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Abstract—In this paper, we develop a regularized Fenchel dual
gradient method (RFDGM) for solving nonsmooth convex opti-
mization problems over networks with time-varying topologies,
where the nodes are required to find a common decision that min-
imizes the sum of their local objective functions subject to their
local constraints in a fully distributed fashion. Different from
most existing distributed optimization algorithms that also cope
with time-varying networks, RFDGM is able to handle problems
with general convex local objective functions and distinct local
constraints, and still has non-asymptotic convergence results.
Specifically, under a standard network connectivity condition,
we show that RFDGM is guaranteed to reach e-accuracy in
both optimality and feasibility within O(Z In 1) iterations. Such
an iteration complexity can be improved to O(XInl) if the
local objective functions are strongly convex but not necessarily
differentiable. Finally, simulation results demonstrate the high
effectiveness of RFDGM.

Index Terms—distributed optimization, regularization tech-
nique, Fenchel duality.

I. INTRODUCTION

There is a recent surge of interest in distributed optimiza-
tion, motivated by its broad applications such as in-network
robust estimation [1], network resource allocation [2], and
distributed machine learning [3]. In many of such scenarios,
each node in a network is endowed with a local objective
function and a local constraint, and all the nodes attempt to
jointly find a common decision so that the sum of all the
local objective functions is minimized over the intersection of
all the local constraint sets. Also, the network is often highly
dynamic and of huge size. Accordingly, the nodes can only
afford interactions with neighbors and need to cope with time-
varying network topologies.

There have been a number of distributed optimization
algorithms that are applicable to time-varying networks (e.g.,
[4]-[17]). Nevertheless, most of these algorithms [4]-[11] only
address unconstrained problems or problems with identical
local constraints, except [12]-[17] where both time-varying
networks and nonidentical local constraints are allowed.

The consensus-based projected subgradient method [12] and
the proximal minimization algorithm [13] both converge for
general convex local objective functions. However, [12], [13]
only establish asymptotic convergence and do not provide
non-asymptotic convergence results such as convergence rates
and iteration complexities. DPDA-D [14] and DPDA-TV [15]
approximate a centralized primal-dual algorithm by executing
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a growing number of consensus operations at each iteration k.
It is shown that when the constraint sets are bounded, DPDA-
D converges with an O(1/k) rate for general convex objective
functions, and DPDA-TV converges with an O(1/k?) rate
for strongly convex objective functions. However, the number
of the consensus operations carried out by DPDA-D and
DPDA-TV per iteration grows unbounded, so that DPDA-D
and DPDA-TV suffer from high communication costs and,
also, their practical performance is not satisfactory [18]. The
Dykstra algorithm [16] converges at an O(1/vk) rate for
strongly convex problems, yet it requires neighboring nodes to
intermittently solve an optimization problem that consists of
their local objective functions, which can be communication-
wise costly and may cause privacy issues.

In our prior work [17], we have developed, based on
Fenchel duality [19], a Fenchel dual gradient method (FDGM)
that addresses distributed optimization with strongly convex
local objectives and distinct local constraints on time-varying
networks. FDGM achieves an O(1/vk) convergence rate, is
highly scalable with respect to the network size and a con-
nectivity parameter, and enjoys fast convergence in practice.
Nevertheless, the implementation and analysis of FDGM rely
on strong convexity of the objective functions, which results
in a smooth Fenchel dual problem to be solved by FDGM.

In this paper, we propose a distributed optimization al-
gorithm, referred to as Regularized Fenchel Dual Gradient
Method (RFDGM), for solving problems with general convex
local objectives and nonidentical local constraints over time-
varying undirected networks. Since strong convexity is no
longer assumed, the Fenchel dual problem of the distributed
optimization problem can be non-differentiable. Thus, instead
of directly handling the Fenchel dual problem as FDGM does,
we introduce a regularization technique to obtain a regularized
Fenchel dual problem that is strongly convex and smooth.
We show that the gradient of the regularized Fenchel dual
function is readily available and can be evaluated by the
nodes in parallel. This allows us to construct a weighted
gradient method to solve the regularized Fenchel dual problem,
which, with properly designed parameters, only requires each
node to communicate with its current neighbors. The resulting
algorithm, i.e., RFDGM, is characterized by the following:

1) RFDGM linearly converges to the optimal value of the

regularized Fenchel dual problem on time-varying net-
works satisfying the standard B-connectivity condition.

2) We provide iteration complexities for RFDGM, which

can be explicitly estimated. In particular, for any given
e > 0, RFDGM is guaranteed to reach e-accuracy in
both optimality and feasibility of the original primal
problem within O(Z% In 1) iterations. If we further im-
pose strong convexity (but no smoothness) on the local



objective functions, the iteration complexity is reduced
to O(LIn). This significantly improves the O(Z%) it-
eration complexity of FDGM [17] for solving strongly
convex problems, and also eliminates an assumption in
[17] which requires the global constraint set to have a
nonempty interior.

3) RFDGM can be implemented in a fully distributed way,
including parameter selections that ensure convergence.

4) We provide a detailed comparison of RFDGM and the
existing distributed optimization methods [12]-[17] that
are able to handle time-varying networks and nonidentical
local constraints. Briefly, RFDGM does not rely on the
strong convexity condition assumed by [15]-[17] and has
stronger convergence results than [12], [13], [16], [17]
under the same or less restrictive assumptions. Moreover,
unlike [14], [15] whose communication costs per iteration
are increasing and eventually blow up, each iteration of
RFDGM only requires every node to interact with its
neighbors once.

5) We demonstrate the superior performance of RFDGM
against the alternative methods via simulations on a class
of constrained convex optimization problems.

The outline of the paper is as follows: Section II describes
the problem formulation. Section III develops RFDGM and
Section IV shows the convergence analysis. Section V dis-
cusses the parameter selections, and Section VI presents the
simulations. Finally, Section VII concludes the paper.

A preliminary conference version of this paper can be found
in [20]. Compared to [20], RFDGM in this paper has a more
general algorithmic form, which allows local regularization pa-
rameters instead of global ones. Accordingly, the convergence
analysis of this paper generalizes that in [20]. This paper also
contains new convergence results for strongly convex problems
and all the proofs including those omitted in [20]. Moreover,
this paper includes detailed comparisons between RFDGM and
the existing works, as well as an expanded numerical study.

Notation

For any set X C R%, int X is its interior, rel int X is its
relative interior, and |X| is its cardinality. For any two sets
X, Y C R?, we use X x Y to denote their Cartesian product.
We use || - || to denote the Euclidean norm and || - ||; the ¢;
norm. In addition, I is the d x d identity matrix, Oy is the
d x d all-zero matrix, 15 € R? is the all-one vector, 0y €
R is the all-zero vector, and ® is the Kronecker product.
We also use diag(as,...,q,) to represent a diagonal matrix
with diagonal entries aq,...,a, € R. Also, for any matrix
A e R, [A];; is its (4,7)-entry and Null(A) is its null
space. For any two matrices A, B € R4 A — B = Oy
and B — A < Qg4 both mean A — B is positive semidefinite.
For any symmetric positive semidefinite matrix A € R"*",
we use AY(A) to denote the ith largest eigenvalue of A, and
let ||x||4 = vxTAx for any x € R". Given z1,...,2, €
RY, x = ((x1)T,..., (zn)T)T € R"™ represents the vector
obtained by stacking x1,...,%y.

For an undirected graph G = (V, &) with the vertex set V
and the edge set £ C {{4,j} : i,j € V,i # j}, its Laplacian
matrix, denoted by Lg, is defined as

[Lg]ij = _17 if {Zvj} € 57 \V/Z,j € V7
0, otherwise,

where N; ={j € V: {i,j} € £}.

For any function f : RY — R, df(x) denotes the subd-
ifferential (i.e., the set of subgradients) of f at z € R, If
f is differentiable, 0f(x) = {Vf(x)}, where Vf(z) is the
gradient of f at x.

Preliminaries

A function f : RY — R is said to be convex on a convex
set X C R? if for any z,y € X and any s € 9f(z), f(y) —
f(x) = sT(y—2a) > &y — z||? for some § > 0, where 6 is
called the convexity parameter of f on X.

We say f is 0-strongly convex on X if the above inequality
holds for some 6 > 0, and f is (globally) strongly convex if
6 > 0 and X = R? Note that strong convexity of f does not
require f to be differentiable. If f is convex but not strongly
convex on X, then § = 0.

We say f is M-smooth if it is differentiable and its gradient
Vf satisfies the Lipschitz condition ||V f(z) — Vf(y)| <
M|z — y|| Vz,y € R4,

II. PROBLEM FORMULATION

Consider a multi-hop network consisting of n > 2 nodes,
which can be modeled as a time-varying undirected graph
Gk = (V,&F), where V = {1,2,...,n} is the set of nodes
and £F C {{i,j} :4,j € V,i # j} represents the set of links
at time k > 0. We assume £F # () Vk > 0. Also suppose the
following B-connectivity assumption holds, which says that
the links occurring in every time interval kB, (k+1)B — 1],
k > 0 are able to connect all the n nodes.

Assumption 1. There exists an integer B > 0 such that for

any k > 0, the graph (V, UgiZ}B)Bfl EY) is connected.

Assumption 1 does not require every Gk, k > 0 to be
connected. It is a standard connectivity condition on time-
varying networks, and is also considered in many existing
works such as [5]-[17].

Suppose each node ¢ € V in the network has a local
objective function f; : R — R and a local constraint set
X; C R?. All the nodes attempt to jointly solve the following
constrained optimization problem:

ml;"é%;ze >iev filz) )
subjectto € ;o Xi-
Let each node i € V hold a local copy x; € R? of the global
decision variable z. Define x = ((x1)7, ..., (z,)")T € R™
and S = {x € R" : gy = 29 = --- = x,,}. Problem (1) can
thus be reformulated as

minimize F(x):=>,cy filzs)
x€ER™
subjectto x € X 1= X3 X -+ x Xp,, 2)

x € S.



Clearly, problems (1) and (2) share the same optimal value
F*. Moreover, z* € R? is an optimal solution of problem (1)
if and only if x* = ((z*)7,..., (#*)T)T € R™ is an optimal
solution of problem (2).

We impose the following assumption on problem (1).

Assumption 2. Problem (1) satisfies the following:

(a) Each f;, i €V is continuous and convex on X;.
(b) Each X;, i € V is closed and convex. In addition,
rel int (), Xi # 0.

Assumption 2(a) allows each f; to be a general convex func-
tion that is not necessarily differentiable. The nonemptyness of
rel int (),,, X; in Assumption 2(b) will be used to guarantee
zero duality gap later. Besides, unlike the existing algorithms
[12], [13], [17] that require each local constraint set X; to have
a nonempty interior, here each X; may have an empty interior
and therefore can be described by linear equality constraints.

Finally, we assume the existence of an optimal solution to
problem (1).

Assumption 3. The optimal set X* of problem (1) is
nonempty.

III. ALGORITHM DEVELOPMENT

In this section, we design a distributed algorithm by means
of a Fenchel dual approach and a regularization technique to
solve problem (1) over time-varying networks.

A. Regularized Fenchel Dual Problem
The Fenchel dual problem [19] of (2) is given by

maximize —D(w):= —su wlx — F(x
aximi; (W) 1= — supycx I
subjectto w € S*,

where the Fenchel dual function D is the convex conjugate
function of F and S+ = {w = ((w1)T,..., (w,)T)T € R :
w1 +wa+ -+ +w, = 04} is the orthogonal complement of S
in problem (2). Assumption 2(b) guarantees that there is zero
duality gap between problems (2) and (3), i.e., the optimal
value — D™ of problem (3) is equal to F'*, and that the optimal
set W* C S+ of (3) is nonempty [19].

In what follows we introduce some basic properties of
problem (3). For each i € V, we let

Gi(w;) = arg max, ¢ x, (w;, z) — fi(z) C X;.

Also let G(w) = Gy(wy) X -+ X Gp(wy). For any given
w € R, if G(w) # (), then the subdifferential 9D(w) of D
at w is exactly G(w) [19]. Observe that D is differentiable at
w if and only if G(w) is a singleton, which can be guaranteed
when, for example, each f; is strictly convex and has bounded
level sets.

In our previous work [17], under the assumption that each f;
is strongly convex on X;, D is guaranteed to be smooth. Ow-
ing to this, a weighted gradient method can be applied to solve
the smooth Fenchel dual problem, leading to a distributed
Fenchel dual gradient method (FDGM). However, FDGM fails
here because we no longer assume strong convexity of f; and

thus D may be non-differentiable. Furthermore, directly solv-
ing the nonsmooth problem (3) via other algorithms such as the
subgradient methods often causes unsatisfactory convergence
performance in practice.

To address this issue, we intend to derive an approximation
of the Fenchel dual problem (3) which enjoys a more favorable
structure. In [21], a double smoothing technique is proposed
for regularizing both the primal problem and the Lagrange
dual problem for linearly-constrained convex optimization
problems, so that the resulting regularized Lagrange dual prob-
lem is strongly convex and smooth. Inspired by this, below we
propose a primal-Fenchel-dual regularization procedure for
regularizing the primal objective function F' and the Fenchel
dual function D, leading to a strongly convex and smooth
Fenchel dual approximation, which, as will be demonstrated
shortly, can be solved in a distributed fashion over time-
varying networks.

Primal regularization: We first add a quadratic regulariza-
tion term %HXH?\W to the primal objective function F', where
A, = diag(y1,...,7n) @ Ig and ; > 0 Vi € V. We require
the resulting regularized primal objective function

1
Fy(x) = F(x) + 53,
to be strongly convex on X, or equivalently,

vi+60; >0, Vie), @)

where 6; > 0 is the convexity parameter of f; on X;. This
can be satisfied by choosing ~; > 0 for f; that is not strongly
convex on X;, i.e.,, ; = 0. If f; is already strongly convex
on X;, i.e., ; > 0, then ~; can take any nonnegative value
including 0.

Subsequently, we consider the convex conjugate function of
F.,, which is given by

D.(w) :=sup (w,x) — F,(x).
xeX

Since F, is strongly convex on X, D, is well-defined.
Moreover, given any w € R"¢, there uniquely exists

X, (W) 1= arg max,c y (W, x) — F,(x).
Accordingly, D (w) is differentiable and
VD, (w) =x,(w).

In addition, since F’, is min;ecy(y; + 6;)-strongly convex on
X, D is maxiey(ﬁ)—smooth [17, Corollary 1].

Fenchel dual regularization: We then regularize the
Fenchel dual objective function D by adding another quadratic

regularization term to D.,, which yields
1
D%N(W) = Dv(w) + §||W||?\ﬂ
where A, = diag(k1,...,kn) @ Ig and k; > 0 Vi € V. It
follows that D, . is k-strongly convex with £ := min;ey K;

and L., ,-smooth with

L

:= max(

o eV "y + 0;



Additionally,
VD, (W) =VD,(w)+ Aw =Xy (W) + Apw. (6)

Based on the above primal-Fenchel-dual regularization pro-
cedure, we obtain the regularized Fenchel dual problem
maximize —D. .(w
weRnd 1on(W) (7)
subjectto w € S+,

which consists of a strongly convex and smooth objective
function and a linear equality constraint. Therefore, there
exists a unique optimal solution w7 . € S L to problem (7).
Moreover, w € S+ satisfies VD, ,.(w) € S if and only if

w = wg’ﬁ [22, Lemma 3.1].

B. Regularized Fenchel Dual Gradient Method

To address the regularized Fenchel dual problem (7), we
propose the following algorithm referred to as Regularized
Fenchel Dual Gradient Method (RFDGM):

wl e S+,

xF =%, (wh), VEk>0,

wh Tl = wh — oF(Hgr @ 1) (x" + Aw"), VE>0,
®)

where Hgr € R™™™ is a weight matrix associated with the
interaction graph G* and o > 0 is the step-size at time k.
In the proposed RFDGM, i.e., (8), the first equation forces
the initial dual iterate w" to stay in the dual feasible set
S+, which, along with a properly designed Hge, can ensure
dual feasibility of all the subsequent dual iterates. The second
equation describes the primal update and the third equation
presents the dual update. From (6), the term x* 4+ A, w" in the
dual update is exactly the gradient of the regularized Fenchel
dual function D, , at w”. Therefore, RFDGM (8) can be
viewed as a weighted gradient method aimed at solving the
regularized Fenchel dual problem (7).

To adapt (8) to time-varying networks, we impose the
following conditions on the time-varying weight matrix Hgr €
R™*™. For each k > 0, let Hgr take the form of

>Rk, ifi=j,
sENF
—hk;, if {i,5} € &F,
0, otherwise,

[Hgk]ij = VZ,] € V, (9)

where NP = {j € V: {i, j} € E*} is the set of neighbors of
node ¢ at time k, and let Hg: satisfy the assumption below.

Assumption 4. For each k > 0, hfj = h?i >0 V{i,j} €&r
In addition,

>

:= inf min hfj > 0,
k>0 {i,j}ecx

h:=sup max hfj < 00.
k>0 {i,j}€E*

The above conditions on Hgr suggest that Hg is uniformly
bounded and symmetric with 1,, in the null space. Also, since
Hg:. is diagonally dominant, we have Hgr = O,,. Moreover,
it can be shown that as long as w” € S+, every subsequent

dual iterate w”, k > 1 remains in S+ and thus is dual feasible
[17, Proposition 3].

Finally, we elaborate how RFDGM (8) can be implemented
over the time-varying graph G* in a distributed fashion. To do
so, we evenly partition x* and w* into n blocks, i.e., x* =
(@), ..., ()T and wh = ((wh)T,... (wh)T)T. This
allows us to rewrite the primal and dual updates in (8) as

. Vi
o = arg max,cy, (wf', x) — fi(x) - éHCEHQ’

k1 k _ k ko k_ k k k
w, T =w — E hij(xi — 2§ + kiwy — Kjwy),
JjeENT

for all kK > 0 and ¢ € V. Then, we associate each xf € X;
and wf € R? with node i. To satisfy w® € S+, each node
i may simply set w? = 04. At each k > 0, every node i
with at least one neighbor updates its primal variable ¥ and
dual variable w” by requesting xf +K; w;“ from each neighbor
j € NF. Algorithm 1 below details all these actions taken by
the nodes.

Algorithm 1 RFDGM

1: Initialization: Each node ¢
that w® € St (or simply let w? =
arg max, .y, (w?,2) — fi(x) — % [l2]]”.

2: for k=0,1,... do

3:  Each node i € V with N # 0 sends its =¥ + rjw? to all
jeNT.

4:  Upon receiving axf + Kjw;-“ Vj € NF, each node i € V with
NF # 0 updates wF = wh — o* ZjeNik R (xf — 2l +
KiwF — Kjwh).

5. Each node i € V with N} # ( computes 25" =
arg max, . x, (W) 2 — fi(x) - %l

€ V selects w) € R? so
04) and sets ¥ =

6: Each node i € V with ./\/’f = () takes no action, i.e., wf“ =
wk and xf“ =gk,
7: end for

Before executing Algorithm 1, each node ¢ € V needs to
determine the values of the regularization parameters v; and
ki. Subsequently at each iteration k, every pair of neighboring
nodes ¢ and j need to agree on the weight hfj = hé?i associated
with the link {i,j} € &£F. Moreover, all the nodes with a
nonempty neighborhood should use the same step-size .
Later in Section V, we will discuss how to determine, in a
distributed way, the values of these parameters that guarantee

RFDGM to converge.

IV. CONVERGENCE ANALYSIS

In this section, we investigate the convergence behavior of
RFDGM and provide its iteration complexity in achieving
any given accuracy in primal optimality, dual optimality,
and primal feasibility. Recall from Section III-B that dual
feasibility is constantly guaranteed by the initial condition of
RFDGM and the structure of Hge.

A. Linear Convergence Rate of RFDGM

We first show that RFDGM reaches the optimal value of
the regularized problem (7) at a linear rate.



To present the result, we let Tk k > 0 be an arbitrary
connected spanning subgraph of (V, UEZZ}B)B_l &Y, which
always exists due to Assumption 1. As a result, the algebraic
connectivity A := XX (Ls+) of T*, i.e., the second smallest
eigenvalue of the Laplacian matrix L+ of T, is positive [23],
and hence 0 < Ay := infi>0 A¥ < n. Also, let @® be the
maximum degree of 7% and let @ = sup;~@® € [1,n —1].
In addition, let 6 > 0 be such that for any_k >0,

1 -1
. + Kn .
fYn"'Hn ))

(10)

+:‘<617..

1
Hezre <0 | di
gk X (1ag (714_91

As ﬁ + k; > 0 Vi € V, the existence of ¢§ is guaranteed.
Based on the above, we establish the linear convergence rate
of RFDGM in the following theorem.

Theorem 1. Suppose Assumptions 1, 2, 4 and (4) hold. Let
(Wh)22 . be the dual iterates generated by RFDGM. Let
[c,¢] € (0,2) and suppose

o € [¢/d,¢/6), Vk >0, (11)
with 0 > 0 satisfying (10). Then, for each k > 0,
D%K(Wk) - D;,m
26pAp L5/ X
<(1-F0) D) - D) ()
e e e
where p = min{s — 55,5 — 55} € (0,00), n =

3BwlL. c?/5 + 3/h € (0,00), L, is given in (5), and

—D7 . is the optimal value of problem (7).

Proof. See Appendix A. [

In [24], a distributed weighted gradient method for ad-
dressing linearly-constrained convex optimization problems
in the form of (7) is proposed, which has a time-invariant
weight matrix and thus can only handle fixed networks. Also,
[24] derives a linear convergence rate under strong convexity
and smoothness of the objective functions. Recall from Sec-
tion III-B that RFDGM can be viewed as a weighted gradient
method with a time-varying weight matrix applied to (7). Thus,
Theorem 1 extends the linear convergence result in [24] for
static graphs to time-varying graphs.

B. Regularization Error Analysis

Although RFDGM has been proved to solve the regularized
Fenchel dual problem (7) at a linear rate, it is unknown
how well it addresses the original Fenchel dual problem (3)
and the primal problem (2). In this subsection, we express
errors with respect to the original Fenchel dual optimality,
primal feasibility, and primal optimality in terms of an error
with respect to the optimality of the regularized Fenchel dual
problem (7).

To this end, we select the regularization parameters as
follows: Given an arbitrary € > 0, let

€ €

=, K= ———
9 1
4nD29(

DT (13)

Vi

DX max;cy DX € (0,00) U {oo}
where DiX satisfies (14) and is finite if X; is bounded

DV max;ecy DYV € (0,00)
DWW min;cy DYV € (0,00), where DV satisfies (14)
Lk maxiev(ﬁ + ki) € (0,00) due to (4)

h SUPg>0 MaXy; ;ycgk hfj € (0,00)

h infg>oming; 1 cer hfj € (0,00)

@ supy>o @wh € [1,n — 1]

where w" is the maximum degree of T
A any upper bound of supy>g )\i(Lgk)
one option of X\ is n
Ar infr>0 AL (Lyx) € (0,n
0 min;ey 0;

TABLE I
Constants in convergence results

where D¥ € (0,00) U {oo} and D}V € (0,00) satisfy

2
DX > sup i1 , DYV > min |w*|.
) z€X; 2 wreW*

(14)
Note that if X; is unbounded, Dl-X has to be oo which forces
7; = 0. Otherwise, we choose Di¥ to be finite which yields a
positive and finite ;. Consequently, the condition (4) required
by RFDGM can be guaranteed when X; is bounded for non-
strongly convex f; (i.e., 8; = 0). In addition, since the optimal
set W* of the Fenchel dual problem (3) is nonempty [19], we
can always find a positive and finite D}V, so that x; is also
positive and finite. We will discuss the ways of determining
D}V without knowing W* later in Section V.

Below, we express the optimality error D(w) — D* with
respect to the original Fenchel dual problem (3) as well as
the feasibility error ||Ps.(X,(w))|| and the optimality error
|F(%y(w)) — F*| with respect to the primal problem (2) in
terms of the optimality error D., ,(w) — D . with respect to
the regularized Fenchel dual problem (7).

Lemma 1. Suppose Assumptions 2-3 and (4), (13), (14) hold.
For any w € S+,

15)

(16)

vk



_ DV
—9 (DW /LW+\/ZDW> D, .(w)—Dx,, (18)
where the constants are defined in Table I.
Proof. See Appendix B. O

Combining Theorem 1 and Lemma 1 results in the following
corollary, which says that the dual optimality error, primal
optimality error, and primal feasibility error generated by
RFDGM all converge to O(e).

Corollary 1. Suppose all the conditions in Theorem I and
Lemma 1 hold. Let (W), and (x*)22, be the dual and
primal iterates generated by RFDGM. Then,

lim D(w") — D* < ¢

k—o0 _2,

. k €
kli}H;OHPSL(X )< TQW’

D% 3 DV 1
— (=545 )e< lim F(xF)—F* < | == +- | ¢
(DW+4>6‘1«5& G) ‘(DWU)G’

where the constants are defined in Table I

C. Iteration Complexity: General Convex Objective Functions

This subsection analyzes the iteration complexity of
RFDGM, i.e., the number of iterations needed to achieve O(¢)-
accuracy, in solving problem (1) with general convex f;’s
whose convexity parameters 6;’s are considered as 0.

To make the regularization parameter selections (13)—(14)
satisfy the condition (4) required by RFDGM, we assume that
every local constraint set X; is bounded, so that DX < oo
and thus ; > 0 for all 7 € V.

Assumption 5. Each X;, © € V is bounded.

Assumption 5, together with Assumption 2, indicates that
each X;, ¢ € V is convex and compact. Note that it is not rare
to assume compactness of X; Vi € V in the literature of dis-
tributed optimization with nonidentical local constraints (e.g.,
[12]-[15]). In addition, Assumption 5 suffices to guarantee
Assumption 3.

Remark 1. Assumption 5 can be relaxed by allowing some
X; to be unbounded if the corresponding f; is strongly convex
on X; with 6; > 0. In that case, vy;+6; > 0 by default and the
iteration complexity below still holds (up to some constants).

Theorem 2. Suppose Assumptions 1, 2, 4, 5 and (13)—(14)
hold. Let [c,e] € (0,2), § € (0, L. .h\ satisfy (10) (which
always exists), and (11) hold. Let (W’“)zo:0 and (xk)zozo be
the dual and primal iterates generated by RFDGM. For any
o > 0, define

% _ 3B(D™)?(Bwc® 4+ Ah/h) ( 1 +8nDX)
“7 2 pmax{c—c?/2,c6—-c2/2} (D)2 €2
012
« In Al T LLY (19)
o
Then, for any k > K. 5,
D(w") - D* <o+ %, (20)

8nDX
||PSL<x’“>|<< - (Div)ﬁffv)ﬁ
€
+\/§QW’ 1)
nW
ey ().

¢ 2D")? D
F(xk)—F*2—<DVVE i)e

- 8nDX 1 1 1
—2D% s T T s R
( & +(DW)2+DW+2DW>U
_ AnDX V2
_opW n n eW n €
€ 2(D7)?

DWW
where the constants are defined in Table I. In particular, by
choosing o = O(€®), it is guaranteed that D(w") — D* <
O(e), ||Ps.(x*)|| < O(e), and |F(x*) — F*| < O(e) for any
k>K.,=0(%Inl)

e/

Proof. See Appendix C. O

>ﬁ7 (23)

Theorem 2 states that for arbitrarily small € > 0, RFDGM
yields errors of order O(e) in dual optimality, primal optimal-
ity, and primal feasibility within O(Z% In 1) iterations.

Next, we provide an upper bound on K. ,, which gives a
computable estimate on the number of iterations required to
achieve O(¢€)-accuracy in optimality and feasibility as in (20)-
(23). Assume that B, n, h, h, and \ are known aprioril. Then,
since the algebraic connectivity of any connected graphs is
bounded below by 4/(n(n—1)) [25], we have A > 4/(n(n—
1)). Also, we have @ < n and —D* = F* < F(x) for any
X € X N S. Therefore,

_3Bn*(DV)*(Bne® + Ni/h) (1 8nD¥
“7 7 8max{c—c?/2,c-c2/2} \(DV)2 €
WO 2
D(w?) + F(%) + £(1 + Ll

x In .
o

K

Given € and o, the above upper bound on K., can be
explicitly evaluated provided that each DX and D}V are
known. We will illustrate ways of determining D;X and D}V
in Section V.

D. Iteration Complexity: Strongly Convex Objective Functions

Here, we establish the iteration complexity of RFDGM in
the case where the f;’s are strongly convex (but can be non-
differentiable) and the X;’s may be unbounded.

Assumption 6. Each f;, i € V is strongly convex on X;, i.e.,
0; >0Vie.

'We may simply choose X to be n.



Assumption 6 is common for distributed optimization meth-
ods to establish non-asymptotic convergence results (e.g., [6],
[8], [9], [15]-[17]). Also, Assumption 6 ensures (4) as well
as the unique existence of an optimal solution to problem (1),
so that Assumption 3 holds.

Compared to Section IV-C, although we additionally impose
Assumption 6 in this subsection, we eliminate the compactness
of the X;’s required by Theorem 2 and provide an improved
iteration complexity of O(Z1In 1) in the theorem below.

Theorem 3. Suppose Assumptions I, 27, 74, 6 and (13)—(14)
hold. Let [c,¢] € (0,2), § € (0,L, xhA] satisfy (10), and

(11) hold. Let (w*)%2, and (x*)$., be the dual and primal
iterates generated by RFDGM. For any o > 0, define

3B(D™)*(5 + sy (Bwe? + Mh/h)

7 eApmax{c— c?/2,¢ — c?/2}
02
D(w®) — D* + £(1 + )
« In 17 DT (24)
g
Then, for any k > ffe,m
D(w") = D* <o + % (25)
Po. (xF)] < ¢
| Pg (x7)|] NeTold
1 € Ve
+ 2 *+ W ) 26
<\/ (0 2<DW)2> DW>I .
DV 1
k
P < (G +4)
_ 2 /1 € DV
w (2 (1
TP N LY ok Jo 7)
0 20" " p%)T

3144
—2<DW %-‘r < Va2 )x/E (28)

where the constants are defined in Table I. In particular, by
choosing o = O(e?), it is guaranteed that D(w*) — D* <
O(e), |Ps.(x*)|| < O(e), and |F(x*) — F*| < O(e) for any
k>K.,=0(1Int

€ e’

Proof. See Appendix D. O

Note that we may also apply FDGM [17] to solve prob-
lem (1) under Assumptions 2 and 6 on time-varying networks
under Assumption 1. The difference between FDGM and the
proposed RFDGM is that no regularization is carried out
in FDGM. In [17], we show that the iteration complexity
of FDGM is O(1/€*), which is worse than the iteration
complexity O(%ln%) of RFDGM provided in Theorem 3.
This indicates that the regularization technique introduced

in Section IlI-A not only enables RFDGM to handle more
general problems than FDGM but also significantly reduces
the iteration complexity of FDGM. Moreover, the convergence
analysis of FDGM additionally requires the global constraint
NicyX; to have a nonempty interior, while all the convergence
results throughout this section do not.
Similar to Section IV-C, we also provide a computable

upper bound on f(eﬁ. For any X € X N S, we have

- 3Bn%(DW)%(Bne? + \h/h) 1 2

K., < fadl

7 = 8max{c—c?/2,c—c2/2} ((DW)2 e@)
D(w") + F(%) + 51+ {5ls)
4 (D")?
x In . )

which can also be evaluated explicitly with the knowledge of
the D}V’s. We will discuss how to acquire D}V in Section V.

E. Comparison with Related Algorithms

Finally, we compare the assumptions and the convergence
results of RFDGM and the existing distributed optimization
methods [12]-[17] that are also capable of solving problem
(1) over time-varying networks.

Table II lists the assumptions imposed in [12]-[17] and this
paper. It can be seen that strong convexity of the objective
functions is required by DPDA-TV [15], the Dykstra algorithm
[16], and FDGM [17], among which DPDA-TV additionally
assumes the constraint sets X;’s to be compact. The pro-
jected subgradient method [12], the proximal minimization
method [13], DPDA-D [14], and our proposed RFDGM are
able to handle general convex objective functions, which are
all accompanied by the compactness condition on the X;’s.
However, note that RFDGM does not require the X;’s to
be bounded when solving strongly convex problems. Further-
more, RFDGM eliminates the nonemptyness of the interior of
the global constraint set M;cy X; assumed in [12], [13], [17],
so that RFDGM can tackle, for instance, constraints described
by linear equations.

The projected subgradient method [12] and the proximal
minimization method [13] are guaranteed to be asymptotically
convergent, but no non-asymptotic results are provided. The
Dykstra algorithm [16] and FDGM [17] both establish iter-
ation complexities of O( 6%) to reach e-accuracy in solving
strongly convex problems, which are much higher than that of
O(11n1) for RFDGM in Theorem 3.

When the constraint sets are compact, DPDA-D [14] derives
an iteration complexity of O(%) for problems with general
convex objective functions and DPDA-TV [15] derives O(%)
for problems with strongly convex objective functions. These
results look better than those in Theorems 2 and 3 (though
Theorem 3 allows unbounded X;’s). Nevertheless, the iteration
complexities only indicate the number of iterations needed to
reach e-accuracy but do not reflect the complexities of each
iteration. Indeed, at every iteration of DPDA-D and DPDA-
TV, there is an inner loop that consists of an increasing
number of consensus operations. Specifically, the number of
consensus operations at each iteration k is O(k'/ P),p>1or
O((Ink)?) for DPDA-D, and is at least (20 + 4c)(log, /4 k),
¢>0, 8 € (0,1) for DPDA-TV. Observe that such numbers



of consensus operations grow unbounded, which may cause
implementation issues in practice. In contrast, RFDGM, along
with the existing algorithms in [12], [13], [17], only requires
each node to transmit a d-dimensional vector to its neighbors
at every iteration.

V. PARAMETER SELECTION

In this section, we investigate the selections of the param-
eters of RFDGM, including the regularization parameters, the
weight matrices, and the step-sizes, which suffice to guarantee
the convergence results in Section IV.

A. Regularization Parameters

Given the prespecified accuracy € > 0, the regularization
parameters ; and k; are selected as (13), which depend on
the constants D;X and D}V satisfying (14). We may simply
set DX = max,cy, ||z||?/2 for each i € V, which can
be evaluated by node 7 on its own and is equal to co for
unbounded X;. To determine DZW , we only need to obtain
an upper bound on ||w*|| for any optimum w* € W* of the
Fenchel dual problem (3). Although we can empirically take
a sufficiently large value to estimate such an upper bound,
below we provide two theoretical approaches to deriving upper
bounds on ||w*|| under different conditions of the X;’s.

1) Nonempty interior of the global constraint set: Assume

int ey X; # (0 and arbitrarily pick 2z’ € intN;epX;.
According to [17, Proposition 3],
_vyMmaXy cp(e ) Ji(xi)) — F*
||W*|| S (ZZEV IEB( ,(_)f( )) , VW* c W*,

Tc

where 7. € (0,00) is such that B(z/,7.) :== {z € R¢ : ||z —

|| <r.} C iy Xi. Note that r. can be set to min;ey 7;,
where r; € (0, 00) satisfies B(a’, ;) C X;. Also note that

_F*=D* < D(O 4)

= F i\Lq

= max — ZGZV mln filay)

and ming,cx, fi(x;) Vi € V are finite if either Assumption 5
or Assumption 6 holds. Therefore, by letting

o () — ; (e 0
U; wierg(a;a}'(,n) fz(xz) ;fggl fz(xz) € ( ,OO),
we have
x| < — . y
W] < iezvul/?élgrz
Suppose 2’ is known to all the nodes. Then, @; and r;

can be assessed by node i itself, so that the upper bound
> ey Ui/ mingey 7; can be collaboratively determined by the
nodes using distributed consensus methods (e.g., [26]).

2) Identical local constraints: Suppose Assumption 5
holds and X; = --- = X,. Then, for any x =
()T, .. ()T € X, Ps(x) =14 (3, x;/n) € X.
Letx* = ((z*)T,..., (2*)T)T € X NS be an optimal solution
to problem (2). According to the first-order optimality condi-
tion of problem (2), there exists a subgradient g(x*) € JF (x*)
such that

(g(x*),x—x*) >0, ¥VxeXnS§s. (29)

Then, consider the following proposition.

Proposition 1. Suppose Assumptions 2, 5 hold and X; = X
Vi, j € V. Let g(x*) € OF(x*) be such that (29) holds. Then,
w* := Pg1(g(x*)) is an optimal solution to problem (3).

Proof. See Appendix E. O
NIF< llg(x

W < llg(x

Since || Pg (g(x ||, we have

” < zgu

%

where g; = max,cx, MaX,ecoys,(x) ||y/|. Note that g; is finite
because X; and Of;(x) Vo € X; are compact, and can be
evaluated by each node ¢ using its local objective function and
local constraint set only. Again, ), ,, g; can be determined
in a distributed fashion at relatively low cost compared to
addressing the distributed optimization problem.

With DX and D}V at hand, we are also able to obtain upper
bounds on K., and K’m as discussed in Section IV-C and
Section IV-D.

B. Weight Matrices and Step-sizes

To execute RFDGM, every pair of neighboring nodes ¢ and
j at time k need to agree with each other on the value of
hi; = h¥ in the predetermined interval [, h]. If the weight
matrix Hgr happens to be, say, the Laplacian matrix Lge of
G, then the weights h,’fj Vi € V Vj € NF are 1 by default
and there is no communication cost for selecting the weights.
Another typical weight matrix is the Metropolis weight matrix

given by

i

1 . .
ZSE/\/’,-"" max{|NF|c;,|NF|cs}? ifi= J>
1

. . . . k
[Hgk}ij = _mﬂx{|/\/f|ci»‘/\/f|cj}7 if {7/73} eé )
0, otherwise,
Vi,j €V, (30)
where ¢; = +9 + ki Vi € V. For the Metropolis weight

matrix, each palr of neighboring nodes 7 and j need to share
their [N |e; and [NF|c;.

To guarantee the convergence of RFDGM, the step-sizes
af Yk > 0 should be selected according to (11), which in
turn rely on the value of § given by (10). Since AT 1(Hgr) <
hAY(Lgr) < hn, we can always set § = L. .hn. Likewise,
it can be calculated via distributed consensus methods (e.g.,
[26]). In particular, if Hgx is given by the Metropolis weight
matrix (30), we can simply set 6 = 2 [17].

VI. NUMERICAL EXAMPLES

In this section, we simulate the convergence performance of
RFDGM in solving a class of distributed optimization prob-
lems with general convex objective functions, and compare it
with that of the alternative methods in the literature.

Consider the following constrained [;-regularized problem:

i@ A + 0w + Lxll)
Viev,

minimize
R4

_ (31
subjectto p; <z < g,



Algorithm strongly convex | compact | nonempty interior
fi’s Xi’s of Nicy X
projected subgradient [12] N
proximal minimization [13] N v
DPDA-D [14] N
DPDA-TV [15] N N
Dykstra [16] N
FDGM [17] N v
RFDGM (Theorem 2) V4
RFDGM (Theorem 3) VA
TABLE II

Assumptions of RFDGM and related methods. Here, \/ means the assumption is required.

where each A; € R¥*? is positive semidefinite, b; € R, and
pi < x < ¢; is an element-wise inequality with p;, ¢; € R?.
We let n = 50 and d = 5. We also carefully choose p; and
g; such that the interior of N;cy[p;, ¢;] is nonempty, which is
required in [12], [13].

To create a B-connected time-varying graph G* = (V, £F),
we first randomly generate a connected graph G’ = (V,&').
Then, we divide £’ into B subsets, and cyclically choose each
subset as £*, k > 0. Clearly, the resulting graph satisfies B-
connectivity in Assumption 1. We set B =5 and B = 20 to
test the effect of B.

In the simulation, we choose to run RFDGM, the consensus-
based projected subgradient method [12], the proximal mini-
mization algorithm [13], and DPDA-D [14], which are theo-
retically guaranteed to solve problem (31). For RFDGM, we
set 7, = 107! and k; = 10~ for each ¢ € V, and choose
the Metropolis weight matrix (30) as Hg«. For the other three
algorithms, we let the average matrix be as follows:

e VF TN {i.7} € €%,
[Wgrli = 1755\:%WW’ i=Jj,
0, 1 otherwise,
Vi, j € V. (32)

The consensus-based projected subgradient method and the
proximal minimization algorithm both require diminishing
step-sizes to guarantee convergence. Thus, we set their step-
sizes to be ¢/k for some fine-tuned constant ¢. We also fine-
tune the step-sizes of RFDGM and DPDA-D, and let DPDA-D
execute [(In k)% + 17 consensus operations at each iteration k
as is suggested in [14].

Fig. 1 displays the primal optimality error |F(x*)— F*| and
the consensus error (i.e., primal infeasibility) + > | [z% —
7%|| generated by the aforementioned distributed algorithms,
where z* LN ey ol is the average of all the zls.
It can be observed that RFDGM converges faster than the
consensus-based projected subgradient method and DPDA-D
in both optimality error and consensus error for both B = 5
and B 20. Also recall that the communication cost of
RFDGM per iteration is much lower than that of DPDA-
D and is the same as those of the other two algorithms.
Although the consensus error of the proximal minimization
algorithm vanishes faster than that of RFDGM, its optimality
error decreases much slower. In addition, through comparison
between Fig. 1 (a)-(b) and Fig. 1 (¢)-(d), we conclude that

larger B leads to slower convergence of RFDGM. This is
natural because larger B means slower information fusion and
is consistent with our convergence analysis in Section IV.

VII. CONCLUSION

We have developed a regularized Fenchel dual gradient
method, referred to as RFDGM, for constrained, nonsmooth,
distributed convex optimization on time-varying networks. The
proposed RFDGM is constructed based on a primal-Fenchel-
dual regularization procedure and a weighted gradient method
for solving a regularized Fenchel dual problem. We have
shown that RFDGM is linearly convergent and capable of
converging to suboptimality of any given accuracy. We have
also provided the corresponding iteration complexities for
problems with general convex objective functions and compact
constraint sets as well as problems with strongly convex
objective functions and possibly unbounded constraint sets.
Moreover, we have described several approaches to selecting
the algorithm parameters in a decentralized manner. Future
works include extending RFDGM to time-varying directed
networks and investigating more general, non-quadratic reg-
ularization techniques for accelerating the convergence.

APPENDIX
A. Proof of Theorem 1
This proof will utilize the following two lemmas.
Lemma 2. [I17, Lemma 1] For each k > 0,
D%H(WkJrl) - D'y,n(wk)
< _P(VDW,K(W]C))T(HQ" ® Id)VD'y,n(Wk)'
Lemma 3. [I7, Lemma 2] For each k > 0,

(k+1)B—1

> (VD u(w')(Hge ® 1)V D, s (w')
t=kB
2 (VD%H(WICB))T(LTk ® Id)VD%m(WkB)/n-

By combining the above two lemmas, we obtain
%H(W(kJrl)B) - D%H(WkB)

< =L (VD (W) (L @ 1)V Dy (W)

D

IN

A ,
—EEPs (VD (WP, Wh20, 6
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Fig. 1. Convergence of the consensus-based projected subgradient method, the proximal minimization algorithm, DPDA-D, and RFDGM.

where the last inequality is due to Null(Ls+) = S. Because
D, . is k-strongly convex and because of [24, Eq. (19)],

1
kB *
D’Y,K(W )_Dw,ngg

This, along with (33), implies that for any k& > 0,
,K(WkB)

(Dye(whP) = D ).

| Ps1(V Dy x(W*P))|1%, VE > 0.

Dv,m(w(k+l)3) - D,
<_ 26pAp
n

Due to Lemma 2, D%H(wk) is non-increasing. Therefore, the
above inequality leads to (12).

B. Proof of Lemma 1
For any w € R4, by the definition of D and D., we have

I¥l%,
D, (w) = sup(w,y) — F(y) — 5
yeX

> w0 P - D

10t ' :
— — — — projected subgradient
| — — — — proximal minimization
T
|
O
il
N
Y
= "y,
W3k T T taspgpy
10 L L L L
0 200 400 600 800 1000
Iteration k
(b) B = 5, consensus error
10"
10T e
I T AN NN s
| 10* TSt
o SNk p
= '
U 10%F N
—le 5 || == — — projected subgradient [ enna,
10" f| - — — — proximal minimization Tt
— —— —DPDA-D
RFDGM
10 ‘ ; : :
0 200 400 600 800 1000
Iteration k
(d) B = 20, consensus error
Ix[13.
= D(w) — , Vx e G(w), (34)
2
Iyl
D, (w) = sup(w,y) = F(y) =~
yex
< sup(w,y) — F(y) = D(w), (35)

yeX

where G(w) is defined in Section III-A. Let w € S+ and
w* = arg ming,cyy . ||W||. For any x € X,

€ €
IxI13, =>_ e leil® < 5, (36)
i€y @
which, together with (34), gives
€
D, (w) >D(w) — 1 37
Moreover, since D., .(w) > D, (w), we have
€
Dy n(w) 2D(w) = 7. (38)

By (35) and [|w*|} < 5liwhs < &,

1
Dy (W)0) < Dy(w*) = Doy (w") + S[Iw|3,



< D(w*) + i (39)
Combining (38) and (39) yields (15).
From (6), we have
[ Ps+ (Zy(W))[| = | P51 (VD (W) = Auw)||
<[[Ps+ (VDyx (W) 4 [Ax(w = W] I + [[Aew? L ]l.
(40)
Because VD, (w3 ) € S and w,w} . € S+,
(VD (W] ), W — W) >—0 4D

This, along with the L, .-smoothness of D, , and [27,
Eq.(2.1.7)], gives

|V D1 (W) =V Dy (w3 )| < (/2L (D (W) = D3,

Due again to VD, (w3 ) € S,
P51 (VDy s (W) = [VD,x(W) = Ps(V Dy, (w))]|
S VD s(W) = VD, (W] -

Combining the above two inequalities,

| P52 (D, (W)l < /2Ly Dy s(w) — D3.). (42)
By (41) and the convexity of D,,, we have
D’Y’FG(W) - D;,n
. Iwli,  [w5.IIR,
:D'Y(W) - D’Y(w’y,fi) + 9 == ’Y2 ’
. Iwliz, Iwy.lli,
Z<VD’Y(W2;,K)aW - W’y,n> + 9 - 9
. Iwliz, w3,
=(— AWA/K,W—W%H>—|- 5 5
HW - W’y NH?&
= R8s 43
5 ) (43)
and therefore
[Aw(w —w] I < m;gmzllw w .l
< /maxm\/Q v Dx )
DW Dy (W) = D3, (44)
From (37) and (35),
w* 2 w* 2
Do)+ B 5 oy I
w3 13
> D (W) = Dy (W3,) + 5
e Iwy.li e w3 L%
>D(wr ) — — 4 08 S D(wr) — — 4 DR TA
>D(w5,) - § + e > Dwt) - £+
(45)
Thus
1AW ol < /mas sl | W5 . la.
€
< 7 0 * 2 46
<\ lme ) (me w4 5) < S 40

Substituting (42), (44), and (46) into (40) results in (16).
Since w € S+, we have

F(s, (w)) — 5l ()3,
- F(i’)’(w))a
= D* < D(w), results in

Dy(w) = (w, Xy (W)) —

< (W, Pgu (%4(w)))

which, together with (37) and —F™*
F(xy(w)) — F*

<(W, Pg1(Xy(w))) — (Dy

<(w, Pox (%, (w))) + |

4
* * ogd €
<(lw = w3 el + W3 kDI P (3 (W) + -

— D(w))

(47)

From (43), we have

1
||W W'y n” < 7||W_W':,n||1\m

¢27, - D;,)

—opW D'w@( )_D;,V»

€ )

and due to (45) and ||w*||?\ﬁ < 2(T€W)2||W*||2 <3,
1 *
w3l < \/EHW%HHM

w1, + 5 > <v2Dv.

f

Substituting these and (16) into (47) leads to (17).
Finally, due to (35), —F* = D*, and (36),

F(%,(w)) ~ F*

= {w, %, (W) — (D5 (w) + 1%, (W), — D)

> (w, %, (w)) = (D(w) + 7 = D)

> — [|wl| - || P (% <>H—<<>+§—Dw

>~ (lw - w; 2 Dl P (%, (w))]
~ (D(w) - >—§

This, along with (44), (46), (16), and (15), implies (18).

C. Proof of Theorem 2

Because of Theorem 1 and because 1 — % <e T,
we derive that if
B D, (W% — Dz .
n 11’1 s ( ) v, , (48)
26pAr o
then D, .(w") — Dy, < o. Since Hgr = hLgx, (10) holds
when ¢ is set to be L, . hA. Therefore, there always exists
§ € (0, L, xhAl satlsfylng (10). Comblnmg these with k =
5D €W)2 and L, , < 4”D + Q(QW)Q, we have

k> K =

o 3(D")2(Bwe? + Ah/h)
kp " max{c—c?/2,¢—c*/2}



1 8nDX
. (7(QW)2 + ). (49)
In addition, due to (35), (13), and (38), we have
1
Doy o(w) = Do (w") + §Hwolliﬁ,
< D(W®) + —— o [|w°?
< D)+ 1w
* € *
D’YKZ‘D( )712D -
which further leads to
. . [w?
D, . Dr <D D*+ 1). (50
Y ( ) Yok — ( ) 4 ((DW) + ( )

Substituting (50) and (49) into (48), we obtain that for any
k> K., > K', where K, is given by (19) D, ,.i( k) —
D3, < o. This, along with L, , < 4”? + 2(DW)2 and
Lemma 1, implies (20)—(23). Finally, it is straightforward to
see that if we take o = O(€®), then (20)—~(23) are all on the

order of O(e) and K., = O(5In ).

D. Proof of Theorem 3

Note that L., < % + Similar to (49), we have

3D
n 6(D™)?(§ + zpwy2)(B@E + Ah/h)
Kp emax{c— ¢?/2,¢c —c%/2}
Substltutmg (50) and (51) into (48), we obtain that for any
k> K€ -, where K6 - 18 g1ven by (24) D, . (wF)— Dy .,
This, along with L., , § + 5D DW)2 and Lemma 1, 1mphes
(25)— (28) Finally, it is stralghtforward to see that if we set
o= O(e 2), then (25)—(28) are all on the order of O(¢) and
Keo =0(Inl).

(S

E. Proof of Proposition 1
For any x € X,

(Pse(g(x")) — g(x"),x = x") = =(Ps(g(x")),x — x¥)
=—(Ps(9(x")), Ps(x) = x") =—(9(x"), Ps(x) — >S0
This implies that x* 1is the optimal solution of

maxxex (Pgi (g(x*)),x) — F(x), ie.,

D(Pg+(9(x")))=(Ps+(g9(x*)),x*) — F(x*)=—F*=D".
Therefore, Pg. (g(x*)) € W*.
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