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1 Introduction

In probabilistic grammar induction, to avoid overfitting, simplicity priors are often used [1–4], which
favor smaller grammars and penalize more complex grammars (the Occam’s Razor principle). The
most used such prior is Solomonoff’s universal probability distribution 2−l(G), where l(G) is the
description length of the grammar G.

Recently, there has been significant progress in applying nonparametric Bayesian models to machine
learning problems. This kind of models do not assume a fixed model size (the number of parame-
ters and/or hidden variables), but instead determine the model size from the data, with a preference
towards a smaller model. One type of the nonparametric Bayesian models, the hierarchical Dirich-
let process (HDP) [5], defines a distribution over an interrelated group of categorical distributions.
Therefore, HDP seems to be a suitable prior for the transition probabilities of a probabilistic gram-
mar. The advantage of using HDP as the prior is that, it can be naturally incorporated into the graph-
ical model of the grammar, so many sophisticated inference algorithms, like variational Bayesian
methods and Gibbs sampling, can be applied for grammar induction. So far a number of grammar
models based on the HDP prior have been proposed, for both hidden Markov models (HMM) [5]
and probabilistic context-free grammars (PCFG) [6, 7].

It is, however, still not clear how well the HDP prior favors smaller grammars. In particular, it is
unclear how the prior probability of a grammar defined by HDP changes with the description length
of the grammar, and what the relationship is between the HDP prior and the universal probability
distribution that is widely used in previous grammar induction work. In addition, we wonder how
the parameters of HDP affect its behavior. To answer these questions, we conducted a number of
experiments as described in the rest of the paper.

2 Hierarchical Dirichlet Process

For the purpose of grammar induction, the hierarchical Dirichlet process (HDP) can be described
as follows, using the stick breaking representation. First we define the stick breaking distribution
GEM(α). To sample an infinite dimensional vector β = (β1, β2, . . .) ∼ GEM(α), we first generate
an infinite sequence of real numbers β′1, β

′
2, . . . between 0 and 1 from a beta distribution: β′i ∼

Beta(1, α) for i = 1, 2, . . .; then βi is defined to be β′i
∏

j<i(1−β′j). It is easy to see that
∑∞

i=1 βi =
1, so β can be interpreted as a probability distribution over positive integers. This construction
procedure of β can be seen as iteratively breaking off potions from a unit length stick, each time
according to a proportion sampled from a beta distribution.

Given the vector β, we can generate a set of categorical distributions over positive integers, each
with an infinite dimensional vector φi as the parameter, s.t. φi ∼ DP(γ, β) which is defined as
follows. First we sample an infinite dimensional vector π ∼ GEM(γ), and sample an infinite
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sequence of positive integers l1, l2, . . . from the categorical distribution defined by β; then for any
j, φij is defined to be

∑
k∈Lj

πk where Lj := {k|lk = j}.

The above procedure defines how a set of categorical distributions over positive integers can be
sampled from an HDP, which has two parameters α and γ. One important property of HDP is
that, the categorical distribution sampled from it tends to put most probability mass to the first few
outcomes. In other words, although an HDP assumes an infinite number of outcomes, only a small
number of them are significant.

In grammar induction, since we do not know the number of nonterminals of the target grammar, we
can assume a countably infinite number of them, each having a transition probability distribution
over a countably infinite number of possible nonterminal productions 1, and HDP can be used here
as the prior of these infinite number of distributions. Because of the property of HDP mentioned
above, only a finite number of the nonterminals would be significant. For more details of using HDP
priors for grammar induction, please see [5] for learning HMM and [6, 7] for learning PCFG.

3 Relation between HDP Priors and Description Length

In previous work of probabilistic grammar induction, the description length of a grammar l(G)
plays an important role in defining the prior probability of the grammar. For example, one of the
most widely used prior is the universal probability distribution P (G) ∝ 2−l(G) [1, 2, 4]. In this
paper, to compute l(G) we simply count the number of grammar rules in a grammar. Notice that for
a probabilistic grammar, we may have grammar rules with negligible probabilities. Such rules are
usually ignored when computing l(G).

In this section, we try to find out the relation between the prior probability of the transition rules
of a grammar defined by HDP, and the description length of the transition rules. Let vector φi be
the transition probabilities of the nonterminal i, and let Φ be the set of these transition probability
vectors. Based on the definition of HDP in Section 2, the prior probability is

PHDP(Φ) =
∫

GEM(β|α)
∏

i

DP(φi|γ, β) dβ (1)

We can not find a closed form of this probability, so we resort to experimental methods.

First we generated a set of grammars of different sizes. The grammar formalism we used is HMM,
but we believe the results we got would also hold for PCFG. Specifically, we set the number of non-
terminals to be 5, 10, 15 or 20; for each nonterminal, we sampled the number of possible transitions
based on a Gaussian distribution with the mean being either the total or a half of the number of
nonterminals, and then we randomly selected the nonterminals it can change to, while made sure
that each nonterminal can be reached from the first nonterminal which is the start symbol; finally we
generated the transition probabilities from a uniform distribution. Since DP(φ) is undefined if φ
contains zeros, we assigned a very small probability ε = 10−6 to transition rules not present in the
grammar. To make it a fair comparison between grammars of different sizes, we also added virtual
nonterminals into each grammar to make the total number of nonterminals to be always K = 20,
and transition probabilities were generated for the virtual nonterminals in the same way as the real
nonterminals. These virtual nonterminals cannot be reached from the start symbol, so they are not a
part of the actual grammar. We did not generate the emission rules because they are irrelevant to the
HDP prior.

On each of the generated grammars, we used importance sampling [8] to evaluate Equation 1. To
make it possible, we truncated β at K = 20, so that βK = 1 − ∑K−1

i=1 βi and βi = 0 for i > K
(truncation is typical in inference of Dirichlet process with the stick breaking representation [6]).
Because of the truncation, in Equation 1 DP is degenerated to a Dirichlet distribution of dimension
K, and φi becomes a K-dimensional vector. The proposal distribution of β for importance sampling
is a Dirichlet distribution with all the parameters being 1 (i.e., uniform over the simplex).

Figure 1 shows the relation between the log HDP prior probabilities of grammars and their de-
scription length l, when α = 1 and γ = 2 (marked by plus signs in Fig.1). It can be seen that, the

1For an HMM, the number of possible productions is the number of nonterminals; for a PCFG in the
Chomsky normal form, the number of possible productions is the square of the number of nonterminals.
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Figure 1: The relation between the log HDP prior probabilities and the description length when
α = 1 and γ = 2. l is the description length with only the real nonterminals counted; l′ is the
description length with both the real and the virtual nonterminals counted. The line is the least
squares linear fit of the log P -l′ data points.

relation between the two is not perfectly linear, but still smaller grammars tend to have exponentially
higher prior probabilities. So HDP does seem to be an approximation of the universal probability
distribution, and thus a decent simplicity prior for grammar induction.

We also plot the relation between the log prior probabilities and l′, the description length of gram-
mars with the transition rules of virtual nonterminals counted in (marked by circles in Fig.1). Sur-
prisingly, there is an almost perfect linear relation between the two. In other words, the HDP prior
probability would be almost equivalent to the universal probability distribution if the description
length was defined to count in grammar rules that cannot be reached from the start symbol.

This almost perfect fit can be explained as follows. With the truncation at K, Equation 1 can be
rewritten as

P (Φ) =
∫

αK−1βα−1
K

K∏

i=1

Dir(φi|γβ) dβ

= αK−1

∫
βα−1

K B(γβ)−K
K∏

i=1

K∏

j=1

φ
γβj−1
ij dβ

where Dir(·) is the Dirichlet distribution, and B(·) is the beta function. Notice that the transition
probabilities in Φ (including those of virtual nonterminals) are either a very small value ε (for rules
not actually present in the grammar, the set of which is denoted by E) or moderately large (for actual
rules, the set of which is denoted by A). So the prior probability can be approximated as

P (Φ) ≈ αK−1

∫
βα−1

K B(γβ)−K
∏

r∈E

εγβ̄−1
∏

r∈A

φγβ̄−1
r dβ

≈ αK−1 ε(γβ̄−1)|E| φ̄(γβ̄−1)|A|
∫

βα−1
K B(γβ)−K dβ

where β̄ and φ̄ are the mean value of {βj |j = 1, . . . , K} and {φr|r ∈ A} respectively. Because
l′ = |A| = K2 − |E|, we can get

log P (Φ) ≈ (γβ̄ − 1)(K2 − l′) log ε + (γβ̄ − 1)l′ log φ̄ + (K − 1) log α

+ log
∫

βα−1
K B(γβ)−K dβ (2)
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Figure 2: The effect of different α values when
γ = 2.

0 50 100 150 200 250 300 350 400

0

500

1000

1500

2000

2500

3000

3500

l

l
o
g
 
P

 

 

γ = 2
γ = 10
γ = 20
γ = 30

Figure 3: The effect of different γ values when
α = 1.

Therefore log P (Φ) is approximately a linear function of l′. When α = 1 and γ = 2, Equation 2
predicts a slope around 10.6, which is quite close to the slope of 9.4 of the linear fit.

The better fit of l′ instead of the real description length l reveals a possible problem of the HDP prior
when used in grammar induction. From Equation 1 we can see that, the transition probabilities φi
of any nonterminal i plays an equal role in the formula, even if the nonterminal can not be reached
from the start symbol (with a nonnegligible probability) and thus will not be used by the grammar.
Notice that this problem still exists even if we do not truncate HDP. It is still unclear to us whether
this poses a real problem in probabilistic grammar induction using HDP, because firstly, HDP is a
prior, which is not so important if we have enough data; and secondly, while this problem is over
individual grammars, in reality Bayesian inference (either MCMC [5, 7] or Variational methods [6])
is usually used to find the posterior of grammars instead of a single best grammar.

3.1 Effect of Parameters

We also studied how the relation between the HDP prior probabilities and the description length
changes with different values of the two parameters α and γ, as shown in Figure 2 and 3 respectively.

The influence of α is rather small. The log probabilities with a larger α is only slightly (but consis-
tently) higher than those with a smaller α. This is not surprising considering that α is only indirectly
related to Φ. From Equation 2, it can also be seen that the log prior probability is dominated by the
first term, which does not contain α.

The changing of γ, on the other hand, significantly affects the relation between the log prior proba-
bilities and the description length. It can be seen that, γ controls how much and in which direction
the HDP prior probabilities change with the description length. With γ < 20, larger description
length leads to lower prior probabilities (as preferred in grammar induction). With γ around 20,
the prior probabilities do not change much with the description length. With even larger γ, we see
some grammars with larger description length now have higher prior probabilities, while for smaller
grammars there seems to be a floor effect of the prior probabiltiies. This observation can be roughly
explained as follows. Based on Equation 2, γβ̄ − 1 is the slope of the linear function of l′; since
β̄ is around 1/K, the slope changes its sign when γ is around K, which is 20 in our experiments.
Although l is always smaller than l′, it does not change the shape of the function too much. This
observation suggests that in grammar induction γ should be set to a value less than K, and that
smaller γ leads to stronger simplicity bias.

4 Comparison of HDP and Dirichlet Priors

A Dirichlet distribution with very small parameters (less than 1) also generates categorical distri-
butions that put most probability mass to a small number of outcomes, so it can also be used as
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Figure 4: Comparison of the HDP and Dirichlet priors with different values of γ.

a simplicity prior. Indeed, if the parameters of a K-dimensional Dirichlet distribution are γ/K,
then when K gets large, the Dirichlet prior becomes approximately equivalent to a Dirichlet process
prior with γ as the concentration parameter [9]. In this section we compare the HDP prior with the
Dirichlet prior.

For each grammar generated in Section 3, we computed the Dirichlet prior probability of the transi-
tion probabilities.

PDir(Φ) =
K∏

i=1

Dir(φi|
γ

K
, . . . ,

γ

K
)

Figure 4 shows the experimental results with different values of γ. When γ = 2 and 10, the Dirichlet
prior is not very different from the HDP prior; when γ = 20 and 30, the two are different but still
have similar trend. Notice that, as discussed in the previous section, HDP is suitable for grammar
induction when γ < K. Since the HDP and Dirichlet priors are shown to be similar when γ < K,
this raises the question of why one should use (truncated) HDP in grammar induction instead of the
much simpler Dirichlet prior.

Another observation of the Dirichlet prior is that, when we plotted it against l′ (the description
length with virtual nonterminals counted in; figures not shown here), we found an almost perfect
linear relation for any value of γ (while for HDP, the relation is perfectly linear only when γ is very
small). This can be explained in a similar way as we did for HDP in the previous section.

5 Summary and Discussion

Hierarchical Dirichlet process (HDP) has recently been used as a prior distribution for probabilistic
grammar induction. We conducted experiments to find out how the (truncated) HDP prior distri-
bution is related to the description length of grammars, because description length is widely used
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to define priors (e.g., the universal probability distribution) in previous grammar induction work.
We find that, with proper parameter setting, the HDP prior does tend to assign exponentially higher
probabilities to smaller grammars, but not as strictly as the universal probability distribution does.
This discrepancy is because HDP takes into account nonterminals that are unreachable from the
start symbol, which might be problematic for grammar induction. We also studied the effect of pa-
rameters of HDP, which provides some guideline of suitable parameter values when using HDP in
grammar induction. We then compared the HDP prior with the Dirichlet prior, and found the two
quite similar when using parameters suitable for grammar induction.

It shall be noted that, all the experiments were done with a truncated HDP, which is an approxima-
tion of HDP. Also, in practice Bayesian inference is often used for grammar induction with HDP,
which finds the posterior of grammars instead of a single best grammar. Therefore, it would be inter-
esting to study whether the findings of this paper still hold for non-truncated HDP and for grammar
induction beyond point estimation.
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