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ABSTRACT tralized alternating direction method of multipliers (DADMM)]],

In this paper, we propose a decentralized bundle method (DBM§Nd PG-EXTRA 2. At each iteration of DSM, each agent cal-
to solve a convex but nonsmooth consensus optimization probleffHlates the weighted average of its local iterate and its neighbors’,
defined over a network. At each iteration, each agent first refinednd then performs a local subgradient st@p [n DDA, each agent
a piecewise linear approximation of its local cost function by sam/naintains a dual variable, which is updated by adding a new subgra-
pling a new subgradeint. Then the agent solves a quadratic prografiient to the weighted average of its local dual variable and its neigh-
(QP) of minimizing the approximated cost function, regularized withPOrs’. The new iterate is computed by the projection of the dual
a quadratic term that is constructed from its neighbors’ iterates. A/@riable on a predefined proximal function. To obtain an exact con-
serious step test is conducted to determine whether to accept the s§nsual solution, both DSM and DDA have to use diminishing step-
lution of the QP as the agent’s new iterate or not, and thus guarante8%€S such that their convergence rates are unfavorable. DADMM
sufficient descent. To reduce costs of storing subgradients and sol{eWrites () to a constrained form and solves it in the primal-dual
ing the QP subproblems, we further apply a subgradient aggregatig#Pmain [L1]. Though DADMM has fast and exact convergence to
technique to bound the number of stored subgradients and thus tffé Optimal solution, at each iteration, each agent must minimize its
dimension of the subproblems. Numerical experiments demonstrat@cal cost function regularized by a quadratic proximal term, which

the superior convergence speed of the proposed decentralized bunifiedften time-consuming. PG-EXTRA is designed for the case that
method over existing algorithms. every local cost function is the summation of a smooth term and a

) o nonsmooth but proximable termiJ]. At each iteration, each agent

Index Terms— Decentralized consensus optimization, non-performs an EXTRA stepl] on the smooth term, and then com-
smooth optimization, bundle method putes a proximal mapping on the nonsmooth term. PG-EXTRA is
simple, fast and exact, but is unable to handle the setting that all the
local cost functions are general nonsmooth.

The bundle method is a celebrated approach to solving central-
ized nonsmoooth optimization problend.[ The algorithm itera-
tively generates a piecewise linear approximation of the cost func-
1< tion, called as the cutting plane model from historic subgradient sam-

;gg; n Z fix). (€)) ples, and then minimizes the cutting plane model plus a quadratic
=1 regularization term to find the next iterate. To address the issue
Heref; : R? — R is a convex but nonsmooth local cost function that the model size increases linearly with the number of the his-
that is only available to agent and we do not assume any special toric subgradients, the subgradient aggregation strategy proposes to
structure off;. Our goal is to develop a decentralized first-order S€l€Ct and store only a limited number of affinely independent sub-
algorithm such that all the agents obtain an optimal consensual solg@radients g]. It is theoretically proved that under mild conditions,
tion to (1), while every agent is only allowed to communicate with the bundle method has a cluster point which is optir§alYariants
its neighbors. to improve the bundle method include the one that tunes the weight

A general nonsmooth optimization problem, whose cost funcOf the quadratic regularization term so as to utilize second-order in-
tion is without any special structure, is challenging even in the cenformation of the cost functior], and the one that replaces the linear
tralized setting. Most subgradient-based methods suffer from sloutting plane model by a quadratic mod8}.[
convergence. To develop an efficient decentralized algorithm that 1he power of the bundle method to handle nonsmooth problems
only evaluates cost functions and their subgradients, we resort to t#ES not been explored in the decentralized setting. A relevant work
bundle method, which uses multiple subgradients from previous itiS the bundle-based decomposition algorithm that minimizes a sepa-
erations and is practically much faster than other subgradient-basé@ble cost function with linear constraint}{ The constrained pri-
methods. However, the original bundle method is centralized anf"@l problem is dualized to a possibly nonsmooth dual form, which
is not implementable over a decentralized network. Therefore, wis Solved by the classic bundle method. This algorithm is naturally
make simple yet necessary changes and develop a novel decentrgiPlementable in a master-slave computing network, other than the
ized bundle method (DBM) to solva decentralized network considered herg [

1. INTRODUCTION

Consider a bidirectionally connected network withagents that
solves a decentralized consensus optimization problem

1.1. Related works 1.2. Our contribution and paper organization

Existing algorithms for solvingl) include distributed subgradient This paper proposes a decentralized bundle method (DBM) to solve
method (DSM) 9], distributed dual averaging (DDA, decen-  decentralized consensus optimization problems where the cost func-
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tions are general nonsmooth. To address the challenges of decés-thatx” has already been a minimizer of the approximatjén
tralized computation, we introduce novel cutting plane models andalso the minimizer of its proximal mapping) and that the approxi-
serious step tests, which include not only local information, but alsqnationf’“ is exact atc”*; namely,x"* is a minimizer off. Thus,s"
neighboring iterates. Comparing with DSM and DDA, DBM has is a metric to characterize the distance from the current iterate to the
faster convergence according to numerical experiments. Comparingptimal solution. The stopping criteriaif < & guarantees that”
with DADMM, at every iteration of DSM, every agent only needs is close enough to the optimal solution that we are looking for.
to solve a limited-size quadratic program (QP), other than an often | 5% > § the proximal mapping of * denoted ag**+* does not
complicated optimization problem. Since DBM does not require anyhecessarily make sufficient progress in minimizijfigFor example,
special structure of the cost functions, it is able to solve problemgomewhat surprisingly, even #* is already a minimizer off, it
that PG-EXTRA cannot handle. is not necessarily the proximal mapping #f if f* is not a good
approximation tof atz*. Thus, the serious step te§) [directly

2. ALGORITHM DEVELOPMENT comparesf aty**! andx”. The threshold is selected so tlydt"*
2.1. Centralized Bundle Method Revisited makes sufficient descent ifi compared to it is ak”. If the test
o . . .. succeeds, we sat**! = y**! and no longer neest”. But even
We begin with introducing the centralized bundle method that MiNist the test fails "+ still helps improve the bounding quality of the

) > . d
mizes a convex but possibly nonsmooth fu.nthonR ~ R. The iecewise linear approximation by inserting another linear function
algorithm generates two sequences of variables, an iterate sequenc

Pl+1 k41
{x*} and a sample sequen¢g*}, as well as a sequence of func- iffo f77 thatequald aty™™ .
tions_{f"‘}_ containing piecewise linear approximationsfofAt the 55 Decentralized bundle method (DBM)
k-th iteration, the bundle method has the following steps.
Step 1.Sample a subgradiest € df(y*) of the cost functiorf at ~ Now we move to the decentralized setting where each agbas
the current sampling point®, and then update the piecewise linear access to a local nonsmooth functign The network is modeled
approximation as as an undirected graph = {V, £}, whereV is the set of agents
and £ is the set of edges. Agernis neighbor set is denoted as
¥ (y) = max{f*(y), F(y") + <s’“7y - y’“>}, 2 N = {jl(i,j) € &}. Slightly different to its centralized counter-
part, for each agent DBM generates three sequences of variables,

. ; k &
Observe thatf* is a lower bound forf. The bound is tight at 2N iterate sequendex’}, an sample sequendg;'} and a dual se-

{y*,t =0,1,---,k}, and gets tighter wheh increases. qpence_{p?_}, as well as one sequence of functic_{rfé‘"‘} _containing
Step 2.0btain the next sampling point by solving piecewise linear approximations @if. At the k-th iteration, agent
works as follows.
y"* ' € arg min f*(y) + HHy —x"|12, (3) Step 1. Sample a subgradiesf € 9f;(yF) of the cost function
yeRr? 2 fi at the current sampling poistf, and then update the piecewise

wherep, > 0 is a constant parameter. The cost function3)fi§ the linear approximation as

summation of the piecewise linear approximation and a quadratic & k1 & & %

proximal term defined at the current iteraté. Sincef* can be un- Jilyi) = max{ [y (va), fily?) + <si RANRE >}' ™
bounded (to-o0) even if f is lower bounded, we use proximal mini- . . . ) .
mization of /*, instead of directly minimizing it. The computational This step is _exactly the same as the_one n the_ centralized algorithm.
complexity of solving the quadratic program (QB) s determined Step 2.0btain the next sampling point by solving

by the structure of the piecewise linear approximatfdnwhich is ol . & I .

tightly connected with, the number of historic sampling points. yi € arg min fi (yi) + <pi ) Yi> + S llyi =z (8)

Step 3.Define '

wherey; > 0 is a constant parametgs? is a dual variable, and

zi= Y wyX; C)

If 6% is smaller than a thresholi] the algorithm is terminated and JENU{i}
outputsx”. Otherwise, the algorithm makes the following test

8= ) = [+ Sy =] @

. fi1 . is the weighted sum of agens neighboring iterates withW =
fE) = fy™T) 2 md”, (5)  [ws] being the weight matrix that we will discuss below. The dual

. ) variablep? is updated from
wherem € (0, 1) is a constant. If§) holds, the algorithm performs P P

a serious step and the iteraté*! = y**!. Otherwise, the algo-
rithm performs a null step and the iterate stays’at' = x*.
To see the implications of the stopping criterifh< &, observe  Observe thatd) is different to @) in two aspects. First, agenessen-
) tially handles the approximated local Lagrangian funcpfb(uyi) +
58 =f(x*) — [fk(yk+1) 4 gHka _ ka?} (6) <p§,yi>, other thanf’ (y.) itself. Since solely minimizing’” (y)
& ko k ok k12 often biases from the optimal consensual solution, the dual variable
2f(x%) ~ [f (x7) + 5”" —x7| ] 2 0. term is appended to compromise among the agents. Second, the
R proximal pointx? is replaced byz¥. This is also for combining
Here the first inequality is because thet™ minimizeSf’i(y) +  neighboring iterates so as to guide the algorithm to the optimum.
(#/2)|ly —x* ||, and the second inequality comes from tfifix") Similar to DSM, DDA and PG-EXTRA, DBM can use a sym-
is a lower bound of (x*). Thus, the necessary condition i = 0 metric weight matrixW following the Laplacian-based constant

pl =p '+ p(xi —z). (10)
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Algorithm 1 Decentralized Bundle Method (DBM) at Ageint
1: Initialize constant$ > 0, m € (0,1), ;i > 0, {wy;}, as well
as variables<) andp?. Define functionf; *(y;) = fi(x?).
2: for k=0,1,...do

3:  Compute the auxiliary variabte® by (9).

4:  Update the dual variablg” by (10).

5. Pickst € 8fi(y¥), form fF(y) by (7), solvey"** by (8).
6: If 6% in (12 is less thad, STOP and RETURN?.

7: if (13) holds,then

8: Run the serious stepf t* = y* 1,

9: else

10: Run the null stepc" ™! = x*.

11:  endif

12: end for

edge or Metropolis-Hastings rule][ However, we find easy-to-
implement asymmetric weight matrices, as londsas:(I,, — W) =
span(1) also perform well in practice. For example, we can use
1 1
i == if j=14 ——= if j i; otherwise 11
w]2]22|/\/.i‘]€/\/’0 (12)
Step 3.Define
oF =fix) + (pl,xb) + Elflxt — 21

— A+ (phyt ) + Byt 2P @)

<B4 [FlyE) + (o yith) + iyl — 2P
=5+ min{fX(v)) + (pF.y:) + o lly: — 2b11°)
Yi
< . k k i k2
<5+ min{ff(yo) + (phye) + Sy =27 @9)

The second line is from the definition 6f in (12), the third line is
from the definition ofy”** in (8), and the last line holds sing# is
a lower bound forfF.

When the stopping criteria are met at all agents, taking the aver-
age of L6) overi = 1,2,--- , n, we derive that

LS (rey+ (pht) + B =) @)
i=1

S A )
<0+ > min{fH () + (phye) + Ellve — 217
i=1 >

< .1 = k k i ki 2
< il ! ) : . — PR .
,6+?;1ir}1{n;(fl (yz)+<p1,yz>+ 5 lyi =zl >}
According to the definition of the augmented Lagrangian defined
by (15) and that otz defined by 9), (17) indicates

Ly (x5 {pi}) <o+ min Ly, ({yi}, {pi}),  (18)

meaning thaf{x} are close enough to the minimizers of the aug-
mented Lagrangian at the current dual variatjle$}.

3. IMPLEMENTATION ISSUES

. = . . . _
Ifkéi is smaller than_S, agent_z termlna_tes_the aIgonthr_n and outputs 3 1 gojution of(8)
x; . Observe that this stopping criterion includes the iterates of agent

i's neighbors. I5¥ > §, agent; makes the following test
fiac) + (Pl ) =[£G + (phyi)| = mal, (19)

wherem € (0,1) is a constant. If the inequalityl®) holds such

thaty ™ brings sufficient descent on the local Lagrangian function

fi(y:) + (p¥,yi), then agent performs a serious steg/ ™' =
yF*+1. Otherwise, agentperforms a null stepx** = x¥,

DBM run by agent is outlined in Algorithml1. When there is
only one agent, it reduces to the centralized bundle method.

2.3. Stopping Criterion

To understand the stopping criterion, rewritg {0

E WijXj, V.

1 JEN;U{i}

n

1
min foi(xi), s.t.x; =

{z;€Rd} N P

(14)

The equivalence betweeh)(@nd (L4) when the network is connected

and the weight matri®V satisfiesKer (I, — W) = span(1). The
augmented Lagrangian of4) is

> wixg)

JEN;U{i}

Ly ({xi} {pi}) :% Z fi(xi) + Z<Pi7 Xi —

2
> wixll,

JENU{i}

+> Ellxi - (15)
i=1

If the stopping criterio? < & is met at agent, we have

filock) + (phxt) + Bk — 2t
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The main computational burden of the decentralized bundle method
occurs in solving/** from (8). Below we will derive its dual form,
which is a standard QP. For< k, define the error betweef)(y;)

and thet-th linear piece off”, which is f(yF) + (sF,y: — yF),
evaluated at the poingt; = x* as

e = fixh) = [Hiy) + (shxt —yh)] =0, 9)
Then we can rewrité" (y;) as
fi(yi) = max {fi(y})+(si,y: —¥i)} (20)

,,,,,

t t k

= f:HOlan{fi(Xf) —€ — <si7xi - Yf> + <S$7yi - yf>}
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Therefore, §) is equivalent to

min 7, + (p},y:) + £ ly: — 21 (21)

YiiTi
stori > filxh) el + (shyi = x!) £ =0,1,.. k.
Definea! € R, as the optimal Lagrange multiplier c21) that

corresponds to the constraint at timand collect all the multipliers
in a vectora; € R%™'. The Lagrangian function o2() is

.
e = [1-5 at ) vt (g By — g
L(y“nval) (1 ;0&:> i + <p“}’z> + 2 ||y1 Z; ||
k
L (xP) — et b xF
+Zoaf[fz<xz) e+ (shyi—xb)] . @2

t=



Algorithm 2 Update ofJF

1: Solve @6) to obtain{a}},c x-
2 LetJ¥ = {te JF:al>0}.
3: Use Wolfe's algorithm to find a set of affinely independent sub-
gradients{s? ¢ € J¥'} and weights{3!’, ¢ € J'} such that
Zt’e]f‘" 8;5 52 = Zte]k’ af‘is?-
4: UpdateJF+ = {t' € JF : ¢ > 0} U{k+1}.
Denote(y***, r¥) as the optimal primal solution 02(). According

to the KKT condition, for the optimal dual variabde;, we have both

AL(yF*t vk ;) /ork = 0 andOL(y* 1, 7k, ;) /0yt = 0.
Thus, we have
k
> ai=1 and of >0, (23)
t=0
k
yitt=azf — — (Z alst + pi-“) . (24)
* \t=0

Since(y***, rF) is the optimal primal solution, the optimal dual

variablea; is the minimizer of the Lagrangiab(y***, ¥, a;) un-
der the conditionZ3). Using this fact and substitutin@4) into the

Lagrangian, we know that; is the minimizer of

k
. 1 t ot k k
o n 271'” Z a;s; +pi + pi(x;

t=0

k
—2z)|°+ ) aiel, (25)
t=0

whereA* ™! = {a; € REFH S°F ol = 1} is a simplex. Observe
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Fig. 1. Optimality gap versus the number of iterations.

the convex hull of{s! — ztejik alst,t' € J¥'}, where the so-
lution is represented bys! ¢ € J¥} and{B!,t' € J¥'} [14).
Since the subgradients fall in tledimensional space, we know that
|JF'| < d+1. Finally, J**'is setaqt’ € JF : 8! > 0}u{k+1},
and its cardinality is no larger thah+ 2.

With the subgradient aggregation technique, the problem scale
of (25) is limited tod + 2, the cardinality of/¥. Meanwhile, agent
i only needs to store histori¢ ande! for all ¢t € JF. This way, the
computation and storage burdens become affordable.

4. NUMERICAL EXPERIMENTS

We consider the binary classification problem in the numerical ex-

that (25) is a standard QP and can be solved with various toolboxegyeriments. Givem pairs of data{a;, y; }, wherea, € R is a fea-

given thatk + 1, the dimension okv;, is limited. After solving
(25), the optimal solutiory* ! of (8) is obtained by substituting the
optimal «; into (24).

3.2. Subgradient Aggregation

In the decentralized bundle method, the problem scal2®)fgrows
with the number of iterations. Meanwhile, it requires to save al
the previous subgradien{s!} and linearization errorge’} for t =

ture vector and; € {—1, 1} is the associated label. Defifigz) =
max{0,1 — y; (a;,x)} as the nondifferentiable hinge loss function
associated withi-th pair, which is possessed by ageénflo gener-

ate the experimental data, the feature vecfarg;_, are randomly
sampled from a unit ball iiR¢ and the ground trutiy ~ N (0, 1,).

The labels are generated frofp; = sign({a;, xo0)) }i=1, followed

by randomly flippings% signs.

I we compare the proposed decentralized bundle method (DBM)
and that with subgradient aggregation (DBM with SA) with the ex-

0,1,---,k. To address these issues, we adopt the subgradient agging algorithms DSM, DDA and PG-EXTRA to minimiz&(z) =

gregation technique that has been proved to be efficient in the CeNI/n) " filz)
tralized bundle method]. The basic idea of the subgradient aggre- =

. We letn = 100 and the network is a0 x 10
grid; d = 3. For DBM and DBM with SA, we seti; = 2,6 = 0,

gation technique is that most of the subgradients and linearizatiofy, — o g and the weight matrifw;;] as in (L1). DSM, DSA and
errors are redundant when the number of sampling points is larg8G_EXTRA use the Laplacian-based constant edge weight matrix.

enough. Thus, instead of solving5), we consider

D afsi+pf + pa(xi —2z0)|I° + ) atel, (26)

k
teJ}

. 1
min >
% :
azeal’rl “Hi teJk

whereJ*  {0,1,- -, k} andAl’I| is the simplex defined within
a|JF|-dimensional space, with/}| < d + 2.

The update of/*** from J is given by Algorithm2. First,
solve @6) to obtain{aﬁ}te‘,f. Second, throw away thosé = 0
and constructf}’ = {t € JF : af > 0}. Third, find a set of affinely
independent subgradien{sﬁ/,t’ € Ji’“/} and the corresponding
weights{3!",¢' € JF'} such thaty-,, . u B'st = Ztel,:c alst.

i

The diminishing stepsizes of DSM and DSA, as well as the constant
stepsize of PG-EXTRA, are hand-tuned to the best.

Fig. 1 plots the optimality gap defined bytax; { f (z¥) — f*},
wheref* = min, f(z), versus the number of iteratioks Observe
that DBM and DBM with SA demonstrate much faster convergence
than the three existing algorithms. The solutions of the two DBM
algorithms are two-magnitude more accurate than those of DSM and
DSA. PG-EXTRA also works well in this particular problem; how-
ever, as we have indicated, it is unable to handle general nonsmooth
cases. The curves of DBM and DBM with SA are almost identical,
showing the effectiveness of the subgradient aggregation technique.
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