Zi) E E/\(Zk' y) E E) 
k$IEI-2 l<i$k 

There is also a first-order expression for the edge relation in the Hasse 
diagram. The assertion (x, y) E H is equivalent with: 

(x, y) E E /\ --,(3z : (x, z) E E+ /\ (z, y) E E+) 

In the word case we have E = E+ and we prefer to write x < y instead 
of (x, y) E E, where < refers to the total order on positions in words. 

Theorem 6.1. Let cp : E* ---+ M(E, J) be the canonical homomorphism and 
T ~ M(E, J) be a trace language. 

i) Then T is definable in monadic second-order logic (first-order logic resp.) 
if and only if cp-l(T) has this property. 

ii) Let LexNF ~ E* denote the set of lexicographic normal forms and K ~ 
LexNF. Then K is definable in monadic second-order logic (first-order 
logic resp.) if and only if cp(K) has this property. 

Proof i): First, let T = L(!Ii) ~ M(E,J) for some sentence !Ii. Let t = 
[V, E, A] be any trace and w E E* a representing word, i.e., cp{w) = t. There 
is a bijective one-to-one correspondence between positions of w and nodes of 
V, and we have (x, y) E E if and only if x < y and (A(X), A(Y)) E D in the 
word w. Thus, replacing every atomic formula (x, y) E E by the first-order 
conjunction 

x < y /\ (A(X), A(Y)) E D, 
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we obtain a sentence tP such that t 1= tP is equivalent with w 1= 1ft. Hence 
cp-I(T) = L(tP). For the converse let K = cp-I(T) n LexNF. Since T = cp(K) 
and LexNF is a first-order language, it is enough to prove the second part of 
the theorem. 

ii): Let t = [V, E,'xl be a trace and let i = Xl'" Xn E LexNF be its 
representation in lexicographic normal form. Every node X E V corresponds 
to some Xi in i and vice versa. We write lex(x, y), if X corresponds to Xi, Y 
corresponds to X j, and if we have i < j. Thus, lex ( x, y) means that the node 
X is before y in its lexicographic normal form. If this happens, then either 
(x, y) E E+ or there is some minimal index k such that i < k :S j, where 
Xk corresponds to some node z E V such that (z, y) E E*. Moreover in the 
latter case, ('x(x), ,X(z» E I and since i is in the lexicographic normal form 
we have 'x(x) < 'x(z) with respect to the ordering of the alphabet. We obtain 
the following relation: 

lex(x, y) = (x, y) E E+ or 3z: 'x(x) < 'x(z) and ('x(x), 'x(z» E I 
and -,lex(z,x) and (z,y) E E*. 

Since the alphabet is finite, it is enough to unfold the recursion p times, 
where p is the length of the longest path with increasing labels in (17, J). 
(In the last unfolding step we replace the remaining predicate lex by any 
truth value.) The unfolded formula is a first-order formula over traces. The 
size is polynomial in 1171. It is linear in p, if we allow subformulas of type 
'x(x) < 'x(z) and (,X(x), 'x(z» E J being macros of constant size. 

Now, let K ~ LexNF be defined by a sentence 1ft. In 1ft we will use the 
symbollex(x, y) as the atomic formula to denote the ordering between posi
tions. We then replace lex(x, y) by the first-order formula given above. We 
obtain a formula tP over traces. By construction, for all w E LexNF we have 
w 1= 1ft if and only if cp(w) 1= tP. The result follows. 

By classical results on words, definability in monadic second-order logic 
is equivalent with recognizability. The counterpart of first-order logic over 
words generalizes directly to traces, too. 

Corollary 6.1. Let T ~ M(17, I) be a tmce language. Then the following 
assertions are equivalent. 

i) T is recognizable by some finite (finite and aperiodic, resp.) monoid. 
ii) T is recognizable (star-free, resp.). 
iii) T is definable in monadic second-order (first-order, resp.) logic. 

Proof Due to Thm. 6.1 and well-known results about words, it is enough to 
show ii) {:} iii) for the assertion about first-order logic, only. Both directions 
are obtained analogously to the word case: The direction ii) => iii) is more 
simple (in first-order logic) and we sketch the main idea for the concatenation. 
Let t = [V, E,,Xl be a trace and t = uw a factorization. Then u, w correspond 
to subsets U, W ~ V. In fact, we find a finite set X = {Xl, ... ,xd, 0 :S k :S 
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1171, such that U = {y E V I 3Xi EX: (y,Xi) E E*} and W = {z E V I 
\:!Xi EX: (Xi, z) ¢. E*}. By standard techniques, see [91], we can construct 
for given two first-order sentences !lil , !li2 a new first-order sentence specifying 
those traces such that there exists a finite set X as above and the dependence 
graph restricted to U satisfies !lil , whereas the dependence graph restricted 
to W satisfies !li2 • The implication iii) => ii) follows from Thm. 6.2 below 
giving a more precise statement. 

Example 6.S. Let (17, D) = a - b - c and T ~ M(E, I) the trace language 
T = (acbcab) +. Since ac = ca, this is the set of traces 

with an even number of b. By the method of the first example of this section, 
this trace language is definable in monadic second-order, but it is not first
order-definable. On the other hand, the word language T = (acbcab)+ ~ 
{ a, b, c} * has a description by it first-order sentence. It is the set of words 
starting with acbcab and every occurrence of the factor ab is either the end 
or the word followed by another factor acbcab. 

Remark 6.3. It is known by [79] that the commutative closure of a star-free 
word language is either still star-free or not recognizable anymore. The ex
ample above shows that for (17, D) = a - b - c the image of the word language 
(acbcab)+ in M(E, I) is recognizable, but not star-free. This means in par
ticular that the result about the commutative closure of star-free languages 
can not be generalized to arbitrary trace monoids M(E,I). There is a pre
cise characterization [79]: For all star-free word languages it holds that the 
I-closure is either star-free or not recognizable if and only if the dependence 
relation D is transitive. 

6.3 Ehrenfeucht-Fraisse games 

Let t = [V(t), E(t), A(t)] be any node-labeled graph. Then V(t) denotes the 
set of vertices, E(t) ~ V(t) x V(t) is the edge relation, and At : V(t) ~ 17 
is the node-labeling. For the moment it is not necessary to put any further 
restrictions on E(t). Thus, the graphs may be finite or infinite, directed or 
undirected, cyclic or acyclic, etc. By a = (ab ... , ak) we denote a k-tuple 
of nodes, a E vk , k ~ o. If x = (Xl, ... ,Xk), then !li(x) denotes a first
order formula with free variables Xl! ... ,Xk. Any pair (t, a) yields a natural 
interpretation for !li(x). The interpretation of Xi is ai for 1 ~ i ~ k. Thus, 
the expression (t, a) F !li(x) has a well-defined truth value. 

An Ehrenfeucht-Fraisse game has two players, Player I and Player II. The 
players take two structures (s, a) and (t, b) as above: s = [V(s), E(s), As], 
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a E V(s)k, t = [V(t),E(t),At], and b E V(t)k. They first decide on the 
number of rounds m with m ;::: O. 

If m = 0, we say that Player II wins the game, if As(ai) = At(bi) and 
(ai, aj) E E(s) {:} (bi , bj ) E E(t) for alII::; i,j ::; k. If m ;::: 1, then Player I 
begins and takes either a vertex ak+ I E V (s) or a vertex bk+ I E V (t). Player II 
answers by taking either some bk +1 E V(t) (if Player I has chosen in the 
graph s), or by taking some ak+1 E V(s) (otherwise). This finishes the first 
round. The game is continued with (m - 1) rounds over the new structures 
(s, (al,"" ak, ak+1)) and (t, (bI, ... , bk, bk+1))' 

The relation C:::(m,k) is defined by setting (s, a) C:::(m,k) (t, b), if Player II 
has a winning strategy for a game on m rounds. The following lemmata are 
well-known facts in logic. 

Lemma 6.1. The relation C:::(m,k) is an equivalence relation of finite index. 

The quantifier depth of a formula is defined inductively. For atomic for
mulae it is zero, the use of the logical connectives does not change it, and 
adding a quantifier in front increase the quantifier depth by one. For example, 
the following formula has quantifier depth two: 

\fX((:JY(A(X) i= A(Y))) V (3Z(A(Z) = b 1\ ((x, z) E E V A(X) = a)))) 

Lemma 6.2. Let !li(x) be a first-order formula with free variables Xl, ... ,Xk 
and (s,a) 1= !li(x). If !li(x) has quantifier depth m and (s,a) C:::(m,k) (t,b), 
then we have (t, b) 1= !li(x), too. 

Let us denote by [s, aj m, k] the equivalence class {(t, b) I (s, a) C:::(m,k) (t, bn. 

Lemma 6.3. Each equivalence class [s, aj m, k] can be specified by a first
order formula !li[s, aj m, k](x) of quantifier depth m and with free variables 
Xl,··· ,Xk· 

Proof For m = 0 this is clear. Consider m + 1 and assume inductively that 
formulae for all classes [s, (a, ak+ I) j m, k + 1] are already specified. The next 
formula satisfies the requirement, it defines !li[s, aj m + 1, k](x): 

/\ak+l ( 3Xk+1!li[S, (a, ak+1)j m, k + 1](x, Xk+l)) 1\ 

'v'Xk+1 ( V !li[s, (a, ak+l)j m, k + I](x, Xk+1))' 

Observe that the conjunction Aa and the disjunction Va can be made /\ k+l k+l 
finite by Lem. 6.1. Details are left to the reader. 

Next, we need a concatenation on node-labeled graphs s = [V(s), E(s), As]. 
We adopt the definition for dependence graphs. Thus, we define s . t by 

[V(s) UV(t),E(s) UE(t) U{(x,y) E V(s)xV(t) I (As(X),At(Y))ED},AsUAt]. 

We may state now the following Congruence Lemma. The proof is clear, 
since, due to the definition of concatenation, whether or not (x, y) E E(s . t) 
for X E V(s), Y E V(t) depends on the labels of X and y, only. 
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Lemma 6.4. Let U be any fixed node-labeled graph and {Ul' ... ,un} its ver

tex set. Let (s,a) ~(m,kl) (s',a') and (t,b) ~(m,k2) (t',b'). 
Then it holds: 

(s· U· t, (a, Ul, ... , Un, b)) ~(m,kl+n+k2) (s' . U· t', (a', Ul,···, Un, [j')). 

In order to close the bridge to the star-free sets, we need a finitely generated 
monoid. For convenience we restrict our attention therefore again to finite 
dependence graphs, only. It is a nice coincidence that we have the following 
fact. 

Proposition 6.4. The set of traces (i. e., the set of finite dependence graphs) 
can be specified by a first-order sentence. 

Proof The first requirement for dependence graphs is a first-order statement 

VxVy: (>.(x), >.(y)) E D {:} (x, y) E E V (y, x) E E V x = y. 

The second requirement asks for acyclic graphs. Because of the first formula, 
it is enough to exclude cycles of short length; more precisely, we do not allow 
cycles of length less or equal 1171 + 1. Short cycles however can be specified 
in first-order logic. 

A dot-depth hierarchy for words can also be defined for traces. The empty 
set 0 and the set of all traces MI(E,I) are of dot-depth zero. To obtain level 
k of the dot-depth hierarchy, k 2 1, we define it here as the Boolean closure 
of the languages L· a· K, where a E 17 and L,K are of level k-1. 

Theorem 6.2. Let !/f be a first-order sentence of quantifier depth m and 
L(!/f) = {t E MI(E,I) I t F !/f}. Then L(!/f) is in the m-th level of the 
dot-depth hierarchy, and the corresponding star-free expression for L(!/f) can 
effectively been constructed. 

Proof. We sketch the proof, only. For m = ° the result is true. By induction, 
we assume the result to be correct for m and that the sentence !/f has quantifier 
depth m + 1 and it is in fact ofthe form !/f = :Jx!/f' (x). Consider the following 
union 

T = U{U. a· V I a E 17, U = [u,O;m,O], V = [v,O;m,O], and uav F !/f}. 

We now make several observations. The union is finite by Lem. 6.1. By in
duction and Lem. 6.3, it is a star-free expression of dot-depth m + 1. Since 
U E U, v E V, we have uav E T, hence L(!/f) ~ T. The converse inclusion 
follows by known techniques from the Congruence Lemma (Lem. 6.4) and 
Lem.6.2. 
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6.4 Bibliographical remarks 

Dependence graphs for traces were considered first by Mazurkiewicz in [69]. 
In Anisimov and Knuth we find the description as labeled partial orders 
[3]. The characterization of recognizable trace languages by monadic second
order logic over traces is due to Thomas [92]. Our proof follows Ebinger [41], 
see also [34, Chapt.lO]. This allows us to include the first-order statements 
in Thm. 6.1 and, as noted earlier, Cor. 4.3 is an immediate consequence. 
Independently Courcelle [22] gave another proof for Cor. 4.3 using monadic 
second-order logic over traces. The equivalence of i) and ii) of Cor. 6.1 has 
been shown by Guaiana, Restivo, and Salemi [58]. The equivalence to iii) 
is from [42]. Thm. 6.1 and Cor. 6.1 have a generalization to concurrency 
monoids by Droste and Kuske [37, 39]. Our proof technique using Ehren
feucht-Fra'isse games follows [91]. It led to Thm. 6.2 being a partial analogue 
of a result of Thomas [90] on words. 

7. Asynchronous automata 

7.1 Zielonka's theorem 

An asynchronous automaton A has a distributed finite state control such 
that independent actions may be performed in parallel. The set of global 
states is modeled as a Cartesian product Q = n Qi, where the Qi are states 

iEJ 
of the local component i E J and J is some index set. With each letter 
a E E we associate a read domain R( a) ~ J and a write domain W (a) ~ J. 
We henceforth assume that W(a) ~ R(a) being a rather natural (but techni
cally important) restriction. The transitions are given by a family of partially 
defined functions (throughout we deal for simplicity with deterministic au
tomata, only): 

Thus, each a reads the status in the local components of its read domain and 
changes states in local components of its write domain. Accordingly to the 
read-and-write-conflicts being allowed, we distinguish four basic types: 

- Concurrent-Read-Exclusive-Write (CREW), 
if R(a) n W(b) = 0 for all (a, b) E I. 

- Concurrent-Read-Owner-Write (CROW), 
if R(a) n W(b) = 0 for all (a, b) E I and W(a) n W(b) = 0 for all a::l b. 

- Exclusive-Read-Exclusive-Write (EREW), 
if R(a) n R(b) = 0 for all (a, b) E I. 

- Exclusive-Read-Owner-Write (EROW), 
if R(a) n R(b) = 0 for all (a, b) E I and W(a) n W(b) = 0 for all a ::I b. 
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The local transition functions (Da)aEE give rise to a partially defined transi
tion function on global states 

iEJ iEJ 

where 15 (( qi)iEJ ,a) = (qDiEJ is defined if and only if Da ((qi)iER(a») is de

fined. In this case we have qj = (Da ((qi)iER(a»)) j for j E W(a) and qj = qj 

otherwise. If A is of any of the four types above, then it is clear that we 
can define the action of a trace t E M(17, I) on global states. It is con
venient to denote this function again by D. Therefore, we may view it as 
a partially defined function 15 : Q x M(17,I) ~ Q. Given an initial state 
qo E Q and a set F ~ Q, we obtain an M( 17, I)-automaton. The automaton 

A = (11 Qi,(Da)aEE,qo,F) accepts the language L(A) = {t E M(17,I) I 
iEJ 

D(qO, t) E F}. If Q is finite, then L(A) is a recognizable trace language. As 
well-known in automata theory, we may add local dead states in order to 
have a totally defined transition function. 

Before we continue we need some more notations. Let t E M(17,I) be a 
trace and a E E be a letter. By 8a (t) we denote the smallest prefix of t which 
contains all occurrences a of t. Thus, 8a (t) is the trace of minimal length 
satisfying 18a(t)la = Itla such that t = 8a (t)q for some q E M(17,I). Viewing 
t as a labeled partial order, 8a (t) contains all vertices with label a and the 
past of them. This notion is extended to subsets A ~ 17. The trace 8A(t) 
is the minimal prefix of t satisfying 18A (t)la = Itla for all a E A. Note that 
80(t) = 1, 8E (t) = t, and 8a(t) is a prefix of 8A(t) for all a E A. Moreover, 
viewing t as labeled partial order, we find that 8 A (t) is the union of the 8a (t), 
a E A. 

Definition 7.1. A mapping a: M(17, I) -+ Q to some finite set Q is called 
asynchronous, if the following two conditions are satisfied. 

i) The value a(8AUB(t)) is computable from a(8A(t)) and a(8B(t)). 
ii) If t = 8D (a)(t), then the value a(ta) is computable from a E 17 and the 

value a(t). 

A trace language T ~ M(17, I) is recognized by an asynchronous mapping a, 
ifT = a-1a(T). 

The following theorem is far from being trivial. It is crucial for the general 
construction of asynchronous automata. 

Theorem 7.1. A trace language is recognizable if and only if it is recognized 
by some asynchronous mapping. 

We cannot go into details of the difficult only-if-part of the theorem. Once this 
has been shown, then the proof ofthe if-part (c.f. Prop. 7.1) yields Zielonka's 
Theorem as a corollary. 
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Corollary 7.1. A trace language is recognizable if and only if it is recognized 
by some asynchronous automaton. 

The next sections give explicit transformations between the different types 
of asynchronous automata. Therefore we have Zielonka's Theorem for all 
types considered here. 

7.2 Asynchronous cellular automata 

Definition 7.2. An asynchronous automaton A is called asynchronous cel
lular, if the state space Q can be decomposed as Q = n Qa such that 

aEE 
W(a) = {a} and R(a) = D(a) = {b EEl (a, b) E D} for all a E E. 

Remark 7.1. Every CROW-type asynchronous automata can be viewed as 
asynchronous cellular by a trivial transformation (regrouping components) 
which does not change the number of reachable global states. 

The following proposition yields the if-part of Thm. 7.1. 

Proposition 7.1. Let a; M(E, I) --t Q be an asynchronous mapping recog
nizing a trace language T. Then QE is the state space of an asynchronous 
cellular automaton A with L(A) = T. 

Proof. The tuple qo = (a(l))aEE is used as initial state. The global transition 
function is defined such that 

( a(8b(t))) . 
bEE 

8(qo, t) 

The reason why this works is based on the equation 8a(ta) = 8D (a) (t)a, which 
holds for all t E M(E, I) and a E E. In fact, consider a tuple (QbhED(a) 
with qb = a(8b(t)). Due to the first condition of an asynchronous mapping, 
we can compute the value of a(8D (a)(t)). By the second condition, we may 
compute a(8D(a)(t)a), which is a(8a(ta)). Therefore we can change the local 
state qa to the new local state q~ = a(8a(ta)). Finally, observe that for all 
bEE, b i- a we have ~(ta) = 8b(t). Hence, the new global state satisfies 
indeed 8(qo, ta) = (a(8b(ta)hEE' It is enough to define the final states by 
F = {(a(8b(t)))bEE It E T}. The result follows. 

7.3 Changing concurrent-read to exclusive-read 

The original definition an asynchronous automaton demands an EREW-type 
with R(a) = W(a) for all a E E. Obviously, EROW is even a stronger 
condition. (Recall our general assumption W(a) ~ R(a) for a E E). Therefore 
we content ourselves with the following proposition. 
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Proposition 7.2. For every asynchronous automaton A of CROW-type 
there exists an asynchronous automaton A' of EROW-type with the same 
number of reachable global states and recognizing the same language, L(A) = 

L(A'). 

Proof. By a remark above we may assume that the state space of A has the 
form Q = n Qa and R(a) = D(a) = {b EEl (a,b) E D} for all a E E. 

aEE 
Define P(a,b) = Qa for all b E D(a), a E E by using different copies. The new 
set of global states is defined by P = n n P(a,b)' For a E E we define 

aEEbED(a) 

the new partially defined transition function. 

c5~: II P(b,a) 

bED(a) 

--t II p(a,c) 

cED(a) 

(qb)bED(a) f---+ (c5a ((qbhED(a))tED(a) 

In A' the write domain of a letter a is W'(a) = ((a,e) leE D(a)}. The 
read domain above has reduced to R'(a) = ((b,a) I bE D(a)} rather than 
putting artificially R'(a) U W'(a) (only in order to satisfy our restriction 
W'(a) <;;; R'(a)). Thus, our construction realizes even an owner-read-owner
write (OROW) concept. In any case, it is clear how to define the initial state 
and the global final states in order to archive L(A) = L(A'). Note that, 
although the number of global states became larger, the number of reachable 
states did not change. In some sense the automaton did not change at all. 

7.4 Changing exclusive-write to owner-write 

Let A = (IT Qi, (Da)aEE' qo, F) be a finite asynchronous automaton of 
iEJ 

EREW-type. We are going to transform A into an asynchronous cellular 
automaton A' recognizing the same language. Denoting by ni the cardinality 
of Qi we may assume that we have Qi = 7l./n/Z, for all i E J. For each a E E 
define 

Pa = II 7l./ni 71.. 
iER(a) 

An element of P a is denoted in the following as a tuple (q(a, i))iER(a)' The 
set of global states of the asynchronous cellular automaton A' is P = I1 Pa. 

aEE 
For every local state space Qi, i E J, there exist now several copies available 
for A'. For i E J let Ei = {a EEl i E R(a)}. The idea of the construction 
is to split the information about a local state qi E Qi among the components 
with a E Ei such that the following invariant is satisfied 

qi = L q(a, i) mod ni· 

aEE, 
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Without restriction the local initial state (qO)i is the value 0 E Z/n/l for 
all i E J. In order to satisfy the invariant above we simply put 

(PO)a = (0, ... ,0) E II Z/niZ 
iER(a) 

and define Po = (PO)aEL' as the initial state of A'. 
We have to explain how to perform an a-transition on a global state 

((q(b, i))iER(b))bEL' for some letter a E E. 
For every i E R(a) we read in the components Pb where b E Ei . Note 

that since we have started with an exclusive-read automaton this implies 
(a, b) ED. Thus, reading in all these components is allowed by the definition 
of an asynchronous cellular automaton. We simply compute the sum: 

qi = L q(b, i) mod ni E Z/niZ = Qi' 
bEL'; 

The transition function Da of the automaton A is used to define a value 
q' = Da((qi)iER(a)) being in fact a tuple q' = (qj)jEW(a) with W(a) ~ R(a). 

The automaton A' may change the values in the components of the local 
state space Pa as follows: 

q'(a, i) 
q'(a,j) 

q(a, i) for i E R(a) \ W(a), 
= qj - 2:bEL';\{a} q(b,j) for j E W(a). 

The invariant above is verified again. It is therefore clear how to simulate A 
step by step and how to define final states in order to complete the transfor
mation. 

We should add a remark on the size of the new automaton. A reasonable 
definition of the size of A is the sum lEI + 2:iE J IQil+ length ofthe program 
which implements the family (Da)aEL" (At first sight this definition might 
look strange, but it is a quite realistic measure.) With this notion of size, we 
can state the following proposition. 

Proposition 7.3. For every asynchronous automaton of EREW-type we can 
construct in polynomial time an asynchronous cellular automaton recognizing 
the same language. 

7.5 The construction for triangulated dependence alphabets 

A surprisingly simple construction of asynchronous automata is known for 
triangulated dependence alphabets. An undirected graph is called triangu
lated, if all its chordless cycles are of length three. Particular cases are there
fore complete graphs and acyclic graphs (acyclic means a disjoint union 
of trees). A dependence alphabet (E, D) is called triangulated, if the un
derlying undirected graph has this property. A perfect vertex elimination 
scheme of (E, D) is a linear ordering ~ of E such that for all a E E the set 
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E(a) = {b E D(a) I a ~ b} forms a clique (Le., a complete subgraph; (E(a))* 
is therefore a free monoid). We may represent a perfect vertex elimination 
scheme by a list [al, ... , an] such that ai ~ aj if and only if i ~ j. It is 
well-known, see e.g. the textbook of Golumbic [56, Thm. 4.1] that (E, D) has 
a perfect vertex elimination scheme if and only if it is triangulated. If e.g. 
(E, D) is acyclic, then any ordering which represents a topological sorting 
yields a perfect vertex elimination scheme. For a complete graph, every total 
order is a perfect vertex elimination scheme. 

Let (E, D) be any dependence alphabet and let ~ be a linear ordering of 
E such that for all a, b, c E E, a ~ b ~ c, (a, c) ED and (b, c) E D, we have 
(a,b) ED, too. Thus, if E = {ab ... ,an}, n = lEI is written in increasing 
order al < ... < an, then [an, ... , all is a perfect vertex elimination scheme 
of (E, D). Hence (E, D) is triangulated. Consider now a homomorphism to 
a finite monoid", : M(E, J) ~ s. 

---? 

Define for r ~ E and Sc E S (c E r) the ordered product IT Sc by 
cEr 

---? 

multiplying the elements according to the ordering in E. Thus, IT Sc = 
cEr 

SCl ••• sCm' if r.= {CI, ... ,em}, m 2:: 0, with CI < ... < em. All products of 
elements of S used here will be ordered ones. We are going to construct an 
asynchronous automaton A recognizing a trace language T = ",-I (",(T)). 

The state set of A will be an n-fold direct product of S, n = lEI. Let 
A = ( I1 Qa, 8, qo, F) be the automaton with Qa = S for all a E E such 

aEE 
that the global transition function 

aEE aEE 

is defined for q = (qb)bEE and a E E as follows: 

if b = a 

if a < b, (a, b) E D 
otherwise 

---? 

Furthermore, let qo = (l)aEE and F.= {(qa)aEE E I1 Qa I IT qa E ",(T)}. 
aEE aEE 

Proposition 7.4. Let T ~ M( E, J) be recognized by the homomorphism", : 
M(E, J) -+ S to the finite monoid S. Let A be the automaton defined above. 
Then A is asynchronous of EREW-type and we have L(A) = T. 

Proof. The write-and-read domain of a letter a E E is given by the index 
set R(a) = W(a) = {b E D(a) I a ~ b}. Assume that for some a, b, c E E, 
a ~ b ~ c we have (a, c) ED and (b, c) E D. Then (a, b) E D follows, due to 
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the ordering. Hence, if (a, b) E I, then a and b have disjoint write-and-read 
domains. Thus, A is asynchronous of EREW-type. In particular, for any trace 
W E M(17,I), the global state 8((1)aEL"W) is well-defined. We denote this 
global state also by qo . w. 

For (qa)aEL' = qo . W the following two invariants can be shown: 

i) a < b and (a, b) E I imply qb T](a) = T](a) qb. 
ii) a < b ~ e, (a, b) E I, and (a, e) E Dimply qbqe = qeqb. 

The proposition follows now from the following claim: 

--t 

For (qa)aEL' = qo . W we have II qa = T](w). 
aEL' 

The claim is satisfied for Iwi = 0 since qo = (1)aEL" By induction assume 
that the claim holds for q = qo . wand let q' = q. a for some letter a E 17. 

--t --t --t 

Since II qe = (II qe) . (II qe), it is enough to show: 
eEL' e<a 

a~e, {a,e}ED a<b, {a,b}EI 

However, this last formula is immediate from the two invariants above. 

Remark 7.2. Note that as soon as the dependence graph contains a chordless 
cycle of length greater than three, the automaton constructed above is not 
asynchronous anymore. More precisely, for any ordering ~ of the alphabet 17 
there exist letters a < b < c (on the cycle) satisfying (a, c) ED, (b, c) ED, 
but (a, b) E I. In this case however, c belongs to both read domains of a and 
of b. 

7.6 Bounded time-stamps in a distributed system 

Suppose that in a distributed system some agents communicate by means 
of messages. Usually, to execute correctly the prescribed protocol the agents 
should have some knowledge about the relative order of messages. To this 
end, they add to every message a tag, called a time-stamp, enabling them 
to find out the necessary information about the ordering of messages. The 
importance of an appropriate stamping algorithm was for the first time em
phasized by Lamport (1978) [67], to which we refer the reader for further 
discussion. In most cases, it is a relatively easy task to construct an appro
priate stamping system if no bounds on the size of stamps are imposed. But 
if we allow only a finite set of time-stamps then the construction of an ap
propriate stamping system becomes difficult or sometimes even impossible. 
In this section we show how to use the result about asynchronous automata 
to construct a special finite time-stamp system. 
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The distributed system considered here consists of a finite set E of agents 
and a finite set B of boxes. The agents communicate by messages that they 
leave in some boxes. Every agent a E E has access only to a subset Dom(a) ~ 
B of boxes (Referring to previous notations, we consider here Dom( a) = 
R(a) = W(a).) Conversely, for every box i E B, Ei = {a EEl i E Dom(a)} 
is the set of agents which have access to i. If i E Dom(a) then we say that 
the box i and the agent a are adjacent. 

By Bi , for i E B, we shall denote the contents of the box i, i.e. the set 
of messages contained in i. We assume that at the beginning all boxes are 
empty, Le., Bi = 0 for all i E B. 

Every message is a triple (m, a, d), where m is the contents of the message 
taken from some set M of possible contents; a E E identifies the sender of the 
message, and finally d is a time-stamp from some set Stamps of time-stamps. 
Thus formally the Cartesian product U = M x A x Stamps is the set of all 
messages. In the following, by contents, sender, and stamp we shall denote 
the projection of U onto M, E, and Stamps respectively. Furthermore, we 
assume that any box contains for any a E E at most one message sent by a. 

During their moves the agents not only will send new messages but also 
will retransmit messages sent by other agents. For this reason, besides mes
sages left by agents adjacent to i, every box i E B can contain messages sent 
by other agents and retransmitted by agents from E i . 

A single move of each agent a E E consists of four phases. During the 
first phase a reads the contents of all adjacent boxes, emptying them in this 
way. Let R be the set of messages that were read in this phase. 

In the second phase, for every bEE \ {a}, if R contains messages sent by 
b then a selects the last of them (the most recent), denoted it Ub. 

In the third phase, a chooses m E M that it wishes to send and computes 
a time-stamp dE Stamps. Let Ua = (m, a, d). 

Finally, in the last phase a transmits to all adjacent boxes all messages 
from the set {uc ICE E}. 

The entire move (consisting of reading, selecting, constructing a new mes
sage, and sending) is considered to be atomic. This implies that the access 
to every box is sequential, and moreover, at a given moment, an agent a has 
access either to all adjacent boxes or to none of them. Note that immediately 
after the move all boxes adjacent to a have the same contents: for every agent 
bEE, they contain at most one message issued by b, namely the last message 
sent by b and known to a. We assume that for every message U E U the field 
contents ( u) does not provide any information concerning the relative order of 
messages. Thus during the second phase of every move, agent a can use only 
the fields sender( u) and stamp( u) of U E R to find out for every bEE \ {a} 
the last message in R sent by b. 

To implement this system we should specify: the set Stamps, the algo
rithm selecting messages in the second phase of each move, and the algorithm 
assigning a stamp to the new message created in the third phase. 
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A simple implementation exists if we allow the set Stamps to be infinite. 
Let Stamps = N, and assume that every agent is equipped with a counter 
initially set to o. Then during its move, agent a increases its counter by 1 
and takes the obtained value as the time-stamp d for its new message in the 
third phase, U a = (m, a, d). The selection procedure in the second phase of 
the move is trivial in this implementation. For every bEE \ {a}, a takes all 
messages in R with the sender field equal to b and selects among them the 
one with the greatest stamp field. 

The aim of this section is to present a different implementation with a 
bounded number of time-stamps. First we define some auxiliary notions. By 
a serial event we shall mean any finite sequence of elements of the set M x 17, 
SE = (M x E)*. Any occurrence of (m,a) EM x 17 in a serial event x E SE 
represents a move performed by the agent a such that m is the contents of 
the new message sent by a during this move. Let us suppose that Q: is an 
algorithm implementing the system. For every x E SE and i E Box by Bf(x) 
we denote the contents of the box i after the execution of the serial event 
x in the implementation Q:; Bf(x) can be defined in the following inductive 
manner: 

(i) for all i E Box, Bf(E) = 0, 
(ii) if Y = x(m, a) E SE then 

(1) for all i E B \ Dom(a), Bf(y) = Bf(x), 
(2) to obtain the new contents of all boxes adjacent to a apply the algo

rithm Q: to Bi = Bf(x) with i E Dom(a). 

Example 7.1. Let E = {a,b,c,d} and B = {Bab, Bbc, Bcd, Bda}, where Bxy 
with x, y E 17, denotes the box adjacent to x and y. 

Let S = (mI,a)(m2,b)(m3,a)(m4,c)(m5,d) be a serial event and let Si 
denote the prefix of S of length i = 0, ... ,5. 

The contents of the boxes after the execution of Si in the counter imple
mentation that was considered previously are as follows. 

After So: Bab = 0, Bbc = 0, Bcd = 0, Bda = 0; 
After SI: Bab = {(mI' a, I)}, Bbc = 0, Bcd = 0, Bda = {(mI' a, I)}; 
After S2: Bab = {(mI' a, 1), (m2' b, I)}, Bbc = {(mI, a, 1), (m2, b, I)}, Bcd = 0, 

Bda = {(mI, a, I)}; 
After S3: Bab = {(m3, a, 2), (m2' b, I)}, Bbc = {(mI' a, 1), (m2' b, I)}, Bcd = 0, 

Bda = {(m3, a, 2), (m2, b, I)}; 
After 8 4 : Bab = {(m3, a, 2), (m2' b, I)}, Bbc = {(ml, a, 1), (m2' b, 1), (m4, c, I)}, 

Bcd = {(mI' a, 1), (m2, b, 1), (m4, c, I)}, Bda = {(m3, a, 2), (m2' b, I)}; 
After 8 5: Bab = {(m3, a, 2), (m2, b, I)}, Bbc = {(mI, a, 1), (m2, b, 1), (m4' c, I)}, 

Bcd = {(m3, a, 2), (m2' b, 1), (m4' c, 1), (m5, d, I)}, 
Bda = {(m3, a, 2), (m2' b, 1), (m4, c, 1), (m5, d, I)}. 

Let I be the independence relation over 17 defined in the following way: 

I = {(a, b) E 17 x 17 I Dom(a) n Dom(b) = 0}. 
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To define time-stamps we need some definitions. First we define the set of 
prime elements, denoted Pr(E, I), by 

Pr(E,I) = {oa(t) I a E E and t E Ml(E,I)}. 

We can associate to a message a trace which encodes the partial order corre
sponding to the communication between agents. As we want bounded time
stamps, we define a map having a finite image and carrying enough informa
tion on a trace t to know the prefix order on the traces oa(t) for a E E. We 
thus define a labeling ,X from Pr(E, 1) into the set of positive integers by 

'x(I) = lEI, 

and for a E E, t E Ml(E,I) such that ta E Pr(E,I), 

'x(ta) = min{i E N \ {O} I Vb E E \ {a} i -I 'x(Oa(Ob(t)))}. 

From this mapping ,X we construct for every trace t a mapping Vt from E x E 
into N \ {O} setting for any pair (a, b) of letters 

We denote by F(Xj Y) the family of all partial mappings from X to Y. It turns 
out that the mapping v associating with a trace t of Ml(E, I) the element Vt 

of F(E x Ej {I, ... , lEI}) is asynchronous. Its importance is emphasized by 
the fact that all asynchronous mappings we need in the proof of Zielonka's 
Theorem are refinements of this basic mapping v. 

We set Stamps = F(Ej {I, ... , n}), where n = lEI. Let tag be the map
ping from Pr(E,I) into Stamps defined in the following way: 

Vt E Pr(E,I), Va E E: tag(t)(a) = 'x(oa(t)). 

Now the idea of the implementation 'Y is to assign to messages elements of 
Stamps in such a way that the following condition is satisfied (we recall that 
Ei = {a EEl i E Dom(a)}). 
Condition (r): Vh E H, Vb E E, Vi E B, Vt E Ml(E,I), Vk > 0: if 

t = sender(h) E Ml(E, I), 

IOb(8.~;i(t))lb = I8.~Ji(t)lb = k > 0, 

(m, b) is the k-th message of bin h, 

then 
(m,b,tag(8b(8Ei (t)))) E B7(h). 

If Condition (F) holds, h E H, and t = sender(h), then for each i E B 
the time-stamps of the messages in the box i determine the mapping V8Ei (t). 
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Lemma 7.1. Suppose that an implementation 'Y satisfies (T). Let h E H, 
t = sender(h) E M(17, J). Then: 

if BJ (h) does not contain messages sent by b 
if (m,b,J) E BJ(h). 

Now we can present the details of the algorithm 'Y. Let a E 17 and let hE H 
be the history executed up to now. Let t = sender(h) E M(17, J). Inspecting 
the contents of box i, a can calculate V&Ei (t) for all i E Dom(a). Now by the 
property of v agent a obtains v&D(a)(t). During the selection phase, a chooses 
for every bEE \ {a} from the reading set R the message Ub = (m, b, J) such 
that: 

\Ie E 17 f(e) = V&D(a)(t)(e, b). 

As v is asynchronous, a can now get v&a(ta). Let g be the mapping from E 
into {I, ... ,n} such that: 

\Ie E E, g(e) = V&a(ta)(e,a). 

Then g is the time-stamp for the new message that a creates during the third 
phase, U a = (m, a, g). To show the correctness of 'Y it suffices to observe that 
if Condition (T) holds for a history h then it holds for the history h(m, a) 
for every (m,a) EM x E. 

7.7 Bibliographical remarks 

Zielonka's Theorem is from [93]. Proofs based on the notion of asynchronous 
mappings can be found in [20, 24], and [34, Chapt. 8]. Asynchronous cellular 
automata have been introduced in [94]. The transformations between different 
types of asynchronous automata have been studied in detail by Pighizzini 
[85]. The presentation of Sect. 7.4 is from a lecture of Hoogeboom (Palermo 
1996). The construction for triangulated dependence graphs is from Diekert 
and Muscholl [32]. It heavily uses the main idea from Metivier [73]' who 
developed this method for acyclic dependence graphs. Bertoni, Mauri, and 
Sabadini used in [7] a similar method for acyclic Petri nets, but the latter 
paper was not widely distributed. Bounded time-stamps are from [20J. 

8. Infinite traces 

8.1 Real traces 

An infinite word is a mapping u : N --t E. We can write u = u(O)u(l) ... 
with u(i) E 17. The set of infinite words is denoted by 17Wj hence EOO = 
E* u EW is the set of finite and infinite words. The mapping CPG : E* --t 

G(17, D) from words to dependence graphs has a natural extension to 1700 
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For u = u(O)u(l)··· E EW the dependence graph CPG(u) = [V, E, A] is defined 
as follows: The vertex set is V = N with A(i) = u(i). There is an arc (i,j) E E 
if and only if i < j and (u(i), u(j)) E D. The image CPG(u) E G, u E E oo 
is called real trace. The set of real traces is denoted by R(E,D). This set 
contains finite and infinite dependence graphs. For simplicity we write cP 
instead of CPG. Hence cP : Eoo -----+ R(E, D) is a surjective mapping. A finitary 
language is a subset of M(E, I), i.e., a language over finite traces. 

For a dependence graph 9 = [V, E, A] we infer standard notations from 
the finite case. In particular, we can speak of alph(g), of 9 being connected, 
and of a decomposition into connected components. As usual, we write gIh, 
if alph(g) x alph(h) ~ I. 

Let 9 = [V, E, A] E G(E, D) and x E V be a vertex. By ! x we mean the 
dependence graph being induced by the set {y E V I (y, x) E E*}. Thus, it is 
the dependence graph (having a unique maximal element), being induced by 
all nodes below or equal to x. By Prop. 6.1 we can write 9 = (!x)h for some 
uniquely determined hE G(E, D). 

Remark 8.1. A dependence graph 9 = [V, E, A] is a real trace, i.e., 9 = cp(u) 
for some word u E Eoo, if and only if ! x is finite for all x E V. This property 
characterizes therefore R(E, D) ~ G(E, D). 

Having this notation, we may define the decomposition of a dependence 
graph into its real (standard) and transfinite part: 

Definition 8.1. For a dependence graph g = [V, E, A] E G(E, D) we define 
its real part Re(g) E R(E, D) to be the dependence graph being induced by 
the set {x E V I ! x is finite}. The transfinite part Tr(g) E G(E, D) is the 
dependence graph which is induced by the set {x E V I ! x is infinite}. The 
alphabet at infinity, alphinJ(g) ~ E, is the set of labels 

alphinf(g) = {A{x) EEl A{X) appears infinitely often or lx is infinite}. 

The following proposition is obvious. 

Proposition 8.1. Let g, h E R(E, D) be real truces. Then 

alphinf(g) = {A(X) EEl A(X) appears infinitely often }. 

The product g·h E G(E, D) is a real trace if and only if alphinf(g) x alph(h) ~ 
I. 

It is straightforward to define iterations and w-products for dependence 
graphs. Closing the family of rational languages over finite traces under the 
operation union, concatenation, Kleene-star, and w-product, we obtain the 
family of w-rational (or rational for short) dependence graphs Rat(G(E, D)). 
The family of rational real trace languages is defined by 

Rat(R(E,D)) = {L ~ R(E,D) I L E Rat(G(E, D))}. 

Using Prop. 8.1 and well-known closure properties for the family of w 
regular word languages Rat( EOO) the following characterization can be shown. 
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Proposition 8.2. The family of rational real trace languages is the smallest 
family containing Rat(M(E,I)) and being closed under union, concatenation 
with finitary languages on the left, Kleene-star and w-products over finitary 
languages. 

Example B.l. Let a, b, c E 17, (a, b) E I, (a, c) E D, t E M(E,I) , and g E 

IG(E, D). Then we have: 

- aWbw = (ab)W E Rat(IR(E, D)). 
- aWe is not a real trace, Re(aWc) = aW, Tr(aWc) = c, and alphinf(aWc) = 

{a, e}. Hence, alphinf(aWe) = alphinf(aW) if and only if a = c. 
- tg2 E IR(E, D) if and only if g is finite. 

Proposition 8.3. A real trace language L ~ IR(E, D) is rational if and only 
if it can be written as a finite union 

L=URTW 

finite 

over finitary rational trace languages Rand T. 

Guided by the notions on finitary languages we define the families of 
star-connected, c-rational, and star-free real trace languages. 

For star-connectedness: the Kleene-star and the w-product are allowed 
over finitary and connected languages, only. 

For c-rational: the Kleene-star and the w-product are replaced by oper
ations, where first we take the language of connected components and then 
apply the Kleene-star (w-product resp.) over this connected language. 

For star-freeness: we start with the star-free finitary trace language. Then 
we take the closure under Boolean operations (with respect to IR(E, D)) and 
under concatenation with finitary languages on the left. Neither Kleene-star 
nor w-product are allowed. It is easy to verify that for all A, B ~ 17 the set 
{g E IR(E, D) I alph(g) ~ A, alphinf(g) ~ B} is star-free. Note also that the 
language (ab)W is star-free, whether or not (a, b) E D. 

In Sect. 6.2 we have defined first-order and monadic second-order sen
tences. Of course, being a dependence graph every real trace yields an inter
pretation for such a sentence. 

Finally, we extend the notion of recognizability from infinite words to 
real traces. We say that a homomorphism", : M(E, I) --t S to a finite 
semigroup recognizes a real trace language L ~ IR(E, D), if for all infinite 
sequences SOS1S2 ... and tOttt2 ... with ",(Si) = ",(ti) for all i 2: 0 we have the 
equivalence 

SOS1S2 ... E L {::::::} tOtlt2'" E L. 

Definition 8.2. A real trace language L ~ IR(E, D) is called recognizable, 
if there exists some recognizing homomorphism", : M( 17, I) --t S to a finite 
semigroup S. 
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Let L ~ 1R(17, D) be a real trace language. We define the syntactic con
gruence =L~ M(17, J) x M(17, J) by setting U =L v for u, v E M(17,I) if and 
only if for all x, y, z E M(17, J) we have: 

xuyzW E L ~ xvyzw E L 

x(uy)W E L ~ x(vy)W E L 

As for infinite words we have the following proposition: 

Proposition 8.4. A real trace language L ~ 1R(17, D) is recognizable if and 
only if we have both, the syntactic congruence =L is of finite index and the 
syntactic homomorphism 'f/L : M(17,I) --+ M(17, 1)/=L recognizes L. 

Proposition 8.5. Let cp : gXJ --+ 1R(17, D) be the canonical mapping, 
L ~ 1R(17, D) be a real trace language, and K = cp-1(L). Then the following 
assertions hold: 

i) The syntactic monoids 17* /=K and M(17,I)/=K are canonically isomor
phic. 

ii) The syntactic homomorphism 'f/K : 17* --+ 17* /=K recognizes K if and 
only if'f/L : M(17,J) --+ M(17,I)/=L recognizes L. 

Corollary 8.1. A real trace language L ~ 1R(17, D) is recognizable if and 
only if cp-1(L) ~ 1700 is recognizable. 

A word language K ~ 1700 is called closed, if K = cp-1cp(K). 

Proposition 8.6. A recognizable word language K ~ 1700 is closed if and 
only if ab =K ba for all (a, b) E J. 

The implication "==*" in the proposition above is trivial and holds for every 
closed language. Unlike the finitary case the converse is less obvious. The 
proof uses Ramsey-factorization and the fact that the language K is rec
ognized by the syntactic homomorphism 'f/K : 17* --+ 17* /=K. The formal 
proof is left to the reader. The proposition above yields a decidability result 
immediately. 

Corollary 8.2. It is decidable whether a recognizable word language is closed. 

Bringing together the different notions introduced so far, we can state the 
following theorem. 

Theorem 8.1. Let cp : 1700 --+ 1R(17, D) be the canonical mapping, L ~ 
1R(17, D) be real trace language, and 'f/L : M(17,I) --+ M(17,I)/=L be the 
syntactic homomorphism. Then the following assertions are equivalent. 

i) L is a recognizable subset oflR(17,D). 
ii) cp -1 (L) is a recognizable subset of 1700 • 

iii) The syntactic congruence =L is of finite index and 'f/L recognizes L. 
iv) L is star-connected. 
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v) L is c-rational. 
vi) L is definable in monadic second-order logic. 
vii) The language L can be written as a finite union 

L= U Rrw, 
finite 

where Rand T are finitary recognizable trace languages such that T = 
T*. 

The first-order counterpart can be stated as follows: 

Theorem 8.2. Under the same assumptions as above, the following assump
tions are equivalent: 

i) L is star-free. 
ii) cp-l (L) is star-free. 

iii) The syntactic monoid M(E, 1)/ =L is finite, aperiodic, and 'f/L recognizes 
L. 

iv) L is definable in first-order logic. 
v) The language L can be written as a finite union 

L=URrw, 
finite 

where Rand T are finitary star-free languages such that T = T* . 

8.2 Asynchronous Biichi and Muller automata 

A non-deterministic finite asynchronous cellular automaton A is a tuple A = 
(Q, s, (Oa)aEE, T) where Q = II Qa is the set of global states, s = (Sa)aEE 

aEE 

is the initial state, oa.~ ( II Qb) X Qa is the local transition relation, 
bED(a) 

and T = {Tt. . .. , Tn} is the acceptance table for runs, and each Ti satisfies 
Ti = II Ti,a for some 1i,a ~ Qa. 

aEE 
The automaton is called deterministic, if the local transition relations oa 

are partially defined functions. 
A run r of A on a real trace g = [V, E,'\j is a labeling function r : V ~ 

UaEEQa satisfying the following conditions: 

i) If '\(x) = a for x E V, then we have r(x) E Qa. 
ii) Let x E V, '\(x) = a, and r(x) = qa' For each b E D(a) let qb either 

be r(xb), if there exists the maximal vertex Xb with (Xb, x) E E* and 
'\(Xb) = b, or let qb = Sb (the b-component of the initial state) otherwise. 
Then we have 
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We define the infinite behavior of a run r on g as follows: 

inf(r) = {q E Q I q = (qa)aEE such that for each a E E: 
either r- 1(qa) contains infinitely many vertices 
or it contains the maximal vertex with label a, 

or, if a 1 alph(g), then qa = Sa }. 

For A a Buchi and a Muller acceptance condition are defined. Accordingly A 
is called a Buchi automaton or a Muller automaton. A real trace g E R(E, D) 
is Biichi-accepted if there exist a run r on g and some ~ E T such that 
Ti ~ inf(r). It is Muller-accepted if we demand equality Ti = inf(r) for some 
~ET. 

Although the Muller acceptance is more powerful, it is easy to see that 
the non-deterministic models are equivalent in the sense that they lead to 
the same class of accepted languages. 

Theorem 8.3. Let L ~ R(E, D) be a real trace language. Then the following 
assertions are equivalent: 

i) L is recognizable. 
ii) L is accepted by some non-deterministic finite asynchronous cellular 

Buchi automaton. 
iii) L is accepted by some non-deterministic finite asynchronous cellular 

Muller automaton. 
iv) L is accepted by some deterministic finite asynchronous cellular Muller 

automaton. 

Remark 8.2. The equivalence i) {:} iv) above generalizes McNaughton's The
orem to real traces. The original proof in [31] transforms via an implicit dou
ble exponential algorithm a given non-deterministic Biichi automaton for a 
closed word language into a deterministic finite asynchronous cellular Muller 
automaton. This proof does not use the equivalence i) {:} ii). Therefore the 
acceptance of a recognizable language by some non-deterministic finite asyn
chronous cellular Biichi automaton can be viewed as a corollary. But for this 
fact a much simpler and direct construction exists by [50]. 

8.3 Complex traces 

There is no convenient way to define a concatenation on real traces, in general. 
To see this consider the following two axioms: 

I aW bW = aW for (a, b) E D 
II aWbw i- aW for (a, b) E I 

There is an associative operation satisfying I and II if and only if D is tran
sitive. Indeed: If D is transitive, then MI(E,1) = Ei x ... x Ek is a direct 
product of free monoids. The sets E';f are monoids with a right-absorbent 
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multiplication if the left-hand side is an infinite word. This definition yields 
a concatenation on lR(E, D) = E'r x ... x E'k satisfying I and II. If D is not 
transitive then consider aWbwCN with (a, b), (b, c) E D, a, b, c pairwise distinct, 
and (a, c) E J. An operation satisfying I and II is never associative: 

(aWbW)~ = aW~ f= aW = aWbw = aW(bWcW) 

On the other hand, G(E, D) is a monoid and we may consider the greatest 
congruence respecting real parts. The quotient monoid by this congruence 
is called the monoid C(E, D) of complex traces. This monoid has a very 
convenient and concrete characterization. 

Theorem 8.4. Let =c denote the greatest congruence on G(E, D) satisfying 
Re(g) = Re(h) for all 9 =c h. Then for all g, hE G(E, D) it holds: 

9 =c h {=:::} (Re(g) = Re(h) and D(alphinf(g)) = D(alphinf(h))). 

Hence, the quotient monoid G(E, D)! =c can be identified with the following 
set: 

C(E, D) = ((Re(g) , D(alphinf(g))) E lR(E, D) x P(E) I 9 E G(E, D)}. 

By definition C(E, D) is a monoid and the concatenation is inherited from 
the concatenation of dependence graphs. It is necessary (otherwise the whole 
formalism would be rather useless) to have an explicit formula. First, we need 
a few more notations. Let 9 EG(E, D) be a dependence graph and A ~ E 
be a subset. We define ILA(g) as the maximal real prefix 9 being independent 
of A. If S denotes the prefix ordering on G(17, D), then it is easy to see that 
every directed set of real traces has a real least upper bound. Therefore we 
have 

ILA(g) = U{p E M(E, J) Ips 9 and alph(p) x A ~ J} E lR(E, D). 

If p is a prefix of g, we denote by p-lg the unique dependence graph such that 
p(p-lg) = g, and by D(p-lg) we denote the set D(alph(p-lg)). We define 

O"A(g) = D(alphinf(g)) U D(ILA(g)-lg) 
= n{D(p-lg) I p E M(E,I),p s g, and alph(P) x A ~ J}. 

Note that we always have D(alphinf(g)) ~ O"A(g). Obviously, D(A) = D(A') 
implies ILA(g) = ILAI(g) and O"A(g) = O"A'(g) for all 9 E G(E, D). The follow
ing formula yields the concatenation of complex traces: 

(r, D(A)) . (s, D(B)) = (rILA(s), O"A(S) U D(A U B)). 

The formula above is fundamental for the calculus on complex traces. Once 
one has defined when a complex trace is connected (there are several suit
able choices, take any of them), it is straightforward to define the notion of 
rational, star-connected, and c-rational complex trace languages. We can go 
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even further and define an a-product of a trace language for every ordinal a. 
Details are left to the reader. 

There are also many equivalent definitions of recognizable complex trace 
languages. We content ourselves with the following 

Definition 8.3. A complex trace language L ~ (:(17, D) is called recogniz
able, if the language of real traces 

LA = {r E R(E,D) I (r,D(A)) E L} 

is recognizable for all A <;;: E. 

Example 8.2. Let D = 17 x 17 be full. Then (:(17, D) = 1700 • For L ~ 1700 we 
have L0 = L n 17* and L E = L n EW. The language L is recognizable if both 
L0 ~ 17* and L E ~ EW are recognizable in the classical sense. 

Theorem 8.5. Let L ~ (:(17, D) be a complex trace language. Then the 
following assertions are equivalent: 

i) L is recognizable. 
ii) L is star-connected. 
iii) L is c-rational. 

8.4 Topological properties and the domain of 6-traces 

Consider the following two functions from M(E,I) x M(E,J) to Nu {oo}: 

eIR(u, v) 

ec(u,v) 

sup{n E N I Vp E M(E,I), Ipi ::::: n: P::::: u ¢:} P::::: v} 

sup{n E N I Vp E M(E,J), Ipi < n: D(p-1u) = D(p-1v)} 

Note that D(p-1u) <;;: 17 is defined only if p ::::: u. Thus, the equation 
D(p-1u) = D(p-1v) means that either p is a prefix of both traces u and 
v or of none. The functions eIR and ere yield two ultra-metrics on M(E, 1): 

2- fR (u,v) 

2-fc (u,v). 

Theorem 8.6. The completion of the metric space (M(E, 1), dIR) is R(E, D); 
the completion of (M(E,I), de) is (:(17, D). Both spaces are compact and 
totally disconnected, containing the set of finite traces M(E, J) as an open 
and discrete subspace. 

The concatenation of (M(E, J), de) is uniformly continuous; its continu
ous extension to (:(17, D) coincides with the concatenation defined explicitly 
above. The concatenation of (M( 17, J), dIR) is uniformly continuous if and only 
if D is transitive (if and only if dIR and dre are equivalent metrics). 
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As is well known from the sequential calculus, concatenation is not mono
tone with respect to the prefix ordering, i.e., a ~ ab, but we do not have 
ac ~ abc, in general. In the sequential calculus the solution is to introduce 
a special symbol for termination. Here, we provide some alphabetic informa
tion about the set of other actions which can be executed in parallel before 
waiting for termination of the process. Formally, we add to a (finite) trace 
a second component of the form D(A) with A ~ E. The semantics is that, 
before termination, the process may perform in the future only actions a E E 
such that D(a) ~ D(A). Therefore the semantics of D(A) = E is that ev
erything is possible; the semantics of D(A) = ° is explicit termination. Note 
that for the full dependency D = Ex E the whole information reduces to 
explicit termination, since there are no other sets D(A) than E or O. 

We define a partially ordered monoid M 6(E, I) as follows (the sign 8 
refers to dependence in/ormation): 

M6(E,D) = ((u,D(A)) I u E M(E,I), A ~ E}. 

It is the monoid with the concatenation 

(u, D(A))· (v, D(B)) = (Uj.£A(V), O'A(V) U D(A U B)). 

The approximation ordering !;;;; is defined by 

(u, D(A)) !;;;; (v, D(B)) {:=> u ~ v and D(u-1v) U D(B) ~ D(A). 

Example 8.B. 

(u,0)(v,D(B)) = (uv,D(B)), 

(u,E)(v,D(B)) = (u,E), 

(I,E) ~ (u,D(AUalph(v))) !;;;; (uv,D(A \alph(v))) ~ (uv, 0), 

(1, O) is the neutral element, and (1, E) is the bottom element being right
absorbent. 

It is clear that M(17,I) is a submonoid of M6(17, D). The canonical embed
ding is u ~ (u,0). If D = Ex E is full, then using a new symbol"; for ex
plicit termination we have a canonical identification M6(E, D) = E* U 17*";. 
We identify u E E* with (u, O) and u..; with (u, E). 

The set of 8-tmces lF6(17, D) is defined by 

lF6(17, D) = ((u,D(A)) I u E R(E,D), alphinf(u) ~ A}. 

The same formulae for the concatenation and the approximation ordering 
apply. The concatenation is well-defined since we demand alphinf(u) ~ A for 
(u, D(A)) E lF6(E, D). 

The various spaces we have considered so far can be put into a commuting 
diagram of inclusions. 
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M(17,I) '-c ------_, M6(E,D) 

1 1 
JR(17,D) ,--c -_I qE,D) ,--c -_I IF6(E,D) 

The following theorem states that IF6(E, D) with the approximation or
dering is in fact a good semantic domain. 

Theorem 8.7. The set of o-traces IF6(E,D) with the ordering ~ is a com
plete partial order (CPO). The concatenation is continuous in both aryu-
ments, i.e., 

(UX). (UY) = U(X. Y) 

for all directed subsets X, Y ~ IF6(E, D). The CPO IFo5(17, D) is coherently 
complete and algebraic. In particular, it is a Scott domain. The subset of 
compact (or finite) elements is M 05(17, D). 

For IFo5(17, D) the Scott-topology and its refinement the Lawson-topology 
are defined. The Lawson-topology is induced by the extension of the metric 
de from complex traces to o-traces. Formally, let do5(X, y) = 2-i6 (x,y) and 

lo5((U, D(A)), (v, D(B))) = sup{ n E N I \:Ip E M(E, I), Ipi < n : 
D(p-1u) U D(A) = D(p-1v) U D(B) }. 

By general facts about Lawson-topology [54] we obtain a compact and 
totally disconnected space. (In particular IFo5(E, D) is a complete ultra-metric 
space.) Every compact and totally disconnected space is a projective limit. 
We make this explicit. For each n :2: 0 and a trace u E M(E, I) let urn] = 
U{p::; u Ilpl ::; n}, i.e., urn] is the least upper bound of the prefixes of length 
n in u. Using this notations we define finite and aperiodic monoids Mn and 
Fn as follows: 

Mn {(urn], D((u[n])-lu)) I u E M(E, In 

Fn {(u[n],D(A)) I u E M(E,I),A c E} 

The multiplication is given in both monoids by the same formula: 

(u, D(A)) . (v, D(B)) = ((UILA(v))[n], D(((UILA(v))[n])-luv) U D(A U B)). 

It is an exercise to verify that he formula is well-defined. It also shows that 
Mn is a submonoid of Fn and that for all n :2: 0 we have a canonical homo
morphism 

'l/Jn: M(E,I) -t Fn, u ~ (u[n],D((u[n])-lu)) 

The image of'l/Jn is exactly Mn. For each m :2: n there are surjective homo
morphisms 'l/J:n,n and 'l/Jm,n such that the following diagram commutes: 
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It is clear that this leads to projective systems. Recall the definition 

~Mn = {(xn)n~O E II Mn I'I/J:n,n(xm) = Xn for all m ~ n} 
n~O 

~Fn {(xn)n~O E II Fn I'l/Jm,n(xm) = Xn for all m ~ n} 
n~O 

Being finite we endow the sets Mn , F n with the discrete topology. The pro
jective limits are then compact (by Tychonov's Theorem) and totally dis
connected. They are topological monoids and the multiplication is uniformly 
continuous. We have just constructed the corresponding monoids of complex 
and a-traces with the Lawson-topology. The final theorem reflects most of 
what we have done so far for complex and for a-traces in two lines. 

Theorem 8.8. We have the following equalities of topological monoids: 

8.5 Bibliographical remarks and further reading 

The theory of infinite traces has its origins in the mid-1980s. FIe and Rou
cairol [44, 45] considered the problem of serializability of iterated transactions 
in data bases. Their definition of an infinite trace is equivalent to our def
inition of an infinite real trace. Best and Devillers [9] defined the behavior 
of Petri nets by an equivalence relation on Eoo. This equivalence relation 
yields real traces. A definition of a real trace as a prefix-closed and directed 
subset of real traces and its characterization by dependence graphs is given 
in a survey by Mazurkiewicz [70]. This characterization is the basis for an 
investigation of the poset properties, as, e.g., studied by Gastin and Rozoy 
in [52]. Kwiatkowska [66] introduced real traces as a suitable model for dis
tributed systems to reason about fairness, liveness, and safety properties. She 
also showed that the set R(E, D) with the prefix-metric dlR yields a compact 
ultra-metric space. Bonizzoni, Mauri, and Pighizzini gave a Foata normal 
form for infinite traces [10]. 

The theory of recognizable real trace languages was initiated by Gastin 
[47,48]. The generalization of the Kleene-Biichi-Ochmanski Theorem to real 
traces (Thm. 8.1) is due to Gastin, Petit, and Zielonka [51]. (It has been 
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generalized to complex trace languages in [30].) A construction of a deter
ministic asynchronous Muller automaton accepting a given recognizable real 
trace language was exhibited by Diekert and Muscholl in [31]. A comple
mentation construction for asynchronous cellular Biichi automata based on 
Klarlund's progress measure technique was presented by Muscholl [77]. As a 
preliminary result, a determinization procedure for asynchronous (cellular) 
automata for finitary trace languages is provided (see also Klarlund et al. 
[65]). Logical definability on infinite traces is investigated in [42]. Together, 
the results mentioned above provide a satisfactory picture and a rather com
plete generalization of regular infinitary word languages to real traces, see 
also [78]. 

A basic difference between EOO and R(E, D) is, however, that a natural 
associative operation of concatenation cannot be defined for real traces, in 
general. This led Diekert to the notion of complex trace [27]. The results about 
rational and recognizable complex trace languages have been established in 
[30]. A theory of 8-traces as a natural generalization of this concept has been 
proposed in [29]. 

There are other generalizations of the theory of finite traces we have 
not dealt with in this chapter. For example, it is very natural to consider 
asymmetric (in-) dependencies. This leads to the notions of semi-trace and 
of semi-commutation initiated successfully by Clerbout and Latteux [15, 16, 
17, 18]. For an overview on semi-commutations given by Clerbout, Latteux, 
and Roos we refer to [34, Chap. 12]. A generalization of semi-traces based on 
the pomset model of Pratt [86] has been proposed in [28]. 

Another approach to express dynamic behavior is due to investigations 
of Panangaden and Stark [83] who introduced the notion of trace automata. 
Close to this is the notion of concurrent automata being transition systems 
where the dependence relation may vary with the state and their monoids of 
computations due to Droste [35]. Many important theorems of trace theory 
have been generalized to these monoids, see [38]. 
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Visual Models of Plant Development 

Przemyslaw Prusinkiewicz, Mark Hammel, 
Jim Hanan, and Radom!r Mech 

Summary. In these notes we survey applications of L-systems to the mod
eling of plants, with an emphasis on the results obtained since the compre
hensive presentation of this area in The Algorithmic Beauty of Plants [99]. 
The new developments include: 

- extensions to the L-system formalism that increase its expressive power as 
needed for practical biological applications, 

- . introduction of programming constructs that enhance the use of L-systems 
as a language for describing developmental algorithms and as input for 
simulation programs, and 

- new biological applications of L-systems. 

Keywords: L-system, fractal, plant, modeling, simulation, realistic image 
synthesis, emergence, artificial life. 

There is nothing so practical as a good theory. 
Immanuel Kant (1724-1804) 

1. Introduction 

In 1968, Aristid Lindenmayer introduced a formalism for modeling and sim
ulating the development of multicellular organisms [67], subsequently named 
L-systems. This formalism was closely related to the theory of automata and 
formal languages, and immediately attracted the interest of computer scien
tists [114]. The vigorous development of the theory of L-systems [46, 113, 116] 
was followed by its application to the modeling of plants (for example, 
[28, 29, 30, 55, 74]). A series of position and survey papers by Linden
mayer addressed methodological aspects of modeling using L-systems and 
their role in biology [66, 70, 71, 72, 73, 75]. Concurrent advances in computer 
graphics made it possible to visualize modeled structures in forms ranging 
from schematic diagrams [30, 49] to realistic three-dimensional renderings 
of abstract branching structures [91, 120, 121] and real plants [101]. Visu
alizations have also revealed intriguing relationships between L-systems and 
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fractals [19, 20, 90, 100, 122]. Graphical applications of L-systems devised 
until 1990 were comprehensively presented in books [94] and [99]. 

In the present chapter we focus on recent results pertinent to the mod
eling, simulation, and visualization of plant development using L-systems. 
These include, in particular: 

- extensions to the L-system formalism that increase its expressive power as 
needed for practical biological applications, 

- introduction of programming constructs that enhance the use of L-systems 
as a language for describing developmental algorithms and as input for 
simulation programs, and 

- new biological applications of L-systems. 

The organization of this chapter mimics the general pattern of theory 
construction in the natural sciences, where observed facts are distilled into a 
mathematical abstraction, and the resulting predictions are compared with 
reality to validate the theory [58]. First, we present modular plant architec
ture as our domain of interest and show that the essential aspects of develop
ment at the modular level can be viewed as rewriting processes (Section 2). 
In order to formally describe the architecture of plants, we introduce, af
ter Lindenmayer, the bracketed string notation to express the topology of 
branching structures, and we extend this notation with symbols and con
structs based on turtle geometry to capture the shape (Section 3). We then 
present L-systems as a rewriting mechanism that simulates developmental 
processes by operating on strings, and use biologically motivated examples 
to illustrate the basic definitions (Section 4). More involved constructs and 
extensions of L-systems are introduced to simulate fragmentation and the 
loss of modules (Section 6), different aspects of information flow within the 
modeled structure (Section 7), and interaction between plants and their en
vironment (Section 8). Finally, we characterize the role of L-systems in the 
current practice of biological modeling, and point out selected open problems 
(Section 9). 

Since the modeling and visualization of plant development is an interdis
ciplinary area of research, we have attempted to make the results legible to 
readers in various disciplines. Consequently, we have emphasized the motiva
tions behind the theory, and avoided specialized notions of formal languages, 
computer graphics, and biology. 

2. Developmental models of plant architecture 

2.1 The modular structure of plants 

Mathematical models in botany correspond to various levels of plant organi
zation (Figure 2.1). In this paper, we focus on the level of entire plants. We 
regard a plant as a spatial configuration of discrete constructional units or 
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t 
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biome 

r 
molecule cell plant ecosystem 

• 
Fig. 2.1. A hierarchy of levels of plant organization. One objective of modeling is 
to predict and understand phenomena taking place at a given level on the basis of 
models operating at lower levels. Adapted from [124, 131] 

modules, which develop over time. Typically, modules represent repeating ba
sic structural components of a plant, such as flowers, leaves, and internodes, 
or groupings of these components, such as metamers (single internodes with 
an associated leaf and lateral bud) and branches (Figure 2.2) [5, 43, 128]). 
(A different meaning of the term "module" is also found in the litera
ture [4, 38, 110].) The goal is to describe the development of a plant, and in 
particular the emergence of plant shape, as the integration of the development 
and functioning of individual modules. 

· · · · . , , 

/ 
apical meristem 

ape~ 

apical segment ~ i 
.. ' 

branch 
_ ............ - .. 

....... _-_ ... - ...... ' 

- - ". !~florescence . ' 
I ' . . 
"'V) -

flowers 

Fig. 2.2. Selected modules and groups of modules (encircled with dashed lines) 
used to describe plant structure 
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2.2 Plant development as a rewriting process 

The essence of plant development can be described by a rewriting system 
that repetitively replaces individual parent, mother, or ancestor modules by 
configurations of child, daughter, or descendant modules. 

Assuming that all modules belong to a finite set of module types, the 
behavior of an arbitrarily large configuration of modules can be specified 
using a finite set of rewriting rules or productions. A production specifies how 
to replace a single predecessor module by a configuration of zero, one, or more 
successor modules. A simple example of this process is shown in Figure 2.3. 
An occurrence map cp transforms the predecessor of the production to the 
mother modules; the same map is then applied to the successor in order to 
determine the child modules [103] . 

The replacement of modules in a structure may become difficult when 
there are significant differences in the geometry of a parent and its children. 
Several possibilities are illustrated in Figure 2.4. In case (a), modules located 
at the extremities of a branching structure are replaced without affecting the 
remainder of the structure. The production applications may be implemented 
using the mechanism just discussed (Figure 2.3). In case (b), the production 
that replaces internodes divides the rewritten structure into a lower part 
(below the internode) and an upper part. The position of the upper part is 
adjusted to accommodate the insertion of the child modules, but the shape 
and size of both the lower and upper part are not changed, and the children 

production 

occurrence 
mapping 

production 
application 

predecessor 

~ 
successor 

p . ~O 
c::=J 

Fig. 2.3. Illustration of the concept of rewriting applied to modules with geometric 
interpretation. A parent module is replaced by child modules in a sequence of 
transformations <P -1 P<P 
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Fig. 2.4. Examples of production specification and application: (a) development 
of a flower, (b) development of a branch, and (c) cell division 

remain defined entirely by the production. Finally, in case (C), the rewritten 
structure is represented by a graph with cycles. The size and shape of the 
production successor do not exactly match the size and shape of the prede
cessor, thus the geometry of the successor, the embedding structure, or both 
must be adjusted to accommodate the successor. The last case is the most 
complex, since the application of a local rewriting rule may lead to a global 
change of the structure's geometry. Developmental models of cellular layers 
operating in this manner have been presented in [16, 17, 26, 991. In this pa
per we will limit our interest to branching structures. This limitation offers 
a useful compromise between breadth and depth in the resulting theory of 
development. 

The differences between cases (a) and (b) are further discussed below. 
Case (a) is similar to the basic method of fractal generation using Koch 
construction, described by Mandelbrot as follows [81, page 39]: 

One begins with two shapes, an initiator and a generator. The latter 
is an oriented broken line made up of N equal sides of length r. Thus 
each stage of the construction begins with a broken line and consists 
in replacing each strll-ight interval with a copy of the generator, re
duced and displaced so as to have the same end points as those of 
the interval being replaced. 
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Fig. 2.5. A comparison of the Koch construction (a) with a rewriting system pre
serving the branching topology of the modeled structure (b). The same production 
is applied in both cases, but the rules for incorporating the successor into the struc
ture are different 

Mandelbrot introduced many extensions to this basic concept, including gen
erators with lines of unequal length [81, pages 56-57] and with branching 
topology [81, pages 71-73]. All these variants share one fundamental charac
teristic, namely that the position, orientation, and scale of the interval being 
replaced determine the position, orientation, and scale of the replacement (a 
copy of the generator). In plants, however, the position and orientation of 
each module is determined by the chain of modules beginning at the base of 
the structure and extending to the module under consideration. For exam
ple, when the internodes of a plant develop (as is the case in Figure 2.4b), 
the subtended segment is moved upwards in response. Similarly, when the 
internodes bend, the subtended branches do not become disconnected as im
plied by the Koch construction (Figure 2.5a), but are rotated and displaced 
to maintain the connectivity of the structure (Figure 2.5b). The bracketed 
string notation introduced by Lindenmayer [67, 68J inherently maintains the 
branching topology of the modeled structures while their component modules 
are rewritten. We describe it in detail in the next section. 

3. Formal description of branching structures 

3.1 Axial trees and bracketed strings 

In order to consider plant architecture at an abstract level, we use the notion 
of an axial tree (Figure 3.1) which complements the graph-theoretic notion 
of a rooted tree [89] with the botanically motivated notion of branch axis [99, 
101J. A rooted tree has edges that are labelled and directed, and·form paths 
from a specific node called the base to the terminal nodes. In the biological 
context, these edges are referred to as branch segments. For each nonterminal 
node, we distinguish between the sub tending segment (closer to the tree root) 
and the subtended segments (further away). A segment followed by at least 
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Fig. 3.1. An axial tree. From [101] 

one more segment in some path is called an internode. A terminal segment 
(with no following edges) is called an apex. 

An axial tree is a special type of rooted tree, in which we distinguish at 
most one subtended straight segment at each of the nodes. All remaining 
edges are called lateral or side segments. A sequence of segments is called an 
axis, if: 

- the first segment in the sequence originates at the root of the tree or as a 
lateral segment at some node, 

- each subsequent segment is a straight segment, and 
- the last · segment is not followed by any straight segment in the tree. 

Together with all its descendants, an axis constitutes a branch. A branch is 
itself an axial (sub)tree. Axes and branches are ordered. The axis originating 
at the base of the entire plant has order zero. An axis originating as a lateral 
segment of a parent axis of order n has order n + 1. The order of a branch is 
equal to the order of its lowest-order axis. The terminal node of this axis is 
called the branch top. 

3.2 The bracketed string notation 

To represent axial trees, Lindenmayer introduced a bracketed string nota
tion [67, 68], which we present here according to [98] . An axial tree with edge 
labels from alphabet V is represented by a word (string of symbols or letters) 
w over alphabet VE = V U {[, ]}: 

(3.1) 
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b 

a 

~theaxis 
Fig. 3.2. Example of a branching structure. From [98] 

It is assumed that the subwords Xl, X2, ... ,Xn+l E V* do not contain 
brackets, and the subwords al, a2, ... ,an E VB are well nested. The word 
XIX2 ... XnXn+1 represents the main (Le., zero-order) axis of w, with intern
odes Xl, X2,' .. , Xn and apex Xn+l' The words all a2, ... , an represent the 
first-order branches of w. Each branch ai can be decomposed in a manner 
similar to w, yielding a first-order axis and, possibly, second-order branches. 
This decomposition can be carried out recursively. It is known that the de
composition of a well-nested word w is unique, thus all terms introduced 
above are unambiguous [57]. 

For example, the axial tree shown in Figure 3.2 is represented by the 
string: 

Xl X2 X3 X4 

~ ~ ~ ~ 
w = ab [cd] ef [g[h]i] j [k] lm. 

~ '-v-" ~ 
[ad [a21 [a31 

(3.2) 

The subword abef jlm is the main axis of w; Xl = ab, X2 = ef and X3 = j are 
the internodes, and X4 = lm is the apex. The subwords al = cd, a2 = g[h]i 
and a3 = k denote the lateral branches. al and a3 have only apices, whereas 
a2 has an internode g, an apex i, and a (second-order) lateral branch h. 

It is often useful to characterize plant modules (and the relationships 
between them) in more detail than is possible or practical using the labels 
alone. This can be accomplished be associating one or more numerical param
eters with the bracketed string symbols. A symbol (letter) with associated 
parameters is called a parametric letter, and a string of parametric letters is 
called a parametric word. A method for expressing the geometry of branching 
structures using parametric words is discussed next. 

3.3 The turtle interpretation of bracketed strings 

Bracketed strings were introduced to represent branching structure topology 
(connections between the modules). To express the form manifested by such 
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properties as the orientation of branches and the length of internodes, the 
strings must be assigned a geometric interpretation. In simple cases, geomet
ric information may be external to the string. For example, rules for drawing 
two-dimensional tree-like structures may state that the branches are issued 
at a constant angle in alternating directions, to the left and right, and all 
segments have the same length [49]. The branching angles might also vary 
as a function of branch order [30]. Unfortunately, such simple rules, oper
ating uniformly on the entire string, ·are not sufficiently flexible to express 
the variety of branching forms found in nature. Consequently, more versatile 
techniques have been developed, based on explicit incorporation of geometric 
information into the strings. Selected symbols, which may appear with or 
without associated parameters, are reserved to represent geometric proper
ties of the described structure. The one-to-one correspondence between the 
string symbols and the modules of the described structure is lost, but details 
of structure geometry can now be expressed. Turtle interpretation, intro
duced by Szilard and Quinton [122], and extended by Prusinkiewicz [90, 91] 
and Hanan [41, 42], is representative of this approach. The summary below 
is based on [54, 91, 99]. 

The interpreted string is scanned sequentially from left to right, and its 
consecutive symbols are interpreted as commands that maneuver a LOGO
style turtle [1, 88] in three dimensions. The turtle is represented by its state, 
which consists of turtle position and orientation in the Cartesian coordinate 
system, as well as additional attributes, such as current color and line width. 
The position is defined by a vector P, and the orientation is defined by three 
vectors H, L, and V, indicating the turtle's heading and the directions to the 
left and up (Figure 3.3). These vectors have unit length, are perpendicular to 
each other, and satisfy the equation H x L = U. Consequently, rotations of 
the turtle can be expressed by the equation: 

[HI L' VI] = [H LV] R, (3.3) 

where R is a 3 x 3 rotation matrix [23]. Specifically, rotations by angle a 
about vectors V , Land H are represented by the matrices: 

~ 

U 

t-e-~--
Fig. 3.3. Controlling the turtle in three dimensions. From [lOlJ 
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RU(a) = [ -"~~aa !;~ ~], (3.4) 

RL(O:) = [co~o: ~ - sbno: ] , (3.5) 
sin 0: 0 cos 0: 

RH(O:) = [00
1 co~ 0: - s~n 0: ]. (3.6) 

sin 0: cos 0: 

The turtle is initially located at the origin of a Cartesian coordinate system, 
with the heading vector H pointing in the positive direction of the y axis, 
and the left vector L pointing in the negative direction of the x axis. The 
turtle's actions and changes to its state are caused by interpretation of spe
cific symbols, each of which may be followed by parameters. If one or more 
parameters are present, the value of the first parameter affects the turtle's 
state. If the symbol is not followed by any parameter, default values specified 
outside the L-system are used. The following list specifies the basic set of 
symbols interpreted by the turtle. 

Symbols that cause the turtle to move and draw. 

F (s ), G (s ) Move forward a step of length s and draw a line segment from 
the original to the new position of the turtle. 

f(s),g(s) Move forward a step of length s without drawing a line. 
@O(r) Draw a sphere of radius r at the current position. 

Symbols that control turtle orientation in space (Figure 3.3). 

+(0) 

-(0) 

&(0) 

/\(0) 

/(0) 

\(0) 

Turn left by angle 0 around the U axis. The rotation matrix is 
RU(O). 
Turn right by angle 0 around the U axis. The rotation matrix is 
RU(-O). 
Pitch down by angle 0 around the L axis. The rotation matrix is 
RLCO). 
Pitch up by angle 0 around the L axis. The rotation matrix is 
RLC-O). 
Roll left by angle 0 around the H axis. The rotation matrix is 
RH(O). 
Roll right by angle 0 around the H axis. The rotation matrix is 
RH(-O). 
Turn 1800 around the U axis. This is equivalent to +(180) or -(180). 

Symbols for modeling structures with branches. 

Push the current state of the turtle (position, orientation and draw
ing attributes) onto a pushdown stack. 
Pop a state from the stack and make it the current state of the turtle. 
No line is drawn, although in general the position and orientation 
of the turtle are changed. 
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Symbols for creating and incorporating surfaces. 

{ 

} 
rv X(s) 

Start saving the subsequent positions of the turtle as the vertices of 
a polygon to be filled. 
Fill the saved polygon. 
Draw the surface identified by symbol X, scaled by s, at the turtle's 
current location and orientation. Such a surface is usually defined 
as a bicubic patch [41, 91]. 

Symbols that change the drawing attributes. 

#(w) Set line width to w, or increase the value of the current line width 
by the default width increment if no parameter is given. 

!(w) Set line width to w, or decrease the value of the current line width 
by the default width decrement if no parameter is given. 

j (n) Set the index of the color map to n, or increase the value of the 
current index by the default color increment if no parameter is given. 

, (n) Set the index of the color map to n, or decrease the value of the 
current index by the default color decrement if no parameter is 
given. 

A sample string and its interpretation are shown in Figure 3.4. 
The bracketed string notation can be applied, for example, to record the 

structure of observed plants (plant mapping, [14,82]). Most of its applications 
are related, however, to the modeling and simulation of plant development 
using L-systems. 

y 

~-r+-+--+-.... x 
3 

z 

F(2)[-F[-F]F]/(137.5)F(1.5)[-F]F 

Fig. 3.4. Example of the turtle interpretation of a string. The default length of 
lines represented by symbols F without a parameter is 1, and the default magnitude 
of the angles represented by symbols + and - is 45° 
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4. Fundamentals of modeling using L-systems 

4.1 Parametric DOL-systems 

The foundations of the theory of L-systems have been presented in many 
survey papers [70, 72, 73, 75, 76, 77] and books [46, 94, 99, 113, 116]. Con
sequently, we focus on parametric L-systems, which, according to our expe
rience, are particularly convenient for modeling applications. 

Parametric L-systems extend the basic concept of parallel rewriting from 
strings of symbols to parametric words. This extension was first implemented 
as a programming rather than a theoretical construct in the original simulator 
based on L-systems, called CELIA (an acronym for CEllular Linear Iterative 
Array simulator) [3, 45]. Early models relying on the use of parameters were 
described by Baker and Herman [3] and Lindenmayer [69] (see also [46, Chap
ter 18]). More recently, definitions of L-systems operating on symbols with 
parameters were proposed independently by Shebell [119] (who pointed out 
their relationship to attribute grammars [60]), Chien and Jurgensen [11], and 
Prusinkiewicz and Hanan [42, 96, 95, 99]. Our presentation follows this last 
approach. 

Whenever no ambiguity is introduced by the biological connotation of 
the term "module", we will use it as a synonym for a "letter with associated 
parameters." We assume that letters belong to an alphabet V, and the param
eters belong to the set of real numbers ~. A module with letter A E V and 
parameters aI, a2, ... , an E ~ is denoted by A(aI, a2, ... , an). Every module 
belongs to the set M = V x ~*, where ~* is the set of all finite sequences 
of parameters. The set of all strings of modules and the set of all nonempty 
strings are denoted by M* = (V x ~*)* and M+ = (V X ~*)+, respectively. 

The real-valued actual parameters appearing in words have a counterpart 
in the formal parameters, which may occur in the specification of L-system 
productions. If E is a set of formal parameters, then C(E) denotes a logi
cal expression with parameters from E, and E(E) is an arithmetic expression 
with parameters from the same set. Both types of expressions consist of formal 
parameters and numeric constants, combined using the arithmetic operators 
+, -, *, I; the exponentiation operator /\, the relational operators <, <=, 
>, >=, ==; the logical operators !, &&, II (not, and, or); and parentheses 
O. The expressions can also include calls to standard mathematical func
tions, such as natural logarithm, sine, floor, and functions returning random 
variables. The operation symbols and the rules for constructing syntactically 
correct expressions are the same as in the C programming language [59]. For 
clarity of presentation, however, we sometimes use Greek letters and sym
bols with subscripts in print. Relational and logical expressions evaluate to 
zero for false and one for true. A logical statement specified as the empty 
string is assumed to have value one. The sets of all correctly constructed 
logical and arithmetic expressions with parameters from E are noted C (E) 
and £ (E). 

A parametric OL-system is an ordered quadruple G = (V, E, w, P), where: 
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- V is the alphabet of the system, 
- E is the set of formal parameters, 
- w E (V x ~*)+ is a nonempty parametric word called the axiom, 
- Pc (V x E*) x C(17) x (V x £(17)*)* is a finite set of productions. 

We use symbols : and --t to separate the three components of a production: 
the predecessor, the condition and the successor. Thus, a production in a 
OL-system has the format 

pred : cond --t succ. (4.1) 

For example, a production with predecessor A(t), condition t > 5 and suc
cessor B(t + l)CD(t /\ 0.5, t - 2) is written as 

A(t) : t > 5 --t B(t + l)CD(t /\ 0.5, t - 2). (4.2) 

The digit "0" in the term "OL-system" means that the context of the prede
cessor is not considered (in contrast to the context-sensitive 1L-systems and 
2L-systems, described in Section 7.). 

A production matches a module in a parametric word if the following 
conditions are met: 

- the letter in the module and the letter in the production predecessor are 
the same, 

- the number of actual parameters in the module is equal to the number of 
formal parameters in the production predecessor, and 

- the condition evaluates to true if the actual parameter values are substi-
tuted for the formal parameters in the production. 

A matching production can be applied to the module, creating a string of 
modules specified by the production successor. The actual parameter values 
are substituted for the formal parameters according to their position. For 
example, production (4.2) above matches a module A(9), since the letter A 
in the module is the same as in the production predecessor, there is one actual 
parameter in the module A(9) and one formal parameter in the predecessor 
A(t), and the logical expression t > 5 is true for t equal to 9. The result of 
production application in this case is the parametric word B(lO)CD(3, 7). 

If a module a produces a parametric word X as the result of a production 
application in an L-system G, we write a I-t X. Given a parametric word 
J1. = ala2···am, we say that the word v = XIX2 ... Xm is directly derived from (or 
generated by) J1. and write J1. ~ v if and only if ai I-t Xi for all i = 1,2, ... , m. 
A parametric word v is generated by G in a derivation of length n if there 
exists a sequence of words J1.o, J1.il ... , J1.n such that J1.o = W, J1.n = v and 
J1.o ===? J1.1 ===? ••• ===? J1.n· 

When no production explicitly listed as a member of the production set 
P matches a module in the rewritten string, we assume that an appropriate 
identity production belongs to P and replaces this module by itself. Under this 
assumption, a parametric OL-system G = (V, E, w, P) is called deterministic 
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flO: 8(2) A(4,4) 

I ~ 
fll: 8(1) 8(4) A(1,0) 

I I I 
~: 8(0) 8(3) A(2,1) 

1 I I 
fl3: C 8(2) A(4,3) 

I I ~ 
fl4: C 8(1) 8(4)A(1.33,0) 

Fig. 4.1. The initial sequence of strings generated by the parametric L-system 
specified in equation (4.3) 

(noted DOL) if and only if for each module A(t!, t2, ... , tn ) E V x !R* the 
production set includes exactly one applicable production. 

An example of a parametric DOL-system is given below. The words ob
tained in the first few derivation steps are shown in Figure 4.1. 

w: B(2)A(4, 4) 
P! : A(x, y) : y < 3 --+ A(x*2,x+y) 
P2 : A(x, y) : y >=3 --+ B(x )A(x /y, 0) (4.3) 
P3 : B(x) : x < 1 --+ C 
P4 : B(x) : x >= 1 --+ B(x -1) 

There is no substantial difference between OL-systems that operate on 
strings with or without brackets. Due to the interpretation of the brackets as 
delimiters of branches, however, productions involving brackets are restricted 
to the following forms: 

- pred : cond --+ succ, where pred E V x E*, cond E C (E), succ E ((V x 
£(E)* U {[,]})*, and succ is well nested; 

- [--+ [, or 
-] --+] . 

The above restrictions reflect, in particular, a biologically motivated as
sumption that branches can be initiated only by individual parent modules 
(c.j. [67,68]). 

4.2 Examples of parametric DOL-system models 

This section presents selected examples that illustrate the operation of L
systems with turtle interpretation and their application to the modeling of 
plants. Many other examples are included in [42, 95, 99]. 



Visual Models of Plant Development 549 

[> 
n=O n=1 n=2 n=3 

Fig. 4.2. Visual interpretation of the production for the snowflake curve, and the 
curve after n = 0, 1, 2, and 3 derivation steps 

4.2.1 Fractal generation. Fractal curves provide a convenient means for 
illustrating the basic principle of L-system operation [90, 94, 99, 100]. 
For example, the following L-system generates the well-known snowflake 
curve [81, 127]. 

w: F{l) - (120)F(1) - (120)F(1) 
PI: F{s) --+ F{s/3) + (60)F(s/3) - (120)F(s/3) + (60)F(s/3) 

(4.4) 

The axiom F{l) - (120)F(1) - (120)F(1) draws an equilateral triangle, 
with edges of unit length. Production PI replaces each line segment with a 
polygonal shape, as shown at the top of Figure 4.2. Productions for symbols 
+ and - are not listed, which means that the corresponding modules will 
be replaced by themselves during the derivation. The same effect could have 
been obtained by explicit inclusion of productions: 

P2: +(a) --+ +(a) 
P3: -(a) --+ -(a) (4.5) 

The axiom and the figures obtained in the first three derivation steps are 
shown at the bottom of Figure 4.2. 

4.2.2 Simulation of development. The next L-system generates the de
velopmental sequence of the stylized compound leaf model presented in Fig
ure 4.3. 

w: !(l)F(l,l) 
PI: F(s) --+ G(s)[-!(l)F(s)][+!(l)F(s)]G{s)!{l)F{s) 
P2: G{s) --+ G(2 * s) 
P3: !(w) --+ !(3) 

(4.6) 
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+ 
I~ 

Fig. 4.3. The productions and a developmental sequence illustrating the operation 
of a compound leaf model 

The structure is built from two module types, apices F (represented by thin 
lines) and internodes G (thick lines). In both cases the parameter s determines 
the length of the line representing the module. An apex yields a structure 
that consists of two internodes, two lateral apices, and a replica of the main 
apex (production pd. An internode elongates by a constant scaling factor 
(production P2). Production P3 is used to make the lines representing the 
internodes wider (3 units of width) than the lines representing the apices 
(1 unit of width). The branching angle associated with symbols + and - is 
set to 45° by a global variable outside the L-system. 

This example shows that parallel rewriting, inherent in L-systems, cap
tures simultaneous changes that take place in different parts of an organism. 
A derivation step corresponds to the progress of time over some interval. The 
developmental sequence of structures obtained in consecutive derivation steps 
can be considered the result of a discrete-time simulation of development. 

4.2.3 Exploration of parameter space. Parametric L-systems provide a 
convenient mathematical framework for exploring the range of forms that can 
be captured by the same structural model with varying attributes (constants 
in the productions). Such parameter space explorations motivated some of 
the earliest computer simulations of biological structures: the models of sea 
shells devised by Raup and Michelson [104, 105] and the models of trees 
proposed by Honda [50] to study factors that determine overall tree shape. 
(An L-system reproduction of Honda's results is presented in [99, Chapter 
2].) Parameter space exploration may reveal an unexpected richness of forms 
that can be produced by even the simplest models. For example, Figure 4.4 
shows nine branching structures selected from a continuum generated by the 
following parametric DOL-system: 
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a b c 

d e r 

g h 

Fig. 4.4. Sample structures generated by a parametric DOL-system with different 
values of constants 

w: A(lOO, wo) 
PI: A(s, w) : s >= min --+ !(w)F(s) 

[+(at}/(cpt}A(s * rl, w * q 1\ e)] 
[+(a2)/(CP2)A(s * r2, w * (1 - q) 1\ e)] 

(4.7) 

The single non-identity production PI replaces apex A by an internode F and 
two new apices A. The angle values aI, a2, CPI, and CP2 determine the orien
tation of these apices with respect to the subtending internode. Parameters s 
and w specify internode length and width. The constants rl and r2 determine 
the gradual decrease in internode length that occurs while traversing the tree 
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a b c 

Fig. 4.5. Schematic representation of a basitonic (a), mesotonic (b), and acrotonic 
(c) branching pattern. From [98] 

from its base towards the apices. The constants wo, q, and e control the width 
of branches. The initial stem width is specified by Wo in the second parameter 
of the axiom module A. For e = 0.5, the combined area of the descendant 
branches is equal to the area of the mother branch, as postulated by Leonardo 
da Vinci [81, page 156] (see also [80, pages 131-135]). The value q specifies 
the differences in width between descendant branches originating at the same 
vertex. Finally, the condition prevents formation of branches with length less 
then the threshold value min. The values of constants corresponding to each 
structure are collected in Table 4.1. The final column headed n indicates the 
number of derivation steps. 

4.2.4 Modeling mesotonic and acrotonic structures. In spite of their 
apparent diversity, the structures generated by L-system (4.7) share a com
mon developmental pattern: in each derivation step, every apex gives rise to 
an internode terminated by a pair of new apices. This is a simple instance 
of subapical branching, a common developmental pattern in plants, in which 
new branches can be initiated only near the apices of the existing axes. As 
a consequence of this pattern, the lower branches, .being created first, have 
more time to develop than the branches further up, and a basitonic structure 
(more developed near the base than near the top) results (Figure 4.5a). In 
nature, however, one also finds mesotonic and aero tonic structures, in which 
the most developed branches are located near the middle or the top of the 
mother branch (Figures 4.5 band c). As observed by Frijters and Linden
mayer [31]' and formalized by Prusinkiewicz and Kari [98], arbitrarily large 

Table 4.1. The values of constants used to generate Figure 4.4 

Figure TI T2 al a2 <PI <P2 Wo q e min n 
a .75 .77 35 -35 0 0 30 .50 .40 0.0 10 
b .65 .71 27 -68 0 0 20 .53 .50 1.7 12 
c .50 .85 25 -15 180 0 20 .45 .50 0.5 9 
d .60 .85 25 -15 180 180 20 .45 .50 0.0 10 
e .58 .83 30 15 0 180 20 .40 .50 1.0 11 
f .92 .37 0 60 180 0 2 .50 .00 0.5 15 
g .80 .80 30 -30 137 137 30 .50 .50 0.0 10 
h .95 .75 5 -30 -90 90 40 .60 .45 25.0 12 
i .55 .95 -5 30 137 137 5 .40 .00 5.0 12 
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mesotonic and acrotonic structures cannot be generated by non-parametric 
deterministic OL-systems with subapical branching. In contrast, parametric 
DOL-systems can generate such structures, as demonstrated by the following 
model, proposed by Luck, Luck, and Bakkali [791 . 

w: -(ad2)/(180)F(1, 0, vo) 
PI: F(s,k,v) :v>0--+G(s)[+(a2)F(S*r2,0,k)] (4.8) 

/(180) + (at}F(s * rl, k + 1, v-I) 

Like L-system (4.6), L-system (4.8) operates On two types of segments: apices 
F and internodes G. Their length is controlled by parameter s. The segments 
created in consecutive derivation steps are shortened by factors rl and r2 with 
respect to their parents, as in L-system (4.7). The remaining two parameters 
of the apices specify: 

- the current number k of segments in the axis to which the apex belongs, 
and 

- the growth potential or vigor v of the apex, defined as the number of straight 
segments that can be appended to the current axis (if the derivation is 
sufficiently long) . 

Except for the apex of the main axis, which has an initial vigor Vo determined 
by the axiom w, the vigor of the apices is determined by production Pl. Specif
ically, a new lateral apex is assigned an initial vigor value v equal to the or
dering number k of its supporting segment in the mother axis. Consequently, 
lateral branches positioned further away from the base of their mother axis 
have relatively larger initial values of v, and may develop more extensively 
than those close to the base. Two examples of the resulting structures are 
shown in Figure 4.6. In case (a), the upper branches are still developing, and 
the resulting structure is mesotonic. In case (b), all branches have already 

a b 

Fig. 4.6. A juvenile mesotonic structure (a) and a mature acrotonic structure (b) 
generated using L-system (4.8) 
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Table 4.2. The values of constants used to generate Figure 4.6 

Figure rl r2 Ctl Ct2 Vo n 
a .98 .80 8 35 11 10 
b .98 .80 8 35 6 21 

reached their full growth potential, and the resulting structure is acrotonic. 
The values of the constants corresponding to each structure are collected in 
Table 4.2. For better appearance, additional rules, not shown in L-system 
(4.8), were used to define the width of segments and to capture their curving 
near branching points. 

5. Random factors in development 

5.1 The role of randomness in the description of development 

In the previous section, developmental processes were regarded as determin
istic phenomena and captured by L-systems that always produce the same 
developmental sequence. However, random factors often intervene in the con
struction of plant models. Two cases can be distinguished: 

- Details of the mechanisms that control the development and resulting ar
chitecture are not known, and only statistical data are available for model 
construction. For example, such data may express the distribution of in
ternode lengths and branching angles, probability of branching, or cor
relation between bud position on a branch and its developmental fate. 
Statistical descriptions of this nature are widely reported in the botani
cal literature and provide essential input for some modeling methods (for 
instance, see [7, 53, 18, 106, 130]). 

- Physiological mechanisms responsible for the control of developmental pro
cesses are known or have been postulated, but it is convenient to capture 
their average outcome rather than the details of operation in models con
structed at a high level of abstraction. For example, several plausible mech
anisms for preventing the overcrowding of branches in a tree have been 
described in the literature [8, 51]' yet a statistical model that captures 
the density of branches without simulating the controlling processes is also 
useful (Sections 5.3 and 8.3.2). 

Several stochastic extensions of L-systems have been proposed in the lit
erature [21, 56, 87, 133] and applied to express developmental plant mod
els [87, 91, 94]. The definition given below extends previous concepts to 
parametric L-systems. 

5.2 Stochastic OL-systems 

A parametric stochastic OL-system is an ordered quintuplet: 

G", = (V,E,w,P,7l'). (5.1) 
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The alphabet V, set of formal parameters E, axiom wand set of produc
tions P are defined as for parametric DOL-systems (Section 4.1). Function 
7r : P ~ £ (E), assigns an arithmetic expression returning a nonnegative 
number called the probability factor to each production in P. A production 
in a stochastic L-system is written as 

pred : cond ~ succ : prob, (5.2) 

where pred, cond and succ play the same role as in DOL-systems (Equa
tion 4.1), and prob is an expression returning the probability factor. 

If p ~ P is the set of productions matching a given module A(tl' t2, ... ,tn ) 

in the rewritten string, then the probability prob(Pk) of applying a particular 
production Pk E P to this module is equal to: 

(5.3) 

In general, this probability is not a constant associated with a production, 
but may depend on the parameter values in the rewritten module. 

We will call the derivation J.l ===} v a stochastic derivation in Gn if for 
each occurrence of a module a in the word J.l the probability of applying 
production Pk with the predecessor a is given by Equation (5.3). 

According to this definition, different productions with the same prede
cessor may be applied to different occurrences of the same module in one 
derivation step. 

An example of a stochastic L-system is given below. 

w: A(l )B(3)A(5) 
PI : A(x) ~ A(x+ 1): 2 
P2 : A(x) ~ B(x - 1) : 3 (5.4) 
P3 : A(x) : x > 3 ~ C(x) : x 
P4 : B(x) ~ B(2 * x)A(x) : 1 

Productions PI. P2, and P3 replace module A(x) by A(x + 1), B(x - 1), or 
C(x). If the value of parameter x is less then or equal to 3, only the first two 
productions match A(x). The probabilities of applying each production are: 
prob(PI) = 2/(2+3) = 0.4, and prob(P2) = 3/(2+3) = 0.6. If parameter x is 
greater then 3, production P3 also matches the module A(x), and the prob
ability of applying each production depends on the value of x. For example, 
if x is equal to 5, these probabilities are: Prob(PI) = 2/(2 + 3 + 5) = 0.2, 
prob(P2) = 3/(2 + 3 + 5) = 0.3, and prob(P3) = 5/(2 + 3 + 5) = 0.5. Produc
tion P4 replaces a module B(x) by the pair of modules B(2 * x)A(x). Taking 
all these factors into account, the first derivation step in L-system (5.4) may 
have the form: 

A(1)B(3)A(5) ===} A(2)B(6)A(3)C(5) (5.5) 

where production PI was applied to the module A(l), and production P3 to 
the module A(5) as a result of random choice. 
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5.3 A stochastic tree model 

Many simple models of branching structures, for example those discussed 
in Sections 4.2.3 and 4.2.2, produce an exponentially increasing number of 
branch segments. Using morphometric data of young cottonwood (Populus 
deltoides) and observations of the tropical tree Tabebuia rosea, Borchert and 
Slade [9] showed that in reality this exponential increase is not sustained 
beyond the early stages of tree development. As soon as a tree surpasses 
a certain, relatively small size, the rate of branching decreases. Below we 
present a stochastic model of a hypothetical tree, based on the analysis by 
Borchert and Slade. The material in this section includes an edited version 
of [97]. 

The model is constructed to meet the following botanically justifiable 
postulates: 

- The development begins in season k = 1 with the formation of a single 
nonbranching shoot (branch segment bearing leaves). 

- In each subsequent growth season, new shoots grow from the buds situated 
near the distal ends of last year's segments. There is a constant, bmax > 1, 
that determines the maximum bifurcation ratio (i. e., the maximum number 
of shoots originating at the mother branch). 

- All branch segments have approximately the same length l, independent of 
their position and the age of the tree, and reach out forming a hemispherical 
crown. 

- Leaves are produced on the terminal (current year) branch segments, thus 
forming a hemispherical layer of leaves near the perimeter of the crown. 
There is a constant, O'min, that determines the minimum area of leaves 
that must be exposed to light coming from the outside in order to create 
a viable shoot. 

According to these postulates, the radius of a tree crown after k 2: 1 growth 
seasons is limited by Rk = lk. A hemispherical crown ofthis radius has surface 
area Sk = 271'R~ = 271'l2k2, and this value determines the upper bound on 
the crown area exposed to direct light. The number Nk+1 of branch segments 
added to the tree in year k + 1 is limited, on the one hand, by the number of 
last year's segments Nk multiplied by the maximum bifurcation ratio bmax , 

and on the other hand, by the maximum number of shoots Vk+1 = Sk+1/O'min 
that may be produced without excessively obscuring each other. Thus, 

Nk+l = min{bmaxNk, Vk+1} = min{bmaxNk, 271'l2 {k + 1)2}. (5.6) 
O'min 

Let us assume that the minimum leaf area exposed to light per shoot is small 
compared to the crown area, O'min «271'l2. In a young tree (during the first 
few growth seasons), the maximum number of new shoots does not suffice to 
cover the available crown surface (bmaxNk < Vk+1), and the number of new 
shoots will increase exponentially with the age of the tree: N k+1 = bmaxN k = 
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b~ax . Since the crown area is proportional only to the square of the age of the 
tree, at some age t the potential number of new shoots will exceed the number 
that can be sufficiently exposed to direct light: bmaxNt 2: Vt . From then on, 
branching will be limited by the crown area, with the average bifurcation 
ratio bk at age k 2:: t equal to: 

bk = Nk+l = 27rl2{k + 1)2 jamin = 1 + 2k + 1 (5.7) 
Nk 27rPk2 jamin k2 . 

Different branching patterns may satisfy this general formula. For example, 
if each segment from the previous year gives rise to either one or two new 
shoots, the fraction of segments supporting two shoots will be equal to: 

(5.8) 

The stochastic L-system below has been constructed to satisfy this equa
tion. 

w: FA(l) 
PI: A{k) ~ j(cp)[+(a)F A(k + 1)]- ((3)F A(k + 1) : 

min{l, (2k + 1)jk2} (5 .9) 
P2 : A(k) ~ j(cp)B - ((3)F A(k + 1) : 

max{O, 1 - (2k + 1)jk2} 

Generation of the tree begins with a single internode F terminated by apex 
A(l). The parameter of the apex acts as a counter of derivation steps. Pro
duction PI describes the creation of two new branches, while production P2 
describes the production of a branch segment and a dormant bud B. Proba
bilities of these events are equal to P = min{l, (2k + 1)jk2}, and q = 1 - p, 
respectively. This corresponds to the assumption that the departure from 
exponential bifurcation occurs in step k = 3, and in subsequent steps the 
probability of bifurcation is determined by Equation (5.8). Figure 5.1 shows 

Fig. 5.1. Sample tree structures generated using the stochastic L-system (5.9) . 
From [97] 
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side views of three sample trees after 18 derivation steps. The branching an
gles, equal to cp = 90°, a = 32°, and f3 = 20°, yield a sympodial branching 
structure (new shoots do not continue the growth direction of the preceding 
segments). This structure is a representative of Leeuwenberg's model of tree 
architecture identified by Halle et al. [39], although no attempt to capture a 
particular tree species was made. 

6. Life, death, and reproduction 

The L-systems considered so far were of the propagating type. Each mod
ule, once created, continued to exist indefinitely or gave rise to one or more 
children, but never disappeared without a trace. The natural processes of 
plant development, however, often involve the programmed death of selected 
modules and their removal from the resulting structures. We consider these 
phenomena in the present section. 

6.1 Non-propagating L-systems 

The original approach to simulating module death was to use non-propagating 
L-systems, which incorporate erasing productions [46]. In the context-free 
case these productions have the form A -+ €, where € denotes the empty 
string. Intuitively, module A is replaced by "nothing" and is removed from 
the structure. Erasing productions can faithfully simulate the disappearance 
of individual modules placed at the extremities of the branching structure 
(that is, not followed by other modules). For example, in the developmental 
sequence shown in Figure 6.1 (described in detail in [93]), erasing productions 
have been used to model the fall of petals. 

Fig. 6.1. Simulated development of a bluebell flower (Campanula mpunculoides) . 
From [93] 
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6.2 L-systems with a cut symbol 

The modeling task becomes more difficult when an entire structure, such as 
a branch, is shed by a plant. The plant can control this process by abscission, 
that is, the development of a pithy layer of cells that weakens the stem of 
a branch at its base. Obviously, abscission is represented more faithfully by 
cutting a branch off than by simultaneously erasing all of its modules. In 
order to simulate shedding, Hanan [42] extended the formalism of L-systems 
with the "cut symbol" %, which causes the removal of the remainder of the 
branch that follows it. For example, in the absence of other productions, the 
derivation step given below takes place: 

a[b%[cd]e[%f]]g[h[%iU]k => a[b]g[h[]j]k (6.1) 

A simple example of an L-system incorporating the cut symbol is given below: 

w: A 
Pl : A ---t F(l) [-X (3)B] [+ X(3)B]A 
P2 : B ---t F(l)B 

(6.2) 
P3 : X(d) : d > 0 ---t X(d -1) 
P4 : X(d) : d==O ---t U% 
P5 : U ---t F(O.3) 

According to production Pl, in each derivation step the apex of the main axis 
A produces an internode F of unit length and a pair of lateral apices B. Each 
apex B extends a branch by forming a succession of internodes F (production 
P2)' After three steps from branch initiation (controlled by production P3), 
production P4 inserts the cut symbol % and an auxiliary symbol U at the base 
of the branch. In the next step, the cut symbol removes the branch, while 
symbol U inserts a marker F(O.3) indicating a "scar" left by the removed 
branch. The resulting developmental sequence is shown in Figure 6.2. The 
initial steps capture the growth of a basitonic structure (developed most 

Fig. 6.2. A developmental sequence generated by the L-system specified in Equa
tion 6.2. The images shown represent derivation steps 2 through 9 
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extensively at the base). Beginning at derivation step 6, the oldest branches 
are shed, creating an impression of a tree crown of constant shape and size 
moving upwards. The crOWn is in a state of dynamic equilibrium: the addition 
of new branches and internodes at the apices is compensated by the loss of 
branches further down. 

The state of dynamic equilibrium can be easily observed in the develop
ment of palms, where new leaves are created at the apex of the trunk while 
old leaves are shed at the base of the crown (Figure 6.3). Since both processes 
take place at the same rate, an adult palm carries an approximately constant 
number of leaves. This phenomenon has an interesting physiological explana
tion: palms are unable to gradually increase the diameter of their trunk over 
time, thus the flow of water and nutrients through the trunk can support 
only a crown of constant size. 

6.3 Fragmentation 

In the case of falling leaves and branches, the parts separated from the main 
structure die. Separation of modules can also lead to the asexual reproduction 
of plants. This phenomenon takes place, for example, when plants propagate 
through rhizomes, or stems that grow horizontally below the ground and bear 
buds which produce vertical shoots. The rhizome segments (internodes) have 
a finite life span, and rot progressively from the oldest end, thus dividing the 
original plant into independent organisms. 

A model of the propagation of rhizomes in Alpinia specioza, a plant of the 
ginger family, was proposed by Bell, Roberts, and Smith [7]. A simulation 
carried out using an L-system reimplementation of this model is shown in 
Figure 6.4. All rhizome segments are assumed to have the same length. Each 
year (one derivation step in the simulation), an apex produces one or two 
daughter segments. The decision mechanism is expressed using stochastic 
productions. The segments persist for seven years from their creation, then 
die off, thereby dividing the plant. 

In the model shown in Figure 6.4, the death of segments has been captured 
using productions of type F --+ I, which replace "old" segments F by invisible 
links (turtle movements) I (c.l. Section 3.3). This replacement guarantees 
that the separated organisms will maintain their relative positions. Although 
the effect is visually correct, maintaining any type of connection between 
the separated plants is artificial and of limited practical use. For instance, 
it is inappropriate for expressing such phenomena as the parting of free
floating water plants after separation [107]. An alternative solution may be 
to modify the notion of L-systems so that they operate on sets of words, each 
representing an individual plant. A separation of structures could be then 
expressed as a division of a word into two or more independent subwords. The 
notion of L-systems with jmgmentation, defined by Rozenberg, Ruohonen, 
and Salomaa for strings without brackets [112, 115] (see also [113, pages 78-
82)) may offer a starting point for a future extension applicable to branching 
structures as well. 
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Fig. 6.3. A model of the date palm (Phoenix dactyli/era). This image was created 
using an L-system with the general structure specified in Equation 6.2 
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Fig. 6.4. Development of the rhizomatous system of Alpinia speciosa. The images 
show consecutive stages of simulation generated in 6 to 13 derivation steps. Line 
width indicates the age of the rhizome segments. Each segment dies and disappears 
seven steps after its creation 

7. Development controlled by endogenous mechanisms 

7.1 Information flow in growing plants 

Communication between modules plays a crucial role in the control of devel
opmental processes in plants. Lindenmayer distinguished two forms of com
munication: lineage (also called cellular descent), which represents informa
tion transfer from a parent module to its children, and interaction, which 
represents information transfer between coexisting modules [67, 73J. In the 
latter case, the information exchange may be endogenous (between adjacent 
modules of the structure, as defined by its topology), or exogenous (through 
the space embedding the structure) [92J. The flow of water, hormones, or 
nutrients through the vascular system of a plant are examples of endoge
nous information transfer, whereas the shading of lower branches by upper 
ones is a form of exogenous transfer. Referring specifically to the initiation 
of branches, Bell [6J further clarified these distinctions as follows: 

- In blind patterns, based on lineage, branch initiation is controlled by the 
parent module independent of the remainder of the structure and the en
vironment in which this structure develops; 

- In self-regulatory patterns, based on endogenous interaction, branch ini
tiation is controlled potentially by the whole developing structure, using 
communication via the existing components of this structure; 
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- In sighted patterns, based on exogenous interaction, the initiation of a new 
branch is influenced by factors detected by its parent in the immediate 
geometric neighborhood, such as proximity of other organisms or parts of 
the same organism. 

Productions in OL-systems are context-free (applicable irrespective of the 
context in which the predecessor appears), and therefore can only express de
velopmental mechanisms controlled by lineage. However, by making produc
tion application depend on the predecessor's context, endogenous interaction 
can be captured as well. The conceptual elegance and expressive power of the 
resulting context-sensitive L-systems are among the most important assets of 
L-systems in plant modeling applications. 

7.2 Context-sensitive L-systems 

Various context-sensitive extensions of L-systems have been proposed and 
thoroughly studied in the past (for example, see [46, 78, 116]). Below we 
focus on bracketed context-sensitive L-systems, which operate on strings of 
modules describing branching structures [42, 95, 99]. In the non-stochastic 
case, their productions have the format: 

lc < pred > rc : cond -t succ, (7.1) 

where symbols < and > separate the three components of the predecessor: a 
string of modules without brackets lc called the left context, a module pred 
called the strict predecessor, and a well-nested bracketed string of modules 
rc called the right context. The remaining components of the production are 
the condition cond and the successor succ, defined as for (bracketed) DOL
systems. 

The key new mechanism introduced in context-sensitive L-systems is the 
process of matching the predecessor of a production to a given module in 
the rewritten string. We will describe this process in terms of axial trees 
(c.f. Section 3.), assuming initially that modules (letters) have no associated 
parameters. As shown in Figure 7.1a, the strict predecessor of a production 
is a segment situated between a path specified by the left context, and an 
axial tree specified by the right context. When no parameters are present, a 
production p matches a given occurrence of segment S in an axial tree T if 
the following conditions are met: 

- the strict predecessor pred is the symbol S, 
- the left context lc represents a path in T terminating at the beginning of 

S, and 
- the right context rc represents a subtree of T originating at the end of S. 

A matching production can be applied by replacing S with the axial tree 
specified as the production successor (Figure 7.1b). 
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Fig. 7.1. The predecessor of a context-sensitive tree production (a) matches edge 
S in a tree T (b). From [101] 

When a bracketed string representation is used to express the produc
tions and rewritten structure, the process of matching predecessors to mod
ules in bracketed context-sensitive L-systems cannot be reduced to simple 
string matching, because the bracketed string representation of axial trees 
does not preserve segment neighborhood. Consequently, the context match
ing procedure may need to skip over symbols representing branches or branch 
portions. For example, Figure 7.1 indicates that a production with the pre
decessor BC < S> G[H]M can be applied to symbol S in the string 

ABC[DE][SG[HI[JK]L]MNO], (7.2) 

which involves skipping over symbols [DE] in the search for left context, and 
I[JK]L in the search for right context. 

In the parametric case, a production that matches an occurrence of the 
module S in a rewritten structure must satisfy additional conditions, similar 
to those defined for parametric OL-systems: 

- the number of formal parameters in each module in the predecessor (i. e., 
in the strict predecessor and the contexts) is the same as the number of 
actual parameters in the corresponding modules of the tree T, and 

- the condition evaluates to true if the actual parameter values are substi
tuted for the formal parameters in the production. 

For example, the parametric context-sensitive production: 

A(x) < B(y) > C[D(z)]F : x+y+z > 10 --+ U((x+y)/2)[V((y+z)/2)] (7.3) 
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can be applied to the module B(5) appearing in a parametric word 

... A(4)B(5)C[D(6)E]F··· (7.4) 

because the letters and the numbers of parameters in all modules involved 
in comparisons coincide, and the condition 4 + 5 + 6 > 10 is true. As a 
result of the production application, the module B(5) will be replaced by 
the branching structure U(4.5)[V(5.5)]. Naturally, the remaining modules of 
the rewritten string may also be replaced (by other productions) in the same 
derivation step. 

Productions in 2L-systems use context on both sides of the strict prede
cessor. 1L-systems are a special case of 2L-systems in which context appears 
only on one side of the productions. (Consistent with this convention, no 
context is considered in OL-systems.) Using biological terminology, the left 
context expresses acropetal information flow (from the base of a branching 
structure up towards the apices) whereas the right context expresses basipetal 
flow (from the apices down towards the root). For example, the following 1L
system simulates propagation of an acropetal signal in a branching structure 
that does not grow: 

ignore: +-

w: Fb [+Fa]Fa [-Fa]Fa [+Fa]Fa 
PI: Fb < Fa -+ Fb 

(7.5) 

Symbol Fb represents a segment already reached by the signal, while Fa 
represents a segment that has not yet been reached. The "ignore" statement 
indicates that the geometric symbols + and - should be considered as non
existent while context matching. Images representing consecutive stages of 
signal propagation (corresponding to consecutive words generated by the L
system under consideration) are shown in Figure 7.2a. 

The propagation of a basipetal signal can be simulated in a similar way 
(Figure 7.2b), using the following L-system: 

ignore: +-

w: Fa [+Fa]Fa[-Fa]Fa[+Fa]Fb 
PI: Fa > Fb -+ Fb 

(7.6) 

The asymmetry between acropetal signal propagation (where the signal 
enters the lateral branches) and basipetal propagation (where it does not 
enter these branches), apparent in Figure 7.2, is a consequence of segment 
orientation in rooted trees. According to this orientation, there exists a di
rected path from the root to any of the apices, but there is no directed path 
from one apex to another (Section 3.1). 
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Fig. 7.2. Signal propagation in a branching structure: (a) acropetal, (b) basipetal. 
From [101) 

7.3 Examples 

Developmental processes based on endogenous information flow can be ana
lyzed, modeled, and categorized in terms of the following features. 

- Direction of information flow. As described above, the two basic cases are 
acropetal and basipetal flow. Information may also be exchanged between 
neighboring modules in a symmetric fashion (without a preferred direc
tion), for example when the substances carrying the information are trans
ported by diffusion. One model may include several signals, propagating in 
the same or different directions simultaneously or one after another. 

- The processes taking place at branching points. A branching point can be 
likened to a communications hub, where the information coming from sev
eral sources is combined, processed, and redistributed in particular direc
tions. Different variants of these processes may occur. 

- Granularity of information. The information exchanged between the mod
ules may represent discrete signals (for example, the presence of a hormone 
triggering the transformation of a bud to a flower), or quantifiable values 
(for example, the concentration of photosynthates produced by leaves). 

Several possibilities are illustrated by the models given below. We begin 
with a simple model in which a directional (acrotonic) signal is uniformly 
distributed at each branching point towards all supported segments. 
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7.3.1 Development of a mesotonic structure. As outlined in Sec
tion 4.2.4, arbitrarily large mesotonic and acrotonic structures cannot be 
generated using deterministic OL-systems without parameters [98]. The pro
posed mechanisms for modeling these structures can be divided into two cat
egories: those using parameters to characterize the growth potential or vigor 
of individual apices, such as L-system (4.8), and those postulating control of 
development by signals [30, 55]. The following L-system simulates the devel
opment of the mesotonic structure shown in Figure 7.3 using an acropetal 
(upward moving) signal. 

#define m 3 j * plastochron of the main axis * j 
#define n 4 j * plastochron of the branch * j 
#define u 4 j * signal propagation rate in the main axis * j 
#define v 2 j * signal propagation rate in the branch * j 

ignore: + -j 

w: S(O)F(l,O)A(O) 
PI: A(i) :i<m-1~A(i+1) (7.7) 
P2: A(i) : i == m - 1 ~ [+(60)F(1, l)B(O)]F(l, 0)j(180)A(0) 
P3: B(i) :i<n-1~B(i+1) 
P4: B(i) : i == n - 1 ~ F(l, l)B(O) 
P5: S(i) : i < u + v ~ S(i + 1) 
P6: S(i) : i == u + v ~ C 

P7: S(i) < F(l,o): (0 == O)&&(i == u -1) ~ #F(l,o)!S(O) 
Ps: S(i) < F(l,o) : (0 == l)&&(i == v -1) ~ #F(I,o)!S(O) 
P9: S(i) < B(j) ~ c 

Fig. 7.3. Development of a mesotonic branching structure controlled by an 
acropetal signal. Wide lines indicate the internodes reached by the signal. The 
stages shown correspond to derivation lengths 12, 24, 36, 48, and 60 
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L-system (7.7) operates under the assumption that the context-sensitive pro
duction P9 takes priority over P3 or P4' The axiom w describes the initial 
structure as an internode F terminated by an apex A. A signal S is placed 
at the base of this structure. According to productions PI and P2, the apex 
A periodically produces a lateral branch and adds an internode to the main 
axis. The period (called the plastochron of the main axis) is controlled by the 
constant m. Productions P3 and P4 describe the development of the lateral 
branches, where new segments F are added with plastochron n. Productions 
P5 to Ps describe the propagation of the signal through the structure. The 
signal propagation rate is u in the main axis, and v in the branches. Produc
tion P9 removes the apex B when the signal reaches it, thus terminating the 
development of the corresponding lateral branch. Figure 7.3 shows that, for 
the values of plastochrons and signal propagation rates specified be the #de
fine statements, the lower branches have less time to grow than the higher 
branches, and a mesotonic structure develops as a result. 

A similar mechanism, based on the pursuit of apices by acropetal signals, 
has been proposed to model basipetal flowering sequences [55, 74, 99]. These 
sequences are characterized by the appearance of the first flower near the 
top of a plant, and a subsequent downward propagation of the flowering 
zone. 

7.3.2 Attack of a plant by an insect. More complex information flow 
is considered in the next example. A hypothetical insect explores a growing 
branching structure and feeds on its apices. The insect always moves along 
the branches (i. e., it does not jump or drop from one branch to another) 
and therefore can be treated as an endogenous signal. The insect's behavior 
at a branching point depends on its direction of motion and the state of the 
branching point, as explained in Figure 7.4. In a nutshell, the insect attempts 
to traverse the entire developing structure using the depth-first strategy. A 
context-sensitive L-system that integrates plant growth with the behavior of 
the insect is given below. 

o 0 

~ 
"0 ,D "" 
O,~ 0 yc 

00 ~ 00 
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o 
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Fig. 1.4. Insect's behavior at a branching point. An upward-moving insect U that 
approaches a branching point marked L is directed to the left daughter branch (a). 
A downward moving insect D that approaches a branching point marked L changes 
this marking to R, returns to state U, and enters the right branch (b and c). A 
downward moving insect D approaching a branching point marked R continues its 
downward motion (d) 
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#define lL 3 1* length of the left branch * / 
#define lR 5 1* length of the right branch * / 
#define d 5 1* plastochron * / 
#define w 40 1* delay * / 
w W(w)FA(lL,d) 
PI : F < A(n,m) : m > 0 -+ A(n, m - 1) 
P2 : F < A(n,m) : n > 0 && m == 0 -+ F A( n - 1, d) 
P3 : F < A(n,m) : n == 0 && m == 0 

-+ L[+F A(lL, d)][-FA(lR,d)] 
P4 : W(t) : t > 0 -+ W(t -1) (7.8) 
P5 : W(t) : t == 0 -+ U 
P6 : U < F -+ FU 
P7 : U -+ c: 
Ps: UL < + -+ +U 
pg: U < A(n,m) -+ D 
PIO: F > D -+ DF 
Pu: D -+ c: 
PI2 : L > [+D] -+ UR 
PI3 : UR < -+ -U 
PI4 : R > [][-D] -+ D 

Productions PI to P3 describe the development of a simple branching struc
ture. Starting with a single axis specified by axiom w, the apex A appends a 
sequence of branch segments F to the current axis (productions PI and P2), 
then initiates a pair of new lateral apices (production P3) that recursively 
repeat the same pattern. Parameter m is used to count the derivation steps 
between the creation of consecutive segments F. Parameter n determines the 
remaining number of segments to be produced before the next branching oc
curs. The total number of segments in an axis is defined by constants lL (for 
the main axis and the branches issued to the left) and lR (for the branches 
issued to the right). A newly created branching point is marked by symbol 
L (production P3). 

After a delay of w steps introduced by production P4, production Ps places 
an insect U at the base of the branching structure. This insect moves upwards, 
one branch segment per derivation step (productions P6 and P7), until it en
counters the branching point marker L. The insect is then directed to the 
left daughter branch (production ps). After crossing a number of segments 
and, possibly, further branching points, the insect eventually reaches an apex 
A. As specified by production Pg, this apex is then removed from the struc
ture, thus stopping further growth of its axis, and the state of the insect is 
changed from U (moving upwards) to D (moving downwards). The downward 
movement is simulated by productions PIO and pu. Returning to a branching 
point marked L, the insect changes this marking to R to indicate that the 
left branch has been already explored, reverts its own state to U, and enters 
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the right branch (productions Pl2 and Pl3). Coming back from that branch, 
the insect continues its downward movement (production Pl4) until it reaches 
another branching point marked L and enters an unexplored right branch, or 
until it completes the traversal of the entire structure at its base. 

A sequence of images obtained using a straightforward extension of L
system (7.8) is shown in Figure 7.5. In this case, the insect feeds on the 
apices of a three-dimensional structure, and a branch that no longer carries 
any apices wilts. 

Similar models can be constructed assuming different traversing and feed
ing strategies for one or many insects (which may interact with each other). 
Prospective applications of such models include simulation studies of insects 
used for weed control and of the impact of insects on crop plants [109, 110]. 
7.3.3 Development controlled by resource allocation. In the previous 
examples, discrete information was transferred between the modules of a de
veloping structure. A signal (or insect) was either present or absent at any 
particular point, and affected the structure in an "all-or-nothing" manner, by 
removing the apices at the ends of branches. In nature, however, developmen
tal processes are often controlled in a more modulated way, by the quantity 
of substances (resources) exchanged between the modules. For example, the 
growth of plants depends on the amount of water and minerals absorbed 
by the roots and carried acropetally, and by the amount of photosynthates 
produced by the leaves and transported basipetally. An early developmental 
model of branching structures making use of quantitative information flow 
was proposed by Borchert and Honda [8]. Below we restate the essence of 
this model using the formalism of L-systems, then we extend it to simulate 
interactions between the shoot and the roots in a growing plant. 

Borchert and Honda postulated that the development of a branching 
structure is controlled by a flow or flux of substances, which propagate from 
the base of the structure towards the apices and supply them with materi
als needed for growth. When the flux reaching an apex exceeds a predefined 
threshold value, the apex bifurcates and initiates a lateral branch; otherwise 
it remains inactive. At branching points the flux is distributed according to 
the types of the supported internodes (straight or lateral) and the numbers 
of apices in the corresponding branches. These numbers are accumulated by 
messages that originate at the apices and propagate towards the base of the 
plant. Thus, development is controlled by a cycle of alternating acropetal and 
basipetal information flow. 

An L-system that implements these mechanisms is given below. 

#define al 10 1* branching angle - straight segment * / 
#define a2 32 /* branching angle - lateral segment * / 
#define 0'0 17 1* initial flux * / 

(7.9) 
#define "I 0.89 /* controls input flux changes * / 
#define >. 0.7 /* flux distribution factor * / 
#define Vth 5.0 /* threshold flux for branching * / 
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Fig. 7.5. Simulation of the development of a plant attacked by an insect 
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ignore: +-/ 

w: N(I)1(0,2,0,I)A 
PI: N(k) < 1(b,m,v,c) : b == ° && m == 2 

- 1(b, 1,0'0 * 2/\ (k - 1) * (77 /\ k), c) 
P2: N(k) >1(b,m,v,c) :b==0&&m==2-N(k+l) 
P3: 1(b,m,v,c) < A: m == 1 && v> Vth 

- /(180)[-(0:2)1(2,2, v * (1 - A), I)A] 
+(0:1)1(1,2, v * A, I)A 

P4: 1(b,m,v,c) > A: m == 1 && v <= Vth - 1(b,2,v,c) 
Ps: 1(bl,ml,vl,cl) < 1(b,m,v,c): ml == 1 && b == 1 

- 1(b, mj, VI - VI * (1 - A) * ((Cl - c)/c), c) 
P6: 1(bl,ml,vl,cl)'< 1(b,m,v,c): ml == 1 && b == 2 

- 1(b, mZ, VI * (1 - A) * (C/(Cl - c)), c) 
P7: 1(b, m, v, c) > [1(b2, m2, V2, c2)]1(bI. mI. VI. Cl) : 

m == 0 && ml == 2 && m2 == 2 
- 1(b, 2, V, Cl + C2) 

Ps: I(b,m,v,c): m == 1- I(b,O,v,c) 
P9: I(bl,ml,vl,cl) < 1(b,m,v,c) : ml == 2 && m == 2 

- 1(b, 0, v, c) 

(7.10) 

This L-system operates on three types of modules: apices A, internodes I, 
and an auxiliary module N. The internodes are visualized as lines of unit 
length. Each internode has four parameters: 

- segment type b, where ° denotes base of the tree, 1 - a straight segment, 
and 2 - a lateral segment; 

- message type m, where 0 denotes no message currently carried by the 
internode, 1 - an acropetal message (flux), and 2 - a basipetal message 
(apex count); 

- flux value v, and 
- apex count c. 

All internodes are visualized as lines of unit length. 
At the beginning of a developmental cycle, indicated by the presence of 

a basipetal message (m = 2) in the basal internode (b = 0), production PI 
calculates an input flux value. The expression used for this purpose, V = 
0'02(k-l)7jk, was introduced by Borchert and Honda to simulate a sigmoid 
increase of flux penetrating the base of a plant over time. The progress of 
time is captured by production P2, which increments parameter k of the 
module N, representing the current cycle number. 

Productions P3 and P4 simulate acropetal flux propagation and distribute 
it between the straight segment and the lateral segment. If both the straight 
and lateral branch support the same number of apices, the straight segment 
will obtain a predefined fraction A of the flux VI reaching the branching point; 
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the lateral segment will obtain the remainder, (1 - A)VI. If a lateral branch 
supports c apices and its sister straight branch supports Cs apices, the flux 
reaching the lateral branch is further multiplied by the ratio cjcs . The number 
Cs is not directly available to the lateral branch, but it can be calculated as 
the difference between the number of apices supported by this branch and 
its mother, Cs = q - c. In total, the flux directed towards the lateral branch 
is equal to vl(l - A)(cj(CI - c) (production P3). The remaining flux reaches 
the straight segment. The parameter c denotes, in this case, the number of 
apices supported by the straight segment, and the resulting expression is 
VI - vl(l - A)((CI - c)jc) (production P4). 

Productions P5 and P6 control the addition of new segments to the struc
ture. According to production P5, if the internode preceding an apex A reaches 
a sufficient flux V > Vth, the apex will create two new internodes I terminated 
by apices A. The new segments are assigned an initial message type m = 2, 
which triggers the basipetal signal propagation needed to update the count 
of apices supported by each segment. Alternatively, if the flux reaching an 
apex is not sufficient for bifurcation (v ~ Vth), the supporting internode itself 
starts the propagation of the basipetal signal (production P6). 

Production P7 adds the number of apices supported by the daughter 
branches (CI and C2), and propagates the result to the mother internode. 
Both input numbers must be available (ml = 2 and m2 = 2) before basipetal 
message propagation takes place. 

The remaining productions reset the message value m to zero, after the 
flux values have been transferred acropetally (ps) or the apex count has been 
passed basipetally (P9). 

The initial state of the model is determined by the axiom w. The value of 
the parameter to module N sets the current cycle number to 1. The initial 
structure consists of a single internode I terminated by an apex A. The mes
sage type indicates the presence of a basipetal message (m = 2) which triggers 
the application of productions PI and P2, initiating the first full developmen
tal cycle. The state of the structure after 35 derivation steps (completion of 
the fifth developmental cycle) is shown in Figure 7.6. 

A remarkable feature of Borchert and Honda's model is its ability to sim
ulate the response of a plant to its environment. Specifically, after a branch 
has been pruned, the model redirects the fluxes to the remaining branches 
and accelerates their growth to compensate for the loss. A sequence of struc
tures that illustrates this phenomenon is shown in Figure 7.7. In accordance 
with [8], the L-system used in this case extends L-system (7.9) with param
eters and productions needed to capture the effect of aging. Consequently, a 
branch that was unable to grow for a given number of developmental cycles 
dies: it loses the ability to develop further and stops taking any fluxes. 

Similar behavior is shown in Figure 7.8. In this case, two structures rep
resenting the shoot and the root of a plant are generated simultaneously. 
The flux penetrating the root at the beginning of a developmental cycle is 
assumed to be proportional to the number of apices in the shoot; reciprocally, 
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Fig. 7.6. The structure generated by L-system (7.9) at completion ofthe fifth devel
opmental cycle. The numbers indicate the flow values v rounded to the nearest inte
ger (a), and the numbers of apices c in the branches supported by each internode (b) 

a b c d e 

Fig. 7.7. Development of a branching structure simulated using an L-system im
plementation of the model by Borchert and Honda. (a) Development not affected 
by pruning; (b, c) the structure immediately before and after pruning; (d, e) the 
subsequent development of the pruned structure. Based on [8] 

the flux penetrating the shoot is proportional to the number of apices in the 
root. 

These assumptions form a crude approximation of plant physiology, 
whereby the photosynthates produced by the shoot fuel the development 
of the root, and water and mineral compounds gathered by the root are re
quired for the development of the shoot. The model also captures an increase 
of internode width over time, and a gradual assumption of the position of a 
straight segment by its sister lateral segment, after the straight segment has 
been lost. The developmental sequence shown in the top row of Figure 7.8 
is unaffected by pruning. The shoot and the root develop in concert. The 
next two rows illustrate development affected by a loss of branches. The re
moval of a shoot branch slows down the development of the root; on the other 
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7 9 11 

Fig. 1.8. Application of the Borchert and Honda's model to the simulation of a 
complete plant, showing development unaffected by pruning (top row), affected 
by pruning during the third cycle of development (middle row), and affected by 
pruning during the fifth cycle of development (bottom row). The numbers of live 
apices in the shoot and root are indicated above and below the ground level. The 
numbers at the base of the figure indicate the number of completed developmental 
cycles 

hand, the large size of the root, compared to the remaining shoot, fuels a fast 
re-growth of the shoot. Eventually, the plant is able to redress the balance 
between the size of the shoot and the root. Damage occurring at an early 
stage of plant development (middle row) had a less pronounced effect than 
the loss of a branch at a later stage (bottom row) . 

The last two examples leave open the question of incorporating envi
ronmental factors such as pruning into L-system models. We consider this 
question in the next section. 
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8. Development controlled by exogenous mechanisms 

8.1 Plants and their environment 

The environment is a key factor affecting life cycles of plants and plant com
munities. Consequently, the role of the environment in plant development is 
an important area of study for both theoretical and practical reasons (such as 
the maximization of crop yield and landscape design). In general, descriptions 
of plant interactions with the environment may take the following forms: 

- Plant is affected by global properties of the environment, such as day 
length, temperature, or air pollution; 

- Plant is affected by local properties of the environment, such as support 
for climbing plants, mechanical obstacles, soil composition, and access to 
light during colonizing growth; 

- Plant interacts with the environment in a feedback loop, which includes 
bi-directional information flow to and from the environment. Examples 
include competition for light between branches of a tree (where the upper 
branches change the amount of light available to the lower branches) and 
interaction of roots with the soil (taking into account the impact of roots 
on the transport of nutrients and water in the soil). 

Although some phenomena belong quite naturally to one of these groups, the 
classification of others may depend on the level of abstraction. For example, 
an approximate model may consider temperature as a global property of 
the environment, a more detailed one may express temperature locally as a 
function of distance from the ground, and a yet more detailed model may 
take into account the changes of temperature determined by the distribution 
of radiative energy between plant parts. Thus, the above classification is 
useful primarily from the modeling perspective, since different techniques are 
required to capture phenomena in each class. 

Within the L-system theory, plants were originally regarded as closed cy
bernetic systems, capable of controlling their development without communi
cating with the environment. This assumption made it possible to character
ize some developmental processes in the form of a mathematical (deductive) 
theory, with clearly stated assumptions, theorems, and proofs. Unfortunately, 
the abstraction from environmental factors reduced the scope of this theory, 
because the environment has a significant impact on many developmental 
processes. In the first step towards the inclusion of environmental factors, 
Rozenberg defined table L-systems, which allow for changing the production 
set from one derivation step to another [111] (see also [46, 113]). Table L
systems were applied, for example, to capture the switch from the production 
of leaves to the production of flowers by an apex of a flowering plant, due to 
a change in day length [27, 29, 30j. Parametric L-systems make it possible 
to introduce a variant of this technique, where the environment affects se
lected numerical values used in productions. In a case study illustrating this 
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approach, weather data containing daily minimum and maximum tempera
tures control a developmental model of bean [40]. 

Table L-systems and their extensions can only capture the impact of 
global environmental characteristics on plant development. The generated 
strings are not interpreted geometrically until the derivation is completed, 
thus no information regarding position and orientation of individual modules 
is available during the rewriting process. Below we describe the environmen
tally-sensitive extension of L-systems, which makes this information available 
in each derivation step. Therefore, it is possible to model the influence of lo
cal environmental factors on a growing plant. Our presentation closely follows 
the paper [97]. 

8.2 Environmentally-sensitive L-systems 

In environmentally-sensitive L-systems, the generated string is interpreted 
after each derivation step, and turtle attributes found during the interpre
tation are returned as parameters to reserved query modules in the string. 
Each derivation step is performed as in parametric L-systems, except that 
the parameters associated with the query modules remain undefined. During 
interpretation, these modules are assigned values that depend on the turtle's 
position and orientation in space. Syntactically, the query modules have the 
form ?X(x,y,z), where X = P,H,U, or L. Depending on the actual symbol 
X, the values of parameters x, y, and z represent a position or an orientation 
vector. In the two-dimensional case, the coordinate z may be omitted. 

The operation of the query module is illustrated by a simple environmen
tally-sensitive L-system, given below. 

w: A 
Pl: A -+ F(l)? P(x, y) - A (8.1) 
P2: F(k) -+ F(k + 1) 

The following strings are produced during the first three derivation steps. 

J.Lh: A 
J.Lo: A 
J.L~: F(l)?P(*,*)-A 
J.Ll: F(l)?P(O, 1) - A 
J.L~: F(2)?P(*,*) - F(l)?P(*,*) - A 
J.L2: F(2)? P(O, 2) - F(l)? P(l, 2) - A 
J.L~: F(3)?P(*,*) - F(2)?P(*,*) - F(l)?P(*,*) - A 
J.L3: F(3)? P(O, 3) - F(2)? P(2, 3) - F(l)? P(2, 2) - A 

(8.2) 

Strings J.Lh, J.L~, J.L~, and J.L~ represent the axiom and the results of production 
application before the interpretation steps. Symbol * indicates an undefined 
parameter value in a query module. Strings J.Lb J.L2, and J.L3 represent the 
corresponding strings after interpretation. It has been assumed that the turtle 
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111 112 113 

Fig. 8.1. Assignment of values to query modules. From [97] 

is initially placed at the origin of the coordinate system, vector H is aligned 
with the y axis, vector L points in the negative direction of the x axis, and the 
angle of rotation associated with module "-" is equal to 90°. Parameters of 
the query modules have values representing the positions of the turtle shown 
in Figure 8.1. 

The above example illustrates the notion of derivation in an environmen
tally-sensitive L-system, but it is otherwise contrived, since the information 
returned by the query modules is not further used. An example of an abstract 
developmental process influenced by the environment is given below. 

w: A 
PI : A -+ [+B][-B]F? P(x, y)A 
P2 : B -+ F?P(x, y)@OB (8.3) 
P3 : ? P(x, y) : 4x2 + (y - 10)2 > 102 

-+ [+(2y)F][-(2y)F]% 

Module F represents a line of unit length, and modules + and - without 
parameters represent left and right turns of 60°. The development begins 
with module A, which creates a sequence of opposite branches [+B][-B] 
separated by internodes (branch segments) F (production pI). The branches 
elongate by addition of segments F, delimited by markers @O (production 
P2). Both the main apex A and the lateral apices B create query modules 
? P(x, y), which return the corresponding turtle positions. If a query module 
is placed beyond the ellipse 4x2 + (y - 10)2 = 102, production P3 creates 
a pair of "tentacles," represented by the substring [+(2y)F][-(2y)F]. The 
angle 4y between these tentacles depends on the vertical position y of the 
query module. Production P3 also inserts cutting symbol %, which terminates 
branch growth by removing its apex. In summary, L-system 8.3 produces 
a branching structure confined to an ellipse, with tentacles placed at the 
boundary of the structure, and the angle between the tentacles depending on 
the turtle's position in space, as shown in Figure 8.2. 
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Fig. 8.2. A branching structure pruned to an ellipse. From [97] 

8.3 Examples 

8.3.1 A deterministic model of plant response to pruning. As de
scribed, for example, by Halle et al. [39, Chapter 4] and Bell [5, page 298]' 
during the normal development of a tree many buds do not produce new 
branches and remain dormant. These buds may be subsequently activated 
by the removal of leading buds from the branch system (traumatic reiter
ation), which results in an environmentally-adjusted tree architecture. The 
following L-system represents the extreme case of this process, where buds 
are activated only as a result of pruning. 

w: FA?P(x,y) 
PI: A>? P(x, y): !prune(x, y) --; @OF/(180)A 
P2: A > ? P(x, y): prune(x, y) --; T% 
P3: F > T --; S (8.4) 
P4: F > S --; SF 
P5: S --; C 

P6: @O > S --; [+FA?P(x,y)] 

The user-defined function 

prune(x,y) = (x < -L/2)II(x > L/2)II(y < O)II(y > L), (8.5) 

specifies a square clipping box of dimensions L x L that bounds the growing 
structure. According to axiom w, the development begins with an internode 
F supporting apex A and query module? P(x, y) . The initial development of 
the structure is described by production Pl. In each step, the apex A creates 
a dormant bud @O and an internode F. The module /(180) rotates the tur
tle around its own axis (the heading vector H), thus laying a foundation for 
an alternating branching pattern. The query module? P(x, y), placed by the 
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Fig. 8.3. A simple model of a tree's response to pruning. Top row: derivation steps 
6,7,8, and 10; middle row: steps 12, 13, 14, and 17; bottom row: steps 20, 40, 75, 
and 94. Small black circles indicate dormant buds, the larger circles indicate the 
position of signal S. From [97] 

axiom, is the right context for production PI and returns the current position 
of apex A. When a branch extends beyond the clipping box, production P2 
removes apex A, cuts off the query module? P(x, y) using the symbol %, and 
generates the pruning signal T. In the presence of this signal, production P3 
removes the last internode of the branch that extends beyond the clipping 
box and creates bud-activating signal S. Productions P4 and P5 propagate 
this signal basipetally (downwards), until it reaches a dormant bud @O. Pro
duction P6 induces this bud to initiate a lateral branch consisting of internode 
F and apex A followed by query module ?P(x,y). According to production 
PI, this branch develops in the same manner as the main axis. When its apex 
extends beyond the clipping box, it is removed by production P2, and signal 
S is generated again. This process may continue until all dormant buds have 
been activated. 

Selected phases of the described developmental sequence are illustrated 
in Figure 8.3. In derivation step 6 the apex of the main axis grows out of the 
clipping box. In step 7 this apex and the last internode are removed from the 
structure, and the bud-activating signal S is generated. As a result of bud 
activation, a lateral branch is created in step 8. As it also extends beyond 
the bounding box, it is removed in step 9 (not shown). Signal S is generated 
again, and in step 10 it reaches a dormant bud. The subsequent development 
of the lateral branches, shown in the middle and bottom rows of Figure 8.3, 
follows a similar pattern. 

8.3.2 A stochastic model of tree response to pruning. L-system (8.4) 
simulates plant response to pruning using a schematic branching structure. 
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Below we incorporate a similar mechanism into the more realistic stochastic 
tree model by Borchert and Slade, discussed in Section 5.3. 

w: FA(l)?P(x,y,Z) 
Pi: A(k) > ?P(X,y,Z): !prune(x,y,z)-t 

j(¢)[+(a)F A(k + l)?P(x, y, z)]- (,B)FA(k + 1) : 
min{l, (2k + 1)jk2} 

P2: A(k) > ?P(x,y,z): !prune(x,y,z)-t 
j(¢)B(k + 1, k + 1) - (,B)F A(k + 1): 

max{O, 1 - (2k + 1)jk2} (8.6) 
P3: A(k) > ?P(x,y,z): prune(x,y,z) -t T% 
P4: F > T -t S 
P5: F> S -t SF 
P6: S-t€ 
P7: B(m,n) > S-t [+(a)FA(am+bn+c)?P(x,y,z)] 
Ps: B(m, n) > F -t B(m + 1, n) 

According to axiom w, the development begins with a single internode 
F supporting apex A and query module ?P(x,y,z). Productions Pi and P2 
describe the spontaneous growth of the tree within the volume characterized 
by a user-defined clipping function prune(x, y, z). Productions P3 to P7 specify 
the mechanism of the tree's response to pruning. Specifically, production P3 
removes the apex A after it has crossed the clipping surface, cuts off the query 
module? P(x, y, z), and creates pruning signal T. Next, P4 removes the last 
internode of the pruned branch and initiates bud-activating signal S, which is 
propagated basipetally by productions P5 and P6. When S reaches a dormant 
bud B, production P7 transforms it into a branch consisting of an internode 
F, apex A, and query module ?P(x,y,z). 

The parameter value assigned by production P7 to apex A is derived 
as follows. According to production P2, both parameters associated with a 
newly created bud B are set to the age of the tree at the time of bud creation 
(expressed as the the number of derivation steps). Production Ps updates 
the value of the first parameter (m), so that it always indicates the actual 
age of the tree. The second parameter (n) remains unchanged. The initial 
biological age [5, page 315] of the activated apex A in production P7 is a 
linear combination of parameters m and n, calculated using the expression 
am + bn + c. Since rule Pi is more likely to be applied for young apices (for 
small values of parameter k), by manipulating constants a, b, and c it is 
possible to control the bifurcation frequency of branches created as a result 
of traumatic reiteration. This is an important feature of the model, because 
in nature the reiterated branches tend to be more juvenile and vigorous than 
the remainder of the tree [5, page 298]. 

The operation of this model is illustrated in Figure 8.4. The clipping form 
is a cube with an edge length 12 times longer than the internode length. The 
constant values used in production P7 are a = 0, b = 1, and c = -5. 
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Fig. 8.4. Simulation of tree response to pruning. The structures shown have been 
generated in 3, 6, 9, 13, 21, and 27 steps. From [97] 
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Fig. B.5. Trees pruned to a spiral shape. From [97] 

By changing the clipping function, one can shape plant models to a variety 
of artificial forms. For example, the trees shown in Figure 8.5 were pruned to 
a spiral shape. Figure 8.6 combines trees pruned to a variety of shapes into 
a synthetic image of a topiary garden, inspired by the Levens Hall garden in 
England [13, pages 52-57]. For other models of topiary trees see [97]. 

8.3.3 Plant climbing. Another example of environmental influences on 
plant development is presented in Figure 8.7. Here, a hypothetical climbing 
(twining) plant detects the presence of a supporting pole and winds around it. 
In contrast to the earlier models of plants growing around obstacles [2, 33, 34], 
the L-system model captures the nutation, or spiraling movement, of the free 
stem tip searching for support [44]. 

8.3.4 Directional cues in development. In the previous examples, the 
development of plant was influenced by the position of query modules associ
ated with plant apices in space. The formalism of environmentally-sensitive 
L-systems makes it also possible to query the orientation of the turtle at 
specific points, as illustrated by the simple L-system below. 

w: X 
PI: X -t [A? H(x, y, z)] + (10)X (8.7) 
P2: A> ?H(x,y,z) -t F(1 +O.5*y) 

Beginning with the axiom X, production PI generates a sequence of apices 
A that spread radially from the origin of the coordinate system. Each apex 
is followed by a query module? H returning the orientation of the turtle's 
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Fig. 8.6. A model of the topiary garden at Levens Hall, England 
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Fig. 8.7. A simple model of a climbing plant 

heading vector (Section 8.2). Production P2 uses the vertical component of 
this vector, represented by parameter y, to determine the length of the branch 
F created by its apex A. The vector H is normalized (c.f. Section 3.3), thus 
the branch length returned by the expression 1 + 0.5 * y in production Pl 
decreases from 1.5 for branches pointing up to 0.5 for branches pointing down. 
A resulting structure, generated in 37 derivation steps, is shown in Figure 8.B. 

As the structure generated in this example is very simple, the orientation 
of each branch could also have been determined directly from the form of 
productions, without using query modules. In the case of three-dimensional 
branching structures, however, determining the turtle's orientation without 
queries would be much more difficult. 

An example of a three-dimensional model making use of directional in
formation is presented next. It extends L-system (4.7), generating simple 
branching structures discussed in Section 4.2.3, by modifying the length of 
internodes according to their orientation. This extension is justified by the 
description of tree architectures presented by Ward [129, Chapter VI] (see 

Fig. 8.8. A structure with the length of branches determined by their orientation 
in space 
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also [132, Chapter 4]), who pointed out that considerable differences in tree 
form may result from "throwing the energy of growth" either towards the 
inward or outward growing branches. 

w : A(lOO, wo)? H(O, 0, 0) 
PI : A(s,w) > ?H(x, y,z) ---? !(w)F(S*(a-b*y)) 

[+(al)/(CPI)A(s * TI, w * q 1\ e)? H(x!, YI, zt}] 
[+(a2)/(CP2)A(s * T2, w * (1 - q) 1\ e)? H(x2' Y2, Z2)] 

(8.8) 

According to production PI, the default length s of an internode F pro
duced by an apex A is mUltiplied by the expression a - b * y, which modifies 
the internode length according to the orientation of the apex. As a result, for 
b > 0, the internodes growing upwards are shorter than those growing hori
zontally or downwards. Figure 8.9 illustrates the impact of this modification 
on the appearance of the final structure using values a = 1.5 and b = 0.7 
(left) or 1.0 (right) . The remaining constants are specified in Table 8.1. 

The turtle orientation is biased downwards (i. e., the turtle's heading vec
tor is slightly turned downwards at each node of the branching structure) to 
simulate the weeping habit of the modeled trees. Details of this technique are 
described under the general name of tropisms in [94, 99, 101] . 

Table 8.1. The values of constants used to generate Figure 8.9 

r1 r2 01 02 tp1 tp2 Wo q e n 
.60 .85 25 -10 90 -90 20 .50 .30 14 

Fig. 8.9. Two branching structures generated by L-system (8.8) . The internodes 
pointing up are shortened with respect to the horizontal and drooping ones to a 
lesser (left) and larger (right) extent 
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9. Conclusions 

Plants can be modeled using the frameworks offered by different branches of 
science. For instance, biomechanical models emphasize physical entities, such 
as force, mass, and stress (c.f. [25, 84, 86]), genetic models are inherently 
rooted in organic chemistry, and many architectural models are based On 
statistical analysis of observational data [7, 53, 18, 106J. In this context, 
L-system models, which emphasize the role of information flow in growing 
structures, represent an approach rooted in computer science [35, 36J. 

L-system models integrate local processes, taking place at the level of indi
vidual modules, into developmental patterns and structures of entire plants. 
Consequently, they address the central problem of morphogenesis: the de
scription and understanding of mechanisms through which living organisms 
acquire their form. This aspect of modeling motivated the original biological 
applications of L-systems investigated by Lindenmayer and his collaborators, 
is the main thread of the examples included in this chapter, and plays an 
important role in current biological research using L-systems. The organisms 
that have been studied by various researchers range from algae and fungi 
(see [15, 32, 64, 65, 83, 117, 118, 125J for recent results) to herbaceous plants 
and trees. 

In addition to theoretical studies, L-systems are being introduced to ap
plied plant science. As pointed out by Thornely and Johnson [124, page viiiJ, 
"it is only a matter of time before morphological features are included more 
explicitly in plant and crop models." Integration of L-system models with 
crop models has been addressed by Guzy [37J and Hanan [40J. A faster accep
tance of L-system models is impeded by the difficulties in acquiring the large 
amounts of architectural data needed to construct models precise enough for 
practical applications [110]. Nevertheless, several digital instruments facili
tating the measurement of plants exist [85, 108], and the process of model 
construction according to measurements is being worked out [62, 102J. 

At present, the primary use of L-systems in biological applications is as a 
foundation for simulation languages and software. This role can be compared 
to the manner in which Chomsky grammars provide a theoretical foundation 
for sequential programming languages. The strong link between L-systems 
and simulation was indicated in Lindenmayer's original paper [67], and led 
to several simulation programs dating back to CELIA [3]. In many imple
mentations the syntax of the modeling language is similar to that used in 
this chapter. Alternatives include the specification of models in program
ming languages such as Simula [47], C [96], and C++ [37], implementation 
of L-systems in Mathematica [52], and design of a special-purpose object
oriented language [10J. Other comprehensive implementations of L-system
based modeling programs have been reported in [61, 63]. At a conceptual 
level, Hogeweg explored L-systems as a paradigm for discrete-event simula
tion [47, 48], and Prusinkiewicz et at. transformed it into a combined discrete
continuous paradigm by including differential equations as a part of L-system 
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Fig. 9.1. Continuous-time development of a planar structure visualized as an ob
ject in three-dimensional space-time. Intersections of the object shown with planes 
parallel to the front surface represent developmental stages of a pinnate (green ash) 
leaf. As the plane is swept from the back to the front, consecutive pairs of leaflets 
separate one after another from the leaf axis and grow until the mature leaf form 
is reached. Based on data in [102] 

models (differential L-systems [93]). An example of a simulation carried out 
in continuous time using a differential L-system is presented in Figure 9.1. 

Applications of L-systems have inspired many more extensions to the basic 
formalism, such as table mechanism, fragmentation, and the introduction of 
environmental sensitivity. One extension requiring further research is the bi
directional flow of information between a plant and its environment. There 
are many phenomena that rely on such a flow. For example, the development 
of roots is affected by the availability of water and nutrients in the soil, but 
roots also affect this distribution by absorbing the needed substances from 
the soil [12]. Similarly, the local availability of light affects the development of 
tree crowns, but the crown also affects this distribution as the upper branches 
cast shadow on the lower ones [123] . Figure 9.2 illustrates work in progress 
on an L-system tree model that can be placed in an environment simulating 
light propagation from the sun towards the leaves. Branches in the shade 
grow more slowly and eventually die off. Related results concerning the effect 
of apex temperature have been described by Fournier [24]. 
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Fig. 9.2. A tree model sensitive to the local light environment 
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In principle, the mathematical formulation of L-systems should make it 
possible to address biologically relevant questions in the form of a deductive 
theory of plant development. The results of this theory could be potentially 
more general than simulations, which are inherently limited to case studies 
(c.! [126]). Unfortunately, construction of such a theory still seems quite 
remote. One reason is the lack of a precise mathematical description of plant 
form. This is not of crucial importance in simulations, where the results 
are evaluated visually, but impedes the formulation of theorems and proofs. 
Another difficulty is the discrepancy between studies on the theory of L
systems and the needs of biological modeling. Most theoretical results are 
pertinent to non-parametric OL-systems operating on non-branching strings 
without geometric interpretation (for examples, see [113]). In contrast, (as 
illustrated in this chapter) L-system models of biological phenomena often 
involve parameters, endogenous and exogenous interactions, and geometric 
features of the modeled structures. We hope that the further development of 
L-system theory will bridge this gap. For a recent study see [98J. 

L-systems provide a powerful framework for expressing, simulating, vi
sualizing, and formally reasoning about biological mechanisms that control 
plant development. Ultimately, however, the place of L-systems in biology 
will be determined by the soundness of the data and hypotheses that consti
tute the foundation for specific models, and their predictive value [22J. We 
believe that in the near future we will witness the formulation of models that 
provide solutions to mainstream questions of plant development with both 
conceptual and practical value. 
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Digital Images and Formal Languages 

Karel Culik 11* and Jarkko Kari 

Summary. We discuss the application of (weighted) finite automata to image 
specification and image-data compression and applications of (weighted) finite 
transducers to image manipulation. 

1. Introduction 

Using n-ary notation, strings over n-Ietter alphabet E = {O, ... ,n - I} can 
represent rational numbers. Languages over E can represent sets of numbers. 
Already in 1964, Even [14] considered sets of rational numbers represented by 
regular sets. In [15] it was shown that the Cantor set (as a subset of [0, 1]) can 
be represented by the regular expression (0 + 2)* over the ternary alphabet 
{O, 1, 2}. 

Since points in 2-dimensional space are specified by two coordinates (num
bers), they can be represented by strings over an n2-letter alphabet. Sets of 
points can then be interpreted as images. This has been recognized indepen
dently by several authors (e.g. [1, 2, 3, 18]). Regular sets (finite automata) 
have been used to represent geometrical objects (bi-Ievel images). In [18] 
it was also shown how to compute the fractal (Hausdorff) dimension of a 
set from its finite automaton representation. The representation of bi-Ievel 
(black and white) images by regular sets (finite automaton) will be discussed 
in Section 2. (for more details, see [4]). 

A digitalized grayscale image of finite resolution m x n is represented 
by a function assigning (grayness) values to m x n "pixels". For 2n X 21i 
resolution images, we can address the pixels by strings in the 4-letter alphabet 
E = {O, 1,2, 3}. In Section 3., we will explain how a finite resolution image 
can be represented as a function f : En --+ 1R and a multiresolution image as 
a function 9 : E* --+ R. In [4] it was proposed to represent such functions on 
E* by a variation of probabilistic finite automata called probabilistic finite 
generators. These were predecessors of Weighted Finite Automata (WFA) 
introduced in [1] and [2]. WFA provide an efficient tool for the specification 
of functions on E* and an application a tool for the description of real life 
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images. We will introduce WFA in Section 3 .. For a theoretical study of WFA 
see [6]. In [7] the first inference algorithm for WFA was given. We describe 
this algorithm in Section 3 .. Given a multiresolution image, it constructs a 
WFA with minimal number of states representing the image if such a WFA 
exists. This first algorithm has important theoretical applications but it is 
not suitable for approximately encoding real life images (photographs). A 
recursive algorithm that infers a relatively small WFA which provides a good 
approximation of any given real life image has been described in [9]. For both 
the algorithms see also [10]. Based on the recursive algorithm, commercially 
successful image compression software has been developed by the authors. 

In Section 4. we discuss weighted finite transducers (WFT), which provide 
a powerful tool for the specification of a wide variety of image transforma
tions. WFT were introduced in [5] and further studied in [8, 11]. In particular, 
WFT implementing various mathematical operators like derivatives, partial 
derivations and (multiple) integrals are given in [8]. Several examples ofWFT 
are in Section 5 .. 

2. Black and white images and finite automata 

A digitized image of the finite resolution m x n consists of m x n pixels each 
of which takes a Boolean value (0 for black, 1 for white) for a black and white 
image, or a real value (practically digitized to an integer between ° and 256) 
for a grayscale image. 

Here we will consider square images of resolution 2n x 2n (typically 
7 ~ n ~ 11). In order to facilitate the application of formal languages and 
automata to image description and manipulation we will assign each pixel 
at 2n x 2n resolution a word of length n over the alphabet E = {O, 1,2, 3} 
as its address. A pixel at 2n x 2n resolution corresponds to a subsquare of 
size 2-n of the unit square. We choose f as the address of the whole unit 
square. Its quadrants are addressed by single digits as shown in Fig. 2.1 on 
the left. Then inductively the four subsquares of the square with address w 
are addressed wO, wI, w2 and w3. Addresses of all the subsquares (pixels) of 
resolution 4 x 4 are shown in Fig. 2.1, middle. The subsquare (pixel) with 
address 3203 is shown on the right of Fig. 2.1. 

In order to specify a black and white image of resolution 2m X 2m , we 
need to specify a Boolean function Em --+ {O, I}, or alternately just the set 
of pixels which are black, i.e. a language L ~ Em. Frequently, it is useful 
to consider multiresolution images, that is images which are simultaneously 
specified for all possible resolutions, usually in some compatible way. 

Clearly, in our notation a black and white multiresolution image is speci
fied by a language L ~ E*, E = {O, 1,2, 3}, i.e. the set of addresses of all the 
black squares, at any resolution. Now, we are ready to give some examples. 
We assume that the reader is familiar with the elementary facts about finite 
automata and regular sets, see e.g. [16]. 
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11 13 31 33 

1 3 10 12 30 32 

o 2 01 03 21 23 

00 02 20 22 

~ 

Fig. 2.1. The addresses of the quadrants, of the subsquares of resolution 4 x 4, 
and the subsquare specified by the string 3203 

Fig. 2.2. 2 x 2 and 8 x 8 chess-boards 

Example 2.1. The 2 x 2 chess-board in Fig. 2.2 looks the same for all res
olutions 2m X 2m , m ~ 1. For depth m, the specification is the finite set 
{I, 2}17m-1, the multiresolution specification is the regular set {I, 2}17*. The 
8 x 8 chess-board in Fig. 2.2 as a multiresolution image is described by the 
regular set 172 {1 ,2} 17* . 

Clearly, we obtain it by placing the 2 x 2 chess-board into all the depth 2 
squares shown in Fig. 2.1. Notice that here we used the fact that the regular 
expression 172{1,2}17* is the concatenation of two regular expressions 172 
and {1,2}17*. It is easy to show that in general if the image is described by 
the concatenation of two languages L = L 1L2 , then the image L is always 
obtained by placing copies of the image L2 into all the squares addressed 
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by the strings of L 1. Note that we can also obtain the 8 x 8 chess-board by 
placing 4 copies of the 4 x 4 chess-board E {I, 2} E* into the squares addressed 
0,1,2 and 3, that is as concatenation of E and E{I,2}E* . 

Example 2.2. Clearly, L1 = {1,2}*0 are addresses of the infinitely many 
squares illustrated at the left of Fig. 2.3. If we place the completely black 
square defined by L2 = E* into all these squares we get the image specified 
by the concatenation L1L2 = {1,2}*OE* which is the triangle shown in the 
middle of Fig. 2.3. 

Example 2.3. By placing the triangle L = L1L2 from the previous example 
into all the squares with addresses L3 = {I, 2, 3}*0 we get the image L3L = 
{1,2,3}*0{1,2}*OE* shown at the left of Fig. 2.4. 

Our concatenation decomposition L = L1L2 works even when language 
L1 is infinite as shown by the following example. 

Zooming is easily implemented for images represented by regular sets. To 
zoom to subsquare with address w, i.e. to expand the image in square w 
to the whole unit square, in image represented by language L, we take the 
left quotient of L with respect to w, that is Lw = {x E E* I wx E L} . It 
is especially easy to get a deterministic finite automaton (DFA) Aw for Lw 
from DFA A accepting L. We simply replace the initial state of A by the 
state reached by input string w. 

We have just shown that a necessary condition for a black and white 
multiresolution image to be represented by a regular set is that it has only a 

1.2 0.1.2.3 

\) \) 
~O-O_IO 

Fig. 2.3. The squares specified by {I , 2}*0, a triangle defined by {I, 2}*0 E*, and 
the corresponding automaton 

Fig. 2.4. The diminishing triangles defined by {l, 2}*0 E* , and the corresponding 
automaton 



Digital Images and Formal Languages 603 

finite number of different subimages in all the subsquares with addresses from 
E*. We will show that this condition is also sufficient. Therefore, images that 
can be perfectly (i.e. with infinite precision) described by regular expressions 
(finite automata) are images of regular or fractal character. Self-similarity is 
a typical property of fractals. Any image can be approximated by a regu
lar expression (finite automaton), however, an approximation with a smaller 
error might require a larger automaton. 

Now, we will give a theoretical procedure which, given a multiresolution 
image, finds a finite automaton specifying it, if such an automaton exists, i.e. 
if the given image has only a finite number of different subimages. 

Procedure "Construct Automaton": 
For given image I, we denote Iw the zoomed part of I in the square addressed 
w. The image represented by state number x is denoted by .,px' 

1. i = j = 0. 
2. Create state 0 and assign .,po = I. 
3. Assume .,pi = Iw. Process state i, that is for k = 0,1,2,3 do: 

If Iwk = .,pq for some state q, then create an edge labeled k from state ito 
state q; 
otherwise assign j = j + 1, .,pj = Iwk, and create an edge labeled k from 
state i to the new state j, 

5. If i = j, that is all states have been processed, stop; 
otherwise i = i + 1, goto 3. 

The procedure "Construct Automaton" terminates if there exists an au
tomaton that perfectly specifies the given image and produces a deterministic 
automaton with the minimal number of states. 

Example 3 (cont.) For the image "diminishing triangles", the procedure con
structs the automaton shown at the right-hand side of Fig. 2.4. First the 
initial state D is created and processed. For 0 a new state T is created, for 
1,2 and 3 a loop to itself. Then state T is processed for 0 a new state S is 
created, for 1 and 2 a loop back to T. There is no edge labeled 3 coming 
out of T since the quadrant 3 for T (triangle) is empty. Finally the state S 
(square) is processed by creating loops back to S for all 4 inputs. 

3. Grayscale images and WFA 

In the case of grayscale images the pixel values are real numbers, practically 
digitized to a value between 0 and 2k - 1, typically k = 8. Hence, using the 
addressing of pixels a grayscale image of finite resolution 2m X 2m is a function 
f : Em -+ R and a multiresolution image is a function 9 : E* -+ R. For the 
latter we usually require that the resolution levels are compatible. 
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The compatibility is formalized by requiring that f : E* --t R is an 
average preserving function. A function f : E* --t R is average preserving 
{ap} if 

1 
f{w} = 4[f{wO} + f{wl} + f{w2} + f{w3}] (3.1) 

for each w E E*. 
We consider the set of functions f : E* --t R as a vector space. The 

operations of sum and multiplication with a real number are defined in a 
natural way : 

(II + /2){w) = h{w) + /2(w), for any h,/2: E* --t Rand w E E*, 
{cf)(w} = cf{w}, for any function f : E* --t R and real number c. 

The set of ap-functions forms a linear sub-space because any linear combina
tion of ap-functions is average preserving. 

By an infinite resolution image we mean a local-grayness function 9 : 
[0,1]2 --t R. For every integrable local-grayness function 9 we can find the 
corresponding multiresolution function f : E* --t R by computing f{w) as 
the integral over the square with the address w, divided by i,;r, the size of 
the square, for each w E E*. Conversely, for a point p E [0, 1]2,g(P) is the 
limit of the pixel values containing p, if such a limit exists. Thus, not every 
multiresolution image can be converted into an infinite resolution image. 

An m-state weighted finite automaton (WFA) A over alphabet E is defined 
by 

1. a row vector fA E R1xm (called the initial distribution), 
2. a column vector FA E nrn Xl (the final distribution), and 
3. weight matrices W: E R mxm for all a E E. 

The WFA A defines a multiresolution function fA over E by 

fA(ala2 ... ak) = fA. W~ . W~ ..... W~ . FA. (3.2) 

We display WFA using diagrams that are similar to those used for finite 
automata. States are represented by circles, the initial and final distribution 
is shown inside the circles. If {Waki '" 0, then there is an edge from state i 
to state j labeled by a,b : (Waki. 

Example 3.1. Consider WFA A over the alphabet E = 0,1,2,3 with the 
initial distribution 1= (1,0), the final distribution F = (~, 1), and the weight 
matrices 

(1 0) (1 1) (1 1) (1 1) Wo = ~ 1 ' WI = ~ t ' W2 = ~ t and W3 = ~ ~ . 

The diagram of WFA A is shown in Fig. 3.1. From a diagram, the multires
olution image can be read as follows: 
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1,2; t 

3 ·! . 1 

Fig. 3.1. WFA A defining the linear grayness function fA 

The weight of a path in the diagram in Fig. 2.4 is obtained by multiplying 
together the weights of all the transitions on the path, the initial distribution 
value of the first node and the final distribution value of the last node on the 
path. Then fA (w) is the sum of the weights of all paths whose labels form 
the word w. For example, fA(03) = 1WoW3F = i, or alternately fA(03) = 
sum of the weights of the three paths labeled by w = k + ~ + 0 = i. 

The image fA for resolutions 2 x 2, 4 x 4, 8 x 8, and 256 x 256 is shown 
in Fig. 3.2. 

WFA A is called average preserving WFA if 

LW: ·FA =p·FA , (3.3) 
aEE 

where p = lEI is the cardinality of the alphabet E. In other words, a WFA 
is average preserving if its final distribution is an eigenvector of LaEE W.;t 
corresponding to its eigenvalue lEI. It is known (see [7]) that the multiresolu
tion function computed by an average preserving WFA is average preserving, 
and that every average preserving multiresolution function computable by a 
WFA can be computed by an average preserving WFA. 

The matrices Wa , a E E, and the final distribution F define a multireso
lution 'l/Ji for every state i, 1 ~ i ~ m, by 

Equivalently, for every state i, 1 ~ i ~ m, and w E E* we have 

Fig. 3.2. The image fA 
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n 

.,pi(aw) = ~)Wa)ij.,pj(W) . (3.4) 
j=l 

We call .,pi the image of state i. It is average preserving if WFA A is average 
preserving. The final distribution value Fi = .,pi(e) is the average grayness of 
image .,pi. 

The transition matrices Wa , a E E, specify how the four quadrants of each 
image .,pi are expressed as linear combinations of .,pI, .,p2, .. . ,.,pn. Specifically, 
the image in quadrant a of .,pi is expressed as (Wa)il.,pl + (Wa)i2.,p2 + ... + 
(Wa)in.,pn. The initial distribution 1 specifies how the multiresolution image 
1, computed by WFA A, is expressed as a linear combination of the images 
.,pI, .,p2, ... ,.,pn; clearly, 

n 

IA = L1j.,pj . 
j=l 

Zooming. To regenerate a zoomed subimage of an image encoded by a 
WFA is as easy as decoding the whole image. For an arbitrary multiresolution 
image 1 over E and word u E E*, let 111. denote the multiresolution image 

I11.(w) = I(uw), for every wE E*. (3.5) 

That is, 111. is the image obtained from image 1 by zooming to the subsquare 
with address u. It is of great practical importance that we can convert a WFA 
defining 1 to a WFA defining 111. simply by replacing the initial distribution 
I of A by 111. = IWa1 ... Wale' where u = al .. . ak. That means that we can 
use a WFA for 1 to easily generate not only the whole image but also one 
contained in any subarea which is a union of subsquares. The zoomed image 
can be generated without generating the whole image. 

Decoder.To decode an image in resolution 2k x 2k we compute (3.2) for 
all addresses in {O, 1, 2, 3}k. An efficient decoder is described in [7]. 

An inference algorithm for WFA First we consider briefly the deter
ministic WFA. We say that a weighted automaton A is deterministic if the 
underlying finite automaton obtained by omiting the weights is deterministic, 
formally if for each pair of state q and a E E there is at most one state p 

such that Wa(q,p) ¥- o. 
Besides the existence of a short description of an image, it is also impor

tant that this description can be easily found from the given image (existence 
of an efficient encoding program) and that it is easy to regenerate the im
age from the description (existence of an efficient decoding program). Both 
of these requirements are excellently satisfied by the deterministic ap-WFA. 
An encoding algorithm restricted to the deterministic WFA is not difficult 
to construct, see [7]. The decoding (for resolution corresponding to the k-th 
level of the quadtree) can be done by simply multiplying the weights on every 
path from the root to a node at k-Ievel (a pixel). 
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0: -0.25; 1 : -0.5 
2 : -0.5; 3 : -0.75 

1 : 1; 2 : 1; 3 : 2 

o : 1; 1 : 1.5; 2 : 1.5; 3 : 2 

Fig. 3.3. The ap-WFA for z = ~ produced by the encoding algorithm 

However, experiments have shown that deterministic ap-WFA are not 
powerful enough for encoding practical images (e.g. photographs) and there 
is a good theoretical reason for it. Indeed, in contrast to finite automata 
specification of black and white images discussed in Section 2., the nonde
terministic ap-WFA are much more powerful than the deterministic ones. 
The image I A from Fig. 3.2 is generated by the nondeterministic ap-WFA 
from Fig. 3.1 but not by a deterministic ap-WFA. Actually, the determinis
tic ap-WFA can generate only countable unions of fractals or constant level 
grayness functions but not smoothly growing grayness functions. 

In [7J we gave an WFA inference algorithm which takes advantage of the 
power of nondeterminism. In [7J we described both a "theoretical" version of 
this algorithm which takes as an input an ideal infinite multiresolution image 
and a "practical" version that takes as an input a finite resolution image. 
Here we will describe only the theoretical multiresolution version since for the 
practical finite resolution problem we now have a better recursive inference 
algorithm described in [9J. The input of the (theoretical) inference algorithm 
is an ideal multiresolution image, i.e. an average preserving function I : E* -t 

R where E = {O, 1,2, 3}. 
We assume that the executor of the algorithm can find out if a given ap

function can be expressed as a linear combination of elements from a given 
finite collection of ap-functions. We also assume that we can compute the 
coefficients of such a linear combination. We will use the notation introduced 
in 3.5 for image obtained by zooming to address w. 

Inference algorithm: 
For an image given by ap-function I : E* -t R, we construct an ap-WFA 
A such that IA = I provided such an ap-WFA exists. We denote by Iw the 
zoomed part of I in the square addressed w. The image represented by state 
number x is denoted by"pz. 

1. i = j = 0. 
2. Create state ° and assign "po = f. 
3. Assume "pi = Iw. Process state i, that is for k = 0,1,2,3 do: 

If there are CO, •.• , Cj such that I wk = co"po + ... + Cj"pj then set Wk (i, x) = 
Cz for x = 0, ... ,j, i.e. create edges labeled k and weighted Co, Cl, ••. ,Cj 

from state i to states 0, 1, ... ,j; 
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otherwise assign j = j + 1, 1/lj = fwk, and Wk(i,j) = 1, that is, create an 
edge labeled k with weight 1 from state i to the new state j, 

4. If i = j, that is all states have been processed, goto 5; 
otherwise i = i + 1, goto 3, 

5. Assign the initial distribution 10 = 1 and Ix = 0 for all x > 0, and the final 
distribution Fx = f(w) if 1/lx = fw for x ~ 0, that is the final distribution 
of a state is the average intensity of the image it represents. 

Note the similarity between the inference algorithm and the procedure "Con
struct Automaton" of the previous section. It is easy to see that the inference 
algorithm terminates if and only if the set {fwlw E E*} generates a linear 
space of finite dimension. The number of states in the ap-WFA produced by 
the algorithm is the same as the dimension of the linear space. The algorithm 
gives an ap-WFA with the minimal number of states defining the given image 
exactly, provided such an automaton exists. 

Similarly, as for black and white images in the previous section, we have 
a necessary and sufficient condition for a grayscale image to be defined by a 
(minimal) WFA. An image (function) f: E* -+ R can be defined by a WFA 
with d states if and only if the set of functions defined in all the subsquares 
of E* by f (that is, the set {fwlw E E*}) generates a linear space of finite 
dimension d. For more details and a proof see [7, 10]. 

Example 3.2. Consider the linearly sloping ap-function fA introduced in Ex
ample 1. Let us apply the inference algorithm to find a minimal ap-WFA 
generating fA. 

First state qo is assigned to the square E and we define F( qo) = !. Consider 
then the four subsquares 0, 1,2,3. The image in the first subsquare 0 can be 
expressed as ~ . fA (it is obtained from the original image fA by decreasing 
the contrast by one half) so that we define Wo(qO, qo) = 0.5. 

The image in the subsquare 1 cannot be expressed as a linear combination 
of fA so that we have to use a second state q1. Define W1(qO,qt} = 1 and 
F(qt} = ! (the average grayness of the subsquare 1 is i). Let It denote the 
image given by fA into the square 1. 

The image in the subsquare 2 is the same as in the subsquare 1, so that 
W2(qO, qt} = 1. In the quadrant 3 we have image which can be expressed as 
2· It - ~. fA. We define W3(qO,qo) = -~ and W3(QO,qt) = 2. The outgoing 
transitions from state Qo are now ready. 

Consider then the images in the squares 10,11,12 and 13. They can be 
expressed as It - ~ . fA, i· It - !. fA, ~. It - !. fA and 2· It - ~. fA, 
respectively. This gives us the ap-WFA of figure 3.3. 

The initial distribution I is defined by I(Qo) = 1 and I(Qt) = o. 
Encoder. A recursive inference algorithm for WFA is described in [9]. Our 

WFA-based compression software uses a more recent version of this recur
sive inference algorithm. The resulting WFA is then packed using arithmetic 
coding, the details are described in [17]. 
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(a) Original 512 x 512, 8 bpp (b) Regenerated by a WFA, 0.07346 bpp 

Fig. 3.4. Image Carol 

We will illustrate most our image transformations by mapping image 
Carol shown in Fig. 3.4. The original, resolution 512 x 512, 8 bits per pixel, 
is in Fig. 3.4(a). The image in Fig. 3.4(b) is regenerated by WFA stored in 
2406 bytes (109 x compression 0.07346 bpp). 

Color images. Color images are represented by three functions f -+ E* 
usually corresponding to intensity, hue, and saturation (YIQ representation). 
In our image compression software just one WFA with three "initial distri
butions" is built for a color image. Since the color components are typically 
similar only 10-20% more states need to be created for the I and Q compo
nents than for the Y component. Hence our method works especially well for 
color images. It also works especially well and fast for high compression rates 
since only a small automaton has to be build. 

4. Weighted finite transducers 

Almost every transformation of an image involves moving (scaled) grayness 
values between pixels. This is the case for any (piece-wise) affine transforma
tion, filtering, computing wavelet transforms, etc. Such image transformations 
can be specified by weighted finite transducers (WFT), introduced in [5, 8]. 
Theoretically WFT are a special case of rational transducers, see [13]. 

Consider alphabet E = {a, 1,2, 3}. Analogously to WFA, an n-state 
weighted finite transducer M from alphabet E into alphabet E is specified 
by 

1. weight matrices Wa,b E Rnxn for all a E E U {e} and bEE U {e}, 
2. a row vector I E R1xn, called the initial distribution, and 
3. a column vector F E Rnxl, called the final distribution. 
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2.0:1 
3.1 :1 

0.2:1 
1.3:1 

0.5.0 ~£.0:2 
----.J £ .3: 1 

2.2:1 
3.3:1 

Fig. 4.1. The composition of affine transformation Squeeze and a fractal copying 

The WFT M is called c-free if weight matrices Wc:,c:, Wa,c: and Wc:,b are zero 
matrices for all a E E and bEE. 

The WFT M defines function 1M : E* x E* ---t JR, called weighted 
relation between E* and E*, by 

IM(U,V) = I· Wu,v· F, for all U E E*,v E E*, 

where 

Wu,v = (4.1) 
al ... ak = U 

bI ... bk = v 

if the sum converges. (If the sum does not converge, IM(U,V) remains un
defined.) In (4.1) the sum is taken over all decompositions of U an v into 
symbols ai E E u { c} and bi E E U {c }, respectively. 

In the special case of c-free transducers, 

IM(ala2 ... ak, b1b2 ... bk) = I· Wa1,b 1 . W a2 ,b2 ••••• Wak,bk • F, 

for ala2 ... ak E Ek, b1b2.·· bk E Ek, and IM(U, v) = 0, if lui f:; Ivl· 
Let P : E* x E* : ---t IR be a weighted relation and I : E* ---t IR a 

multiresolution function. The application of P to I is the multiresolution 
function 9 = p(f) : E* ---t IR over E defined by 

g(v) = L I(u)p(u,v), for all v E E*, (4.2) 
uEE* 

provided the sum converges. The application M(f) of WFT M to I is defined 
as the application of the weighted relation 1M to I, i.e. M(f) = IM(f). 

The weighted relation p can be applied also on (integrable) infinite reso
lution images 0: : [0,1)2 ---t [0,1]. Assume there exists an (unique) average 
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preserving multiresolution function 1 such that j = 0:. We define p(o:~ Pfj), 
provided p(J) exists and converges to an infinite resolution image p(J). The 
application of a WFT M to 0: is defined as the application of 1M to 0:. 

Equation (4.2) defines an application of a WFT to an image in the pixel 
form. An efficient implementation is discussed in [11]. If an image is available 
in WFA-compressed form we can apply a WFT directly to it and compute 
the regenerated image again in WFA-form. 

The applications of a general WFT to a WFA have been defined in [5]. 
Here we define it only for e-free WFT. The application of an e-free WFT 
M to an m-state WFA A over alphabet E specified by initial distribution 
I A, final distribution FA and weight matrices w.;4, a E E, is the mn-state 
WFA B = M(A) over alphabet E with initial distribution IB = I ® IA, final 
distribution FB = F ® FA and weight matrices 

W~ = L Wa,b ® W~'\ for all bEE. 
aEE 

Here, ® denotes the ordinary tensor product of matrices (called also Kro
necker product or direct product), defined as follows: Let T and Q be ma
trices of sizes s x t and p x q, respectively. Then their tensor product is the 
matrix 

of size st x pq. 
Clearly, IB = M(JA) , i.e. the multiresolution function defined by B is 

the same as the application of the WFT M to the multiresolution function 
computed by WFA A. 

We note that every WFT M is a linear operator IRE' _ IRE' . In other 
words, 

for all rl, r2 E IR and II, h : 17* -+ IR. More generally, any weighted relation 
acts as a linear operator. 

The composition of weighted relations was defined in [5]. Let us recall 
its definition, as well as definitions of two other operations from [8]. Let 
a: (171)* x (E2)* - IR and p: (17f)* x (17~)* - R be weighted relations. 
Define a 0 p (composition), a + p (sum),and rp (product with scalar r E IR) 
as follows: 

(a 0 p)('U, v) = L a('U, w)p(w, v), 
wEE~ 

(a + p)('U,v) = a('U,v) + p('U, v), 
(rp)( 'U, v) = rp( 'U, v). 
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F(x, y) = 5f(x,y)- f(x+h, y)- f(x-h, y)- f(x, y+h)- f(x, y-h) 

cut: 

2.0:1 
3.1:1 

1.0:1 
3.2:1 

0.0:1 
2.2:1 
3.3:1 

0.1:1 
2.3:1 

0.2:1 
1.3:1 

~~ 2.2:1 

~ ~O'O:l 
1.0 0.0 0.1 1.1:1 

2.2:1 3.3:1 
3.3:1 

0.0:1 
Window: @1 __ E_._1:_1_.~@J-__ E._1_:1_".1 ~ ~:~~~ 

3.3:1 
Fig. 4.2. Transformations filter, cut, and window 

It is possible that the sum in the definition of composition does not con
verge, in which case the composition is not defined. However, if the weighted 
relations are defined by c-free WFT the composition is always defined. 

The following formulas for the applications of the weighted relations to 
multiresolution function f : (Ef)* ---+ R follow from the definitions above: 

(aop)(f) 

(a+p)(f) 

(rp) (f) 

p(a(f)), 

= a(f) + p(f), 

rp(f). 

We now define the corresponding operations on c-free WFT. All these and 
other operations have been implemented in our wftx package, see [11]. They 
allow to build complex WFT easily from simple components as will be illus
trated in the next section. 
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Fig. 4.3. Images Carol and r(Carol) for r = filter 0 cut + window 

Let A (B) be an nA-state (respectively nB-state) c-free WFT over al
phabet E with initial distribution IA (IB), final distribution FA (FB) and 
weight matrices W~\ for a E Et and bEEt (W!b for a E Ef and bE E!j, 
respectively). Defin~ new 10-free WFT A 0 B, A + B, r A for r E R, A· Band 
A + as follows: 

The composition A 0 B is the nAnB-state WFT from Et to E!j with initial 
distribution IA ® I B, final distribution FA ® FB and weight matrices Wa,b = 
LCEL't W~c ® W:'b for all a E Et,b E E!j. 

The sum A + B is the (nA + nB)-state WFT from Et to Et with initial 
distribution IA+B, final distribution FA+B and weight matrices W::B, a E 

Et and bEEt given by 

Multiplication by scalar r E R : The WFT r A is as A except that the initial 
distribution vector IA is replaced by rIA. 

According to the following theorem the operations defined on WFT and 
weighted relations are compatible. Its proof is straightforward. 

Theorem 4.1. For c-free WFT A and B holds fAoB = fA 0 fB, h+B = 
fA + fB, frA = rfA for all r E R . 0 

5. Examples of WFT 

We display WFT using similar diagrams as are used for finite automata. 
States are represented by circles, the initial and final distribution is shown 
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inside the circles. If (Wa,bkj # 0, then there is an edge from state i to state 
j labeled bya,b:(Wa,bli,j. 

In the following two examples we illustrate the convenience of building 
more complex WFT from simple ones. 

Example 5.1. If we remove the bottom node (state) from Fig. 4.1(a) we 
have a WFT that implements the affine transformation "squeeze" defined 
by Xl = x/2, YI = y. The whole WFT in Fig. 4.1(a) performs the composi
tion a of squeeze and a fractal copying as shown by image a(Carol) shown 
in Fig. 4.1(b). 

Example 5.2. Fig. 4.2 shows three WFT. The first filter implements a high 
frequence filter defined by 

F(x, y) = 5F(x, y) - f(x + h, y) - f(x - h, y) - f(x, y + h) - f(x, y - h). 

WFT filter multiplies each pixel-value by 5 and subtracts the values from 
each west, east, north and south neighbor. 

WFT cut shown in the middle of Fig. 4.2 replaces the pixel-values in left 
top corner (subsquare with address 11) by zeroes. WFT window shown at 
the bottom makes a small copy of the input image into the subsquare 11. 
The result of applying the WFT 

T = filter 0 cut + window 

to image Carol is shown in Fig. 4.3. 

Example 5.3. WFT Mallat shown in Fig. 5.1 computes the coefficiyents of the 
discrete Haar wavelet transform for any finite resolution and presents them in 
the Mallat form [12]. It computes the continuous Haar wavelet transform for 
the infinite resolution. The image Mallat{Carol) is shown in Fig. 5.1 with the 
contrast increased. In order to display better all the coefficients we compute 
them unsealed, that is we use wavelets which are not orthonormal. To get the 
orthonormal case it is sufficient to just adjust the weights of the e transitions 
of our WFT. 

We had space for only a few examples. However, the widest variety of 
image transformations, and more generally function transformations, can be 
implemented by WFT. 
See [8] for more examples, among them, two-state WFT that implement 
derivatives, partial derivatives, and various types of integrals. For such WFT 
with only a few states it is especially advantageous to compute their appli
cations in WFA form even if we want to see the result in pixel-form, that is 
if we have to immediately decode the resulting WFA. 

All the examples of image transformations here were produced using a 
menu-driven X-windows based system wftx implemented by P. Rajcani [11]. 
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Fig. 5.1. WFT Mallat computing Haar wavelet coefficients in Mallat form and the 
image Mallat(Carol) 

In wftx images are represented either in pixel-form or by WFA. The conver
sions between these representations are implemented using the WFA infer
ence algorithm [9] and the WFA decoding algorithm [7]. All the operations on 
images, WFA and WFT discussed in Section 4. are implemented in wftx. In 
particular, a WFT can be applied to an image in pixel-form and produce again 
an image in pixel form, possibly of different resolution. Alternately a WFT 
can be applied to a WFA and produce a WFA. If an image in pixel-form is not 
in resolution 2n x 2n , for some n ~ 1, then it is stretched/squeezed to the clos
est such resolution and the result after transformation is squeezed/stretched 
back to the original resolution. 
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