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Nonconvex Demixing From Bilinear Measurements

Jialin Dong, Student Member, IEEE, and Yuanming Shi

Abstract—We consider the problem of demixing a sequence of
source signals from the sum of noisy bilinear measurements. It is
a generalized mathematical model for blind demixing with blind
deconvolution, which is prevalent across the areas of dictionary
learning, image processing, and communications. However, state-
of-the-art convex methods for blind demixing via semidefinite pro-
gramming are computationally infeasible for large-scale problems.
Although the existing nonconvex algorithms are able to address the
scaling issue, they normally require proper regularization to es-
tablish optimality guarantees. The additional regularization yields
tedious algorithmic parameters and pessimistic convergence rates
with conservative step sizes. To address the limitations of exiting
methods, we thus develop a provable nonconvex demixing proce-
dure via Wirtinger flow, much like vanilla gradient descent, to har-
ness the benefits of regularization-free fast convergence rate with
aggressive step size and computational optimality guarantees. This
is achieved by exploiting the benign geometry of the blind demix-
ing problem, thereby revealing that Wirtinger flow enforces the
regularization-free iterates in the region of strong convexity and
qualified level of smoothness, where the step size can be chosen
aggressively.

Index Terms—Blind demixing, blind deconvolution, bilin-
ear measurements, nonconvex optimization, Wirtinger flow,
regularization-free, statistical and computational guarantees.

I. INTRODUCTION

EMIXING a sequence of source signals from the sum of

bilinear measurements provides a generalized mathemat-
ical modeling framework for blind demixing with blind decon-
volution [1]-[3]. It spans a wide scope of applications ranging
from communication [4], imaging [5], and machine learning
[6], to the recent application in the context of the Internet-of-
Things for sporadic and short messages communications over
unknown channels [3]. Although blind demixing can be re-
garded as a variant of blind deconvolution [7] by extending the
problem of “single-source” setting to the “multi-source” setting,
it is nontrivial to accomplish the extension. The main reason is
that the “incoherence” between different sources brings unique
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challenges to develop effective algorithms for blind demixing
with theoretical guarantees [1], [2], [8]. In addition, the bilin-
ear measurements in the blind demixing problem hamper the
extension of the results for the demixing problem with linear
measurements [9]. Moreover, the demixing procedure often in-
volves solving highly nonconvex optimization problems which
are generally dreadful to tackle. In particular, local stationary
points bring severe challenges since it is usually intractable to
even check local optimality for a feasible point [10].

Despite the general intractability, recent years have seen
progress on convex relaxation approach for demixing problems.
Specifically, sharp recovery bound for convex demixing with
linear measurements has been established in [11] based on the
integral geometry technique [11] for analyzing the convex opti-
mization problems with random constraints. Moreover, by lift-
ing the original bilinear model into the linear model with rank-
one matrix, the provable convex relaxation approach for solving
the blind deconvolution problem via semidefinite programming
has been developed in [7]. Ling et al. in [1] further extended the
theoretical analysis for blind deconvolution with single source
[7] to the blind demixing problem with multiple sources. The
theoretical guarantees for blind demixing have been recently
improved in [2], which are built on the concept of restricted
isometry property originally introduced in [12]. Despite attrac-
tive theoretical guarantees, such convex relaxation methods fail
in the high-dimensional data setting due to the high compu-
tational and storage cost for solving large-scale semidefinite
programming problems.

To address the scaling issue of the convex relaxation ap-
proaches, a recent line of works has investigated computa-
tionally efficient methods based on nonconvex optimization
paradigms with theoretical guarantees. For high-dimensional
estimation problems via nonconvex optimization methods, state-
of-the-art results can be divided into two categories, i.e., local
geometry and global geometry. In the line of works that focuses
on the local geometry, one shows that iterative algorithm con-
verges to global solution rapidly when the initialization is close
to the ground truth. The list of this line of successful works in-
cludes matrix completion [13], phase retrieval [10], [14], [15],
blind deconvolution [16] and blind demixing [8]. The second
line of works explores the global landscape of the objective func-
tion and aims to show that all local minima are globally optimal
under suitable statistical conditions while the saddle points can
be escaped efficiently via nonconvex iterative procedures with
random initialization. The successful examples include matrix
sensing [17], matrix completion [18], dictionary learning [19],
tensor decomposition [20], synchronization problem [21] and
learning shallow neural networks [22].
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The nonconvex optimization paradigm for high-dimensional
estimation has also recently been applied in the setting of blind
demixing. Specifically, a nonconvex Riemannian optimization
algorithm was developed in [3] by exploiting the manifold
geometry of fixed-rank matrices. However, due to compli-
cated iterative strategies of in the Riemannian trust-region
algorithms, it is challenging to provide high-dimensional
statistical analysis for such nonconvex strategy. Ling et al.
in [8] developed a regularized gradient descent procedure to
optimize the nonconvex loss function directly, in which the
regularization accounts for guaranteeing incoherence. Although
the regularized nonconvex procedure in [8] provides appealing
computational properties with optimality guarantees, it usually
introduces tedious algorithmic parameters that need to be
carefully tuned. Moreover, theoretical analysis in [8] provides a
pessimistic convergence rate with a severely conservative step
size.

In contrast, the Wirtinger flow algorithm [14], which consists
of spectral initialization and vanilla gradient descent updates
without regularization, turns out to yield theoretical guarantees
for important high-dimensional statistical estimation problems.
In particular, the optimality guarantee for phase retrieval was
established in [14]. However, the theoretical results in [14] only
ensure that the iterates of the Wirtinger flow algorithm remain
in the /5-ball, in which the step size is chosen conservatively,
yielding slow convergence rate. The statistical and computa-
tional efficiency was further improved in [15] via the truncated
Wirtinger flow by carefully controlling search directions, much
like regularized gradient descent. To harness all benefits of reg-
ularization free, fast convergence rates with aggressive step size
and computational optimality guarantees, Ma et al. [10] has
recently uncovered that the Wirtinger flow algorithm (without
regularization) implicitly enforces iterates within the intersec-
tion between ¢,-ball and the incoherence region, i.e., the region
of incoherence and contraction, for the nonconvex estimation
problems of phase retrieval, low-rank matrix completion, and
blind deconvolution. By exploiting the local geometry in such
a region, i.e., strong convexity and qualified level of smooth-
ness, the step size of the iterative algorithm can be chosen more
aggressively, yielding faster convergence rate.

In the present work, we extend the knowledge of implicit reg-
ularization in the nonconvex statistical estimation problems [10]
by studying the unrevealed blind demixing problem. It turns out
that, for the blind demixing problem, our theory suggests a more
aggressive step size for the Wirtinger flow algorithm compared
with the results in [8], yielding substantial computational sav-
ings for blind demixing problem. The extension turns out to be
nontrivial since the “incoherence” between multiple sources for
blind demixing leads to distortion to the statistical property in the
single source scenario for blind deconvolution. The similar chal-
lenge has also been observed in [1], [2] by extending the convex
relaxation approach (i.e., semidefinite programming) for blind
deconvolution to the setting of blind demixing. Furthermore, the
noisy measurements also bring additional challenges to estab-
lish theoretical guarantees. The extra technical details involved
in this paper to address these challenges shall be demonstrated
clearly during the presentation.
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Notations: Throughout this paper, f(n)= O(g(n)) or
f(n) < g(n) denotes that there exists a constant ¢ > 0 such
that |f(n)| < ¢|g(n)| whereas f(n) 2 g(n) means that there
exists a constant ¢ > 0 such that |f(n)| > clg(n)]. f(n) >
g(n) denotes that there exists some sufficiently large con-
stant ¢ > 0 such that | f(n)| > ¢|g(n)|. In addition, the notation
f(n) < g(n) means that there exist constants ¢;, ¢y > 0 such

that ¢; [g(n)| < |f(n)] < c2|g(n)].

II. PROBLEM FORMULATION

In this section, we present mathematical model of the blind
demixing problem in the noisy scenario. As this problem is
highly intractable without any further structural assumptions,
the coupled signals are thus assumed to belong to known sub-
spaces [1], [2], [8].

Let A* denote the conjugate transpose of matrix A. Suppose
we have m bilinear measurements y;’s, which are represented
in the frequency domain as

=Y bhiza; +e, 1<j<m, (1

i=1
where a;; € CX and b, € CX are known design vectors,

e; ~N(0, U;:Lﬁ )+ iN(0, 022:15 ) is the additive white com-
plex Gaussian noise with dy =+/>;_, [r |2z’ |2 and 1/0? as
the measurement of noise variance [8]. Each a;; is assumed
to follow an ii.d. complex Gaussian distribution, i.e., a;; ~
N(0, 5Ix) +iN(0,5Ix). The first K columns of the uni-
tary discrete Fourier transform (DFT) matrix F' € C™*™ with
FF* = I,, form the matrix B := [by,...,b,,]" € C"*K [8].
Based on the above bilinear model, our goal is to simultaneously
recover the underlying signals b’ € CX’s and @’ € CX’s by
solving the following blind demixing problem [3], [8]

ninimi Z’thwa”— A

2 mlmmlze f(h,x)

To simplify the presentation, we denote f(z):= f(h,x),
where z = [z} -+ 27|" € C*K with z; = [h} x}]" € C?K . We
further define the dlscrepancy between the estimate z and the
ground truth z“ as the distance function, given as

1/2
dist(z, Py (Z dlSt (zi, 2 ) , 3)

i=1
where dist?(z;,20) = ming, cc(|Zhi — |3 + oz —
x?|2)/d; fori =1,...,s. Here, d; = ||h*|> 4 ||«°||? and each
«; s the alignment parameter.
III. MAIN RESULTS

In this section, we shall present the Wirtinger flow algorithm
along with the statistical analysis for blind demixing .

A. Wirtinger Flow Algorithm

The Wirtinger flow algorithm [14] is a two-stage approach
consisting of spectral initialization and vanilla gradient descent
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Algorithm 1: Wirtinger Flow for Blind Demixing &2.
Given: {a;;}1<i<s1<j<m> 1) }1<j<m,and {y; hr<j<m-
1: Spectral Initialization:
2: foralli =1,...,sdoin parallel
3:  Leto(M;), ﬁ? and ! be the leading singular
value, left singular vector and right singular vector of

matrix M; Z i yjb a;;, respectively.
4:  Seth) = /o1 (M; hi and ! = \/o (M;)2).
5: end for
6: forallt=1,...,T do
7: foralli=1,..., sdoin parallel
S EH R B ]
i ! th‘zv (R 2h)
9:  end for
10: end for

update procedure without regularization. Specifically, the gra-
dient step in the second stage of Wirtinger flow is character-
ized by the notion of Wirtinger derivatives [14], i.e., the deriva-
tives of real valued functions over complex variables. For each
i=1,...,8Vp, f(h,x)and V, f(h,x) denote the Wirtinger
gradient of f(z) with respect to h; and x; respectively as
follows:

Z(Zb hyxiar; —y >ba x;, (4a)

j=1

(Zb hkwkak] —
1

Vh f(z

m

) a;jb;h;.  (4b)
J

The Wirtinger flow for the blind demixing problem is pre-
sented in Algorithm 1, in which 7" > 0 is the maximum
number of iterations and the constant 7 > 0 is the step
size.

We now provide some numerical evidence by testing the
performance of the Wirtinger flow algorithm for blind demix-
ing problem & (2). We first consider the blind demixing
problem in the noiseless scenario in order to clearly demon-
strate the effectiveness of the Wirtinger flow algorithm. Specif-
ically, for each K € {50, 100, 200, 400, 800} s =10 and

= 50 K, we generate the design vectors a;;’s and b;’s for
each 1<i<s,1<75<m, accordm% to the descrlptlons in
Section II. The underlying signals h :c €Ck, 1<i<s,
are generated as random vectors w1th umt norm. With the
chosen step size 7 =0.1 in all settings, Fig. 1(a) shows
the relative error S, [|hi@!* — hia™ | p />0, Al ||p,
versus the iteration count, where || - ||z denotes the Frobe-
nius norm. We observe that, in the noiseless case, Wirtinger
flow with constant step size enjoys extraordinary linear con-
vergence rate which rarely changes as the problem size
varies.

In the noiseless scenario, we further demonstrate that the per-

formance and convergence rate of the Wirtinger flow actually
b
max; ||z, |2

=. In this

depend on the condition number, i.e., k := — :
min; [|z; |2
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experiment, we let K = 50, m = 800, s = 2, the step size be
n=0.5 and set for the first component ||} ||, = |||, = 1
and for the second one || h |2 = ||:1:g llo = k with ks € {1, 2, 3}.
Fig. 1(b) shows the relative error versus the iteration count. As
we can see, the larger « yields slower convergence rate. This phe-
nomenon may be caused by bad initial guess for weak compo-
nents via spectral initialization [8]. Moreover, the strong compo-
nents may pollute the gradient directions for weak components,
which yields slow convergence rate [8]. We further provide em-
pirical results for the Wirtinger flow algorithm in the presence of
noise. We set the size of source signals K = 50, the sample size
m € {3,5,7,9, 12} x 10%, the user number s = 10, the step
size n = 0.1. The underlying signals hf,:cb eCr, 1<i<s,
are generated as random vectors with unit norm. Fig. 1(c) shows
the relative error defined above versus the signal-to-noise ratio
(SNR), where the SNR is defined as SNR := ||ly||2/]|e||> [8]
since it is easy to access the signal y. Both the relative error
and the SNR are shown in the dB scale. As we can see, the rel-
ative error scales linearly with the SNR, which implies that the
Wirtinger flow is robust to the noise. The main purpose of this
paper is to theoretically analyze the promising empirical obser-
vations of the Wirtinger flow algorithm for blind demixing &
in the noisy scenarios. We will demonstrate that for the problem
& the Wirtinger flow algorithm can achieve fast convergence
rates with aggressive step size and computational optimality
guarantees without explicit regularization.

B. Theoretical Results

Before stating the main theorem, we need to introduce the
incoherence parameter [8], which characterizes the incoherence
between b; and h; for1 <i<s5,1 <7< m.

Definition 1: (Incoherence for blind demixing): Let the in-
coherence parameter 4 be the smallest number such that

Bk
< N 5)
The incoherence between b]- and h; for1 <i<s,1<5<
m specifies the smoothness of the loss function (2). Within the
region of incoherence and contraction (defined in Section IV-A)
that enjoys the qualified level of smoothness, the step size for
iterative refinement procedure can be chosen more aggressively
according to generic optimization theory [10]. Based on the
definition of incoherence, our theory shall show that the iterates
of Algorithm 1 will retain in the region of incoherence and
contraction, which is endowed with strong convexity and the
qualified level of smoothness.
Without loss of generality, we assume ||h?h lo = ||:c5|\2 for

i =1,...,s and define the condition number
o TR l=ill2 - 4
min; |||

with max; ||@?[, = 1. Define A;(e) = Z;" ejbjal;, i =
1,...,s, then the main theorem is presented in the following.
Theorem 1: Suppose the step size obeys > 0and 7 < s~ 1,

then the iterates (including the spectral initialization point) in
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Algorithm 1 satisfy
1 4 2
dist(z',2%) < C1(1 — ”)t< S 8y/sK”
16K log®m n
4801\/5:“&
e [l Aice >|) +— max 4@l 6
s af; (afat —a?) |- aflly < Oty
1<i<s,1<j<m v g 2 3 \/§10g3/2 m’
(6b)
* I B
1S1§s,?§j§m b Oé Hh ||2 <C4f10g m, (6¢)

for all t > 0, with probability at least 1 —cym™7 — ¢ me 2K

if the number of measurements m > C'(1> 4 02)s?k* K log® m
for some constants -, cy,co,Cy,Cy,Cy > 0 and sufficiently
large constant C' > 0.

Here, we denote of fori=1,...,
eter such that

s as the alignment param-

2
(7

t . .
aj 1= arg min
aeC

1 2
L+ foet -
o 2

In addition, with probability at least 1 — O(m~?), there holds
max; <<, [|Ai(€)|| < Cooy/1LEem for some absolute con-
stant Cy > 0 and o is defined in Sectlon II.

Note that the assumption of the same length of h; and
x; only serves the purpose of simplifying the presentation.
Our theoretical results can be easily extended to the scenario
where h; and x; have different sizes. Specifically, for each
t=1,...,8j= 1,...,m,ifh,‘,bj eCk andmi,aij S (CN,
the requirement of sample size turns out to be m > C(u? +
0?)s? k*max{ K, N} log® m.

Theorem 1 endorses the empirical results shown in Fig 1(a)—
(c). Specifically, compared to the step size (i.e., n < mlm)
suggested in [8] for regularized gradient descent, our theory
yields a more aggressive step size (i.e., 7 < s~') even with-
out regularization. According to (6a), in the noiseless scenario,
the Wirtinger flow algorithm can achieve e-accuracy within
sklog(1/e) iterations, while previous theory in [8] suggests
skmlog(1/e) iterations. In the noisy scenario, the convergence
rate of the Wirtinger flow algorithm is independent of the num-
ber of measurements m and related to the level of the noise.
The sample complexity, i.e., m > Cs? Kpoly logm with suf-
ficiently large constant C' > 0, is comparable to the result in
[8] which uses explicit regularization. However, we expect to
reduce the sample complexity to m > C'sKpoly log m, with

SNR (dB)

©

a0 60 80

Numerical results.

sufficiently large constant C' > 0 by a tighter analysis, e.g.,
eluding controlling terms involved s?/m, which is left for
future work.

For further illustrations, we plot the incoherence mea-
sure max)<i<s 1<j<m |a;(afx} —w5)| (in Fig. 1(d)) and

maxlglg,,ﬁ,l;];,ﬁ \_b]_ Jhﬂ (in Fig. 1(e)) of the gradient

iterates versus iteration count, under the setting K €
{20, 40, 80,160,200}, m = 50K, s = 10, n = 0.1, c = 107*
with ||hf||2 = ||£CEH2 =1 for 1 <i < s. We observe that both
incoherence measures remain bounded by befitting values for
all iterations.

IV. TRAJECTORY ANALYSIS FOR BLIND DEMIXING

In this section, we prove the main theorem via trajectory
analysis for blind demixing via the Wirtinger flow algorithm.
We shall reveal that iterates of Wirtinger flow, i.e., Algorithm 1,
stay in the region of incoherence and contraction by exploiting
the local geometry of blind demixing <. The steps of proving
Theorem 1 are summarized as follows.
¢ Characterizing local geometry in the region of inco-
herence and contraction (RIC). We first characterize a
region R, i.e., RIC, where the objective function enjoys re-
stricted strong convexity and smoothness near the ground
truth 2°. Moreover, any point z € R satisfies the /5 er-
ror contraction and the incoherence conditions. This will
be established in Lemma 1. Provided that all the iterates
of Algorithm 1 are in the region R, the convergence rate
of the algorithm can be further established, according to
Lemma 2.

¢ Constructing the auxiliary sequences via the leave-one-
out approach. To justify that the Wirtinger Flow algorithm
enforces the iterates to stay within the RIC, we intro-
duce the leave-one-out sequences. Specifically, the leave-
one-out sequences are denoted by {hf’(” l)}tz(] for
each 1 <i <s,1 <[ < m obtained by removing the [-th
measurement from the objective function f(h,x). Hence,
{h;’(l)} and {mf'm} are independent with {b; } and {a;; },
respectively.

¢ Establishing the incoherence condition via induction. In

this step, we employ the auxiliary sequences to establish

the incoherence condition via induction. That is, as long

as the current iterate stays within the RIC, the next iterate

remains in the RIC.

- Concentration between original and auxiliary se-
quences. The gap between {z'} and {z©()} is
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established in Lemma 3 via employing the restricted
strong convexity of the objective function in RIC.

- Incoherence condition of auxiliary sequences. Based
on the fact that {z'} and {2"(V} are sufficiently close,
we can instead bound the incoherence of hE’(Z) (resp.
:cf’(l)) with respect to {b;} (resp. {a;;}), which turns
out to be much easier due to the statistical independence
between {hf’m} (resp. {:cf’(l)}) and {b; } (resp.{a;; }).

- Establishing iterates in RIC. By combining the above
bounds together, we arrive at |a;; (x} — mf)| <laijll2 -
|t — mf’(l) 2 + lla; (mf"(” - mE)H via the triangle in-
equality. Based on the similar arguments, the other inco-
herence condition will be established in Lemma 4.

- Establishing initial point in RIC. Lemmas 5-7 are in-
tegrated to justify that the spectral initialization point is
in RIC.

A. Characterizing Local Geometry in the Region of
Incoherence and Contraction

We first introduce the notation of Wirtinger Hessian. Specif-
ically, let A denote the entry-wise conjugate of matrix A
and fgean denote the objective function of noiseless case. The
Wirtinger Hessian of fgjean(2) with respect to z; can be written
as

®)

VQ,fclean = |: ¢ E:l

E* C

where C' := 027 (0(!;%)* and E := 9%, (‘)g%)* The Wirtinger
Hessian of fiean(2) with respect to z is thus represented
as V2 fuean(z) 1= diag({VZ fecan}i— ), where the operation
diag({A;}7_,) generates a block diagonal matrix with the di-
agonal elements as the matrices Ay, ..., A,. Please refer to
Appendix C for more details on the Wirtinger Hessian. In addi-
tion, we say (h;,x;) is aligned with (h!,a}), if the following
condition is satisfied

2
[P = hilly + [l

1
= min { th —h]
aeC e}

2
—wﬂb

2
+ o —w;n%}. ©)
2

Let || A|| denote the spectral norm of matrix A. We have the
following lemma.

Lemma 1: (Restricted strong convexity and smoothness for
blind demixing problem 7). Let § >0 be a sufficiently
small constant. If the number of measurements satisfies m >
12 s? k% K log” m, then with probability at least 1 — O(m '),
the Wirtinger Hessian V2 f.1o.n (2) obeys

1
u* [szf(:lean(z) + Vch]ean(z)D] u > &”u”% and

HVQfCIean(z)H S 2+8 (10)
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simultaneously for all

- — h!
w h; h;
. r; — a:i
u = withu,; = e
h; — h;
Us x; — !

and D = diag ({W;}5_,)
with W; = diag ([BilIK B’i?IK BilIK BﬂIK]*) :

Here z satisfies

Ry s — 2l ) < O
max max { | — Bl | — . | < s w
2C
maxapy (20— ad)| eyt £ =0,
1<i<s,1<j<m \/glog m
(11b)
2C
p | -1 < sbap 2
léiis,?éjém‘b]hll Al < vm log™m, (1)

where (h;, x;) is aligned with (h/, }), and one has max{||h; —

hillo, 1B = B, |l = alla. @) — @i o} < §/(ky/5), for
i=1,...,s and W;’s satisfy that for ;1,082 € R,
fOI'i = 1, ..y S maxlg,;gs max{wﬂ — %|, |ﬁj2 — %|} S h?ﬂ
Therein, C's, Cy > 0 are numerical constants.

Proof: Please refer to Appendix B for details. |

Conditions (11a)—(11c) identify the local geometry of blind
demixing in the noiseless scenario. Specifically, (11a) identifies
a neighborhood that is close to the ground truth in ¢s-norm. In
addition, (11b) and (11c) specify the incoherence region with
respect to the vectors a;; and b; for 1 <i <s,1 <7 <m,
respectively. This lemma paves the way to the proof of Lemmas 2
and 3. Specifically, the quantities of interest in these lemmas are
decomposed into the part with respect to fejean and the part with
respect to the noise e such that Lemma 9 can be exploited to
bound the first part.

Based on the local geometry in the region of incoherence
and contraction, we further establish contraction of the error
measured by the distance function (3).

Lemma 2: Suppose the number of measurements sat-
isfies m > p?s?k?Klog’ m and the step size obeys
n>0 and 7xs'. Then with probability at least
1—O(m™19), dist(2!*1, 2%) < (1 —n/(16k))dist(2!, 27) +
3kv/smax;<i<s || Ak (€)|| , provided that

dist(2!, 2°) < ¢, (12a)
~ . 2C
s ai; (3 - i) | ails! < =g
1<i<s,1<j<m Vslog¥ 2 m
(12b)
B Rt < 298 og
1§i§12?§j§m bj hz ||h7 ||2 —= \/m log m, (120)

for some constants C3, C'y > 0 and a sufficiently small constant
~t - ~t ~
¢ > 0.Here, h; and | are defined as h; = %hﬁ and Z, = alx!
fori =1,...,s. I
Proof: Please refer to Appendix E for details. ]
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Remark 1: The key idea of proving Lemma 2 is to decom-
pose the gradient (4) to the part of pure gradient Vp, feiean(2)
(resp. Vg, felean(2)) and the part relative to the noise, i.e.,
A;(e)x; (resp. Af(e)h;). The pure gradient Vi, feican (2) (resp.
Va, felean (2)) is required in Lemma 1.

As a result, if 2! satisfies condition (12) forall 0 < ¢t < T =
O(m”) for some arbitrary constant v > 0, then there is

2
48+7/s /1 max |l Ax(e)]

— 48k%\/s /1 max [ Ax(e)l]),

dist(zf, 2%) —

< p'(dist(2°, 2%) (13)
with probability at least 1 — O(m™") for some arbitrary con-
stant 7y > 0, where p := 1 — 1/(16x). In the absence of noise
(e = 0), exact recovery can be established and it yields linear
convergence rate due to dist(z!, 2%) < p'dist(2", z%). In addi-
tion, stable recovery can be achieved in the presence of noise,
where the estimation error is controlled by the noise level.

B. Establishing Iterates in the Region of Incoherence and
Contraction

In this subsection, we will demonstrate that the iterates of
Wirtinger flow algorithm stay within the region of incoher-
ence and contraction. In particular, the leave-one-out argument
has been introduced to address the statistical dependence be-
tween {h!} (resp. {z!}) and {b;} (resp.{a;;}). Recall that
{hf’m,w?(l)} are defined in the recipe for proving Theorem
1. For simplicity, we denote z"(!) = [zri'(l)* e zi’(l)*]*
2 = hy O U and f (20 = O (h
O]

where
x). We fur-

~t,(1
ther define the alignment parameters a?’ , signals h; g and

if’(” in the context of leave-one-out sequence.

We continue the proof by induction. For brief, with Ef =
~ ~ ~ tx . .
[Z),...,2""]* where Z! = [h; Z."]%, the set of induction hy-
potheses of local geometry is listed as follows:

1

dist(z', 2%) < C T (14a)
log”m
2K1
dist(z(,2') < Gy ffﬁ w, (14b)
max a’. (;’it—mh>‘ ||.’1}||71 <03;
1<i<s1<j<m |9\ T Uslog? P m’
(14¢)
1 —_—
| max bl iy <C4\F10g m, (144d)

Stss,ls)sm

where C,C5 are some sufficiently small constants, while
Cs, Cy are some sufficiently large constants. In particular, (14a)
and (14b) can be also represented with respect to z;:

1
dist(z!,2}) < C) ———— NG (15a)

N 2K 1
dist(z1, %) < oy S [ 2 og’m (15b)

\/* 7a
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fori=1,...,s. We aim to specify that the induction hypothe-
ses (14) hold for (¢ + 1)-th iteration with high probability, if
these hypotheses hold up to the ¢-th iteration. Since (14a) has
been identified in (12a) as § < 1/ log2 m, we begin with the
hypothesis (14b) in the following lemma.

Lemma 3: Suppose the number of measurements satis-
fies m > (12 + 02)s2kK log'®/? m and the step size obeys
n >0 and 1 =< s~'. Under the hypotheses (14) for the ¢-th

. . . ~ 2 oY
iteration, one has dist(z/T1() 21y < Oy L, fuKlos m
Vvm m

~t+1,(1) =~t+1 /IQRIOg m

maxi<j<m ||Z -z ‘ <Oy \;ﬁ% , with pro-
bability at least 1 — O(m 7).
Proof: Please refer to Appendix F for details. |

Remark 2: The key idea of proving Lemma 3 is similar to
the one in Lemma 2 that decomposes the gradient (4) in the
update rule into the part of pure gradient and the part relative to
the noise. Combining Lemmas 1 and 10, we finish the proof.

Before proceeding to the hypothesis (14c), let us first show
the incoherence of the leave-one-out iterate :EEH’(Z) with re-
spectto a;; forall 1 < i < s,1 <[ < m.Based on the triangle
inequality, one has

Hil?‘%l,(l) . hH < ||~t+1 (1)
i

D 25K log” 1
Qop fisKlogm o 1
m m ky/slog”m

(i)

< 20 /(kv/slog? m),
where (i) arises from Lemmas 2 and 3 and (ii) holds as long as
m > (12 4 02)VsK k23 1og'®/? m. Using the inequality (16),
the standard Gaussian concentration inequality on p. 78 in [10]
and the statistical independence, it follows that

x [ ~t+1,(1 _
ai (&0 )| 1)

~t+1,(1
L0

—& |+ @ -

—

(16)

max
1<i<s,1<l<m

logm  max

1<i<s,1<I<m

, -l

<10C, a7

Vslog®?m

with probability exceeding 1 — O(m™"). For each 1 <i <

s,1 <1 < m, we further obtain

1 _
ay (#* wDwa;

< (laulls 37 =20+ [ai (30710 - ) ) o’

K1 1
<3«/ CHH erloolﬁ
\/ m \/Elog/ m

(iii) 1

< O3———, 18
R NEETE (18)
where step (i) is based on the Cauchy-Schwarz inequality, step
(i) follows from the bound (17), Lemma 3 and the bound
with probability atleast 1 — C'm exp(—cK), for some constants
¢,C' > 0, max;<j<y, ||a;||2» < 3vVK, on p.78 in [10], and the
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last step (iii) holds as long as m > (u?> + 0%)sk*/ > K log® m
and C3 > 11C;. Tt remains to justify the incoherence of h. ™!
with respect to b; for all 1 <17 < s,1 <[ < m. The result is
summarized as follows.

Lemma 4: Suppose the induction hypotheses (14) hold
true for ¢-th iteration and the number of measurements
obeys m > (u® + 0?)s* K log® m. Then with probability

1
at least 1 —O(m ™), maxi<i<s1<j<m |b}h; . |- Rl <
o log m, provided that C} is sufﬁ01ently large and the
step size obeys 7 > 0and 7 < s71.

Proof: Please refer to Appendix G for details. |

Remark 3: Based on the claim (27) in Lemma 10, it suf-
~i+1
fices to control |b*al:fh§+1| - |h?)2 in order to bound |b;‘hi+ | -

||h5||2_ ' in Lemma 4. We represent —h!"' by the gradient
~

update rule where the gradient is decon{posed as Remark 1 de-
scribes. The quantities of interest are separated into several terms
which are bounded individually. In addition, the random vector
a;; withi.i.d. plays a vital role in the proof since E(a;;a; ;) = 0
for k # 1.

C. Establishing Initial Point in the Region of Incoherence and
Contraction

In order to finish the induction step, we need to further show
that the spectral initializations z? and z?’(l) for1 <i<s,1<
[ < m hold for the induction hypotheses (14) of local geometry.
The related lemmas are summarized as follows.

Lemma 5: With probability atleast1 — O(m ™
some constant C' > 0 such that

), there exists

min {‘aihg—hi aiw?—wi }g § and
a; €C Ja; |=1 K\
(19)
(ot <) <25
a[gg}‘lg‘:l{‘a i + oI, ZT,; — ,‘i\/§7
(20)

and |[a?| — 1| < 1/4,foreach 1 <i < s,1 < < m, provided
that m > C(p* + 0%)sk? K logm /€2

Proof: Please refer to Appendix H for details. |

Remark 4: The proof of Lemma 8 is based on the Wedin’s
sin® theorem [23] and the bound in [8], i.e., for any & >
0, |M; — E[M,]|| <&/(ky/s), with probability at least 1 —
O(m~?), provided that m > ¢y (u? + 02)sk*>K logm/&2, for
some constant co > 0.

From the definition of distance function (3) and the assump-
tion & < 1/log” m, we immediately imply that

dist(2", 2°)

(i)
< n\f/-@{H h) — hh +‘o¢,a: — }
(ii)
< min \/Em{ a;h) — ) — x }
a; €C la;|=1
(i) 1
S Cl D) ) (21)
log=m
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as long as m > (j® + 02)sk? K log® m. Here, (i) arises from
the inequality that a® + b* < (a + b)? for a,b > 0 and the as-
sumption that ||h?||2 = ||z} |]2 with max;<;<s ||w§\|2 =1, (i)
occurs since the latter optimization problem has strictly smaller
feasible set and (iii) derives from Lemma 5. With similar strat-
egy, we can get that with high probability

Oﬁ(l)’zt) < 1

< 5 1<i<m.
log=m

dist(z (22)
This establishes the inductive hypothesis (14a) for ¢ = 0. We
further show the identification of (14b) and (14d) for ¢ = 0.

Lemma 6: Suppose that m > (u? 4 0?)s’>k>K log® m.
Then with probability at least 1 — O(m~?),

skp | p2sKlog® m and  (23)
m m

dist (zo’(l),EO) < (4

2
|- R < oo

X lbjh; | - [[hill;" < Cy N (24)

Proof: Please refer to Appendix I. [

Remark 5: Regarding the proof of Lemma 6, we de-
compose M; into the terms >t b b*hhac a;jaj; and
Wi =3 b0;(3 . bihy L ag; + ;) a;;. The proof is
further fac111tated by the Wedin’s sin® theorem [23]
and the bound that with probability 1—O(m™) [8],
Wl < (IRi]l> - []1>)/(2v/Togm), provided that m >
(42 4 0%)sK log? m.

Finally, we specify (14c) regarding the incoherence of x
with respect to the vector a;; foreach1 <1i <s,1 <j <m.

Lemma 7: Suppose the sample complexity m > (u? +
0%)s%/2 K log® m. Then with probability at least 1 — O(m ),

1
~0 gy -1 <
1§i§r§1,?§j§m a” (:U i )‘ Hw HZ s \/glog?’ﬂ m
(25)
Proof: The proof follows [10, Lemma 21]. | |

V. CONCLUSION

In this paper, we developed a provable nonconvex demix-
ing procedure from the sum of noisy bilinear measurements via
Wirtinger flow without regularization. We demonstrated that,
starting with spectral initialization, the iterates of Wirtinger flow
keep staying within the region of incoherence and contraction.
The restricted strong convexity and qualified level of smoothness
of such a region leads to more aggressive step size for gradient
descent, thereby significantly accelerating convergence rates.
The provable Wirtinger flow algorithm thus can solve the blind
demixing problem with regularization free, fast convergence
rates with aggressive step size and computational optimality
guarantees. Our theoretical analysis are by no means exhaus-
tive, and there are diverse directions that would be of interest
for future investigations. For examples, we may leverage prov-
able regularization-free iterates for the constrained nonconvex
high-dimensional estimation problems. Establish optimality for
nonconvex estimation problems solved by other regularization-
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free iterative methods, e.g., the Riemannian optimization algo-
rithms, are also worth being explored.

APPENDIX A
TECHNICAL LEMMAS

The following two lemmas, i.e., Lemmas 8 and 9, are estab-
lished to proof Lemma 1. We denote the population Wirtinger
Hessian in the noiseless case at the ground truth 2! as

V?F(2") == diag ({V2, F}i_1), (26)
where
Ik 0 0 Rz
: it
vi F 0 JI[ET . IBZ h’l 0
’ 0 (@ihi )" Ik 0
(W) 0 0 Ik
fori=1,...,s.
Lemma 8: Recall that z = [z} ---2!]" € C*F withz; =
[h; x;]" € C?K. Instate the notations and conditions

in the Lemma 1, there are ||[V2F(z")|<1+s and
u* [DV?F(2%) + V?F(2)D] u > L |ulj3.

Proof: Please refer to Appendix C for details. |

Lemma 9: Suppose the sample complexity satisfies m >
12 s* k2K log® m. Then with probability at least 1—0(m™10),
one has sup_cg ||V forean (2) — V2 F(2%)|| < L, where the set
S consists of all 2’s satisfying the conditions (11) provided in
Lemma 1.

Proof: Please refer to Appendix D for details. ]

Remark 6: For the proof of Lemmas 8 and 9, extension op-
erations are required due to multiple sources in blind demixing.
Furthermore, for the proof of Lemma 9, we decompose the
quantity of interest to the sum of spectral norm of random ma-
trix. In particular, the sum of multiple “incoherence” signals in
(4a) and (4b) calls for new statistical guarantees for the spectral
norm of random matrices over the “incoherence” region, which
is demonstrated in Lemma 12 (see Appendix A) by extending
[10, Lemma 59] for blind deconvolution with single source.

Lemma 10: Suppose that m > 1. The following two bounds
hold true.

DI ||od]—1<1/2, i=1,...,

C/log®>m, thenfori=1,...,s

s and dist(z!,2%) <

s C
2 -t 27)

og=m

- 1‘ < cdist(z?,zf-) < 1
(2
holds for some absolute constant ¢ > 0.
2) If [[a?] — 1] <1/4,i=1,...,s and dist(z7, 2*) satis-
fies the condition (6a) for all 0 < 7 <'t, then for i =
1,...,sonehas |[o] '] — 1| < §, 0 < 7 < t, with suf-
ﬁmently small C5 > 0.

Proof: The proof follows [10, Lemma 16].

We will present that the assumption ||| — 1| < 1/4,fori =
1,..., s can be guaranteed with high probability by Lemma 5.
Based on Lemma 2 and Lemma 10, we conclude that the ratio of
consecutive alignment parameters, i.e., af“/a?, 1=1,...,s,
linearly converges to 1,and a!,i = 1,.. ., s converges to a point
near to 1.
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Lemma 11: Suppose that { Ay }1 << is acollection of fixed
matrices in CY X For k =+ 1, we have

1 m m 1/2
*

— E Apapaj

m

ZAMA“
=1

<exp (¢(N + K) — 0°m/C), V0 € (0,1).

> 20

(28)

Here, ¢, C' > 0 are some absolute constants,
Proof: For simplicity, we define Q =) ", Ay apal;,
where k # i. We are going to show that

. 1/2
Pl —|uQu|l>¥6
m

1 & X
*E Al Ay,
m

=1

<exp(l—6*m/C), V8 € (0,1),

(29)

holds for any fixed u € CV, v € CX with [Jul]z = |jv]2 = 1.
To achieve this goal, we denote a zero-mean random variable
as w; = u*Ayjaa’v, where k # . Based on the technique
provided in [10, Lemma 58], we accomplish the proof. [ |

The following lemma derives the supremum of the spectral
norm of random matrices over an “incoherence” region.

Lemma 12: Suppose that {Ay;i(h,)}i1<j<m, where 1 <
kii<s and k+#4d, is a set of CN*K_valued func-
tion defined on C*V x C*X, such that for all (h,x),
(h',x), (h",h") € C(L «) the following conditions hold:
L Yooy Agjih, a:)AZ s(hy)||Y/? < My, and max;<j<p,
IIAk.u(h” @) = Awsi(h )| < My ma{ | — h s, |12}
— @2}

Define Py (h,z) := 3", Ayji(h,z)ay;a;;, where k#
1. If the parameters (5, M, and M, hold that
mm{smM ,11)2m > (K + N)logm and m > k\/sMy K
then with probability exceeding 1— O(m™!Y), there is
SUD(hy ) €€ (=) ) 1Bk () || < L,

Proof: The proof follows the technical method provided in
[10, Lemma 59]. [ |

APPENDIX B
PROOF OF LEMMA 1

Combining Lemmas 8 and 9 in Appendix A, we can see that
forz € S,

||V2fclcan(z)|| S ||V2F Zh

<1+s+1/4<2+s,

)|+ ||V2f610an(z) — VQF(z“)H
(30)

which identifies the upper bound of level of smoothness. We
further have

U* [Dv2 f(:lean (Z) + VZ fclean (Z)D] u

> u' [DV’F(2") + V’F(z*)D] u
|‘V2fclean(z> - VQF(Zn>

—2||D]-

I 13
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() 1 1 é 1
> a2 —2( 2+ 2 ). 2l
> el -2 (5 + ) it

(iii) 1

> -luls, 31
where (i) uses proper reformulation and triangle inequality, (ii)
is derived from Lemma 9 and the fact that || D] < £ + - \/;, and

(iii) holds if & < 7‘[ Thus, we finish establishing the restricted
strong convexity and smoothness in the region of incoherence
and contraction.

APPENDIX C
PROOF OF LEMMA 8
We first provide the expressions of C' = [gl gi | where
5 C
Z |a’2jml| b] Rl (323)

Z (Zb (hka:k h;mif) akj> bja;;, (32b)
J=1 \k=1
03 = Z |b;fhi|2aija§‘j7 (320)
j=1
and E = [2;2 1] where
E, = Zb bihi(aija);x;)’ (33a)
EQfZa”a i (b;bih;)". (33b)

We first prove the identity || VZF(z%)|| =1+s. For i=

1,...,s, let ’UilZ%[q hi 0 0 a:E w|", v =
0 w]T,’Uz“s:%[q hE 0 0 -

Sla 0 af B
@ Fla 0 ' —h' 0 w]", where a” denote
the transpose of the complex vector a, v;1, V;2, V3, Vis € C*s
as well as ¢ € R*01) and w € R**~) are zero vectors.
Based on the assumption that ||hf 2 = |||z fori=1,...,s,
we check that these vectors are from an orthonormal set of
size 4s. Via simple calculations, there is V2 F(2") = I 5 +
Yol (0i1 vl + vv]y — Vi3Vl — v v), ), which implies that

i w]T7'Ui4 =

|[V2F(2%)|| <1+ s. Based on Lemma 26 in [10] and the
definition of w; in Lemma 1, for ¢ =1,...,s, there is
ul [M;V2 F(2%) 4+ V2 F(z*)M;| w; > 1/k[lw;[3, as long

as ¢ defined in Lemma 1 is small enough, which implies that

u* [DV?F(2") + V*F(2*)D] u

3wl [MLVE F(2) £ V2 ()M,

(34

1< 1
2 5 2ol = el
iz
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APPENDIX D
PROOF OF LEMMA 9

Based on the expression of V? fuean(2) (8) and V2 F(27)
(26) and the triangle inequality, we have

HVchlean - ‘ < IEZaXS a1 + 2049 + 4z + 4doy)
(35)
where the four terms on the right hand side are defined as follows
m
ain = Y lajai|’bib; — I ||, (36a)
ap = || |bhiaia;; — Ik ||, (36b)
j=1
m S
iz = Z (Z b (hkm; - hix;) a,ﬁj>bja;j . (360)
j=1 Nk=1
iy = Zb bihi(ai;a)x;) —hixl’ (36d)

1) Here, o1, a2, a4 can be bounded through [10, Lemma
27]. In particular, with probability 1 — O(m~1?),

| K 1
max sup ;1 S \/ — logm + Cj 37
1<i<s yeg m logm
In addition, with probability at least 1 — O(m '), we
have
<T7T——= 0 (38)
e sup > < 7,
max sup a;y < 11—— (39)

K5

as long as m > (u?/6)sk* K log® m.
2) To control «;3, similar to the set defined in [10], we define
anew set for (h,z) € C5K x C*K

1<i<s 28

(6. = { (o) o e {11 . s~

" ¢
bjha| - IRl < = .

where h is composed of hy, .. ., hy and « is composed of
x1,...,x,. Note that the set S defined in Lemma 9 satis-
fiesS CC (ﬁ‘j—ﬁ, 20, 11log? m), thus it suffices to specify

SuPzeC(Lf.chlog‘lm) «;3 in order to control «;3. We
are going to exploit Lemma 59 in [10] to derive that with

< ¢and max

1<i<s,1<j<m

probability at least 1 — O(m 1)
70
max sup a3 <46 + ——. (40)
I<iss zeC( Nf/;,204/,1. log? m) H\/g

To achieve this goal, we define Aj;(h,z) =3,

(hkm,’; - h,t{:ci*) ar; and R;(h,x) := R; cean(h, x)
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+ Eﬁl

is denoted as

h i .
hix;")a;;aj;.

represented as

bjb;A;j(h,x)a;;, where the first term
Rz,clean(h 513) = Zm b b*(h :13
The original inequality (40) can be

0
Ri(h,x)| > 46 + T——
IR ()| 2 46 472

—10, (41)

P sup

zEC( 201;4 log? m)

<m
Note that one has E[R; ciean(h, )] = hix} — hfazf* and
the spectral norm is bounded by ||E[R; cican(h, 2)]|| <
30/(k+/$)[10, Sec. C.1.2] when h,;, x; are fixed. Based on
the conclusion provided in [10, Sec. C.1.2], for (h,x) €
C(K‘S—\/;, 2C, p1log® m), it yields

P (bup ||Rt clean(h :13)
(

h,x

]E[Ri,clean (h7 w)] ” 2 4/3/5)

< m710

~ )

(42)

as long as m > (p?/6%)sk? K log” m. It thus suffices to
show that

m

sup Z b]

—10
L] h $) T_] Z 46 f/ m ’

(43)

where (h,x) € C( 2C4ulog m). We are positioned
to invoke Lemma 12 to achieve the above result.
Specifically, let Akjl-(h,:c) :bjbjl"ik where T';. =
hjx; —hiwi with k #4. We further define 7 =
arg maxi <j<s ki || Arji (h, T)ax;aj;||. Hence, it suf-
fices to show that

46
P | sup ZATﬂha:)a”afj 2— <m1Y,
(h,x) j=1

(44)

By choosing M; < 5Culog? m/m and My < 4K/m,
we invoke Lemma 12 and finish the proof of inequality

(44).
3) Based on the previous bounds, we deduced that with prob-
ability 1 — O(m~19),
HVchlcan(z) - VZF(ZD) H

(45)

K 1 1
<[y —logm+ Cy +6< -,
m logm 4

as long as d >0 is a small constant and m >
p?s? k2K log® m, as desired.
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APPENDIX E
PROOF OF LEMMA 2
Based on the definition of /"' (7), k = 1,..., s, one has
dist? (241, 27 Zdlst ( t+1 )
< sk’ = ——hj, — h,h€ + sK? ‘ ol gttt — sr:kH (46)
ay )
. -t ~ ~t+1
By denoting h;, = (%fh?f’ z =olxzl h, = % t+1 04
k C k
Z = alzl™, we have
~t+1 t _
e —hi ] [h—h WIED
i;ﬁ-ﬁ*l o wi %2 —x V:Ek f(zt)
T L | T T | W — |
h, —h; h, —h, Vi, f(Z)
. — -
- a:]h< z, — Va, f(Z")
47)

. ~t | — >t ~t — >t
and W, = diag([[|Z [, Ire, [ 22 T, |20 1122 X e [l Il
I K] ) According to the fundamental theorem of calculus pro-
vided in Section C.1 of [10] together with the definition of the
noiseless objective function fie,, and the noiseless Wirtinger
Hessian V3 feean (8), we get

t

th f(Nt) vhk fclean(z ) Ay, (G)QEZ
vm f( t) . V:ck fclean (Et) + AZ (e)hi
vhk (zt) a Vh, fclean(zt) Ak(e)w;;:
(zt) vmk fclean(zt) ‘AZ (e)h;¢
~t
hy — hh A (e)x!,
) — o] A:(e)h!
—H, | —L |4 ]‘()f . (48)
hy — b, Ar(e))
@ — A (e)h,
where Hj = fol V2, feean (2(7)) dr with  z(7) = 2° +

T(2'—2%) and Ap(e) =L 1ebakJ and Aj(e) =
>is1 €jay;by. Since z(7) lies between Z' and 2!, for all
T€[0,1], z(7 ) satisfies the assumption (12).

For simplicity, we denote 2, = [h;H* Z. 1], Substitut-
ing (48) to (47), one has
Stk
zZ =z
[Afﬂk = @5 + Y5, (49)
zZ, —z
where
Ar(e)z),
St h * t
Zp T 2 A (e)hy,
w—(I—anHk)[, u]7 b= YRS
Aj(e)hj,
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Take the Euclidean norm of both sides of (49) to arrive

Ik + il < ek llz + llabkl2-

We first control the second Euclidean norm at the right-hand
side of the equation (50): [|4% [|3 < 16 ||.Ax(€)||* , where we use
the fact that max{||xy ||2, ||hx|l2} < 2for1l < k < s.Based on
the paper [10, Sec. C.2], the squared Euclidean norm of ¢,
is bounded by ||} [|3 < 2(1 — 1/(8k))||Z, — 2|13, under the

assumption (12). We thus conclude that

ek + Whllz < V2(1 = n/(8:)/2|1Z, — 2|2 + 4 Ak (e)]l,

(50)

(G
and hence
12" = zillz < 2" = 2ill2 < v2/2ll¢) + iz
< (1=n/(168))[1Z) — 2; ]2 + 3|4 ()]
(52)
Integrating the above inequality (52) for ¢ =1,...,s, we

further obtain dist(z'*!,2%) <
3/amax <hz, A (e)

(1 —n/(16r))dist(2!, 2*) +

APPENDIX F
PROOF OF LEMMA 3
Define the alignment parameter between zf‘(l) = [hzf"(l)*
* ~ ~tx __
o) and Z = [h;, &) as
1 ? 2
?Exﬁtual = arg min hz @ :hﬁ + am:i’m —afzmg ,
N acC ||@ a; 9 2
(53)
~t
where h,; = %h and Z, = olx! fori = 1,...,s. In addition,
PR : ~t,(1)* __ .
we denote zf"“) = [h; " wz’(l) |* where
=~t,(1) 1 (1) £.(0) ()
h, = Thi andz;"’ = O mual i (54)
i;mutual

In view of the above notions and technical methods in [10, Sec.
C.3], we have

z‘+1 al 2
dist (z”l’(l),EHI) Z Inax{ T } T 5112,
i
(55)
1 ht+1 ) ht+1
—L_h,
where J;, = & ol e . By further apply-
(1 t+1,(1 ,
Q, (m)utualmk ©— Oé]lfc m;:_l
ing the update rule in Algorithm 1, we get
2t.(1) . ()
S| mvm ARl I
k=
w;(l) — 1V, il ( Zb (’)) —V,

Ry 15
where Vj,, £ (h,z) and V4, £ (h,
Vh, fY (b, @) = Vp, f(h,z)

Vo, [ (h, @) = Va, f(h, x)

@) are defined as
*
— sz;akl:ck,

— Rjay b hy,
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with Ry = Y7, bfh;x}a; — y, and
~t ~t
k= h]c po vhk f( ’ t)?
|z k||2
”thZ

Inspired by [10, Sec. C.3], by further derivation, we obtain

Jip =T +ndr2 —ndys, (57)
where
~t.(1) ~t.(1) 4.1
J hk - ”Al HZ th f( 7mt7( ))
FU= ) 00
T, =,
E T g Y 4 )
ot 7 Tt ¢
h, — vaf(h , )
it/{ ”ﬁf (7) mk f( )
(~r12_ A%/ ) hkf(;;’vif)
Jkg _ HmkHz H k Hz "
} - 11 I’:;//7~t ’
<uhk B f )

~t,(1)* « ~t (1
D a,, —yz) bzaklﬂ?)};()

(1)

Jrs = ~t.(I) ~t.(1)
S (Zf:1 bih,z; M ay — yl)akzbfhk
We shall control the three terms J;1, J2 and J3.
1) In terms of the first term Jjq, we can exploit the same
strategy as in Appendix E and conclude that

J| £ |1 —— -z

il < (1= g+ o ) 124~ e
(58)

provided that i > (12 + 02)skK log'®/? m for the con-

stant Cs > 0.

2) Regarding to the second term .J5, based on [10, Appendix
C.3] and the bound on ||.4y, (e)|| provided in [10, Sec. 6.5]
that with probability at least 1 — O(m~?), there holds

maxi << [[Ai(e)]| < Coo % for some abso-
lute constant Cy > 0 and o is defined in Section II, it
yields that

[ J2ll2 S C?

”zk — Zi |2 (59)
3) In terms of the last term J3, based on the technical
method used in [10, Appendix C.3] and the fact that |e;| <

o?/m < 1, we get

25K log” m
I < (C 2 M K ,
[ksll2 S (Co)” = ————

provided that m > (i + 02)s?kK log®/ > m

(60)
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Combining the bounds (55), (58)—(60) and the equation (57),
there exist a constant C' > 0 such that

dist (zt+1~(l)7~zft+1>

f+l t
ot 7 Cs CCqn
< || = 1— — .
fﬁmaX{ O(I é+1 } ( 165 + log2 m + log2 m
13
(D) <t % sl{log m
z, =z + C C4 T L
ZKI 9
< OQﬂ w7 ©61)
\/m m

with m > (2 + 02)s?kK log'®? m, Cy > (C4)? and the
bound that max{|a!*!/al, ol /ol T} < 1= "? gé; which is
derived from Lemma 10. Hence the 1nequa11ty (e1) verlﬁes the
induction hypothesis (14b) at (¢ + 1)-iterate with sufficiently
large Cy and sufficiently large m.

Finally, we establish the second claim in the lemma based
on the technical methods in [10, Sec. C.3] and the induction
hypothesis (15b), we deduced that

~t+1,(1) 72“1” < l

|2

L) _ i+l H
2

2K log?
502%\/7” ﬂ:g T (62
m

APPENDIX G
PROOF OF LEMMA 4

Similar to the strategy used in [10, Sec. C.4], it suffices to
control |b; =h!"!| to finish the proof, as

max \bf ——=hi*!| ||y
1<i<s,1<I<m L‘+1
<(1+9) hHl IR " (63)
for some small § < 1/log? m. The gradient update rule for hf“
is written as
1 - m S ~
:h?l:hj—nézzb b (h, &) — hih} )ay;a), T,
i j=1k=1
+ & Zejb a;;T; (64)
where & = —L> and t:%hﬁ and Z, = olax! for i=

l12; 113 al

1,...,s. The formula (64) can be further decomposed into the
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following terms

m S

1 ~t
=it =hi =gy D bib
i

j=1k=1

~t

* ~tx* *
ihxy agja;;x;
m S m

+77§zzzb hkwkakjauw +n£zZejba T,

j=1k=1 j=1

~t

S
~t ~t
=h; —n& Y Ry |2 |13 —néivin —né&ivia + n&vis + névia,

k=1
(65)
where
m S
_ b b*ﬁt ~t* * h h
Vi1 = by, (), akjai]-m — T, apja;;;
j=1k=1
m S
62
v =33 bybihy (a:k ayalzt — Ha:k||2)
j=1k=1
m S
Vi3 = ZZb b*h”xk aj;a;; iL’
j=1k=1

24—5 ejba :c

which is based on the fact that 27:1 b;b; = Ik . In what fol-
lows, we bound the above four terms respectively.
1) Based on the inductive hypothesis (14), the incoherence
inequality (5) and the concentration inequality on p. 78 in
[10].

al| - |zl];t < 5y/logm,

O(m~1?), we have

max
1<i<s,1<j<m

(66)

with the probability at least 1 —
bjva - Bl < 0.1

max

w7t -
b5 Ry |- 1R

Skss, 18]

(67)
as long as (5 is sufficiently small,
o | gy -1 <7t ‘ .
Bivel - [ 5" < (0.140.1V5) _ max _[bik,
gp— SH
IR + O(eCs- s Tog? m).
(63)

as long as m > s> K log? m with some sufficiently large
constant Cy > 0 and some sufficiently small constant ¢ >

0»
bivis| - R < (1+ Csvs) =, (69
bvis| - [[Rills" < (1+ 3\@\/% (69)
as long as picking up sufficiently small C5 > 0.
2) We end the proof with controlling |bjv;4|:
m * ot
Kool h -1 < *p ‘aijk .
o] - IR jz_:lbzbj|{1<k<s I el 11
i) 1oed/2
S22 <logm, (70)
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as long as m > o”+/log m. Here the step (i) arises from
the inequality that with probability at least 1 — O(m~1?),

* ~t

|akjf”k ||93?||271

e Y

aZj@}; —a:i)‘ akﬂ%‘

< max max
1<k<s,1<j<m 1<k<s,1<j<m Hwh ||2

A

< 64/logm (71)

as long as m is sufficiently large, the inequality that
Z}n:l |bb;| < 4logm [10, Lemma 48], and the assump-
tion |e;| < 0% /m < 1 provided in Section II.
Putting the above results together, there exists some constant
Cs > 0 such that

*~t+1 3

blh’i ‘ L7t i ot
e < (148)9 ( [bih;| —n& D [bihy |+ (140.1y/5

IR ]2 =1

« 7t b—1

+018)_ B ) - IAl 4 Cal1+ Cav)
U \F + 080047157 \F log” m + Csné; log m}
< 04% log? m. 72)

The last step holds as long as ¢ > 0 is sufficiently small, i.e.,
(14 8)Cgné;c > 1, and the stepsize obeys 7 > 0 and n < s~ .
To accomplish the proof, we need to pick the sample size
that m > (4 + 02)7K log" m, where 7 = ¢105% log* m with
some sufficiently large constant ¢;p > 0.

APPENDIX H
PROOF OF LEMMA 5
Recall that ﬁ? and ! are the leading left and
right singular vectors of M,;, i=1,...,s, where M, =

Dj-1 2p—1bib; hi:ci,,*akj aj; + 3255 ¢;bjaj;. By exploit-
ing a variant of Wedin’s sin® theorem [23, Th. 2.1], we derive
that

min ‘a-vo + ‘ ;&) —:c“H
a; €C.la;|=1 v “Il9 (et iy
al|Mi — E[M,]|

< . (73)
o1 (E[M;]) — 02 (M)

for some constant ¢; > 0, where 0 (A) and 02 (A) denote the

largest eigenvalue and second largest eigenvalue of the matrix

A. In the view of the numerator of (73), it has been specified in

[8, Lemma 6.16] that for any £ > 0,

£

i < T
<
with probability at least 1 — O(m~'"), provided that m >
ca(p? + 0?)sk? K logm/€2, for some constant c > 0. In-
spired by the technical method used in [10, Sec. C.5]. We further
bound the denominator of (73) via combining (74) and Weyl’s

|M; — E[M (74)
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inequality, derived as oy (E[M;]) — oo(M;) > 1 — Hfﬁ We
then get
min ’ aiﬁq — a8 — 2| < 261i
0, €C |a; |=1 ! ‘ e = T ks
(75)

as long as & < 1/2. Moreover, we extend the bound (75) to the
inequality with the scaled singular vector hY = /oy (M 1)!12
and @ = \/oy(M;)&) via using the inequality provided in
[10, Sec. C.5]. It yields that

’O‘ih?* ; +’a7;a:?—a:5
2 2
] Ha 22| 2= e
2 Kys
We thus conclude that
min {‘ a;hY — i+ ‘ ) —:c? }
a; €Cla;|=1 ) 2 2
§ §
<2¢——=+2 (77)
\/7 K/\/7

Since ¢ is arbitrary, we accomplish the proof for (19) by tak-
ing m > (u® + 0?)sk* K logm. Under similar arguments, we
can also establish (20) in Lemma 5, which is omitted here. We
further obtain the last claim in Lemma 5 via combining the in-
equality (19) and [10, Lemma 54], given as ||of) | — 1| < — \f
1/4,1<i<s.

APPENDIX I
PROOF OF LEMMA 6

With the similar strategy in [10, Sec. C.6], we first show that
the normalized singular vectors of M ; and M El), i=1,...,s
are close enough. We further extend this inequality to the scaled
singular vectors, thereby converting the ¢, metric to the distance
function defined in (3). We finally prove the incoherence of
{h;};_, with respect to {b; }7 ;.

Recall that h and &) are the leading left and right singu-

, s, and ﬁ?’(l) and :E?’(l)

leading left and right singular vectors of M E”, 1=1,...,s.By
exploiting a variant of Wedin’s sin® theorem [23, Th. 2.1], we
derive that

lar vectors of M, 1 = 1, o are the

min ‘ aiﬁ? — ﬁ?’U)H + ’ aii? — :E?’(Z)H
a; €C,la;|=1 2 2
o ’(Mi ~ M)z H2 too || (v - ME.“)H2
< ;
o1 (M) = 0y (M)
(78)
fori=1,...,s with some constant ¢; > 0. According to [10,
Sec. C.6],fori =1,...,s, we have
o1 (M) = 03(M)
l !
> 3/4— M —E[M]| - |M; —E[M,]] >1/2,
(79)
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where the last step comes from [8, Lemma 6.16] provided that
m > (u? + 0?)sK logm. As a result, we obtain that for i =
1,...,s

-l el
B e X N T Y
(80)
where
ﬁ?’m = arg min Haﬁ? —ﬁ?’ H + Hozw —5:0 (Z)H .
aeC,lal=1 2

(81)
It thus suffices to control the two terms on the right-hand side

of (80). Therein,

M; — Mgl) = b b; Z hi:wi*akza;‘l +ebaj;.
k=1

(82)

Inspired the similar strategy used in [10, Sec. C.6], we conclude
that

)&h|%%

2
+3\/E”>H]ah R }
m 2

(83)

via exploiting the fact that ||b;||s = /K /m, the incoherence
condition (5), the bound (66), the assumption |e;| < ‘,’7 <1

provided in Section II and the condition that with probability
exceeding 1 — O(m 1Y),

max |af@ |- |zl];" < 5y/logm (84)

1<i<m

due to the independence between &; 0,(D) and a;; [10, Sec. C.6].
Since the 1nequa11ty (83) holds for any |a&;| = 1, we can
pick up a; = 8%, With the assumption that m > u—!—

02)skK log'/? m such that 1 — 30¢, Ii\/m K
6rVEZ < 1, we get

3R - R 1
"

sQKlog m 20010 /Klogm
vm

/ 2K1
(6061 w +12¢ 1\/> )

w50 _
bRy | - (RIS

)

max

AL(Z)H
1<i<s,1<j<m 2

— €.

< 120¢

(85)

max
1<i<s,1<j<m
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It thus suffices to control max;<ic, i<j<m |bihy |- |[Ri];".
We further define that M;x’ = oy (M)il? and W, =
D1 b (O b}hiw;:akj +ej)a;;, A which further leads
to

x7 0 . gy—1
e [67¢ - A

1
= ——————[b; M, ]|
o1(M;) - [k} |l2
m
%70 . * * ~0
<2 Z|blb| 1<7<r£121%§]<m{|bjhi‘ |a” | ‘a” 7}

- - _
B3N+ 2llbills - Wl - (127 2 - (11"

x ~0,(J 0,(7) « L 0,(7
sl [+ s |V - a0}

2K log®
+ 120 | 228 T
m

) (86)

max
1<i<s,1<j<m

(i) K log®
< oy 4200l 28 ™
mlogm vm

max
1<i<s,1<5<m

where /6’? ‘@) is defined in (81). Here, (i) arises from the
low bound o1(M;) > 1, the triangle inequality and the
Cauchy-Schwarz inequality. The step (ii) comes from com-
bining the assumption that ||k ||y = ||z|,, for i =1,...,s,

maxi <j<s th ll2 = 1, the incoherence condition (5), the bound

(66), the triangle inequality, the estimate: 77, [bjb;| <
4logm [10, Lemma 48], |[b| =+/K/m, [&]2=1,

the inequality (84) and the bound that with probability
1—0(m™)[8],

1RE ]2 - |2

N &7)

Wil <

if m > (u* + 0?)sK log” m. Combining the bound (85) and
(86) and the assumption m > (u? 4 02)s’kK log” m such

that (6001 //1,2S2[;lngm +1201\/E%)-120"€ //,ZK:;l)g:%m <

1/2, we have

max
1<i<s,1<l<m

-

CRl

; ) -0,(1)
i 2

i sQKlog m
VA T

<C , (88)

for some constant Cy > 0. Taking the bound (88) together with

(86), it yields max; <j<s 1<i<m |blh |||h [— /110% for

some constant ¢, > 0, as long asm > (1> + 02)sk> K log® m.
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We further scaled the preceding bounds to the final version.
Based on [10, Sec. C.6], one has

o 80+ o 2
2 2

7

<ot = 2+ of it - i

e } (89)
Taking the bounds (88) and (89) collectively yields
min Haih? — h?’(l) H + Haim? — ac?’(l) H
a,; €C,la; |=1 ) 2 ) 2
252K log®
< o b [P K log?m 90)
m
for some constant c; >0, as long as m > (u?+

0?)s> K log® m.
Furthermore, by exploiting the technical methods pro-
vided in [10, Sec. C.6], we have dist(z0(") 2") <
u2sK log® m

4oy 2 iy - . This accomplishes the proof for the

claim (23). We further move to the proof for the claim (24). In
~0
terms of |b; h; |, one has

~ * L po «7 0
k| _ P || ern) [V bR

L S T S5 e, =2 7
;2 [1h; 2 o | [k |2 1R ll2

2
wlog”®m
< 2V2¢ ————
=~ \/>02 \/> 5

based on fact that 3 < o1 (M) < 2.

oD
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