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Dynamic Local Laplacian Potential Field for UAV
Navigation in Unknown Environments

Xiaocheng Song, Xiaopei Liu and Jie Lu

Abstract—This paper develops a dynamic local potential field
method for autonomous navigation of Unmanned Aerial Vehi-
cles (UAVs) in unknown cluttered environments. The proposed
navigation scheme allows a UAV to dynamically construct a
local Laplacian potential field only based on its real-time ob-
stacle detection and to keep track of the resulting reference
velocity direction. Specifically, we propose a novel boundary
configuration for the local potential field, which integrates the
distances to nearby obstacles and a temporary goal for driving
the UAV towards the destination or away from the local area
with densely scattered obstacles. Under particular boundary
conditions, we efficiently solve the Laplace’s equation via the
Boundary Element Method, resulting in a harmonic potential
field without local optima inside. We show that by following
the negative gradient direction in this local Laplacian potential
field, the UAV is guaranteed to proceed towards the temporary
goal while assuring obstacle avoidance. To make the UAV follow
such a reference velocity direction, we design a Linear-Quadratic-
Gaussian controller which achieves optimal tracking and whose
input can be converted to UAV attitude. With no empirical
parameter selections, the UAV is able to safely approach the
destination given properly placed temporary goals, and is robust
to uncertainties. Simulations on AirSim simulator demonstrate
the validity, efficiency, and robustness of the proposed method.

Index Terms—Autonomous navigation, online motion planning,
online path planning, real-time obstacle avoidance, Laplacian
potential field, boundary element method

I. INTRODUCTION

UNMANNED Aerial Vehicles (UAVs) have a wide range
of applications at low altitude, such as traffic monitoring,

forest protection, electric power inspection, as well as rescue
operations, etc. [1] Autonomous navigation, or path/motion
planning, is critical for UAVs to accomplish most of these
tasks, which generates a valid trajectory for UAVs to reach
any given destination without colliding with obstacles.

To date, a large number of navigation schemes have been
proposed for UAV/robot systems. One typical category of
navigation schemes is global path planning [2], [3], where the
UAV/robot maintains a global map of obstacles distributed in
the entire environment so as to plan a collision-free path to
the destination via various approaches. Traditional global path
planning methods require the knowledge of all the obstacles
in the global map so that the path can be computed offline,
including the node-based methods such as A* and Sparse A*
Search (SAS) [4], [5], the Probabilistic Roadmap (PRM) based
methods [6], [7], and the Rapidly-exploring Random Tree
(RRT) based methods [8]–[11]. Some global path planning

X. Song, X. Liu and J. Lu are with the School of Information Sci-
ence and Technology, ShanghaiTech University, 201210 Shanghai, China.
Email:{songxch, liuxp, lujie}@shanghaitech.edu.cn

methods, such as the Artificial Potential Field (APF) methods
[12], [13], allow the path to be computed online, yet still
assume that all obstacles are known in advance. Recently, in
order to handle unknown or dynamic environments, real-time
global path planning methods were developed, including the
variants of some well-known offline methods [14]–[17] and
the Interfered Fluid Dynamical System (IFDS) method [18].
In these real-time methods, the UAV/robot keeps updating the
global map of obstacles while moving and detecting, resulting
in a dynamically generated path.

Although some state-of-the-art global path planning meth-
ods are applicable under unknown environments, they all
require the UAV/robot to store a global map and all obstacle
information that may be updated over time, which may cause
memory issues. Moreover, the UAV/robot can only move
within a limited, fixed-size area. Local path planning can
overcome these drawbacks by only utilizing local information
of obstacles from onboard sensors to form an online path.
This means that there is no need to store a global map,
which has a benefit of consuming only a very limited onboard
memory. Typical local path planning methods include the APF
method [19], the Virtual Force Field (VFF) method [20], the
Vector Field Histogram (VFH) method [21], dynamic window
approach [22], and the nearness diagram (ND) method [23].
In recent years, learning-based [24], [25] and vision-based
[26]–[29] methods are also investigated. Although these local
path planning methods only need limited obstacle information
during a short period that covers a relatively small area
compared to the entire environment, in general there is no
guarantee on the validity of the generated paths. In addition to
the aforementioned methods, there are a number of multi-layer
navigation schemes [30]–[38], which combine online mapping,
global and local path planning, state estimation, as well as
localization together to form a hybrid method.

In this paper, we propose a novel dynamic local potential
field for autonomous UAV navigation. The concept of artificial
potential field (APF) is first brought to attention by [19], where
attractive forces are defined from the destination and repulsive
forces are defined from the obstacles, leading to a potential
function for realizing real-time obstacle avoidance. Due to
the simplicity and efficacy in practical implementations, this
method is also integrated with other path planning methods
[39]–[41]. However, the potential field in [19] often suffers
from existence of local minima at which the UAV/robot may
be trapped. Although escaping from local minima can be
achieved through additional treatment [42], [43], it is more
preferable to eliminate all local minima. In [44], the panel
method is adopted to describe arbitrarily shaped obstacles by
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a sequence of panels, and a harmonic function is assigned to
define the potential on each panel. Owing to the harmonicity of
the overall potential function, there are no local minima inside
the potential field. The negative gradient of the harmonic
potential function is then chosen as the velocity. However, this
method cannot ensure convergence to the destination, which
may be influenced by empirical parameter tuning. Instead of
directly assigning a harmonic function to form a potential field,
[45], [46] solve the Laplace’s equation with given boundary
conditions by the Finite Difference Method (FDM), resulting
in a harmonic Laplacian potential field free from local minima,
which is guaranteed to drive the UAV to the destination.

Although the Laplacian potential field methods [45], [46]
are simple to implement and have elegant theoretical guaran-
tees, they require the environment to be static and known, since
the global obstacle information is incorporated in computing
the potential field. This paper takes advantage of the Lapla-
cian potential field to design an autonomous UAV navigation
scheme in the context of unknown obstacle distributions.
Specifically, we assume that a UAV is placed in a completely
unknown, cluttered environment, and is required to reach an
arbitrarily given destination point. Also suppose that the UAV
sensing range is limited compared with its initial distance to
the destination. For simplicity, we let the UAV maintain a
constant altitude, so that this paper focuses on two-dimensional
Laplacian potential fields for two-dimensional navigation.

Our proposed navigation scheme has the following hier-
archical structure consisting of a motion planning module
and a motion control module: The motion planning module
constructs a local Laplacian potential field that is dynamically
updated via the latest detection of nearby obstacles, and then
yields a reference velocity direction for the UAV to track
when moving in such a local potential field. The motion
control module enables the UAV to quickly reach the real-time
reference velocity direction provided by the motion planning
module. By repeating such a process, the UAV can eventually
reach the destination while avoiding all the obstacles. The
motion planning and control modules are designed as follows:

In the motion planning module, to construct a local Lapla-
cian potential field, we first configure the potential field
boundary via the distances between the UAV and the detected
obstacles as well as a temporary goal that aims at guiding
the UAV to proceed towards the destination or leave the
neighborhood surrounded by obstacles. Then, to determine
the potential function, we designate its function value or its
directional derivatives on the boundary. Thus, the solution to
the Laplace’s equation with such boundary conditions gives a
harmonic potential function. We show that the temporary goal
is the unique global minimum of the potential function and
there are no other critical points (i.e., local optima and saddle
points) inside the potential field. Consequently, as long as the
UAV follows the negative gradient direction in the local Lapla-
cian potential field, it is guaranteed to approach the temporary
goal without any collision. To solve for the Laplacian potential
function at a low cost, we employ an efficient numerical
method called the Boundary Element Method (BEM) [47]–
[49], which uses only boundary samples during solution and
leads to higher accuracy and improved smoothness compared

to the conventional FDM method [45], [46].
In the motion control module, the reference velocity direc-

tion for the UAV is set to be the negative gradient direction
of the potential function computed in the planning module.
To track such a reference, we develop a Linear-Quadratic-
Gaussian (LQG) controller, which achieves fast tracking with
low overshoots and is robust to disturbances/noises. We also
convert the LQG control input in terms of the thrust acceler-
ation to the UAV attitude, so that the control module can be
adapted to most real UAV systems.

The advantages of the proposed navigation scheme are
highlighted as follows:

• The dynamic local Laplacian potential field is established
only from the UAV’s real-time detection of obstacles.
Unlike many existing methods, the proposed navigation
scheme does not require the UAV to store any historical
detection results or maintain a global map of the entire en-
vironment, so that it is memory-efficient and applicable to
wide geographical regions without any prior knowledge
of obstacle distributions.

• Given the local Laplacian potential field at any time
instant, the streamlines throughout its negative gradient
field are smooth, pointing to the temporary goal and op-
posite to the obstacles. Therefore, the resulting trajectory
of the UAV following the negative gradient direction is
smooth and safe, leveraging both path length and collision
avoidance [50].

• Different from many alternative methods that provide an
explicit path for the UAV to track, here the UAV only
needs to track a reference velocity direction, which is
robust to disturbances and path integral errors.

• The proposed scheme is computationally efficient and
effective for online autonomous navigation under com-
pletely unknown environments, as is demonstrated via
simulations on AirSim UAV simulator. Moreover, it is
parameter-free in the sense that essentially no efforts are
needed in empirically selecting the algorithm parameters.

The rest of this paper is organized as follows: Section II
develops the motion planning module that constructs local
Laplacian potential fields and provide theoretical guarantees.
Section III presents the motion control module that tracks the
negative gradient direction of the potential function. Section IV
shows the simulation results. Finally, Section V concludes the
paper and discusses possible future directions.

II. MOTION PLANNING BY DYNAMIC LOCAL LAPLACIAN
POTENTIAL FIELD

To plan the UAV motion, we develop a dynamic local
Laplacian potential field, which is constantly updated using the
UAV’s real-time detection of nearby obstacles and indicates a
reference velocity direction for the UAV. In this section, we
investigate the construction of the local Laplacian potential
field and show that its negative gradient direction is a legiti-
mate velocity direction for the UAV.
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To construct the Laplacian potential field, we first consider
the Laplace’s equation

n∑
i=1

∂2φ

∂x2
i

≡ 0,

which is a second-order partial differential equation with n
independent variables. Let Ω be a domain (i.e., a non-empty
open subset of Rn). If a twice continuously differentiable, real-
valued function φ satisfies the Laplace’s equation on Ω, then
φ is said to be harmonic. Harmonic functions are real analytic
and smooth.

We assume the UAV remain a constant altitude, so that
the local potential field to be constructed is two-dimensional.
Let the domain Ω ⊂ R2 be bounded and simply-connected,
and we will discuss how to shape Ω shortly. Also, let ∂Ω
be the boundary of Ω and Ω = ∂Ω ∪ Ω be the closure of
Ω. To find a harmonic function φ : Ω → R, we need to
address the Boundary Value Problem (BVP), i.e., solve the
two-dimensional Laplace’s equation

∂2φ(x)

∂x2
1

+
∂2φ(x)

∂x2
2

= 0, ∀x ∈ Ω (1)

with given boundary conditions. There are two classic bound-
ary conditions for BVP. One is the Dirichlet boundary condi-
tion, which designates a value of φ(x) at every point x on the
boundary ∂Ω. The other is the Neumann boundary condition,
which specifies the directional derivatives of φ at each x ∈ ∂Ω
along the outward normal. Mixtures of the Dirichlet condition
and the Neumann condition are also commonly used. Thus, we
may choose Γ1,Γ2 ⊂ ∂Ω with Γ1∩Γ2 = ∅ and Γ1∪Γ2 = ∂Ω,
and let the Dirichlet boundary condition hold on Γ1 and the
Neumann condition hold on Γ2. Then, a nonconstant harmonic
solution φ to such BVP is used as the potential function for
the local potential field.

A. Boundary Configuration

To address the above BVP problem with a mixture of the
Dirichlet condition and the Neumann condition, our first step
is to form the boundary of the local potential field based on
the UAV’s real-time detection of nearby obstacles.

In this paper, we do not focus on the detection/sensing
problem, and simply assume that the UAV is able to obtain the
radial distances to the obstacles within its sensing range, which
can be realized by means of various sensors such as LiDARs
and stereo-cameras. Suppose the UAV is located at point P
when it performs sensing, and the sensing range is the disk B
centered at P with radius r > 0. Suppose the UAV performs
sensing by shooting rays along sampled directions from the
entire 2π.We terminate each ray if it hits an obstacle within
B; otherwise, the ray stops when it reaches the boundary of
B. Then, by connecting all the endpoints of the rays, a local
visible region F ⊆ B for the UAV is formed, in which no
obstacle exists. Fig. 1a illustrates an example where there are
three obstacles in the sensing range B, and the local visible
region F is the blue area in the figure.

In addition to obstacle avoidance, we also need to drive
the UAV to the destination D. Ideally, we would like to

PP

GG D

(a)

PP

GG

(b)

Fig. 1. Boundary configuration of local potential field. The gray objects are
the obstacles, the blue area is the local visible region F , the green area is the
potential field region Ω, and the yellow dot is the destination D.

connect F to the destination D and generate a potential field
on the resulting region. However, the destination D may be
very far from the UAV and may also be hidden behind the
detected obstacles, which could cause the shape of Ω to be
pathological so that the effect of the resulting potential field
would be hampered. To address such issues, we artificially set
a temporary goal G to be connected with F and aim at driving
the UAV towards G. The temporary goal G intends to help the
UAV approach the destination direction or leave the local area
in which the obstacles are too dense. It will be updated with
the local Laplacian potential field after some time interval, and
should successively move towards the destination D. We will
discuss the strategy of placing G shortly.

To connect the local visible region F and the temporary
goal G, note that the boundaries of F and B, i.e., ∂F and
∂B, intersect at one or more arcs. We call each of these arcs
a gap Gi. In the example in Fig. 1a, there are three gaps
G1,G2,G3. Then, we select one gap, say, G1, and connect each
of its endpoints to the temporary goal G via a line segment.
These two line segments, denoted by S2 and S3, together with
∂F excluding the selected gap G1, form the boundary of Ω.
Namely, ∂Ω is the union of S1, S2, S3, where S1 = ∂F\G1.
Figure 1b exemplifies such an Ω determined by S1, S2, S3.

It remains to discuss the selections of the temporary goal
G and the gap through which the local visible region F
is connected to G. There are various ways of placing the
temporary goal, and we propose the following strategy:

• If (a) the distance between the sensing position P and
the destination D is less than or equal to some d > r,
where r is the sensing radius, and (b) the selected gap
covers the destination direction, i.e., the ray starting from
P and passing through D intersects the selected gap, we
set the temporary goal G to D.

• If neither of the above two conditions holds, we place
G on the ray that starts from P and passes through the
middle point of the selected gap such that the distance
between G and P is d.
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(a) The selected gap covers the des-
tination direction and the destination
is close
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D G

(b) The selected gap covers the des-
tination direction and the destination
is inside the sensing range
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(c) The destination is far away
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(d) The selected gap cannot cover the
destination direction

Fig. 2. Temporary goal placement.

With this strategy, the temporary goal G is set to be the final
destination D if and only if D is not far away and can be
“seen” by the UAV through the selected gap. Fig. 2 illustrates
our strategy of placing G in different scenarios.

To select a proper gap, we may choose the gap with
max

{〈−−→
PD,v1

〉
,
〈−−→
PD,v2

〉}
, where v1 and v2 are the two-

dimensional vectors from P to the two endpoints of the
gap. This guarantees that the selected gap either covers the
destination direction or the directions towards G and D are as
close as possible.

Boundary Condition: With the above boundary config-
uration, we impose the Dirichlet condition φ(x) = M ,
M > 0 for the points on S1 (including the endpoints). At
the temporary goal G, another Dirichlet condition φ(x) = m
with 0 ≤ m < M is imposed. For each point x on S2 and S3

except the endpoints, the Neumann condition is used, which
requires the directional derivative ∂φ(x)

∂nx
of φ at x along the

outward normal nx to be zero.

Remark 1. Further improvements on the above boundary
configuration can be made to obtain more effective local
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(b) Improved Ω with smaller sensing
radius

Fig. 3. Shrinkage of sensing radius. The gray objects are the obstacles and
the green area is Ω.

PP

GG

D

(a) Original Ω
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(b) Improved Ω with reduced gap
length

Fig. 4. Shrinkage of gap length. The gray objects are the obstacles, the green
area is Ω, and the yellow dot is the destination D.

Laplacian potential fields for motion planning. For instance,
when the obstacles are densely scattered, there may be a lot of
long narrow areas in the local visible region F , as shown in
Fig. 3a, which may cause an ill-conditioned local Laplacian
potential field. We can overcome this by artificially decreasing
the sensing radius r, so that the original local visible region
shrinks as shown in Fig. 3b. By doing so, the boundary of the
resulting potential field is more smooth. On the other hand,
when there are few surrounding obstacles, the length of the
selected gap may be very large. According to the above rule in
placing the temporary goal G, the resulting Ω may be narrow
and G may even be unnecessarily deviated from D, like the
case shown in Fig. 4a. Thus, we may improve the position of G
by reducing the gap length as shown in Fig. 4b. Furthermore,
when a gap is too narrow, we can remove it for safety.

B. Properties of Laplacian Potential Field

Now suppose we obtain a non-constant harmonic function
φ on Ω by solving (1) with the mixed boundary conditions
in Section II-A, and we use φ as the potential function. The
computation of φ will be discussed later in Section II-C. In this
subsection, we analyze several favorable properties of such a
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Laplacian potential field built upon Ω, which shed some lights
on determining a legitimate reference direction for the UAV.

First of all, consider the following universal properties of
harmonic functions:

Proposition 1 ( [51], [52]). Let Ω′ be a bounded open
connected set and Ω′ be its closure. Let φ′ be a non-constant
harmonic function defined on Ω′.

(i) [Maximum/Minimum Principle] For any x ∈ Ω′,
miny∈∂Ω′ φ′(y) < φ′(x) < maxy∈∂Ω′ φ′(y), where
∂Ω′ is the boundary of Ω′.

(ii) Every critical point (i.e., point at which the gradient is
zero) of φ′ in Ω′ is a saddle point.

Proposition 1(i) indicates that the maximum and mini-
mum values of our potential function φ on Ω can never
be achieved in the interior of the potential field (i.e., Ω).
Proposition 1(ii) states that there is no local extremum (i.e.,
maximum/minimum) of φ in Ω.

Owing to the particular boundary configuration in Sec-
tion II-A, we can say more about the potential function φ.
Recall that our boundary condition requires φ to take the value
of m at the temporary goal G and take the value of M on
S1. The following theorem shows that φ is indeed bounded
between m and M throughout the entire potential field.

Theorem 1. Under the boundary configuration in Section II-A,
m ≤ φ(x) ≤M , ∀x ∈ Ω.

Proof. We first show that φ(x) ≤ M , ∀x ∈ ∂Ω. To this
end, we extend the harmonic function φ to a bounded open
connected set Ω̃ containing Ω, which is also harmonic on Ω̃.
Then, assume to the contrary that there exists x0 ∈ ∂Ω such
that φ(x0) = maxx∈∂Ω φ(x) > M . Due to the boundary
condition in Section II-A, we know that x0 belongs to S2∪S3

excluding the endpoints. Thus, the directional derivative of φ
at x0 along the tangent to ∂Ω is zero. In addition, recall that
the boundary condition requires the directional derivative of φ
at x0 along the normal to be zero. As a result, the gradient of φ
at x0 is zero and, thus, x0 is a critical point of φ in Ω̃. Due to
Proposition 1(ii) (with φ′ = φ and Ω′ = Ω̃) and because each
critical point of a non-constant analytic function is isolated
[53], x0 is an isolated saddle point. This implies that there ex-
ists x1 ∈ Ω in a neighborhood of x0 such that φ(x1) > φ(x0).
This contradicts Proposition 1(i) (with φ′ = φ and Ω′ = Ω).
Therefore, φ(x) ≤ M , ∀x ∈ ∂Ω. Likewise, it can be shown
that φ(x) ≥ m, ∀x ∈ ∂Ω. Finally, due to Proposition 1(i)
again, m = miny∈∂Ω φ(y) ≤ φ(x) ≤ maxy∈∂Ω φ(y) = M ,
∀x ∈ Ω.

Theorem 1, along with Proposition 1, implies that the
temporary goal G is a global minimum of φ on Ω, the points
on S1 are global maxima, and all the interior points are neither
local minima nor local maxima. Nevertheless, except the range
[m,M ], it does not disclose the potential value on S2 and S3.
The theorem below further characterizes φ and its level curves.

Theorem 2. Consider the boundary configuration in Sec-
tion II-A.

(i) Each level curve given by φ(x) = c, m < c < M
intersects S2 exactly once and S3 exactly once;

(ii) For any c1, c2 ∈ [m,M ] with c1 < c2,{
x ∈ Ω : φ(x) ≤ c1

}
(
{
x ∈ Ω : φ(x) ≤ c2

}
;

(iii) φ is monotonically decreasing along S2 and S3, respec-
tively, pointing towards G.

Proof. We first introduce the following notations in the proof:
For any two points A,B ∈ Ω, AB represents the line segment
connecting A and B. For any c ∈ [m,M ], we use L(c) to
denote the level curve given by φ(x) = c and S(c) to denote
the level set

{
x ∈ Ω : φ(x) ≤ c

}
.

(i) Note that for any x = [x1 x2]T on S2 (including the end-
points), we can express x as x1 = g1(t) and x2 = g2(t), where
g1, g2 are two analytic scalar functions. Since a composition
of analytic functions is analytic, f(t) := φ(g1(t), g2(t)), the
expression of φ restricted to S2 is an analytic scalar function.
Since the values of φ at the two endpoints of S2 are m and
M , f(t) is not a constant function on S2. Because the zeros
of a non-constant analytic scalar function are guaranteed to be
isolated and because adding a constant to any analytic function
yields an analytic function, there does not exist a continuum of
points on S2 with the same value of φ. The same conclusion
can be made for S3.

On the other hand, consider the level curve L(c), c ∈
(m,M). Clearly, L(c) does not intersect S1. Assume to the
contrary that L(c) intersects S2 at two distinct points A and B.
Let V ⊂ Ω be the compact set enclosed by AB and L(c)∩Ω.
Then, using the same rationale as the proof of Theorem 1
(with Ω replaced by V ), there cannot be any x on the line
segment AB such that φ(x) > c or φ(x) < c. In other
words, φ(x) = c, ∀x ∈ AB, which cannot happen due to
the conclusion in the last paragraph. Therefore, L(c) cannot
intersect S2 (and S3 likewise) more than once. Furthermore,
it is shown in [54] that the level curves of a non-constant
harmonic function are regular (i.e., locally homeomorphic to
parallel lines) except at the critical points and that the level
curves are not closed and never terminate inside the domain.
This implies that C has to intersect S2 exactly once and S3

exactly once.
(ii) First, consider m < c1 < c2 < M . From (i), the level

curve L(c1) intersects S2 at a unique point A′ and intersects
S3 at a unique point B′. Let the bounded open set enclosed
by A′G, B′G, and L(c1) be denoted by Ω̂ ( Ω. Due to
Proposition 1 and Theorem 1,

m < φ(x) < c1,∀x ∈ Ω̂. (2)

Note that L(c2) and S2 cannot intersect at any point on A′G,
and L(c2) and S3 cannot intersect at any point on B′G–
otherwise, part of L(c2) would lie in Ω̂, which contradicts
(2). Hence, the closure of Ω̂ is exactly the level set S(c1),
which is a subset of the level set S(c2). Moreover, due to
Theorem 1, S(M) = Ω, and due to the regularity of the level
curves [54], S(m) = {G}. Consequently, S(c1) ( S(c2),
∀c1, c2 ∈ [m,M ], c1 < c2.

(iii) This is a straightforward consequence from (ii).

The proposition below results from Theorem 2, which says
that there cannot be any saddle point in the the potential field.

Proposition 2. There is no saddle point of φ in Ω.
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Proof. We first show that there is no saddle point in ∂Ω. Since
all the points on S1 are global maxima and the temporary
goal G is a global minimum, they cannot be saddle points.
For every point on S2 or S3 except the endpoints, due to
Theorem 2(iii), its gradient cannot be zero and thus it cannot
be a saddle point. Next, we assume to the contrary that there
exists a saddle point x̃ in Ω. Due to Theorem 1, the level
curves passing a sufficiently small neighborhood of x̃ cannot
intersect S1. According to the portrait of the level curves near
a saddle point and the property that level curves are not closed
and do not terminate in Ω [54], there exists a level curve that
passes the neighborhood of x̃ and intersects S2 or S3 twice,
which contradicts Theorem 2(i). Therefore, Ω also does not
include any saddle point.

Based on all the above results, we make the following
conclusion on the local Laplacian potential field described
by the potential function φ on Ω: All the global maxima
of φ on Ω lie in S1, and the temporary goal G is the
unique global minimum. In addition, there is no critical point
(local maximum, local minimum, saddle point) in the interior
of the potential field as well as S2 and S3 excluding the
endpoints. Consequently, if the UAV follows the negative
gradient direction of φ at its position x, the potential value
φ(x) keeps decreasing, so that the UAV behaves as follows:

• The UAV, upon establishing the current local potential
field, keeps away from S1 and thus avoids colliding with
the detected obstacles.

• The UAV is never trapped at any point in the potential
field except the temporary goal G.

• The UAV is moving towards the temporary goal G.

Remark 2. The negative gradient direction of the potential
function at the UAV’s current position gives a real-time
reference velocity direction for the UAV to track, while many
existing path planning methods require the UAV to follow
explicit paths instead of velocity directions. When the UAV
is deviated from its desired position due to disturbances or
path integral errors, those path-following methods are forced
to re-plan a path frequently. In contrast, as long as the UAV
stays in the current local potential field, our method allows
the UAV to effortlessly find a new reference velocity direction
and the UAV will still be directed towards the temporary goal
from the new position.

Due to the unknown environment and the limited sensing
range, the UAV has to repeatedly conduct sensing and update
its local Laplacian potential field until it reaches the final
destination. The UAV may choose to update the potential
field at a fixed frequency, or only if its distance to the final
destination is sufficiently decreased in order to reduce the
computational load. Also, there might be obstacles in the area
that is between S2 and S3 and out of the sensing range. Thus,
the potential field must be updated before the UAV enters that
area. Note that we do not force the UAV to reach the temporary
goal each time. The temporary goal is only for the purpose of
directing the UAV to a legitimate direction for both navigation
and obstacle avoidance.

In most real scenarios, the UAV is able to reach the
final destination if it keeps following the negative gradient
direction in the dynamically updated local Laplacian potential
field. Admittedly, in some pathological scenarios (e.g., a long
corridor with an obstacle at one end and the destination behind
that obstacle), the UAV may keep moving back and forth and
be trapped in a small region, which, in fact, is a common
issue for the existing local planning methods. However, if we
allow the UAV to maintain a small amount of certain historical
information such as the temporary goal positions during a short
period in the past, we can always figure out strategies for the
UAV to escape from such traps by selecting a temporary goal
that is sufficiently different from the previous ones.

C. Numerical Computation of Potential Function

This subsection provides an efficient numerical method to
compute the potential function φ as well as its gradient given
any position on Ω. To solve (1) with the aforementioned mixed
boundary conditions, we may equivalently solve the Boundary
Integral Equation (BIE) [48], [49], which is formulated as
follows: For any x ∈ Ω,

ε(x)φ(x) =

∫
∂Ω

[
G(x,y)q(y)−H(x,y)φ(y)

]
dS(y), (3)

where q(y) := ∂φ(y)
∂ny

represents the directional derivatives
along the outward normal, and S(·) represents the boundary
curve,

ε(x) =

{
1, x ∈ Ω
1
2 , x ∈ ∂Ω

,

G(x,y) =
1

2π
ln

(
1

r

)
,

H(x,y) =
∂G(x,y)

∂ny
= − 1

2πr

∂r

∂ny
,

and r is the Euclidean distance between x ∈ Ω and y ∈
∂Ω. Note that G(x,y) is also known as the Green’s function
and H(x,y) is the directional derivative of G(x,y) along the
outward normal at y.

Since there is no general analytic solution to BIE with
irregular boundaries, we solve BIE numerically via a dis-
cretization approach called Boundary Element Method (BEM)
[47]–[49]. Since ∂Ω = S1 ∪ S2 ∪ S3, we first discretize S1,
S2, S3, respectively, into a finite number of elements (i.e.,
line segments) ∆S1, . . . ,∆SN . Then, the above BIE can be
approximated by

1

2
φi =

N∑
j=1

[Gijqj −Hijφj ] , ∀i = 1, . . . , N, (4)

where φi = φ(pi), qi = ∂φ(x)
∂nx
|x=pi

, pi is the center point of
∆Si, and

Gij =

∫
∆Sj

G(pi,y) dS(y), (5)

Hij =

∫
∆Sj

H(pi,y) dS(y). (6)
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Note from the mixed boundary conditions in Section II-A
that for each i = 1, . . . , N , only one of φi and qi has a
designated value and the other one is an unknown. To include
the requirement that the value of φ is m at the temporary goal
G, if ∆Si includes G as an endpoint, we set φi to be m and
set qi to be unknown. In addition, the line integrals in (5) and
(6) can be simply calculated using either Gauss quadrature or
analytical solutions [48].

Let φ = (φ1, . . . , φN ), q = (q1, . . . , qN ), G be the matrix
whose (i, j)-entry is Gij , and H be the matrix whose (i, j)-
entry is Hij . Then, we can write (4) as

1

2
φ+Hφ = Gq, (7)

in which the number of the unknown entries in φ and q is
exactly N . Note that (7) can be further transformed into a
standard linear equation via elementary column operations,
whose solution provides all the unknown φi’s and qi’s.

Once all the φi’s and qi’s are obtained, we can approx-
imate the gradient of φ at any x = [x1 x2]T ∈ Ω, i.e.,
[∂φ(x)
∂x1

∂φ(x)
∂x2

]T , by means of

∂φ(x)

∂xk
≈

N∑
j=1

[(∫
∆Sj

∂G(x,y)

∂xk
dS(y)

)
qj

−
(∫

∆Sj

∂H(x,y)

∂xk
dS(y)

)
φj

]
,∀k ∈ {1, 2},

where the integrals are computed analytically based on [48].

III. REAL-TIME MOTION CONTROL

With the local Laplacian potential field constructed in
Section II, the UAV chooses the negative gradient direction
of the potential function at its current position as the refer-
ence velocity direction. This section provides a controller for
tracking such a reference velocity direction.

Without loss of generality, we adopt the ground coordinate
systems (GCS) that follows the North-East-Down (NED)
convention, where the x-axis points to the north, the y-axis
points to the east, and the z-axis points downwards. Again, we
assume that the altitude of the UAV is constant, so that (x, y)-
coordinates are sufficient for describing the UAV direction.
Our first step is to model the UAV dynamics as the following
linear dynamical system:

v̇ = Av + u+w

ρ = v + w̃, (8)

where

v =

[
vx
vy

]
, u =

[
ux
uy

]
, ρ =

[
ρx
ρy

]
,A =

− km 0

0 − k
m


and vx, vy , ux, uy , ρx, ρy , k, m, w, and w̃ are defined
in Table I. Here, we assume the existence of a linear wind
resistance kv, k ≥ 0, and that w and w̃ be zero-mean
Gaussian white noises such that

E(wwᵀ) = W , E(w̃w̃ᵀ) = W̃ , E(ww̃ᵀ) = 0,

TABLE I
THE SYMBOL LIST

vx x-component of Linear velocity
vy y-component of Linear velocity
ux x-component of thrust acceleration (input)
uy y-component of thrust acceleration (input)
ρx Measurement of vx (output)
ρy Measurement of vy (output)
k Wind resistance coefficient
m Total mass of UAV
w Disturbance on UAV
w̃ Measurement noise

where W , W̃ ∈ R2×2 are symmetric positive semidefinite.
Next, let r(t) be the reference velocity that the UAV

attempts to track, whose magnitude can be arbitrarily assigned
and whose direction is set as the negative gradient direction of
φ at the UAV’s position at time t. To make v(t) approach r(t),
define e(t) =

∫ t
0
(r(τ) − ρ(τ)) d τ as the accumulative error

between the reference velocity and the noisy measurement
of velocity. Thus, from (8) and the expression of e(t), we
derive the following dynamical system with an augmented
state [vᵀ eᵀ]ᵀ:[

v̇
ė

]
=

[
A 0
−I 0

] [
v
e

]
+

[
I
0

]
u+

[
0
I

]
r +

[
w
−w̃

]
, (9)

where I and 0 represent the identity matrix and the zero
matrix of proper size, respectively. We set our control goal
as minimizing the performance measure below:

E

 lim
τ→∞

1

τ

∫ τ

0

[
eᵀ uᵀ vᵀ

] Qe

R
Q

eu
v

d t

 ,

where Qe,R ∈ R2×2 are symmetric positive definite matrices
and Q ∈ R2×2 is symmetric positive semidefinite matrices.
Such a performance measurement quantifies the expected
control accuracy, control effort, and velocity magnitude while
tracking the reference velocity. Note that Q is allowed to be a
zero matrix. However, a nonzero Q suggests that the velocity
magnitude be as small as possible before the reference value
is reached, which plays a role in reducing the overshoot in
velocity magnitude.

To achieve the control goal, we employ a Linear-Quadratic-
Gaussian (LQG) controller [55], [56], whose block diagram is
given in Fig. 5. The input u to the UAV is given by

u = −K
[
v̂ᵀ eᵀ

]ᵀ
,

where K ∈ R2×4 is the feedback gain and v̂ is an estimate of
the velocity v generated by the Kalman filter. The feedback
gain K can be determined by solving the Linear Quadratic
Regulator (LQR) problem [55] that requires the system (9) in
the absence of w and w̃ to minimize:

∫ ∞
0

[
eᵀ uᵀ vᵀ

] Qe

R
Q

eu
v

d t.
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∫

−K

UAV

r

ρ

w w̃ 

u

u

r − ρ

ρ Kalman Filter
v ̂ 

e

Kalman Estimator 

LQR

−

Fig. 5. LQG controller

This gives K = R−1[I 0]X , where X is the symmetric
positive definite solution to the algebraic Riccati equation with
respect to (9) given by[
Aᵀ −I
0 0

]
X+X

[
A 0
−I 0

]
−X

[
I
0

]
R−1

[
I 0

]
X+

[
Q
Qe

]
=0.

The Kalman filter, which generates v̂ to estimate v, is in the
form of

˙̂v = Av̂ + u+Kf (ρ− v̂).

We set the Kalman filter gain Kf ∈ R2×2 such that
limt→∞E{(v− v̂)ᵀ(v− v̂)} is minimized. This gives Kf =

PW̃
−1

, where P is a symmetric positive definite matrix
satisfying the filter algebraic Riccati equation

AP + PAᵀ − PW̃−1
P +W = 0.

Such an LQG controller is guaranteed to minimize the perfor-
mance measure in (10) [55].

Finally, we convert the input u provided by the LQG
controller to the UAV attitude (i.e., orientation) in the form
of quaternion for the sake of practical implementation. To
do so, let x = [1 0 0]ᵀ, y = [0 1 0]ᵀ, z = [0 0 1]ᵀ be
the standard unit basis vectors of the original GCS, and we
develop a new coordinate system (x′,y′, z′) in the following
way: As is shown in Fig. 6a, the z′-axis of the new coordinate
system is the rotor axis of the UAV pointing to the ground,
and the (x′,y′)-plane is the plane perpendicular to the z′-
axis. In addition, as in Fig. 6b, we let the UAV’s nose point
to the x′-axis direction, so that the horizontal component
of x′ follows the direction of the velocity v. Note that the
horizontal component of the thrust force F T is F = mu and
the vertical component of F T is equal to mg, where g is the
gravitational acceleration. Hence, the new coordinate system
can be described by the basis

x′ =

 vx
vy

(vxux+vyuy)
g

 , y′ = z′ × x′, z′ =

−ux−uy
g

 ,
where × denotes the cross product, and g = ‖g‖. The cor-
responding rotation matrix is thus given by

[
x′

‖x′‖
y′

‖y′‖
z′

‖z′‖

]
,

and we can use the method described in [57] to convert u
to the quaternion. The quaternion can then be realized by
the bottom-level attitude controller of the UAV. Since this
paper does not focus on any particular type of UAVs and

(a) (b)

Fig. 6. Coordinate Transformation

most commercial UAVs are equipped with a reliable attitude
controller, we omit the discussions of the attitude controller.

IV. SIMULATION

A. Architecture and Implementation

We implement our autonomous navigation algorithm into a
simulation system using C++, which consists of two separate
modules: the motion planning module and the motion control
module. The motion planning module cyclically receives dis-
tance sensing data, and then immediately constructs a local
Laplacian potential field on the fly, from which the negative
gradient of any point inside the field can be easily computed.
The module constantly receives new distance data and updates
the potential field thereafter. The motion control module
obtains the negative gradient of the potential field at the current
position and takes its direction as the desired flight direction
(i.e., the reference velocity direction) to control the UAV’s
attitude. The two modules work concurrently by two threads,
which execute in different updating frequencies. Note that it is
not necessary to update the potential field too frequently, while
attitude control should be done with sufficient rate. Thus, in
this paper, we update the potential field by 10 Hz whereas
the velocity tracking is updated by 100 Hz. Fig. 7 shows the
whole system architecture, and the implementation details are
explained below.

1) Motion Planning Module: In order to simulate the real
distance sensing process, we use ray casting in AirSim to
perform ray-geometry intersection in the simulator and record
the distance up to an upper bound, e.g., 20 meters, with
noise added for more realism. When shooting distance sensing
rays in the simulator, the angles of 2π is sampled on a
horizontal plane, and we used 120 equal angle intervals to
generate the rays. With the distance data obtained (note that
we give the maximum distance value to rays with no geometry
intersection), we can connect these points to form an enclosed
polygon as the domain boundary for BEM to compute the
Laplacian potential field. However, since the boundary samples
may not be uniformly distributed with respect to their mutual
distances, large numerical errors may occur to introduce strong
instability of our algorithm. Thus, we re-sample the boundary
into elements with equal length (and in this paper, we re-
sample the boundary into 200 such elements). In addition,
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Manager Thread 
Planning Thread

Sensing

Preprocessing

Boundary
Construction

BEM Solver

Control Thread

Reference Velocity

Acceleration­Orientation
Converter

quaternion

LQG Servo Controller

u = ( , )ux uy

Attitude Controller

Fig. 7. Implementation architecture: We implement our simulation involving
two modules with two threads. A motion planning model solves the Laplacian
potential field with a much lower frequency than the motion control module
in order to balance the computational efficiency.

the boundary condition should also be specified on the re-
sampled elements: the elements on the sensing boundary S1

are given the condition of φ = 100, and the two nearest
elements on both sides to the temporary goal are given the
condition of φ = 0; for other elements in S2 and S3, they are
given the homogeneous Neumann condition ∂φ(x)

∂nx
= 0. By

specifying these boundary conditions, we can finally determine
the Laplacian potential field based on BEM to calculate a
proper flight direction for the motion control module.

2) Motion Control Module: Once the desired flight direc-
tion is obtained from the motion planning module, the motion
control module controls the attitude of the UAV using the
LQG controller to track that direction. Note that for the entire
navigation process, we adopt fixed flight speed and altitude
which can be pre-specified before any flight, and in between
two updates from the motion planning module, the flight
direction is calculated from the same potential field at that
instant for velocity tracking. When UAV is sufficiently close
to the destination, the navigation terminates.

B. Simulation Setup

Our whole simulation is based on the AirSim platform [58]
on top of the Unreal real-time graphics engine [59], which is
an open-source autonomous vehicle simulator developed by
Microsoft AI & Research. Our test experiments are conducted
with “Simple Flight” vehicle given by default in the simulator,
where the body parameters are all default values: the total mass
is 1 kg and the linear drag coefficient is 0.325. The parameters
for the LQG controller are: Q = I , Qe = 100I , R = I ,
W = 0.01I , W̃ = 0.1I , respectively. Since we only consider
UAV navigation with constant speed and altitude, the UAV is
set to always fly with a speed of 2 m/s and at an altitude of 7.5
m. Thus, we ignore the altitude (the z-coordinate value) when
specifying UAV positions in our later discussions. Note that
we use the NED coordinate system where the starting point is

(a) (b) (c)

Fig. 8. Scene setups: We construct three different scenes in (a), (b), and (c)
to test UAV navigation algorithms, from simple to more difficult scenarios.

taken as its origin. However, the flight speed and altitude can
be adjusted at any time during the whole navigation process.

In our simulation, three different scene setups are used for
experiments (see Fig. 8). In Fig. 8(a), the cube obstacles
(with equal side length of 20 m) are placed next to each
other, forming a corridor-like environment, and the destination
point is located at (40 m, 60 m). In Fig. 8(b), randomly placed
columnar obstacles create multiple paths where the obstacles
are still large: each quadrangular prism is 10 m×10 m in cross-
sectional area, and the cylinder has a cross-sectional diameter
of 10 m. The destination point is located at (100 m, 100 m).
In Fig. 8(c), thin cylinders with equal cross-sectional diameter
of 1 m are placed randomly, creating a even more complex
obstacle environment, and the destination point is located at
(50 m, 50 m). Note that the green lines shown in Fig. 8 indicate
distance sensing rays emitted from the center of UAV, with a
maximum sensing radius of 20 m.

C. Simulation Results

1) Potential Field Result: To analyze the computed poten-
tial field, we take the scene setup in Fig. 8(c), where one of the
distance sensing results is shown in Fig. 9(a), with the center
of UAV shown as the black point. Obstacle points detected
by the distance rays are shown as red points, while green
points indicate no obstacles within the sensing range, which
are all clamped to the maximum sensing radius. The uniformly
sampled boundary elements with a temporary goal are shown
in Fig. 9(b). By configuring our boundary condition and using
BEM, we obtain the Laplacian potential field as visualized by
isocoutours and color coding in Fig. 9(c) as well as streamlines
in Fig. 9(d). It is apparent that the potential field is very smooth
without local minima, and the streamlines, which are generated
by integrals based on reference velocity directions, are always
directed towards the temporary goal.

2) Control Result: To demonstrate the velocity tracking
performance of the control module, Fig. 10 plots the change of
state variables (the velocity components vx and vy , the speed
‖v‖, and the yaw angle ψ) versus time, where the reference
and measured values are colored in red and blue, respectively.
Observe that the LQG controller tracks the desired state very
quickly, and the speed variation is relatively small.

3) Comparison with VFH Method: We argue that our
dynamic Laplacian potential field helps generate an “optimal”
path on the fly that maintains as-far-as-possible distances to
the surrounding obstacles while directing the UAV towards
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Fig. 9. An example of Laplacian potential field based on the detected distance
data: (a) the discrete distance detection based on the sampled directions; (b)
the constructed linear boundary elements involving the temporary goal; (c) the
visualization by contour curves and color coding (with the potential function
values shown in the color bar) of the computed Laplacian potential field; (d)
the visualization of the Laplacian potential field by streamlines representing
the negative gradient directions.
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Fig. 10. Velocity tracking: The red curves are the reference state values to
track, and the blue curves are the measurement values from the simulator.

the final target destination. To illustrate this advantage, we ran
simulations with our method and one of the most popular local
planning methods VFH [21]. For each detection, VFH fills a
local grid map with detected obstacle points and calculates a
smoothed polar histogram. Values of its sectors represent polar
obstacle densities (PODs) and a group of consecutive sectors
with POD below a threshold forms a “valley”. There may be
several valleys and the valley which matches the goal direction
best is selected. Finally, a suitable sector is selected as the best
direction from the valley. To make VFH method compatible
with our setting, we made two little changes to the original
algorithm. First, the flight speed is kept constant instead of
being calculated by the histogram. Second, we do not update
the active window based on the accumulated detection to
obtain the histogram but use only a single local detection. Note
that the performance of VFH method depends on the selection
of parameters, which can be chosen following some existing
guidelines. However, the threshold aforementioned can only be
tuned empirically, which is essential to the final performance,
leading to different quality of locally planned paths. A lower
threshold may miss potentially good directions, preventing the
UAV from passing through narrow spaces, while a higher
threshold may make the UAV unaware of some obstacles,
bringing serious safety issues during flight. Since there is no
explicit guidance on selecting the threshold, the VFH method
may have difficulty in obtaining the “optimal” path. Fig. 11
(a) to (c) show the results for different test scenes in Fig. 8
with different threshold values (note that we only show the top
view). On the contrary, our dynamic Laplacian potential field
method does not need to empirically tune parameters, leading
to more reliable UAV trajectories as shown in Fig. 11 (d).

4) Discussions on Robustness: In addition to the benefits
mentioned above, another significant advantage of our method
is its resistance to system disturbances, such as the measure-
ment errors or path integral errors by velocity tracking as
usually experienced by the traditional local planning method.
To verify and demonstrate this advantage, we added Gaussian-
like noise to the distance measurement, where the standard
deviation σ in Gaussian distribution is set to 5% of the detected
distance via a distance ray. Due to the smoothness of the
Laplacian potential field, small disturbance of the boundary
does not introduce obvious variation of the estimate velocity
directions, and thus our method can still produce reasonably
smooth collision-free paths, as shown in Fig. 12a and Fig. 12b
as two examples. Moreover, the whole system may encounter
unexpected external disturbances, such as a sudden strong
wind, transient signal interference, or path integral errors
due to inaccurate velocity/position measurements. In such
cases, our Laplacian potential field naturally returns velocity
directions that drag the UAV back to its desired optimal
paths, avoiding potential collisions with obstacles due to these
errors. Fig. 12c and Fig. 12d show two tests of navigation
under sudden position disturbances of 2 m, indicating that our
method can faithfully direct the UAV to the target without
colliding with obstacles or flying too close to obstacles which
may be unsafe in practical scenarios.
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Fig. 11. Comparison with VFH with different threshold values on the three test scenes shown in Fig. 8. From top to bottom, the threshold values are: (a) 10,
16 and 18; (b) 3, 2 and 4; (c) 7, 4 and 10. Observe that while the navigation results generated by VFH depend heavily on the parameter tuning, our method
shown in (d) is parameter-free and always yields desirable paths, indicating the advantages of our method.

V. CONCLUSION

In this paper, we develop a novel UAV navigation scheme,
which allows a UAV to autonomously, efficiently, and safely
reach a given destination without prior knowledge of the envi-
ronment. In the navigation scheme, a dynamic local Laplacian
potential field is constructed, which only requires the UAV’s
real-time obstacle detection within a limited sensing rang,
and thus is memory saving and computationally efficient. We
show that the local Laplacian potential field does not contain
interior local optima and has a unique global minimum at
the artificially set temporary goal. This indicates that if the
UAV’s velocity follows the negative gradient direction in the
local Laplacian potential field, it is guaranteed to proceed
towards the temporary goal and can go all the way to the
final destination with properly selected temporary goals. We
also design an optimal controller that enables the UAV to
quickly track the negative gradient direction. Moreover, the
navigation scheme is simple for practical implementations, as
the parameters can be easily set and essentially no empirical
tuning is needed. From simulations on various scenes with

different complexities of obstacles in the Airsim simulator,
the UAV is capable of flying to the destination through a
safe, smooth, and short trajectory, and is robust to uncertain
disturbances. In future, this work can be extended to three-
dimensional navigation where the altitude of the UAV is also
involved so that three-dimensional local Laplacian potential
fields should be constructed to enable autonomous navigation
with altitude changes.
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flight with vision-based obstacle avoidance in virtual environment,”
Expert Systems with Applications, vol. 39, no. 1, pp. 894 – 905, 2012.

[28] L. Matthies, R. Brockers, Y. Kuwata, and S. Weiss, “Stereo vision-based
obstacle avoidance for micro air vehicles using disparity space,” in 2014
IEEE International Conference on Robotics and Automation (ICRA),
May 2014, pp. 3242–3249.

[29] J. R. Serres and F. Ruffier, “Optic flow-based collision-free strategies:
From insects to robots,” Arthropod Structure & Development, vol. 46,
no. 5, pp. 703 – 717, 2017.

[30] X. Jin, S. Gupta, J. M. Luff, and A. Ray, “Multi-resolution navigation
of mobile robots with complete coverage of unknown and complex
environments,” in 2012 American Control Conference (ACC), June 2012,
pp. 4867–4872.

[31] M. Nieuwenhuisen, D. Droeschel, M. Beul, and S. Behnke, “Au-
tonomous navigation for micro aerial vehicles in complex GNSS-denied
environments,” Journal of Intelligent & Robotic Systems, vol. 84, no. 1,
pp. 199–216, Dec 2016.

[32] S. Shen, N. Michael, and V. Kumar, “Autonomous multi-floor indoor
navigation with a computationally constrained MAV,” in 2011 IEEE
International Conference on Robotics and Automation, May 2011, pp.
20–25.

[33] S. Liu, M. Watterson, K. Mohta, K. Sun, S. Bhattacharya, C. J. Taylor,
and V. Kumar, “Planning dynamically feasible trajectories for quadrotors
using safe flight corridors in 3-d complex environments,” IEEE Robotics
and Automation Letters, vol. 2, no. 3, pp. 1688–1695, July 2017.

[34] K. Mohta, K. Sun, S. Liu, M. Watterson, B. Pfrommer, J. Svacha,
Y. Mulgaonkar, C. J. Taylor, and V. Kumar, “Experiments in fast,
autonomous, GPS-denied quadrotor flight,” in 2018 IEEE International
Conference on Robotics and Automation (ICRA), May 2018, pp. 7832–
7839.

[35] R. G. Valenti, I. Dryanovski, C. Jaramillo, D. P. Ström, and J. Xiao,
“Autonomous quadrotor flight using onboard RGB-D visual odometry,”
in 2014 IEEE International Conference on Robotics and Automation
(ICRA), May 2014, pp. 5233–5238.
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