
Handbook of Formal Languages 

Editors: G.Rozenberg A.Salomaa 

Advisory Board: J. Berstel C. Calude K. Culik II 
J. Engelfriet HJürgensen J. Karhumäki 
W.Kuich M.Nivat G.Päun A. Restivo 
W.Thomas D.Wood 



Springer-Verlag Berlin Heidelberg GmbH 



G. Rozenberg A.Salomaa (Eds.) 

Handbook of Formal Languages 
Volume 1 
Word, Language, Grammar 

With 72 Figures 

Springer 



Prof. Dr. Grzegorz Rozenberg 
Leiden University 
Department of Computer Science 
P.O. Box 9512 
NL-2300 RA Leiden 
The Netherlands 

Prof. Dr. Arto Salomaa 
Turku Centre 
for Computer Science 
Data City 
FIN-20520 Turku 
Finland 

Library of Congress Cataloging-in-Publication Data 
Handbook of formal languages / G. Rozenberg, A. Salomaa, (eds.). 
p. cm. 
Indudes bibliographical references and index. 
Contents: v. 1. Word, language, grammar - v.2. Linear modeling: 
background and application - v. 3. Beyond words. 
ISBN 978-3-642-63863-3 ISBN 978-3-642-59136-5 (eBook) 
DOI 10.1007/978-3-642-59136-5 
(alk. paper: v. 3) 
1. Formal languages. I. Rozenberg, Grzegorz. II. Salomaa, Arto. 
QA267.3.H36 1997 
511.3-DC21 96-47134 

CR Subject Classification (1991): F.4 (esp. F.4.2-3), F.2.2, A.2, G.2,1.3, D.3.1, E.4 

ISBN 978-3-642-63863-3 

This work is subject to copyright. All rights are reserved, whether the whole part of the material 
is concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, 
broadcasting, reproduction on microfilms or in any other way, and storage in data banks. 
Duplication of this publication or parts thereof is permitted only under the provisions of the 
German Copyright Law of September 9, 1965, in its current version, and permission for use 
must always be obtained from Springer-Verlag. Violations are liable for prosecution under the 
German Copyright Law. 

http://www.sprin9er.de 

©Springer-Verlag Berlin Heidelberg 1997 

Originally published by Springer-Verlag Berlin Heidelberg New York in 1997 
Softcover reprint of the hardcover 1st edition 1997 
The use of general descriptive names, registered names, trademarks, etc. in this publication 
does not imply, even in the absence of a specific statement, that such names are exempt from 
the relevant protective laws and regulations and therefore free for general use. 

Cover design: MetaDesign, Berlin 
Typesetting: Data conversion by Lewis & Leins, Berlin 
SPIN: 11326717 45/3111 - 5 4 3 2 - Printed on acid-free paper 

CIP 



Preface 

The need for a comprehensive survey-type exposition on formal languages 
and related mainstream areas of computer science has been evident for some 
years. If! the early 1970s, when the book Formal Languages by the second
mentioned editor appeared, it was still quite feasible to write a comprehensive 
book with that title and include also topics of current research interest. This 
would not be possible anymore. A standard-sized book on formal languages 
would either have to stay on a fairly low level or else be specialized and 
restricted to some narrow sector of the field. 

The setup becomes drastically different in a collection of contributions, 
where the best authorities in the world join forces, each of them concentrat
ing on their own areas of specialization. The present three-volume Handbook 
constitutes such a unique collection. In these three volumes we present the 
current state of the art in formal language theory. We were most satisfied with 
the enthusiastic response given to our request for contributions by specialists 
representing various subfields. The need for a Handbook of Formal Languages 
was in many answers expressed in different ways: as an easily accessible his
torical reference, a general source of information, an overall course-aid, and a 
compact collection of material for self-study. We are convinced that the final 
result will satisfy such various needs. 

The theory of formal languages constitutes the stem or backbone of the 
field of science now generally known as theoretical computer science. In a 
very true sense its role has been the same as that of philosophy with respect 
to science in general: it has nourished and often initiated a number of more 
specialized fields. In this sense formal language theory has been the origin of 
many other fields. However, the historical development can be viewed also 
from a different angle. The origins of formal language theory, as we know it 
today, come from different parts of human knowledge. This also explains the 
wide and diverse applicability of the theory. Let us have a brief look at some 
of these origins. The topic is discussed in more detail in the introductory 
Chapter 1 of Volume l. 

The main source of the theory of formal languages, most clearly visible 
in Volume 1 of this Handbook, is mathematics. Particular areas of mathe
matics important in this respect are combinatorics and the algebra of semi
groups and monoids. An outstanding pioneer in this line of research was 
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Axel Thue. Already in 1906 he published a paper about avoidable and un
avoidable patterns in long and infinite words. Thue and Emil Post were 
the two originators of the formal notion of a rewriting system or a gram
mar. That their work remained largely unknown for decades was due to 
the difficult accessibility of their writings and, perhaps much more impor
tantly, to the fact that the time was not yet ripe for mathematical ideas, 
where noncommutativity played an essential role in an otherwise very simple 
setup. 

Mathematical origins of formal language theory come also from mathe
maticallogic and, according to the present terminology, computability theory. 
Here the work of Alan Turing in the mid-1930s is of crucial importance. The 
general idea is to find models of computing. The power of a specific model 
can be described by the complexity of the language it generates or accepts. 
Trends and aspects of mathematical language theory are the subject matter 
of each chapter in Volume 1 of the Handbook. Such trends and aspects are 
present also in many chapters in Volumes 2 and 3. 

Returning to the origins of formal language theory, we observe next that 
much of formal language theory has originated from linguistics. In particular, 
this concerns the study of grammars and the grammatical structure of a 
language, initiated by Noam Chomsky in the 1950s. While the basic hierarchy 
of grammars is thoroughly covered in Volume 1, many aspects pertinent to 
linguistics are discussed later, notably in Volume 2. 

The modeling of certain objects or phenomena has initiated large and 
significant parts of formal language theory. A model can be expressed by 
or identified with a language. Specific tasks of modeling have given rise to 
specific kinds of languages. A very typical example of this are the L sys
tems introduced by Aristid Lindenmayer in the late 1960s, intended as mod
els in developmental biology. This and other types of modeling situations, 
ranging from molecular genetics and semiotics to artificial intelligence and 
artificial life, are presented in this Handbook. Words are one-dimensional, 
therefore linearity is a feature present in most of formal language theory. 
However, sometimes a linear model is not sufficient. This means that the 
language used does not consist of words (strings) but rather of trees, graphs, 
or some other nonlinear objects. In this way the possibilities for modeling 
will be greatly increased. Such extensions of formal language theory are con
sidered in Volume 3: languages are built from nonlinear objects rather than 
strings. 

We have now already described the contents of the different volumes of 
this Handbook in brief terms. Volume 1 is devoted to the mathematical as
pects of the theory, whereas applications are more directly present in the 
other two volumes, of which Volume 3 also goes into nonlinearity. The di
vision of topics is also reflected in the titles of the volumes. However, the 
borderlines between the volumes are by no means strict. From many points 
of view, for instance, the first chapters of Volumes 2 and 3 could have been 
included in Volume 1. 
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We now come to a very important editorial decision we have made. Each 
of the 33 individual chapters constitutes its own entity, where the subject 
matter is developed from the beginning. References to other chapters are 
only occasional and comparable with references to other existing literature. 
This style of writing was suggested to the authors of the individual chapters 
by us from the very beginning. Such an editorial policy has both advantages 
and disadvantages as regards the final result. A person who reads through the 
whole Handbook has to get used to the fact that notation and terminology 
are by no means uniform in different chapters; the same term may have dif
ferent meanings, and several terms may mean the same thing. Moreover, the 
prerequisites, especially in regard to mathematical maturity, vary from chap
ter to chapter. On the positive side, for a person interested in studying only 
a specific area, the material is all presented in a compact form in one place. 
Moreover, it might be counterproductive to try to change, even for the pur
poses of a handbook, the terminology and notation already well-established 
within the research community of a specific subarea. In this connection we 
also want to emphasize the diversity of many of the subareas of the field. An 
interested reader will find several chapters in this Handbook having almost 
totally disjoint reference lists, although each of them contains more than 100 
references. 

We noticed that guaranteed timeliness of the production of the Handbook 
gave additional impetus and motivation to the authors. As an illustration of 
the timeliness, we only mention that detailed accounts about DNA computing 
appear here in a handbook form, less than two years after the first ideas about 
DNA computing were published. 

Having discussed the reasons behind our most important editorial deci
sion, let us still go back to formal languages in general. Obviously there cannot 
be any doubt about the mathematical strength of the theory - many chapters 
in Volume 1 alone suffice to show the strength. The theory still abounds with 
challenging problems for an interested student or researcher. Mathematical 
strength is also a necessary condition for applicability, which in the case of 
formal language theory has proved to be both broad and diverse. Some de
tails of this were already mentioned above. As the whole Handbook abounds 
with illustrations of various applications, it would serve no purpose to try to 
classify them here according to their importance or frequency. The reader is 
invited to study from the Handbook older applications of context-free and 
contextual grammars to linguistics, of parsing techniques to compiler con
struction, of combinatorics of words to information theory, or of morphisms 
to developmental biology. Among the newer application areas the reader may 
be interested in computer graphics (application of L systems, picture lan
guages, weighted automata), construction and verification of concurrent and 
distributed systems (traces, omega-languages, grammar systems), molecular 
biology (splicing systems, theory of deletion), pattern matching, or cryptol
ogy, just to mention a few of the topics discussed in the Handbook. 
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About Volume 1 

Some brief guidelines about the contents of the present Volume 1 follow. 
Chapter 1 is intended as an introduction, where also historical aspects are 
taken into account. Chapters 2, 3, 5, 6, 8, 9 each give a comprehensive survey 
of one important subarea of the basic theory of formal languages. The innova
tive nature of these surveys will become apparent to a knowledgeable reader. 
Indeed, at least some of these surveys can be classified as the best or first
of-its-kind survey of the area. While the three first-mentioned chapters (2, 3, 
and 5) are basic for the grammatical or computational aspects of the theory, 
the remaining three chapters (6, 8, and 9) are basic for the algebraic aspects. 
Grammatical (resp. algebraic) issues are discussed further in Chapters 4 and 
12 (resp. 7, 10, and 11). 
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Formal Languages: 
an Introduction and a Synopsis 

Alexandru Mateescu and Arto Salomaa 

1. Languages, formal and natural 

What is a language? By consulting a dictionary one finds, among others, the 
following explanations: 

1. The body of words and systems for their use common to people who are 
of the same community or nation, the same geographical area, or the same 
cultural tradition. 

2. Any set or system of signs or symbols used in a more or less uniform fashion 
by a number of people who are thus enabled to communicate intelligibly 
with one other. 

3. Any system of formalized symbols, signs, gestures, or the like, used or 
conceived as a means of communicating thought, emotion, etc. 

The definitions 1-3 reflect a notion "language" general and neutral enough 
for our purposes. 

Further explanations are more closely associated with the spoken lan
guage and auditory aspects or are otherwise too far from the ideas of this 
Handbook. When speaking of formal languages, we want to construct formal 
grammars for defining languages rather than to consider a language as a body 
of words somehow given to us or common to a group of people. Indeed, we 
will view a language as a set of finite strings of symbols from a finite alphabet. 
Formal grammars will be devices for defining specific languages. Depending 
on the context, the finite strings constituting a language can also be referred 
to as words, sentences, programs, etc. Such a formal idea of a language is 
compatible with the definitions 1-3, although it neglects all semantic issues 
and is restricted to written languages. 

The idea of a formal language being a set of finite strings of symbols from 
a finite alphabet constitutes the core of this Handbook. Certainly all written 
languages, be they natural, programming or any other kind, are contained 
in this idea. On the other hand, formal languages understood in this general 
fashion have very little form, if any. More structure has to be imposed on 
them, and at the same time one can go beyond the linear picture of strings. 
Both approaches will be tried in the present Handbook. 

G. Rosenberg et al. (eds.), Handbook of Formal Languages

© Springer-Verlag Berlin Heidelberg 1997
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How does one specify a formal language? If we are dealing with a finite set 
of strings we can, at least in principle, specify the set simply by listing its ele
ments. With infinite languages we have a different situation: we have to invent 
a finitary device to produce infinite languages. Such finitary devices can be 
called grammars, rewriting systems, automata, etc. Many stories about them 
will be told in this Handbook. In fact, a major part of formal language theory 
can be viewed as the study of finitary devices for generating infinite languages. 

What is today known as the Theory of Formal Languages has emerged 
from various origins. One of the sources is mathematics, in particular, certain 
problems in combinatorics and in the algebra of semigroups and monoids. A 
pioneer in this line of research was Axel Thue at the beginning of the 20th 
century; in [11, 12] he investigated avoidable and unavoidable patterns in 
long and infinite words. Together with Emil Post [8], Thue also introduced 
the formal notion of a rewriting system or a grammar. 

Another shade in the mathematical origins of formal language theory 
comes from logic and, according to the current terminology, the theory of 
computing. Here the work of Alan Turing [13] is of crucial importance. The 
general idea is to find models of computing. The power of a specific model 
can be described by the complexity of the languages it generates or accepts. 

Trends and aspects of mathematical language theory will be the subject 
matter of this Volume I of the Handbook. Same scattered glimpses of it will 
be presented already in Section 2 of this chapter. 

It is quite obvious and natural that much of formal language theory has 
originated from linguistics. Indeed, one can trace this development very far 
in the past, as will be pointed out later on in this section. Specifically, the 
study of grammars initiated by Noam Chomsky [1] has opened new vistas in 
this development. 

Many parts of formal language theory have originated from modeling cer
tain objects or phenomena. A model can be expressed by or identified with a 
language. Specific tasks of modeling have given rise to specific types of lan
guages. Very typical examples are L systems of Aristid Lindenmayer [5] in
tended as models in developmental biology. This and other types of modeling 
situations, dealing for instance with molecular genetics, semiotics, artificial 
life and artificial intelligence, will be presented in this Handbook, in particu
lar in Volume 2. Sometimes a linear model is not sufficient. This means that 
the language used does not consist of strings (words) but rather of trees, 
graphs or some other many-dimensional objects. Such extensions of formal 
language theory will be considered in Volume 3 of this Handbook: languages 
are built from many-dimensional objects rather than strings and, thus, the 
possibilities for modeling will be greatly increased. 

The remainder of this Section 1 is devoted to the study of natural lan
guages. We give, very briefly, some glimpses of linguistics from three different 
points of view: historical studies, genetics and neuroscience. We only hope 
to give some idea about what is going on. Each of these three aspects of 
linguistics would require a handbook on its own! 
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1.1 Historical linguistics 

Linguists have tried to investigate, as well as to classify, natural languages 
existing in the world today, some 6000 in number. The study is becoming 
increasingly important: it is estimated that about half of the now existing 
6000 languages will die out during the next century. 

How did a specific language become prevalent in the area in which it is 
now spoken? It could have been taken to its current territory by farmers, 
traders, conquerors etc. Often multidisciplinary methods are used to clarify 
the development. The scientific study of language, linguistics, can often pen
etrate deeper in the past than the oldest written records. Related languages 
are compared to construct their immediate progenitors. From progenitors one 
goes to their predecessors and, finally, to their ultimate ancestor or protolan
guage. 

We spoke above of "related" languages. What does this mean? Already 
for more than 200 years, linguists have recognized that some languages have 
similarities in vocabulary, grammar, formation of new constructs or the use 
of sounds strong enough to be grouped in the same family, stemming from a 
common ancestor. A language family, that is a family of natural languages, 
results by such ancestral alliances that can be traced back in history. This 
idea is quite different from the notion of a language family in formal language 
theory met very frequently in this Handbook. 

Linguists are far from unanimous about the existing language families. 
The whole trend of trying to find similarities between different languages has 
been sometimes condemned as unfruitful. On the contrary, some linguists 
tend to emphasize the differences that make languages seem unrelated, as 
well as to use only small independent units in the classification. Such linguists 
also tend to rule out spurious relationships. The importance of reconstructing 
proto languages has been also questioned. 

However, certain specific language families have won wide acceptance. 
Among such families are the Indo-European family, which will be discussed 
in more detail below, the Hamito-Semitic (or Afro-Asiatic) family, which con
sists of the Semitic languages and many languages of North Africa, as well 
as the Altaic family whose major representatives are Finnish and Hungar
ian. We will mention still in Section 1.2 some other language families whose 
legitimacy has perhaps not won such a wide acceptance. 

What does it mean from a practical point of view that two languages, say 
Finnish and Hungarian, belong to the same family and, moreover, that lin
guists are unanimous about this state of affairs? Does it imply that a native 
user of one language is able to use or understand the other language? Cer
tainly not. Some few basic nouns, such as the words for "fish", "water" and 
"blood", bear easily observable resemblance in Finnish and Hungarian. There 
is even one word, the word "tuli", having in certain contexts the same mean
ing in both languages: in "TULlpunainen" and "TULIpiros" the prefix means 
"flaming", the whole word meaning "flaming red". However, this is merely ac-
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cidental. In Hungarian "tuli" stems from the Indo-European "tulip" , whereas 
in Finnish it is of old Uralic origin. An often quoted example is the sentence 
"the train is coming". It is claimed that the sentence is the same in both lan
guages but the Finnish word for "the train" means "is coming" in Hungarian, 
and vice versa. The claim, however, is quite inaccurate - and so we omit fur
ther details. In general one can say that the vocabularies of Finnish and 
Hungarian lie as far apart as those of English and Persian (which also belong 
to the same well-recognized family, Indo-European languages). Among easily 
observable similarities between Finnish and Hungarian are certain graIIlInat
ical features (no distinction between "he" and "she", no articles for nouns) 
and a phenomenon called vowel harmony in speech. 

Let us go back to the idea of language families. In linguistics the idea dates 
back for more than 200 years. It is customary to date the field of linguistics 
to its first significant achievement, the argument propounded in 1786 by Sir 
William Jones, a British judge at the High Court in Calcutta, who observed 
relationships between Sanskrit, Greek, Latin, Gothic and Persian. (The year 
1786 is such a starting point for linguistics as 1906 is for formal language 
theory; the first paper of Axel Thue about combinatorics on words appeared 
in 1906.) Common vocabulary and structural features suggested to Jones 
that the languages had "sprung from some cornrnon source". Nowadays this 
source language is known as Indo-European. More explicitly, Jones wrote 
about Sanskrit, Greek and Latin that "no philologer could examine them 
all three without believing them to have sprung from some common source 
which, perhaps, no longer exists" . 

The construction of a protolanguage applies various methods, most of 
which can be classified as inductive inference. Early linguists in their attempts 
to reconstruct the Indo-European protolanguage relied heavily on Grimm's 
law of "sound shift": sets of consonants displace each other in a predictable 
and regular fashion. This law was suggested in 1822 by Jacob Grimm, who 
is universally famed for the fairy tales he wrote with his brother Wilhelm. 
(For instance, "Snow White" and "Cinderella" are universally known as Walt 
Disney movies.) According to the law, softer "voiced" consonants b, d, g yield 
to harder "voiceless" consonants p, t, k. A typical development is 

dhar 
(Sanskrit) 

draw 
(English) 

tTagen 
(GeTman) 

Another development, based on different phenomena, can be depicted as 
follows, see Figure 1: 
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PROTOLANGUAGE HITTITE watar 

yotor-
GREEK hyd6r 

ENGLISH water 

GERMANIC I 
I GERMAN Wasser 

Fig. 1 

Linguists have traced back diverging pathways of linguistic transforma
tion, as well as human migration. There are many views about the Indo
European protolanguage and its homeland. Rules such as Grimm's law were 
used to construct an Indo-European vocabulary. On this basis, conclusions 
were made about how its speakers lived. The landscape and climate described 
by the vocabulary was originally placed in Europe between Alps and the 
Baltic and North seas. More recent evidence [2] places the probable origin 
of the Indo-European language in western Asia. The language described by 
the reconstructed Indo-European protolanguage is mountainous - there are 
many words for high mountains lakes and rapid rivers. According to [2], the 
vocabulary fits the landscape of eastern Transcaucasia, where the protolan
guage flourished some 6, 000 years ago. The protolanguage split into dialects 
which evolved into distinct languages. The latter split into further dialects, 
and so forth. The family tree presented in Figure 2 is based on information 
from [2]. 

The time depth of the Indo-European protolanguage is only about 6, 000 
years. Attempts have been made to go deeper into the origins. If the aim 
is a single protolanguage, one has to go back probably well beyond 20, 000 
years. A rather well-known macrofamily, called Nostratic, comprises the Indo
European, Hamito-Semitic and Altaic families and is estimated to date back 
some 15, 000 years. 

The following table, see Figure 3, compares some Indo-European lan
guages, as well as two languages outside the family. 
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Dutch English Bulgarian Polish 
Flemish I Frisian Slovenian WS Czech 

High German Serbo-
Low German Croatian 

Danish 

}- Sc I SS Great and 
Swedish ;- White 

C- PR Russian 
WG 

Icelandic J- NG 
Norwegian SI 

Latvian Ba 
Lithuanian 

Gothic 1-- Old Prussian 

PG BS 

Italian 
French r!:-a Balto-

Romanian Slavo-
Spanish 

~ 
Germanic 

asco- ~ AA 
Umbrian Celto- Proto- Aryano-

-I"" Italo- - Indo- .... Greco- ~ 

Breton 
Tocharian European Armenic 

Cornish r!!.r 

Welsh 

Scottish 
IpC Irish 

I 
I Gaulish ~ 

I 
Manx 

Tocharian 

Sc-Scandinavian 
La-Latin 

Br-Brittanic 
NG-Northern Germanic 

It-Italic 
PC-Proto Celtic 

Anatolian 

I 
Hittite 
Palaic 
Lydian 

WG-Western Germanic 
PG-Proto Germanic 

Fig. 2 

I Luwian 
Lycian 

SS-Southern Slavic 
Sl-Slavic 
Ba-Baltic 

BS-Balto Slavic 

YUkrainian 

Armenian 

01 Persian 
- Pashto 

Baluchi 

,.l!-
Hindi 

Marathi 

Sa Gujarati 
Panjabi 
Bengali 

Arcadian 
Aeolic 

Gr Ionic 
Doric 

WS-Western Slavic 
PR-Proto Russian 

ai-Old Iranian 
II-Indo Iranian 

AA-Armeno Aryan 
Sa-Sanskrit 
Gr-Greek 
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English Old German Latin Romanian 
One Ains Unus Unu 
Two Twai Duo Doi 

Three Thrija Tres Trei 
Four Fidwor Quattuor Patru 
Five Fimf Quinque Cinci 
Six Saihs Sex ~ase 

Seven Sibum Sept em ~apte 

Eight Ahtau Octo Opt 
Nine Niun Novem Noua 
Ten Taihum Decem Zece 

English Greek Sanskrit Japanese Finnish 
One Heis Ekas Hiitotsu Yksi 
Two Duo Dva Futatsu Kaksi 

Three Treis Tryas Mittsu Kolme 
Four Tettares Catvaras Yottsu Neljii 
Five Pente Panca Itsutsu Viisi 
Six Heks Sat Muttsu Kuusi 

Seven Hepta Sapta Nanatsu Seitsemiin 
Eight Okto Asta Yattsu Kahdeksan 
Nine Ennea Nava Kokonotsu Yhdeksan 
Ten Deka Dasa To Kymmenen 

Fig. 3 

1.2 Language and evolution 

The idea of linking the evolution of languages to biology goes back to Charles 
Darwin. He wrote in the Descent of Man (1871), "The formation of different 
languages and of distinct species, and the proofs that both have been devel
oped through a gradual process, are curiously parallel." In Chapter 14 of On 
the Origin of Species he also stated that if the tree of genetic evolution were 
known, it would enable scholars to predict that of linguistic evolution. 

If one wants to go deeper in the past, as indicated at the end of Section 
1.1, one has to combine genetic evidence with archeological and linguistic 
evidence. Indeed, molecular genetics can test some elements of proposed the
ories of the evolution of languages. One compares gene frequencies in various 
populations and converts the data into a structure, where genetic distance 
can be represented. One is then able to see to what extent genetic relation
ships confirm predictions arising from supposed evolution of languages and 
language families. Genetic and linguistic histories at least roughly correspond 
because both diverge when populations split apart. The following chart from 
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[9], see Figure 4, is based on work by Luigi Luca Cavalli-Sforza and Mer
ritt Ruhlen. The genetic closeness of populations is shown by their distance 
from a common branching point (left). Their linguistic closeness (in terms of 
language families and superfamilies) is depicted similarly on the right. 

GENETIC 
RELATIONSHIPS 

POPULATION 

Africa I 
Africans 

I 
Europe and Afro-Asiatic 

Mideast J C . I Indo-European I aucaSlans 
Dravidian 

North- Altaic 

~ 

East~ Northeast ~ralic Asians 
-

A~ 
Eskimo-Aleut 

Arctic I Chukchi-
Indians Kamchatkan 

North and 
: Amerindians IN a-Dene 

South America 
Sino-Tibetan 

Asian Mai'M Southeast Austro-Asiatic 
Asians Daic 

Austronesian 

~ pa~ Pacific 
Islanders 

Islands 

I Australians 
Papuan 
Andamanese 

Australia INew Guineans 

New GUInea 

Fig. 4 

LANGUAGE 
FAMILIES 

Nilo-Saharan 
Niger-Kordofanian 

I-Nostratic 

Eurasiatic 

Amerind 

Dene-Caucasian 

Austric 

Indo-Pacific 

Australian 

An inevitable conclusion is that the distribution of genes correlates very 
well with that of languages. Apparently genes do not control language in 
a deterministic way, so the correlation is explained by history: the circum
stances of birth determine the language to which one is exposed. Human 
populations are during the evolution fragmented into parts which settle in 
different locations. Then the fragments evolve both linguistic and genetic 
patterns ear-marked by the branching points. This explains the correlation. 

It is not claimed that evolution transfers simple languages into more com
plex ones. It is quite widely agreed among linguists that no language, living 
or dead, is "better" than any other. Language alters, but it neither improves 
nor degenerates. For scientific discussions, Modern English maybe is better 
than Old English but the potential resources of both languages are the same. 
However, as pointed out by [9], earlier generations of linguists had no such 
reservations about ranking languages. August Schleicher in the 19th century 
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classified languages according to their structures. In Schleicher's view, Chi
nese is an "isolating" language using simple elements and, consequently, is 
more "primitive" than Turkish, which builds its words from distinct forms. 
He put "inflecting" languages like German higher. Sanskrit was ranked high
est because its inflections were so elaborate. On these terms, the languages of 
many hunter-gatherers are elevated above those of the linguists themselves! 

1.3 Language and neural structures 

How much preprogramming is there in the brain when a child starts learn
ing a language? Any child can learn any language without making as many 
grammatical and other mistakes as one would expect from a structure with
out programming, a tabula rasa. It can be claimed that language is as innate 
in the infant as flight is in the eaglet. This means that children do not so 
much learn language as somehow just develop it in response to a stimulus. 

Taking into account the enormous complexity of language phenomena, 
many researchers have wondered whether the neural machinery involved will 
ever be understood to any reasonable extent. Indeed, the question about the 
origin of language in a neuroscientific sense has often been considered hope
less. Linguistic Society of Paris banned its discussion in 1866 because it had 
generated so much mere talk and so little real knowledge, if any. In spite of the 
ban, the discussion has continued. Many theories have been presented about 
the origin of language, starting from onomatopoetic words such as "cuckoo", 
from emotional interjections, from oral gestures etc. Especially recently the 
progress in understanding the brain structures responsible for language has 
accelerated significantly. Tools such as magnetic resonance imaging (MRI) 
have made it possible to locate brain lesions accurately in patients suffering 
from aphasia. In such a way specific language deficits have been correlated 
with damage to particular regions of the brain. Positron emission tomography 
(PET) makes it possible to study brain activities of healthy persons engaged 
in linguistic tasks. 

Still all important questions remain to be answered about how the brain 
stores and processes language. However, the motivation to clarify at least 
some of the issues is great. Language is a superb means of communication, 
increasing in importance as the concepts become more abstract. Try to com
municate without words the background for the events in Eastern Europe in 
1989, or the intricacies of Hamlet! 

2. Glimpses of mathematical language theory 

We now return to the actual topic of our Handbook, the Theory of Formal 
Languages. It was already indicated in Section 1 above that certain branches 
of mathematics constitute a major source of origin for formal language the
ory. The term "mathematical language theory" describes mathematical (al
gebraic) aspects of formal language theory - the main emphasis is on the 
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mathematical theory rather than any applications. The purpose of this sec
tion is to give the reader some scattered glimpses of mathematical language 
theory. The idea is not to present any coherent theory but rather to give 
some views about the very basics, about words and languages. We want to 
give an uninitiated reader some feeling about what is going on. We have 
tried to select nontrivial problems whose solutions are presentable without 
too much technical apparatus and yet readable without previous knowledge 
or consulting other sources. Section 3 will be quite different in nature. It is a 
telegraphic review of (at least some) basic concepts and results in formal lan
guage theory. The purpose has been to collect basic formal language theory 
in one place for quick reference. Our original idea was to add another section 
describing briefly the contents of the Handbook. However, such a description 
already appears in the Prefaces. Due to the marvellous timeliness of the in
dividual authors, it was not possible to write anything more comprehensive 
without endangering the publication schedule. 

2.1 Words and languages 

An alphabet is a finite nonempty set. The elements of an alphabet E are called 
letters or symbols. A word or string over an alphabet E is a finite sequence 
consisting of zero or more letters of E, whereby the same letter may occur 
several times. The sequence of zero letters is called the empty word, written 
A. Thus, A, 0,1,110,00100 are words over the "binary" alphabet E = {O, 1}. 
The set of all words (resp. of all nonempty words) over an alphabet E is 
denoted by E* (resp. E+). Observe that E* and E+ are always infinite. 
If x and yare words over E, then so is their catenation (or concatenation) 
xy, obtained by juxtaposition, that is, writing x and y after one another. 
Catenation is an associative operation and the empty word A acts as an 
identity: wA = AW = w holds for all words w. Because of the associativity, we 
may use the notation wi in the usual way. By definition, wO = A. In algebraic 
terms, E* and E+ are the free monoid and semigroup generated by E with 
respect to the operation of catenation and with the unit element A. 

The notions introduced above will be very basic throughout this Hand
book. The notation may vary, for instance, the empty word is often denoted 
bye. We will denote alphabets by E or V, the latter coming from "vo
cabulary". The elements are thought as indivisible units; it depends on the 
viewpoint whether they are called "letters" or, coming from a vocabulary, 
"words" . 

We continue with some central terminology concerning words. The length 
of a word w, in symbols 1 w I, is the number of letters in w when each letter 
is counted as many times as it occurs. Again by definition, 1 A 1= O. A word v 
is a subword of a word w if there are words Ul and U2 (possibly empty) such 
that w = UIVU2. If Ul = A (resp. U2 = A) then v is also called a prefix of w 
(resp. a suffix of w). Observe that w itself and A are subwords, prefixes and 
suffixes of w. Other subwords, prefixes and suffixes are called nontrivial. 
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Let us write a word w in the form w = U1V1U2V2 ... UnVn ' for some 
integer n and words Ui, Vi, some of them possible empty. Then the word 
V = Vi V2 ... Vn is a scattered subword of w. (The notion will be the same if we 
say that the word U = Ul U2 ... Un is a scattered subword of w. This follows 
because we may choose some of the u's and V's to be empty.) Thus, a scat
tered subword is not a coherent segment but may consist of parts picked up 
from here and there, without changing the order of letters. The French school 
emphasizes the coherence by using the term "factor" for our "subwords" and 
saving the term "subword" for our scattered subwords. A nonempty word w 
is primitive if it is not a proper power, that is, the equation w = u i does 
not hold for any word u and integer i ::::: 2. Every word w possesses a unique 
primitive TOot u: U is the shortest word such that w = u i , for some i ::::: 1. 
Obviously, a nonempty word is primitive iff its primitive root equals the word 
itself. 

Words V = xy and w = yx are termed conjugates. Thus, a conjugate of a 
word is obtained if a prefix is transferred to become a suffix. The prefix may be 
empty; a word is always its own conjugate. Clearly, if u and V are conjugates 
of w, then also u and V are conjugates among themselves. (Thus, the relation 
is an equivalence.) If w is primitive, so are its conjugates. Conjugates of a 
word are often called also circular variants. 

TIme's work [11, 12] at the beginning of this century dealt with avoidable 
and unavoidable patterns occurring in long words. Let us consider the pattern 
xx = x 2 • A word w is square-free if it contains no subword xx, where x is 
a nonempty word. Thus, a word being square-free means that it avoids the 
pattern xx. Now the size of the alphabet becomes quite significant. Assume 
that we are dealing with the binary alphabet {O, I}. Can we construct long 
square-free words? No. The pattern xx is unavoidable as soon as the length 
of the word is at least 4. The words 010 and 101 of length 3 are indeed 
square-free - they are the only square-free words of length 3. But we cannot 
continue them with a further letter without losing square-freeness. Take the 
word 010. Both continuations 0100 and 0101 contain a square as subword. 

Things are different if the alphabet contains at least 3 letters. Thue showed 
how to construct in this case infinite square-free sequences of letters. He also 
showed how to construct infinite cube-free sequences (that is, avoiding the 
pattern xxx = x 3 ) over a binary alphabet. The reader is referred to [10] for 
compact proofs of these nontrivial results. 

We now proceed from words to languages. Subsets, finite or infinite, of 
E* are referred to as (forma0 languages over E. Thus, 

Ll = {A,O, 111, IDOl} and L2 = {QP I p prime} 

are languages over the binary alphabet. A finite language can always, at least 
in principle, be defined as Ll above: by listing all of its words. Such a proce
dure is not possible for infinite languages. Some finitary specification other 
than simple listing is needed to define an infinite language. Much of formal 
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language theory deals with such finitary specifications of infinite languages: 
grammars, automata etc. 

Having read Section 1 of this chapter, the reader might find our termi
nology somewhat unusual: a language should consist of sentences rather than 
words, as is the case in our terminology. However, this is irrelevant because 
we have to choose some terminology. Ours reflects the mathematical origin. 
But the basic set, its elements and strings of elements could equally well be 
called "vocabulary", "words" and "sentences". 

Various operations will be defined for languages: how to get new languages 
from given ones. Regarding languages as sets, we may immediately define the 
Boolean operations of union, intersection and complementation in the usual 
fashion. The operation of catenation is extended to concern languages in the 
natural way: 

LIL2 = {WIW2 I WI ELI and W2 E L2}. 

The notation L i is extended to concern languages, now L 0 = {A}. The 
catenation closure or Kleene star (resp. Kleene plus) of a language L, in 
symbols L* (resp. L+) is defined to be the union of all nonnegative powers 
of L (resp. of all positive powers of L). Observe that this definition is in 
accordance with our earlier notations E* and E+ if we understand E as the 
finite language whose words are the singleton letters. 

The operations of union, catenation, and Kleene star are referred as reg
ular" operations. A language Lover E is termed regular if L can be obtained 
from the "atomic" languages 0 (the empty language) and {a}, where a is a 
letter of E, by applying regular operations finitely many times. By applying 
union and catenation, we obviously get all finite languages. The star oper
ation is needed to produce infinite languages. When we speak of the family 
of regular languages, we mean all languages that are regular over some E, 
that is, the alphabet may vary from language to language. This family is very 
central in formal language theory. It corresponds to strictly finite comput
ing devices, finite automata. Regular languages will be the subject matter of 
the next chapter of this Handbook. The family has many desirable formal 
properties. It is closed under most of the usual operations for languages, in 
particular, under all Boolean operations. 

A language Lover E is star-free if L can be obtained from the atomic 
languages {a}, where a E E, by applying Boolean operations (complement is 
taken with respect to E*) and catenation finitely many times. Since regular 
languages are closed under Boolean operations, it follows that every star-free 
language is regular. We will return to star-free languages in Section 2.3. 

2.2 About commuting 

A feature common for all languages, formal or natural, is the noncommu
tativity of letters and sounds. The English words "no" and "on" are very 
different. The monoid E* is noncommutative except when E consists of one 
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letter a only: the word ai+i results if we catenate ai and ai, independently of 
which one comes first. Because of the noncommutativity, the mathematical 
problems about formal languages are rather tricky, and results from classical 
algebra or analysis are seldom applicable. 

In this Section 2.2 we will present the basic results about commuting. 
What can be said about words satisfying certain specific commutativity con
ditions? The results belong to combinatorics on words, an area to which a 
chapter is devoted in this Handbook. Such results are very useful in situa
tions, where we meet the same word in different positions and want to make 
conclusions about the word. 

The first result is very fundamental: what can be said about a word, where 
the same word appears both as a prefix and as a suffix? 

Theorem 2.1. Assume that xy = yz, for' some words x, y, z, where x =1= A. 
Then there are words u, v and a nonnegative integer k such that 

x = uv, y = (uv)ku = u(vu)k, Z = vu. 

Proof. Assume first that I x 12:1 y I. Then from the equation xy = yz we see, 
by reading prefixes oflength I x I, that x = yv, for some word v. (If I x 1=1 y I 
then v = A.) The situation can be depicted as follows: 

x y 

y 

y v y 

We may obviously choose k = 0 and u = y. Then x = yv = uv, y = (uv )O'u 

and z = vy = v'u. 
If I x 1<1 y I, we use induction on the length of y. The basis is clear. If 

I y 1= 0, then y = A, and we may choose u = A, v = x = z, k = O. (Recall 
that vO = A.) 

Suppose, inductively, that the assertion holds for all I y 1:<::; n and consider 
the case I y 1= n + 1. Because I x 1<1 y I, we obtain y = X'W by reading 
prefixes of length I y I from the equation xy = yz. By substituting, we 
infer that xx'w = X'WZ, hence X'W = 'WZ. We may now apply the inductive 
hypothesis: because x =1= A, we have I 'W 1<1 y I and, hence, I'W 1:<::; n. (Observe 
that we cannot find u, v as required if x = z = A and y =1= A. That's why we 
have the assumption x =1= A in Theorem 2.1.) 

Consequently, for some u, v and k, 

x = uv, y = (uv)ku = u(vu)k, Z = vu. 

Because y = X'W = uv(uv)ku = (uv)k+l u , we have completed the inductive 
step. 0 
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Our next result answers the basic question about commuting: when is it 
possible that xy = yx holds between words x and y? The result is that x and 
y must be powers of the same word, so we are essentially back in the case of a 
one-letter alphabet. Theorems 2.1 and 2.2 are often referred to as "Lyndon's 
Theorem" , due to [6). 

Theorem 2.2. If xy = yx holds between nonempty words x and y, then 
there is a word wand nonnegative integers i, j such that x = wi and y = wi. 

Proof. The proof is by induction on the length of xy. The conclusion is im
mediate for the case 1 xy 1= 2. Now suppose the Theorem is true for all 
xy with 1 xy I:::: n. Let 1 xy 1= n + 1. Then by Theorem 2.1, x = uv, 
y = (uv)k,u for some words u, v and nonnegative integer k. Observe that 
uv('uV)k,U = (uv)kuuv; hence uvu = uuv and 'u'u = vu. Since 1 uv I:::: n, 
by the induction hypothesis u and v are powers of a common word w, i.e., 
'U = w P and v = w q , for some nonnegative integers p and q. It follows that 
x = 'uv = w p+q and y = (uv)ku = wk(p+q)+p. Hence, x = wi and y = wi, 

where i = p + q and j = k(p + q) + p. 0 

Theorem 2.2 can also be expressed by saying that the equation xy = yx 
is peT'iod'icity forcing: the equation admits only "periodic" solutions, where 
the unknowns are repetitions of the same period. Some other such periodicity 
forcing equations are known, for instance, 

The equation can hold between x, y, z only if they are powers of the same 
word. 

As an application of our commutativity considerations, we present a result 
concerning conjugates and primitive words. 

Theorem 2.3. A word w has 1 w 1 different conjugates iff w is primitive. 

Proof. Clearly, w can never have more than 1 w 1 conjugates. The "only if"
part is clear. If w = u i , i ;:::: 2, then w equals the conjugate obtained by 
transfeITing one 'U from the prefix position to the suffix position. 

To prove the "if" -part, suppose that w is primitive. Proceed indirectly, 
assuming that two of w's conjugates are equal: 'WI = W2. Since also WI is a 
conjugate of W2, we obtain 

WI = xy = yx = W2, X =1= A, y =1= A. 

By Theorem 2.2, x and yare powers of the same word 'U. Since both x and y 
are nonempty, WI = w2 = u i , i ;:::: 2, implying that WI and W2 are imprimitive. 
As a conjugate of WI, the word w is also not primitive, a contradiction. 
Hence, all conjugates of ware different. There are 1 w 1 of them, as seen by 
tl'ansfeITing the letters of w, one after the other, from the beginning to the 
end. 0 
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2.3 About stars 

The operation of Kleene star is a powerful one. It produces infinite languages 
from finite ones. Together with the other two regular operations, union and 
catenation, it can lead to very complicated compositions. In fact, for any k, 
there are regular languages that cannot be represented with fewer than k 
nested star operations. 

We present in this section two properties of the star operation. The first 
one tells us that, as regards languages over one letter, the star of the language 
is always very simple, no matter how complicated the original language is. 
The basic reason for this simplicity is again commutativity. Because words 
over one letter commute, the intricacies of the star language vanish. 

Theorem 2.4. For every language L over the alphabet {a}, there is a finite 
language LF ~ L, such that L* = L}. 

Proof. The theorem holds for finite languages L, we just choose LF = L. 
Assume that L is infinite and aP is the shortest nonempty word in L, P ~ 1. 
Clearly, {aP } * ~ L *. (This follows by the definition of the star operation. 
Because aP is in L, all powers of aP are in L*.) If this inclusion is actually 
an equality (and it must be so if P = 1), there is nothing more to prove, we 
choose LF = {aP}. Otherwise, let aq1 be the shortest word from the difference 
L* -{ aP }*. (The difference consists of words in L* but not in {aP }*.) It follows 
that ql can be written in the form 

ql = tIP + 1'1> 0 < 1'1 < P, h ~ 1. 

(We cannot have ql divisible by P because all exponents of a divisible by P 
are produced by {aP}*.) Again we see that {aP,aq, }* ~ L*. If this is not an 
equali ty, we let a q2 be the shortest word in the difference L * - {aP, a q, } *. It 
follows that q2 is of the form 

(All words leaving the remainder 1'1 when divided by p are obtained using aP 

and aq, .) 

The procedure is continued. At the kth step we obtain the word aqk , with 

Since there are at most p possible remainders ri, including the remainder 
o stemming from p, we actually will have the equality 

{ P q, q.}* L* £ < a , a , ... , a = , lor some s p. o 
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We will now consider languages {w} *. Thus, the language consists of 
all powers of w, we write it simply w*. The question is: when is w* star
free? Of course, the star occurs in the definition of w* but there may be a 
way of getting around it. The question is not easy. For instance, considering 
languages 

(1010)*, (10101)*, (101010)* 

one observes, after considerable reflection, that the middle one is star-free, 
whereas the others are not. Where does this state of affairs depend on? We 
will settle this question completely. First we will prove some auxiliary results. 
We assume that w is over the alphabet E and, moreover, E is the minimal 
alphabet of w: all letters of E actually occur in w. 

Lemma 2.1. The languages 0, P}, E* and E+ are star-free over E. 

Proof. The claim follows by the equations 

0= {a} n {a2}, where a E E, 

E* ='" 0, E+ = EE*, {A} ='" E+. o 

We say that a language L is non counting iff there is an integer n such 
that, for all words x, y, Z, 

xyn z E L iff xyn+1z E L. 

Lemma 2.2. Every star-free language is noncounting. 

Proof. Let L be a star-free language, L ~ E*. 
The proof is by induction on the structure of L, i.e. by induction on the 

number of Boolean operations and catenations used to define L. 
If L = 0 or L = {a}, a E E, then L is noncounting for n = 2. 
Now, assume that L = L1 U L2 and let ni be the constant for which Li 

is noncounting, i = 1,2. Define n = max {nl, n2}. Assume that a{3n, E L. 
It follows that a{3n, E L1 or a{3n, E L2. If a{3n, E Ll, then using the 
noncounting property (n - n1) times for L 1, we obtain that a{3nl, E L 1. 
Again, using the same property (n - n1 + 1) times for Ll, we obtain that 
a{3n+1, E L 1. It follows that a{3n+1, E L1 UL2 = L. The converse is similar, 
i.e., if a{3n+1, E L, we use the same argument to prove that a{3n, E L. 

If L ='" L1 then obviously, L satisfies the noncounting property for 
n =n1. 

If L = L1 n L2, then observe that L ='" ('" L 1n '" L2)' 
Finally, assume that L = L1L2 and define n = n1 + n2 + 1. Assume that 

a{3n, E L = L 1L 2. There are Ui ELi, i = 1,2, such that a{3n, = U1U2. 
Observe that at least one of the words Ui, contains a subword {3m, with 
m ~ ni, i = 1,2. Without loss of generality, assume that U1 = a{3mu' with 
m ~ n1. Using the noncounting property (m - nd times for L1 we conclude 
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that a(3nl u' ELl. Again, using the same property (m - n1 + 1) times for L 1, 
we deduce that a(3'm+1u' ELl. Hence, a(3'm+1 u'u2 = a(3n+1, E L1L2 = L. 
The converse is analogous. 

Hence, if L is a star-free language, then L is a noncounting language. 0 

The converse of Lemma 2.2 holds in the form: every regular noncounting 
language is star-free. We will need Lemma 2.2 only in the form indicated. 

We are now in the position to establish the characterization result. The 
result also immediately clarifies why only the middle one ofthe languages (*) 
is star-free. 

Theorem 2.5. The language w*, w =f. A, is star-free iff w is primitive. 

Proof. Consider first the "only if" -part, supposing that w = u i , i :::: 2. We 
want to show that w* is not star-free. By Lemma 2.2, it suffices to prove that 
w* is not noncounting. Assume the contrary, and let n be the corresponding 
constant. Choose now, in the definition of "noncounting", x = u j , y = u, 
Z = A, where j is such that j + n is divisible by i. Then xyn z = uHn E w*, 
whereas xyn+1 z = u j +n +1 tJ. w*. Consequently, w* is not noncounting. 

For the "if"-part, assume that w is primitive. To prove that w* is star
free, let us first have a look at what kind of properties are expressible in a 
star-free form. The set of all words having the word x as a subword, prefix 
or suffix can be expressed in the form 

E*xE*, xE*, E*x, 

respectively. By Lemma 2.1, these sets are star-free. Similarly, '" (E*xE*) 
stands for the set of all words not having the word x as a subword. 

Consider a word in w*, say w 5 . Let us keep most of the word hidden, and 
move a scanning window of length I w I across w 5 : 

w w I w w w 

~Iwindow .. 
hidden 

What words do we see through the window? At the beginning and at the 
end we see w. At all other times, in fact at all times, we see a word in C(w), 
the set of conjugates of w. (Recall that w is its own conjugate.) 

Let us now try to express in star-free terms the condition that a word x is 
in w*. We assume that x =f. A because we can add {A} as a separate term of 
the union. The word x must begin and end correctly, that is, it has to belong 
to the intersection 

wE* nE*w. 

Furthermore, all subwords of x of length I w I must be conjugates of w, that 
is, belong to C(w). We express this by saying that no subwords of length 
I w I and outside C(w) are allowed to appear in x, that is, x belongs to the 
intersection ("subwords OK") 
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SUB WOK = n '" (E*yE*) 
y~C(w),lyl=lwl 

(We can compute the number of words y, that is, the number of sets to 
be intersected. Assume that E has k letters. Then there are altogether kiwi 
words oflength 1 w I. By Theorem 2.3, klwl_ 1 wi are outside C(w).) We are 
now ready to write a star-free expression for w*. 

w* = {A} U (wE* n E*w n SUBWOK). 

By Lemma 2.1, the right side of the equation (**) is star-free. We still have 
to show that our equation is correct. 

It is obvious that the left side of the equation is included in the right 
side: if a nonempty word is in w*, it begins and ends correctly and has no 
incorrect subword and, consequently, belongs to all sets in the intersection. 
To prove the reverse inclusion, we assume the contrary. Let x be the shortest 
word on the right side of our equation (**) that is not in w*. Then x "# A and 
we may write x = WXI (because x E wE*). We must have Xl "# A because 
WA = wE w*. 

If Xl has the prefix w, we argue as follows. Since x has w as suffix, so 
does Xl. The word Xl has only correct subwords (no subwords of length 
1 w 1 outside C(w)) because X has only correct subwords. Consequently, Xl 

belongs to the right side of the equation (**). This implies that Xl E w* 
because 1 Xl 1 < 1 X 1 and X was the shortest word belonging to the right side 
and not to w*. But now also X = WXI E w*, a contradiction. 

Therefore, w is not a prefix of Xl. Assume first that there is an i such that 
the ith letter a of Xl differs from the ith letter b of w - let i be the smallest 
such index. Thus 

Xl = w'az, w = w'bw", a E E, bEE, a"# b, 

where the words w', w", z may be empty. Consider now the subword w"w'a 
OfX=WXI: 

w' z 

This subword is of length 1 w I, so it must belong to C(w). On the other 
hand, we have clearly w"w'b E C(w). But both words w"w'a and w"w'b 
cannot be in C(w) because every letter occurs the same number of times 
in each word of C(w). Thus our assumption has led to a contradiction and, 
consequently, no such i exists. 

The only remaining possibility is that Xl is a proper prefix of w, w = Xl WI, 

for some WI "# A. Since X belongs to the right side of equation (**), the word 
w is also a suffix of x, leading to the following situation: 
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Here Wl is the overlapping part of the two w's. By Theorem 2.3, w is not 
primitive, which is a contradiction. (The same conclusion could be reached 
by Theorem 2.2 as well.) D 

Our proof shows clearly, where and why the primitivity of w is needed. 
For instance, if w = u 3 and Xl = 'U then the word WXl belongs to the right 
side of the equation (**) but not to w*. 

2.4 Avoiding scattered subwords 

Sometimes you deal with collections of words, none of which is a subword of 
any other word in the collection. This happens, for instance, when a subword 
fulfils the purpose you have in mind equally well as the whole word. Then, 
from whatever language L you originally dealt with, you take only a basis: a 
subset K of L such that (i) no word in K is a subword of another word in K, 
and (ii) every word in L possesses some word of K as a subword. A desirable 
situation would be that a basis is finite. Unfortunately, this does not always 
happen. For the language 

the only basis is L itself because none of the words in L is subword of another 
word in L. 

The situation becomes entirely different if, instead of subwords, scattered 
subwords are considered. In this case a rather surprising result can be ob
tained, a result that certainly is not intuitively obvious: If no word in a lan
guage K is a scattered subword of another word in K, then K is necessarily 
finite. 

Let us use in this context the notation v ::; w to mean that v is a scattered 
subword of w. The relation is a partial order. This means that the following 
three conditions hold for all words u, v, w. 

(i) 'u::; u, 
(ii) If 'U ::; v and v ::; u then u = v, 

(iii) If 'U ::; v and v ::; w then u ::; w. 

"Partial" means here that u and v can also be incomparable: 
neither u ::; v nor v ::; u. This is the case, for instance, if u = ab and v = ba, 
The notation u 1:. v means that either u and v are incomparable, or else both 
v ::; u and v =f. u. Observe that the similarly defined relation in terms of 
subwords, rather than scattered subwords, is also a partial order. 

We now prove the result already referred to above. The result is due to 
[3]. An earlier version, based on algebraic considerations, appeared in [4]. 
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Theorem 2.6. Assume that a language L contains no two distinct words v 
and w such that v ::; w. Then L is finite. 

Proof. We show that a contradiction arises if we assume that there is an 
infinite language with no two comparable words. This is shown by induction 
on the size of the alphabet. The statement clearly holds for languages over 
one-letter alphabet because in this case any two words are comparable. As
sume inductively that the statement holds for alphabets up to a certain size 
but it no longer holds if we add one more letter, to get an alphabet E. Thus, 
there are languages over E not satisfying Theorem 2.6, whereas Theorem 2.6 
holds true for all languages over smaller alphabets. 

For each infinite L ~ E* consisting of pairwise incomparable words, there 
is a shortest XL E E* such that XL 1:. y, for all Y E L. (The existence of XL 

can be seen as follows. We first take any X ELand a E E. Then ax 1:. y, 
for all y E L. Otherwise, if there is a word y' E L with ax ::; y', we infer 
X ::; ax ::; y', which is a contradiction. We now find out whether there are 
words shorter than ax with the same property concerning::; and choose the 
shortest among them for XL. The word XL is not necessarily unique, only its 
length is unique.) 

We now fix the language L in such a way that the corresponding word XL 

is shortest possible. Thus, there is no infinite language K ~ E* consisting of 
pairwise incomparable words such that XK E E* is a shortest word with the 
property XK 1:. y, for all y E K, and 1 XK 1<1 XL I. 

Clearly, XL =j:. A because A ::; y, for all y. We express XL as a catenation 
of letters, some of them possibly equal: 

If k = 1 and XL = al then the condition XL 1:. y, for all y E L, implies that 
L is over the alphabet E - {all, which contradicts the inductive hypothesis. 
Hence, k 2 2 and ala2 ... ak-l =j:. A. 

Clearly, 1 ala2··· ak-l 1<1 XL I· 
If ala2 .•. ak-l 1:. y holds for infinitely many words y E L, the subset of 

L consisting of those infinitely many words would contradict our choice of L 
and XL. Thus, by removing a finite subset of L, we get an infinite language 
L' = {Yi 1 i = 1,2, ... } ~ L such that 

ala2· .. ak-l ::; Yi, for all Yi E L' . 

Thus, ala2 .•. ak-l appears as a scattered subword in every word of L'. 
For each Yi E L', we now find the occurrence of al a2 ... ak-l leftmost in the 
following sense. First we find the leftmost al in Yi. After this occurrence of 
all we find the leftmost a2. After this occurrence of a2, we find the leftmost 
a3, and so forth. Thus, we write each Yi in the form 
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for unique words z} E (17 - {aj})*, 1 ::; j ::; k - 1. An important observation 
now is that, for all i, also 4 E (17 - {ad)*. This follows because, otherwise, 
XL = ala2 ... ak ::; Yi, a contradiction. Thus, for each fixed j, all the words 
z.;, i ;::: 1, are over an alphabet smaller than E. 

We now construct a decreasing sequence 

of infinite sets Nj of positive integers such that, 

whenever m, n E N j , m < n, 1 ::; j ::; k, then zj ::; zj. 

The definition of the sets N j proceeds inductively. For notational conve
nience, we let No = {i Ii;::: I}. Assume that the infinite set N j has already 
been defined. Here either j = 0, or else 1 ::; j ::; k - 1 and (*) is satisfied. We 
define the set NjH as follows. Consider the set 

ZjH = {Z}H liE N j }. 

If the set ZjH is finite we consider, for each word wE ZjH, the set 

M(w) = {i liE N j and zjH = w}. 

Since, Ni is infinite, at least one of the sets M( w) is infinite. We choose NjH 
to be any such set; then (*) is automatically satisfied. 

If Zi+1 is infinite, we may use the inductive hypothesis because Zj+1 ~ 
(17 - {aj+l})*. Consequently, there are only finitely many pairwise incom
parable elements in Zj+1. From this fact we may conclude that there is an 
infinite chain of elements of Zj+1 satisfying: 

Let us now argue how this conclusion can be made. 
If we have an infinite chain of elements of Zj+1 

we may obviously conclude the existence of (**) by defining nl = ml and 

nrH = minis I ms > nr }, r;::: l. 

On the other hand, there must be an infinite chain (**)'. For if all maximal 
chains (that is, chains that cannot be continued further) are finite, then, since 
the different greatest elements in the maximal chains are pairwise incompara
ble, infinitely many distinct chains have the same greatest element, say z,,!+at. 
This means that infinitely many words w satisfy w ::; z"!+at, which is clearly 
impossible. 
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We now define the set N j+l (in the case that Zj+l is infinite) by NjH = 
{nl'" I r .2: I}. The definition and (**) guarantee that (*) is satisfied. 

Having defined the set Nb we choose two distinct numbers Tn, n E N k , 

Tn < n. Consequently, Tn,n E N i , for all j, 1 ~ j ~ k. By (*), 

zj ~ z'j, 1 ~ j ~ k. 

We infer further that 

Thus, Ym and Yn are not after all incomparable, which is a contradiction. 0 

Two observations should be made regarding the proof given. We did not 
only exhibit two comparable words Ym and Yn but rather an infinite chain 
of words, each of which is a scattered subword of the next one. Indeed, the 
numbers of Nk in increasing order produce such a chain. 

The second observation is that the use of No, for which (*) is not required, 
makes it possible to combine the basis of induction and the inductive step. 
It is also instructive to consider the case, where E has only two letters. Then 
each of the sets ZiH is over one letter (not the same one for all j !), and the 
ideas of the proof become more straightforward. 

Theorem 2.6 has many interesting consequences. By an infinite word or 
w-word over an alphabet E we mean an infinite sequence of letters of E. 
For instance, an infinite decimal expansion of a real number is an infinite 
word over the alphabet {O, 1, 2,3,4,5,6,7,8, 9}. The following result is an 
immediate corollary of Theorem 2.6. 

Corollary 2.1. No matter how an infinite word is divided into blocks of finite 
length, one of the blocks is a scattered subword of another block. 0 

Corning back to the discussion at the beginning of the Section 2.4, we say 
that a subset Lo of a language L is a basis of L if, for every Y E L, there is a 
word x E Lo such that x ~ y, that is, x is a scattered subword of y. Clearly, 
the set of minimal elements with respect to the relation ~ constitutes a basis. 
Thus, the following result is immediate. 

Corollary 2.2. Every language possesses a finite basis. o 

Corollary 2.2 is just another formulation of Theorem 2.6. The first docu
mentation of the result appears in [4] in the following form. 

Theorem 2.7. (Higman) If X is any set of words formed from a finite al
phabet, it is possible to find a finite subset Xo of X such that, given a word 
'W in X, it is possible to find 'Wo in Xo such that the letters of 'Wo occur zn 'W 

in their right order, though not necessarily consecutively. 0 
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An important remark is here in order. We have not in our discussions 
paid any attention to effectiveness, ret alone efficiency. What is for Higman 
"possible to find" often leads to noncomputable tasks and undecidable prob
lems. Decidability and complexity issues will be frequently discussed later on 
in this Handbook. 

Some further corollaries of Theorem 2.6 could be mentioned. Starting with 
an arbitrary language L, we define the following two languages: 

SSW(L,::;) = {z E I;* I y ::; z, for some y E L}, 

SSW(L,~) = {z E I;* I y ~ z, for some y E L}. 

Thus, the latter language consists of all scattered subwords of the words 
in L, whereas the former consists of all words "generated" by L in regard 
to the relation ::;: every word in SSW(L,::;) contains some word of L as a 
scattered subword. The notation SSW comes from "scattered subword". 

Corollary 2.3. For every language L, both of the languages SSW(L,::;) and 
SSW(L,~) are star>-free regular languages. 

P1'00j. By Corollary 2.2, L possesses a finite basis La. For a word w 
al a2 ... ak, ai E I;, 1 ::; 'i ::; k, the language 

is star-free (see Lemma 2.1 in Section 2.3). We now claim that 

SSW(L,::;)= U SSW({w},::;), 
wELo 

which shows that the left side is star-free. The claim follows because every 
word containing some word of L as a scattered subword also contains some 
word of La as a scattered subword, and the right side of the equation consists 
of all words having some word of La as a scattered subword. 

Denote by K the complement of the language SSW(L, ~). It suffices 
to prove that K is star-free. By the first part of the proof we know that 
SSW(L,::;) is star-free. But 

K = SSW(K, ::;). 

Indeed, the inclusion of the left side in the right side is obvious. To 
prove the reverse inclusion, assume that there is a word x in the difference 
SSW(K,::;) - K. This means that 

x E SSW(K,::;) n SSW(L, ~). 

Thus, y ::; x, for some y E K. On the other hand, x is a scattered subword 
of some word z E L. This implies that also y is a scattered subword of z. 
But K consists of words that are not scattered subwords of words in Land, 
hence, y tf. K. This contradiction completes the proof. 0 
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Corollary 2.3 is quite remarkable. Any language generates (in two different 
ways) a structurally very simple language. However, our previous remark 
applies also here: in general, we cannot find the languages SSW(L, S) and 
SSW(L, ::::) effectively. 

Our final corollary is usually referred to as "Konig's Lemma". It deals 
with k-dimensional vectors of nonnegative integers, that is, ordered k-tuples 
(Tnl' Tn2,"" Tnk), where each Tni is a nonnegative integer. A partial order 
between such vectors is defined by 

Corollary 2.4. Every set of pairwise incomparable vectors is finite. 

Proof. Associate with the vector (Tnl' Tn2, ... , Tnk) the word 
ar 1 a;'" ... a";k over the alphabet {ar, a2, ... , ad. Then the relation S holds 
between two vectors iff it holds between the associated words, and Corollary 
2.4 now immediately follows by Theorem 2.6. 0 

2.5 About scattered residuals 

Our last illustration requires some maturity in algebra, although no specific 
knowledge is needed. 
Let A be a set. P(A) denotes the set of all subsets of the set A. If a E E, 
then Ixl a is the number of occurrences of the letter a in x. If x E E*, then 
the commutative closure of x is 

com (x) = {w E E*I for all a E E, Iwl a = Ixl a }. 

If L is a language, then the commutative closure of L is 

com(L) = U com(x). 
xEL 

A language L is called commutative if and only if L = com(L). 
The shuffle operation between words, denoted III, is defined recursively 

by 
(au III bv) = a(u III bv) U b(au III v), 

and 
(u III >.) = (>. III u) = {u}, 

where u,v E E* and a,b E E. 

The shuffle operation is extended in the natural way to languages: 

Ll III L2 = U (u III v). 
uEL1,vEL, 

Let Ll and L2 be languages over E. The scattered residual of Ll by L2 is 
defined as: 
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where 

'U -+8 'U = {Ul U2 ••. Uk+l E 17* I k 2': 1, U = 'Ul 'Ul'U2'U2 ••. Uk'UkUk+l, 

'U = VI V2 ••• Vk, Ui E 17*, 1 :S i :S k + 1, Vi E 17*, 1 :S i :S k}. 

Thus, the scattered residual U -+8 V indicates the result of deleting V from 
U in a scattered way. The following lemma provides an equivalent definition 
of the scattered residual. The straightforward proof is omitted. 

LeIllIlla 2.3. For any languages Ll and L2 

Moreover·, fOT any words u, 'U E 17*, 

U -+8 V = {w E 17* I U E w III v}. o 

A deterministic finite automaton, DFA, is a construct A = (Q, 17, 8, qQ, F), 
where Q is a finite set of states, 17 is an alphabet called the input alphabet, 
qQ E Q is the initial state, F S:;; Q is the set of final states and 

8:QxE---+Q 

is the transition function. 
The transition function 8 is extended to a function 8, 

8 : Q X 17* ---+ Q, 

by defining: 

(i) 8(q,'x) = q, for all q E Q, 
(ii) 8(q, wa) = 8(8(q, w), a), for all wE 17*, a E 17, q E Q. 

In the sequel, 8 will be denoted simply by 8. 
The language accepted by the DFA A is 

L(A) = {w E 17* I 8(qQ,w) E F}. 

TheoreIll 2.8. Let L be a commutative lang'uage. The following conditions 
are equivalent: 

a)L is accepted by some DFA. 
b) L has finitely many scattered residuals. 
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Proof. Let L be a commutative language over the alphabet E. Define the 
relation ~ L between languages over E as follows: 

L1 ~ L L2 if and only if L --'8 L1 = L --'8 L 2. 

It follows immediately that the relation", L is an equivalence relation. 
Denote by P(E*)j ~L the set of all equivalence classes with respect to the 

relation ~L. The equivalence class of a language K will be denoted by [K]. 
a) ==} b). Let A= (Q, E, 8, qo, F) be a finite deterministic automaton 

such that L(A) = L. We will assume that all states from Q are accessible, 
i.e. for each p E Q there is a word u E E* such that 8(qo, u) = p. Moreover, 
without loss of generality, we may assume that the automaton A satisfies the 
following condition of minimality: 

if {u E E*18(p,u) E F} = {v E E*18(q,v) E F}, then p = q. 

Let X be the set P( Q) and consider the set of all functions defined on X 
and with values in X, denoted X x. 

Let cp be the function mapping the set P( E*) j ~ L into the set X x, defined 
by 

cp([K])(Y) = 8(Y, K). 

Claim 1. The function cp 'is well defined. 

Assume that K1 and K2 are languages over E such that K1 ~L K 2. We 
prove that in this situation 8(Y, K 1) = 8(Y, K 2) for all Y ~ Q. Let p be a 
state in 8(q, K 1) for some q E Y. It follows that there is a word U1 E K 1, such 
that 8(q,'ud = p. Let a, (3 be words such that 8(qo,a) = q and 8(p,(3) E F. 
Therefore, Ct'lL1(3 ELand consequently, 0'.(3 E L --'8 K 1. But, K1 "'L K2 and 
hence, a(3 E L --'8 K 2. Therefore, there exists U2 E K2 such that (a(3 III 
'U2) n L i- 0. It follows that aU2(3 E com(L) = L. Moreover, note that for all 
(x, (3 E E*, 

aU1(3 E L if and only if a'u2(3 E L. 

Thus, from condition (*), it follows that 8(q, U2) = p E 8(Y, K2)' The converse 
inclusion is established analogously. Therefore Claim 1 is true. 

Claim 2. cp is an injective function. 

We will prove that iffor all Y ~ Q, 8(Y, Kd = 8(Y, K 2), then K1 ~L K 2. 
Let 'U be in L --'8 K 1. There exists V1 E K1 such that (-u III vd n L i-

0. Hence, 'UV1 E com(L) = L. Assume that 8(qo, u) = p and observe that 
8(p, vt} E F and V1 E K 1. From the equality 8(Y, Kd = 8(Y, K 2), for all 
Y ~ Q, it follows that there exists V2 E K2 such that 8(p, V2) E F. Hence, 
'UV2 ELand thus 'U is in L --'8 K 2. Therefore, L --'8 K1 ~ L --'8 K2 and note 
that the converse inclusion is analogous. Therefore cp is an injective function. 

Now, observe that the set XX is a finite set and hence the set P(E*)/~L 
is finite, too. 
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b) ~ a). Define the finite deterministic automaton A= (Q, E, 6, qQ, F), 
where 
Q =P(E*)j ~L. Note that Q is a finite set. Define qo = [P}] and F = 
{[KJlK n L =I- 0}. Observe that from [K] = [K'] and K n L =I- 0 it follows 
that K' n L =I- 0. The transition function, 6: Q x E -+ Q is defined by 

6([B], 0") = [B III 0"]. 

Observe that 6 is well defined, i.e. if B "'L B', then B III 0" "'L B' III 0". 
In order to prove that L(A) = L assume first that W E L(A). Therefore, 
6([>'],w) E F. If W = W1W2 ..• Wn' where Wi E E,i = 1, ... ,n, then it is easy 
to see that 6([>'],w) = [Wl III W2 III ... III wn ]. Hence, there is a language 
K, such that K n L =I- 0 and K "'L (Wl III ... III wn ). Consequently, 
(Wl III W2 III ... III wn ) n L =I- 0. Therefore, W = Wl W2 ..• Wn E com(L) = L. 
Thus W E L. Conversely, assume that W E L. Now, if W = Wl W2 ... W n , Wi E 

E,i = 1, ... ,n, then 6([>'],w) = [Wl III W2 III ... III wn ] and thus (Wl III 
W2 III ... III wn ) n L =I- 0. Hence, [Wl III W2 III ... III wn ] E F and therefore 
W E L(A). Consequently, L = L(A). 0 

It will be seen in many connections in this Handbook that L is regular iff 
L is acceptable by a DF A. Thus, Theorem 2.7 yields, 

Theorem 2.9. Let L be a commutative language. The following conditions 
are equivalent: 

a) L is a regular language. 
b) L has finitely many scattered residuals. o 

3. Formal languages: a telegraphic survey 

This section will be very different from the preceding ones. Following [7], we 
will present a "telegraphic survey" of some of the basics of formal language 
theory. This means that we just quickly run through very many concepts and 
results, without going into any details. It is recommended that the survey is 
consulted only when need arises. 

3.1 Language and grammar. Chomsky hierarchy 

Basic terminology and notation 

Alphabet: a finite nonempty set of abstract symbols or letters. 
V*: the free monoid generated by the alphabet V under the operation of 
catenation or concatenation (the catenation of x and y is denoted by xy; the 
catenation of n copies of x E V* is also denoted by xn). 
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Word/string: an element of V*. 
A: the empty string (the identity of the monoid V*; V* - {A} is denoted by 
V+). 
Ixl: the length of the string x E V*. 
Ixl a : the number of occurrences of a E V in x E V*. 
Language: a subset of V* . 
A-free language: a subset of V+. 
Parikh mapping: for V = {a1, a2, ... , ad, the mapping tPv : V* --+ N k 

defined by tPv(x) = (lxl a1 , Ixl a2 ,···, Ixl ak ). 

Linear set: a set M ~ N k such that M = {vo + 2::1 Vi Xi I Xi EN}, for 
some Vo, V1, ... , Vm in N k . 

Semilinear set: a finite union of linear sets. 
Semilinear language: a language L ~ V* with semilinear tPv(L). 
Letter-equivalent languages: two languages L 1, L2 ~ V* such that tPV(L1) = 

tPV(L2)' 
Length set (of a language L): length(L) = {Ixll x E L}. 

Opemtions with languages 

Union, intersection, complement: usual set operations. 
Concatenation: L1L2 = {xy I x E Ll,Y E L2}. 
Kleene star (*): L* = Ui~oLi, where Lo = {A}, Li+1 = LiL,i ~ O. 
Kleene +: L+ = Ui>lLi. 
Substitution: a mapping s : V --+ 2u', V, U alphabets, extended to V* by 
S(A) = {A}, s(ax) = s(a)s(x), a E V,X E V*. For L ~ V*, s(L) = UXELS(X). 
Finite substitution: substitution s with s( a) finite for all symbols a. 
Morphism: substitution s with s(a) singleton set for all symbols a (usual 
monoid morphism). 
A-free substitution/morphism: substitution/morphism such that A E s(a) for 
no symbol a. 
Inverse morphism: a mapping h-1 : U* --+ 2v ' defined by h-1(x) = {y E 

V* I h(y) = x}, x E U*, for a morphism h : V* --+ U·. 
Shuffle: x III y = {X1Y1 ... XnYn I x = X1···Xn,Y = Y1"'Yn,Xi,Yi E V*,l:::; 
i:::; n,n ~ I}. For L1,L2 ~ V*, L111I L2 = {w E V* I w E x III y, for some 
x E Ll,Y E L 2}. 
Mirror image: if x = a1a2 ... an, ai E V, 1 :::; i :::; n, then mi(x) = an'" a2a1' 
For L ~ V*, mi(L) = {mi(x) I x E L}. 
Left quotient (of L1 with respect to L2, L1,L2 ~ V*): L2\L1 = {w I there is 
x E L2 such that xw ELl}. 
Left derivative (of L with respect to x,L ~ V·,x E V*): 8x (L) = {x}\L. 
Right quotient/derivative: symmetrically. 
Given an n-ary operation with languages, a, we say that a family F of 
languages is closed under operation a if a(L1"'" Ln) E F for every 
L1, ... ,Ln E F. 
A language L ~ V* is called regular if it can be obtained from elements of V 
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and 0 using finitely many times the operations of union, concatenation and 
Kleene star. 
A family of languages is nontrivial if it contains at least one language differ
ent from 0 and {A}. A nontrivial family of languages is called trio or a cone 
if it is closed under A-free morphisms, inverse morphisms, and intersection 
with regular languages. A trio closed under union is called semi-AFL (AFL 
= abstract family oflanguages). A semi-AFL closed under concatenation and 
Kleene + is called AFL. A trio/semi-AFL/ AFL is said to be full if it is closed 
under arbitrary morphisms (and Kleene * in the case of AFL's). A family of 
languages closed under none of the six AFL operations is called anti-A FL. 

1. The family of regular languages is the smallest full trio. 
2. Each (full) semi-AFL closed under Kleene + is a (full) AFL. 
3. If F is a family of A-free languages which is closed under concatenation, 
A-free morphisms, and inverse morphisms, then F is closed under intersection 
with regular languages and union, hence F is a semi-AFL. (If F is also closed 
under Kleene +, then it is an AFL.) 
4. If F is a family of languages closed under intersection with regular lan
guages, union with regular languages, and substitution with regular lan
guages, then F is closed under inverse morphisms. 
5. Every semi-AFL is closed under substitution with A-free regular languages. 
Every full semi-AFL is closed under substitution with arbitrary regular lan
guages and under left/right quotient with regular languages. 

Chomsky grammars 

A phrase-structure grammar is a quadruple G = (N, T, S, P), where N, Tare 
disjoint alphabets, SEN, and P ~ VaNVa x Va, for VG = NUT. The 
elements of N are called nonterminal symbols, those of T are called terminal 
symbols, S is the start symbol or the axiom, and P the set of production rules; 
(u,v) E P is written in the form u -+ v. 
For x,y E Va we write x ===?G y iff x = XIUX2,Y = XIVX2, for some XI,X2 E 
Va and 'U -+ v E P. If G is understood, we write x ===? y. One says that x 
directly derives y (with respect to G). The reflexive and transitive closure of 
the relation ===? is denoted by ===?*. The language generated by G is L(G) = 
{x E T* IS===?* x}. 
Two grammars GI , G2 are called equivalent if L(GI) = L(G2 ). 

If in x ===? y above we have Xl E T*, then the derivation is leftmost and 
we write x ===?le!t y. The leftmost language generated by G is denoted by 
Lleft(G). 

A phrase-structure grammar G = (N, T, S, P) is called: 

- monotonous/length-increasing, if for all u -+ v E P we have lui::; Ivl. 
- context-sensitive, if each u -+ v E P has u = UIAu2, V = UIXU2, for UI, U2 E 

Va, A E N, x E vet. (In monotonous and context-sensitive grammars a 
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production S --+ A is allowed, providing S does not appear in the right
hand members of rules in P.) 

- context-free, if each production u --+ v E P has u E N. 
- linear, if each rule u --+ v E P has u E N and v E T* U T* NT* . 
- right-linear, if each rule u --+ v E P has u E N and v E T* U T* N. 
- left-linear, if each rule u --+ v E P has u E N and v E T* u NT· . 
- regular, if each rule u --+ v E P has u E N and vET u TN U {.x}. 

The phrase-structure, context-sensitive, context-free, and regular grammars 
are also called type 0, type 1, type 2, and type 3 grammars, respectively. 

1. The family of languages generated by monotonous grammars is equal with 
the family of languages generated by context-sensitive grammars. 
2. The family of languages generated by right- or by left-linear grammars are 
equal and equal with the family of languages generated by regular grammars, 
as defined in Section 3.2. 
We denote by RE, CS, CF, LIN, REG the families of languages generated 
by arbitrary, context-sensitive, context-free, linear, and regular grammars, 
respectively (RE stands for recursively enumerable). 
3. (Chomsky hierarchy') The following strict inclusions hold: REG c LIN c 
CF c CS eRE. 
4. Lleft(G) E CF for each type-O grammar G; if G is context-free, then 
Lleft(G) = L(G). 

Closure properties of families in Chomsky hierarchy (Y stands for yes and 
N for no). 

RE CS CF LIN REG 
Union Y Y Y Y Y 
Intersection Y Y N N Y 
Complement N Y N N Y 
Concatenation Y Y Y N Y 
Kleene * Y Y Y N Y 
Intersection with 

regular languages Y Y Y Y Y 
Substitution Y N Y N Y 
A-free substitution Y Y Y N Y 
Morphisms Y N Y Y Y 
A-free morphisms Y Y Y Y Y 
Inverse morphisms Y Y Y Y Y 
Left/right quotient Y N N N Y 
Left/right quotient 

with regular languages Y N Y Y Y 
Left/right derivative Y Y Y Y Y 
Shuffle Y Y N N Y 
Mirror image Y Y Y Y Y 
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Therefore, RE, CF, REG are full AFL's, CS is an AFL (not full), and 
LIN is a full semi-AFL. 

Decidability problems 

Given a class G of grammars, the following basic questions about arbitrary 
elements G I , G2 of G can be formulated: 

- equivalence: are G I , G2 equivalent? 
- inclusion: is L(Gd included in L(G2 )? 
- membership: is an arbitrarily given string x an element of L(G I )? 
- emptiness: is L( Gd empty? 
- finiteness: is L( Gd finite? 
- regularity: is L( Gd a regular language? 

The languages with decidable membership question are called recursive and 
their family lies strictly intermediate between CS and RE. 

Decidability properties of classes of phrase-structure, context-sensitive, 
context-free, linear, and regular grammars (on top of columns we have put 
the corresponding families of languages; N stands for non-decidable and D 
for decidable. 

RE CS CF LIN REG 
Equivalence N N N N D 
Inclusion N N N N D 
Membership N D D D D 
Emptiness N N D D D 
Finiteness N N D D D 
Regularity N N N N trivial 

Rice theorem: Let P be a nontrivial property of type-O languages (there are 
languages having property P and also languages not having property P). 
Then property P is undecidable for type-O languages. 

3.2 Regular and context-free languages 

Chamcter-izat'ions of regular languages 

1. For L ~ V*, we define the equivalence relation", Lover V* by x '" L Y iff 
('Uxv E L ¢} 'Uyv E L) for all 'U, v E V*. Then V* / "'Lis called the syntactic 
monoid of L. 
2. The set rex of regular expressions (over an alphabet V) is the smallest 
set of strings containing 0 and a, for every a E V, and having the following 
property: if el, e2 are in rex, then (el e2), (el U e2) and ei are in rex, too. To a 
regular expression e we associate a language L( e) according to the following 
rules: 
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(i) L(0) = 0,L(a) = {a},a E V, 
(ii) L((ele2)) = L(el)L(e2),L((el U e2)) = L(el) U L(e2),L(ei) = 

(L(ed)* . 

The following facts are basic for regular languages. 
1. Kleene theorem: A language L is in the family REG iff there is a regular 
expression e such that L = L( e) (hence it is regular in the sense of the 
definition in the previous section). 
2. Myhill-Nerode theorem: A language L ~ V* is regular iff V* / "'Lis finite. 

Pumping lemmas and other necessary conditions 

1. Bar-Hillel (uvwxy, pumping) lemma for context-free languages: If L E 
CF, L ~ V*, then there are p, q E N such that every z E L with Izl > p can 
be written in the form z = uvwxy, with u, v, w, x, Y E V*, Ivwxl ::; q, vx # >., 
and 'uviwxiy E L for all i 2: o. 
2. Pumping lemma for linear languages: If L E LIN, L ~ V*, then there 
are p, q E N such that every z E L with Izl > p can be written in the form 
z = uvwxy, with u, v, w, x, Y E V*, luvxyl ::; q, vx # >., and uviwxiy E L for 
all i 2: o. 
3. Pumping lemma for regular languages: If L E REG, L ~ V·, then there 
are p, q E N such that every z E L with Izl > p can be written in the form 
z = 'uvw, with u, v, w E V·, luvl ::; q, v # >., and uviw E L for all i 2: o. 
4. Ogden pumping lemma (pumping with marked positions): If L E CF, L ~ 
V*, then there is pEN such that for every z ELand for every at least p 
marked occurrences of symbols in z, we can write z = uvwxy, where 

(i) either each of u, v, w or each of w, x, y contains at least a marked 
symbol, 

(ii) vwx contains at most p marked symbols, 
(iii) uviwxiy E L for all i 2: o. 

5. Parikh theorem: Every context-free language is semilinear. 
6. Every context-free language is letter-equivalent with a regular language. 
7. Consequences: (i) Every context-free language over a one-letter alphabet 
is regular. (ii) The length set of an infinite context-free language contains an 
infinite arithmetical progression. 
8. All the previous conditions are only necessary, not also sufficient. 

Representation theorems 

The language generated by the context-free grammar G = ({ S}, { al, bl , 

... ,an,bn }, 8,{S ---+ 8S,S ---+ >.} U {S ---+ aiSbi 11::; i ::; n}) is called the 
Dyck language (over n pairs of symbols that can be viewed as parentheses) 
and it is denoted by Dn. 

1. Every regular language L can be written in the form 

L = h4(h3l (h2(hll(a*b)))), 

where hl' h2' h3, h4 are morphisms. 
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2. Chomsky-5chiitzenberger theorem: Every context-free language L can be 
written in the form L = h(Dn n R), where h is a morphism, Dn is a Dyck 
language and R is a regular language. 
3. Every language L E RE can be written in the form L = h(L1 n L2)' as 
well as in the form L = L 3\L4, where h is a morphism and L1,L2,L3,L4 are 
linear languages. 

Normal forms 

1. Chomsky normal form: For every context-free grammar G, a grammar 
G' = (N, T, 5, P) can be effectively constructed, with the rules in P of 
the forms A -+ a and A -+ BC, for A, B, C E N, a E T, such that 
L(G') = L(G) - {.\}. 
2. Greibach nO'f'mal form: For every context-free grammar G, a grammar 
G' = (N, T, 5, P) can be effectively constructed, with the rules in P of the 
form A -+ an, for A E N, a E T, a E (NUT)*, such that L(G') = L(G) - {A}. 
3. The super normal form: For every triple (k,l,m) of nonnegative inte
gers and for every context-free grammar G, an equivalent grammar G' = 
(N, T, 5, P) can be effectively constructed containing rules of the following 
forms: 

(i) A -+ xByCz, with A,B,C E N,x,y,z E T*, and Ixl = k,lyl = 
l, Izl = rn, 

(ii) A -+ x, with A E N,x E T*, Ixl E length(L(G)). 
Variants of Chomsky and Greibach normal forms can be obtained by partic
ularizing the parameters k, l, m above. 

Amb'iguity 

A context-free grammar G is ambiguous if there is x E L( G) having two 
different leftmost derivations in G. A context-free language L is inherently 
ambiguous if each context-free grammar of L is ambiguous; otherwise, L is 
called unambiguous. 
1. There are inherently ambiguous linear languages; each regular language 
is unambiguous. 
2. The ambiguity problem for context-free grammars is undecidable. 

3.3 L Systems 

1. An interactionless Lindenmayer system (OL system) is a triple G = 
(V, P, 'W) where V is an alphabet, P is a finite set of rules a -+ u, a E V, U E 

V*, such that there is at least one rule for each a E V, and 'W E V*. For x, y E 

V* we write x ==';>G y iff x = a1a1 ... ak, Y = U1 U2·· . Uk and ai -+ Ui E P, 
1 :::; i :::; k (parallel derivation with each letter developing independently of 
its neighbours). The generated language is L( G) = {z E V* I 'W ==';> G z}. 
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Examples of OL systems. 

System Axiom Rules Language 
G1 a a -t a2 {a2 ' In~O} 
G2 a a -t a, a -t a"l. a+ 

G3 a a -t b, b -t ab {Ui I Uo = a, Ul = b, Ui+2 = UiUi+d 
G4 aba a -t aba, b -t ..\ {(abaY In> O} 
G5 aba a -t a, b -t ba:.!.b = L(G4 ) 

2. IL Systems ("interactions") are defined similarly except that the rules are 
context-dependent: the same letter may be rewritten differently in different 
contexts. 
3. Most capital letters have a standard meaning in connection with L sys
tems. Thus, L refers to parallel rewriting. The character 0 (or 0) means that 
information between individual letters ("cells") is zero-sided. The letter P 
( "propagating") means that ..\ is never on the right side of a rule, and D 
("deterministic") that, for each configuration (a letter in a context), there is 
only one rule. (The systems G1 , G3 - G5 are DOL systems and, apart from 
G4 , also PDOL systems. They are also (degenerate cases of) IL systems. The 
systems G4 and G5 are equivalent.) The letter F ("finite") attached to the 
name of a system means that, instead of a single axiom, there can be finitely 
many axioms. The letter T ("tables") means that the rules are divided into 
subsets. In each derivation step, rules from the same subset have to be used; 
D in this context means that each subset is deterministic. Finally, E, H, 
C indicatf' <- t, , language L originally generated is modified in a certain 
way. E ("t >"): L is intersected with V';, where VT ("terminals") is a 
subset of the original alphabet V. H ("homomorphism"): a morphic image 
of L under a predefined morphism is taken. C ("coding"): a letter-to-letter 
morphic image of L is taken. Thus, we may speak of EDTOL and HPDFOL 
systems. The families of languages generated by such systems are denoted 
simply by EDTOL and HPDFOL. 

Convention: two languages are considered equal if they differ only by the 
empty word. 
1. EIL = ETIL = RE; CFc EOLc EPIL = EPTIL = CS. 
2. EOL=HOL=COL=EPOL=HPOL=EFOL=HFOL=CFOL=EPFOL= 
=HPFOL; ETOL=HTOL=CTOL=EPTOL=HPTOL=ETFOL=HTFOL= 
CTFOL=EPTFOL=HPTFOL:J CP TOL = CP TFOL. 
3. HDOL=HPDOL=HDFOL=HPDFOL=CDFOL=CPDFOL:J CDOL:J 
:JEDOL:JDOL:JPDOL; EDTOL=HDTOL=CDTOL. 
4. Equivalence is undecidable for OL systems but decidable for HDOL systems. 
Emptiness and infinity are decidable for ETOL languages. 
5. In general, L families have week closure properties, apart from extended 
families, notably EOL and ETOL. For instance, DOL and OL are anti-AFL's 
but EOL is closed under union, catenation, morphisms, intersection with reg
ular sets, Kleene + (but not under inverse morphisms), whereas ETOL is a 
full AFL. 
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Sequences 

A DOL system generates its language in a sequence, the word lengths in this 
sequence constitute a DOL length sequence. The length sequences of G1 and 
G3 above are the nonnegative powers of 2 and the Fibonacci numbers, re
spectively. Quite much is known about DOL length sequences, their theory 
being related to the theory of finite difference equations with constant co
efficients. The length of the nth term can be expressed as an exponential 
polynomial, a finite sum of terms of the form an(3n, where a and (3 are com
plex numbers. Thus, neither logarithmic nor subexponential (not bounded b: 
a polynomial) growth is possible. (Both types are possible for DIL systems. 
Decidable characterizations can be given for H DOL length sequences that 
are not DOL, and of strictly increasing DOL length sequences that are not 
PDOL. It is decidable whether or not two given HDOL systems generate the 
same length sequence, the same question being undecidable for DIL systems. 

Comment: Parallelism of derivation in L systems reflects the original 
motivation: L systems were introduced to model the development of (sim
ple filamentous) organisms. Although the L systems discussed above are 1-
dimensional (generate only strings), branching structures can be described 
using various conventions in computer graphics. 

3.4 More powerful grammars and grammar systems 

Regulated rewriting 

A programmed grammar is a system G = (N, T, S, P), where N, T are disjoint 
alphabets, SEN, and P is a finite set of quadruples (b : A --+ z, E, F), where 
A --+ z is a context-free rule over NUT, b is a label from a set Lab, and E, F 
are subsets of Lab. For (x, b), (y, b') in Va x Lab we write (x, b) =} (y, b') iff 
one of the next two cases holds: 

(i) x = X1Ax2, Y = X1ZX2, for (b : A --+ z, E, F) E P and b' E E, 
(ii) IxlA = 0, X = y, and b' E F. 

The language generated by G is defined by L(G) = {w E T* I (S, b) =}* 

(w, b'), for some b, b' E Lab}. 
We denote by PR~c the family of languages generated by programmed gram
mars; the superscript A is removed when one uses only A-free grammars; the 
subscript ac is removed when grammars with only empty sets F in rules 
(b : A --+ z, E, F) are used. 

1. CF c PR C PRac C CS, PR C PRJ. C PR~c = RE. 
2. ETOL c PRac . 
3. PRac is an AFL (not full). 
4. The programmed grammars (of various types) are equivalent with other 
classes of grammars with regulated rewriting: matrix, controlled, time-vary
ing, random context, state, etc. 
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Grammar systems 

A cooperating distributed (CD) grammar system of degree n, n ~ 1, is an (n + 
3)-tuple G = (N, T, S, P1 , .•. , Pn ), where N, T are disjoint alphabets, SEN, 
and Pl , ... ,Pn are finite sets of context-free rules over NuT. The derivation 
relation x ===?Pi y is defined in the usual way. Moreover, x ===?}" y iff X ===?p, 
Y and there is no z E (N U T)* such that y ===?Pi z (maximal derivation). 
Then we define Lt(G) = {w E T* IS===?}, W1 ===?}, ... ===?}, Wm = 

1.1 1-2 t'Tn 

W, m ~ 1, 1 ~ ij ~ n, 1 ~ j ~ m}. 
We denote by CDn(t) the family of languages generated (in the t-mode) by 
CD grammar systems of degree at most n, n ~ 1. 

Contextual grammars 

An internal contextual grammar with F choice (where F is a given family of 
languages) is a system G = (V, B, (D1' C1), ... , (Dn, Cn)), n ~ 1, where V is 
an alphabet, B is a finite language over V, Di are languages in F, and Ci 
are finite subsets of V* x V*, 1 ~ i ~ n. For x, y E V* we write x ===? y iff 
x = X1X2X3, Y = X1UX2VX3 for X2 E Di , (u, v) E Ci, for some 1 ~ i ~ n. Then 
the language generated by G is L(G) = {w E V* I z ===?* W for some z E B}. 
We denote by IC(F) the family oflanguages generated by such grammars. We 
consider here FE {FIN,REG}, where FINis the family of finite languages. 

1. REG c IC(FIN) c IC(REG) c CS. 
2. IC(FIN) and IC(REG) are both incomparable with LIN and CF. 
3. Every L ERE can be written in the form L = R\L', where L' E IC(FIN) 
and R is a regular language. 
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Regular Languages 

Sheng Yu 

Regular languages and finite automata are among the oldest topics in formal 
language theory. The formal study of regular languages and finite automata 
can be traced back to the early forties, when finite state machines were used to 
model neuron nets by McCulloch and Pitts [83]. Since then, regular languages 
have been extensively studied. Results of early investigations are, for example, 
Kleene's theorem establishing the equivalence of regular expressions and finite 
automata [69], the introduction of automata with output by Mealy [86] and 
Moore [88], the introduction of nondeterministic finite automata by Rabin 
and Scott [99], and the characterization ofregular languages by congruences 
of finite index by Myhill [90] and Nerode [91]. 

Regular languages and finite automata have had a wide range of appli
cations. Their most celebrated application has been lexical analysis in pro
gramming language compilation and user-interface translations [1, 2]. Other 
notable applications include circuit design [21], text editing, and pattern 
matching [70]. Their application in the recent years has been further ex
tended to include parallel processing [3, 37, 50], image generation and com
pression [9, 28, 29, 33, 116]' type theory for object-oriented languages [92], 
DNA computing [31, 53], etc. 

Since the late seventies, many have believed that everything of inter
est about regular languages is known except for a few very hard problems, 
which could be exemplified by the six open problems Brzozowski presented 
at the International Symposium on Formal Language Theory in 1979 [18]. It 
appeared that not much further work could be done on regular languages. 
However, contrary to the widespread belief, many new and interesting results 
on regular languages have kept coming out in the last fifteen years. Besides 
the fact that three of the six open problems, i.e., the restricted star height 
problem [52], the regularity of noncounting classes problem [36], and the op
timality of prefix codes problem [117], have been solved, there have also been 
many other interesting new results [65, 82, 102, 111, 120, 124], which include 
results on measuring or quantifying operations on regular languages. For ex
ample, it is shown in [65] that the the "DFA to minimal NFA" problem is 
PSPACE-complete. 

There is a huge amount of established research on regular languages over 
the span of a half century. One can find a long list of excellent books that 
include chapters dedicated to regular languages, e.g., [54, 106,84,41,57, 107, 

G. Rosenberg et al. (eds.), Handbook of Formal Languages
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123, 98]. Many results, including many recent results, on regular languages 
are considered to be highly important and very interesting. However, only 
a few of them can be included in this chapter. In choosing the material for 
the chapter, besides the very basic results, we tend to select those relatively 
recent results that are of general interest and have not been included in the 
standard texts. We choose, for instance, some basic results on alternating 
finite automata and complexities of operations on regular languages. 

This chapter contains the following five sections: 1. Preliminaries, 2. Finite 
Automata, 3. Regular Expressions, 4. Properties of Regular Languages, and 
5. Complexity Issues. 

In the first section, we give basic notations and definitions. 
In Section 2, we describe three basic types of finite automata: determinis

tic finite automata, nondeterministic finite automata, and alternating finite 
automata. We show that the above three models accept exactly the same 
family of languages. Alternating finite automata are a natural and succinct 
representation of regular languages. A particularly nice feature of alternat
ing finite automata is that they are backwards deterministic and, thus, can 
be used practically [50]. We also describe briefly several models of finite au
tomata with output, which include Moore machines, Mealy machines, and 
finite transducers. Finite transducers are used later in Section 4 for proving 
various closure properties of regular languages. 

In Section 3, we define regular expressions and describe the transformation 
between regular expressions and finite automata. We present the well-known 
star height problem and the extended star height problem. At the end of the 
section, we give a characterization of regular languages having a polynomial 
density using regular expressions of a special form. 

In Section 4, we describe four pumping lemmas for regular languages. 
The first two give necessary conditions for regularity; and the other two give 
both sufficient and necessary conditions for regularity. All the four lemmas 
are stated in a simple and understandable form. We give example languages 
that satisfy the first two pumping conditions but are nonregular. We show 
that there are uncountably many such languages. In this section, we also dis
cuss various closure properties of regular languages. We describe the Myhill
Nerode Theorem and discuss minimization of DFA as well as AFA. We also 
give a lower bound on the number of states of an NFA accepting a given 
language. 

In the final section, we discuss two kinds of complexity issues. The first 
kind considers the number of states of a minimal DFA for a language re
sulting from some operation, as a function of the numbers of states for the 
operand languages. This function is called the state complexity of the opera
tion. We describe the state complexity for several basic operations on regular 
languages. The state complexity gives a clear and objective measurement for 
each operation. It also gives a lower bound on the time required for the oper
ation. The second kind of complexity issue that we consider is the time and 
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space complexity of various problems for finite automata and regular expres
sions. We list a number of problems, mostly decision problems, together with 
their time or space complexity to conclude the section as well as the chapter. 

1. Preliminaries 

An alphabet is a finite nonempty set of symbols. A word or a string over an 
alphabet E is a finite sequence of symbols taken from E. The empty word, 
i.e., the word containing zero symbols, is denoted A. In this chapter, a, b, c, 
0, and 1 are used to denote symbols, while u, v, W, x, y, and z are used to 
denote words. 

The catenation of two words is the word formed by juxtaposing the two 
words together, i.e., writing the first word immediately followed by the second 
word, with no space in between. Let E = {a, b} be an alphabet and x = aab 
and y = ab be two words over E. Then the catenation of x and y, denoted 
xy, is aabab. 

Denote by E* the set of all words over the alphabet E. Note that E* is 
a free monoid with catenation being the associative binary operation and A 
being the identity element. So, we have 

AX = XA = x 

for each x E E*. The length of a word x, denoted lxi, is the number of 
occurrences of symbols in x. 

Let n be a nonnegative integer and x a word over an alphabet E. Then 
xn is a word over E defined by 

(i) xO = A, 
(ii) xn = xxn- I , for n > 0. 

Let x = al ... an, n :::: 0, be a word over E. The reversal of x, denoted 
xR, is the word an ... al. Formally, it is defined inductively by 

(i) x R = x, if x = Aj 
(ii) x R = yRa, if x = ay for a E E and y E E*. 

Let x and y be two words over E. We say that x is a prefix of y if there 
exists z E E* such that xz = y. Similarly, x is a suffix of y if there exists 
z E E* such that zx = y, and x is a subword of y if there exist u, v E E* 
such that 'uxv = y, 

A language Lover E is a set of words over E. The empty language is 
denoted 0. The universal language over E, which is the language consisting 
of all words over E, is E*, For a language L, we denote by ILl the cardinality 
of L. 

The catenation of two languages L I , L2 ~ E*, denoted LI L 2 , is the set 

LIL2 = {WIW2 I WI ELI and W2 E L2 }. 
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For an integer n :::: 0 and a language L, the nth power of L, denoted Ln, is 
defined by 

(i) LO = {A}, 
(ii) Ln = Ln-l L, for n > o. 

The star (Kleene closure) of a language L, denoted L*, is the set 

00 

Similarly, we define 
00 

Then, the notation E* is consistent with the above definition. The reversal 
of a language L, denoted LR, is the set 

Note that we often denote a singleton language, i.e., a language containing 
exactly one word, by the word itself when no confusion will be caused. For 
example, by xLy, where x,y E E* and L ~ E*, we mean {x}L{y}. 

Let E and .:1 be two finite alphabets. A mapping h : E* -+ .:1* is called 
a murphism if 

(1) h(A) = A and 
(2) h(xy) = h(:c)h(y) for all x,y E E*. 

Note that condition (1) follows from condition (2), Therefore, condition (1) 
can be deleted. 

For a set S, let 2s denote the power set of S, i.e., the collection of all 
subsets of S. A mapping rp : E* -+ 2,1' is called a substitutiun if 

(1) rp(A) = {A} and 
(2) rp(xy) = rp(x)rp(y). 

Clearly, a morphism is a special kind of substitution where each word is as
sociated with a singleton set. Note that because of the second condition of 
the definition, morphisms and substitutions are usually defined by specify
ing only the image of each letter in E under the mapping. We extend the 
definitions of hand rp, respectively, to define 

h(L) = {hew) I wE L} 

and 
rp(L) = U rp(w) 

wEL 

for L ~ E*. 
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Example 1.1. Let E = {a,b,c} and..1 = {0,1}. We define a morphism h: 
E* -+..1* by 

h(a) = 01, h(b) = 1, h(c) = A. 

Then, h(baca) = 10101. We define a substitution ep: E* -+ 2-d" by 

ep(a) = {01,001}, ep(b) = {Ii Ii> O}, ep(c) = {A}. 

Then, ep(baca) = {li0101, 1i01001, 1iOO101, 1i001001 Ii> O}. o 

A morphism h : E* -+ ..1* is said to be A-free if h(a) =I A for all a E E. 
A substitution ep : E* -+ 2-d" is said to be A-free if A ¢ ep(a) for all a E E. 
And ep is called a finite substitution if, for each a E E, ep( a) is a finite subset 
of ..1*. 

Let h : E* -+ ..1* be a morphism. The inverse of the morphism h is a 
mapping h-1 : ..1* -+ 217" defined by, for each y E ..1*, 

h-1(y) = {x E E* I hex) = y}. 

Similarly, for a substitution ep : E* -+ 2-d" , the inverse of the substitution ep 
is a mapping ep-l : ..1* -+ 217" defined by, for each y E ..1*, 

ep-l(y) = {x E E* lyE ep(x)}. 

2. Finite automata 

In formal language theory in general, there are two major types of mechanisms 
for defining languages: acceptors and generators. For regular languages in 
particular, the acceptors are finite automata and the generators are regular 
expressions and right (left) linear grammars, etc. 

In this section, we describe three types of finite automata (FA): determin
istic finite automata (DFA) , nondeterministic finite automata (NFA) , and 
alternating finite automata (AFA). We show that all the three types of ab
stract machines accept exactly the same family of languages. We describe the 
basic operations of union, intersection, catenation, and complementation on 
the family of languages implemented using these different mechanisms. 

2.1 Deterministic finite automata 

A finite automaton consists of a finite set of internal states and a set of 
rules that govern the change of the current state when reading a given input 
symbol. If the next state is always uniquely determined by the current state 
and the current input symbol, we say that the automaton is deterministic. 

As an informal explanation, we consider the following example 1 . Let Ao be 
an automaton that reads strings of O's and l's and recognizes those strings 

1 A similar example is given in [98]. 
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which, as binary numbers, are congruent to 2 (mod 3). We use V3(X) to 
denote the value, modulo 3, of the binary string x. For example, v(lOO) = 1 
and v3(1011) = 2. Consider an arbitrary input string w = al ... an to Ao 
where each ai, 1 :'S; i :'S; n, is either 0 or 1. It is clear that for each i, 1 :'S; i :'S; n, 
the string al ... ai falls into one of the three cases: (0) v3(al ... ai) = 0, (1) 
v3(al ... ai) = 1 and (2) v3(al ... ai) = 2. No other cases are possible. So, 
AD needs only three states which correspond to the above three cases (and 
the initial state corresponds to the case (0)). We name those three states (0), 
(1), and (2), respectively. The rules that govern the state changes should be 
defined accordingly. Note that 

v3(al ... ai+t) == 2 * v3(al'" ai) + ai+l (mod 3). 

So, ifthe current state is (1) and the current input symbol is 1, then the next 
state is (0) since 2 * 1 + 1 == 0 (mod 3). The states and their transition rules 
are shown in Figure 1. 
Clearly, each step of state transition is uniquely determined by the current 
state and the current input symbol. We distinguish state (2) as the final state 
and define that AD accepts an input w if AD is in state (2) after reading the 
last symbol of w. AD is an example of a deterministic finite automaton. 

Formally, we define a deterministic finite automaton as follows: 
A deterministic finite automaton (DFA) A is a quintuple (Q, E, 8, s, F), 

where 
Q is the finite set of states; 
E is the input alphabet; 
8 : Q x E -- Q is the state transition function; 
sEQ is the starting state; and 
F ~ Q is the set of final states. 

Note that, in general, we do not require the transition function 8 to be total, 
i.e., to be defined for every pair in Q x E. If 8 is total, then we call A a 
complete IJFJ1. 

In the above definition, we also do not require that a DFA is connected 
if we view a DFA as a directed graph where states are nodes and transitions 
between states are arcs between nodes. A DFA such that every state is reach
able from the starting state and reaches a final state is called a reduced DFA. 
A reduced DFA may not be a complete DFA. 

Fig. 1. The states and transition rules of Ao 
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Example 2.1. A DFA Al = (Q1, L\, 81 , Sl, Fd is shown in Figure 2, where 
Q1 = {O, 1,2,3}, 171 = {a,b}, sl = 0, F1 = {3}, and 81 is defined as follows: 

81(0,a) = 1, 
81 (1,a) = 1, 
81(2,a) = 1, 
81 (3, a) = 3, 

8l (0,b) = 0, 
81 (1,b) = 2, 
8l (2,b) = 3, 
81(3, b) =3. 

The DFA Al is reduced and complete. Note that in a state transition diagram, 
we always represent final states with double circles and non-final states with 
single circles. D 

A configuration of A = (Q, 17,8, s, F) is a word in Q17*, i.e., a state q E Q 
followed by a word x E 17* where q is the current state of A and x is the 
remaining part of the input. The starting configuration of A for an input 
word x E 17* is sx. Accepting configurations are defined to be elements of F 
(followed by the empty word ).). 

A computation step of A is a transition from a configuration 0: to a con
figuration (3, denoted by 0: f- A (3, where f- A is a binary relation on the set of 
configurations of A. The relation f- A is defined by: for px, qy E Q 17* , px f- A qy 
if x = ay for some a E 17 and 8(p, a) = q. For example, Oabb f- Al 1bb for the 
DFA AI. We use f- instead of f- A if there is no confusion. The kth power of f-, 
denoted f-k, is defined by 0: f-o 0: for all configurations 0: E Q 17*; and 0: f-k (3, 
for k > 0 and 0:, (3 E Q 17*, if there exists "Y E Q 17* such that 0: f-k-l "Y and 
"Y f- (3. The transitive closure and the reflexive and transitive closure of f- are 
denoted f-+ and f-*, respectively. 

A configuration sequence of A is a sequence of configurations C l , ... , Cn, 
of A, for some n :2 1, such that Ci f- A CHI for each i, 1 :::; i :::; n - 1. A 
configuration sequence is said to be an accepting configuration sequence if it 
starts with a starting configuration and ends with an accepting configuration. 

The language accepted by a DFA A = (Q, 17, 8, s, F), denoted L(A), is 
defined as follows: 

L(A) = { w I sw f-* f for some f E F }. 

For convenience, we define the extension of 8,8* : Qx17* -> Q, inductively 
as follows. We set 8*(q,).) = q and 8*(q, xa) = 8(8*(q, x), a), for q E Q, a E 17, 
and x E 17*. Then, we can also write 

b a a, b 

Fig. 2. A deterministic finite automaton Al 
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L(A) = {w 18*(s,w) = f for some f E F}. 

The collection of all languages accepted by DFA is denoted £DFA. We 
call it the family of DFA languages. We will show later that the families 
of languages accepted by deterministic, nondeterministic, and alternating fi
nite automata are the same. This family is again the same as the family of 
languages denoted by regular expressions. It is called the family of regular 
languages. 

In the remaining of this subsection, we state several basic properties of 
DFA languages. More properties of DFA languages can be found in Section 4 .. 

Lemma 2.1. For each L E £DFA, there is a complete DFA that accepts L. 

Proof. Let L E £DFA. Then there is a DFA A = (Q, E, 8, s, F) such that 
L = L(A). If A is complete, then we are done. Otherwise, we construct a 
DFA A' which is the same as A except that there is one more state d and 
all transitions undefined in A go to d in A'. More precisely, we define A' = 
(Q', E, 8', s, F) such that Q' = Q U {d}, where d f/. Q, and 8' : Q' X E --. Q' 
is defined by 

8'( a) = { 8(p, a), if 8(p, a) is defined; 
p, d, otherwise 

for p E Q' and a E E. It is clear that the new state d and the new state 
transitions do not change the acceptance of a word. Therefore, L(A) = L(A'). 

o 

Theorem 2.1. The family of DFA languages, £DFA, is closed under union 
and intersection. 

Proof. Let L 1 , L2 ~ E* be two arbitrary DFA languages such that Ll = 
L(At} and L2 = L(A2) for some complete DFA Al = (Ql, E, 81, SI, F1 ) and 
A2 = (Q2, E, 82 , S2, F2). 

First, we show that there exists a DFA A such that L(A) = Ll U L 2. We 
construct A = (Q, E, 8, s, F) as follows: 

Q = Ql X Q2, 
I:j = (SI' S2), 
F = (Fl x Q2) U (Ql x F2), and 
8: Ql x Q2 --. Ql X Q2 is defined by 8((pl,P2),a) = (81(pl,a),82(p2,a)). 

The intuitive idea of the construction is that, for each input word, A runs 
Al and A2 in parallel, starting from both the starting states. Having finished 
reading the input word, A accepts the word if either Al or A2 accepts it. 
Therefore, L(A) = L(At} U L(A2). 

For intersection, the construction is the same except that F = Fl X F2. 
o 

Note that, in the above proof, the condition that Al and A2 are complete 
is not necessary in the case of intersection. However, if either Al or A2 is 
incomplete, the resulting automaton is incomplete. 
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Theorem 2.2. £DFA is closed under complementation. 

Proof. Let L E £DFA. By Lemma 2.1, there is a complete DFA A = 
(Q, E, 8, s, F) such that L = L(A). Then, clearly, the complement of L, de
noted L, is accepted by A = (Q, E, 8, s, Q - F). 0 

2.2 Nondeterministic finite automata 

Nondeterministic finite automata (NFA) are a generalization of DFA where, 
for a given state and an input symbol, the number of possible transitions 
can be greater than one. An NFA is shown in Figure 3, where there are two 
possible transitions for state 0 and input symbol a: to state 0 or to state 1. 

Formally, a nondeterministic finite automaton A is a quintuple (Q, E, 8, s, 
F) where Q, E, s, and F are defined exactly the same way as for a DFA, and 
8 : Q x E --+ 2Q is the transition function, where 2Q denotes the power set 
of Q. 

For example, the transition function for the NFA A2 of Figure 3 is the 
following: 

8(0,a) = {O,l}, 
8(1, a) = 0, 
8(2, a) = 0, 
8(3, a) = {3}, 

8(0, b) = {O}, 
8(1, b) = {2}, 
8(2, b) = {3}, 
8(3, b) = {3}. 

A DFA can be considered an NFA, where each value of the transition function 
is either a singleton or the empty set. 

The computation relation f-A: QE' x QE' of an NFA A is defined by 
setting px f- A qy if x = ay and q E 8(p, a) for p, q E Q, x, Y E E', and a E E. 
Then the language accepted by A is 

L(A) = { w I sw f-~ j, for some j E F }. 

Two automata are said to be equivalent if they accept exactly the same 
language. The NFA A2 which is shown in Figure 3 accepts exactly the same 
language as Al of Figure 2. Thus, A2 is equivalent to A 1 . 

Denote by £NFA the family oflanguages accepted by NFA. We show that 
£DFA = £NFA' 

Fig. 3. A nondeterministic finite automaton A2 
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Lemma 2.2. For each NFA A of n states, there exists a complete DFA A' 
of at most 2n states such that L(A') = L(A). 

Proof. Let A = (Q,E,8,s,F) be an NFA such that IQI = n. We construct a 
DFA A' such that each state of A' is a subset of Q and the transition function 
is defined accordingly. More precisely, we define A' = (Q', E, 8', s', F') where 
Q' = 2Q; 8' : Q' x E --+ Q' is defined by, for Pl, P2 E Q' and a E E, 
6'(Pl , a) = P2 if 

P2 = {q E Q I there existsp E Pl such that q E 6(p,a)}; 

s' = {s}; and F' = {P E Q' I P n F =I- 0}. Note that A' has 2n states. 
In order to show that L(A) = L(A'), we first prove the following claim. 

Claim. For an arbitrary word x E E*, sx f-~ p, for some p E Q, if and only 
if s'x f-~, P for some P E Q' (i.e., P ~ Q) such that pEP. 

We prove the claim by induction on t, the number of transitions. If t = 0, 
then the statement is trivially true since s' = {s}. We hypothesize that the 
statement is true for t - 1, t > o. Now consider the case of t, t > o. Let 
x = xoa, Xo E E* and a E E, and sxoa f-tl qa f- A P for some p, q E Q. 
Then, by the induction hypothesis, s' Xo f-~--;- P' for some P' E Q' such that 
q E P'. Since p E 6(q,a), we have 8'(P', a) = P for some P E Q' such that 
pEP by the definition of 6'. So, we have s'x f-~--;-l P'a f-A' P and pEP. 
Conversely, let s'xoa f-~l P'a f-A' P and pEP. Then 6'(P',a) = P and, 
therefore, there exists p' E P' such that p E 6(p', a) by the definition of 6'. 
By the induction hypothesis, we have sXo f-~-l p'. Thus, sx f-~-l p'a f- A p. 
This completes the proof of the claim. 

Due to the above claim, we have sw f-A f, for some f E F, if and only if 
s'w f-A' P, for some P E Q', such that P n F =I- 0, i.e., P E F'. Therefore, 
L(A) = L(A'). 0 

The method used above is called the subset construction. In the worst case, 
all the subsets of Q are necessary. Then the resulting DFA would consist of 
2n states if n is the number of states of the corresponding NFA. Note that if 
the resulting DFA is not required to be a complete DFA, the empty subset 
of Q is not needed. So, the resulting DFA consists of 2n - 1 states in the 
worst case. In Section 5., we will show that such cases exist. However, in 
most cases, not all the subsets are necessary. Thus, it suffices to construct 
only those subsets that are reachable from {s}. As an example, we construct 
a DFA A6 which is equivalent to NFA A2 of Figure 3 as follows: 

State a b 
{O} {O,l} {O} 
{O,l} {O,l} {0,2} 
{0,2} {O,l} {0,3} 
{0,3} {0,1,3} {0,3} 
{O, 1, 3} {O, 1, 3} {O, 2, 3} 
{O, 2, 3} {O, 1, 3} {0,3} 
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Fig. 4. A DFA A6 equivalent to NFA A2 

The state transition diagram for A6 is shown in Figure 4. Only six out of the 
total sixteen subsets are used in the above example. The other ten subsets 
of {O, 1,2, 3} are not reachable from {O} and, therefore, useless. Note that 
the resulting DFA can be further minimized into one of only four states. 
Minimization of DFA is one of the topics in Section 4. 

NFA can be further generalized to have state transitions without reading 
any input symbol. Such transitions are called A-transitions in the following 
definition. 

A nondeterministic finite automaton with A-transitions (A-NFA) A is a 
quintuple (Q, E, 8, s, F) where Q, E, s, and F are the same as for an NFA; 
and 8 : Q x (E U {A}) --+ 2Q is the transition function. 

Figure 5 shows the transition diagram of a A-NFA, where the transition 
function 8 can also be written as follows: 

8(0, a) = {O}, 
8(1,b) = {l}, 
8(2, c) = {2}. 

and 8(q,X) = 0 in all other cases. 

8(0,).) = {I}, 
8(1,).) = {2}, 

For a ).-NFA A = (Q,E,8,s,F), the binary relation f- A : QE* x QE* is 
defined by that px f- A qy, for p, q E Q and x, y E E*, if x = ay and q E 8(p, a) 
or if x = y and q E 8 (p, ).). The language accepted by A is again defined as 

L(A) = {w I sw f-A J, for some J E F}. 

Fig. 5. A >..-NFA A3 
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For example, the language accepted by A3 of Figure 5 is 

We will show that for each A-NFA, there exists an NFA that accepts 
exactly the same language. First, we give the following definition. 

Let A = (Q, E, 8, s, F) be a A-NFA. The A-closure of a state q E Q, 
denoted >.-closure(q), is the set of all states that are reachable from q by zero 
or more >.-transitions, i.e., 

>.-closure(q) = {p E Q I q f-A p }. 

Theorem 2.3. For each >.-NFA A, there exists an NFA A' such that L(A) = 
L(A'). 

Proof. Let A = (Q,E,8,s,F) be a >'-NFA. We construct an NFA A' = 
(Q, E, 8', s, F') where for each q E Q and a E E, 

8'(p, a) = 8(p, a) U u 8(q,a) , 

qE>'-closure(p) 

and 
F' = {q I >.-closure(q) n F =f. 0 }. 

The reader can verify that L(A) = L(A'). 0 
Consider >.-NFA A3 which is shown in Figure 5. We have >'-closure(O) = 

{O, 1, 2}, >.-closure(l) = {I, 2}, and >.-closure(2) = {2}. An equivalent NFA is 
shown in Figure 6, which is obtained by following the construction specified 
in the above proof. 

Let Ml = (Ql,E,81,Sl,Fd and M2 = (Q2,E,82,S2,F2 ) be two >.-NFA 
and assume that Ql n Q2 = 0. Then it is straightforward to construct >.
NFA Ml +M2, M1M2 , and Mi such that L(MI +M2) = L(MI) u L(M2)' 
L(M1M 2) = L(Ml)L(M2)' and L(Mi) = (L(MI))*, respectively. The con
structions are illustrated by the diagrams in Figure 7. Formal definitions of 
the >.-NFA are listed below: 

Fig. 6. An NFA A~ 
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<{J M] 
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(a) Union 
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(b) Catenation 

(c) Star 

0) 

0) 

0) 
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o 

M+M 

0) 

0) 

Fig. 7. Union, Catenation, and Star operations on A-NFA 

• Union Ml+M2 = (Q,E,8,s,F) such that L(M1+M2) = L(M1 ) UL(M2)' 
where Q = Q1 U Q2 U is}, s fj. Q1 U Q2, F = F1 U F2, and 

8(S,A) = {Sl,S2}, 
8(q,a) = 81(q,a) if q E Q1 and a E E U {A}, 
8(q, a) = 82(q, a) if q E Q2 and a E E U {A}. 

• Catenation M1M2 = (Q, E, 8, s, F) such that L(M1M2) = L(M1)L(M2), 
where Q = Q1 UQ2, S = Sl, F = F2, and 

8(q,a) = 81(q,a) if q E Q1 and a E E or q E Ql - Fl and a = A, 
8(q,A) = 81(q,A) U {S2} if q E F1, 
8(q, a) = 82(q, a) if q E Q2 and a E E U {A}. 

• Star Mi = (Q,E,8,s,F) such that L(Mi) = (L(Mt))*, where Q = Q1 U 
is}, s fj. Qb F = Fl U is}, and 

8(s, A) = {Sl}, 
8(q,A) = 8l (q,A) U {stl if q E Fl , 
8(q, a) = 81(q, a) if q E Ql and a E E or q E Ql - Fl and a = A. 
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Intersection and complementation are more convenient to do using the DFA 
representation. 

Another form of generalization of NFA is defined in the following. 
A NFA with nondeterministic starting state (NNFA) A = (Q,E,8,S,F) 

is an NFA except that there is a set of starting states S rather than exactly 
one starting state. Thus, for an input word, the computation of A starts from 
a nondeterministic ally chosen starting state. 

Clearly, for each NNFA A, we can construct an equivalent A-NFA A' by 
adding to A a new state s and a A-transition from s to each of the starting 
states in S, and defining s to be the starting state of A'. Thus, NNFA accept 
exactly the same family of languages as NFA (or DFA or A-NFA). Each 
NNFA can also be transformed directly to an equivalent DFA using a subset 
construction, which is similar to the one for transforming an NFA to a DFA 
except that the starting state of the resulting DFA is the set of all the starting 
states of the NNFA. So, we have the following: 

Theorem 2.4. For each NNFA A of n states, we can construct an equivalent 
DFA A' of at most 2n states. D 

Each NNFA has a matrix representation defined as follows [107]: Let A = 
(Q, E, 8, S, F) be an NNFA and assume that Q = {ql, q2,"" qn}. A mapping 
h of E into the set of n x n Boolean matrices is defined by setting the (i,j)th 
entry in the matrix h(a), a E E, to be 1 if qj E 8(qi' a), i.e., there is an 
a- transition from qi to qj. We extend the domain of h from E to E* by 

h(w) = { ~(wo)h(a) if w = A, 
if w = woa, 

where I is the n x n identity matrix and the juxtaposition of two matrices 
denotes the multiplication of the two Boolean matrices, where 1\ and V are 
the basic operations. A row vector 7r of n entries is defined by setting the ith 
entry to 1 if qi E S. A column vector ( of n entries is defined by setting the 
ith entry to 1 if qi E F. The following theorem has been proved in [107]. 

Theorem 2.5. Let wE E*. Then wE L(A) if and only if7rh(w)( = 1. D 

2.3 Alternating finite automata 

The notion of alternation is a natural generalization of nondeterminism. It 
received its first formal treatment by Chandra, Kozen, and Stockmeyer in 
1976 [22, 23, 71]. Various types of alternating Turing machines (ATM) and 
alternating pushdown machines and their relationship to complexity classes 
have been studied [24, 37, 61, 62, 79, 72, 94, 103, 38, 55]. Such machines are 
useful for a better understanding of many questions in complexity theory. For 
alternating finite automata (AFA - not to be confused with abstract families 
of acceptors defined in [47]), it is proved in [23] that they are precisely as 
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powerful as deterministic finite automata as far as language recognition is 
concerned. It is also shown in [23] that there exist k-state AFA such that any 

equivalent complete DFA has at least 22k states. A more detailed treatment 
of alternating finite automata and their operations can be found in [45]. 

The study of Boolean automata was initiated by Brzozowski and Leiss [19] 
at almost the same time period as AFA were introduced. Boolean automata 
are essentially AFA except that they allow multiple initial states instead of 
exactly one initial state in the case of an AFA. In that seminal paper, they also 
introduced a new type of system of language equations, which can be used 
to give a clear and comprehensible representation of a Boolean automaton. 
Boolean automata and the systems of language equations have been further 
studied in [73, 75, 76, 77]. 

In the following, we will describe results obtained from both of the above 
mentioned sources. However, we will use only the term alternating finite au
tomaton (AFA). Our basic definitions of AFA follow those in [23]. The equa
tional representation is from [19, 44], and the operations of AFA are from 
[45]. 

2.3.1 AFA - the definition 
AFA are a natural extension of NFA. In an NFA, if there are two or more 
possible transitions for the current state and the current input symbol, the 
outcomes of all the possible computations for the remaining input word are 
logically ORed. Consider the NFA A4 shown in Figure 8 with the input abbb. 
When starting at state 0 and reading a, the automaton has two possible 
moves: to state 1 or to state 2. If we denote by a Boolean variable Xo whether 
there is a successful computation for abbb from state 0, and by Xl and X2 

whether there is a successful computation for the remaining of the input bbb 
from state 1 and state 2, respectively, then the relation of the computations 
can be described by the equation 

Xo = Xl V X2. 

Fig. 8. An NFA A4 
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This relation, represented by the equation, captures the essence of non deter
minism. The definition of AFA extends this idea and allows arbitrary Boolean 
operations in place of the "v" operation. For example, we may specify that 

Xo = (-,xd /\ X2· 

It means that there is a successful computation for abbb from state 0 if and 
only if there is no successful computation for bbb from state 1 and there is a 
successful computation for bbb from state 2. 

More specifically, an AFA works in the following way: When the automa
ton reads an input symbol a in a given state q, it will activate all states of 
the automaton to work on the remaining part of the input in parallel. Once 
the states have completed their tasks, q will compute its value by applying 
a Boolean function on those results and pass on the resulting value to the 
state by which it was activated. A word w is accepted if the starting state 
computes the value of 1. It is rejected otherwise. We now formalize this idea. 

Denote by the symbol B the two-element Boolean algebra B = ({ 0, I}, V, 
/\, -', 0,1). Let Q be a set. Then BQ is the set of all mappings of Q into B. 
Note that u E BQ can be considered as a vector of IQI entries, indexed by 
elements of Q, with each entry being from B. For u E BQ and q E Q, we 
write u q to denote the image of q under 'U. If P is a subset of Q then ulp is 
the restriction of u to P. 

An alternating finite automaton (AF A) is a quintuple A = (Q, E, s, F, g) 
where 

Q is the finite set of states; 
E is the input alphabet; 
sEQ is the starting state; 
F ~ Q is the set of final states; 
9 is a function of Q into the set of all functions of E x BQ into B. 

Note that for each state q E Q, g(q) is a function from E x BQ into B, which 
we will often denote by gq in the sequel. For each state q E Q and a E E, we 
define gq (a) to be the Boolean function BQ -+ B such that 

gq(a)(u) = gq(a, u), u E BQ. 

Thus, for u E BQ, the value of gq(a)(u), also gq(a,'u), is either 1 or O. 
We define the function gQ : E X BQ -+ BQ by putting together the IQI 

functions gq : Ex BQ -+ B, q E Q, as follows. For a E E and u, v E BQ, 
gQ(a, u) = v if and only if gq(a, u) = Vq for each q E Q. For convenience, we 
will write g(a, u) instead of gq(a, u) in the following. 

Example 2.2. We define an AFA A5 = (Q,E,s,F,g) where Q = {qO,ql,q2}, 
E = {a,b}, s = qo, F = {q2}, and 9 is given by 

State a b 
qo ql /\ q2 0 
ql q2 ql /\ q2 
q2 ql /\ q2 ql V q2 
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Note that we use 7j instead of -'q for convenience. 0 

We define j E BQ by the condition 

jq = 1 ¢:::::} q E F, 

and we call j the characteristic vector of F. The characteristic vector for F 
of A5 is j = (jqO' jq" jq2) = (0,0,1). 

We extend 9 to a function of Q into the set of all functions E* x BQ --+ B 
as follows: 

( ) { 
Uq, if w = A, 

gqW,'U = gq(a,g(w',u)), ifw=aw'withaEEandw'EE*, 

where w E E* and U E BQ. 
N ow we define the acceptance of a word and the acceptance of a language 

by an AFA. 
Let A = (Q, E, s, F, g) be an AFA. A word wE E* is accepted by A if and 

only if gs(w, 1) = 1, where j is the characteristic vector of F. The language 
accepted by A is the set 

L(A) = {w E E* I gs(w,1) = 1}. 

Let w = aba. Then w is accepted by A5 of Example 2.2 as follows: 
gqo(aba, 1) 
gq1 (ba, 1) /\ gq2 (ba, 1) 
(gq, (a, 1) /\ gq2 (a, 1)) /\ (gq, (a, 1) V gq2 (a, 1)) 
(gq2 (A, 1) /\ (gq, (A, 1) /\ gq2 (A, 1))) /\ (gq2 (A, 1)V 

gq, (A, 1) /\ gq2 (A, 1)) 
(jq2 /\ (jq, /\ jq2)) /\ (jq2 V jq, /\ jq2) 
(1/\ (0/\ 1)) /\ (1 VO/\ 1) 
1 

If we denote each U E BQ by a vector (uqO ' U q" uq2 ) and write j = (0,0,1), 
then we can rewrite the above: 

gqo(aba, 1) 
gqo(a, g(ba, 1)) 
gqO (a, g(b, g(a, 1))) 
gqo(a,g(b,g(a, (0,0, 1)))) 
gqo(a,g(b, (0, 1, 1))) 
gqo(a, (0, 1, 1)) 
1 
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2.3.2 Systems of equations - representations of AFA 
Consider again the example of AFA A5 • We may use the following system of 
equations instead of a table to represent the transitions of A5: 

a· (Xl t\ X2) + b· 0 
a . X 2 + b . (Xl t\ X 2 ) 

a· (Xl t\ X 2 ) + b· (Xl V X 2 ) + ). 

where a variable Xi represents state qi, 0 ~ i ~ 2, respectively; and), ap
pearing in the third equation specifies that q2 is a final state. 

(1) 

In general, an AFA A = (Q, E, s, F, g) can be represented by 

Xq = La. gq(a, X) + Cq , q E Q 
aEE 

where X is the vector of variables X q , q E Q, and 

{ ). if q E F, 
Cq = 0 otherwise, 

for each q E Q. Note that all the terms of the form a· 0 or 0, a E E, can be 
omitted. 

For each AFA A, we call such a system of equations the equational repre
sentation of A. At this moment, we consider the system of equations solely 
as an alternative form to present the definition of an AFA. 

by 
NFA are a special case of AFA. The NFA A2 of Figure 3 can be represented 

= a· (Xo V Xd + b . Xo 
b,X2 

= b,X3 
a . X3 + b . X3 + ). 

Let E be an alphabet. We define the L-interpretation as follows: 

Notation Interpretation 
0 0 
1 E* 
t\ n 
V U 
-, complement 

a, a E E {a} 
). {.x} 

set catenation 

+ U 
language equivalence 
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Under this interpretation, the systems of equations defined above become 
systems of language equations. Systems of language equations of a different 
form were studied by Salomaa in [106]' where the operations are restricted to 
catenation, union, and star. The systems of language equations we are con
sidering can be viewed as an extension of the systems of language equations 
of Salomaa. 

Formally, a system of language equations over an alphabet E is a system 
of equations of the following form under the L-interpretation: 

(2) Xi=La·fi(a)(X)+Ci, i=O, ... ,n 
aEE 

for some n 2: 0, where X = (Xo, ... ,Xn ); for each a E E and i E {O, ... ,n}, 
fi(a\X) is a Boolean function; and Ci = >. or 0. 

The following result has been proved in [19]. 

Theorem 2.6. Any system of language equations of the form (2.3.2) has a 
unique solution for each Xi, i = 0, ... ,n. Furthermore, the solution for each 
Xi is regular. 0 

The following results can be found in [44]. 

Theorem 2.7. Let A be an AFA and E the equational representation of A. 
Assume that the variable Xo corresponds to the starting state of A. Then the 
solution for X ° in E under the L-interpretation is exactly L( A) . 0 

Theorem 2.8. For each system of language equations of the form (2.3.2), 
there is an AFA A such that the solution for Xo is equal to L(A). 0 

It is easy to observe that an AFA is a DFA if and only if each function 
gq (a, X), q E Q and a E E, in its equational representation (2.3.2) is either 
a single variable or empty. An AFA is an NFA if and only if each function in 
its equational representation (2.3.2) is defined using only the V operation. 

Such systems of language equations and their solutions have been further 
studied in [74, 76, 77]. Naturally, one may view that each such system of 
language equations corresponds directly to a set of solutions in the form of 
extended regular expressions (which will be defined in Section 3.4). However, 
it remains open how we can solve such a general system of language equations 
by directly manipulating extended regular expressions without resorting to 
transformations of the corresponding AFA. 

2.3.3 Normal forms 
The following results have been proved in [45]. 

Theorem 2.9. For any k-state AFA A, k > 0, there exists an equivalent 
k-state AFA A' with at most one final state. More precisely, A' has no final 
state if >. ~ L(A) and A' has one final state otherwise. In the latter case, the 
starting state is the unique final state. 0 
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The proof of this theorem relies on the usage of the negation operation in 
AFA. 

Theorem 2.10. For each AFA A = (Q,E,s,F,g), one can construct an 
equivalent AFA A' = (Q',E,s',F',g') with IQ'I ::; 21QI such that g~(a) is 
defined with only the 1\ and V operations, for each q E Q' and a E E. In 
other words, A' is an AFA without negations. 0 

Theorem 2.11. Let A be a k-state AFA without negations. One can con
struct an equivalent (k + 1)-state AFA without negations that has one final 
state if A ¢ L(A) and at most two final states otherwise. 0 

In the following, we define a special type of AFA, which we call an s-AFA. 
An s-AFA A = (Q,E,s,F,g) is an AFA such that the value of gq(a), 

for any q E Q and a E E, does not depend on the status of s, that is, in 
the equational representation of A, the variable Xs does not appear on the 
righthand side of any equation. 

Example 2.3. The following is an equational representation of a 4-state s
AFA which accepts all words over {a, b} that do not contain 6 consecutive 
occurrences of a. We use the convention that the operator 1\ has precedence 
over V. 

{ 
Xo = a· (Xl V X 2 ) + b . (Xl V X2 V X 3 ) + A, 
Xl = a· (Xl V X2 1\ X 3 ) + b . (Xl 1\ X 2 1\ X 3 ), 

X 2 = a· (Xl 1\ X2 V X2 1\ X3 V X 2 1\ X 3 ) + b . (Xl 1\ X2 1\ X 3 ), 

X3 = a· (Xl 1\ X 2 V Xl 1\ X3 V X 2 1\ X 3 ) + b . 1 + A. 0 

It is clear that for any AFA, there exists an equivalent s-AFA having at most 
one additional state. 

2.3.4 AFA to NFA - the construction 
Let A = (Q,E,s,F,g) be an AFA and f the characteristic vector of F. We 
construct an NNFA 

where 
Qv = EQ, 
Sv = {u E EQ I Us = 1}; 
Fv = {f}, 
8v ; Qv x E -+ 2Qv is defined by 8v(u,a) = {u' I g(a,u') = u}, for each 

'U E Qv and a E E. 

Claim. L(Av) = L(A). 

Proof. We first prove that for u E Qv (= EQ) and x E E*, 

(3) ux f-~v f -¢::=} g(x,1) = u 

by induction on the length of x. 
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For x = >., one has u = f and g(>., f) = f. Now assume that the statement 
holds for all words up to a length l, and let x = axo with a E E and Xo EEl. 

Let u = g(x,f). Then we have u = g(a,g(xo,f)). Let u' = g(xo,f). By 
the definition of ov, we have u' E ov(u, a). We also have u'xo I-Av f by the 
induction hypothesis. Therefore, 

u x = u axo I-Av U' Xo I-Av f . 

For the converse, let u x I-Av f. Then 

u x = u axo I-Av u' Xo I-Av of 

for some 'u' E Qv. Thus, u' = g(xo, f) by the induction hypothesis and 
'u = g(a, u') by the definition of ov. Therefore, u = g(a, u') = g(a, g(xo, f)) = 
g(x, f). Thus, (3) holds. 

By (2.3.4) and the definition of Sv, we have L(Av) = L(A). D 

In the above construction of Av, the state set is Qv = BQ, i.e., each state 
of the NNFA Av is a Boolean vector indexed by the states of the given AFA 
A. If the number of states of A is n, then the number of states of Av is 2n. 
Also notice that a computation of an AFA can be viewed as a sequence of 
calculations of Boolean vectors starting with f, the characteristic vector of 
F, as the initial vector and proceeding backwards with respect to the input 
word. At each step of this process, an input symbol is read and a new vector 
is calculated. Note that at each step, the new vector is uniquely determined. 
The process terminates when the first input symbol is read. Then the input 
word is accepted if and only if the resulting vector has a value 1 at the entry 
that is indexed by the starting state. We have the following results. 

Theorem 2.12. If L is accepted by an n-state AFA, then it is accepted by 
an NNFA with at most 2n states. D 

Theorem 2.13. If L is accepted by an n-state AFA, then LR is accepted by 
a DFA with at most 2n states. D 

2.3.5 NFA or DFA to AFA 
NFA and DFA are special cases of AFA. So, the transformations are straight
forward. 

Let A = (Q,E,o,s,F) be an NFA. We can construct an equivalent AFA 
A' = (Q, E, s, F, g), where 9 is defined as follows: for each q E Q, a E E, and 
'u E BQ, 

gq(a, u) = 0 -¢=} up = 0 for all p E o(q, a) . 

More intuitively, the equational representation of A' is 

X q = La. V Xp+Cq, for q E Q, 
aEE pE6(q,a) 

where Cq = >. if q E F and Cq = 0 otherwise. A proof for L(A) = L(A') can 
be found in [45]. 
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Theorem 2.14. L is accepted by a complete 2k-state DFA if and only if LR 
is accepted by a (k + I)-state s-AFA. 

Proof. The "if"-part is implied by Theorem 2.13. In the following, we de
scribe the construction of an s-AFA for a given DFA but do not give a proof 
of its correctness. For a detailed proof, the reader can refer to [73, 44]. Let 
D = (QD, E, 8, SD, FD) be the given 2k-state complete DFA and L = L(D). 
We construct a (k + I)-state s-AFA A = (QA,E,SA,FA,g) as follows. The 
main idea of the construction is that each of the 2k states is encoded by a 
k-bit Boolean vector and each of the k bits is represented by a state of the 
AFA. In addition to these k states, the s-AFA has one more state, the starting 
state. 

Let K = {I, ... , k} and Ko = K U {O}. Then we define Ko to be the 
state set of the AFA A, where ° is the starting state. We define an arbitrary 
bijection 1[' between Q D and BK. The bijection 1[' can be considered as an 
encoding scheme such that each state in QD is encoded by a distinct k-bit 
vector. For convenience, we simply use 1['(q), i.e., the k-bit vector, to denote 
q in the following. In particular, we use the vector (0, ... ,0) to denote the 
starting state SD of D. Note that one can choose any of k-bit vector to encode 
SD. We choose (0, ... ,0) purely for notational conveniece. Then, we define a 
(k + I)-state s-AFA A as follows: A = (QA,E,SA,FA,g) where 

QA = K o, 
SA = 0, and 
F _ {{O} if SD E FD, 

A - 0 otherwise. 
The function 9 is defined by setting, for a E E and u E BQ A, 

(au)={ 1 if8(uIK,a)EFD' 
go , ° otherwise 

and v = g(a,u), for some v E BQA, if and only if 8(uIK,a) = VIK' More 
precisely, we define gi(a, u), for i E K and u E BQA, in the following. Note 
that (JzCx) denotes either x or x depending on the value of z, i.e., (Jz(x) = x 
if z = 1 and (Jz(x) = x if z = 0. Then, for i E K, 

gi(a,u)= V (8(v,a)i A (Jvt(ut)A ... A(JVk(Uk)) 
vEBK 

and 
go (a, u) = V (JVt (gl (a, u)) A ... A (JVk (gk (a, u)). D 

vEFD 

Corollary 2.1. Let A be an n-state DFA and L = L(A). Then LR is ac
cepted by an s-AFA with at most flognl + 1 states. D 

As an example, we construct a 3-state s-AFA A which is equivalent to the 
4-state DFA Al of Figure 2 as follows: 
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A = (QA,E,SA,FA,g) where QA = {0,I,2}, SA = 0, FA = 0. The 
encoding of the states of Al is shown in the following. Note that we denote 
a 2-bit Boolean vector as a 2-bit binary number, i.e., we write X l X 2 instead 
of (Xl,X2 ). 

State of Al 0 1 2 3 
Encoding X l X2 00 01 10 11 

In order to explain intuitively how the function 9 is defined, we first write 
gl (a, X) informally (and in unnecessary detail) as follows: 

gl (a, X) = (8(00, ah /\ Xl /\ X 2) V (8(01, ah /\ Xl /\ X 2) 
V(8(IO, ah /\ Xl /\ X 2 ) V (8(11, ah /\ Xl /\ X 2 ) 

= «OIh /\ Xl /\ X 2) V «01h /\ Xl /\ X 2) V «OIh /\ Xl /\ X 2) 
V«l1h /\Xl /\X2 ) 

= (0/\ Xl /\ X 2) V (0/\ Xl /\ X 2) V (0/\ Xl /\ X 2) V (1/\ Xl /\ X 2) 
=Xl /\X2 

Then we have 
gl(a,X) = X l /\ X 2, 
gl(b, X) = (Xl /\ X 2) V (Xl /\ X 2) V (Xl/\ X 2) = (Xl /\ X 2) V Xl 

= Xl V X 2 , 

g2(a, X) = (Xl /\ X 2) V (Xl/\ X 2) V (Xl /\ X 2) V (Xl /\ X 2) = 1, 
g2(b, X) = «Xl /\ X2) V (Xl /\ X2) = Xl, 
go(a, X) = gl (a, X) /\ g2(a, X) = (Xl /\ X 2) /\ 1 = Xl /\ X 2, 
go(b,X) = gl(b,X) /\g2(b,X) = (Xl V X 2) /\ Xl = Xl. 

So, the equational representation of A is 

{ 
Xo = a· (Xl /\ X 2) + b· (Xt} 
Xl = a· (Xl /\ X 2) + b . (Xl V X 2) 
X 2 = a· 1 + b . (Xt} 

and the characteristic vector of FA is f = (0,0,0). 

2.3.6 Basic operations 
Let 

A(l) = (Q(l), E, S(l), F(l), gel») 

be an (m + I)-state s-AFA and 

A(2) = (Q(2),E,s(2),F(2),g(2») 

be an (n + I)-state s-AFA. Assume that Q(l) n Q(2) = 0. 
We construct an (m + n + I)-state AFA A = (Q,E,s,F,g) such that 

L(A) = L(A(1») u L(A(2») as follows: 

Q = (Q(1) _ {s(l)}) U (Q(2) - {s(2)}) U {s}, 
S ¢ Q(1) U Q(2), 
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{ 
F(l) U F(2) if sell f/- F(l) and s(2) f/- F(2), 

F = (F(l) U F(2) U {s}) n Q otherwise. 

We define 9 as follows. For a E E and u E BQ, 

( ) (1) ( ) (2) ( ) g. a,u = g8(1) a,u V g.(2) a,u , 

and for q E Q - {s}, 

{ 
g~l\a,u) 

gq(a,u) = (2) 
gq (a,u) 

if q E Q(1), 
if q E Q(2). 

An (rn +n + I)-state AFA A = (Q, E, s, F, g) such that L(A) = L(A(l)) n 
L( A (2)) is constructed as above except the following: 

g.(a, u) = g:~l) (a, u) !\ g~zl) (a, u) 

and s is in F if and only if both s(1) E F(l) and s(2) E F(2). 
For complementation, we construct an rn-state s-AFA 

such that L(A) = L(A(1)), where the function 9 is the same as g(1) except 

that gs(l)(a,u) = g~~l)(a,u); and F' = {s(1)} U F(l) if sell f/- F(l) and F' = 

F(l) - {s(1)} otherwise. 
Let Ll = L(A(1)) and L2 = L(A(2)). We can easily construct an AFA to 

accept a language which is obtained by an arbitrary combination of Boolean 
operations on Ll and L2, e.g., L = (Ll U L 2) n (Ll n L2)' The only essential 
changes are the functions for s and whether s is in the final state set, which 
are all determined by the respective Boolean operations. 

Other AFA operations, e.g., catenation, star, and shuffle, have been de
scribed in [45, 44]. 

2.3.7 IInplementation and r-AFA 
Although alternation is a generalization of nondeterminism, the reader may 
notice that AFA are backwards deterministic. We have also shown that a 
language L is accepted by a 2n-state DFA if and only if it is accepted by an 
s-AFA of n + 1 states reversely (i.e., words are read from right to left). Due 
to the above observation, we introduce a variation of s-AFA which we call 
r-AFA. The definition of an r-AFA is exactly the same as an s-AFA except 
that the input word is to be read reversely. Therefore, an r-AFA is forward 
deterministic. Then, for each L that is accepted by a DFA with n states, we 
can construct an equivalent r-AFA with at most flog n 1 + 1 states. 

An r-AFA A = (Q, E, s, F, g) can be represented by a system of right 
language equat'tons [19] of the following form: 

Xq = L gq(a, X) . a + Cq, q E Q 
aEE 



where X is the vector of variables X q , q E Q, and 

for each q E Q. 

{ A if q E F, c: -
q - 0 otherwise, 

Regular Languages 65 

In the following, we present a scheme such that Boolean functions of an 
'r-AFA can be represented by Boolean vectors, and the computation of a 
Boolean function can be done with bitwise vector operations. Note that for 
a DFA of n states, its corresponding r-AFA has at most flognl + 1 states. 
So, for all practical problems, i.e., those using DFA of up to 231 states, each 
Boolean vector ~an be stored in one word. In many cases, this can save 
space tremendously in comparison to symbolic representations of AFA. Also, 
each bitwise vector operation can be done with one instruction. So, AFA 
computations can be done efficiently. 

We represent each Boolean function gq(a), q E Q and a E E, in disjunc
tive normal form. The disjunctive normal form consists of a disjunction of 
formulas ofthe type (Y1 t\ . .. t\ Ym ) where each Yi is a variable Xi or the nega
tion of a variable, Xi. We call each such formula of the type (Y1 t\ ... t\ Ym ) 

a term. For example, let X = (Xl, ... , Xs). The following Boolean function 
in disjunctive normal form 

I-"(X) = (X2 t\ X 4 t\ X 7 ) V (Xl t\ X 2 ) V (X3 t\ X4 t\ X6) 

has three terms. We name them t(1)(X), t(2)(X), and t(3)(X), respectively. 
Each term t(i)(X) can be represented by two 8-bit Boolean vectors a(i) and 
f3Ci) and the value of ti(X) can be computed with two bitwise operations. 
The two Boolean vectors are defined as follows: 

a~i) = 1 iff Xk or Xk appears in tCi) 

and 
f3ki ) = 1 iff X k appears in t Ci). 

For example, the two vectors for t(1)(X) are 

a (1) = (0,1,0,1,0,0,1,0), 

f3(1) = (0,1,0,0,0,0,1,0). 
Then, for any instance U of X, t(1)(u) = 1 iff (u & a(l)) i f3 (1 ) = 0, where & 
and i are bitwise AND and XOR, respectively, and 0 denotes the all-O vector. 

The above idea is based on the observation that a term t(X) has a value 
1 iff all the variables of the form Xi in t(X) have a value 1 and all those of 
the form Xi in t(X) have a value o. For an instance 'U of X, t(u) is evaluated 
with the above defined vectors a and f3 as follows. First, the vector a changes 
each Ui such that the variable Xi does not appear in t(X) to 0 and keeps all 
others unchanged. Then the vector f3 changes each Ui such that Xi (rather 
than Xi) is in t(X) to Ui, i.e., 1 ifui = 0 and 0 ifui = 1. Finally, t(u) is 1 iff 
'U becomes an all-O vector. 

Note that each term can be evaluated in parallel and each Boolean func
tion of an r-AFA can be evaluated in parallel as well. 
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2.4 Finite automata with output 

In the previous subsections, we have described three basic forms of finite 
automata: DFA, NFA, and AFA. They are all considered to be language ac
ceptors. In this subsection, we consider several models of finite automata with 
output, which are not only language acceptors but also language transform
ers. 

A Moore machine, informally, is a DFA where each state is associated 
with an output letter [88, 571. Formally, a Moore machine A is a 6-tuple 
(Q,E,.!1,8,0",s) where Q, E, 8, and s are defined as in a DFA; .!1 is the 
output alphabet; and 0" : Q --+ .!1 is the output function. For an input word 
al ... an, if the state transition sequence is 

then the output of A in response to al ... an is 

A Mealy machine is a DFA where an output symbol is associated to each 
transition rather than to each state [86, 571. Formally, a Mealy machine A 
is a 5-tuple (Q, E,.!1, a, s) where Q, E, and s are defined as in a DFA; .!1 is 
the output alphabet; and a : Q x E --+ Q x .!1 is the transition-and-output 
function. For an input word x = al··· an, al, ... , an E E, if a(s, ad 
(ql, b1 ), a(ql' a2) = (q2, b2), ... , a(qn-l, an) = (qn, bn ), i.e., 

then the output of A in response to x is b1 ... bn . 

For the above two models, we do not define final states. Final states can 
be defined such that only those input words that are accepted, i.e., reaching 
a final state, are associated to an output word. Then the models without final 
states are only a special case of the corresponding models with final states in 
the sense that all states are final states. 

In the above definitions, we do not require that the transition functions 
are total. If an input word cannot be completely read, then there is no output 
word associated to this input word. 

Another important model, the finite transducer model, is a generalization 
of the Mealy machines. Many closure properties of regular languages can be 
easily proved by using various finite transducers. See Section 4.2 for details. 

A finite transducer T is a 6-tuple (Q,E,.!1,a,s,F) where 

Q is the finite set of states; 
E is the input alphabet; 
.!1 is the output alphabet; 
a is the transition-and-output function from a finite subset of Q x E* to 
finite subsets of Q x .!1*; 



Regular Languages 67 

sEQ is the starting state; 
F ~ Q is the set of final states. 

An example of a finite transducer T = ({O, 1, 2}, {a, b}, {a, I}, u, 0, {2}) 
is shown in Figure 9. The arc from state ° to state 1 with the label b/101 
specifies that (1,101) E u(O, b). 

For a given word u E E*, we say that v E ..1* is an output of T for u if there 
exists a state transition sequence ofT, (qI,vt) E U(S,Ul), (q2,V2) E U(ql,U2), 
... , (qn,vn ) E U(qn-l,Un ), and qn E F, i.e., 

such that U = Ul···Un , Ul, ... ,Un E E*, and v = Vl···Vn , Vl, ... ,Vn E ..1*. 
We write that v E T( u), where T( u) denotes the set of all outputs of T for 
the input word u. Note that s E F implies that A E T(A). 

T is said to be single-valued if for each input word u, T has at most one 
distinct output in response to u, i.e., IT( u) I ::::: 1 for each U E E*. 

A finite transducer T = (Q, E,..1, u, s, F) is called a generalized sequential 
machine (GSM) if u is a function from Q x E to finite subsets of Q x ..1*, 
i.e., T reads exactly one symbol at each transition. The GSM T is said to be 
deterministic if its underlying finite automaton (i.e., T without output) is a 
DFA, i.e., u is a (partial) function from Q x E to Q x ..1*. The definition of a 
GSM is not standardized in the literature. Some authors define GSMs with 
no final states [51]. 

Each finite transducer T = (Q, E,..1, u, s, F) defines a finite transduction 
T: E* --42<1°. Note that for an input word wE E*, T(w), which is the set 
of all output words in response to w, may be finite or infinite. T(w) = 0 if T 
cannot reach a final state by reading w. Also note that we use T to denote 
both the finite transducer and the finite transduction it defines since this 
clearly will not cause any confusion. For a language L ~ E*, we define 

T(L) = U T(w). 
wEL 

bl101 
aalO blA aiD 

~_bl_101~tj_A/_11~.~ 
Fig. 9. A finite transducer T 
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Example 2.4. Let us consider the transducer T of Figure 9. We have 

T(aabb) = {01Oll1, 0I0llOll1}, 

T(bbba) = {101110,101101110,101101101110}, 

T(A) = 0, T(aaab) = 0, 

T( {b, ba}) = {lOIll, 10ll1O}. 

Let L = {aiba j I i,j 2: O}. Then 

T(L) = {Ok1Oll101 I k, l 2: O}. o 

A finite transduction T can also be viewed as a relation Rr ~ E* x .1* 
defined by 

Rr = {('U,'U) I 'U E T('U)}. 

Relations induced by finite transducers are also called rational relations in 
the literature, e.g., [41]. The following is Nivat's Representation Theorem for 
finite transductions [93]. 

Theorem 2.15. Let E and .1 be finite alphabets. R ~ E* x .1* is a rational 
relat'ton ·tff there are a finite alphabet r, a regular language L ~ r* and 
morphisms g : r* -> E* and h : r* -> .1* such that 

R = ((g(w), h(w)) I w E L}. o 

Two finite transducers are said to be equivalent if they define exactly the 
same finite transduction. The equivalence problem for finite transducers is 
undecidable [60]. This holds even for nondeterministic GSMs. However, the 
equivalence problem for single-valued finite transducers is decidable [114, 32]. 
This implies that the equivalence problem for deterministic GSMs (DGSMs) 
is also decidable. 

From the above definitions, it is easy to see that morphisms can be charac
terized by one-state complete DGSMs. By a complete GSM, we mean that its 
transition-and-output function is a total function. Also, finite substitutions 
can be characterized by one-state (nondeterministic) GSMs. In both cases, 
the sole state is both the starting state and the final state. 

For a function T : E* -> 2.:1* (relation Rr ~ E* x .1*), we define T- 1 : 

L\* -> 217 * by T-1(y) = {x lyE T(x)} (R:rl ~ .1* x E* by R:r 1 = {(y,x) I 
(x, y) ERr}). Then, clearly, T (Rr) is a finite transduction (rational relation) 
iff T- 1 (R:rl) is a finite transduction (rational relation). This can be shown 
by simply interchanging the input and the output of the finite transducer. 
Then, we have the following: 

Theorem 2.16. LetT: E* -> 2.:1* be a finite tmnsd'uction. Then the inverse 
of T, i. e., T- 1 : .1* -> 217*, is also a finite transduction. 0 
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We define the following standard form for finite transducers. 
A finite transducer T = (Q, E, .,1, CT, s, F) is said to be in the standard 

form if CT is a function from Q X (E U {A}) to 2Qx(~U{>'}). Intuitively, the 
standard form restricts the input and output of each transition to be only a 
single letter or A. 

Theorem 2.17. Each finite transducer can be transformed into an equiva
lent finite transducer in the standard form. D 

The transformation of an arbitrary finite transducer to an equivalent one 
in the standard form consists of two steps: First, each transition that reads 
more than one letter is transformed into several transitions reading exactly 
one letter. Second, each transition that has a string of more than one letter 
as output is transformed into several transitions such that each of them has 
exactly one letter as output. 

More specifically, in the first step, we replace each transition of the form 

where p, q E Q, all"" aj E E, j 2: 2, and /3 E .,1*, by the following 

a 1 I 13 "Q _a_2_I--;~~ ......... _~~ __ I_I_f...-; ... ~ 6;) 

where 1'1, ... , rj-1 are new states. 
For the second step, each of the transitions of the following form 

where p, q E Q, a E E U {A}, and b1 , •.. , bk E .,1, k 2: 2, is replaced by 

Q __ a_l_b_I __ QI __ f..._I_b_2 ~" ... 

where 1'1, ... , rk-1 are new states. It is clear that the two-step transformation 
results in an equivalent finite transducer in the standard form. 

In many cases, the use of the standard form of finite transducers can result 
in much simpler proofs than the use of the general form. In Section 4.2, we 
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will use the standard form in proving that the family of regular languages is 
closed under finite transduction. 

3. Regular expressions 

In the previous section, we have defined languages that are recognized by 
finite automata. Finite automata in various forms are easy to implement 
by computer programs. For example, a DFA can be implemented by a case 
or switch statement; an NFA can be expressed as a matrix and manipu
lated by corresponding matrix operations; and an AFA can be represented 
as Boolean vectors and computed by bitwise Boolean operations. However, 
finite automata in any of the above mentioned forms are not convenient to be 
specified sequentially by users. For instance, when we specify a string pattern 
to be matched or define a token for certain identifiers, it is quite cumbersome 
to write a finite automaton definition for the purpose. In this case, a succinct 
and comprehensible expression in sequential form would be better suited than 
a finite automaton definition. For example, the language accepted by the fi
nite automaton A2 of Figure 3 can be expressed as (a + b)* abb( a + b)*. Such 
expressions are called regular expressions and they were originally introduced 
by Kleene [69]. In practice, regular expressions are often used as user inter
faces for specifying regular languages. In contrast, finite automata are better 
suited as computer internal representations for storing regular languages. 

3.1 Regular expressions - the definition 

We define, inductively, a regular expression e over an alphabet E and the 
language L( e) it denotes as follows: 

(1) e = 0 is a regular expression denoting the language L(e) = 0. 
(2) e = >.. is a regular expression denoting the language L(e) = {>..}. 
(3) e = a, for a E E, is a regular expression denoting the languge L(e) = {a}. 

Let el and e2 be regular expressions and L(el) and L(e2) the languages 
they denote, respectively. Then 

(4) e = (el +e2) is a regular expression denoting the language L(e) = L(ed U 
L(e2)' 

(5) e = (el . e2) is a regular expression denoting the language L(e) = 

L(edL(e2)' 
(6) e = ei is a regular expression denoting the language (L(ed)*. 

We assume that * has higher precedence than· and +, and· has higher 
precedence than +. A pair of parentheses may be omitted whenever the 
omission would not cause any confusion. Also, we usually omit the symbol· 
in regular expressions. 
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Example 3.1. Let E = {a, b, c} and L ~ E* be the set of all words that 
contain abcc as a subword. Then L can be denoted by the regular expression 
(a+b+c)*abcc(a+b+c)*. 0 

Example 3.2. Let L ~ {O, 1}* be the set of all words that do not contain two 
consecutive l's. Then L is denoted by (10 + 0)*(1 + A). 0 

Example 3.3. Let E = {a,b} and L = {w E E* Ilwlb is odd}. Then L can 
be denoted by (a*ba*b)*a*ba*. 0 

Two regular expressions el and e2 over E are said to be equivalent, de
noted el = e2, if L(ed = L(e2)' The languages that are denoted by regular 
expressions are called regular languages. The family of regular languages is 
denoted CREG. 

In [69], Kleene has shown that the family of regular languages and the 
family of DFA languages are exactly the same, i.e., regular expressions are 
equivalent to finite automata in terms of the languages they define. There 
are various algorithms for transforming a regular expression to an equivalent 
finite automaton and vice versa. In the following, we will describe two ap
proaches for the transformation from a regular expression to an equivalent 
finite automaton and one from a finite automaton to an equivalent regular 
expression. 

3.2 Regular expressions to finite automata 

There are three major approaches for transforming regular expressions into 
finite automata. The first approach, due to Thompson [121], is to transform 
a regular expression into a A-NFA. This approach is simple and intuitive, 
but may generate many A-transitions. Thus, the resulting A-NFA can be 
unnecessarily large and the further transformation of it into a DFA can be 
rather time and space consuming. The second approach transforms a regular 
expression into an NFA without A-transitions. This approach is due to Berry 
and Sethi [7], whose algorithm is based on Brzozowski's theory of derivatives 
[16J and McNaughton and Yamada's marked expression algorithm. Berry and 
Sethi's algorithm has been further improved by Briiggemann-Klein [13J and 
Chang and Paige [25J. The third approach is to transform a regular expression 
directly into an equivalent DFA [16, 2J. This approach is very involved and 
can be replaced by two separate steps: (1) regular expressions to NFA using 
one of the above approaches and (2) NFA to DFA. 

In the following, we give a very brief description of the first approach and 
give an intuitive idea of the marked expression algorithm [7J that forms the 
basis of the second approach. Here we will not discuss the above mentioned 
third approach. 
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3.2.1 Regular expressions to A-NFA 
The following construction can be found in many introductory books on 
automata and formal language theory, e.g., [57, 68, 78, 123]. Our approach 
is different from that of Thompson's [121, 2, 57] in that the number of final 
states is not restricted to one. 

Let e be a regular expression over the alphabet E. Then a A-NFA Me is 
constructed recursively as follows: 

(i) If e = 0, then Me = ({s}, E, 8, s, 0) where 8(s, a) = 0 for any a E Eu{A}. 
(ii) If e = A, then Me = ({s},E,8,s,{s}) where 8 is the same as in i). 
(iii)Ife = a, for some a E E, then Me = ({s,J},E,8,s,{f}) where 8(s,a) = 

{J} is the only defined transition. 
(iv) If e = el + e2 where el and e2 are regular expressions and Mel and Me2 

are A-NFA constructed for e1 and e2, respectively, i.e., L(MeJ = L(et) 
and L(Me2 ) = L(e2)' then Me = Me, +Me2 , where Mel +Me2 is defined 
in Subsection 2.2. 
Similarly, if e = el e2, then Me = Me, M e2 ; and if e = ei, then Me = M:" 
where Me, Me2 and M:, are defined in Subsection 2.2. 

Example 3.4. Following the above approach, the regular expression a(a + 
b)a*b would be transformed into the A-NFA shown in Figure 10. D 

3.2.2 Regular expressions to NFA without A-transitions 
The following presentation is a modification of the one given in [14]. An 
informal description is presented in Figure II. 

Let e be a regular expression over E. We define an NFA Me inductively 
as follows: 

(0) M0 = ({s},E,8,s,0) where 8(s,a) = 0 for all a E E. 
(1) MA = ({ s}, E, 8, s, {s}) where 8(s, a) = 0 for all a E E. 
(2) For a E E, Ma = ({s,J},E,8,s,{J}) where 8(s,a) = {f} is the only 

transition. 
(3) Assume that Me, = (Q},E,81,S1,Ft), Me2 = (Q2,E,82,S2,F2), and 

Ql n Q2 = 0. 

(3.1) M e,+e2 = (Q,E,8,S1,F) where 
Q = Ql U (Q2 - {S2}) (merging S1 and S2 into st), 

Fig. 10. A A-NFA constructed for a(a + b)a*b 
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ifs2 ¢F2, 
otherwise; 

ifq=sl, 
if q E Ql, 
if q E Q2; 

if q E Ql - Fl , 
if q E Fl. 

Such NFA are called Glushkov automata in [14] and were first defined by 
Glushkov in [48]. Note that Glushkov automata have the property that the 
starting state has no incoming transitions. One may observe that the au
tomaton constructed in step (0), (1), or (2) has no incoming transitions, and 
each operation in step (3) preserves the property. 

A detailed proof of the following result can be found in [7]. 

Theorem 3.1. Let e be an arbitrary regular expression over E. Then L( e) = 
L(Me). 0 

A regular expression e is said to be determinist'ic [14] if Me is a DFA. 

3.3 Finite automata to regular expressions 

Here, we show that for a given finite automaton A, we can construct a regular 
expression e such that e denotes the language accepted by A. The construc
tion uses extended finite automata where a transition between a pair of states 
is labeled by a regular expression. The technique we will describe in the 
following is called the state elimination technique [123]. For a given finite 
automaton, the state elimination technique deletes a state at each step and 
changes the transitions accordingly. This process continues until the FA con
tains only the starting state, a final state, and the transition between them. 
The regular expression labeling the transition specifies exactly the language 
accepted by A. 
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Let RE denote the set of all regular expressions over the alphabet E. An 
extended finite automaton (EFA) is formally defined as follows: 

Definition 3.1. An EFA A is a quintuple (Q,E,6,s,F) where 
Q is the finite set of states; 
E is the input alphabet; 
6 : Q x Q --+ RE is the labeling function of the state transitions; 
SEQ is the starting state; 
F ~ Q is the set of final states. 

Note that we assume 6(p, q) = 0 if the transition from p to q is not 
explicitly defined. 

A word W E E* is said to be accepted by A if W = Wl··· Wn , for 
Wl, ... , Wn E E*, and there is a state sequence qo, ql,··., qn, qo = sand 
qn E F, such that Wl E L(6(qo, q!)), ... , Wn E L(6(qn-l' qn)). The language 
accepted by A is defined accordingly. 

First we describe the pivotal step of the algorithm, i.e., the elimination 
of one non-starting and non-final state. Then we give the complete state
elimination algorithm which repeatedly applies the above step and eventually 
transforms the given EFA to an equivalent regular expression. 

Let A = (Q,E,6,s,F) be an EFA. Denote by epq the regular expression 
6(p, q), i.e., the label ofthe transition from state p to state q. Let q be a state 
in Q such that q i:- sand q fj. F. Then an equivalent EFA A' = (Q', E, 6', s, F) 
such that Q' = Q - {q}, i.e., q is eliminated, is defined as follows: For each 
pair of states p and r in Q' = Q - {q}, 

We illustrate this step by the diagram in Figure 12, where state 1 is eliminated 
from the given EFA. 

Now, we describe the complete algorithm. 
Let A = (Q, E, 6, s, F) be an EFA. 

(1) (a) If the starting state is a final state or it has an incoming transition, 
i.e., s E For 6(q, s) i:- 0 for some q E Q, then add a new state s' to 
the state set and define 6( s', s) = A. Also define s' to be the starting 
state. 

(b) If there are more than one final states, i.e., IFI > 1, then add a 
new state!, and new transitions 6(q,!,) = A for each q in F. Then, 
redefine the final state set to be {!'}. 

Let A' = (Q', E, 6', s', F') denote the EFA after the above steps. 

(2) If Q' consists only of s' and!" then the resulting regular expression is 
es'f,ej,f" where es'f' = 6'(s',!') and ef'f' = 6'U',!'), and the algorithm 
terminates. Otherwise, continue to (3). 
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ab 

a 

b 

(a) Given EFA 

b 

(b) Working sheet for deleting State 1 

G ab+ab,a~ 

~ b;Y3 2 

bb'bg b 

(c) Resulting EFA after deleting State 1 

Fig. 12. Deletion of a state from an EFA 
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(3) Choose q E Q' such that q 1= 8' and q 1= 1'. Eliminate q from A' following 
the above description. Then the new state set will be Q' - {q} and 8' is 
changed accordingly. Continue to (2). 

Note that every DFA, NFA, or A-NFA is an EFA. So, the above algorithm 
applies to all of them. 

3.4 Star height and extended regular expressions 

Among the three operators of regular expressions, the star operator is per
haps the most essential one. Regular expressions without the star operator 
define only finite languages. One natural measurement of the complexity of 
a regular expression is the number of nested stars in the expression, which 
is called the star height of the expression. Questions concerning star height 
were considered among the most fascinating problems in formal language the
ory. Some unsolved problems are still attracting researchers. In the following, 
we first give the basic definitions and then describe several of the most well 
known problems and results concerning star height. The interested reader 
may refer to [98J or [107J for details on the topic. 

The star height of a regular expression e over the alphabet E, denoted 
H(e), is a nonnegative integer defined recursively as follows: 

(1) H(e) = 0, if e = 0, A, or a for a E E. 
(2) H(e) = max(H(el),H(e2)), if e = (el + e2) or e = (ele2), where el and 

e2 are regular expressions over E. 
(3) H(e) = H(ed + 1, if e = ei and el is a regular expression over E. 

The star height of a regular language R, denoted H(R), is the least integer 
h such that H (e) = h for some regular expression e denoting R. 

Example 3.5. Let el = (ab(cbc)*(ca* + c)*)* + b(ca* + c)*. Then H(el) = 3. 
Let e2 = a(aaa*)* and L = L(e2)' Then H(e2) = 2 but H(L) = 1 because L 
is denoted also by a + aaaa* and L is of at least star height one since it is 
infini te. 0 

Concerning the star height of regular languages, one of the central ques
tions is whether there exist languages of arbitrary star height. This question 
was answered by Eggan in 1963 [39J. He showed that for each integer h ~ ° 
there exists a regular language Rh such that H(Rh) = h. However, in his 
proof the size of the alphabet for Rh grows with h. Solutions with a two
letter alphabet were given by McNaughton (unpublished notes mentioned in 
[18]) and later by Dejean and Schiitzenberger [35J in 1966. 

Theorem 3.2. For each integer i ~ 0, there exists a regular language Ri 
ave". a two-letter alphabet such that H (Ri) = i. 0 
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The language R;, for each i ;::: 0, is given by a regular expression e; defined 
recursively as follows: 

eo ,x, 

Thus, for example, 

el = (ab)*, 
e2 = (a 2(ab)*b 2(ab)*)*, 
e3 = (a4(a2(ab)*b2(ab)*)*b4(a2(ab)*b2(ab)*)*)*. 

Clearly, H(e;) = i. This implies that H(R;) :::; i. The proof showing that 
H(R;) is at least i is quite involed. Detailed proofs can be found, e.g., in 
[106, 107]. 

Since there exist regular languages of arbitrary star height, one may natu
rally ask the following question: Does there exist an algorithm for determining 
the star height of a given regular language? This problem, often refered to as 
"the star height problem", was among the most well-known open problems 
on regular languages [18]. It had been open for more than two decades until 
it was solved by Hashiguchi [52] in 1988. The proof of the result is more than 
40 pages long. The result by Hashiguchi can be stated as follows. 

Theorem 3.3 (The Star Height). There exists an algorithm which, for 
any given regular expression e, determines the star height of the language 
denoted bye. 

Generally speaking, almost all natural important properties are decidable 
for regular languages. The star height is an example of a property such that, 
although it is decidable, the proof of decidability is highly nontrivial. 

In the following, we discuss the extended regular expressions as well as 
the extended star height problem. 

An extended regular expression is one which allows the intersection n 
and the complement -, operators in addition to the union, catenation, and 
star operators of a normal regular expression. We specify that the languages 
denoted by the expressions (el n e2) and -,el, respectively, are L(el n e2) = 
L(ed n L(e2) and L(-,ed = L(ed. We assume that n has higher precedence 
than + but lower precedence than· and *; and -, has the lowest precedence. 
For convenience, we use e to denote -,e in the following. A pair of parentheses 
may be omitted whenever the omission would not cause any confusion. 

For instance, 0, X, and a(a+ b)* n (a + b)*bb(a + b)* are all valid extended 
regular expressions over E = {a, b} denoting, respectively, E*, E+, and the 
set of all words that start with an a and contain no consecutive b's. Clearly, 
extended regular expressions denote exactly the family of regular languages. 

The definition for the star height of an extended regular expression has 
the following two additions to the definition for a standard regular expression: 



(4) H(e) = max(H(ed, H(e2)), if e = (el n e2); 
(5) H(e) = H(el), if e = eli 
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where el and e2 are extended regular expressions over E. Similarly, the ex
tended star height of a regular language R, denoted H(R), is the least integer 
h such that H (e) = h for some extended regular expression e denoting R. 

The star-free languages, i.e., languages of extended star height zero, form 
the lowest level of the extended star height language hierarchy. It has been 
shown that there exist regular languages of extended star height one. How
ever, the following problem which was raised in the sixties and formulated 
by Brzozowski [18] in 1979 remains open. 

Open Problem Does there exist a regular language of extended star height 
two or higher? 

Special attention has been paid to the family of star-free languages. The 
study of star-free languages was initiated by McNaughton [84, 85]. An in
teresting characterization theorem for star-free languages using noncounting 
(aperiodic) sets was proved by Schiitzenberger [113]. A set S ~ E* is said to 
be noncounting (aperiodic) if there exists an integer n > 0 such that for all 
x, y, z E E*, xynz E S iff xyn+1 z E S. We state the characterization theorem 
below. The reader may refer to [113] or [98] for a detailed proof. 

Theorem 3.4. A regular language is star-free iff it is noncounting (aperi
odic). 0 

It appears that extended regular expressions correspond to AFA directly. 
It can be shown that the family of star-free languages can also be character
ized by the family of languages accepted by a special subclass of AFA, which 
we call loop-free AFA. An AFA is said to be loop-free if there is a total order 
< on the states of the AFA such that any state j does not depend on any 
state i such that i < j or state j itself. The following result can be found in 
[110]. 

Theorem 3.5. A regular language is star-free iff it is accepted by a loop-free 
A~. 0 

A special sublass of star-free languages which has attracted much atten
tion is the locally testable languages [20, 41, 84]. Informally, for a locally 
testable language L, one can decide whether a word w is in L by looking at 
all subwords of w of a previously given length k. 

For k ~ 0 and x E E* such that Ixl ~ k, denote by prek(x) and sufk(x), 
respectively, the prefix and the suffix of length k of x, and by intk(x) (interior 
words) the set of all subwords of length k of x that occur in x in a position 
other than the prefix or the suffix. A language L ~ E* is said to be k-testable 
iff, for any words x,y E E*, the conditions prek(x) = prek(y), su/k(x) = 
sufk(y), and intk(x) = intk(Y) imply that x E L iff y E L. A language is said 
to be locally testable if it is k-testable for some integer k ~ 1. 
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Many useful locally testable languages belong to a smaller class of lan
guages, which are called locally testable languages in the strict sense [84]. 
A language L ~ E* is k-testable in the strict sense if there are finite sets 
P, S, I c E* such that, for all x E E* of length at least k, x E L iff 
prek(x) E P, sufk(x) E S, and intk(x) ~ I. A language is said to be lo
cally testable in the strict sense if it is k-testable in the strict sense for some 
integer k > o. There are languages that are locally testable but not locally 
testable in the strict sense. For example, let L be the set of all words over 
{O, I} that contain either 000 or 111 as an interior word but not both. Then 
L is locally testable but not locally testable in the strict sense. The class of 
locally testable languages is closed under Boolean operations. This is not true 
for the class of languages that are locally testable in the strict sense. 

More properties of locally testable languages can be found in [20, 41, 84, 
98, 125]. 

3.5 Regular expressions for regular languages of polynomial 
density 

Given a regular language, it is often useful to know how many words of a 
certain length are in the language, i.e., the density of the language. The 
study of densities of regular languages has a long history, see, e.g., [112, 41, 
109, 10, 120]. Here, we consider the relationship between the densities of 
regular languages and the forms of the regular expressions denoting those 
languages. In particular, we consider the forms of regular expressions that 
denote regular languages of polynomial density. 

For each language L ~ E*, we define the density function of L 

where lSI denotes the cardinality of the set S. In other words, pLCn) counts 
the number of words of length n in L. If pLCn) = 0(1), we say that L has a 
constant density; and if pLCn) = O(nk) for some integer k ~ 0, we say that 
L has a polynomial density. Languages of constant density are called slender 
languages [34, 115]. Languages that have at most one word for each length 
are called thin languages [34]. 

The first theorem below characterizes regular languages of polynomial 
density with regular expressions of a specific form. A detailed proof can be 
found in [120]. Similar results can be found in [112, 41, 109, 10]. 

Theorem 3.6. A regular language Rover E has a density in O(nk), k ~ 0, 
iff R can be denoted by a finite union of regular expressions of the following 
form: 

(4) 

o 
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The following result ([120]) shows that the number of states of a finite 
automaton A may restrict the order of the density function of L(A). 

Theorem 3.7. Let R be a regular language accepted by a DFA of k states. 
If R has a polynomial density, then the function pR(n) is O(nk- 1). 0 

Theorem 3.6 is a powerful tool in proving various properties of regular 
languages of polynomial density. As an application of Theorem 3.6, we show 
the following closure properties: 

Theorem 3.8. Let L1 and L2 be regular languages over E with PL, (n) = 
8(nk ) and PL2(n) = 8(nl). Then the following statements hold: 

(a) If L = prejix(Ld = {x I xy E L1 for some y E E*}, then pLCn) = 8(nk ). 

(b) If L = injix(Lt) = {y I xyz E L1 for some x, z E E*}, then pLCn) = 
8(n k ). 

(c) If L = suffix(L1) = {z I xz E L1 for some x E E*}, then pLCn) = 8(nk). 
(d) If L = L1 U L 2, then pLCn) = 8(nmax(k,l)). 

(e) If L = L1 n L 2, then pLCn) = O(nmin(k,l)). 
(1) If L = L 1L 2, then pLCn) = O(nHl). 

(g) If L = heLd where h is an arbitrary morphism[30J, then pLCn) = O(nk). 
(h) If L = ~ (L1) = {Xl I xl ... Xm E L 1, for Xl, ... , Xm E 17*, and 

IX11 = ... = Ixml}, then pLCn) = 8(n k ). 

Proof. We only prove (a) as an example. The rest can be similarly proved. 
Since PL , (n) = 8(nk ), by Theorem 3.6, L1 can be specified as a finite 

union of regular expressions of the form: 

(5) 

where X,Y1,Zl, ... ,Yk+1,Zk+1 E 17*. Then clearly, L, where L = prejix(L1), 
can be specified as a finite union of regular expressions of the following forms: 

X' , 
xyt z 1' ··yiY~, 
xyt Zl ... yi z~, 

X' is a prefix of x, 
y~ is a prefix of Yi, 1 :=:; i :=:; k + 1, 
z~ is a prefix of Zi, 1 :=:; i :=:; k + 1. 

Then, by Theorem 3.6, the density function pL(n) is in O(nk). Since L is a 
superset of L 1, we have pL(n) ;::: PL1(n), i.e., pL(n) = D(nk ). Thus, pLCn) = 
8(nk ). 0 

It is clear that all regular languages with polynomial densities are of star 
height one. But, not all star-height one languages are of polynomial density. 
For example, the language (ab + b) * (a + E) is of exponential density. However, 
there is a relation between these two subclasses of regular languages, which 
is stated in the following theorem. 
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Theorem 3.9. A regular language is of star height one if and only if it is the 
image of a regular language of polynomial density under a finite substitution. 

Proof. The if part is obvious. For the only if part, let E be a regular ex
pression of star height one over an alphabet E. Denote by X the set of all 
regular expressions e (over E) such that e* is a subexpression of E. Choose 
.1 = E U X, where X = {e leE X}. Let E be the regular expression over 
.1 that is obtained from E by replacing each subexpression of the form e*, 
e EX, by e*. By Theorem 3.6, L(E) is a regular language of polynomial den
sity. We define a finite substitution 1f : .1* --+ 217' as follows. For each a E E, 
1f(a) --+ {a} and for each e E X, 1f(e) = L(e). Then clearly 1f(L(E)) = L(E). 

o 
It is clear that P0(n) = 0 and PE,(n) = IEln. For each L ~ E*, we 

have P0(n) ::; pdn) ::; PE' (n) for all n ~ O. It turns out that there exist 
functions between P0 (n) and P 17* (n) which are not the density function of 
any regular language. The following two theorems [120] show that, for the 
densities of regular languages, there is a gap between 8(nk) and 8(nk+1), 
for each integer k ~ 0; and there is a gap between polynomial functions and 
exponential functions of the order 2B(n). For example, there is no regular 
language that has a density of the order y'n, nlogn, or 2.;n. 

Theorem 3.10. For any integer k ~ 0, there does not exist a regular lan
guage R such that pR(n) is neither O(nk) nor D(nk+1). 0 

Theorem 3.11. There does not exist a regular language R such that PR(n) 
is not O(nk), for any integer k ~ 0, and not of the order 2!1(n). 0 

It is not difficult to show that, for each nonnegative integer k, we can 
construct a regular language R such that P R (n) is exactly n k. Therefore, 
for each polynomial function f(n), there exists a regular language R such 
that PR(n) is 8(j(n)); and for each regular language R, either there exists 
a polynomial function f(n) such that pR(n) = 8(j(n)), or PR(n) is of the 
order 2B(n). 

4. Properties of regular languages 

4.1 Four pumping lemmas 

There are many ways to show that a language is regular; for example, this 
can be done by demonstrating that the language is accepted by a finite au
tomaton, specified by a regular expression, or generated by a right-linear 
grammar. To prove that a language is not regular, the most commonly used 
tools are the pumping properties of regular languages, which are usually stated 
as "pumping lemmas". The term "pumping" intuitively describes the prop
erty that any sufficiently long word of the language has a nonempty subword 
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that can be "pumped". This means that if the subword is replaced by an 
arbitrary number of copies of the same subword, the resulting word is still in 
the language. 

There are many versions of pumping lemmas for regular languages. The 
"standard" version, which has appeared in many introductory books on the 
theory of computation, is a necessary but not sufficient condition for regu
larity, i.e., every regular language satisfies these conditions, but those con
ditions do not necessarily imply regularity. The first necessary and sufficient 
pumping lemma for regular languages was introduced by Jaffe [63J. Another 
necessary and sufficient pumping lemma, which is called "block pumping", 
was established by Ehrenfeucht, Parikh, and Rozenberg [40J. In contrast, for 
context-freeness of languages, only some necessary pumping conditions are 
known, but no conditions are known to be also sufficient. 

In the following, we describe four pumping lemmas for regular languages: 
two necessary pumping lemmas and two necessary and sufficient pumping 
lemmas. We will give a proof for the first and the third, but omit the proofs 
for the second and the fourth. Examples will also be given to show how these 
lemmas can be used to prove the nonregularity of certain languages. 

The first pumping lemma below was originally formulated in [5J and has 
appeared in many introductory books, see, e.g., [57, 108, 123, 27, 58J. 

Lemma 4.1. Let R be a regular language over E. Then there is a constant k, 
depending on R, such that for each w E R with Iw I ~ k there exist x, y, z E E* 
s'uch that w = xyz and 

(1) IxYI ::; k, 
(2) IYI ~ 1, 
(3) xytz E R for all t ~ o. 

Proof. Let R be accepted by a DFA A = (Q, E, 8, s, F) and k be the number 
of states of A, i.e., k = IQI. For a word w = al ... an E R, all ... , an E E, we 
denote the computation of A on w by the following sequence of transitions: 

where qQ, ... , qn E Q, qQ = S, qn E F, and 8(qi' aiH) = qiH for all i, 
o ::; i < n. 

If n ~ k, the above sequence has states qi and qj, 0 ::; i < j ::; k, such 
that qi = qi. Then for each t ~ 0, we have the following transition sequence: 

where {a}t denotes that a is being repeated t times. Let x = al ... ai, Y = 
aiH ... aj, and z = ajH ... an. Then xytz E R for all t ~ 0, where Ixyl ::; k 
and Iyl ~ 1. 0 

The lemma states that every regular language possesses the above pump
ing property. Therefore, any language that does not possess the property is 
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not a regular language. For example, one can easily show that the language 
L = {a i bi I i ~ o} is not regular using the above lemma. The arguments 
are as follows: Assume that L is regular and let k be the constant for the 
lemma. Choose 'W = akbk in L. Clearly, I'WI ~ k. By the pumping lemma, 
'W = xyz for some x, y, z E 2)* such that (1) IxYI ::; k, (2) Iyl ~ 1, and (3) 
xyt z E R for all t ~ o. By (1) and (2), we have y = am, 1 ::; m ::; k. But 
xyoz = xz = ak-rnbk is not in L. Thus, (3) does not hold. Therefore, L does 
not satisfy the pumping property of Lemma 4.1. 

The pumping lemma has been used to show the nonregularity of many 
languages, e.g., the set of all binary numbers whose value is a prime [57], the 
set of all palindromes over a finite alphabet [58], and the set of all words of 
length i 2 for i ~ 0 [123]. 

However, not only regular languages but also some nonregular languages 
satisfy the pumping property of Lemma 4.1. Consider the following example. 

Example 4.1. Let L ~ 2)* be an arbitrary nonr-egular- language and 

L# = (# + L) U 2)* 

where # .;. 2). Then L# satisfies the conditions of Lemma 4.1 with the 
constant k being 1. For any word 'W E #+ L, we can choose x = A and y = #, 
and for any word 'W E 2)*, we choose x = A and y to be the first letter of 
'W. However, L# is not regular, which can be shown as follows. Let h be a 
morphism defined by h( a) = a for each a E 2) and h( #) = A. Then 

L = h(L# n #+ 2)*). 

Clearly, #+ 2)* is regular. Assume that L# is regular. Then L is regular since 
regular languages are closed under intersection and morphism (which will 
be shown in Section 4.2). This contradicts the assumption. Thus, L# is not 
regular. 0 

Note that L# is at the same level of the Chomsky hierarchy as L. So, there 
are languages at all levels of the Chomsky hierarchy, even non-recursively 
enumerable languages, that satisfy Lemma 4.1. 

Note also that, for each language L ~ 2)*, we can construct a distinct 
language L# ~ (2) U { #})* that satisfies Lemma 4.1. Consequently, there are 
uncountably many nonregular languages that satisfy the pumping lemma. 

Below, we give two more examples of nonregular languages that satisfy 
the pumping condition of Lemma 4.1. They are quite simple and interesting. 

Example 4.2. Let L ~ b* be an arbitrary nonregular language. Then the 
following languages are nonregular, but satisfy the pumping condition of 
Lemma 4.1: 

(1) a+LUb*, 
(2) b* UaLUaa+{a,b}*. 

Note that the first example above is just a simplified version of the language 
given in Example 4.1, with the alphabet 2) being a singleton. 0 
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Lemma 4.2. Let R be a regular language over E. Then there is a constant 
k, depending on R, such that for all u, v, wE E*, if Iwl ~ k then there exist 
x, y, z E E*, y i= A such that w = xyz and for all t ~ 0 

[uxyt ZV E L iff uwv E L. o 

Any language that satisfies the pumping condition of Lemma 4.2 satisfies 
also the pumping condition of Lemma 4.1. This follows by setting u = A 
and Iwl = k in the condition of Lemma 4.2. However, the converse is not 
true. We can show that there exist languages that satisfy the pumping con
dition of Lemma 4.1, but do not satisfy that of Lemma 4.2. For example, 
let L = {aibi I i ~ O} and consider the language L# = #+L U {a,b}* as 
in Example 4.1. Clearly, L# satisfies the pumping condition of Lemma 4.1. 
However, if we choose u = #, v = A, and w = akbk for Lemma 4.2 where k is 
the constant (corresponding to L#), it is clear that there do not exist x, y, z 
as required by the lemma. Therefore, the set of languages that satisfy the 
pumping condition of Lemma 4.2 is a proper subset of the set of languages 
that satisfy the condition of Lemma 4.1. In other words, Lemma 4.2 can rule 
out more nonregular languages. In this sense, we say that Lemma 4.2 is a 
stronger pumping lemma for regular languages than Lemma 4.1. 

Nevertheless, Lemma 4.2 still does not give a sufficient condition for reg
ularity. We show in the following that there exist nonregular languages that 
satisfy the pumping condition of Lemma 4.2. In fact, the number of such 
languages is uncountable. A different proof was given in [40]. 

Example 4.3. Let L be an arbitrary nonregular language over E and $ rf. E. 
Define 

L$ = {$+ul$+a2$+ ... $+am$+lala2 ... u=EL, al,a2, ... ,amEE,m~0} 

U{$+Xl$+X2$+ ... $+xn $+ I Xl,X2,··· ,Xn E E*, n ~ 0, IXil i= 1 

for some i, 1:::; i:::; n}. 

We can easily prove that L$ is nonregular. Let E$ denote E U {$}. We now 
show that L$ satisfies the pumping condition of Lemma 4.2. Let k = 3 be 
the constant for the pumping lemma. To establish the nontrivial implication 
of the statement of the lemma, it suffices to show that for any u, w, VEE; 
with uwv ELand Iwl ~ 3, there exist x, y, Z E E; with w = xyz and y i= A 
such that uxyizv E L$ for all i ~ o. We can choose y = $ if w contains a $ 
and y = a for some a E E if w does not contain any symbol $. 0 

The next pumping lemma, introduced by Jaffe [63], gives a necessary and 
sufficient condition for regularity. A detailed proof of the following lemma 
can be found also in [108]. 
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Lemma 4.3. A language L E E* is regular iff there is a constant k > 0 such 
that for all wE E*, if Iwl 2: k then there exist x, y, z E E* such that w = xyz 
and y =I A, and for all i 2: 0 and all v E E*, wv E L iffxyizv E L. 

Proof. The only if part is relatively straightforward. Let A be a complete 
DFA which accepts Land k the number of states of A. For any word w of 
length 1 2: k, i.e., w = ala2 ... ai, let the state transition sequence of A on w 
be the following: 

al a2 at qo --7 ql --7 • • • --7 ql, 

where qo is the starting state. Since there are at most k distinct states among 
qo, ql, ... , ql and k < 1 + 1, it follows that qi = qj for some i,j, 0 :::; i < j :::; l. 
This implies that the transition from qi to qj is a loop back to the same state. 
Let x = al ... ai, Y = ai+l'" aj, and z = aj+1 ... al (x = A if i = 1 and z = A 
if j = l). Then, for all i 2: 0, 

8*(qo,xyiz) = ql, 

i.e., A is in the same state ql after reading each word xyiz, i 2: O. Therefore, 
for all i 2: 0 and for all v E E*, xyizv E L iff wv E L. 

For the if part, let L be a language which satisfies the pumping con
dition of the lemma and k be the constant. We prove that L is regular by 
constructing a DFA AL using the pumping property of L and then proving 
that L(AL) = L. 

The DFA AL = (Q, E, 8, s, F) is defined as follows. Each state in Q cor
responds to a string w, in E*, of length less than k, i.e., 

Q = {qw I w E E* and Iwl :::; k - I}, 

s = q), and F = {qw E Q I w E L}. The transition function 8 is defined as 
follows: 

(1) If Iwl < k - 1, then for each a E E, 

8(qw, a) = qwa' 

(2) If Iwl = k - 1, then by the pumping property of L, for each a E E, wa 
can be decomposed into xyz, y =I A, such that for all v E E*, xyzv E L 
iff xzv E L. There may be a number of such decompositions. We choose 
the one such that xy is the shortest (and y is the shortest if there is a 
tie). Then define 

8(qw, a) = qxz' 

Now we show that the language accepted by AL is exactly L. We prove 
this by induction on the length of a word w E E*. It is clear that for all 
words w such that Iwl < k, w E L(Ad iff w E L by the definition of A L. We 
hypothesize that for all words shorter than n, n 2: k, w E L(Ad iff w E L. 
Consider a word w with Iwl = n. Let w = WoV where Iwol = k. By the 
construction of A L , we have 8*(s, wo) = 8*(s, xz) = qxz for some x, z E E* 
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where Wo = xyz, Y E E+, and for any v' E E*, wov' E L iff xzv' E L. We 
replace the arbitrary v' by v, then we have that W E L iff xzv E L. Since 
xz and Wo reach the same state in A L, xzv and W = WoV will reach the 
same state, i.e., W E L(AL) iff XZV E L(Ad. Notice that Ixzvl < n. By the 
hypothesis, xzv E L(AL) iff XZV E L. So, we conclude that W E L(AL) iff 
wE L. D 

Example 4.4. Let L = {aib i I i ~ O} and L# = (#+L) U {a,b}*. We have 
shown that L# satisfies the pumping condition of Lemma 4.1. Now we demon
strate that L# does not satisfy the pumping condition of Lemma 4.3. Assume 
the contrary. Let k > 0 be the constant of Lemma 4.3 for L#. Consider the 
word W = #akbk and any decomposition W = xyz such that y -I- A. If y does 
not contain the symbol #, i.e., y E a+, y E b+, or y E a+b+, then let v = A 
and, clearly, wv E L# but xy2zv (j. L#. If y contains the symbol #, then let 
'U = a and we have wv = xyzv (j. L# but xzv E L#. So, L# does not satisfy 
the pumping condition of Lemma 4.3. D 

Notice that Lemma 4.3 requires a decomposition W xyz that works 
for all WV, v E E*. Another necessary and sufficient pumping lemma for 
regularity, which does not require this type of global condition, was given 
by Ehrenfeucht, Parikh, and Rozenberg [40J. The latter is called the block 
pumping lemma, which is very similar to Lemma 4.2 except that the decom
position of w into xyz has to be along the given division of w into subwords 
(blocks) Wl, ... , Wk, i.e., each of x, y, and z has to be a catenation of those 
subwords. 

Lemma 4.4. (Block pumping) L ~ E* is regular iff there is a constant k > 0 
s'uch that for all u, v, W E E*, if W = Wl ... Wk, Wl, ... ,Wk E E*, then theT'e 
exist m, n, 1 ::; m < n ::; k, such that W = xyz with y = Wm+1'" Wn , 
x,Z E E*, and for all i ~ 0, 

uwv E L iff uxyi ZV E L. D 

Example 4.5. Let L = {aibi I i ~ O} and let L$ be defined as in Example 4.3. 
We have shown in Example 4.3 that L$ satisfies the pumping property of 
Lemma 4.2. Here we show that L$ does not satisfy the pumping property of 
Lemma 4.4. Assume the contrary. Let k be the constant in the lemma and 
choose u = A, Wl = $a, W2 = $a, ... , Wk = $a, v = ($b)k$, and W = Wl ... Wk. 
Then 'uwv E L$. But, clearly, there do not exist m, n, 1 ::; m < n ::; k, such 
that y = Wm+l .. 'Wn, W = xyz, and uxzv = UWl' "WmWn+l' "WkV 
($a)k-n+m($b)k$ E L$. D 

In Lemma 4.4, the pumping condition is sufficient for the regularity of 
L even if we change the statement "for all i ~ 0" to "for i = 0". Then the 
pumping property becomes a cancellation property. It has been shown that 
the pumping and cancellation properties are equivalent [40J. A similar result 
can also be obtained for Lemma 4.3. 
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4.2 Closure properties 

The following theorem has been established in Section 2. and 3 .. 

Theorem 4.1. The family of regular languages is closed under the following 
operations: (1) union, (2) intersection, (3) complementation, (4) catenation, 
(5) star, and (6) reversal. D 

The next theorem is a remarkably powerful tool for proving other prop
erties of regular languages. 

Theorem 4.2. The family of regular languages is closed under finite trans
d'uct'ion. 

Proof. Let L be an arbitrary regular language accepted by a DFA A = 
(QA,E,D,s,F) and T = (QT,E,11,aT,sT,FT ) a finite transducer in the 
standard form. We show that T(L) is regular. 

Construct a A-NFA R = (QR,11,DR,sR,FR ) where 
QR = QA x QT; 
SR = (SA, ST); 
FR = FAX FT ; 
DR is defined by, for (p, g) E QR and b E .1 u {A}, 

DR((p, g), b) = ((p',g') I there exists a E E such that 

DA(P, a) = p' & (g', b) E aT(g, a), or (g', b) E aT(g, A) & p = p'}. 

Now we show that L(R) = T(L). 
Let w be accepted by R. Then there is a state transition sequence of R 

(SA,ST) ~ (Pl,gd ~ ...... ~ (Pn,gn) 

where w = b1 ··· bn , b1 , ... , bn E 11 U {A}, and Pn E FA, gn E FT' By the 
definition of R, there exist aI, ... ,an E E u {A} such that 

Let ai" ... , ai~ be the non-A subsequence of al, ... , an, i.e., ai" ... , ai~ E E 
and u = ai, ... ai~ = al ... an. Note that if ak = A, then Pk-l = Pk (assuming 
Po = SA)' Thus, we have 

So, u is accepted by A and w E T(u). Therefore, w E T(L). 
Let 'U E L(A) and T(u) = w. We prove that w E L(R). Since T(u) = w, 

there is a state transition sequence of T 



Regular Languages 89 

for u = a1 ... an, al. ... , an E E U {A}, w = b1 ... bn , bl. ... , bn E L1 U {A}, 
and qn E FT. Let ail"'" ai", be the non-A subsequence of al.' .. ,an, i.e., 
ail'" ai", = a1 ... an = u. Since u E L(A), we have 

where Pm E FA. Then, by the construction of R, there exists a state transition 
sequence of R 

where ro = SR = (pO,qo) and for each j, 1:::; j:::; n, rj = (Pk,qj) if aj =1= A 
and j = i k; rj = (Pk-1, qj) if aj = A and i k- 1 < j < i k , 1 :::; k :::; m. Thus, 
wE L(R). 0 

Many operations can be implemented by finite transducers. Thus, the fact 
that regular languages are closed under those operations follows immediately 
by the above theorem. We list some of the operations in the next theorem. 

Theorem 4.3. The family of regular languages is closed under the following 
operations (assuming that L ~ E*): 

(1) prefix(L) = {x I xy E L, x,y E E*}, 
(2) suffix(L) = {y I xy E L, x, Y E E*}, 
(3) infix(L) = {y I xyz E L, X,y,z E E*}, 
(4) morphism, 
(5) finite substitution, 
(6) inverse morphism, 
(7) inverse finite substitution. 

Proof. (4) and (5) are obvious since they are only special cases of finite 
transductions: morphisms can be represented as one-state deterministic finite 
transducers (DGSMs) and finite substitutions can be represented as one
state (nondeterministic) finite transducers without A-transitions. Note that, 
in both cases, the sole state is both the starting state and the final state. 

(6) and (7) are immediate since, by Theorem 2.16, an inverse finite trans
duction is again a finite transduction. 

Each of the operations (1)-(3) can be realized by a finite transducer given 
below. We omit the proof showing, in each case, the equality of the trans
duction and the operation in question. Figure 13 gives the transducers in the 
case where E = {a,b}. 

(1) Tpre = (Q1, E, E, 0"1, Sl, F1) where Q1 = {I, 2}, Sl = 1, F1 = Ql. and 0"1: 
0"1 (1, a) = {(I, a), (2, An, for each a E E; 
0"1(2,a) = {(2,An, for each a E E. 

(2) TsuJ = (Q2,E,E,0"2,S2,F2) where Q2 = {0,1}, S2 = 0, F2 = Q2, and 
0"2: 
0"2(0, a) = {(O, A), (1, an, for each a E E; 
0"2(1, a) = {(I, an, for each a E E. 
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a/ a a/ A al A ala 
bib bl A bl A bib 

~cal----:~ ~-----+-((;J, ~~ 
(a) Prefix (b) Suffix 

alA ala al A 
bl A bib bl A 

-Qr-----:~:--g-:~~-((;J 
(c) Subword 

Fig. 13. Finite transducers realizing the prefix, suffix, and infix operations 

(3) Tin! = (Q3,E,E,(J3,S3,F3) where Q3 = {0,1,2}, S3 = 0, F3 = Q3, and 
(J3: 
(J3(0, a) = {(O, A), (1, an, for each a E E; 
(J3(1, a) = {(l, a), (2, An; for each a E E; 
(J3(2, a) = {(2, An, for each a E E. o 

A substitution cp : E* -+ 2,d* is called a regular substitution if, for each 
a E E, cp(a) is a regular language. The reader can verify that each regular 
substitution can be specified by a finite transduction. Thus, we have the 
following: 

Theorem 4.4. The family of regular languages is closed under regular sub
stitution and inverse regular substitution. 0 

Let L be an arbitrary language over E. For each x E E*, the left-quotient 
of L by x is the set 

x\L = {y E E* I xy E L}, 

and for a language Lo ~ E*, the left-quotient of L by Lo is the set 

Lo \L = U x\L = {y I xy E L, x E Lo}. 
xELo 

Similarly, the right-quotient of L by a word x E E* is the set 

L/x = {y E E* I yx E L}, 

and the right-quotient of L by a language Lo ~ E* is 
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L/ Lo = U L/x = {y I yx E L, x E Lo}. 
xELo 

It is clear by the above definition that 

(L1 \L) U (L2\L) = (L1 U L2)\L 

for any L1,L2 ~ E*. This implies that {x,y}\L = x\LUy\L. Similar equal
ities hold for right-quotient of languages. 

For L ~ E*, we define the following operations: 

• mine L) = {w ELI there does not exist x E L such that x is a propel' prefix 
of w} . 

• max(L) = {w ELI there does not exist x E L such that w is a propper 
prefix of x}. 

Theorem 4.5. The family of regular languages is closed under (1) left
quotient by an arbitrary language, (2) right quotient by an arbitrary language, 
(3) min, and (4) max. 

Proof. Let L ~ E* be a regular language accepted by a DFA A = 
(Q,E,5,s,F). We define, for each q E Q, DFA Aq = (Q,L',5,s,{q}) and 
A(q) = (Q,E,5,q,F). For each of the four operations, we prove that the re
sulting language is regular by constructing a finite automaton to accept it. 
We leave the verifications of the constructions to the reader. 

For (1), let Lo ~ E* be an arbitrary language. Then Lo \L is accepted by 
the NNFA A1 = (Q, E, 5, 8 1 , F) where Q, 5, and F are the same as in A; and 

is the set of starting states of the NNFA. 
For (2), we construct a DFA A2 = (Q, E, 5, s, F2) where Q, 5, and s are 

the same as in A; and F2 = {q E Q I L(A(q)) n Lo i= 0}. 
For (3), we define A3 = (Q, E, 53, s, F) where 53 is the same as 5 except 

that all transitions from each final state are deleted. 
For (4), we define A4 = (Q,E,5,s,F4) where F4 = {f E F I 5*(j,x) (j. 

F for all x E E+}. 0 

Let m and n be two natural numbers such that m < n. Then, for a 
language L ~ E*, ~ (L) is defined to be the language 

meL) {W1" .wm I w1" 'Wm Wm +1" .wn E 
n 

L,W1, ... ,Wn E E*,lw11 = ... = Iwnl}· 

Note that the above definition requires that the division of a word into n 
parts has to be exact. Then, the operations ~ and ~7: are not equivalent 
for an integer c > 1. For example, let L = p., a, ba, aab, bbab}; then ~(L) = 
p, b, bb}, but ~(L) = p, bb}. We show that the family of regular languages 
is closed under the ~ operation. 
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Theorem 4.6. Let L ~ E* be a regular language and m, n be two natural 
numbers such that m < n. Then ~(L) is regular. 

Proof. Let L be accepted by a DFA A = (Q,E,8,s,F). For each q E Q, we 
construct a variant of an NFA A(q) which reads m symbols at each transition. 
Such a variant can clearly be transformed into an equivalent standard NFA. 
More specifically, A(q) = (Q', E, 8', Sq, Fq) where Q' = Q x Q; 8 : Q' X Em --+ 

2Q' is defined, for ai,"" am E E, 

8'((pl, P2), ai ... am) = {(p~ ,p~) I 8*(pi' ai ... am) = p~ and 

there exists x E E n - m such that 8* (p2, x) = p~}; 

Sq = (s, q); and Fq = {(q, f) I f E F}. 
Intuitively, A(q) operates on two tracks, starting with the states sand 

q, respectively. A word u with lui = em, for some nonnegative integer c, is 
accepted by A(q) if A(q), working on the first track, can reach q by reading 
'U and, simultaneously working on the second track, can reach a final state of 
A from the state q by reading a "phantom" input of length c(n - m). 

It is easy to see that ~(L) = UqEQL(A(q)). We omit the details of the 
~~ 0 

4.3 Derivatives and the Myhill-Nerode theorem 

The notion of derivatives was introduced in [99, 100, 43] (under different 
names) and was first applied to regular expressions by Brzozowski in [16]. 

We define derivatives using the left-quotient operation. Let L ~ E* and 
x E E*. The derivative of L with respect to x, denoted DxL, is 

DxL = x\L = {y I xy E L}. 

For L ~ E*, we define a relation =L~ E* x E* by 

for each pair x, y E E*. Clearly, =L is an equivalence relation. It partitions 
E* into equivalence classes. The number of equivalence classes of =L is called 
the index of =L. We denote the equivalence class that contains x by [X]=:L' 
i.e., 

[X]=:L = {y E E* I y =L x}. 

Clearly, x =L y iff [X]L = [yl£. We simply write [x] instead of [X]=:L if there 
is no confusion. 

A relation R ~ E* x E* is said to be right-invariant with respect to 
catenation if x R y implies xz R yz, for any z E E*. It is clear that the 
relation =L is right-invariant. 
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Lemma 4.5. Let A = (Q, E, 8, s, F) be a DFA and L = L(A). For each q E 
Q, let Aq = (Q, E, 8, s, {q}). Then, for all x, y E E* and q E Q, x, Y E L(Aq) 
implies x =L y. 

Proof. Let x, y E L(Aq). Define A(q) = (Q, E, 8, q, F). Then, clearly, DxL = 
L(A(q») ",; DyL. Thus, x =L y by the definition of =L. 0 

The following is a variant ofthe theorem which is called the Myhill-Nerode 
Theorem in [57]. The result was originally given by Myhill [90] and Nerode 
[91]. A similar result on regular expressions was obtained by Brzozowski [16]. 

Theorem 4.7. A language L ~ E* is regular iff =L has a finite index. 

Proof. Only if: Let L be accepted by a complete DFA A = (Q, E, 8, s, F). 
As in Lemma 4.5, we define Aq = (Q,E,8,s,{q}) for each q E Q. Since A is 
a complete DFA, we have 

U L(Aq) = E*. 
qEQ 

Thus, 7rA = {L(Aq) I q E Q} is a partition of E*. By Lemma 4.5, for each 
q E Q, X,y E L(Aq) implies x =L y, i.e., L(Aq) ~ [x] for some x E E*. 
This means that 7rA refines the partition induced by =L. Since 7rA is a finite 
partition, the number of the equivalence classes of =L is finite. 

If We construct a DFA A' = (Q',E,8',s',F') where the elements of Q' are 
the equivalence classes of =L, i.e., Q' = {[x] I x E E*}; 8' is defined by 
8'([x], a) = [xa], for all [x] E Q and a E E; s' = [A]; and F' = {[x] I x E L}. 
Note that 8' is well-defined because =L is right-invariant. It is easy to verify 
that 8'(s', x) = [x] for each x E E* (by induction on the length of x). Then 
x E L iff 8'(s',x) = [x] E F'. Therefore, L(A') = L. 0 

Theorem 4.8. Let L be a regular language. The minimal number of states 
of a complete DFA that accepts L is equal to the index of =L' 

Proof. Let the index of =L be k. In the proof of Theorem 4.7, it is shown 
that there is a k-state complete DFA that accepts L. We now prove that k is 
minimum. Suppose that L is accepted by a complete DFA A = (Q, E, 8, s, F) 
of k' states where k' < k. Then, for some q E Q, L(Aq) contains words from 
two distinct equivalence classes of =L, i.e., x "¥:-L y for some x, y E L(Aq). 
This contradicts Lemma 4.5. 0 

Corollary 4.1. Let A = (Q, E, 8, s, F) be a complete DFA and L = L(A). A 
is a minimum-state complete DFA accepting L iff, for each q E Q, L(Aq) = 
[x] for some x E E*. 

Proof. The if part follows immediately from Theorem 4.8. For the con
verse implication, assume that A is a minimum-state complete DFA. By 
Lemma 4.5, the partition of E* into the languages L(Aq), q E Q, is a re
finement of =L. By Theorem 4.8, IQI equals to the index of =L. Hence, each 
language L(Aq), q E Q, has to coincide with some class of the relation =L. 0 
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From the above arguments, one can observe that for minimizing a given 
DFA A that accepts L, we need just to merge into one state all the states 
q such that the corresponding languages L(Aq) are in the same equivalence 
class of =L. Transitions from states to states are also merged accordingly. 
This can be done because of the right-invariant property of =L. 

More formally, for a DFA A = (Q, E, 8, s, F), we define an equivalence 
relation ~ A on Q as follows: 

for p, q E Q. Note that ~A is right-invariant in the sense that if p ~ q then 
8*(p,x) ~A 8*(q,x), for any given x E E*. It is clear that each equivalence 
class of ~A corresponds exactly to an equivalence class of =L(A). Then we 
can present the following DFA minimization scheme: 

(1) Partition Q into equivalence classes of ~A: 

il = {[q]1 q E Q}. 

(2) Construct A' = (Q',E,8',s',F') where Q' = il, s' = [s'], F' = {[i]1 f E 
F}, and 8'([p],a) = [q] if 8(p, a) = q, for allp,q E Q and a E E. 

Note that the right-invariant property of ~A guarantees that 8' is well defined. 
The major part ofthe scheme is at the step (1), i.e., finding the partition of 

Q. A straightforward algorithm for step (1) is that we check whether p ~A q 
by simply testing whether L(A(p)) = L(A(q)). However, the complexity of 
this algorithm is too high (£?(n4) where n is the number of states of A). 

Many partition algorithms have been developed, see, e.g., [56,49, 57, 11, 
12]. The algorithm by Hopcroft [56], which was redescribed later by Gries 
[49] in a more understandable way, is so far the most efficient algorithm. A 
rather complete list of DFA minimization algorithms can be found in [122]. 

An interesting observation is that, for a given DFA, if we construct an 
NFA that is the reversal of the given DFA and then transform it to a DFA by 
the standard subset construction technique (constructing only those states 
that are reachable from the new starting state), then the resulting DFA is 
a minimum-state DFA [15, 67, 81, 12]. We state this more formally in the 
following. First, we define two operations 'Y and -r on automata. For a DFA 
A = (Q,E,8,s,F), 'Y(A) is the NNFA AR = (Q,E,8R,F,{s}) where 8R : 
Q -+ 2Q is defined by 8R(p,a) = {q I 8(q, a) = p}; and for an NNFA M = 
(Q, E,'T/, S,F), -reM) is the DFA M' = (Q', E,'T/', s',F') where s' = S; 'T/' and 
F' are defined by the standard subset construction technique; and Q' ~ 2Q 
consists of only those subsets of Q that are reachable from s'. 

Theorem 4.9. Let A = (Q, E, 8, s, F) be a DFA with the property that all 
states in Q are reachable from s. Then L(-r(-y(A))) = LR and -r(-y(A)) is a 
rninimum-state DFA. 
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Proof. Let l'(A) be the NNFA AR = (Q,E,8R,F,{s}) and T(AR) be the 
DFA A' = (Q', 17, 8', s', F') as defined above. Obviously, L(A') = LR. To 
prove that A' is minimum, it suffices to show that, for any p', q' E Q', p' ~ A' q' 
implies p' = q'. Notice that p' and q' are both subsets of Q. If p' ~A' q', then 
L(A,(p'l) = L(A,(q'l). Let l' E p'. Since 8*(s,x) = l' for some x E 17*, we 
have s E (8R)*Cr,x) and, thus, x E L(A(p'l). This implies that x E L(A(q'l) 
and, thus, there exist t E q' such that 8* (s, x) = t. Since 8 is a deterministic 
transition function, l' = t, i.e., l' E q'. So, p' ~ q'. Similarly, we can prove 
that q' ~ p'. Therefore, p' = q'. 0 

From the above idea, a conceptually simple algorithm for DFA mini
mi,mtion can be obtained as follows. Given a DFA A, we compute A' = 
T(1'(T(1'(A)))). Then A' is a minimum-state DFA which is equivalent to A. 
The algorithm is descriptively very simple. However, the time and space com
plexities of the algorithm are very high; they are both of the order of 2n in 
the worst case, where n is the number of states of A. This algorithm was 
originally given by Brzozowski in [15J. Descriptions of the algorithm can also 
be found in [81, 67, 12, 118, 122J. Watson wrote an interesting paragraph on 
the origin of the algorithm in [122J (on pages 195-196). 

Theorem 4.8 gives a tight lower bound on the number of states of a DFA. 
Can we get similar results for AFA and NFA? The following result for AFA 
follows immediately from Theorem 2.14 and Theorem 4.8. 

TheoreIll 4.10. Let L be a regular language and k > 1 be the minimum 
number of states of a DFA that accepts L R, i. e., the reversal of L. Then the 
minimum number of states of an s-AFA accepting L is flog k 1 + 1. 0 

Note that there can be many different minimum-state AFA accepting a given 
language and they are not necessarily identical or equivalent under a renam
ing of the states. 

NFA are a special case of AFA. Any lower bound on the number of states 
of an AFA would also be a lower bound on the number of states of an NFA. 

Corollary 4.2. Let L be a regular language and k > 1 be the minimum 
number- of states of a DFA that accepts LR. Then the minimum number of 
states of an NFA accepting L is greater than or equal to flog k 1 + 1. 

The above lower bound is reached for some languages, e.g., the languages 
accepted by the automata shown in Figure 18. 

Also by Lemma 2.2, we have the following: 

TheoreIll 4.11. Let L be a regular language. Let k and k' be the num
bers of states of the minimal DFA accepting Land L R, respectively. Then 
the nmnber of states of any NFA accepting L is greater than or equal to 
max(flog k 1, flog k'l). 0 

Observe that minimum-state NNFA that accept Land L R , respectively, 
have exactly the same number of states. A minimum-state NFA requires at 
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most one more state than a minimum-state NNFA equivalent to it. So, this 
gives another proof for the above lower bound. 

5. Complexity issues 

In the previous sections, we studied various representations, operations, and 
properties of regular languages. When we were considering the operations 
on regular languages, we were generally satisfied with knowing what can be 
done and what cannot be done, but did not measure the complexity of the 
operations. In this section, we consider two kinds of measurements: (1) state 
complexity and (2) time and space complexity. One possibility would have 
been to discuss these complexity issues together with the various operations 
in the previous sections. Since this topic has usually not been at all included 
in earlier surveys, we feel that devoting a separate section for the complexity 
issues is justified. 

5.1 State complexity issues 

By the state complexity of a regular language, we mean the minimal number 
of states of a DFA representing the language. By the state complexity of an 
operation on regular languages we mean a function that associates the sizes of 
the DFA representing the operands of the operation to the minimal number 
of states of the DFA representing the resulting language. Note that in this 
section, by a DFA we always mean a complete DFA. 

State complexity is a natural measurement of operations on regular lan
guages. It also gives a lower bound for the time and space complexity of those 
operations. State complexity is of central importance especially for applica
tions using implementations of finite automata. However, questions of state 
complexity have rarely been the object of a systematic investigation. Exam
ples of early studies concentrated on this topic are [104, 105] by Salomaa and 
[89] by Moore. Some recent results can be found in [6, 102, 101, 124, 111]. 
Most of the results presented in this section are from [111]. 

By an n-state DFA language, we mean a regular language that is accepted 
by an n-state DFA. Here, we consider only the worst-case state complexity. 
For example, for an arbitrary m-state DFA language and an arbitrary n-state 
DFA language, the state complexity of the catenation of the two languages 
is m2" - 2,,-1. This means that 

(1) there exist an m-state DFA language and an n-state DFA language such 
that any DFA accepting the catenation of the two languages needs at 
least m2n - 2n- 1 states; and 

(2) the catenation of an m-state DFA language and an n-state DFA language 
can always be accepted by a DFA using m2n - 2n- 1 states or less. 
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So, it is a tight lower bound and upper bound. In the following, we first 
summarize the state complexity of various operations on regular languages. 
Then we give some details for certain operations. For each operation we 
consider, we give an exact function rather than the order of the function. 

Let E be an alphabet, L1 and L2 be an m-state DFA language and an 
n-state DFA language over E, respectively. A list of operations on L1 and L2 
and their state complexity are the following: 

• L1L2 : m2n - 2n- 1; 
• (L2)* : 2n- 1 + 2n- 2; 
• L1 nL2 : mn; 
• L1 UL2 : mn; 
• L\L2 : 2n - 1, where L is an arbitrary language; 
• L 2/ L : n, where L is an arbitrary language; 
• L¥ : 2n. 

The state complexity of some of the above operations is much lower if we 
consider only the case when lEI = 1. For unary alphabets, we have 

• (L2)* : (n - 1)2 + 1; 
• L1L2 : mn (if (m, n) = 1). 

5.1.1 Catenation 
We first show that for any m ;::: 1 and n > 1 there exist an m-state DFA 
A and an n-state DFA B such that any DFA accepting L(A)L(B) needs at 
least m2n - 2n- 1 states. Then we show that for any pair of m-state DFA A 
and n-state DFA B defined on the same alphabet E, there exists a DFA with 
at most m2n - 2n- 1 states that accepts L(A)L(B). 

Theorem 5.1. For any integers m ;::: 1 and n ;::: 2, there exist a DFA A of 
m states and a DFA B of n states such that any DFA accepting L(A)L(B) 
needs at least m2n - 2n - 1 states. 

Proof. We first consider the cases when m = 1 and n ;::: 2. Let E = 
{ a, b}. Since m = 1, A is a one-state DFA accepting E*. Choose B = 
(P, E, {jB,PO, FB ) (Figure 14) where P = {po, ... ,Pn-d, FB = {Pn-I }, 
and {jB(PO, a) = Po, {jB(PO, b) = PI, {jB(Pi, a) = PHI, 1 :::; i :::; n - 2, 
{jB(Pn-1' a) = Pb {jB(Pi, b) = Pi, 1 :::; i :::; n - 1. 

It is easy to see that 

L(A)L(B) = {w E E* I w = ubv, Ivl a == n - 2 mod (n - I)}. 

Let (iI, ... ,in-I) E {O, 1 }n-1 and denote 

w(ib ... ,in- 1) = bi1 abi2 ... abin- 1. 

Then, for every j E {O, ... ,n - 2}, W(ib" . ,in_dai E L(A)L(B) iff ii+1 = 1. 
Thus a DFA accepting L(A)L(B) needs at least 2n - 1 states. 
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Fig. 14. DFA B 

Now we consider the cases when m;::: 2 and n;::: 2. 
Let E = {a, b, c}. Define A = (Q, E,OA,qo, FA) where Q = {qo, ... , qm-d; 

FA = {qm-l }; for each i, 0 ~ i ~ m - 1, 

{ 
qj, j = (i + 1) mod m, ~f X = a, 

OA(qi,X) = qo, If X = b, 
qi, if X = c. 

Define B = (P,E,oB,Po,FB) where P = {PO, ... ,Pn-d; FB = {Pn-I}; 
and for each i, 0 ~ i ~ n - 1, 

{ 
Pj, j = (i + 1) mod n, ~f X = b, 

OB(Pi,X)= Pi, IfX=a, 
PI, if X = c. 

The DFA A and B are shown in Figure 15 and Figure 16, respectively. 
The reader can verify that 

L(A) = {xy I x E (E*{b})*, Y E {a,c}* & IYla = m -1 mod m}, 

and 
L(B) n {a,b}* = {x E {a,b}* Ilxlb = n-l mod n}. 

Now we consider the catenation of L(A) and L(B), i.e., L(A)L(B). 

Fact 5.1. For m > 1, L(A) n E*{b} = 0. o 

For each x E {a, b}*, we define 

S(x) = { i I x = uv such that U E L(A), and i = Ivlb mod n }. 

Consider X,Y E {a,b}* such that S(x) =I- S(y). Let k E S(x) - S(y) 
(or S(y) - S(x)). Then it is clear that xbn- 1- k E L(A)L(B) but ybn- 1- k f/. 
L(A)L(B). So, x and yare in different equivalence classes of =L(A)L(B) where 
=L is defined in Section 4.3. 
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Fig. 15. DFA A 
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Fig. 16. DFA B 

For each x E {a, b}*, define T(x) = max{lzll x = yz & z E a*}. Consider 
u,v E {a,b}* such that S(u) = S(v) and T(u) > T(v) mod m. Let i = 
T( u) mod m and w = cam-l-ibn-l. Then clearly uw E L(A)L(B) but vw ¢ 
L(A)L(B). Notice that there does not exist a word wE E* such that 0 ¢ S(w) 
and T(w) = m-I, since the fact that T(w) = m-I guarantees that 0 E S(w). 

For each subset s = {i1, ... ,itl of {O, ... ,n -I}, where i1 > ... > it, 
and each integer j E {O, ... ,m - I} except the case when both 0 ¢ sand 
j = m - I are true, there exists a word 

such that S(x) = sand T(x) = j. Thus, the relation =L(A)L(B) has at least 
m2n - 2n- 1 distinct equivalence classes. 0 

The next theorem gives an upper bound which coincides exactly with the 
above lower bound result. Therefore, the bound is tight. 
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Theorem 5.2. Let A and B be two complete DFA defined on the same al
phabet, where A has m states and B has n states, and let A have k final 
states, 0 < k < m. Then there exists a (m2n - k2n- 1 )-state DFA which 
accepts L(A)L(B). 

Proof. Let A = (Q, E, tiA, qo, FA) and B = (P, E, tiB,po, FB ). Construct 
C = (R, E, tic, ro, Fe) such that 

R = Q x 2P - FAX 2P -{po} where 2x denotes the power set of X; 
ro =< qo,0 > if qo rf. FA, ro =< qo, {Po} > otherwise; 
Fe = {< q,T >E R I TnFB =f. 0}; 
tie« q,T >,a) =< q',T' >, for a E E, where q' = tiA(q,a) and T' 
tiB(T, a) U {po} if q' E FA, T' = tiB(T, a) otherwise. 

Intuitively, R is a set of pairs such that the first component of each pair 
is a state in Q and the second component is a subset of P. R does not 
contain those pairs whose first component is a final state of A and whose 
second component does not contain the initial state of B. Clearly, C has 
m2n - k2n- 1 states. The reader can easily verify that L(C) = L(A)L(B). 0 

We still need to consider the cases when m ~ 1 and n = 1. We have the 
following result. 

Theorem 5.3. The number of states that is sufficient and necessary in the 
worst case for a DFA to accept the catenation of an m-state DFA language 
and a i-state DFA language is m. 

Proof. Let E be an alphabet and a E E. Clearly, for any integer m > 0, the 
language L = {w E E* I Iwl a == m - 1 mod m} is accepted by an m-state 
DFA. Note that E* is accepted by a one-state DFA. It is easy to see that any 
DFA accepting L E* = {w E E* I #a(W) ~ m - I} needs at least m states. 
So, we have proved the necessary condition. 

Let A and B be an m-state DFA and a I-state DFA, respectively. Since 
B is a complete DFA, L(B) is either 0 or E*. We need to consider only the 
case L(B) = E*. Let A = (Q, E, tiA, qo, FA)' Define C = (Q, E, tic, qo, FA) 
where, for any X E E and q E Q, 

tie(q, X) = { tiA(q, X), ~f q rf. FA, 
q, 1f q E FA. 

The automaton C is exactly as A except that final states are made to be 
sink-states: when the computation has reached some final state q, it remains 
there. Now it is clear that L(C) = L(A)E*. 0 

5.1.2 Star operation (Kleene closure) 
Here we prove that the state complexity of the star operation of an n-state 
DFA language is 2n- 1 + 2n-2. 

Theorem 5.4. For any n-state DFA A = (Q,E,ti,qo,F) such that IF
{qo}1 = k ~ 1 and n > 1, there exists a DFA of at most 2n- 1 +2n- k - 1 states 
that accepts (L(A))*. 
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Proof. Let A = (Q, E, 8, qo, F) and L = L(A). Denote F - {qo} by Fo. Then 
lFol = k ~ 1. We construct a DFA A' = (Q', E,8', qb,F') where 

qb f/. Q is a new start state; 
Q' = {qb}U{PIP ~ (Q-Fo)&P =f 0}U{RIR ~ Q&qo E R&RnFo =f 0}; 
8'(qb, a) = {8(qo, an, for any a E E, and 
8'(R a) _ { 8(R, a) if8(R, a) n Fo = 0, 

, - 8(R, a) U {qo} otherwise, 
for R ~ Q and a E Ej 
F' = {qb} U {R I R ~ Q & R n F =f 0}. 

The reader can verify that L(A') = L *. Now we consider the number 
of states in Q'. Notice that in the second term of the union for Q', there 
are 2n - k - 1 states. In the third term, there are (2k - 1)2n - k- 1 states. SO, 
IQ'I = 2n - 1 + 2n - k - 1• 0 

Note that if qo is the only final state of A, i.e., k = 0, then (L(A))* = L(A). 
So, the worst-case state complexity of the star operation occurs when k = 1. 

Corollary 5.1. For any n-state DFA A, n> 1, there exists a DFA A' of at 
most 2n - 1 + 2n - 2 states such that L(A') = (L(A))*. 0 

Theorem 5.5. For any integern ~ 2, there exists a DFA A ofn states such 
that any DFA accepting (L(A))* needs at least 2n - 1 + 2n - 2 states. 

Proof. For n = 2, it is clear that L = {w E {a, b}* Ilwla is odd} is accepted 
by a two-state DFA, and L* = {c} U {w E {a, b}* I Iwla ~ I} cannot be 
accepted by a DFA with less than 3 states. 

For n > 2, we give the following construction: An = (Qn, E, 8n , 0, {n-1}) 
where Qn = {O, ... ,n - I}; E = {a, b}; 8(i, a) = (i + 1) mod n for each 
OS; i < n, 8(i, b) = (i + 1) mod n for each 1 S; i < nand 8(0, b) = 0. An is 
shown in Figure 17. 

We construct the DFA A~ = (Q~,E,8~,qb,F~) from An exactly as de
scribed in the proof of the previous theorem. We need to show that (I) every 
state is reachable from the start state and (II) each state defines a distinct 
equivalence class of =L(An )*. 

Fig. 17. An n-state DFA An: The language (L(An))* requires 2n - 1 + 2n- 2 states 
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We prove (I) by induction on the size of the state set. (Note that each 
state is a subset of Qn except qb.) 

Consider all q such that q E Q' and Iql = 1. We have {O} = 8~(qo, b) and 
{ i} = 8~ (i - 1, a) for each 0 < i < n - 1. 

Assume that all q such that Iql < k are reachable. Consider q where 
Iql = k. Let q = {i1,i2,oo.,ik} such that O::S: iI < i 2 °o' < i k < n -1 if 
n - 1 rf. q, il = n - 1 and 0 = 'i 2 < ... ik < n - 1 otherwise. There are four 
cases: 

(i) il = n -1 and i2 = O. Then q = 8~({n - 2,i3 -1, ... ,ik - 1},a) where 
the latter state contains k - 1 states. 

(ii) il = 0 and i2 = 1. Then q = 8~(q',a) where q' = {n-l,O,i 3 -1, ... i k -l} 
which is considered in case (i). 

(iii) il = 0 and i2 = 1 + t for t > O. Then q = 8~(q'Y) where q' = {O, l,i3-
t, ... , ik - t}. The latter state is considered in case (ii). 

(iv) il = t > O. Then q = 8~(q',at) where q' {O,i2 - t, ... ,ik - t} is 
considered in either case (ii) or case (iii). 

To prove (II), let i E P - q for some p, q E Q~ and p =f. q. Then 
8~(p, an-I-i) E F~ but 8~(q, an-I-i) rf. F~. 0 

Note that a DFA accepting the star of a I-state DFA language may need 
up to two states. For example, 0 is accepted by a I-state DFA and any 
complete DFA accepting 0* = {E} has at least two states. 

It is clear that any DFA accepting the reversal of an n-state DFA language 
does not need more than 2n states. But can this upper bound be reached? 
A result on alternating finite automata ([23]' Theorem 5.3) gives a positive 
answer to the above question if n is of the form 2k for some integer k ~ O. Leiss 
has solved this problem in [73] for all n > O. A modification of Leiss's solution 
is shown in Figure 18. If we reverse all the transitions of this automaton, we 
will get a good example for showing that, in the worst case, a DFA equivalent 
to an n-state NFA may need exactly 2n states. 

5.1.3 An open problem 
For the state complexity of catenation, we have proved the general result 
(m2n - 2n- 1 ) using automata with a three-letter input alphabet. We have 
also given the complexity for the one-letter alphabet case. We do not know 
whether the result obtained for the three-letter alphabet still holds if the size 
of the alphabet is two. 

5.2 Time and space complexity issues 

Almost all problems of interest are decidable for regular languages, i.e., there 
exist algorithms to solve them. However, for the purpose of implementation, 
it is necessary to know how hard these problems are and what the time and 
space complexities of the algorithms are. In the following, we list some basic 
problems, mostly decision problems, for regular languages together with their 
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b,c 

Fig. 18. An n-state DFA such that L(A)R requires 2n states 

complexity. We give a brief explanation and references for each problem. The 
reader may refer to [46, 57, 4] for terminology in complexity theory. 

One may observe that many of the following problems are NP-complete 
or even PSPACE-complete, which are categorized as computationally in
tractable in complexity theory. However, finite automata and regular expres
sions used in many applications are fairly small in size. In such cases, even 
exponential algorithms can be practically feasible. 

(1) DFA Membership Problem: 
Given an arbitrary DFA A with the input alphabet E and an arbitrary 
word x E E*, is x E L(A)? 
Complexity: DLOGSPACE-complete [64]. 

(2) NFA Membership Problem: 
Given an arbitrary NFA A with the input alphabet E and an arbitrary 
word x E E*, is x E L(A)? 
Complexity: NLOGSPACE-complete [66]. 

(3) AFA Membership Problem: 
Given an arbitrary AFA A with the input alphabet E and a word x E E*, 
is x E L(A)? 
Complexity: P-complete [64]. 

(4) Regular Expression Membership Problem: 
Given a regular expression e over E and a word x E E*, is x E L( e)? 
Complexity: NLOGSPACE-complete [64]. 

(5) DFA Emptiness Problem: 
Given an arbitrary DFA A, is L(A) = 0? 
Complexity: NLOGSPACE-complete [66]. 

(6) NFA Emptiness Problem: 
Given an arbitrary NFA A, is L(A) = 0? 
Complexity: NLOGSPACE-complete [66]. 
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(7) AFA Emptiness Problem: 
Given an arbitrary AFA A, is L(A) = 0? 
Complexity: PSPACE-complete [64]. 

(8) DFA Equivalence Problem: 
Given two arbitrary DFA Al and A 2, is L(At) = L(A2)? 
Complexity: NLOGSPACE-complete [26]. 

(9) NFA Equivalence Problem: 
Given two arbitrary NFA Al and A 2, is L(At) = L(A2)? 
Complexity: PSPACE-complete [46]. 

(10) AFA Equivalence Problem: 
Given two arbitrary AFA Al and A 2, is L(At) = L(A2)? 
Complexity: PSPACE-complete [64]. 

(11) Regular Expression Equivalence Problem: 
Given two regular expressions el and e2, is L(et) = L(e2)? 
Complexity: PSPACE-complete [59]. (Note that if one of the regular 
expressions denotes a language of polynomial density, then the complex
ity is NP-complete.) 

The following problems can also be converted into decision problems. 
However, we prefer to keep them in their natural form: 

(i) DFA Minimization Problem: 
Given a DFA with n states, convert it to an equivalent minimum-state 
DFA. 
Complexity: O(nlogn) [56]. 

"') NFA Minimization Problem: 
Given an NFA, convert it to an equivalent minimum-state NFA. 
Complexity: PSPACE-complete [59,119]. 

(iii) DFA to Minimal NFA Problem: 
Given a DFA, convert it to an equivalent minimum-state NFA. 
Complexity: PSPACE-complete [65]. 

The following problems remain open: 

(a) Is membership for regular expressions over a one-letter alphabet 
NLOGSPACE-hard1 

(b) Is membership for extended regular expressions P-hard1 
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Context-Free Languages and Pushdown 
Automata 

Jean-Michel Autebert, Jean Berstel, and Luc Boasson 

1. Introduction 

This chapter is devoted to context-free languages. Context-free languages 
and grammars were designed initially to formalize grammatical properties of 
natural languages [9]. They subsequently appeared to be well adapted to the 
formal description of the syntax of programming languages. This led to a 
considerable development of the theory. 

The presentation focuses on two basic tools: context-free grammars and 
pushdown automata. These are indeed the standard tools to generate and to 
recognize context-free languages. A contrario, this means also that we do not 
consider complexity results at all, neither of recognition by various classes of 
sequential or parallel Turing machines nor of "succinctness" (see e.g. [52]), 
that is a measure of the size of the description of a language. 

We have chosen to present material which is not available in textbooks 
[17, 29, 1, 47, 28, 4, 30, 32, 2] (more precisely not available in more than one 
textbook) because it is on the borderline between classical stuff and advanced 
topics. However, we feel that a succinct exposition of these results may give 
some insight in the theory of context-free languages for advanced beginners, 
and also provide some examples or counter-examples for researchers. 

This section ends with notation and examples. In Section 2, we present 
the relationship between grammars and systems of equations. As an example 
of the interest of this formalism, we give a short proof of Parikh's theorem. 

In the next section, three normal forms of context-free grammars are es
tablished. The one with most applications is Greibach's normal form: several 
variants are given and, in Section 4, we present four such applications. The 
first three are closely related to each other. 

Section 5 is devoted to pushdown automata. We consider carefully the 
consequences of various restrictions of the general model. The section ends 
with two results: one concerning the pushdown store language of a pda, the 
other the output language of a pushdown down transducer. 

In the last section, we consider eight important subfamilies of context
free languages. We study in detail linear and quasi-rational languages, and 
present more briefly the other families. 

In the bibliography, we have generally tried to retrieve the references 
to the original papers, in order to give some flavour of the chronological 
development of the theory. 

G. Rosenberg et al. (eds.), Handbook of Formal Languages

© Springer-Verlag Berlin Heidelberg 1997
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1.1 Grammars 

As general notation, we use c: to denote the empty word, and Iwl for the 
length of the word w. 

A context-free grammar G = (V, P) over an alphabet A is composed of a 
finite alphabet V of variables or nonterminals disjoint from A, and a finite 
set P c V x (V u A)* of productions or derivation rules. Letters in A are 
called terminal letters. 

Given words u, v E (V u A)*, we write U --+ v (sometimes subscripted 
by G or by P) whenever there exist factorizations U = xX Y, v = xay, with 
(X, a) a production. A derivation of length k 2: 0 from U to v is a sequence 
('uo, 'Ub ... , Uk) of words in (V U A)* such that Ui-l --+ Ui for i = 1, ... , k, 
and 'U = Uo, v = Uk. If this holds, we write U ~ v. The existence of some 
derivation from U to v is denoted by U ....:':..... v. If there is a proper derivation 
(i.e. of length 2: 1), we use the notation U --±.... v. The language generated by 
a variable X in grammar G is the set 

LG(X) = {w E A* I X ....:':..... w} 

Frequently, grammars are presented with a distinguished nonterminal called 
the axiom and usually denoted by S. The language generated by this variable 
S in a grammar is then called the language generated by the grammar, for 
short, and is denoted L(G). Any word in (V U A)* that derives from S is a 
sentential for·m. 

A language L is called context-free if it is the language generated by some 
variable in a context-free grammar. Two grammars G and G' are equivalent 
if they generate the same language, i. e. if the distinguished variables Sand 
S' are such that LG (S) = L'a, (S'). 

More generally, if x E (V U A)*, we set 

LG (x) = {w E A * I x ....:':..... w} . 

Context-freeness easily implies that 

LG(xy) = LG(x)LG(y) . 

Consider a derivation U = Uo --+ Ul --+ ... --+ Uk = v, with u, v E 

(V U A)*. Then there exist productions Pi = Xi ---- ai and words Xi, Yi such 
that 

(i=0, ... ,k-1) 

The derivation is leftmost if IXi I ::s IXi+11 for i = 0, ... , k - 2, and rightmost 
if, symmetrically, IYil ::s IYi+11 for i = 0, ... , k - 2. A leftmost (rightmost) 
derivation is denoted by 

* * U --+ v, 
l 

U --+ V 
r 
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It is an interesting fact that any word in a context-free language LG(X) has 
the same number of leftmost and of rightmost derivations. A grammar G = 
(V, P) is unambiguous for a variable X if every word in LG(X) has exactly 
one leftmost (rightmost) derivation. A language is unambiguous if there is 
an unambiguous grammar to generate it, otherwise it is called inherently 
ambiguous. 

A grammar G = (V, P) over A is trim in the variable S if the following 
two conditions are fulfilled: 

(i) for every nonterminal X, the language LG(X) is nonempty; 
(ii) for every X E V, there exist u, v EA' such that S ~ uX v. 

The second condition means that every variable is "accessible", and the 
first that any variable is "co-accessible". It is not difficult to see that a gram
mar can always be trimmed effectively. A variation of condition (i) which is 
sometimes useful is to require that LG(X) is infinite for every variable X 
(provided the language generated by the grammar is itself infinite). 

A production is terminal if its right side contains no variable. A production 
is called an c:-rule if its right side is the empty word. At least one c:-production 
is necessary if the language generated by the grammar contains the empty 
word. It is not too difficult to construct, for every context-free grammar G, an 
equivalent grammar with no c:-production excepted a production S ---. c: if 
c: E L(G). The final special kind of grammars we want to mention is the class 
of proper grammars. A grammar G is proper if it has neither c:-productions 
nor any production of the form X ---. Y, with Y a variable. Again, an 
equivalent proper grammar can effectively be constructed for any grammar 
G if L( G) ~ c:. These constructions are presented in most textbooks. Normal 
forms are the topic of the next section. 

1.2 Examples 

There are several convenient shorthands to describe context-free grammars. 
Usually, a production (X, 0:) is written X ---. 0:, and productions with same 
left side are grouped together, the corresponding right sides being separated 
by a '+'. Usually, the variables and terminal letters are clear from the context. 

Subsequently, we make use several times of the following notation. Let 
A be an alphabet. A copy of A is an alphabet that is disjoint from A and 
in bijection with A. A copy is frequently denoted A or A'. This implicitly 
means that the bijection is denoted similarly, namely as the mapping a 1-+ a 
or a 1-+ a' . The inverse bijection is denoted the same, that is a = a (resp. 
(a' )' = a), and is extended to a bijection from (A U A)* into itself (the same 
for 'bar' replaced by 'prime') by xy = fj x. 

The Dyck languages. Let A be an alphabet and let A be a copy. The Dyck 
language over A is the language D'A generated by S in the grammar 

S ---. TS + c: ; T ---. aSa (a E A) 
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The notation is justified by the fact that DA is indeed a submonoid of (AuA)*. 
It is even a free submonoid, generated by the language D A of Dyck primes 
which is the language generated by the variable T in the grammar above. If 
A has n letters, then the notation D~ is frequently used instead of DA. If 
n = 2, we omit the index. 

There is an alternative way to define these languages as follows. Consider 
the congruence {j over A U A generated by 

aU::::e (a E A) 

Then 
DA = {w E (A U A)* I w :::: e mod {j} 

The class of a word w, that is the set of all words x that are congruent to w, 
is denoted by [w]o. Of course, DA = [e]l). We often omit the subscript {j in 
this notation. 

The Lukasiewicz language. Let A = {a, b}. The Lukasiewicz language is 
the language generated by the grammar 

S ----+ aSS + b 

It is sometimes denoted by L. As we shall see below, L = Dib. 

2. Systems of equations 

This section is devoted to an elementary presentation of systems of equa
tions and their relation to context-free languages. Context-free languages 
may indeed be defined as the components of the least solution of systems 
of polynomial equations, whence the term "algebraic" languages introduced 
by Chomsky and Schiitzenberger [10]. The same construction was used by 
Ginsburg and Rice [20]. They preferred to call them ALGOL-like languages 
because they are "a model for the syntactic classes of the programming lan
guage ALGOL". Indeed, one says "an instruction is ... " rather than "the 
symbol for instructions derives . .. " . 

From the methodological point of view, considering equations rather than 
grammars shifts the induction argument used to prove properties of languages 
from the number of derivations steps to the length of words. This may fre
quently simplify exposition, too. 

The proofs of the results presented in this section are intentionally from 
scratch. In fact, most results can be treated differently, in at least two ways: 
first, they hold in a much more general framework, namely for formal power 
series over suitable semirings (see the chapter of Kuich[37]); next, there are 
general results, such as fixed-point theorems in conveniently ordered sets, that 
imply easily the present results. The present style of exposition was chosen 
to show what the minimal requirements are to make the arguments work. 
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The reader should notice that we never assume, in systems of equations, 
that the right hand sides are finite, and indeed this appears nowhere to be 
required. Even finiteness of the number of equations is not necessary. Next, 
the reader should check that all results also hold for partially commutative 
free monoids (this was observed already by Fliess [15]). Indeed, the argument 
used in most proofs is just an induction on length, and thus carries over to 
such monoids. 

2.1 Systems 

For the definition of equations, we need variables. It will be convenient to 
number variables. Let V = {X!, ... Xn} and A be disjoint alphabets. A 
system of equations over (V, A) is a vector P = (P1, ... , Pn) of subsets of 
(V U A)*, usually written as 

i = 1, ... ,n (2.1) 

Introducing X = (Xl' ... ' Xn), this can be shortened to 

We frequently emphasize the dependence of the set V by writing Pi(X) or 
P(X) instead of Pi and P. An advantage of this is to yield a simple notation 
for substitution. 

Let L = (L1' ... ' Ln) be a vector of languages over V U A. This defines a 
substitution as follows. 

(1) e(L) = {e} 
(2) a(L) = a 
(3) Xi(L) = Li 
(4) uv(L) = u(L)v(L) 
(5) Q(L) = UWEQ w(L) 

a E A 
i = 1, ... ,n 
u,v E (V U A)* 
Q C (Vu A)* 

Observe that the last equation implies that Q(LUM) = Q(L)UQ(M), where 
L U M is componentwise union. A vector L = (L1, ... , Ln) of languages over 
A is a solution if 

i = 1, ... ,n 

that is if Pi(L) is obtained from Pi(X) by substituting L j to Xj in any of its 
occurrences. It is sometimes convenient to write L = P(L) instead Li = Pi(L) 
for all i. 

Example 2.1. 1) Consider the following system of two equations 

X = YX +e 
Y=aXb 

Here, the variables are X, Y and the terminal alphabet is {a, b}. The vector 
(Di, Dd is a solution of this system, since indeed 
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2) The system 

Di = D1Di + c 
D1 = aDib 

x = (aXb)* 
Y = aY*b 

has right sides that are rational sets. The vector (Di, D1) is also a solution 
of the second system, as it follows from elementary properties of the Dyck 
set. A simple formal proof will be given below. 

Solutions are compared componentwise: given two vectors L = (L1 , ••. , 

Ln) and M = (M1 , •.. , Mn ), then L = M iff Li = Mi for all i, and L c M 
iff Li c Mi for all i. 

To every context-free grammar over an alphabet A, is canonically as
sociated a polynomial system of equations (i. e. a system where the right 
sides are finite sets). Assume indeed that the grammar is G = (V, P), with 
V = {X 1, ••. , X n }. The associated system is 

(2.2) 

with 
Pi = {o: E (VUA)* I (Xi, 0:) E P} 

Theorem 2.1. Let G = (V, P) be a context-free grammar over A with V = 
{Xl"'" X n }. Then the vector 

is the least solution of the associated system. 

We start with a lemma. 

Lemma 2.1. Let M = (M1, ... ,Mn) be a solution of (2.2), and let u,v E 
(V U A)* be words. If u --. v then v(M) C u(M). 

G 

Proof. Indeed, if u --. v, then there exists a production (Xi, 0:) in G, and 
two words x, y such that 

Thus 
u(M) = x(M)Miy(M), v(M) = x(M)o:(M)y(M) 

Since 0: E Pi and M is a solution, one has 

and consequently v(M) C u(M). o 
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Proof of the theorem. Clearly, for each i = 1, ... ,n, 

LG(Xi ) = U LG(a) 
OlEPi 

Now, for any word u in (V U A)*, 

LG(u) = u(LG) 

so that the equation can be written as 

showing that LG is indeed a solution. 
Consider next a solution M = (Mb ... , Mn). To show the inclusion LG C 

M, let wE LG(Xi ), for some i. Then Xi ~ w, and by the lemma (extended 
to derivations) 

w(M) c Xi(M) 

Since wE A*, one has w(M) = {w}, and since M is a solution, Xi(M) = Mi. 
Consequently w E M i , showing that LG(Xi ) c Mi. D 

This theorem gives one method for computing the minimal solution of a 
system of equations, namely by derivations. There is another method, based 
on iteration. This is the fixed point approach. 

Theorem 2.2. Given a system of equations 

i = 1, ... ,n 

over V = {Xl, ... , Xn} and A, define a sequence L(h) = (Lih), ... , L~h)) of 
vectors of subsets of A * by 

L(O) = (0, ... ,0) 
L(h+l) = (Pl(L(h)), ... ,Pn(L(h))) = p(L(h)) 

and set 
Li = U L}h) i = 1, ... ,n 

h~O 

Then the vector 

is the least solution of the system. 

Proof First, 

h~O 

showing that L is indeed a solution. 
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Next, if M = (M1 , •.. , Mn) is any solution, then L(h) c M for all h 2:: o. 
This is clear for h = 0, and by induction 

o 

Let us remark that the basic ingredient of the proof is that Pi is "continuous" 
and "monotone" in the lattice I,:JJ( (V u A) *)n, for the order of componentwise 
inclusion (see also the chapter by Kuich [37]). 

A system of equations 

i = 1, ... ,71 

over V = {Xl, ... , Xn} and A is called 

• pmpeT if, for all i, one has Pi n ({ c} U V) = 0, 
• strict if, for all i, one has Pi C {c} U (V u A)* A(V u A)*. 

Thus, in a proper system, every word in the right side of an equation is either 
a terminal letter (in A) or has length at least 2. If a context-free grammar 
is proper, the associated system of equations is proper. In a strict system, 
every nonempty word in a right side contains at least one terminal letter. 

A solution L = (L1' ... ,Ln) is proper if c ~ Li for all i. 

Theorem 2.3. A proper system has a unique proper solution. A strict sys
tem has a unique solution. 

Before starting the proof, let us give some examples. 

Example 2.2. The equation X = X X is proper. Its unique proper solution is 
the empty set. However, every submonoid is a solution. Thus a proper system 
may have more than one solution. 

Example 2.3. The system 
X = YX +c 
Y = aXb 

is neither proper nor strict. However, replacing Y by aXb in Y X + c, one 
sees that the first component of a solution is also a solution of 

X = aXbX +c 

which is strict. This shows that the system has only one solution. 
The system 

X = (aXb)* 
Y = aY*b 

is strict, so it has a unique solution. It is easily checked that 

X = (aXb)* = aXbX + c 

and 
aXb = a(aXb)*b 

Thus the unique solution of this system is equal to the unique solution of the 
first. 
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Example 2.4. We claimed earlier that L = Dib. Here is the proof. The 
Lukasiewicz language L is the unique solution of the strict equation X = 
aX X +b, and Di is (the unique) solution of the strict equation X = aXbX +c. 
Thus Di = aDibDi + c, and multiplying both sides by b, one gets Dib = 
aDibDib + b, showing that Dib is a solution of X = aXX + b. Since this 
equation has only one solution, the equality follows. 

It is convenient to introduce a notation. For any k ~ 0, define an equiva
lence relation ~k for languages H, H' c A* by 

H~kH' {w E H Ilwl :::; k} = {w E H' Ilwl :::; k} 

Extend these equivalences to vectors componentwise. Then one has the fol
lowing general lemma: 

Lemma 2.2. Let Land M be two solutions of a system of equations X = P. 
If 

L rvo M 

L ~k M =? P(L) rvk+l P(M) 

then L = M. 

(2.3) 

(2.4) 

Pmoj. Since L = P(L) and M = P(M), the hypotheses imply that L ~k M 
for all k ~ 0, and thus L = M. 0 
Proof of the theorem 2.3. It suffices to show that the conditions of the lemma 
are fulfilled in both cases. 

Consider first the case where Land M are proper solutions of the proper 
system X = P. Then by assumption L ~o M. Assume now L ~k M, and 
consider any a E Pi for some i. If a E A+, then a(L) = a(M) = a. Otherwise, 
there exist non empty words (3,,",(, such that a = (3'"'(. Clearly (3(L) ~k (3(M) 
and '"'((L) ~k ,",((M), and since the empty word is not in these languages, one 
has 

(3(L)'"'((L) ~k+1 (3(M)'"'((M) 

Thus Pi(L) ~k+1 P;(M). This proves (2.4). 
Consider now the case where Land M are solutions of the strict system 

Xi = Pi for i = 1, ... ,no Since c E Li for some i iff c E Pi, one has L ~o M. 
Next, as before assume L ~k M, and consider any a E Pi for some i. If a 1:- c, 
then a = (3a, for words (3" and a letter a E A. Again, (3(L) ~k (3(M) and 
,(L) "'-'k ,(M), and since a is a terminal letter, this implies that a(L) ~k+l 
a(M). This proves (2.4). 0 

As we have already seen, a system may have a unique solution even if it 
is neither proper nor strict. Stronger versions of the above theorem exist. For 
instance, call a system of equations 

X = P(X) 
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weakly proper (resp. weakly strict) ifthere is an integer k such that the system 

is proper (resp. strict). 

Corollary 2.1. A weakly strict (weakly proper) system has a unique (a uni
q'ue proper) solution. 

Proof. Let indeed L be a solution of X = P(X). Then L = pk(L), showing 
that L is solution of X = pk(X). Hence the solution of X = P(X) is unique. 

o 
Observe that, if L is the solution of X = Pk(X), then it is also the 

solution of the system X = P(X). This may provide an easy way to compute 
the solution. 

Example 2.5. Consider the system X = P(X) given by 

X = YX +c 
Y = aXb 

Replacing P by p2, one gets 

X = aXbY X + aXb + c 
Y = aYXb+ab 

which is not proper but strict. Hence the system is weakly strict. 

2.2 Resolution 

One popular method for resolution of systems of equations is Gaussian elim
ination. Consider sets X = {Xl, ... ,Xn } and Y = {Yl , ... , Ym } of variables. 

Theorem 2.4. For any system of equations 

X = P(X,Y) 
Y = Q(X,Y) 

over (X U Y, A), let L'y be a solution of the system of equations 

Y = Q(X,Y) 

over- (Y, A U X), and let Lx be a solution of the system of equations 

X = P(X,L'y) 

over (X, A). Then (Lx, L'y(Lx)) is a solution of (2.5). 

(2.5) 
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Proof Let indeed L'y = L'y(X) be a solution of the system Y = Q(X, Y). 
For any vector L = (L1' ... , Ln) of languages over A, one has 

L'y(L) = Q(L,L'y(L)) (2.6) 

by substitution. Next, let Lx be a solution of 

x = P(X, L'y(X)) (2.7) 

and set Ly = L'y(Lx). Then (Lx,Ly) is a solution of (2.5) since Lx = 
P(Lx,Ly ) by (2.7) and L y = Q(Lx,Ly) by (2.6). 0 

A special case is "lazy" resolution. This means that some variables, or 
even some occurrences of variables or factors in the right sides are considered 
as "fixed", the obtained system is solved, and the solution is substituted in 
the "fixed" part. More precisely, 

Proposition 2.1. The two systems 

X=P(X,Y) 
Y = Q(X) 

have same sets of solutions. 

and 
x = P(X, Q(X)) 
Y = Q(X) 

o 

As an example, consider the equation X = aX X + b, that we write as 

X = YX +b 
Y=aX 

The first equation is equivalent to X = Y*b, thus the equations X = aXX +b 
and X = (aX)*b have the same solution. 

2.3 Linear systems 

Left or right linear systems of equations are canonically associated to finite 
automata. The general methods take here a special form. A system of equa
tions 

i = 1, ... ,n 

over (V, A) is right linear (resp. left linear) if Pi C A*V u A* (resp. Pi C 
V A* u A*). If furthermore it is strict (resp. proper), then Pi c A+V U A* 
(resp. Pi C A+V U A+). A (right) linear system may be written as 

n 

Xi = L: R;.,jXj + Si i = 1, ... ,n (2.8) 
j=l 

where R;.,j c A *, Si C A *. These sets are the coefficients of the system. One 
may also write 

X=RX+S 

by introducing a matrix R = (Ri,j) and a vector S = (Si). 
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Given a finite automaton with state set Q = {I, ... , n}, denote by Ri,j 
the set of labels of edges from state i to state j, and set 

if i is a final state 
otherwise 

Then it is easily verified that the least solution of the system (2.8) is the vector 
(L 1 , ... , Ln), where Li is the set of words recognized with initial state i. 

Theorem 2.5. The components of the solution of a strict linear system are 
in the rational closure of the set of coefficients of the system. 

Proof. There are several proofs of this result. The maybe simplest proof is 
to consider an alphabet B = {ri,j I 1 :::; i,j :::; n} U {Si I 1 :::; i :::; n} and 
to consider the system obtained in replacing each R;,j by ri,j and similarly 
for the Si. Build an automaton with state set {O, 1, ... , n}, having an edge 
labeled ri,j from state i to state j for 1 :::; i,j :::; n and an edge labeled Si 
from state i to the unique final state O. The component Li of the solution of 
the system is the set of label of paths from state i to state 0, and therefore 
is a rational set over B. To get the solution of the original system, it suffices 
to substitute the sets Ri,j and Si to the corresponding variables. 

An equivalent formulation is to say that the vector 

L=R*S 

is the solution, where 

R* = U R"". 
""2:0 

One way to solve the original set of equations is to use Gaussian elimination 
(also called Arden's lemma in the linear case). One rewrites the last equation 
of the system as 

and substitutes this expression in the remaining equations. 
Another way is to proceed inductively, and to compute the transitive 

closure R* from smaller matrices, using the formula 

( A B)* ( (A + BD*C)* 
C D - D*C(A + BD*C)* 

provided A and D are square matrices. 

A* B(D + CA* B)*) 
(D + CA*B)* 

D 
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A system (system) is called cycle-free if none of the diagonal coefficients 
of the matrix 

contains the empty word. The terminology is from graph theory : consider 
the graph over {I, ... , n} with an edge from i to j iff E E Ri,j. Then this 
graph is cycle-free iff the system is. In fact, cycle-free systems are precisely 
weakly strict right linear systems. Indeed, the graph is cycle-free iff there is 
no path of length k for k > n. This is equivalent to say that in the matrix 
Rk, none of the coefficients contains the empty word. Thus one has 

Proposition 2.2. A cycle-free (right or left) linear system has a unique so
lution. D 

2.4 Parikh's theorem 

In this section, we prove Parikh's theorem [43J. Our presentation follow [44J. 
A more general result is given in Kuich's chapter [37J. As already mentioned, 
all results concerning systems of equations, provided they make sense (e.g. 
Greibach normal form makes no sense in free commutative monoids) hold 
also for free partially commutative monoids, since the only argument used is 
induction on length. Two special cases of partially commutative free monoids 
are the free monoid and the free commutative monoid. Context-free sets in 
the latter case are described by Parikh's theorem: 

Theorem 2.6. Any context-free set in the free commutative monoid is ra
tional. 

An equivalent formulation is that the set of Parikh vectors of a context
free language is semi-linear. Indeed, let A be an alphabet, and denote by 
A EB the free commutative monoid over A. There is a canonical mapping a 
from A* onto AEB that associates, to a word w, the element lIaEAalwla in AW, 
where Iwl a is the number of occurrences of the letter a in A. 

Rational sets are defined in AEB as they are in any monoid: they constitute 
the smallest family of languages containing the empty set, singletons, and 
closed under union, product and star. Here, product is the product in AEB of 
course. Because of commutativity, there are special relations, namely 

(X U Y)* = X*Y*, (X*Y)* = {E} U X*Y*Y 

Using these, on gets easily the following 

Proposition 2.3. In the free commutative monoid AEB, every rational set 
has star-height at most 1. D 

Proof of the theorem. Consider first the case of a single (strict) equation 

X = P(X) 
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where P(X) is any rational subset of (AUX)EB. This equation may be rewrit-
ten as 

x = R(X)X +8 

where 8 = P(X) n AEB, and R(X) is a rational subset of (A U X)EB. The set 
G = R(8) is rational, and we show that G* 8 is the (rational) solution of the 
equation. 

Consider indeed two subsets K, M of A *, and set P = K* M. For every 
wE (A U X)ffi containing at least one occurrence of X, one has the equality 

w(P) = w(M)K* 

because the set K* can be "moved" to the end of the expression by commu
tativity, and K* K* = K*. As a consequence, for every word w E (A U X)ffi, 
one gets w(P)P = w(M)P. Thus in particular for P = G* 8, 

8 + R(P)P = 8 + R(8)P = 8 + GG* 8 = G* 8 

If the system has more than one equation, then it is solved by Gaussian 
elimination. D 

Example 2.6. Consider the equation 

X=aXX+b 

The set R(X) of the proof reduces to aX, and the solution is (ab)*b 
{an bn +1 I n ~ a}. 

3. Normal forms 

In this section, we present three normal forms of context-free grammars. The 
two first ones are the Chomsky normal form and the Greibach normal form. 
They are often used to get easier proofs of results about context-free lan
guages. The third normal form is the operator normal form. It is an example 
of a normal form that has been used in the syntactical analysis. 

3.1 Chomsky normal form 

A context-free grammar G = (V, P) over the terminal alphabet A is in weak 
Chomsky normal form if each nonterminal rule has a right member in V* and 
each terminal rule has a right member in A U {c}. It is in Chomsky normal 
form if it is in Chomsky normal form and each right member of a nonterminal 
rule has length 2. 

Theorem 3.1. [28, 9] Given a context-free grammar, an equivalent context
free grammar in Chomsky normal form can effectively be constructed. 
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Proof. The construction is divided into three steps. In the first step, the 
original grammar is transformed into a new equivalent grammar in weak 
Chomsky normal form. In the second step, we transform the grammar just 
obtained so that the length of a right member of a rule is at most 2. In the 
last step, we get rid of the nonterminal rules with a right member of length 
1 (that is to say in V). 

Step 1: To each terminal letter a E A, we associate a new variable Xa. In 
all the right members of the rules of the original grammar, we replace each 
occurrence of the terminal letters a by the new variable Xa. Finally, we add 
to the grammar so obtained the set of rules Xa ----+ a. Clearly, the resulting 
grammar so constructed is in weak Chomsky normal form and is equivalent 
to the original one. 

Step 2: We now introduce a new set of variables designed to represent the 
product of two old variables. More precisely, to each pair (X, Y) E V x V, we 
associate a new variable (XY). We then construct a new grammar by replac
ing any product of three or more old variables XY Z ... T by (XY) Z ... T. 
Then we add all the rules (XY) ----+ XY. This reduces the maximal length 
of nonterminal rules by 1. This process is repeated until the maximum length 
of any right member is 2. 

Step 3: We finally get rid of nonterminal rules with a right member in V. 
This is achieved in the same usual way than the one used to get a proper 
grammar from a general one. 0 

3.2 Greibach normal forms 

A context-free grammar G = (V, P) over the terminal alphabet A is in Grei
bach normal form iff each rule of the grammar rewrites a variable into a word 
in AV*. In particular, the grammar is proper and each terminal rule rewrites 
a variable in a terminal letter. 

It is in quadratic Greibach normal form iff it is in Greibach normal form 
and each right member of a rule of G contains at most 2 variables. 

It is in double Greibach normal form iff each right member of the rules 
of G are in A V* A u A. In particular, a terminal rule rewrites a variable in a 
letter or in a word of length 2. 

It is in cubic double Greibach normal form (resp. in quadratic double Grei
bach normal form iff it is in double Greibach normal form and each right 
member of a rule contains at most 3 variables (resp. at most 2 variables). 

The fact that any proper context-free grammar G can be transformed in 
an equivalent grammar G' in Greibach normal form is a classical result [28]. 
However, the fact that the same result holds with G' in quadratic Greibach 
normal form is more rarely presented. Nearly never proved is the same result 
with G' in quadratic double normal form. Hence, we show how such equivalent 
grammars can effectively be constructed. 
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Theorem 3.2. Given a proper context-free grammar G, an equivalent con
text free grammar in quadratic Greibach normal form can effectively be con
structed from G. 

A weaker similar result has originally been proved by Greibach [24]: she 
showed that, given a proper context-free grammar, an equivalent context
free grammar in Greibach normal form can effectively be constructed. The 
additional statement stating that this grammar can be in quadratic Greibach 
normal form was proved later by Rosenkrantz [45]. We sketch here the proof 
he gave; we will see below an alternative proof. 

Sketch of the construction: 
We may assume that the grammar is proper and in Chomsky normal 

form, that is that each right-hand side is in A U V 2 . Consider the associated 
system of equations 

i = 1, ... ,n 

This may be written as 
X=XR+S 

where 

and 
RJ'i = X-:-1Pi , J 

Using lazy evaluation, this system is equivalent to 

and since 

one has 

X=SR* 

R* = RR* +1 

X=SY 
Y=RY+1 

where Y = (lj,i) is a new set of n 2 variables. Observe that each Rj,i is a 
subset of V. Thus, using the system X = SY, each Rj,i can be replaced by 
the set 

Hj,i = L (SY)t 
XIERj,i 

and the whole system is equivalent to 

X=SY 
Y = HY+1 

where H = (Hj,i)' In order to get the quadratic Greibach normal form, it 
suffices to eliminate the c-rules. This is done in the usual way. 0 
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Theorem 3.3. Given a proper context-free grammar G, an equivalent con
text free grammar in quadratic double Greibach normal form can effectively 
be constructed from G. 

This result has been proved by Hotz [31]. We follow his proof. It should 
be noted that the same technique allows to give an alternative proof of the 
previous theorem 3.2. 

The proof of theorem 3.3 turns out to be a complement to the proof of 

Theorem 3.4. Given a proper context-free grammar G, an equivalent con
text free grammar in cubic double Greibach normal form can effectively be 
constructed from G. 

The construction of the desired grammar is decomposed into four steps. 
The two first ones will lead to an equivalent grammar in quadratic Greibach 
normal form. The last two ones complete the construction of an equivalent 
grammar in quadratic double Greibach normal form. 

Let G = (V, P) be a proper context-free grammar in weak Chomsky 
normal form over the terminal alphabet A. 

Step 1 (construction of the set of new variables needed): 
To each variable X E V, we associate the sets 

L(X) = {am E AV* I X + a ----+ am a E V*} 

R(X) = {rna E V*A I X + a ----+ rna a E V*} 

The idea is to construct a new grammar including rules the X ----+ am for 
each am E L(X). The difficulty carnes from the fact that the sets L(X) are 
infinite. This difficulty can be overcome using the fact these sets are rational. 
The sets R(X) will only be used to get the double Greibach normal form. 
Formally, to each variable X E V and to each terminal letter a E A, we 
associate the sets 

L(a,X) = a-1L(X) = {rn E V* I X + a ----+ am a E V*} 

R(X, a) = R(X)a- 1 = {rn E V* I X + a ----+ rna a E V*} 

Clearly, each L(a, X) and each R(X, a) is a rational language over V since 
L(X) and R(X) are rational: to get a word in L(X), we look at leftmost 
derivations in the original grammar. Then, such a derivation can be decom
posed in a first part where the obtained words all lie in V*. The second part 
consists in the last step where the leftmost variable is derived in a terminal 
letter a. In this process, we then always derive the leftmost variable of the 
sentential forms. So, this derivation is obtained by using the grammar as if 
it were left linear. Hence, the set of words so obtained forms a rational set. 
It then follows immediately that each L( a, X) is rational too. 

A similar proof using right linear grammars shows that each R(X, a) is 
rational. 
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Next, define two families £ and R of languages by 

£ = {L(a,X) I a E A,X E V}, R = {R(X,a) I a E A,X E V}. 

We then define 7-l as the closure of £ U R under the right and left quotients 
by a letter of V. Since each language in £ URis rational, this gives raise to 
a finite number of new regular languages over V. Thus, the family 7-l is finite. 

The idea is now to use the languages in 7-l as variables in the grammar to 
be constructed. The set of new variables will be denoted like this family of 
languages, that is, an element L E 7-l will denote both the language and the 
new variable. 

Example 3.1. Let G = (V, P) be the following grammar in weak Chomsky 
normal form : 

S ---+ SXSS + b 
x ---+ a 

We can now look for the family £. Since 

L(a, S) = 0 L(b, S) = (XSS)* = Lo L(a,X) = {c} = E L(b, X) = 0 

£ is formed of the three languages {0, Lo, E}. 
Similarly, R = {0, L l , E} because 

R(S, a) = 0 R(S, b) = (SXS)* = Ll R(X, a) = {c} = E. 

Thus, £ U R = {0, Lo, Lb E}. From this family, we derive the family 7-l by 
closing £ U R under left and right quotient by a letter in V. Here are the 
new languages that appear: 

X-I Lo = SS(XSS)* = L2 
S-ILl = XS(SXS)* = L3 
S-1 L2 = S(XSS)* = L5 
X-I L3 = (SSX)*S = L6 
S-IL4 =(XSS)*X =L7 
S-IL5 = (XSS)* = Lo 
S-1 L6 = (SXS)* = Ll 
X-I L7 = (SSX)* = Ls 
S-1 Ls = SX(SSX)* = L4 

LoS- l = (XSS)*XS = L3 
L l S- l = (SXS)*SX = L4 
L2S-1 = S(SXS)* = L6 
L3S- 1 = (X SS)* X = L7 
L4X- l = S(XSS)* = L5 
L5S- 1 = (SX S)* = Ll 
L6S-1 = (SSX)* = Ls 
L7X-l = (XSS)* = Lo 
LsX- l = (SSX)*SS = L2 

Hence, the family 7-l contains 11 languages: the languages L o, ... ,Ls, the 
language E = {c} and the empty set 0. (In the above computations, we 
have omitted all empty quotients.) Among these languages, E,Lo,Ll and Ls 
contain the empty word. 

Step 2 (Construction of an equivalent grammar in quadratic Greibach nor
mal form) 

The new grammar has the set of variables V U 7-l, and the following rules: 
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(i) Each terminal rule of the original grammar is a terminal rule of the new 
grammar. 

(ii) To each variable X E V of the original grammar is associated the (finite) 
set of rules X --+ aL for each a E A, with L = L(a, X) E 1t. The rules 
so created have all their right members in A1t. 

(iii) Each new variable L E 1t gives raise to the finite set of rules L --+ XL' 
for X E V with L' = X- l L E 1t and to the rule L --+ c if eEL. Each 
such rule has its right member in V1t U {c }. 

(iv) In each new non c-rule added just above, the leftmost variable in V is 
replaced by the right members generated in step (ii); since these right 
members are in AH, the rules so obtained have all their right members 
in A1tH. 

Hence, the grammar so obtained is almost in quadratic Greibach normal 
form: each right member is in A HH u A U { c }. 

To obtain such a normal form, it suffices to complete a final operation 
eliminating the c-rules. We do this in the usual way, that is we replace any 
occurrence of a variable L giving the empty word by (L U {£}) in the right 
members and erase the £-rules. 

The fact that the new grammar is equivalent to the original one is imme
diate: it suffices to look at the two grammars as systems of equations. So far, 
we have proved Theorem 3.2. 

Example 3.2. (continued) The rules S --+ SXSS + b give raise to the new 
rules S --+ bLo + bE. The last rule X --+ a gives raise to X --+ aE. 

The new set of variables gives raise to 

Lo --+ XL2 + £ 

L2 --+ SL5 
L4 --+ SL7 
L6 --+ SLl 
Ls --+ SL4 + £ 

Ll --+ SL3 + £ 

L3 --+ XL6 
L5 --+ SLo 
L7 --+ XLs 
E --+ £ 

Replacing X by aE and S by bE + bLo, the new grammar becomes 

S --+ bLo + bE 
Lo --+ aEL2 + £ 

L2 --+ bEL5 + bLoL5 
L4 --+ bEL7 + bLoL7 
L6 --+ bELl + bLoLl 
Ls --+ bEL4 + bLoL4 + £ 

X --+ aE 
Ll --+ bEL3 + bLoL3 + c 
L3 --+ aEL6 
L5 --+ bELo + bLoLo 
L7 --+ aELs 
E --+ £ 

This is the desired intermediate grammar obtained after step (iv). To obtain 
the quadratic Greibach normal form, we replace everywhere E, L o, Ll and 
Ls by themselves plus the empty word in the right members and suppress 
the c-rules. Then we get the following grammar (to be compared to the one 
obtained with Rosenkrantz's method): 
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S ----+ bLo + b 
Lo ----+ aL2 
L2 ----+ bL5 + bLoL5 
L4 ----+ bL7 + bLoL7 + bL7 
L6 ----+ bL1 + bLoL 1 + bLo + b 
L8 ----+ bL4 + bLoL4 

L1 ----+ bL3 + bLoL3 
L3 ----+ aL6 
L5 ----+ bLo + bLoLo + b 

Note that this grammar is not reduced. The only useful variables are S, Lo, L2 
and L 5 . The seemingly useless variables and rules will appear to be useful 
later. Note too that E disappeared because, when c is removed from the 
language, E becomes empty. 

The next two steps will be devoted to the proof of theorem 3.3. 

Step 3 (Construction of an equivalent grammar in cubic double Greibach 
normal form) 

We work on the grammar just obtained above. Each nonterminal rule of 
this grammar ends with a variable in H. A variable now generates a language 
that is proper. Thus, the language is not necessarily in H (considered as a 
family of languages) because the empty word may be missing. However, the 
set H (considered as a set of variables) remains the same. Each variable now 
generates the associated language of H up to the empty word. 

We first proceed to the same operations as in step 2, using right quotients 
instead of left ones. This operation is presented below in a slightly different 
way than we did in step 2. Precisely, 

(i) For each language L E H, the set LX-1 is now a language of the family 
H up to the empty word. So, each L in H can be described as the union 
of L' X for each X E V with L' = LX-I, completed by X as soon as L' 
contains the empty word. We do this for each L. 
Each language generated by a variable X E V is proper. Hence, in the 
expression above, X can be replaced by the union of all the Ra for each 
a E A, with R the variable associated to the language R(X, a). Again, 
this union has to be completed by a as soon as the language R(X, a) 
contains the empty word. 
This gives a system of equations where each L E H is a sum of terms in 
HHA u HA u A. 

(ii) We now go back to the grammar in quadratic normal form resulting from 
step 2, and replace each rightmost variable of the nonterminal rules in 
the grammar by the expression in the system obtained in step (i). We 
thus obtain an equivalent grammar where the nonterminal rules have 

. a terminal letter as rightmost symbol. It should be noted that, in the 
resulting grammar, the number of variables is increased by at most one in 
each rule, so that the grammar is cubic. Hence, the so obtained grammar 
is in cubic double Greibach normal form. 

Example 3.3. (continued) The first identities are directly derived from the 
right quotients computed before. They are 
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Lo = L3 S 
L2 = L6S 
L4 = LsX 
L6 = LsS + S 
Ls = L 2X +X 

LI = L 4S 
L3 = L7S 
L5 = LIS + S 
L7 = LoX +X 

Replacing now each S by LI b + b and each X by a, we obtain 

Lo ----+ L3LI b + L3b LI ----+ L4LI b + L4b 
L2 ----+ L6LIb + L6b L3 ----+ L7LIb + L7b 
L4 ----+ L5a L5 ----+ LILlb + LIb 
L6 ----+ LsLlb + Lsb + b L7 ----+ Loa + a 
Ls ----+ L 2 a + a 

Going back to the grammar obtained at the end of step 2, we replace in it 
each rightmost variable by the finite sum so obtained, giving raise to : 

S ----+ bL3LIb + bL3b + b 
X ----+ a 
Lo ----+ aL6LI b + aL6b 
Ll ----+ bL7LIb + bL 7b + bLoL7Llb + bLoL7b 
L2 ----+ bLILlb + bLlb + bb + bLoLILlb + bLoLlb + bLob 
L3 ----+ aLsLlb + aLsb + aLlb + ab 
L4 ----+ bLoa + ba + bLoLoa 
Ls ----+ bL3LIb + bL3b + bLoL3LIb + bLoL3b + b 
L6 ----+ bL4LIb + bL4b + bLoL4LIb + bLoL4b 
L7 ----+ aL2a + aa + a 
Ls ----+ bL5a + bLoL5a 

The steps 1, 2 and 3 allow thus to transform any context-free grammar 
in weak Chomsky normal form in an equivalent grammar in cubic double 
Greibach normal form, which proves Theorem 3.4. 0 

Step 4 (Construction of an equivalent grammar in quadratic double Greibach 
normal form) 

We use here essentially the same technique of grouping variables that was 
previously used to derive Chomsky normal form from weak Chomsky normal 
form. It should be also noted that this technique can be used to transform a 
grammar in Greibach normal form into quadratic Greibach normal form. 

In the grammar obtained in the previous step, no variable of V appears in 
the right member of a rule. Moreover, any variable of 1{ represents, up to the 
empty word, the corresponding language. In particular, a language L E 1{ 

can be described by 

~ a left quotient description given by the rules of the grammar in quadratic 
Greibach normal form obtained in step 2. 

~ a right quotient description obtained in the same way. It is the intermediate 
description used in step 3 just before transforming the grammar in an 
equivalent one in double Greibach normal form. 
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We now enlarge the family H by adding the family HH . To this new 
family of languages is associated a new set of variables W. It should be noted 
that, each YEW represents a product L . L' E HH. Hence, replacing L 
by its left quotient description, and L' by its right quotient description, we 
get a description of each YEW as a finite union of terms in AHHHHA U 
AHHHA u AHHA u AHA u AA. 

Each product of four elements of H can be replaced by a product of two 
elements of W ; similarly, any product of three elements of H can be replaced 
by the product of an element in W by an element ofH (or just the contrary 
as well). 

Then using this transformation in the right members of the rules of the 
grammar in cubic double Greibach normal form and adding the new rules 
induced by the representation of variables in W just obtained, we get an 
equivalent grammar which is now in quadratic double Greibach normal form. 

Example 3.4. (end) The family W is formed of elements denoted (LL') for 
L, L' E H. We first make quadratic the rules of the above obtained grammar 
by introducing, when necessary, some of our new variables. 

S ----+ bL3L1b + bL3b + b 
X ----+ aL6L1b + aL6b + a 
L1 ----+ bL7L1b + bL7b + b(LoL7)L1b + bLoL7b 
L2 ----+ bL1L1b + bL1b + bb + b(LoL1)L1b + bLoL1b + bLob 
L3 ----+ aL8L1b + aL8b + aL1b + ab 
L4 ----+ bLoa + ba + bLoLoa 
L5 ----+ bL3L1b + bL3b + b(LoL3)L1b + bLoL3b + b 
L6 ----+ bL4L1b + bL4b + b(LoL4)L1b + bLoL4b 
L7 ----+ aL2a + aa + a 
L8 ----+ bL5a + bLoL5a 

Doing this, we have introduced the four new variables (LoLl), (LoL3), 
(LoL4) and (LoL7). Rather than computing the descriptions of all the ele
ments (LiLj), we will compute those needed as soon as they appear. 

So we begin by computing the description of (LoLl): for this we use 

Lo = aL2 L1 = L4L1b + L4b 

which gives raise to the rules 

Going on this way, we get the (huge) equivalent grammar in quadratic double 
Greibach normal form: 

S ----+ bL3Llb + bL3b + b 
X ----+ a 
Lo ----+ aL6L1b + aL6b + a 
L1 ----+ bL7Llb + bL7b + b(LoL7)L1b + bLoL7b 
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L2 ~ bLlLlb + bLlb + bb + b(LoLl)Llb + bLoLlb + bLob 
L3 ~ aLsLlb + aLsb + aLlb + ab 
L4 ~ bLoa + ba + bLoLoa 
L5 ~ bL3Llb + bL3b + b(LoL3)Llb + bLoL3b + b 
L6 ~ bL4Llb + bL4b + b(LoL4)Ll b + bLoL4b 
L7 ~ aL2a+aa+a 

(LoLl) ~ a(L2L4)Llb + aL2L4b 
(LoL3) ~ a(L2L7)Ll b + aL2L7b 
(LoL4) ~ aL2 L5a 
(LoL7) ~ aL2Loa + a 
(L2L4) ~ b(LoL5)L5a + bL5L5a 
(L2L7) ~ b(LoL5)Loa + bLoL5a + bL5LOa + bL5a 
(LoL5) ~ a(L2Ll )Ll b + aL2L lb + aL2b 
(L 2Ll ) ~ b(LoL5)(L4Ll)b + b(LoL5)L4b + bL5(L4Ll)b + bL5L4b 
(L4Ll) ~ ab(LoL7)(L4Ll)b + b(LoL7)L4b + bL7(L4Ll)b + bL7L3b 

Remark 3.1. The only useless variable is now X. 

3.3 Operator normal form 

We present here another classical normal form, namely the operator normal 
form. A context-free grammar G over the terminal alphabet A is in operator 
normal form if no right member of a rule contains two consecutive variables. 
This normal form has been introduced for purposes from syntactical analysis. 
For these grammars, an operator precedence can be defined which is inspired 
of the classical precedence relations of usual arithmetic operators. From a 
general point of view, the following holds : 

Theorem 3.5. [28, 16] Given a context-free language, an equivalent context
free grammar in operator normal form can effectively be constructed. 

Proof It is very easy. Given a grammar G in Chomsky normal form, to each 
pair of a terminal letter a and of a variable X is attached a new variable 
Xa designed to generate the set of words u such that X generates ua, that 
is to say Xa = X a-I. So, each language LG(X) is exactly the sum over A 
of all the languages LXa a, sum completed by {c} as soon as Lx contains c. 
Identifying Lx and X, this can be written: 

X=(U Xaa)U({c}nX) (3.1) 
aEA 

In the right members of the original grammar, we now replace each occurrence 
of the variables X by the right hand side of equation (3.1). This gives raise to 
a set of rules say Pl. Finally, we add the rules X a ~ a for X ~ aa E Pl. 
This gives raise to a new grammar which is equivalent to the original one 
and is in operator normal form. Note that this new grammar may be neither 
proper nor reduced. 0 
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Example 3.5. Consider the grammar given by the two rules 

S --+ aSS + b. 

We introduce two new variables Sa and Sb. The set of rules in PI is 

We then add the rules 

and get the desired grammar. 
If we reduce the grammar, we note that the variable Sa is useless. So, we 

get the grammar 

If we need a proper grammar in operator normal form, we just apply the 
usual algorithm to make it proper. 

Remark 3.2. The theory of grammar forms [13] develops a general framework 
for defining various similar normal forms. These are defined through patterns 
like VAV+A indicating that ight members have to lie in VA VuA. From this 
point of view, the various normal forms presented above appear as particular 
instances of a very general situation (see [5]). 

4. Applications of the Greibach normal form 

4.1 Shamir's theorem 

We present a first application of Greibach normal form. The presentation 
given here follows [33]. Recall that, given an alphabet V containing n letters, 
we denote by D: the Dyck set over the alphabet (V U V). Given a word 
'm E (V U V)*, we denote iii the reversal of'm. We denote ~((V U V)*) the 
family of subsets of (V U V)*. We now state Shamir's theorem [51]: 

Theorem 4.1 (Shamir). For any context-free language L over A, there ex
ists an alphabet V, a letter X E V and a monoid homomorphism ifJ : A* -+ 

~((V u V)*) such that 

u E L {::::::} X ifJ( u) n D: f. 0. 
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Proof Let G = (V, P) be a context-free grammar in Greibach normal form 
over A generating L. To each terminal letter a E A, associate the finite set 

Pea) = {XCi E (V U V)* I X ---t aa E Pl. 

This defines Shamir's homomorphism P : A* ---t 1.lJ«V U V)*). A simple 
induction allows to prove that, for any terminal word u E A* and for any 
nonterminal word m E V* 

* X Tum ¢=:} Xp(u) n [m] ~ 0 

where [m] represents the class of m in the Dyck congruence. This shows, in 
particular, that X -r u iff Xp(u) n D:~ 0 which is precisely the theorem. 

D 
For later use, we state another formulation of the theorem. 
Given a context-free grammar G = (V, P) over A in Greibach normal 

form generating L, we associate to each terminal letter a E A the set 4i(a) = 
P(a)aa. As far as Shamir's theorem is concerned, nearly nothing is changed: 
we use the total alphabet T = V U A instead of V, and the same result holds 
with D; instead of D:, that is 

X-ru ¢=:} 3w E 4i(u) : Xw E D; ( 4.1) 

4.2 Chomsky-Schiitzenberger's theorem 

We now show how to use Shamir's theorem 4.1 to prove directly the famous 
Chomsky-Schiitzenberger theorem [28, 10], that we recall here: 

Theorem 4.2 (Chomsky-Schiitzenberger). A language L over the al
phabet A is context-free iff there exists an alphabet T, a rational set Kover 
(T U T)* and a morphism"p : (T U T)* ---t A*, such that 

L = "p(D; nK). 

Proof We follow again [33]. The "if" part follows from the classical closure 
properties of the family of context-free languages. Hence, we just sketch the 
proof of the "only if" part. Let G = (V, P) be a grammar over A and set 
T= VuA. 

Define a homomorphism "p from (T U T)* into A* by 

'VX E V, "p(X) = "p(X) = 1 
'Va E A, "p(a) = a and "p(a) = 1. 

Using morphism 4i of the reformulation of Shamir's theorem, we note that 
w E 4i(u) ==:} "p(w) = u. Conversely, if "p(w) = u and w E 4i(A*), then 
wE 4i(u). Thus 

wE 4i(u) ¢=:} "p(w) = u for wE 4i(A*). 
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Then, the right hand side of equation (4.1) is equivalent to 

3w E &(A*) : 'I/J(Xw) = u, Xw E D; 

Thus, setting K = X&(A*), which is rational, this can be written 

XTU {:::=::} 3w: 'I/J(Xw) = U, Xw E D; nK 

and the Chomsky-Schiitzenberger theorem is proved. 

4.3 The hardest context-free language 

D 

We now show how to use Shamir's theorem 4.1 to get the hardest context-free 
language. We begin by some new notions and results. 

Given a language L over the alphabet A, we define the nondeterministic 
veTsion of L, denoted ND(L), in the following way: first add to the alphabet 
A three new letters [, ] and +. A word h in ([(A*+)* A*])* can be naturally 
decomposed into h = [hI] [h 2]· .. [hn], each word hi being decomposed itself in 
hi = hi,l +hi,2+" +hi,k" hi,j E A*. A choice in h is a word hl,jlh2,j,'" hn,jn 
obtained by choosing in each [hi] a factor hi,j,. Denote by x( h) the set of 
choices in h. Then, the nondeterministic version of L is defined by: 

ND(L) = {h I X(h) n L i= 0}. 

Given an alphabet A, we denote by HA the nondeterministic version of the 
Dyck language D:. In the particular case of a two letter alphabet A = {a, b}, 
we skip the index, so that HA is denoted H. By definition, H is the hardest 
context-free language. 

The first important observation is given by: 

Fact 4.1. If L is a context-free language, so is 'its nondeteTministic version 
ND(L). 

This lemma can be easily proved either by using pushdown automata or by 
showing that ND(L) is obtained by a rational substitution applied to the 
language L. The terminology nondeterministic version of L comes from the 
following 

Proposition 4.1. The language ND(L) is deterministic context-free iff L is 
reg'ular; in this case, ND(L) is regular too. 

For a proof, we refer the reader to [3]. We now end this short preparation 
by the 

Lemma 4.1. Given an alphabet A, there exists a morphism ,\ such that 
HA = ,\-I(H). 
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Proof Let H = HB with B = {a, b}. 
If the alphabet A contains only one letter c, just define the morphism A 

by A([) = [, A(]) =j, A(+) = +, A(c) = a and A(e) = a. 
If A contains n ~ 3 letters, A will be the usual encoding: A(ai) = abia 

and A(ai) = aFa for 1 ::; i ::; n. For the three other letters, we define A([) = [, 
A(])=]andA(+)=+. 0 

We now state the 

Theorem 4.3 (Greibach). [23] A language L over the alphabet A is con
text-free iff there exists a morphism cp such that $L = cp-l(H), where $ is a 
new letter. 

Proof The "if" part follows directly from the closure properties of the family 
of context-free languages and from the fact that H is context-free. Hence, 
we turn to the "only if" part, for which we follow once more [33]. Given a 
context-free grammar G = (V, P) in Greibach normal form, we associate to 
the morphism q> used in Shamir's theorem a morphism cp defined by 

Here, ml, m2,"" mn is some arbitrary but fixed enumeration of the words 
in q>(a). Moreover, we define cp($) = [X] if X is the variable in V generating 
L. Set now B = XCPj hence, B( u) will be the set of choices of the word cp( u). 

It is easy to check that 

wE B(u) ~ w E q>(u) i.e. 

(Just interpret the word h = cp(u) as a polynomial representing the set q>(u) 
and develop this polynomial.) 

Consequently, Shamir's theorem can be rephrased as 

Xq>(u) n D~f= 0 ~ B($u) n D~f= 0 ~ $u Ecp-l(Hv ). 

Hence, we have $L = cp-l(Hv). The announced result in theorem 4.3 then 
follows from lemma 4.1. 0 

Observation. The membership problem is the following: given a language L 
and a word u, does u belong to L? The language H is called the hardest 
context-free language because, by theorem 4.3, from a complexity point of 
view, H is the context-free language for which the membership problem is 
the most difficult. Any algorithm deciding if a given word belongs to H gives 
raise to a general algorithm for the membership problem for context-free 
languagesj this general algorithm will have the same complexity than the one 
given for H. 
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4.4 Wechler's theorem 

We end this section by showing another consequence of the Greibach normal 
form. Given a language L over the alphabet A and a letter a E A, recall that 
the left quotient of L by a is the language a-1L = {u E A* I aUEL}. An 
algebra is a family of languages closed under union and product and contain
ing the family Fin of finite languages. An algebra:;: is finitely generated if 
there exists a finite family:;:' such that any language in :;: is obtained from 
languages in :;:' under the algebra operations. It is stable if it is closed under 
left quotient. We may now state the 

Theorem 4.4 (Wechler). [54] A language L is context-free if and only if 
it belongs to a finitely generated stable algebra. 

Proof Given a context-free language L, it is generated by a grammar in 
Greibach normal form. To each variable X is associated the (context-free) 
language Lx that it generates. Clearly, the left quotient of such a language 
by a terminal letter a can be described as a finite union of product of lan
guages generated in the grammar. Hence, the algebra generated by all these 
languages Lx contains L and is stable. 

Conversely, if L belongs to a finitely generated stable algebra, the finite 
set of generators give raise to a finite set of variables and the description of 
each left quotient as a finite union of product of languages of the generators 
gives a grammar in Greibach normal form generating L. 0 

5. Pushdown machines 

In this section, we focus on the accepting device for context-free languages, 
namely pushdown automata with the important subclass induced by de
terminism, in both classical and less classical presentations. We prove here 
mainly two beautiful theorems: the first states that the stack language of a 
pushdown automaton is a rational language; the second says that the output 
language of a pushdown transducer is context-free when the input is precisely 
the language recognized by the associated pda. 

5.1 Pushdown automata 

The classical mechanism of recognition associated to context-free languages 
is the pushdown automaton. Most of the material presented in this paragraph 
is already in Ginsburg[17]. 

A pushdown machine over A (a pdm for short) is a triple M = (Q, Z, T) 
where Q is the set of states, Z is the stack alphabet and T is a finite subset of 
(A U { c }) x Q x Z x Z* x Q, called the set of transition rules. A is the input 
alphabet. An element (y, q, z, h, q') of T is a rule, and if y = c, it is an c-rule. 
The first three components are viewed as pre-conditions in the behaviour of a 
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pdm (and therefore the last two components are viewed as post-conditions), 
T is often seen as a function from (AU{c}) x Q x Z into the subsets of Z· x Q, 
and we note (h, q') E T(y, q, z) as an equivalent for (y, q, z, h, q') E T. 

A pushdown machine is realtime if T is a finite subset of Ax Q x Z x Z· x Q, 
i.e. if there is no c-rule. A realtime pdm is simple if there is only one state. 
In this case, the state giving no information, it is omitted, and T is a subset 
of Ax Z x Z*. 

An internal configuration of a pdm M is a couple (q, h) E Q x Z·, where 
q is the current state, and h is the string over Z· composed of the symbols 
in the stack, the first letter of h being the bottom-most symbol of the stack. 
A configuration is a triple (x, q, h) E A* x Q x Z·, where x is the input word 
to be read, and (q, h) is an internal configuration. 

The transition relation is a relation over configurations defined in the 
following way: let c = (yg,q,wz) and c' = (g,q',wh) be two configurations, 
where y is in (A U {c}), g is in A*, q and q' are in Q, z is in Z, and wand 
h are in Z*. There is a transition between c and c', and we note c 1-- c', if 
(y, q, z, h, q') E T. If y = c, the transition is called an c-transition, and if y E 
A, the transition is said to involve the reading of a letter. A valid computation 
is an element of the reflexive and transitive closure of the transition relation, 
and we note c f3- c' a valid computation starting from c and leading to c'. 
A convenient notation is to inttoduce, for any word x EA·, the relation on 
internal configurations, denoted ~, and defined by: 

(q,w) ~ (q',w') <===:} (x,q,w) f3-(t:,q',w'). 

x y xy 
We clearly have: F= 0 F= = F. 

An internal configuration (q', w') is accessible from an internal configura
tion (q, w), or equivalently, (q, w) is co-accessible from (q', w') ifthere is some 
x E A* such that (q,w) ~ (q',w'). 

A rule (y, q, z, h, q') E T is an increasing rule (respectively a stationary, 
respectively a decreasing rule) if Ihl > 1 (respectively Ihl = 1, respectively 
Ihl < 1). The use of an increasing rule (respectively a stationary, respectively 
a decreasing rule) in a computation increases (respectively leaves unchanged, 
respectively decreases) the number of symbols in the stack. A pdm is in 
quadratic form if for all rules (y, q, z, h, q') E T, we have: Ihl ::; 2. 

A pdm is used as a device for recognizing words by specifying starting 
configurations and accepting configurations. The convention is that there is 
only one starting internal configuration i = (q, z), where the state q is the 
initial state, and the letter z is the initial stack symbol. For internal accepting 
configurations, many kinds make sense, but the set K of internal accepting 
configurations usually is of the form: K = UqEQ{ q} x Kq with Kq E Rat(Z*). 

A pushdown automaton over A (a pda for short) is composed of a push
down machine (Q, Z, T) over A, together with an initial internal configura
tion i, and a set K of internal accepting configurations. It is so a 5-tuple 
A=(Q,Z,i,K,T), and (Q,Z,T) is called the pdm associated to A. 
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For a pda, an internal configuration is accessible if it is accessible from 
the initial internal configuration, and it is co-accessible if it is co-accessible 
from an internal accepting configuration. 

The sets of internal accepting configurations usually considered are: 

1. the set F x Z* where F is a subset of Q, called the set of accepting states. 
2. thesetQx{c}. 
3. the set F x {c} where F is a subset of Q. 
4. the set Q x Z* Z' where Z' is a subset of Z. 

We call each of these cases a mode of acceptance. 
A word x E A* is recognized by a pda A = (Q, z, i, K, T) over A with a 

specified mode of acceptance if there is k E K such that i ~ k. Considering 
the modes of acceptance defined above, in the first case, the word is said to 
be recognized by accepting states F, in the second case the word is said to be 
recognized by empty storage, in the third case the word is said to be recognized 
by empty storage and accepting states F, and in the last case the word is said 
to be recognized by topmost stack symbols Z'. The language accepted by a pda 
with a given mode of acceptance is the set of all words recognized by this pda 
with this mode. For any pda A = (Q, Z, i, K, T), we note L(A) the language 
recognized by A, and for any set of internal accepting configurations K', we 
note L(A, K') the language recognized by the pda A' = (Q, Z, i, K', T). 

Note that, with regards to the words recognized, the names of the states 
and of the stack symbols are of no importance. Up to a renaming, we can 
always choose Q = {ql, q2, ... , qp}, and similarly, Z = {Zl, Z2, ... , zn}. Up to 
a renaming too, we can always set the initial internal configuration equal to 
(ql, zI). 

Example 5.1. Let A = (Q, Z, (qQ, t), K, T) be the pda over A = {a, b}, where 
Q = {qQ, ql, q2, q3}, Z = {z, t} ofrules: 

(a, qQ, t, zt, qI), (a, qQ, t, zzt, q2), 
(a, ql, t, zt, qI), 
(a, q2, t, zzt, q2), (a, q2, t, zt, ql), 
(c,ql,t,c,q3), (c,q2,t,c,q3), 
(b, q3, z, c, q3). 

In state ql, each letter a read increases by one the number of symbols z under 
the top symbol t in the stack. In state q2, each letter a read increases by two 
the number of symbols z under the top symbol t in the stack, or increases 
it by one and changes the state to ql. The two c-rules remove the top stack 
symbol t, changing the state to q3, in which the only thing possible to do is 
removing one z in the stack for each bread. 
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Then we have, for example: 

L(A,Q X {E}) = {anlY' 10< n S; p S; 2n}, 

L(A, {q3} x Z*) = {anbP 10 < nand 0 S; p S; 2n}, 

L(A,{q2} x {E}) = 0, 
L(A,Q x Z*z) = {anlY' 10< nand 0 S;p < 2n}. 

As seen on this example, for a given pda, changing the mode of acceptance 
changes the languages recognized. Nevertheless, the family of languages that 
are recognized by pda's, using any of these modes remains the same. This 
can be proved easily using a useful, though technical, transformation of a 
pda adding it the bottom symbol testing ability. A pda admits bottom testing 
if there is a partition of the stack alphabet Z in BuB' such that for any 
accessible configuration (q, w), the word w is in BB'*. In other words, in such 
an automaton, a symbol at the bottom of the stack always belongs to Band, 
conversely, a symbol in the stack which belongs to B is the bottom symbol. 
So, if the topmost symbol of the stack happens to be a symbol in B, it is 
the only symbol in the stack. Since the only symbol in the stack that may be 
tested is the topmost symbol, it is then possible to know if it is the bottom 
symbol of the stack. Under these conditions, a valid computation leads to 
a configuration with an empty store if and only if the last transition uses 
a rule of the form: (y, q, z, E, q') E T where z is in B. One construction to 
transform a pda A into a pda A' admitting bottom testing is the following. 
Let A = (Q,Z,i,K,T), let Z' = {z' I z E Z} be a copy of Z, and define T' 
by: 

and 

(y,q,Z,E,q') E T {:} (y,q,Z,E,q') E T' f\ (y,q,Z',E,q') E T' 

( ') T {(y,q'Z'ZlZ~ ... Z~,q')ET'f\ 
y,q,z,ZlZ2···Zr,q E {:} ( ", ") T' y,q,z'ZlZ2···Zr,q E . 

Finally, denoting by 'if : (Z U Z')* --+ Z· the homomorphism that erases the 
primes, set 

K' = {(q, h') I (q, 'if(h')) E K} 

and 
A' = (Q,ZUZ',i,K',T'). 

Proposition 5.1. The pda A' admits bottom testing and recognizes the same 
language as A, for any mode of acceptance. 

Hence there is a common family of languages recognized by pda's using 
any mode of acceptance which is the family of context-free languages: 

Theorem 5.1. The family of languages recognized by pda's by empty storage 
and accepting states is exactly the family of context-free languages. 
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Proof Let A = (Q,Z,i,K,T) be a pda. We denote [p,w,q], for wE Z+, the 
language 

and set 

[p,w,q]={xEA* I (p,w)~(q,c)}, 

{ 0 ifp:j.q 
[p, c, q] = c if p = q 

We then have, for w, w' E Z*: 

[p,ww',q] = U [p,w',r][r,w,q]. 
rEQ 

We can derive from T that the languages [q, z, q'], for z E Z, satisfy the 
set of equations: 

[p,z,q] = U y[q',h,q]. (5.1) 
(y,p,z,h,ql)ET 

Hence the languages [q, z, q'] are all context-free, and so is the language: 

U [ql,zl,q] 
qEF, i=(q"Z,) 

which is exactly the language recognized by A = (Q, Z, i, K, T) with K = 
{c} x F (i.e. by empty storage and accepting states F). 

Conversely, if G = (V, P) is a context-free grammar over A such that 
P C V x (A U {c} )V*, one can construct from P a pdm M = (V, T) over A 
without states, where T C (AU{ c}) x V x V* is defined by: (y, X, m) E T ~ 
X -+ yin. The language LG(X) is then recognized by the pda associated to 
M with initial stack symbol X by empty storage. 0 

Rernar-k 5.1. If the system of equations (5.1) is replaced by the associated 
context-free grammar, there is a one to one correspondence between valid 
computations of the pda and leftmost derivations in the grammar. Hence the 
number of different valid computations leading to recognize a word x gives 
the number of different leftmost derivations for x. 

For pushdown automata, the mode of acceptance is generally chosen 
to give the simplest proofs for one's purpose. Other modes of acceptance 
than the ones quoted above have been investigated. For instance, a result of 
Sakarovitch [46] shows that if K = UqEQ{q} x Lq with Lq context-free, then 
the language recognized remains context-free. 

The characterization of context-free languages in terms of languages rec
ognized by pda's allows much simpler proofs of certain properties of context
free languages. 
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Example 5.2. In order to show that the family of context-free languages is 
closed under intersection with rational languages, consider a context-free lan
guage L given by a pda A, and a rational language K given by a finite au
tomaton B. Then a pda recognizing L n K can effectively be constructed, 
using the Cartesian product of the states of A and of the states of B. 

A pushdown automaton is realtime (resp. simple) if the associated pdm 
is realtime (resp. simple). 

The fact that any proper context-free language can be generated by a 
context-free grammar in Greibach normal form implies that realtime pda's, 
(and even simple pda's), recognize exactly proper context-free languages. 

The realtime feature is the key to formulate Shamir's and Greibach's 
theorems (theorems 4.1 and 4.3), and that we rephrase here in an automata
theoretic framework. 

In any pdm M = (Q, Z, T), the set T can be written as a function T 
from (A U {E: }) into the subsets of Q x Z x Z* x Q. In the case of a realtime 
pdm, it is a function from A into the subsets of Q x Z x Z* x Q. Let Z be a 
copy of Z and Q a copy of Q as well, we can conveniently denote the element 
(q, z, h, q') in Q x Z x Z* x Q by the word q.-Z.h.q' over the Dyck alphabet 
Q U Z U Z U Q. Recall that we denote D"Quz the Dyck set over this alphabet. 

The Shamir function lfJ from A into the subsets of (Q U Z U Z U Q)* is defined 
by 

lfJ(a) = {qzhq' I (q, z, h, q') E T(a)}. 

Then extend it in the natural way to a morphism from A* into the subsets of 
(Q U Z U Z U Q)*. Thus, Shamir's theorem states that lfJ(x) n Zlq1D"QuzF =f. 0 
iff x is recognized by the realtime pda A = (Q, Z, i, F x {E:}, T) by empty 
storage and accepting states F. 

The Shamir function lfJ gives raise to a function from A into ({[,], +} U 
Q U Z U Z U Q)*, extended to an homomorphism cp, that we call the Greibach 
homomorphism, by setting: 

Let HQuz be the Hardest context-free language over QUZ. It follows that 
[zlqdcp(x)F E Hm iff x is recognized by the realtime pda A = (Q, z, i, K, T) 
by empty storage and accepting states F. This is theorem 4.3. 

The presence of the Dyck set in Shamir's theorem is due to the fact that 
this language fully describes the behaviour of the stack in a pdm: a letter 
that is unmarked is pushed on the top of the stack, while a marked letter 
erases the corresponding letter provided it is the topmost symbol in the stack. 
Recognition by empty storage means that the stack must be empty at the 
end of the computation, and D* is precisely the class of the empty word E: 
for the Dyck congruence. 
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5.2 Deterministic pda 

We now focus on determinism. 
A pdm M = (Q, Z, T) over A is deterministic if the set T of transitions 

satisfies the following conditions for all (y, q, z) E (A u {c }) x Q x Z: 

Card(T(y, q, z)) ::::; 1 
T(c,q,z)":f0 ===} T(a,q,z) =0, (aEA). 

A deterministic pda (dpda for short) is a pda with a deterministic associ
ated pdm. The transformation of a pda into a pda admitting bottom testing 
described above, when applied to a deterministic pda, gives raise to a de
terministic pda. Hence, it is possible to prove that the family of languages 
recognized by dpda's by empty storage is the same as the family of languages 
recognized by dpda's by empty storage and accepting states, and that this 
family is included in the family of languages recognized by dpda's by accept
ing states. On the other hand, it is easy to verify that a language recognized 
by empty storage by a dpda is prefix, i.e. no proper prefix of a word of this 
language belongs to this language. So, we are left with two families of lan
guages: the family of languages recognized by accepting states, called the 
family of deterministic languages, and the family of languages recognized by 
empty storage and accepting states, called the family of deterministic-prefix 
languages. It is easy to check the following 

Fact 5.1. The family of deterministic-pr'efix languages is exactly the family 
of deterministic languages that are prefix languages. 

The two families are distinct. As an example, the language L1 = {anbP I 
p > n > O} is deterministic but not prefix. To avoid these problems, a usual 
trick is to consider languages with an end marker: indeed, L# is a prefix 
language which is deterministic if and only if L is deterministic. 

One awkward feature about dpda's is that, due to possible c-transitions 
that may occur after the input of the last letter of the word, there may 
be several valid computations for a fixed input word (being the beginning 
of one each other). This inconvenient can be avoided by a rather technical 
construction (see e. g. [2]) that transforms a dpda into an other dpda such 
that an accepting state is reached only if the computation is maximal. 

Proposition 5.2. FaT any dpda, it is possible to construct a dpda recognizing 
the same lang'uage such that an accepting state cannot be on the left side of 
an c-rule. 

Consequently, in such a dpda, for any recognized word, there is only one 
successful computation. This proves the following 

Proposition 5.3. Determinist'ic lang'uages are unambiguous. 
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To see that the inclusion is strict, consider the language L2 = {anbn I 
n > O} U {anb2n In> O}. It is unambiguous, and it is not a deterministic 
language. Indeed, looking carefully at the valid computation used to recognize 
a word anbn , it is not too difficult to prove that it is possible to find a word 
anHbnH for some k > 0 such that the internal configuration reached is the 
same than for the former word. Now, the valid computation for anbn should 
be the beginning of the valid computation for the word an b2n . Hence the 
automaton must recognize the word an+kb2n+k, which is not in L 2. 

By the way, the technical construction invoked in Proposition 5.2 is also 
the key to prove the following 

Theorem 5.2. The family of deterministic languages is closed under com
plementation. 

This property is noe for the family of context-free languages: the language 
{anbPcq I n 1= p or p 1= q} is a context-free language, and its complement, 
intersected by the rational language a*b*c*, is the language {anbPcq I n = 
p and p = q} which is not context-free. 

Proposition 5.4. For any dpda, it is possible to construct a dpda recognizing 
the same language such that any c-rule is decreasing. 

This proposition is quoted as an exercise in [28J and [30J. However, no 
proof has appeared in the standard textbooks. A proof is given below. 

The proof is in two steps of independent interest: first, we get rid of 
nondecreasing c-rules for dpdas recognizing by topmost stack symbols and 
accepting states. In a second step, we show that such a dpda recognizes a de
terministic language. This is achieved by constructing an equivalent ordinary 
dpda, but without introducing any nondecreasing c-rule. 

Proposition 5.5. Given a dpda A recognizing by topmost stack symbols and 
accepting states, it is possible to construct a dpda AI recognizing the same 
language with the sarne mode of acceptance, and such that any c-rule is de
C1·eas~ng. 

Proof. Let A = (Q,Z,i,K,T) be a dpda over A. Observe first that we may 
always saturate the set K of accepting configurations by adding all configu
rations (q,h) E Q x Z+ such that (q,z) ~ k for k E K. 

Claim. The number of consecutive nondecreasing E-transitions in a compu
tation may be assumed to be uniformly bounded. 

The proof of the claim is simple, and appears for instance in [17J. 

Claim. One may assume that there are never two consecutive nondecreasing 
E-transitions in a computation. 
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The idea is to glue together, in a single rule, any maximal (bounded in 
view of the first claim!) sequence of consecutive nondecreasing c:-transitions 
appearing in a computation. If such a sequence contains an accepting config
uration then, due to the saturation of K, its initial configuration is accepting, 
too. 

Claim. One may assume that, in any computation, there is never a nonde
creasing c:-transition followed by a decreasing c-transition. 

Again, the idea is to glue together a nondecreasing c-rule followed by 
a decreasing c-rule into one c-rule. This decreases the total number of c
rules. Therefore, the process stops after a finite number of steps. Accepting 
configurations are handled in the same way than above. 

From now on, we may assume, in view of these claims, that any nonde
creasing c-transition either ends the computation or is not followed by an 
c-transition. 

We now finish the proof. Let A' = (Q, Z, i, K, T') be the automaton where 
T' is constructed as follows. T' contains all decreasing c-rules of T. Next, 

- If T(c, q, z) = 0, then T'(a, q, z) = T(a, q, z) for a E A. 
- If T(c, q, z) = (1', m), with m =f. c, then T'(a, q, z) = (p, h), where 

(a,r,m) I--(c,p,h). 

It is immediate to check that A' is equivalent to A. By construction, it has 
only decreasing c-rules. D 

We now turn to the second step. 

Proposition 5.6. Given a dpda A recognizing by topmost stack symbols and 
accepting states, and having only decreasing c-rules, it is possible to construct 
a dpda B r-ecognizing the same language by accepting states, and such that any 
c-rule is decreasing. 

Proof. Let A = (Q,Z,i,K,T) be a dpda over A. We construct B = 
(Q', z, i, K', T') as follows: Q' = Q u P, where P = {qz I (q, z) E K}. Next, 
K' = P. The set of rules T' first contains T'(c,q,z) = (qz,c) for (q,z) E K. 
Furthermore, 

- If T(a,q,z) =f. 0 for some letter a E A, then T(a,q,z) = (q',m) for some 
q' E Q and m E Z*. In this case, 

T'(a,qz,z') = (q',z'm) for all z' E Z. 

- If T(c,q,z) =f. 0, then, since the rule is decreasing, T(c,q,z) = (q',c) for 
some q' E Q. In this case, 

T'(y, qz, z') = T(y, q', z') for all yEA U {c} and z' E Z. 
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By construction, the dpda B has only decreasing e-rules. Clearly, B is equiv
alent to A. 0 
Proof of proposition 5.4. A successive application of propositions 5.5 and 5.6 
proves the statement. 0 

Remark 5.2. The proposition 5.6, but without reference to e-rules, is proved 
in a simpler way in [2]. However, his construction does not apply to the proof 
of proposition 5.4. 

Proposition 5.4 shows that, for deterministic automata, nondecreasing e
rules are not necessary. On the contrary, decreasing e-rules cannot be avoided. 

Example 5.3. The language 

is deterministic, and recognized by the dpda with rules: 

(a,ql,zl,ZlZ2,qd, (a,ql,z2,z2 z2,ql), (b,ql,z2,z3,q2), 
(b, q2, Z3, Z3Z3, q2), (c, q2, Z3, e, Q3), (d, Q2, Z3, Z3, Q5), 
(e,Q3,Z3,e,Q3), (a,Q3,Z2,e,Q3), (a,Q3,Zl,e,Q4) 
(b, Q5, Z3, e, Q5), (e, Q5, Z2, Z2, Q6). 

by accepting states, with accepting states Q4 and Q6. 
However, L3 cannot be recognized by any realtime deterministic pda. 

Indeed, a word starts with anb, and it is necessary, while reading the factor bP, 
to push on the stack an unbounded number of symbols that will be matched 
when the word ends with dbP, and all these symbols have to be erased when 
the word ends with can. 

This example shows that, contrarily to the general case, the realtime con
dition induces an effective restriction on the family of recognized languages. 

Let R be the family of languages recognized by deterministic realtime 
automata by empty storage. There is a Shamir theorem for languages in R, 
that we state now. 

Let tJ> be the Shamir function from A* into the subsets of (QUZUZUQ)*. 
Since the automaton is deterministic, for all (Q,z) E Q x Z, there is at 
most one element beginning by q.z in each image tJ>(a) of a E A. Such an 
homomorphism is called a "controlled" homomorphism. Shamir's theorem 
can be rephrased as follows. A language L is in R if and only if there exists 
a controlled homomorphism tJ> from A* into the subsets of (Q U Z U Z U Q)* 
such that tJ>(x) n zlQ1Dm * F =f:. 0 {:::::::} x E L. 

We define a rational set R by: W E R iff W = [Wl + W2 + ... + w r ], Wk E 
QZZ*Q and for all (Q,z) E Q x Z, there is at most one Wk beginning with 
QZ. 

Considering the Greibach homomorphism <p from A * into the monoid 
({[,], +} U Q U Z U Z U Q)*, then <pea) E R, for all a in A. It follows that 
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[Zlql]cp(X) E HQuznR* if and only if x is recognized by the realtime dpda A = 
(Q, Z, i, K, T) over A by empty storage. (Recall that HQuz is the Hardest 
context-free language over QUZ.) By the way, we can remark that HQuznR* 
is itself a language in R. 

The additional condition of being a simple (realtime) dpda induces also 
an effective restriction: 

Fact 5.2. The language L4 = {an ban In> O} is realtime deterministic, but 
not simple. 

Proof L4 is recognized by empty storage and accepting states by the realtime 
dpda A = (Q,Z,T,i,K,T) where Q = {ql,q2,q3}, Z = {B,z}, i = (ql,B), 
K = {( q3, c)} and T is the set of rules: 

(a, ql, B, Bz, ql), (a, q!, z, zz, ql), (b, ql, z, 10, q2), 
(a,q2,z,c,q2), (a,q2,B,c,q3)' 

Hence, L4 is a realtime deterministic language. However, it cannot be rec
ognized by a deterministic simple automata, since it is necessary to know 
whether an input letter a belongs to the first or to the second factor an. 0 

Given two families of languages C and 'D, the equivalence problem for C 
and 'D, denoted Eq(C, 'D), is the following decision problem: 
Instance: A language L in C, and a language M in 'D. 
Question: Is L equal to M? 

The equivalence problem for C, denoted Eq(C), is the problem Eq(C, C). It 
is well known that Eq(Alg) is undecidable for the family Alg of context-free 
languages, and up to now it is unknown whether Eq(Det) is decidable or 
not, where Det denotes the family of deterministic languages. So there has 
been a huge amount of works solving Eq(C, 'D) for various subfamilies of Det. 
We only quote here a few among the results published in the literature, in 
the positive case. The equivalence problem is decidable for parenthesis lan
guages (see paragraph 6.6 below)[39], for simple languages (see paragraph 
6.7 below)[36], for finite-turn languages (see paragraph 6.4 below)[53], re
altime languages[42] ,(pre-)NTS languages[49]. A result of Senizergues[50] 
shows that if C is an effective cylinder (i. e. a family of languages effectively 
closed under inverse homomorphism and intersection with rational sets) con
taining the family Rat of rational sets for which the equivalence problem is 
decidable, then so is Eq(C, Det). 

In order to recognize the whole family of deterministic languages by real
time automata, we have to modify the standard model of pdm. We already 
noticed that, in a dpda, only decreasing c-rules are necessary. They are nec
essary because, as seen for the language L3 defined above, it happens that 
some unbounded amount of information pushed on the stack has to be erased 
at the same time. So, if we want to have a realtime device, this leads to use 
some mechanism that erases an unbounded number of topmost stack sym
bols in one step. Several such mechanisms have been introduced and stud-
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ied in the literature (see e.g. Cole[ll], Courcelle[12]' Greibach[26J, Nivat[41], 
Schiitzenberger[48]). We present now one such accepting device. 

A jump pdm over A is a 4-tuple A = (Q, Z, J, T), where Q and Z have the 
same meaning as in a pdm, and J is a new alphabet in bijection with Z, the 
elements of which are called jump stack symbols, or simply jump symbols, 
and T, the set of transitions, is a finite subset of Ax Q x Z X (Z* U J) X Q. 
We denote A the bijection between J and Z. Observe that, by definition, 
a jump pdm is a realtime device. A jump pdm is deterministic if for all 
(a,q,z) E A X Q x Z, there is at most one (h,q) such that (a,q,z,h,q) E T. 

Configurations of a jump pdm are just the same as configurations of 
a pdm, but the transition relation is modified: let e = (ag, q, wz) and 
c' = (g,q',w'), where a is in A, 9 is in A*, q and q' are in Q, z is in Z, 
and wand w' are in Z*. There is a transition between c and e', and we 
write c I- e', if either (a, q, z, h, q') E T with h E Z* and w' = wh, just as 
for pda's, or (a,q,z,j,q') E T with j E J if w = W'ZW2 and z = A(j) has 
no occurrence in W2; in such a transition, an unbounded number of symbols 
(namely Izw21) is erased. 

A valid computation is an element of the reflexive and transitive closure 
of the transition relation, and we note e ~ c' a valid computation starting 
from c and leading to e'. 

A jump pda is to a jump pdm what a pda is to a pdm: it is a 6-tuple 
A= (Q, Z, J,i, K, T), where (Q, Z, J, T) is a jump pdm, and i and K have the 
same significance than in a pda. Observe that jump pda's generalize pda's: a 
pda is a jump pda with no jump rules. A jump pda is a deterministic jump 
pda (jump dpda for short) if the associated jump pdm is deterministic. 

Since, in a jump pda, it is possible to erase an unbounded number of stack 
symbols in one move, the standard accepting mode is by empty storage. This 
is the mode considered when we do not specify an other one. 

As an example, consider again the deterministic language 

over {a, b, c, d}. It is recognized by empty storage and accepting states by 
the jump pda A = (Q, Z, J, i, K, T), where Q = {ql,"" q5}, K = {(e, q4)}, 
Z = {z, A, B}, J = {jz,jA,jB} and T is the set: 

(a, ql, z, zA, qd, (a, ql, A, AA, ql), (b, ql, A, AB, q2), (b, q2, B, BB, q2), 
(d, q2, B, e, q3), (b, q3, B, e, q3), (b, q3, A,jz, q4), 
(c, q2, B,jA, q5), (a, q5, A, e, q5), (a, q5, z, e, q4). 

Indeed a word of L3 begins with anbP. The first four rules just push on the 
stack An BP over the bottom symbol z. Now, if the word ends with dbP, 
the three next rules are used to recognize the word: the first two to pop all 
symbols B while reading dbP- 1 , and the third (with jump symbol jz) to erase 
the remaining symbols ofthe stack, i.e. zAn. Last, if the word ends with can, 
the last three rules are used to recognize the word: the first one (with jump 
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symbol j A) to erase all the top factor ABP in the stack, the second to pop all 
symbols A while reading an-I, and the third to erase the remaining symbol 
z at the reading of the last a. 

It is easy to construct from a (deterministic) jump pdm, a (deterministic) 
pdm (which will not be in general realtime) that acts in the same way: first, 
a rule (a,q,z,j,p) is replaced by the rule (a,q,z,z,Pj), where Pj is a new 
state. This replacement does not change determinism. Then, the following 
set of rules is added: 

{(c,Pj,Z,C,Pj) I A(j) =1= z} U {(c,Pj,Z,C,p I A(j) = z}. 

Remark that these new rules do not enter in conflict with the older ones, since 
the states involved are new states, nor with one another. So, determinism is 
preserved by this construction. 

Consequently, in the nondeterministic case, we have the following 

Proposition 5.7. The family of languages recognized by jump pda's is ex
actly the family of context-free languages. 

A similar statement holds for deterministic languages. 

Proposition 5.8. The family of languages recognized by deterministic jump 
pda's is exactly the family of deterministic languages. 

In view of the preceding construction, and of the remark concerning the 
deterministic case, it only remains to prove that a deterministic language can 
be recognized by a jump dpda. The proof is very technic~l and lengthy, so 
we refer the interested reader either to Greibach[25]' or to Cole[ll]. 

An other model considered allows to erase rational segments of the stack 
word. This is clearly a generalization of jump pdm, since in a jump pdm, the 
erased factors have the form zh with h E (Z -{ z})*. Observe that this rational 
set is recognized by the finite automaton obtained from the rules added in the 
construction above, (rules of the form: (c,Pj,Z,C,Pj) or (c,Pj,Z,c,p)) when 
skipping first and fourth components (those equal to c). It is an easy exercise 
to change the sets of rules added so that the erased factors belong to any 
rational set. If the rational sets are chosen to be prefix, as it is the case for 
jump pdm, determinism is still preserved. Hence, this model is equivalent to 
jump pdm. 

Just as the behaviour of the stack in a pdm is described by the Dyck 
set, the behaviour of the stack in a jump pdm is described by a new set Ez , 
which is a generalization of the Dyck set, defined as follows. Ez is the class 
of the empty word for the congruence generated by 

{zz~ c I z E Z}U{zj ~j I z E Z, A(j) =1= z}U{zj ~ c I z E Z, A(j) = z}. 

We name Em this set if m = Card(Z) = Card(J). 
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It is a result of Greibach[26] that each language Em cannot be recognized 
by a deterministic jump pda with m - 1 jump symbols. Hence, the number 
of jump symbols induces a hierarchy. 

Again, it is possible to state a Shamir-Greibach like theorem for determi
nistic languages, using jump dpda: let A = (Q, Z, J, i, K, T) be a deterministic 
jump pda over A. This time, the Shamir function cP is a function from A* 
into the subsets of (Q U Z U T U Z U Q)*, and the Greibach homomorphism 
cp is a function from A* into ({[,], +} U Q U Z U T U Z U Q)*. We define a 
rational set R' by: W E R' iff W = [WI + W2 + ... + w r ], Wk E QZ(Z* U T)Q 
and for all (q,z) E Q x Z, there is at most one Wk beginning with qz. 

We have that for all a in A, cp(a) is in R'. If ND(EQuz ) is the nonde
terministic version of EQuz (see section 3.3), it follows that [zlqdcp(x) E 
ND( EQuz) n R'* if and only if x is recognized by the deterministic jump pda 
A= (Q,Z,J,i,K,T). 

Again, we can remark that ND(EQuz) n R'* is itself recognized by a 
deterministic jump pda. 

5.3 Pushdown store languages 

In this paragraph, we show that the language composed of the strings that 
may occur in the pushdown store is rational. 

Let A = (Q, Z, i, K, T) be a pda over A. We call pushdown store language 
of A the language P(A) over Z of all words U such that there exists some 
state q for which the internal configuration (q, u) is both accessible and co
accessible. Formally, P(A) is defined by: 

P(A)={UEZ* 13x,yEA*, 3qEQ, 3kEK : i~(q,u)i=bk}. 

Theorem 5.3. Given a pda and some mode of acceptance, the pushdown 
store language of this pda is rational. 

For any state q E Q, we define the two sets: 

Clearly: 

Acc(q) = {u E Z* I 3x E A* : i ~ (q,u)}, 

Co-Acc(q)={uEZ*13YEA*,3kEK: (q,u)i=bk}. 

P(A) = U (Acc(q) n Co-Acc(q)) (5.2) 
qEQ 

We now show that the languages Acc(q) and Co-Acc(q) are rational. 

Lemma 5.1. The set Acc(q) is rational. 

Proof. We first consider the particular case of a pda A = (Q, Z, i, K, T) in 
quadratic form, i.e. such that for any rule (a, q, z, h, q') E T, Ihl :::; 2. 

Let U = tl'" t r +1, where ti E Z. A valid computation (x, qQ, yI) 
~- (10, q, u) can be decomposed into several steps such that, at the last move 
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of each of these steps, one letter of u is definitively set in the stack. Formally, 
the whole computation is decomposed into: 

(x, qo, yd j..!- (Xl, ql, zD I- (X~, q~, hY2) j-!- (X2' q2, hz~) I- (X~, q~, tlt2Y3) 

j..!- ... j..!- (Xr' qr, tlt2 ... tr-IZ~) I- (X~, q~, tlt2 ... trYrH) j-!- (e, q, u), 

where YI,"" YrH and tl, ... , tr+l are in Z. Define now the context-free 
grammar Gq with terminal alphabet Z, nonterminal alphabet Q x Z, and 
rules: 

(p,z)~(p',z') if3xEA* : (p,z)~(p',z') 
(p,z)~t(p',z')if3aEAU{e}: (a,p,z,tz',p')ET 
(p,Z)~e if3xEA*: (p,Z)~(q,e) 
(q,z)~z 

A straightforward proof by induction on the length of a derivation shows that 
if there is a derivation (p, z) --:.... u in Gq , then there is a valid computation 
(p, z) ~ (q, u) in A. 

Conversely, if there is a valid computation (x, qo, yd j-!- (e, q, u) in A, 
then the decomposition described above of this valid computation gives the 
rules to be applied to form a derivation (qo,yd --:.... u in Gq . 

Thus we have: 
LGq«ql,zd) = Acc(q), 

and since Gq is a right linear grammar, Acc(q) is rational. 
Note that the grammar Gq can be effectively computed since the condition 

3x E A* : (p,z) ~ (p',z') 

is an instance of the emptiness problem for a context-free language. 
Considering now the general case, the proof goes along the same lines. 

However, we have to modify the grammar Gq in order to skip the condition 
that for any rule (a,p, z, h,p') E T, Ihl ::; 2. 

Indeed, when symbols are definitively set in the stack at a time (there 
may be more than one), several symbols may be pushed that will have to be 
erased. The whole computation is now decomposed into: 

(x,qo,yd j-!-(xI,ql,zD l-(x~,q~,tIY2) j-!-(X2,q2,tIZ~) l-(x~,q~,tlt2Y3) 

j-!- ... t..!- (XT> qT> hh ... tr-IZ~) I- (x~, q~, ht2 ... trYrH) t-*- (e, q, u), 

where YI, ... , Yr+l and tl, ... , tr+l are now nonempty words over Z. 
Define now the context-free grammar Gq with terminal alphabet Z, non

terminal alphabet Q x Z, and rules: 

(p,z) ~ (p',z') if 3x E A* : (p,z) ~ (p',z') 
(p,z) ~ t(p',z') if 3a E Au {e},t,y E Z+,x E A*,p" E Q 

(a,p,z,ty,p") E T and (p",y) ~ (p',z') 
(p,z) ~ e if 3x E A* : (p,z) ~ (q,e) 
(q,z) ~ z 
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The same proof than before ensures that LG.((ql,Zl)) = Acc(q), and since 
Gq is a right-linear grammar, we get that Acc(q) is rational. 0 

We now turn to the proof of 

Lemma 5.2. The set Co-Acc(q) is rational. 

Proof. We first consider the case of the mode of acceptance by empty storage 
and accepting states. Let F be the set of accepting states. 

Consider a valid computation (x, q, u) f,!- (e, q', c) with q' E F and u = 
tl ... t r+l , where t l , ... , tT +l are in Z. It can be decomposed into: 

(x,q,u) f-!- (xr,Pnht2···tr) f-!- ... 
~- (X2,P2,tlt2) f-!-(Xl,Pl,h) f-!-(e,q',e). 

Define now a context-free grammar H over terminal alphabet Z, with non
terminal alphabet Q, and rules: 

P ----. P' Z if 3x E A * 
P ----. e if p E F. 

(p,Z) ~ (p',e) 

Again, the grammar H can be effectively computed. 
A straightforward proof by induction on the length of a derivation shows 

that if there is a derivation P ~ u in H, then there is a valid computation 
(x,p,u) 1":- (e,q',u) with q' E F in A. 

Conversely, if there is a valid computation (x, q, u) 1":- (e, q', c) in A, then 
the decomposition described above of this valid computation gives the rules 
to be applied to form a derivation q ~ u in H. 

Thus we have: 
LH(q) = Co-Acc(q), 

and since H is a left linear grammar, Co-Acc(q) is rational. 
It remains to explain how to generalize the result for any mode of accep

tance, i.e. how to modify the grammar H in accordance with the mode of 
acceptance chosen. 

Suppose that u is in Co-Acc(q), i.e. there exists x E A*, and (q', u') E K 
such that (x, q, u) ~- (e, q', u'). If u' is not empty, there is a longest left factor 
'U of 'u such that the symbols of v are not involved in this valid computation. 
This computation can be divided into two subsets: in the first one all but 
one of the symbols of u above 'U are deleted, the second one being the rest 
of the computation. If at the end of the first part, the internal configuration 
is (p, 'liz) for some pushdown symbol z, setting u = 'Uzw, we then have two 
valid computations: (Xl, q, w) ~- (e,p, c) and (X2, p, z) I~ (e, q', u') with x = 

XlX2· 
Hence, this leads to the (left linear) grammar H over terminal alphabet 

Z, with nonterminal alphabet Q U {O' }, and rules: 
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q ----+ q' z 
p ----+ (J"Z 

(J" ----+ (J"Z 

q' ----+ c: 

if 3 x E A* : (q,z) ~ (q',c:) 
if 3 x E A* : (p,z) ~ (q',u') 

+ c: for all Z E Z 
if (q',c:) E K. 

Again we have LH(q) = Co-Acc(q), hence we get that Co-Acc(q) is rational. 
o 

Note that, also in the general case, the grammars Gq and H can be effec
tively computed. 

From equation (5.2) and lemmas 1 and 2, we get that P(A) is rational, 
hence the proof of the theorem is complete. 0 

5.4 Pushdown transducers 

A pda to which is adjoint an output is a pushdown transducer. In this para
graph, we show that the output language of a pushdown transducer is a 
context-free language when the given input is precisely the language recog
nized by the associated pda. 

A pushdown machine with output over A is a 4-tuple S = (Q, Z, B, 1') 
where B is an alphabet called the output alphabet, l' is a finite subset of 
(A U {c:}) X Q X Z X Z* x Q X B*, and if T is the projection of l' onto 
(AU {c:}) x Q x Z x Z* x Q, (Q, Z, T) is a pushdown machine, called the pdm 
associated to S. 

We note (h,q',u) E 1'(y,q,z) as an equivalent for (y,q,z,h,q',u) E 1'. 
An internal configuration of a pushdown machine with output S is an 

internal configuration of the associated pdm. A configuration is a 4-tuple 
(x,q,h,g) E A* x Q x Z* x B*, where x is the input word to be read, g is 
the word already output, and (q, h) is an internal configuration. 

The transition relation is a relation over configurations defined the fol
lowing way: there is a transition between c = (yx,q,wz,g) and c' = 
(x,q',wh,gu), where y is in (A U {c:}), g is in A*, q and q' are in Q, z is 
in Z, wand h are in Z*, and g and u are in B*, and we note c f-- c', if 
(y,q,z,h,q',u) E 1'. A valid computation is an element of the reflexive and 
transitive closure of the transition relation, and we note c t-!- c' a valid com
putation starting from c and leading to c'. 

Besides T, we can derive from l' an other function from A* x Q x Z* into 
the subsets of B*, named the output function of S, denoted {t, and defined 
as follows: 

{t(x,q,h) = {g E B* 13 q' E Q,h' E Z* : (x,q,h,c:) ~ (c:,q',h',g)}. 

It follows that, for x E A*, y E Au {c:}, q E Q, z E Z and wE Z*: 

{t(yx,q,wz) = u u{t(x, q', wh) . 
(y,q,z,h,q' ,u)ET 
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A pushdown transducer is to a pushdown machine with output what a pda 
is to a pdm, i.e. it is a pushdown machine with output with specified initial 
and accepting configurations. 

A pushdown transducer over A (pdt for short in the rest of the text) is a 
6-tuple T = (Q, Z, B, i,K, 'Y) where (Q, Z, B, 'Y) is a pushdown machine with 
output, i is the internal starting configuration, and K = F x {c:} where F is 
a subset of Q, the accepting states. 

If T is the projection of'Y onto (A U {c:}) x Q X Z X Z* X Q, then A = 
(Q, Z, i, K, T) is a pushdown automaton, called the pda associated to T. By 
convention, the output of T in the initial configuration is the empty word. 

The existence of a set K of accepting configurations leads to define a 
function similar to the function /-1, but taking accepting configurations in 
account: 

M(x,q,h)={gEB* I 3 (q',h')EK : (x,q,h,c:)~-(c:,q',h',g)}. 

Finally, the transduction realized by T is the function G from A * into the 
subsets of B* de~ned by 

\fxEA*, G(x)=M(X,qi,Zl). 

Proposition 5.9. The image through G of a rational language zs context
free. 

We don't prove this proposition. 
Consider now the following example: T = (Q, Z, B, i, K, 'Y) with A = B = 

{a,b,c}, Z = {Zl'X}, Q = {qi,q2,q3,q4}, K = {(c:,q4)} and 'Y composed of 

(a, qi, Zi, ZlX, qi, a), (a, qi, X, XX, qi, a), (b, qi, X, X, q2, b), 
(b,q2,X,X,q2,b), (C,q2,X,c:,q3,C), (C,q3,X,c:,q3,C), 
(C,q3,Zl,c:,q4,C) . 

It is easy to see that, due to the fact that the language recognized by the 
associated pda is {aibici+i I i,j > O}, 

if x = aibj ci+l with i, j > 0 
otherwise. 

So, if L = {aibic i I i,j > O}, then G(L) = {aibici+i Ii> O}. Hence 

Fact 5.3. The image through G of a context-free language is not always 
con text-jr-ee. 

Nevertheless, 

Theorem 5.4 (Evey). [14] Given a pushdown transducer T, if L 'is the 
context-free language recognized by the associated pda, the image G(L) is a 
context-free language. 
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Pmof Let T = (Q, Z, B, i, K, 'Y) be a pdt over A. Define a new alphabet 

H = {(y,u) 13q,z,h,q' : (y,q,z,h,q','u) E 'Y} 

We can define a set of transitions T in H X Q X Z X Z* X Q by: 

((y,u),q,z,h,q') E T ~ (y,q,z,h,q',u) E a. 

Setting A = (Q,Z,i,K,T), we get a (realtime) pda over H recognizing a 
context-free language N over H. Finally, we consider the two morphisms 7r 

and ~ from H* into A * and B* respectively, defined by: 

V(y,u) E H, 7r((y,u)) = y and ~((y,u)) = u. 

It is then clear that 7r(N) is the language L recognized by the associated pda, 
and ~(N) is equal to eeL). 0 

6. Subfamilies 

We present here some subfamilies among the very numerous ones that have 
been studied in the literature. We will begin with the probably most classical 
one, namely 

1. the family Lin of linear languages. 

We then turn to some families derived from it 

2. the family Qrt of quasi-rational languages 
3. the family Sqrt of strong quasi-rational languages 
4. the family Fturn of finite-turn languages. 

We then present other subfamilies, namely 

5. the families Oel of one-counter languages and lel of iterated counter lan-
guages 

6. the family of parenthetic languages 
7. the family of simple languages 
8. the families of LL and LR languages. 

6.1 Linear languages 

The simplest way to define the family of linear languages is by grammars: a 
context-free grammar is linear if each right member of the rules contain at 
most one variable. A context-free language is linear if there exists a linear 
grammar generating it [10, 4]. 

We denote by Lin the family of linear languages. Naturally, the first 
question that arises is whether Lin is a proper subfamily of the family of 
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context-free languages. This is easily seen to be true. Many proofs are possi
ble. Here is an example of a context-free language which is not linear: let L1 
be the linear language {anbn I n 2: O}; the language L1L1 is context-free but 
not linear. The direct proof naturally leads to a specific iteration theorem: 

Theorem 6.1. Given a linear language L, there exists an integer No such 
that any 'Word 'W in L of length at least No admits a factorization 'W = xuyvz 
satisfying 

(1) xunyvnz E L lifn E N 
(2) uv =I- 1 
(3) Ixuvzl ::; No 

The proof of this iteration theorem is very similar to the proof of the 
classical iteration theorem of Bar-Hillel, Perles and Shamir; it uses derivation 
trees in a grammar generating L. In the usual version, the third condition 
states that the length of uyv is at most No; here, due to the fact the grammar 
is linear, we may select in the derivation tree the topmost repetition instead 
of the lowest one. (Note that in a non linear grammar, the notion of topmost 
repetition does not make sense.) We leave to the reader the proof of the above 
theorem as well as its use to prove that {an bn I n 2: O}{ am bm I m 2: O} is not 
linear. 

The linear languages can be defined in many various ways. We briefly 
describe here the most important ones. 

6.1.1 Pushdown automata characterization. We begin by some defini
tions. Given a computation of a pda A, a turn in the computation is a move 
that decreases the height of the pushdown store and is preceded by a move 
that did not decreased it. 

A pda A is said to be one-turn if in any computation, there is at most 
one turn. 

Fact 6.1. A language is linear- if and only if it is recognized by a one-turn 
pda. 

The proof of this fact is easy: the construction of a pda from a grammar 
presented in the previous section on pda's gives raise to one-turn pda from 
a linear grammar; similarly, the construction of a grammar from a pda gives 
raise to a nearly linear grammar from one-turn pda: in the right member of 
any rule, there is at most one variable generating an infinite language. Such 
a grammar can easily be transformed in a linear one. 

This characterization may help to prove that some languages are linear; 
it may be easier to describe a one-turn pda than a linear grammar for a given 
language. This is the case, for example, for the language over A = {a, b} 

L = {anlban2b···ank I k 2: 2, :Ji,j, 1::; i < j::; k;ni =J- nj}. 

The one-turn pda recognizing L can roughly be described as follows: the 
machine reads an arbitrary number of blocks anb, then it counts up the 
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number of letters a in a block; it then reads again an arbitrary number of 
blocks anb, then it counts down the number of letters a checking it is not 
equal to the previous number of a's. Clearly, this nondeterministic machine 
is one-turn and recognized L, hence L is linear. 

This characterization also naturally leads to consider the following ques
tion: say that a language is in the family DetLin if it is recognized by a 
deterministic one-turn pda (a one-turn dpda). Clearly, DetLin c Det n Lin. 
The question raises whether this inclusion is strict or not. The answer is yes. 
Here is a example : let A = {a, b} and consider the language 

by 

L = {anbmaPbq In = m or p = q n,m,p,q 2:: I}. 

It is easy to check that L is linear and deterministic: 
On one hand, the language L is generated by the linear grammar G given 

S ~T+X 
T" ~ aT"b + ab 
X" ~ aX"b + ab 

T ~ aT + aT' T' ~ bT' + bT" 
X ~ Xb+X'b X' ~ X'a+X"a 

On the other hand, the language L is recognized by the following dpda: count 
up the letters in the first block of a's; when entering the first block of b's, 
check if the number of b's is equal to the number of a's; if these two numbers 
are equal, read the second block of a's and of b's and accept; if they are not 
equal, restart the counting of letters a and b in the second block. This shows 
that L E DetnLin. However, L 1. DetLin ; there is no deterministic one-turn 
pda recognizing L. Intuitively, in any deterministic pda r-ecognizing L, the 
machine has to count in the stack the number of a's in the first block and 
then to check if the number of b's following these is the same. Hence, after 
reading the first block in a*b*, we already got at least one turn. If, at this 
moment, the number of a's and the number of b's happen to be different, the 
computation will have to count up the number of a's and to count down the 
number of b's in the second block, giving raise to a new turn. Hence, any 
deterministic pda recognizing L will be at least two-turn. It follows that 

Proposition 6.1. The family of deterministic and linear languages strictly 
contains the family of languages recognized by deterministic one-turn pda (or 
equivalently, the family of languages simultaneously deterministic and linear). 

The same linear language can be used to prove other results such as: 

- L cannot be generated by a linear grammar in Greibach normal form. 
- L is unambiguous but cannot be generated by an unambiguous linear gram-

mar (showing that the inclusion UnAmbLin c UnAmb n Lin is strict). 

6.1.2 Algebraic characterization. Given an alphabet A, the rational sub
sets of A * x A * are defined as usual: they are the elements of the least family of 
subsets of A* x A* containing the finite ones and closed under union, product 
and star (i.e. generated submonoid). This family is denoted Rat(A* x A*). 
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To any subset R of A* x A*, we associate the language LR over A defined 
by LR = {uv I (u,v) E R}, where v denotes the reversal of v. We may then 
characterize the family of linear languages by the following 

Proposition 6.2. A language L over A is linear if and only if there exists 
a rational subset R of A* x A* such that L = LR. 

Proof. Given a linear grammar G = (V, P) generating L, we consider the 
finite alphabet 

B = {(u, v) I :lX, Y E V: X --+ uYv E P} U {(u, E) I :lX E V: X --+ u E P}. 

We then construct a new grammar over B as follows: to each terminal rule 
X ----t u of the original grammar is associated the rule X ----t (u, E) in the 
new grammar; to each nonterminal (linear) rule X ----t uYv of the original 
grammar is associated the rule X ----t (u, v) Y. This grammar is right lin
ear and generates a rational language Kover B . Using the homomorphism 
transforming each letter ('u, v) of B in the corresponding element (u, v) of 
A* x A*, we get an homomorphic image R of K. So, R is rational. Then, it 
is immediate to prove that L = L R . 

Conversely, using the same homomorphism, given a rational subset R of 
A * x A *, we can construct a right linear grammar generating R; the rules will 
be of the form X ----t (u, v) Y or X ----t (u, v) for some u, v E A *. To such 
rules we associate X ----t uYv and X ----t uv respectively. The new grammar 
obtained is linear and generates L R . 0 

As the rational subsets of A* x A* are exactly the rational transductions 
from A * into A *, this characterization strongly connects linear languages to 
the theory of rational transductions and of rational cones [4]. 

6.1.3 Operator characterization. The above characterization can be re
formulated in a slightly different way. Given a rational subset R of A* x A* 
and a language L over A, we define the binary operation bracket of R by L, 
denoted [R, L], by 

[R,L] = {urnv I (u,v) E R, rn E L}. 

A family of languages F is said to be closed under bracket if, given a language 
L in the family F and any rational set R in A* x A*, [R, L] is in F. We may 
then state ' 

Proposition 6.3. The family Lin of linear languages is the smallest family 
of languages containing the finite sets and closed under bracket. 

Pmof. Denote by Fin the family of finite languages and let M = {[R, F] I 
R E Rat(A* x A*),F E Fin}. Since [K, [R,F]] = [KR,F], M is closed under 
bracket and is the smallest family of languages containing the finite sets and 
closed under bracket. Next, let L be a linear language. By Proposition 6.2, 
there exists a rational set R of A* x A* such that L = LR; this can now be 



160 J. Autebert, J. Berstel, and L. Boasson 

reformulated L = [R, {I}] showing that L is in M. Hence, we have Lin C M. 
As we know that the family Lin contains the finite languages and is closed 
under bracket, we have the reverse inclusion. D 

We shall see later that this characterization leads naturally to define some 
new subfamilies of the family of context-free languages. 

6.2 Quasi-rational languages 

One of the oldest families of languages derived from the family Lin is the 
family Qrt of quasi-rational languages. Again, this family can be defined in 
various ways, that we present now. 

Definition 6.1. The family Qrt of quasi-rational languages is the substitu
tion closure of the family Lin of linear languages. 

This definition can be made more precise: we define, for k in N , the family 
QT"t(k) by Qrt(O) = Rat, and Qrt(k + 1) = Lin 0 Qrt(k), where Rat is the 
family of rational languages and, for two families of languages .c and M, the 
family .c 0 M is the family obtained by substituting languages in Minto 
languages in .c. Clearly, 

Qrt = U Qrt(k). 
kEN 

It follows that Qrt(1) is exactly the family Lin. It should be noted that, 
due to closure properties of the family Lin, one has Lin 0 Rat = Lin. On the 
contrary, the inclusion Rat 0 Lin::) Lin is strict. 

Example 6.1. Over the alphabet A = {a, b}, we consider the linear lan
guage L = {anbn In> O}. We then substitute to the letter a the linear 
language La = {xnyn In> O} and to the letter b the finite language 
Lb = {z}. This gives raise to a quasi-rational language in Qrt(2), namely 
M = {xnlynl ···xnkynkzk I k > O,ni > 0, i = 1, ... ,k}. 

One of the first question solved was: does there exist a context-free lan
guage which is not in the family Qrt? The answer is yes, and the first 
proofs were direct; they proved this and two related results. The first one 
states that Qrt(k) is strictly included in Qrt(k + 1). The second one states 
that, similarly to the case of Lin = Qrt(l), we have, for each integer k, 
Qrt(k) 0 Rat = Qrt(k) and Rat 0 Qrt(k) C Qrt(k + 1). We will denote 
QRT(k) the family Rat 0 Qrt(k). These results can be summarized in the 
following chain of inclusions 

Rat = Qrt(O) *Lin = Qrt(1) * QRT(1) *Qrt(2) * 

*Qrt(k) * QRT(k) *Qrt(k + 1) * 
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Before explaining how these results have been proved, we turn to some char
acterizations of languages in Q'rt used in these proofs and which are of inde
pendent interest, 

Given a context-free grammar G = (V, P) over A and, for each a E A, 
a context-free grammar Ga = (Wa, Qa) over B in which the axiom is a, we 
construct a new grammar Hover B called the direct sum of the grammars 
G and Gu for a E A as follows. The set of variables of H is the disjoint union 
of V and of the sets Wa for a E A; the set of rules of H is the union of the 
sets of rules of G and of all the rules of the grammars Ga. 

Using the results of the section considering grammars as equations, it is 
easy to see that, for each variable X E V, the language generated by X 
in the grammar H is obtained from LG(X) by substituting to each letter a 
the language La generated by the grammar Ga. We then may repeat such 
an operation giving raise to an iterated sum of grammars, It then follows 
immediately that 

Proposition 6.4. [40J A language L is quasi-rational iff there exists a gram
mar' generating L that is an iterated sum of linear grammars, 

Example 6.2. (continued) Consider the language L generated by the linear 
grammar S ---+ aSb + ab and the languages La generated by the linear 
grammar a ---+ xay + xy and Lb generated by the linear grammar b ---+ z. 
The direct sum of these grammars is: 

S ---+ aSb + ab a ---+ xay + xy b ---+ z 

and generates the language M of the previous example. 

This characterization leads to the following new approach of quasi-rational 
languages. A variable S in a context-free grammar G is expansive if there 
exists a derivation S ~ uSvSw for some words 'u, v, w. A grammar which 
contains no expansive variable is said to be non expansive. A language is 
nonexpansive if there exists a nonexpansive grammar generating it. Then, 

Proposition 6.5. A language is quasi-rational iff it is non expansive. 

This proposition explains that some authors use the term nonexpansive 
instead of quasi-rational. Proving that any quasi-rational language of order k 
is generated by a nonexpansive grammar is straightforward by induction on k: 
for k = 1, we have a linear language, thus generated by a linear grammar; such 
a grammar is obviously nonexpansive. Given now a language L in Qrt( k + 1), 
by definition, it is obtained by substituting to each letter a a linear language 
La in a language M E Q'rt(k). By induction hypothesis, M is generated 
by a non-expansive grammar G; each language La is generated by a linear 
grammar. The direct sum of G and of the Ga is clearly nonexpansive. 

The converse goes roughly this way: first, given a grammar G, define a 
preorder relation ::; on the variables by setting X ::; Y if there exists two 
words u, v and a derivation such that X ~uYv. As usual, this preorder 
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induces an equivalence relation X == Y iff X :s: Y and Y :s: X. Verify then 
that, if G is nonexpansive, in the right member of a rule X ---+ a, there 
is at most one occurrence of a variable Y equivalent to X. Conclude then, 
using the order relation attached to the preorder :S:, that the grammar can be 
described as an iterated direct sum of linear grammars, so that the generated 
language is quasi-rational. 

Proposition 6.5 is the result that has been used to prove directly that 
there exists a context-free language which is not quasi-rational (see [40, 55] for 
example). One of the first languages considered was the Lukasiewicz language 
generated by the grammar G 

S ---+ aSS + b. 

The proofs showed that any grammar generating this language had to be 
expansive; the proofs were refined to exhibit, for each integer k, a language 
in Qrt(k+ 1) not in Qrt(k). They used the following grammars clearly related 
to G: 

Sl ---+ aS1S0 
So ---+ aSob + b. 

These results are now proved as a consequence of a very powerful lemma 
(the syntactic lemma) which will not be presented here (see [4]). 

It should be noted that, contrarily to the situation for linear languages, 
any quasi-rational language can be generated by a nonexpansive grammar 
in Greibach normal form. This follows from the construction of Rosenkrantz 
which preserves the nonexpansivity. On the other hand, it is an open problem 
to know if any unambiguous quasi-rational language can always be generated 
by an unambiguous nonexpansive grammar ( i.e. do we have N onAmbQrt = 
N onAmb n Qrt?). A possibly related open problem is the following: given 
two quasi-rational languages, is it true that their intersection either is quasi
rational or is not context-free? 

Proposition 6.5 leads to consider a new notion: the index of a derivation 
is the maximum number of occurrences of variables in the sentential forms 
composing it. A terminal word u has index k if, among all the derivations 
generating u, the one of minimum index is of index k. The grammar G is of 
finite 'index if the index of any generated word is bounded by a fixed integer 
k. Otherwise, it is of infinite index. It can be proved 

Proposition 6.6. A language is quasi-rational iff it is generated by a gram
maT of finite index. 

This result can be made even more precise: the family Qrt( k) is exactly 
the family of languages generated by grammars of index k. We refer the 
reader to [22, 27, 47, 4] for a proof of this proposition. 
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6.3 Strong quasi-rational languages 

We present now a less usual family of languages. It is derived from the bracket 
operation defined above. Recall that Lin is the smallest family closed under 
bracket containing the finite sets. Recall also that Rat 0 Lin denotes the ra
tional closure of Lin, and denote SQRT(l) this family of languages. (This 
family was denoted QRT(l) just above.) We then define Sqrt(2) as the small
est family of languages containing SQRT(l) and closed under bracket. More 
generally, for each integer k, we define the families SQRT(k) as the ratio
nal closure of Sqrt(k), and Sqrt(k + 1) as the smallest family of languages 
containing SQRT(k) closed under bracket. Hence, we may write 

SQRT(k) = Rat 0 Sqrt(k) , Sqrt(k + 1) = [SQRT(k)] , 

where [L] denotes the bracket closure of the family L. Finally, we denote by 
Sqrt, the infinite union of the families Sqrt(k). This is the family strong quasi
mtionallanguages [7]. Clearly, for each k, Sqrt(k) * Qrt(k). The following 
more precise fact holds 

Fact 6.2. There exists a language in Qrt(2) which is not in Sqrt. 

Such a language is the language M of the example above: 

It is in Qrt(2). We want to show that it does not lie in Sqrt. 
First, we show that if F is any family of languages such'that the language 

M belongs to Rat 0 F, then M is a finite union of products of languages 
in F. This follows immediately from the fact that M does not contain any 
infinite regular set. Hence, if M E SQRT( k), M is a finite union of product of 
languages in Sqrt(k-1). Trying to split M into a finite product of languages 
immediately leads to note that there is exactly one factor in the product very 
similar to the language M itself. Thus, if ME SQRT(k), then M belongs to 
the family Sqrt(k). 

Next, we check that if M = [R, L], then R is a finite subset of {x, y, z}* x 
{x, y, z }*. This implies that, if M belongs to the family Sqrt(k), it is a finite 
union of products of languages lying in SQRT(k - 1). Again, there is one 
factor in this union of products very similar to M leading to the conclusion 
that M should lie in SQRT(k - 1). 

Hence, we may conclude that, if M belongs to Sqrt, it belongs to 
Sqrt(l) = Lin. As M is not linear, the fact is proved. 

Similarly to the situation for quasi-rational languages, we have 

Proposition 6.7. For each k, the family Sqrt(k) is a strict subfamily of 
Sqrt(k + 1). 
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6.4 Finite-turn languages 

The characterization of linear languages by one-turn pda naturally leads to 
define finite-turn pda's and languages. A pda is k-tum if any computation 
admits at most k turns. Naturally, a language will be said to belong to the 
family Ft'UTn(k) if it is recognized by a k-turn pda. Then a finite-turn pda 
is a pda which is k-turn for some integer k. A language is finite-tum if it is 
recognized by a finite-turn pda [21J. It is easy to prove that O-turn languages 
are rational. 

The family of finite-turn languages can be described using the bracket 
operation too. This definition is similar to the one of strong quasi-rational 
languages where the rational closure is replaced by the closure under union 
and product. More precisely, let Fturnl be the family Lin and set, for each 
integer k, 

FTURNk = FinO Fturnk , FtUTnk+1 = [FTURNkJ , 

so that FTURN k is the closure of Ft'Urnk under union and product and that 
Fturnk+1 is the closure of FTURN k under bracket. Finally, we denote by 
Fturn the infinite union over k in N the families Ft'Urnk [21J: 

Ft'UTn = U Ft'Urnk = U FTURNk. 
k k 

It should be noted that the two families Fturnk and Fturn(k) are not 
equal. For instance, let .1 = {anbn I n :2: I} and consider the language 
L = .1k. It is easily seen that L is in FTURN1 . (So it belongs to FtUTn2 also.) 
Besides, L does not belong to FtuTn( k - 1). So, FTURN 1 is not contained in 
Ft'UTn(k). However, the infinite union of the families Fturnk and the infinite 
union of the families Fturn( k) coincide: 

Fact 6.3. The family Fturn is exactly the family of finite-tum languages. 

Proof. It consists in showing that 

(1) if L is a finite-turn language, so is [R, LJ 
(2) the family of finite-turn languages is closed under union and product. 

This implies that Fturn is contained in the family of finite-turn languages. 
Conversely, given a k-turn language, we decompose the computations of the 
k-turn pda recognizing it to get a description of the language through union, 
prod uct and the bracket operation of (k - I)-turn languages, showing then 
the reverse inclusion. 0 

Remark 6.1. The second part of the above proof shows in fact that, for each 
k, we have the inclusion Fturn(k) ~Fturnk' 

The given characterization of finite-turn languages obviously shows that 
they are all strong quasi-rational languages. Here again, we get a proper 
subfamily: 
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Fact 6.4. There exists a language in Sqrt(l) which is not finite-turn. 

Such a language is, for instance, .1* = {anbn In:::: 1}*. As for the above 
families, we have chains of strict inclusions: 

Proposition 6.8. For each k, the family Fturnk is a strict subfamily of 
Fturnk+l, and the family Fturn(k) is a strict subfamily of Fturn(k + 1). 

6.5 Counter languages 

We first present in this section the family of one-counter languages. It is 
defined through pda's. 

Definition 6.2. A pda is one-counter if the stack alphabet contains only one 
letter. A context-free language is a one-counter language if it is recognized by 
a one-counter pda by empty storage and accepting states. 

We denote by Del this family of languages. The terminology used here 
comes from the fact that, as soon as the stack alphabet is reduced to a single 
letter, the stack can be viewed a counter. 

Example 6.3. Over the alphabet A = {a, b}, we consider the Lukasiewicz 
language generated by the grammar S --+ aSS + b. It is a one-counter 
language: each letter a increases the height of the stack by 1, each letter b 
decreases it by 1. The word is accepted iff it empties the stack. 

As in the case of linear languages, the first question is whether Del is a 
proper subfamily of the family of context-free languages. The proof that this 
holds is more technical than in the case of linear languages. The idea is to 
prove an iteration lemma for one-counter languages and to use it to get the 
desired strict inclusion [6]. We will give later on such counter-examples, but 
we will not state this lemma which is too technical and beyond the scope of 
this presentation. 

As in the case of linear languages, the definition of one-counter languages 
through pda's naturally leads to define the family DetOel as the family of 
languages recognized by a deterministic one-counter pda. Clearly, DetOel c 
Det n Del. As in the linear case, the inclusion is strict: 

Proposition 6.9. The family of deterministic and one-counter languages 
strictly contains the family of languages recognized by a deterministic one
co'unteT pda (or, equivalently, the family of languages simultaneously deter
ministic and one-counter), 

Pmof. Over the alphabet A = {a,b,#}, consider the language L = {w#w' I 
W, Wi E {a, b}* Wi I- w}. We will show that L is in Det n Del and is not in 
DetOcl. 

It is deterministic: clearly the language {w#w I w E {a, b} *} is determinis
tic. So, its complement C is deterministic, too. The language L is exactly the 
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intersection of the language C and of the rational language {a, b}*#{a, b}*. 
It follows that L is deterministic. 

It is one-counter: the language L can be described as the (non disjoint) 
union of the two languages 

L1 = {w#w' Ilwl =I- Iw'l} 
L2 = {ucv#u'dv' I c, dE {a, b}, c =I- d, lui = Iv'I} .. 

Clearly, L1 and L2 are one-counter languages. Thus, L = L1 U L2 is a one
counter language. 

To see that L is not in DetOel, the idea is to observe that, after reading 
an input w, the length of the stack is polynomially bounded in the length 
of the input. Since there is only one stack symbol, there exist two distinct 
words wand x of the same length that lead to the same (unique due to 
determinism) configuration. Hence, since w#x is accepted, so is xix, which 
is impossible. 0 

Remark 6.2. The last argument of the above proof can be also used to show 
that the linear language {w#w I w E {a, b}*} is not one-counter; it needs 
to prove that a one-counter pda may always be supposed to be realtime (see 
[18]). This shows, in particular, that the family Oel is a strict subfamily of 
the family of context-free languages. 

As in the case of linear languages, it can be seen that Oel 0 Rat = Oel 
whence the inclusion Rat 0 Oel c Oel is strict. This new larger family, de
noted here OOL, is exactly the family of languages recognized by a one
counter pda which admits bottom testing. Again as in the case of linear lan
guages, we may define the family lel of iterated counter languages as the 
substitution closure of the family Oel. 

Similarly to what happened for the quasi-rational languages, this defini
tion can be made more precise: we may define, for each k in N, the family 
Oel(k) by Oel(O) = Rat, and Oel(k+ 1) = Oel(k) 0 Oel. Then, the family lel 
is the infinite union over kin N of the families Oel(k). Using such definitions, 
Oel(1) = Oel. 

The study of the families Oel(k) leads naturally to prove that 
Oel(k) DRat = Oel(k), whence Rat 0 Oel(k) *Oel(k). This last family will 
naturally be denoted OOL(k) and we get the following chain of strict inclu-
slOns 

Rat = Oel(O) *Oel(1) * 00L(1) *Oel(2) * 

*Oel(k) * OOL(k) *Oel(k + 1) * 
(To be compared to the similar chain of inclusions concerning the families 
Qrt(k) and QRT(k).) 

The languages in I el can be characterized as languages recognized by 
pda's such that the stack language lies in the bounded set zt··· zz. 
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Up to now, we may remark that the situation here is very similar to 
the situation we had when dealing with linear and quasi-rational languages. 
However, it is worth noticing that, contrarily to the case of linear languages, 
one-counter languages do not enjoy other characterizations through gram
mars or operators as linear languages did. This explains that we will not get 
here subfamilies similar to the strong quasi-rational languages, etc ... 

If we compare the families Lin and Oel with respect to inclusion, we see 
that these two families are incomparable. Even more, 

Proposition 6.10. There is a language in Oel which is not in Qrt. There is 
a language in Lin which is not in lel. 

The Lukasiewicz language given above as an example of one-counter lan
guage is precisely the language proved not to be quasi-rational (see previous 
subsection). The second inclusion can be proved using the linear language 
L = {w#w I w E {a,b}*} (see the previous remark). 

Such a result leads to consider the two following problems: is it possible 
to characterize the languages in Lin n Oel on one hand, and, to describe any 
context-free langnage by substituting linear and one-counter languages on 
the other hand. 

The first question is still open (see [8] for results on this theme). The sec
ond question has a negative answer: defining the family of Greibach languages 
as the substitution closure of linear and one-counter languages, we get a large 
strict subfamily of the family of context-free languages: it does not contain 
the language D*, the Dyck language over {a, b, a,"b} (see [4]). 

6.6 Parenthetic languages 

We now turn to another subfamily of the family of context-free languages. 
Consider an alphabet A containing two particular letters a and a. A context
free grammar over the terminal alphabet A is parenthetic if each rule of the 
grammar has the following form X -----+ aaa with a containing neither the 
letter a nor the letter a. As usual, a language is said to be parenthetic if it is 
generated by some parenthetic grammar. 

This family of languages has been introduced by McNaughton [39]. In 
the particular case where the alphabet A does not contain any other letters 
than the two special ones a and a, we speak of pure parenthetic grammar or 
language. 

Example 6.4. Over the alphabet A = {a, a} U {x}, the grammar G given by 

S -----+ aSSa + axa 

is parenthetic. 

Clearly, any pure parenthetic language over A = {a, a} is included in the 
Dyck language D; . The following characterization due to Knuth [35] shows, 
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in particular, that D: is not (purely) parenthetic. A word u over the alphabet 
A = {a, a} U B is balanced if it satisfies lula = lula and, for any prefix v of u, 
Ivl a 2: Ivla . It should be noted that a word w is in D: iff it is balanced. 

Given a word u over the alphabet A = {a, a} U B and an occurrence of 
the letter a in u, we factorize u in u = vaw. An occurrence of a letter b E A 
in w is an associate of a iff u = vaxby with xb balanced. 

Example 6.5. Let u = ababaabaa. The first a and the first b are associates. 
The first a and the first a are associates too. 

A language L over the alphabet A = {a, a} U B, is balanced iff any word 
u E L is balanced. It is said to have bounded associates if there exists an 
integer k such that any occurrence of a letter a in u E L admits at most k 
associates. We may then characterize parenthetic languages as follows: 

Proposition 6.11. A context-free language L is parenthetic if and only if it 
is balanced and has bounded associates. 

The proof of the "only if" part is immediate. The "if" part consists in a 
careful study of the structure of any grammar' generating a language which 
is balanced and have bounded associates. This study shows that the rules of 
the grammar may be 'recentered' to fulfill the parenthetic conditions. 

Example 6.6. Consider the grammar G over A = {a, a} U {b, c, d, e} given by 
the set of rules 

s ---+ XY X ---+ aabaXa + ad Y ---+ aYacaa + ea. 

Clearly, this grammar is not parenthetic. However, the generated language is 
balanced and has bounded associates. Hence, it is a parenthetic language. 

This characterization can be used to see that the Dyck set D: is not paren
thetic: it is balanced but it has unbounded associates. This characterization 
allows also to prove the following 

Proposition 6.12. If a language L is nonexpansive and parenthetic, there 
exists a parenthetic non expansive grammar generating it. 

This fact contrasts with the Proposition 6.1. 
Besides this characterization, parenthetic languages enjoy some other nice 

properties. In particular, any such language is deterministic. Moreover, the 
equivalence problem for parenthetic grammars is decidable [35], solving in 
this particular case the equivalence problem of deterministic languages. 

This family of languages can be related to the whole family of context
free languages in the following way. Given a context-free grammar G = (V, P) 
over B, we associate to it a parenthetic grammar Par( G) as follows: enlarge 
the terminal alphabet B into the terminal alphabet A = B U {a, a} where 
a and a are two new letters; to each rule X ---+ a of G, associate the rule 
of Par (G) given by X ---+ aaa. It is easy to check that to each leftmost 
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derivation in Par( G) generating a word w, corresponds a leftmost derivation 
in G generating the word u obtained from w by erasing the new letters a 

and a. This correspondence is a bijection between derivations. Hence, the 
degree of ambig'uity of a word u in the grammar G is the number of words w 
generated in Par( G) that map to u when the letters a and a are erased. 

Example 6.7. Consider the grammar H given by S ----+ SS + x. The corre
sponding parenthetic grammar Par (H) is S ----+ aSSa + axa. The word xxx 
is the image of the two words aaxaaaxaaxaaa and aaaxaaxaaaxaa corre
sponding to the two (leftmost) derivations in H 

S ----+ S S ----+ x S ----+ x S S ----+ xx S ----+ x xx 

and 
S ----+ SS ----+ SSS ----+ xSS ----+ xxS ----+ xxx. 

A very similar family of languages has been introduced by Ginsburg [19]. 
Let k 2: 1. Given an alphabet A = {al, ... ,ad, we associate to it the copy 
A = fal, ... ,ad and the alphabet Z = Au A. A grammar over Z U B with k 
rules is completely parenthetic if the ith rule has the form X ----+ aiaai with 
a containing no letters in Z. As usual, a language is completely parenthetic 
if there exists a completely parenthetic grammar generating it. 

Clearly, if we consider the morphism from Z onto {a, a} erasing the in
dices, we get from any completely parenthetic language a parenthetic lan
guage. Such languages often appear in the study of languages attached to 
trees. 

Example 6.S. Given the completely parenthetic grammar G' given by S ----+ 

alSSal + a2xa2. The corresponding parenthetic grammar is the grammar G 
of the above example. 

6.7 Simple languages 

A context-free grammar G = (V, P) over A is simple if it is in Greibach 
normal form and if, for each pair (X, a) E V x A, there is at most one rule 
of the form X ----+ am. As usual, a language is simple if it can be generated 
by a simple grammar [28, 36]. It is easy to check that any simple language 
is deterministic. (It is even LL(I).) It is easy too to check that there does 
exist deterministic (even LL(I)) languages which are not simple. The simple 
languages are exactly the languages recognized by simple deterministic pda's 
as defined in the previous section. Moreover, this family of languages enjoys 
nice properties: 

1. Any simple language is prefix (i.e. if the two words u and uv are in L then 
v is the empty word). 
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2. The equivalence problem for simple grammars is decidable [36], solving 
again in a particular case the equivalence problem of deterministic lan
guages. 

3. The family of simple languages generates a free monoid. 

Similarly to parenthetic and completely parenthetic languages, simple lan
guages give raise to a family, namely the family of very simple languages. A 
grammar is very simple if it is simple and such that for any terminal letter 
a there is at most one rule of the form S ----. am. (Here, a appears as first 
letter of one rule at most; in the case of simple grammars, it could appear as 
first letter of various rules, provided they have not the same left member.) 

Clearly, any very simple language is simple. The converse is not true: for 
instance L = {ancbnamc In:::: 1 m :::: O} is simple but not very simple. It is 
simple because it is generated by 

S ----. as' XT S' ----. as' X + c T ----. aT + c X ----. b. 

To prove that L is not very simple, we show that any grammar in Greibach 
normal form generating L admits at least two rules whose right member 
begins with the letter a. Using for instance Ogden's iteration lemma on the 
word ancbnanc where the n first letters a are marked, we get that there is a 
derivation 

from this we derive that there is a rule of the form X ----. an. Marking now 
the n last letters a, we get that there is a derivation 

from this we derive that there is a rule of the form Y ----. a{3. 
Clearly the two variables X and Y have to be different: if X = Y, we 

may derive from X = Y the word akah"bk which is not a factor of L. Thus, 
we have two different rules with a right member beginning by a, hence, the 
grammar cannot be very simple. 

Any context-free language is an homomorphic image of a very simple 
language. Indeed, a context-free grammar in Chomsky normal form can be 
transformed in a very simple grammar by adding new terminal letters. The 
homomorphism erasing these new letters will reconstruct the original one. 
Let us mention along the same lines that, to any completely parenthetic 
grammar is naturally associated a very simple grammar obtained by erasing 
all the barred letters. Hence, any very simple language is an homomorphic 
image of a completely parenthetic language. 

6.8 LL and LR languages 

We end this survey of various classical subfamilies of the family of context
free languages by briefly presenting the two most usual subfamilies appearing 
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in syntactical analysis. Given a word w over the alphabet A, define Firstk(w) 
as the prefix of length k of w; if Iwl < k, Firstk(w) is equal to w. We may 
now define LL-grammars 

Definition 6.3. [1, 38] A context-free grammar G = (V, P) over the terminal 
alphabet A is a LL(k)-grammar if 

S *X' ,,*, TU m --+ ua Tn TUV 
(with u,v,v' E A* and X E V) and 

Firstk(v) = Firstk(v') 

imply a = a'. 

A language is a LL(k)-language if it can be generated by a LL(k)
grammar. It is a LL-language if it is a LL(k)-language for some k. The idea 
is that given a terminal word uv and a leftmost derivation from S into um, 
the first k letters of v allow to determine what is the next rule to be used in 
the derivation. We will not develop here this syntactical analysis technique. 
However, it follows clearly from this remark that any LL-language is determi
nistic. More precisely, the families of LL(k)-languages form a hierarchy. Their 
infinite union is a strict subfamily of the family of deterministic languages. 

For instance, the language L = {an cbn In?:: I} U {an db2n In?:: I} is 
clearly deterministic. It is not a LL-language: an unbounded number ofletters 
a has to be read before it can be decided which rule to apply in an early stage 
of the leftmost derivation, because it depends on whether the word contains 
a letter c or a letter d. 

Using rightmost derivations instead of leftmost derivations leads to define 
the LR-grammars: 

Definition 6.4. [28, 34] A context-free grammar G = (V, P) over the termi
nal alphabet A is a LR(k)-grammar if, 

* S --;p-" mX u --+ mew = pv 

S + rn' X'u' --+ Tn' 0/ u' = pv' 

(with 'a, u' E A* ,p E (V u A)*V) and 

Firstk(v) = Firstk(v') 

imply X = X' and a = a'. 
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Again, a language is a LR(k)-language if it is generated by a LR(k)
grammar. It is a LR-language if it is a LR(k)-language for some k. 

The idea is the following: given a sentential form pv where v is the longest 
terminal suffix, the first k letters of v allows to determine the rule that has 
been applied just before getting the sentential form pv. Here again, this re
mark that we will not develop here, implies that any LR(k)-language is deter
ministic. However, the situation is now very different from the LL situation. 

Proposition 6.13. The family of LR(l)-languages is exactly the family of 
deterministic languages. 

So, from the families of languages point of view, the LR( k )-condi tion does 
not give raise to an infinite hierarchy. It should be noted that, in terms of 
grammars, it is indeed an infinite hierarchy. It should be noted also that a 
grammar which is not LR may generate a language which is indeed LR. It 
may even be rational: the grammar S ---+ aSa , S ---+ a is not LR and it 
generates the rational language a+. 
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Aspects of Classical Language Theory 

Alexandru Mateescu and Arto Salomaa 

1. Phrase-structure grammars 

The purpose of this chapter is to give an overview on some types of grammars 
and families of languages arising in classical language theory and not covered 
elsewhere in this Handbook. Since we will discuss in this chapter a large 
number of topics, we cannot penetrate very deeply in anyone of them. Topics 
very related to the ones discussed in this chapter, such as regular languages 
and context-free languages, have their own chapters in this Handbook, where 
the presentation is more detailed than in the present chapter. Among the 
topics covered in this chapter (Section 3 below) will also be the general theory 
of language families, AF L-theory. In view of the whole language theory, there 
is a huge number of topics possible for this chapter. It is clear that our choice 
of topics and the amount of detail in which each of them is presented reflect, 
at least to some extent, our personal tastes. 

Most of the topics presented in this chapter are in some sense modifica
tions of the classical notion of a rewriting system, introduced by Axel Thue 
at the beginning of this century, [130J. A rewriting system is a (finite) set of 
rules u ----t v, where u and v are words, indicating that an occurrence of u (as 
a subword) can be replaced by v. As such a rewriting system only transforms 
words into other words, languages into other languages. After supplementing 
it with some mechanism for "squeezing out" a language, a rewriting system 
can be used as a device for defining languages. This is what Chomsky did, 
with linguistic goals in mind, when he introduced different types of gram
mars, [18, 19, 20]' see also [22J. First the classification was not very clear 
but by mid-60's the four classes of the Chomsky hierarchy of grammars and 
languages had become pretty standard: 

(i) recursively enumerable or type 0; 
(ii) context-sensitive or type 1; 
(iii) context-free or type 2; 
(iv) regular or type 3. 

Thus, in this customary terminology, the type increases when generality de
creases. The formal definitions will be given below. 

Why are we interested in these four classes, what is the importance of this 
particular hierarchy? Type 0 grammars and languages are equivalent (in a 
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sense to be made precise) to computability: what is in principle computable. 
Thus, their importance is beyond any question. The same or almost the 
same can be said about regular grammars and languages. They correspond 
to strictly finitary computing devices; there is nothing infinite, not even po
tentially. The remaining two classes lie in-between. From the point of view 
of rewriting it is natural to investigate what happens if rewriting is context
free: each variable develops on its own, no syntactic class is affected by its 
neighbouring classes. And similarly: what is the effect of context-dependence? 

The motivation given above stems from [115], written a quarter of a cen
tury ago. The class of context-sensitive languages has turned out to be of 
smaller importance than the other classes. The particular type of context
sensitivity combined with linear work-space is perhaps not the essential type, 
it has been replaced by various complexity hierarchies. 

The Chomsky hierarchy still constitutes a testing ground often used: new 
classes are compared with those in the Chomsky hierarchy. However, it is not 
any more the only testing ground in language theory. For instance, the basic 
L classes have gained similar importance. (See the chapter on L systems 
in this Handbook.) As regards the basic notions and notation in language 
theory, the reader is referred to Chapter 1 in this Handbook. 

1.1 Phrase-structure grammars and Turing machines 

Definition 1.1. A phrase-structure grammar or a type 0 Chomsky grammar 
is a construct G = (N, T, S, P), Nand T are disjoint alphabets, SEN and 
P is a finite set of ordered pairs (u, v), where u, v E (N U T)* and I u IN=!- O. 

o 

Terminology. Elements in N are referred to as non terminals. T is the ter
minal alphabet. S is the start symbol and P is the set of productions or 
rewriting rules. Productions (u, v) are written u ---+ v. The alphabet of G is 
V = NuT. The direct derivation relation induced by G is a binary relation 
between words over V, denoted ====?G, and defined as: 

0: ====?G (3 iff 0: = xuy, (3 = xvy and (u ---+ v) E P, 

where, 0:, (3, X, Y E V*. 
The derivation relation induced by G, denoted ====?c, is the reflexive and 

transitive closure of the relation ====?G. 

The language generated by G, denoted L(G), is: 

L(G) = {w I w E T*,S ====?c w}. 

Note that L(G) is a language over T, (L(G) ~ T*). 
A language L is of type 0 iff there exists a grammar G of type 0 such that 

L = L(G). 
The set of all languages of type 0 over an alphabet T is denoted by .co(T) 

and the family of all languages of type 0, denoted .co, is 
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.co = {L I 3G grammar of type 0 such that L( G) = L}. 

Remark 1.1. Given an alphabet T, obviously .co(T) ~ P(T*). This inclusion 
is strict and, moreover, one can easily see that .co(T) is a denumerable set, 
whereas P(T*) is a nondenumerable set. Thus, in some sense, most of the 
languages over T cannot be generated by grammars of type O. 

Now we are going to present a fundamental result of Formal Language 
Theory, that is, the family .co is equal with the family RE of all recursively 
enumerable languages. We introduce the family RE using Turing machines, 
although there are many other formalisms for defining this family. Turing 
machines were introduced by Alan Turing in [133]. 

Definition 1.2. A Turing machine (TM) is an ordered system M = (Q, E, 
r, 8, qo, B, F) where Q is a finite set oj states, E is the input alphabet, r is 
the tape alphabet, rnQ = 0 and E c r, qo E Q is the initial state, B E r-E 
is the blank symbol, F ~ Q is the set oj final states and 8 is the transition 
junction, 

8: Q X r -----+ P(Q X r X {L,R}). D 

Intuitively, a Turing machine has a tape divided into cells that may store 
symbols from r (each cell may store exactly one symbol from r). The tape is 
bounded on the left (there is a leftmost cell) and is unbounded on the right. 
The machine has a finite control and a tape head that can read/write one 
cell of the tape during a time instant. The input word is a word over E and 
is stored on the tape starting with the leftmost cell and all the other cells 
contain the symbol B. 

Initially, the tape head is on the leftmost cell and the finite control is in 
the state qo. The machine performs moves. A move depends on the current 
cell scanned by the tape head and on the current state of the finite control. 
A move consists of: change the state, write a symbol from r to the current 
cell and move the tape head one cell to the left or one cell to the right. An 
input word is accepted iff after a finite number of moves the Turing machine 
enters a final state. 

Finite control 
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Now we introduce the formal definition of the language accepted by a 
Turing machine. 

An instantaneous description (ID) of a Turing machine is a string aqX/3, 
where a,/3 E r*,q E Q,X E r. The string encodes the description of the 
Turing machine at a time as follows: q is the current state of the finite control, 
X is the content of the current cell of the tape, a is the content of the tape 
on the left side of the current cell whereas /3 is the content of the tape on the 
right side of the current cell until the rightmost cell that is nonblank, i.e., all 
the cells to the right of /3 contain B. 

The Turing machine M defines a direct transition relation between ID's, 
denoted f- M , 

aqX /3 f- M aYp/3 iff (p, Y, R) E 8(q, X) 
ng f- M aYp iff (p, Y, R) E 8( q, B) 
aZqX/3 f-M apZY/3 iff (p, Y, L) E 8(q,X) 
aZq f-M apZY iff (p, Y, L) E 8(q, B) 

where, a, /3 E r*, X, Y, Z E r, p, q E Q. 
The transit,ton relation, denoted f-M' is the reflexive and transitive closure 

of f- M. The language accepted by M, denoted by L( M), is: 

L(M) = {w E E* 1 qow f-M ap/3, for some p E F,a,/3 E r*}. 

The family of recursively enumerable languages is: 

RE = {L 13M, Turing machine, L = L(M)}. 

A determin'tstic Turing machine is a Turing machine M = (Q, E, r, 8, go, 
B, F) with the property that for each q E Q and for each X E r, 
card(8(q, X)) ::; 1, i.e., 8 is a (partial) function that maps Q x r into 
Q x r x {L, R}. A Turing machine that is not necessarily deterministic is 
called a nondeterministic Turing machine. It can be shown that nondeter
ministic Turing machines are equivalent to deterministic Turing machines. 
That is, a language L is accepted by a nondeterministic Turing machine iff 
L is accepted by a deterministic Turing machine. 

The main result of this section is: 

Theorem 1.1. £0 = RE. 

Proof. Firstly, assume that L E £0' Let G = (N, T, S, P) be a type 0 grammar 
such that L( G) = L. One can easily define a nondeterministic Turing machine 
M such that L(M) = L. For an input w E T*, M nondetenninistically' selects 
a position i in wand a production (u ~ v) E P. If starting with position 
i, v does occur as a subword in w, that is w = av/3, then v is replaced by u. 
Note that by replacing v with u, M may do some translation of /3 to the left, 
if 1 vi> 1 u 1 or to the right, if 1 v 1 < 1 u I· 

If after a finite number of such operations, the content of the tape is S, 
then w is accepted, otherwise not. Clearly, L(M) = L( G). 
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Conversely, assume that L E RE and let M = (Q, E, r, h, qo, B, F) be 
a Turing machine such that L(M) = L. Define the type 0 grammar G = 
(N, E, 80 , P), where 

and P is the following set of productions: 

1. 80 ----+ q0 8 l 

2. 8 1 ----+ (a, a)8l , for all a E E 
3. 8 1 ----+ 8 2 

4. 82 ----+ (A, B)82 

5. 8 2 ----+ A 
6. q(a,X) ----+ (a, Y)p iff (p, Y,R) E h(q,X), 

where a E Eu {A},p,q E Q,X,Y E r. 
7. (b, Z)q(a, X) ----+ pCb, Z)(a, Y) iff (p, Y, L) E h(q, X), 

where a,b E Eu {A},p,q E Q,X,Y,Z E r. 
B. (a,X)q ----+ qaq, q(a,X) ----+ qaq, q ----+ A, where q E F, a E Eu {A}, 

XEr. 

Observe that productions 1-5 lead to a derivation: 

80 ===}* qO(al,al) ... (an,an)(A,B)m 

where ai E E, 1 ~ i ~ nand m ;::: O. The above derivation can be contin
ued with productions of form 6 and/or 7. These productions simulate the 
transitions of the Turing machine M the tape being encoded in the second 
component of the symbols (a, b). The derivation continues until a final state 
q E F does occur in the string. Then, the rules of form B are applicable. The 
resulting word is w = al ... an. 

Clearly, the word w = al ... an is accepted by M iff w is derivable in G. 
Therefore, L(G) = L(M). 0 

A Turing machine defines an effective procedure in the intuitive sense. The 
converse of this assertion, i.e., that each effective procedure can be defined 
as a Turing machine is not trivial anymore. The statement to the effect that 
the two notions are equivalent, the notion of a Turing machine and that of 
an intuitively effective procedure, goes back to Alonzo Church, [23], and is 
known as Church's Thesis. 

Church's Thesis cannot be proved since it identifies a formal notion, the 
Turing machine, with an informal (intuitive) notion, the effective procedure. 
However, Church's Thesis is an extremely important assertion. Post, see [lOB], 
referred to Church's Thesis not as a definition or axiom but a natural law, 
a "fundamental discovery" concerning "the mathematicizing power of Homo 
Sapiens", in need of "continual verification". For a more detailed exposition 
of this subject see [112]. 

In the sequel we present some closure properties of the family £0. See 
[115] for the proofs of these results. 
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Theorem 1.2. The family £0 is closed under the following operations: 
union, intersection, catenation, Kleene *, Kleene +, intersection with reg
ular languages, morphism, inverse morphism, substitution, m~rror. 0 

Corollary 1.1. The family £0 is a full AF L. 0 

Theorem 1.3. The family £0 is not closed under complementation. 0 

1.2 Normal forms for phrase-structure grammars 

There are many normal forms for phrase-structure grammars. Here we present 
only some of them. For a proof of Theorem 1.4, see [115]. For proofs of 
Theorems 1.5-1.9, see [44]. 

Theorem 1.4. Each phrase-structure grammar is equivalent with a phrase
structure grammar having only context-sensitive rules, and a single additional 
rule A ---+ A. 0 

Theorem 1.5. Each phrase-structure grammar is equivalent with a phrase
structure grammar with 5 nonterminal symbols, having only context-free rules 
of the form S ---+ v, where S is the start symbol, and two additional rules 
AB ---+ A, CD ---+ A. 0 

Theorem 1.6. Each phrase-structure grammar is equivalent with a phrase
structure grammar with 4 nonterminal symbols, having only context-free rules 
of the form S ---+ v, where S is the start symbol, and two additional rules 
AB ---+ A, CC ---+ A. 0 

Theorem 1.7. Each phrase-structure grammar is equivalent with a phrase
structure grammar with 3 nonterminal symbols, having only context-free rules 
of the form S ---+ v, where S is the start symbol, and two additional rules 
AA ---+ A, BBB ---+ A. 0 

Theorem 1.8. Each phrase-structure grammar is equivalent with a phrase
structure grammar with 3 nonterminal symbols, having only context-free rules 
of the form S ---+ v, where S is the start symbol, and a single additional rule 
of the form ABBBA ---+ A. 0 

Theorem 1.9. Each phrase-structure grammar is equivalent with a phrase
structure grammar with 4 nonterminal symbols, having only context-free rules 
of the form S ---+ v, where S is the start symbol, and a single additional rule 
of the form ABC ---+ A. 0 

1.3 Representations of recursively enumerable languages 

Representing the family of recursively enumerable languages through opera
tions on its subfamilies is an important topic in formal language theory. The 



Aspects of Classical Language Theory 181 

representation theorems of recursively enumerable languages are useful tools 
in proving other properties of this family as well as in finding properties of 
some subfamilies of Co. In what follows we give a selection of such results. 
In Theorems 1.10-1.26 existence means that the items in question can be 
effectively constructed. All of the notions involved are not explained here. In 
such cases we refer to the literature indicated. 

Theorem 1.10. For every recursively enumerable language L there exist a 
morphism h and a context-sensitive language L' such that: 

L = h(L'). o 

The following theorem was proved by Savitch, see [124]. 

Theorem 1.11. For every recursively enumerable language L there exist a 
context-free language L' and a morphism h such that 

L = h(h-1(D) n L'), 

where D is a Dyck language. o 

Ginsburg, Greibach and Harrison, see [49], obtained: 

Theorem 1.12. For every recursively enumerable language L there exist a 
morphism h and two deterministic context-free languages L1 and L2 such 
that: 

o 

A weak identity is a morphism h : E* ---t L1 * such that for each a E E, 
either h( a) is a or h( a) is oX. Let h1' h2 : E* ---t L1 * be morphisms. The 
equality set of hl and h2 is: 

and the minimal equality set of hl and h2 is: 

e(hl' h2) = {w E E+ I w E E(hl' h2) and 

if w = uV,U,V E E+, then u f/- E(h1,h2)}' 

The following three representation theorems were proved by Culik, [28]. 

Theorem 1.13. For each recursively enumerable language L there exist a 
weak identity ho and two morphisms h1 and h2 such that: 

o 

Theorem 1.14. For each recursively enumerable language L there exist a 
deterministic gsm mapping g and two morphisms hl and h2 such that: 

o 
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Theorem 1.15. For each recursively enumerable language L there exist 
morphisms hI, h2 and regular languages R I , R2 and R3 such that: 

(i) L=RI\e(hl ,h2 )/R2 , 

(ii) L = (RI \E(hl' h2)/R2 ) n R 3. o 

A sharpening ofthe above theorem was obtained by Turakainen, see [132]. 

Theorem 1.16. For every recursively enumerable language L, there exist 
a finite alphabet F, a symbol B, and two morphisms h, 9 such that L = 
(F*B)\e(h,g). 0 

A coding is a morphism that maps each letter into a letter. A weak coding 
is a morphism that maps each letter into a letter or into A. Let V and E be 
alphabets such that E ~ V. Presv,E or simply PresE when V is understood, 
denotes the weak identity that preserves all letters of E and maps all letters 
from V - E to A. If h is a (possibly partial) mapping from E* to .:1*, then 
the fixed point language of h is 

Fp(h) = {w E E* I hew) = w}. 

The following representation theorems, Theorem 1.17 - Theorem 1.21, are 
due to Engelfriet and Rozenberg, see [41]. 

Theorem 1.17. For each recursively enumerable language L over an alpha
bet E there exists a deterministic gsm mapping g such that: 

L = PresE(Fp(g)). o 

Theorem 1.18. For each recursively enumerable language L there exist a 
weak identity j, a coding g, a morphism h and a regular language R such 
that: 

L = j(E(g, h) n R). o 

Theorem 1.19. For each recursively enumerable language L there exist a 
weak identity j, a finite substitution 9 and a regular language R such that: 

L = j(Fp(g) n R). o 

Let E be an alphabet. E denotes the alphabet E = {a I a E E} and LE 
is the language obtained by shuffiing words u E E* with their barred version 
u E E*. The language LE is referred to as the complete twin shuffle over E. 

Theorem 1.20. For each recursively enumerable language L there exist an 
alphabet .:1, a simple deterministic linear language K ~ .:1 + L1 +, and a weak 
identity j such that: 

L = j({wmi(w) I w E .:1+} n K). o 
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Theorem 1.21. For each recursively enumerable language L: 

(i) there exist an alphabet E, a weak identity f, and a regular language R 
such that 

L = f(L E n R). 

(ii) there exist a weak identity f, a mO'fphism g, and a regular language R 
such that 

(iii) there exists a deterministic gsm mapping g such that 

D 

Next representation theorem is due to Geffert, see [43J. 
Let h l , h2 : ,1* ~ r* be two morphisms. The overflow languages of hl' 

h2 are: 

and 

Theorem 1.22. For each recursively enumemble language L C E*, there 
exist TnO'fphisms hl , h2 : ,1* ~ r*, where E ~ r such that: 

L = O(hl \h2 ) n E*. D 

Note that the language O(hl \h2 ) can be replaced in the above theorem by 
the language O(hz/hd. 

A simpler proof of Theorem 1.22 can be found in [132J. 
Theorem 1.23 ~ Theorem 1.25 were proved by Latteux and Turakainen, 

[86J. 

Theorem 1.23. Every recursively enumerable language L ~ E* can be rep
r-esented in the form 

L = {h(w)\g(w) I w E R+} n E* 

where R is a A-free regular language, h is a nonemsing morphism, and g is 
a morphism 3-limited on R+ . D 

Theorem 1.24. Let a be a fixed letter from an alphabet E. For each recur
s'tvely enumerable language L ~ E*, there exists a minimal linear grammar
G = ({S}, E U {A, A, a}, S, P) such that L = p(L(G)) n E* and L = L(Gd 
where 

Gl = ({S,A,A,a},E,PU {aa ~ A,AA ~ A},S) 

and p is the Dyck r-educhon aa ~ A, AA ~ A. D 
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Theorem 1.25. FOT eveTY TecuTs'ively enumemble language L <;;; E*: 

(i) theTe exists a lineaT gmmmaT G having thTee nonteTminals such that 
L = K\L( G) wheTe K is the deteTministic minimallineaT language K = 
{ucmi(u) I u E r*} oveT some alphabet r u {c}, 

(ii) theTe exist a deteTministic minimal lineaT gmmmaT G1 and a deteT
ministic lineaT gmmmaT G2 having two nonteTminals such that L 
PTesE(L(GI) n L(G2 )). D 

Finally, we present a recent result of Paun, [104]. The representation theo
rem is formulated in terms of the splicing operation. For more details, see the 
chapter of this Handbook entitled "Language theory and molecular genetics. 
Generative mechanisms suggested by DNA recombination". 

Theorem 1.26. The family of TecuTsively enumerable languages equals the 
family of lang'uages genemted by extended splicing (EH) systems with a finite 
set of axioms and a TegulaT set of splicing rules. D 

1.4 Decidability. Recursive languages 

Given a Turing machine M = (Q, E, r, 0, qo, B, F) and an input word wE E*, 
one of the following situations occurs: 

(1) M does halt after a finite number of moves in a state q E Q and, if q E F, 
then w is accepted, otherwise, if q E Q - F, then w is not accepted. 

(2) M never halts, i.e., M continues the computation forever. In this case w 
is not accepted. 

A Turing machine M halts on every input iff for all inputs w only the first 
situation occurs. 

The notion of a Turing machine that halts on every input provides the 
mathematical (formal) definition of the notion of an algoTithm. Sometimes 
this statement is also referred to as ChuTch's Thesis, see for instance [32]. 

A language L <;;; E* is a Tecur'sive language iff there exists a Turing ma
chine M that halts on every input, such that L = L(M). In other words, using 
Church's Thesis, a language L <;;; E* is recursive iff there is an algorithm to 
decide for each w E E*, whether w E L or not. 

It is well known, see [115], that the family of all recursive languages is a 
proper subfamily of the family of all recursively enumerable languages. 

Let £ be a family of languages generated by grammars from a family 
9 of grammars. Each grammar G Egis encoded as a word < G > over 
a fixed alphabet Ll. The encoding method should have good computational 
properties. That is, there is an algorithm that for a given grammar G E 9 
computes < G > and, conversely, there is an algorithm that for a word 
v E Ll* computes the grammar G E 9 such that v =< G >. The word < G> 
is referred to as an index (or a Gadel numbeT, if Ll = {O, I}) of the language 
L = L(G). 
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A property P of languages from C is trivial iff P is true for all languages 
from C or if it is false for all languages from C, otherwise the property P is 
nontrivial for the family C. To a property P we associate the language 

Lp = {< G > I G E g, P is true for L( G)}. 

The property P is decidable for the family C iff the language Lp is a 
recursive language. Otherwise, the property P is undecidable for the family 
C. Informally, this means that P is decidable iff there is an algorithm such 
that for a given grammar G E 9 the algorithm says "yes", if L( G) has the 
property P, and the algorithm says "no", if L( G) does not have the property 
P. For instance the family C can be the family of all context-free languages 
and 9 the family of all context-free grammars. As a property P one can 
consider the property of a language to be finite, which is decidable, see [115]' 
or the property of a language to be regular, which is undecidable, see [115]. 

The following theorem was proved by Rice, see (110], 

Theorem 1.27. Any nontrivial property P of recursively enumerable lan
guages is undecidable. 0 

The above theorem has many negative consequences, as for instance, 
emptiness, finiteness, regularity, context-freeness, context-sensitivity, recur
siviness are undecidable properties for recursively enumerable languages. 

Let P be a property of recursively enumerable languages. Next theorem, 
also due to Rice, see (111], gives a characterization of those properties P for 
which the language Lp is a recursively enumerable language. 

Theorem 1.28. Let P be a property of recursively enumerable languages. 
The language Lp is recursively enumerable iff the following three conditions 
are satisfied: 

(i) If L has the property P and L ~ L', then L' has also the property P. 
(ii) If L is an infinite language such that L has the property P, then there 

exists a finite language Lo ~ L such that Lo has also the property P. 
(iii) The set of finite languages that have the property P is enumerable, i.e., 

there exists a Turing machine that generates the possibly infinite se
quence 

where Li is the i th finite language that has the property P. o 

For instance, if P is one of the following properties of recursively enumer
able languages: nonemptiness, the language contains at least k words, where 
k is a fixed integer, k ::::: 1, the language contains a word w, where w is a fixed 
word, then in each case the language associated to P, Lp , is a recursively 
enumerable language. 
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However, this is not the case if P is one of the following properties of 
recursively enumerable languages: emptiness, recursiveness, nonrecursiveness, 
context-freeness, regularity, the property of a language being a singleton, 
totality, i.e., the complement of the language being empty. 

The following results concern closure properties of the family of recursive 
languages. 

Theorem 1.29. The family of recursive languages is closed under the fol
lowing operations: union, intersection, complementation, catenation, Kleene 
*, Kleene +, intersection with regular languages, A-free morphism, inverse 
morphism, A-free substitution, mirror. 0 

Theorem 1.30. The family of recursive languages is not closed under arbi
trary morphism or arbitrary substitution. 0 

In terms of AFL-theory, see section 3 below, the results can be expressed 
also as follows. 

Corollary 1.2. The family of recursive languages is an AF L but not a full 
AFL. 0 

Theorem 1.31. Let L ~ E* be a language. If both L and its complement 
CL = E* - L are recursively enumerable languages, then L and also CL are 
recursive languages. 0 

Hence, for a pair of languages consisting of a language L and its comple
ment C L only one of the following situations is possible: 

(i) Land CL are not recursively enumerable languages. 
(ii) Land CL are recursive languages. 
(iii) one of the languages is a recursively enumerable language but is not a 

recursive language. Then the other language is not a recursively enumer
able language. 

2. Context-sensitive grammars 

2.1 Context-sensitive and monotonous grammars 

Definition 2.1. A context-sensitive (type 1) grammar is a type 0 grammar 
G = (N, T, S, P) such that each production in P is of the form aX {3 ---+ au{3, 
where X E N, a, {3, u E (N U T)*, u i=- A. In addition P may contain the 
production S ---+ A and in this case S does not occur on the right side of any 
production of P. 0 
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The language generated by a context-sensitive grammar is defined as for 
the type 0 grammars. The family of context-sensitive languages is: 

CS = {L 1 :3G context-sensitive grammar such that L(G) = L}. 

Note that CS ~ LO = RE. 

Definition 2.2. A length-increasing (monotonous) grammar is a type 0 
grammar G = (N, T, S, P) such that for each production (u ----+ v) E P, 
1 u I:::; 1 v I· In addition P may contain the production S ----+ >. and in this 
case S does not occur on the right side of any production from P. 0 

The next theorem shows that context-sensitive grammars and length
increasing grammars have the same generative power. 

Theorem 2.1. Let L be a language. The following statements are equivalent: 

(i) there exists a context-sensitive grammar G such that L = L(G). 
(ii) there exists a length-increasing grammar G' such that L = L( G'). 

Proof. (i) :=::::} (ii). Obviously, each context-sensitive grammar is a length
increasing grammar. 

(ii) :=::::} (i) We sketch here the main construction. For more details 
see [115]. Let G' = (N',T',S',P') be a length-increasing grammar. Without 
loss of generality, we can assume that all productions from P' that contain 
terminal symbols are of the form X ----+ a, X E N', a E T'. Now consider a 
production from P' 

where Xi, Yj EN', 1:::; i :::; m, 1:::; j :::; n. 
The production (*) is replaced by the following productions: 

X 1X 2 ... Xm ----+ Z l X 2 ... Xm 

Zl X 2 ... Xm ----+ ZlZ2Xg ... Xm 

(**) Zl Z2 ... Zm-lXm ----+ Zl ... ZmYm+1'" Yn 
Zl ... ZrnYrn+1 ... Yn ----+ Y1Z2 ... ZrnYrn+1 ... Yn 

Y1 ... Yrn - 1ZrnYrn+1 ... Yn ----+ Y1 ••. YrnYrn+1 ... Yn 
where Zk, 1:::; k :::; m are new nonterminals. 

Observe that productions of the form (**) are context-sensitive produc
tions. Productions (*) can be simulated by productions (**) and conversely, 
the use of a production of type (**) implies the use of the whole sequence 
with the result exactly as in the use of a production (*). 

Hence, the new grammar is equivalent with G'. By repeating the process 
we obtain a context-sensitive grammar G which is equivalent with G'. 0 
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We present now two examples of grammars generating context-sensitive 
languages. 

Example 2.1. Let G = (N,T,S,P) be the grammar with N = {S,B}, T = 
{ a, b, e} and P : 

1. S ~ aSBe 
2. S ~ abc 
3. eB ~ Be 
4. bB ~ bb 

We claim that 
L(G) = {anbnen I n ~ I}. 

Thus, we have to prove that L( G) consists of all words of a specific form. 
It has happened fairly often in such proofs in the literature that, while the 
proof is correct in showing that all words of the specific form are generated, it 
fails to guarantee that no unwanted words are generated. Especially context
sensitive productions easily give rise to "parasitic" derivations, derivations 
not intended in the design of the grammar. However, the above claim is easy 
to establish for our grammar G. Productions 3 and 4 can be applied only 
after 2 has been applied. Then we are dealing with the sentential form 

(1) 

where n > 0 indicates the number of times the production 1 was applied 
before applying 2. Only 3 and 4 can be applied after we have introduced the 
sentential form (1): S has vanished and cannot be created again. The effect of 
3 is to move B's to the left, and that of 4 to replace a B, next to b, by b. Thus, 
the only terminal word resulting is an +1bn +1en +1. The only nondeterminism 
lies in the order of applying 3 and 4, but any order gives rise to the same 
terminal word. Thus, our claim follows. 0 

The above example shows that the family C F is strictly contained in the 
family CS. 

Example 2.2. Let T be an alphabet. We define a grammar G = (N, T, S, P) 
such that 

L(G) = {ww I w E T*}. 

The set of nonterminals is: 

N = {S} U {Xi liE T} U {Li liE T} U {Ri liE T}. 

and the set of productions is: 

Ii. S ~ iSXi 

2i · S ~ LiRi 
3ij. RiXj ~ XjR i 

4·i · Ri ~i 
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5ij. LiXj ~ LiRj 
6,. Li ~ i 

where, i,j E T. 
Observe that the use of the first two sets of productions Ii and 2i leads 

to the sentential form: 

(1) 

Using productions oftype 3ij , the nonterminal Ri can "emigrate" to the right 
and Ri should be eliminated only if no Xj has an occurrence on the right 
of Ri (otherwise, the elimination of Xj is not possible and the derivation is 
blocked). 

Thus, from (1), can be derived 

Now LiXjk should be rewritten using 5ijk and we obtain 

Again, Rje emigrates to the right of X j , and is rewritten using 4jk . Hence, 
the sentential form is: 

lting the above derivations, the resulting sentential form is: 

Now using the production 6i we obtain from the above sentential form the 
terminal word: 

j112 .. ·jk i j112 .. ·jk i , 

that is 'W'W, where 'W = j112" .jki. Note that the application of a production 
6i before the elimination of all occurrences of Xj leads to a blind alley. 

Thus, we conclude that: 

L(G) = {'W'W I 'W E T+}. 

Observe that G is a length-increasing grammar and therefore the language 
{'W'W I 'W E T+} is a context-sensitive language. 0 
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2.2 Normal forms for context-sensitive grammars 

Here we consider some normal forms for context-sensitive grammars. We 
assume that the languages considered do not contain the empty word A. 

Definition 2.3. A grammar G is in the Kuroda normal form if each pro
duction of G is of one of the following forms: 

A ---+ a, A ---+ BC, AB ---+ CD. o 
The next theorem was proved by Kuroda, see [83]. 

Theorem 2.2. For every context-sensitive grammar there exists (effectively) 
an equivalent grammar in the Kuroda normal form. 

Proof. The idea of the proof is that each production 

X 1X 2 ··· Xm ---+ Y1Y2 ··· Yr" 2 ~ m ~ n 

that is not of the form AB ---+ CD, i.e., it is not the case that m = n = 2, 
can be replaced by the following set of productions: 

X 1X 2 ---+ Y1Z2 

Z2 X 3 ---+ Y2Z3 

Zm-lXm ---+ Ym-1Zm 
Zm ---+ YmZm+1 

Zm+l ---+ Yrn+lZm+2 

Zn-l ---+ Yn-1Yn 
where Z2, Z3,"" Zn-l are new nonterminals. o 

Definition 2.4. A context-sensitive grammar G 'is in the one-sided nor'mal 
form if each production of G is of one of the following forms: 

A ---+ a 
A ---+ BC 

AB ---+ AC o 
The next theorem was mentioned by Gladkij, [51], the first proof being 

due to Penttonen, [106]. 

Theorem 2.3. For every context-sensitive grammar there exists effectively 
an equivalent grammar' in the one-sided normal form. 0 

From the above theorem we obtain the following normal form for type 0 
grammars: 

Theorem 2.4. Every type 0 grammar is equivalent with a grammar whose 
productions are of the form: 

A ---+ a, A ---+ BC, AB ---+ AC, A ---+ A. o 
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2.3 Workspace 

Observe that in a derivation of a nonempty sentential form in a context
sensitive grammar the length of the consecutive sentential forms is increasing 
monotonically. This means that in a derivation of a terminal word w all the 
sentential forms have the length less than or equal to 1 w I. Now assume 
that a language L is generated by a type 0 grammar G such that there is 
a nonnegative integer k with the property that for each word w, w E L(G), 
there exists a derivation of w in G such that the workspace does not exceed 
k 1 w I, i.e., there is a derivation S ===?G w such that all sentential forms from 
the derivation have the length less than or equal to k 1 w I. 

If G has the above property, then L( G) is a context-sensitive language. 
The formal definition of the notion is: 

Definition 2.5. Let G = (N, T, S, P) be a grammar and consider a deriva
tion D according to G, 

D : S = Wo ===? Wl ===? ... ===? Wn = w. 

The workspace of w by the derivation Dis: 

WSG(w,D) = max{1 Wi 110::; i::; n}. 

The workspace of w is: 

WSG(w) = min{WSG(w,D) 1 D is a derivation ofw}. 

Observe that WSG(w) 2:1 w 1 for all G and w. o 

The following theorem, due to Jones, see [73], is a powerful tool in showing 
languages to be context-sensitive. 

Theorem 2.5. (The workspace theorem) If G is a type 0 grammar and if 
there is a nonnegative integer k such that 

WSG(w) ::; k 1 w 1 

for' all nonempty words w E L( G), then L( G) is a context-sensitive language. 
o 

We refer the reader to [115) for the proof of the above theorem. An im
mediate consequence is the following: 

Theorem 2.6. Let L be °a recursively enumerable language that is not a 
context-sensitive language. Then for every nonnegative integer k and for every 
grammar G generating L, there is a word w E L such that W SG (w) > k 1 w I. 

o 
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2.4 Linear bounded automata 

Linear bounded automata are a special type of Turing machines that accept 
exactly the context-sensitive languages. Linear bounded automata are closely 
related to a certain class of Turing space complexity, NSPACE(n). 

We start by considering some basic facts concerning Turing space com
plexity. An off-line Turing machine is a Turing machine M that additionally 
has a read-only input tape with endmarkers # and $, see figure below. 

Initially, the input word is stored on the input tape, starting with the 
endmarker # and ending with the endmarker $. The machine cannot write 
on the input tape and all the computations are done on the work tape T. Let 
S be a function from nonnegative integers to nonnegative integers. M is said 
to be of space complexity S(n) if for every input word of length n, M uses at 
most S(n) cells on the work tape. 

The notions of determinism and nondeterminism are extended to concern 
off-line Turing machines. 

Input tape 

Finite control 

Wor-k tape 

Again, see [112], the nondeterministic off-line Turing machines are equiv
alent to deterministic off-line Turing machines. That is, a language L is ac
cepted by a nondeterministic off-line Turing machine iff L is accepted by a 
deterministic off-line Turing machine. 

Accordingly, the space complexity classes are defined as follows: 

NSPACE(S(n)) = {L I :lM, off-line Turing machine 

of space complexity S(n) with L(M) = L}, 
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DSPACE(S(n)) = {L 13M, deterministic off-line Turing machine 

of space complexity S(n) such that L(M) = L}. 

Obviously, DSPACE(S(n)) ~ NSPACE(S(n)). The following theorem 
shows that the space complexity can be compressed with any constant factor. 

Theorem 2.7. For any function S and for any constant c > 0, 

NSPACE(S(n)) = NSPACE(cS(n)). 

Proof. The idea of the proof is that for a constant c, say c > 1, and for a 
given Turing machine MI of space complexity cS(n) one can define a Turing 
machine M2 such that M2 simulates MI and, moreover, M2 encodes r ad
jacent cells of MI into one symbol. M2 can use its finite control to simulate 
MI inside of such a block of r adjacent cells of MI. The constant r can be 
chosen such that M2 is of space complexity S(n). A similar construction can 
be done if 0 < c < 1. 0 

The above theorem holds true also for deterministic space complexity, i.e., 
for any function S and for any constant c > 0, 

DSPACE(S(n)) = DSPACE(cS(n)). 

Definition 2.6. A linear bounded automaton (LBA) is a Turing machine 
of space complexity S(n) = n. A deterministic linear bounded automaton 
(DLBA) is a deterministic Turing machine of space complexity S(n) = n. 0 

Next theorem, see [115] for a detailed proof, reveals the important fact 
that context-sensitive grammars are equivalent with linear bounded au
tomata. 

Theorem 2.8. Let L be a language. L is generated by a context-sensitive 
grammar iff L is accepted by a linear bounded automaton. Consequently, 

CS = NSPACE(n). o 

Open Problem: It is not known whether the inclusion DSPACE(n) ~ 
OS is strict or not. 

A fully space constructible function is a function S(n) such that there 
exists a Turing machine M that is S(n) space bounded and for all n, Muses 
exactly S(n) cells on any input of length n. 

Concerning the relation between deterministic and nondeterministic space 
complexity we have the following: 
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Theorem 2.9. (Savitch) If Sen) is a fully space constructible function such 
that Sen) ~ 10g2 n, for all n ~ 1, then 

NSPACE(S(n)) ~ DSPACE(S2(n)). o 

For the proof we refer the reader to [123]. Again it is an open problem 
whether the above inclusion is strict or not. If a language L is over a one-letter 
alphabet and if L is in NSPACE(S(n)), then L is also in DSPACE(S2(n)) 
for each function Sen), i.e., no additional assumptions concerning Sen), as in 
Theorem 2.9, are needed, see [45]. 

2.5 Closure properties of the family CS 

We present here the most important closure properties of the family of 
context-sensitive languages. More details are provided to the closure of the 
context-sensitive family under linear erasing and under complementation. 

Definition 2.7. Let k be a nonnegative integer. A morphism h, h : E* ----+ 

L1* is called k-erasing with respect to a language L ~ E* iff for each w E L 

1 w I:::; k 1 hew) 1 . 

A family £. of languages is closed under linear erasing iff h(L) E £. for all 
L E £. and for all k-erasing morphisms h, k ~ o. 0 

Theorem 2.10. The family CS is closed under linear erasing. 

Pr·oof. Let L be a context-sensitive language and let h be a k-erasing mor
phism for some fixed k ~ o. If k = 0, then h(L) = 0 or h(L) = {A} and, 
obviously h(L) E CS. 

Now assume that k ~ 1 and let G = (N, T, S, P) be a context-sensitive 
grammar such that L( G) = L. Without loss of generality we can assume 
that the only productions from P containing terminal letters are of the form 
A ----+ a, A E N, a E T. 

Observe that h(L) is generated by the type 0 grammar G' = (N, T', S, PI) 
where pI is obtained from P by replacing the terminal productions A ----+ a 
with A ----+ h(a). 

Note that the workspace of the grammar G' , for a nonempty word w' = 
h( w), satisfies the following inequality: 

WSG/(w' ) = max{WSG(w), 1 w' I} = max{1 wi, 1 w' I} :::; kiw' 1 . 

Hence, from the workspace theorem, Theorem 2.5, it follows that h(L) E CS. 
o 

The closure of the family C S under complementation was a famous open 
problem for more than 20 years. In 1987, independently, Immerman, [66], and 
Szelepcsenyi, [126]' answered positively this problem. Their result is more 
general and we are going to present their theorem in its full generality. 
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Theorem 2.11. IfS(n) ~ logn, then the complexity class NSPACE(S(n)) 
is closed under complementation. 

Proof. We sketch the main idea of the proof. Our presentation follows [117). 
Let L be in N S P AC E (S (n)) and let M be a Turing machine of space com
plexity S(n) such that L(M) = L. Consider an input word w of M of length 
n. The input defines an initial configuration START of M. Note that START 
has length n + 1. We describe a Turing machine Mtest with the property that 
L(Mtest ) = CL. The Turing machine M test is of space complexity kS(n) for 
some k > O. Hence, by Theorem 2.7, M test is equivalent with a Turing ma
chine of space complexity S(n) and thus, CL is in NSPACE(S(n)). There 
are two main steps performed by M test . 

Firstly, M test computes the total number N of configurations reachable 
by M from START. This can be done as follows. Denote by Ni the number 
of configurations reachable by M from START in ::; i steps. Then N = N i , 

where i is the smallest number such that Ni = NiH' Clearly, No = 1. Now 
Mtest remembers (in one track of its tape) always only the last N j it has 
computed. In order to compute Nj+l' Mtest goes through all length S(n) + 1 
configurations of M, arranged in alphabetical order. Mtest always remembers 
only the last configuration C it was working with. After completing the work, 
Mtest replaces C by the next configuration C + 1. Mtest can handle a specific 
configuration, referred in the sequence as the TARGET configuration, by 
keeping a counter of the number of configurations of M reachable in ::; j + 1 
steps. The counter (called the first counter) is incremented exactly in case 
TARGET is a configuration of M reachable in ::; j + 1 steps. 

Also, M test keeps another counter, namely of configurations reachable in 
::; j steps. This second counter is incremented exactly in case a configuration 
reachable in ::; j steps is found. Given a fixed configuration SEMITARGET, 
Mtest first guesses whether SEMITARGET is among the N j configurations. 
If the guess is "no", Mtest goes to SEMITARGET + 1 and does not increment 
the second counter. If the guess is "yes", M test guesses M's computation of 
length::; j from START to SEMITARGET, step by step. 

Observe that the length of the computation from START to SEMITAR
GETis at most exponential in S(n) and thus it can be stored in S(n) space. If 
M test guessed M's computation correctly, it checks whether TARGET equals 
SEMITARGETor is reachable from SEMITARGETin one step of M. If nei
ther one of these alternatives holds and Nj can be read from the second 
counter, Mtest concludes that TARGET is not reachable in ::; j + 1 compu
tation steps by M. 

If one of the alternatives holds, TARGET is reachable in ::; j + 1 steps 
and this conclusion is independent of the second counter. Mtest increments 
the first counter exactly in the latter case and starts working with TARGET 
+1. 

In case M test guesses a wrong computation to a correctly reachable SEMI
TARGET, then Mtest rejects its input w. Note that we define Mtest to accept 
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w if and only if w is not in L. The language of Mtest is not affected if wrong 
computations are discontinued early. Observe that Mtest can choose one cor
rect computation. Clearly, in a correct computation the second counter can
not be less than N j . 

When the last configuration (in alphabetic order) of length S(n) + 1 has 
appeared as TARGET, Mtest knows the number Nj+l and consequently, 
M test knows the number N. 

Now Mtest starts its second step of computation. Mtest runs through all 
computations oflength S(n) + 1 keeping at the same time a counter. For each 
such configuration FINALTARGET, M test first guesses whether it is reach
able from START by M. If the guess is "no", Mtest goes to FINALTAR
GET +1 and does not increment the counter. If the guess is "yes", Mtest 

guesses step by step M's computation. When FINALTARGET is reached, 
Mtest rejects w if FINALTARGETis an accepting configuration, and goes to 
FINALTARGET +1 and increments the counter, if FINALTARGET is not 
accepting, except the case that the counter shows Nand FINALTARGET is 
not accepting. In this latter case, Mtest accepts w. 0 

For S(n) = n it follows that 

Corollary 2.1. The family CS (=NSPACE(n)) is closed under comple
mentation. 0 

Theorem 2.11 was strengthened in [45]. If a language L is over one-letter 
alphabet and if L E NSPACE(S(n)) , then the complement of L is also in 
NSPACE(S(n)), for each function S(n), i.e., it is not necessary for S(n) to 
be greater than or equal to log n. 

The next theorem presents other closure properties of the family of 
context-sensitive languages. See [115] for a detailed proof of these proper
ties. 

Theorem 2.12. The family CS is closed under: union, intersection, cate
nation, Kleene *, Kleene +, intersection with regular languages, A-free mor
phism, inverse morphism, A-free substitution, mirror image, A-free gsm map
pmg. 

The family C S is not closed under substitution, morphism, gsm mapping, 
left (right) quotient with regular languages. 0 

Corollary 2.2. The family CS is an AFL which is not a full AFL. 0 

2.6 Decidable properties of the family CS 

The most important decidable problem for context-sensitive languages is the 
membership problem. 

Theorem 2.13. Given a context-sensitive grammar G = (N, T, S, P) and a 
wor'd w E T*, it is decidable whether w E L( G) or not. 
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Proof. If w = A, then w E L(G) iff S - A is a production in P. Assume 
now that w =I- A and let n be the length of w. Define the sequence of sets 
(Vi)i~O by: 

Vo = is}, 
Vi+! = Vi U {,8 1 3a E Vi, a ===}G ,8 and 1,8 I:::; n}. 

Note that for each i ~ 0, Vi ~ Uj:::;n (N U T)j. The set Uj:::;n (N U T)j is 
finite, hence there is an index k such that Vk = Vk+l. Clearly, for all j ~ 0, 
Vk+j = Vk. Finally, observe that w E L(G) if and only if wE Vk. 0 

Corollary 2.3. The family of context-sensitive languages is a subfamily of 
the family of recursive languages. 0 

It is known, see [115], that the above inclusion is strict. The membership 
problem for context-sensitive languages is PSPACE-complete, see Karp, 
[76). 

Because context-sensitive languages constitute quite a large family of lan
guages, most of the usual properties are undecidable. 

Theorem 2.14. The following problems are undecidable for the family of 
context-sensitive languages: emptiness, finiteness, regularity, context-freeness, 
equivalence, inclusion. 0 

See [115) for a detailed proof of the above theorem. 

2.7 On some restrictions on grammars 

In this section we consider grammars G = (N, T, S, P) having all productions 
of the following form: 

with n > 0, Ai E N,1 :::; i :::; n, ai E T*, ° :::; i :::; n, and Wi E (N U T)*, 1 :::; 
i:::; n. 

Observe that, for instance, each grammar in the Kuroda normal form has 
all productions of the form (*). Hence, every context-sensitive language can 
be generated by such a grammar. On the other hand, there are grammars 
with all productions of the form (*) that are not length-increasing grammars 
(note that Wi can be A for some i, 1 :::; i :::; n). 

Definition 2.8. A grammar G = (N, T, S, P) with all productions of the 
form (*) is terminal-bounded if each production is of the form: 

aOAIal ... an-IAnan - ,80Bl,81 ... ,8m-IB m,8m 

where ai,,8i E T*, Ai, Bi E N and either n = 1 or for some j, 0 :::; j :::; m 

and all k, 1:::; k :::; n - 1, l,8j 1>1 ak I. 0 



198 A. Mateescu and A. Salomaa 

The following theorem was proved by Brenda S. Baker, see [9]: 

Theorem 2.15. IfG is a terminal-bounded grammar, then L(G) is a context
free language. D 

The above theorem has many consequences. In the sequel, all grammars 
are supposed to have all productions of the form (*). 

Corollary 2.4. [48] If G is a grammar such that each production is of the 
fonn a -----> (3, a E N+, (3 E (N U T)*, 1 (3 IT~ 0, then L( G) is a context-free 
language. D 

Corollary 2.5. [15) If G is a grammar such that each production is of the 
form a -----> (3, a E T* NT*, then L(G) is a context-free language. D 

Corollary 2.6. [15) If G is a grammar such that each production is of the 
form aX (3 -----> a'Y (3, where either a E T* and 1 a I::::: 1 (3 1 or (3 E T* and 
1 (3 1:::::1 a I, then L(G) is a context-free language. D 

Corollary 2.7. [60) Let G = (N, T, S, P) be a grammar such that a partial 
order "<" is defined on NuT. Moreover, assume that each production of G 
is of the for'm: 

AIA2 ... An -----> BIB2 ... B m , 

where Ai E N and for some k, 1 ::; k ::; Tn, and fo'(" all i, 1 ::; i ::; n, Ai < B k . 

Then L( G) is a context-free language. D 

Definition 2.9. Let G = (N, T, S, P) be a grammar. If a E T*, (a -----> 'Y) E 
P and (3 E (N U T)*, then write aa(3 ~ L a'Y(3 and (3aa ~ R (3'Ya. Define 

Left(G) = {w E T* 1 S ~L flt ~L f)2 ... ~L f)n = w} 

and 

Two-way( G) = {w E T* 1 S ~G f)l ~G f)2 ... ~G f)n = wand 

for i = 2, ... 'ft, either f)i-l ~ L f)i or f)i-l ~ R e'i}' D 

Corollary 2.8. [96, 97) If G is a grammar, then Left( G) and Two-way( G) 
are context-free languages. D 

Still we mention some results related to the family of context-sensitive lan
guages. The family of languages consisting of a finite intersection of context
free languages is introduced and investigated in [84) and [52). This family has 
useful applications to natural languages, see [85]. In [127] it is shown that 
both the graph and the range of the Ackermann-Peter's function are context
sensitive languages. The class of elementary functions (EF) is introduced and 
studied in [67, 68]. This class is the closure under superposition, primitive 
recursion, and exponentiation of polynomials and exponential functions. It is 
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proved that the graph of a function in EF is always a context-sensitive lan
guages. Using these results, a large subfamily of context-sensitive languages 
has been found to have the complements also context-sensitive languages. 
The result is obtained a couple of years before the theorem of Immerman
Szelepcsenyi and proved using straightforward methods. 

3. AFL-theory 

3.1 Language families. Cones and AFL's 

In this section we will discuss certain sets of languages, customarily referred to 
as language families. The specific feature we are interested in is closure under 
certain operations. We consider abstract families of languages (that's where 
the abbreviation AF L comes from), without specifying what the languages 
are. We only require that the families are closed under certain operations. 
Whenever we apply one of the operations to languages in the family (our 
basic operations are either unary or binary), then the resulting language is 
also in the family. This is the property defining the family. 

The study of language families can be motivated in the following general 
terms. When we show that a specific family, say the family of all context-free 
languages, has some particular property, say it is closed under substitution, 
then we usually need only some other properties, not the strength of the full 
definition of the family. In this case certain other closure properties of the 
family of context-free languages will suffice. Thus, the particular property 
we were interested in is shared by any family that possesses the properties 
we needed in our proof. This gives rise to the following abstraction: we do 
not consider any specific language family, such as the family of context-free 
languages, but rather a collection oflanguage families, each of which possesses 
certain basic (axiomatic) properties. Using these properties, we then establish 
other properties which, thus, are shared by all families in the collection. In this 
way at least parts of the theory will be unified, since it becomes unnecessary 
to repeat proofs for different families. Also some new insights are gained. A 
typical example is the fundamental result presented below (Theorem 3.10) 
concerning the order of closure operations. Over-all unification and insights 
concerning some general issues - these are the aims of AF L-Theory. 

We begin the formal details from the notion of a family of languages. It 
is a set or collection of languages possessing a nonempty language. However, 
all languages in the collection need not be over the same alphabet E. Indeed, 
such a requirement would seriously restrict many of the customary families, 
for instance, context-free languages. In a collection of languages, the size of 
the alphabet of the individual languages may increase beyond all bounds. On 
the other hand, for every language L in the collection, there must exist a finite 
alphabet E such that L is a language over E. (We consider only languages 
over a finite alphabet, this follows from the definition of a language we have 
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in mind.) It is no loss of generality if we view the individual alphabets E as 
subsets of a fixed infinite set V of symbols. Thus, a family of languages is a 
pair (V, C), where V is a set of letters and C is a set of languages such that 
each L E C is a language over an alphabet E ~ V. Usually we will omit V 
when speaking of language families. 

To say that a family of languages is closed under an operation defined for 
languages means that, whenever the operation is applied to languages in the 
family, the resulting language is also in the family. To avoid the ambiguity 
inherent in complementation (see [61]), we make the convention that .c is 
closed under complementation if, for every L E C and every E such that L is 
a language over E, the difference E* - L is in .c. 

We begin with a construction very typical in AF L-theory. The following 
result will also be a useful lemma. 

Theorem 3.1. Assume that a language family C is closed under each of 
the following operations: union, catenation closure (that is, either Kleene * 
or Kleene +), letter-to-letter morphism, inverse morphism, and intersection 
with regular languages. Then.c is closed under catenation. 

Proof. We will show that, whenever L1 and L2 are in C, so is L1L2. Clearly, 
for some alphabet E, both L1 and L2 are languages over E. Consider two 
primed versions 

E' = {a' I a E E} and E" = {a" I a E E}, 

as well as the alphabet E1 = E U E' U E". Let h : Ei ---+ E* be the 
letter-to-letter morphism defined by 

h(a") = h(a') = h(a) = a, a E E. 

Define 

L\ = h-1(Ld n {a'x I a E E,x E E*}, 

L' 2 = h -1 (L2) n {a" x I a E E, x E E*}. 

Then L'1 (resp. L'2) results from L1 (resp. L 2) by replacing in each 
nonempty word the first letter with its primed (resp. doubly primed) ver
sion. Since the second languages in the intersections are regular, we conclude 
that L'1 and L'2 are in C. By the same argument, the language 

L3 = (L\ U L'2)+ n {a'xb"y I a,b E E and x,y E E*} 

is in C. We may use here Kleene * instead of Kleene + without changing L3 • 

In both cases we observe that 
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The catenation L1L2 equals one of the four languages 

h(L3), h(L3) U L 1, h(L3) U L2, h(L3) U L1 U L2, 

depending on whether the empty word A belongs to neither of the languages 
L 1 , L 2 , to one of them, or to both of them. Thus, by the assumptions, the 
catenation L1L2 is in £ in any case. 0 

Observe that closure under each of the five operations mentioned in the 
assumption was actually used in the proof. Observe also the following fact 
valid throughout our exposition concerning AF L-theory. We consider really 
abstract families £; the languages need not even be recursively enumerable. 
Consequently, the constructions need not be effective in any sense. For in
stance, it may be the case that we cannot decide which of the four alternatives 
holds at the end of the proof. 

We are now ready for the fundamental definition. 

Definition 3.1. A family of languages is called a cone if it is closed under 
morphism, inverse morphism and intersection with regular languages. A cone 
closed under union and Kleene * is a full AF L. (The abbreviation comes from 
"Abstract Family of Languages".) An AF L is a family of languages closed 
under each of the following operations: A-free morphism, inverse morphism, 
intersection with regular languages, 'union and Kleene +. 0 

Several remarks, both historical and factual, should be made concerning 
this definition. Let us first summarize the definitional (axiomatic) closure 
properties of each of the three types of families. The operation "intersection 
with regular languages" is abbreviated by nReg. 

Cone: morphism, inverse morphism, nReg. 
Full AF L: morphism, inverse morphism, nReg, union, catenation, 

Kleene *. 
AF L: A-free morphism, inverse morphism, nReg, union, catenation, 

Kleene + . 
We have added the operation of catenation to the latter two lists. Indeed, 

it follows by Theorem 3.1 that full AFL's and AFL's (as defined above) are 
always closed under catenation. So exactly the same families will result if we 
include closure under catenation among the definitional closure properties. 
This has, in fact, been normally done in the past. 

At a first glance, the definition above might seem quite arbitrary: we have 
just picked up a few from the many possible operations, and postulated clo
sure under these operations. The operation nReg might seem particularly 
artificial in this respect. We could, on seemingly similar grounds, postulate 
closure under union with context-free languages, for instance. However, there 
is some strong motivation behind the above choice of operations. As we will 
see below, the operations of a cone are exactly the ones defining rational 
transductions. The additional AF L-operations, including catenation, are ex
actly the ones defining regular languages, also called rational languages. So 
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cones are associated with rational transductions, and AF L's with rational 
transductions and rational operations. 

The difference between full AF L's and AF L's is that the latter are suit
able for A-free families: none of the languages in the family contains the empty 
word. Also in some other cases, notably in connection with context-sensitive 
languages, it is important to restrict the closure under morphisms. As we 
have seen (Theorem 1.10), the closure of context-sensitive languages under 
unrestricted morphisms equals the whole family of recursively enumerable 
languages. 

Our choice of the terminology is a compromise between the original Amer
ican (see [50] and [47]) and French (see [102] and [14]) schools. The term 
"AF L" comes from the Americans, the term "cone" (depicting closure under 
rational transductions) from the French. The American counterpart of a cone 
is a "full trio" (reflecting only the fact that three operations are involved), 
whereas the French use the name "F AL" (Famille Agreable de Langages) 
for a full AF L. Thus, in addition of using different terms, the two schools 
position the supplementary adjective ("full" for the Americans) differently. 
The reader can surely guess what a "trio" is - this concept will not be used 
in the sequel. 

To summarize, the choice of the defining operations has been very well 
motivated, especially during the time the choice was made, in the late 60's. 
Rational operations and transductions reflect very well the nature of sequen
tial rewriting using nonterminalletters: all families in the Chomsky hierarchy, 
as well as many of the related families, are AF L's. The situation becomes 
different if we rewrite without nonterminals or in parallel, in particular, in 
connection with L systems. Then the property of being an AF L or a cone 
is no more characteristic. On the contrary, many of the L families are "anti
AF L's" , not closed under any of the six operations. 

We now begin the study of some basic properties of cones and AF L's. 
Also some operations will enter our discussion, other than ones mentioned in 
the definitions. In many cases it is not necessary to assume that a morphism 
is A-free, a weaker type of nonerasing morphisms will suffice. We say that 
a morphism h is a linear erasing with respect to a language L if there is a 
positive integer k such that whenever x E L, k 1 h(x) I~I x I. Thus, h may 
be erasing but it cannot erase too much from words belonging to L. (See 
Definition 2.7.) 

When one tries to show that a specific language family is a full AF L, 
usually the biggest difficulty consists of showing closure under inverse mor
phism. The following theorem presents an alternative way of doing this. The 
proof of the theorem is not difficult - the reader may try to prove it directly 
or consult [ll5] for a simple proof. The terminology used should be clear: 
a substitution is A-free (regular) if each language substituted for a letter is 
A-free (regular). 
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Theorem 3.2. If a family of languages is closed under A-free Tegular sub
stitution, linear erasing, union with regular languages and intersection with 
regular languages, then it is closed under inverse morphism. The same con
dusion can be made for A-fTee families even without assuming closure under 
union with regular languages. 0 

AF L's can be characterized in many alternative ways. The following two 
theorems present some criteria where closure under inverse morphism is not 
needed. Observe that the special case, where the family consists of the lan
guage {A}, has to be excluded. Without inverse morphism one cannot gener
ate new languages from this language using the other operations. 

Theorem 3.3. If a family of languages includes a language containing a 
nonempty word and is closed under union, Kleene * (01' Kleene +), A-fr'ee 
r-egula',. s'ubstit'ution, intersection with regular languages, and (arbitrary) mor
phism, then the family is a full AF L. If a family of languages contains all 
regular languages and is closed under substitution, as well as 'undeT intersec
t'ton wdh regular' languages, then the family is a full AF L. 0 

Theorem 3.4. If a family of languages includes a language containing a 
nonempty word and is closed under union, Kleene +, A-free regular' s'ubstitu
tion, 'tnter'section with regulaT languages, and linear erasing, then the family is 
an AF L. If a A-free family of languages contains all A-fTee regular' languages 
and is closed under A-free substitution, 'intersection with TegulaT languages, 
and lineaT erasing, then the family is an AF L. 0 

Theorem 3.4 is the AF L-version of Theorem 3.3 which concerns full 
AF L's. Observe the difference in the second sentences. An additional as
sumption (about closure under linear erasing) is needed in Theorem 3.4. The 
reason for this difference goes back to Theorem 3,2. Closure under linear 
erasing is needed to get closure under inverse morphism. In Theorem 3.3 it 
is obtained directly from closure under substitution, this being not the case 
in Theorem 3.4, where we have only A-free substitution. 

It is a consequence of Theorem 3.1 that every AFL is closed under cate
nation. We do not want to state this as a formal theorem for the simple 
reason that catenation is usually (see [47]) included among the definitional 
properties. In the definition of an AF L and a full AF L given above, none of 
the five operations is redundant: all five closure properties are independent 
in the sense that none of them follows from the others. 

We will prove next that a cone (and hence also a full AF L) can never 
be a very small family: it contains always the lowest level of the Chomsky 
hierarchy. 

Theorem 3.5. The family of regular languages is contained in every cone. 

Proof. To show that a regular language L ~ E* is in an arbitrarily given 
cone £, it suffices to show that E* is in £, since £ is closed under nReg 
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and L = E* n L. Being a language family, £ possesses a nonempty language. 
From this we conclude that the language {A} is in £; we just take the image 
under the morphism mapping all letters of the language into A. Consequently, 
E* = h -1 ( {>.}) is in £, where the morphism h maps all letters of E into A. 

D 

The final theorem in this subsection gives some further dependencies be
tween closure properties. It turns out that in case of A-free families four of 
the operations suffice in defining an AF L. 

Theorem 3.6. If a family of languages is closed under catenation, Kleene *, 
A-free morphism, inverse morphism, and intersection with regular languages, 
then it is closed under union. If a A-free family of languages is closed under 
catenation, A-free morphism, and inverse morphism, then it is closed under 
intersection with regular languages. A A-free family of languages is an AF L 
iff it is closed under the following operations: catenation, Kleene +, A-free 
morphism, and inverse morphism. D 

3.2 First transductions, then regular operations 

Our purpose is two-fold in this subsection. First, we want to show the intimate 
connection between rational transductions and the operations of morphism, 
inverse morphism and intersection with regular languages. Second, we want to 
establish a remarkable result, undoubtedly the most significant one in AFL
theory, concerning the order in which closure under the AF L-operations is 
formed. Given any language family; one can close it with respect to any 
specific operations, that is, form the smallest family that contains the given 
family and is closed under the operations. If the specific operations are the 
AF L-operations, then the closure can always be built in such a way that 
the given family is first closed with respect to rational transductions and 
after that the resulting family is closed with respect to regular operations. In 
other words, after these two steps the final family will always be closed with 
respect to rational transductions, no matter what the original family was. 
Such a possibility of ordering the operations in this sense is rather unusual. 

We now introduce the notion of a rational transducer. It is a finite-state 
transformation device possessing an input tape and an output tape. At each 
moment of time, the transducer reads a letter or the empty word from the 
input tape in some internal state, and goes nondeterministically into another 
state and writes a letter or the empty word to the output tape. The behaviour 
is determined by quadruples (a, s, s', b), where sand s' are states, a is a letter 
of the input alphabet or A, and b is a letter of the output alphabet or A. 
Finitely many such quadruples are specified in the definition of a specific 
transducer. Among the states there is a special initial state and a special 
set of final states. At the beginning of each computation, the transducer 
is in the initial state. It has to be in a final state after having read the 
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whole input word; otherwise the output word is not recorded. In this way 
the transducer transforms an input word into a set of output words. (Several 
output words may result because of nondeterminism, even empty and infinite 
sets are possible.) More generally, an input language is transformed into an 
output language. 

Let uS now work out the details formally. We will use here the formalism 
of quadruples and instantaneous descriptions. Everything can be done also 
in terms of rewriting systems, see [115]. The latter formalism is often much 
better for detailed proofs, the former formalism being more intuitive. 

A rational transducer is a 6-tuple T = (S, Ei , Eo, M, so, Sf), where 

(i) S is a finite nonempty set (called the set of states), 
(ii) So E S, Sf ~ S (initial and final states), 
(iii) Ei and Eo are alphabets (input and output letters), 
(iv) M ~ (Ei U {..x}) X S x S x (Eo U {,X}) (the set of moves). 

Let f-T (or briefly f-) be the binary relation on S x Ei x E: defined by 
letting 

(s,au,v) f-- (s', u, vb) 

if (a,s,s',b) EM, u E Ei and VEE:. 
The triple (s, au, v), referred to as an instantaneous description, represents 

the fact that T is in the state s, au is the still unread portion of the input, 
and v is the output word produced so far. Since the quadruple (a, s, s', b) is 
in the set M describing the behaviour of T, it is possible for T to read a, go 
to the state s' and write b to the output tape. This is exactly what happens 
and, thus, the next instantaneous description is (s',u,vb). It is possible that 
some other quadruple in M gives rise to another instantaneous description, 
following next after (s, au, v). 

As usual, we denote by f--* the reflexive and transitive closure of the rela
tion f--. Thus, 

(s,u,v) f--* (s',u', v') 

indicates that it is possible for T to go from the instantaneous description 
(s, u, v) to the instantaneous description (s', u', v') in a sequence of zero or 
more moves. The transformation accomplished by a rational transducer T 
can now be defined formally as follows: 

T(w) = {v I (so,w,'x) f--* (sf,'x,v),sf E Sf}. 

The transformation thus defined maps Ei into the set of subsets of E: . It can 
be extended to concern languages L ~ Ei in the natural additive fashion: 

T(L) = U T(w). 
wEL 
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Mappings T defined in this way, from the set of languages over Ei into the 
set of languages over Eo, are referred to as rational transductions. 

Some remarks concerning the terminology should be added. Rational 
transducers are called in [47] "sequential transducers with accepting states" 
or "a-transducers". Special cases of rational transducers are A-free rational 
transducers and generalized sequential machines (abbreviated gsm). The for
mer can never print the output A, that is, the last component of every el
ement of M is a letter. The latter can never read the input A, that is, the 
first component of every element of M is a letter. We have defined a rational 
transducer in such a way that during one move it never reads or writes more 
than one letter. One can give a more general definition (see [47]), where both 
the input read and the output produced can be a word. However, this more 
general model yields the same rational transductions. Indeed, one can come 
back to the model presented in our definition by introducing new states in 
an obvious fashion. Observe, however, that such a reduction is not possible if 
one deals with the special cases of A-free rational transducers or generalized 
sequential machines. 

We now establish some auxiliary results. Each of the three operations of 
morphism, inverse morphism and nReg can be realized by a rational trans
ducer. Consider a morphism h. A rational transducer giving rise to the same 
mapping as h works as follows. It reads a letter a and outputs A or the first 
letter of h(a), depending on whether or not h(a) = A. If 1 h(a) I> 1, the 
transducer enters a sequence of states specific to a. In each of them it reads 
the empty word and outputs one letter of h(a). After having produced the 
last letter of h( a), the transducer is in a final state and also ready to start 
dealing with the next input letter, if any. 

An inverse morphism is handled analogously but now the transducer is 
nondeterministic. It guesses an image h(a) from the input tape, and reads 
through it letter by letter, producing finally the output a if the guess was 
correct. If there are letters a with h(a) = A, then A is always a correct guess 
and, thus, such letters a may be inserted anywhere in the output. It is clear 
by the definition that the operation nReg is a rational transduction. For a 
given regular language L, the following transducer T does the job. Treads 
the input letter by letter, and produces the same output. At the same time, 
T simulates by its states the finite automaton for L. The output is recorded 
only in a final state. 

Rational transductions are closed under composition. Whenever Tl and 
T2 are rational transducers, there is a rational transducer T3 such that 
T1 (T2(L)) = T3(L) holds for any language L. (We assume that the output 
alphabet of T2 is contained in the input alphabet of T1. Otherwise, the com
position need not be well-defined.) First dummy quadruples (A, s, s, A), where 
s ranges over all states, are added to both Tl and T2 • Apparently this does 
not affect the mappings in any way. The states of T3 are pairs (r, s), where 
r is a state of T2 and s is a state of T1 . The quadruple (a,(r,s),(r',s'),b) 
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belongs to T3 iff, for some c, (a,r,r',c) is in T2 , and (c,s,s',b) is in TI . We 
have, thus, established the following result. 

Theorem 3.7. Each of the three operations defining a cone is a rational 
transduction. Rational transductions are closed under composition. 0 

We will now establish the converse of the first sentence of Theorem 3.7: 
every rational transduction can be expressed in terms of the three cone op
erations, The following theorem, generally known as Nivat's Theorem, [102]' 
can also be viewed as a normal form result for rational transductions. 

Theorem 3.S. Given a rational transducer T, two morphisms g and hand 
a regular language R can be constructed such that 

T(L) = g(h-I(L) n R) 

holds for all languages L. 1fT is A-free, so is g. 

Proof. Assume that T = (8, E i , Eo, M, so, 8 f ) is the given rational trans
ducer. We view the quadruples (a, s, s', b) in M as individual inseparable 
letters. Let E be the alphabet consisting of all of these letters. Then h (resp. 
g) will be the morphism of E* into Ei (resp. E;), defined by 

h(a,s,s',b) = a (resp. g(a,s,s',b) = b). 

Thus, hand g pick up from the quadruples the input and output parts, 
respectively. In (*), h- I selects an input word from L, and 9 produces the 
corresponding output. The correspondence is guaranteed by the underlying 
sequence of quadruples (word over E), selected nondeterministically by h- I . 

The purpose of R is to assure that the underlying sequence of quadruples 
is indeed a correct computation of T. Let R be the language over E consisting 
of all words w satisfying each of the following conditions (i)-(iii). Recall that 
the letters of E are actually quadruples (a, s, s', b). So we may speak of the 
first and second state in a letter. (i) The first state in the first letter of w 
equals so. (ii) The second state in the last letter of w is in 8 f. (iii) In every 
two consecutive letters of w, the first state of the second equals the second 
state of the first. Thus, (i) and (ii) guarantee that the sequence of quadruples 
begins and ends correctly, whereas a correct sequence of states is obtained 
due to (iii). 

Consequently, (*) is satisfied. It remains to be shown that R is a regular 
language. It is easy to construct a regular expression or type 3 grammar for 
R (see [115]). Another possibility is to use the procedure of Theorem 2.5 in 
the First Chapter of this Handbook. Whether or not a word w is in R can be 
tested by moving an open window of length 2 across the (elsewhere covered) 
word w. 0 

Nivat's Theorem has remarkable consequences. If C is a family of lan
guages and 0 P is a set of operations defined for languages, the notation 
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Clop(C)) stands for the closure of C under the set OP of operations, that is, 
the smallest family containing C and closed under each operation in OP. A 
special case is that OP consists of a single operation. Then the index for Cl 
will be just the name of the operation. For instance, Clh-l (C) stands for the 
closure of C under inverse morphism and Cltr(C) for the closure of C under 
rational transductions. Sets OP we will be particularly interested in are the 
cone, full AF L-, and regular operations: 

Cone = {h, h-l, nReg}, 

f AFL = {U, catenation, Kleene *, h, h-l, nReg}, 

Reg = {U, catenation, Kleene *}. 

Thus, ClfAFL(C) means the closure of C under (full) AFL-operations. To 
say that C is a full AF L is equivalent to saying that 

ClfAFL(C) = C. 

The following theorem is now an immediate consequence of Theorems 3.7 
and 3.8. 

Theorem 3.9. Every cone is closed under mtional tmnsductions: if C is a 
cone then Cltr(C) = C. Moreover, for every language family C, 

= {T(L) I L E C and T 'is a mtional tmnsducer } = 

= {g(h-1(L) n R) I L E C,g and hare morphisms and 

R is a regular language }. D 

Theorem 3.9 can also be interpreted as follows. The cone-closure of any 
family C can be obtained by closing C with respect to the three operations 
in a specific order: first with respect to inverse morphism, then with respect 
to nReg and, finally, with respect to morphism. Such a result is very seldolIl 
valid for a set of three operations. Concerning this particular set Cone = 
{h, h -1, nReg}, the result is not valid if the three closures are not formed in 
the order mentioned above. The reader might think about this. If the closure 
is first formed with respect to {h, nReg} and, finally, with respect to h-1, 
then in general a much smaller family results. For instance, if the original 
family consists of the single language {a}, then the new order of closures 
yields all inverse morphic images of singleton languages {w}, whereas the 
order of closures stemming from Theorem 3.9 yields in this case the whole 
family of regular languages. An early application of the closure under nReg 
keeps "small" families small. It is also an interesting problem (see [29], [56]) 
how many alternating applications of hand h- 1 yield the whole family of 
regular languages from a singleton language {w}. 
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We are now in the position to establish the result, referred to at the 
beginning of this section, concerning the order in which the closure under 
AF L-operations can always be taken. The result can now be stated explicitly 
in the following form. For every language family C, 

Thus, the closure can first be formed with respect to the cone operations, after 
which the resulting family is closed with respect to the regular operations. 
By Theorem 3.9, (**) can also be expressed in the form 

Although our proof of (**) does not contain major theoretical innovations, it 
is simpler than the customary proofs (see [47]). 

We will now show that (**) is valid. By Theorem 3.9, it suffices to prove 
that the right side is closed under rational transductions. An arbitrary lan
guage on the right side is obtained by regular operations from languages in 
Cltr(C). Consequently, an arbitrary language on the right side results from 
a language R by a substitution 0-, defined for each letter a in the alphabet of 
R as follows: 

o-(a) = Ta(La) = L~, La E C, Ta is a rational transducer. 

Let T be another rational transducer. We have to show that T(o-(R)) belongs 
to the right side of (**). To do this, it suffices to prove that there is a regular 
language RI and a substitution 0-', where o-'(b) = Tt(Lb) with Lb E C and Tt 
being a transducer, such that 

T(o-(R)) = o-'(Rt) , 

that is, to present the language T(o-(R)) in the general form of the languages 
belonging to the right side of (* * ). 

We now define the language RI . The alphabet of Rl consists of all triples 
(s, a, s'), where a is a letter of Rand s, s' are states of T. By definition, Rl 
consists of all words of the form 

where So is the initial state and Sf the final state set of T. The language Rl 
is regular because it can be obtained from the regular language R by taking 
first an inverse morphic image (this replaces a letter by a corresponding triple 
with arbitrary states), and then intersecting the result with a suitable regular 
language similarly as in the proof of Theorem 3.9 (this guarantees that only 
legal state sequences from the initial state to a final state pass through). 

Let sand s' be states of T, not necessarily distinct. The transducer Ts,s' 
has s as its initial and s' its only final state. The quadruples of Ts,s' are 
obtained from those of T, for instance (a,"""'" b), by replacing the output 
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b with (r, b, r'). Let g be the morphism mapping the triples to their middle 
component: 

g(r, b, r') = b. 

Finally, the substitution (T' is defined by 

(T'(s,a,s') = gTs,sl(L~) = gTs,sITa(La). 

Since La E .c and gTs,s,Ta is a rational transduction, the substitution (T' is 
of the required form. Moreover, (**) holds true. The core element on both 
sides is a word ala2 ... an E R. Considering the left side, T goes from So to 
SI when reading a word in L~l' The same output is produced on the right 
side from (so,aI,SI) by gTSO,Sl' 

We still state the established equation (**) in the following form. 

Theorem 3.10. The full AFL-closure of any language family.c is obtained 
by first closing .c under rational transductions, and then closing the resulting 
family under regular operations. 0 

The reader is referred to [47] for further details and bibliographical re
marks concerning AF L-theory. Principal AF L's constitute a widely studied 
topic we have not discussed here. By definition, a full AF L .c is full principal 
if it is generated by a single language L: 

.c = ClfAFL(L). 

Principal AF L's and cones are defined similarly. No nondenumerable family 
can be principal. Recursive languages constitute a nontrivial example of an 
AF L that is not principal. 

4. Wijngaarden (two-level) grammars 

4.1 Definitions, examples. The generative power 

Wijngaarden grammars or two-level grammars were introduced in [136] in 
order to define the syntax and the semantics of the programming language 
ALGOL 68, see [138]. They are a very natural extension of context-free gram
mars. In a Wijngaarden, or shortly W-grammar, the idea to extend a context
free grammar is very different from the idea to extend a context-free gram
mar to a context-sensitive grammar. A W-grammar has nonterminals with 
an inner structure, i.e., the name of the nonterminal may depend on some 
variables, called hypervariables. Consequently, the rules that contain such hy
pervariables are referred to as hyperrules. The hyperrules are not used directly 
for derivations. In order to obtain the rules for derivations, one has to substi
tute consistently (uniformly) all occurrences of hypervariables in hyperrules 
by values from some fixed sets associated to hypervariables. These sets could 
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be context-free languages, too. The resulting set of derivation rules could 
be infinite. A similar phenomenon occurs in mathematical logic, when the 
propositional logic is extended to the predicate logic by assigning to propo
sitional variables an inner structure that depends on some variables. Note 
that the variables that occur in predicates and in formulas are consistently 
substituted by values from a set (the domain of the model). 

A further classical method to define a model is to consider all ground terms 
as the domain, the well-known Herbrand model. The domain of a Herbrand 
model has a structure very similar to a context-free language. 

The theory of W-grammars was developed slowly. At the first glance, the 
formalism looks complicated enough. We present here a short and straight 
way to introduce the notion of a W-grammar. A context-free scheme is a 
context-free grammar without the start symbol, i.e., the start symbol is not 
defined. 

Definition 4.1. A W-grammar is a triple, G = (Gl, G2 , z), where G1 = 
(M, V, R M) and G2 = (H, E, R H) are context-free schemes such that the 
elements of H are of the form < h >, where h E (M U V)*, 
(M U V U E) n { <, > } = 0 and z E H, z =< v >, v E V*. 0 

Terminology. G1 is the metalevel of G and the elements of the sets M, V, 
RM are the meta variables, the metaterminals and respectively the metarules. 
G2 is the hyperlevel of G and the elements of the sets H, E, RH are the hy
pervariables, the terminals and respectively the hyperrules. The start symbol 
of Gis z. 

In order to define the language generated by a W-grammar, some pre
liminaries are necessary. Denote by Lx the context-free language gener
ated by the context-free grammar G x = (M, V, X, RM ), where X E M, 
i.e., Gx is the context-free grammar that is obtained from the context
free scheme G1 by defining the start symbol X E M. Consider the sets: 
A = MUVUEU{ <, >, ~} and B = A-M. Any function t : A ~ B*, with 
the property that, for every X E M, t(X) E Lx, and for every v E A - M, 
t(v) = v, can be extended to a unique morphism tf : A* ~ B*. All these 
morphisms tf define the set of admissible substitutions, denoted by T. 

Definition 4.2. The set of strict rules is Rs = {t(r) It E T,r E R H}, and 
the set of strict hypervariables is Hs = {t(x) It E T,x E H}. 

If r is a hyperrule, r E RH, then the set of strict rules corresponding to r 
is 

Rs(r) = {t(r) It E T}. o 

Note that the strict rules are context-free rules, where the nonterminals 
are strict hypervariables. However Hs can be infinite and, consequently, the 
set of strict rules, Rs , can be infinite, too. Perhaps this is the most important 
difference between context-free grammars and W-grammars. 
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Definition 4.3. The derivation relation is defined as for context-free gram
mars, but using the strict rules instead of the classical rules of a context-free 
grammar, i.e., for any x,y from (Hs U 17)*, x ===}* y iff there exist n 2 0 
and Ui in (Hs U 17)*, i = 0, ... , n, such that Uo = x, Un = Y and for each i, 
i = 0, ... ,n -1, there are a, (3 and a strict rule I ----> {) in R s , with Ui = cq(3 
and 'Ui+1 = a{)(3. 

The leftmost (rightmost) derivation is defined as in the case of context-
free grammars. 0 

Definition 4.4. The language generated by a W-grmnmar G, is 

L( G) = {x 1 x E 17*, z ===} * x}. o 

In sequel we consider some examples. Assume that, for all of the next 
three examples, the metalevel of the W-grammar is in each case the same, 
i.e., M = {I, J, K}, V = {q, s, #, t, t', til} and for any X E M, Lx = q*. 
Moreover, assume that z =< s >, 17 = {a, b, c} and therefore, for each of the 
following W-grammars, one has to define only the set RH of hyperrules. 

Example 4.1. As a first example, assume that RH is: 

hI. < s >---->< #q > 
h2. < 1#J >---->< tI >1< J#1J > 
h3. < tq1 >----> a < tI > 
h4. < t >----> A 

It is easy to observe that the strict rules are: hI, h4, 

h2 i ,j. < qi#qj >---->< tqi >1< qj#qi+j >, 

and 

where i,j, k 2 o. 
Note that a strict hypervariable < tqn > is producing an and nothing else, 
with n 2 o. A derivation starts with z and if the next rules are hI and 
the second case of h2i,j for a number of applications, then one obtains a 
derivation such as the following: 

z ===}< qO#q1 >===}< q1#q1 >===}< q1#q2 >===}< q2#q3 >===} 

===}< q3#q5 >===}< q5#q8 >===}< q8#q13 >===} ... 

At any step in the above derivation, one can apply the first case of a strict 
rule h2i,j that replaces a strict hypervariable < qi#qj > with a strict hyper
variable < tqi > that derives finally ai . Therefore, the language generated 
is: 

L1 = {af 1 f in the Fibonacci sequence}. o 



Aspects of Classical Language Theory 213 

Example 4.2. Proceed as in the above example, except that now RH is: 

hI. < s >---+< q#q > 
h2. < 1#J >---+< tI >< t' J >1< 1q#JqIJ > 
h3. < tq1 >---+ a < tI > 
h4. < t >---+ A 
h5. < t'qJ >---+ b < t' J > 
h6. < t' >---+ A 

Note that a derivation is of the form: 

z ===>< ql#ql >===>< q2#q4 >===>< q3#q9 >===> 

===>< q4#q16 >===>< q5#q25 >===> ... 

Using the first part of h2 and h3-h6 a strict hypervariable < qn#qm > 
derives the terminal word anbm . Hence, it is easy to note that 

L2 = {anbm 1 n > 0 and m = n 2 }. 

Example 4.3. Let RH be: 

hI. < s >---+< tIq >< t' Jq >< 1q#Jq > 
h2. < 1#1J >---+< 1#J > 
h2'. < 1J#1 >---+< 1#J > 
h2/1. < 1#1 >---+< til 1 > 
h3. < tq1 >---+ a < tI > 
h3'. < t'q1 >---+ b < t'1 > 
h3/1. < til q1 >---+ c < til 1 > 
h4. < t >---+ A 
h4'. < t' >---+ A 
h4". < til > ---+ A 

o 

The reader should observe that hI starts a derivation and h2, h2', h2" 
describe the algorithm of Euclid to compute the greatest common divisor of 
two (nonzero) natural numbers. The remaining rules are used to generate the 
terminal word. Hence, it is easy to see that the language generated is 

o 

The generative power of W-grammars was established by Sintzoff, [125]: 

Theorem 4.1. A language L is recursively enumerable iff there exists a W
grammar G, such that L = L(G). 0 

Aad Van Wijngaarden improved the above result in [137]: 

Theorem 4.2. A language L is recursively enumerable iff there exists a W
grammar G such that L = L( G) and G has at most one metavariable. 0 
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4.2 Membership problem and parsing 

Restrictions on W-grammars such that the language generated is a recursive 
language were studied by P. Deussen and K. Mehlhorn, see [36] and [37]: 

Definition 4.5. A hyperrule < Uo >----+ ao < U1 > a1 ... < Un > an is 

- left bounded (lb) iff for any X in M, if X has at least one occurrence in 
uo, then X has at least one occurrence in < U1 > ... < Un >. 

- right bounded (rb) iff for any X in M, if X has at least one occurrence in 
< U1 > ... < Un >, then X has at least one occurrence in < Uo >. 

- strict left bounded (sIb) iff for any X in M, the number of occurrences 
of X in Uo is less than or equal to the number of occurrences of X in 
< U1 > ... < Un > and, moreover, the length of Uo with respect to V is less 
than or equal to the length of U1 ... Un with respect to V. 

- strict right bounded (srb) iff for any X in M, the number of occurrences 
of X in Uo is greater than or equal to the number of occurrences of X in 
< U1 > ... < Un > and, moreover, the length of Uo with respect to V is 
greater than or equal to the length of U1 ... Un with respect to V. 0 

Definition 4.6. A W-grammar G is of type L (R), iff all the hyperrules are 
A-free and lb (rb) and all the hyperrules of the form < U >----+< v > are 
sIb (srb). The class of languages generated by W-grammars of type L (R) is 
denoted by LL (LR ). 0 

Theorem 4.3. 
LL = LR = EX8PACE, 

the class of languages acceptable by off-line Turing machines in exponential 
~~ 0 

L. Wegner used the above restrictions to develop a parsing algorithm 
for a subclass of W-grammars, see [135]. The algorithm of Wegner can be 
used for a very large class of languages. In the sequel we present this parsing 
algorithm. We start by considering some definitions and terminology. Let G = 
(Gb G2 ,z) be a W-grammar, where G1 = (M, V,RM) and G2 = (H, E,RH)' 
A sequence EL = ri l , ri2 , • •• , rin of hyperrules is called a left parse of w E 
(Hs U E)* if there exists at least one leftmost derivation D of w in G such 
that D = ao, a1, ... , an = wand for 1 ::; j ::; n - 1, aj-1 ===} aj by use of a 
strict rule from Rs(rij)' Note that for context-free grammars there is a one 
to one correspondence between leftmost derivations and left parses. However, 
for W-grammars this is not the case. Moreover, a stronger result does hold: 

Theorem 4.4. It is undecidable whether or not an arbitrary W-grammar G 
has the property that for each leftmost derivation there is at most one left 
parse. 
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Proof. Let Gi = (Vk, V,j., Si, Pi), i = 1,2 be two arbitrary context-free gram
mars and define the W-grammar G such that M = V~ U V~, V = vj u Vi, 
RM = PI U P2 , 

H = {z, < SI >, < S2 >}, E = {a}, RH = {z ~< SI >, < SI >~ a, 
< S2 >~ a}, where the start symbol of Gis z. 

Note that there is a leftmost derivation with more than one left parse 
iff L(Gd n L(G2) ::f. 0. But the emptiness of the intersection of context-free 
languages is undecidable and hence the theorem holds. D 

Definition 4.7. Let G = (Gl,G2,z) be a W-grammar, where 
G1 = (M, V,RM) and G2 = (H,E,RH). Let h be in H. The hypernotion 
system associated to h is the 4-tuple HSh = (M, V, h, R M), and h is referred 
to as the axiom of HSh. The language defined by HSh is 

L(HSh) = {t(h) It E T}. D 

The hypernotion systems are extended in the natural way for axioms 
hE (H U E)+. 

Definition 4.8. Let H Sh = (M, V, h, RM) be a hypernotion system, where 
h = X 1X 2 ... X n, Xi E (MUV), 1 SiS n. HSh is uniquely assignable {u.a.} 
if for all W E L(H Sh) there is exactly one decomposition W = WI W2 ... Wn 
such that t(Xi ) = Wi, 1 SiS n, t E T. D 

Definition 4.9. A W-grammar G is left-hand side uniquely assignable {lhs 
u.a.} if for every hyperrule (ho ~ h1 h2 ... hn ) E RH the hypernotion system 
(M, V, ho, R M) is uniquely assignable. 

A W-grammar G is right-hand side uniquely assignable {rhs u.a.} if for 
eveTY hypeTrule (ho ~ hlh2 ... hn ) E RH the hypernotion system (M, V U 

E, h1h2 ... hn' R M) is uniquely assignable. D 

Definition 4.10. A W-grammar G is locally unambiguous if 

(i) for every leftmost deTivation D of a in G there is exactly one left parse 
E of a in G and given D one can effectively find E, and 

(ii) fOT eveTY left paTse E of a in G there is exactly one leftmost derivation 
D of a in G and given E one can effectively find D. D 

Theorem 4.5. For eveTY W-grammaT G one can effectively find a locally 
unambiguous W-grammaT G' such that L( G) = L( G'). D 

The next step is to define a canonical context-free grammar which simu
lates the derivations in a W-grammar under special assumptions. 

Definition 4.11. Let G = (G1 , G2, z) be a W- grammaT, wheTe 
G1 = (M, V, R M) and G2 = (H, E, R H) and let l' be a hyperrule, 
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A cross-reference of r is an m-tuple (Xl, X2, . .. , xm) such that 

(i) if hi E E, then Xi = hi; otherwise Xi = h~ for some hyperrule h~ - 0: 
in RH or Xi = A, if A E L(M, V, hi, R M), and 

(ii) L(M, V, hlh2 ... hm, R M) n L(M, V, x~ x~ ... x~, R M) =f. 0 where x~ is ob
tained from Xi by renaming metanotions in Xi such that they are distinct 
from those in Xj for i =f. j, 1:::; i,j :::; m. 0 

Definition 4.12. Let G = (Gl ,G2,Z) be a W-grammar, where 
Gl = (M, V,RM) and G2 = (H,E,RH). The skeleton (canonical) grammar 
associated to G is the context-free grammar Gsk = (VN , E, Z, P) defined as 
follows: 

VN = {ho I (ho - 0:) E RH }, 

P = U RSk(r), where 
TERH 

for 1 :::; i :::; m and (Xl, X2, ... , Xm) a cross-reference of r}. 0 

Definition 4.13. A skeleton grammar Gsk associated to a W-grammar Gis 
proper if for all r, r' E RH with r =f. r', RSk(r) n Rsk(r') = 0. 0 

Theorem 4.6. A skeleton grammar Gsk associated to a W-grammar G 
is proper iff all hyperrules r = (ho - hl h2 ... hm) and r' = (hfJ -
h~ h~ ... h~) have pairwise distinct cross-references. 0 

Definition 4.14. Let Gsk be the skeleton grammar associated to a W
grammar G. Let E = ri"ri2, ... ,rin be a left parse ofw E L(G) and let 
E' = r~l' r~2 ' ... , rL be a left parse of w E L( G sk). E' is referred as corre
sponding to E if for all 1 :::; j :::; n, r~j E Rsk(ri;). 0 

Theorem 4.7. For every W-grammar G and for every left parse E of w E 

L( G) in G, there exists exactly one corresponding left parse E' of w E L( G sk) 
in Gsk. 0 

Corollary 4.1. If G is a W-grammar and if Gsk is its associated skeleton 
grammar, then L(G) ~ L(Gsk). 0 

Corollary 4.2. If G is a W-grammar such that the skeleton grammar Gsk 
of G is proper, then for each two left parses E l , E2 of W E L( G) 

El = E2 iff E~ = E~, 

where E: denotes the corresponding left parse of Ei , i = 1,2. o 
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Definition 4.15. A W-grammar G is ambiguous if for some wE L(G) there 
is more than one leftmost derivation of w in G. Otherwise G is unambiguous. 

o 

Theorem 4.8. If G is a locally unambiguous W-grammar and if the skele
ton grammar associated to G, Gsk , is proper and unambiguous, then G zs 
unambiguous. 0 

The above results lead to the following parsing algorithm for a restricted 
class of W-grammars, see [135]: 

Algorithm: 

Input: A W-grammar G locally unambiguous, the proper and unambigu-
ous skeleton grammar Gsk associated to G, a word w E E*. 

Output: "yes" if w E L( G), "no" otherwise. 
Method: 
Step 1. Apply any ofthe known parsing algorithms for context-free gram

mars, see for instance [2, 3], to Gsk and w to obtain the left parse E'. If 
w (j. L(Gsk ) then the output is "no". 

Step 2. Compute the left parse E in G starting from the start symbol z (if 
G is left-hand side u.a. and rightbound) or from w (if G is right-hand side u.a. 
and leftbound). Apply hyperrule r to those strict notions which correspond to 
the terminals and nonterminals used in the derivation step in which skeleton 
rule r' E RSk(r) was applied. Because G is locally unambiguous, giving the 
handle and hyperrule is sufficient to reduce O!i to O!i-l or, respectively, to 
extend O!i to O!iH. The output is "no" and stop if r cannot be applied or, 
otherwise, if the derivation in G is complete, then the output is "yes" and 
stop. 

Observe that the above algorithm requires as input the unambiguous 
skeleton-grammar Gsk • This condition cannot be removed, since Gsk is 
a context-free grammar and for context-free grammars it is undecidable 
whether the grammar is unambiguous or not. 

There are other interesting results in the area of W-grammars. Some 
of these results concern normal forms for W-grammars, see for example S. 
Greibach, [55], J. van Leeuwen, [87], P. Turakainen, [131]. The parsing prob
lem is studied also in J. L. Baker, [11], P. Dembinsky and J. Maluszynski, [33], 
A. J. Fisher, [42], C. H. A. Koster, [80]. The generative power ofW-grammars 
is studied in J. de Graaf and A. Ollongren, [54]. Many other formalisms can be 
expressed in terms of W -grammars, such as the first order logic, P. Deussen, 
[36], W. Hesse, [59], the recursively enumerable functions, 1. Kupka, [82]. For 
a bibliography of van Wijngaarden grammars the reader is referred to [38]. 
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4.3 W-grammars and complexity 

W-grammars provide a framework to evaluate the complexity of recursively 
enumerable languages, see [92,91, 95]. Our presentation below requires some 
basic knowledge about recursive functions on the part of the reader. 

Assume that S is a fixed alphabet and let w be the set of natural numbers. 

Definition 4.16. A criterion over S is a recursive sequence, C = (Cn)nEw, 
such that for any nEw, Cn ~ S* is a recursive language. 0 

Let D = (Dn)nEw be a given class of generative devices such that, for any 
language Lover S, L is a recursively enumerable language iff there is a d in 
D such that L(d) = L, where L(d) is the language generated by d. 

Definition 4.17. A generative Blum space (CBS) is an ordered system B = 
(S, D, A, C) where S, D, C are as above and A = (Ai)iEW is the set of cost 
functions, i.e., a set of partial recursive functions that satisfy the following 
two axioms: 

CBl. Ai(n) < 00 iff L(di ) n Cn =f. 0. 
CB2. the predicate R(i,x,y) = 1 iff Ai(X) = y and 

R(i,x,y) = 0 otherwise, is a total recursive predicate. o 

Let W be the G6del enumeration, W = (Wi)iEw, of all recursively enu
merable languages over S using W-grammars as generative devices. For a W
grammar, G, let Kn be the n-th Kleene's iteration of the W system associated 
to G (the extension for W-grammars of the algebraic system of equations 
associated to a context-free grammar, see [81)). Define the cost functions, 
TW = (TWi)iEw, such that they measure the "time" necessary for the device 
Wi with respect to the criterion C, to generate the language L(Wi). If there 
is an r E w, such that K~ n Cn =f. 0 then TWi(n) = min {r I K~ n Cn =f. 0}, 
else TWi(n) = 00. 

Note that the ordered system BT = (S, W, TW, C) is a GBS. 

Definition 4.18. Let B = (S, D, A, C) be a CBS and let f be a recursive 
function. The generative complexity class bounded by f is 

CB(f(n» = {L I there is an i E w such that 

L(di ) = Land Ai(X) ::; f(x) almost everywhere }. o 

If the GBS is BT then the generative complexity class bounded by f is 
denoted by TIMEW(f(n». 

Theorem 4.9. (the linear speed-up theorem) For every CBS, 
BT = (S, W, TW, C), for every recursive function f and for every constant 
q> 0, 

TIMEW(f(n» = TIMEW(qf(n». o 
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Definition 4.19. A W-grammar G is related to the graph of a function f : 
w ----+ w if ii, #} ~ V, Lx = i* for every X EM, RH c H x H* and, for 
all n,m E w 

o 

Definition 4.20. A function f : w ----+ W is TW-self bounded if f is a 
constant function or there is a W-grammar G related to the graph of f and 
there are constants no, Cl, C2 E w such that for every n 2: no, f (n) > 1 and, 
moreover, if the hyperrule < in#i!(n) >----+ a is added to the hyperrules of 
G, then for all pEw, Kp = {a}, where p = ctf(n) + C2. 

o 

Let TWSB be the class of all TW-self bounded functions. Intuitivelly, a 
function f in TWSB has the property that the graph of f can be generated 
by a W-grammar that is W-time bounded by f. 

Theorem 4.10. (the TW-separation property) Let f be in TWSB such 
that f(n) > log2 n almost everywhere and let g be a function such that 
infn-+oo(g(n)j f(n)) = o. There exists a language L such that, with respect 
to the criterion C = (anb*)nEw' L is in TIMEW(f(n)) but L is not in 
TIMEW(g(n)). 

Proof. Consider the language 

L = {anbm 1m = 2!(n),n E w}. 

We prove that L E TIMEW(f(n)). Since f E TWSB, there exists a W
grammar G = (Gl,G2 ,z), where Gl = (M,V,RM ) and G2 = (H,E,RH)' 
such that G is related to the graph of f and let no, Cl, C2 E w be the constants 
for which the Definition 4.20 is satisfied for f. 

Define the W-grammar G', such that M' = MU{N,Nt}, V' = VU{a,,B}, 
E' = E U {a,b}, RM, = RM U {A ----+ B I A E {N, Nt}, B EM}, z' = z and 
Rk = RH U {h l , ... , h6} where: 

il. < N#Nl >----+< aN >< j3Nl > 
h2 • < aNN >----+< aN >< aN > 

3. < aNNi >----+ a < aN >< aN > 
h4. < a >----+ A 
h5 . < j3Ni >----+< j3N >< j3N > 
h6 • < j3 >----+ b 

Observe that L(G') = L and note that a terminal derivation in G' is 
equivalent with a derivation of the following form: 

z' ~G' < in#i!(n) >~hl < ain >< j3i!(n) >~~2-h6 anb2f(n). 

One can easily see that K;, « ain » = {an} and K;2 « j3i!(n) » = 

{b2f(n)}, wherepl = log2n+1 andp2 = f(n)+l. Letp3 be maX{Pl,P2} + 1. 
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Since f(n) 2: 10g2 n, it follows that P3 = f(n) + 2. Now observe that for 
all n 2: no, K; = {anb2n }, where P = (C1 + l)f(n) + C2 + 2 and hence 
L E TIMEW(f(n)). 

Now we show that L f/. TIMEW(g(n)). Assume by contrary that there 
exists a W-grammar Gil such that L(G") = Land TWG,,(n) :::; g(n) almost 
everywhere. Define the constants: 

j2 = max{1 a II « u >---+ a) E R'J.r,a E E*} 

13 = max{q 1« Uo >---+ 0"0 < U1 > 0"1··· < Uq > O"q) E R'J.r}. 

Note that for every n 2: 1, for every strict hypernotion < h > and for 
every v E K::« h » 

n-2 
I v I:::; j;-lj2 + j1 Lj3· 

i=O 

Let j be max{j1,j2,j3}. It follows that 

n-2 n 

I v I:::; r + j Lji = L/ :::; njn :::; 2nr = (2j)n. 
i=O i=l 

Denote s = 2j and note that for every v E K::, I v I:::; sn. Therefore, 
for each v E K~(n) it follows that I v I:::; sg(n). Since TWG,,(n) :::; g(n) 
almost everywhere we deduce that K~(n) n C n 1= 0 almost everywhere. Hence 

an b2f (n) E K" almost everywhere. Thus g(n) 

2f(n) <I anb2f(n) I:::; sg(n) almost everywhere. 

Hence logs 2 :::; g(n)j f(n) almost everywhere. But this is contrary to the 
assumption that infn-+oo(g(n)j f(n)) = 0 and, consequently 
L f/. TIMEW(g(n)). D 

Theorem 4.11. (a dense hierarchy) If C = (anb*)nEw, then for all Teal 
numbeTs 0 < DC < /3, TIMEW(nCY.) is a pmper subset ofTIMEW(n f3 ). D 
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5. Attribute grammars 

5.1 Definitions and terminology 

Attribute grammars were introduced by D. Knuth, see [78, 79]. Informally, 
attribute grammars consist of: 

1) a context-free grammar G = (VN' VT , S, P) such that S does not occur on 
the right side of any production. 

2) two disjoint sets of symbols associated with each symbol of G, called inher
ited and synthesized attributes, where S must have at least one synthesized 
attribute and no inherited attributes. 

3) a semantic domain DOl for each attribute a. 
4) a set of semantic rules associated with each production. Each semantic 

rule is a function 

which defines the value of an attribute a of an instance i of a symbol 
appearing in a production p in terms of the values of attributes at, ... , ak 

associated with other instances of symbols in the same production. 

Attribute grammars are also referred to as K-systems. In the sequel, sym-
bols with indices denote (rename) the symbols without indices. For instance, 
Xl, X 2 rename the symbol X. 

We consider the first example in [78]. The same example is considered 
also in [17, 26, 27]. 

Example 5.1. Let G = (VN' VT, S, P) be the context-free grammar with: 
VN = {B,L,N}, VT = {0,1,·}, S = N. The productions from P are listed 
in sequence together with the semantic rules associated: 

Productions; Semantic rules 
1. B -- 0; v(B) = 0 
2. B __ 1; v(B) = 28 (B) 

3. L -- B; v(L) = v(B), s(B) = s(L), l(L) = 1 
4. L1 -- L2B; v(Lt) = V(L2) + v(B), s(B) = s(L1), 

S(L2) = s(Lt) + 1, l(L1) = l(L2) + 1 
5. N -- L; v(N) = v(L), s(L) = 0 
6. N -- L1 . L2 ; v(N) = v(Lt) + V(L2)' s(Lt) = 0, S(L2) = -l(L2) 0 

It is easy to observe that the language generated by G is the set of all 
rational numbers in binary notation. 

The main purpose of the semantic rules is to define the meaning of each 
string from L(G). 

The synthesized attributes are v(B), v(L), l(L) and v(N), based on the 
attributes of the descendants of the nonterminal symbol. Inherited attributes 
are s(B) and s(L), and they are based on the attributes of the ancestors. 
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Synthesized attributes are evaluated bottom up in the tree structure, 
while the inherited attributes are evaluated top down in the tree structure. 

For instance, consider the string 1101.01 from L(G). 
The evaluated structure corresponding to this string is: 

N{v = 13.25) ______ I 
L(v = 13,[ = 4,8 = 0) L(v = .25, l = 2, s = -2) 

I "" I "" L(v = 12,1 = 3,8 = I)B(v = 1,8 = 0) L(v = 0, I = 1, s = -1)B(v = .25, s ::;:: -2) 

I "" "" 
I I 

L{v = 12, I = 2, s = 2)B(v = 0, s = 1) 1 B(v = o,s = -1) 

I "" "" 
I 

L{v = 8, 1= 1, s = 3)B(v = 4, s = 2) 0 

I I 
B(v = 8, s = 3) 

I 

Note that v(N) = 13.25 and that the binary representation of 13.25 is the 
string 1101.01. 

Here the semantic domains are: Z (the set of integer numbers) for s(B), 
s(L), I(L) and Q (the set of rational numbers) for v(B), v(L) and v(N). 

5.2 Algorithms for testing the circularity 

The semantic rules are well defined or noncircular iff they are formulated in 
such a way that all attributes can always be computed at all nodes, in any 
possible derivation tree. 

Note that the definition of semantic rules can lead to circular definitions of 
attributes and consequently such attributes cannot be evaluated. Moreover, 
since in general there are infinitely many derivation trees, it is important to 
have an algorithm for deciding whether or not a given grammar has well
defined semantic rules. An algorithm for testing this property was given in 
[78,79]. 

Let G be an attribute grammar. Without loss of generality, we may assume 
that the grammar contains no useless productions, i.e., that each production 
of G appears in the derivation of at least one terminal string. Let T be any 
derivation tree obtainable in the grammar, allowed to have any symbol of V 
as the label of the root. Define the directed graph D(T) corresponding to T 
by taking the ordered pairs (X, a) as vertices, where X is a node of T and 
a is an attribute of the symbol which is the label of the node X. The arcs 
of D (T) go from (Xl, al) to (X 2, (2) if and only if the semantic rule for the 
value of the attribute a2 depends directly on the value of the attribute al. 
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For instance, assume G is the attribute grammar from Example 5.1 and 
consider the derivation tree T: 

N 

~ 
L . L 

~ ~ 
L B L B 

~I I I 
L BIB 1 

~I I 
LBO 0 

I I 
B 1 

I 
1 

The directed graph VCT) is: (Nl 
• veL) • I(L) • seLl 

LJ~~Bl 
LJ:~~Bl 
LJ:~~Bl 
l/ CCJ 
.~.s(B) 

c-:--t 
• veL) ·I(L) • seLl 

L~~Bl j/CCJ 
• v(B) • s(B) 

The semantic rules are well defined iff no directed graph VCT) contains 
an oriented cycle. 

Assume that for some VC1i) there is an oriented cycle. Since G contains 
no useless productions, there is an oriented cycle in some VCT) for which the 
root of T has the label S. T is a derivation tree of the language for which it 
is not possible to evaluate all the attributes. 

Let p be the production 
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XPO -- XPl .•. X pnp . 

Corresponding to p, consider the directed graph Vp defined as follows: 
the vertices are (XPj' 0) where 0 is an attribute associated to XPi' and 

arcs emanate from (XPk ., Oi) to (Xpj ' 0) for 0 ~ j ~ np and 0 is a synthesized 
3 

attribute, if j = 0, and 0 is an inherited attribute of X pj ' if j > o. 
For example, the six productions of G from Example 5.1 have the following 

six directed graphs: 

Dl : • v(B) • s(B) D2: .~.S(B) 

D"(Nl 
• veL) • l(L) • s(L) 

Note that each directed graph V(7) is obtained as the superposition of 
such directed graphs Vp. 

Let Ax be the set of attributes of X. Consider a production p and assume 
that Gj , 1 ~ j ~ np , is any directed graph whose vertices are a subset of 
Axpj . 

Denote by V[G1, ... , Gp] the directed graph obtained from Vp by adding 
an arc from (Xpj' 0) to (Xpj ' 0') whenever there is an arc from 0 to 0' in 
G j • 

For instance, assume that 
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s v 
Gl: • t _______ J 

and if D4 is the directed graph defined above, then D4[G 1 , G2 ] is 

Theorem 5.1. There exists an algorithm to decide whether or not the se
mantic rules of an attribute grammar are well defined. 

Proof. Let X be in V = VN U VT and let S(X) be a set of directed graphs 
on the vertices Ax. Initially S(X) = 0 if X E VN , and S(X) is the single 
directed graph with vertices Ax and no arcs if X E VT . 

New directed graphs are added to the sets S(X) until no further directed 
graphs can be added. 

Let m be card(P) and let the k-th production be: 

XkO -- X k1 Xk2 ... Xknk. 
For each integer p, 1 ~ p ~ m, and for each j, 1 ~ j ~ np , choose 

a directed graph Dj in S(Xpj). Add to the set S(Xpo) the directed graph 
whose vertices are Axpo and whose arcs go from a to a' if and only if there 
is an oriented path from (Xpo, a) to (Xpo , a') in the directed graph 

Dp[D~, ... , D~ ]. 
p 

Note that only finitely many directed graphs are possible and hence this 
procedure cannot continue forever. 

If 7 is a derivation tree with root X, let D'(7) be the directed graph 
with vertices Ax whose arcs go from a to a' iff there is an oriented path 
from (X, a) to (X, a') in D(7). 

We claim that for all X E V, S(X) is the set of D'(7), where 7 is a 
derivation tree with root X. 

To prove this claim, note that the construction adds to S(X) only such 
directed graphs D'(7). Moreover, from each such D'(7) one can obtain an 
appropriate derivation tree 7. 

Conversely, if 7 is a derivation tree, we can show by induction on the 
number of nodes in 7 that D'(7) is in the corresponding S(X). D 
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Corollary 5.1. The semantic rules of an attribute grammar are well defined 
iff none of the graphs Vp[Vi, ... , V~p], for any choice of p and Vj E S(XpJ, 
1 :S j :S np contains an oriented cycle. 0 

Example 5.2. Consider the attribute grammar G from Example 5.1. Using 
the above algorithm we obtain 

v 
SeN) = {. }, S(L) = { .v 

S(B) = { .v .S.v :}, S(O)=S(l)={.}. , L-J 

Now one can apply the above corollary in order to verify that the semantic 
rules of G are well defined. 0 

The above algorithm, also referred to as the algorithm for testing the 
noncircularity of definitions in an attribute grammar, requires exponential 
time, see [69, 74]. 

5.3 Restricted attribute grammars 

A more restrictive property of attribute grammars, called the strong non
circularity was studied in [26, 27]. The property of strong noncircularity is 
decidable in polynomial time. Most attribute grammars arising in applica
tions such as compiler construction have this property, see [34]. 

Notation. Let G = (VN' VT , S, P) be an attribute grammar. The set of 
synthesized attributes associated to a symbol X E V = VN U VT is denoted 
by Ax and the set of inherited attributes associated to X is Ai-. Moreover, 
Ax = Ax U Ai-, AS = UXEV Ax, Ah = UXEV Ai-, A = AS U Ah. 

Definition 5.1. Let pEP be a production 

Consider the sets 

and 

p : X ---+ X 1X 2 ... X n • 

W1(p) = {a(Xi) 11:S i:S n,a E Ax}, 

Wo(p) = {a(X) I a E Ax}, 

W(p) = W 1(p) U Wo(p). 

Define on W(p) a binary relation, denoted ---+p, by 
w ---+p Wi iff Wi occurs on the right-hand side of a semantic rule defining 

wand the semantic rule is associated to p. 0 
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Definition 5.2. An argument selector is a mapping 

such that: 
1'( a, X) ~ A:x., 'if a E Ax and 1'( a, X) = 0, otherwise. o 

Argument selectors are ordered componentwise, i.e., I' ~ 1" iff I'(a, X) ~ 
I"(a, X) for all a E AS and all X E VN . 

Definition 5.3. For' each argument selector 1', we define the binary relation, 
--+'0 on WI(p) as: 

'W --+'/' 'W' iff'W = a(Xi ), 'W' = y(Xi ) andy E I'(a,Xi ) for' some 1::::; i::::; n, 
a E AS and yEAh. 0 Xi Xi 

Denote by --+p,,/, the relation --+p U --+'/' considered only on WI (p), 

Definition 5.4. An attribute grammar is strongly noncircular if there exists 
an argument selector I' such that 

(1) I' is closed, i.e., for all pEP, P : X --+ X IX 2 ... X n , for all y E A:x. and 
a E Ax, whenever a(X) --+p y(X) or a(X) --+p'W --+;,,/, 'W' --+p y(X) 
for some 'W,'W' E WI(p), then y E I'(a,X). 

(2) I' is noncircular, i.e., for all pEP as in (1), the relation --+p,,/, has no 
cycles, that is, there exists no 'W E WI(p) such that 'W --+;;,'/' 'W. 0 

Definition 5.5. Let t be a derivation tree and let Wet) be the set of all 
attributes associated to vertices oft. The binary relation I't is defined on Wet) 
by 'W --+t 'W' iff 'W' occurs on the right-hand side of an eq'aation defining 'W. 

o 

We still consider some related subclasses of attribute grammars, 
Let a be in AS, let y be in A h and let X be in Vi\; n V~, The attribute a 

may call y at X iff a(X) --+; y(X) for some derivation tree t, 
Let C ALL( a, X) denote the set of inherited attributes that a may call at 

X E V. It is easy to see that CALL(a,X) ~ I'(a,X) whenever I'(a,X) is a 
closed argument selector. 

Definition 5.6. An attribute grammar is benign if CALL, as an argument 
selector, is nonciTcular·. 

An attribute grammar is ordered if it is noncircular and if there exists 
a family (ex )XEVN' where ex is a partial order on Ax such that f01' all 
derivation trees t, for all occurrences u in t, whenever a(u) --+; b(u), then 
beya, where Y is the label of the TOot of t. 0 

The following theorems, see [26, 27], show the relations between these 
families of attribute grammars. 
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Theorem 5.2. Ordered attribute grammars are contained in strongly noncir
cular ones. Strongly noncircular attribute grammars are contained in benign 
ones. Benign attribute grammars are contained in noncircular ones. All of 
the above containments are proper. D 

Theorem 5.3. The property of an attribute grammar being ordered (strongly 
non circular, benign, noncircular) is decidable and moreover, 

(i) whether an attribute grammar 'is or'dered or strongly nonciTcular can be 
decided in polynomial t'ime, 

(ii) deciding whether an attribute grammar is benign or noncircular requires 
exponential time. D 

Theorem 5.4. For any attribute grammar there exists a minimal closed ar
gument selector /'0. The attribute grammar is strongly non circular iff /'0 zs 
nonc-ir·cular. D 

Using the above theorem, the following polynomial time algorithm for 
deciding the property of strong non circularity was introduced in [26]. In the 
sequel an argument selector/' is considered as a set of triples: 

R = {(y,a,X) lyE /,(a, X)} ~ A x A X VN . 

The argument selector corresponding to R is denoted by /,(R). 

Algorithm: 

Step 1. Set Ro = 0. 

Step 2. For all i ~ 1 compute: 

R; = R i - 1 U {(y,a,X) 13p E P,p: X ---+ n, such that y E A:y,a E Ax 

and a(X) ---+;,'Y(R;-tl y(X)}. 

Step 3. Stop as soon as Ri = Ri - 1 , and the result is /'0 = /,(Ri). 

After the computation of /'0, one has to check its noncircularity which 
can be also done in polynomial time. 

Definition 5.7. An attribute grammar is purely synthesized if Ah = 0. An 
att,,.ibute grammar 'is nonnested if inherited attributes are defined only zn 
terms of 'inherited attributes. D 

Clearly, every purely synthesized attribute grammar is a nonnested at
tribute grammar. 

Theorem 5.5. Every nonnested attribute grammar is strongly noncircular. 
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Proof. Assume G is a nonnested attribute grammar and let 'Y be the argument 
selector: 

'Y(a,X) = A1· 
Note that 'Y is closed. Consider now the sequence: 

It may be either a(X) ----Tp y(X) for some a E AS and YEAh, or 

a(X) ----Tp b(Xi) ----Tp ,,,! y(Xj) ----Tp z(X) 

for some a, b E AS, y, z E Ah, X, Xi, Xj E VN , or it is a subsequence of the 
last one. Consequently, there cannot be cycles. Therefore, 'Y is noncircular. 
Hence, G is strongly noncircular. 0 

Corollary 5.2. Every purely synthesized attribute grammar is strongly non
circular. 0 

5.4 Other results 

In [17] it is proved that each attribute grammar can be converted to an 
equivalent purely synthesized one that possibly uses the J.L operator, i.e., the 
least fixed point of a function. The idea is to consider the semantic rules as a 
system of equations. After this the inherited attributes are eliminated using 
the so-called recursion theorem. 

Purely synthesized attribute grammars can be related to initial algebra 
semantics, see [17] and see [53] for initial algebra semantics. 

Attribute grammars have been used in parsing theory and practice. At
tribute translation grammars were introduced in [89] as a device to specify 
a translation. The translated symbols can have a finite set of attributes. 
An attributed translation grammar is in some sense a generalization of a 
context-free grammar. A context-free grammar is first extended to a trans
lation grammar and then the attributes are added. Attributed translation 
grammars apply also ideas from syntax directed translations. 

Attribute grammars were extended to attributed tree grammars in [12]. An 
algorithm for testing noncircularity of attributed tree grammars is described 
in [12]. 

LR-attributed grammars are a combination between LR(k) and attribute 
grammars. They have both features, an efficient parsing algorithm and an 
algorithm to evaluate the attributes. Informally, an LR-attributed grammar 
is an attribute grammar that has the possibility of attribute evaluation during 
the LR parsing by an LR parser/evaluator. An LR parser/evaluator is a 
deterministic algorithm which is an extension of a shift/reduce LR parsing 
algorithm in such a way that it evaluates all synthesized attribute instances 
of a node in a derivation tree as soon as it has recognized this node and 
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has parsed the subtree rooted in this node. The LR parser/evaluator also 
computes all inherited attributes of this node. 

Various families of LR-attributed grammars are studied and compared in 
[4]. See also [134] for an early approach of this subject. 

Attribute grammars are used to study natural languages, too. They can 
be used to encode an algebraic specification of a natural language and at
tributed translation is used to compute representations of the "meaning" of 
a sentence at different levels of abstraction, including a treatment of seman
tic ambiguities. For more details, as well as for an example of a parser that 
translates a significant subset of English into predicate logic, the reader is 
referred to [107]. 

In [88] a system is presented, called Vinci, for generating sentences and 
phrases in natural languages. The system is based on attribute grammars 
and has been used for experiments in linguistics, and for teaching linguistic 
theory. Attribute grammars provide the basis of the syntax definition and the 
use of attributes ensures the "semantic agreement" between verbs and their 
subjects and objects, nouns and adjectives, etc. For instance, the sentence 
"The bear ate the banana" is accepted, whereas the sentence "The table ate 
colourless green ideas" is not accepted. 

For a large bibliography on attribute grammars see [34]. 

6. Patterns 

6.1 Erasing and nonerasing patterns 

The study of patterns goes back to the beginning of this century. Some of 
the classical results of Axel Thue, see [128], can be expressed in terms of pat
terns and pattern languages. Recent research concerning inductive inference, 
learning theory, combinatorics on words and term rewriting is also related 
to the study of patterns. Classical devices such as grammars and automata 
characterize a language completely. Patterns provide an alternative method 
to define languages, giving more leeway. 

Let E and V be two disjoint alphabets. E is the alphabet of terminals 
and V is the alphabet of variables. A pattern is a word over E U V. The 
language defined by a pattern a consists of all words obtained from a by 
leaving the terminals unchanged and substituting a terminal word for each 
variable X. The substitution has to be uniform, i.e., different occurrences of 
X have to be replaced by the same terminal word. In the case when variables 
have to be replaced always by nonempty words, the pattern will be referred 
to as a nonemsing pattern, or NE-pattern. These patterns have been studied 
systematically first by Dana Angluin, see [5, 6]. 

However, the situation is essentially different if the empty word is al
lowed in the substitutions. The study of such patterns, referred to as emsing 
pattents, or E-patterns, was initiated in [70]. 
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The formal definitions are the following. Denote by HEY the set of all 
morphisms from (17 U V)* to (17 U V)*. 

Definition 6.1. The language generated by an E-pattern a E (17 U V)* is 
defined as 

LE,E(a) = {w E 17* I w = h(a) for some h E HE,v 

such that h(a) = a for each a E 17}. 

The language generated by an NE-pattern a E (17 U V)* is defined as 

LNE,E(a) = {w E 17* I w = h(a) for some A-free h E HE,v 

such that h(a) = a for each a E 17}. D 

Whenever 17 is understood we use also the notations LE(a) and LNE(a). 
Note that in the sequel the symbol "c" denotes the proper inclusion. 

A sample is a finite nonempty language. For many purposes, both theo
. 3tical and practical, given a sample F it is useful to find a pattern a such 
that F C LNE(a) or F C LE(a) and, furthermore, a describes F as closely 
as possible. Consider the following example, see [70]. 

Example 6.1. Assume that the terminal alphabet is 17 = {O, I} and let F be 
the following sample 

F= {OOOO, 000000, 001100, 00000000, 00111100,0010110100,00010 01000} 

For each E-pattern a from the following list, F is a subset of the language 
LE(a). 

a1 = XYX, a2 = XYYX, a3 = XXYXX, 

a4 = X XYY X X, as = OOXOO, a6 = OOX XOO. D 

The above list can be continued with other examples of patterns as well 
as with descriptions of the form XXR, where X R is the mirror image of X, 
OOXXROO or for instance XXP , where x P is some permutation of X. In the 
sequel we will not consider the mirror image or the permutation of variables. 

Finding a pattern common to all words in a given sample is especially 
appropriate if the sample set is growing, for instance through a learning 
process, or if one may enquire whether or not some specified words belong to 
the set. For instance, a positive answer to the query 00011000 will reject the 
patterns a4 and a6, but not the patterns aI, a2, a3, as. 

Also, trying to infer a pattern common to all words in a given sample is a 
very typical instance of the process of inductive inference, that is, the process 
of inferring general rules from specific examples. For more details on this line 
see for instance [7] or [65]. 

For an interconnection between patterns and random numbers see [70]. 
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Let P be a class of patterns. Given a sample F, a pattern 0: E P is de
scriptive of F within the class P provided that F is contained in the language 
of 0: and there is no other pattern {3 E P such that F is contained in the 
language of {3 and the language of {3 is properly contained in the language of 
0:. That is, no other pattern (3 gives a strictly "closer fit" to the sample F 
than 0: does. 

Formally, a pattern 0: E P is descriptive of a sample F within P if the 
following two conditions are satisfied. 

(i) F ~ L(o:), 
(ii) there is no pattern (3 E P such that 

F ~ L({3) c L(o:). 

Moreover, when specifying the class P, it is also stated whether we are 
dealing with E- or NE-patterns, and also the terminal alphabet E is specified. 

Example 6.2. Consider again the sample F from Example 6.1 and let P be 
the set of all E-patterns. The reader can easily verify that the E-pattern 0:6 

is descriptive of F within P. D 

Note that for a given sample F and for a given class P of patterns it 
may be the case that there are zero, one or more descriptive patterns of F 
within P. On the other hand, if P is the class of all patterns, then for every 
sample F there exists at least one descriptive pattern of F within P. For the 
following theorem we refer the reader to [6]. 

TheoreIll 6.1. There is an algorithm which, given a sample F as input, 
outputs an NE-pattern 0: that is descriptive of F within the class of all NE
patterns. D 

The algorithm used in the proof of the above theorem gives a pattern 0: 

of the maximum possible length that is descriptive of F. 
Theorem 6.1 concerns E-patterns as well, see [70]. 

TheoreIll 6.2. There is an algorithm which, given a sample F as input, 
outputs an E-pattern 0: that is descriptive of F within the class of all E
patterns. D 

Both the algorithm described in [5] for NE-patterns, and the algorithm 
described in [70] for E-patterns are non-efficient. 

6.2 The equivalence probleIll 

Given two NE-patterns (E-patterns) 0: and (3, the equivalence problem con
sists in deciding whether or not LNE(O:) = LNE ({3) (LE(O:) = LE({3) ). 

We start by defining some related notions. A morphism hE HE,v is stable 
for terminals if h(a) = a for all a E E. If his letter-to-letter, injective and 
stable for terminals, then h is a renaming. 
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Consider the following relations between patterns: 

a :S f3 iff a = h(f3), for some h stable for terminals. 
a :S+ f3 iff a = h(f3), for some A-free h, stable for terminals. 
a == f3 iff a = h(f3), for some renaming h. 

Observe that the language defined by an E- , NE-pattern a can be ex
pressed as: 

LE,1J(a) = {w E E* I w :S a}, 

and 
LNE,1J(a) = {w E E* I w:S+ a}. 

The following properties of the above relations are immediate: 

1. the relations :S+ and :S are transitive relations, 
2. if a :S+ f3, then LNE(a) ~ LNE(f3) and, if a :S f3, then LE(a) ~ LE(f3), 
3. a == f3 if and only if a :S+ f3 and f3 :S+ a. 

In the sequel we assume that all patterns have as the set of variables 
a finite subset V of the infinite set {Xi Ii;::: I}. Let a be a pattern over 
E U V and let a, b be two fixed letters from E. We introduce a particular 
sample, F(a), that is fundamental for deciding the equivalence of two NE
patterns. Consider the following set of terminally stable morphisms defined 
for all i,j ;::: 1: 

!a(Xi ) = a, !b(Xi ) = b, 

9j(Xi ) = a, if i = j and 9j(Xi ) = b otherwise. 

F(a) is the set of words 

Obviously, F(a) is a finite and nonempty language, hence F(a) is a sample. 

Example 6.3. Assume that E = {a, b} and let a be the pattern a = 
X 1X 1aaX2 • One can easily see that 

F( a) = {aaaaa, bbaab, aaaab, bbaaa}. D 

Note that if a contains no variables then F(a) = L(a) = {a},ifacontains 
only one variable, then card(F(a)) = 2 and if a contains n ;::: 2 variables, 
then card(F(a)) = n + 2. Moreover, note that F(a) ~ L(a) and that F(a) 
can be constructed in polynomial time with respect to the length of a. 

The following results were established in [5, 6). 
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Theorem 6.3. Let 0:, {3 be two patterns such that 1 0: 1=1 (3 I. Then, 

i) If F(o:) ~ L NE ({3), then 0: ~+ (3, 
ii) LNE(O:) ~ L NE ({3) if and only if 0: ~+ (3, 
iii) 0: is descriptive of F(o:) within the class of NE-patterns. D 

Theorem 6.4. For all NE-patterns 0: and (3, 

LNE(O:) = LNE({3) if and only if 0: == {3. D 

As a consequence, it follows that the equivalence problem for NE-patterns 
is decidable and, moreover, the equivalence may be tested by a linear-time 
algorithm. 

However, for E-patterns the situation seems to be more complicated. In 
fact, at the time of this writing, the following problem is still open: Does there 
exist an algorithm to decide whether two given E-patterns are equivalent or 
not? Although it is still open, there is much progress on this line, mainly done 
in [70, 72] and in the recent papers [30], [103]. Two E-patterns 0: and {3 over 
EUV are referred to as similar, if 0: = O:OUlO:l ... UnO:n , {3 = (3oul{31 ... un{3n, 
n 2: 0, O:i,{3i E V+, 1 ~ i ~ n - 1, O:O,{3o,O:n,{3n E V* and Uj E E+, 
1 ~ j ~ n. 

Theorem 6.5. Let E be a terminal alphabet with card(E) 2: 3. If two E
patterns over E U V are equivalent, then they are similar. D 

The result does not hold in the case card(E) = 2. The similarity condition 
is not a necessary condition in this case. For instance, assume that E = {a, b} 
and consider the following patterns: 

0: = X 1aX2bX3 aX4 , {3 = X 1abX2aX3 , , = X 1aX2baX3 · 

One can easily verify that 

but no two distinct E-patterns from 0:, {3, , are similar. The same holds true 
with respect to the E-patterns X 1aaaX2bX3 and X 1aaabX2 . 

6.3 The inclusion problem 

The inclusion problem for NE-patterns consists of: does there exist an al
gorithm to decide for two given NE-patterns 0: and (3, whether or not 
LNE(O:) ~ LNE({3)? 

This problem was open for a long time and solved in [71, 72]. 
It turns out that the inclusion problem for NE-patterns is undecidable. 

Thus, for the family of languages generated by NE-patterns, equivalence is 
decidable but inclusion undecidable. A similar situation is known for some 
other language families as well. However, in other known similar cases, the 
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equivalence problem is quite hard, whereas it is almost trivial for NE-pattern 
languages. 

We start our presentation by explaining why the inclusion problem for 
NE-patterns is hard. The inclusion LNE(a) ~ L NE ({3) can hold for two 
patterns a and {3 without a and (3 having seemingly any connection. The 
inclusion holds if a = h({3), for some nonerasing morphism h that keeps 
the terminals fixed, but the existence of such a morphism is by no means 
necessary for the inclusion to hold. For instance, if E = {a, I} and a is 
an arbitrary pattern with length at least 6, then LNE(a) ~ LNE(XYYZ). 
Observe that the pattern a is not necessarily a morphic image of XYYZ. 

But the main reason why the inclusion problem is hard comes from its 
expressive power. Thue's classical results, [128], can be expressed in terms of 
non-inclusion among NE-pattern languages as follows: 

If E consists of two letters then, for all n, L NE(X1X2 . .. Xn) contains 
words not belonging to LNE(XYYY Z), i.e., LNE(X1X 2 ... Xn) is not in-
cluded in LNE(XYYYZ). If E contains at least three letters then, for all n, 
LN E(X lX2 ... Xn) contains words not belonging to LN E(XYY Z). 

The above results concerning squares and cubes have been extended to 
arbitrary patterns in [13]. We present the definitions in our terminology. 

A pattern a is termed unavoidable (on an alphabet E) iff, for some n, 

where the Xi'S are distinct variables and X and Z are variables not occurring 
in a. Otherwise, a is avoidable. 

Thus, YY is unavoidable on two letters but avoidable on three letters. 
The pattern YYY is avoidable also on two letters. 

The paper [13] gives a recursive characterization of unavoidable terminal
free patterns. A rather tricky example is the pattern 

a = XYXZX'YXY'XYX'ZX'YX', 

which is unavoidable for a suitable terminal alphabet E. Given a pattern a 
that is unavoidable on E, it is of interest to find the smallest n such that 
every word of length at least n possesses a subword of pattern a. The following 
result, which is obvious from the definitions, shows the interconnection with 
the inclusion problem. 

Any algorithm for solving the inclusion problem for NE-pattern languages 
can be converted into an algorithm for computing the smallest n such that a 
given unavoidable pattern cannot be avoided on words of length at least n. 

Finally, note that if we allow the use of variables of other types, such as 
the variables X P , then also other extensions of Thue's results can be reduced 
to the inclusion problem. For instance, the important result of [77] can be 
expressed as follows: 

If E contains at least four letters then, for all n, L NE(X1X 2 ... Xn) con
tains words not belonging to LNE(XYYPZ). 
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The above result is not valid for smaller alphabets. Indeed, if 2; consists 
of three letters and a is a pattern of length at least 10, then 

The following result was obtained in [71], see also [72] for a more detailed 
proof. 

Theorem 6.6. Given a terminal alphabet 2;, a set of variables V, and two 
arbitrary E-patterns a, (3 E (2; U V)*, it is undecidable whether' 

Proof. We give here only the idea of the proof. The reader is referred to [72] 
for the complete proof of Theorem 6.6. 

The inclusion problem for E-patterns is proved to be undecidable by re
ducing to it the emptiness problem for nondeterministic 2-counter automata. 

A nondeterministic 2-counter automaton without input, see [99], is de
noted as M = (Q,qO,QF,0,8), where Q is the finite set of states, qo E Q 
is the initial state, Q F ~ Q is the set of final states, 0 ~ Q is the only 
symbol for the stack alphabet, and 8 ~ Q x {O, 1}2 X Q x {-I, 0,1 F is the 
transition relation. The set of configurations of M is O*QO*. If uqv is a con
figuration, u, v E 0*, q E Q, then u, v denote the contents of the counters 
and q is the current state of the finite control. The relation :::} M between 
configurations is determined by the transition relation 8 as follows. If qi E Q 
and Ui, Vi E 0*, i = 1,2, then 

iff there exists (Q1,X1,x2,q2,Y1,Y2) E 8, X1,X2 E {0,1},Y1,Y2 E {-1,0,1}, 
such that for i = 1,2, Xi = 0, if 'Ui = A, and Xi = 1, otherwise. Moreover, 
1 Vi 1=1 'Ui 1 +Yi· It is assumed in the definition of 8 that if Xi = 0 then 
Yi 2: O,i = 1,2. 

Let # be a new symbol not appearing in QU{O}. An accepting computation 
of M without input is a word We: 

where Tn 2: 1, C1 = qo, Crn = UIQU2, Q E QF, U1, U2 E 0*, Ci is a con
figuration of M, and C i :::} M C i +1, 1 :s: i :s: Tn - 1. It is known that the 
emptiness problem for nondeterministic 2-counter automata without input is 
undecidable, see [10, 64, 99]. 

For a given 2-counter automaton M, one can now construct two patterns 
a and (3 such that LE(a) ~ L E((3) exactly in the case M has no accepting 
computation. Both a and (3 contain three occurrences of a special terminal 
letter $, acting as a marker. The subwords between the first two occurrences of 
$ and the last two occurrences of $ are referred to as the first and respectively 
!:!econd !:!egrnent. Apart from $, (3 contains a considerably large number of 
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variables. Some of these variables occur in both segments. The essential part 
of the first segment of a is the only occurrence of a variable X. The second 
segment of a is a terminal word, in fact a catenation of really many words Wi, 

separated by markers. The pattern a contains also one occurrence of another 
variable Y. Now, whatever one substitutes for X and Y in a, the same word 
can be obtained by some substitution of the variables of {3. An exception 
occurs in the case that X is a successful computation of M, and Y is a long 
enough string of D's. In this case the word is not in the language L E ({3), and 
the claim concerning the inclusion follows: the inclusion holds if and only 
if there is no successful computation of M. Why this works is because the 
words Wi describe all possible deviations from a successful computation. If a 
deviation occurs in X, some variables get values in the first segment of {3 that 
correspond to some Wi in the second segment. There is no way to get such 
a correspondence when there are no deviations, i.e., when X is a successful 
computation. Therefore, the words Wi describe all possible types of errors. 
The key idea is that for an arbitrary 2-counter automaton there are only 
a finite number of such types of errors and thus they can be encoded in a 
pattern. The initial and final parts of a and {3, those before the first $ and 
after the last $, are still used to guarantee that, for each assignment for X 
and Y in a, only few variables in {3 can be active. 0 

For the case of NE-patterns a similar result does hold. The inclusion 
problem between NE-patterns is shown to be undecidable by reducing to it 
the inclusion problem for E-patterns. The reader is referred to [71, 72] for 
the details. Thus, we have 

Theorem 6.7. Given a terminal alphabet E, a set V of variables, and two 
NE-patterns a, {3 E (E U V)* it is undecidable in general whether or not 

o 

If we restrict our attention to the family of terminal-free patterns, i.e., 
patterns containing only variables, the situation is essentially different, see 
[71,72]. 

Theorem 6.8. Given a terminal alphabet E, a set of variables V, and two 
terminal-free E-patterns a, {3 E V+ it is decidable whether 

or' not. o 

However, in the case of terminal-free NE-patterns the decidability status 
of the inclusion problem is open, i.e., it is not known whether the inclusion 
problem between terminal-free NE-patterns is decidable or not. 
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6.4 The membership problem 

The membership problem, both for NE-patterns and for E-patterns, is decid
able and, moreover, in both cases it is known to be NP-complete. This result 
for NE-patterns can be found in [5] whereas for the case of E-patterns see 
[70]. 

Theorem 6.9. The problem of deciding whether wE LNE(a) (w E LE(a)) 
for an arbitrary terminal word wand NE-pattern a (E-pattern a) is NP
complete. 

Proof. We present here the proof for the case of NE-patterns. The proof for 
the case of E-patterns is quite similar. Let E be an alphabet and let V be 
a set of variables. Consider an NE-pattern a E (E u V)* and let w E E* 
be a terminal word. Clearly, the problem is in NP. One can easily define a 
Turing machine that guesses an assignment for the variables in a and checks 
whether w results. To prove that the problem is complete in NP, we describe 
a polynomial-time reduction to it of the 3-satisfiability (3-SAT) problem. 
The 3-SAT problem consists of deciding whether a propositional formula in 
conjunctive normal form with three literals per clause is satisfiable or not. 

Let cp be a given propositional formula in conjunctive normal form with 
three literals per clause. Assume that the literals of cp are Pi, 1 ~ i ~ nand 
the clauses are Gj , 1 ~ j ~ m, where each clause is a triple of three terms 
each of which is either a literal or the negation of a literal. Let 0, 1 E E be two 
fixed, distinct symbols (note that always card(E) ~ 2). Define the pattern a, 
containing 2(m + n) variables Xi, Yi, Zj, Uj , 1 ~ i ~ n, 1 ~ j ~ m as follows. 

a = OalOa2'" Oan Olh0,82 ... 0,8mO'Y10'Y2'" O'YmO, 

such that ai = XiYi, 1 ~ i ~ n, 'Yj = ZjUj , and ,8j = bj,lbj,2bj,3Zj, 1 ~ j ~ 
m, where bj,k = Xi if the kth literal in Gj is Pi and bj,k = Yi if the kth literal 
in Gj is the negation of Pi, 1 ~ j ~ m, 1 ~ k ~ 3. 

Now we define the terminal word w as being 

w = OW10W2 ... OWn OtlOt2 ... OtmOvlOV2 ... OvmO, 

where Wi = 13 , tj = 17 and Vj = 14, 1 ~ i ~ nand 1 ~ j ~ m. 
One can easily verify that wE LNE(a) if and only if cp is satisfiable, hence 

the membership problem for NE-patterns is NP-complete. 0 

6.5 Ambiguity 

Pattern languages reflect some basic language-theoretic issues concerning de
grees of ambiguity. The idea of ambiguity in patterns was formulated in [75]. 
Our presentation here follows [93, 94]. 

Given a pattern a and a word w in LE(a) or LNE(a), it may happen 
that w has several "representations", that is, there are several morphisms h 
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satisfying w = h(a). For instance, the terminal word w = a7 ba7 possesses 
8 representations in terms of the pattern a = XY X. (The number is 7 if a 
is viewed as an NE-pattern.) We express this by saying that the degree of 
ambiguity of w with respect to a equals 8. Whenever important, we indicate 
whether we are dealing with the E- or NE-case. The degree of ambiguity of a 
pattern a equals the maximal degree of ambiguity of words w in the language 
of a, or infinity (00) if no such maximal degree exists. More formally, we 
associate to a pattern a over 17uV and a word wE 17+ the subset S(a, w, E) 
of HE,v, consisting of morphisms h such that h(a) = w. The cardinality of 
this subset is denoted by card( a, w, E). We make here the convention that 
morphisms differing only on variables not present in a are not counted as 
different. The degree of ambiguity of a equals k ::::: 1 iff 

card(a,w,17)::; k, for all w E LE(a), 

and 
card(a,w',17) = k, for some w' E LE(a). 

If there is no such k, then the degree of ambiguity of a equals 00. For k = 1, 
a is termed also unambiguous and, for k > 1, a is termed ambiguous. 

The terminals actually appearing in a constitute a subset 17', maybe 
empty, of 17. One can easily observe that it suffices to specify only a because 
the degree of ambiguity of a is independent of the choice of 17. 

The notions are now naturally extended to concern languages. A pattern 
language L is ambiguous of degree k ::::: 1 if L = LE(a), for some pattern a 
ambiguous of degree k, but there is no pattern f3 of degree less than k such 
that L = LE(f3). Here k is a natural number or 00. Again, if k = 1 we say 
that L is unambiguous. Otherwise, L is (inherently) ambiguous. 

As a consequence of the fact that two NE-patterns are equivalent exactly 
in case they are identical up to a renaming of variables, see Theorem 6.4, 
it follows that the degree of ambiguity of an NE-pattern a equals the de
gree of ambiguity of the pattern language LNE(a). This is not the case for 
E-patterns: LE(X) = LE(XY) but the degrees of ambiguity of the patterns 
X and XY are 1 and 00, respectively. Moreover, for every E-pattern (con
taining at least one variable), there is an equivalent E-pattern whose degree 
of ambiguity is 00. Conversely, there are E-patterns such that the degree 
of ambiguity of every equivalent E-pattern is 00, for instance XYY X. One 
can easily see that every pattern containing occurrences of only one variable 
is unambiguous. Also, every pattern containing occurrences of at least two 
variables but of at most one terminal is ambiguous of degree 00. 

For the proofs of the following theorems the reader is referred to [94J. 

Theorem 6.10. Every pattern a satisfying the following two conditions is 
of 00 degree of ambiguity: 

i) a contains occurrences of at least two variables. 
i'i) Some variable occurs in a only once. D 
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Note that the pattern a = X aY XbY is unambiguous. Using this fact, the 
second sentence of our next theorem can be inferred. 

Theorem 6.11. Compositions of unambiguous patterns are unambiguous. 
Unambiguous patterns of arbitrarily many variables can be effectively con
structed. 0 

Using the general theorem of Makanin, [90], the following results are ob
tained. 

Theorem 6.12. The following problems are decidable, given a pattern a and 
a number k 2: 1. Is the degree of ambiguity of a equal to k, greater than k or 
less than k? Consequently, it is decidable whether or not a is unambiguous. 

o 

By our results so far "most" of all patterns are either unambiguous or of 
degree 00. The existence of patterns of a finite degree of ambiguity greater 
than one constitutes a rather tricky problem. Such patterns must have at least 
two variables and at least two terminals. Moreover, each ofthe variables must 
occur at least twice in the pattern. 

The main result concerning finite degrees of ambiguity is the next theo
rem. See [94J for a long combinatorial argument used in the proof. 

Theorem 6.13. For any m 2: 0 and n 2: 0, a pattern of degree of ambiguity 
2m 3n can be effectively constructed. 0 

It is known, [93, 94], that the pattern a = X abXbcaY abcY has the degree 
of ambiguity 2, whereas a pattern with the degree of ambiguity 3 constructed 
in [94J has length 324 and the shortest word that actually has 3 different 
decompositions with respect to this pattern has length 1018. 

An immediate consequence of Theorem 6.13 is that for any k there are 
patterns with finite degree of ambiguity greater than or equal with k. How
ever, the following problem is open, 

Open Problem: Does there exist for every k 2: 1 a pattern whose degree of 
ambiguity is exactly k? 

It suffices to carry out the construction for prime numbers k. Another 
interesting question is: 

Open Problem: Does there exist an algorithm to decide whether the degree 
of ambiguity of a pattern is finite or not? 

"Almost all" patterns seem to be of degree 00, and yet Makanin's Theorem 
is not directly applicable to this case. 
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6.6 Multi-pattern languages. Term rewriting with patterns 

Another natural generalization of the notion of a pattern language is a multi
pattem language, [75]; instead of one basic pattern, there are finitely many of 
them. The study of multi-patterns has been initiated in [75J. A multi-pattem 
is a finite set of patterns. The language generated by a multi-pattern is the 
union of all languages generated by the patterns from the multi-pattern. 
An NE-multi-pattern is a finite set of NE-patterns. The notion of an E
multi-pattern is defined similarly. Let MPLNE (MPLE) be the family of 
languages that are generated by NE-multi-patterns (E-multi-patterns). One 
can easily see that M P LE = M P LN E. Hence, in the sequel we refer to 
these families as the family of m'ulti-pattem languages, denoted by M P L. 

Theorem 6.14. [75J The equivalence and the inclus'ion problems are unde
cidable for the family MPL. The membership problem is NP-complete fOT 
languages in this family. 0 

It is also undecidable whether or not an arbitrary context-free language 
is in M P L, see [75J. The family of erasing multi-patterns of degree n, 
MPLE(n), is the family of languages generated by erasing multi-patterns 
consisting of exactly n E-patterns. Analogously, one introduces the family 
M P LN E(n) for the nonerasing case. 

Theorem 6.15. [75J The numbeT of patterns defines an infinite hierarchy: 

MPLE(n) C MPLE(n + 1), n 2': 1, 

MPLNE(n) C MPLNE(n + 1), n 2': 1. o 

Theorem 6.16. [75J The family MPL is an ant'i-AFL, but it is closed un
der Tight/left derivatives. M P L is not closed undeT right/left quotients with 
'f"eg'ulaT lang'uages, intersection or complement. 0 

There are various natural ways to modify the definition of pattern lan
guages, as presented above. One may start with a set of terminal words ("ax
ioms"), and first replace the variables in a given pattern or a set of patterns 
by some axioms. This results in a larger set of terminal words. The process is 
continued with the larger set, and so OIL Such generative devices were stud
ied in [31], see also [121J. There are similarities, as well as differences, when 
this definition of L( G) is compared with the customary definition, see [115], 
of context-free languages as solutions of algebraic systems of equations. The 
customary definition has a stronger generative power because different vari
ables are associated with different languages in the generative process. On the 
other hand, the generative capacity of pattern grammars is stronger because 
several occurrences of the same word can be enforced to be present simul
taneously. Another way to define grammars based on patterns is studied in 
[105J. An extended model that covers these generative devices was introduced 
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and studied in [100]. Interrelations between pattern languages and parallel 
communicating grammar systems are studied in [39]. Infinite multi-patterns 
(regular and context-free) are introduced in [40]. Sixteen new families of lan
guages are defined and their mutual relationships are presented. Descriptional 
measures for pattern grammars and languages are introduced and studied in 
[46]. It is proved that these measures induce infinite hierarchies of languages. 

Another line of research on patterns is on avoidable and unavoidable pat
terns, initiated in [13]. Although we did not follow very close this topic here, 
we refer the reader to [16] for recent results in this area. A complete clas
sification of unavoidable binary patterns is presented there as well as other 
concepts of avoid ability. 

7. Pure and indexed grammars. Derivation languages 

In this subsection we will describe very briefly some classes of grammar-s and 
their languages. Our aim is just to give an idea about what is going on, as 
well as some references. Our presentation will be rather informal. 

7.1 Pure grammars 

In the Chomsky hierarchy and related types of grammars, it has become 
customary to divide the alphabet into two parts: nonterminalletters and ter
minalletters. Only words consisting entirely of terminal letters are considered 
to be in the language generated. Basically, this distinction sterns from linguis
tic motivation: nonterminals represent syntactic classes of a language. One 
can view the use of nonterminals also as an auxiliary definitional mechanism 
for generative devices. Not everything derived from the axiom or axioms is 
accepted as belonging to the language. Nonterminals are used to filter out 
unwanted words. 

On the other hand, such a distinction is not made in the original rewriting 
systems of Time, [130]. It is also not made in the original work concerning L 
systems (see the chapter about L systems in this Handbook). Indeed, since L 
systems were originally used to model the development of filamentous organ
isms, it would have been unnatural to exclude some stages of development as 
"improper" . 

The study of pure grammars continues this original line of research con
cerning rewriting systems. In a pure grammar there is only one undivided 
alphabet. The starting point, axiom, is a word or, more commonly, a finite 
set of words. Rewriting is defined in the standard way, and a specific pure 
grammar is obtained by giving a finite set of rewriting rules or productions. 
All words derivable from some of the axioms belong to the language of the 
pure grammar. A pure grammar is context-free, (resp. length increasing) if 
the length of the left side of every production is equal to one (resp. less than 
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or equal to the length of the right side). Abbreviations PCF and P LI will be 
used for these special classes of pure grammars and their languages. (One can 
define also pure context-sensitive grammars in the standard way. The result
ing class of languages will be strictly smaller than the class of P LI languages. 
The ordinary simulation oflength-increasing productions by context-sensitive 
ones does not work because one is not able to "hide" the intermediate words 
needed for the simulation.) 

The language {an cbn I n 2: I} is generated by the PC F grammar with the 
axiom acb and the only production c ~ acb. The language {an bn I n 2: I} 
is not PCF but is generated by the PLI grammar with the axiom ab and 
the only production ab ~ a2 b2 }. Neither one of the languages 

{anbncn In 2: I} and {anbn In 2: I} U {a1tb2n In 2: I} 

is pure, that is, they are not generated by any pure grammar whatsoever. 
Every regular language is P LI and, hence, pure. The family of pure lan

guages over a one-letter alphabet {a} coincides with the family of regular 
languages over {a}, whereas PCF languages constitute a proper subfamily. 
There are nonrecursive pure languages. Each of the differences Li - Li+1' 
o :::; i :::; 2, where L i , 0 :::; i :::; 3, are the language families in the Chomsky 
hierarchy, contains both pure and nonpure languages. As far as length sets 
are concerned, PCF languages coincide with context-free languages. 

The reader is referred to [98] for proofs of the results mentioned here, as 
well as for further references and historical remarks concerning pure gram
mars. [24] represents more recent work. The set of sentential forms of a 
context-free grammar constitutes a PCF language. See [114] for related mat
ters. 

We still mention some typical decidability results concerning pure lan
guages, [98] and [57]. The inclusion R ~ L is undecidable but the equation 
R = L is decidable, given a regular language R and a PCF language L. 
The equation R = L is undecidable, given a regular language R and a pure 
language L. It is undecidable whether or not a given P LI grammar generates 
a regular language. For a pure grammar G with the alphabet {a, b}, it is de
cidable whether or not b occurs in some word in L(G). For PLI grammars G 
with the alphabet {a, b, c} it is undecidable whether or not c occurs in some 
word in L( G). It is decidable whether or not L( G) = E* holds for a given 
P LI grammar G, but undecidable whether or not L( G) is infinite. 

7.2 Indexed grammars 

An indexed gmrnrnar is a quintuple G = (N, T, 5, P, F), where the first four 
items are as in a context-free grammar, and F is a finite set of indices or 
flags. Each of the flags, in turn, is a finite set of index productions of the form 
A ~ 0:, A E N, 0: E (N U T)*. The productions in P are of the form 

A ~ 0:, A E N,o: E (NF* UT)*. 
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Thus, nonterminals in a word can be followed by arbitrary lists of flags. If a 
nonterminal, with flags following, is replaced in a derivation by one or more 
nonterminals, the flags follow each of the new nonterminals. If a nonterminal 
is replaced by terminals, the flags disappear. If a nonterminal A is followed 
by the sequence of flags hh ... In, and h contains an index production 
A ~ a, we can replace A by a and attach each nonterminal in a by the 
sequence h ... In. The flags can be "consumed" in this way. 

Let us work out formally the definition of the yield relation ===?-. By 
definition, the relation x ===?- y holds between words x and y in (N F* U T) 
iff either 

(i) x = x1AlPX2, A E N, lP E F*; A ~ A17Pl ... An7/Jn, Ai E NUT, 
7/Ji E F*, is a production in P; and y = x1A1lPl ... AnlPnX2, where lPi = 'IjJilP 
if Ai E N, and lPi = >. if Ai E T; or else 

(ii) x = x1AIlPX2, where A and lP are as before, I E F, A ~ Al ... An 
is an index production in the index I, and y = x1A1lPl .. . AnlPnX2' where 
lPi = lP if Ai E N, and lPi = >. if Ai E T. 

As usual, ===?-* stands for the reflexive transitive closure of ===?-, and 

L(G) = {w E T* IS===?-* w}. 

For instance, if G is defined by letting 

P = {S ~ Ah,A ~ AhA ~ BCB}, 

h = {B ~ a,C ~ b,D ~ b}, 
h = {B ~ aB,C ~ bCDD,D ~ bD}, 

it can be verified that 

Indeed, after the introduction of flags we have a word of the form 
B 12' h C 12 hB 12 h· The flag-elimination phase replaces the B-parts with 
an+! and the C-part with b(n+!)2. The latter claim follows inductively: we 
consider the introduction of one more h and use the identity (n + 1)2 - n 2 = 

2n + 1. 
Every indexed grammar can be reduced to an equivalent grammar in a 

nor·mallo1m, where all index productions in P are of one of the forms 

A ~BC, A ~ BI, A ~ a 

with A, B, C E N; I E F, a E T U {>.}. The family of indexed languages is 
a full AF L. It is closed, further, under substitution but not under intersec
tion or complementation. Emptiness and finiteness are decidable for indexed 
languages. These results are established in the basic paper for indexed gram
mars, [1]. The results gained further importance after it was noticed in the 
early 70's that the most comprehensive among context-free L families, the 
family of ETOL languages, is contained in the family of indexed languages 
(See the chapter on L systems in this Handbook. More details about indexed 
grammars will be given also in Volume II of this Handbook.) 
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7.3 The derivation (Szilard) language 

The last topic in this section is a notion that can be associated to many kinds 
of grammars. We consider here only grammars in the Chomsky hierarchy. Let 
us label the productions, give each of them a name. What this means is that 
we consider pairs (G, F), where G = (N, T, S, P) is a grammar and F is an 
alphabet of the same cardinality as P and, moreover, a one-to-one mapping 
f of Ponto F is given. For PEP, f(p) is referred to as the label of p. We now 
consider "successful" derivations according to G, that is, derivations from S 
to a word over the terminal alphabet T. To each successful derivation we 
associate the word over F obtained by writing the labels of the productions 
applied in the derivation, in the order of their application. In this way a 
language Sz(G) over F results, referred to as the derivation language or 
Szilard language of G. For instance, let G be the context-free grammar with 
the labeled productions 

!1 : S -- aSb, h : S - abo 

Then Sz(G) is the regular language fi h. 
It is easy to see that Sz(G) is regular if G is of type 3. For a context-free 

grammar G, Sz(G) is not necessarily context-free. For instance, let G be the 
context-free grammar with the labeled productions 

!1 : S -- ASB, h : S -- A, fa : A - A, f4 : B -- A. 

Then the intersection of Sz(G) with the regular language fi!; f3ft is the 
non-context-free language {Jihf;f;1 n 2 I}. This implies that Sz(G) can
not be context-free. This example shows also another feature characteristic 
for the study of Szilard languages: the right sides of all terminating produc
tions can be replaced by A. This is due to the fact that we are not interested 
in the terminal word itself but only in its being a terminal word. Observe 
also that Sz(G) may be empty (this happens iff L(G) is empty) but Sz(G) 
never contains the empty word A. 

The latter example can be generalized: every nonempty context-free lan
guage is generated by a grammar G such that Sz(G) is not context-free. How
ever, the Szilard language of every grammar is context-sensitive. This is seen 
roughly as follows. Consider an arbitrary type 0 grammar G = (N, T, S, P). 
Construct a length-increasing grammar GI such that L( Gd contains, for ev
ery W E L(G) and every u which is a control word of a derivation of w, a 
word U#WI #, where W results from WI by erasing occurrences of an auxil
iary letter. Moreover, 1 WI 1 is linearly bounded by 1 u I. Thus, the Workspace 
Theorem can be applied to show that the language consisting of all words u 
is context-sensitive. It is always even deterministic context-sensitive. 

For early references about Szilard languages, see [115], [101). [109) contains 
an algebraic treatment of the matter, with further references. 
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L Systems 

Lila Kari, Grzegorz Rozenberg, and Arto Salomaa 

1. Introduction 

1.1 Parallel rewriting 

L systems are parallel rewriting systems which were originally introduced 
in 1968 to model the development of multicellular organisms [L1J. The ba
sic ideas gave rise to an abundance of language-theoretic problems, both 
mathematically challenging and interesting from the point of view of diverse 
applications. After an exceptionally vigorous initial research period (roughly 
up to 1975; in the book [RSed2J, published in 1985, the period up to 1975 
is referred to as "when L was young" [RS2]), some of the resulting language 
families, notably the families of DOL, OL, DTOL, EOL and ETOL languages, 
had emerged as fundamental ones in the parallel or L hierarchy. Indeed, nowa
days the fundamental L families constitute a similar testing ground as the 
Chomsky hierarchy when new devices (grammars, automata, etc.) and new 
phenomena are investigated in language theory. 

L systems were introduced by Aristid Lindenmayer in 1968 [LlJ. The orig
inal purpose was to model the development of simple filamentous organisms. 
The development happens in parallel everywhere in the organism. Therefore, 
parallelism is a built-in characteristic of L-systems. This means, from the 
point of view of rewriting, that everything has to be rewritten at each step of 
the rewriting process. This is to be contrasted to the "sequential" rewriting 
of phrase structure grammars: only a specific part of the word under scan 
is rewritten at each step. Of course, the effect of parallelism can be reached 
by several sequential steps in succession. However, the synchmnizing con
trol mechanism is missing from the customary sequential rewriting devices. 
Therefore, parallelism cannot be truly simulated by sequential rewriting. 

Assume that your only rule is a --+ a2 and you start with the word a3 . 

What do you get? If rewriting is sequential, you can replace one a at a time 
by a2 , obtaining eventually all words words ai, i 2: 3. If rewriting is parallel, 
the word a6 results in one step. It is not possible to obtain a4 or a5 from a3 . 

Altogether you get only the words a3.2', i 2: O. Clearly, the language 

{a3 .2'1 i 2: O} 

is not obtainable by sequential context-free or interactionless rewriting: let
ters are rewritten independently of their neighbours. Observe also how the 
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dummy rule a ----+ a behaves dramatically differently in parallel and sequen
tial rewriting. In the latter it has no influence and can be omitted without 
losing anything. In parallel rewriting the rule a ----+ a makes the simulation 
of sequential rewriting possible: the "real" rule a ----+ a2 is applied to one oc
currence of a, and the "dummy" rule a ----+ a to the remaining occurrences. 
Consequently, all words ai, i ~ 3, are obtained by parallel rewriting from a3 

if both of the rules a ----+ a2 and a ----+ a are available. 
The present survey on L systems can by no means be encyclopedic; we do 

not even claim that we can exhaust all the main trends. Of the huge bibliog
raphy concerning L systems we reference only items needed to illustrate or 
augment an isue in our presentation. We are fully aware that also some rather 
influential papers have not been referenced. In the early years of L systems 
it was customary to emphasize that the exponential function 2n described 
the yearly growth in the number of papers in the area. [MRS], published 
in 1981, was the latest edition of a bibliography on L systems intended to 
be comprehensive. After that nobody has undertaken the task of compiling a 
comprehensive bibliography which by now would contain at least 5 000 items. 

On the other hand, L systems will be discussed also elsewhere in this 
Handbook. They form the basic subject matter in the chapter by P. Prusinkie
wicz in Volume III but are also covered, for instance, in chapter 9 by W. Kuich 
and chapter 12 by G. Paun and A. Salomaa in this volume. 

When we write "L systems" or "ETOL languages" without a hyphen, it is 
not intentionally vicious orthography. We only follow the practice developed 
during the years among the researchers in this field. The main reason for this 
practice was that in complicated contexts the hyphen was often misleading. 
We want to emphasize in this connection the notational uniformity followed 
by the researchers of L systems, quite exceptional in comparison with most 
areas of mathematical research. In particular, the different letters have a well
defined meaning in the names of the L language families. For instance, it is 
immediately understood by everyone in the field what HPDFOL languages 
are. We will return to the terminology in Section 2. below. 

1.2 Callithamnion roseum, a primordial alga 

We begin with a mathematical model of the development of a red alga, Cal
lithamnion roseum. The attribute "primordial" can be associated to it be
cause the model for its development appears in the original paper [L1) by 
Aristid Lindenmayer. The mathematical model is a PDOL system, accord
ing to the terminology developed later. Here 0 indicates that the interaction 
between individual cells in the development is zero-sided, that is, there is 
no interaction; rewriting is context-free. The letter D indicates determinism: 
there is only one possibility for each cell, that is, there is only one rule for 
each letter. Finally, the letter P stands for propagating: there is no cell death, 
no rule a ----+ A indicating that a letter should be rewritten as the empty 
word. We will return to this terminology in Section 2. below. 
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Following the general plan of this Handbook, our present chapter deals ex
clusively with words, that is, with one-dimensional L systems. Two-dimensio
nal systems (map L systems, graph L systems, etc.) were introduced quite 
early, see [RS1]. An interpretation mechanism is needed for one-dimensional 
systems: how to interpret words as pictures depicting stages of development? 
In the case of filamentous organisms this normally happens using branching 
structures. In the model below the matching brackets [, ] indicate branches, 
drawn alternately on both sides of the stem. 

We are now ready to present the mathematical model for Callithamnion 
roseum. The alphabet is E = {I, 2, 3, 4, 5, 6,7,8,9, [,]} and the rules for the 
letters: 1 ~ 23, 2 ~ 2, 3 ~ 24, 4 ~ 25, 5 ~ 65, 6 ~ 7, 7 ~ 8, 
8 ~ 9[3], 9 ~ 9. Beginning with the word Wo = 1, we get the following 
developmental sequence: 

Wo = 
Wl= 

W2 = 

W3 = 
W4 = 
'W5 == 
W6 = 
W7 = 
Ws = 
Wg = 

WIO = 
Wu = 
WI2 = 
WI3 = 

1 
23 
224 
2225 
22265 
222765 
2228765 
2229[3]8765 
2229[24]9[3]8765 
2229[225]9[24]9[3]8765 
2229[2265]9[225]9[24]9[3]8765 
2229[22765]9[2265]9[225]9[24]9[3]8765 
2229[228765]9[22765]9[2265]9[225]9[24]9[3]8765 
2229[229[3]8765]9[228765]9[22765]9[2265]9[225]9[24]9[3]8765 

Selected developmental stages (wo, W6, W7, ... , W15) are shown in the fol
lowing picture [PK]. 

I 



256 L. Kari, G. Rozenberg, and A. Salomaa 

1.3 Life, real and artificial 

We conclude this Introduction with some observations that, in our estimation, 
are rather important in predicting the future developments of L systems. L 
systems were originally introduced to model the development of multicellular 
organisms, that is, the development of some form of "real" life. However, 
there have been by now numerous applications in computer graphics, where 
L systems have been used to depict imaginary life forms, imaginary gardens 
of L and also non-living specimens ranging from toys and birthday cakes to 
real-estate ads (see, for instance, [PL]). Their utmost simplicity and flexibility 
to small changes tailor-made according to individual wishes make L systems 
very suitable to model phenomena of arlificiallife. 

Artificial life is customarily understood as the study of man-made con
structs that exhibit, in some sense or in some aspects, the behavior of ex
isting living organisms. Artificial life extends the traditional biology that is 
concerned with the carbon-chain-type of life evolved on Earth. Artificial life 
tries to synthesize life-like behavior within computers and other man-made 
devices. It is also more extensive than robotics. Robots are constructed to do 
some specific tasks, whereas the "creatures" of artificial life are only observed. 
As often explained, artificial life paints the picture of life-as-it-could-be, con
trasted to the picture of traditional biology about life-as-we-know-it. 

It is very difficult to draw a strict border between living and nonliving, 
animate and inanimate. No definition of "life", satisfactory in a mathematical 
or common sense, has so far been given. Perhaps it is better to view the 
set of living beings as a fuzzy set rather than to try to define it in crisp 
mathematical terms. Another possibility is to give lists of properties typical 
for living beings as contrasted to inanimate objects. However, so far none of 
such lists seems satisfactory. Also many individual properties, such as growth, 
give rise to doubts. Although growth is typical for living beings, it can be 
observed elsewhere. 

However, one feature very characteristic for the architecture of all liv
ing beings is that life is fundamentally pamllel. A living system may consist 
of millions of parts, all having their own characteristic behavior. However, 
although a living system is highly distributed, it is massively parallel. 

Thus, any model for artificial life must be capable of simulating parallelism 
- no other approach is likely to prove viable. Among all grammatical models, 
L systems are by their very essence the most suitable for modeling parallelism. 
L systems may turn out to be even more suitable for modeling artificial life 
than real life. 

Indeed, the utmost simplicity of the basic components and the ease of 
affecting changes tailor-made for clarifying a specific issue render L systems 
ideal for modeling artificial life. A good example is the so-called French Flag 
Problem: does polarized behavior at the global level imply polarization (that 
is, nonsymmetric behavior) at the local level? The idea behind this problem 
(as described in [H2] and [HR]) comes from a worm with three parts (like the 
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French Flag): head, middle, tail. If one of the ends is cut, the worm grows 
again the missing part, head for head and tail for tail. The behavior of the 
uncut part is polarized - the remaining organism knows which end it assists 
to grow. However, such a global behavior can be reached by a fully symmetric 
local behavior. It can be modeled by an L system, where the rules for the 
individual cells are fully symmetric - there is no distinction between right 
and left [HR]. While such a construction does not in any way prove that the 
real-life phenomenon is locally symmetric - the cells of the worm used in 
experiments can very well be polarized - it certainly constitutes an impor
tant fact of artificial life. We can have living species with polarized global 
behavior but with fully symmetric behavior at the level of individual cells -
and possibly having some other features we are interested in implementing. 

Other grammatical models, or grammar-like models such as cellular au
tomata, seem to lack the versatility and flexibility of L systems. It is not 
easy to affect growth of the interior parts using cellular automata, whereas 
L-filaments grow naturally everywhere. If you want to make a specific alter
ation in the species you are interested in, then you very often find a suitable 
L system to model the situation. On the other hand, it seems that still quite 
Tnuch post-editing is needed in graphical real-life modeling. The variations of 
L systems considered so far seem to be too simple to capture some important 
features of real-life phenomena. We now proceed to present the most common 
of these variations, beginning with the basic ones. 

2. The world of L, an overview 

2.1 Iterated morphisms and finite substitutions: DOL and OL 

We will now present the fundamentals of L systems and their basic properties. 
Only very few notions of language theory are needed for this purpose. We fol
low Section 2.1 of Chapter 1 in this Handbook as regards the core terminology 
about letters, words and languages. The most important language-theoretic 
notion needed below will be a finite substitution over an alphabet E, as well 
as its special cases. 

Definition 2.1. A finite substitution a over an alphabet E is a mapping of 
E* into the set of all finite nonempty languages (possibly over an alphabet ,1 

d'ijJerent from E) defined as follows. For each letter a E E, a(a) is a finite 
nonempty language, a( A) = A and, for all words Wl, W2 E E*, 

If none of the languages a( a), a E E, contains the empty word, the sub
stit'ution a is referred to as A-free or nonerasing. If each a(a) consists of a 
single word, a is called a morphism. We speak also of nonerasing and letter
to-letter morphisms. D 
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Some clarifying remarks are in order. Morphisms were earlier called ho
momorphisms - this fact is still reflected by the notations hand H used in 
connection with morphisms. Usually in our considerations the target alphabet 
L1 equals the basic alphabet E - this will be the case in the definition of DOL 
and OL systems. Then we speak briefly of a finite substitution or morphism 
on the alphabet E. In the theory of L systems letter-to-letter morphisms are 
customarily called codings; weak cod'ings are morphisms mapping each letter 
either to a letter or to the empty word A. Codings in this sense should not be 
confused with codes discussed elsewhere in this Handbook, also in Section 6. 
below. 

By the above definition a substitution (J" is applied to a word w by rewriting 
every letter a of was some word from (J"(a). Different occurrences of a may be 
rewritten as different words of (J"(a). However, if (J" is a morphism then each 
da) consists of one word only, which makes the rewriting deteTministic. It 
is convenient to specify finite substitutions by listing the TewTiting '("'ules or 
pmducl'ions for each letter, for instance, 

a ----+ A, a ----+ a2 , a ----+ a 7 , 

this writing being equivalent to 

Now, for instance, 

da 2 ) = (J"(a)(J"(a) = {A, a2 , a4, a7 , a9 , a14 }. 

Similarly, the substitution (in fact, a morphism) defined by 

(J"l(a) = {b}, (J"l(b) = {ab}, E = {a,b}, 

can be specified by listing the rules 

a ----+ b, b ----+ abo 

In this case, for any word w, (J"l(W) consists of a single word, for instance, 

where the latter equality indicates only that we often identify singleton sets 
with their elements. 

The above results for (J"(a 2 ) and (J"1(a 2ba) are obtained by applying the 
rules in pamllel: every occurrence of every letter must be rewritten. Substitu
tions (J" (and, hence, also morphisms) are in themselves pamllel operations. 
An application of (J" to a word w means that something happens everywhere 
in W. No part of w can remain idle except that, in the presence of the rule 
a ----+ a, occurences of a may remain unchanged. 

Before our next fundamental definition, we still want to extend applica
tions of substitutions (and, hence, also morphisms) to concern also languages. 
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This is done in the natural "additive" fashion. By definition, for all languages 
L ~ E*, 

a(L) = {ul u E a(w), for some wE L}. 

Definition 2.2. A OL system is a triple G = (E, a, wo), where E is an 
alphabet, a is a finite substitution on E, and Wo (referred to as the axiom) 
is a word over E. The OL system is propagating or a POL system if a is 
nonerasing. The OL system G generates the language 

L(G) = {wo} U a(wo) U a(a(wo)) u ... = U ai(wo). 
i:::':O 

Consider, for instance, the OL system 

MISS3 = ({a},a,a) with a(a) = {A,a2 ,a5 }. 

o 

(Here and often in the sequel we express in the name of the system some char
acteristic property, rather than using abruptly an impersonal G- notation.) 
The system can be defined by simply listing the productions 

a --+..x, a --+ a2 , a --+ a5 

and telling that a is the axiom. Indeed, both the alphabet E and the sub
stitution a can be read from the productions. (We disregard the case, where 
E contains letters not appearing in the productions.) L systems are often in 
the sequel defined in this way, by listing the productions. 

Going back to the system MISS3 , we obtain from the axiom a in one 
"derivation step" each of the words ..x, a2 , a5 . Using customary language
theoretic notation, we denote this fact by 

A second derivation step gives nothing new from ..x but gives the new 
words a4 ,a7 ,alO from a2 and the additional new words a6 , aB, a9 , all, a 12 , 

a 13 , a 14 , a 15 , a l6 , a17 , al9 , a20 , a22 , a25 from a5 . In fact, 

a5 ==> ak iff k = 2i + 5j, i + j ::; 5, i:2:: 0, j:2:: O. 

(Thus, we use the notation w ==> u to mean that u E a(w).) A third deriva
tion step produces, in fact in many different ways, the missing words alB, a2l , 

a23 , a24 . Indeed, it is straightforward to show by induction that 

L(MISS3 ) = {ail i =I- 3}. 

Let us go back to the terminology used in defining L systems. The let
ter L comes from the name of Aristid Lindenmayer. The story goes that 
Aristid was so modest himself that he said that it comes from "languages". 
The number 0 in "OL system" indicates that interaction between individual 
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cells in the development is zero-sided, the development is without interac
tion. In language-theoretic terms this means that rewriting is context-free. 
The system MISS3 is not propagating, it is not POL. However, it is a unary 
OL system, abbreviated UOL system: the alphabet consists of one letter only. 
The following notion will be central in our discussions. 

Definition 2.3. A OL system (17, u, wo) is deterministic or a DOL system 
iff u is a morphism. 0 

Thus, if we define a DOL system by listing the productions, there is ex
actly one production for each letter. This means that rewriting is completely 
deterministic. We use the term propagating, or a PDOL system, also here: 
the morphism is nonerasing. The L system used in Section 1.2 for modeling 
Callithamnion roseurn was, in fact, a PDOL system. 

DOL systems are the simplest among L systems. Although most simple, 
DOL systems give a clear insight into the basic ideas and techniques behind L 
systems and parallel rewriting in general. The first L systems used as models 
in developmental biology, as well as most of the later ones, were in fact 
DOL systems. From the point of view of artificial life, creatures modeled by 
DOL systems have been called "Proletarians of Artificial Life", briefly PALs 
[S7]. In spite of the utmost simplicity of the basic definition, the theory of 
DOL systems is by now very rich and diverse. Apart from providing tools for 
modeling real and artificial life, the theory has given rise to new deep insights 
into language theory (in general) and into the very basic mathematical notion 
of an endomorphism on a free monoid (in particular), [S5]. At present still a 
wealth of problems and mysteries remains concerning DOL systems. 

Let G = (17, h, wo) be a DOL system - we use the notation h to indicate 
that we are dealing with a (homo)morphism. The system G generates its 
language L( G) in a specific order, as a sequence: 

Wo, Wl = h(wo), W2 = h(wd = h2(wo), W3,··· 

We denote the sequence by S(G). Thus, in connection with a DOL system 
G, we speak of its language L(G) and sequence S(G). Indeed, DOL systems 
were the first widely studied grammatical devices generating sequences. We 
now discuss five examples, paying special attention to sequences. All five DOL 
systems are propagating, that is, PDOL systems. The first one is also unary, 
that is, a UPDOL system. 

Consider first the DOL system EXP2 with the axiom a and rule a ----+ a 2 • 

It is immediate that the sequence S(EXP2 ) consists of the words a2i , i ~ 0, 
in the increasing length order. Secondly, consider the DOL system LIN with 
the axiom ab and rules a ----+ a, b ----+ abo Now the sequence S(LIN) consists 
of the words aib, i ~ 1, again in increasing length order. The notation LIN 
refers to linear growth in word length: the j'th word in the sequence is of 
length j + 2. (Having in mind the notation Wo, Wl, W2, we consider the axiom 
ab to be the Oth word etc.) 
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Our next DOL system FIB has the axiom a and rules a ----+ b, b ----+ abo 
The first few words in the sequence S(FIB) are 

a,b,ab,bab,abbab,bababbab. 

From the word ab on, each word results by catenating the two preceding 
ones. Let us establish inductively this claim, 

Denoting by h the morphism of the system FIB, we obtain using the definition 
of h: 

Wn = hn(a) = hn-l(h(a)) = hn-l(b) = hn-2(h(b)) = 

= hn-2(ab) = hn-2(a)hn-2(b) = hn-2(a)hn-2(h(a)) = 

= hn-2(a)hn-l(a) = Wn-2Wn-l. 

The claim established shows that the word lengths satisfy the equation 

Hence, the length sequence is the well-known Fibonacci sequence 1, 1, 2, 3, 
5, 8, 13, 21, 34, ... 

The DOL system SQUARES has the axiom a and rules 

a ----+ abc2, b ----+ bc2, C ----+ C. 

The sequence S(SQUARES) begins with the words 

Denoting again by Wi, i ~ 0, the words in the sequence, it is easy to verify 
inductively that 

IWi+ll = Iwd + 2i + 3, for all i ~ O. 

This shows that the word lengths consist of the consecutive sequence: IWil = 
(i + 1)2, for all i ~ O. Similar considerations show that the DOL system 
CUBES with the axiom a and productions 

a ----+ abd6 , b ----+ bcdll , C ----+ cd6 , d ----+ d 

satisfies IWi I = (i + 1)3, for all i ~ O. 
Rewriting being deterministic gives rise to certain periodicities in the DOL 

sequence. Assume that some word occurs twice in a sequence: Wi = Wi+j, for 
some i ~ 0 and j ~ 1. Because of the determinism, the words following Wi+j 
coincide with those following Wi, in particular, 
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Thus, after some "initial mess" , the words start repeating periodically in the 
sequence. This means that the language of the system is finite. Conversely, if 
the language is finite, the sequence must have a repetition. This means that 
the occurrence of a repetition in S( G) is a necessary and sufficient condition 
for L( G) being finite. Some other basic periodicity results are given in the 
following theorem, for proofs see [HR], [Li2], [RS1]. The notation alph( w) 
means the minimal alphabet containing all letters occurring in w, prefk (w) 
stands for the prefix of W of length k (or for W itself if I W I < k), sufk ( w) being 
similarly defined. 

Theorem 2.1. Let Wi, i ~ 0, be the sequence of a DOL system G = 
(E,h,wo). Then the sets Ei = alph(wi) , i ~ 0, form an ultimately periodic 
sequence, that is, there are numbers p > 0 and q ~ 0 such that Ei = Ei+p 
holds faro every i ~ q. Every letter occurring in some Ei occurs in some E j 

with j ::; card( E) - 1. If L( G) is infinite then there is a positive integer t such 
that, for every k > 0, ther'e is an n > 0 such that, for all i ~ nand m ~ 0, 

Thus, both prefixes and suffixes of any chosen length form an ultimately 
periodic sequence. Moreover, the period is independent of the length chosen; 
only the initial mess depends on it. 

Definition 2.4. An infinite sequence of war'ds Wi, i ~ 0, is locally catenative 
~ff, for some positive integers k, i l ,··· i k and q ~ max(i l , ... , ik), 

Wn = Wn-i, ... Wn-i k whenever n ~ q. 

A DOL system G is locally catenative iff the sequence S (G) is locally catena
tive. 0 

Locally catenative DOL systems are very important both historically and 
because of their central role in the theory of DOL systems: their study has 
opened up new branches of the theory. A very typical example of a locally 
catenative DOL system is the system FIB discussed above. 

Also the system EXP2 is locally catenative: the sequence S(EXP2 ) satis
fies 

Wn = Wn-IWn-1 for all n ~ l. 

A celebrated problem, still open, is to decide whether or not a given DOL 
system is locally catenative. No general algorithm is known, although the 
problem has been settled in some special cases, for instance, when an up
per bound is known for the integers iI, ... ik, as well as recently for binary 
alphabets, [Ch]. 

An intriguing problem is the avoidability or unavoidability of cell death: 
to what extent are rules a ---4 ..\ necessary in modeling certain phenomena? 
What is the real difference between DOL and PDOL systems and between OL 
and POL systems? There are some straightforward observations. The word 
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length can never decrease in a PDOL sequence, and a POL language cannot 
contain the empty word. We will see in the sequel, especially in connection 
with growth functions, that there are remarkable differences between DOL 
and PDOL systems. The theory of DOL systems is very rich and still in many 
respects poorly understood. 

As an example of the necessity of cell death, consider the DOL system 
DEATHb with the axiom ab2a and rules 

The sequence S(DEATHb) consists of all words (ab2a)2', i 2: 0, in the in
creasing order of word length. We claim that the language L consisting of 
these words cannot be generated by any PDOL system G. Indeed, ab2a would 
have to be the axiom of such a G, and ab2 a ===} ab2aab2a would have to be 
the first derivation step. This follows because no length-decrease is possible 
in S(G). The two occurrences of a in ab2a must produce the same subword in 
ab2 aab2a. This happens only if the rule for a is one of the following: a ----+ A, 
a ----+ ab2a, a ----+ a. The first two alternatives lead to non-propagating sys
tems. But also the last alternative is impossible because no rule for b makes 
the step b2 ===} b2aab2 possible. We conclude that it is not possible to generate 
the language L(DEATHb) using a PDOL system. 

A slight change in DEATHb makes such a generation possible. Consider 
the DOL system G 1 with the axiom aba and rules a ----+ aba, b ----+ A. Now the 
PDOL I:lystem G2 with the axiom aba and rules a ----+ a, b ----+ baab generates 
the same sequence, S(Gd = S(G2 ). 

We say that two DOL systems G1 and G 2 are sequence equivalent iff 
S(GI) = S(G2). They are language equivalent, briefly equivalent, iff L(GI) = 
L( G2 ). Instead of DOL systems, these notions can be defined analogously 
for any other class of L systems - sequence equivalence of course only for 
systems generating sequences. The two systems G 1 and G2 described in the 
preceding paragraph are both sequence and language equivalent. Clearly, se
quence equivalence implies language equivalence but the reverse implication 
is not valid. Two DOL systems may be (language) equivalent without being 
sequence equivalent, they can generate the same language in a different order. 
A simple example is provided by the two systems 

({a,b},{a ----+ b2 ,b ----+ a},b) and ({a,b},{a ----+ b,b ----+ a2 },a). 

Among the most intriguing mathematical problems about L systems is the 
DOL equivalence problem: construct an algorithm for deciding whether or not 
two given DOL systems are equivalent. Equivalence problem is a fundamental 
decision for any family of generative devices: decide whether or not two given 
devices in the family generate the same language. For DOL systems one can 
consider, in addition, the sequence equ'ivalence problem: Is S(Gd = S(G2 ), 

given DOL systems G 1 and G 2 ? The DOL equivalence problems were cele
brated open problems for most of the 70's. They were often referred to as the 
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most simply stated problems with an open decidability status. We will return 
to them and related material in Section 4 .. It was known quite early, [N], that 
a solution to the DOL sequence equivalence problem yields a solution to the 
DOL language equivalence problem, and vice versa. 

2.2 Auxiliary letters and other auxiliary modifications 

A feature very characteristic for DOL systems and OL systems is that you 
have to accept everything produced by the machinery. You have the axiom 
and the rules, and you want to model some phenomenon. You might want to 
exclude something that comes out of from the axiom by the rules because it 
is alien to the phenomenon, does not fit it. This is not possible, you have to 
include everything. There is no way of hiding unsuitable words. Your DOL or 
OL models have no filtering mechanism. 

It is customary in formal language theory to use various filtering mecha
nisms. Not all words obtained in derivations are taken to the language but 
the terminal language is somehow "squeezed" from the set of all derived 
words. The most typical among such filtering mechanisms, quite essential in 
grammars in the Chomsky hierarchy, is the use of nonterminal letters. An 
occurrence of a nonterminal in a word means that the word is not (maybe 
not yet) acceptable. The generated language contains only words without 
nonterminals. Thus, the language directly obtained is filtered by intersecting 
it with ET, where ET is the alphabet consisting ofterminalletters. This gives 
the possibility of rejecting (at least some) unsuitable words. 

The same mechanism, as well as many other filters, can be used also 
with L systems. However, a word of warning is in order. The original goal 
was to model the development of a species, be it real or artificial. Each 
word generated is supposed to represent some stage in the development. It 
would be rather unnatural to exclude some words and say that they do not 
represent proper stages of the development! This is exactly what filtering 
with nonterminals does. 

However, this objection can be overruled because the following justifica
tion can be given. Some other squeezing mechanisms, notably codings (that 
is, letter-to-letter morphisms), can be justified from the point of view of de
velopmental models: more careful experiments or observations can change 
the interpretation of individual cells, after which the cells are assigned new 
names. This amounts to applying a letter-to-letter morphism to the language. 
A rather amazing result concerning parallel rewriting, discussed below in 
more detail, is that coding is in important cases, [ERl], equivalent to the 
use of nonterminals in the sense that the same language is obtained, and the 
transition from one squeezing mechanism to the other is effective. By this 
result, also the use of nonterminals is well-motivated. 

The letter E ("extended") in the name of an L system means that the 
use of nonterminals is allowed. Thus, an EOL system is a OL system, where 
the alphabet is divided into two disjoint parts, nonterminals and terminals. 
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EOL and OL systems work in the same way but only words over the terminal 
alphabet are in the language of an EOL system. Thus, an EOL system G can 
be also viewed as a OL system, where a subalphabet ET is specified and the 
language of the OL system is intersected with ET to get the language of the 
EOL system. 

The following EOL system SYNCHRO is very instructive. In our notation, 
capital letters are nonterminals and small letters terminals. The axiom of 
SYNCHRO is ABC, and the rules as follows: 

A--AA' 
B--BB' 
C--CC' 
F--F 

It is easy to verify that 

A--a A'--A' 
B--b B'--B' 
C--c C'--C' 

A'--a 
B'--b 
C'--c 

This follows because our EOL system is synchronized in the sense that all 
terminals must be reached simultaneously. Otherwise, the failure symbol F 
necessarily comes to the word and can never be eliminated. The language ob
tained is a classical example in language theory: a context-sensitive language 
that is not context-free. 

Filtering mechanisms provide families of L languages with a feature very 
desirable both language-theoretically and mathematically: closure under var
ious operations. Without filtering, the "pure" families, such as the families 
of OL and DOL languages, have very weak closure properties: most of the 
customary language-theoretic operations may produce languages outside the 
family, starting with languages in the family. For instance, L = {a, a3 } is the 
union of two OL languages. However, L itself is not OL, as seen by a quick 
exhaustive search over the possible axioms and rules. 

We refer the reader to the preceding chapter in this Handbook for a more 
detailed discussion concerning the following definition. In particular, the six 
operations listed are not arbitrary but exhaust the "rational" operations in 
language theory. 

Definition 2.5. A family C of languages is termed a full AFL ("abstract 
family of languages") iff C is closed under each of the following operations: 
union, catenation, Kleene star, morphism, inverse morphism, intersection 
with regular languages. The family C is termed and anti-AFL iff it is closed 
under none of the operations above. 0 

Most of the following theorem can be established by exhibiting suitable 
examples. [RSl] should be consulted, especially as regards the nonclosure of 
EOL languages under inverse morphisms. 
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Theorem 2.2. The family of OL languages is an anti-AFL, and so is the 
family of DOL languages. The family of EOL languages is closed under all 
AFL operations except inverse morphism. 0 

Theorem 2.2 shows clearly the power of the E-mechanism in transforming 
a family of little structure (in the sense of weak closure properties) into a 
structurally strong family. The power varies from L family to another. The 
difference between DOL and EDOL languages is not so big. The periodicity 
result of Theorem 2.1 concerning alphabets holds also for EDOL sequences 
and, thus, the words that are filtered out occur periodically in the sequence, 
which is a considerable restriction. 

We now mention other filtering mechanisms. The H-mechanism means 
taking a morphic image of the original language. Consider the case that the 
original language is a OL language. Thus, let G = (E, IJ, wo) be a OL system 
and h : E* ----> ,1* a morphism. (It is possible that the target alphabet 
,1 equals E.) Then h(L(G)) is an HOL language. The HDOL languages are 
defined analogously. 

The N-mechanism refers similarly to nonerasing morphisms. Thus, NOL 
languages are of the form h( L( G)) above, with the additional assumption 
that h is nonerasing. The C-mechanisms refers to codings and W-mechanism 
to weak codings. 

A further variation of L systems consists of having a finite set of axioms -
instead of only one axiom as we have had in our definitions so far. This 
variation is denoted by including the letter F in the name of the system. 
Thus, every finite language L is an FOL language: we just let L be the set of 
axioms in an FOL system, where the substitution is the identity. 

When speaking of language families, we denote the family of EOL lan
guages simply by EOL, and similarly with other families. Consider the family 
DOL. We have introduced five filtering mechanisms: E, H, N, C, W. This gives 
six possibilities - either some filtering or the pure family. For each of the six 
possibilities, we may still add one or both of the letters P and F, indicating 
that we are dealing with the propagating or finite-axiom variant. This gives 
altogether 24 families. The following remarkable theorem gives an exhaustive 
characterization of the mutual relashionship between these 24 families. That 
such a complicated hierarchy is completely understood is a rather rare situa
tion in language theory. Many of the proofs are rather involved - we return to 
a tricky question in Section 3 .. Most of the results are originally from [NRSS], 
see also [RS1]. In comparing the families, we follow the A-convention: two lan
guages are considered equal if they differ by the empty word only. Otherwise, 
propagating families would be automatically different from nonpropagating 
ones. 

Theorem 2.3. The following diagram characterizes mutual relations be
tween deterministic L families. Arrows denote strict inclusion. Famihes not 
connected by a path are mutually incomparable. 



HDOL = WDOL = 

= HPDOL = WPDOL = 
= HDFOL = WDFOL = 
= HPDFOL = WPDFOL 

= N DFOL = CDFOL 

= NPDFOL = CPDFOL 

/~ 
NDOL = NPDOL = CDOL EDFOL 
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~\~/~ 
CPDOL EDOL DFOL EPDFOL 

~/~/~/ 
EPDOL DOL PDFOL 

~~ 
PDOL 

In the nondeterministic case there is much more collapse in the hierarchy 
because the C-mechanism has in most cases the same generative capacity as 
the E-mechanism. (In the deterministic case the former is much stronger.) A 
rather surprising fact in the nondeterministic case is that, although EOL = 
COL, CPOL is properly contained in EPOL, which is the opposite what one 
would expect knowing the deterministic case. The key results are given in 
the next theorem, [NRSS] and [RSl]. 

Theorem 2.4. Each of the following families equals EOL: 

EOL = COL = NOL = WOL = HOL = NPOL = EPOL = WPOL = 
HPOL = EFOL = CFOL = NFOL = WFOL = HFOL = 
EPFOL = NPFOL = WPFOL = HPFOL. 

The family EOL lies strictly between context-free and context-sensitive lan
guages and contains properly the mutually incomparable families CPOL and 
FOL. 0 

Thus, the family EOL contains properly the family of context-free lan
guages. This fact follows because a context-free grammar can be transformed 
into an EOL system, without affecting the language, by adding the produc
tion x -- x for each letter x. That the containment is proper can be seen 
by considering the language generated by the EOL system SYNCHRO. This 
fact should be contrasted with the fact that most finite languages are outside 
the family of OL languages. 
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It is customary in language theory to try to reduce grammars into normal 
forms, that is, to show that every grammar can be replaced by an equivalent 
(generating the same language) grammar possessing some desirable proper
ties. The following theorem, [RSI], is an illustration of such a reduction for 
L systems. Observe that the special property of the EOL system SYNCHRO 
concerning terminals is, in fact, a general property of EOL languages. 

Theorem 2.5. Every EOL language is generated by an EOL system satisfy
ing each of the following conditions: (i) The only production for each termi
nal letter a is a -----+ F, where F is a nonterminal having F -----+ F as the 
only production. (ii) The axiom is a single nonterminal not occurring on the 
right side of any production. (iii) The right side of every production is either 
a terminal word or consists only of nonterminals. (iv) A terminal word is 
reachable from every nonterminal apart from F (and the axiom if the lan
guage is empty). 0 

Usually it is difficult to show that a given language is not in a given 
family, because, in principle, one has to go through all the devices defining 
languages in the family. EOL languages possess certain combinatorial proper
ties and, consequently, a language not having those properties cannot be an 
EOL language, [RSI]. For instance, the language 

{ambnaml I::; m::; n} 

is not an EOL language. It is very instructive to notice that the languages 

{ambnaml I::; n::; m} and {ambnaml m,n 2: I} 

are EOL languages. Finally, the language 

{a3n l n2:I}U{bncn~1 n2:l} 

is an EPOL language but not a CPOL language. 

2.3 Tables, interactions, adults, fragmentation 

A feature very characteristic for parallel rewriting is the use of tables, [RIJ, 
[R2]. A table is simply a set of rewriting rules. A system has several tables, 
always finitely many. It is essential that, at each step of the rewriting process, 
always rules from the same table must be used. This reflects the following 
state of affairs in modeling the development of organisms, real or artificial. 
There may be different conditions of the environment (day and night, varying 
heat, varying light, pollution, etc.) or different developmental stages, where it 
is important to use different rules. Then we consider all sets of rules, tables, 
obtained in this fashion. Observe that tables do not make sense in sequential 
rewriting. Because only one rule is used at each derivation step, it suffices to 
consider the total set of rules. We now define the variations of OL and DOL 
systems, resulting by augmenting the system with tables. 
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Definition 2.6. A TOL system is a triple G = (17, S, wo), where S is a finite 
set of finite substitutions such that, for each (J E S, the triple (17, (J, wo) is 
a OL system. The language of the TOL system, L(G), consists of Wo and of 
all words in all languages (Jl ••• (Jk (wo), where k 2: 1 and each (Ji belongs to 
S - some of the (Ji 's may also coincide. If all substitutions in S are, in fact, 
morphisms then G is deterministic or a DTOL system. 0 

Thus, D indicates that all substitutions (all tables) are deterministic. 
However, according to the definition above, there is no control in the use 
of the tables - the tables may be used in an arbitrary order and multitude. 
Thus, a DTOL language is not generated in a sequence. A definite sequence 
results only if the order in the use of the tables is specified in a unique way. 

The letter F has the same meaning as before: finitely many axioms instead 
of only one axiom. Also the filtering mechanisms E, H, C, N, Ware the same 
as before - we will use them below without further explanations. 

Following our earlier practice, we will define a TOL system by specifying 
the axiom and each table, a table being a set of productions included in 
brackets to indicate that they belong together. There are no restrictions, the 
same production may appear in several tables. 

As an example consider the DTOL system PAL with the axiom a and two 
tables 

Td = [a ----+ b,b ----+ b2 ,c ----+ a] and Tn = [a ----+ c,b ----+ ac,c ----+ c]. 

(The indices d and n come from "day" and "night", the meaning will become 
clear below.) Instead of a linear sequence, derivations can be represented as 
a tree: 
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Here the branch indicates which of the tables was used: the left descendant 
results from an application of Td, the right descendant from an application 
of Tn. If a descendant is not marked down (like a and c on the third level), 
it indicates that it occurrs already at an earlier level. The continuation can, 
therefore, be ignored if one is only interested in determining the language. 
The left extremity of the tree contains the powers b2', i ~ O. However, all 
powers bi, i ~ 1, occur somewhere in the tree and so do all powers ai and ci , 

i ~ 1. This is seen as follows. Observe first that, for all i ~ 0, ba i +1 results 
from bai by applying first Tn, then Td. Now from ba i the word bi +2 results 
by applying Td, the word ci +2 by applying Tn twice, and the word ai+2 from 
ci+2 by Td • 

Although seemingly simple, PAL has a rich structure. An interested reader 
should have no difficulties in specifying L(PAL) explicitly.) If the order of 
the application of the tables is given, a unique sequence of words results. 
One might visualize the two tables as giving rules for the day and night. 
The alternation is the natural order of application: TdTnTdTnTd ... (we agree 
that we begin with Td). Another possibility is to consider "eternal daylight" 
(only Td is used) or "eternal night". Let us still make free the choice of 
the axiom: instead of the axiom a, we have an arbitrary nonempty word w 
over {a, b, c} as the axiom. (Sometimes the term L scheme, instead of an L 
system, is used to indicate that the axiom is not specified.) Denote by DAY
AND-NIGHT-PAL(w), DAY-PAL(w), NIGHT-PAL(w) the modifications of 
PAL thus obtained. Each of them generates a specific sequence of words. In 
fact, DAY-PAL(w) and NIGHT-PAL(w) are PDOL systems, whereas DAY
AND-NIGHT-PAL(w) can be viewed as a CPDOL system. For w = abc, the 
sequences look as follows. 

DAY-NIGHT: abc, b3a, (ac)3 c, (ba)3a, (ac2)3 c, (ba2 )3 a, 
(ac3 )3c, (ba3 )3 a, (ac4)3c, (ba4)3a, ... 

DAY: abc,b3a,b7,b14,b28, ... 
NIGHT: abc, cac2 , c4, c4, ... 

Definition 2.7. For' an infinite sequence Wi, i ~ 0, of words, the function 
fen) = Iwnl (mapping the set of nonnegative integers into itself) is termed 
the growth function of the sequence. 0 

Thus, for NIGHT-PAL(abc), f(O) = 3, fen) = 4 for n ~ 1. For DAY
PAL(abc), f(O) = 3, f(l) = 4, f(i + 2) = 27.2i for i ~ O. Finally, for DAY
NIGHT-PAL(abc), f(O) = 3, f(l) = 4, f(2i) = f(2i + 1) = 3i + 1 for i ~ l. 

Thus, the three growth functions possess, respectively, the property of 
being bounded from above by a constant, exponential or linear. In fact, the 
growth function of any NIGHT-PAL(w) (resp. DAY-PAL(w), DAY-NIGHT
PAL(w)) is bounded from above by a constant (resp. exponential, linear). 
We will return to this matter in Section 5., where growth functions will be 
discussed. 
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The following two theorems summarize results concerning mutual reI ash
ionships between "table families", [NRSS], [RSl]. The first of the theorems 
deals with deterministic families, and the second with nondeterministic fam
ilies. 

Theorem 2.6. The following inclusions and equalities hold: 
DTOL C CDTOL= NDTOL= EDTOL= WDTOL= HDTOL, 

PDTOL C CPDTOL ~ NPDTOL ~ EPDTOL= WPDTOL= HPDTOL, 

DTFOL C CDTFOL= NDTFOL= EDTFOL= WDTFOL= HDTFOL, 

PDTFOL C CPDTFOL ~ NPDTFOL ~ EPDTFOL= WDPTFOL= HPDTFOL. 

The "pure" families (without any filtering) satisfy the following inclusion 
diagram: 

DTFOL 

/~ 
DTOL PDTFOL 

~/ 
PDTOL o 

Theorem 2.7. Each of the following families equals ETOL: 
ETOL= CTOL= NTOL= WTOL= HTOL= 

NPTOL= EPTOL= WPTOL= HPTOL= 
CTFOL= NTFOL= ETFOL= WTFOL= HTFOL 

NPTFOL= EPTFOL= WPTFOL= HPTFOL 
The families EOL, TFOL and CPTOL= CPTFOL are all stricly included 

~E~. 0 

The family ETOL is the largest widely studied L family, where rewriting is 
context-free (no cell interactions are present). It is also very pleasing mathe
maticallyand has strong closure properties. (It is, however, not closed under 
the shufHe operation.) It was observed already in the early 70's that ETOL 
is contained in the family of indexed languages (see the preceding chapter of 
this Handbook for a description of indexed languages and see [En] for more 
general hierarchies) and, consequently, facts concerning indexed languages 
hold also for ETOL languages. The facts in the following theorem can be 
established rather easily. 
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Theorem 2.8. The family ETOL is a full AFL, whereas the family TOL is 
an anti-AFL. Every ETOL language is generated by an ETOL system with 
two tables. Every ETOL language is generated by an ETOL system such that 
a ---. F is the only rule in every table faT every terminal a, and F ---. F is 
the only rule in every table for the nonterminal F. 0 

The two normal forrri results stated in Theorem 2.8, the two-table condi
tion and synchronization, cannot always be reached simultaneously. A num
ber of deep combinatorial results [RSI] can be established for EDTOL and 
ETOL languages. Using such results, relatively simple examples can be given 
of languages not in the families. Let E contain at least two letters and k 2: 2 
be a fixed integer. Then neither of the languages 

{w E E*I Iwl = kn,n 2: O} and {w E E'I Iwl = nk,n 2: O} 

is in EDTOL. The OL system with the axiom a and rules 

a ---. ab, b ---. be, b ---. bd, c ---. c, d ---. d 

generates a language not in EDTOL. None of the languages 

{(abn)ml 1 s: m s: n}, {(abnrl 1 s: n s: m}, 

{(abn)mIIS:m=n}, {wE{a,b}*llwlb=2Iwla} 

is in ETOL. Here Iwl", denotes the number of occurrences of the letter x in w. 
In the remainder of this subsection 2.3 we survey briefly some areas in 

the theory of L systems that are important both historically and language
theoretically in the sense that they have built bridges between sequential and 
parallel rewriting. Our exposition will be informal. More details can be found 
in [RS1], [HWa], [RRS]. 

In all L systems discussed so far the individual cells develop without any 
interaction with their neighbours. In language-theoretic terms, rewriting has 
been context-free. We now discuss L systems with interactions, IL systems. 
First some terminology. 

In an (m, n)L system, m, n 2: 0, the rules look like 

(a, a, (3) ---. w, lal = m, 1(31 = n. 

This means that, between the words a and (3, the letter a can be rewritten 
as the word w. Also now, parallelism applies: all letters must be rewritten 
simultaneously. In order to get sufficiently many letters on both sides of any 
given letter, the whole rewriting takes place between "environment symbols" 
#, m of them to the left and n to the right. The rules have to be provided 
also for the case that some prefix of a or suffix of (3 consists of #'s. 

The IL system is a collective name for all (m,n)L systems. (1, O)L and 
(0, I)L systems are referred to as 1L systems: cell interaction is I-sided, the 
rewriting of a letter depends always on its left neighbour only (or always on 
its right neighbour). 
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The use of letters such as D, E, P is the same as before. In particular, 
determinism means that, for each configuration consisting of a letter and 
an (m, n)-neighbourhood, there is exactly one rule. The following D(l, O)L 
system is known as Gabor's Sloth, due to Gabor Herman. It is very important 
in the theory of growth functions. The alphabet is {a, b, c, d} and the axiom 
abo The rules are defined by the following table, where the row indicates the 
left neighbour and the column the letter to be rewritten: 

a b c d 

# c b a d 
a a b a d 
b a b a d 
c b c a ad 
d a b a d 

Here again, because of determinism, the language is produced in a se
q'uence, the beginning of which is: 

ad, cd,aad, cad, abd, cbd,acd,caad,abad, cbad, 

acad,cabd,abbd,cbbd,acbd,cacd,abaad, ... 

Such a growth in word length is not possible for DOL sequences. The 
intervals in which the growth function stays constant grow beyond all limits -
they even do so exponentially in terms of the constant mentioned. The entire 
growth is logarithmic. 

It is obvious that the generative capacity increases if the interaction be
comes more extensive: (m + 1, n)L systems generate more than (m, n)L sys
tems. A similar result concerns also the right context, leading to an infinite 
hierarchy of language families. It is, however, very interesting that only the 
amount of context matters, not its distribution. All the following families 
coincide: 

(4,1)L = (3, 2)L = (2, 3)L = (1, 4)L. 

The families (5, O)L and (5, O)L are mutually incomparable, contained strictly 
in (4,1 )L, and incomparable with (3,1 )L. Analogous results hold true in 
general. 

Since already E(l, O)L systems (as well as E(O, l)L systems) generate all 
recursively enumerable languages, further modifications such as tables are 
studied for some special purposes only. EPIL systems produce, as one would 
expect, the family of context-sensitive languages. There are many surprises 
in the deterministic case. For instance, there are nonrecursive languages in 
DIL (showing that the family is big), whereas EDIL does not contain all 
regular languages (showing that even the extended family is small). 

At some stage also the organisms modeled by L systems are expected to 
become adults. It has become customary in the theory of L systems to define 
adults as follows. A word belongs to the adult lang'uage of a system exactly 
in case it derives no words but itself. For instance, assume that 
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a -- ab, b -- c, c -- >.., d -- de 

are the only rules for a, b, c, d in a OL system. Then all words of the form 
(abc)i(dc)j belong to the adult language. Adult languages of OL systems are 
called AOL languages. Of course, A can be used in connection with other 
types of L systems as well. 

We have presented adult languages following their customary definition. It 
is maybe not a proper way to model adults in artificial life, perhaps it models 
better some kind of "stagnant stability". It is, however, a very interesting 
language-theoretic fact that AOL equals the family of context-free languages. 
Similarly, A(l, O)L equals the family of recursively enumerable languages. 

L systems with fragmentation, JL systems, should be quite useful for mod
eling artificial life. The mechanism of fragmentation provides us with a new 
formalism for blocking communication, splitting the developing filament and 
also for cell death. (The letter J comes from the Finnish word JAKAUTUA, 
to fragment. At the time of its introduction, all letters coming from suitable 
English words already had some other meaning for L systems!). 

The basic idea behind the fragmentation mechanism is the following. The 
right-hand sides of the rules may contain occurrences of a special symbol q. 
The symbol induces a cut in the word under scan, and the derivation may 
continue from any of the parts obtained. Thus, if we apply the rules 

a -- aqa, b -- ba, c -- qb 

to the word abc, we obtain the words a, aba and b. The derivation may con
tinue from any of them. The JOL system with the axiom aba and rules a -- a, 
b -- abaqaba generates the language 

An interesting language-theoretic fact is that EOL languages, in addition to 
numerous other closure properties, are closed under fragmentation: 

EJOL= JEOL= EOL. 

JOL systems have been used recently, [KRSJ, for obtaining a compact repre
sentation of certain regular trees. 

We have already referred to the quite unusual uniformity in the basic ter
minology about L systems, in particular, the letters used for naming systems. 
The following summarizing glossary is intended to assist the reader. It is not 
exhaustive - also other letters have been used but without reaching a similar 
uniformity. 

A. adult, adult word, adult language 
C. coding, letter-to-Ietter morphism, image under such morphism 
D. deterministic, only one choice, only one choice in each table 
E. extended, intersection with a terminal vocabulary is taken 



L Systems 275 

F. finite set of axioms, rather than only one axiom 
H. homomorphism, morphism, image under morphism 
1. interactions, neighbouring cells affect the development of the cell 
J. fragmentation, the mechanism of inducing cuts 
L. Lindenmayer, appears in the name of all developmental systems 
N. nonerasing morphism, image under such a morphism 
O. actually number 0 but often read as the letter, information O-sided no 

interaction, rewriting context-free 
P. propagating, no cell death, empty word never on the right-hand side of a 

rule 
T. tables, sets of rules, diversification of developmental instructions 
U. unary, alphabet consisting of one letter 
W. weak coding, a morphism mapping each letter to a letter or the empty 

word, image under such a morphism 

3. Sample L techniques: avoiding cell death if possible 

It is clear that, due to space restrictions, we are only able to state results, 
not to give proofs or even outline proofs. The purpose of this section is to 
give some scattered samples of the techniques used. The study of L systems 
has brought many new methods, both for general language theory and for 
applications to modeling, notably in computer graphics. Therefore, we feel it 
proper to include some examples of the methods also in this Handbook. For 
computer graphics, we refer to the contribution of P. Prusinkiewicz in this 
Handbook. 

A very tricky problem, both from the point of view of the theory and the 
phenomenon modeled, is cell death. Are rules of the form a -- A really nec
essary? Here you have to be very specific. Consider the DOL system DEATHb 
defined in subsection 2.1. We observed that S(DEATHb) cannot be generated 
by any PDOL system. In this sense cell death is necessary. However, the situa
tion is different if we are interested only in the sequence of word lengths. The 
very simple PDOL system with the axiom a4 and the rule a __ a2 possesses 
the same growth function as DEATHb. 

In general, the growth function of every PDOL system is monotonously 
increasing. There can be no decrease in word length, because in a PDOL 
system every letter produces at least one letter. Assume that you have a 
monotonously strictly increasing DOL growth function J, that is, J(n) < 
J (n+ 1) holds for all n. Can such an J always be generated by a PDOL system? 
It is quite surprising that the answer is negative [K3]. There are monotonously 
strictly increasing DOL growth functions that cannot be generated by any 
PDOL system. For some types of DOL growth cell death is necessary, although 
it cannot be observed from the length sequence. 
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If one wants to construct a DOL-type model without cell death, one has 
to pay some price. The productions a ---+ A certainly add to the generative 
capacity and cannot be omitted without compensation. The amount of the 
price depends on what features one wishes to preserve. We are now interested 
in languages. We want to preserve the language of the system but omit pro
ductions a ---+ A. We can achieve this by taking finitely many axioms and 
images under codings, that is, letter-to-Ietter morphisms. In other words, the 
C- and F-features are together able to compensate the effect of the produc
tions a ---+ A. If we add C and F to the name of the system, we may also 
add P. Specifically, we want to prove that 

(*) DOL ~ CPDFOL. 
The inclusion 

CDOL ~ CPDFOL 

is an immediate consequence of (*). (In fact, since the composition of two 
codings is again a coding, we can essentially multiply (*) from the left by C.) 
Moreover, (*) is an important building block in establishing the hierarchy 
presented in Theorem 2.3, in particular, in showing the high position of some 
P-families. The earliest (but very compactly written) proof of (*) appears in 
[NRSS]. 

We now begin the proof of (*). Let 

G=(E,h,wo) 

be a given DOL system. We have to show that L = L(G) is a CPDFOL 
language, that is, L is a letter-to-Ietter morphic image of a language generated 
by a PDOL system with finitely many axioms. This is obvious if L is finite. 
In this case we take L itself to be the finite axiom set of our PDFOL system. 
The identity rule a ---+ a will be the only rule for every letter, and the coding 
morphism is the identity as well. If L contains the empty word A, then L is 
necessarily finite. This follows because, whenever A appears in the sequence, 
no non-empty word can appear in the sequence afterwards. This observation 
implies that, for the proof of (*), it is not necessary to make the A-convention 
considered in connection with Theorem 2.3. If the empty word appears in the 
given DOL language, it can be taken as an axiom of the PDFOL system. 

Thus, from now on we assume that the given DOL language L = L( G) 
is infinite. We use our customary notation Wi, i :2: 0, for the sequence S( G). 
Our argumentation will make use of periodicities in S( G), already mentioned 
in Theorem 2.1 (However, we will not make use of Theorem 2.1, our argu
mentation will be self-contained.) We will first illustrate periodicities by a 
simple case needed only for a minor detail. Consider the minimal alphabets 
of the words Wi, 

Ei = alph(wi), i:2: O. 

Each Ei is a subset of the finite set E. Hence, there are only finitely many 
alphabets Ei and, consequently, numbers q :2: 0 and p :2: 1 such that Eq = 
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E q+p. (We may take q to be the smallest number such that Eq occurs later 
and p the smallest number such that Eq = Eq+p. This choice defines q and p 
unambiguously. ) 

We now use the obvious fact that 

alph(w) = alph(w') implies alph(h(w)) = alph(h(w')), 

for all words wand w'. Consequently, Eq+1 = Eq+p+1 and, in general, 

Eq+i = E q+p+i , for all i 2: O. 

Thus, the alphabets form the ultimately periodic sequence 

Eo,···, Eq_l, Eq, ... , E q+p- l , 
~'~--~y~--~' 

initial mess period 

From the point of view of a developmental model, we can visualize this as 
follows. In the early history, there may be some primaeval cell types which 
vanish and never come back again. Strange phenomena are possible, for in
stance, one can have in the words of the initial mess any length sequence of 
positive integers one wants just by using sufficiently many cell types (letters). 
After the early history, p different phenomena have been merged together. 
(The merged phenomena should not be too different, for instance, the growth 
order of the p subsequences must be the same. Section 5. explains this fur
ther.) 

The following example might illustrate the situation. Consider the PDOL 
system with the axiom dldi and productions 

dl -- d3d~, 
a--al, 
al -- abc2, 

d2 -- d4 , 

b-- bl, 
bl __ bc2, 

d3 -- ad, 
C--Cl, 

Cl--C. 

The beginning of the word sequence is 

dldi,d3d~,ad,ald,abc2d,alblcfd, 

abc2bc4 d, alblcfblCid, abc2bc4 bc6 d, ... , 

the corresponding part of the length sequence being 

5,7,2,2,5,5,10,10,17, .... 

In this case the lengths of the initial mess and period are: q = 4, p = 2. The 
reader might have already noticed that our old friend SQUARES is lurking 
in this DOL system and, consequently, the growth functon satisfies 

f(O) = 5, f(l) = 7, f(2i) = f(2i + 1) = i 2 + 1, for i 2: 1. 

The initial mess is used to generate two exceptional values initially, and the 
period of length 2 serves the purpose of creating an idle step after each new 
square has been produced. 
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We now go back to the proof of (*), considering again the DOL system 
G = (E, h, wo) generating an infinite language L = L( G). For each a E E, 
we denote by ui, i ~ 0, the word sequence of the DOL system with the axiom 
a and morphism h. Thus, ui = hi(a). We divide E into two disjoint parts, 

E = Efin U Einf by defining 

Efin = {a E EI {-ail i ~ O} is finite}, Einf = E \ Efin. 

The set Efin consists of those letters that generate a finite language. In other 
words, the sequence ui, i ~ 0, is ultimately periodic, with the period Pa and 

threshold qa' Of course, the letters a with the rule a ---+ ). are in Efin. Since 
the language L is infinite, the set Einf must be nonempty. 

We now choose a uniform period P satisfying 

up = uip ' for all i ~ 0 and a E Efin. 

Conditions sufficient for such a choice are that P exceeds all thresholds qa 
and is divisible by all periods Pa, a rude estimate for P followed in [NRSS] 
is to take the product of all periods and thresholds. Further, let M be the 
maximum length of any word derived in Gin P steps from a single letter: 

M = max {Iupl I a E E}. 

Our true period will be a multiple of P, PQ. Specifically, Q ~ 2 is an integer 
such that 

IUPtQ+1) I > M, for all a E Einf. 

Observe that by definition all sequences {un, a E Einf, contain arbi
trarily long words. However, also length decrease occurs in the sequences. It 
might look questionable that we can find a number Q as required. Since DOL 
sequences are full of surprises, let us prove this in detail. We prove a some
what stronger statement which is of interest also on its own: For any DOL 
sequence {vd contain'ing infinitely many different words and any number t, 
there is a bound io s'uch that 

IVil > t whenever i ~ i o. 

This claim follows by considering the sequence of the minimal alphabets of 
the words Vi. As seen above, this sequence is ultimately periodic, with period 
p and threshold q. Each of the DOL sequences 

{vf=vip+q+kl i~O}, O::;k<p 

is conservative, that is, the minimal alphabet of all words in the sequence 
is the same. The morphism defining these sequences is the pth power of the 
original morphism. This means that all p sequences {vf} are monotonously 
length-increasing. Thus, to exceed the length t, we only have to watch that 
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the word length in each of the p sequences, merged together to obtain {Vi}, 
exceeds t. Intuitively, the statement just established says that there is some 
over-all growth in the sequence because all of the subsequences are growing. 

There are three key ideas in the following formal proof. (i) The effect 
of the A-rules can be eliminated in long enough derivation steps. The new 
productions will simulate steps of length PQ in G. This means that we must 
have PQ starting points. But this will be no problem because we have the 
F-feature available. Our first new system G' may still have A-rules but they 
can be applied to the axioms only. Thus, a straightforward modification of 
augmenting the axiom set by words derivable in one step in G gives a second 
new system Gil without A-rules. (ii) Each letter develops according to G in 
the same way in a specific number of steps, quite independently of the location 
of the steps. Our simulation uses the interchange between the steps from 0 
to PQ and from P to P(Q + 1). (iii) In our new system G' an occurrence of 
a letter, say b, is replaced by information concerning where this particular b 
comes from P steps earlier in G. The letter b has a definite ancestor on each 
preceding level. Say c is the ancestor P steps earlier. We cannot recover b 
if we know only c. However, c generates at most M (occurrences of) letters 
in P steps. Hence, we should also tell the number i, 1 ::; i ::; M, indicating 
that the particular occurrence of b is the ith letter (counting from left to 
right) generated by c in P steps. Altogether b is replaced by the pair (c, i)j 
the alphabet of G' includes pairs of this form. The letter b is recovered for 
the final language by the coding g: 

g((c,i)) = b. 

The procedure enables us to get one "free" step (of length P) in the deriva
tions. The situation can be depicted as follows: 

past ..... .ld ..... 

P steps I"" 
in G "" 

present ... 1 ..:::? 1 bl. .. 1 .. 

i-I letters 

Replace b by (c, i)j 

Coding back: 
g((c,i)) = b 

We are now ready for the formal details. Define first a DFOL system G'. 
The alphabet is 

E U Eplace' where Eplace = E X {l, 2, ... , M}. 

Thus, letters of Eplace are pairs (a, i), where a E E and 1 ::; i ::; M. The 

axiom set of G' is {Wi I 0::; i < PQ}. (The words Wi are from the sequence of 
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the original G.) For each a E E, the right-hand side of its rule in G' is a word 
over Eplace' obtained from upQ by replacing any occurrence of a letter, say 

b, with the letter (c, i) E E place iff the particular b is the ith letter (from left 

to right) generated, in P steps, from an occurrence ofthe letter c in uPcQ- 1). 

If upQ = A then a ---+ A is the production for a in G'. 
To complete the definition of G', we still have to define the rules for the 

letters of Eplace. Each right-hand side will be a non empty word over Eplace . 

Consider first a letter (a,i) for which i < Iupi. The rule is (a,i) ---+ (b,j) iff 
the ith letter of uPcQ+1) is derived as the jth letter from an occurrence of 
the letter b in upQ. Consider next the letter (a, Iup!). The right-hand side of 
its rule is the following nonempty (by the definition of Q) word over Eplace 
of length 

IU PcQ+1) I - Iup I + 1. 

The ith letter in this word is defined as the letter (b,j) for which the (Iupl-
1 + i)th letter of uPcQ+1) is derived as the jth letter from an occurrence of 
the letter b in upQ. (The letters (a, i) with lupl < i ::; M are useless in the 
sense that they never occur in L(G'). We may take the identity production 
(a, i) ---+ (a, i) for such letters. It is also irrelevant how the coding 9 is defined 
for such letters.) 

We now define the letter-to-letter morphism 9 as follows: 

If a E E then g( a) = a, 
If (a, i) E E place and 1 ::; i ::; lup I then g( (a, i)) equals the ith letter of 
Up. 

It now follows by our construction that g(L(G')) = L(G). The expla
nations given before the construction should be helpful in establishing this 
fact. G' is a DFOL system surely having A-rules if G has them. However, the 
A-rules of G' can be applied only to the axioms. After the first derivation 
step A-rules are no longer applicable because all words are over the alphabet 
Eplace for which all rules are propagating. Let w~, 0 ::; i < PQ, be the word 
derived in G' from Wi in one step. 

We now transform G' to a PDFOL system Gil by augmenting the axiom 
set of G' with the set {w~ I 0::; i < PQ} and replacing the rules of G' 
for letters a E E by the identity rules a ---+ a. In this way all A-rules are 
removed. The effect of the rules of G' for letters of E, that is, the introduction 
of the letters in Eplace is in Gil taken care of by the additional axioms w~, 
o ::; i < PQ. The original axioms of G' generate themselves in Gil. Thus, the 
PDFOL system Gil satisfies L(G") = L(G'). We may use the coding 9 defined 
above to obtain the final result 

This shows that L is a CPDFOL language, which completes the proof of (*). 
o 
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The construction presented above is quite complicated. This is under
standable because the result itself is perhaps the most sophisticated one about 
the elimination of A-rules in the theory of L-systems. The analogous construc
tion is much simpler, [88], if one only wants to preserve length sequences, not 
the language, as we have preserved. 

We mention finally that, to eliminate A-rules, we need both of the features 
C and F. It is seen from Theorem 2.3 that neither the family CPDOL nor the 
family PDFOL contains the family DOL. 

4. L decisions 

4.1 General. Sequences versus languages 

We will now present results concerning decision problems in the theory of L 
systems. This is a rich area - our overview will be focused on the celebrated 
DOL equivalence problem and variations. More information is contained es
pecially in [CK2] and [R83]. We will begin with a general overview. 

Customary decision problems investigated in language theory are the 
membership, emptiness, finiteness, equivalence and inclusion problems. The 
problems are stated for a specific language family, sometimes in a comparative 
sense between two families, [84]. When we say that the equivalence problem 
between OL and DOL languages is decidable, this means the existence of an 
algorithm that receives as its input a pair (G, G') consisting of a OL and a 
DOL system and tells whether or not L( G) = L( G'). "Equivalence" without 
further specifications always refers to language equivalence, in case of deter
ministic systems we also speak of sequence equivalence. Given two language 
families £ and £', we also speak of the £' -ness problem for £, for instance, 
of the DOL-ness (resp. regularity) problem for OL languages. The meaning 
of this should be clear: we are looking for an algorithm that decides of a 
given OL system G whether or not L(G) is a DOL language (resp. a regular 
language) . 

We now present some basic decidability and undecidability results, dat
ing mostly already from the early 70's, see [Lil], [C81], [Lal], [La2], [R81]' 
[R83], [82], [85] for further information. It was known already in 1973 that 
ETOL is included in the family of indexed languages, for which membership, 
emptiness and finiteness were known to be decidable already in the 60's. For 
many subfamilies of ETOL (recall that ETOL is the largest L family without 
interactions) much simpler direct algorithms have been developed. 

Theorem 4.1. Membership, emptiness and finiteness are decidable for ETOL 
languages, and so are the regularity and context-freeness problem for DOL lan
g'uages and the DOL-ness problem for context-free languages. Also the equiv
alence problem between DOL and context-free languages is decidable, and so 
is the problem of whether or not an EOL language is included in a regular 
language. 0 
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Theorem 4.2. The equivalence problem is undecidable for POL languages 
and so are the context-freeness, regularity and OL-ness problems for EOL lan
guages. 0 

Because even simple subfamilies of IL contain nonrecursive languages (for 
instance, the family DlL), it is to be expected that most problems are un
decidable for the L families with interactions. For instance, language and 
sequence equivalence are undecidable for PDlL systems. 

For systems without interactions, many undecidable problems become de
cidable in the case of a one-letter alphabet. Decision problems can be reduced 
to arithmetical ones in the unary case. Sample results are given in the follow
ing theorem, [Lal], [La2], [S2]. TUOL and UOL are written briefly TUL and 
UL. 

Theorem 4.3. The eq'uivalence problem between TUL and UL languages, as 
well as the equivalence problem between TUL languages and regular languages 
are decidable. the regularity and UL-ness problems are decidable for TUL 
languages, and so ,is the TUL-ness pmblem for regular languages. 0 

The cardinality de(n) of the language generated by an L system G us
ing exactly n der-ivation steps has given rise to many decision problems. 
The earliest result is due to [Dal]' where the undecidability of the equa
tion deJn) = de2 (n) for two DTOL systems is shown. The undecidability 
holds for OL systems as well. However, it is decidable, [Ni], whether or not 
a given OL system G is derivation-slender, that is, there is a constant c such 
that de (n) :::; c holds for all n. All derivation-slender OL languages are slender 
in the sense that there is a constant k such that the language has at most k 
words of any given length, [NiS]. The converse does not hold true: the lan
guage {biabil i 2: O}U {b2i+11 i 2: O} is a slender OL language not generated 
by any derivation-slender OL system. Further results concerning slender OL 
languages are presented in [NiS]. However, at the time of this writing, the 
general problem of deciding the slenderness of a given OL language remains 
open. 

We now go into different variations of DOL equivalence problems, this dis
cussion will be continued in the next subsection. This problem area has given 
rise to many important new notions and techniques, of interest far beyond the 
theory of L systems. We denote briefly by LE-DOL and BE-DOL the language 
and sequence equivalence problems of DOL systems. It was known already in 
the early 70's, [N], that the two problems are "equivalent" in the sense that 
any algorithm for solving one of them can be transformed into an algorithm 
for solving the other. We will now prove this result. Our proof follows [S6] 
and is another illustration of the techniques used in L proofs. 

Theorem 4.4. BE-DOL and LE-DOL are equivalent. 
Proof from LE-DOL to BE-DOL. 

We show how any algorithm for solving LE-DOL can be used to solve 
SE-DOL. Given two DOL systems 
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we define two new DOL systems 
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Gb = (E U {b}, gb, buo), Hb = (E U {b}, hb' bvo), bit' E, 

where gb(b) = hb(b) = b2 , and gb(a) = g(a), hb(a) = h(a), for all a E E. 
Clearly, S(G) = S(H) iff L(Gb) = L(Hb)' 0 

Proof from SE-DOL to LE-DOL. 
We assume without loss of generality that the given languages L( G) and 

L(H) are infinite. Their finiteness is easily decidable and so is their equality 
if one of them is finite. The tools we will be using are decompositions of 
DOL systems and Parikh vectors. Decompositions refer to periodicities already 
discussed in Subsection 3.1 above. Given a DOL system G = (E,g,uo) and 
integers p 2: 1, q 2: 0 (period and initial mess), we define the DOL system 

G(p,q) = (E,gP,gq(uo)). 

The sequence S(G(p,q)) is obtained from S(G) by taking every pth word 
after the initial mess. 

For W E E*, the Parikh vector tJi( w) is a card( E)-dimensional vector of 
nonnegative integers whose components indicate the number of occurrences 
of each letter in w. For two words wand w', the notation w :S;p w' (resp. 
w <p w') means that the Parikh vectors satisfy tJi(w) :s; tJi(w' ) (resp. tJi(w) < 
tJi( w')). (The ordering of vectors is taken componentwise, two vectors can be 
incomparable. ) 

We use customary notations for the given DOL systems: 

G = (E, g, uo), H = (E, h, vo). 

(We may assume that the alphabets coincide.) The notation Wi refers to 
words in one of the two DOL sequences Ui and Vi we are considering. We 
omit the proofs of the following properties (i)-(iv). They are straightforward, 
apart from (iv) which depends on the theory of growth functions discussed 
in the following section. 

(i) There are words such that Wi <p Wj' 

(ii) We cannot have both i < j and Wj :S;p Wi. 

(iii) Whenever Wi <p wj, then Wi+n <p Wj+n for all n. 
(iv) Assume that Xi and Yi, i 2: 0, are DOL sequences over an alphabet with 

n letters such that tJi(Xi) = tJi(Yi), 0 :s; i :s; n. Then tJi(Xi) = tJi(Yi) for all 
i. (We call Xi and Yi Parikh equivalent.) 

We now give an algorithm for deciding whether or not L(G) = L(H). The 
algorithm uses a parameter m (intuitively, the length of the discarded initial 
mess). Originally we set m = O. 

Step 1. Find the smallest integer ql > m for which there exists an integer 
p such that 
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U q1 -p <p U q1 , 1 ~ P ~ ql - m. 

Let Pl be the smallest among such integers p. Determine in the same way 
integers q2 and P2 for the system H(1, m). (Step 1 can be accomplished by 
property (i).) 

Step 2. If the two finite languages 

{ Ui I m ~ i < qt} and {vd m ~ i < q2} 

are different, stop with the conclusion L(G) =f. L(H). (Otherwise, ql = q2.) 
Step 3. Apply the algorithm for SE-DOL. Check whether or not Pl = P2 

and there is a permutation II of the set of indices {O, 1, ... ,Pl - 1} such that 

S( G(Pl> ql + j)) = S(H(pl> ql + II(j))), for all j = 0, ... ,Pl - 1. 

If "yes", stop with the conclusion L(G) = L(H). If "no", take ql as the new 
value of m and go back to Step 1. 

Having completed the definition of the algorithm, we establish its correct
ness and termination. 

Correctness. We show first that the conclusion in Step 2 is correct. When 
entering Step 2, we must have {Ui I i < m} = {Vi I i < m}. Indeed, this 
holds vacuously for m = 0, from which the claim follows inductively. If some 
word 'W belongs to the first and not to the second of the finite languages in 
Step 2 and still L(G) = L(H), then 'W = Vi for some i ~ q2. (We cannot 
have i < m because then 'W would occur twice in the u-sequence.) By (iii), 
for some j ~ m, Vj <p 'W. By the choice of ql and (ii), Vj ¢ L(G), which is a 
contradiction. 

Also the conclusion in Step 3 is correct. When entering Step 3, we know 
that 

{ Ui I ° ~ i < qt} = {Vi I ° ~ i < qt}. 

The test performed in Step 3 shows that also 

Termination. If L(G) =f. L(H), a word belonging to the difference of the 
two languages is eventually detected in Step 2 because the parameter m 
becomes arbitrarily large. Assuming that L(G) = L(H), we show that the 
equality is detected during some visit to Step 3. It follows by property (iii) 
that neither Pl nor P2 is increased during successive visits to Step 1. Thus, 
we only have to show that the procedure cannot loop by producing always 
the same pair (Pl,P2)' If n is the cardinality of the alphabet, there cannot be 
n + 2 such consecutive visits to Step 1. 

Assume the contrary: the same pair (Pl,P2) is defined at n+2 consecutive 
visits. We must have Pl = P2. Otherwise, the larger of the two numbers has 
to be decreased at the next visit to Step 1, because of property (iii) and the 
fact that Step 2 was passed after the preceding visit. The same argument 
shows that Pl must assume the maximal value ql - m. If m is the initial mess 
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at the first of our n + 2 visits, the sequences S(G) and S(H) contain n + 1 
segments of length PI, beginning with U m and vm , such that each segment in 
S(H) is a permutation ofthe corresponding segment in S(G). Moreover, it is 
always the same permutation because otherwise, by property (iii), the value 
of PI will be decreased at the next visit to Step 1. This implies, by property 
(iv), that for some permutation II and all j = 0, ... ,PI - 1, the sequences 

S(G(Pbm+j)) and S(H(pl,m+II(j))) 

are Parikh equivalent. Since termination did not occur in Step 3, there is a j 
such that the two sequences are not equivalent. Thus, for some U E L( G) and 
v E L(H), we have ljf(u) = ljf(v) but U =f. v. Since L(G) = L(H), we have also 
v E L(G). Hence, S(G) has two words with the same Parikh vector, which 
contradicts property (ii). 0 

4.2 DOL sequence equivalence problem and variations 

The decidability of SE-DOL was first shown in [CF]. A much simpler proof 
based on elementary morphisms, [ER2], was given in [ER3], a detailed expo
sition of it appears in [RS1l. Our argument below follows [CK2] and uses two 
results, the correctness of the so-called Ehrenfeucht Conjecture and Makanin's 
Algorithm. We refer the reader to [RS1] and [CK2] for further information 
concerning the history of SE-DOL and related problems. 

SE-DOL has given rise to many important new notions that have been 
used widely in language theory: morphic equivalence, morphic forcing, test 
set, elementary morphism, bounded balance, equality set. All these notions 
are related to the problem of studying the equation g(x) = h(x) for a word 
x and morphisms 9 and h. 

We say that the morphisms 9 and h defined on E are equivalent on a 
language L ~ E*, in symbols 9 =L h, iff g(x) = h(x) holds for all x E L. 
The morphic equivalence problem for a family £. oflanguages, [CS1], consists 
of deciding, given a language L in £. and morphisms 9 and h, whether or not 
9 =L h. Observe that SE-DOL is a special case of the morphic equivalence 
problem for the family of DOL languages: two DOL systems G and H with 
morphisms 9 and h are sequence equivalent iff 9 and h are equivalent on L( G) 
(or on L(H)). So we have the special case where L(G) is generated by one of 
the morphisms whose equivalence on L( G) is to be tested. 

Let us go back to the morphic equivalence problem. It would be desirable 
to have a finite set F ~ L such that, to test 9 =L h, it suffices to test 9 =F h. 
Formally, we say that a language L is morphically forced by its subset Ll iff, 
whenever two morphisms are equivalent on L 1 , they are equivalent on L. A 
finite subset F of a language L is termed a test set for L iff L is morphically 
forced by F. The Ehrenfeucht Conjecture claims that every language possesses 
a test set. It was shown correct in the middle 80's. [ALl is usually quoted as 
the first proof but there were several independent ones about the same time -
see [CK2], [RS3] for details. 
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The notion of an equality set occurs at least implicitly in earlier algorithms 
for SE-DOL, [OF], [ER3]. The equality set (also called equality language) of 
two morphisms is defined by 

E(g, h) = {x E 17*1 g(x) = hex)}. 

SE-DOL amounts to deciding whether or not one ofthe languages, say L(G), 
is contained in E(g, h). This again amounts to deciding the emptines of the 
intersection between L(G) and the complement of E(g, h). If E(g, h) is regu
lar (implying that also its complement is regular), the latter problem becomes 
decidable because DOL is contained in EOL for which the emptiness is decid
able, and EOL is closed under intersection with regular languages. Therefore, 
one should aim towards the case that E(g, h) is actually regular. This sit
uation was reached in the proof of [ER3] by using elementary morphisms. 
Essentially, a morphism being elementary means that it cannot be "simpli
fied" by presenting it as a composition going via a smaller alphabet, [ER2]. 

Assume that the morphisms 9 and h are equivalent on L. We say that the 
pair (g, h) has a bounded balance on L iff there is a constant C such that 

Ilg(x)I-lh(x)11 :::; C 

holds for all prefixes x of words in L. (We know that g( w) = h( w) holds for 
words w E L. Therefore, if x is a prefix of w, then one of g(x) and hex) is 
a prefix of the other. Having bounded balance means that the amount by 
which one of the morphisms "runs faster" is bounded by a constant.) For 
testing morphic equivalence, the property of having bounded balance gives 
the possibility of storing all necessary information in a finite buffer. Thus, 
the situation is similar to the equality set being regular. 

Oonsider two disjoint alphabets 17 and N (N is the alphabet of nonter
minals or variables). An equation over 17 with unknowns in N is a pair (u, v), 
usually written u = v, where u and v are words over 17uN. A set T (possibly 
infinite) of equations is referred to as a system of equations. A solution to a 
system T is a morphism h : (17 U N)* ---t 17* such that h{u) = h{v), for 
all (u,v) E T, and h{a) = a for all a E 17. Thus, solutions can be viewed as 
card(N)-tuples of words over 17. For instance, the morphism defined by 

X ---t a, y ---t ba, z ---t ab 

is a solution of the equation xy = zx over {a, b}. This solution can also be 
represented as the triple (a, ba, ab). 

Makanin, [MaJ, has presented an algorithm for deciding whether or not 
a given finite system of equations possesses a solution. It is shown in [OKI] 
how any such algorithm can be extended to concern finite systems of equa
tions and inequalities u =I- v. From this follows easily the decidability of the 
equivalence problem for two finite systems of equations, that is, whether or 
not the systems have the same sets of solutions. This, in turn, leads directly 
to the decidability of the problem whether or not a subset of a finite language 
F is a test set for F. We are now ready to establish the following main result. 
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Theorem 4.5. The morphic equivalence problem is decidable for DOL lan
guages. Consequently, BE-DOL is decidable. 

Proof. Because the Ehrenfeucht Conjecture is correct, we know that the 
language L( G) generated by a given DOL system G = (E, h, wo) possesses 
a test set F. We only have to find F effectively. Define the finite languages 
Li,i ~ 0, by 

Lo = {wo}, Li+! = Li U h(Li). 

We now determine an integer io such that Lio is a test set for Lio+!' Such 
an integer surely exists because eventually the whole F is contained in some 
L i . The integer io can be found because we can decide whether a subset of a 
finite language is a test set. We claim that Lio is a test set for L( G), which 
completes the proof. Indeed, since Lio is a test set for L io +!, also Lio+! \ {wo} 
is a test set for Lio +2 \ {w}. (Obviously, whenever F' is a test set for L', then 
h(F') is a test set for h(L').) Consequently, Lio+! is a test set for Lio+2 ' Since 
"being a test set for" is obviously transitive, we conclude that Lio is a test 
set for L io +2 , from which our claim follows inductively. 0 

If the alphabet consists of two letters, it suffices to test the first four 
words in the given DOL sequences in order to decide sequence equivalence. 
This result is optimal, as shown by the example 

Wo = ab, g(a) = abbaabb,g(b) = a,h(a) = abb,h(b) = aabba. 

This has given rise to the 2n-conjecture: in order to decide SE-DOL, it suffices 
to test the first 2n words in the sequences, where n is the cardinality of the 
alphabet. No counterexamples to this conjecture have been found, although 
the only known bound of this kind is really huge [ER4]. 

Theorems 4.4 and 4.5 yield immediately 

Theorem 4.6. LE-DOL is decidable. We are able to establish now also the 
following very strong result. 

Theorem 4.7. The HDOL sequence equivalence problem is decidable. 
Proof. Without loss of generality, we assume that the two given HDOL 

systems are defined by the morphisms ft and 12 and DOL systems H = 
(E, h, wo) and G = (E, g, wo), 1·espectively. We consider a "barred copy" 
E of the alphabet E: E = {al a E E}. The "barred version" w of a word 
w E E* is obtained by barring each letter. We define three new morphisms, 
using the descriptive notations ft, 12 and hUg, as follows: 

ft(a) = ft(a),12(a) = A,(hUg)(a) = h(a) fora E E, 

ft(a) = A, 12(a) = 12(a), (h Ug)(a) = g(a) for a E E. 

Clearly, the original HDOL sequences are equivalent iff the morphisms ft and 
12 are equivalent on the DOL language defined by the morphism hUg and 
axiom WoWo. Thus, Theorem 4.7 follows by Theorem 4.5. 0 
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The decidability of the HDOL sequence equivalence is a very nontriv
ial generalization of the decidability of SE-DOL. For instance, no techniques 
based on bounded balance can be used because two morphisms may be equiv
alent on a DOL language L without having bounded balance on L. Our simple 
argument for Theorems 4.5 and 4.7 is no miraculous "deus ex machina" . Two 
very strong tools (Ehrenfeucht and Makanin) have been used. (We want to 
mention in this connection that, in spite of their efforts, the editors failed 
in including in this Handbook a reasonably detailed exposition of Makanin's 
theory.) For a classroom proof, where all tools are developed from the begin
ning, the proof based on elementary morphisms, presented in [RSl] or [S5], 
is still to be recommended. 

Some related results are collected in our last theorem. See also [CK2], 
[Ru2]' [Ru3], [Ru4]. 

Theorem 4.8. The morphic equivalence is decidable for HDTOL languages, 
and so is the equivalence between DOL and FOL and between DOL and DTOL, 
as well as the inclusion problem for DOL. The equivalence is undecidable for 
DTOL, and so is the PD1L sequence equivalence. 0 

5. L Growth 

5.1 Communication and commutativity 

This section will discuss growth functions associated to sequences generated 
by L systems. The theory will be presented in an unconventional way, as a 
discussion between a mathematician, a language theorist and a wise layman. 
We have two reasons for this unconventional approach. First, there already 
exist good detailed expositions of the theory in a book form [SS], [RSl]. 
In a conventional exposition, we could not do much better here than just 
repeat, even in a condensed form, what has been already said in [SS] or [RSl]. 
Secondly, growth functions require considerably more factual knowledge in 
mathematics than do other parts of the L system theory. Since L systems 
in general are of interest to a wide audience not otherwise working with 
mathematics, conventional mathematical formulation might scare away many 
of the readers of this chapter. While we are convinced that this is less likely 
to happen with our exposition below, we also hope that our presentation will 
open new perspectives also for a mathematically initiated reader. 

Dramatis personae 
Bolgani, a formal language theorist, 
Emmy, a pure mathematician, 
Tarzan, a lonesome traveller. 

Emmy. I often wonder why we mathematicians always write texts in
comprehensible practically to everybody. Of course every science has its own 
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terminology and idioms, but our pages laden with ugly-looking formulas are 
still different. I have the feeling that in many cases the same message could 
be conveyed much more efficiently using less Chinese-resembling text. 

Bolgani. Just think how Fermat got his message across, in a passage that 
has influenced the development of modern mathematics perhaps more than 
any passage of comparable length. Cubum autem in duos cubos, aut quadra
toq'uadratum in duos quadratoquadratos, et generaliter nullam in infinitum 
ultra quadratum potestatem in duos ejusdem nominis Jas est dividere: cu
jus rei demonstrationem mirabilem sane detexi. Hanc marginis exiguitas non 
caperetl. Isn't it like beautiful poetry? And think of the philosophical impli
cations. That something is correct is expressed by saying "fas est" - follows 
the divine law. Not even the gods among themselves can break mathematical 
laws. 

Emmy. It still remains a problem whether some "demonstratio mirabilis" 
exists for Fermat's Last Theorem. One can hardly imagine that Fermat had 
in mind anything even remotely resembling the fancy methods of Andrew 
Wiles. But coming back to poetry: the words sound beautiful but one has to 
know something in order to appreciate the beauty. 

Tarzan. Some basic knowledge is always necessary but in many cases 
rather little will suffice. Take a passage from Horace, also with references to 
divine activities. Pone me pigris ubi nulla campis arbor' aestiva recreatur aura, 
quod latus mundi nebulae malus que Juppiter urget. Pone sub curru nirnium 
propinqui solis, in terra domibus negata: dulce ridentem Lalagen amabo, dulce 
loquentem2 . Certainly it sings much better than Fermat. But still you have to 
have some background in order to fully appreciate it, a mere understanding 
of the language is not enough. 

Bolgani. I have an idea. Tarzan already read about the basics of L sys
tems. (This refers to Sections 1. and 2. above.) Let us try to explain to him 
the theory of growth functions, using as few formulas as possible. This might 
open some interesting perspectives, even if no poetry would come up. 

Tarzan. I already know something about the topic. Take, for instance, 
a DOL system. It generates a sequence of words. One considers the length 
of each word, as a function of the position of the word in the sequence. 
This function will be the growth Junction of our DOL system. One starts 
counting the positions from 0, the axiom having the position O. This means 

1 "It is improper (by divine right) to divide a cube into two cubes, a fourth 
power into two fourth powers and, generally, any power beyond a square into 
two powers with the same exponent as the original. I really found a miraculous 
proof for this fact. However, the margin is too small to contain it." 

2 "Place me where never summer breeze/ Unbinds the glebe, or warms the trees/ 
Where ever-lowering clouds appear,/ And angry Jove deforms th'inclement 
year:/ / Place me beneath the burning ray'; Where rolls the rapid car of day;/ 
Love and the nymph shall charm my toils'; The nymph, who sweetly speaks and 
sweetly smiles." (Ode XXII, tr. by P. Francis Homce, Vol.I, London, printed by 
A. J. Valpy, M.A., 1831) 
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that every growth function maps the set of nonnegative integers into the same 
set. Some things are obvious here. The growth function of a PDOL system 
is monotonously increasing, not necessarily strictly increasing at every step, 
whereas decrease is possible in the DOL case. Whenever 0 appears as a value of 
a DOL growth function, then all values afterwards, that is values for greater 
arguments, are also equal to O. Whenever we have the empty word in the 
sequence, then only the empty word appears afterwards. Once dead, always 
dead. No resurrection is possible in this model of life, be it real or artificial. 
However, this is the only restriction I have. If I can take as many letters as I 
want, I can get the first million, billion or any number of values exactly as I 
like: 351, 17, 1934, 1, 1964, 15,5, 1942, ... I just introduce new letters at every 
step, getting the lengths as I like. Since my alphabet is altogether finite, at 
some stage there will be repetitions of letters and, accordingly, patterns in the 
growth sequence. The over-all growth cannot be more than exponential. The 
length of the ith word is bounded from above by ci+I, where the constant c 
equals the maximum of the lengths of the axiom and any right-hand side of 
the rules. This bound is valid for DIL systems as well. 

Bolgani. We are dealing here with issues concerning communication and 
cmnmutativity. I think we have already agreed that we can communicate 
with each other in a less formal manner - even about technically complicated 
topics. Commutativity is the key to DOL growth functions. It also opens the 
possibility of using strong mathematical tools. Why do we have commuta
tivity? Because the order of letters is completely irrelevant from the point of 
view of growth. We only have to keep track of the number of occurrences of 
each letter or, as the saying goes, of the Parikh vector of the word. Only the 
number is significant, we can COlInnute the letters as we like. But we have to 
know the Parikh vector, it is not sufficient to know the total length of the 
word. Two different letters may grow very differently. 

Ernrny. All information we need can be stored in the growth matrix of 
the DOL system. It is a square matrix, with nonnegative integer entries and 
dimension equal to the cardinality of the alphabet, say n. We have a fixed 
ordering of the letters in mind, and the rows and columns of the matrix are 
associated to the letters according to this ordering. The third entry in the 
second row indicates how many times the third letter occurs on the right 
side of the rule for the second letter. In this way the matrix gives all the 
information we need for studying growth. 

Take our old friend SQUARES as an example. The rules were a ----. abc2 , 

b ----. bc2 , C ----. c. The growth matrix is, accordingly, 

See that? The first entry in the second row is 0, because there are no a's on 
the right side of the rule for b. To complete the information, we still need the 
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Parikh vector of the axiom. In this case it is II = (1,0,0) since the axiom 
is a. 

So far we have been able to store the information in matrix form. We now 
come to the point which makes the play with matrices really worthwhile. 
One derivation step amounts to multiplication by the growth matrix if we are 
only interested in the length sequence. This is a direct consequence of the 
rule for matrix multiplication. Let us go back to SQUARES and take the 
word abe2be4 in the sequence, two steps after the axiom. Its Parikh vector is 
(1,2,6). Compute the matrix product (1,2, 6)M. It is another Parikh vector, 
obtained as follows. You take a column of M, multiply its entries by the 
corresponding entry of (1,2,6), and sum up the products. If your chosen 
column is the first one, this gives the result 1·1+ 2·0+ 6·0 = 1, and 1·1+ 
2· 1 + 6·0 = 3 and 1· 2+ 2· 2+ 6· 1 = 12 in the other two cases. Altogether we 
get the new Parikh vector (1,3,12). What does, for instance, the last entry 
tell us? The third column 

indicates how many c's each of the letters a, b, e produces. The numbers of 
occurrences of the letters were 1,2,6 to start with. Thus, the last entry 12 = 
1 . 2+ 2·2+ 6· 1 tells how many e's we have after an additional derivation 
step. Similarly the entries 1 and 3 tell how many a's and b's we have. 

There is nothing in our conclusion pertaining to the particular example 
SQUARES. We have shown that after i derivation steps we have the Parikh 
vector II Mi. (This holds true also for i = 0.) Let 'fI be the n-dimensional 
column vector with all components equal to 1. The values f(i) of the growth 
function are obtained by summing up the components of the Parikh vector 
II M i , 

f(i) = II Mi 'fI, i 2 o. 
We have derived the basic interconnection with the theory of matrices, and 
have now all the classical results available, [MTJ, [HWJ. 

Tarzan. I know some of them. For instance, the Cayley-Hamilton The
orem says that every matrix satisfies its own characteristic equation. If we 
have n letters in the alphabet, we can express Mn in terms of the smaller 
powers: 

M n = C1Mn-1 + ... + cn_1M1 + cnMo, 

in this case with integer constants Cj. By the matrix representation for the 
growth function, we can use the same formula to express each growth function 
value in terms of values for smaller arguments: 

f(i + n) = cd(i + n - 1) + ... + cnf(i), i 2 O. 

I see it now quite clearly. I can do my arbitrary tricks at the beginning. But 
once the number of steps reaches the size of the alphabet, I am stuck with 
this recursion formula. 
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Bolgani. We will see that many mysteries remain in spite of the formula. 
But the formula surely gives rise to certain regularities. For instance, the so
called "Lemma of Long Constant Intervals". Assume that f is a DOL growth 
function and, for every k, there is an i such that 

f(i) = f(i + 1) = ... = f(i + k). 

Then f is ultimately constant: there is an io such that f(i) = f(io) for all 
i :::: io. 

The matrix representation gives also a very simple method for deciding 
growth equivalence: two DOL systems G and G', with alphabet cardinalities 
nand n', possess the same growth function iff the lengths of the first n + n' 
terms are the same in both sequences. The bound is the best possibe. This 
algorithm is very simple, both as regards the proof of its validity and as 
regards the resulting procedure. This striking contrast to the difficulty of the 
DOL sequence equivalence problem is again due to commutativity. Consider 
an example of language-theoretic interest. Two DOL systems have both the 
axiom a. The rules of the first system are a ---+ ab3 , b ---+ b3 , and the rules 
of the second system: 

a ---+ acde, b ---+ cde, c ---+ b2 d2 , d ---+ d3 , e ---+ bd. 

You can verify that the first seven numbers in both length sequences are 1, 
4, 13, 40, 121, 364, 1093. Hence, the systems are growth equivalent. 

Tarzan. The DOL system DEATHb had the axiom ab2 a and the rules 
a ---+ ab2 a, b ---+ A. We noticed that cell death is necessary to generate 
its language. However, the very simple system with the axiom a4 and rule 
a ---+ a2 is growth equivalent, and is without cell death. What is really the 
role of cell death, that is rules a ---+ A, in DOL growth? Does it consist only 
of making decreases possible? What is the difference between DOL and PDOL 
growth? If I have a non-decreasing DOL growth function, can I always get 
the same function using a PDOL system, perhaps at the cost of taking vastly 
many new letters? 

Elmny. That would be too good to be true. The effects of cell death are 
deeper, also from the growth point of view. The answer to your question is 
"no" , and we still come to the difference between DOL and PDOL growth. At 
the moment, I would like to dwell on more immediate matters. 

The interconnection with matrices, in particular the recurssion formula 
you are stuck with, open the possibility of using a lot of classical results 
from the theory of matrices and difference equations. The values f(i) can be 
expressed as "exponential polynomials" in i, that is, finite sums of terms of 
the form 

( + . + + .t-l) i ao alZ . . . at-1Z P . 

Indeed, here p is a root, with multiplicity t, of the characteristic equation of 
M. Maybe you like an example. Take the system with the axiom abc and the 
rules 
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yielding 

M=(;~~) 
031 

Since the matrix is in lower diagonal form, the roots of the characteristic 
equation are seen immediately: 2 and 1 (double). This results in the expres-
sion 

f(i) = (ao + ali) . Ii + a2 ·2i 

for the growth function. Finally, the coefficients a are determined by consid
ering the first few values (here first three) in the length sequence. Observe 
that here the axiom becomes important - so far we did not use it at all! The 
final result is 

f(i) = 21· 2i - 12i - 18. 

This solves the growth analysis problem for any system: we can write down 
the exponential polynomial representing the growth function of the system. 
Although the values f(i) are nonnegative integers, the numbers p and a 
are complex numbers, sometimes not even expressible by radicals. Since the 
growth function is always an exponential polynomial, some growth types can 
never occur as DOL growth. DOL growth cannot be logarithmic: whenever the 
growth function is not bounded by a constant, the growth is at least linear. 
Similarly, nothing faster than exponential or between polynomially bounded 
and exponential, something like the 2Vn, is possible. 

Bolgani. Such in-between growth orders are possible in the DIL case [K1l. 
As Tarzan already observed, super-exponential growth is impossible also in 
the DIL case. 

Emmy. Still a few things. The theory says a lot also about the converse 
problem, growth synthesis. We have in mind a function, obtained experimen
tally or otherwise, and we want to construct a DOL system having the function 
as its growth function. For instance, we can synthesize any polynomial p(i) 
with integer coefficients and assuming integer values for all integers i :::: O. 
(p(i) may assume negative values for non-integral values of i.) We cannot 
synthesize i 2 - 4i + 4 because it represents death at i = 2, but i 2 - 41 + 5 is 
OK. It is the growth function of the DOL system with the axiom a~a2a3 and 
rules 

al ---+ A,a2 ---+ a4,a3 ---+ a5,a4 ---+ a6,a5 ---+ A, 

a6 ---+ ad,a ---+ abc2,b ---+ bc2,c ---+ c,d ---+ d. 

Observe that our old friend SQUARES is lurking in the stomach of this new 
DOL creature, where Tarzan's technique of disposable letters is also visible. 

Making use of periodici ties, we can also synthesize several polynomials in a 
single DOL system. Explicitly, this technique of merging means the following. 
Assume that we have some synthesizable polynomials, say po(i), Pl(i), P2(i), 
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of the same degree. Then we can construct a DOL system whose growth 
function satisfies, for all i, 

f(3i) = Po(i), f(3i + 1) = Pl(i), f(3i + 2) = P2(i). 

It is essential that the polynomials are of the same degree; in general, the 
quotient of two mergeable functions should be bounded from above by a 
constant. 

Recall the matrix representation of DOL growth functions, f(i) = II Mi 'T/. 
Functions of this form, where M is a square matrix and II and 'T/ are row and 
column vectors of the same dimension, all with integer entries, are termed 
Z-rational. (This terminology is quite natural, see [88].) If the entries are 
nonnegative integers, the function is termed N-rational. DOL growth functions 
are a special case of N-rational functions: it is required that all entries in pare 
equal to 1. PDOL growth functions are a further special case: it is also required 
that every row of M has a positive entry. The part of the matrix theory that 
comes into use here is customarily referred to as the Perron-Frobenius theory. 

5.2 Merging and stages of death 

Bolgani. We now face the challenging task of discussing the differences be
tween the four classes of functions Emmy just introduced. By definition, 
the classes constitute an increasing hierarchy from PDOL growth functions 
(smallest class) to Z-rational functions (biggest class). That the inclusions 
between the classes are strict is also obvious. N-rational functions cannot 
assume negative values, as Z-rational functions clearly can. 0, 1, 1, ... is an N
rational but not a DOL length sequence. Decrease is possible in DOL but not 
in PDOL length sequences. 8uch examples can be viewed as trivial, forced by 
definitions. However, in each case we can show the strictness of the inclusion 
also by a nontrivial example. Moreover, mathematically very nice characteri
zations are known for each of the four classes of functions. Emmy should say 
more about it, let me just give the following rough idea. 

The difference between Z-rational and N-rational functions stems from 
the idea of merging or mergeability. An N-rational sequence can always be 
obtained by merging sequences with a "clean dominant term", whereas this 
is not necessarily possible for Z-rational sequences. By a "clean dominant 
term" I mean that the expression for an individual member of the sequence 
has a term ai k pi, where a, p are constants and k is a nonnegative integer, 
completely determining the growth, that is, the member is asymptotically 
equal to this term. One can say that the growth order of the term, as a function 
of its position i, equals i k pi. As you recall, p is a root of the characteristic 
equation and can in general be a complex number but is real in a clean 
dominant term. 

The difference between DOL and PDOL growth functions can be said to 
happen at the primary stage of death: death affected by the rewriting model 
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itself. We will see that mathematically this difference amounts again to the 
difference between Z-rational and N-rational functions. Finally, the difference 
between N-rational and DOL comes from the fact that a secondary stage of 
death is possible for the former. Because some entries of the final vector p 
may equal 0, letters can be erased after the actual DOL sequence has been 
created. We can also speak of death occurring in the system, contrasted with 
death caused by outside forces. 

Tarzan. I can see the difference between N-rational and DOL very clearly. 
The secondary stage of death can be viewed also as the invisibility of some 
letters: the letters themselves cannot be seen, although they sometimes pro
duce visible offsprings. Take the very simple DOL system with the axiom ac 
and rules 

a~b, b~a, c~d2, d~c. 

Take 

so only a and d are kept visible. See? In the underlying DOL sequence a and b 
alternate, similarly c and d, and the latter also affect exponential growth. But 
because of death caused by outside forces, the exponential growth is visible 
only at even stages, the length sequence being 1, 2, 1, 4, 1, 8, .... This is 
obtained by merging a constant and an exponential sequence. Only sequences 
with the same growth order can be merged in a DOL system. This follows 
because clearly fj~)l) is bounded from above by a constant, an obvious choice 
being the maximal length of the right sides of the rules. It is clear by definition 
that N-rational functions coincide with HDOL growth functions. It is also 
easy to prove directly that if all entries of'r/ are positive then the N-rational 
function is, in fact, a DOL growth function: a DOL system can be constructed 
by use of a dummy "filling letter" that takes care of the components of'r/ 
exceeding 1. This means that the secondary stage of death, caused by the 
entries 0 in 'r/, is really the essential characteristic of N-rational functions, 
when contrasted with DOL growth functions. The secondary stage of death 
can be used to eliminate the primary stage, HPDOL growth functions are the 
same as HDOL ones. This should be easy enough to establish directly; it is of 
course also a consequence of the characterization result, Theorem 2.3. 

Emmy. Essentially everything has already been said. I still want to elabo
rate the fundamental issues. Take first the role of N-rational functions among 
Z-rational ones; what Bolgani talked about clean dominant terms. As we have 
seen, an individual member of a Z-rational sequence can be expressed as an 
exponential polynomial. Such an exponential polynomial has a part determin
ing its growth order: in the asymptotic behavior only this part is significant. 
This part is determined by terms it pi, where p has the greatest possible mod
ulus and t is the greatest (for this modulus). Thus, among the roots of the 
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characteristic equation of the growth matrix, we are interested in those with 
the greatest modulus. There may be many of them since in general the p's 
are complex numbers. 

Tarzan. What Bolgani spoke about clean dominant terms means of 
course that in the decomposition, in the parts to be merged, the dominant 
terms are real numbers, implying that the original p's are real numbers mul
tiplied by roots of unity. This is equivalent to saying that some integral power 
of p is real. I have seen that the term rational in degrees is used for such p's: 
the argument of p is a rational multiple of 7f - now the classical 7f, not your 
initial vector! 

Emmy. You have seen many things during your trips, also from our fields. 
It was shown in [Be] that the phenomenon described by you happens for p's 
in the N-rational case, the converse result being due to [S02]. Parts of this 
theory go back to Kronecker. What would be an example? Here it is good 
that you know some classical analysis. Consider a number 0: such that 

cos 27f0: = 3/S, sin 27f0: = 4/S. 

Then 0: must be irrational: the imaginary part of (3+4i)t is always congruent 
to 4 modulo S. Thus, we have here irrationality in degrees. Along these lines 
one can show that, for instance, the function assuming positive values, defined 
by 

f(2m) = 30m , f(2m + 1) = 2smcos2 27fmo: 

is Z-rational but not N-rational. It is an interesting detail that Z-rational and 
N-rational functions coincide in the polynomially bounded case [SS]. 

The difference between Z-rational and N-rational functions turns out to 
be decisive also in the characterization of PDOL growth functions among DOL 
growth functions [Sol]. For any DOL growth function f(m), the differences 
d(m) = f(m+ 1)- f(m) constitute a Z-rational function. The function f(m) 
is a PDOL growth function iff the differences d(m) constitute an N-rational 
function. (We exclude here the empty word as the axiom.) This result gives 
the possibility of using any Z-rational function gem) assuming nonnegative 
values and being not N-rational to obtain a non-decreasing DOL growth func
tion that is not a PDOL growth function. The idea is to merge the sequences 
R m and R m + gem), where R is a large enough integer. If you do not like the 
cosine present in the preceding example, I will give you another, still closely 
related example: 

f(2m) = 10m, f(2m + 1) = 10m + m· Sm + (3 + 4i)m + (3 - 4i)m. 

Thus, although the total size of this DOL creature keeps increasing all the 
time, it must have cells which die immediately! This holds independently of 
the number of cell types (letters) we are using. 

Bolgani. The DOL system of this example has an estimated 200 letters. 
You are not likely to find such examples just by playing around with DOL 
systems. The method works here in a backward manner. You begin with 
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some roots p, algebraic numbers not rational in degrees. You then construct 
your characteristic equation, and then the matrix. When you have expressed 
the resulting Z-rational sequence as the difference of two PDOL sequences, 
you start to be in business and can work with L systems from that point 
on. These new aspects have brought with themselves several questions and 
decision problems not normally asked and studied in classical mathematics. 
For instance, how to decide of a given polynomial equation with integer coef
ficients whether or not it has a root outside the unit circle? This information 
can be used to decide whether or not growth is exponential. 

Emmy. I failed to mention that every Z-rational function can be ex
pressed as the difference of two PDOL growth functions. This result, with 
PDOL replaced by N-rational, was known already before the theory of L sys
tems, and the strengthening is an application of the merging techniques, [SS]. 
We have clarified just about everything concerning the four classes of func
tions. We still have to be explicit about the relation between DOL growth 
functions and N-rational functions. Tarzan already observed that f~t)l) is 
bounded from above by a constant whenever f is a DOL growth function. 
Also the converse holds: whenever f is an N-rational function assuming pos
itive values and there is a constant c such that J(jt)l) :::; c holds for all i, 
then f is a DOL growth function. The proof of this converse, if presented in 
detail, is the most involved among the proofs of the results concerning growth 
functions we have been talking about. The most elegant approach is the use 
of generating functions, originally due to [KOE] and presented in detail in 
[RSl]. Another consequence of this converse is that a finite number of DOL 
growth functions with the same growth order can always be merged into one 
DOL growth function. 

Bolgani. Although we have a basic understanding of DOL growth func
tions, a lot of open problems still remains. We should still talk about them. 
DOL systems have quite amazing features and capabilities behind their very 
simple and innocent-looking outer appearance. Let me mention an example. 

Recall the Lemma of Long Constant Intervals. If a function stays constant 
in arbitrarily long intervals then it must be ultimately constant in order to 
qualify as a DOL growth function. A DOL length sequence can stagnate only 
for as many consecutive steps as the alphabet size indicates. If we see only the 
length sequence, we do not know the alphabet size but we know it must have 
some specific size. It is very natural to expect that a statement analogous to 
the Lemma of Long Constant Intervals holds true also for intervals, where 
the length increases strictly at every step. Indeed, when I was first asked this 
question, I felt sure when I gave a positive answer, thinking that it was only 
a matter of straightforward matrix calculation to prove the result. But not at 
all! The opposite result holds true, as shown in [K3]. There is a DOL system 
SURPRISE whose growth function f satisfies f(i) < f(i - 1) for infinitely 
many values of i. Thus, SURPRISE shrinks every now and then, and this 
continues forever. Thinking about the periodicities in DOL sequences, you 
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would not expect SURPRISE to have arbitrarily long phases of strict growth. 
But it does. For each k, there is an i such that 

f(i) < f(i + 1) < f(i + 2) < ... < f(i + k). 

No matter how long a phase you need for SURPRISE to become bigger and 
stronger during the whole phase, a proper timing gives you such a phase! 

5.3 Stagnation and malignancy 

Tarzan. Cancer is sometimes identified with exponential growth. I would 
like to call growth in a DOL system malignant if, for some rational t > 1 and 
io 2: 0, 

f( i) > t i whenever i 2: io· 

We know that, for DOL growth functions but not in the DIL case, this is 
equivalent to saying that there is no polynomial p such that f(i) :::; p(i) holds 
for all i. 

Suppose I want to playa doctor for creatures of artificial life, modeled 
by DOL systems. One of them comes to me and I have to tell whether or 
not he/she will eventually grow cancer. How can I do it? I know how he/she 
looked as an infant (the axiom) and the rules for the cell development. It is 
clear to me that if there is some letter that derives in some number of steps 
two copies of itself and possibly some other letters as well, then the growth 
is malignant. Here I take into account only letters actually occurring in the 
sequence, a condition that can be easily tested. So the occurrence of such an 
expanding letter is sufficient for malignancy but is it also necessary? Could 
the creature develop cancer without having any expanding cell? Probably 
not. If the condition is also necessary and if I can test of any letter whether 
or not it is expanding, then I can diagnose all creatures and tell each of them 
either good or bad news! 

Bolgani. You sure can. The necessity of your condition is fairly easy to 
establish by purely language-theoretic means. If there are no expanding let
ters, a growth-equivalent system can be constructed having letters al, ... , an 

such that the right side of the rule for ai has at most one ai and no letters 
aj with j < i. The growth in this new system is bounded by a polynomial 
of degree n - 1. The system SQUARES is of this type with n = 3. In the 
early years of L systems DOL systems of this type were referred to as systems 
with "rank". Essentially, the rank r is equivalent with polynomial growth of 
degree r - 1. 

How to test whether a given letter a is expanding? The following algorithm 
works. Studying the rules, form a sequence of sets So, S1, S2, ... Each set Si 
will be a subset of a finite set T, consisting of all letters of the given DOL 
system, as well as of all unordered pairs of letters, pairs (b, b) being included. 
Explicitly, So consists of the pair (a, a). For all i, SiH is the union of Si and 
S~, where S~ is obtained as follows. Take an element y of Si' If y is a single 
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letter c appearing on the right side of the rule for b, include b to S:. Assume 
next that y is a pair (b, c). Then we include the letter d to S: if both band 
c (or b twice if b = c) occur on the right side of the rule for d. Finally, we 
include the pair (d, e) to S: if the right sides of the rules for d and e, put 
together, contain both band c. 

The sets Si form an increasing sequence of subsets of a finite set T. There 
must be an index j such that Sj+1 = Sj. The letter a is expanding exactly in 
case it belongs to Sj. Indeed, we begin in So with the situation where two a's 
occur, and investigate backwards all possibilities where they might have come 
from. In Sj we have reached the point where there are no more possibilities. 
Since Sj+1 = Sj, nothing new can come up later. So it is decisive whether we 
have reached a single a latest by Sj. Whenever we reach a single a, we stop. 
This is bad news for our creature. If we reach Sj without seeing a single a, 
it is not yet good news. Every other letter has to be tested in the same way. 

Tarzan. In the system DEATHb, a is already in S1, so it is immediately 
bad news. If you diagnose b in FIB, you get both (a, a) and (a, b) in S1 and, 
hence, you get b in S2. The letter a is also expanding but you have to go up 
to S4 to reach bad news. As you described DOL systems with rank, it seems 
that for them no diagnosis is needed: it follows by the very definition that 
the system has no expanding letters. I can immediately tell the good news 
to SQUARES. 

Emmy. The diagnosis can also be based on powers of the growth matrix, 
[K2]. You compute powers M i , i = 1,2, .... Whenever you find a diagonal 
element greater than 1, you diagnose malignancy. If you have reached the 
value i = 2n + n - 1, where n is the dimension, and have found only O's and 
1 's in the main diagonal, you may tell the good news. 

Tarzan. Recall our friends DAY-PAL and NIGHT-PAL. The growth ma
trix of the former has the diagonal entry 2, corresponding to the letter b. The 
letter b is reachable from any nonempty axiom, in fact all letters eventually 
become b's. Thus, it is bad news for any DAY-PAL(w). 

I would like to talk about another notion. Bolgani used the term "stagna
tion" in connection with the Lemma of Long Constant Intervals. Let us say 
that a DOL sequence stagnates if it has two words Wt and wt+p, P > 0, with 
the same Parikh vector. Clearly, this implies that 

f(i) = f(i + p) for all i 2: t, 

that is, the lengths start repeating periodically with the period p after the 
threshold t. The condition is certainly decidable. For instance, we decide 
whether the language is finite. Every NIGHT-PAL(w) stagnates. Any axiom 
becomes a power of c in two steps. 

What about a much weaker requirement? A DOL sequence stagnates mo
mentarily if f(t) = f(t + 1) holds for some t. I can decide momentary stag
nation for PDOL sequences. I just look at the subalphabet E' consisting of 
letters mapped to a letter by the morphism. Momentary stagnation is equiv
alent to the fact that some subset of E' appears in the sequence of minimal 
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alphabets. Since the latter sequence is ultimately periodic, I can decide the 
fact. But things are different in the general DOL case, and momentary stag
nation can take place in many ways. It sure must be decidable but how can 
I decide it? 

Bolgani. You got me. This happens to be a celebrated open problem. 
Given a DOL growth function J, one has to decide whether or not J(t) = 
J (t+ 1) holds for some t. The term "constant level" had also been used, instead 
of your "momentary stagnation". The following formulation is equivalent in 
the sense that an algorithm for either one of the problems can be converted 
into an algorithm for the other problem. Given two PDOL growth functions 
J and g, decide whether or not J(t) = get) holds for some t. An algorithm is 
known in both cases, [55], if "for some t" is replaced by "for infinitely many 
values of t" . 

Emmy. Also the following is an equivalent formulation for the problem 
of momentary stagnation. Given a square matrix M with integer entries, 
decide whether or not the number 0 appears in the upper right-hand corner 
of some power of M. So far all attempts to determine an upper bound for 
the exponents to be tested have failed. The problem is decidable for 2x 2 
matrices. Examples are known of 3x3 matrices where you have to go to the 
exponent 50 to find the first O. Again, this problem is decidable if you ask 
for infinitely many Os instead of just one O. 

Bolgani. The following problems of propeT thinness and continuing 
growth are more involved than the problem of momentary stagnation, in 
the sense that an algorithm for either one of them yields an algorithm for 
the problem of momentary stagnation but not necessarily vice versa [PaS], 
[KS]. Decide whether or not a given DOL language has two words of the same 
length. (A language is called propedy thin if all its words are of different 
lengths. This is a special case of slenderness.) Decide whether or not a given 
DOL growth function J satisfies the inequality J(i) :s: J(i + 1) for all i. 

Tarzan. The whole theory of growth functions can apparently be ex
tended to concern DTOL systems as well. Take the system PAL, with some 
specific axiom. Once we have fixed an order of the tables Tn and Td , that 
is a word over the alphabet {n, d}, we end up with a unique word. From 
the growth point of view we get a mapping J of the set of words over the 
alphabet of tables, in the example {n, d}, into the set of nonnegative inte
gers. In the DOL case the alphabet of tables consists of one letter only. In 
the DTOL case we can ask basically the same questions as before. Growth 
equivalence makes sense only if the table alphabets are of the same cardinal
ity. Momentary stagnation takes place if there is a word x and letter a such 
that J(xa) = J(x). We are now dealing with several growth matrices, one for 
each letter of the table alphabet; Mn and Md for PAL. We get the expres
sion IIMdMnMdMnP for the length of the DAY-AND-NIGHT-PAL after 48 
hours - you understand what I mean. One can also start with a fixed DTOL 
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system, for instance PAL, and investigate what kind of growth phenomena 
are possible or likely to happen. 

Emmy. One can also introduce Z-rational and N-rational functions as 
before, now the domain of the functions will be some E* instead of N. From 
the point of view of power series, [SS], [KS], this means several noncommut
ing variables. Several undecidability results are obtained by a reduction to 
Hilbert's Tenth Problem, for instance, the undecidability of the problems of 
momentary stagnation and continuing growth. On the other hand, growth 
equivalence can be shown decidable by a nice argument using linear spaces, 
[RSlj. 

Tarzan. It seems to me that you can be proud of many nice and cer
tainly nontrivial results. Many challenging problems remain open. After some 
progress in areas such as artificial life you surely will ask entirely new kinds 
of questions about L growth. I have to go. 

6. L codes, number systems, immigration 

6.1 Morphisms applied in the way of a fugue 

In the remainder of this chapter, we will present some recent work deal
ing with L systems. Two problem areas will be presented in more detail in 
Sections 6. and 7., whereas the final Section 8. will run through results in dif
ferent areas in a rather telegraphic way. Unavoidably, the choice of material 
reflects at least to some extent our personal tastes. However, we have tried to 
choose material significant beyond L systems, as well as to present techniques 
showing the power of language-theoretic methods in completely different ar
eas, a typical example being the results concerning number systems presented 
below. 

The purpose of this Section 6. is to present some recent work in L systems, 
dealing with several developmental processes that have started at different 
times. One can visualize the different processes as chasing one another like 
the tunes in a fugue. We will restrict our attention to DOL processes. In fact, 
apart from some suggestions, very little work concerning other types of L 
systems has been done in this problem area, although most questions can 
be readily generalized to concern also other types of L systems. The issues 
discussed below will concern also generalized number systems, combinatoricss 
on words, codes and cryptography. 

We consider again morphisrns h : E* ---+ E*. The morphisrns can be 
used as an encoding in the natural way: words w over E are encoded as h( w). 
If h is 'injective, decoding will always be unique. This is not the case for the 
morphism h defined by 

h(a) = ab ,h(b) = ba, h(c) = a. 
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The word aba can be decoded both as ac and cb because h is not injective. 
Because of unique decodability, injective morphisms are referred to as codes. 
There is a chapter below in this Handbook dealing with the theory of codes. 
Usually codes are defined as sets of words rather than morphisms. For finite 
codes, our definition is equivalent to the customary definition in the following 
sense. A morphism h is a code iff the set {h( a) I a E 17} is a code, provided h 
is non-identifying, that is, a =I- b implies h( a) =I- h(b) for all letters a and b. We 
still repeat the decodability aspect in terms of cryptography. The morphism 
h being a code means that every "cryptotext" w' can be "decrypted" in at 
most one way, that is, there is at most one "plaintext" w that is "encrypted" 
by h into w': h( w) = w'. Most "monoalphabetic" cryptosystems in classical 
cryptography are codes in this sense. 

We now come back to the morphism h : 17* ----- 17* (not necessarily 
injective) and apply it in the "fugue way". This means that h is applied to 
the first letter, h2 to the second, h3 to the third, and so on, the results being 
catenated. This gives rise to a mapping h : 17* ----- 17*, referred to as the L 
associate of h. We now give the formal definition. 

Definition 6.1. Given a morphism h : 17* ----- 17*, its L associate h is 
defined to be the mapping of 17* into 17* such that always 

where ihe a's are (not necessarily distinct) letters of 17. By definition, hP..) = 
A. The morphism h is termed an L code iff its L associate is injective, that 
is, there are no distinct words Wl and W2 such that h(wd = h(W2). 0 

The L associate h is rather seldom a morphism itself. In fact, h is a 
morphism exactly in case h is idempotent, that is, h2 = h. Also the equation 
hh = hh is not valid in general, which makes many problems concerning L 
codes rather involved. Consider the classical "Caesar cipher" h affecting a 
circular permutation of the English alphabet: 

h(a) = b, h(b) = c, ... , h(y) = z, h(z) = a. 

For the L associate we obtain, for instance, 

h(aaaa) = bcde, h(dcba) = eeee. 

The L associate is not a morphism but h is both a code and an L code, satis
fying the equation hh = hh. The proof of the next result is straightforward. 

Theorem 6.1. Every code is an L code but not vice versa. o 

A significant class of L codes that are not codes results by considering 
unary morphisms. By definition, a morphism h is unary iff there is a specific 
letter a such that h(b) is a power of a for every letter b. (Unary morphisms 
should not be confused with unary L systems; for the former, the alphabet 
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E may still contain several letters.) Consider the unary morphism h defined 
by 

(*) h(a) = a2 , h(b) = a. 

Clearly, h is not a code, for instance, h(bb) = h(a). However, h is an L code. 
Indeed, this follows by considering dyadic representations of integers, with 
the digits 1 and 2. Compute the exponents of a in h(aaa), h(baaba), h(bbbb): 

2.20 +2.21 +2.22, 1.20 +2.21 +2.22 + 1.23 +2 .24, 1.20 + 1.21 + 1.22 + 1. 23. 

Observe that the original letters b and a behave exactly as the digits 1 and 
2, respectively, in the dyadic representation of positive integers. For instance, 
baaba represents the number 53, written in dyadic notation 21221 = 2 . 24 + 
1 . 23 + 2 . 22 + 2 . 21 + 1 . 20 • 

See [SI] for an exposition concerning n-adic and n-ary number systems. 
In both cases n is the base of the representation, but the digits are 1, 2, 
... ,n in the n-adic and 0, 1, ... , n - 1 in the n-ary representation; 1, 2 in 
dyadic, and 0,1 in binary representation. The presence of ° among the digits 
renders n-ary systems ambiguous, because an arbitrary number of initial O's 
can be added to any word without changing the represented number. n-adic 
representation is unambiguous. There is a one-to-one correspondence between 
positive integers and nonempty words over {1,2} when the latter are viewed 
as dyadic representations. Normally in number systems the leftmost digit 
is defined to be the most significant one, and we will follow this practice 
below. The definition of an L associate, which is the natural one because 
words are normally read from left to right, makes the rightmost letter most 
significant because there the morphism is iterated most. Thus, actually the 
mirror image 12212 of the dyadic word 21221 corresponds to the original 
word baaba. This technical inconvenience (of going from words to their mirror 
images) is irrelevant as regards ambiguity. The morphism h defined by (*) is 
an L code. If there were two distinct words wand w' such that h( w) = h( w'), 
then the mirror images of wand w' would be (interpreting b as the digit 1 
and a as the digit 2) two distinct dyadic representations for the same number, 
which is impossible. 

Similarly, one can associate a number system to any unary morphism. 
The morphism is an L code iff the number system is unambiguous. This 
quite remarkable interconnection between number systems and L systems 
will now be presented more formally. 

Definition 6.2. A number system is a (v + I)-tuple 

N = (n,m1, ... ,mv) 

of positive integers such that v ~ 1, n ~ 2, and 1 :::; m1 < m2 < ... < mv' 
The number n is referred to as the base and the numbers mi as digits. 
A nonempty word mik mik_l ... mi, mio ' 1 :::; i j :::; v over the alphabet 
{m1, ... , mv} is said to represent the integer 
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The set of all represented integers is denoted by S(N). A set of positive in
tegeTs is said to be representable by a number system (briefly, RNS), if it 
equals the set S(N) for some numbeT system N. Two number systems NI 
and N2 are called equivalent if S(NI) = S(N2)' A number system N is called 
complete if S(N) equals the set of all positive integers, and almost complete 
'if there are only finitely many positive integers not belonging to S(N). A 
number system is termed ambiguous if theTe are two distinct words WI and 
W2 over the alphabet {mI, ... , mv} such that [wIl = [W2]' Otherwise, N is 
termed unambiguous. An RNS set is termed unambiguous if it equals S(N), 
fOT some unambiguous number system N. Otherwise, it is termed inherently 
ambiguous. 0 

Number systems as defined above are often referred to as "generalized 
number systems". They are more general than the customary notion because 
the number and size of the digits is independent of the base. Some integers 
may also have several representations or none at all. On the other hand, we 
have excluded the digit 0 (ordinary binary and decimal systems do not qual
ify) because it immediately induces ambiguity. For each n ~ 2, the number 
system N = (n, 1,2, ... , n) is complete and unambiguous. It is customarily 
referred to as the n-adic number system. 

Let h : E* ---; E* be a unary morphism. Thus, there is a letter a E E 
such that all h-values are powers of a. Assume that h(a) = an, n ~ 2. The 
associated number system is defined by 

N(h) = (n, mI, ... , mv ), 

where the mi's are the exponents, arranged in increasing order, in the equa
tions h(b) = ami where b ranges over the letters of E. (We assume that h 
is non-erasing and non-identifying. The assumptions about h are needed to 
ensure that N(h) is indeed a number system. On the other hand, if h(a) = a 
or h is erasing or identifying, it is not an L code.) Observe that the base is 
always among the digits in a number system N(h). By the above discussion, 
the following theorem is an immediate consequence of the definitions. 

Theorem 6.2. A unary morphism is an L code iff the associated number 
system is unambiguous. 0 

L codes were introduced in [MSW2], where also the basic interconnections 
with number systems were discussed. The ambiguity problem for number 
systems was shown decidable in [HoI]. The theory of generalized number 
systems was initiated in [CS2]. We focus here our attention to basic issues 
and issues connected with L codes. The reader is referred to [H02] - [H09] 
for related problems and some quite sophisticated results (concerning, for 
instance, regularity, degrees of ambiguity, changes of the base and negative 
digits). The next theorem summarizes some basic results from [MSW2] and 
[CS2]. 
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Theorem 6.3. A number system N = (n, ml, ... , mv) is ambiguous if v > 
n. N is unambiguous if the digits mj lie in different residue classes modulo 
n. No finite set is RNS, whereas every cofinite set is RNS, Every union of 
some residue classes modulo n, n 2: 2, is RNS. Consequently, both even and 
odd numbers form RNS sets. The former is unambiguous, whereas the latter 
is inherently ambiguous. There is an RNS set possessing representations with 
different bases m and n such that it has an unambiguous representation with 
m, whereas every representation with the base n is ambiguous. There are a 
OL systems G and a DTOL system Gl, both with the alphabet {a, b} such that 

L(G) = L(Gt} = {b} U {bail i E S(N)}. o 

Equivalence is undecidable for OL systems, whereas it is decidable for DOL 
systems (see Theorems 4.2 and 4.3). The last sentence of Theorem 6.3 gives a 
somewhat stronger decidability result. This follows by the decidability results 
for number systems, discussed still in Section 6.2. 

Is an arbitrary given morphism an L code? At the time ofthis writing, the 
decidability of this problem is open in its general form, There is every reason 
to believe the problem to be decidable, especially because the remaining class 
of morphisms with an open decidability status seems rather small. For unary 
morphisms, the decidability follows by Theorem 6.2. The decidability was 
established for permutation-free morphisms in [H04J, that is, for morphisms 
h such that h permutes no subalphabet 171 of E. The next theorem gives the 
decidability result in its strongest known form, [H07]. 

Given a morphism h : 17* ~ 17*, we call a letter a bounded (with respect 
to h) if there is a constant k such that Ihn(a)1 :s k holds for all n. Otherwise, 
a is said to be growing. A letter a is pumping if hn(a) = uav holds for some 
n and words u and v such that uv is nonempty but contains only bounded 
letters. 

Theorem 6.4. It is decidable whether or not a morphism for which no letter 
is pumping is an L code. 0 

6.2 An excursion into number systems 

This subsection deals exclusively with number systems. We feel that such a 
brief excursion is appropriate to show the versatility of L systems. The work 
dealing with L codes has led to problems dealing with the representation of 
positive integers in arbitrary number systems. Typical questions concern the 
equivalence and ambiguity of number systems. In spite of their fundamental 
number-theoretic nature and also in spite of the fact that the representa
tion of integers is fundamental in the theory of computing, very little was 
known about the solution of such problems before the interconnection with L 
codes was discovered. Many of the results below are interesting also withing a 
general language-theoretic setup: no other than a language-theoretic proof is 
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known for these number-theoretic results. Our exposition will be illustrated 
by some examples. 

Consider first the number system Nl = (2,2,3,4). We claim that S(Nl) 
consists of all positive integers that are not of the form 2k - 3, for some k ~ 2. 
(Thus, 1, 5, 13, 29, 61 are the first few numbers missed.) To show that no 
number of this form is in S(N1 ) we proceed indirectly. Let x = 2k - 3 be the 
smallest such number in S(Nd, and consider the representation [al ... am] = 
x. We must have m ~ 2 and am = 3 because, otherwise, the represented 
number is even. But now obviously [al ... am-l] = 2k- 1 - 3, contradicting 
the choice of x. On the other hand, for any k ~ 1, an arbitrary integer x 
satisfying 2k +1 - 2 :::; x :::; 2k+2 - 4 is represented by some word of length 
k, the upper and lower bounds being represented by 2k and 4k, respectively. 
Thus, our claim concerning S(N1 ) follows. The system Nl is ambiguous: 
[32] = [24] = 8. The first sentence of Theorem 6.3 can be used to show 
that S(Nd is inherently ambiguous. In the dyadic number system (2, 1, 2), 
S(Nt) is represented by all words over {1,2} that are not of the form 2i l, 
for some i ~ o. (Thus, a regular expression can be given for the set of words 
representing S(Nt) in dyadic notation. A general statement of this fact is 
contained in the Translation Lemma below.) 

The number system N2 = (2,1,4) is unambiguous, by the second sentence 
of Theorem 6.3. We claim that S(N2 ) equals the set of numbers incongruent 
to 2 modulo 3. Indeed, all numbers in S(N2) are of this type. This is clearly 
true of numbers represented by words of length 1 over the digit alphabet. 
Whenever x is congruent to D (resp.l) modulo 3, then both 2x + 1 and 2x + 4 
are congruent to 1 (resp.D) modulo 3. Hence, by induction, every number in 
S(N2) is incongruent to 2 modulo 3. That all such numbers are in S(N2 ) is 
again seen indirectly. If x = 3k or x = 3k + 1 is the smallest such number 
outside S(N2 ), we can construct by a simple case analysis a still smaller 
number outside S(N2)' 

Very simple number systems can lead to tricky situations not yet clearly 
understood. Consider, for k ~ 3, the number system N(k) = (2,2, k). When 
is N(k) unambiguous? This happens if k is odd or if k = 2m with an even 
m. The remaining case is not so clear. The first odd values of m yielding an 
unambiguous N(K) are: 11, 19, 23, 27, 35, 37, 39, 43, 45, 47, 51, 53, 55, 59, 
67, 69, 71, 75, 77, 79, 83, 87, 89, 91, 93, 95, 99. [MSW2] contains a more 
comprehensive theory about this example. 

We now introduce a tool basic for decidability results. It consists of view
ing the sets S(N) as regular languages. 

Translation Lemma. Given a number system N = (n, ml, ... , m v ), a r'egu
lar' express'ion a(N) oveT the alphabet {I, ... ,n} can be effectively constructed 
such that the set of words in the Tegular language denoted by a( N), when the 
words aTe viewed as n-adic numbers, equals S(N). 0 

The reader is referred to [CS2] for details of the proof. The argument is 
a very typical one about regular languages and finite automata. It is easy to 
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get a rough idea. A finite automaton (sequential machine) translates words 
w#, where wE {ml, ... ,mv }+, into words over {l, ... ,n}. The word w is 
viewed as a number represented according to N in reverse notation, and the 
translate will be the representation of the same number in reverse n-adic 
notation. The "carry" (due to digits exceeding the base) is remembered by 
the state of the automaton. (A reader not familiar with this terminology is 
referred to Chapter 2 of this Handbook.) It turns out that 2 max( n, mv) 
states will suffice. In one step, when reading the letter j in the state i, the 
automaton outputs j' and goes to the state i', where i' and j' are unique 
integers satisfying 

i + j = j' + i'n, 1::; j' ::; n. 

When reading the boundary marker # in the state i, the automaton produces 
the output i in reverse n-adic notation. This is the only step, where the output 
may consist of more than one letter. 

As an example, consider the number system N = (2,13,22). We use 
the notation a = 13, b = 22 to avoid confusion. The computation of the 
automaton for the input abaa# looks as follows: 

state 0 6 13 12 12 
input a b a a # 
output 1 2 2 1 212 
new state 6 13 12 12 

The mirror image aaba of the input abaa represents in N the number 213: 

[aaba] = 13.23 + 13.22 + 22·2 + 13 = 213. 

The mirror image 2121221 of the output is the dyadic representation of 213. 
We have already pointed out the notational inconvenience caused by the fact 
that in the number-system notation the leftmost digit is the most significant 
one. 

The claims in the following theorem are either immediate consequences of 
the Translation Lemma, or can be inferred from it using decidability results 
concerning regular languages. 

Theorem 6.5. It is decidable whether or not a given number system is am
biguous, complete or almost complete. The equivalence problem is decidable 
for number systems. It is undecidable whether or not a given recursively enu
merable set is RNS. It is also undecidable, given a recursively enumerable set 
S and an integer n 2: 2, whether or not there is a number system N with 
base n such that S = S(N). It is decidable of a given number system Nand 
an integer n 2: 2 whether or not there exists an unambiguous number system 
N' with base n satisying S(N) = S(N'). D 

For the number system N = (3,1,3,4,6,7) and n = 2, the decision 
method of the last sentence produces the number system N' = N2 = (2,1,4) 
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already discussed above. On the other hand, every representation of SeN) 
with base 3 is ambiguous. Thus, although the property characterizing SeN) 
is intimately connected with the number 3, one has to choose a different base 
in order to get an unambiguous representation of SeN)! 

Using more sophisticated methods, dealing with recognizable sets and 
formal power series, the decidability of the equivalence can be extended to 
concern number systems with arbitrary integer digits [H05]. Also the final 
theorem in this subsection [Hog] results from an application of such methods. 
A weaker version of the theorem was established in [H06]. 

Theorelll 6.6. Given a number system, it is decidable whether or not the'f"e 
exists an equivalent unambiguous number system. D 

6.3 Bounded delay and illlllligration 

We now return to codes and L codes. For easier reference, we use certain 
bold letters to denote classes of morphisms: C stands for the class of codes 
and L for the class of L codes. The notation P refers to prefix codes, that is, 
morphisms h for which there are no distinct letters a and b for which h(a) 
is a prefix of h(b). (It is clear that morphisms satisfying this condition are 
codes.) We now present the idea of bounded delay. 

With cryptographic connotations in mind, let us refer to the argument w 
as plaintext and to the encoded version h( w) or h(w) as cryptotext. The idea 
behind the bounded delay is the following. We do not have to read the whole 
cryptotext on order to start writing the plaintext but rather always a certain 
prefix of the cryptotext determines the beginning of the plaintext. 

The notation prefk (w) for the prefix of w of length k 2 1 was already 
introduced in Section 2 .. The notation first ( w) stands for the first letter of 
a nonempty word w. A morphism h is of bounded delay k if, for all words u 
and w, the equation 

prefk(h(u)) = prefk(h(w)) 

implies the equation first(u) = first(w). The morphism h is of bounded delay, 
in the class B, if it is of bounded delay k, for some k. It is again easy to see 
that the property of bounded delay implies the property of being a code. The 
morphism h defined by 

h(a) = aa, h(b) = ba, h(c) = b 

is a code but not of bounded delay. Indeed, one might have to read the whole 
cryptotext in order to determine whether the first plaintext letter is b or 
c. Different notions of bounded delay are compared in [Br] and [BePj. The 
same class B is obtained no matter which definition is chosen, but different 
definitions may lead to different minimal values of k. 

The idea of bounded delay is the same for codes and L codes: first k letters 
of the cryptotext determine the first plaintext letter. For codes the situation 
remains unaltered after handling the first letter a, because the cryptotext is 
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still of the form hew) when h(a) has been removed from the beginning. How
ever, for L codes, the remainder of the cryptotext equals hh(w) rather than 
h( w). This means that we obtain different notions of bounded delay, depend
ing on whether we are interested in finding only the first plaintext letter ( weak 
notion, W), or the first letter at each stage of decryption (strong or medium 
strong notion). The difference between the two latter notions depends on the 
way of bounding the delay: is the bound kept constant (strong notion S), or 
is it allowed to grow according to the stage of decryption (medium strong 
notion, M). We now give the formal definition. 

Definition 6.3. A morphism h is of weakly bounded delay k ;::: 1 if, for all 
words u and w, the equation 

preA(h(u)) = preA(h(w)) 

implies the equation first( u) = first( w). If for all i ;::: 0 and all u and w, the 
equation 

preA(hih(u)) = preA(hih(w)) 

implies the equation first( u) = first( w), then h is of strongly bounded delay 
k. In general, h is of weakly or strongly bounded delay if it is so for some k. 
The notations Wand S are used for the corresponding classes of morphisms. 
Finally, h is of medium bounded delay (notation M) if, for some recursive 
function f and all i ;::: 0, u and w, the equation 

preff(i)(hih(u)) = preff(i) (hih(w)) 

implies the equation first( u) = first( w). o 

Observe that we do not require h to be an L code in these definitions. 
The situation is analogous to that concerning ordinary codes. However, a 
morphism being in B implies that it is in C, whereas Land Ware incom
parable. All inclusion relations between the classes introduced are presented 
in the following theorem [MSW3]. 

Theorem 6.7. The mutual inclusion relations between the families intro
duced are given by the following diagram, where an arrow denotes strict in
clusion and two families are incomparable if they are not connected by a path: 

~c 'L 
S-----+· P---<·B _______ / 

-----"M 'W D 

Medium bounded delay can be viewed in the theory of L codes as the 
most natural counterpart of bounded delay codes. It is natural to require 
that only a bounded amount of lookahead at each stage of the decryption 
process is needed. If the amount of lookahead remains the same throughout 
the process, the resulting notion is a very restricted one, as will be seen below. 
On the other hand, the drawback in the definition of M is that, in general, 
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the construction of the sequence of values f(i) = ki' i = 0,1,2, ... , seems 
to be an infinitary task. The following theorem, [HoS], is pleasing because it 
shows that it suffices to construct values only up to card(17) - 2. 

We say that a morphism h : 17* --+ 17* is an the set M' if, for some 
k > 0 and all i with 0 ::; i ::; card(17) - 2, the equation 

prefk(hi/i(u)) = prefk(hi/i(w)) 

always implies the equation first ( u) = first ( w). Thus, we consider the se
quence f(i) = ki only up to card(17) - 2, and take the maximum of the 
resulting numbers. 

Theorem 6.8. M' = M. D 

We now present a simple characterization for the family S. 

Theorem 6.9. A morphism h is in S iff, for any distinct letters a and b, 
ji'f"st(Jt(a)) -1= jirst(h(b)). 

Proof. Consider the "if" -part. The assumption means that there is a per
mutation II of the alphabet 17 such that, for all a, 

first(h(a)) = II(a). 

Consequently, for all i 2: 0 and a, 

Therefore, 
pref1 (hi/i( a)) = first(hi+! (a)) = IIi+! (a) 

uniquely determines a, that is, h is of strongly bounded delay l. 
For the "only if" part, we need two auxiliary results that are simple 

exercises concerning morphisms. Growing letters were defined at the end of 
Subsection 6.l. 

Claim 1. Assume that h is a code and a is a letter. Then either a is 
growing, or else Ihi(a)1 = 1, for all i. 

Claim 2. If h is a prefix code and a is growing, then first(h(a)) is growing. 
Let h be in S. By Theorem 6.7, h is a prefix code. We proceed indirectly 

and assume that there are two distinct letters a and b such that first(h(a)) = 
first(h(b)). Since h is a prefix code, we may write 

h(a) = cxdy and h(b) = cxez, 

where x, y, z are (possibly empty) words and c, d, e are letters such that d -1= e. 
By Claim 1, a and b are growing. By Claim 2, also c is growing. Hence, for 
every k, there is an i such that 

which contradicts the assumption that h is in S. D 
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At the time of this writing, no general decision method is known for testing 
membership in M or W. 

Some more sophisticated decidability results are obtained, [H07J, by con
sidering ambiguity sets closely connected with the theory of L codes. Essen
tially, a morphism being an L code means that the ambiguity set is empty. 
It can be shown that in most cases the ambiguity set is regular, which leads 
to decidability. 

Variations in degrees of iteration constitutes the basic idea behind L codes. 
One can view the definition also as developmental processes started at differ
ent times. The same idea has led to the notion of L systems with immigration. 
One begins with a finite set of words consisting, intuitively, of "beginnings" , 
"origins", "atoms", "founding fathers" that start to develop in an environ
ment. An L system is used to model the development in the environment. The 
more time has elapsed since immigration, the more steps have been taken in 
the developmental process. 

For any types of L systems, the corresponding system with immigration 
can be defined. However, so far only DOL systems have been investigated in 
this respect. We conclude with a few remarks about this area. We begin with 
a definition. 

Definition 6.4. A DOL system with immigration (shortly, ImDOL system) 
is a triple G = (E, h, B) where E is an alphabet, h : E* ---+ E* a morphism 
and B is a finite subset of E*. Its language is defined by 

An ImDOL system is growing if each word of B contains a growing letter. 0 

As a construct, an ImDOL system is a DFOL system. However, the defini
tion of its language is entirely different. Intuitively, the words of B describe 
the various possibilities of immigration to the population, and the words 
of L( G) describe various developmental stages of the immigrants. Mathe
matically ImDOL systems constitute a very natural generalization of DOL 
languages. Especially results concerning subword complexity, with some best
possible bounds, are of interest [H08]. We conclude with some further results 
from [H08]. 

Theorem 6.10. Ever·y ImDOL language is an HDTOL language and pos
se88e8 effectively a test set. Reg'ularity is decidable for languages generated by 
g'f'Owing ImDOL systems. 0 
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7. Parallel insertions and deletions 

L systems are based on the language-theoretic notion of finite substitution 
over an alphabet E. So far, a substitution has been defined as an operation 
on an alphabet. A substitution is never applied to A (except for the convention 
that A is always mapped into A). The work on parallel insertions [Kal], [Ka2], 
[KMPS] can be viewed as an attempt to understand the substitution on the 
empty word. 

Let L 1, L2 be two languages over an alphabet E. The operation of parallel 
insert'ion of a language L2 into a language L 1, can be viewed as a nonstandard 
modification of the notion of substitution. It maps all letters of E into them
selves and the empty letter into L 2 , with the following additional convention. 
For each word w, between all the letters and also at the extremities, only one 
A occurs. The effect of the substitution applied to L1 will be the insertion 
of words belonging to L2 between all letters and also at the extremities of 
words belonging to L 1 . 

The exact effect of the classical substitution that maps all letters into 
themselves and A into a language L2 would be the insertion of arbitrary 
many words of L2 between letters and at the extremities of words in L 1. 
According to the definitions mentioned above, this would amount to the 
parallel insertion of L; into L 1 . 

While preserving the type of parallelism characteristic to L systems, par
allel insertion has a greater degree of nondeterminism: words of L2 are indis
criminately inserted between all letters of the target words in L 1 . One way 
to regulate the process of insertion is by introducing the notion of contTOlled 
parallel 'insertion: each letter determines what can be inserted after it. 

Another way to look at operations of controlled insertion is the following. 
Such an operation can be viewed as a pTOduction of the form a ----> aw, 
where the word w comes from the language to be inserted next to a. The 
mode of controlled insertion determines how the productions are going to 
be applied. The controlled parallel insertion resembles, thus, the rewriting 
process of OL systems. However, it gives rise to something different from OL 
systems because the productions are always of the special form and, on the 
other hand, there are infinitely many productions. 

Formally, if L 1, L2 are languages over the alphabet E, the parallel inser
tion of L2 into L1 is defined as: 

where 

L1 {=L2 = U (u{=L2), 
uEL l 

u {= L2 = {voa1v1a2v2 ... akvk! k 2: 0, aj E E, 1::; j ::; k, 

Vi E L 2,0::; i::; k and 'U = a1a2 ... ak}. 

The case k = 0 corresponds to the situation u = A, when only one word 
'110 E L2 is inserted. 
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As parallel insertion is associative, it induces a monoid structure on 21;" , 
the set of all subsets of E*, with {A} as the neutral element. The monoid is not 
commutative. For example, a <=== b = {bab} whereas b <=== a = {aba}. The 
families of regular, context-free and context-sensitive languages are closed 
under parallel insertion. Indeed, for L 1, L2 languages over E we have that 
L1 <=== L2 = L 2s(L1), where s is the A-free substitution defined by 

s: E* -- 21;", sea) = aL2, for every a E E. 

The assertion above now follows as the families of regular, context-free and 
context-sensitive languages are closed under catenation and A-free substitu
tions. 

The parallel insertion amounts thus to the application of a single substi
tution. If, as in the case of L systems, we consider iterated applications of the 
substitution, the obtained operation is much more powerful than the parallel 
insertion: starting with two one-letter words the iterated parallel insertion 
can produce a non-context-free language. Formally, if L 1, L2 are languages 
over E, the parallel insertion of order n of L2 into L1 is inductively defined 
by the equations: 

L 1 , 

(L1 <===i L 2) <=== L 2, i ;::: O. 

The iterated parallel insertion of L2 into L1 is then defined as 

00 

L1 <===* L2 = U (L1 <===n L2)' 
n=O 

The iterated parallel insertion is not commutative: the word bbb belongs 
to A <===* b but not to b <===* A. It is not associative either as the word cbcab 
belongs to a <===* (b <===* c) but not to (a <===* b) <===* c. 

The iterated parallel insertion of the letter b into itself is 

which proves that the families of regular and context-free languages are 
not closed under iterated parallel insertion. However, the family of context
sensitive languages is still closed under it. Indeed, given two context-sensitive 
grammars G1 and G2 generating the languages L1 and L2, a grammar G gen
erating L1 <===* L2 can be obtained as follows. G contains the rules of G2, 
the rules of G1 , and the rules of G1 modified in such a way that next to each 
letter, the axiom of G2 is attached. 

An interesting variation on the theme of parallel insertion is to combine 
it with the commutative closure. The commutative closure of a language 
L is the smallest commutative language containing L . The commutative 
closure can be viewed as a unary operation associating to every language 
L its commutative closure com(L). The permuted parallel insertion of the 
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word v into u consists thus of the parallel insertion into u of all words which 
are letter-equivalent to v. (Two words are letter-equivalent if one of them is 
obtained by permuting the letters of the other.) 

More precisely, L1 '¢:=p L2 = UUEL
"

vEL2(U '¢:= com(v)). Obviously, 
the permuted parallel insertion can be expressed as L1 '¢:=p L2 = L1 '¢:= 

com(L2). As expected, the fact that the families of regular and context-free 
languages are not closed under the commutative closure implies that they 
are not closed under permuted parallel insertion. On the other hand, being 
closed under both parallel insertion and commutative closure, the family of 
context-sensitive languages is closed under permuted parallel insertion. 

We have dealt so far with operations where the same language is inserted 
in parallel between all the letters and at the extremities of a given word. The 
process resembles more the type of rewriting characteristic to L systems if 
every letter determines what can be inserted after it. Let L be a language 
over E and ,1 : E ---+ 2L'* a so-called control function satisfying Ll(a) =I- 0, 
Va E E. The Ll-controlled parallel insertion into L (shortly controlled parallel 
insertion) is defined as: 

L '¢:=c ,1 = U (u '¢:=c ,1), 
uEL 

where 

and Vi E Ll(ai), 1 ::; i ::; k}. 

Note that in the above definition, the control function cannot have the empty 
set as its value. This condition has been introduced because of the follwing 
reason. If there would exist a letter a E E such that Ll(a) = 0, then all 
the words u E L which contain a would give u '¢:=c ,1 = 0. This means 
that these words would not contribute to the result of the controlled paral
lel insertion. Consequently we can introduce, without loss of generality, the 
condition Ll(a) =I- 0, Va E E. 

If we impose the restriction that for a distinguished letter bEE we 
have Ll(b) = L2, L2 ~ E*, and Ll(a) = A for every letter a =I- b, we obtain 
a particular case of controlled parallel insertion: parallel insertion next to 
the letter b. It is a binary language operation, whereas the arity of the ,1-

controlled parallel insertion equals card( E) + 1. 
The families of regular, context-free and context-sensitive languages are 

closed under controlled parallel insertion. This follows as the result of the 
controlled parallel insertion L '¢:=c ,1, where L ~ E* and ,1 : E ---+ 2L'*, 
Ll(a) =I- 0, Va E E, can be accomplished by the A-free substitution 

a : E* ---+ 2L'*, a(a) = aLl(a), Va E E. 

For each of the above mentioned variants of insertion, a dual deletion 
operation can be defined. Take, for example, the parallel deletion. Given words 
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U and v, the parallel deletion of v from u consists of the words obtained by 
simultaneously erasing from u all the nonoverlapping occurrences of v. The 
definition is extended to languages in the natural way. Given a word u and 
a language L2, the parallel deletion u ====} L2 consists of the words obtained 
by erasing from u all the nonoverlapping occurrences of words in L 2 : 

u ====} L2 = {U1U2 ... UkUk+11 k 2: 1,Ui E E*, 1::; i::; k + 1 and 
3Vi E L2, 1 ::; i ::; k such that u = U1 VI ... UkVkUk+1, 
where {Ui} n [E*(L2 \ {A} )E*] = 0,1::; i ::; k + I}. 

Note that, besides the fact that the parallel deletion erases from u nonover
lapping occurrences of words from L 2 , a supplementary condition has to be 
fulfilled: between two occurrences of words of L2 to be erased, no nonempty 
word from L2 appears as a subword. This assures that all occurrences of 
words from L2 have been erased from u, and is taken care of by the last 
line of the definition. The reason why A had to be excluded from L2 is 
clear. If this wouldn't be the case and A would belong to L2 , the condi
tion {Ui} n E* L2E* = 0 would imply {Ui} n E* = 0 - a contradiction. Note 
that words from L2 can still appear as subwords in U ====} L2, as the result of 
catenating the remaining pieces of u. If L1> L2 are languages over E, we can 
define now L1 ====} L2 = UUEL1 (u ====} L2). 

If L, R are languages over the alphabet E, L a A-free language and R a 
regular one, then there exists [Kal] a rational transducer g, a morphism h 
and a regular language R' such that L ====} R = h(g(L) n R'). As a corollary, 
the families of regular and context-free languages are closed under parallel 
deletion with regular languages. On the other hand, the family of context
free languages is not in general closed under parallel deletion. For example, 
consider E = {a, b} and the context-free languages: 

L1 = #{aib2i l i > O}*, 

L2 = #a{biail i > O}*. 

If the language L1 ====} L2 would be context-free, then also the language 

(L1 ====} L2) n b+ = {b2" In> OJ, 

would be context-free, which is a contradiction. 
A similar nonclosure situation happens in the case of context-sensitive 

languages: there exists a context-sensitive language L1 and a word w over an 
alphabet E such that L1 ====} w is not a context-sensitive language. Indeed, 
let L be a recursively enumerable language (which is not context-sensitive) 
over an alphabet E and let a, b be two letters which do not belong to E. 
Then there exists a context-sensitive language L1 such that (see [SI]): 

(i) L1 consists of words of the form aibo:, where i 2: 0 and 0: E L; 
(ii) For every 0: E L, there is an i 2: 0 such that aibo: ELI. 
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It is easy to see that aLl ==> {a} = bL, which is not a context-sensitive 
language. We have catenated a to the left of Ll in order to avoid the case 
i = 0, when the corresponding words from L would have been lost. 

In a similar way we have defined the iterated parallel insertion, we can 
define the iterated parallel deletion. Despite of the simplicity of the languages 
involved, it is an open problem whether or not the family of regular languages 
is closed under iterated parallel deletion. Not only that, but it is still an open 
problem whether the iterated parallel deletion of a singleton word from a 
regular language still belongs to the family of regular languages. The answer 
to both of the previous questions is negative in the case of context-free and 
context-sensitive languages. For example, if we consider the alphabet E = 
{a, b}, the context-free language L = {ai#b2i l i > O}*, and the word w = ba 
then 

(L ==>* ba) n a#+b+ = {a#nb2n In> O}, 

which implies that L ==>* ba cannot be context-free. 
The permuted parallel deletion of a language L2 from Ll is obtained by 

erasing from words in Ll words that are letter-equivalent to words in L2: 

where u ==>p v = u ==> com(v). If E = {a,b} and Ll = $a*b*##a*b*$ and 
L2 = #$( ab)* then the permuted parallel deletion of L2 from Ll is 

Ll ==>p L2 = {$anb1n#1 m, n ~ 0, m =f. n}U 
{#anbm$1 m,n ~ O,m =f. n} U {A}, 

which shows that the result of permuted parallel deletion between two regular 
languages is not necessarily regular. If Ll is the context-free language 

Ll = {alblci#c~b2a2#1 n,m,l ~ O} 

and L2 is the regular language L2 = ##(a2b2c2)* then 

Ll ==>p L2 = {a1b1cll n ~ o}. 

This shows that the family of context-free languages is not closed under 
permuted parallel deletion with regular languages. By using an argument 
similar to the one used for parallel deletion, one can show that the family of 
context-sensitive languages is not closed under permuted parallel deletions 
with singleton languages. 

A controlled variant of the parallel deletion can be defined as follows. Let 
u E E* be a word and ..1 : E - 2E * be a control function which does 
not have 0 as its value. The set u ==>c ..1 is obtained by finding all the 
nonoverlapping occurrences of aVa, Va E ..1(a), in u, and by deleting Va from 
them. Between any two ocurrences of words ofthe type av",. Va E ..1(a), in u, 
no other words of this type may remain. 
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If one imposes the restriction that for a distinguished letter bEE we have 
.1(b) = L 2 , and .1(a) = A for any letter a i- b, a special case of controlled 
parallel deletion is obtained: parallel deletion next to the letter b. The parallel 

deletion next to the letter b is denoted by ~. Let us examine the set u ~ 
L2, where u is a nonempty word and L2 is a language over an alphabet E. 
If 'U = bk , k > 0, and no word of the form bv, v E L2 occurs as a subword 

in 'U, the set u ~ L2 equals the empty set. If u contains at least one letter 
different from b, u is retained in the result as we can erase A neal' that letter. 

The other words in u ~ L2 are obtained by finding all the nonoverlapping 
occurrences of words of the type bVi, Vi E L2 in u, and deleting Vi from them. 
There may exist more than one possibility of finding such a decomposition 
of 'U into subwords. 

One can use similar techniques as for the parallel deletion to show that the 
family of regular languages is closed under controlled parallel deletion, while 
the families of context-free and context-sensitive languages are not (except 
when the languages to be deleted are regular). 

Besides studying closure properties, one can get more insight into the 
power of parallel insertion and deletion operations by investigating classes of 
languages that contain simple languages and are closed under some of the 
operations. Such a class should be closed under a parallel insertion opera
tion, a parallel deletion one and an iterated parallel insertion one. Particular 
controlled operations will be chosen in order to allow an increase as well a de
crease of the length of the words in the operands. The iterative operation has 
been included to provide an infinite growth of the strings. Finally, we have 
to introduce the mirror image and the union with A for technical reasons. 

Thus, let P be the smallest class of languages which contains the empty 
set, the language {A}, the singleton letters and is closed under mirror im
age, union with {A}, controlled parallel insertion, iterated controlled parallel 
insertion and controlled parallel deletion with singletons. Then [Ka2] P is 
contained in the family of context-sensitive languages and properly contains 
the family of regular languages. If we replace in P the controlled parallel 
deletion with singletons by unrestricted controlled parallel deletion, the new 
family pi is a Boolean algebra properly containing the family of regular lan
guages. 

The study of parallel insertion and deletion operations is closely connected 
to the study of equations involving them. If <> denotes a parallel insertion 
or deletion operation, the simplest equations to consider are of the form 
L <> X = R, Y <> L = R, where R is a regular language, L is an arbitrary 
language, and X, Yare the unknown languages. 

If <> denotes parallel insertion, permuted parallel insertion or parallel in
sertion next to a letter, the problem whether there exists a singleton solution 
X = {w} to the equation L <> X = R is decidable for regular languages L 
and R. Indeed, if <> denotes parallel insertion, let L, R be regular languages 
and Tn be the length of the shortest word in R. If there exists a word w such 
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that L -¢= w = R then it must satisfy the condition 19( w) :::; m. As the 
family of regular languages is closed under parallel insertion, our problem is 
decidable. The algorithm for deciding it will consist of checking whether or 
not Ll -¢= w = R for all words w with 19( w) :::; m. The answer is YES if 
such a word exists and NO otherwise. A similar proof can be used to show 
that, for 0 denoting parallel insertion, controlled parallel insertion and par
allel insertion next to a letter, the existence of a singleton solution Y to the 
equation Y 0 L = R is decidable for regular languages Land R. 

In contrast, given context-free languages L and regular languages R, the 
existence of both a solution and a singleton solution X, to the equation 
LoX = R is undecidable for 0 denoting parallel insertion, iterated parallel 
insertion, permuted parallel insertion or parallel insertion next to a letter. Let 
# be a letter which does not belong to E. We can actually prove a stronger 
statement: there exists a fixed regular language R = E*# such that the 
problem above is undecidable for context-free languages L 1 • This follows by 
noticing that the equation (Ll #) -¢= X = E* # holds for languages Ll, X 
over E exactly in case Ll = E* and X = A. Hence, if we could decide our 
problem, we would be deciding the problem "Is Ll = E*?" for context-free 
languages L 1 , which is impossible. A similar proof, taking R = E* U {#} 
and Ll = L U { # }, can be used to show that the existence of both a solution 
and singleton solution Y to the equation Y -¢= L = R is undecidable for 
context-free languages L and regular languages R. Analogously it can be 
shown that the existence of both a solution and singleton solution to the 
equation Y -¢= L1 = R is undecidable for context-free control functions and 
regular languages R. 

If we consider the same problems for parallel deletion operations, special 
attention has to be paid to the fact that, while the result of parallel insertion 
is always a word or set of words, the result of parallel deletion can be the 
empty set. If 0 denotes a binary deletion operation and L is a given language, 
a word y is called right-useful with respect to Land 0 if there exists x E L 
such that xoy =I- 0. A language X is called right-useful with respect to Land 
o if it consists only of right-useful words with respect to Land o. The notion 
of left useful can be similarly defined. 

In the following, when we state the undecidability of the existence of a 
solution to a certain equation, we will mean in fact that the existence of a 
useful solution is undecidable. For example, if 0 denotes the parallel deletion, 
permuted parallel deletion or iterated parallel deletion, the existence of a 
solution to the equation LoX = R is undecidable for context-free languages 
L and regular languages R. Let us consider the case of parallel deletion. 
If $, # are letters that do not occur in E, there exists a regular language 
R = #E+# U $E*$ such that our problem is undecidable for context-free 
languages L. Indeed, for a context-free language L, consider the language 
Ll = #E+# U $L$. For all languages L2 ~ E*, the equation 
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holds if and only if X = {A} and L = E*. If we could decide our problem, we 
could decide whether for given context-free languages L, the equation L = E* 
holds, which is impossible. 

The problem remains undecidable even if instead of considering a binary 
operation, like parallel deletion, we consider a card(E)+l - ary operation 
like controllel parallel deletion. It can be namely shown that the existence of 
a singleton control function with the property L ===}c L1 = R is undecidable 
for context-free languages L and regular languages R. The proof is similar to 
the preceding one and is based on the fact that the equation 

holds for L1 ~ E* and singleton control functions L1 if and only if 

L1(#) = L1($) = A,L1(a) = $,a E E and L1 = E+. 

The operations of parallel insertion and deletion are associated with sev
eral notions rather basic in the combinatorics of words. A parallel deletion 
set is a set of the form w ===} L, w E E*, L ~ E*. Parallel deletions sets are 
universal in the sense that every finite language can be viewed as a parallel 
deletion set (see [KMPS]). If we fix the nonempty finite set F in the equation 

w ===} L = F, 

we can ask for an algorithm deciding for a given context-free language L 
whether or not a solution w to the equation w ===} L = F exists. If such an 
algorithm exists, we say that F is CF-decidable, otherwise CF-undecidable. F 
is called CF-universal if for any (nonempty) context-free language L, there is 
a word w such that w ===} L = F. We have that the set {A} is CF-universal 
and it is the only CF-universal set. 

In spite of the fact that parallel deletion sets coincide with finite sets, 
every finite nonempty set F i- {A} is CF-undecidable ([KMPSJ). 

The parallel deletion number [KMPS] associated to a word w equals the 
cardinality of the largest parallel deletion set arising from w, that is 

pd(w) = max{card(w ===} L)I L ~ E*}. 

For the alphabet with only one element, pd(w) can be computed, but for the 
general case the question seems not to be simple at all. Indeed, one can show 
that if w = an, n ~ 1, then pd(w) = n. In the case of arbitrary alphabets 
with at least two symbols the following surprising result [KMPS] is obtained. 
If card(E) ~ 2, then there is no polynomial f such that for every wE E* we 
have pd(w) ::; f(lwl). 

Let us prove this result. It suffices to show that, given a polynomial f (in 
one variable), there are strings w such that pd(w) > f(lwl). 

Take a polynomial f of degree n ~ 1 and consider the strings 



320 L. Kari, G. Rozenberg, and A. Salomaa 

Moreover, take 
Lm = {ailJil 1:$ i,j :$ m - I}. 

and evaluate the cardinality of wn,m ===> Lm. 
As each string in Lm contains at least one occurrence of a and one occur

rence of b, we can delete from wn,m exactly n strings of Lm , which implies 

Consequently, 
card(wn,m ===> Lm) = (m _1)2n. 

Clearly, because 2n is a constant, for large enough m we have 

pd(Wn,m) ~ (m - 1)2n > f(2nm) = f(lwn,ml), 

which completes the proof. 
We observed that, for every word w, w ===> E* = {'x}. We can express 

this by saying that every word collapses to the empty word when subjected 
to parallel deletion with respect to E*. We speak also of the collapse set of 
E*. Thus, the collapse set of E* equals E*. In general, we define the collapse 
set of a nonempty language L ~ E* by 

cs(L) = {w E E*I W ===> L = {A}}. 

This language is always nonempty because it contains each of the shortest 
words in L. For example, cs({anbnl n ~ I}) = (ab)+ and cs({a,bb}) = 
a*bb(a+bb)*a* U a+, hence cs(L) can be infinite for finite L. On the other 
hand, cs({ab} U {anbmaPI n,m,p ~ I}) = {ab}, hence cs(L) can be finite for 
infinite L. We have that [KMPS] there is a linear language L such that cs(L) 
is not context-free. Indeed, take 

While it is clear that L is linear, 

which, being non-context-free, shows that cs(L) cannot be a context-free lan
guage. In fact, the collapse set of a language can be characterized as follows. 
If L ~ E* then 

cs(L) = L+ - M, 

where 
M = (E* L U {A} )(E+ \ E* LE*)(LE* U {A}). 

As a corollary, we deduce that if L is a regular (context-sensitive) language, 
then cs(L) is also a regular (context-sensitive) language. 
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Another natural way to define a parallel deletion operation is to remove 
exactly k strings, for a given k. Namely, for w E E*, L ~ E*, k ~ 1, write 

w ==:::;. k L = { Ul U2 ••• uk+11 Ui E E*, 1 SiS k + 1, 
W = U1V1U2V2 .•• UkVkUk+1, for Vi E L, 1 SiS k}. 

Sets of this form will be referred to as k-deletion sets; for given k ~ 1 we 
denote by Ek the family of k-deletion sets. For all k ~ 1, Ek C Ek+l, strict 
inclusion. Moreover, for every finite set F, there is a k such that F E E k , and 
given a finite set F and a natural number k, it is decidable whether F E Ek 
or not. 

The operations of insertion and deletion seem to occur time and again 
in modeling natural phenomena. We have seen how L systems model the 
growth of multicellular organisms. The related notions of parallel insertion 
and deletion have recently become of interest in connection with the topic of 
DNA computing. 

The area of DNA computing was born in 1994 when Adleman [Ad1] suc
ceeded in solving an instance of the Directed Hamiltonian Path solely by 
manipulating DNA strands. This marked the first instance where a math
ematical problem could be solved by biological means and gave rise to a 
couple of interesting problems: a) can any algorithm be simulated by means 
of DNA manipulation, and b) is it possible, at least in theory, to design a 
programmable DNA computer? 

To answer these questions, various models of DNA computation have 
been proposed, and it has been proven that these models have the full power 
of a Turing machine. The models based on the bio-operations proposed by 
Adleman can be already implemented in laboratory conditions, but the fact 
that most bio-operations rely on mainly manual handling of tubes prevents 
the large scale automatization of the process. 

There are two ways to overcome this obstacle and to further the research 
in DNA computing. The first approach is to try to speed-up and automatize 
the existing operations. 

The second one is to try to design a model based entirely on operations 
that can be carried out by enzymes. Indeed, already in [Ad2] the idea was 
advanced to "design a molecular computer (perhaps based on entirely differ
ent "primitives" than those used here) which would accomplish its task by 
purely chemical means inside of a single tube" . 

As DNA strands can be viewed as strings over the four letter alphabet 
E = {A, C, G, T} (Adenine, Cytosine, Thymine and Guanine), it is natural 
to pursue this second approach within the frame of formal language theory 
(see the chapter in this Handbook written by Head, Paun, and Pixton for 
a formal language model of DNA computing, based on splicing). The site
specific insertions of DNA sequences could then be modeled by controlled 
parallel insertions and deletions. Further study of the power of these opera
tions could assist in proving the claim in [SmS] that "only a finite collection 
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of rewrite rules which insert or delete single U's in specified contexts of an 
mRNA sequence will suffice to get universality." 

For attaining this goal, and with biological motivations in mind, the no
tion of control needs strenghtening: a word can be inserted into a string only 
if certain contexts are present. Formally, given a set C E E* x E* called a con
text set, the parallel contextual inserlion (a generalization of the contextual 
insertion operation studied in [KT]) of a word v into the word u is 

U {:=c v = {UIXI VYI U2X2VY2 ••. UkXkVYkUkHI k;::: 0, 

U = UIU2 ... UkUkH, (Xi,Yi) E C, 1 ~ i ~ k}. 

The proof that controlled parallel insertions and deletions are enough to 
simulate the action of a Turing machine, would thus open a possible way 
for designing a molecular computer with all the operations carried out by 
enzymes. 

8. Scattered views from the L path 

We conclude this chapter with some scattered remarks, mostly about recent 
work. We have already emphasized that, in such a vast field as L systems, 
one cannot hope to be encyclopedic in a chapter of this size, especially if one 
tries to survey also the methods as we have done. Some of the areas neglected 
by us could have deserved even a section of their own. 

Inductive inference certainly constitutes one such area. How much knowl
edge of the language or sequence is needed to infer the L system behind it, or 
one of the many possible L systems? This is relevant, for instance, in model
ing experimental data. Inductive inference is a part of the theory of learning: 
one tries to get a complete picture from scattered information. Here the setup 
may vary. New data may come independently of the observer, or the latter 
may want some specific information, for instance, whether or not a specific 
word is in the language. Inductive inference (or syntactic inference as it is 
sometimes called) has been studied for L systems from the very beginning 
[HR], [RSedl]' [HI]. The reader is referred to [Y02] and its references for some 
recent aspects. 

There is a special chapter in this Handbook about complexity. [Ha], PS], 
[vL] are early papers on the complexity of the membership problem for sys
tems with tables, [vL] being especially interesting in that it provides a very 
nice class-room example of a reduction to an NP-complete problem. [Ke], 
[SWY], [LaSch] are examples of various areas of current interest. Most of 
the complexity issues studied in connection with L systems have been on the 
metalevel: complexity of questions about the system (membership, equiva
lence) rather than things happening within the system (length of derivations, 
workspace). This reflects perhaps the lack of really suitable machine models 
for L systems [RS 1]. 
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If an L system is viewed as an L form, then it produces a family of 
languages rather than just a single language. The original L system is used 
as a propotype giving rise to a collection of systems resembling it. The study 
ofL forms was originated in [MSWl)j they are also discussed in a later chapter 
in this Handbook. 

[Sz], [V], [K2], [PS], [S3) represent different aspects of the early work on 
gT'Owth functions. A related more recent approach has been the application 
of L operations to power series, [Ku], [KS). This approach will be dealt with 
in the chapter by W. Kuich in this Handbook. Also the recent very inten
sively investigated [He) questions about splicing and DNA will be discussed 
elsewhere in this Handbook. 

Many recent invetigations concerning length have dealt with slenderness 
[APDS], [DPSl). Restricted parallelism has been the object of many recent 
studies; the reader is referred to [Fe) and the references given therein. 

Since the L families have weak closure properties, we face the following 
decision problem. Assume, for instance, that a family C is not closed under 
union. Given two languages from C, their union mayor may not belong to C. 
Can we decide which alternative holds? The problem is decidable for PDOL 
languages and for UOL languages but undecidable for POL languages [DPS2). 
For DOL languages the problem is open, due to difficulties discussed above 
in connection with growth functions. 

It is quite common' in language theory that an undecidable problem be
comes decidable if sharper restrictions are imposed on the phenomena under 
study. For instance, equivalence is undecidable for context-free grammars, 
whereas structural equivalence, where also the derivation structures of the 
two grammars have to be the same, is decidable. The situation is exactly the 
same for EOL systems [SY]. The papers [OW], [Nie], [SWY] present related 
results. 

For stochastic variants of OL systems, the reader is referred to [JM] and the 
references there. Stochastic variants have been useful in picture generation 
[PL]. The area of cooperating grammars and L systems, [Pa]' is discussed 
elsewhere in this Handbook. 

[Yol] and [Da2] introduce contT'OI mechanisms for OL and DTOL systems, 
respectively. For instance, a table can be used if some other table has not been 
used. [IT], [Lan], [Har1], [Har2], [Ko] represent various DOL-related studies. 
In [Ko] conditions are deduced for DOL-simulation of DIL systems. In the 
piecewise DOL systems (or PDOL systems) of [Har2], the set E* is partitioned, 
and the morphism depends on which part of the partition the word derived 
so far belongs to. A sequence of words still results. "Dynamical properties" 
such as finiteness and periodicity are decidable if the sets in the partition are 
regular languages. 

The monographs [HR] and [RSl] and the collections of papers [RSedl) -
[RSed4] contain many further references. The collections [RSedl] - [RSed3] 
also reflect the state of the art after roughly ten-year intervals. Of special 
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value are the survey articles [L3], [L4], [LJ], where Aristid Lindenmayer was 
the author or coauthor. 
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Cornbinatorics of Words 

Christian Choffrut and Juhani Karhumiiki 

1. Introduction 

The basic object of this chapter is a word, that is a sequence - finite or 
infinite - of elements from a finite set. The very definition of a word im
mediately imposes two characteristic features on mathematical research of 
words, namely discreteness and noncommutativity. Therefore the combinato
rial theory of words is a part of noncommutative discrete mathematics, which 
moreover often emphasizes the algorithmic nature of problems. 

It is worth recalling that in general noncommutative mathematical theo
ries are much less developed than commutative ones. This explains, at least 
partly, why many simply formulated problems of words are very difficult to 
attack, or to put this more positively, mathematically challenging. 

The theory of words is profoundly connected to numerous different fields 
of mathematics and its applications. A natural environment of a word is a 
finitely generated free monoid, therefore connections to algebra are extensive 
and diversified. Combinatorics, of course, is a fundamental part of the theory 
of words. Less evident but fruitful connections are those to probability theory 
or even to topology via dynamical systems. Last but not least we mention 
the close interrelation of the theory of words and the theory of automata, or 
more generally theoretical computer science. 

This last relation has without any doubt emphasized the algorithmic na
ture of problems on words, but even more importantly has played a major role 
in the process of making the theory of words a mature scientific topic of its 
own. Indeed, while important results on words were until the 1970s only scat
tered samples in the literature, during the last quarter-century the research 
on words has been systematic, extensive, and we believe, also successful. 

Actually, it was already at the beginning of this century when A. Thue 
initiated a systematic study on words, cf. [Be6] for a survey of Thue's work. 
However, his fundamental results, cf. [TI], [T2] and also [Be8], remained quite 
unnoticed for decades, mainly due to the unknown journals he used. Later 
many of his results were discovered several times in different connections. 

The modern systematic research on words, in particular words as elements 
of free monoids, was initiated by M. P. Schiitzenberger in the 1960. Two in
fluencial papers ofthat time are [LySe] and [LeSc]. This research created also 
the first monograph on words, namely [Len], which, however, never became 
widely used. 

G. Rosenberg et al. (eds.), Handbook of Formal Languages

© Springer-Verlag Berlin Heidelberg 1997
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Year 1983 was important to the theory: the first book Combinatorics 
on Words [Lo) covering major parts on combinatorial problems of words 
appeared. Even today it is the most comprehensive presentation of the topic. 

The goal of this presentation is to consider combinatorial properties of 
words from the point of view of formal languages. We do not intend to be 
exhaustive. Indeed, several important topics such as theory of codes, several 
problems on morphisms of free monoids, as well as unavoidable regularities 
like Shirshov's Theorem, are not considered in this chapter, but are discussed 
in other chapters of the Handbook. Neither are the representations of the 
topics chosen supposed to be encyclopedic. 

On the other hand, the criteria we have had in our minds when choosing 
the material for this chapter can be summarized as follows. In addition to 
their relevance to formal languages we have paid special attention to select 
topics which are not yet considered in textbooks, or at least to have a fresh 
presentation of older topics. We do not prove many of the results mentioned. 
However, we do prove several results either as examples of proof techniques 
used, or especially if we can give a proof which has not yet appeared m 
textbooks. We have made special efforts to fix the terminology. 

The contents of our chapter are now summarized. 
In Section 2 we fix our terminology. In doing so we already present some 

basic facts to motivate the notions. Section 3 deals with three selected prob
lems. These problems - mappings between word monoids, binary equality 
languages, and a separation of words by a finite automaton - are selected to 
illustrate different typical problems on words. 

Section 4 deals with the well-known defect effect: if n words satisfy a 
nontrivial relation, then they can be expressed as products of at most n - 1 
words. We discuss different variations of this result some of which emphasizing 
more combinatorial and some more algebraic aspects. We point out differences 
of these results, including the computational ones, as well as consider the 
defect effect caused by several nontrivial relations. 

In Section 5 we consider equations over words and their use in defining 
properties of words, including several basic ones such as the conjugacy. We 
also show how to encode any Boolean combination of properties, each of 
which expressable by an equation, into a single equation. Finally, a survey of 
decidable and undecidable logical theories of equations is presented. 

Section 6 is devoted to a fundamental property of periodicity. We present 
a proof of the Theorem of Fife and Wilf which allows one to analyse its 
optimality. We also give an elegant proof of the Critical Factorization The
orem from [CP), and finally discuss an interesting recent characterization of 
ultimately periodic words due to [MRS). 

In Section 7 we consider partial orderings of words and finite sets of words. 
As we note there, normally such orderings are not finitary either in the sense 
that all antichains or in the sense that all chains would be finite. There 
are two remarkable exceptions. Higman's Theorem restricted to words states 
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that the subword ordering, i.e., the ordering by the property being a (sparse) 
subword, allows only finite antichains, and is thus a well-ordering. We also 
consider several extensions of this ordering defined using special properties 
of words. 

The other finiteness condition is obtained as a consequence of the validity 
of the Ehrenfeucht Compactness Property for words, which itself states that 
each system of equations with a finite number of unknowns is equivalent to 
one of its finite subsystems. As an application of this compactness property 
we can define a natural partial ordering on finite sets of words, such that it 
does not allow infinite chains. This, in turn, motivates us to state and solve 
some problems on subsernigroups of a free semigroup. 

Section 8 is related to the now famous work of Thue. We give a survey 
on results which repetitions or abelian repetitions are avoidable in alphabets 
of different sizes. We also estimate the number of finite and infinite cube-free 
and overlap-free words over a binary alphabet, as well as square-free words 
over a ternary alphabet. We present, as an elegant application of automata 
theory to combinatorics of words, an automata-theoretic presentation due to 
[Be7] of Fife's Theorem, cf.[F], characterizing one-way infinite overlap-free 
(or 2+-free) words over a binary alphabet. Finally, we recall the complete 
characterization of binary patterns which can be avoided in infinite binary 
words. 

In Section 9, last of this chapter, we consider the complexity of an infinite 
word defined as the function associating to n the number of factors of length 
n in the considered word. Besides examples, we present a complete classifi
cation, due to [Pan2]' of the complexities of words obtained as fixed points 
of iterated morphisms. 

Finally, as a technical matter of our presentation we note that results 
are divided into two categories: Theorems and Propositions. The division is 
based OIl the fact whether the proofs are presented here or not. Theorems are 
either proved in details or outlined in the extend that an experienced reader 
call recover those, while Propositions are stated with only proper references 
to the literature. 

2. Preliminaries 

In this section we recall basic notions of words and sets of words, or languages, 
used in this chapter. The basic reference on combinatorics of words is [Lo], 
see also [La] or [Shy]. The notions of automata theory are not defined here, 
but can be found in any textbook of the area, cf. e.g. [Bel], [Harr], [HU] or 
[Sall] , or in appropriate chapters of this Handbook. 
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2.1 Words 

Let E be a finite alphabet. Elements of E are called letters, and sequences of 
letters are called words, in particular, the empty word, which is denoted by 
1, is the sequence of length zero. The set of all words (all nonempty words, 
resp.) is denoted by E* (E+, resp.). It is a monoid (semigroup, resp.) under 
the operation of concatenation or product of words. Moreover, obviously each 
word has the unique representation as products of letters, so that E* and 
E+ are free, referred to as the free monoid and semigroup generated by E. 

Although we may assume for our purposes that E is finite we sometimes 
consider infinite words as well as finite ones: a one-way infinite word, or briefly 
an infinite word, can be identified with a mapping N ---. E, and is normally 
represented as w = aOal ... with a'i E E. Accordingly, two-way 'infinite, or 
bi-infinite, words over E are mappings Z ---. E. We denote the sets of all such 
words by EW and wEw, respectively, and set Eoo = E* u EW. The notions 
Z and N are used to denote the sets of integers and nonnegative integers, 
respectively. 

Let u be a word in E*, say u = al ... an with ai E E. We define u(i) to 
denote the ith letter of u, i.e., u(i) = ai. We say that n is the length of u, in 
symbols lui, and note that it can be computed by the morphism II : E* ---. N 
defined as lal = 1 E N, for a E E. The sets of all words over E of length k, 
or at most k are denoted by Ek and E9, respectively. By lula, for a E E, 
we denote the total number of the letter a in u. The commutative image 7r( u) 
of a word u, often referred to as its Parikh image, is given by the formula 
7r(u) = (Iula" ... , lulap:: II ), where IIEII denotes the cardinality of E and E is 
assumed to be ordered. The reverse of u is the word u R = an ... aI, and u is 
called a palindrome if it coincides with its reverse. For the empty word 1 we 
pose 1 R = 1. By alph( w) we mean the minimal alphabet where w is defined. 

Finally a factorization of u is any sequence Ul, ... ,Ut of words such that 
'U = 'Ul ... Ut. If words Ui are taken from a set X, then the above sequence 
is called an X-factorization of 'u. A related notion of an X-interpretation of 
'It is any sequence of words Ul, . , . ,'Ut from X satisfying au{3 = Ul ... 'Ut for 
some words a and {3, with lal < lUll and If3I < l'Utl. These notions can be 
illustrated as in Figure 2.1. 

u u 

Fig. 2.1. An X-factorization and an X-interpretation of u 

For a pair (u, v) of words we define four relations: 

'U is a prefix of v, if there exists a word z such that v = 'uz; 
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'u is a suffix of v, if there exists a word Z such that v = ZUj 

u is a factor of v, if there exist words Z and z' such that v = ZUZ'j 

u is a subword of v, if v as a sequence of letters contains u as a subsequence, 
i.e., there exist words Zl, ..• , Zt and Yo, ... , Yt such that u = Zl ... Zt and 
v = YOZ1Yl ... ZtYt· 

Sometimes factors are called subwords, and then subwords are called sparse 
subwords. We, however, prefer the above terminology. Each of the above re
lations holds if u = 1 or u = v. When these trivial cases are excluded the 
relations are called proper. A factor v of a word u can occur in u in different 
positions each of those being uniquely determined by the length of the prefix 
of u preceding v. For example, ab occurs in abbaabab in positions 0, 4 and 6. 

If v = 'uz we write u = vz-1 or Z = u-1v, and say that u is the right 
quotient of v by z, and that Z is the left quotient of v by u. Consequently, the 
operations of right and left quotients define partial mappings E* x E* --+ E*. 
Note that the above terminology is motivated by the fact that the free monoid 
E* is naturally embedded into the free group generated by E. We also write 
'u ~ v (u < v, resp.) meaning that u is a prefix (a proper prefix, resp.) of 
v. Further by prefk(v) and sufk(v), for k E !'If, we denote the prefix and the 
suffix of v oflength k. Finally, we denote by pref(x), suf(x), F(x) and SW(x) 
the sets of all prefixes, suffixes, factors and subwords of x, respectively. 

It follows immediately that E* satisfies, for all words u, v, x, Y E E* the 
condition 

(1) uv = xy => 3t E E*: u = xt and tv = y, or x = ut and v = ty. 

Similarly, as we already noted, the length function of E* is a morphism into 
the additive monoid !'If: 

(2) h: E* -+!'If with h-1(0) = 1. 

Conditions (1) and (2) are used to characterize the freeness of a monoid, cf. 
[Lev]. Consequently, E* is indeed free as a monoid. 

For two words u and v neither of these needs to be a prefix of another. 
However, they always have a unique maximal common prefix denoted by ul\v. 
Similarly, they always have among their common factors longest ones. Let us 
denote their lengths by 1 (u, v). These notions allow us to define a metric on 
the sets E* and EW. For example, by defining distance functions as 

d(u, v) = luvl- 2l(u,v) for u,v E E*, 

and 
d (u v) = 2-luAvl for u v E E W 

DO , " 

(E* ,d) and (EW, doc) become metric spaces. 
As we shall see later the above four relations on words are partial or

derings. The most natural total orderings of E* are the lexicographic and 
alphabetic orderings, in symbols -<I and -<a, defined as follows. Assume that 
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the alphabet E is totally ordered by the ordering -<. This is extended to E* 
in the following ways: 

u -<z v iff u-1v E E+ or pref1((u 1\ v)-lu) -< prefl((u 1\ v)-lv) 

and 
'U -<a V iff lui < Ivl or lui = Ivl and 'U -<I v. 

Consequently, u is lexicographically smaller than v if, and only if, either u 
is a proper prefix of v, or the first symbol after the maximal common prefix 
'U 1\ v is smaller in u than in v. It follows that the orderings -<a and -<1 
coincide on words of equal length. In some respects they, however, behave 
quite differently: each word u is preceded only by finitely many words in -<a, 
while for -<1 this holds only for words composed on the smallest letter of E. 

It follows directly from the definition that the alphabetic ordering -<a is 
compatible with the product on two sides: for all words u, v, Z, z' E E* we 
have 

'u -<a V iff zuz' -<a zvz'. 

For the lexicographic ordering -<1 the situation is slightly more complicated. 
As is straightforward to see we have for all u, v, z, z' E E*, 

U -<1 v iff ZU -<1 zv, 

and 
'u -<1 V and u ¢ pref( v) implies that uz -<1 vz'. 

2.2 Periods in words 

We continue by defining some further notions of words, in particular those 
connected to periodicity. 

We say that words u and v are confugates, if they are obtainable from 
each other by the cyclic permutation c : E* ..... E* defined as 

c(l) 1, 

c('u) pref1(u)-lu prefl(u) for u E E+. 

Consequently, 'U and v are conjugates if, and only if, there exists a k such that 
v = ck (u). It follows that the conjugacy is an equivalence relation, each class 
consisting of words of the same length. It also follows that the equivalence 
class [u] is included in F(uu), or even in F(pref1(u)-luu). 

Next we associate periods to each word u E 17+. Let u = al ... an with 
ai E E. A per'lod of u is an integer p such that 

(1) ap+i = ai for i = 1, ... ,n - p. 

The smallest p satisfying (1) is called the period of u, and it is denoted by 
p('u). It follows that any q ?:: lui is a period of u, and that 
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'U E pref(prefp(u) (u))W and u rf- F(vW) for any v E 17:S;p(u)-l. 

It also follows that the conjugates have the same periods. The words in the 
conjugacy class [prefp(u) (u)] are called cyclic roots of u. Note that not all 
cyclic roots of u need to be factors of u, but at least one, namely the prefix 
of u of length p( u), is so. 

We say that a word 'U E 17+ is primitive, if it is not a proper integer power 
of any of its cyclic roots. We claim that this is equivalent to the following 
condition (often used as the definition of the primitiveness): 

(2) Vz E 17* : u = zn implies n = 1 (and hence u = z). 

Clearly, (2) implies the primitiveness. To see the reverse we assume that 
'U is primitive and u = zn with n ~ 2. Then denoting r = prefp(u)(u) we have 
the situation depicted as 

r r r r 
'U : y 

A 
Y 

z z z 

Since Irl is the period necessarily Izl ~ Irl. Moreover, by the primitiveness 
z rf- ".*. Consequently, comparing the prefixes of length Irl in the first two 
occurrences of z we can write 

(3) r = ps = sp with p, s i- 1. 

The identity (3) is the most basic on combinatorics of words, and implies -
after a few line proof, d. Corollary 4.1- that p and s are powers of a nonempty 
word. Therefore 'U would have a smaller period than Irl, a contradiction. 

We derive directly from the above argumentation the following represen
tation result of words. 

Theorem 2.1. Each word u E 17+ can be uniquely represented in the form 
'U = p(u)n, with n ~ 1 and p(u) primitive. 0 

The word p(u) in Theorem 2.1 is called the primitive root of the word u. 
There exist two particularly interesting subcases of primitive words: un

bordered and Lyndon words. A word u E 17+ is said to be unbordered, if none 
of its proper prefix is one of its suffixes. In terms of the period p(u) this can 
be stated as 

u E 17+ is unbordered if, and only if, p(u) = lui. 

It follows that unbordered words are primitive. Moreover, unbordered words 
have the following important property: different occurrences of an unbordered 
factor 'U in a word w never overlap, i.e., they are separate: 
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u u u 
w: 

On the other hand, if u E 17+ is not unbordered, i.e., is bordered, then it 
contains an overlap: 

u 
(4) r t 1 ) 

\.~. ----" 
u 

Consequently, bordered words are sometimes called overlapping. 
As we noted the situation depicted in (4) is impossible for unbordered 

words. If 'U is only primitive, then a variant of (4) is as follows: no primitive 
word u can be an inside factor of uu, i.e., whenever uu = pus, then necessarily 
p = 1 or s = 1. Being an inside factor can, of course, be illustrated as 

u u 

u 

This, indeed, is impossible for primitive words by the argument used in (3). 
We note that this simple lemma of primitive words is extremely useful 

in many concrete considerations. As a general example fast algorithms for 
testing the primitiveness can be based on that. Indeed, use any (linear time) 
pattern matching algorithm, cf. [CR], to test whether the pattern u is a factor 
in 'uu in a nontrivial way, and if "no" the primitiveness of u has been verified. 

Now, we go to the second important subcase of the primitive words. A 
Lyndon word u E 17+ is a word which is primitive and the smallest one in its 
conjugacy class [u] with respect to the lexicographic ordering. 

It is easy to see that a Lyndon word is unbordered. This follows since 
of the words vuv, vvu and uvv, with u, v E 17+ and vuv primitive, the first 
one is never the smallest one. Indeed, by the primitiveness of vuv, we can 
use the argumentation of (3) to conclude that vuv f/. pref(vW ). Consequently, 
v'uv deviates from VW before its end, and so uvv does it earlier and vvu later, 
if ever, than vuv. Therefore if vuv -<I vW, then uvv -<I vuv, and otherwise 
vvu -<I V'uv. 

Let .c denote the set of all Lyndon words. A fundamental property of 
these words is the following representation result: 

Proposition 2.1. Each word u E 17+ admits the unique factorization as a 
product of nonincr-easing Lyndon words, i. e., in the form 
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The proof of Proposition 2.1 can be found in [Lo], which studies exten
sively Lyndon words and their applications to factorizations of free monoids. 
Algorithmic aspects of Lyndon words can be found in [Du2] and [BePo]. 

2.3 Repetitions in words 

One of the most intensively studied topics of combinatorics of words is that 
of repetitions in words initiated already by Thue in [Tl] and [T2]. This differs 
from the above periodicity considerations in the sense that the focus is on 
factors of words instead of words themselves. We state the basic definitions 
here to be used later in Section 8. 

A nonprimitive word is a proper power of another, and hence contains a 
repetition of order at least 2. More generally, a word u is said to contain a 
repetition of order k, with a rational k > 1, if it contains a factor of the form 

z E pref(rW
), with I;: = k. 

In particular, if Izl = 21rl and u = ZlrrZ2, with Zl,Z2 E E*, u contains a 
repetition of order 2, i.e., a square as a factor. 

Special emphasis has been put to study repetition-free words. We define 
three different variants of this notion as follows. Let k > 1 be a real number. 
We say that u E Eoo is 

k-free, if it does not contain as a factor a repetition of order at least kj 
k+-free, if, for any k' > k, it is k'-freej 
k- -free, if it is k-free, but not k'-free for any k' < k. 

It follows that the k- -freeness implies the k-freeness, which, in turn, implies 
the k+ -freeness. The reverse implications are not true in general, cf. Example 
8.1 and Theorem 8.1. There exist commonly used special terms for a few most 
frequently studied cases: 2-free, 2+ -free and 3-free words are often called 
square-free, overlap-free and cube-free words, respectively. 

In order to illustrate further the above notions we note that in the case 
k = 2, the 2-freeness means that u does not contain as a factor any square, the 
2+ -freeness means that it does not contain any factor of the form vwvwv, 
with v, w E E+, and the 2--freeness means that it does not contain any 
square, but does contain repetitions of order 2 - c, for any c > o. As an 
example, for the word u = babaabaabb the highest order of repetitions is 2i, 

since it contains the factor (aba)2j = abaabaab. Note that although u does 
not contain a factor of the form v2! it is not 2~-free, since it contains a 
repetition of order 2i > 2~. 

The above notions were generalized in [BEM], and independently in [Z], 
to arbitrary patterns as follows. Let E be another alphabet, and P a word 
over E, so-called pattern. We say that u E Eoo avoids the pattern Pi-I in 
E, if 'U does not contain a factor of the form h(p), where h is a morphism 
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h : S* ---; E* with hex) i- 1 for all x in S. Further a pattern P is called 
avoidable in E, if there exists an infinite word U E EW avoiding P. 

For example, the pattern xx is avoidable in E if there exists an infinite 
square-free word over E, and as we already indicated, the pattern xyxyx 
is avoidable in E if there exists an infinite 2+-free word over E. It is worth 
noting here that the existence of a factor of the form vwvwv, with v, w E E+, 
in 'u is equivalent to the existence of an overlapping factor in u, i.e., of two 
occurrences of a factor overlapping in u. This explains the term of overlap
free. 

Natural commutative variants of the above notions can be defined, when 
kEN and only the k-freeness is considered: we say that u E Eoo is abelian 
k- free, if it does not contain a factor of the form Ul ... Uk with Jr( Ui) = Jr( Uj), 

fori,j=l" .. ,k. 
In order to motivate the use of infinite words in connection with avoidable 

words we note the following simple equivalence: for each pattern P there exist 
infinitely many words in E* avoiding P if, and only if, there exists an infinite 
word in EW avoiding P. This follows directly from the finiteness of E. Indeed, 
in one direction the implication is trivial. In the other direction it follows 
since, by the above reason, from any infinite set L of words, each of which 
contains a prefix v, we can choose an infinite subset L' and a letter a E E 
such that each element of L' contains va, as a prefix. 

We conclude this subsection by listing all the cases when the number of 
k-free or abelian k-free words, for an integer k, is finite. It is an exhaustive 
search argument which shows that this is the case for the 2-freeness in the 
binary alphabet, as well as the abelian 3-freeness in the binary and the abelian 
2-freeness in the ternary alphabets. Figure 2.2 describes the corresponding 
trees T2,2, AT2 ,3 and AT3 ,2, respectively. All the words of the required types 
(up to symmetry) are found from the paths of these trees starting at the 
roots. 

As we shall see in Section 8, in all the other cases there exists an infinite 
word avoiding corresponding k-repetitions or abelian k-repetitions. By these 
trees all binary words of length at least 4 contain a square, and all binary 
words of length at least 10 contain an abelian cube. Finally, all ternary words 
of length at least 8 contain an abelian square. 

2.4 Morphisms 

As we shall see, or in fact have already seen, morphisms play an important role 
in combinatorics of words. Morphisms are mappings h : E* ---; L1* satisfying 

h(uv) = h(u)h(v) for all u,v E E*. 

In particular, necessarily h(l) = 1, and the morphism h is completely deter
mined by the words h(a), with a E E. Therefore, as a finite set h(E) of words 
a morphism is a very natural combinatorial object. 
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Fig. 2.2. Trees T2 ,2, AT2 ,3 and AT3 ,2 

We shall need different kinds of special morphisms in our later consider
ations. We say that a morphism h : E* --+ ,1* is 

binary, if IIEII = 2; 
periodic, if there exists a z such that h( E) ~ z*; 
I-free or nonemsing, if h(a) f. 1 for each a E E; 
uniform, if Ih(a)1 = Ih(b)1 for all a, bEE; 
pTOlongable, if there exists an a E E such that h(a) E aE+; 
a prefix, if none of the words of h(E) is a prefix of another; 
a suffix, if none of the words of h(E) is a suffix of another; 
a code, if it is injective; 
of bounded delay p, if for each a, bEE, u, v E E* we have: h(a'u) ::; h(bv) 
with U E EP => a = b; 
simplifiable, if there exist morphisms f : E* --+ r* and 9 : r* --+ ,1*, with 
IITII < IIEII, such that h = 9 0 j; 
elementary, if it is not simplifiable. 

In many cases the alphabets E and ,1 coincide. In the case of equations 
or patterns we consider morphisms h : S* --+ E*, i.e., the set of unknowns 
is denoted by S. For a uniform morphism h we define its size as the number 
Ih(a)I, with a E E. Sometimes periodic morphisms are called cyclic. Finally, 
as an example of a morphism with an unbounded delay we give the morphism 
defined as h(x) = a, h(y) = ab and h(z) = bb. Then, indeed, the word abW 
can be factorized as h(y)h(z)W or h(x)h(z)W in {h(x),h(y),h(z)}+. 

2.5 Finite sets of words 

In this last subsection we turn our attention to sets of finite words, i.e., to 
languages. Indeed, our main interest will be, on one hand, in words includ-
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ing the infinite ones, and on the other hand, on finite, or at most finitely 
generated, languages. 

Many of the operations defined above for words extend, in a natural way, 
to languages. Consequently, we may talk about, for instance, a commutative 
image of a language, or quotients of a language by another one. As an exam
ple, let us remind that the set of all factors of words in a language X can be 
expressed as F(X) = E*-l X E*-l. We define the size seX) of a finite set X 
by the identity seX) = LXEX Ixl· 

Let X ~ E* and Ul, •.. ,Ut EX. We already said that such a sequence 
Ul, ... ,Ut is an X -factorization of U if U = Ul ... Ut. Exactly as E was ex
tended to E* or E+, we can extend the set X to a monoid or semigroup it 
generates by considering all X-factorizations: 

X* = {Ul •.• Ut I t ~ 0, Ui EX}, 

and 
X+ = {Ul ... Ut I t ~ 1, Ui EX}. 

Algebraically, such semigroups are subsemigroups of a finitely generated free 
semigroup E+, and are called F-semigroups. Note that 1 E X+ if, and only if, 
1 EX. For convenience we concentrate to the semigroup case, and normally 
assume that 1 ¢ X. 

Contrary to E+ the semigroup X+ need not be free in the sense that 
each U E X+ would have only one X-factorization. However, what is true is 
that X+ (as a set) has the unique minimal generating set, namely the set Y 
defined by 

Y = (X+ - {I}) - (X+ - {1})2, or simply Y = X+ - X+2, if 1 ¢ X. 

Indeed, any set Z generating X+, i.e., satisfying Z+ = X+, must contain Y. 
On the other hand, any element of X+, i.e., a product of elements of X, can 
be expressed as a product of elements of Y, so that Y generates X+. 

If each word of X+ has exactly one Y-factorization then the semigroup 
X+ is free, and its minimal generating set Y is a code, cf. [BePe]. 

One of our goals is to measure the complexity of a finite set X ~ E+. A 
coarse classification is obtained by associating X with a number, referred to 
as its combinatorial rank or degree, in symbols d(X), defined as 

d(X) = min{11F111 X ~ F*}. 

Consequently, d(X) tells how many words are needed to build up all words 
of X. The simplest case corresponds to periodic sets, when all words of X 
are powers of a same word. The above notion will be compared to, but must 
not be confused with other notions of a rank of a set which will be called in 
Section 4 algebraic ranks, cf. [Lo]. 

Another way of measuring the complexity of X is to consider all relations 
satisfied by X. In this approach codes, i.e., those sets which satisfy only trivial 
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relations, are the "simplest" ones. We prefer to consider these as the largest 
ones, since, indeed, IIXnl1 assumes the maximal value namely IIXlln, for all 
n2:1. 

To formalize the above let X = {UI, ... , Ut} ~ 17+ be an ordered set of 
words and let S = {Xl' ... ' xd be an ordered set of unknowns. Let hx : 
S* -t 17* be a morphism defined as hX(Xi) = Ui. Then the set 

Rx = ker(hx ) ~ S* x S* 

defines all the relations in X+. Further the subrelation 

min(Rx) = {(y,z) E Rx I Vy',z' E S+: y' < y,z' < z =} (y',z') rf- Rx} 

corresponds to minimal relations in X+. Note that obviously Rx is a sub
monoid of the product monoid S* x S*, and min(Rx) is the minimal gener
ating set of it, i.e., min(Rx) generates Rx , and no element of min(Rx) is a 
nontrivial product of two elements of Rx. 

Now we define a partial ordering ::5r on the set of ordered subsets X ~ 17+ 
of a fixed cardinality as follows: 

X ::5r Y if, and only if, Ry ~ Rx , 

or equivalently if, and only if, min(Ry) ~ min(Rx). We notice that ::5r is a 
partial ordering, where codes are maximal elements, i.e., for any n-element 
set X and any n-element code C we have X::5r C. We also note that the 
equality under this ordering means the isomorphism of the corresponding F
semigroups. We call this ordering a relation ordering, and shall see in Section 
7 that is has quite interesting properties. 

We conclude this section of preliminaries with an example illustrating the 
above definitions. 

Example 2.1. Consider the following four ordered sets 

Xl {a,abb,bba,baab,babb,baba}, 

X 2 {a, abb, bba, bb, babb, baba}, 

X3 {a, abb, bba, bb, bbb, baba}, 

X 4 { a, abb, bba, bb, bbb, ba}. 

Using finite transducers, cf. [Bel], we can compute all words of xi having 
two X I-factorizations, i.e., all nontrivial relations in Xi, as explicitly noticed 
in [Spl]. All minimal such relations are computed by a transducer TX l shown 
in Figure 2.3. The idea of the construction of TX l is obvious: TX l searches 
for minimal double Xl-factorizations systematically remembering at its states 
which of the factorizations is "ahead" and by "how much" . Such a transducer 
contains always two isomorphic copies, so that in our illustration we can omit 
half of the transducer (the spotted lines in TxJ. 
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Q Q 
~ "'-.. (a,abb) 7abb,a) ~ 

I .................... 

(bba,l) I 1 I .......... 0 (l,bba) 

I ./ ~ 

A /11~ 1 (a,~ f:':\ 
~ ~ 

Fig. 2.3. Transducer TX, 

Let us denote by idx1 the identity relation of xt. Then, TX, can be 
transformed to compute min(Rx,)-idx, simply by relabelling the transitions 
as shown in Figure 2.4. Let us denote this transducer by T1. Similarly, we can 
compute, as shown in Figure 2.5, the transducers Ti defining the relations 
min( RxJ - idxi> for i = 2,3,4. 

It follows that X 4 -<r X3 -<r X 2 -<r Xl -<r C6 , where C6 is any six 
element code. As we shall see in Section 7, the above procedure cannot be 
continued for ever, i.e., each proper chain is finite. 0 

3. Selected examples of problems 

In this section we consider three different problems which, we believe, il
lustrate several important aspects and techniques used in combinatorics of 
words. The problems deal with different possibilities of mapping E* into ..1*, 
a characterization of binary equality languages, and a problem of separating 
two words by a finite automaton. 

3.1 Injective mappings between F-semigroups 

In this subsection we consider a problem of mapping a word monoid, or 
more generally a finitely generated F-semigroup, into another one. Moreover, 
we require that such a mapping satisfy either some algebraic or automata
theoretic properties. The properties we require are that mappings are 

isomorphisms; 
embeddings mapping generators into generators; 
general embeddings; 
bijective sequential mappings. 

In particular, all mappings are injective. 
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Isomorphisms. For finitely generated free semigroups a required isomor
phism exists if, and only if, the minimal generating sets of the semigroups are 
of the same cardinality, and in such a case any bijection between those would 
work. Also for F-semigroups a necessary condition is that the cardinalities of 
the minimal generating sets are equal. Therefore, for F-semigroups the prob
lem reduces to that of testing whether a given bijection between generating 
sets is an isomorphism. How this can be done is shown in Section 7. 

Embeddings preserving generators. This problem can be solved by the 
method of the first problem: guess the bijection, and test whether it is an 
isomorphism. 

Embeddings. Interestingly this is always possible, if only the target semi
group is not cyclic, i.e., a subsemigroup of u*, for some u E 17+. In order to 
see this we consider first free semigroups E! and E:}" with countably many 
and two generators, respectively. Let 1700 = {ai liE N} and 172 = {a, b}. 
Then the morphism ! : E! --+ E:}" defined as 

!(ai) = aib for i E N, 

gives a required embedding. This is due to the fact that! is injective, or even 
a prefix. 

For finitely generated F-semigroups X+ and y+ we proceed as follows. 
We allow X+ to be countably generated, say X = {Ui liE N} ~ 17+, 
and require that Y contains two noncommuting words a.,/3 E ..1+. Then a 
required embedding h : X+ --+ y+ is obtained as the composition 

where 7r : X+ --+ 17+ is a natural projection, ! is as above, and c: {a, b}* --+ 

..1* is defined by c(a) = a. and c(b) = /3. The mapping h is indeed a morphism, 
and moreover, injective as a composition of injective morphisms. Note that 
the injectivity of c follows, since a. and /3 are assumed to be noncommuting, 
so that they do not satisfy any nontrivial identity, d. Corollary 5.l. 

Next we move from algebraic mappings to automata-theoretic ones. 
Bijective sequential mappings. We search for a bijective sequential map

ping T : 17* --+ ..1*, where 17 and ..1 are finite alphabets. Recall that sequen
tial mappings, or sequential transductions in terms of [Bel] or deterministic 
generalized sequential mappings of [GRJ, d. also [Sall], are realized by de
terministic finite automata over 17, without final states and equipped with 
outputs in ..1*, i.e., for each transition an output word of ..1* is produced. 
Such automata are called sequential transducers in [Bel]. As an illustration 
we consider the sequential mapping T : {a,b,c}* --+ {x,y}* realized by the 
transducer of Figure 3.l. 

The requirement that T has to realize a bijection, implies that the un
derlying automaton with respect to inputs must be a complete deterministic 
automaton. Consequently, the inputs can be ignored (if only there are 111711 
outgoing transitions from each state), and so we are left with the problem, 
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o b,y'0 o y'0 

b'y1 ~:,yyy j :::y 
~ ~ e,y 

M e,yxy'~ 
~1~j: 
@ YXy'CO X 

~ U 
a,x 
b,xy 
e,yy 

x xy 
yy 

Fig. 3.1. A sequential transducer T and its underlying output automaton A 

whether the underlying output automaton of T, say A, accepts unambiguously 
,,1*. Therefore we are led to the theory of finite automata with multiplicities, 
or in terms of [Ei] to the theory of N-rational subsets. Now, using the Equal
ity Theorem of [Ei] it is easy to check that the above T, constructed by 
Sch iitzenberger, is actually a required bijection {a, b, c} * -+ {x, y} *. 

Next we introduce a systematic method from [Ch] for constructing se
quential bijections E* -+ ,,1*, and illustrate it in the case when E = {a, b, c} 
and ,,1 = {x,y}. We start from a maximal suffix code X over ,,1, cf. [BePe]. 
Such sets are exactly those represented by binary trees, each node of which 
contains either 0 or 2 descendants. It follows that if S is the subset of all 
proper suffixes of words in X, then each word u E ,,1* has the unique repre
sentation in the form u = sx, with s E S U {I} and x E X*. In other words, 
we have the following relation on N-subsets (where we use + instead of U): 

(1) ,,1* = (1 + S)X*. 

Now, let us return to our specific case, and fix X to be the smallest 
three-element maximal suffix code, i.e., X = {x,xy,yy} (or its renaming). 
Consequently, S = {y}, and hence using standard properties of N-subsets, cf. 
[Ei] chapter 3, we transform (1) as follows: 

,,1* (1 + y)X* = 1 + (X + y)X* 

1 + (x + xy + yy + y)X* 

1 + x(l + y)X* + (y + yy)X* 

l+x,,1* +(y+yy)X*. 

This relation leads to the two state unambiguous automaton Ax of Figure 
3.2 accepting {x, y} *: 
Here, Ax can be obtained, for example, by reversing the method of computing 
the behaviour of an N-automaton using linear systems of equations, cf. [Ei] 
chapter 7. 
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X 

7-----'y=----, r;\l ~y ~ yy ~ yy 

Fig. 3.2. Automaton Ax 

As we mentioned a sequential bijection {a,b,c}* -+ {x,y}* is obtained 
from Ax by labelling, for each state, the outgoing transitions bijectively by 
{a, b, c}. We also note that the automaton A of Figure 3.1 can be derived 
from the above Ax by unrolling the loop of state 2 once, and redistributing 
the loop-free unrolled paths between two states in a suitable way: 

G{y,yy}· {x,xy,y,Y(D 

o y ~y 
is replaced by f1\ x r:};\ V yyy V 

YX~ /xyX 

(j)Y 

More generally, for details d. [Chl, if 111711 - 1 divides 11.111 - 1, as in our 
above considerations, by choosing a maximal suffix code X of the cardinality 
(11.111-1)/(111711-1), one can construct a rational sequential bijection 17* -+ 

.1* realized by a two state automaton of Figure 3.3, where x is an arbitrary 
letter of .1 and S = suf(X) - ({1} U X). 

x ---0 S+X-x(1+ S l, (ill X 

Fig. 3.3. A two state automaton realizing a bijection E* ----> <:1* 

An elaboration of the previous considerations, d. [Chl, leads to the following 
result. 

Theorem 3.1. There exists a bijective sequential mapping 17* -+ .1* if, and 
only if, 111711 = 11.111 or 111711 > 11.111 > 1. Moreover, if this is the case, then 
such a mapping is realized by a two state sequential transducer. D 
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The trivial parts of Theorem 3.1 are as follows. First, if 111711 = 11,111, then 
the identity mapping (or a renaming) works. Second, if 1 = 11,,111 < 111711 
or 111711 < 11,111, then simple cardinality arguments show that no required 
bijection exists. 

Finally, we mention that a related problem searching for sequential trans
ductions mapping a given regular set onto another regular one was considered 
in [MN] and [McN1]. 

The issues presented in this subsection deserve some comments. Due to 
the embedding f : 17;;;:' ---+ Ei, for many problems in formal language theory, 
as is well-known, it is irrelevant what the cardinality of the alphabet is, as 
long as it is at least two. Certainly this is the case when the property P to be 
studied is preserved under the encoding f in the following sense. The encoded 
instance of a problem is still an instance of the original problem, and it has 
the property P if, and only if, the original instance has the property P. 

Let us take an example. Consider a property P of languages accepted by 
finite automata. Clearly, rational languages are closed under the encoding 
f, and moreover many of the natural properties, such as the finiteness, for 
example, holds for L if, and only if, it holds for f(L). However, if we would 
consider P on languages accepted by n-state finite automata, then P would 
not be preserved under the encoding f, and hence the cardinality might 
matter. 

There are even more natural cases when the size of the alphabet is deci
sive. This happens, for instance, when the problem asks something about the 
domain of morphisms. For example, whether for morphisms h, 9 : 17* ---+ ,,1* 
there exists a word w E 17+ such that h(w) = g(w) - this is the well-known 
Post Correspondence Problem for lists of length 111711, cf. [HK2]. On the other 
hand, this problem is independent of the target alphabet, as long as it con
tains at least two letters. Another example is the avoid ability of a pattern 
in infinite words. Of course no embedding from an alphabet of at least three 
letters into a binary one preserves the square-freeness. Therefore, avoidability 
problems depend, in general, crucially on the size of the alphabet. 

Finally, we note that normally it is enough that an encoding is injective 
instead of bijective. However, if bijective encodings were needed the solutions 
of the last problem might be useful, especially because they are defined in 
terms of automata theory. 

3.2 Binary equality sets 

As the second example we consider a simple combinatorial problem connected 
to the above Post Correspondence Problem. For two morphisms h, 9 : 17* ---+ 

,,1 * we define their equality set as 

E(h,g) = {w E 17* I h(w) = g(w)}. 

In the next result we present a partial characterization from [EKR2] of equal
ity sets of binary morphisms. 
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Theorem 3.2. The equality set of two nonperiodic binary morphisms is al
ways of one of the following forms 

{a,,B}* or (a"(*.B)* for some a,,B,,,( E E*. 

In particular, such a set is rational. 

Proof. By the considerations of the previous subsection we may assume that 
hand 9 are morphisms from {a, b} * into itself. The proof uses essentially the 
following simple lemma which, we believe, is interesting on its own right. 

Lemma 3.1. Let X = {x,y} ~ E+ be a nonperiodic set. Then, for each 
word u, v E X+, we have 

u E xX+, v E yX+; luI, Ivl ~ Ixy 1\ yxl => u 1\ v = xy 1\ yx. 

Proof of Lemma. By symmetry, we may assume that Iyl > Ixl. Let z = xy 1\ 

yx, so that, by the nonperiodicity of X, we have Izl < Ixyl, cf. Corollary 4.1. 
Now, if Izl < Ixl we are done. In the other case we have the situation depicted 
as 

yx 

Now, v E yyX+ U yxX+ and y E xE*, so that Iv 1\ yxl > Izi. 
We shall show that also lu 1\ xyl > Izl, from which the claim follows, 

i.e., lu 1\ vi = Izl = Ixy 1\ yxl· To see this we first note, by the identity 
xy 1\ yx = z, that z has a period lxi, i.e., z E pref(xW ). Second, by the 
inequality Iyl > Izl-Ixl, we conclude that y has a prefix oflength Izl-Ixl + 1 
in pref(xW ). Therefore, the words u E xX+ and xy have a common prefix of 
length Izl + 1 (in pref(xW )). So our proof is complete. 0 

Proof of Theorem (continued). We are going to use this lemma to show that 
in the exhaustive search for elements in the equality set of the pair (h, g) 
there exists a unique situation when this search does not go deterministically. 
Before doing this we need some terminology. 

Referring to the Post Correspondence Problem, let us call elements of 
E(h,g) solutions, elements of (E(h,g) - {l}) - (E(h,g) - {l})2 minimal 
solutions, and prefixes of solutions presolutions. Further with each presolution 
w we associate its overflow o( w) as an element of the free group generated 
by {a,b}: 

o(w) = h-1(w)g(w). 
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Finally, we say that a presolution w (or the overflow it defines) admits a 
e-eontinuation, with e E {a, b}, if we is a presolution as well. 

Now, let us consider a fixed overflow o(w). Depending on whether it is 
an element of {a, b} * or not we can illustrate the situation by the following 
figures: 

g(w) 
,---------' or 

g(w) o(w)-l 

h(w) o(w) h(w) 

Assuming that we have the first case (the other being symmetric) we now 
analyse what it means that w admits both a- and b-continuations. Since 
E(h,g) is closed under the product this can be stated that there exist words 
Wa and Wb, which can be chosen as long as we want, such that wawa and 
WbWb are solutions. This is illustrated in Figure 3.4. 

hew) 

~) ~ -
~ -g(awa ) --;.-.-

g(w) _- h(awa ) 
,----_....1....-_--< 

-- -fL(bw~ 
'--------\;;::::::;::::::;::::::;:::::::::;:v;:::;::::::;::::::;::::::;::::::7C.... h(bwb) -- __ ----

Fig. 3.4. a- and b-continuations 

By our choice, g(wawa) = h(wawa) and g(wawb) = h(wbwb). Now, by the 
lemma, necessarily 

g(awa ) 1\ g(bWb) = g(ab) 1\ g(ba) = Zg 

and 

Consequently, both wawa and WbWb can be solutions only if 

o( w) = ZhZ;;l, 

as already depicted in Figure 3.4. This value of o( w) is the unique element 
of the free group depending only on the pair (h, g). In the case considered it 
is an element of {a, b} * , and in the symmetric case the inverse of an element 
of {a,b}*. 
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So we have proved that only one particular value of the overflow may allow 
two ways to extend presolutions into minimal solutions. Let us call such an 
overflow critical. Having this property the completion of the proof is an easy 
case analysis. 

First, if the critical overflow does not exist. Then the presolution 1, if it 
is such, can be extended to a minimal solution in a unique way. Therefore 
E(h, g) = 00* for some word a E {a, b} *. If the overflow 1 is the critical one, 
then the above argumentation shows that E(h,g) = {oo,,8}* for some words 
00,,8 E {a,b}*. 

Finally, if the critical overflow exists, and is different from the empty 
word, we proceed as follows. Let w be the prefix of a minimal solution such 
that o( w) is critical. Clearly such a w is unique. We call a letter c repetitive, 
if there exists a word Wc such that 

o(w) = o(wcwc ) and wcw' tJ. E(h,g) for any w' E prefwc . 

Now, if neither a nor b is repetitive, then by the definition of the critical 
overflow, E(h,g) = {oo,,8}* for some words 00,,8 E {a,b}+. If exactly one 
of the letters a and b is repetitive, then E(h,g) = (00')'*,8)* for some words 
00,,8,,), E {a,b}*. Indeed, if a is the repetitive letter, then a = w, ')' = awa , 

and ,8 equals to the unique word Wb such that WbWb is a minimal solution. 
Again the definition of the critical overflow guarantees the existence of Wb. 
A similar argumentation rules out the case that both a and b are repetitive. 
This completes the proof of Theorem 3.2. 0 

Theorem 3.2 motivates a number of comments, which, we believe, illus
trate nicely how intriguing simple problems of words can be. 

First, the cases ruled out in Theorem 3.2, when at least one the morphisms 
is periodic are easy. If just one is periodic, then, by the defect theorem, cf. 
Theorem 5.1, the other is injective, and therefore the equality set may contain 
at most one minimal solution, i.e., is of the form 00* for some a E {a, b}*. If 
both, in turn, are periodic, then the equality set, if not equal to {1}, consists 
of all words containing the letters a and b in a fixed ratio q E Q+ u {(Xl}. 
Such languages are sometimes denoted by L q . 

Second, the idea of the proof of Theorem 3.2 is not extendable into larger 
alphabets, since the Lemma 3.1, which is the basis of the proof, does not 
seem to have counterparts in larger alphabets. Note that this lemma allows 
to construct from a given binary nonperiodic morphism h a so-called marked 
morphism h', i.e., a morphism h' satisfying pref1h'(a) i- pref1h'(b), simply 
by applying the cyclic permutation c of Section 2.2 Ih(ab) 1\ h(ba)1 times 
simultaneously to h(a) and h(b). 

Third, and most interestingly, we compare the result of Theorem 3.2 to 
the problem of testing whether, for two binary morphisms hand g, there 
exists a word w i- 1 such that hew) = g(w), i.e., to the decidability problem 
of PCP(2). Certainly, our proof of Theorem 3.2 is nonconstructive. As such it 
is, however, if not very short, at least elementary and drastically shorter than 
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the existing decidability proofs of PCP(2), d. [EKRl], [PavJ or also [HK2J 
in this handbook, which are about 20 pages long. As shown in [HKKJ our 
existential proof of Theorem 3.2 can be made constructive, if an algorithm 
for PCP(2), or in fact for its slight generalization so-called GPCP(2), for 
definitions d. [HK2], is known. Moreover, the arguments used in [HKKJ to 
conclude this are short. 

AI:) a conclusion from above, we know that the equality set of two binary 
morphisms hand 9 is always of one of the three different forms, namely 
Lq , for some q E Q+ U {oo}, {a,/3}* or (a''I*/3)* for some words a,/3,'Y E 
{a, b} *. Moreover, we can effectively find it, i.e., find a k or a finite automaton 
accepting the equality set. Still we do not know whether the third possibility 
can take place! 

We consider this open problem as a very nice example of challenging 
problems of words. Although we think this problem is difficult it is worth 
noting that in free groups the sets of the form (a'Y* /3)*, with a, /3, 'Y E E*, 
are generated by two elements only: a'Yi /3 = (a'Y/3( a/3) -1 )ia/3 for i 2: o. 

3.3 Separating words via automata 

Given two distinct words x, y E E* we want to measure by how much they 
differ when processed by a finite automaton. More precisely, we want to com
pute the minimal size s(x,y) of an automaton, i.e., the minimal cardinality 
of the set of states, that accepts one word and rejects the other. That this 
integer exists results from the fact that the free monoid is residually finite: 
an automaton of size Ixl accepting only x separates the two words. 

It is easy to check that d(x, y) = 2-s (x,y) defines an ultrametric distance 
on the free monoid, once we pose d(x,x) = O. Indeed, if this were not the 
case then for some x,y,z we would have d(x,z) > max{d(x,y),d(y,z)} or 
equivalently sex, z) < min{ sex, y), s(y, z)}. Then in a minimum size automa
ton A separating x and z, the words x and yare indistinguishable, i.e., they 
take the initial state to the same state. But this means that y and z are 
distinguished by A, contradicting the minimality of s(y,z). 

For a fixed integer n we denote by Sn the maximum of all s(x,y)'s for 
x, y of lengths bounded by n, and we study Sn as a function of n. Here finite 
automaton means deterministic finite automaton, but it can be replaced by 
finite non-deterministic automaton, finite permutation-automaton (all letters 
induce a permutation of the set of states), finite monoids, finite groups etc. 
This question was implicitly posed in [JoJ. 

Surprisingly enough, it is difficult to corne up with two words which would 
require a large automaton to be separated, sayan infinite family of pairs of 
words for which the size of the automaton would increase as nC< for some 
a > O. Actually, using elementary number theory, it is easy to verify that 
two words of different lengths bounded by n can be separated by an au
tomaton whose size is of the order of O(logn). So in particular, two words 
of different commutative images can be separated by an automaton of size 
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O(logmax{lxl, Iyl}). This observation can be drawn further. Indeed, assume 
that a factor z of length k occurs a different number of times in x and y. 
The above argument shows that counting the occurrences of z modulo m, 
for some m = O(log n), discriminates x and y. As a consequence, if it is true 
that two different words of length n differ on the number of occurrences of 
some factor of length log n, then these two words can be separated by a finite 
automaton of size 0(1og2 n). 

The first non-trivial contribution to this problem is due to [GK], where 
it was proved that Sn/n tends to 0 as n tends to infinity. Approximately at 
the same time in [Rob1] it was proved that Sn = O(n2/ 5 log3/ 5 n), and then 
that only a slightly worse upper bound holds when dealing with permutation 
automata, to with O(n1/ 2 ), see [Rob2]. We reproduce from [Rohl] a weaker 
result. 

Theorem 3.3. Given two words u and v of length n there exists an automa
ton of size O(nlogn)1/2 that accepts u if, and only if, it rejects v. 

Proof. Let us first present the proof intuitively. Let w be the shortest prefix 
of 'u that is not a prefix of v. The discriminating automaton aims at recog
nizing some suffix z (as an occurrence) of w by counting its position in u 
modulo some integer. Clearly, z may not be too large since the automaton 
performs a string-matching based on z. But it may not be too small either, 
else it might have many occurrences and the modulo counting that identifies 
unambiguously this occurrence might envolve a large integer. Furthermore, 
the length of z does not by itself guarantee a small number of occurrences. 
It's its period that counts, so z has to be chosen with a long period compared 
to its length. The proof consists in solving this trade-off. 

Let 7r(n) be the number of primes that are less than or equal to n. The 
prime number theorem asserts that there exists a constant c for which 7r(n) > 
c1o;n holds, see e.g. [HW], Theorem 6. The first claim is of pure number
theoretic nature. 

Claim 1. For sufficiently large n there exists a prime number p ~ ~ (n log n )1/2 
such that the following holds. Let I ~ [1, n] be a subset of less than 
n 1/ 2 log-1/ 2 n elements and let i E I be a fixed element. Then we have 

i =I- j mod p, for all i =I- j and j E I. 

Proof of Claim 1. We first observe that the number of primes greater than 
n 1/ 2log- 1/ 2 n dividing j - i, for some j E I, is less than 2n1/ 2log-1/ 2 n. This 
follows from the facts that Ij - il is less than n and that I contains at most 
n 1/ 2 log-1/ 2 n elements. Now the prime number theorem implies 

( 3 1/21 1/2) 3 n1/ 2 log1/2 n 
7r -n og n > . 

c ~ logn + log ~ + ~ log log n 

Here for sufficiently large n the numerator is smaller than logn, i.e., 
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Clearly, among these primes there is one that is greater than n l / 2log- I/ 2 n 
and that divides no j - i. 0 

The second claim concerns the period p(w) of a word w, cf. Section 2.2. 

Claim 2. For all w E E*, max{p( wa), p( wb)} > ¥ holds. 

Proof of Claim 2. Assume to the contrary that p(wa),p(wb) ~ ¥. Clearly, 
p(wa) =1= p(wb). Now wa and wb have a common prefix w of length greater 
than or equal to p(wa)+p(wb). By the Theorem of Fine and Wilf, cf. Theorem 
6.1, this contradicts the minimality of p(wa) and p(wb). 0 

The last claim gives an estimate on the size of an automaton that carries 
out a string-matching algorithm, see, Chapter on string-matching in this 
handbook. 

Claim 3. Let 0 ~ i < p, be two integers and let w E E* be a word of length 
k < p. Then there exists an automaton of size less than 2p that recognizes 
the set of words ending in w, having no other occurrence of wand for which 
this occurrence starts in position i modulo p. 

Proof of Claim 3. We let w = WI ... wk and [p -1] = {O, ... ,p -1}. The set 
of states of the automaton equals [p -1] U {WI .. . Wj11 ~ j ~ k}, the initial 
state is 0 and the final state is w. The transition function satisfies 

{ WI", Wj+l, 
WI ... Wj.c = i + j + 1 mod p, 

if c = Wj+l, 
otherwise, 

and 
a.c = a + 1 mod p, 

if a E [p - 1] - {i} and c E E or if a = i and c =1= WI. o 

Proof of Theorem (continued). Now we contruct an automaton that sepa
rates u and v. We denote by w their maximal common prefix: U = waUl and 
v = WbVI for some Ut, VI E E* and a, bEE with a =1= b. 

We first rule out an easy case where Iwl < 2(nlogn)I/2. It suffices to con
sider the automaton accepting all words having wa as a prefix. It recognizes 
U if, and only if, it rejects v. 

Thus we may assume that Iwl :2: 2(nlogn)I/2, and consider the suffix z of 
w oflength 2(nlogn?/2 -1. We have U = WlzaUI, v = Wlzbvi and w = WIZ 
for some WI E E*. By Claim 2, we may assume without loss of generality that 
p(za) > 1=;1. In particular this means that two occurrences of za are at least 

Iz2al apart and therefore that there are less than 2(nl;gnn)l/2 = (nlogn)I/2 
occurrences of za in u. 
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If v has no occurrence of za then it suffices to construct the automaton 
that performs the string-matching with za as the string to be matched (see, 
Chapter on string-matching). We know that this can be achieved with an 
automaton of size Izal = 2(nlogn)1/2. 

We are left with the case where za has also an occurrence in v, i.e., 
v = W2zaV2 where IV21 < IVII. Let I be the set of positions in u where the 
occurrences of za end. Let p be as in Claim 1 and let i be the position modulo 
p of the first occurrence of za in u. Then the automaton A accepting u and 
rejecting v consists oftwo subautomaton Al and A 2 • Automaton Al perfoms 
as prescribed by Claim 3. When the first occurrence of za is spotted then 
Al switches to A2, which separates the suffixes UI and V2. We know that A2 
has size bounded by logn. Thus, the automaton A has size IIAIII+ IIA211 < 
4(nlogn)1/2 + Alogn, where A is some constant independent of n. D 

4. Defect effect 

The defect theorem is one of the important results on words. It is often 
considered to be a folklore knowledge in mathematics. This may be, at least 
partially, due to the fact that there does not exist just one result, but, as we 
shall see, rather many different results which formalize the same defect effect 
of words: if a set X of n words over a finite alphabet satisfies a nontrivial 
relation E, then these words can be expressed simultaneously as pmducts of 
at most n - 1 words. One of the older papers where this is proved is [SkSe]. 
It was also known in [Len]. 

The defect effect can be considered from different perspectives. One may 
concentrate on a set X satisfying one (or several) equation(s), or one may 
concentrate on an equation E (or a set of equations), and try to associate the 
notion of a "rank" with the objects studied. Our emphasis is in combinatorial 
aspects of words, so we concentrate on the first approach. 

It follows already from the above informal formulation of a defect theorem, 
that it can be seen as a dimension property of words: if n words are "depen
dent" they belong to a "subspace of dimension" at most n - 1. However, 
as we shall see in Section 4.4, words possess only very restricted dimension 
properties in this sense. 

4.1 Basic definitions 

Assume that X ~ 17+ is a finite set of words having the defect effect. This 
means that X is of a "smaller" size than IIXII, but "how much smaller" 
depends on what properties are required from words used to build up the 
words of X. This is what leads to different formulations of the defect theorem. 

A combinatorial formulation is based on the notion of the combinatorial 
rank or degree of X ~ 17+, which we already defined in Section 2.5 by the 
condition 
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(1) d(X) = min{11F111 X ~ F+}. 

It follows immediately that d(X) ::; min(IIXII, 111711), so that the finiteness 
of X is irrelevant. Note also that the degree of a set is not preserved under 
injective encodings - emphasizing the combinatorial nature of the notion. 

In order to give more algebraic formulations we consider the following 
three conditions. Let X ~ 17+ be a finite set and S an F-semigroup. We 
define three properties of S as follows: 

(p) Vp,WEE+: p,pWES=}WES; 

(f) Vp,q,w E 17+ p,q,wp,qw E S =} wE S; 

(u) Vp,q,w E 17+ : pwq E X+,pw,wq E S =} wE S. 

Conditions (p) and (f) are very basic in the theory of codes, cf. [BePe]. 
The first one characterizes those F-semigroups having a prefix code as the 
minimal generating set. Such semigroups are often called right unitary. The 
second condition, which is often referred to as the stability condition, char
acterizes those F-semigroups which are free, i.e., have a code as the minimal 
generating set, d. [LeSc] or [BePe]. The third condition, which differs from 
the others in the sense that it depends also on X, is introduced here mainly 
to stress the diversified nature of the defect theorem. As shown in [HK1] it 
characterizes those F-semigroups, where X+ factorizes uniquely. 

For the sake of completeness we prove the following simple 

Lemma 4.1. An F-semigroup S is right unitary if, and only if, it satisfies 
(p). 

Proof. Assume first that S is right unitary. This means that the minimal 
generating set, say P, of S is a prefix code. Let p = UI ... Un and pw = 
VI ... V m , with Ui, Vj E P, be elements of S. Now, since P is a prefix code we 
have Ui = V'i, for i = 1, ... , n, and therefore Vn+1 ... Vm E p+ = S. 

Conversely, assume that the F-semigroup S satisfies (p). Let V and q be 
in the minimal generating set of S. If v < q, then we can write q = vt with 
t E 17+. Hence, by (p), t is in S, and q is a product of two nonempty words, 
a contradiction with the fact that q is in the minimal generating set of S. 0 

For each i = p, f, u, F-semigroups satisfying (i) are trivially closed under 
arbitrary intersections. Therefore the semigroups 

X(i) = n 
xr;.s 

S sat, (i) 

S 

are well-defined, and by the definition, the smallest F -semigroups of type (i) 
containing X. The semigroups X(i), for i = p, f, u, are referred to as free hull, 
prefix h'ull and unique factorization h'ull of X. Denoting by X (i) the minimal 
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generating set of X(i) we now define three different notions of an algebraic 
rank of a finite set X ~ 17+: 

p(X) = IIX(p)lI, r(X) = IIX(f)11 and u(X) = IIX(u)ll. 

These numbers are called prefix rank or p-rank, rank or i-rank and unique 
factorization rank or u-rank of X, respectively. 

The most commonly used notion of a rank of X in the literature is that of 
our i-rank, cf. [BPPR], or [Lo]. From the purely combinatorial point of view 
p-rank is often more natural. The reason we introduced all these variants, 
which by no means are all the possibilities, cf. [Sp2], is that they can be used 
to illustrate the subtle nature of the phenomenon called the defect effect. 

Our next example modified from [HKl] shows that all the four different 
notions of a rank may lead to a different quantity. 

Example 4.1. Consider the set 

X = {aa, aaaaba, aababac, baccd, cddaa, daa, baa}. 

The only minimal nontrivial relation satisfied by X is 

aa.aababac.cddaa = aaaaba.baccd.daa. 

Now, applying (u) we see that aaba,bac,cd E X(u). Replacing the words 
aababac, cddaa, aaaaba and baccd of X by the above three words we obtain 
a set, where X+ factorizes uniquely, i.e., 

X (u) = {aa, aaba, bac, cd, daa, baa}. 

However, X(u)+ is not free, since we have 

(2) aa.bac.daa = aaba.cd.aa, 

which actually is the only nontrivial minimal relation in X(u)+. It follows 
that X(u) is a proper subset of X(f). Applying now condition (f) to (2) we 
conclude that X(f) contains the words ba, c and d. But now the set 

X (f) = {aa, ba, c, d, baa} 

is a code, so that XU) is this set, as already denoted. Finally, XU) is not 
a prefix code, so that applying (p) to XU), or alternatively the procedure 
described in a moment to the original X, we obtain that 

X(p) = {a,ba,c,d}. 

Consequently, we have concluded that p(X) < r(X) < u(X) < IIXII. 
In this example, the degree of X equals to p(X). However, if we replace X 
by X' = e(X), where e : {a,b,c,d}* -+ {a,b,c}* is a morphism defined as 
e( d) = bb and e(x) = x, for x E {a, b, c}, then the degree decreases to 3, while 
all the algebraic ranks remain unchanged, as is easy to conclude. Therefore 
we have an example of a set X' satisfying 

3 = d(X') < p(X') < r(X') < u(X') < IIX'II = 7. o 
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Although we called our three notions of the rank algebraic, they do not 
have all desirable algebraic properties like being invariant under an isomor
phism. Indeed, our next example shows that free hulls (or prefix hulls) of two 
finite sets generating isomorphic F-semigroups need not be isomorphic, i.e., 
need not have the same number of minimal generators. On the other hand, as 
a consequence of results in the next subsection, one can conclude that all the 
algebraic ranks, we defined, are closed under the encodings which are prefix 
codes. 

Example 4.2. Consider the sets 

x = {a,baabba,abaab,ba} and Y = {a,abb,bbba,ba}. 

Then X+ and y+ are isomorphic, since both of these semigroups satisfy 
only one minimal relation, which, moreover, is the same one under a suitable 
orderings of sets X and Y: 

X a.baabba = abaab.ba 

Y a.bbba = abb.ba. 

From these relations we conclude, either by definitions or methods of the next 
subsection, that X(p) = X(J) = {a, b}, while yep) = Y(J) = {a, bb, ba}. 0 

4.2 Defect theorems 

In this subsection we show that each of our notions of a rank of a finite set 
X can be used to formalize the defect effect. In our algebraic cases the words 
from which the elements of X are built up are, by definitions, unique, while 
in the case of the degree the minimal F of (1) in Section 4.1 need not be 
unique. 

Let X ~ 17+ be finite. We introduce the following procedure using simple 
transformations to compute the prefix hull of X. Such transformations were 
used already in [Nil in connection with free groups. 

Procedure P. Given a finite X ~ 17+, considered as an unambiguous 
multiset. 

1. Find two words p, q E X such that p < q. If such words do not exist go 
to 4; 

2. Set X := Xu {p-lq} - {q} as a multiset; 
3. If X is ambiguous identify the equal elements, and go to 1; 
4. Output X(p) := X. 

We obtain the following formulation of the defect theorem. 

Theorem 4.1. For each finite X ~ 17+, the minimal generating set X (p) of 
the prefix hull of X satisfies IIX(p)11 :::; IIXII, and moreover IIX(p)11 < IIXII, 
'if X satisfies a nontrivial relation. 
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Proof. First of all, by the definition of the prefix hull and Lemma 4.1, the 
Procedure P computes X(p) correctly. Hence, IIX(p)11 :::; IIXII always. 

The second sentence of the theorem is seen as follows. Whenever an iden
tification is done in step 3 a required decrease in the size of IIXII is achieved. 
Such an identification, in turn, is unavoidable since, if it would not occur, 
steps 2 and 3 would lead from a set X satisfying a nontrivial relation to a new 
set of strictly smaller size still satisfying a nontrivial relation. Indeed, the new 
nontrivial relation is obtained from the old one by substituting q = pt, with 
t = p-lq, and by cancelling one p from the left in the old relation. Clearly, 
such a new relation is still nontrivial. 0 

Theorem 4.1 motivates a few comments. By the definition of the prefix hull 
as an intersection of certain free semigroups, it is not obvious that IIX(p)11 :::; 
IIXII. Indeed, the intersection of two finitely generated free semigroups, need 
not be even finitely generated, cf. [Ka2J. On the other hand, the finiteness of 
IIX(p)11 is obvious, since it must consist of factors of X. 

As the second remark we note that although the proof of Theorem 4.1 is 
very simple, it has a number of interesting corollaries. 

Corollary 4.1. Two words u, v E 17+ are powers of a word if, and only if, 
they com'fTt'Ute if, and only if, they satisfy a nontrivial relation. 0 

Note that the argumentation of the proof of Theorem 4.1, gives a few line 
proof for this basic result. 

Procedure P can be applied to derive the following representation result 
for I-free morphisms h: 17* ---+ .1*. In order to state it let us call a morphism 
e : 17* ---+ 17* basic, if there are two letters a, bEE such that e( a) = ba and 
e( c) = c for c E 17 - {a}. Then when applied P to h(17) in such a way that 
the identifications are done only at the end we obtain 

Corollary 4.2. Each I-free morphism h : 17* ---+ .1* has a representation 

h=p o C 0 7r, 

where p : .1 * ---+ .1 * is a prefix, c : 17* ---+ .1* zs length preserving and 
7r : 17* ---+ E* is a composition of basic morphisrns. 0 

Obviously, Corollary 4.2 has also a two-sided variant, where p is a biprefix, 
and in the definition of the basic morphism the condition e( a) = ba is replaced 
by e(a) = ba V abo 

Corollary 4.3. The prefix hull of a finde set X ~ E+ can be computed in 
polynomial t'ime in the size seX) of X. 

Proof. Even by a naive algorithm each step in Procedure P can be done in 
time O(s(X)3). So the result follows since the number ofrounds in P is surely 
O(s(X)). 0 
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As a final corollary we note a strengthening of Theorem 4.1. 

Corollary 4.4. If a finite set X ~ 17+ satisfies a nontrivial I-way infinite 
relation, i.e., X does not have a bounded delay (from left to right), then 
IIX(p)11 < IIXII· 

Proof. Indeed, it is not the property of being a noncode, but the property of 
not having a bounded delay (from left to right), which forces that at least 
one identification of words takes place in step 3 of Procedure P. D 

It is interesting to note that Corollary 4.4 does not extend to 2-way infinite 
words. 

Example 4.3. The set X = {abc, bca, c} satisfies a nontrivial 2-way infinite 
relation W(abc)W =W(bca)W, but still even d(X) = 3 = IIXII. D 

Next we turn from a prefix hull of a finite set X to two other types of 
hulls defined at the beginning of this subsection. Actually, from the algebraic 
point of view the free hull X(j)+ is the most natural one, and is considered 
in details in [BPPR] and [Lo]. It yields the following variant of the defect 
theorem. 

Theorem 4.2. For each finite X ~ 17+, which satisfies a nontrivial relation, 
we have 

IIX(j)1I < IIXII· 

Without giving a detailed proof of this result we only mention the basic 
ideas, from which the reader can reconstruct the whole proof, cf. [Sp2]. Ac
tually, the proof given in [BPPR] and [Lo] is even sharper defining precisely 
the set X(j). 

We start from a double X-factorization depicted as 

J 
w/ 

Xt 

a 
Xl 

8 

where Xi, xj E X and W E 17+. Then, by the property (j) and the definition 
of the free hull, w is in the free hull, i.e., in the construction of X(j) we can 
replace x~ of X by w. Now, the new set obtained may be ambiguous yielding 
a required defect effect, or it is not a code. However, in any case it is of a 
smaller size than the old one guaranteeing that the procedure terminates. 

Note that we already used these ideas in Examples 4.1 and 4.2. 
It follows immediately that Corollary 4.3 extends to free hulls, while 

Corollary 4.4, of course, does not have a counterpart here. Moreover, the 
free hull of X satisfies the following important property, cf. [BPPR]. 



360 C. Choffrut and J. Karhumiiki 

Proposition 4.1. Let X <;;;; 17+ be finite and X(f) the minimal generating 
set of its free hull. Then, for each x E X(f), we have xX(f)* n Xi- 0. 

The above result states that each word of X(f) occurs as the first one in 
some X(f)-factorization of a word of X, a property which is, by Procedure 
P, also true for the prefix hull, i.e., for X(p). 

What we said above about free hulls extends to unique factorization hulls. 
The details can be found in [HKl]. 

Now, we are in the position to summarize our considerations of this sub
section. For a finite X <;;;; 17+ we have 

(1) d(X) ::; p(x) ::; r(x) ::; u(X) ::; IIXII, 

where, moreover, the last inequality is proper if X is not a code. Here the first 
inequality is trivial, the second follows, by the definitions, from the fact that 
X(f) <;;;; X(p)+, and the third similarly from the fact that X(u) <;;;; X(f)+. 
As we saw in Example 4.1, each of the inequalities in (1) can be proper 
simultaneously. They, of course, can be equalities as well. 

Example 4.4. Let X = {a, ab, ee, beedd, dda}. Then the only nontrivial mini
mal relation is 

a.beedd.a = ab.ee.dda 

from which we conclude that X( u) = {a, b, ee, dd}. But this is already a prefix 
code so that X(p) = X(f) = X('u). Finally, the exhaustive search shows that 
d(X) = 4. Therefore we have an example for which d(X) = p(X) = r(X) = 

u(X) = IIXII- 1. 0 

Although we formulated everything in this subsection for sets X not con
taining the empty word 1, i.e., for free semi groups , the results hold for free 
rnonoids, as well. This is because, if 1 EX, then trivially any rank of X is 
strictly smaller that IIX II - 1. 

4.3 Defect effect of several relations 

In this subsection we consider possibilities of generalizing the above defect 
theorems to the case of several nontrivial relations. A natural question is: if 
a set of n words satisfies two "different" nontrivial relations, can these words 
be expressed as products of n - 2 words? Unfortunately, the answer to this 
question is negative, as we shall see in a moment. 

We formalize the term "different" as follows. Let X <;;;; 17+ be a finite set. 
relations in X+ are considered as equations with 3 as the set of unknowns 
and having X as a solution, cf. Section 2.5. This requires to consider X 
as an ordered set, and that 11311 = IIXII. This allows to state the set of all 
relations of X+ as a set of equations over 3 having X as a solution. In Section 
2.5 this was referred to as Rx. Here we consider its subset consisting only 
of so-called reduced equations, i.e., equations (u, v) E 3+ X 3+ satisfying 
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pref 1 (u) -:j:. pref 1 (v) and suf 1 (u) -:j:. suf 1 ( v). For simplicity, we prefer to denote 
the set of all reduced equations of X by E(X). 

We say that a system E of equations over the set 5 of unknowns is 
independent in E+, if no proper subset E' of E is equivalent to E, i.e., has 
exactly the same solutions as E has. Now, identities of X+ are "different" if 
their corresponding equations form an independent system of equations. 

Example 4.5. The pair 

xzy = yzx and xzzy = yzzx 

of equations is independent, since the former has a solution 

x = aba, y = a and z = b, 

which is not a solution of the latter, while the latter has a solution 

x = abba, y = a and z = b, 

which is not a solution of the former. However, they have a common solution 
of degree two, namely x = y = a and z = b. 0 

Despite of Example 4.5 there are some nontrivial conditions which force 
sets satisfying these conditions to be of at most certain degree. Particularly 
useful such results are, if they guarantee that the sets are periodic. 

In our subsequent considerations, unlike in those of the previous subsec
tion, it is important that equations are over free semigroups and not over free 
monoids. 

Let {Ul, . .. , Un} = X ~ E+ be finite and E(X) ~ 5+ X 5+ the set of 
all (reduced) equations satisfied by X. This means that X = h(5) for some 
morphism h : 5+ -+ E+ satisfying h(a) = h((3) for all (a, (3) in E(X). With 
each equation in E(X), say 

e: xa = y(3 with x -:j:. y, x,y E 5, a,(3 E 5* 

we associate 1f(e) = {h(x), h(y)}, and with the system E(X) we associate the 
following graph G E(X): 

the set of nodes of G E(X) is X j and 
the edges of G E(X) are defined by the condition: (u, v) is an edge in 

GE(X) {::}::Ie E E(X): 1f(e) = {u,v}. 

It follows that G E(X) defines via its compoments an equivalence relation on 
X. Now, the degree of X is bounded by the number of connected components 
of GE(X), which we denote by c(GE(X))' cf. [HKl). Note that in above X 
maybe a multiset, and this indeed is needed in the next proof. 

Theorem 4.3. For each finite X ~ E+, we have 

d(X) ::; p(X) ::; c(GE(X))' 
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Proof. We already know that the first inequality holds. To prove the second 
we proceed as in Procedure P of subsection 4.2. 

Let u - v be an edge in G E(X)' Then assuming, by symmetry, that u :::; v 
we have two possibilities: 

(i) if·u = v we identify the nodes u and Vj 

(ii) if v = ut with t E 17+, we replace X by (X u {t}) - {v}. 

Let X' ~ 17+ be a multiset obtained from X by applying either (i) or (ii) 
once. Note that due to (ii) X' indeed can be a multiset although X would be 
unambiguous. Our claim is that 

(2) 

If the operation performed is (i) there is nothing to be proved. So we 
have to analyse what happens to the graph G E(X) when (ii) is performed. In 
particular, we have to consider what happens to a subgraph of it of the form: 

(3) 

~l~ /~l 
u v 

. / ~ . 
zp Wq 

Clearly, the connections Zi - u remain, and connections v - Wj are replaced 
by u - Wi' Moreover, v disappears, and the new node t will be connected 
in G E(X') to all Yk'S in X such that UYkO'. = v(J, with 0'., (J E X*, are in 
E(X). In addition, the introduction ofthe new t may create some completely 
new edges to GE(X')' But what is important is that, if GE(X) contains the 
subgraph (3), then G E(X') contains the following subgraphs 

and 

Yl 

/. 
t 
~. 

Ys 

where, moreover, the nodes Yk are nodes of EG(x) , i.e., belong to some of the 
components of EG(x). Therefore, the replacement of v by t does not increase 
the number of the components, so that we have proved (2). 

By the construction S(X') < s(X), and therefore an iterative application 
of the rules (i) and (ii) leads finally to the discrete graph, the edges of which 
are labelled by a set X. It follows from the arguments ofthe proof of Theorem 
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4.1, that X is contained in the minimal generating set of the prefix hull of 
X. Therefore, by Theorem 4.1, IIX(p)II :::; IIXII. But, by the discreteness of 
G EeX)' we have 

and hence our proof is complete. o 

Theorem 4.3 has a number of interesting consequences. First, we have a 
counterpart of Corollary 4.4: if in (1) equations are replaced by w-equations, 
i.e., one-way infinite equations, but otherwise the graph - let us denote it 
now by GEweX) - is defined as GEeX) we obtain 

Corollary 4.5. For each finite set X ~ 17+ we have 

o 

More concrete and useful corollaries are obtained, when the graph GEeX) 
is connected: 

Corollary 4.6. Let X ~ 17+ be finite. If GEeX) is connected, then X is 
periodic. 0 

Corollary 4.7. If a three element set X = {u, v, w} ~ 17+ satisfies the 
relations ux = vy and uz = wt, with x, y, z, t E XOO, then u, v and ware 
powers of a same word. 0 

Corollary 4.7 should be compared to Example 4.5. It also has to be no
ticed that in our above considerations it is essential that X consists of only 
nonempty words. Indeed, the graph of the equations 

x = yx and z = yz 

is connected, but it possesses a solution of degree 2, namely x = a, y = 1 and 
z = b. 

As the final application of Theorem 4.3 we give an example from [HK1], 
which shows that also the inside occurrence of the equations may cause some 
defect effect. 

Example 4.6. Assume that words of X satisfy the following two equations 

au"( = {3v8 and aWe = {3zp, 

where u, v, w, z E X and a, {3, ,,(, 8, e, p E X+. We claim that d(X) :::; IIXII- 2, 
which cannot be concluded simply by considering the first occurrences of the 
unknowns in these equations. 

There are two cases to be considered. First, if a = {3 (in 17+), then u 
and v, as well as wand z, are in the same component proving the claim. 
Otherwise assuming, by symmetry, that a = (3t, with t E 17+, and denoting 
X' = Xu {t}, we see that GEeXI) contain the edges t - z and t - v, and still 
one more connecting two words of X, due to the relation a = (3t. Therefore 
d(X) :::; d(X') :::; c(GEeXI») :::; IIX'II- 3 = IIXII- 2 as claimed. 0 
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4.4 Relations without the defect effect 

This subsection is in a sense dual to the previous one, where we looked for 
conditions which would enforce an as large as possible defect effect. Here, 
motivated by Example 4.5, we try to construct as large as possible indepen
dent systems of equations having only a defect effect of a certain size, i.e., 
still a solution of certain degree d. Two extreme cases, namely those where 
d = IIXII - 1 or d = 2, are of a particular interest. The former asks, what is 
the maximal number of independent equations forcing only the minimal de
fect effect, while the latter poses the question how many, if any, would allow 
only periodic solutions. 

The first observation here is that there does not exist any infinite inde
pendent system of equations (with a finite number of unknowns). This is 
due to the validity of the Ehrenfeucht compactness property for free semi
groups, considered in Section 7. Whether there can be unboundedly large 
such systems is an open problem. 

Nontrivial bounds for the numbers of independent equations in our above 
problems are given in the following two examples from [KaPI2j. 

Example 4.7. Let S = {x, y}U{Ui, Vi, wili = 1, ... , n} be the set of unknowns 
and S the following system of equations over S 

Then clearly IISII = n 2 and IISII = 3n + 2. We claim that 

(i) S has a solution of degree 3n + 1; and 
(ii) S is independent. 

The condition (i) is easy to fulfill: choose x = y, whence all the equations 
become trivial, so that a required solution can be found in a free semigroup 
of 3n + 1 generators. 

That the set S is independent is more difficult to see. We have to show 
that, for each pail' (j, k), there exists a solution of the system 

S(j, k) = S - {XUjWkVjY = YUjWkVjX}, 

which is not a solution of S. To find out such a solution is not obvious, 
however, here is such a solution: 

x b2ab, 

Y b, 
ba if t = j, 

Ut bab otherwise, (1) 
bab2 if t' = k, 

Wt' b otherwise, 
ba if t = j, 

Vt otherwise. a 
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Then if t = j and t' = k, we compute 

XUjWkVjY = b2ab.ba ... f= b.ba.bab2 ... = yUjWkVjX 

to note that (1) is not a solution of 8. The verification that it is a solution 
of 8 - 8(j, k) is a matter of simple calculations: 

t f= j 1\ t' f= k b2ab.bab.b.a.b = b.bab.b.a.b2ab, 

t f= j 1\ t' = k b2ab.bab.bab2.a.b = b.bab.bab2.a.b2ab, 

t = j 1\ t' f= k b2ab.ba.b.ba.b = b.ba.b.ba.b2ab. 

o 

Example 4.8. Let E = {Xi, Yi, Ui, Wi, Vi Ii = 1, ... , n} be a set of 5n unknowns, 
and 8' the following system of n 3 equations 

Hence 8' is obtained from the system 8 of Example 4.7 by introducing index 
i for x and Y, and by allowing it to range from 1, ... , n. The solution (1) of 
8 is extended by setting 

(2) {::: ~ ~ 
b2ab if til = i, 
a otherwise, 
b if til = i, 
a otherwise. 

It follows directly from the computations of Example 4.7, that the solution 
described by (1) and (2) satisfies all the equations of 8' except one, namely 
XiUjWkVjYi = YiUjWkVjXi· 

Note that 8' has a nonperiodic solution in E+. o 

The message of Example 4.7 is that in a free semigroup there can be D(n2 ) 

independent equations in n unknowns without forcing larger than the minimal 
defect effect, i.e., has still a solution of degree n - 1. Similarly, Example 4.8 
shows that there can be D(n3 ) independent equations in n unknowns having 
a non periodic solution. 

Examples 4.7 and 4.8 motivate several comments and open problems. 
First, one may think that in Example 4.7 the requirement that E contains at 
least 3n+1 generators makes the whole example artificial. However, if instead 
of the degree, i.e., the combinatorial rank, for example the prefix rank would 
be considered, then the example can be encoded into the binary alphabet. 
Indeed, encoding the alphabet of 3n + 1 letters into the binary one by a prefix 
encoding, we can find for 8 a solution over the binary alphabet having the 
p-rank equal to 3n + 1. 

Second, if the systems of equations are solved in a free monoid, instead of 
a free semigroup, then the bounds of Examples 4.7 and 4.8 can be improved 
to D(n3 ) and D(n4 ), respectively, cf. [KaPI2]. 

Third, we state two open problems. 
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Problem 4.1. Improve the bounds Q(n2 ) and Q(n3 ) in Examples 4.7 and 
4.8. In particular, can they be exponential? 

Problem 4.2. Does there exist an independent system of three equations 
with three unknowns having a nonperiodic solution in 17+ ? 

Problem 4.2 is connected to Example 4.5, as well as to Corollary 4.7. Our 
guess is that the answer to this problem is "no". However, the problem does 
not seem to be easy. 

4.5 The defect theorem for equations 

In this subsection we turn our focus explicitly from sets to equations, i.e., from 
solutions of equations to equations itself. The rank of an equation U = v, with 
the unknowns E is defined as the maximal rank of its solutions h : E+ --+ 17+ 
over all free semigroups 17+. Consequently, different notions of the rank of 
a finite set seem to lead to different notions of the rank of an equation. 
Fortunately, this is not true, at least as long as the rank of a set is defined in 
one of the four ways we did. To establish this is the goal of this subsection. 

We start by comparing the combinatorial rank d and the prefix rank p. 
This is done in two lemmas, the first one being obvious from the definitions. 

Lemma 4.2. Each solution h: E+ --+ 17+ of an equation over E satisfies 
d(h(E)) :::; p(h(E)). 

The second lemma is less obvious, and shows that, with each solution h, 
we can associate so-called principal solution of [Len]. 

Lemma 4.3. Let U = v be an equation over E. For each solution h : E+ --+ 

17+ of the equation U = v, there exists another solution, h' : E+ --+ 17'+ such 
that d(h'(E)) = p(h(E)). 

Proof. Let the minimal generating set of the prefix hull of h(E) be U = 
{Ul, ... , Ud}. Consequently, for each x E E, h(x) has a U-factorization, say 

(1) 

Let 0 : 17' ,.... U be a one-to-one mapping, where 17' is an new alphabet and 
denote by Ci E 17' the element corresponding to Ui E U in this mapping. Next 
we define a morphism h' : E+ --+ 17'+ by setting, for each x E E, 

h'(x) = Ci1 ••• Cit {:} h(x) = Ui 1 ••• Uit with Uij E U. 

By construction O(h'(x)) = h(x) holds for all x E E and since 0 is injective, 
we have h'(x) = h'(v) showing that h' is a prefix and by its definition, 
the minimal generating set of the prefix hull of h' (E) is 17'+. Consequently, 
d(h'(E)) :::; d = p(h(E)). 
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If d( h' (E)) < d, there would be at most d - 1 words of E'+, such that 
each word h'(a) could be expressed as a product of these words. Therefore 
also words in (1) could be expressed as products of at most d - 1 words of 
U+. This, however, contradicts with the fact that each Ui must be the first 
factor in at least one of the factorizations (1), cf. Proposition 4.1. Hence, 
necessarily d(h'(E)) = p(h(E)), as required. 0 

Both of the Lemmas 4.2 and 4.3 can be extended to the other algebraic 
ranks. The detailed proofs, using Proposition 4.1 and its counterpart for the 
u-rank, are left to the reader. 

Now we are ready to formulate our main result of this section. 

Theorem 4.4. Let u = v be an equation over E. The rank of the equation 
'U = 'U, defined as the maximal rank of its solutions, is independent of which 
of our four ranks is used to define the rank of a solution. 0 

Theorem 4.4 allows to denote the rank of an equation simply by r(E), as 
well as restate the defect theorem for equations. 

Theorem 4.5. For each nontrivial equation E over the unknowns E, the 
rank r(E) of E satisfies r(E) < IIEII. 0 

Note that, as shown by the proof of Theorem 4.4, for all algebraic ranks the 
rank of an equation can be defined over a fixed free semigroup E+ containing 
at least two generators, but the combinatorial rank requires it to be defined 
over all free semigroups E+. 

We already noted that the p-rank and the f-rank of a finite set of words 
can be computed in a polynomial time. The same holds for the u-rank, but as 
we shall see in the next subsection, is known not to hold for the combinatorial 
rank. Computing the rank of an equation is essentially more complicated. 
However, as shown in the next section, this can be achieved by applying 
Makanin's algorithm. 

4.6 Properties of the combinatorial rank 

We conclude Section 4 by pointing out some further differences between the 
combinatorial rank and the algebraic ranks. 

First, however, we emphasize the usefulness of the notion ofthe combina
torial rank, or of the degree. The most important cases are the both extremes, 
namely when a degree of a finite set X 5; E+ equals 1 or IIXII. The former 
corresponds to periodic sets, and the usefulness of the notion of the degree in 
connection with periodic sets was already seen, for instance, in Theorem 4.3. 
In the other extreme we call a finite X 5; E+ elementary, if d(X) = IIXII, 
and simplifiable otherwise. Note that this definition is consistent with that of 
an elementary morphism defined in Section 2.4. 

A striking example of the usefulness of the above notions is an elegant 
proof of the DOL equivalence problem in [ERIJ, cf. also [RoSa1]. A crucial 
step in this proof was the following result. 
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Theorem 4.6. An elementary morphism has a bounded delay. 

Proof. Follows directly from Corollary 4.4. Indeed, a morphism h : 17+ -. 
.1+ having an unbounded delay satisfies d(h(E)) < 111711 so that it is not 
elementary. D 

Our next example shows that the elementary sets are not closed under 
composition of sets in the sense of codes, cf. [BePe]. 

Example 4.9. Let X = {b, cab, cabca}. Then its composition with itself is 

X 0 X = {cab, cabcabcab, cabcabcabcabcab} ~ (cab) +. 

Consequently, d(X 0 X) = 1, while d(X) = 2. D 

As shown in [Ne2] it is not difficult to modify Example 4.9 to show that, 
for each n E N, there exists a set Xn ~ 17+ such that d(Xn oXn) - d(Xn) ;::: n. 
In [Ne2] it is also considered how the degree of a set behaves with respect to 
certain operations, in particular with respect to rational operations. 

Finally, we deal with the problem of computing the degree of a given set. 
This seems to be computationally very difficult, as a contrast to Corollary 4.3 
(or its variants to the other algebraic ranks), which shows that the algebraic 
ranks are computable in polynomial time. This also explains why we didn't 
give any procedure to compute a set F in the definition of the degree: no 
fast method for that is known, or even likely to be discovered, as we now 
demonstrate. 

The complexity results for the degree, due to [NelJ, are as follows: 

Theorem 4.7. (i) The problem of deciding, for a given finite set X ~ 17+ 
and for a given number k, whether d(X) ::; k is NP-complete. 

(ii) The problem of deciding whether a given finite set is simplifiable is 
NP-complete. 

Actually, the problem of (i) remains NP-complete even if k is fixed to 
be any number larger than 2. The choice k = 2 makes the problem com
putationally easy: as shown in [Ne3] it can be solved in time O(n log2 m), 
where n = seX) and m = max{lxll x E X}. Note also that (ii) is equivalent 
to saying that the elementariness problem is in the class of co-NP-complete 
problems, cf. [GJ]. In particular, it is not likely that a polynomial time algo
rithm will be found for it. 

We do not present the proof of Theorem 4.7 here, but in order to give an 
intuition why the result holds, we show, in the next example, that a related 
problem is NP-complete. Actually, the NP-completeness of this is the first 
step in the proof of Theorem 4.7 in [Nel]. 

Example 4.10. (Strong Factorizability Problem.) The problem asks to decide, 
for a finite set X ~ 17+ and for a number k, whether there exists a set Y ~ 17+ 
such that 
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x ~ y+, IWII ~ k and X n Y = 0. 

If such a Y exists, we say that X is strongly k-jactorizable, and we refer this 
problem to as the SF-problem. Note that if we drop from the SF-problem the 
requirement X n Y = 0, we obtain the problem (i) of Theorem 4.7. 

Obviously the SF-problem is in NP. So to prove its NP-completeness we 
have to reduce it to some known NP-complete problem, which will be the 
following variant of the vertex cover problem, referred to as the special vertex 
cover problem, or the SVC-problem for short. For the NP-completeness of 
this, which is a straightforward modification of the NP-completeness of the 
ordinary vertex cover problem, we refer to [Ne2] or [GJ]. 

The SVC-problem asks to decide for a given graph G = (V, E), with 
IIVII = IIEII and having no isolated points, and for a given natural number 
k, whether there exists a subset V' of V, with IIV'II ~ k, such that the set 
of edges connected to V' equals that of all edges of G. In other words, the 
SVC-problem asks whether a graph of the required type has a vertex cover 
of size at most k. Now let 

((V, E), k) with IIVII = IIEII = nand 1 ~ k ~ n - 1 

be an instance of the SVC-problem. We associate it with an instance 

(X,k+n) 

of the SF-problem by defining a subset X ~ VTV, where T is a renaming of 
E under the mapping c : E --> T, as follows 

(1) aa{3 EX {:} a, (3 E E and a = c(a, (3). 

We have to show that 

G = (V, E) has a vertex cover V' with IIV'II ~ k if, and only if, 
X is (k + n)-strongly factorizable. 

First, assume that G has a vertex cover of size at most k. Let aa{3 be a 
word in X. It is factorized as a.a{3, if a E V', and aa.{3, if a E V'. Now let 
B be the set of all words of length 2 in these factorizations. Then, by (1), 
IIBII = n, so that IIV'UBII = 11V'11+n ~ k+n. Therefore, X is (k+n)-strongly 
factorizable. 

Second, assume that X is (k + n)-strongly factorizable via Y. We define 
a partition of X 

X = Xl UX2 with Xl nX2 = 0 
as follows. The word aa{3 E Xl if, and only if, it is factorized in Y as aa.{3 or 
a.a{3, and therefore aa{3 E X 2 if, and only if, it is factorized in Y as a.a.{3. 

Let Vi, for i = 1,2, consists of those letters of V which occur in the above 
factorizations of words of Xi' Similarly, let T; ~ T U TV U VT, for i = 1,2, 
consists of those words in Y - V which occur in these factorizations of words 
of Xi. Finally, for each 'W E X2, i.e., 'W being factorized as a.a.{3, we pick up 
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either a or (3 from V2 , and denote by V~ the set of all letters picked up when 
w ranges over X 2. Now, we set 

K= Vi UV~. 

Then, by the construction, K is a vertex cover. It also follows that the sets 
T1 , T2 and Vi U V2 are pairwise disjoint, and moreover, by (1), we have 
IITil1 = IIXill, for i = 1,2. Consequently, we obtain the following relation 

IWII 11V1 U V2 U Tl U T211 = IIVi U V211 + Imll + IIT211 
11V1 U V211 + IIXdl + IIX211 = 11V1 U V2 11 + IIXII 

implying, since IWII :::; k + n = k + IIXII, that 

IIKII = 11V1 U V{II :::; 11V1 U V2 11 :::; k. 

Therefore, the graph (V, E) has a vertex cover of size at most k, completing 
our proof. 0 

5. Equations as properties of words 

Two elements x and y of a group are said conjugate if there exists an element 
z such that equation x = zyz-l holds. In order to extend this definition to 
monoids, one has to eliminate the inverses which can be easily achieved by 
multiplying two handsides by the element z to the right yielding equation 

xz= zy 

The purpose of this section is to discuss the connection between equations 
in words and some properties of words. We think that little is known so far 
and that much remains to be done. 

5.1 Makanin's result 

We already noted that the p-rank and the f-rank of a finite set of words 
can be computed in a polynomial time. The same holds for the u-rank, but 
as we have seen in Section 4.6, it does not hold for the combinatorial rank. 
Computing the rank of an equation is essentially more complicated since we 
aim at computing the maximal rank over a (usually) infinite set of solutions. 
However, this can be achieved by applying Makanin's algorithm which is one 
of the major advances in combinatorial free monoid theory. 

We recall that given an alphabet 5 of unknowns and an alphabet E 
of constants, 5 and E being disjoint, an equation with constants is a pair 
(u, v) E (5 U E)* x (5 U E)*, also written u = v. A solution is a morphism 
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h : (S U E) * --+ 17* leaving 17 invariant, i.e., satisfying h( a) = a for all a E 17, 
for which the following holds 

h(u) = h(v). 

For example, the equation ax = xb with a =F bEE and xES has no solution 
since the left handside has one more occurrence of a than the right handside, 
and the equation ax = xa has the solution x = a. 

We have the famous result of Makanin, cf. [Mak]. 

Proposition 5.1. TheTe exists an algoTithm fOT solving an equation w'ith 
constants. 

The exact complexity of the problem is unknown but several authors have 
contributed to lower the complexity of the original algorithm which was an 
exponential function of height 5. Actually, this complexity depends on the 
complexity of computing the minimal solutions of diophantine equations. We 
refer the interested reader to [Abl], [Do] and [KoPa] for the latest results on 
this topic. Several sofware packages have been produced which work relatively 
well up to length, see e.g., [Ab2]. 

5.2 The rank of an equation 

One of the most direct consequences of Makanin's result is the fact that the 
rank of an equation may be effectively computed, cf. [Pee]. 

Theorem 5.1. Given an equation without constants u = v, its rank can be 
effectively computed. 

Proof. The idea of the proof is as follows. Let S be the set of unknowns and 
denote by t some mapping of S onto some disjoint subset 17 with 111711 < 
II S II. Consider the morphism () : S* --+ (S U E) * defined for all xES 
by ()(x) = t(x)x. Then the rank of u = v is the maximum cardinality of 
Ilt(S)11 for which the equation with unknowns ()(u) = ()(v) has a solution. 
For example, starting with the equation xyz = zyx we would be led to define 
the 4 equations axayaz = azayax, axaybz = bzayax, axbyaz = azbyax, 
axbybz = bzbyax and to apply Makanin's result to each of these equation. 

More precisely, assume the rank of u = v is r, i.e., there exists a morphism 
h : S* --+ 17* such that h(u) = h(v) and reX) = l' where X = h(S). 
Deleting, if necessary, some unknowns it is always possible to assume that 
the morphism is nonerasing. Furthermore, without loss of generality, we may 
assume that the free hull X(f)* = 17*. Indeed, let 0:: 17' ...... h(S) be an one
to-one mapping, where 17' is a new alphabet. Then there exists an unique 
solution h' : S+ --+ 17'+ such that o:(h'(x)) = hex) holds for all xES. 
We have X(f) = 17' and T(h'(S) = r(h(S). Let t be the mapping that 
associates the initial letter of hex) to each x. By Proposition 4.1, we know 
that 17 = {t(x)lx E S}. Consider the morphism (): S* --+ (SUE)* satisfying 



372 C. Choffrut and J. Karhumaki 

(j(x) = ~(x)x. Then the morphism g(x) = (~(x))-lh(x) satisfies the equation 
with constants (j(u) = (j(v). 

Example 5.1. With 5 = {x,y,z} and xyz = zyx, we have the solution 
x = a, y = bab, z = aba. Then by (j we obtain an equation with unknowns 
axbyaz = azbyax for which g(x) = 1,g(y) = ab,g(z) = ba is a solution. 0 

Froof of Theorem (continued). Conversely, let ~ be a mapping of 5 onto some 
17 with 5nE = 0 and 111711 < 11511. Consider the morphism (j : 5* --> (5UE)* 
defined for all xES by (j(x) = ~(x)x, and assume that the equation with 
unknowns (j(u) = (j(v) has a solution g. The morphism h(x) = ~(x)g(x) is 
clearly a solution of u = v. Now we claim that its rank is greater than or 
equal to 111711. Indeed, let X ~ 17* be the minimal generating set of the free 
hull of h(5*): h(x) E X* for all xES. Every element in X appears as 
the leftmost factor in the decomposition of some h(x). If IIXII < 111711, then 
some letter of 17 does not appear in the leftmost position contradicting the 
definition of h 0 

Actually, this result carries over to the rank of equations with constants, after 
a suitable extension of the notion of rank. 

5.3 The existential theory of concatenation 

Makanin's result can be interpreted either as a statement on systems of equa
tions and inequations, or equivalently as a statement of formulae of the ex
istential theory of concatenation. More precisely, it has been observed that 
at the cost of introducing new unknowns, negations and disjunctions can 
be expressed as conjunctions of equations and further that all conjunctions 
are equivalent to a single equation. In other words, starting from a Boolean 
combination of equations on the unknowns 5, it is possible to define a single 
equation on the unknowns SUS' for some 5', whose set of solutions restricted 
to the unknowns 5 equals the set of solutions of the Boolean combination. 

It is worthwhile considering the power of equations in expressing proper
ties or n-ary relations on words, for some integer n. Following the tradition, 
we call diophantine a relation on words R(Xl, ... , xn ) that is equivalent to a 
formula of the form 

with A = p an equation. For example, "x is imprimitive" can be expressed as 

3y, z : x = 1 V (x = yz /\ yz = zy /\ Y =1= 1/\ z =1= 1) 

and "x and yare conjugate" can be expressed with two extra unknowns as 

3u, v : x = 'uv /\ Y = vu, 

or with one extra unknown only as 
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(2) 3z: xz = zy. 

These formulae are diophantine. No characterization of diophantine relations 
seems to exist in the literature. There is no available tool either for showing 
that a given property is not diophantine, a natural candidate would be, e.g., 
primitivity. Neither do we know which are the properties that are diophantine 
and whose negation also is diophantine. Intuitively, this imposes very strong 
restrictions on the property, one such example being "x is a prefix of y". Yet 
another area of research is to study the hierarchy of diophantine formulae 
where the number of existential quantifiers is taken into account, i.e., the 
integer m of equation (1). In this vein, it was shown in [Sei] that the relation 
"x is a prefix of y" can not be expressed without an extra variable. 

Let us now briefly show how to reduce a Boolean combination of equations 
to a single equation. Assuming that E contains two different constants a and 
b, the system consisting of the two equations x = y and u = v is equivalent 
to the single equation xauxbu = yavybv as noticed in [Hm]. To check this, 
identify the unknowns with their images under the solution h and observe 
that xau, xbu, yav and ybv have all the same length, to wit half the common 
length of the left- and right-handsides. Thus xau = yav and xbu = ybv holds. 
If x =I- y, say Ixl < Iyl without loss of generality, then the first equation says 
that there is an occurrence of a in position Ixl in y, while the second says 
that this occurrence is equal to b. 

Similarly, as noted, e.g., in [CuKa2], introducing new unknowns, the in
equation x =I- y is equivalent to a disjunction of equations saying that x and y 
are prefixes of each other or that their maximum common prefix is a proper 
prefix of both. Hence three new unknowns are needed here in this reduction. 
Finally, with the help of more unknowns a disjunction of equations can be 
expressed as a conjunction of equations as we show in a moment. So, in terms 
of logics, Makanin's result implies that the existential fragment of the theory 
of concatenation is decidable. We formulate the above as. 

Theorem 5.2. For any Boolean combination B of equations with 5 as the 
set of unknowns we can construct a single equation E with 5 U 5' as the 
set of unknowns such that solutions of B and those of E restricted to 5 are 
exactly the same. 0 

As we said, in the process of reducing a Boolean combination to a single 
equation new unknowns are introduced. A more precise computation of how 
many are needed has been studied though the issue of the exact number is not 
yet settled. In particular reducing a disjunction to conjunctions has received 
various solutions. Biichi and Senger used 4 new unknowns in [BS], Senger in 
his thesis needs 3, while Serge Grigorieff achieves the same result with 2. It is 
an open question whether or not one unknown suffices though it is suspected 
it does not. 

We reproduce here the unpublished proof of S. Grigorieff. 
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Theorem 5.3. The disjunction x = u V y = v is equivalent to a formula of 
the form 

3z3t>..{x, y, u, v) = zp{x, y, u, v)t 

where >"{x, y, u, v) and p{x, y, u, v) are words over the alphabet {x, y, u, v, a, b} 
and z, t are new variables. 

Proof. First by observing that x = u V y = v is equivalent to xv = uv V uy = 
uv, without loss of generality we may start with a disjunction of the form 
x = u V x = v. By making the further observation that x = u V x = v is 
equivalent to xa = ua V xa = va we may assume that x, u, v are nonempty 
words. 

Now we use the pairing function < x, y >= xayxby. We set 

p{x,u,v) =< UU,VV >2 xx < UU,VV >3 X < uu,vv >3 
>"{x,u,v) =< UU,VV >3 UU < uu,vv >3 u < uu,vv >3 VV 

< uu,vv >3 V < UU,VV >3 

Making use of the primitivity of < uu, vv >, a case study shows that the 
factor p fits in >.. in only two places, either 

>.. =< uu,vv > pvv < uu,vv >3 V < uu,vv >3 

implying that x = u, or 

>.. =< uu,vv >3 UU < uu,vv >3 u < uU,vv > p 

implying that x = v. o 

Finally we note that Makanin's result is on the borderline between the de
cidability and the undecidability. Indeed, [Marc] established the undecidabil
ity of the fragment V34-positive of the concatenation theory, further improved 
to V33-positive. The previous reduction of disjunctions yields the undecidabil
ity of the theory consisting of formulae of the form 

V35 >"{Xb ... , X6) = p{Xl, ... , X6), 

where>.. = p is an equation. 

5.4 Some rules of thumb for solving equations by "hand" 

There is unfortunately no method, in the practical sense of the word, for 
solving equations. We list here just a few simple-minded tricks that are widely 
used when dealing with real equations. Most of them lead to proving that 
the equation has only cyclic solutions by reducing the initial equation to the 
equations that are well-known, such as Levi's Lemma, cf. (I) in Section 2.1, 
the conjugacy, cf. e.g. (2), or the commutativity, cf. Corollary 4.l. 

First of all, conditions on the lengths of the unknowns are expressed as 
linear equations over the positive integers. When some of these unknowns 
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have length 0 then the number of unknowns reduces. An elaboration of this 
idea is exemplified by the following well-known fact that appears when solving 
the general equation xnym = zP for n, m, p ~ 2. Let us verify that x 2y2 = Z2 
implies that x, y and z are powers of the same elements. Indeed, observing 
that xy2x is a conjugate of z2, there exists a conjugate z' of z such that 
xy2x = Z'2. Since xy and yx have same length, they are both equal to z' 
implying that x, y E t* for some word t and thus that z E t* also. 

Splitting represents another approach. In the easy cases, there is a prefix 
of the left- and right-handsides that have the same length, i.e., zxyxzy = 
yxxzyz splits into zxyx = yxxz and zy = yz. This ideal situation is rare, 
however a variant of it is not so seldom. Assume a primitive word x has 
an occurrence in both handsides of the equation, say uxv = u' xxv' where 
u,u',v,v' E E* are products of unknowns. Assume further lu'l::; lui::; lu'xl. 
Then the equation splits into u = u' x and v = v' or into u = u' and v = xv'. 
Combinatorial problems on words in the theory of finite automata, rational 
relations,varieties etc ... , usually come up as families of equations involving 
a parameter, e.g., xynz = zynt with x, y, z, tEE and n E N. Then the above 
condition on the lengths can be enforced by choosing an appropriate value of 
n. 

Another technique proves useful in some very special cases. It was the 
starting point of the theory developped in [Len] and it consists, for fixed 
lengths of a solution, to compute the "freest" solution with these lengths. As 
an illustration let us consider the equation 

(3) xyz = zyx 

and assume Ixl = 3, Iyl = 5, Izl = 1, with a total length of 9. Write 

The idea is to identify the positions which bear the same letter in both 
handsides, such as 3 and 9 (carrying X3) and 5 and 3 (carrying Y2). 

More precisely, define a graph whose 9 vertices are in one-one correspon
dence with the 9 occurrences ofletters in the solution, and whose non-oriented 
edges are the pairs (i,j),O::; i,j::; 9, where the letter in position i in the left 
handside is equal to the letter in position j in the right handside of (3) or 
vice versa. Then each connected component of the graph is associated with 
a distinct letter in the target alphabet. In other words, the "richest" alpha
bet for a solution of (3) has cardinality equal to the number of connected 
components of the graph. 

If we had chosen Ixl = 2, Iyl = 4 and Izl = 1 for a total length of 7, then 
we would have found one connected component, actually one Hamiltonian 
path 1,5,4,3,2,6, i.e., the richest solution would be cyclic. 
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Fixing the lengths may look like too strong a requirement, however, this 
very technique allows us to prove in the next section that the Theorem of 
Fine and Wilf is sharp, i.e., that on a binary alphabet there exist only two 
words of length p and q, p and q coprimes, whose powers have a common 
prefix of length exactly equal to p + q - 2. 

6. Periodicity 

Periodicity is one of the fundamental properties of words. Depending on the 
context, and traditions, the term has had several slightly different meanings. 
What we mean by it in different contexts is recalled here, cf. also Section 
2.2. The other goals of this section is to present three fundamental results on 
periodicity of words, namely the Periodicity Theorem of Fine and Wilf, the 
Critical Factorization Theorem, and recent characterizations of ultimately 
periodic I-way infinite words and periodic 2-way infinite words. 

6.1 Definitions and basic observations 

We noted in Section 2.2 that each word w E 17+ has the unique period p(w) 
as the length of the minimal u such that 

(1) 

Such a p( w) is called the period of w as a distinction of a period of w which is 
the length of any u satisfying (1). When the period refers to a word, and not 
to the length, then the periods of ware all the conjugates of the minimal u 
in (1), often called cyclic roots of w. Similarly periods of ware all conjugates 
of words u satisfying (1). Finally, we call w periodic, if Iwl 2: 2p(w), i.e., w 
contains at least two consecutive factors of its same cyclic root. Local variants 
of these notions are defined in Section 6.3. 

In connection with infinite words periodic I-way and 2-way infinite words 
are defined as words of the forms U W and wuw, with u E 17+, respectively. By 
an ultimately periodic I-way infinite word we mean a word of the form uvw, 
with u E 17* and v E 17+. Formally, the word wuw, for instance, is defined by 
the condition 

WuW(i) = u(i mod IuD, for all i E Z. 

Finally, a language L ~ 17* is periodic, if there exists a z E 17* such that 
L ~ z*. 

There should be no need to emphasize the importance of periodicity either 
in combinatorics of words or in formal language theory. Especially in the 
latter theory periodic objects are drastically simpler than the general ones: 
the fundamental difficulty of the noncommutativity is thus avoided. Therefore 
one tries to solve many problems of languages by reducing them to periodic 
languages, or at least to cases where a "part" of the language is periodic. 
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Based on the above it is important to search for the periodicity forcing 
conditions, i.e., conditions which forces that the words involved form a pe
riodic language. We have already seen several such conditions, cf. Section 
4: 

any nontrivial relation on {x, y} ~ 17* j 
any pair of nontrivial identities on X = {x, y, z} ~ 17+ of the form xo: = 

y(3, y"( = zO with 0:,(3,,,(,0 E X*j 
any condition on X = {Xl, ... , Xn} ~ 17+ satisfying: the transitive clo

sure of the relation p defined as 

equals X x X. 

Another classical example of a periodicity forcing condition is the equation, 
cf. [LySe] or [Lo], 

with n, TTl, k 2:: 2. 

As we observed in Section 5 many properties of words are expressable in 
terms of solutions of equations. Thus it is often of interest to know whether 
such languages, or more generally parts of such languages, either are always 
periodic or can be periodic. By considerations of Section 5, Makanin's algo
rithm can be used to test this. Indeed, we only have to add to the system S 
defining the property suitable predicates of the forms 

xy = yx or xy ~ yx, 

and transform the whole predicate into one equation. 
For example, if we want to know, whether there exist words x, y, z, u 

and v satisfying the equation 0: = (3 in these unknowns such that x, y and z 
are powers of a same word, and u and v are not powers of a same word, we 
consider the system 

{ 
xO:y 

xz 
uv ~ 

and test whether it has a solution. 

(3 
yx 
zx 
vu, 

6.2 The periodicity theorem of Fine and Wilf 

Our first result of this section is the classical periodicity theorem of Fine and 
Wilf, cf. [FW]. Intuitively it determines how far two periodic events have to 
match in order to guarantee a common period. Interestingly, although the 
result is clearly a result on sequences of symbols, i.e., on words, it was first 
presented in connection with real functions! 
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Theorem 6.1. (Periodicity Theorem). Let 'U, v E 17+. Then the words 'U 

and v are powers of a same word if, and only if, the words 'UW and VW have a 
common prefix of length I'UI + Ivl- gcd(I'UI, Ivl). 

Proof. We first note that we can restrict to the basic case, where gcd(I'UI, Ivl) = 
1. Indeed, ifthis is not the case, say I'ul = dp and Ivl = dq, with gcd(p, q) = 1, 
then considering 'U and v as elements of (Ed )+ the problem is reduced to the 
basic case with only a larger alphabet. 

So assume that I'UI = p, Ivl = q and gcd(p, q) = 1. The implication in 
one direction is trivial. Therefore, we assume that 'UW and VW have a common 
prefix of length p + q - 1. Assuming further, by symmetry, that p > q we have 
the situation depicted in Figure 6.1. Here the vertical dashline denotes how 
far the words can be compared, the numbers tell the lengths of the words 'U 

and v, and the arrows the procedure defined below. 

I 
p I 

, , v 1 
q q -1 I 

I 

Fig. 6.1. An illustration of the procedure 

We denote by i, for i = 1, ... ,p + q - 1, the corresponding position in 
the common prefix of 'UW and VW. Next we describe a procedure to fix new 
positions with the same value as a given initial one io. Let io E [1, q-1]. Then, 
by the assumption, the position obtained as follows, cf. arrows in Figure 6.1, 
gets the same value as io 

(1) . +p. mod q . . (d) 
20 ---+ 20 + P ---+ 21 = 20 + p mo q, 

where it is reduced to the interval [l,q]. Moreover, since gcd(p,q) = 1, it is 
different from io. If it is also different from q we can repeat the procedure, and 
the new position obtained is different from the previous ones. If the procedure 
can be continued q - 1 steps, then all the positions in the shadowed area will 
be fixed, so that these together with io make v unary. Hence, so is 'U, and we 
are done. 

The procedure (1) can indeed be continued q - 1 steps if io is chosen as 

io + (q - l)p:::::: q (mod q). 
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This is possible since gcd(p, q) = 1. After this choice all the values io + jp 
(mod q), for j = 0, ... , q - 2, are different from q, which was the assumption 
of the procedure (1). 0 

In terms of periods of a word and the distance of words, cf. Section 2.1, 
Theorem 6.1 can be restated in the following forms, the latter of which does 
not require that the comparison of words has to be started from either ends. 

Corollary 6.1. If a word w E 17+ has periods p and q, and it is of the length 
at least p + q - gcd(p, q), then it also has a period gcd(p, q). 0 

Corollary 6.2. For any two words u, v E 17+, we have 

o 

We tried to make the proof of Theorem 6.1 as illustrative as possible. At 
the same time it shows clearly, why the bound given is optimal, and even 
more, as we shall see in Example 6.1. 

Theorem 6.1 allows, for each pair (p, q) of coprimes, the existence of a 
word w of length p + q - 2 having the periods p and q. Let Wp,q be the set 
of all such words, and define 

PER = 
gcd(p,q)=l 

So, we excluded unary words from PER. 

Example 6.1. We claim that, for each pair (p, q) of coprimes, Wp,q contains 
exactly one word (up to a renaming), which moreover is binary. These obser
vations follow directly from our proof of Theorem 6.1. The idea ofthat proof, 
namely filling positions in the shorter 
word v, can be illustrated in Figure 
6.2. The nodes of this cycle corre
spond the positions of v, two labelled 
by? are those which are missing from 
the shadowed area of Figure 6.1, and 
each arrow corresponds one applica
tion of the procedure (1). By the con
struction, starting from any position, 
and applying (1) the letter in the new 
position may differ from the previous 
one, only when to a position labelled 
by ? is entered. Consequently, during 

-----? ---
/ \ 
~ / 

io----+- ? 

Fig. 6.2. The case PER 

the cycle it may change at most twice, but, in fact, the latter change is back 
to the value of io. The fact that all positions are visited is due to the condition 
gcd(p, q) = 1. Hence, we have proved our claim. 

As a concrete example, the word of length 12 in PER starting with a and 
having the periods 5 and 9 is as depicted below: 
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a a a b a a a a b 

2 1 543 2 1 543 

Here the word, that is (aaaba)2aa = (aaabaaaab)laaa, is described on the 
upper line, and the order of filling the positions, starting from the second one, 
on the lower line. Note that the change can take place in steps number 4 and 
5, but the latter must assume the same value as the next one encountered in 
the procedure, which is the value of the second position. 0 

Example 6.2. Consider a word W of length dp + dq - d -1 with gcd(p, q) = 1, 
having the periods dp and dq, but not d, for some d. The argumentation 
of Example 6.1 shows that such a word exists, proving that in all cases the 
bound given in Theorem 6.1 is optimal. Moreover, for each i = 1, ... , d - 1, 
the positions i + jd are filled by the same letter ai, while in position d+ jd the 
situation is as in Example 6.1: they are uniquely filled by a word in Wp,q' 0 

Example 6.1 can be generalized also as follows. 

Example 6.3. Let p, q, kEN, with p > q, gcd(p, q) = 1 and 2 ::; k ::; q. Then 
there exists a unique word Wk up to a renaming such that 

JWkJ = p + q - k, JJalph(wk)JJ = k and Wk has periods p and q. 

Indeed, the considerations of Example 6.1 extend immediately to this case, 
when the number of ?'s in Figure 6.2 is k. It follows that all words of length 
p + q - k, with gcd(p, q) = 1, having periods p and q are morphic images of 
Wk under a length preserving morphism. 0 

We conclude this section by reminding that the set PER has remarkable 
combinatorial properties, cf. e.g. [dLM], [dL] and [BdL]. For example, all 
finite Sturmian words are characterized as factors or words in PER. 

Finally we recall a result of [GO], which characterizes the set of all periods 
of an arbitrary word w. 

6.3 The Critical Factorization Theorem 

Our second fundamental periodicity result is the Gr-itical Factorization The
or'em discovered in [CV], and developped into its current form in [Du1]' d. 
also [Lo]. Our proof is from [CPl. The difference between [CV] and [Du1] was 
essentially, in terms of Figure 6.3 below, that [CV] considered only the case 
(i) . 
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Intuitively the theorem says that the period p( w) of a word W E 17+ 
is always locally detectable in at least one position of the word. To make 
this precise we have to define what we mean by a local period of W at some 
position. We say that p is a local period of w at the position lui, if w = uv, 
with 'u, v =F 1, and there exists a word z, with Izl = p, such that one of the 
following conditions holds for some words u' and v': 

(1) {
(i) 
( ii) 
( iii) 
(iv) 

u = u' z and v = zv' j 

z = u' u and v = zv' j 

u = u' z and z = vv' j 

z = u'u = vv' . 

Further the local period of w at the position lui, in symbols p( w, u), is defined 
as the smallest local period of w at the position u. It follows directly from 
(1), cf. also Figure 6.3, that p(w,u) :::; pew). 

The intuitive meaning of the local period is clear: around that position 
there exists a factor of w having as its minimal period this local period. The 
situations of (i), (ii) and (iv) in (1) can be depicted as in Figure 6.3. 

I 

~ 
u' u V v' 
~ w: 

z z z z z z 

( i) ( ii) (iv) 

Fig. 6.3. The illustration of a local period 

Now, we can say precisely what the above local detect ability means. It 
means that there exists a factorization w = uv, with u, v =F 1, such that 

p(w,u) = pew), 

i.e., the local period at position lui is that of the (global) period of w. The 
corresponding factorization w = uv is called critical. The theorem claims 
that each word possesses at least one critical factorization (if it possesses any 
nontrivial factorization at all). 

Example 6.4. Consider the words WI = aababaaa and W2 = anban . The pe
riods of these words are 6 and n + 1. The local periods of WI in positions 
1,2, ... ,7 are 1,5,2,6,6,1,1, respectively. For example, at position 4 we have 
w = aaba.baaa so that z = baaaba contains baaa as a prefix and aaba as a 
suffix, but no shorter z can be found to satisfy (1). The word WI has two crit
ical factorizations. The critical factorizations of W2 are anb.an and an .ban , 
showing that there are none among the first n - 1 factorizations. 0 

Example 6.5. As an application of Lyndon words we show that, any word 
w E 17+ satisfying Iwl ~ 3p(w), has a critical factorization. Indeed, we can 
write 
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w = ullv, 

where u, v E E* and l is the Lyndon word in the class [prefp( w) (w)]. As 
we noted in Section 2.2 Lyndon words are unbordered. Consequently, the 
factorization w = u.llv is critical. Hence, in a critical factorization we can 
even choose 1 :::; lui:::; p(w). 0 

To extend Example 6.5 for all words is much more difficult. 

Theorem 6.2 (Critical Factorization Theorem). Each word w E E+, 
with Iwl ~ 2, possesses at least one factorization w = uv, with u, v =1= 1, 
which is critical, i.e., p(w) = p(w,u). Moreover, u can be chosen such that 
lui < p(w). 

Proof. Our proof from [CP] not only shows the existence of a critical factor
ization, but also gives a method to define such a factorization explicitly. We 
may assume that w is not unary, i.e., p( w) > l. 

Let ::Sl be a lexicographic ordering of E+, and ::Sr another lexicographic 
ordering obtained from ::Sl by reversing the order of letters, i.e., for a, bEE, 
a ::Sl b if, and only if, b ::Sr a. Let v and v' be the maximal suffixes of w with 
respect to the orderings ::Sl and ::Sr, respectively. We shall show that one of 
the factorizations 

w = 'uv or w = u'v' 

is critical. More precisely, it is the factorization w = uv, if Ivl < Iv'l, and 
w = u'v' otherwise. In addition, in both the cases 

(2) lui, lu'l < p(w). 

We need two auxiliary results. The first one holds for any lexicographic 
ordering ::S, 

Claim 1, If v is the lexicographically maximal suffix of w, then no nonempty 
word t is both a prefix of v and a suffix of u = wv- 1 , 

Pmof of Claim 1. Assume that u = xt and v = ty. Then, by the maximality 
of v, we have tv ::S v and y ::S v, Since v = ty these can be rewritten as 
tty ::S ty and y ::S ty. Now, from the former inequality we obtain that ty ::S y, 
which together with the latter one means that y = ty. Therefore, t is empty 
as claimed. 0 

The second one, which is obvious from the definitions, claims that the 
orderings ::Sl and ::Sr together define the prefix ordering :::;, 

Claim 2, For any two words x, y E E+, we have 

X ::Sl y and x::Sr y {:} x :::; y, i.e., x is a prefix of y. 0 
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Proof of Theorem (continued). Assume first that Ivl ::; Iv'l. We intend to 
show that the factorization w = uv is critical. First we show that u =J. 1. If 
this is not the case, and w = at, with a E E, then w = v = v'. Therefore, by 
the definitions of v and v', we have both t jl wand t jr w. So, by Claim 2, 
t is a prefix of w = at, and hence tEa +, i.e., p( w) = 1. This, however, was 
ruled out at the beginning. Hence, the word u, indeed, is nonempty. 

From now on let us denote p( w, u) = p. By Claim 1, we cannot have 
p::; lui and p ::; Ivl simultaneously. Hence, if p ::; lui, then necessarily p > lvi, 
implying that v is a suffix of u. This, however, would contradict with the 
maximality of v, since v -<I vv. So we have concluded that p > lui. Since pis 
a local period at the position lui, there exists a word z such that p = Izul, 
and the words zu and v are comparable in the prefix ordering, i.e., one of the 
words v and zu is a prefix of another. We consider these cases separately. 

r----------w-----------~ 

u v 

z z u 
Fig. 6.4. The case p = Izul > Ivl 

Case I: p > Ivl. Now, the situation can be depicted as in Figure 6.4. 
It follows that luzl is a period of uv = w, i.e., pew) ::; luzl. On the other 
hand, the period p( w) is always at least as large as any of its local periods, 
so that pew) ~ p(w,u) = p = luzl. Therefore, pew) = p(w,u) showing that 
the factorization w = uv is critical. 

Case II: p::; Ivl. Now the illustration is as shown in Figure 6.5, where 
also the words u' and v' from the factorization w = u'v' are shown. 

r-------------w---------------, 

u v 

~ __ ~A~ ______ ~I~ __ ~A~ ____________ z=J 
u' u" z u z' 

~------------------------------~) 
v' 

Fig. 6.5. The case p = Izul :::; Ivl 
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Since p :s: lvi, and Ivl :s: Iv'l we indeed have words u', u" and z' such that 
'u = u'u" and v = zuz'. We have to show, as in Case I, that uv has a period 

Iwl· 
By the maximality of v', the suffix u"z' of v' satisfies u"z' ::::;r v' = u"v, 

implying that z' ::::;r v. On the other hand, the maximality of v yields the 
relation z' ::::;1 v. Therefore we conclude from Claim 2 that z' is a prefix of 
zuz'. It follows that z' E pref (zu)W, and hence w = uv = uzuz' E pref ( uz)W , 
showing that w has a period p = Izul. Consequently, also the Case II is 
completed. 

It remains to be proved that (2) holds true, i.e., I'ul < p(w) and lu'l < 
p(w). The former follows from the fact lui < p, which we already proved, and 
the latter from our assumption lu'l :s: lui· 

Finally, to complete the proof of Theorem 6.2 we have to consider the case 
Iv'l ~ Ivl· But this reduces to the above case by interchanging the orderings 
::::;1 and ::::;r' 0 

As we already noted we proved more than the existence of a critical fac
torization. Namely, we proved that such a factorization can be found by com
puting a lexicographically maximal suffix of a word, or in fact two of those 
with respect to two different orderings. There exist linear time algorithms for 
such computations, cf. [CP] or [CR]. For example, one can use the suffix tree 
construction of [McC]. 

The Critical Factorization Theorem is certainly a very fundamental result 
on periodicity of words. It is probably due to its subtle nature, as shown also 
by the above proof, that it has not been applied as much as it would have 
deserved. 

One application of the theorem, which actually is the source of its dis
covery, cf. [CV], is as follows. To state it we have to recall the notion of an 
X-interpretation of a word defined in Section 2.1. An X-interpretation of a 
word w E 17+ is a sequence X, Xl, ... , X n , Y of words such that 

xwy = Xl .. ,Xn, 

where Xi EX, for i = 1, ... ,n, X is a proper prefix of Xl and y is a proper 
suffix of X n . Two X-interpretations x, Xl,"" X n , Y and x', x~, ... , x~, y' of w 

d · .. t 'f" h . < d . < h -1 ..J. ,-1, , are zSJozn, 1 lor eac z _ nan J _ m, we ave X Xl ... Xi r X Xl ... Xj' 

Now an application of Theorem 6.2 yields, cf. [Lo]: 

Proposition 6.1. Let wE 17+ and X ~ 17+ be a finite set satisfying p(x) < 
p(w) faT all x EX. Then w has at most IIXII disjoint X -inteTpTetations. 

Proposition 6.1 requires two remarks. First the disjointness is essential: 
if X -interpretations are required to be only different, then taking X to be a 
noncode the number of different X-interpretations could grow exponentially 
on Iwl. In Proposition 6.1 the growth is bounded by a constant. 
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Second, the bound is close to the optimal one as noted in [Lo]: for each 
n ~ 2, words of the form W E (a2n- 2b)+ have exactly n - 1 disjoint X
interpretations for X = {an, aibai I i = 0, ... , n - I}. 

Another elegant application of Theorem 6.2 was given in [CP], where it 
was used to describe an efficient pattern matching algorithm. 

6.4 A characterization of ultimately periodic words 

In this subsection we introduce a recent characterization of ultimately peri
odic words from [MRS]. The characterization is in terms of local properties 
of the considered word, or more precisely, in terms of repetitions at the ends 
of finite prefixes of the considered word. Variants for 2-way infinite words are 
presented, too. 

Clearly, if w = aOal ... , with ai E E, is ultimately periodic, then the 
following condition holds for any real number p: 

(1) 
3n = n(p) EN: \1m ~ n : prefm w contains a repetition of 

order at least p as a suffix. 

Our next simple example shows that infinite words satisfying (1) for p = 2 
need not be ultimately periodic. 

Example 6.6. Let X = {ab, aba}. Note that X is an w-code, i.e., each word in 
XW has a unique X-factorization, due to the fact that any binary nonperiodic 
set is such, by Corollary 5.1. We consider infinite words in XW satisfying that 
in their X-factorizations 

(i) there are no two consecutive blocks of abj and 
(ii) there are no three consecutive blocks of aba. 

Let X 2 be the set of all such words. Obviously, the f?et X 2 is nondenumerable, 
and therefore contains words which are not ultimately periodic. Moreover, we 
claim that words in X 2 satisfy (1) for p = 2. 

To see this we consider all possible sequences of ab- or aba-blocks im
mediately preceding ab (aba, resp.) in X-factorizations, and note that any 
position of ab (aba, resp.) is an endpoint of a square in these left exten
sions of ab (aba, resp.). Luckily there is only a finite number of cases to be 
considered as illustrated in Figure 6.6. 

aba - ab "'" 

/aba - ab 

aba 

aba - ab - aba "'" 

/aba 

aba- ab 

Fig. 6.6. An exhaustive search for left extensions of ab and aba 
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A concrete example of a word which satisfies (1) for p = 2, and is not ulti
mately periodic is obtained by starting from abaaba and extending it on the 
right nonperiodically by the blocks ab and aba. This particular word satisfies 
(1) for p = 2 with n = 6. 0 

Example 6.6 does not extend to higher integer repetitions, i.e., to the case 
p = 3, as we shall see in the next theorem. The proof of it is a modification 
due to A. Restivo from the proof of a more general result in [MRS]. 

Theorem 6.3. A word w E EW is ultimately periodic if, and only if, it 
satisfies (1) for p = 3, i.e., contains a cube as a suffix of any long enough 
prefix ofw. 

Proof. To prove the nontrivial part we assume that w satisfies (1) with p = 3. 
We start with an auxiliary result. 

Lemma 6.1. Let w = v 2 . Ifw has a period q satisfying ~Ivl < q < lvi, then 
w = ux3 , with Ixl = Ivl- q. 

Proof of Lemma. Denoting w = zt, with It I = q, we can illustrate the situa
tion in Figure 6.7. 

v v 
w =-:=;:: '( I 

t 
I 

J t 

z 

Fig. 6.7. Factorizations of w with Ivl = p and It I = q 

By the Theorem of Fine and Wilf, v and t has a common period, and therefore 
Ivl- It I is a period of z. By our assumption ~Ivl < q = It I implying that 

3(lvl- Iti) < p. 

It follows that z contains as a suffix a cube x 3 , with Ixl = Ivl-Itl. Now, the 
lemma follows since any suffix of z is a suffix of w, as well. 0 

Proof of Theorem (continued). Let w = aOal ... , with ai E E, and set 

pen) = min{d 13v E E+ : Ivl = d and aOal ... an = uv3 }. 

Now, let n(3) be the constant ofthe condition (1), and m > n(3). As a crucial 
point of the proof we show the following implication: 

(2) if pen) < p(m), for n = n(3), ... , m - 1, then m - n(3) < p(m). 

To prove (2) we denote p(m) = p, and assume that pen) < p for n = 
n(3), . .. ,m - 1. By the definition of p, we can write ao ... am = uv3 , with 
Ivl = p. Therefore 
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aD . .. am- p = uv2, with Ivl = p. 

Now, assume contrary to our claim that rn-n(3) ~ p. Therefore m-p ~ n(3), 
and so by our assumption, we can write 

aD ... am - p = u'x3 , with Ixl = p(m - p) = q < p. 

There are two cases to be considered. 
First, if q > ~p, then v2 satisfies the conditions of Lemma 6.1, and so we 

can write v 2 = sy3, with Iyl = p - q. This, however, is a contradiction with 
the choice of q, since p - q ~ ~P < q. 

Second, if q ~ ~P, then v 2 has as a suffix a cube of a word of length q. 
Hence, the same holds for the word aD ... am. This, however, is a contradiction 
since q < p = p(m). This ends the proof of (2). 

Next we apply (2) to conclude that 

(3) sup{p(n) I n ~ n(3)} < n(3). 

Indeed, if (3) does not hold, we choose the smallest m such that p(rn) ~ n(3). 
Then, by (2), we know that rn-n(3) < p(m), and therefore rn < p(m)+n(3) ~ 
2p( m). This, however, contradicts with the fact that aD ... am = uv3 with 
Ivl = p(rn). Hence (3) is indeed proved. 

Now, we define 
P = sup{p(n) I n ~ n(3)}. 

By (3), we know that P ~ n(3), and we complete the proof of the theorem 
by induction on P. 

The starting point P = 1 is obvious. To prove the induction step there 
are two possibilities (where actually only the first one relies on induction). 

Case I: If there exist only finitely many numbers n such that pen) = P, 
we can set 

n(3) := max{n I pen) = P} + 1, 

and apply induction hypothesis to conclude that w is ultimately periodic. 

Case II: If there exist infinitely many integers n such that p( n) = P we 
proceed as follows. Let the values n = ml, m2, ... be all such values. We shall 
prove, again by an induction, that, for i = 1,2, ... , the word 

(4) an (3) •.. am, has a period P. 

The starting point i = 1 is clear, since, by Lemma 6.1, rnl - n(3) < P. 
So assume that the word an (3)'" ami has a period P, and consider the word 
an (3) ... am ,+l' Applying again Lemma 6.1, where n(3) is replaced by mi, we 
conclude that mi+l - mi < P. 

We write 
an (3) ... am '+l = uvw, 
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with 

and 
Ivl = 2P-1. 

Then, by induction hypothesis, uv has a period P. On the other hand, since 
Ivwl < 3P it follows that also vw has a period P. But, since the overlapping 
factor v is of length at least P + 1, it is easy to conclude that also uvw has 
a period P, which completes the latter induction, as well as the whole proof 
of Theorem 6.3. 0 

Actually, as shown in [MRS], Theorem 6.3 can be sharpened as follows: 

Proposition 6.2. A word w E E W is ultimately periodic if, and only if, it 
satisfies (1) for p = 'P2, where 'P is the number of the golden ratio. 

Recall that 'P = ~(v'5 + 1), i.e., the positive root of the equation 'P2 -
cp - 1 = O. It is also shown in [MRS] that Proposition 6.3 is optimal in the 
sense that the validity of (1) for any smaller p than 'P2 does not imply that 
the word is ultimately periodic. This can be seen from the infinite Fibonacci 
word w F considered in Section 8. 

Our above considerations deserve two comments. First results extend to 
2-way infinite words. Indeed, from the proof of Theorem 6.3 one can directly 
derive the following characterization. 

Theorem 6.4. A two-way infinite word w = ... ai-laiaiH ... , with ai E E 
is periodic if, and only if, there exists a constant N such that, for any i, the 
word w ... ai-lai contains a cube of length at most N as its suffix. 0 

Note that in Theorem 6.4 the requirement that the cubes must be of a 
bounded length is necessary, as shown by the next example. In Theorem 6.3 
this was not needed, since it dealt with only I-way infinite words. 

Example 6.7. We define a nonperiodic two-way infinite word 

which contains a cube as a suffix of any factor ... ai-lai as follows. We set 
Wo = aaa and define 

where a E E and the words ai and f3i are chosen such that both W2iH and 
W2i+2(suf2i (W2i+2))-l are cubes. Clearly, this is possible. It is also obvious 
that this procedure yields a word of the required form. 0 
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As the second comment we introduce a modification of the above consid
erations. Surprisingly the results are quite different. 

In above we required that repetitions occurred at any position "immedi
ately to the left from that position" . Now, we require that they occur at any 
position such that this position is the center of the repetition. We obtain the 
following characterization for periodic 2-way infinite words, in terms of local 
periods, cf. Section 6.3. Note that the notions of local periods extend m a 
natural way to infinite words, as well. 

Theorem 6.5. A two-way infinite word w is periodic if, and only if, there 
exists a constant N such that the local period of w at any point is at most N. 

Proof. Clearly, the periodicity of w implies the existence of the required N. 
The converse follows directly from the Critical Factorization Theorem: peri
ods of all finite factors of ware at most N, and hence by the Theorem of 
Fine and Wilf w indeed is periodic. 0 

We note that Theorem 6.5, can be seen as a weak variant of the Critical 
Factorization Theorem, cf. [Dull. It is also worth noticing that the bound
edness of local periods is crucial, the argumentation being the same as in 
Example 6.7. Finally, the next example shows the optimality of Theorem 6.5 
in a certain sense. 

Example 6.8. Theorem 6.5 can be interpreted as follows. If a two-way infinite 
word w contains at any position a bounded square "centered" at this position, 
then the word is periodic. The word 

shows that no repetition of smaller order guarantees this. Indeed, for any 
p < 2, the word w contains at any position a bounded repetition of order of 
at least p centered at this position. Here, of course, the bound depends on 
p. 0 

7. Finiteness conditions 

In this section we consider partial orderings of finite words and finite lan
guages, and in particular orderings that are finite in either of two natural 
senses: either each subset contains only finitely many incomparable elements, 
i.e., each antichain is finite, or each subset contains only finitely many pair
wise comparable elements, i.e., each chain is finite. Hence our interest is in 
two fundamental properties which are dual to each other. 
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7.1 Orders and quasi-orderings 

For the sake of completeness we recall some basic notions on binary relations 
R over an arbitrary set S. 

A binary relation R is a strict ordering if it is transitive, i.e., (x,y) E R 
and (y, z) E R implies (x, z) E R, and irreflexive, i.e., (x, x) E R holds for no 
xES. It is a quasi-ordering if it is transitive and reflexive, i.e., (x, x) E R 
holds for all xES. It is a partial ordering if it reflexive, transitive and 
antisymmetric, i.e., (x, y) E Rand (y, x) E R implies x = y for all x, yES. 

A total ordering is a partial ordering j for which x j y or y j x holds 
for all x, yES. An element x of a set S (resp. of a subset X ~ S) ordered 
by j is minimal if for all yES (resp. y E X) the condition y j x implies 
x = y. Of course each subset of a totally ordered set has at most one minimal 
element. 

There is a natural interplay between these three notions. With each quasi
ordering j it is customary to associate the equivalence relation defined as 
x "" y if, and only if, x j y and y j x holds. This induces a relation:::; on 
the quotient S / "" 

[x] :::; [y] if, and only if, x j y, 

which is a partial ordering on S. 

Example 7.1. The relation on E* defined by x j y, whenever Ixl :::; Iyl, is a 
quasi-ordering. The equivalence relation associated with it is: x "" y if, and 
only if, Ixl = Iyl. 0 

If -< is a strict ordering then the relation:::; defined by x :::; y if, and only 
if, x -< y or x = y, is a partial ordering. If j is a quasi-ordering, then the 
relation < defined by x < y if, and only if, x j y and y -j x, is a strict 
ordering. 

Two important notions on partial orderings from the viewpoint of our 
considerations are those of a chain and an antichain. A subset X of an ordered 
set S is a chain if the restriction of j to X is total. It is an antichain if its 
elements are pairwise incomparable. A partial ordering in which every strictly 
descending chain is finite is well-founded or Noetherian. If in addition every set 
of pairwise incomparable elements is finite it is a well-ordering. For example, 
the set of integers ordered by nlm if, and only if, n divides m is well-founded, 
but is not a well-ordering. 

We concentrate on partial orderings over E* and Fin(E*), the family 
of finite subsets of E*. We already observed how total orderings like lexico
graphic or alphabetic orderings are crucial, in considerations envolving words, 
for example for defining Lyndon words and proving the Critical Factorization 
Theorem. 

Partial quasi-orderings can be defined on E* and Fin(E*) in many ways. 
Without pretending to be exhaustive, here are a few important examples: 

alphabetic quasi-ordering: x ja Y iff alph(x) ~ alph(y), 
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length ordering: X:::S1 Y iff Ixl < Iyl or x = y, 
commutative image quasi-ordering: x:::Sc y iff Ixla ::; Iyla for all a E E, 
prefix ordering: x:::Sp y iff there exits z with xz = y, 
factor ordering: x:::Sf y iff there exits z, t with zxt = y, 
subword ordering: X:::Sd Y iff there exist Xl, ... , xn , uo, ... ,un E E* such 
that 

Similarly, for the family Fin( E*) we define the following orderings. Here 
the notation Rx denotes the set of relations satisfied by X. 

size quasi-ordering: X:::Ss Y iff IIXII ::; IWII, 
inclusion ordering: X:::S i Y iff X ~ Y, 
semigroup quasi-ordering: X:::Sm Y iff X+ ~ y+ where X and Yare 
minimal generating sets, 
relation quasi-ordering: X :::Sr Y iff there exits a bijection cp : X ~ Y such 
that R<p(x) ~ Rx. 

We summarize into the following table the facts on how the above partial 
orderings behave with respect to our two finiteness conditions, i.e., whether 
or not they allow infinite antichains or chains. 

Table 7.1. Finiteness conditions of certain quasi-orderings 

::Sa ::Sl ::Sp ::Sf ::Sd ::S. -<. _t ::Sm ::Sr 

no infinite chains + EEl 
no infinite antichains + + EEl + 

There are two particularly interesting entries in this table, namely those 
denoted by $. These state two fundamental finiteness conditions on words 
and finite sets of words we shall be studying in more details later. That the 
other entries are correct is, as the reader can verify, easy to conclude. We only 
note that the relation ordering :::Sr is not a well-ordering even in the family 
of sets of the same size as shown by the family {Xi = {a, a i b, b} Ii 2: I}. 

7.2 Orderings on words 

In this subsection we consider orderings on E*, in particular the subword 
ordering and another one related to it. 

The subword ordering is called division ordering in [Lo], but this notion 
has another use in the literature, where by division ordering is meant a partial 
ordering satisfying the following two conditions for all x, y, z, t E E* 
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(1) 1 j x 

(2) x j y implies zxt j zyt. 

Observe that, by (1), we have 1 j z and 1 j y, and hence, by (2), 
x j zx, x j xy and zx j zxy, i.e., x j zx j zxy. Thus every word is greater 
than or equal to each of its factors: 

(3) for all x, y, z, the inequality x j yxz holds. 

Actually, the subword ordering is the smallest ordering satisfying the 
conditions (1) and (2), i.e., for all x, y E E* the relation x jd y implies 
x j y. Indeed, we have 1 jd 1 and 1 j 1 by condition (1). Now, consider 
x = ax' jd y = by' with a, bEE and x', y' E E*, and let us proceed by 
induction on Ixl + Iyl. If a = b, then x' jdY', i.e., x' j y' by induction, and 
by (2), x = ax' j y = ay'. On the other hand, if a =f. b, then x jd y', and 
thus by induction x j y'. Condition (1) yields 1 j a and condition (2) yields 
y' j y = ay', so by the transitivity x j y. 

Total division orderings have been studied in [Mart]. It is proved under 
a certain assumption, namely the ordering being "tame", that each division 
ordering is finer than the strong commutative image ordering, which is ob
tained from jc by replacing inequalities by the strict inequalities in each 
component. It is also conjectured that the statement holds true even without 
this condition. However, when the alphabet is binary, each division ordering 
is tame, and thus the result holds. 

Theorem 7.1. Let j be a total division ordering on the free monoid gener
ated by {a, b} and let u, v be two words. Then 

(4) lul a < Ivl a and lulb < Ivlb implies u -< v. 

Proof. Since j is total, we may assume without loss of generality that ba >- ab 
holds. In particular, by commutating the occurrences of a and b in u E E*, 
we have, by equality (2): 

(5) 

Now assume that condition (4) is violated: lul a < Ivla , lulb < Ivlb and 
u >- v. By setting lul a = m, Ivl a = m', lulb = n, Ivlb = n' we have 

bnam t u >- v t am'bn' t am+1bn+1 . 

Thus we may assume that we have u = bnam, v = am+1bn+1 and u >
v. We first observe that bnu >- ubnH . Indeed, we have bnu = bnbnam >
bnam+lbn+l. Now, by (3), we have am+1 >- am, i.e., bnam+lbn+l >- bnambn+1 

= 'ubn +1 • 

Assume b >- a and for all k > 0 compute: 



b(k+1)nbm >- b(k+1)nam = bknu 

>- ubk(n+1) 
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>- vbk(n+l) = am+1bn+1bk(n+1) = am+ l b(k+1)n+1bk 

>- b(k+l)n+l bk . 

This does not hold when k + 1 > m. Now, if a >- b, a similar argument leads 
to the same type of contradiction, proving the theorem. 0 

The author shows that the inequalities of condition (4) must be strict. 
Indeed, consider the ordering ~ on {a, b} * , where words are ordered by their 
number of occurrences first, and then lexicographically with a >- b. Then 
'U = bababa >- v = abbabba, but lul a = Ivl a and lulb < Ivlb' 

We turn to consider the subword ordering. We already observed that it 
is right- and left-invariant, cf. (2). Its second major property, solving one 
nontrivial entry in Table 7.1, is that it is a well-ordering implying that every 
subset X ~ E* has finitely many minimal elements. 

Theorem 7.2. The subword ordering ~d over a finitely generated free mo
noid is a well-ordering. 

Proof. Clearly subword ordering is well-founded. So we have to prove that 
any antichain of E* with respect to ~d is finite. Assume to the contrary that 
F = {/iIi E N} is an infinite set of incomparable words. Then, in particular, 
we have 

(6) if i < j, then /i -Ld k 

Among the sequences satisfying (6) there exist such sequences, where h is 
the shortest possible. Continuing inductively we conclude that there exists a 
sequence, say (gi)i>O' which satisfies (6) and none of the sequences (hi)i>o, 
with Ihd < Igil for some i, satisfies (6). -

Now, consider the sequence (gi)i>O' Since E is finite there exist a letter a 
such that, for infinitely many i, we can write gi = ag~ with g~ E E*. Say this 
holds for values i l , i 2 , ..• • Then the sequence 

satisfies (6) and, moreover, Ig~,l < Igill. This contradicts with the choice of 
the sequence (gi)i?O' 0 

This theorem is due to Higman in [Hi], where it is proved in a much 
more general setting. Subsequently, it has been rediscovered several times, 
see [Kr] for a complete account. Our proof of Theorem 7.2 is from [Lo]. It 
is very short and nonconstructive. It is also worth noticing that there is no 
bound for the size of a maximal antichain in E*, as shown by the antichains 
An = {aibn-ili < n} for n 2: o. 
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We also note that Dickson's Lemma is a consequence of Theorem 7.2. 
We recall that it asserts that N k is well-ordered, where the ordering is the 
extension of the usual componentwise ordering on No Indeed, it suffices to 
interprete the k-tuple (nl, ... , nk) as the word a~' ... a~k over the alphabet 
{al, ... ,ad· 

An interesting formal language theoretic consequence of Theorem 7.2 is 
the following. 

Theorem 7.3. For each language L ~ 17* the languages SW(L) {w I 
3z E L: w:5dZ} and SW1(L) = {w 13z E L: z:5dW} are rational. 

Proof. By Theorem 7.2, the set of minimal elements of L with respect to :5d 
is finite, say F. So, SW1(L) = SW1(F), and hence SW1(L) is rational. A bit 
more complicated proof for SW(L) is left to the reader. 0 

Our above considerations on the subword ordering were purely existential. 
As an example of algorithmic aspects we state a problem motivated by molec
ular biology. The problem asks to find, for a given finite set X = {Xl, ... ,xn } 

of words, a shortest word z such that Xi :5p z for all i = 1, ... , n. This problem 
is usually referred to as the smallest common supersequence problem, and it 
is known to be NP-complete, cf. [GJ]. 

7.3 Subwords of a given word 

In this a bit isolated subsection we consider an interesting problem asking to 
differentiate two words by a shortest possible subword occurring in one but 
not in the other. 

Example 7.2. The word bbaa occurs in abbaab, but does not occur in ababab 
as a subword. All words of length 3 occur in both words. 0 

We refer the reader to [Lo] for a full exposition of the problem. In par
ticular it is established that a word of length n is determined by the set of 
its subwords oflength r~ 1, the pair am-lbam , ambam- l showing that the 
bound is sharp. In lSi] it is proved that a shortest subword distinguishing 
two given different words can be found in linear time. This is not a priori 
obvious since there may exist exponentially many subwords of a given length 
in a word. For instance, (ab)n contains all words of length n as subwords. 
The linearity of the algorithm is based on several properties among which 
the fact that, if two words u and v have the same subwords of length m, then 
they can be merged in a word having also the same subwords of length m. 

An elaboration of this question is to consider the subwords with their 
multiplicities. In the previous example baab occurs twice in abbaab but once 
in ababab. Milner (personal communication) defines the k-spect'f"'UTn of a word 
'U as the function that associates with each word of length 0 < k :::; lui, the 
number of its occurrences in u. Given an integer k, consider the maximal 
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integer n = f(k) such that two different words of length n have different 
k-spectrums. The question is to find a reasonable upper bound on n. 

Example 1.3. Define 3 sequences of words by 

'Uo = aba, 'Uo = 1, Wo = baa, 
Ul = ab,'Ul = 1,Wl = ba, 
'Uk+2 = WkUk+l, 'Uk+2 = Uk+l Uk, Uk+2 = Uk+l Wk if k is even, 
'Uk+2 = Uk+l Wk, Vk+2 = UkUk+l, Uk+2 = WkUk+l if k is odd. 

Then Uk and 'Uk are different, and have the same k-spectrum. Their common 
length ¢(k) grows as a "Fibonacci" type function, starting from the values 2 
and 5: ¢(1) = 2, ¢(2) = 5, ¢(3) = 7, ¢(4) = 12, ¢(5) = 19, ¢(6) = 31, .... 

The exact values for small k are 

but for k = 5, ¢(5) = 19 is far from being optimal due to the following two 
words of length 16 having the same 5-spectrum: 

U = abbaaaaabbbaaaab and 'U = baaaabbbaaaaabba. D 

The same questions substituting "factor" for "subword" can be posed. It 
is shown in [Lo], Exercise 6.2.11, that whenever U is not of the form (xy)nx 

with n 2 2, then it is uniquely determined by its factors of length r ¥ + 11. 
If this restriction is relaxed, then the word can not be determined by its 
proper factors: (ab)na and (ba)nb have the same factors (ab)n and (ba)n as 
occurrences. It is also possible to define the k-factor spectrum of a word U 

which associates with each word of length k the number of its occurrences in 
'U. To our knowledge no nontrivial bounds are known. 

7.4 Partial orderings and an unavoidability 

In this section we state a generalization of Higman's Theorem. This result is 
based on the notion of an unavoidable set of words, which is not connected 
to the unavoidability of Section 8. We also consider some other problems 
connected to this notion of an unavoidability. 

We say that a set X ~ J;* is unavoidable, if there exists a constant k 
such that each word W E J;k contains a word of X as a factor. For example, 
the set X = {aa, ba, bb} is unavoidable over the free monoid {a, b} *, since 
avoiding a2 and b2 obliges a word to be a sequence of a and b alternatively. 

This definition was given in [EHR] in connection with an attempt to 
characterize the rational languages among the context-free ones. In particular, 
unavoidable subsets are used for extending Theorem 7.2 showing that the 
subword ordering ::5d on words is a well-ordering. Actually, saying that a 
word 'U is subword of v means that v can be obtained from 'U by inserting 
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letters. Instead of inserting letters we can insert words from a fixed subset. 
Given X ~ E* define -<x as the reflexive and transitive closure ofthe relation 

{(ulu2,ulxu2)lx E X,UI,U2 E E*}. 

For instance, if X = {ab}, then we get 1 -<x ab -<x aabb -<x aabbab. 
Then the following is proved in [EHR]. 

Proposition 7.1. The ordering -<x is a well-ordering if, and only if, X is 
unavoidable. 

We continue with some elementary properties of unavoidability. It is clear 
from the definition that from each unavoidable set we can extract a finite 
unavoidable subset, so the study can be reduced to finite unavoidable sets. 
It is also easy to verify that a set X is unavoidable if, and only if, it avoids 
all one-way infinite words if, and only if, it avoids all two-way infinite words. 
Indeed, let us verify, e.g., that if X is unavoidable, then every two-way infinite 
word ... a_IaOal ... has a factor in X. By hypothesis, there are infinitely 
many words avoiding X, so there are infinitely many such words of even 
length. Now, say a word x is a central occurrence of a word y, if y = YIXY2 
with IYll = IY21· An infinite two-way word avoiding X is constructed as 
follows. For some (ao, bo) E E x E there are infinitely many words having 
Xo = aobo as a central factor and avoiding X. Now, for some (ab bl ) E Ex E 
there are infinitely many words having Xl = alaobobl as a central factor and 
avoiding X, and so on. The infinite word ... a2alaoboblb2 ... thus defined 
avoids X. 

Testing the unavoidability of X can be done in different ways. We may 
construct a finite automaton recognizing E* X - E* X E+, and then check 
whether or not there is a loop in the automaton. Another approach is more 
combinatorial and consists in simplifying X as much as possible. For example, 
assume that {babba, bbb} are elements of a set X. We claim that by substi
tuting babb for babba the set of two-way infinite words that are avoided is 
unchanged. Indeed, if an infinite word contains babb, then this occurrence is 
either followed by a, and then the word contains babba, or it is followed by b, 
but then it contains the occurrence bbb. The point here is that the occurrence 
babbb has a suffix in X - {babba}. This leads to the following definitions. 

A set X immediately left- (resp. right-) simplifies to the set Y, if either 
Y = X - {x}, where x has a proper factor in X, or Y = X - {wa} U {w} 
(resp.Y = X - {awl U {w}), where wa E X (resp.aw E X) with wE E* and 
a E E, such that the following holds: 

for all b E E,b =f=. a, wb has a suffix (resp. bw has a prefix) in X - {wa} 
(resp. X - {awl). 

Further a set X simplifies (resp. left-, right-) simplifies to the set Y, if 
there exists a sequence of n ~ 0 sets Xo = X, ... ,Xn = Y such that Xi im
mediately simplifies (resp. left-, right-simplifies) to Xi+1, with the convention 
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x = Y, if n = O. Finally, a set X is simple (resp. left-, right-simple), if there 
is no Y -I- X such that X simplifies (resp. left-, right-simplifies) to Y. 

Above simplifications can be used to test unavoidability, as shown in 
[Ros2] and also known to J.-P. Duval (private communication). 

Proposition 7.2. A subset X is unavoidable if, and only if, it simplifies 
(Tesp. left-simplifies, right-simplifies) to the set consisting of the empty word 
only. 

Example 7.4. As an illustration, when the above is applied to the set {aaa, 
aba, bb} the following sequence of sets is obtained: Xo = {aaa, aba, bb}, Xl = 
{aaa,ab,bb}, X 2 = {aa,ab,bb}, X3 = {aa,a,bb}, X 4 = {a,bb}, X5 = {a,l!}, 
X6 = {g, I}, X 7 = {I}. 0 

Actually, a more general problem was solved in [Ros2] by showing that 
for all finite subsets X there exists a unique simple set Y equivalent to X, in 
the sense that it avoids the same set of infinite words. Furthermore, Yean 
be obtained by first right-simplifying X as long as possible and then left

simplifying it. More precisely, for each X denote by X (resp. Xr, Xl) any 
simple (resp. right-, left-simple) subset which is the last element in a chain of 
simplification (resp. right-, left-simplification) starting from X. The following 
asserts a property of confluence saying that the result of a maximal sequence 
of simplification does not depend on the intermediate choices. 

Proposition 7.3. For all X, there exists a unique simple subset equivalent 
- ::::;::;:rl =rr 

to it, namely X = X = X 

N ow we come to the problem that motivated the study of unavoidable sets. 
Haussler conjectured that every unavoidable set of words X can be extended 
in the sense that there exists an element u E X and a letter a E E such that 
substituting ua for u in X yields a new unavoidable set. For instance, in the 
previous example, the word ba can be replaced by bab (but not by baa, a2 or 
b2 as is easily verified). This conjecture held for some time and was supposed 
to be true. It was a nontrivial statement since, extending a word need not 
preserve the avoidability, but all computed examples confirmed that there 
always existed an extendable word. In fCC] some equivalent statements to 
the conjecture were given and some particular cases were settled. In fact, the 
conjecture turned out to be wrong, though it needed some clever efforts to 
exhibit the following counter-example (with the minimal possible number of 
elements) from [RosI]: 

X = {aaa,bbbb,abbbab,abbab,abab,bbaabb,baabaab}. 

The reader may run the above procedure to check that X is unavoidable, as 
well as to use an exhaustive case study to show that no word can be extended. 

Finally, [Ros2] introduces another interesting notion. Two subsets X and 
Yare weakly equivalent, written X "'w Y, if the sets of infinite periodic 
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words, i.e., of the form ... uu ... for some u E 17+, avoiding them are equal. 
This notion seems to deserve further research. In particular the proof of 
the fact that two words u i- v E {a, b} *, satisfy u "'w v if, and only if, 
{'u,v} = {anb,ban } or {u,v} = {bna,abn } is rather long and should be 
sim plifiable. 

7.5 Basics on the relation quasi-ordering :::::;r 

We turn to consider orderings on finite sets of words, in particular that of the 
quasi-ordering ~r. By definition it was associated with relations satisfied by 
words of X, and hence with solutions of equations. This leads us to consider 
systems of equations with a finite number of unknowns and without constants. 

Let 5 be a finite set of unknowns and 

s: Ui = Vi with Ui,Vi E 5*, for i E J, 

be a system of equations over 5. We are interested in all solutions of such a 
system in a given free monoid 17*, i.e., all morphisms h : 5* --; 17* satisfying 
h(u) = h(v) for all u = v in S. We are going to show that any system S 
is equivalent to one of its finite subsystems, i.e., any solution of this finite 
subsystem is also a solution ofthe whole S. Clearly, this states a fundamental 
compactness property of systems of equations over free monoids, and hence 
also of words. This property was conjectured by A. Ehrenfeucht at the be
ginning of the 1970s in a slightly different form, as we shall see in a moment, 
cf. also [Ka3]. 

Let us start with a simple example. 

Example 7.5. Consider systems of equations with only two unknowns. Then, 
by the defect theorem, each solution h : {x, y} * --; 17* is periodic. Therefore 
the set of all solutions of a given nontrivial equation consists of morphisms 
satisfying one of the following conditions: 

(i) h(x) = h(y) = 1; 
(ii) ::Ik E Q+ U {oo} : Ih(x)l/lh(y)1 = k and h is periodic; 
(iii) h(x), h(y) E z* for some z E 17+, i.e., h is periodic. 

Actually, condition (ii) consists of infinitely many different conditions, one for 
each choice of k. It follows straightforwardly that the set of all solutions of a 
given system of equations over {x, y} is determined by at most two equations. 
For example, if S contains equations of type (ii) for two different k's, then the 
only common solution is that of (i), and hence these two equations constitute 
an equivalent subsystem of two equations. 0 

It is interesting to note that no similar analysis is known to work in the 
case of three unknowns. Indeed, no upper bound for the size of an equiv
alent finite subsystem is known. This is despite the fact that there exists 
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a finite classification for sets of all equations satisfied by a given morphism 
h: {x, y, z}* ---+ E*, cf. [SpI]. 

As we already mentioned the original Ehrenfeucht's Conjecture was stated 
in a slightly different form, more in terms of formal languages. In order to 
formulate it let us say that two morphisms h, g : E* ---+ .1* agree on a word w if 
h(w) = g(w). Motivated by research on questions when two morphisms agree 
on all words of a certain language, for more details cf. [Ka3], he conjectured 
that 

't:IL ~ E*,:3 finite F ~ L: 't:Ih,g: E* ---+ .1* : 
h(w) = g(w) for all w E L {:} h(w) = g(w) for all wE F. 

In other words, the conjecture states that, for any language L, there exists 
a finite subset F of L such that to test whether two morphisms agree on 
words of L it is enough to do that on words of F. Such a finite F is called a 
test set for L. In terms of equations the conjecture states that any system of 
equations of the form 

S : Ui = Ui, for i E I, 

where Ui is an isomorphic copy of Ui in a disjoint alphabet, is equivalent to 
one of its finite subsystems. As was first noted in [CuKaI], cf. also [HK2J, this 
restricted formulation of the conjecture is actually equivalent to the general 
one. 

As a result related to Example 7.5 we show next that all languages over 
a binary alphabet has a very small test set. 

Theorem 7.4. Each binary language possesses a test set of size at most 
three. 

Proof. The proof is based on Theorem 3.2. Here we present the main ideas 
of it, but omit a few technical details which can be found in [EKR2]. 

Let L ~ {a, b} * be a binary language. We define the mtio of w E {a, b} + 
as the quantity r(w) = Iwlallwlb' Hence, r(w) E '0+ U {oo}. A simple length 
argument shows that no two morphisms h, g, with h =/: g, can agree on two 
words with a different ratio. Consequently, if L contains two words with a 
different ratio, then they constitute a two-element test set for L. 

So we assume that, for some k, r(w) = k for all win L. Now, each word 
w in L can be factorized as w = WI'" W n , where, for each i, r(wi) = k and, 
for each prefix w~ of Wi, we have r(wD =/: k. Let Lk be the set of all factors 
in the above factorizations of all words of L. It follows that if Lk has a test 
set of cardinality at most three, so has L: take a subset of L containing all 
words of the test set of Lk in the above factorizations. 

So it remains to be shown that Lk has a test set of size at most three. If 
IILkl1 ::; 2, there is nothing to be proved. So, assume that IILkl1 2: 3. Now, 
we use the partial characterization of binary equality sets proved in Theorem 
3.2. Such a set is always of one of the following forms: 
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(i) Xr = {wlr(w) = r} with r E Q+ U {oo}, 
(ii) {a,/3}* for some words a,/3 E E*, 
(iii) (a/3*"()* for some words a,/3,"( E E*. 

For morphisms having an equality set of form (i) anyone-element subset 
of Lk works as a test set. For morphisms having an equality set of form (ii) 
any two-element subset of Lk works, since no word in Lk is a product of words 
having the same ratio. Finally, morphisms having an equality set of the form 
(iii) (if there are any!) are most complicated to handle. In this case one can 
show, cf. [EKR2J, that if an equality set of form (iii) contains two elements 
of L k , then these two elements determine this equality set uniquely. Con
sequently, for morphisms having equality sets of form (iii) any two-element 
subset of Lk works for all other pairs of morphisms except for those having 
as an equality set the one determined by these two words. And for those this 
two-element set can be extended to a three-element test set by adding a third 
word from L k • 

Consequently, in all the cases three words are enough. D 

Of course, even in Theorem 7.4 a test set cannot be found effectively, in 
general. However, our above proof indicates that under a rather mild assump
tions on L this can be done, cf. [EKR2]. 

7.6 A compactness property 

In this section we prove the compactness property conjectured by Ehren
feucht, and will later interprete it as a finiteness condition on finite sets of 
words, as well as consider its consequences. 

Theorem 7.5. Each system of equations with a finite number of unknowns 
over a free monoid is equivalent to one of its finite subsystems. 

Proof. Let 5 be a finite set of unknowns in the equations 

for i E I, 

and E* a free monoid, where these equations are solved. We exclude the case 
IIEII = 1, since this is a trivial exercise in linear algebra. We also note that 
due the embeddings of Section 3.2 it does not matter what IIEII is - it can 
be even nondenumerable. Let us fix E = {ao, ... ,an-d with n ~ 2. 

The basic idea is that we convert equations on words into polynomial 
equations on numbers. This is possible simply because a word w can be 
interpreted as the number it presents in n-ary notations. 

More precisely, consider an equation 

(1) u = v with u, v E 5+. 

Define two copies of 5, say 51 and 52, and associate with (1) the following 
pair of polynomial equations 
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{ l(u) -l(v) = 0, 
n(u) - n(v) = 0, 

where 1, n : 5* ---+ (51 U 5 2 )* are mappings defined recursively as 

(3) { 
l(a) 
l(wa) 
n(a) 
n(wa) 

a1, 
= 1(W)a1' 

a2, 
n(w)l(a) + n(a), 

for a E 5, 
for a E 5 and w E 5+, 
for a E 5, 
for a E 5 and w E 5+. 

Equations (2) are well-defined, and they are polynomial equations over the 
set 51 U 52 of commuting unknowns. In fact, coefficients of the monomials in 
(2) are from the set {-I, 0,1}. Note also that the function n, as is obvious 
by induction, satisfies the relation 

Now, let w = aik_l ... aio' with aij E E, be a word in E+. We associate 
with it two numbers 

and 
O"o(w) = nk. 

Hence O"(w) is the value of w as the n-ary number and O"o(w) is the value 
nlwl. This guides us to set 0"(1) = ° and 0"0(1) = nO = 1. 

Obviously, the correspondence w - (0"0 (w), 0"( w)) is one-to-one, and we 
use it to show: 

h: 5* ---+ E*, i.e., (h(ao), ... , h(an_I)), is a solution of (1), 

if, and only if, 

the 2n-tuple (O"o(h(ao), ... , 0"0(h(an-1)), O"(h(ao)), ... , O"(h(an_I))) is a so
lution of (2). 

To prove this equivalence, let us denote 8 = (h(ao), ... , h(an-1)), 81 = 0"0(8) 
and 82 = 0"(8), where 0"0 and 0" are applied to 8 componentwise. Then, if 
h( u) = h( v), we conclude that 

l(u)1 = n1h(ull = n1h(vll = l(v)1 ' 
81 81 

i.e., 81 is a solution of the equation l(u) - l(v) = 0. Similarly, factorizing 
u = U1'U2, with h(uI),h(U2) =1-1, we conclude from (4) that 

n(u)I S 1,S2 = n(udls1 ,S2 • 1(u2)l sl,s2 + n(u2)l sl,S2 

= 0"(h(u1))nlh(u2l1 + 0"(h(U2)) = 0"(h(U1U2)) = O"(h(u)), 
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where the second equality is due to induction. The above holds also, as the 
basis of induction, when u does not have the above factorization. Symmetri
cally, n(v)1 = u(h(v)), so we have shown that (81,82) is a solution of (2). 

51,52 

On the other hand, if in above notations 8 = (81,82) is a solution of (2) the 
above calculations show that h is a solution of (1), proving the equivalence. 

Now, assume that S is our given system of equations, with E as the set 
of unknowns, consisting of equations Ui = 'Vi for i E I. Let 

pj(E1, E2) = 0 for j E J 

be a set of polynomial equations, with E1 U E2 as the set of unknowns, 
consisting of those equations which are obtained in (2) when i ranges over 
I. For simplicity let Pj = pj(E1, E 2) and P = {pjlj E J}. By Hilbert's 
Basis Theorem, cf. [Co], P is finitely based, i.e., there exists a finite subset 
Po = {Pi Ij E Jo} ~ P such that each pEP can be expressed as a linear 
combination of polynomials in Po: 

P = L gjPj with g,i E :£(E1 U E2)' 
,iEJo 

Consequently, the systems "Pj = 0 for j E J" and "Pj = 0 for j E Jo" 
have exactly the same solutions. Therefore, by the equivalence we proved, 
our original system S is equivalent to its finite subsystem containing only 
those equations of S needed to construct Po. 0 

The proof of Theorem 7.5 deserves a few comments. There are several 
proofs of this important compactness result, however, all of those rely on 
Hilbert's Basis Theorem. The two original ones are those by Albert and 
Lawrence in [ALl] and Guba in [MS]. Our proof is modelled from ideas of 
Guba presented in [McN2] and [Sa13], cf. also [RoSa2], using n-ary numbers. 
The other simple possibility of proving this result is to use embeddings of E* 
into the ring of 2 x 2-matrices over integers, cf. [Per] or [HK2]. The advantage 
of the above proof is that it uses only twice as many unknowns as there are 
in the original system. 

It is also worth noticing that we did not need above the full power of 
Hilbert's Basis Theorem. Indeed, we only needed the fact that the common 
roots of the polynomials P j , for j E Jo, are exactly the same as those of the 
polynomials Pj, for j E J, which is not the Hilbert's Basis Theorem, but 
only its consequence. Note also that the reduction from word equations to 
polynomial equations goes only in one direction. Indeed, the existence of a 
solution of an equation is decidable for word equations, as shown by Makanin, 
while it is undecidable for polynomial equations, as shown by Matiyasevich, 
d. [Mat] and also [Da]. 

Finally, let us still emphasize one peculiar feature of the above proof. The 
original problem is, without any doubts, a problem in a very noncommuta
tive algebra, while its solution relies - unavoidably according to the current 
knowledge - on a result in a commutative algebra. 
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Of course, a finite equivalent subsystem for a given system of equations 
cannot be found effectively, in general. However, in several restricted cases 
this goal can be achieved. The proofs are normally direct combinatorial proofs 
not relying, for example, on Hilbert's Basis Theorem. We present one such 
example needed in our later considerations, for other such results we refer to 
[ACK], [Ka3J, [HK2J, [KRJ] or [KPR]. 

We recall that a system of equations in unknowns E is called rational if 
it is a rational relation of E* x E*, cf. [Bel]. 

Theorem 7.6. For each rational system of equations in a finite number of 
unknowns one can effectively find an equivalent finite subsystem. 

Proof. Of course, the formulation of Theorem 7.6 silently assumes that the 
system 8 is effectively given, for example, defined by a finite transducer T, 

cf. [Bel]. Let n be the number of states of T. Set 

80 = {u = v E 8 I (u, v) has an accepting computation in T of length at 
most 2n}. 

We claim that 8 0 is equivalent to 8. Assume the contrary that h : E* ---. E* 
is a solution of 8, but not of 8 0 . Choose an equation u = v from 8 such that 
h( u) i:- h( v), and moreover, (u, v) is minimal in the sense that there is no 
such equation in 8 which would have a shorter computation in T than what 
is the shortest one for (u, v). 

By the choice of 8 0 , words u and v factorize as u = UlU2U3U4 and v = 
Vl V2V3V4 such that in T we have 

i 
Ul,Vl U2,V2 U3,V3 U4,V4 

lq I q------ll t 

for some states i, q and t, with i initial and t final. It follows from the mini
mality of (u, v) that 

(5) { 
h(UlU2) = 

h(UlU2U4) 
h(UlU3U4) 

h(vlv2), 
h( Vl V2V4) and 
h(vlv3v4). 

We apply to these identities the following implication on words, the proof of 
which is straightforward and left to the reader: for any words u, v, w, z, u', 
v', w', z' E E* we have 

(6) { 
uv = u'v' 

uwv = u'w'v' ::::} uwzv = u'w'z'v'. 
uzv = u'z'v' 

Now, conditions (5) and (6) imply that h(u) = h(v), a contradiction. 0 

We note that although our above proof does not imply that 80 can be 
chosen "small" , a more elaborated proof in [KRJ] shows that it can be chosen 
to be of the size O(n), where n denotes the number of transitions in T. 

Possibilities of generalizing the fundamental compactness property of The
orem 7.5 are considered in [HKPJ, cf. also [HK2]. 
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7.7 The size of an equivalent subsystem 

Theorem 7.5 leaves it open how large a smallest equivalent subsystem for a 
given system can be. This is the problem we consider here. Consequently, 
this section is closely connected to Section 4.4. 

Recall that a system 8 in unknowns = is independent if it is not equivalent 
to any of its proper subsystems. Our problem is to estimate the maximal size 
of an independent system of equations. Very little seems to be known on this 
problem. Indeed, we do no know whether the maximal size can be bounded 
by any function on 11=11. 

What we can report here are some nontrivial lower bounds achieved in 
[KaPll]. First we note that Example 4.8 introduces an independent system 
of equations over a free semigroup 17+ consisting of n 3 equations in 3n un
knowns. Therefore a lower bound for the maximal size of independent system 
of equations over a free semigroup is .0(11=113 ). 

Our next example shows that we can do better in a free monoid. 

Example 7.6. Let = = {Yi,Xi,ui,vi,'ih,xi,Ui,ih,Yi,Xi,Ui,Vi Ii = 1, ... ,n} 
and 8 a system consisting of the following equations 

Therefore 11=11 = 12n and 11811 = n4. Let us fix the values i,j, k and land 
denote the corresponding equation by e(i,j,k,l). In order to prove that 8 is 
independent we have to construct a solution of the system 8 - {e(i, j, k, In 
which is not a solution of e(i,j, k, l). Such a solution is given as follows: 

= ababa, 
= Uk = VI = ab, 
= Uk = VI = a, 
= Uk = VI = ba, 
= 1, for all other unknowns. 

This is not a solution of the equation e(i, j, k, l), since 

ababa.ab . .. =f=. ab.ab.ab . .. . 

However, it is a solution of any other equation since the alternatives are 

Yi =f=. ababa, when the equations become an identity, or 
Yi = ababa and 0,1 or 2 of the words Xj,Uk and VI =f=. ab, when the 
corresponding relations are: 

ababa = ababa, 
ababa.ab.a.ba = ab.a.ba.ababa, 
ababa.ab.ab.a.ba.ba = ab.ab.a.a.ba.ba.ababa. 

Finally, we emphasize that this example uses heavily the empty word 1. 0 
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We summarize the above considerations to 

Theorem 7.7. (i) A system of equations with n unknowns may contain 
D(n4 ) independent equations over a free monoid. 

(ii) A system of equations with n unknowns may contain D(n3 ) indepen
dent equations over a free semigroup without the unit element. 

A natural problem arises. 

Problem 7.1. Does there exist an independent system of equations over a 
free semigroup or a free monoid consisting of exponentially many equations 
with respect to the number of unknowns? 

We note that if the above question is posed in free groups then the answer 
is affirmative, although our compactness property is still valid, cf. [HK2]. Even 
more strongly, in [AL2] it is shown that systems of independent equations in 
three unknowns over a free group may be unboundedly large. 

7.8 A finiteness condition for finite sets of words 

In this section we interpret the above compactness result in terms of order
ings. We consider relation quasi-ordering ::5r defined on finite set of words by 
the condition 

x ::5r y {:} 3 bijection cp : X -+ Y such that R<p(x) ~ Rx. 

Consequently, a finite set X is here considered as a solution of a system of 
equations, and Y is larger than X if X satisfies all equations Y does. 

Now, we obtain as a direct interpretation of Theorem 7.5 our second 
nontrivial finiteness condition of Table 7.1 in Section 7.1. 

Theorem 7.8. Each chain with respect to relation ordering ::5r is finite. 0 

Note that Theorem 7.8 states that ::5r is well-founded, and moreover, that 
also the reverse of ::5r is well-founded. We also want to emphasize that our 
two nontrivial finiteness conditions, namely those stated in Theorems 7.2 and 
7.8, are different in the sense that in Theorem 7.2 arbitrarily large, although 
always finite, antichains are known to exist, while it is not known whether 
there exist arbitrary large chains with respect to ::5r. 

Two natural questions connected to the ordering ::5r are to decide, for two 
given finite sets X and Y of the same cardinality, whether X ::5r Y or whether 
X = Y with respect to ::5r. These problems have very natural interpretations 
in terms of questions considered in Section 3.1. The latter asks whether F
semigroups X+ and y+ are isomorphic, and the former asks (essentially) 
whether an F-semigroup can be strongly embedded into another one, i.e., 
whether there exists an injective morphism mapping generators to generators. 
Recall, as we showed in Section 3.1, that an F-semigroup X+ can always be 
embedded into any y+ containing two words which do not commute. 

As the answer to the above questions we prove, cf. [HK1]. 
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Theorem 7.9. Given two finite sets X, Y ~ 17+ it is decidable whether the 
F -semigroups X+ and y+ are isomorphic. 

Proof. We may assume that IIXII = IWII, and restrict our considerations to 
a fixed bijection cp : X -+ Y. We have to decide whether the extension of 
cp : X+ -+ y+ is an isomorphism, i.e., whether X and cp(X) satisfies exactly 
the same relations. Let the sets of these relations be Rx and Rcp(x) having 
a common set E of unknowns, respectively. 

It is an easy exercise to conclude that Rx and Rcp(x) are rational relations, 
cf. constructions in Example 2.1. Now, deciding whether Rx = Rcp(x) would 
solve our problem, but unfortunately the equivalence problem for rational 
relations is undecidable, cf. [Bel]. So we have to use some other method. Such 
a method can be found, when noticing that we are asking considerably less 
than whether Rx and Rcp(x) are equal, namely we are asking only whether 
Y = cp(X) satisfies R x , and vice versa. To test this is not trivial, but by 
Theorem 7.5 it reduces to testing whether Y satisfies a finite subsystem of 
Rx , and moreover, by Theorem 7.6 such a finite subsystem can be found 
effectively. Hence, indeed, we have a method to test whether X+ and y+ are 
isomorphic. 0 

Note that the proof of Theorem 7.9 does not need the full power of The
orem 7.5. Only its effective validity for rational systems is needed, and this 
was easy to prove by direct combinatorial arguments. 

Theorem 7.9 and its proof have the following two interesting consequences: 

Theorem 7.10. Given finite sets X, Y ~ 17+ it is decidable whether the F
semigroup X+ is strongly embeddable into the F -semigroup Y+. 0 

Theorem 7.11. For finite sets X, Y ~ 17+ it is decidable whether 
(i) X jr Y or (ii) X = Y with respect to jr' 0 

The proof of Theorem 7.9 is not difficult, however, it contains quite a 
surprising feature: it does not seem to be extendable to rational subset of 17+. 
This is interesting to note since for many problems finite and rational sets 
behave in a similar way - due to the fact that rational sets are finite via their 
syntactic monoids. For instance, in a special case of the above isomorphism 
problem asking only whether a given F-semigroup X+ is free, there is no 
essential difference whether X is finite or rational, cf. [BePe]. In the general 
isomorphism problem it is not only so that the method of Theorem 7.9 does 
not seem to work, but we have an open problem: 

Problem 7.2. Is it decidable whether two rational subsets of 17+ generate 
isomorphic semigroups? 

We conclude this section by considering how equations can be used to 
describe subsemigroups of 17+. These considerations are connected to the 
validity of Ehrenfeucht's Conjecture. 
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Let E be a fixed finite alphabet and 3 a denumerable set of unknowns. 
We say that a system 8 of equations, with a finite number of unknowns from 
3, F-presents an F-semigroup X+ if, and only if, the following holds 

(i) X is a solution of 8; and 
(ii) 8 is equivalent to Rx. 

Intuitively this means that X satisfies the equations of 8, but nothing else 
in the sense that any other equation e satisfied by X is dependent on 8, i.e., 
8 and 8 U {e} are equivalent. 

Example 7.7. Consider the following three singleton sets of equations 

81 : xy = zx ; 82 : xy = yx ; 83 : xyy = yxxx . 

The first one is an F-presentation of xt with Xl = {a, ba, ab}, for example. 
Indeed, denoting these words by x, y and z in this order, we see that the 
minimal nontrivial relations of Xl are xyn = znx for n ~ 1. But this set of 
nontrivial relations is equivalent to the equation xy = zx: 

xyn = xyyn-l = zxyn-l = zzn-I y = zny . 

On the other hand, 8 2 is not an F-presentation. Indeed, assume that X = 
{x, y} satisfies 8 2 . Then there is a word z E E+ and integers p and q such 
that x = yP and y = zq. The cases p = 0 or q = 0 are easy to rule out. 
In the remaining case Rx is equivalent to the equation x q = yP, which is 
not equivalent to 8 2 • Finally, the above argumentation shows that 8 3 is an 
F-presentation of the semigroup {a,aa}+. 0 

We did not require in the definition of an F-presentation that the set 8 is 
neither finite nor independent. However, such an F-presentation can always 
been found for any finitely generated F-semigroup. 

Theorem 7.12. For each finite X ~ E+ the F -semigroup X+ has a finite 
F -presentation consisting of an independent set of equations. Moreover, such 
an F -pTesentation can be found effectively. 

Proof. It is the proof of Theorem 7.6 which allows us to find a finite F
presentation 8 for X+. It follows trivially that some of the equivalent subsets 
of 8 is independent, and hence a required F-presentation. To find it effectively 
we proceed as follows. By employing Makanin's algorithm we can test whether 
two finite systems of equations are equivalent, cf. Section 5. Hence a required 
F-presentation can be found by an exhaustive search. 0 

The problem of characterizing those systems of equations which are F
presentations seems to be so far a neglected research area. Our Example 7.7 
shows that not all finite systems are F-presentations. As a related question 
we state 
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Problem 7.3. Is it decidable whether a given finite system of equations is 
an F-presentation? 

We note that Problem 7.3 is semidecidable, i.e., if we know that a given 
finite S is an F-presentation, then an F-semigroup X+ having S as an F
presentation can be effectively found. This follows by an exhaustive search 
and arguments presented in the proof of Theorem 7.12. 

8. Avoidability 

The goal of this section is to give a brief survey on most important results of 
the theory of avoidable words, or as its special case of repetition-free words. 
A typical question of this theory asks: does there exist an infinite word over 
a given finite alphabet which avoids a certain pattern (repetition, resp.), 
that is does not contain as a factor any word of the form of the pattern 
(any repetition of that order, resp.). If the pattern is xx all squares must be 
avoided. It should be clear that, contrary to many other fragments of formal 
language theory, results of this theory depend on the size of the alphabet. 

8.1 Prelude 

The theory of avoidable words is among the oldest in formal language theory. 
A systematic study was carried out by A. Thue at the beginning of this 
century, see [T1l, [T2J, [Be6J and [Be8J for a survey of Thue's work. Later 
these problems have been encountered several times in different connections, 
and many important results, including most of Thue's original ones, have been 
discovered or rediscovered, d. Chapter 3 in [LoJ. The topic has been under a 
very active research since early 80's, and it is no doubt that this revival is due 
to a few important papers, such as [BEMJ, and papers emphasizing a close 
connection of this theory to the theory of fixed points of iterated morphisrns, 
d. [Be2J and [CSJ. 

Some basic results of the theory have already been published in details 
in books like [LoJ and [SaI2J. For survey papers we refer to [Be4J and [Be5J. 
Finally, applications of the theory especially to algebra, are discussed in [SapJ. 

To start with our presentation we recall that the basic notions were al
ready defined in Section 2.3. The theory, at its present form, is closely related 
to an iteration of a morphism h : E* -+ E*. For convenience we consider only 
1-free prolongable morphisms, i.e., 1-free morphisms h satisfying h(a) = aa 
for some a E E and 0: E E+. Then obviously, for each i, h i+1 (a) is a proper 
prefix of hi(a), so that the unique word 

Wh = lim hi(a) 
2->00 

is obtained. Consequently, Wh is a fixed point of h, i.e., h( Wh) = Who Since it 
is defined by iterating morphism h (at point a) we say that Wh is obtained as 
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a fixed point of iterated morphism h. This mechanism, often generalized by a 
possibility of mapping Wh by another morphism, is by far the most commonly 
used method to construct avoidable infinite words. 

As an illustration let us consider morphisms 

T. { a -+ ab 
. b -+ ba and F: { a -+ ab 

b-+a 

The words they define as iterated morphisms at a are 

WT = abbabaabbaababbabaababbaabbabaab ... 

and 
WF = abaababaabaababaababaabaababa ... 

The first one played an important role in the considerations of Thue, and 
later it was made well-known by Morse, cf. [Morl] and [Mor2]. Therefore it is 
usually referred to as Thue-Mor"se word, although it was actually considered 
by Prouhet already in 1851, cf. [Prj. The latter one is normally referred to as 
Fibonacci word, due to the fact that the lengths of the words Fi(a) form the 
famous Fibonacci sequence. Accordingly, the morphisms T and F are called 
Tlme-Mor'se and Fibonacci morphisms. 

It is striking to note that these two words are among the most simple 
ones obtained by iterated morphisms, and still they have endless number 
of interesting combinatorial properties. In fact they seem to be the most 
commonly used counterexamples. For instance, prefixes of WT of length 2n 

show that factors of a word W of length n with multiplicities do not determine 
W uniquely, cf. Section 7.3. Similarly, WF can be used to show that Proposition 
6.2 is optimal, as well as that prefixes of lengths p + 2, q + 2, with p and q 
consecutive Fibonacci numbers, can be used to show the optimality of the 
Theorem of Fife and Wilf. 

As an illustration of another way of defining repetition-free words we note 
that WT can be defined recursively by formulas 

{ 
Uo = a, 

Vo = b, 

since then Tn (a) = 'Un, as is easy to verify. 

8.2 The basic techniques 

for n ~ 0, 
for n ~ 0, 

The following two examples illustrate the basic techniques of proving that 
a fixed point of an iterated morphism avoids a certain pattern or a certain 
type of a repetition. In principal, the techniques is very simple, namely that 
of the infinite descending already used by Fermat, but its implementation 
might lead to a terrifying case analysis. 
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Example 8.1. We claim that the fixed point Wh of the iterated morphism 

h. a ---- aba 
. b ---- abb 

is 3--free, in other words, does not contain any cube, but does contain rep
etitions of any order smaller than 3. The latter statement is trivial since any 
word of the form 

uuu(suf1(u))-1 

is mapped under h to a word of the same form, and as the starting point 'Wh 

contains a factor aab. 
To prove the second sentence, assume that 'Wh contains a cube v = uuu, 

with lui = n ;::: 2. Now we consider the four cases depending on the prefix U2 

of 'U of length 2, and analyse the cutpoints in {h(a), h(b)}-interpretations of 
u. It is due to a favourable form of h that, with the exception of the prefix 
ba, such a cutpoint in U2 is unique, as depicted in Figure 8.1. 

u : LJ:jf-Ca,.-a __ ---l 

Fig. 8.1. Cutpoints inside U2 

In the cases aa, ab and bb the three prefixes in different occurrences of u 
have exactly the same cut points. Consequently, in the case of ab there exists 
a word u' such that h( u') = u, and in the other two cases there exists a word 
u' such that h(u') = sufk('u)u sufdu)-l, for k = lor 2, i.e., h(u') is obtained 
from 'U by a shift as illustrated in Figure 8.2 for the prefix aa. 

U 3 : ~a ¢!f pa 
/ 

abl 

h: ~ \ t I 
,3 ""I \ I ( 

U 

Fig. 8.2. The case U2 = aa 

In the case ba is the prefix of u, if the ba prefixes of the first and the 
second u have the same cutpoint, so have the third one as well, by the length 
argument. Hence, the above considerations apply. On the other hand, if the 
first and the second prefix have a different cutpoint, then the third one has, 
again by the length argument, still a different one. This, however, is not 
possible. 
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From above we conclude that, if Wh contains a cube longer than 6, then it 
contains also a shorter cube, and hence inductively a cube of length at most 
6. That this is not the case is trivial to check. 0 

Our second example deals with abelian repetitions, and is due to [Dek]. 
The basic idea of the proof is as above, only the details are more tedious. 

Example 8.2. Let Wh be the word defined by the iterated morphism 

h. a --+ abb 
. b --+ aaab. 

We intend to show that Wh is abelian 4(-free, i.e., does not contain 4 consecu
tive commutatively equivalent factors. The idea of the proof is that illustrated 
in Figure 8.2. Starting from an abelian 4-repetition, we conclude that its small 
modification by a shift is an image under h of a shorter abelian 4-repetition. 
Now, the 4 consecutive blocks are only commutatively equivalent, so that it 
is not clear how to do the shifting. This means that h must possess some 
strong additional properties. To formalize these we associate with a word 
U E {a, b} * a vaz'ue in the group Z5 (of integers modulo 5) by a morphism 
/J : {a, b} * --+ Z5 defined as 

/J(a) = 1 and /J(b) = 2. 

It follows that 

(i) /J(h(w)) = 0 for all wE {a, b}*. 

Now assume that B1B2B3B4 is an abelian 4-repetition in Who We illustrate 
this, as well as an {h(a), h(b)}-interpretation of it in Figure 8.3. 

~--~I--.-------.--r--.------.--+---r-------~-----.----.-~ 

Formally, the above means that 

where, for i = 1, ... ,5 and j = 1, ... ,4, 

h(ai) = ViV~ and B j = vjh(aj)vj+1 with Vi E E*, V~ E E+. 

Since /J is a morphism we obtain from (i) that, for j = 1, ... ,4, 
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p,(Bj ) - p,(h(aj)) - p,(vj) 

p,(Bj) + p,(Vj) = g + p,(Vj), 

where g, due to the commutative equivalence of Bj's, denotes a constant 
element of Z5. Therefore the sequence 

(1) 

is an arithmetic progression in Z5. We want to allow only trivial arithmetic 
progressions, which guides us to require that 

(ii) s = {a E Z5 I 3z E pref{h(a), h(b)} : a = p,(z)} 

is 5-progression free, i.e., does not contain any subset {a + ngln = 0, ... ,4} 
with g -I- 0. That our morphism h satisfies this condition is easy to see: 
indeed, we have 

(2) (p,(a) , p,(ab)) = (1,3) and (p,(a), p,(aa), p,(aaa)) = (1,2,3), 

so that S = {O, 1, 2, 3}, while in Z5 any arithmetic progression of length 5, 
with g -I- 0, equals the whole Z5. 

Since vi's in (1) are prefixes of h(a) or h(b) we can write the arithmetic 
progression (1) in the form 

(3) 

What we would need, in order to have a shift, is that from (3) we could 
conclude that either the words Vi or the words v~ are equal. This is our 
next condition imposed for hand p,. We say that p, is h-injective, if for all 
factorizations ViV~ E {h(a), h(b)}, with i = 1, ... ,5, we have 

(iii) I I 
VI = ... = v5· 

From our computations in (2) we see that the only case to be checked is the 
case when VI = ab and V3 = aaa. And then indeed vi = b = v~, so that our 
p, is h-injective. 

We are almost finished. We know that the words Vi (or symmetrically 
the words vn coincide. Consequently, the four abelian repetitions can be 
shifted to match with the morphism h: instead of Bi'S we now consider the 
commutatively equivalent blocks Di = viBiV;1 (or Di = v~-I BiV~), for i = 
1, ... ,4. Then there are words Ci such that 

where 7r gives the commutative image of a word. If we would know that 
Ci'S were commutatively equivalent, we would be done. Indeed, then by an 
inductive argumentation Wh would contain either aaaa or bbbb as a factor, 
and this is clearly not the case. 
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So to complete the proof we still impose one requirement for h, namely 
that 

(iv) M(h) _ ( Ih(a)la 
- Ih(b)la 

is invertible. 

Then, by (4), we would have 7r(Ci ) . M(h) = 7r(Di ), or equivalently 7r(Ci ) = 
7r(Di)· M(h)-l, for i = 1, ... ,4, so that Ci's would be commutatively equiva-

lent. That M(h) is indeed invertible is clear, since it equals to (! i). 0 

It is worth noticing that conditions (i)-(iv) in the above proof are general 
ones, which can be used to prove similar results for different values of the 
size of the alphabet and/or the order of the repetition. 

The argumentation of Examples 8.1 and 8.2 was already used by Thue in 
order to conclude 

Theorem 8.1. The Thue-Morse word WT is 2+ -free, i.e., does not contain 
any overlapping factors. 0 

When applied to the Fibonacci word WF, the above argumentation, with 
rather difficult considerations, yields the result that it is (2 + r.p)- -free, where 
r.p is the number of the golden ratio, i.e., !(1 + v's), cf. [MPJ. 

From Theorem 8.1 we easily obtain 

Theorem 8.2. There exists a 2-free infinite word in the ternary alphabet. 

Proof. Define the morphism r.p : {a, b, c} * --+ {a, b} * by setting r.p( a) = abb, 
r.p(b) = ab and r.p(c) = a. Since r.p has a bounded delay, the word r.p-1(W) for 
w E {a, b }W , if defined, is unique, and since it is defined for each w containing 
no three consecutive b's, it follows that the word 

(5) W2 = r.p -1 (WT) = abcacbabcbacabca . .. 

is well-defined. Moreover, it is 2-free since WT is 2+ -free, and each of the 
words r.p( d), with d E {a, b, c}, starts with a. 0 

The word W2 can be obtained also as the fixed point of the iterated mor
phism h defined as h(a) = abc, h(b) = ac and h(c) = b. 

For the sake of completeness we state the result of Example 8.2, and its 
modification for abelian 3-free words in the ternary alphabet, also due to 
[DekJ, as the following theorem. 

Theorem 8.3. (i) There exists an infinite abelian 4-free word in the binary 
alphabet. 

(ii) There exists an infinite abelian 3-free word in the ternary alphabet. 
o 
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Table 8.1. Lengths of maximal words avoiding integer repetitions and abelian 
repetitions 

k 

111711 

2 

3 

2 

3 

00 

Word case 

3 

00 

k 
111711 

2 

2 

3 

3 9 

4 00 

Abelian case 

3 4 ... 

7 00 

00 

Now, with the calculations in Section 2.3 we can summarize all avoidable 
integer repetitions and abelian repetitions to the following table. Here k tells 
the order of the repetition, and the value of each entry the length of the 
longest word avoiding this repetition in the considered alphabet. 

We note that special cases of (ii) in Theorem 8.3 was solved earlier. The 
first step was taken in [Ev], where it was shown that the 25th abelian powers 
were avoidable in the binary case. This was improved to 5 in [PI] using an 
iterated uniform morphism h of size 15, i.e., Ih(a)1 = 15 for each letter a. 
Later the same result was shown in [Ju] using uniform morphisms of size 5. 

Finally, the problem whether abelian squares can be avoided in the 4-
letter alphabet, sometimes referred to as Erdos' Problem, was open for a long 
time, until it was solved affirmatively in [Ke2]. The proof is an interesting 
combination of a computer checking and of a mathematical reasoning showing 
that an abelian 4-free word can be obtained as the fixed point of an iterated 
uniform morphism of size 85. Moreover, it is shown that no smaller uniform 
morphism works here! 

By Table 8.1, all 2-free words in the binary alphabet are finite, while by 
Theorem 8.1, there exists an infinite 2+ -free binary word. This motivates us 
to state the following notion explicitly defined in [Bra], d. also [Dej]. For each 
n ~ 2, the repetitiveness threshold in the alphabet of n letters is the number 
T( n) satisfying: 

(i) there exists a T(n)+ -free infinite word in the n-Ietter alphabet; and 
(ii) each T(n)-free word in the n-Ietter alphabet is finite. 

It follows from the fact that for any irrational number r, the notions of r
free and r+ -free coincide, that the repetitiveness threshold is always rational, 
if it exists. And it is known to exist for n ::; 11: As we noted T(2) = 2. The 
value ofT(3) was solved in [Dej], by showing that each ternary ~-free word is 
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finite, and by constructing an infinite t+ -free ternary word as the fixed point 
of a uniform morphism of size 19. She also conjectured the values of T(n) 
correctly up to the current knowledge, which is shown in Table 8.2. For 4 the 
problem was solved in [Pan1] and for the values from 5 up to 11 in [Mou]. 

Table 8.2. The repetitiveness thresholds and the lengths max(n) of longest T(n)-
free words in the n-letter alphabet 

111711 2 3 4 5 6 7 8 9 10 11 

T(n) 2 7/4 7/5 5/4 6/5 7/6 8/7 9/8 10/9 11/10 

max(n) 3 38 122 6 7 8 9 10 11 12 

It is interesting to note that, for all k ?: 2, only very short words can 
avoid repetitions of order k~l' Indeed, any word of length k + 2 in the k-Ietter 
alphabet Ek either contains a factor of length k in a (k - l)-letter alphabet 
or an image of the word 1 ... k12 under a permutation of E k • Consequently, 
such a word contains either a repetition of order at least k~l or ¥, and 

both of these are at least k~l' for k ?: 2. Consequently, assuming the first 
line of Table 8.2 the second one follows for k at least 5 by noting that words 
1 ... k1 are k~l-free. 

8.3 Repetition-free morphisms 

As we have seen, constructions of repetition-free words rely typically on it
erated morphisms, which preserve this property when started from a letter 
u, or in general, from a word having this property. This guides us to state 
the following definition. A morphism h : E* -+ .:1* is said to be k-free if it 
satisfies: 

whenever wE E+ is k-free, so is h(w). 

Note that the definition ofthe k-freeness does not require k to be a number -
it can also be a+ or a- for some number a. For example, the Thue-Morse 
morphism is 2+ -free. Similarly, a morphism can be abelian k-free, for an 
integer k, as in Example 8.2. 

The problem of deciding, for a given k and a morphism h, whether h is 
k-free is very difficult. Indeed, even for integer values of k it seems to be 
still open, d. [Ke1] for partial solutions. On the other hand, computationally 
feasible sufficient conditions for the k-freeness, with kEN, are known, an 
example being the following result from [BEM]. 

Proposition 8.1. Let k be an integer?: 2. A morphism h : E+ -+ .:1+ zs 
k-free 'if 'it satisfies the following conditions 
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(i) h is k-free on k-free words of length at most k + 1; 
(ii) whenever h(a) E F(h(b)), with a, bEE, then a = b; and 
(iii) whenever h(b)h(c) = uh(a)v, with a,b,c E E, then u = 1 and a = b, or 

v = 1 and a = c. 

The first complete characterization of 2-free morphisms was achieved in 
[Be3]. Later in [Cr] it was extended to the following sharp form, where M(h) 
and m(h) denote the maximal and minimal lengths of h(a), when a ranges 
over the domain alphabet of h. 

Proposition 8.2. (i) A morphism h : E+ -+ Ll+ is 2-free if, and only if, it 
is 2-free on 2-free words of length at most max{3, (M(h) - 3)/m(h)}. 

(ii) A morphism h : {a, b, c} + -+ {a, b, c} + is 2-free if, and only if, it is 
2-free on 2-free words of length at most 5. 

A characterization similar to (ii) - requiring to check words up to length 
10 - was shown for 3-free morphism over the binary alphabet in [Kal]. Note 
here that not only the decidability of the k-freeness of a morphism, in general, 
but also the decidability of the 3-freeness in the arbitrary alphabet seems to 
be open. 

We conclude these considerations with two more sharp characterization 
results. The first one was already known to Thue, d. also [Harj]. The second 
one, due to [LeCJ, considers the problem whether a given morphism h : E+ -+ 

Ll+ is k-free, for all integer values of k ;::: 2, in other words is power-free. 

Proposition 8.3. A binary morphism h : {a, b} + -+ {a, b} + is 2+ -free if, 
and only if, it is of the form Tk or Tk 0 p" where T is the Thue-Morse 
morphism, p, is the permutation of {a, b} and k is an integer;::: 1. 

Proposition 8.4. A morphism h : E+ -+ Ll+ is power-free if, and only if, 

(i) h is 2-free; and 
(ii) h(a2 ) is 3-free for each a E E. 

8.4 The number of repetition-free words 

In this subsection we study the number of repetition-free words in some 
special cases. More precisely we consider 2+- and 3-free words in the binary 
case and 2-free words in the ternary case. Let us denote by SFn(3) the set of 
all 2-free words of length n over the ternary alphabet, where n is allowed to 
be 00, as well. Similarly, let S+ Fn(2) and CFn(2) denote the corresponding 
sets of 2+ - and 3-free words over the binary alphabet. 

We shall show the following result of [Bra], d. also [Bri]. 

Theorem 8.4. IISFn (2)11 is exponential, i.e., there exist constants A, B, p 
and a, with A, B > 0 and p, a> 1, such that 
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Proof. The existence of Band (J are clear. The crucial point in proving the 
lower bound is to find a 2-free morphism h : 17+ -+ {a, b, e} +, with II Ell > 3. 
As shown in [Bra] such a morphism exists for each value of 111711, and moreover, 
can be chosen uniform. For small values of 111711 it is not difficult to find such 
a morphism using Proposition 8.2. 

Now, let h : {a,b,e,a,b,c}+ -+ {a,b,e}+ be a uniform 2-free morphism . 
. As shown in [Bra] the smallest size of such a morphism is 22, which means that 
after having it, the checking of its 2-freeness is computationally easy. Next 
we define a finite substitution T : {a, b, e} + -+ {a, b, e, a, b, c} + by setting 

T{X) = {x,x} for x E {a,b,e}. 

We fix a 2-free word Wk oflength k, which by Theorem 8.2 exists, and consider 
the set h{T{Wk)) of words. Clearly, words in this set are 2-free, and of length 
22k. Moreover, Ilh{T{wk))1I contains 2k words, since h must be injective, or 
even a prefix code, by its 2-freeness. So we have concluded that, for each 
n ~ 2, the cardinality of SF22n (3) ~ 2n. This implies that p can be chosen 
to be 2f2 '" 1,032. 0 

Theorem 8.4 stimulates for a few comments. First of all, a closer analysis 
of the problem shows that the constants can be chosen such that 

Moreover, the 20 smallest values of the number of 2-free words of length n 
over {a, b, e} are: 3, 6, 12, 18, 30, 42, 60, 78, 108, 144, 204, 264, 342, 456, 618, 
798, 1044, 1392, 1830, 2388. 

Second, the above proof immediately extends to infinite words. Starting 
from a fixed infinite 2-free word over the ternary alphabet 173 , say W2 of The
orem 8.2, T creates nondenumerably many of those over a six-letter alphabet 
176 , and h being injective also on 176' brings equally many back to 173'. So we 
have 

Theorem 8.5. SFoo(3) is nondenumerable. 

Finally, the above ideas can be applied to estimate the number of 3-free 
words over the binary alphabet 172 , if a uniform 3-free morphism h : 17+ -+ 

17;:, with 111711 > 2, is found. Again, as shown in [Bra], such morphisms exist 
for each value of 111711 > 2. Therefore, since the uniformity and the 3-freeness 
imply a bounded delay, and hence the injectivity on EW, we obtain 

Theorem 8.6. CFn(2) is exponential, and CFoo{n) is nondenumerable. 

The bounds given for the number of 3-free words of length n in the binary 
case are 

2 ·1,08n ~ IICFn (2) II ~ 2 ·1,53n • 

For 2+-free words the results are not quite the same as the above for 
2- and 3-free words. The result stated as Proposition 8.5 follows from the 
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characterizations of finite and infinite 2+ -free binary words presented in the 
next subsection. 

Proposition 8.5. S+ Fn(2) is polynomial, while S+ Foo(2) is nondenumer
able. 

Recently, it was shown in [Car2], using the morphism of [Ke2J, that the 
number of abelian 2-free words over the 4-letter alphabet grows exponentially, 
as well as that of abelian 2-free infinite words is nondenumerable. This seems 
to be the only estimate for the number of abelian repetition-free words. For 
repetition-free words over partially commutative alphabets we refer to [CF]. 

At this point the following remarks are in order. As we saw in all the 
basic cases the sets of repetition-free infinite words form a nondenumerable 
set. Consequently, "most" of such words cannot be algorithmically defined. In 
particular, the by far most commonly used method using iterated morphisms 
can reach only very rare examples of such words. In the case of 2+ -free words 
the situation is even more striking: as shown in [See] the Thue-Morse word is 
the only binary 2+ -free word which is the fixed point of an iterated morphism. 

8.5 Characterizations of binary 2+ -free words 

In this subsection we present structural characterizations of both finite and 
infinite binary 2+ -free words. These are obtained by analysing how a given 
2+ -free word can be extended preserving the 2+ -freeness. In order to be more 
precise, let us recall that the recursive definition of the Thue-Morse word was 
based on two sequences (Un)n;:::O and (vn)n;:::O of words satisfying 

Uo = a Vo = b 

Let us call words Un and Vn Morse blocks of order n, and set Un = {un' vn } 
and U = U~=l Un. Clearly, the lengths of Morse blocks are powers of 2, and 
for instance V3 = baababba. 

Now, a crucial lemma in the characterizations is the following implication: 

This means that, if a product of two Morse blocks of the same order, can be 
extended to the right, preserving the 2+ -freeness, by a word which is longer 
than these blocks, then the extension starts with a Morse block of the same 
order than the original ones. 

The proof of (1) is by induction on n. For n = 0 there is nothing to be 
proved. Further the induction step can be concluded from the illustration of 
Figure 8.4. Indeed, the possible extensions of length 2n for 'Un+lVn+l are, by 
induction hypothesis, words Un and V n , and of the two potential extensions 
of these of length Ivnl one is ruled out in both the cases, since the word must 
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Vn X 

Un 

Vn 

Un X 

Fig. 8.4. The proof of (1) for Un+lVn+l 

remain 2+ -free. Consequently, for Un+1 Vn+l, the word w is either Un+! or 
V n +1 as claimed. Similarly, one can prove the other cases of the products. 

Based on (1), and a bit more detailed analysis, the following characteri
zation is obtained for 2+ -free finite words in [ReSa]: for each 2+ -free word w 
there exists a constant k such that w can be written uniquely in the form 

12 

(2) w = lo ... lk-1UTk-1 ... TO with li ELi, Ti E ~ and U E U uL 
i=1 

where k = O(lwl) and the sets Li and Ri, for i = 0, ... , k - 1, are of the 
cardinality 15. 

Denoting n = Iwl we obtain from (2) that 

12 

IIS+ Fn(2) II :$ II U U~II' 152k = O(na), 
i=1 

for some a > O. Actually, as computed in [ReS a], a can be chosen to be 
10g2 15 < 4. Hence, the first sentence of Proposition 8.5 holds. 

Note that (2) gives only a necessary condition, and hence only a partial 
characterization, for finite 2+ -free words. Later a more detailed analysis has 
improved estimates for the number of binary 2+ -free words of length n, cf. 
[Kob], [Carl], [Cas1] and [Lep2]. The strictest bounds are given in [Lep2], 
where, as well as in [Carl], a complete characterization of all finite 2+-free 
words is achieved: 

A· n 1,22 :$ IIS+ Fn(2)11 :$ B . n 1,37. 

On the other hand, in [Cas1] it is shown that the limit 

1. IIS+ Fn(2)11 
1m 

n--+oo nO! 

does not exist for any a, meaning that the number of 2+ -free binary words 
of length n behaves irregularly, when n grows. 

Now, let us move to a characterization of I-way infinite binary 2+-free 
words. This remarkable result was proved in [F], while our automata-theor
etic presentation is from [Be7]. Let us recall that Un denoted the set of Morse 
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blocks of order nand U the set of all Morse blocks. Further for each binary w 
let w denote its complement, i.e., word obtained from w by interchanging each 
of its letters to the other. The crucial notion here is the so-called canonical 
decomposition of a word w E E* U1 , which is the factorization 

w = zyfj, 

where fj is chosen to be the longest possible fj in U such that wends with yfj. 
Next, three mappings, interpreted as left actions, a, (3, 'Y : E*U1 --+ E*U1 are 
defined based on the canonical decompositions of words: 

(3) 

We consider 

{ 
w 0 a = zyfj 0 a = zyfjyyfj = wyyfj 
w 0 (3 = zyfj 0 (3 = zyfjyfjfjy = wyfjfjy 
w 0 'Y = zyfj 0 'Y = zyfjfjy = wfjy. 

A = {a, (3, 'Y} 

as a ternary alphabet. The mappings a, (3 and 'Y extend a word w = zyfj from 
the right by words yyfj, yfjfjy and fjy, respectively. The use of the canonical 
decompositions makes these mappings well-defined. It also follows from the 
fact that w is a proper prefix of w 0 8, for any 8 E A, that any infinite word 
wE AW defines a unique word wow E EW. Such an w is called the description 
of wow. Of course, the description can be finite, as well. 

The mappings a, (3 and 'Yare chosen so that, given the canonical descrip
tion zyfj of w, they add to the end of w two Morse blocks of the same order 
as fj in all possible ways the condition (1) allows this to be done preserving 
the 2+-freeness. Actually, in the case of a such a block would be yy, but now 
also one extra fj is added, since the next block of this length would be fj in 
any case, again by (1). Similarly (3 adds istead of yfj the word yfjfjy. 

It follows from these considerations that each I-way infinite binary 2+
free word has a description, which moreover, by (3), is unique. Which of 
the descriptions actually define a 2+ -free infinite word is the contents of the 
characterization we are looking for. In order to state the characterization we 
set 

and consider the following sets of infinite words over A: 

F=AW-A*IAW and G=(3-1F. 

Now, we are ready for the characterization known as Fife's Theorem. 

Proposition 8.6. Let w E EW. 

(i) A word w E abEw is 2+ -free if, and only if, its description is in F; 
(ii) A word w E aabEw is 2+ -free if, and only if, its description is in G. 
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The detailed proof of this result is not very short, cf. e.g. [Be7). On the 
other hand, the result provides a very nice example of the usefulness of fi
nite automata in combinatorics. Namely, the set of all descriptions of binary 
2+ -free infinite words can be read from the finite automaton of Figure 8.5 
accepting any infinite computation it allows. 

Fig. B.5. Fife's automaton AF 

Now the second sentence of Proposition 8.5 stating that there exist de
numerably many infinite 2+ -free words over the binary E is obvious. Indeed, 
the automaton contains two loops in state 3, for example. 

We conclude our discussion on 2+ -free words by recalling a characteriza
tion of 2-way infinite binary 2+ -free words. This characterization has inter
esting interpretations in the theory of symbolic dynamics, cf. [MH). 

Proposition 8.7. A two-way infinite binary word w is 2+ -free if, and only 
if, there exists a two-way infinite word w' such that w = T(w' ), where T is 
the Thue-Morse morphism. 

This characterization was already known to Thue, and it is much easier 
to obtain than that of Proposition 8.6, by using standard tools presented at 
the beginning of this section. 

We note that no characterization of 2-free words - either finite or infinite
over the three letter alphabet is known. 80me results in that direction are 
obtained in [8he), [8h801) and [8h802). For example it is shown that the set 
of such infinite words is perfect in the sense of topology implying immediately 
Theorem 8.5. 
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8.6 Avoidable patterns 

In this last subsection we consider an interesting problem area introduced in 
[BEM] , and also in [Z], namely that of the avoid ability of general patterns. We 
defined this notion already in Section 2.3, and moreover have used it implicitly 
several times. Indeed, Theorem 8.2 says that the pattern xx is avoidable in 
the ternary alphabet, i.e., there exists an infinite ternary word having no 
square as a factor. It is trivially unavoidable in the binary alphabet, while 
the pattern xyxyx, as shown in Theorem 8.1, is avoidable in this alphabet. 

It follows, as expected, that the avoidability of a pattern depends on the 
size of the alphabet considered - contrary to many other problems in formal 
language theory. More precisely, the pattern P2 = xx separates the binary 
and ternary alphabets. 

It turned out much more difficult to separate other alphabets of different 
sizes. A pattern separating 3- and 4-letter alphabets was given in [BMT]. The 
pattern, containing 7 different letters and being of length 14, is as follows: 

P3 = ABwBCxCAyBAzAC. 

It was shown that any word over {a, b, c} of length 131293 (which, however, 
is not the optimal bound) contains a morphic image of P3 under a I-free 
morphism into {a, b, c} + as a factor. On the other hand, the infinite word 
obtained - again - as the fixed point of a morphism avoids the pattern P3 . 

Such a morphism is given by h(a) = ab, h(b) = cb, h(c) = ad and h(d) = cd, 
i.e., can be chosen uniform of size 2. 

We surnrnarize the above as follows. 

Proposition 8.8. For each i = 1,2,3 there exists a pattern Pi which is 
unavoidable in the i-letter alphabet, but avoidable in the (i + 1) -letter alphabet. 

xx xy 

/1 I~ 
xxx xxy xyx xy2 

/ \ / \ ~ 
x2yx x2y2 xyx' xyxy xy2x xy3 

/1 / \ / \ I~ \~ 
x'yx2 x 2yxy x2y2x x2y3 xyx3 xyx2y xyxyx xyxyy xy2x2 xy2xy 

/1 I~ /1 
x 2yx3 x2yx2y x 2yxyx x2yxy2 xyxy2x xyxy3 

Fig. S.6. Avoidable and unavoidable binary patterns 
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It is an open question to settle whether Proposition 8.8 extends to larger 
alphabets. 

As we saw, the problem of settling whether a pattern is avoidable in a 
given alphabet is not easy at all. However, the case where both the pattern 
and the alphabet are binary, is completely solved. By a binary pattern we, of 
course, mean a pattern consisting of two letters only, say x and y. 

The research leading to this interesting result was initiated in [Sc], con
tinued and almost completed in [Rot], and finally completed in [Cas2]. 

The result is summarized in Figure 8.6. There the labels of the leaves, 
and hence also any word obtained as their extensions, are avoidable, while 
those of inside nodes are unavoidable. Note that the tree covers all the words 
starting with x, and hence up to the renaming all binary patterns, and yields 

Proposition 8.9. Each binary pattern of length at least 6 is avoidable in the 
binary alphabet. 

Each of these avoidable patterns was shown to be so by constructing an 
infinite word avoiding the pattern as the fixed point of an iterated morphism, 
or as a morphic image of the fixed point of an iterated morphism. For each 
unavoidable pattern a let max( a) be the length of the longest finite binary 
words avoiding a. The values of max(a), for all unavoidable patterns omitting 
symmetrical cases, are listed in Table 8.3. 

Table 8.3. Unavoidable patterns and maximal lengths of binary words avoiding 
those 

a: 

max(a): 0 1 3 4 4 9 10 11 18 18 38 

In accordance with Theorem 8.6 and Proposition 8.5 we note the result 
of [GV] showing that any avoidable binary pattern is avoided by nondenu
merably many infinite words. 

9. Subword complexity 

In this final section we consider a problem area which has attracted quite 
a lot of attention in recent years, and which provides a plenty of extremely 
challenging combinatorial problems. A survey of this topic can be found in 
[AI]. 

9.1 Examples and basic properties 

Let 'W E EW be an infinite word. We define its subword complexity, or briefly 
complexity, as the function gw : N -+ N by 
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gwen) = II{u E En I U E F(w)}ll. 

Consequently, gwen) tells the number of different factors of length n in w. A 
very related notion can be defined for languages (consisting of finite words) 
instead of infinite words in a natural way. 

Two problems are now obvious to be asked: 

(i) Given awE EW, compute its complexity gw. 
(ii) Given a complexity g, find a word having 9 as its complexity. 

In both of these cases one can work either with the exact complexity or 
with the asymptotic complexity, i.e., identifying complexities 9 and g' if they 
satisfy g(n) = B(g'(n)). The above problems are natural to call the analysis 
problem and the synthesis problem for complexities of infinite words. Mostly 
only asymptotic versions of these problems are considered here. 

We start with two examples. 

Example 9.1. Let WK E {1,2}W be the famous Kolakoski word, cf. [Koll, 
[Lep1] or [CKLl, 

WK = 221121221221121122121121 ... 

defined by the rule: w K consists of consecutive blocks of 1 's and 2's such that 
the length of each block is either 1 or 2, and the length of the ith block is 
equal to the ith letter of WK. Hence, odd blocks consists of 2's and even ones 
of 1 'so The word is an example of a sel/reading infinite word, cf. [Sl]. The 
answer to the analysis problem of WK is not known, in fact it is not even 
known whether gWK(n) = O(n2 ). 0 

Example 9.2. As an example of the case when the complexity of a word is 
precisely known we consider the Fibonacci word WF defined as the fixed point 
ofthe Fibonacci morphism: F(a) = ab, F(b) = a. We show that its complexity 
satisfies 

(1) gWF(n) = n + 1 for n ~ 1. 

This is seen inductively by showing that, for each n, there exists just one 
word W of length n such that both wa and wb are in F(wF). Let us call such 
factors special. For n = 1 and n = 2 the sets of factors of these lengths are 
{ a, b} and {aa, ab, ba}, where a and ba are the special ones. Now consider a 
factor w of length n + 1, with n ~ 2. If wends with b, then, by the form of 
the morphism F, w admits only the continuation by a, i.e., the a-extension. 
If w = xw' a, with x E {a, b}, then by the induction hypothesis of the words 
w'a, with Iw'l = n - 1, only one is special. Therefore, we are done, when we 
show that ofthe words aw'a and bw'a, with Iw'l ~ 1, only one can be a factor 
ofwF. 

Assume to the contrary that both of these words are in F( w F). Then 
w' cannot start with b. Therefore both aaw" a and baw" a, for some w", are 
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factors of WF. By the form of the first of these, w" is different from 1, as well 
as cannot start with a. But by the form of the second word, it cannot start 
with b either, since bb ¢ F(WF)' Hence, we have proved that WF satisfies 
(1). 0 

Binary words satisfying (1) are so-called infinite Sturmian words. Such 
words have several equivalent definitions, cf. [MH] and [Ra] emphasizing dif
ferent aspects of these words, and [Bro] containing a brief survey. Their prop
erties has been studied extensively, cf. [CH], [DG], [Mi] and [Ra] , in particular 
recent works in [BdL], [dL] and [dLM] have revealed their fundamental im
portance in the theory of combinatorics of words. 

Our next simple result, noted already in [CH], shows that the complexity 
of Sturmian words is the smallest unbounded complexity. In particular, the 
Fibonacci word is an example of a word achieving this. 

Theorem 9.1. Let w E EW with IIEII 2: 2. If 9w is not bounded, then 
9w(n) 2: n + 1 for all n 2: l. 

Proof. We prove that, if for some n 2: 1, 9w(n + 1) = 9w(n), then W is 
ultimately periodic, and therefore 9w is bounded. Consequently, Theorem 
9.1 follows from the fact that the complexity of a word is a nondecreasing 
function. 

Assume now that 9w(no + 1) = 9w(no). This implies that each factor u 
of W of length no admits one and only one way to extend it by one symbol 
on the right such that the result is in F(w). Let the function E : Eno -+ E 
define such extensions. Let now Uo E Eno be a factor of w, say QUo is a prefix 
of w. We define recursively 

'Ui+l = Ui . E(sufno(ui)) , for i 2: O. 

Then, by the definition of E, QUi is a prefix of W for all i, implying that 
w = limi_oo QUi. But by the pigeon hole principle and the fact that E is a 
function limi_oo QUi is ultimately periodic. 0 

Theorem 9.1 states that there exists a gap (8(1),8(n)) in the family of 
complexities of finite words. According to the current knowledge this is the 
only known gap. We also note that Theorem 9.1 can be reformulated as 

Corollary 9.1. Let wE EW with IIEII 2: 2. Then W is ultimately periodic if, 
and only if, 9w is bounded. 0 

Above corollary yields a simple criterium to test whether the complexity of 
a given word is bounded. Unfortunately, however, it is not trivial to verify this 
criterium. Indeed, even for fixed points of iterated morphisms the verification 
is not obvious, although can be done effectively, cf. [HL] and [Pan3]. 

We continue with another example where the asymptotic complexity can 
be determined. This is a special case of so-called Toeplitz words considered 
in [CaKa]. 
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Example 9.3. We define an infinite word Wt E {1,2}W as follows. Let p 
1?2?2 be a word over the alphabet {1,2, ?}, and define recursively 

Wo pW 

Wi+1 t( Wi) for i ~ 0, 

where t(Wi) is obtained from Wi by substituting Wo to the positions of Wi 

filled by the letter? . Consequently, 

WI = (112?2122?2122121?2221?222)W, 

and the word Wt = limi--+oo Wi is well-defined over {1,2}. The word W can 
be defined as a selfreading word like the Kolakoski word as follows. For each 
i ~ 1, replace the ith occurrence of ? in Wo by the ith letter of the word 
so far defined. Clearly, this yields a unique word w', and moreover w' = Wt. 

These two alternate mechanisms to generate ware referred to as iterative 
and seljread'ing, respectively. 

In order to compute gWt we consider factors of Wt of length 5n. Each such 
factor is obtained, by the selfreading definition of Wt, from a conjugate of 
Un = (1 ?2?1)n by substituting a factor Vn of length 3n to the positions filled 
by ?'s. Therefore, 

(2) gWt(5n) ::; 5gwt (3n). 

It is a straightforward to see that Un is different from any of its conjugates 
for n ~ 2. Moreover, when different vn's are substituted to a given conjugate 
of Un, different factors of Wt are obtained. Therefore (2) would become the 
equality, if we could show that each factor v which occurs in Wt occurs in 
any position modulo 3, i.e., the length of the prefix immediately preceding 
v can be any number modulo 3. This, indeed, can be concluded from the 
iterative definition of Wt. First, for each i, the word Wi is periodic over {I, 2, ?} 
with a period 5i . Second, each factor v of Wt is a factor of Wio for some io. 
Consequently, since 3 and 5 are coprimes, the above v occurs in all positions 
modulo 3 in the prefix of length 3· 5io of Wt. 

So far we concluded the formula 

Yw,(5n) = 5Ywt(3n), for n ~ 2. 

It is a simple combinatorial exercise to derive from this that YWt(n) = (}(nr) 
with r = log 5/(log 5 -10g3). 0 

Next we say a few words about the synthesis problem. 

Example 9.4. We already saw how the smallest unbounded complexity of 
binary words could be achieved. The largest one is even easier to obtain. 
Indeed, the complexity of the word Wbin = bin(l)bin(2) ... , where bin(i) 
is the binary representation of the number i, equals the exponent function 
yen) = 2n. 0 
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Example 9.5. In [Cas3] the synthesis problem is elegantly solved to all linear 
function fen) = an + b, with (a, b) E N x Z. Namely, it is shown that such a 
function is the complexity of an infinite word if, and only if, a + b ~ 1 and 
2a + b :s: (a + b)2, and in the affirmative case a word W having this complexity 
is constructed as a morphic image of the fixed point of an iterated morphism. 

9.2 A classification of complexities of fixed points of iterated 
morphisms 

o 

The rest of this section is devoted to a classification of the asymptotic com
plexities of words obtained as fixed points of iterated morphisms. This re
search was initiated in [ELR] , later continued in [ER2], [ER3], [ER4J, and 
finally completed in [Pan2]. The classification is based on the structure of 
the morphism, and it allows to decide the asymptotic complexity of such a 
word, i.e., to solve the analysis problem for iterated morphisms. It also allows 
an easy way to solve the asymptotic synthesis problem for those complexities 
which are possible as fixed points of iterated morphisms. As we shall see there 
exist only five different such possibilities. 

Let h ; E* ----> E* be a morphism which need not be I-free, but is assumed 
to satisfy the condition a E pref(h(a)), for some a, in order to yield the 
unique word 

Wh = lim hi(a). 
>-->00 

Consequently, Wh may be finite or infinite. In the former case the complexity 
of Wh is 0(1). Of course, we assume here that E is minimal, i.e., all of its 
letters occur in Who 

The classification of morphisms is based on their growth properties as 
presented in [SaSo] and [RoSal]. For a letter a E E we consider the function 
ha ; N ----> N defined by 

It follows that there exists a nonnegative integer ea and an ·algebraic real 
number Pa such that 

ha(n) = e(neap~), 

the pair (ea, Pa) being referred to as the growth index of a in h. 
The set EB of so-called bounded letters plays an important role in the 

classification. A letter a is called bounded if, and only if, the function ha is 
so, i.e., its growth index equals either to (0,0) or (0,1). We say that h is 

nongTOwing, if there exists a bounded letter in E; 
quasi-uniform, if Pa = Pb > 1 and ea = eb = 1 for each a, bEE; 
polynomially diverging, if Pa = Pb > 1 for each a, bEE, and ea > 1 for 
some a E E; 
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exponential diverging, if Pa > 1 for each a E E, and Pa > Pb for some 
a,b E E. 

It is not difficult to conclude, cf. [SaSo] or [RoSa1], that this classification 
is both exhaustive and unambiguous, i.e., each morphism is in exactly one 
of these classes. In particular, if we call a morphism growing, whenever ha is 
unbounded for each a E E, then the three last notions define a partition on 
the set of growing morphisms. 

The above classification is constructive in the sense that for a given mor
phism we can decide which of the above types it is. Indeed, the growth index 
of a letter a can be effectively computed, as well as the questions "qa > 1 ?" 
and "Pa > Pb ?" can be effectively answered. Details needed to conclude these 
observations can be found in [SaSo]. 

Now we are ready for the classification proved in [Pan2]. Unfortunately, 
it does not depend only on the type of the morphism h, but also on the 
distribution of the bounded letters in Who Even worsely, the complexity can 
be the smallest possible, namely B(l), in each of the four cases, since ulti
mately periodic words can be fixed points of morphisms of any of the above 
types. However, as we already mentioned, it is decidable whether an iterated 
morphism defines an ultimately periodic word. 

Proposition 9.1. Let h be a growing iterated morphism. Then if Wh is not 
'ultimately periodic, its complexity is either B(n), B( n log log n) or B( n log n) 
depending on whether h is quasi-uniform, polynomially diverging or exponen
t'tally diverg'tng, respectively. 

The case of nongrowing morphisms is more complicated, essentially due to 
the fact that this notion is defined existentially, i.e., a morphism is nongrowing 
whenever there exists a bounded letter. 

Proposition 9.2. Let h be a nongrowing (not necessarily I-free) derated 
morphism generating a non-ultimately periodic word Who Then 

(i) if Wh contains arbitrarily long factoTs over E B, the complexity of Wh 

is B(n2 ); 

(ii) if all factors of Wh over EB are shorteT than a constant K, the com
plexity of Wh is that of one of the cases in Proposition 9.1, namely B(n), 
B(n log log n) or B(n log n), and mOTeover it is decidable which of these it is. 

Propositions 9.1 and 9.2 together with our earlier remarks yield immedi
ately the following important results. 

Corollary 9.2. The asymptotic analysis problem for (not necessarily 1-fTee) 
iterated morphisms is decidable. 0 

Corollary 9.3. The asymptotic synthesis problem fOT the complexities B(l), 
B(n), B(nloglogn), B(nlogn) and B(n2 ) can be solved. 0 
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Detailed proofs of Propositions 9.1 and 9.2 can be found in [Pan2]. Here 
we outline two basic observations of the proofs, as well as give an example of 
a morphism of each of the above types, and compute the complexities of the 
corresponding words. 

A proof of the fact that the complexity of Wh, for any h, is at most 
quadratic is not difficult, cf. [ELR]. To see this let us fix n and consider 
a factor v of Wh of length n. First assume that v is derived in one step 
from a word Vi containing at least one unbounded letter, i.e., the considered 
(occurrence of) v is a factor in h(v' ). Let Vi be as short as possible and denote 
Vo = v and Vl = Vi. Obviously, Vl satisfies automatically our requirement for 
v, so that we can define inductively VO,Vl,V2, .•• up to Vk with Vk E E. It 
follows that k ::; IIEII . n. Therefore all the factors of length n satisfying our 
above restriction can be found among the factors of h(v), for j = k, ... , 1. 
There are at most O(n2 ) such factors. To cover all the factors of length n, it 
is enough to note that, for any v E EB, the language {hi (v) Ii ~ O} contains 
at most K words for some finite K independent of v. Therefore O(n2 ) is also 
a valid upper bound for all factors of length n. 

Our second remark concerns case (ii) in Proposition 9.2. In [Pan2] this is 
concluded as follows. Now the factors of Wh in E1 are shorter than a fixed 
constant, say K. In particular, each factor v of Wh longer than K contains 
a growing letter, and therefore for some i independent of v, the word hi(v) 
is longer than K. Hence, replacing h by its suitable power, and considering 
that as a morphism which maps factors of lengths from K + 1 to 2K into 
words of factors of these lengths, we can eliminate the bounded letters. Let 
hi be a new morphism constructed in this way. It follows that hi is growing, 
and moreover, generates as an iterated morphism a word which consists of 
certain consecutive factors of Wh. Hence, the original Wh can be recovered 
from the word Whl by using a I-free morphism mapping the above factors 
to the corresponding words of E*. Consequently, the word Wh' is nothing 
but a representation of Wh in a larger alphabet, and therefore the asymptotic 
complexities of Wh and Wh' coincide. This explains how case (ii) in Proposition 
9.2 is reduced to Proposition 9.1. 

As we already said instead of proving Proposition 9.1 and case (i) in 
Proposition 9.2, we only analyse one example in each of the complexity 
classes. First, any ultimately periodic word is a fixed point of an iterated 
morphism yielding the complexity B(l). Second, the Fibonacci word WF of 
Example 9.2 has the complexity B(n), and indeed the morphism is quasi
uniform with Pa = Pb = HI + v's). The remaining cases are covered in 
Examples 9.6-9.8. 

Example 9.6. Consider the morphism h defined by h(a) = aba and h(b) = bb. 
Now h is polynomially diverging since 
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To prove that gWh(n) = l1(nloglogn) we first note that under the interpre
tation a ...... 0 and b2i ...... i + 1 the word hi(a) equals to the so-called ith 
sesquipower Si defined recursively by 

So 0, 

Si+l si(i + l)si for i:::: o. 

This means that hi(a) can be described as 

S3 

.~ 

ht(a) = s12s13s12s1 4s3 5s4 ... Si-2 iSi-1' 
, .I 

v 

Si-l 

We fix integer n :::: 2 and choose io = flog n -log log n 1 + 2, where logarithms 
are at base 2. Then we have 

ISiOI:::; i02io:::; (logn+3)21ogn-loglogn+3:::; (lOgn+3)18n :::; 32n. 
ogn 

Consider now factors of length n occurring in Wh such that they overlap with, 
or contain as a factor, the first occurrence of i, i.e., b2', in Wh. Clearly, any 
factor of W h of length n is among these factors for some i :::; L log n J. Since, 
for each i, there are at most n + 2· 2i such factors we have 

llognJ LlognJ 

9Wh (n) :::; ISio 1+ L (n + 2· 2i) :::; 32n + L 3n = O(nloglogn). 
i=io+l i=io+1 

On the other hand, of the above factors at least n - 2i , for i = io, ... , flog n 1, 
are such that they do not occur earlier in Wh. Therefore we also have 

pog nl Llog nJ-1 

9Wh (n):::: L (n - 2i):::: L ~ = D(n log log n). 
i=io 

So we have proved that gWh(n) = l1(nloglogn). D 

Example 9.7. Consider the morphism defined by h($) = $ab, h(a) = aa and 
h(b) = bbb. Then W(a)1 = 2i, Ihi(b)1 = 3i and p$ > 1, so that h is exponen
tially diverging. Denote 

a(i) = $aba2 b3 ... a2i b3' E pref(wh)' 

Clearly each factor of Wh of length n occurs in a(Llog3(n)J), so we obtain 

llog3 nJ 
gWh(n) :::; la(llog3 nJ)1 = 1 + L (2i + 3i ) = O(nlogn). 

i=O 

On the other hand, for i = flog3 n 1, ... , Llog2 n J, Wh contains at least 
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Llog2 nJ 

2.: (n - 2i) ;::: D(nlogn) 
i=pog3 nl 

different factors in b+a+b* U b*a+b+. Therefore we have concluded that 
9Wh(n) = D(nlogn). 0 

Example 9.8. Finally consider the word 

w = abcbccbccc ... bcn ... , 

which is the fixed point of the morphism defined as h(a) = abc, h(b) = bc 
and h(c) = c. So his nongrowing and w contains unboundedly long factors in 
b*. Let a(i) = hi(a). Now, all the factors of w of length n occur in the prefix 
0:( n + 1). On the other hand, all factors of a( f1j 11) of length n are different. 
Therefore the estimate 

100(i)1 = 1 + 2.:(1 + j) = B(i2 ) 

j=O 

shows that 9Wh (n) = B(n2 ). o 

Our above classification can be straightforwardly modified to DOL lan
guages, i.e., to the language of the form {h\w) Ii;::: O}, where h is a mor
phism and w is a finite word, cf. [RoSa1]. Indeed each iterated morphism h, 
with a E pref(h(a)), defines a DOL language via the pair (h, a), and each pair 
(h, w) determines an iterated morphism h' as an extention of h defined by 
h' ($) = $w, where $ is a new letter. The classification of complexities of DOL 
languages leads exactly to the above five classes - although the transforma
tion (h, w) ---+ h' might change the class. 
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Tero Harju and Juhani Karhumiiki 

1. Introduction 

The notion of a homomorphism, or briefly a morphism as we prefer to call 
it, is one of the fundamental concepts of mathematics. Usually a morphism 
is considered as an algebraic notion reflecting similarities between algebraic 
structures. The most important algebraic structure of this survey is that of 
a finitely generated word monoid, a free monoid that is generated by a finite 
alphabet of letters. Our motivation comes from formal language theory, and 
therefore the combinatorial aspect will be stressed more than the algebraic 
aspect of morphisms. 

Collaborating morphisms will have a dominant role in our considerations. 
This reflects the computational aspect of morphisms, where morphisms of 
word monoids are used to simulate or even define computational processes. 
The computational power of two collaborating morphisms was first discov
ered by E. Post in his seminal paper [PI] of 1946, when he introduced the 
first simple algorithmically unsolvable combinatorial problem, subsequently 
referred to as the Post Correspondence Problem. The undecidability of this 
problem is due to the fact that pairs of morphisms can be used to simulate 
general algorithmic computations. 

Later on, and in particular during the past two decades, research on dif
ferent problems involving morphisms of free monoids has been very active 
and, we believe, also successful. Indeed, this research has revealed a number 
of results that are likely to have a lasting value in mathematics. We shall con
sider some of these results in the present article. Foremost we have, besides 
several variants of the Post Correspondence Problem, a compactness prop
erty of morphisms of free monoids originally conjectured by A. Ehrenfeucht 
at the beginning of the 1970s, and a morphic characterizations of recursively 
enumerable languages. 

Our goal is to give an overview of the results involving computational as
pects of morphisms of word monoids. This means that we have overlooked 
several important research topics on morphisms such as repetition-free words 
(which are almost exclusively generated by iterating morphisms) and al
gebraic theory of automata (which essentially uses morphisms as algebraic 
tools). These topics are considered in other chapters of this Handbook. 
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In the presentation we have paid special attention on results that have 
not yet appeared in standard text books. We also have given proofs to some 
well-known theorems, such as the Post Correspondence Problem, ifthe proof 
is different from those in standard text books. Finally, we have made a spe
cial effort to list open problems of the present topic. These problems clearly 
indicate that there remains a plenty of space for interesting research on mor
phisms. Indeed, typically these problems are easily formulated, but appar
ently difficult to solve. 

Next we shall briefly describe the problems considered here. We start in 
Section 3 by considering some decidable cases of the Post Correspondence 
Problem, or PCP. In particular, we outline the proof of the decidability of 
PCP in the binary case. In Section 4 we deduce the undecidability of PCP 
from that of the word problem for semigroups and semi-Thue systems. These 
word problems are discussed in Preliminaries. Here the word problem is cho
sen not only to obtain less standard proofs, but mainly to obtain sharper 
undecidable variants of PCP. At the end of the section we give several appli
cations of PCP to different kinds of matrix problems. 

In Section 5 we introduce the equality sets, which are defined as the sets 
of all words that are mapped to a same word by two fixed morphisms. Besides 
several basic properties we concentrate on those cases where the equality set 
is regular. For example, we recall a surprising result that for prefix codes the 
equality set is always regular, but still no finite automaton accepting this 
language can be found effectively. 

Section 6 deals with systems of equations in a word monoid E*. Of course, 
a solution of a system of equations is just a morphism from the free monoid 
generated by the variables into E*. We do not consider here methods of solv
ing systems of equations; indeed, that would have been a topic of a whole 
chapter in this Handbook. Instead we have assumed Makanin's algorithm, 
which gives a procedure to decide whether an equation possesses a solution 
and consider its consequences. Furthermore, we concentrate to another fun
damental property of systems of equations. Namely, it is shown in details that 
a free monoid possesses a surprising compactness property stating that each 
infinite system of equations with a finite number of variables is equivalent to 
one of its finite subsystems. 

In Section 7 we study the effectiveness of the compactness property. We 
note that Makanin's algorithm together with the (existential) compactness 
results allows us to prove some decidability results on iterated morphisms, 
for which no other proof is know at the moment. 

In Section 8 representation results are considered for families of languages, 
as well as for rational transductions. In the spirit of this paper these repre
sentation results involve essentially only morphisms. We show, for example, 
that the family of recursively enumerable languages has several purely mor
phic characterizations, i.e., each recursively enumerable language can be ob-
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tained by applying only few (one or two) simple operations on morphisms. 
This surely confirms the computational power of morphisms. 

In Section 9 we apply results of Section 6 to a problem of deciding whether 
two mappings (compositions of morphisms and inverse morphisms) are equiv
alent on a given set of words, i.e., whether each word of the set is mapped to 
the same word. Certainly, these problems are practically motivated: decide 
whether two compilers of a programming language are equivalent. 

Section 10 is devoted to open problems of the topics of this paper. We 
believe that these problems are interesting and some of them even fundamen
tal. Some of the problems are also likely to be extremely difficult - but this 
is what we thought of Ehrenfeucht's Conjecture in 1984. 

We conclude this section with a few technical matters on the presentation 
of this paper. Results mentioned in the text are divided into two categories: 
Theorems and Propositions. Theorems are those results that are either proved 
here in detail (possibly using some well-known results like Makanin's algo
rithm), or at least the proof is outlined in an extent from which an experienced 
reader can deduce the claim. Propositions, on their turn, are stated only as 
supplementary material without proofs. 

2. Preliminaries 

The goal of this section is to fix terminology for the basic notions of words 
and morphisms, and to recall some results on word problems for semigroups 
and semi-Thue systems. The word problems are needed as a tool to prove 
some detailed results on the Post Correspondence Problem in Section 4. 

2.1 Words and morphisms 

For definitions of language and automata-theoretic notions and basic results 
not explained here we refer to Berstel [Bl, Eilenberg [El, Harrison [H] or 
Salomaa [S6]. 

For a finite alphabet E of letters we denote by E* the word monoid 
generated by E. The identity of this monoid is the empty word, which will 
be denoted by 1. As is well known E* is a free monoid. The word semigroup 
generated by E is E+ = E* \ {l}. The length of a word u is denoted by lui, 
and for each letter a E E, lula denotes the number of occurrences of a in the 
word u. 

Let u, v E E* be two words. Then u is a factor of v, if v = Wl UW2 for some 
words Wl, W2 E E*. Moreover, u is a prefix of v, denoted u :; v, if v = uw 
for a word W E E*. We say that two words u and v are comparable, if one of 
them is a prefix of the other. Further, u is a suffix of v, if v = wu for a word 
wE E*. If u is a prefix ofthe word v, v = uw, then we denote w = u-1v; and 
if u is a suffix of v, v = wu, then we denote w = vu-1. We let also prefl(w) 
denote the first letter of the word w. 
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A language L ~ E* is a code, if the submonoid L * is freely generated by 
L, i. e., if each word w E L * has a unique factorization w = Ul U2 ... Uk in 
terms of Ui E L. A code L is a prefix code (a suffix code, resp.), if no code word 
U E L is a prefix (a suffix, resp.) of another code word. A code is biprefix, if 
it is both a prefix and a suffix code. 

A morphism h: E* -+ Ll * between two word monoids E* and Ll * is a map
ping that satisfies the condition: h(uv) = h(u)h(v) for all words u,v E E*. 
In particular, a morphism becomes defined by the images of the letters in its 
domain, i.e., if u = ala2 ... an with ai E E, then h(u) = h(al)h(a2) ... h(an ). 
For the empty word 1, we have always that h(l) = 1. 

We say that a morphism h: E* -+ Ll* is periodic, if there exists a word 
wELl * such that h( u) E w* for all words u E E*. Therefore h is periodic 
if and only if there is a word w such that h(a) E w* for all letters a E E. A 
morphism h: E* -+ Ll* is called nonerasing, if h(a) =f. 1 for all a E E; and 
h is a projection, if for all a E E either h(a) = a or h(a) = 1. An injective 
morphism can be called a code without any confusion. An injective h is a 
prefix (a suffix, biprejix, resp.) code, if h( E) is a prefix (a suffix, biprefix, 
resp.) code. 

Let p be a nonnegative integer. A morphism h is of bounded delay p, if for 
all u, v E E* and a, bEE 

h(au) j h(bv) with lui 2': p ==} a = b . 

If h is of bounded delay p for some p, then it is of bounded delay. Each mor
phism of bounded delay is injective, and the morphisms of bounded delay 
o are exactly the prefix morphisms. Note that we have defined bounded de
lay from "left to right"; similarly it can be defined from "right to left" by 
considering the suffix relation instead of the prefix relation. 

For a morphism h: E* -+ Ll* we denote by h-1 : Ll* --+ 21::- the inverse 
morphism of h defined by h-l(u) = {v I h(v) = w}. Thus h-1 is a many
valued mapping between word monoids, or a morphism from a word monoid 
into the monoid of subsets of a word monoid. 

For two morphisms h, g: E* -+ Ll* and for a word w, hand 9 are said to 
agree on w, if h(w) = g(w). Further, hand 9 agree on a language L, if they 
agree on all words w E L. If we require only that Ih(w)1 = Ig(w)l, then we 
say that hand 9 agree on w lengthwise. These definitions can be extended in 
an obvious way to other kinds of general mappings. 

2.2 Rational transductions 

A finite transducer T = (Q, E, Ll, 8, qT, F) consists of a finite set Q of states, 
an input alphabet E, an output alphabet Ll, a transition relation 8 ~ Q x 
E* x Ll* x Q, an initial state qT, and a final state set F. The finite transducer 
T is simple, if it has a unique final state, which is equal to the initial state, 
i.e., F = {qT}. Further, T is a I-free transducer, if it never writes an empty 
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word in one step, i.e., {j ~ Q x E* X L1+ X Q. If {j ~ Q x Ex L1* x Q, then T is 
a nondeterministic sequential transducer ( with final states). Moreover, if {j is 
a partial function Q x E --+ L1 * x Q, then T is called a sequential transducer 
( with final states). 

A sequence 

a = (qI, UI, VI, q2)(q2, U2, V2, q3) ... (qk, Uk, Vk, qk+t) (2.1) 

of transitions (qi,ui,vi,qi+t) E 8 is a computation of T with input lea) = 
UIU2 ... Uk and output O(a) = VIV2 ... Vk. The computation a in (2.1) is 
accepting, if qi = qT and qk+1 E F. 

Let T be a finite transducer as above. We say that T realizes the relation 

T = ((l(a) , O(a)) I a an accepting computation of T} . 

A relation T ~ E* x L1* is called a rational transduction, if it is realized by a 
finite transducer. We may consider a rational transduction T ~ E* x L1* also 
as a function T: E* --+ 2.<1* , where T(U) = {v I (u, v) E T}. The domain of Tis 
the set dom(T) = {W I T(W) =J. 0}. 

A rational transduction T ~ E* x L1* is finite-valued, if there exists a 
constant k such that for each input word there are at most k different output 
words, i.e., IT(W)I ::s k for all W E E*. If here k = 1, then T is a rational 
function. 

2.3 Word problem for finitely presented semigroups 

Word problems for semigroups and semi-Thue systems will be used as a tool 
to establish several undecidability results of morphisms in our later consid
erations. 

Let 
S = (a!, a2,· .. ,an I UI = VI, U2 = V2, ... ,Uk = Vk) 

be a (finite presentation of a) semigroup with the set E = {al,a2, ... ,an } 
of generators and defining relations Ui = Vi for i = 1,2, ... , k. For two words 
u, V E E* we say that u --+ v is an elementary operation of S, if either 
'U = WUiW' and v = WViW' or U = WViW' and v = WUiW' for some i. In 
particular, the relation --+ is symmetric. We say also that the relation U = v 
holds in S, if there exists a finite sequence of words, U = WI, W2, . .. ,Ws = v 
such that Wi --+ Wi+1' 

The word problem for the presentation S is stated as follows: determine 
whether for two words u, v E E*, U = v holds in S. In the individual word 
problem we are given a fixed word Wo and we ask for words W whether W = Wo 
holds in S. 

We associate a semi group S M to a Turing Machine M = (Q, E, 8, qM, h) 
with the halting state h as follows. Let # be the symbol for the empty square. 
Let the generators of SM be L1 = QUE U {A,B}, where A and B are new 
letters, and let the defining relations of SM be 



444 T. Harju and J. Karhumaki 

qa = pb 
qaB = ap#B 
Bqa = Bp#a 

and 

if 8(q, a) = (p, b) , 
if 8(q, a) = (p,R) , 
if 8(q, a) = (p, L) 

qab = apb 
aqb = pab 

ha = h ,ahB = hB ,B hB = A , 

if8(q, a) = (p, R) , 
if 8(q,b) = (p,L) , 

where a, bEE, q, p E Q. In this construction the model for a Turing Machine 
is a standard one, where the tape head stays in the square if it changes the 
contents of the square. We write u f- v for two configurations u, v of M, if 'u 
yields v using one transition of M. 

Let w = BuB be a word boarded by the special letter B, where u is a 
configuration of M, Assume then that w --t w' with w' =I- A is an elementary 
operation corresponding to one of the first five types of defining relations of 
SM' It is easy to see that now w' = BvB for a configuration v of M such 
that either u f- v or v f- u in M. Using the fact that M is deterministic and 
that the state h is a halting state, one can now conclude the following result, 
We refer to Rotman [Ro] for details of the proof. 

Theorem 2.1. Let M be a Turing Machine with a halting state and let q be 
its indial state. Then M accepts w if and only if BqwB = A in SM. 

Since the halting problem for Turing Machines is undecidable, also the 
word problem for semigroups is undecidable. Moreover, there exists a Turing 
Machine, for example an universal one, for which the halting problem is 
undecidable, and thus we have deduced the following result of Markov [Mar] 
and Post [P2]. 

Theorem 2.2. There exists a finitely pTesented semigTOup with an undecid
able word pTOblem. 

In fact, Theorem 2.1 yields a stronger result. 

Theorem 2.3. There exists a finitely presented sernigTOup with an undecid
able individual word pTOblern. 

Next we strengthen these results by embedding a finitely presented semi
group into a 2-generator semigroup. Let S = (al' a2" .. , an I Ui = Vi, i = 
1,2, ' .. ,k) be a finite presentation, and define a mapping a: E* --t {a, b} * by 
a(ai) = abia for i = 1,2, ... , n. Consequently, a encodes the semigroup S 
into a binary set of generators by using a biprefix morphism. Let 

sO! = (a,b I a(ui) = a(vi), i = 1,2, ... ,k) . 

We have immediately that 'u = v in S if and only if a(u) = a(v) in SOl, and 

Theorem 2.4. If S has an undecidable word pTOblem, then so does SOl. 
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In particular, the word problem is undecidable for 2-generator semigroups 
with finitely many relations. Notice that here 8 and 80'. have the same number 
of relations. 

The first concrete example of a finitely presented semigroup with an un
decidable word problem was given by Markov [Mar) in 1947. This example 
has 13 generators and 33 relations. This was later improved by Tzeitin [Tz) 
(see also [Sco)) , who proved that the semigroup 87 = (a, b, c, d, e I R) with 
five generators and seven relations 

ac= ca , 
eca = ce , 

ad = da , 
edb=de, 

be = cb , 
cca = ccae 

bd=db, 

has an undecidable word problem. We refer to [Ll) for an outline of the proof 
for Tzeitin's result. 

Matiyasevich [Mat) modified the presentation of 87 to obtain a 2-generator 
semigroup 

83 = (a,b I Ul = U2,Ul = U3,V = w) 

with only three relations such that 83 has an undecidable word problem. In 
the presentation of this semigroup one of the relations has more than 900 
occurrences of generators. For the construction of 83 we refer again to [Ll). 

Proposition 2.1. The semigroup 83 has an undecidable word problem. 

Also, Tzeitin [Tz) used 87 to construct a rather simple presentation of a 
semigroup 81 with an undecidable individual word problem. The semigroup 
SI has generators a, b, c, d, e and nine relations: 

ac = ca , 
bd=db, 
cdca= cdcae , 

ad = da , 
eca=ce, 
caaa = aaa 

bc=cb, 
edb = de , 
daaa = aaa 

Proposition 2.2. The individual word problem w = a3 is undecidable in 81 . 

It is still an open problem whether the word problem for I-relation semi
groups (al,"" an I U = v) is decidable, see [L2). For I-relation groups the 
word problem was shown to be decidable by Magnus in 1932, see [LS). 

2.4 Semi-Thue systems 

A semi-Thue system T = (E, R), cf. e.g. [J), consists of an alphabet E = 
{ai, a2, ... ,an} and of a finite set R ~ E* x E* of rules. We write U --+ v for 
words u, v E E*, if there are factors Ul and U2 such that 

U = U1XU2 , V = U1YU2 with (x, y) E R . 
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Let -t* be the reflexive and transitive closure of -to Hence U -t* V if and only 
if either U = v or there exists a finite sequence of words u = VI, V2, ... ,Vn = v 
such that Vi -t Vi+l for each i = 1,2, ... ,n - l. 

The word problem for a semi-Thue system T = (17, R) is stated as follows: 
given any two words Wl, W2 E 17* decide whether Wl -t* W2 holds in T. 

We say that T is a Thue system, if its relation R is symmetric, i.e., if x -t y 
is a rule in R, then so is y -t X. In this case the relation -t* is a congruence 
of the word monoid 17*, and hence each Thue system corresponds to a finite 
presentation of a semigroup: 8r = (aI, a2, ... , an I u = v for 'U -t v E R), 
where WI = W2 in 8 r if and only if Wl -t* W2 (and W2 -t* wI) in T. From this 
it follows that the word problem for Thue systems, as well as for semi-Thue 
systems, is undecidable. By the above considerations we have in general 

Theorem 2.5. If 8 is a semigroup with an undecidable word problem such 
that 8 has n generators and m Telations, then the cOTTesponding TIme system 
T has an undecidable wOTd problem and T has 2m Tules. 

As observed in [Pan] the Matiyasevich semigroup 8 3 of Proposition 2.1 
can be represented as a semi-Thue systems with only five rules in a 2-letter 
alphabet: 'UI -t U2, U2 -t U3, U3 -t UI, V -t wand w -t V. Hence we have 

Theorem 2.6. There is a semi-Thue system T5 = (17, R) with 1171 = 2 and 
IRI = 5 such that T5 has an undecidable wOTd problem. 

The status of the word problem of semi-Thue systems with two, three or 
four rules is still an open problem. 

3. Post correspondence problem: decidable cases 

One of the most influential papers in formal language theory is the paper 
of E. Post [PI]' where the first algorithmically undecidable combinatorial 
problem is introduced. Subsequently, this problem has become one of the most 
suited tool to establish undecidability results in different fields of discrete 
mathematics. 

In this section we shall study the decidable cases of this important prob
lem. Most notably, we shall outline the proof that PCP is decidable when 
restricted to alphabets of cardinality two. 

3.1 Basic decidable cases 

In our terms an instance (h, g) of the Post CorTespondence Problem, or of 
PCP, consists oftwo morphisms h, g: 17* -t Ll*. The size ofthe instance (h, g) 
is defined to be the cardinality of the alphabet L'. We say that a nonempty 
word w E 17+ is a (nontrivial) solution of the instance (h, g), if h( w) = g( w). 
The empty word is the tTivial solution of each instance (h,g). PCP asks for 
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a given instance whether it has a solution or not. We denote by PCP(n) the 
subproblem of PCP for instances of size at most n. 

The original phrasing by Post for PCP is as follows: given elements 
('Ui, Vi) E ..1* x ..1* for i = 1,2, ... , n, decide whether there exists a sequence 
il, i2, ... , i k of indices such that Ui l Ui2 ••• Uik = Vi l Vi 2 ••• Vik. This formula
tion of PCP can be restated in terms of monoid morphisms: given a monoid 
morphism h: E* -- ..1* x ..1*, determine whether h(E+) n t = 0, where t is 
the identity relation on ..1 * . 

Given an instance (h,g) we let 

E(h,g) = {w I w =F 1, hew) = g(w)} 

be the set of all (nontrivial) solutions. The set E(h,g) is called the equality 
set of hand g. Hence PCP can now be restated as: given two morphisms h 
and g, is E(h, g) = 0? We shall not study here the nature of the possible 
solutions of instances of PCP. For this topic the reader is referred to [MS1], 
[MS2], [Li1] and [Li2]. 

By a minimal solution of an instance (h,g) we mean a word w, which 
cannot be factored into smaller solutions. The set of the minimal solutions 
e(h,g) is the base of E(h,g): 

e(h,g) = E(h,g) \ E(h,g)2 

Example 3.1. Define the morphisms hand 9 as in the following table. 

h 

9 

a 
a 

ab 

b 
bbabb 

b 

c 
ab 

bba 

d 
a 

aa 

Let E = {a, b, c, d}. Consider first candidates for a solution w E aE* that 
begin with the letter a. Since g( a) = h( a) . b, the next letter must be b in 
order for h to cover the missing overflow word b = h(a)-lg(a). Now, h(ab) = 
g( ab)· abb, where the overflow is abb in favour of h; therefore the next letter 
must be a. The result so far is h( aba) = g( aba) . ba, and again there is a 
unique continuation: the following letter must be b, and we have h( abab) = 
g(abab)·abbabb. One can see that this process never terminates, i.e., the result 
is an infinite periodic word w = ababab . .. , and so no solution of (h, g) begins 
with a. 

On the other hand, in the case w E bE, we have at first a unique sequence: 
h(b) = g(b)·babb, h(bb) = g(bb)·abbbbabb, h(bba) = g(bba)·bbbabba, h(bbab) = 
g(bbab) ·bbabbabbabb. The situation can now be depicted as follows: 

There is now an alternative how to continue. Either the next letter is b or c, 
and a systematic search for all solutions becomes rather complex. 
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This instance (h, g) has at least the following two minimal solutions: WI = 
bbabccccbaaaccdaaddd and W2 = dacbbccbaccaadd. We leave it as an exercise 
to search for more minimal solutions of this instance. 0 

For each alphabet ..1 the monoid ..1* can be embedded into the monoid 
{a, b} * generated by a binary alphabet. Indeed, if ..1 = {aI, a2, ... , an} then 
the morphism a: ..1* --+ {a,b}* defined by a(ai) = abi for i = I,2, ... ,n is 
injective. From this we have 

Lemma 3.1. For all instances (h, g) with h, g: E* --+ ..1* there exists an 
instance (h',g') with h',g':E* --+ {a,b}* such that E(h',g') = E(h,g). 

For our first decidability result, Theorem 3.1, we state the following sim
ple result which follows from the decidability of the emptiness problem for 
context-free languages, or even for I-counter languages, see [B]. 

Lemma 3.2. Let p: E* --+ Z be a monoid morphism into the additive group 
Z of integers, and let R ~ E* be a regular language. It is decidable whether 
p-l(O) n R =1= 0. 

As a simple corollary of Lemma 3.2 we obtain 

Theorem 3.1. PCP is decidable for instances (h, g), where h is periodic. 

Proof. Let h, g: E* --+ ..1* be two morphisms such that h(E*) ~ u* for a 
word u E ..1*. We apply Lemma 3.2 to the morphism defined by pea) = 
Ih(a)1 - Ig(a)!, for a E E, and to the regular set R = g-I(U*) \ {I}. Now, 
p-l(O) = {v Ilh(v)1 = Ig(v)I}, and hence w E {v Ilh(v)1 = Ig(v)l} n R if and 
only if w =1= 1, g(w) E u* and Ig(w)1 = Ih(w)l. These conditions imply that 
g( w) = h( w), since h( w) E u*, and hence there exists a nonempty word w 
with h( w) = g( w) if and only if p-l(O) n R =1= 0. By Lemma 3.2 the emptiness 
of p-l(O) n R can be decided, and hence the claim follows. 0 

Note that Theorem 3.1 contains a sub case of PCP, where ..1 is unary, 
or equivalently of the following variant of PCP: for two morphisms decide 
whether there exists a word on which these morphisms agree lengthwise, see 
[G2]. This latter problem can be generalized in a number of ways. Instead 
of asking the lengthwise agreement, we can demand a stronger agreement, 
but still weaker than the complete agreement of PCP. For instance, we can 
ask whether there exists a word w such that hew) and g(w) are commuta
tively equivalent, often referred to as Parikh equivalent, or such that h( w) and 
g(w) contain all factors of length k equally many times. Let us denote these 
equivalence relations by "'1 and "'k, respectively. Note that, by definition, if 
lui, 1'01 ::; k, then u "'k v just in case u = v. With these notations we have 

Proposition 3.1. Let k be a natural number. It is decidable whether for two 
morphisms hand g there exists a word w such that h( w) '" k g( w). 
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In case k = 1 the above proposition was proved in [IK] by reducing it to 
the emptiness problem of certain general counter automata, and the general 
problem was reduced to the case k = 1 in [Kl]. 

We conclude this subsection with another decidable variant of PCP. A 
restricted PCP asks whether a given instance (h, g) of PCP has a solution 
shorter than a given number n. The restricted PCP is trivially decidable. 
However, even this simple problem is computationally hard on average, as 
shown in [Gu]. 

3.2 Generalized post correspondence problem 

In our proof of the decidability of PCP in the binary case we need the fol
lowing generalization of it. In the generalized Post Correspondence Problem, 
GPCP for short, the instances are of the form 

(3.1) 

where h, g: E* - .1* are morphisms and Vb V2, UI, U2 are words in .1*. A 
solution of such an instance is a word w E E* such that Vl h( w )V2 = ulg( W )U2. 
Let GPCP(n) denote the problem: determine whether a given instance of 
GCPC of size n have a solution, where the size is defined as in PCP. 

We shall be using the following shift morphisms in many constructions 
to prevent the agreement of two morphisms on unwanted words. Let .1 be 
an alphabet, and d 1. .1 a letter. Define the left and right shift morphisms 
l,r: .1- (.1 U {d})* by 

lea) = da and Tea) = ad (3.2) 

for all a E .1. Hence for all words w E .1+, l(w)·d = d·r(w). 
Our next result shows that PCP and GPCP are equivalent from the de

cidability point of view. 

Theorem 3.2. If GPCP(n) is undecidable, then so is PCP(n + 2). 

Proof. Let (h,g,vl,v2,Ul,U2) be an instance of GPCP with h,g:E* - .1*. 
Further, let c, d and e be new symbols not in E U .1. The letters c and e are 
used for marking the beginning and the end of a word. Further, we use d as 
a shift letter. Let the shift morphisms land r be defined as in (3.2). 

Consider the instance (hi, g') of PCP, where the morphisms 

are defined by 

{ 
l(h(x)) , 

h'(x) = C·l(Vl) ' 
l( V2) ·de, 

h',g':(EU{d,e})* - PU{c,d,e})* 

if x E E , 
if x = d , 
if x = e , 

and {
r(g(x)) , 

g'(X) = cd·r(ud, 
r(u2)·e, 

if x E E , 
if x = d , 
if x = e . 



450 T. Harju and J. Karhumaki 

Suppose first that W is a solution of (h,g,vl,v2,Ul,U2). Now, 

v l h(w)V2 = ulg(W)U2 ~C·l(Vlh(w)v2)·de = C·l(Ulg(W)u2)·de 

~ c·l(vt}l(h(w))l(v2)·de = cd·r(ut}r(g(w))r(u2)·e 

~ h'(dwe) = g'(dwe) , 

and hence dwe is a solution of the instance (h', g') of PCP that can be 
effectively constructed from w. 

On the other hand, if w' is a minimal solution of (h', g'), then w' = dwe 
for a word w E E*, because the words h' (a) and g' (a) begin and end with a 
different letter for each a E E, and the markers c and e cannot occur in the 
middle of a minimal solution. We have now 

h'(dwe) = g'(dwe) ~ c·l(vl)l(h(w))l(v2)·de = cd·r(ul)r(g(w))r(u2)·e 

~ v l h(w)V2 = ulg(W)U2 , 

and hence w is a solution of (h,g,Vl,v2,Ul,U2) that can be effectively con
structed from w'. From these considerations the claim follows. 0 

One way to obtain simple, or even decidable, variants of PCP is to restrict 
the language on which solutions are searched for. We provide an example of 
such a case here. Actually this result will be used in the solution of PCP(2) 
that we present below. 

Let us call a language L strictly bounded of order n, if there are words 
ri, Si E E* such that 

(3.3) 

In the proof of Theorem 3.3 we need the following two simple results on 
combinatorics of words, see [Lo]. 

Lemma 3.3. Let hand 9 be morphisms such that vlh(s)2v2 = ulg(s)2u2' 
where Ih(s)1 = Ig(s)l· If Ivlh(s)1 > lUll ~ lVII, then v l h(s)V2 = ulg(S)U2. 

Lemma 3.4. For words VI, U, V2, V there exists an effectively findable con
stant k depending on the lengths of these words such that if VI uP and V2VQ 

have a common prefix of length at least k, then u and v are powers of conju
gate words, i.e., U = (WlW2)n and v = (W2Wt}m for some WI and W2. 

Theorem 3.3. Let L be a strictly bounded language of any order n. It is 
decidable whether a given instance of GPCP has a solution in L. 

Proof. Let (h, g, VI, V2, Ul, U2) be an instance of GPCP, and let L be as in 
(3.3). We prove the claim by induction on n. 

Let n = 1. If Ih(st}1 :j:. Ig(st}l, then clearly a length argument would 
give the unique exponent of Sl for a candidate solution. On the other hand, 
if Ih(sdl = Ig(sl)l, then Lemma 3.3 gives an upper bound for the minimal 
power of Sl needed for a solution. 
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In the induction step we have the same subcases to consider. Assume 
'W = TOS~'T1 ... s~nrn is a solution. Suppose first that Ih(Sl)1 = Ig(sdl. By 
Lemma 3.3, the power of Sl in a solution can be effectively restricted above, 
and hence the problem is reduced to a finite number of cases of order n - l. 
The induction hypothesis can be applied in this case. 

On the other hand, suppose that, say Ih(sdl > Ig(Sl)l. By Lemma 3.4, if 
the power of Sl in a solution is high enough, then h(Sl) and g(st) are powers 
of conjugate words. The same argument can be applied for all images h(Si) 
and g( si): each of them is a factor of a power of a conjugate of the primitive 
root 'W of h( sd. Of course, this property is easy to check. 

Now, if the above property holds, then it is trivial to check whether there 
exists a solution in L. On the other hand, if it does not hold, then there are 
only finitely many words that have to be checked. Clearly, this finite set of 
candidates can be effectively found. This completes the proof. D 

It follows from the previous proof that instead of strictly bounded lan
guages we could consider also bounded languages, for which equality in (3.3) 
is replaced by inclusion, if suitable, very mild properties of L are assumed to 
be decidable. Notice also that Theorem 3.3 is in accordance with the rather 
common phenomenon in formal language theory: many problems, which are 
undecidable in general, become decidable when restricted to bounded lan
guages. 

3.3 (G)PCP in the binary case 

The decidability status of PCP(2) was a long standing open problem until 
it was proved to be decidable by Ehrenfeucht, Karhumiiki and Rozenberg 
[EKR1], and Pavlenko [Pav]. Here we shall give a detailed overview of a more 
general decidability result that was proved in [EKR1]. 

Theorem 3.4. GPCP(2) is decidable, and hence also PCP(2) is decidable. 

A detailed proof of Theorem 3.4 would be rather long and some stages 
even tedious. Consequently, we can present here only the ideas of it. However, 
we believe that the following pages give a pretty good intuition of the whole 
proof, as well as, explain why the proof cannot be extended for PCP(3). 

Let hand 9 be morphisms on a binary alphabet {a,b}. By Theorem 3.1, 
we may assume that they are both nonperiodic. The first, and very crucial, 
step is to replace h (and g) by a marked morphism, i.e., by a morphism that 
satisfies pref1(h(a» #- pref1(h(b». This is achieved as follows. For each h 
define h(1) by 

h (1) (x) = pref 1 (h(x) )-1 hex )pref1 (h(x» for x = a, b . 

Define recursively h(iH) = (h(i)(1). It is not difficult to see that hem) is a 
marked morphism, where m is the length of the maximum common prefix Zh 
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of h(ab) and h(ba). Note that since his nonperiodic, IZhl < Ih(ab)l. Similarly 
we define Zg. Assume, by symmetry, that IZh I :2: IZg I· 

It follows from the above constructions that the instance (h, g) of pCP 
has a solution if and only if the instance (h(m), g(m), z;;l Zh, 1, 1, z;;l Zh) of 
GPCP has a solution. Consequently, we have simplified the lIlorphisms to 
marked ones at the cost of moving from PCP(2) to GPCP(2). 

If we start from a generalized instance (h, g, VI, '02, Ul, U2) the above re
duction is slightly more complicated. In this case, we search for an x that 
satisfies the situation illustrated in Fig.3.1. 

[Z21 _h(;)_'C[Jh(X'), V2 

Ul g(x) U2 

-------
g(x') 

Fig. 3.1. An illustration of a solution of GPCP 

First we isolate from the suffixes of h( x) and g( x), for all possible choices 
of x, words hex') and g(x') containing the words Zh and Zg as prefixes, re
spectively. Since Zh and Zg are fixed words there are only a finite number of 
different cases. Now, the above construction with suitable modifications of 
the final domino pieces works. It follows from these considerations that the 
solvability of an instance of GPCP(2) can be reduced to checking whether 
words of at most certain length are solutions and to solvability of several 
instances of GPCP(2), where the morphisms are marked. In this way the de
cidability of GPCP(2) is reduced to that of GPCP(2) containing only marked 
morphisms. 

From now on we consider an instance I = (h,g,vl,v2,'Ul,U2), where h 
and 9 are marked. The advantage of marked morphisms is obvious. Indeed, 
whenever in an exhaustive search for a solution one of the morphisms is ahead, 
say h, then the continuation is uniquely determined by the first symbol of 
the overflow word (Ulg(W))-l·vlh(w). 

We apply the idea of exhaustive search to look for a solution. Actually, we 
do this separately for hand g, thus yielding only potential solutions, which 
have to be checked later on. More precisely, we define sequences aI, a2, ... 
and bl , b2 , ... of letters as follows: 

1. Set p := q := 1; 
2. Check whether Ul -< VI (VI -< Ul, resp.) and if so define bq (ap , resp.) such 

that 'ulprefl(g(bq )) ::S VI (vlprefl(h(ap))::S Ul, resp.); 
3. Set 'Ul:= 'ulg(bq ), q:= q+l ('Vl:= vlh(ap ), P :=p+l, resp.) and go to 2. 
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Clearly, the sequences (ap)p~l and (bq)q~l are well-defined. If the sequences 
are finite, then at some stage UI = VI or UI and VI are incomparable. If the 
sequences are infinite, then they are ultimately periodic. Let us refer to these 
cases as terminating, blocking and periodic, respectively. Of course, it is no 
problem to decide which of these cases takes place for the instance under 
consideration. 

I (Blocking case) In this case any solution of the instance can be found 
among the prefixes of an effectively computable finite word ala2 ... ap. 

II (Periodic case) Now, any solution of the instance can be found among 
the prefixes of an effectively computable infinite ultimately periodic word 
ala2 ... . Hence, by Theorem 3.3, we can decide whether there exists such a 
solution. 

III (Terminating case) We have two finite words ala2 ... ap and bl b2 ... bq 
illustrated in Fig. 3.2, where p and q are supposed to be minimal. 

h(ala2 ... ap ) 

g(blb2 ... bq ) 

Fig. 3.2. The terminating case 

Let J-t be the permutation on {a, b} such that pref l (h(c)) = pref l (g(J-t(c))) 
for c = a, b. Now, we carry out the same procedure for the pairs 

(h(a),g(J-t(a))) and (h(b),g(J-t(b))) (3.4) 

as we did for (Vb ut). This yields for both of these pairs two finite or infinite 
words, as well as three cases referred to as blocking, periodic and terminating 
as above. Hence there are altogether nine different subcases in the main case 
III. 

Eight of these nine cases can be solved by Theorem 3.3. For example, 
if one of the pairs in (3.4) is terminating and the other is periodic, then 
any solution is found among the prefixes of words in a language of the form 
uv*r s* for some finite words u, v, rand s. Here u comes from Fig. 3.2, V 

comes from the terminating pair of (3.4), and rand s from the other pair. 
More generally, in all the other cases except the one when both pairs in (3.4) 
are terminating, any solution can be found among the prefixes of words in 
languages of the forms uv* U rs* or uv*rs* for some (possibly empty) words 
u, v, rand s. Hence, Theorem 3.3, covers all these cases. 

So we are left with the case when both of the pairs in (3.4) are termi
nating, i.e., there are (minimal) words CI, .•. , cr , dl , ... ds, el, ... , et and 
h, ... , f Tn satisfying the situation in Fig. 3.3. As earlier we can conclude 
that any solution of the instance is among the prefixes of words from 
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(al a2 ... ap ){ Cl C2 ... Cr , el e2 ... et} *. This means that we (only) know that 
the solutions are in a monoid that is freely generated by two words. There
fore, essentially, we still have the original problem! 

h(Cl) h(C2) h(cr ) 

g(l-£( dl) )g(l-£( d2 » ... g(l-£( dB» 

h(el) h(e2) h(et) 

g(I-£(/l»g(I-£(12»· .. g(l-£{fm» 

Fig. 3.3. Both of the cases in (3.4) are terminating 

At this point we need a new approach. We try to define two new instances 
such that at least one of these has a solution if and only if the original instance 
has a solution. We refer to these new instances as 

(3.5) 

for i = 1,2, where 

ih = ala2 ... ap and Ul = b1b2 ... bq 

are taken from Fig. 3.2. Accordingly Ii and 9 are defined from Fig. 3.3: 

Ii( cd = Cl ... Cr , g(Cl) = l-£(d1 ... ds) , 
Ii( ed = el ... et , g(el) = I-£(h ... fm) . 

Clearly, Ii and 9 are well-defined. 
Now, consider an arbitrary (large enough) solution w of the original in

stance I, i.e., v1h(w)V2 = ulg(W)U2. By our constructions, this can be pre
sented using the blocks of Fig. 3.2 and Fig. 3.3 as follows: we start with the 
block (3.2), followed by a (unique) sequence of blocks from (3.3). The situa
tion can be written now as in Fig. 3.4, where the blocks represented by the 
words 'Yi are from Fig. 3.3. 

Fig. 3.4. Presentation of v1h(w)V2 = Ulg(W)U2 

Further, let us define Ci'S such that 

'Yi E h(ci){h(a), h(b)}}* 
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Since w is a solution of I, the following words are comparable, 

-1 -1 -1 - - -ala2 ... aph (-yt)h (-Y2) ... h (-Yk-t)=a1 a2 ... aph(C1)h(C2) ... h(Ck_1) , 
b1b2 ••• bqg-1 (-yt)g-1 (-Y2) ... g-1(-Yk_l) =b1b2 ... bqg(C1)g(C2)'" g(Ck-1). 

Therefore C1C2'" Ck-1 is a solution of a new instance if and only if the final 
domino piece (v2(i) and u2(i)) can be defined properly. This, indeed, can be 
done. Since w is a solution of (h, g), we have, for example, 

This means that the domino piece matching V2 and U2 at their ends has to 
match with a domino piece constructed from a prefix of a piece corresponding 
to 'Yk1'k+1 .... Assuming that this matching piece is minimal, i.e., there are 
no unnecessary pieces 'Yj at the beginning, there are at most two possibilities 
to obtain this piece, one for each choice of Ck E {a, b}. This is, because hand 
9 are marked. Let these choices be 

Then defining 

for i = 1,2, we have that CIC2 •.• Ck-1 is a solution for one of Ii's. 
It also follows from the construction that, if one of the new instances has 

a solution, say C1C2 ... Ck-b so does the original instance, namely 

Note that to make all this work, that is, to be able to define the initial and 
the final domino pieces, we had to restrict the considerations to solutions 
that are longer than a computable constant k. 

All in all, we have concluded in our most complicated subcase of III the 
following fact: for a given instance lone can construct two new instances Ii 
for i = 1,2, and a constant k such that I has a solution longer than k if and 
only if at least one of Ii's has a solution. 

To finish the proof we should be able to show that the pair (li, g) is strictly 
smaller than (h, g) in some sense. To do this define the magnitude m( h, g) 
of an instance as the sum of different proper suffixes in {h(a), h(b)} and in 
{g( a), g(b)}. From the construction ofthe new instance (li, g), see Fig. 3.3, it 
easily follows that m(li, 9) ::; m(h, g). Unfortunately, there may be an equality 
here as shown by the pair 

h(a) = abb , 
h(b) = bb , 

g(a)=a, 
g(b) = bbb , 

In this case, m(h,g) = 2 + 2 = m(h, 9). 

h(a) = abb , 
h(b) = bbb , 

g(a) = abb , 
g(b) = bb . 
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Fortunately, this happens only in certain very special cases. A detailed and 
lengthy analysis in [EKR1] shows that m(h,9) < m( h, g) with the exception 
of some cases where GPCP(2) can be solved straightforwardly. This completes 
our presentations of the proof of Theorem 3.4. 

As our final remark we emphasize that the above proof is heavily based 
on the fact that arbitrary binary morphisms can be replaced by marked ones 
without changing the problem. Our method of doing this does not work in 
the three letter case, because then no such marked instances exist. 

4. Undecidability of PCP with applications 

Our goal in this section is to give an overview of the undecidability results of 
different variants of PCP. We begin this by first reducing PCP to the word 
problem for semi-Thue systems, and hence to the word problem of finite 
presentations of semigroups. 

4.1 PCP(9) is undecidable 

All the existing proofs of the undecidability of PCP use the same basic idea: 
two collaborative morphisms hand 9 simulate a computation (or a deriva
tion), that is, a sequence of configurations (or sentential forms) according 
to an algorithmic system (such as a Turing Machine, a grammar or a Post 
Normal System). We illustrate this by the following example. 

Example 4.1. Consider the morphisms hand 9 defined by the table 

h 

9 

a 
0101 

01 

b 
10 

1010 

c 
e 
e 

d 
dOle 

d 

e 
e 

c10e 

f 
Oe 
eO 

Let us consider solutions that begin with d. At the first step h creates a 
marker e at the end of the word, and 9 takes care of the symbol d. Thus the 
overflow word is g(d)-lh(d) = Ole. Since 9 is behind h, it has to parse the 
overflow word. In doing so 9 'computes' something, and the result is given 
by the corresponding image of h. In this case the computation is simply 
doubling the factor 01. When 9 encounters the marker e it has a choice. 
Either it 'observes' e (using g(e) = c), and h creates a new marker e, or 9 
decides (by g(1) = cO) that the middle of a solution is at hand after which 
it starts a different computation: instead of doubling the words it changes 
the square 1010 into 10. The change of computation after j is obtained by 
shifting the period of the word between markers. Finally, 9 reaches h, and 
the end marker e tells that a solution if found. 

From these observations we can deduce that the words of the form 

da.e.a2 .e.a4 .... e.a2u ·j·b2n ·e· ... ·e·b2 ·ebe 
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are solutions of (h, g). Moreover, it is easy to check that besides these solutions 
only the word c is a minimal solution. Consequently, the set of solutions is 
not a context-free language. Notice that the morphisms hand g are injective; 
in fact, h is a prefix code and g is a suffix code. 

This example illustrates in its modest way, how a pair of morphisms can 
be used to simulate a computation of a Turing Machine: the initial marker 
is used by h to create the initial configuration together with a marker; and 
when g parses this configuration, h creates the next configuration. When g 
reaches the marker, it either forces h to create a new marker, or g guesses 
that the configuration is final, in which case g has to catch up h and finally 
make a complete match as in our illustration. 0 

In the following we use the above method to show that PCP is undecidable 
by reducing it to the word problem of semi-Thue systems. Semi-Thue systems 
are chosen because Theorem 2.6 gives for these a good upper bound on the 
number of rules needed to ensure the undecidability of the word problem. 

We follow [CI] in the statement and the proof of Theorem 4.1. The proof 
is a refinement of the general idea presented in the proof of Theorem 3.2. 

Theorem 4.1. For each semi- Thue system T = (17, R) and words u, v E 17*, 
there effectively exist two morphisms hu, gv: Ll* --+ Ll* with ILlI = IRI +4 such 
that U --+ * v in T if and only if the instance (hu, gv) has a solution. 

Proof. For simplicity, as allowed by Theorem 2.4, we restrict ourselves on 
semi-Thue systems T = ({a, b}, R), where the rules ti = Ui --+ Vi in R = 
{h, t2,· .. , t m } are such that u, v, Ui, Vi E qJ*, where qJ = {aba, ab2a, . .. , abna}. 
We consider R also as an alphabet. 

Let d, e ¢. {a, b} U R be new letters. To clarify the notations we let f = aa 
be a special marker word. By the form of the (encoded) rules, a derivation 
of T cannot use any part of the marker f, i. e., if WI. ... ,Wj E qJ* such 
that WdW2f ... fWj --+* W in T, then W has a unique factorization w = 
wifw~f ... fwj such that Wi --+* w~ in T for i = 1,2, ... ,j. In particular, 
each derivation U = Wl --+ W2 --+ ... --+ Wk+1 = v in T can be uniquely 
encoded as a word d·wdwd ... fWk+l·e in {a,b,d,e}*. 

Again, the shift morphisms l, r: {a, b}* --+ {a, b, d}* are defined by l(x) = 
dx and r(x) = xd for x = a, b. Next define the morphisms hu and gv by 

hu(x) = l(x) , 
hu(ti) = l(Vi) , 
hu(d) = l(uf) , 
hu(e) = de , 

gv(x) = r(x) 
gv(ti) = r(ui) 
gv(d) = d , 
gv(e) = r(fv)e 

for x = a,b , 
for i = 1,2, ... ,m , 

We notice first that each minimal solution of (hu, gv) is necessarily of the 
form dze, where z does not contain the letters d and e. Hence we need only to 
consider words of the form, W = dwdwd ... fWke, where Wi E ({a, b} U R)* 
does not contain the word f: Wi = Xio til Xii ti2 ... tip, Xip,. Here it is possible 
that Pi = 0 for some i, in which case Wi contains no letters from R. Denote 
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and 

Hence hu(Wi) = l(zi) and gv(Wi) = r(zD, and Zi -+* z~ in T. We compute 

dr(u)r(f)r(Zl) ... r(f)r(Zk_l)r(f)r(Zk)e, 

dr(z~)r(f)r(z~) ... r(f)r(z~)r(f)r(v)e . 

Therefore, if W is a solution of (hu , gv), then u = zi, Zl = z~, ... Zk-l = z~ 
and Zk = v, which implies that u -+* v in T. On the other hand, if u -+* v 
holds in T, then a word W as above is easily constructed from this derivation 
so that hu (w) = gv ( w). The claim follows from this. D 

When Theorem 4.1 is applied to the 5-rule semi-Thue system T5 of The
orem 2.6, we obtain 

Corollary 4.1. PCP(9) is undecidable. 

As observed in [HKKrJ the constructions of Theorem 4.1 yield a rather 
sharp undecidability result for the generalized PCP: 

Theorem 4.2. There are two morphisms h, 9 defined on an alphabet e with 
lei = 7 such that it is undecidable for words Wl,W2 E e* whether or not 
there exists a word w for which w1h(w) = g(W)W2. 

Proof. Consider the semi-Thue system T5 with five rules of Theorem 2.6 
and the morphisms hu,gv obtained in the constructions of Theorem 4.1. Let 
..1 = {a,b,rl,'" ,r5,d,e}, and e = {a,b,rl,'" ,r5}' Hence lei = 7. 

We observe that hu(x) and gv(x) depend only on T for all x E e, i.e., 
for any Ul,U2 E {a,b}*, hulle* = hu2 Ie*, and for any Vl,V2 E {a,b}*, 
gVlle* = gV2Ie*. Let h, g: e -+ ..1* be defined by h = hule* and 9 = gv le*. 
As noticed in the proof of Theorem 4.1 the minimal solutions of the in
stances (hu,gv) are of the form dwe, where w E e*, i.e., w does not 
contain the letters d and e. It follows that it is undecidable for words 
u, v E { a, b} * whether or not there exists a word w E e* such that 
hu(d)h(w)hu(e) = gv(d)g(w)gv(e). Further, gv(d) is a prefix of hu(d) and 
hu(e) is a suffix of gv(e), and so hu(d)h(w)hu(e) = gv(d)g(w)gv(e) just in 
case when gv(d)-lh(d)h( w) = g(w)gv(e)hu(e)-l. The claim follows from this, 
when we let Wl vary over the words gv(d)-lh(d) and W2 vary over the words 
gv (e )hu( e)-l. D 

Corollary 4.2. GPCP(7) is undecidable. 

Corollary 4.2 together with Theorem 3.4 implies that the decidability 
status of GPCP(n) is open only in four cases, namely when n = 3,4,5 and 
6. For PCP(n) there are two more open cases, namely n = 7 and 8. 

The proof of Theorem 4.2 when applied to the semigroup Sf of Propo
sition 2.2 with an undecidable individual word problem gives the following 
improvement of Proposition 2.2 at the cost of increasing the cardinality of 
the domain alphabet of the two morphisms. 
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Theorem 4.3. (1) There exists a fixed morphism 9 such that it is unde
cidable for a given morphism h whether there exists a word w such that 
h(w) = g(w). 

(2) There exist two fixed morphisms hand 9 such that it is undecidable 
for a given word z whether zh(w) = g(w) for some word w. 

Proof. Let S = (a, b I Ui = Vi for i = 1,2, ... ,9) be the semigroup, which 
is obtained from S1 of Proposition 2.2 by the construction of Theorem 2.4. 
Hence S has an undecidable individual word problem with respect to the 
word v = abaabaaba. Now, S can be represented as a semi-Thue system T in 
the alphabet {a, b} with the rules ri = Ui --; Vi, Si = Vi --; Ui for 1 ::; i ::; 9. 
Let 9 = gv be the morphism obtained in the proof of Theorem 4.1 for the 
fixed word v. Now, by the proof of Theorem 4.1, U --;* v in T if and only if 
there exists a word w such that hu(dwe) = g(dwe), and Claim (1) follows, 
since the individual word problem for v is undecidable in S. 

In addition to above, for any word u, let h be the morphism hu restricted 
to ({a, b, e} U R)*. Clearly, h depends only on S, i.e., it is independent of u. 
Now, u --;* V in T if and only if there exists a word w such that hu(dwe) = 
gu(dwe), i.e., if and only if hu(d)h(we) = g(dwe). Case (2) follows after we 
observe that hu(d)h(we) = g(dwe) if and only if g(d)-lhu(d).h(we) = g(we). 

o 

One should notice that in these results the cardinality of the domain 
alphabet of hand 9 is 22 in Case (1) and 21 in Case (2) of Theorem 4.3. 

Another way of obtaining sharper versions of PCP is to restrict the mor
phisms structurally. We state here two results of this nature. It was shown 
in [LeJ that PCP is undecidable for instances (h,g) of codes, i.e., of injec
tive morphisms. The proof of this result uses reversible Turing Machines, for 
which each configuration has at most one possible predecessor. 

Proposition 4.1. PCP is undecidable for instances of codes. 

Using the same method of reversible Turing Machines it was proved in 
[Ru1 J that PCP is undecidable already for instances of biprefix codes. 

Proposition 4.2. PCP is undecidable for instances of biprejix codes. 

This is an interesting result also from the viewpoint of equality sets, be
cause as we shall see later on, the equality set E( h, g) of prefix codes hand 
9 is always a regular language. The emptiness problem of a regular language 
is decidable, and hence, by Proposition 4.2, we cannot determine algorithmi
cally for given biprefix codes hand 9 which regular language E(h,g) is. 

The following variant of PCP is also from [Ru1J. 

Proposition 4.3. Given two morphisms hand 9 it is undecidable whether 
there exists an infinite word w on which hand 9 agree. 

Actually, also in this proposition hand 9 can be assumed to be biprefix 
codes. 
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4.2 A mixed modification of PCP 

The Post Correspondence Problem is one of the simplest undecidable prob
lems in mathematics, and for this reason numerous other problems have been 
shown to be undecidable by reducing these to PCP. As examples we shall con
sider here some modifications of PCP, as well as some simple problems on 
multisets. For more classical examples of undecidability results we refer to 
[BJ, [S4) and [S6). 

In the proof of Theorem 4.1 we used two morphisms hand g, the images 
of which had been shifted with respect to each other by the shift morphisms 
land r. Using the same idea we obtain 

Theorem 4.4. It is undecidable for (injective) morphisms h,g: E* --+ ..:1* 
whether there exists a word w = al a2 ... ak such that 

where hi, gi E {h, g} and hj "I gj for at least one index j. 

Proof. Let h, g: E* --+ ..:1* be any two morphisms, and let c, d, e ~ E u..:1 be 
new letters. Again, let land r be the morphisms: l(a) = da and r(a) = ad for 
all a E E. For each a E E define ha, ga: (E U {d, e})* --+ (..:1 U {c, d, e})* by 

ha(x) = lh(x) , 
ha(d) = c·lh(a) , 
ha(e) = de , 

ga(X) = rh(x) 
ga(d) = cd·rg(a) , 
ga(e) = e . 

for x E E , 

Clearly, the instance (h, g) has a solution w = au if and only if the instance 
(ha, ga) has a solution due. We notice that if hand 9 are injective, then so are 
the new morphisms ha and ga for all letters a E E. Therefore we conclude, 
by Proposition 4.1, that PCP is undecidable for the instances (ha, ga), where 
ha and ga are injective morphisms of the above special form. Consequently, 
we may assume that already h = ha and 9 = gao 

Consider now an identity (4.1), where hi,gi E {h,g} and hj "I gj for 
some j. Assume further that k is minimal, i.e., w = ala2 ... ak is one of the 
shortest words satisfying (4.1). We show that w is a solution of the instance 
(h, g), thus proving the claim. 

By minimality of k, hI "I gl and hk "I gk so that necessarily al = d and 
ak = e, and, moreover, ai ~ {d, e} for 1 < i < k. Assume, by symmetry, 
that hI = hand gl = g. We need to show that hi = hand gi = 9 for all 
i = 1,2, ... , k. Assume this does not hold, and let t be the smallest index 
such that either gt = h or ht = g. In the first alternative, 

g(ala2 ... at-I}h(at) E cd·(Ed)+(dE)+, 

and so the shortest prefix ofthe right hand side of (4.1), which is not a prefix 
in c(Ed)W ends with dd. But no choice of hi'S on the left hand side of (4.1) 
matches with this prefix: if hi "I 9 for all i, then hl(aI}h2(a2) ... hk(ak) E 
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c(Ed)+, and if hi = 9 for some i, then the shortest prefix of the required 
form in the left hand side of (4.1) is in c( dE) + E. 

In the second alternative a similar argumentation can be used to de
rive a contradiction - starting now from the relation h(a1a2 ... at-1)g(at) E 
c(dE)+(Ed)+. 0 

As an application of Theorem 4.4 we prove a simple undecidability result 
for multisets of words; for another application, see Theorem 4.8. We remind 
that a multiset is a function JL: E* ---. N, which gives a nonnegative multiplicity 
JL(w) for each word W E E*. A multiset JL can also be represented in the set 
notation as follows {JL(w)w I W E E*, JL(w) =f. O}, or equivalently as a formal 
power series L JL( w)w over E, see [BRJ. The product of two multisets JL1 and 
JL2 is defined to be the multiset JL = JL2JL1, for which 

w=uv 

The multisets form a semigroup with respect to this product. 
We say that JL is a binary multiset, if it consists of at most two different 

words, i.e., if the support {w I JL(w) =f. O} has cardinality at most two. 

Theorem 4.5. It is undecidable whether in a finitely generated semigroup of 
binary multisets there exists a multiset JL and a word w such that JL(w) > 1. 

Proof. Let h, g: E* ---. Ll* be two morphisms, and define for each a E E a 
multiset JLa by JLa(h(a)) = 1, JLa(g(a)) = 1, and JLa(W) = 0 for all other words. 
Now, for a multiset JL = JLak JLak-1 ... JLal and a word W E E*, JL( w) > 0 if and 
only if W = h1(al)h2(a2) ... hk(ak) for some hi E {h,g}. It follows from this 
that JL(w) > 1 if and only if there are two different sequences hI, h2, ... , hk 
and gl,g2, ... ,gk with hi,gi E {h,g} such that h1 (at}h2 (a2) ... hk(ak) = 
gl (al )g2 (a2) ... gk (ak) . By Theorem 4.4, it is undecidable whether such a 
sequence exists. 0 

4.3 Common relations in submonoids 

The proof of the next modification of PCP reduce the claim to the injective 
instances of PCP. It is worth noticing that the claim itself is trivially decidable 
for injective instances! 

Theorem 4.6. It is undecidable whether for morphisms h, g: E* ---. Ll* ther'e 
are words 'U =f. 'U such that h( u) = h( 'U) and g( u) = g( 'U). 

Proof. We reduce the claim to Proposition 4.1. For this, let f: E* ---. Ll* 
be any injective morphism, where without restriction we may assume that 
En Ll = 0. Further, let r = E u Ll u {c, d, e}, and let land 't be again the 
shift morphisms for the letter d: lea) = da and Tea) = ad for all a E E. We 
define for each a E E a new morphism fa: (r* U {a})* ---. (Ll u {c,d,e})* as 
follows, 
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{ 

e·lf(a) , 
If(x) , 

fa(x)= xd, 
de, 
e, 

if x = a , 
ifxEE, 
if x = e or x ELl, 
if x = d , 
if x = e . 

Let (u, v) be a minimal pair, that is, assume that U and v are two different 
words such that fa(u) = fa(v) and for no proper prefixes u' and v' of U and 
v, resp., fa(u') = fa(v'). In particular, prefl(u) =1= prefl(v). By symmetry, we 
may suppose that pref I (u) =1= e. First we prove that 

U E aE*d and v E cLl*e . (4.2) 

Since prefl(u) =1= prefl(v), either prefl(u) = a and prefl(v) = e, or both 
pref I (u), pref I (v) E E. The latter case leads to a contradiction, since if 
WI, W2 E E* are any two words such that fa(wd is a prefix of fa(W2), then 
fa(WI)-1 fa(W2) E (dLl)*, and this would imply that u,v E E* contradicting 
the injectivity of f. 

So let prefl(u) = a and prefl(v) = e. Now, Ua(e))-I fa (a) E (Lld)* Ll, 
and hence v begins with a word VI, where VI E eLl*, and fa(a)-I fa(VI) = d. 
Assume that we have already shown that u has a prefix Ui E aE* and v 
has a prefix Vi E eLl* such that fa(Ui)-1 fa(Vi) = d. Now, U begins either 
with Ui+1 = Uib for some bEE, or with Uid. In the latter case we are done: 
'U = uid and v = Vie. In the former case, fa(Vi)-1 f(ui+d E (Lld)* Ll, and thus 
v begins with Vi+! = ViV', where v' E Ll* is such that fa(Ui+d- 1 fa (Vi+d = d. 
Thus an induction argument shows (4.2). 

We conclude that if fa(U) = fa(V) with U =1= v, then necessarily U = awd 
and v = ew'e for some w E E* and w' E Ll*. Now, the identities fa(u) = 
e·lf(aw)·de = e·l(w')·de = fa(v) implies that w' = f(aw), and therefore 

'u =awd, v = e·f(aw)·de and fa(u) = e·lf(aw)·de . (4.3) 

We apply the above argumentation to two injective morphisms h, 9: E* -+ 

Ll * to prove: the instance (h, 9) of PCP has a solution if and only if for some 
a E E there exists words U =1= v such that ha(u) = ha(v) and 9a(u) = 9a(V). 
This, clearly, proves the theorem. 

Suppose first that aw is a minimal solution of (h, 9) for some letter a E E 
and word w E E*. Let ha and ga be defined as fa above. Denote U = awd 
and v = e·h(aw)·e. Now, by the identity v = e·g(aw)·e and the definition of 
ha and ga we have 

ha('u) = c·lh(aw)·de = ha(v) and ga(u) = c·lg(aw)·de = ga(v) , 

and thus there exist U and v as required. 
On the other hand, assume that for some a E E, ha(u) = ha(v) and 

gaC'u) = ga(v) with U =1= v. We first reason that there exists such a pair 
('u, v) which is minimal with respect to both ha and ga' Indeed, if (u, v) is 
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not minimal with respect to, say ha, then U = UlU2 and v = VIV2, where 
(UI' VI) is a minimal pair, and in particular, ha(ut} = ha(vt} and thus also 
ha(U2) = ha(V2). By (4.2), UI E liE*d and VI E cL1*e, and this implies 
immediately that also ga(UI) = ga(VI). Thus we may assume that (u,v) is a 
minimal pair. 

Further, again by symmetry, we may assume that pref I (u) = Ii and 
pref l (v) = c. Therefore, by (4.3), ha(u) = c ·lh(aw) . de = ha(v) and 
ga(u) = c·lg(aw) ·de = ga(v) for some w E E*. Now, by (4.2), v E cL1*e, 
and the definitions of ha and ga show that ha(v) = ga(v), and hence that 
h(aw) = g(aw). This completes the proof. 0 

Theorem 4.6 has an interesting interpretation. For this suppose that 
8 = {WI, W2, ... wn } * is a finitely generated submonoid of E*, and let 
X = {Xl, X2, ... , xn} be an alphabet. Then 8 = hs(X*), where hs: E* --+ ,,1* 

is the natural morphism defined simply hS(Xi) = Wi for i = 1,2, ... , n. An 
element of the kernel of hs 

ker(hs ) = ((u,v) I hs(u) = hs(v)} 

is called a relation of 8. The problem whether 8 satisfies a nontrivial relation 
(u, v) with u i:- v, is clearly decidable. Indeed, one only has to check whether 
w i 8 n wj 8 i:- 0 for some indices i i:- j, and this is decidable since 8 is a 
regular subset of E*. This also shows that it is decidable whether 8 is a 
free monoid. The next immediate corollary to Theorem 4.6 shows, however, 
that it is undecidable whether two word monoids 8 and 8' have a common 
relation. 

Corollary 4.3. It is undecidable whether two finitely generated submonoids 
of free monoids have a common relation. 

We emphasize that our proof of Corollary 4.3 essentially requires the 
undecidability of PCP for injective morphisms, and still our problem is not 
just an "injective variant of something". 

4.4 Mortality of matrix monoids 

Using coding techniques due to Paterson [Pat] (see also, [CI], [KBS] and [Kr]) 
we prove now a beautiful undecidability result for 3 x 3-integer matrices. In 
the mortality problem we ask whether the zero matrix belongs to a given 
finitely generated submonoid 8 of n x n-matrices from znxn, i.e., whether 
there are generators Ml, M 2 , ... , Mk of 8 such that M l M 2 •.. Mk = o. We 
refer to [Sc] for the connections of this problem to other parts of mathematics. 

Let r = {aI, a2, ... ,an}. Define (1: r* --+ N by (1(1) = 0 and 

k 

~(a· a· a· ) - ",",,; ·nk - j 
v "1 1-2·" ~k - ~ bJ 

j=l 
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The function a is injective and it gives an n-adic representation of each word, 
and moreover, 

a(uv) = a(v) + n1v1a(u) . 

Define then a monoid morphism (3: r* --* N2X2 by 

for all i = 1,2, ... ,no Now, 

( nlwl 0
1

) 
(3(w) = a(w) 

for all w E r*, as can be seen inductively: 

(3(u)(3(v) ( 
nlul 
a(u) 

( 
nluvl 
a(uv) 

0) (niVI 0) ( nlulnlvl 
1 a(v) 1 = a(u)nlvl + a(v) 

~)=(3(uv) . 

~) 

The morphism (3 is injective as already indicated by the (2, I)-entry a(w) of 
the matrix. When two copies of (3 are applied simultaneously in 3 x 3-matrices 
we obtain the following monoid morphism 'Y1: r* x r* --* N3X3: 

( 
nlul 0 0) 

'Y1(U,V) = 0 nlvl 0 
a(u) a(v) 1 

Here 'Y1 is doubly injective, i.e., if'Y1(U1,vd31 = 'Y1(U2,V2hll then U1 = U2, 

and if'Y1(U1,vd32 = 'Y1(U2,V2h2, then V1 = V2. 

We present now a somewhat simplified proof due to V. Halava of Pater
son's result [Pat]. 

Theorem 4.7. The mortality problem is undecidable for the 3 x 3-matrices 
with integer entries. 

Pmuj. First define a special matrix 

Clearly, A is idempotent, i.e., A2 = A. 
As is easily verified, the matrices 

W(p,q,r,s) = ( p~ 0: o~) where 0:::; q < p, 0:::; s < r , (4.4) 
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with nonnegative integer entries form a monoid. One obtains for such a W = 
W(p,q,r,s) 

AWA=(p+q-s)A. (4.5) 

Let L be a finitely generated monoid of ma~rices of the type (4.4), and 
let S be the matrix monoid generated by {A} u L. We show that 

o E S {::::::::} 3W E L: AW A = o. (4.6) 

For this, assume that 0 E S. Since L consists of invertible matrices, we have 

(4.7) 

for some t ~ 1 and Wj E L with Wj :j:. I. Since A is an idempotent matrix, 

which implies by (4.5) that AWiA = 0 for some i = 1,2, ... , t. This shows 
claim (4.6). 

Now we use the notations of the beginning of this section. Let (h,g) be 
an instance of PCP, where h, g: E* --+ ..1* with ..1 = {a2' a3}, and denote 
r = {al,a2,a3}. Hence n = 3. Define 

Wa ='Yl{h(a),g{a)) = W{3 Ih(a)l,a{h(a)),3 Ig(a)l,a{g{a))) , 

W~ = 'Yl{h{a),a19{a)) = W{3Ih(a)l,a{h(a)),3Ialg(a)l,a{alg{a))) 

for all a E E. Consider the matrix monoid S generated by A, Wa and W~ for 
a E E. By (4.6), S is mortal if and only if there exists a product W of the 
matrices Wa and W~ such that AW A = O. By the definition of the matrices 
Wa and W~ the matrix W is of the form 

W - 0 31vl 0 ( 
31uI 0 0) 

- a{u) a{v) 1 ' 

where 'U = hew) for some wE E*. Hence by (4.5), AW A = 0 is equivalent to 

31uI + a{u) = a{v) 

This is equivalent to 
v = alu = alh(w) , 

which, by the choice of the matrices Wa and W~ and by the fact that al rt. ..1, 
is equivalent to the condition 

v = alg(w) = a1h(w) . 

Therefore S is mortal if and only if the instance (h, g) has a solution. This 
proves the theorem. 0 
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Using the matrix representation 11 we obtain also the following result, 
the second case of which is a slight improvement of a result in [KES]. 

Theorem 4.8. (1) It is undecidable whether two finitely generated subsemi
groups of N3x3 have a common element. 

(2) It is undecidable whether a finitely generated subsemigroup of trian
g'ula". matrices from 1"13 x 3 is free. 

Proof. Let h, g: E* --+ ,1* be two morphisms, where without restriction we 
may assume that ,1 ~ E. Let SH and Se be the semigroups generated by 
the matrices Ha = 11(a,h(a)) and C a = 11(a,g(a)) for a E E, respectively. 

For Case (1) we notice that Hal'" .·Hak = C bl '" "Cbt if and only if 
al ... ak = b1 ... bt and h(a1 ... ak) = g(b1 ... bt ), since 11 is doubly injective. 
The latter condition, in turn, is equivalent to h(a1a2 ... ak) = g(ala2 ... ak). 
Therefore Claim (1) follows now from the undecidability of PCP. 

For Claim (2) we take, in the above notations, the matrix semigroup S 
generated by Ha and C a for a E E. The matrices H(a) and C(a) are invertible 
(in the group of matrices with rational entries), and hence the semigroup 
S . 11' A h h H(l) H(t) C(l) C(s) 1 IS cance atlVe. SSUlne t en t at al' . . . . ak = bt' . .. bt ' W lere 

H~:) = 11 (ai, hi(ai)) and ci:J = 11 (bi , gi(bi )) for some hi, gi E {h, g}. Again it 
follows that ala2 ... ak = b1 b2 ... bt and h1 (al) ... ht(ak) = gl (ad· .. gt( ak), 
and conversely. Therefore Claim (2) follows from our Theorem 4.4. 0 

4.5 Zeros in upper corners 

Let r = {aI, a2}, and define a mapping 12: r* x r* --+ 71} x 3 by 

(
1 a(v) 

12(u, v) = 0 21vl 
o 0 

The mapping 12 is clearly injective, and it is also a morphism as can be 
verified by an easy computation. 

Using this morphism 12 we are able to prove the following result, which 
is attributed to R.W. Floyd in [Man], see also [Cl]. 

Theorem 4.9. It is undecidable whether a finitely generated subsemigroup 
of Z3X3 contains a matrix M with M 13 = O. 

Proof. Let (h,g) be morphisms E* --+ r*, and define Ma = 12(h(a),g(a)) for 
each a E E. Then M 13 = 0 for a matrix M = Mal Ma2 ... M a", if and only 
if for w = ala2 ... am, a(h(w)) = a(g(w)), i.e., if and only if h(w) = g(w). 
Hence the claim follows from the undecidability of PCP. 0 
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Theorem 4.9 has immediate applications in the theory of finite au
tomata with multiplicities, see [E]. Indeed, with a set MI , ... M t of 3 x 3-
matrices over integers we can associate a 3-state Z - 17-automaton A with 
17 = {aI, a2, . .. , ad having an initial state ql, a final state q3, and transitions 

ai (Mi)nm 

for n, m = 1,2,3. Hence when A reads ai in state qn, it goes to state qm with 
multiplicity (Mi)nm. From the construction of A, it follows that 

A(ai,ai2·· .aiJ = (Mi1 M i2 ·· . Mi r h3 , 

where the left hand side denotes the multiplicity of the word accepted by A. 
We obtain 

Theorem 4.10. It is undecidable whether a 3-state finite automaton A with 
integer multiplicities accepts a word w with multiplicity A( w) = o. 

As Theorem 4.10 was obtained by using the injective morphism 'Y2 into 
Z3X3, we can use f3 into N2X2 to prove the following result. 

Theorem 4.11. It is undecidable whether two 2-state automata A and B 
with nonnegative integer multiplicities accepts a word w with the same mul
tiplicity, i.e., A(w) = B(w). 

We conclude this section with some remarks. The problem of Theorem 4.9 
is a generalization of Skolem's Problem, see Problem 10.3, where one asks for 
an algorithm to decide whether there exists a power Mk of a given integer 
nxn-matrix M having a zero in the upper corner, (Mkhn = O. Surprisingly, a 
related question whether there exists infinitely many such powers is decidable, 
see [BR]. This result of Berstel and Mignotte is based on Skolem-Mahler
Lech Theorem saying that the set of powers k yielding a zero in (Mkhn is 
ultimately periodic, see [Ha] or [BR] for an elementary, but not short, proof 
of this theorem. 

In this context we should also mention the following decidability result of 
Jacob [Ja] and Mandel and Simon [MaS]. 

Proposition 4.4. It is decidable whether or not a finitely generated sub
monoid of znxn is finite. 

In contrast to Theorem 4.7, we have the following decidability result for 
groups of matrices as a corollary to a strong effectiveness theorem of [BCM] 
for finitely generated rings, see [Mi]. 

Proposition 4.5. The word problem is decidable for finitely generated pre
sentations of groups of matrices with entries in a commutative ring. 



468 T. Harju and J. Karhumiiki 

5. Equality sets 

In this section we derive some basic properties of the equality sets. In par
ticular, we shall study the problem of the regularity of the sets E(h,g) in 
details. 

5.1 Basic properties 

Recall that the equality set of two morphisms h, g: E* ~ ..1* is the set 
E(h,g) = {w E E+ 1 hew) = g(w)} of all nontrivial solutions of the in
stance (h, g) of PCP. 

As in PCP we can always restrict ourselves to morphisms into a binary 
alphabet. 

Lemma 5.1. For each equality set E ~ E* there are morphisms h, g: E* ~ 
..1*, where 1..11 ::; 2, such that E = E(h,g). 

We start with some simple combinatorial properties of the equality sets. 

Lemma 5.2. For morphisms h, g: E* ~ ..1* 

(1) ifu,uv E E(h,g), then v E E(h,g); 
(2) ifuv,uwv E E(h,g), then uw*v ~ E(h,g); 
(3) ifuv, UWIV, UW2V E E(h,g), then also UWIW2V E E(h,g). 

Proof. We shall prove only Case (3) of the claim. The assumption h(uv) = 
g(uv) implies that there exists a word s such that h(u) = g(u)s and 
g(v) = sh(v) (or symmetrically g(u) = h(u)s, h(v) = sg(v)). Since h(UWiV) = 
g(UWiV) for i = 1,2, also g(U)Sh(Wi)h(v) = g(u)g(wi)sh(v) and so Sh(Wi) = 
g(Wi)S. The following computation proves the claim: 

h(UWIW2V) = g(U)Sh(Wl)h(W2)h(v) = g(u)g(Wt}Sh(W2)h(v) 
= g(u)g(wt}g(w2)sh(v) = g(UWIW2V) . 0 

By the first case of Lemma 5.2 we have the following result. 

Corollary 5.1. Let h,g: E* ~ ..1* be two morphisms. If E(h,g) =I- 0, then 
E( h, g) is a free semigroup generated by a biprefix code. 

Therefore the base e( h, g) = E( h, g) \ E( h, g)2 of E( h, g) is a biprefix code 
or empty. Of course, the problem whether e( h, g) = 0 is undecidable, by PCP. 

In Example 4.1 we had already an equality set that is not context-free. 
Below we give some other examples of equality sets. 

Example 5.1. Let E = {a, b, c} and define h, 9 as below. 



h 

9 

a 
abab 

ab 

b 
a 
a 

c 
ba 

baba 

Morphisms 469 

In this case E(h, g) = {anbcn I n ~ O} + is a nonregular context-free language, 
and the base e(h,g) = {anbcn I n ~ O} is an infinite biprefix code. 0 

Example 5.2. (1) The set L = {ab, a2b2} + is not an equality set although 
its base L \ L2 = {ab, a2b2 } is a biprefix code. In fact, as is easy to see, if 
ab,a2b2 E E(h,g), then {w I Iwla = Iwlb} ~ E(h,g). The same argument 
shows also that {anbn I n ~ 1} + is not an equality set. 

(2) Let L = {anbncn I n ~ O}. In [EnRI], L+ is not an equality set. 
However L = E(h,g) n a*b*c* for 

h 

9 

a 
a 
a 

b 
c 
a 

c 

Thus E(h, g) is not context-free. Let then u(x) = d*xd* for x = a, b, c be a 
substitution. As shown in [EnRI] u(E(h,g)) is an equality set, which can
not be obtained using nonerasing morphisms: if E(hl,gl) = u(E(h,g)), then 
hl(d) = 1 = l(d). 0 

As we have seen, there are equality sets that are not context-free lan
guages. An equality set E (h, g) can, however, be accepted by a deterministic 
2-head finite automaton A with a state set 

Q {u I u = g(a)-lh(b) for a,b E 17} 

U {ulu=h(a)-lg(b)fora,bE17}U{I}, 

where the first head h simulates h and the second head 12 simulates 9 so that 
the automaton is in state u, if u = g(V2)-lh(vd is defined, and in state u, if 
u = h(vd-1g(V2) is defined, after h has read Vl and 12 has read V2. Since 
a Turing Machine can store the positions of the heads of A in an auxiliary 
tape in space log(n), we obtain a result from [EnRI]: 

Theorem 5.1. Each equality set E( h, g) can be accepted in log( n) determin
istic space. In particular, the equality sets have deterministic polynomial time 
complexity. 

The complement 17+ \ E(h, g) is always context-free. In fact, the com
plement can be accepted by a I-counter automaton, which on an input w 
nondeterministically seeks for a position where h(w) and g(w) differ. In par
ticular, 

Theorem 5.2. Each equality set is a complement of a i-counter language. 
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We consider some closure properties of the family of equality sets, cf. 
[EnR1]. Since E = E(h,g) is a (free) semigroup, it is follows that E = E+, 
and hence the family of equality sets is trivially closed under the operation 
of iteration. (Of course, the closure under * is impossible, since, by definition 
1 fj. E(h,g)). By the same reason the closure properties of the family of 
equality sets are rather weak. 

Theorem 5.3. The family of equality sets is closed under inverse morphic 
images and mirror images, but it is not closed under union, intersection, 
complement, catenation, or morphic images. 

Proof. Consider three morphisms f: Ll* --+ E* and h, g: E* --+ Ll*. Now, w E 
f-l(E(h,g)) if and only if few) E E(h,g), which means that f-l(E(h,g)) = 
E(hf, gf). This shows that the equality sets are closed under inverse morphic 
images. The closure under mirror image is obvious. 

The union a+Ub+ is not an equality set, since it is not even a subsemigroup 
of {a, b} +. The same argument applies to catenation. For the intersection let 
E = {a,b,c}, and define h(a) = a2 , h(b) = a = h(c). Let 9 be the morphism 
E* --+ E* determined by the permutation (a, b, c) of E. Now, 

E(h, hg) n E(hg, hl) = {w I w E E+, Iwla = Iwlb = Iwlc} 
is not an equality set, for details see [EnR1]. For the (nonerasing) morphic 
images consider the equality set E = (ab)+ and the morphism h, for which 
h(a) = a = h(b). Clearly, h(E) = (aa)+ is not an equality set. 0 

5.2 Some restricted cases 

If the domain alphabet is restricted to be at most binary, then an equality 
set has a rather simple structure. It is clear that if E = {a} is unary, then 
either E(h,g) = a+ or E(h,g) = 0. In the binary case the equality sets were 
partially characterized in [EKR2]. 

Proposition 5.1. Let h, g: E* --+ Ll* be two morphisms for lEI = 2. If hand 
9 are nonperiodic, then either E(h,g) =1= 0, E(h,g) = {u,v}+ or E(h,g) = 
(uw*v)+ for some u, wand v. If both hand 9 are periodic, then there exists 
a rational number q ~ 0 such that E(h,g) = {w E E* I Iwla/lwlb = q} or 
E(h,g) = b+. 

The (existential) proof of Proposition 5.1 is surprisingly short when com
pared to the proof of binary PCP. 

It is an interesting open problem whether the second possibility is actual 
in Proposition 5.1, see Problem 10.5. In fact, see [CK1], the only known binary 
equality sets of the form {u,v}+ with u =1= v are the languages {aib,bai }+, 
while there are quite different types of equality sets of the form u+. For 
example, the languages (amnbn )+ and (amn+1bn )+ for any m,n ~ 1 are 
equality sets. On the other hand, languages (abaab)+ and (aabab)+ are not 
equality sets. 
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Instead of restricting the alphabets one can also restrict the morphisms. 
We shall return to this problem later on. At this point we shall only men
tion the following result from [HW]. For an endomorphism h: E* ~ E* let 
Fix( h) = {w E E+ I h( w) = w} be the set of fixed points of h. Clearly, 
Fix(h) = E(h, t), where t is the identity mapping on E*, and hence each set 
of fixed points is an equality set. 

Proposition 5.2. For every endomorphism h: E* ~ E* the set of fixed 
points is finitely generated. 

The proof of this proposition is not too hard. On the other hand, the 
following related result of Gersten [Ger] for free groups is a deep mathematical 
theorem. 

Proposition 5.3. Let a be an automorphism of a finitely generated free 
group. Then the subgroup Fix(a) of fixed-points is also finitely generated. 

This result has been improved by several authors, for example, the fol
lowing result on equality sets of free groups was proved in [GT]. 

Proposition 5.4. Let F be a finitely generated free group, and let a: F ~ F 
be a group morphism and {3: F ~ F be a group monomorphism. Then E (a, {3) 
is finitely generated. 

5.3 On the regularity of equality sets 

Let h, g: E* ~ Ll* be two morphisms. We construct now an (infinite state) 
automaton A(h,g) that accepts E(h,g) U {1}. For this let Ll be an alphabet 
and let Ll- 1 = {a- 1 I a E Ll} be disjoint from Ll. Set Ll± = Ll U Ll-l. We 
denote by Ll(*) the free group on Ll. A word w E (Ll±)* is said to be reduced, 
if it contains no factors aa-1 or a-1a for any a E Ll. As is well known Ll(*) 
can be identified with the group of reduced words in (Ll±)*. Further, w is a 
positive word (negative word), ifw E Ll* (w E (Ll-l)*, resp.). 

Let h, g: E* ~ Ll* be two morphisms. We define the overflow function 
{3: E* ~ Ll* U (Ll-l)* as follows 

{3(w) = g(w)-lh(w) . 

Clearly, {3 is only a partial function, and we have 

E(h,g) = {w E E* I {3(w) = 1} 

Next define an (infinite state) automaton A'(h,g) = (Q, E,8, 1, 1) with a 
state set Q = Ll* U (Ll-l)* such that the empty word 1 is the unique initial 
and final state, and the transition function becomes defined by 

8(u,a) = v if uh(a) = g(a)v in Ll(*) 

Notice that A'(h, g) is a deterministic automaton. 
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It is immediate that there is a computation from the initial state 1 to a 
state v, i. e., 8(1, w) = v, if and only if h( w) = g( w )v, where 'u = (3( w), Hence, 
the automaton A'(h, g) accepts E(h, g) U {I}. Consider then the (incomplete) 
minimal automaton A( h, g), which is obtained from A' (h, g) by identifying 
the equivalent states of A'(h,g), and then removing those states that do not 
take part in an accepting computation. Here we remove also the 'rubbish 
state', which is used in the complete minimal automaton. 

As emphasized by Eilenberg [E], the above minimization process works 
for infinite state automata, and therefore a language is regular just in case 
its minimal automaton is finite, and hence we have the following result. 

Theorem 5.4. The automaton A(h,g) accepts E(h,g)U{l}. Further, E(h,g) 
is regular if and only if A( h, g) is a finite automaton. 

Example 5.S. Consider the morphisms hand 9 defined as 

h 

9 

a 
aba 

a 

b 
ba 
bab 

c 
b 

ab 

There are now only finitely many positive and negative overflow words (3(w). 
They are the following: 

ba = (3(a), 
ab = (3(abac), 
b- 1 = (3(b), 

a = (3(ab), 
baba = (3(abaca), 
(ab)-l = (3(bc). 

aba = (3(aba), 
b = (3(abacc), 

baaba = (3(abaa), 
1 = (3(abc), 

These morphisms yield the automaton of Fig. 5.1. After removing the dead 
ends in the right part of the figure, we obtain a simpler finite automaton 
illustrated in the framed part of Fig. 5.1. It is immediate that E(h,g) 
(abc U bca) + . 0 

r-------------------~ 
I 

ba : baaba 

/,~i a a) 
1 • w-----... aba 

a)~ "f:z 
(ab)-l • b- 1 : b +'---ab • baba 

c 

Fig. 5.1. The automata A'(h, g) and A(h, g) for morphisms hand 9 
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If A(h,g) is a finite automaton, then there are only finitely many different 
overflow words f3( w) as states of the automaton. This implies that for each 
regular E(h,g) there exists a constant k such that E(h,g) = Ek(h,g), where 

Ek(h,g) = {w I h(w) = g(w) and 1f3(u) I ::; k for each u::5 w} . 

Consequently, we have the following characterization of regular equality sets. 

Theorem 5.5. E(h,g) is regular if and only if E(h,g) = Ek(h,g) for some 
k? o. 

To continue we call a state u of the minimal automaton A( h, g) critical, 
if u = 1 or there are two different letters a, b such that b ( u, a) and b ( u, b) 
are both defined. Hence a noninitial state (or an overflow word) is critical 
if there is a choice how to continue from this state. Let Qe be the set of all 
critical states of A(h,g). 

From the minimality of A( h, g) it follows that for each pair (u, v) of critical 
states, there exists only finitely many words w such that 

b(u,w) = v in A(h,g) and no in-between state is critical. (5.1) 

Now, let us define the critical automaton Ae(h, g) = (Qe, 17, be, 1, 1) as a 
generalized infinite state automaton, where be becomes defined by (5.1): 
be(u,w) = v if and only if w satisfies (5.1). Then Ae(h,g) is well-defined 
generalized automaton, i. e., for each pair of states (u, v) there exists only 
finitely many words leading in one step from u to v. Moreover, it is obvious 
that Ae(h,g) accepts the same language as A(h,g), that is, E(h,g). 

We shall now prove, following [ChK1J, that the equality sets of bounded 
delay rnorphisms are regular. 

Theorem 5.6. If h, g are morphisms of bounded delay, then E(h, g) is Teg
ulaT. 

Proof. Let h, g: 17* ---- .1* be of bounded delay p. If Ae( h, g) is infinite, then 
there exists a critical state u such that lui? (p+2}max{lh(a)l, Ig(a) II a E E}. 
We suppose, by symmetry, that 'U is a positive word. Consider two letters 
a J::. b from 17, for which there are transitions be ( u, a) = VI and be ( u, b) = V2. 
Let be(Vi,Wi) = 1 be computations for i = 1,2. Hence uh(awr} = g(awI) 
and uh(bw2) = g(bW2) in .1(*). Further,let w: be the prefix of Wi of the 
maximum length such that g(awD ::5 u and g(bw~) ::5 'U. Hence the words 
g(aw~) and g(bw~) are comparable, say g(aw~) ::5 g(bw~). From the choice of 
'U we have that IwU ? p. However, this contradicts with the assumption that 
g is of bounded delay p, since a J::. b. Therefore Qe is finite, and the language 
accepted by Ac (h, g) is regular. 0 

In [ChK1] the following stronger result was proved. 
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Proposition 5.5. For each nonnegative integer p there exists a regular lan
guage Rp over an alphabet r such that for' any pair of m01phisms h, 9 of 
bo'unded delay p, E(h, g) = f(Rp) for some morphism f: r* --> E*, 

Theorem 5.6 should be contrasted to Proposition 4.2, which states that 
PCP is undecidable for biprefix morphisms. Since each biprefix morphism is 
of bounded delay zero, it follows that one cannot construct effectively the 
regular sets E(h, g) for bounded delay lIlorphisms. 

We have already had several examples of nonregular equality sets. We 
give now a particularly simple example, where both of the morphisms are 
injective. 

Example 5.4. Let E = {a, b, c, d, e} and consider the following morphisms 

h 

9 

a 
abbcb 

a 

b 
bb 
bb 

c 
bcb 
c 

d 
cb 

bbcb 

e 
e 

cbbbe 

Both of these morphisms are injective. In fact, h is a prefix code and 9 is a 
suffix code which is not of bounded delay from left to right. 

One can now show (see, [K3]) that 

E(h, g)n(a{b, c} * d{b, d}*e) = {abcb2c, .. bnc-bn·dbn-ldbn-2 ... db·dbe In 2: 1}. 

Therefore E( h, g) is not even context-free. o 

The above example shows that E(h, g) need not be regular for injective 
morphisms hand g, which are defined on an alphabet of cardinality 5. The 
status of regularity in the injective case on an alphabet of cardinality 3 (or 
4) is still open, see Problem 10.10.6. By Proposition 5.1 this is not possible 
in the binary case. 

5.4 An effective construction of regular equality sets 

As already mentioned PCP is decidable in the binary case. All the known 
proofs of this are rather complicated - demanding some 20 pages. Moreover, 
the proofs do not give away any easy construction of the equality set. How
ever, a short proof of Proposition 5.1 in [EKR2] shows that in the binary case 
the equality sets E(h,y) are of a very simple form, see Proposition 5.l. 

Here we conclude, as a consequence of a more general result, that in the 
binary case the equality set of two morphisms can be effectively found. Our 
proof is rather short when based on decidability of GPCP(2), and the partial 
characterization of binary equality sets. Our presentation follows closely that 
of [HKKr]. 

We say that an instance (h, g) satisfies the solvability condition, if there 
exists an algorithm which decides for a given u E ,d* whether there exists a 
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nonempty word w E E* such that uh(w) = g(w), i.e., if GPCP is decidable 
for the instances (h, g, u, 1, 1, 1) with u E .1*. For each u E .1* let 

E(h, gj u) = {w I u1£(w) = g(w)} 

be the generalized equality set of the triple (1£, gj u). A family F is said to 
satisfy the solvability condition, iffor all h,g E F, the pair (h,g) satisfies the 
condition. 

Let E = E(1£,g) for two morphisms 1£,g:E* --+ .1*, and let u-lE(h,g) = 
{w I uw E E} with u E E*. Clearly, 

u- l E(h,g) = {w I h(u)h(w) = g(u)g(w)} (5.2) 

We obtain immediately that 

u- l E(h, g) = {E(9' hj g(u)-lh(u)), if g(u) is a prefix of h(u) , 
E(h,gj h(u)-lg(u)), if h(u) is a prefix of g(u) , 

and therefore 

Lemma 5.3. u- l E(h, g) is a generalized equality set for all h, 9 and u. 

Two sets in (5.2) are either disjoint or equal: 

Lemma 5.4. For allu,v E E* either 'u-lE(h,g) nv-lE(h,g) = 0 or 
u-lE(h,g) = v-lE(h,g). 

Proof. Denote E = E(h,g). Ifw E u-lEnv-lE, then h(u)h(w) = g(u)g(w) 
and h(v)h(w) = g(v)g(w). If here 1£(u) = g(u)z for a z E .1*, then hew) = 
zg(w), which implies that also h(v) = g(v)z. From this it follows that u- l E = 
v-lE. Symmetrically, the same conclusion follows if h(u) is a prefix of g(u), 
i.e" g('u) = hCu)z. 0 

We recall the automaton A(h,g) of Section 5.3 accepting E = E(1£,g). 
More precisely, we note that the automaton B(h,g) = (Q, E,'P, E, E), where 
Q is the family of sets in (5.2) and 

'P(u- l E, a) = (ua)-l E for a E E, u E E* , 

is just a renaming of A(h,g). Indeed, f3(u) f-+ u-lE gives a correspondence 
between the states of these two automata. Therefore 

Theorem 5.7. L(B(h,g)) = E(h,g) U {I}. 

We still need OIle auxiliary result referred to as Nerode's theorem, see [E, 
Theorem 8.1]. 

Lemma 5.5. E(h, g) is regular if and only if the family Q = {u- l E(h, g) I 
'u E E*} is finite. 
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The following lemma gives a simple condition that allows us to check 
effectively which one of the cases in Lemma 5.4 holds. 

Lemma 5.6. Suppose u-1 E(h, g) :I 0 for some u E E*. It is decidable for 
words v E E* whether or not u-1E(h,g) = v-1E(h,g). 

Proof. By an exhaustive search we can find a word w such that w E 

'u- 1 E(h, g), since u- 1 E(h, g) is assumed to be nonempty. Now, by Lemma 5.4, 
u-1E(h,g) = v-1E(h,g) if and only if w E v-1E(h,g), which in turn in 
equivalent to the condition vw E E(h,g). Of course, the latter condition is 
tri vial to check. D 

Our main effectiveness result is as follows: 

Theorem 5.8. Let F be a family of morphisms that satisfies the solvability 
condition, and let h,g E F. If E(h,g) is regular then E(h,g) can be effectively 
found. 

Proof. Let h,g:E* ~ Ll* be two morphisms in F, and assume that E(h,g) 
is regular. Consider the automaton B(h, g) as defined above. By Nerode's 
theorem, E(h,g) is regular if and only if B(h,g) is a finite automaton. Using 
the solvability condition for the instance (h,g) and knowing that B(h,g) is 
a finite automaton, it can be constructed as follows: 

(1) Check whether E(h, g) :10. 
If E(h,g) = 0, then output B(h,g) as the finite automaton having only 
the initial state and no transitions. Suppose then that E(h,g) :I 0. 

(2) For n ;::: 0 suppose we have already found all nonempty states u- 1 E(h,g) 
with lui = n. Let the set of these be Qno 
Set Qn+1 := Qno 
Check, for each a E E and u E Q.,. whether (ua)-l E(h,g) :I 0. These 
can be tested by the solvability condition. If the answer is positive, then 
check by Lemma 5.6 whether (ua)-l E(h,g) ct. Q.,.. 

(3) When the first n for which Q.,.+1 = Qn is reached then output B(h,g) 
having the state set Q.,.. 

Case (3) must be eventually reached by Lemma 5.6. By the construction, 
when this is reached for the first time all the states of B(h, g) have been 
found, i.e., B(h,g) has been constructed. D 

Corollary 5.2. Let F be a family of morphisms for which GPCP is decid
able, and let h, 9 E :F. If E( h, g) is regular, then E( h, g) can be effectively 
found. 

Since GPCP(2) is decidable, and in this case, by Proposition 5.1, the 
equality sets E(h, g) are either regular or of a very special form, we have 
obtained 
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Corollary 5.3. In the binary case the equality set of two morphisms can be 
effectively found. 

Secondly we observe that the proof of Theorem 5.8 extends immediately to 
the generalized equality sets, when regularity is demanded on the generalized 
equality set, and the solvability condition is changed to the strong solvability 
condition: given morphisms h, g: E* --+ ..1* in a family F, and four words 
Ul, U2, Vb v2 it is decidable whether the instance (h, g, Ul, U2, Vl, V2) of GPCP 
has a nontrivial solution, i.e., GPCP is decidable for F. 

Theorem 5.9. Let F be a family of morphisms for which GPCP is decidable. 
If E(h,g,ub u2,Vb V2) = {w E E* I u1h(w)U2 = VW(W)V2} is regular for 
h, g E F, then it can be effectively found. 

As above, also Theorem 5.9 has an interesting consequence. 

Corollary 5.4. In the binary case the generalized equality set of two mor
phisms can be effectively found. 

Proof. We need the fact that for two periodic morphisms the corollary holds, 
as well as, that in other cases the generalized equality set is always regular. 
Both of these facts can be easily proved, as in the case of ordinary equality 
sets, see [EKR2]. 0 

Finally, we notice that, as in the proof of the decidability of PCP(2) in 
[EKRl], the use of generalized instances is necessary in order to obtain results 
for nongeneralized instances. Indeed, from the assumptions 

E(h,g) is regular, and it is decidable whether E(h,g) =f- 0 
we cannot conclude Theorem 5.8. To see this concretely let h, g: E* --+ E* be 
any two prefix codes, and define h', g': (E U {d})* --+ (E U {d})*, with d ~ E, 
by h'(d) = d = g'(d) and h'(x) = hex), g'(x) = g(x) for x =f- d. Then we have 

E(h',g') = (E(h,g) U {d})+, 

and hence E(h', g') is a regular set, since E(h, g) is such, see [EKR2]. However, 
E(h',g') =f- 0 by definition, and hence if E(h,g) were effectively computable, 
we would be able to decide whether E(h,g) =f- 0, which would contradict the 
undecidability of PCP for prefix codes, see Proposition 4.2. 

6. Ehrenfeucht's Conjecture and systems of equations 

Systems of equations have a natural interest in mathematics, and it is no 
surprise that this topic has been studied intensively also in combinatorial 
theory of free semigroups, see e.g. [Hm], [K5], [Lo], [M] and [Sch]. 

In this section we are interested in infinite systems of equations over word 
monoids, and we shall prove Ehrenfeucht's Conjecture, a variant of which 
states that every infinite system of equations (over a free monoid) possesses 
a finite equivalent subsystem. 
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6.1 Systems of equations 

Let E be an alphabet, and let X be a finite set of variables (that generates 
the free monoid X*). An (constant-free) equation u = v consists oftwo words 
u and v from X*. A morphism h: X* --+ E* is a solution of the equation 
u = v, if h( u) = h( v), i. e., if ( u, v) belongs to the kernel of the morphism h. 
Therefore h is a solution, if one obtains equal words when each variable x is 
substituted by the word h(x) in both of the words u and v. 

If £ be a system of equations {Ui = Vi liE I}, then a morphism h is a 
solution to £, if h is a common solution of each of the equations from £. Also, 
we say that two systems £1 and £2 of equations are equivalent, if they have 
the same set of solutions. In particular, £1 is an equivalent subsystem of £2, 
if £1 ~ £2 and £1 is equivalent to £2· 

The most famous result on system of equations is the following theorem 
due to Makanin [M]. 

Proposition 6.1. It is decidable whether a finite system of equations has a 
nontrivial solution. 

Actually, the original Makanin's result was stated for one equation with 
constants, see Section 6.3. However, when constants are allowed it does not 
make any difference whether a finite system of equations is considered instead 
of only one equation, see Theorem 6.4. 

6.2 Ehrenfeucht's Conjecture 

We say that a set TeL is a test set of a language L ~ E*, if for all morphisms 
h, g: E* --+ ,1*, 

L ~ E(h,g) {:::::} T ~ E(h,g) . 

A. Ehrenfeucht conjectured at the beginning of 1970s that every language 
has a finite test set. This conjecture was solved affirmatively independently 
by Albert and Lawrence [AL] and Guba, see [MuS]' in 1985. 

Theorem 6.1 (Ehrenfeucht's Conjecture). Each language L has a finite 
test set. 

Before we prove Theorem 6.1 some remarks are in order. First, the ter
minology is illustrative: if T is a test set of L, then to test whether two 
morphisms agree on L it is enough to do the testing on a finite subset T. 
On the other hand, the conjecture is clearly only existential - T cannot be 
found effectively for arbitrary languages. Finally, the reader (or at least the 
skeptical one) is encouraged to search experimental or intuitive support for 
the conjecture by trying to find two morphisms that agree on a given word, 
and then taking another word, and trying to find two morphisms that agree 
on both of them, and so forth. 
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We shall prove Theorem 6.1 on the main lines of Guba's argumentation. 
The first step towards the proof of Ehrenfeucht's Conjecture was taken in 
[CK2] by reducing the conjecture to systems of equations over free semi
groups. 

Theorem 6.2. Ehrenfeucht's Conjecture 'is equivalent to the following state
ment: each system of equations over a finite set of variables has an equivalent 
finite subsystem. 

Proof. For any alphabet r we let r = {a I a E r} be a new alphabet with 

rnI' = 0. We write for all words u = a1a2'" ak E r+, u = a1a2'" ak E r+. 
Hence the function - is an isomorphism r* --+ r*. 

Let us first assume that Ehrenfeucht's conjecture is true, and let E be a 
system of equations in variables X = {Xl, X2, ... , x n }. Let X be a set of new 
variables as defined above. Let 

L = {uv I u = v E f} S;;; X* . X* . 

By assumption, L has a finite test set T S;;; L: for morphisms h, g: (X u X) * --+ 

L1 *, if h( uv) = g( uv) for all uv E T, then h( uv) = g( uv) for all uv E L. 
For each f: X* --+ L1* define two new morphisms hI, h2 : (X U X)* --+ L1* 

by 

hl(x) = f(x) , 
hl(x) = 1 , 

h2(x) = 1 , 
h2(x) = f(x) , 

for all x EX. It follows that if f is a solution to T = {u = v I uv E T}, 
then f (u) = f (v) for all u = v in T, and, consequently, hI (uv) = h2 (uv) for 
all 'lLV in T. Therefore hl(uv) = h2(VV) for all uv in L, which implies that 
f('lL) = f('v) for all 'lL = v in E. This proves that E is equivalent to the finite 
subsystem T. 

Assume then that each system of equations has an equivalent finite 
subsystem. Let L S;;; r* be any set of words, and let r be a new al
phabet as above. We form a system of equations E from L as follows: 
E = {'lL = u I 'lL E L}. By assumption this system has an equivalent sub
system T. Let T = {u I u = u E T}. Hence T is a finite subset of L. 
Let h,g:r* --+ L1* be morphisms such that h(u) = g(u) for all U E T. Let 
X = r u I' be our set of variables, and define a morphism f: V* --+ L1* by 

f(x) = hex) and f(x) = g(x) , 

all x E r. Now, feu) = feu) for all u E T, and hence f is a solution to the 
finite system T. By assumption, f is a solution to the whole system E, and, 
consequently, h(u) = g(u) for all u E L. This shows that T is a finite test set 
of L. D 
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In the proof of Theorem 6.1 we shall use an immediate corollary of 
Hilbert's Basis Theorem, see e.g. [Co]. Let Z[XI, X2,." ,Xt] be the ring of poly
nomials with integer coefficients on commuting indeterminants Xl, ... , Xt. 
A mapping f: {Xl, ... ,Xk} --+ Z is a solution of a polynomial equation 
P(Xl, ... , Xt) = 0, if P(f(xI), ... , f(xt» = 0, or equivalently, if f(P) = ° 
when f is extended to a ring morphism Z[Xl, ... , xtl --+ Z. 

Proposition 6.2 (Hilbert's Basis Theorem). Let Pi E Z[Xl,X2, ... ,Xt] 
for i ~ 1. There exists an integer r such that each Pk can be written as a linear 
comb'inat'ion P k = I:~=l QiPi, where Qi E Z[Xl,X2, ... ,Xt]. In particular, 
each system of equations {Pi = ° I i ~ I}, has an equivalent finite subsystem 
PI = 0, ... , Pr = 0. 

In order to make an advantage of Proposition 6.2 we need to transform 
the word equations u = v into polynomial equations in Z[Xl' X2, ... , Xk]' The 
difficulty here is that the variables in the word equations do not commute, but 
the indeterminants in the ring of polynomials are commuting. To overcome 
this difficulty we use noncommuting matrices of the integer polynomials. 

Let SL(2, N) denote the speciallineaT monoid, a multiplicative submonoid 
of N2X2 consisting of the matrices M with determinants det(M) = 1. Notice 
that SL(2, N) is a submonoid of the special linear group SL(2, Z) consisting 
of unimodular integer matrices. 

Lemma 6.1. SL(2, N) is a fTee monoid genemted by the matrices 

and 

Pmoj. The matrices A and B have the inverses 

A- l = (~ ~1) and B-1 = (1 0) 
-1 1 

in the group SL(2, Z). Let then 

be an arbitrary nonidentity matrix in SL(2, N). We obtain 

and m12) . 
m22 

If here mu ::; ml2, then also m2l ::; m22, since det(M) = 1, and in 
particular, MA- l is in SL(2,N), but MB-l is not. Also, in this case MA-l 
has a strictly smaller sum of entries than M. 

Similarly, ifmu > ml2, then MB- l E SL(2,N) and MA-l ~ SL(2,N). 
In this case, M B- 1 has a strictly smaller sum of entries than M. Combining 
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these arguments we deduce that there is a unique sequence AI, A2 , ... , Ak 
of the matrices A and B such that MAll Ail ... Ak l = I, where I is 
the identity matrix. It follows that M can be factored uniquely as M = 
AkAk- 1 ... AI, which shows also that SL(2, N) is freely generated by A and 
B. 0 

By Lemma 6.1, the morphism f-L: {a, b}* -+ SL(2, N) defined by 

and f-L(b) = (~ ~) (6.1) 

is an isomorphism. 
Let X = {Xl, X2, ... ,xd be a set of word variables. We introduce for each 

Xi four new integeT vaTiables Xii, Xi2, Xi3 and Xi4, and denote 

x = {Xij 11 ::; i ::; k, 1 ::; j ::; 4} . 

Further, for each i = 1,2, ... ,k define 

X . - (Xii , -
Xi3 

and let M(X) be the submonoid of the matrix monoid Z[X]2X2 generated by 
the matrices Xl, X 2 , ..• ,Xk. 

Lemma 6.2. The monoid M(X) is fTeely genemted by Xl, X 2 , ... ,Xk. 

Pmoj. Consider two elements M = X rl X r2 ... Xr~ and M' = X Sl X S2 ••• X St 
of M(X). The upper right corner entry Ml2 of M contains the monomial 

(6.2) 

for j = 1,2, ... , m. It is now easy to see that if these monomials exist in 
(M'h2' then t = m and X rj = XSj for j = 1,2, ... , m. Therefore, (Mh2 = 
(M'h2 implies that X rl = X Sl ' X r2 = X S2 "'" Xr~ = Xs~. The claim 
follows from this. 0 

In particular, the monoid morphism rp: X* -+ M(X) defined by 

rp(Xi) = (
Xi! 

Xi3 
Xi2 ) 
Xi4 

(6.3) 

is an isomorphism. 
The following lemma is now immediate. 

Lemma 6.3. Let.1 be a binaTY alphabet. TheTe eX'ists a bijective COTTespon
dence h +-+ h between the mOTphisms h: X* -+ .1* and the monoid mOTphisms 
h: M(X) -+ SL(2, N) such that the following diagmm commutes: 
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X* h 

~j 
M(X) ---.:.h~...... SL(2, N) 

We shall now prove the main result of this section, from which Theo
rem 6.1 follows by Theorem 6.2. 

Theorem 6.3. Each system of equations over a finite set of variables has 
an equivalent finite subsystem. 

Proof. Let X and X be as above. Since each monoid ,,1* can be embedded 
into a free monoid generated by two elements, we can restrict our solutions 
h: X* ---; ,,1* to the case where ,,1 is binary, say ,,1 = {a, b}. 

For a word w E X* we denote 

cp(w) = (PW1 PW2) , 
Pw3 Pw4 

where Pwj E Z[X]. Consider any equation U = v, where u,v E X*. Define a 
finite system P( u, v) of polynomial equations as follows: 

P( u v) - { Puj = Pvj for 1 ~ j ~ 4 , 
, - XtlXt4 - Xt2Xt3 = 1 for 1 ~ t ~ k . 

Let h: X* ---; ,,1* be a morphism, and let h be the corresponding monoid 
morphism from Lemma 6.3. Now, by Lemmas 6.1, 6.2 and 6.3, 

h(u) = h(v) {:::=:;. J.Lh(u) = J.Lh(v) {:::=:;. hcp(u) = hcp(v) (6.4) 

Define then a mapping h': X ---; N by 

Now, h' is a solution of the equations on the second line of the definition of 
P( u, v). This is because h is into SL(2, N). Further, h' extends in a unique 
way to a ring morphism h': Z[X] ---; Z, for which 

- () (h'(Pwd 
hcp w = h'(Pw3 ) 

for all wE X*. Therefore by (6.4), h(u) = h(v) if and only if h' is a solution 
of the whole P(u, v). 

Let now £ = {Ui = Vi liE I} be a system of equations, and let P = 
UiE1P(Ui, Vi). By Hilbert's Basis Theorem, P has an equivalent finite sub
system Po = UiE1oP(Ui,Vi)' Consider the subsystem £0 = {Ui = Vi liE Io} 
of £. By above, 
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h is a solution to £0 {:::::} h' is a solution to Po 

{:::::} h' is a solution to P {:::::} h is a solution to £, 

which proves that £0 is equivalent to £, and this proves the theorem. 0 

We want to emphasize that Theorem 6.3, as well as Theorem 6.2, reveals 
a fundamental compactness property of words. We also note that very little 
is known about the size of equivalent finite subsystems of given systems of 
equations. In particular, it is not known whether it can be bounded by any 
function on the number of unknowns. Some lower bounds are obtained in 
[KP]. 

6.3 Equations with constants 

Let X be a set of variables and E an alphabet of constants. An equation 
'U = v with constants E is a pair of words u, v E (X U E)*. A solution of 
such an equation U = v is a morphism h: (X U E)* ~ ..1*, where E ~ ..1, 
hC'u) = h(v) and h( a) = a for all a E E. A morphism h is a solution to a 
system £ of equations with constants E, if it is a common solution to the 
equations in [. 

With each constant a E E we associate a new variable Xa and in this way 
each equation 'U = v with constants E can be presented as a finite system of 
equations: 

{ u' = v' 
Xa = a for all a E E , 

where u' and v' are obtained from u and v, resp., by substituting Xa for a E E. 
Therefore each system of equations with constants E can be presented as a 
system of equations over the variables Xu {xa I a E E} together with a 
finite number of equations Xa = a containing a unique constant. Therefore 
Theorem 6.3 can be generalized: 

Corollary 6.1. Each system of equation with constants zs equivalent to a 
finite subsystem. 

Let UI = VI and 'U2 = V2 be two equations, and let a, b be two different 
constants. It is easy to show that h is a solution to the above pair of equations 
if and only if h is a solution to the single equation ulav2ulbv2 = vlau2vlbu2, 
see [Hm]. In particular, we have 

Theorem 6.4. Each finite set of equations with constants 'is equivalent to a 
s'lngle equation with constants. 

Note., however, that the single equation of Theorem 6.4 need not be among 
the original ones, i.e., Theorem 6.4 is not a compactness result in the sense 
of Theorem 6.3. 
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6.4 On generalizations of Ehrenfeucht's Conjecture 

Systems of equations and equality sets have been considered in a more general 
setting of monoids in [dLRJ, [KP] and [HKP]. Here we shall summarize some 
of these results. 

Let X = {Xl, X2, •.. , xn} be a finite set of variables. A solution of an 
equation u = v over X in a monoid M is a monoid morphism n: X* --t M, 
for which n(u) = n(v). We say that a monoid M satisfies the compactness 
property (Jor systems of equations), or CP for short, if for all finite sets of 
variables X every system e ~ X* x X* is equivalent to one of its finite 
subsystems T ~ e. In particular, Ehrenfeucht's Conjecture states that the 
finitely generated free monoids satisfy CPo 

As in Theorem 6.2 the compactness property can also be restated in terms 
of test sets. 

Theorem 6.5. For any monoid M the compactness property is equivalent 
to the condition: for all L ~ E* there exists a finite subset T ~ L such that 
for' any two morphisms n, f3: E* --t M, 

niT = f3IT {::::::::} aiL = f3IL . 

Next we mention four examples, where (the generalization of) Ehren
feucht's Conjecture, i.e., the compactness property, does not hold. 

Example 6.1. Let Fin(E*) denote the monoid of all nonempty finite subsets 
of the word monoid E*. It was shown in [La] that the monoid Fin(E*) does 
not satisfy CP even when E is a binary alphabet. Indeed, in this case the 
system e of equations 

over three variables does not have an equivalent finite subsystem in Fin(E*), 
see Example 6.7. 0 

Example 6.2. The bicyclic monoid B is a 2-generator and a 1-relation semi
group with the presentation (a, blab = 1). The monoid B is isomorphic to 
the monoid generated by the functions a, f3: N --t N: 

a(n) = max{O, n - 1}, f3(n} = n + 1 , 

see [L1]. Define 'Yi = f3 i ai , for i :::: O. Hence 

.( ) _ {i if n ~ i , 
'Yt n - n if n > i . 

We observe that 'Yi'Yj = 'Ymax{i,j}. Now, consider the system 

for i:::: 1, 
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of equations over the variables Xl, x2 and X3. As is easily seen the morphism 
OJ defined by OJ(xt) = /3, OJ(X2) = a and OJ(X3) = "ij, is a solution of 
XiX;X3 = X3 for all i ::; j, but OJ is not a solution of x{+1X~+1X3 = X3. Hence 
the system £ does not have an equivalent finite subsystem, and therefore the 
bicyclic monoid B does not satisfy CP, as noted in [HKPj. D 

Example 6.3. As shown in [HKP]' if a finitely generated monoid M satisfies 
CP, then M satisfies the chain condition on idempotents, i.e., each subset El 
of idempotents of M contains a maximal and a minimal element with respect 
to an natural ordering: e ::; f, if fe = e = ef, see [L1j. From this it follows 
that the free inverse monoids do not satisfy CPo D 

Example 6.4. Also by [HKP], if a monoid M satisfies CP, then it is hopfian, 
i. e., M is not isomorphic to any of its proper quotients M / B. The Baumslag
Solitar' group [BS], defined by a group presentation G BS = (a, b I b2a = ab3 ), 

is possibly the simplest non-hopfian group, and consequently, it does not 
satisfy CPo D 

We consider now the compactness property for varieties of monoids. Recall 
that a class V of monoids is a variety, if it is closed under taking submonoids, 
morphic images, and arbitrary direct products. We need also another notion: 
A monoid M is said to satisfy the maximal condition on congruences, or MCC 
for short, if each set of congruences of M has a maximal element. Although 
CP and MCC seem to be quite different notions, they, nevertheless, agree on 
varieties as shown by the following result from [HKPj. 

Proposition 6.3. The monoids in a variety V satisfy CP if and only if each 
finitely generated monoid M in V satisfies the maximal condition on congru
ences. 

Redei's Theorem [Rej states that the finitely generated commutative mo
noids satisfy the maximal condition on congruences. For a short proof see 
[Frj. Hence we have the following corollary of Proposition 6.3. 

Corollary 6.2. Every commutative monoid satisfies CPo 

It is worth noting that in Proposition 6.3 and its corollary the compact
ness property holds not only for finitely generated monoids, but for infinitely 
generated monoids as well. Moreover, if the compactness property holds in a 
variety, it holds there uniformly in the sense that for each system of equations 
its equivalent finite subsystem can be chosen to be the same for all monoids 
in the variety. In particular, this holds for commutative monoids. Also the 
submonoids of free monoids satisfy the compactness property uniformly. This 
is due to the fact that any free monoid, which is generated by at most count
ably many elements, can be embedded to a free monoid generated by only 
two elements, so that the equivalent subsystem in the latter monoid works 
for all free ruonoids. 
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Corollary 6.2 goes beyond varieties in the following result of [dLR] , where 
a trace monoid is a monoid having a presentation (A I ab = ba ((a, b) E R)), 
where R is an equivalence relation on the set A of generators. The proof of 
Proposition 6.4 relies again on Hilbert's Basis Theorem. 

Proposition 6.4. The finitely generated trace monoids satisfy CPo 

Finally we note, for more details see [HKP], that it can be shown that 
the bicyclic monoid B does satisfy the maximal condition on congruences al
though it does not satisfy CPo On the other hand, the free monoids E* with 
lEI;::: 2 do not satisfy the maximal condition on congruences, but they do 
satisfy CPo Consequently the notions of 'compactness property' and 'maxi
mality condition on congruences' are incomparable in general, although they 
coincide on varieties. 

6.5 Ehrenfeucht's Conjecture for more general mappings 

We may generalize the problem of Ehrenfeucht's Conjecture on test sets to 
mappings that are more general than morphisms. Let :F be a family of map
pings of words, and let L be a language. We say that a finite subset T of L 
is a test set of L with respect to :F, if for all c,ol, c,02 E :F, 

where c,olT denotes the restriction of c,o on the subset T of L. 
We consider a few automata-theoretic examples of such generalizations 

from [K4] and [La]. In one of these cases the conjecture holds, while in two 
others it fails. 

Example 6.5. Let for all n ;::: 1, an: a* -+ a* be the function defined by 

ifk<n, 
if k ;::: n 

Clearly, an can be realized by a sequential transducer, and hence an is a 
rational function. Denote a<k = {1, a, ... , ak- l }. Clearly, anla<k = amla<k 
for all n, m ;::: k, but an la* =f. am la*. This shows that the language a* does 
not have a finite test set with respect to rational functions. D 

Example 6.6. Let :Fn be the set of the set of partial functions E* -+ .1* 
defined by sequential transducers with at most n states. Then, as shown in 
[K4J, each language L c E* possesses a finite test set with respect to :Fn . 

The proof of this is not difficult. D 

Example 6.7. We restate now Example 6.4 in terms of finite substitutions. 
Let E = {a, b}. For all n ;::: 1 define the finite substitutions Tn, an as follows 
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Tn(a) = {a j 10::; j ::; 2n + 2}, 
Tn(b) = {aiba j 10::; i + j < n or (0::; i ::; 2n + 2 and n + 1::; j ::; 2n + 2) 

or (n + 1 ::; i ::; 2n + 2 and 0 ::; j ::; 2n + 2)} , 

lTn(a) = {aj 10::; j ::; 2n + 2}, 
lTn(n) = {aiba j 10::; i,j ::; 2n + 2}. 

Denote Lk = {abra I 0 ::; r < k}. Then TnlLn = lTnlLn, but Tnl Ln+1 -:f. 
lTn ILn+1, since (ban)nb E lTn(abn+1a) and (ban)nb ¢. Tn(abn+1a). This shows 
that language ab*a does not have a finite test set with respect to finite sub
stitutions. 0 

Intuitively the difference between Examples 6.5 and 6.6 is that interpret
ing the test set problem in terms of equations, the latter requires only finitely 
many unknowns, while the former requires infinitely many unknowns. 

7. Effective sub cases 

In this section we study possibilities of finding test sets effectively. In particu
lar, as an application of Makanin's algorithm and the validity of Ehrenfeucht's 
Conjecture we show that some problems on iterated morphisms are decidable. 
We also point out that there are even such decidable problems, for which no 
other proof is know. 

7.1 Finite systems of equations 

As already stated above in Proposition 6.1, it is decidable whether a finite 
system of equations has a solution. Using this the following result was proved 
in [CK2]. 

Theorem 7.1. Let £ and £' be finite systems of equations with constants. It 
is decidable whether there exists a solution of £' that is not a solution of £. 

Proof. Let £ = {Ui = Vi Ii = 1,2, ... ,r} and £' = {u~ = v~ Ii = 1,2, ... ,s} 
be two finite systems of equations over a set X of variables and with constants 
from E. We construct a finite set £1, £2,"" £n of systems of equations such 
that £ and £' are equivalent if and only if no one of these systems £i has a 
solution. By Proposition 6.1 the claim then follows. 

For each constant a E E and integer k = 1,2, ... , r define two systems of 
equations over variables X U {x} as follows: 

£1:1 = £' U {Uk = Vkax} and £1:2 = £' U {Ukax = Vk} , 

and for each pair (a, b), a -:f. b, of constants define a system 

£ka,b) = £' U {Uk = xay, Vk = xbz} 

over variables Xu {x,y,z}. 
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Clearly, if h is a solution of one of these new systems of equations, then 
h is a solution of £1, but h(uk) =f. h(vk)' On the other hand, ifthere exists a 
solution h of £1, which is not a solution of £, then there is an index k such 
that h(uk) =f. h(vk) and h is a solution of £1:1 or £1:2 or £~a,b) for some a and 
b. This shows that we can decide whether there exists a solution of £1 which 
is not a solution of £. 0 

Theorem 7.1 and its proof has a number of interesting corollaries. We 
state three of them here. The first of these states that a problem which can 
be called dual PCP is decidable, see [CK1]. 

Corollary 7.1. It is decidable whether for a word wEE" there exist differ
ent nonperiodic morphisms h, g: E" -+ .1" such that h( w) = g( w). 

One should notice that the above statement is trivial without the exclusion 
of periodic morphisms. Indeed, for all words w there are trivially different 
periodic morphisms h, g: E" -+ a" such that h(w) = g(w). Corollary 7.1 
remains decidable, when the morphisms hand g are required to be such that 
just one of them is nonperiodic. 

Corollary 7.2. It is decidable whether a finite set Fl is a test set of another 
finite set F 2 . 

Corollary 7.3. The equivalence of two finite systems of equations with con
stants is decidable. 

7.2 The effectiveness of test sets 

In general, finding a finite test set for a given language L ~ E" is not effective. 
Indeed, if C is an effectively given family of languages (say, given by a family 
of Turing Machines) with an undecidable emptiness problem, then one cannot 
construct effectively test sets TL ~ L for the languages L E C, because TL =f. 0 
just in case L =f. 0. In particular, one cannot find effectively finite test sets in 
the family of equality sets. 

Lemma 7.1. A language L has an effectively findable finite test set if and 
only if there is an algorithm that decides whether a finite set T is a test set 
of L. 

Proof. First of all, if a finite test set T ~ L can be effectively found, then we 
can check whether another finite set T' is a test set of L by Corollary 7.2. On 
the other hand, if we can decide whether a finite set is a test set of L, then 
a systematic search will eventually terminate at a test set of L. 0 

A closer look of the proof of Theorem 6.2 reveals the following equivalence 
result, where we say that a system of equations £ is of type C, if £ = {h( w) = 
g( w) I w E L} for some morphisms h, g and a language L E C. 
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Theorem 7.2. The following two conditions are equivalent for a family .c 
of languages: 

(1) Each {effectively given} language L E .c possesses an effectively findable 
test set. 

(2) Each {effectively given} system £ of equations of type.c has an equivalent 
finite subsystem that can be effectively found. 

Based on the pumping property of regular languages the following was 
noticed in [CK2], see also [K2]: 

Theorem 7.3. Each regular language R has a test set consisting of words 
with lengths::; 2n, where n is the number of states in a finite automaton 
accepting R. 

Proof. Let h, g: E* -+ .0:1* be two morphisms. By Lemma 5.2 we have 

uV,uzV,uwv E E(h,g) ==> uzwv E E(h,g) 

for all words u, v, z, w E E*. Consider then an accepting computation of a 
finite automaton A, which visits a state q at least three times: 

u z w v 
qo~q~q~q------tqf , 

where ql is the initial state and qf is a final state. By above, if h(uzwv) i
g(uzwv), then hand g disagree already on one of the words uv,uzv,uwv E 
L(A), and this proves the claim. 0 

This result was improved in [KRJ] as follows. 

Proposition 7.1. If L(A) is a regular language accepted by a {nondetermin
istic} finite automaton A with m transitions, then a test set T of L(A) with 
ITI ::; m can be effectively found. 

We say that a system £ of equations is rational, if there exists a finite 
transducer that realizes £, i.e., if £ is a rational transduction. By Nivat's 
theorem, see e.g. [BJ, a system £ of equations is rational if and only if it is of 
type n, where n denotes the family of the regular languages. Also, a system 
£ of equations is said to be algebraic, if it is of type CF for the family CF of 
the context-free languages. 

Theorem 7.1, and consequently Corollary 7.2, was generalized to rational 
systems of equations in [CK2]. By Theorem 7.3 a regular language R possesses 
effectively a finite test set T ~ R, and from this we can deduce the following 
two corollaries. 

Corollary 7.4. Each rational system of equations possesses an equivalent 
finite subsystem, which can be effectively found. 

Corollary 7.5. It is decidable whether two rational systems of equations are 
equivalent. 
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As a consequence of Corollary 7.4 one can prove the following interesting 
result, cf. [ChK2J, which should be compared to Theorem 4.6. 

Theorem 7.4. The isomorphism problem is decidable for finitely generated 
submonoids of a free monoid. 

Theorem 7.3 was improved in [ACKj for context-free languages and, con
sequently, to algebraic systems of equations. 

Proposition 7.2. Each context-free language has an effectively findable fi
nite test set. In particular, each algebraic system of equations has a finite 
equivalent subsystem, which can be effectively found. 

An upper bound for the cardinality of a test set for a context-free language 
L was shown to be of order n 6 in [KPRj. Here n denotes the number of 
productions in the context-free grammar generating L. On the other hand, a 
lower bound for the size of such a test set was shown to be of order n 3 also 
in [KPRj. 

7.3 Applications to problems of iterated morphisms 

One of the most interesting problems on morphisms is the DOL sequence 
equivalence problem (or the DOL-problem, for short), which was posed by 
A. Lindenmayer at the beginning of 1970s. It was a challenging and fruitful 
problem in the 70s, which created many new results and notions, see [K6j. 
The DOL-problem was solved by Culik and Fris [CF], and another solution 
for it was given in [ERj. We give here still another proof from [CK5j based 
on Ehrenfeucht's Conjecture. 

In the DOL-problem we are given two endomorphisms h, g: E* ~ E* and 
an initial word w E E*, and we ask whether hk(w) = gk(w) holds for all 
k? o. 

We denote for an endomorphism h 

h*(w) = {hk(w) I k ? O} 

Clearly, the DOL-problem is equivalent to the problem whether h(hk(w)) = 
g(hk(w)) holds for all k ? 0, i.e., whether h*(w) ~ E(h,g). A natural ex
tension of this problem is the following morphic equivalence problem for DOL 
languages: given morphisms h, g: E* ~ ..1*, f: E* ~ E* and a word w E E*, 
does h(fk(w)) = g(fk(w)) hold for all k ? 0, i.e., does f*(w) ~ E(h,g) hold? 

Still a further extension is obtained as follows: given morphisms h, g: E* ~ 
..1*, h,/z:E* ~ E* and a word w, does h(ff(w)) = g(f~(w)) hold for all 
k ? O? This problem is known as the HDOL-problem. 

By the validity of Ehrenfeucht's Conjecture and Makanin's algorithm, 
each of the above three problems can be shown to be decidable. 
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Theorem 7.5. FaT each endomorphism f and wOTd w a finite test set faT 
f* (w) can be effectively found. Consequently, each of the following pmblems 
is decidable: the DOL-pmblem, the mOTphic equivalence pmblem faT DOL lan
guages, and the HDOL-pmblem. 

Pmof. Denote f[kl(w) = {r(w) I 0 ::; i ::; k}. By Ehrenfeucht's Conjecture 
there exists an integer t such that f[tl (w) is a test set of f* (w), and hence, in 
particular, f[tl(w) is a test set of f[t+1l(w). The smallest integer k for which 
f[kl(w) is a test set of f[k+1l(w) can be effectively found, since we know that 
such a k exists by Ehrenfeucht's Conjecture, and Corollary 7.2 guarantees 
that the checking can be done effectively. The claim follows when we show 
that f[kl(w) is a test set of f*(w). 

Indeed, consider the word fk+2(w). Now, since f[kl(w) is a test set of 
f[k+1l(w), we conclude that f(f[kl(w)) = f[k+1l(w) \ {w} is a test set of 
f(f[k+11(w)) = f[k+21(w) \ {w}, and hence f[kl(w) is a test set of f[k+2l(w), 
from which we obtain inductively that f[kl(w) is a test set for f*(w). This 
proves the first sentence of the theorem. 

To prove the second sentence we proceed as follows. First the decidability 
of the first two problems are obvious. The third one, in turn, is reduced to 
the second one by assuming that hand h are defined in disjoint alphabets, 
say L\ and 1.72, and extending hand 9 to (171 U 172)* such that h(17d = 
{1}=g(172). D 

We remind that the HDOL-problem was shown to be decidable in [Ru2] 
without using Ehrenfeucht's Conjecture. On the other hand, the following 
extension of the DOL-problem, called the DTOL-pmblem, is an example of 
a problem, for which no other proof than the one based on Ehrenfeucht's 
Conjecture is known. In the DTOL-pmblem we are given a word w E 17*, 
two monoids HI and H2 of endomorphisms of 17* with equally many gener
ators {hI, h2' ... , hn } and {gl, g2, ... , gn}, resp., and we ask whether for all 
sequences iI, i 2 , ... ,ik of indices hik ... hi1 (w) = gi k ... gil (w). The proof of 
the following result, cf. [CKS], is a straightforward extension of the proof of 
Theorem 7.S. 

Theorem 7.6. The DTOL-pmblem is decidable. 

This result should be contrasted to the undecidability of the DTOL lan
g'aage equivalence pmblem: given a word wand two finitely generated monoids 
HI and H2 of endomorphisms, it is undecidable whether for all h E HI there 
exists agE H2 such that g( w) = h( w). The proof of this result is based on 
the undecidability of PCP, see [RSl]. 

The method of the proof of Theorem 7.S can be applied to prove decidabil
ity results on classical automata theory as well. The following was established 
in [CK4]. 

Proposition 7.3. The equivalence pmblem fOT finite-valued tmnsduceTs is 
decidable. 
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We note that while Proposition 7.3 has also a purely automata-theoretic 
proof, see [W], there are related problems for which only proofs using Ehren
feucht's Conjecture are known, see [CK4] and [CK6]. 

8. Morphic representations of languages 

In formal language theory representation results for various families of lan
guages have always been a topic of a special interest. Typically such a rep
resentation result for a family I:- of languages characterizes the languages in 
I:- in terms of generators and operations so that each language LEI:- can be 
obtained from these generators by using the allowed operations. 

The most basic example of such a case is the family of regular languages 
R, for which the generators are the empty set 0 and the singleton sets {a} of 
letters and the operations are union, Kleene iteration, and catenation. 

For two morphisms g:.1* --+ E* and h:.1* --+ r*, we let hg-1: E* --+ 2r * 

be the composition of g-1 and h: 

hg-1(w) = {h(u) I u E .1*, g(u) = wE E*} . 

We denote by 11. the family of morphisms between finitely generated word 
monoids, and by 11.-1 the family of inverse morphisms. Each morphism 
h: E* --+ .1* induces the language operations h: 2E " --+ 2.<1" and h -1: 2.<1* --+ 

2E " in a natural way, 

h(L) = {h(u) E .1* I u E L} and h-1(K) = {w E E* I h(w) E K} . 

The compositions of such operations are called morphic compositions. Ob
viously, 11.11. = 11. and 11.-111.-1 = 11.-1 , and therefore each morphic com
position T can be written as an alternating composition of morphisms and 
inverse morphisms, i. e., T = h';.n h:~-11 ... h~', where Cj + Cj-l = 0 and 
Cj,Cj-l E {-l,+l} for each j = 2, ... ,n. 

8.1 Classical results 

Two of the most famous classical representation results in language theory are 
given for the family CF of context-free languages. These are due to Chomsky 
and Schutzenberger [CSl] and Greibach [Gl]. By the first of these results 
each context-free language L can be obtained from a Dyck language D, cf. 
[B], using an intersection with a regular set followed by a morphism: 

Proposition 8.1. Each context-free language can be written as L = h(D n 
R), where D is a Dyck language, R a regular language and h a morphism. 
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In an operational form this can be written as follows: CF = 1{ 0 n'R(D). 
where D consists of the Dyck languages, n'R denotes the intersections with 
regular languages, and 1{ the family of morphisms. In fact, see e.g. [H], the 
generator set D can be reduced to the single generator D 2 , the Dyck language 
over one pair of brackets: CF = 1{ 0 n'R 0 1{-1 (D2). 

Greibach, on the other hand, showed that each context-free language can 
be obtained from a single language using only inverse morphisms. 

Proposition 8.2. There exists a context-free language U2 such that CF = 
1{-I(U2 ). 

Here the context-free language U2 is known as the hardest context-free 
language, and it is a nondeterministic variant of the Dyck language D 2 • 

In [CM] a similar result for the family 'R£ of recursively enumerable lan
guages and for the family CS of context-sensitive languages was established: 

Proposition 8.3. There exist a recursively enumerable language Uo and a 
context sensitive language UI such that'R£ = 1{-I(UO) and CS = 1{-I(Ud. 

8.2 Representations of recursively enumerable languages 

One of the interesting topics on computational aspects of morphisms is that 
of morphic characterizations of recursively enumerable languages, initiated in 
[S3], [Cl] and [EnRl]. We begin with the following result from [Ge], which is 
interesting also from the point of view of equality sets. Indeed, in Theorem 8.1 
the recursively enumerable languages are closely related to the overflows of 
two morphisms. In the proof of Theorem 8.1 we follow the presentation of 
[T3]. 

Theorem 8.1. For each recursively enumerable language L ~ E* there are 
two mOTphisms h, g: L1 * ~ r* with h nonerasing such that 

L = {h-I(w)g(w) I wE L1*} n E* . 

Proof. Let L = L(G), where G = (V, E, P, S) is a (general) grammar with 
terminals E, nonterminals N = V \ E, productions P ~ V* NV* x V* and 
with the initial nonterminal SEN. We denote by T the terminal productions 
of G, i.e., T = P n (V* x E*). 

For any alphabet X we let X = {a I a E X} be an alphabet consisting of 
new letters. Define 

L1 = V u E u PUT U {d, e, f} , r = V U {c, d, f} . 

Let m,r:L1* ~ (L1 U {c})* be morphisms defined as follows: for all x E L1, 

m(x) = cxc, r(x) = xcc . 

Note that m and r are similar to our shift morphisms of Sections 3 and 4. 
The morphisms hand g are defined as follows: 
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h(d) = dc , 
h(e) = m(f)c , 
h(x) = m(x) , 
h(p) = m(u) , 
h(a) = h(a) , 
h(P) = h(p) , 

g(d) = r(dfS) , 
g(e) = 1 , 
g(x) = r(x) 
g(p) = r(v) 
g(a) = a 
g(P) = v 

for x E V U {f} , 
for p = u ...... v E P , 
for a E E , 
for p = u ...... vET . 

Denote K = {h- 1(w)g(w) I w E L1*} n E*. 
Assume first that S = Wo ==> WI ==> ... ==> Wk = W is a derivation of a 

word W E L, where Wi = riUiSi ...... riviSi = Wi+1 according to a production 
Pi = Ui ...... Vi for i = 0,1, ... ,k - 1. Since W E E*, the last production Pk-1 
must be terminating, and rk-l,Sk-1 E E*. Now, consider the words 

and 

where we may assume that k > 1. Now, 

dc·m(fwof··· f Wk-2!wk-d)'c 

dc·cfc·m(wo) ·cfc . .. cfc·m(wk-2) ·cfc·m(wk-1) ·cfc·c 

= r(dfwof··· f Wk-2!wk-d) = g(zI} . 

Since g(Z2) = Wk, we have that h(Z1Z2)-1g(Z1Z2) = w, and hence w E K. We 
have shown that L ~ K. 

On the other hand, let w E K. Hence there exists a word z such that 
g(z) = h(z)w. Denote fl = V U {d, f} and l/i = L1 \ {d, e}. 

By the definitions of the morphisms h, 9 and from the fact that w E E*, 
we conclude that h(z) E (flcc)*, and that 

z = r·dsds2f ... fSke 

for some words r E (dl/ie)* and Si E (l/i \ {f})* for i = 1,2, ... , k. Now, 

h(z) = h(r) ·dc· h(sI}cf ... cfc·h(Sk)cfcc, 

g(z) g(r)·dccfccScc·g(S1)fcc ... fCC·g(Sk) 

From these we have that g(Sk) = w, and that h(sI} = 1, i.e., S1 = 1. More-
over, 

cSc = h(S2) and Cg(Si) = h(Si+1)C . 

Let Cc be a morphism which erases all occurrences of c from words. By above, 
cc(h(S2)) = Sand cc(h(Si)) ==>* cc(g(sd) for i = 1,2, ... , k, and finally 
S ==>* c(g(Sk)) = w showing that w E L. This completes the proof. D 

Theorem 8.1 has the following immediate corollary. 

Corollary S.l. For each recursively enumerable L ~ E* there exist mor
phisms hand 9 such that L = {g(w) E E* I 3v i- 1 : h(vw) = g(v)}. 
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A purely morphic characterization of computability was proved in [CI] 
by characterizing recursively enumerable languages as morphic images of the 
sets of minimal solutions e( h, g) of PCP. The proof of this result refines the 
basic simulation idea of the proof of the Post Correspondence Problem. For 
another formulation of the proof, see [T3]. 

Proposition 8.4. For each recursively enumerable L ~ E* there effectively 
exists morphisms 7r, h, 9 such that 

L = 7r(e(h,g)), 

where h is nonerasing and 7r is a projection. 

Finally, we want to mention the following result from [MSSY], which was 
used to characterize complexity classes in terms of solutions of PCP. 

Proposition 8.5. For each recursively enumerable L ~ E* there are mor
phisms g, h: r* - .1* so that 

where r = n u r 2 U r3 U E, 7r: r* - E is the projection onto E, and 

Ig(a)1 > 
Ig(a)1 

Ig(a)1 < 

Ih(a)1 

Ih(a)1 

Ih(a)1 

for a E r 1 , 

for a E r 2 U E, 

for a E r3 . 

In the following result from [EnRI], for an alphabet .1 we let again .1 = 
{a I a E .d} be a new alphabet disjoint from .1, and we define the twin-shuffle 
L(.d) over .1 by 

L(.d) = {w E (.1 U .1)* I7rLl(W) = 7rLr(w)} , 

where 7rLl and 7rLr are projections of.d u.d onto ..:1 and .1, respectively. 

Proposition 8.6. For each recursively enumerable language L ~ E* there 
exist an alphabet.d, a regular language R ~ .1*, and a morphism h:.d* - E* 
such that L = h(L(.d) n R). 

Note that L(..:1) is an equality set, and hence each recursively enumer
able language can be obtained from this special equality set by very simple 
operations. 
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8.3 Representations of regular languages 

As we have seen the families R£, CS and CF in the Chomsky hierarchy 
all have a representation H-l (L) with a single generator L. The family R 
of regular languages is an exception to this rule, i. e., no such simple type of 
representations exists. Indeed, it was shown in [CM] and [HKK] that the mor
phic compositions H 0 H- l and H- l 0 H are not powerful enough to generate 
R from a single regular language. 

Theorem 8.2. For all regular- L, H 0 H-l(L) =1= Rand H- l 0 H(L) =1= R. 

PT"Ooj. Let L be a regular language accepted by an n-state finite automaton, 
and let hand 9 be morphisms. As is easy to verify h-l(L) can be accepted 
by an n-state finite automaton. From this it follows that h-l(L) is of star 
height at most n. Further, a morphism 9 does not increase the star height 
of h-l(L), and thus the star height of gh-l(L) is at most n. However, as is 
well-known, there exist regular languages of star height greater than n, see 
[SI], and this proves the first claim. 

We omit the proof of the second claim. We mention only that it was 
reduced in [HKK] to the following combinatorial result: if F ~ 17+ is a finite 
set and w, Wi words with Wi j w, then either L = F* n w*w' is infinite or 
ILl :S 21F1. D 

A positive result by Culik, Fich and Salomaa [CFS] shows, however, that 
each regular language R can be obtained from the fixed regular language a*b 
by using a morphic composition of length four: R = H 0 H- l oH oH-l(a*b). 
Hence also the regular languages do have morphic compositional representa
tions with a single generator. 

After the existence of such a morphic representation had been proved 
there followed a sequence of papers improving and generalizing the result of 
[CFS], see [KL], [LL], [Tl] and [T2]. 

In particular, in [LL] it was proved that every regular language has a 
compositional representation of length three. The proof of this is a typical 
application of the techniques of [CFS]; it uses a representation of the ac
cepting computations of a finite automaton through morphisms and inverse 
morphisms. 

Theorem 8.3. R=HoH-loH(a*b) . 

PT"Oof. Let R = L(A) c 17* be a regular language accepted by a (nondeter
ministic) finite automaton A with states Q = {qO, ql, ... , qrn}, where qo is the 
initial state, and qm is the unique final state. Assume further without loss of 
generality that there are no transitions entering qo and leaving qm. Let 

be an alphabet that codes the transitions qx -+ p of A, and let a, band d be 
special symbols. Define hI: {a, b} -+ {a, b, d} * by 



h1(a) = adm 

where m = IQI. Hence hl(anb) 
defined by 

and 

{ 
diadm-j if j =1= m 

h2([% x, qjl) = dibdm ' .f. ' 
, IJ=rn. 

So u E h:;lhl(anb) if and only if lui = n + 1 (= lanbl) and 
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for some letters aI, a2, ... ,an+l E E and states qrl' qT2' ... ,qTn E Q. In 
particular, 'U E h:;lhl(anb) if and only if u codes an accepting computation 
of A for the word a1a2 ... an+!. Finally, let h3: r* -+ E* be defined by 

h3([q,a,pl) = a 

for all [q, a,p] E r. We can now deduce that L(A) = h3h:;lhl(anb). 0 

The proof of Theorem 8.3 shows that in the representation of n as above 
the morphisms are restricted: the morphism hI is uniform, i.e., there exists 
a letter d and an integer m such that hI (a) = adm for all letters a, the 
morphism h2 is nonerasing, and h3 is length preserving, i. e., it maps letters 
to letters. 

Using similar techniques it was proven in [LL] that 

Proposition 8.7. n = 1i-1 o1i o1i-1 (b) . 

We give another example of this construction method in order to obtain a 
rather simple representation result for the regular star languages, i.e., regular 
languages satisfying R = R*. 

Theorem 8.4. Let R <;;;; E* be any language. Then R* is regular if and only if 
there exist a finite set F and a uniform morphism h such that R* = h -1 (F*). 

PTOof. Suppose R* = L(A) for a deterministic finite automaton A having 
Q = {qO, q1, ... , q'Tn} as its state set, where qo is the initial state, and T <;;;; Q 
is the set of final states. Let d be a new symbol, and define 

F = {diadm- j I a E E, qia = qj} U {diadm I a E E, qia E T} . 

Define h: E* -+ (E U {d})* by h(a) = adm for all a E E. One can now show, 
by induction on the length of words, that for all qi E Q and u E E*, 

qiU E T <¢=:::? di.h(u) E F*, 

from which it follows that R* = h-1(F*). 
In the other direction the claim is obvious, since n is closed under inverse 

morphic images, and h-1(F*) is always a star language. 0 
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8.4 Representations of rational transductions 

The ideas of the previous section can be used to prove morphic representa
tions for rational transductions T: E* -+ 2Ll*. However, such representations 
require some 'technical' modifications to these constructions. 

An endmarking is a function f.Lm: E* -+ E*m that adjoins a special letter 
m at the end of a word: f.Lm(w) = wm for each wE E*. We denote by M the 
family of all endmarkings. 

Clearly, each of the families H, H-1 and M consist of rational trans
ductions, and since the rational transductions are closed under composition, 
see [B], also compositions of morphisms, inverse morphisms and endmarkings 
are again rational transductions. These compositions will be referred to as 
mtional composdions. 

The operation nR can be obtained as a rational composition as was shown 
in [TI] and [KL]. 

Proposition 8.8. nR s;;: HoH-1 oHoM . 

As a consequence the Chomsky-Schiitzenberger theorem can be trans
formed into a representation result, formulated in [KL], characterizing CF as 
the language family generated from D2 using only rational compositions. 

This result on intersection with regular languages can also be applied 
to the representation theorem for RS from [EnRI], see also [S4], which is 
similar to the Chomsky-Schiitzenberger theorem: each recursively enumerable 
language can be obtained as the morphic image of a twin-shuffle language 
intersected with a regular language. This approach yields, in comparison with 
the Greibach type of representation, a more manageable generator than Uo, or 
U2 in the context-free case, and still a fairly simple combination of operations. 

By Nivat's theorem [Ni], see [B], a mapping T: E* -+ 2Ll* is a rational 
transduction if and only if there exist a regular set R and two morphisms 9 
and h such that T = {(g(w), h(w)) I w E R}. In other words, 

Proposition 8.9. The family of mtional tmnsductions equals H 0 nR 0 H- 1 . 

Here nR has a representation from Proposition B.B, and therefore each 
rational transduction T can be representation in the following form: 

Here one can easily move the endmarking to the beginning of the composition 
in order to obtain 

Theorem 8.5. The family of mtional tmnsductions equals 

H 0 H- 1 0 H 0 H- 1 0 M . 
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Hence rational compositions of length five suffice for rational transduc
tions. We note here that the compositions in 11.-1011. 0 11.-1011. 0 M can be 
represented by elements from 11. 0 11.-1 011. 0 11.-10 M. In fact, as a lengthy 
proof in [LT1] shows these two classes are the same: 

Proposition 8.10. The family of rational transductions is equal to 

11.011.-1011.011.-1 oM = 11.-1 011.011.- 1 011.oM . 

If the endmarking is omitted from above we obtain the class of all morphic 
compositions. As shown in [T2] the compositions of morphisms and inverse 
morphisms are exactly those rational transductions that can be realized by 
simple transducers. Moreover, the following result was proved in a sequence 
of papers [LL], [T2], and [LT1]: 

Proposition 8.11. 11. 0 11.-1011. 0 11.-1 = 11.-1 011. 0 11.-1011. equals the fam
ily of rational transductions realized by simple transducers. 

Given a finite transducer realizing T, we can, in fact, effectively construct 
the morphisms as required in Proposition 8.10 for its representation. Sim
ilarly, if T is realized by a simple transducer, then the representation in 
Proposition 8.11 is effective. Nevertheless, we have no effective way to de
cide whether for a rational transduction a representation without endmarkers 
exists. This was proved in [HKI] using a strong undecidability result from [I]. 

Proposition 8.12. It is undecidable whether or not a rational transduction 
has a representation without endmarker. In other words, it is undecidable 
whether or not a rational transduction is realized by a simple transducer. 

As proved in [LL] the number ofmorphisms in Proposition 8.10 cannot be 
reduced further. In Fig. 8.1 from [LLJ, we have drawn a diagram of inclusions 
for the morphic compositions. 

If we restrict ourselves, as in [T2J, to I-free transducers, then the repre
sentations become even shorter. Below 11.e; denotes the family of nonerasing 
morphisms. 

Proposition 8.13. The family of rational transductions realized by I-free 
transducers is equal to 11.-10 11.e; 011.-10 M . 

Thus in the general case of Proposition 8.10, we need one morphism to 
take care of the empty word. 

There exists a wealth of interesting subfamilies of rational transductions 
and many of these have been given a representation by morphisms and inverse 
morphisms, where the inverse morphisms have been suitably restricted. We 
list here only a selection of these results from [HKL1] and [HKL2]. 
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x 
Fig. 8.1. The hierarchy of morphic compositions, where a path upwards means 
proper inclusion and a horizontal disconnection denotes incomparability. 

Proposition 8.14. The family of rational functions equals H 0 Hi l 0 HoM, 
where Hi denotes the family of injective morphisms. 

Proposition 8.15. The family of transductions realized by simple sequential 
transducers is equal to H 0 H;l 0 H, where Hp denotes the family of prefix 
codes. 

Proposition 8.16. The family of the subsequential transductions equals 

H 0 H; 1 0 HoM . 

These result together with some of the earlier results were improved in 
details and depth in [HKLT]. Also, we refer to [DT] for some nice results for 
rational bijections. 

9. Equivalence problem on languages 

In this section we consider a problem which is closely connected to our ear
lier considerations, and which is also well motivated by practical problems. 
Namely, we want to decide whether two mappings, or translations, E* -+ Ll*, 
are equivalent on E*, or on a subset L of E*. Clearly, such problems are cen
tral in the theory of compilers. 
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9.1 Morphic equivalence on languages 

Let again 1-l denote the family of morphisms from a words monoid into an
other, and let C be a family of languages over an alphabet E. The morphic 
equivalence problem for C, introduced in [CSl], asks for given two morphisms 
h,g E 1-l and a language L E C whether hand g agree on L, i.e., whether 

hew) = g(w) for all wE L , 

in symbols hlL = giL. 
A natural generalization of this problem is achieved when 1-l is replaced 

by a general family F of mappings, which can, moreover, be many-valued, 
i.e., from E* into 2<1* for some alphabets E and ..1. We call this problem the 
F- equivalence problem for c. 

Note that we have already considered these problems especially in Sec
tion 6.5. We would also like to emphasize the connection to Ehrenfeucht's 
Conjecture. Indeed, by Ehrenfeucht's Conjecture for each language L there 
exists a finite T S;; L such that any given morphisms hand g agree on L if 
(and only if) they do so on T. 

The effectiveness of this problem on a given language was raised in [CSl], 
where, among other results, it was shown that the problem hlL =?gIL is 
decidable for context-free languages L. 

In accordance with Theorem 7.3 and Corollary 7.4 we have 

Theorem 9.1. The morphic equivalence problem is decidable for regular lan
guages. 

Theorem 9.2. The morphic equivalence problem is decidable for context-free 
languages. 

Both of these results hold in a stronger form, namely that these problems 
can be solved in a polynomial time. The polynomial time bound for regular 
languages was shown in [KRJ], while that for context-free languages is much 
more difficult to achieve, see [PIJ. 

It has to be emphasized that the question hlL =?gIL in the morphic 
equivalence problem is quite different from the question h(L) =?g(L) for 
two given morphisms and a given language L. Indeed, the latter problem is 
undecidable for the family of context-free languages. This is due to the fact 
that the equivalence problem is undecidable in this family. 

Finally, we summarize the considerations of Section 6.5 in the following 
result. 

Theorem 9.3. The morphic equivalence problem is decidable for DTOL lan
guages. 

However, contrary to our earlier results, no computationally feasible so
lution for Theorem 9.3 is known, since the only known proof of this theorem 
uses Makanin's algorithm. 



502 T. Harju and J. Karhumaki 

9.2 More general mappings 

We study now the F-equivalence problem for languages in two particular 
cases. First we recall the basic results on the equivalence problem for trans
ducers, and then we point out an exact borderline when for the families 
F of morphic compositions the F-equivalence turns undecidable for regular 
languages. 

Theorem 9.4. The equivalence problem for sequential transducers is decid
able. 

We note that there is a particularly easy way of proving this result using 
Theorem 9.1. Indeed, let Ml and M2 be two sequential transducers, and let 
Al and A2 be the corresponding underlying finite automata with respect to 
the input structures. Next let A be the cartesian product of Al and A2, and 
let A be a deterministic automaton recognizing the accepting computations 
of A. It is now straightforward to define, using the outputs of Ml and M 2 , 

morphisms hl and h2 such that 

Ml and M2 are equivalent 

{=} L(Ad = L(A2) and hlIL(A) = h2IL(A) 

As we already noted in Proposition 7.3, Theorem 9.4 extends to finite
valued transducers. However, we have the following undecidability result. 

Proposition 9.1. The equ'tvalence problem for nondeterministic I-free se
quential transd'ucers is undecidable. Moreover, it remains undecidable even 
when the o'utput alphabet is unary. 

The original proof of the first claim of Proposition 9.1 uses PCP in [Gr], 
and its remarkable improvement to the unary alphabet is given in [I]. 

In a moment we introduce an in-between case of Theorem 9.4 and Propo
sition 9.1, which is still open. 

We turn now to consider the equivalence of morphic compositions on 
regular languages. 

Proposition 9.2. It is decidable whether two mappings from H- l 0 Hare 
equivalent on a given regular language. 

The proof of this result in [KK] uses the Cross-Section Theorem of Eilen
berg, see [E]. Also the following result, which completes the classification we 
are looking for, is from [KK]. 

Theorem 9.5. It is undecidable whether two mappings from the family 
H 0 H- l are equivalent on a given regular language. 
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Proof. We reduce the problem to that of Proposition 9.1. We note first that 
for any nondeterministic I-free sequential transducer realizing a transduction 
7, we can construct a nondeterministic I-free simple sequential transducer 
realizing 7' and a new symbol d such that 7(w)d = 7'(wd) for all words w, 
see [KK]. 

For two such 7'S, say 71 and 72, let 7{ and 7~ be the corresponding trans
ductions as constructed. Further, assume that dom(7t) = dom(72) = R. Then 
711R = 721R if and only if711(Rd)* = 7~I(Rd)*. 

It follows now from Proposition 9.1 that it is undecidable whether two 
mappings realized by nondeterministic I-free simple sequential transducer 
agree on their common domain. Let us denote such transductions simply by 
71 and 72, and their common domain by R. 

Next we use a construction from [T2], which allows us to write 

h- 1h h-l 'LI-l 'LI 'LI-l 71 = 3 2 1 E, L 0 , L 0 , L , (9.1) 

where, for some m 2: 1, h3(a) = ad"' for each letter a, and moreover, 

(9.2) 

This construction allows us to choose the same constant m for different 7'S. 
Similarly, for 72 we obtain 

where actually h3 = g3. 

-1 -1 72 = g3 g2g1 , 

Now, by (9.2) and its counterpart for 72, 

h- 1h h-llR -1 -IIR 3 2 1 = g3 g2g1 

if and only if h31 h2hl1(R) = Rl = h31g2911(R) and hlh"21 h3, 91g"21 h3 agree 
on R1. By injectiveness of h3, this holds if and only if h2hl1(R) = g2g11(R) 
and hlh"21 ,glg"21 agree on R1. This proves the claim. D 

We conclude this section with a related open problem: Is it decidable 
whether two finite substitutions agree on a given regular language? 

Denoting by S the family of finite substitutions, and by C the family 
of codings, we can write S = 1-l 0 C- 1 • Hence the above open problem asks 
whether Theorem 9.5 can be sharpened with respect to the first component 
in the morphic composition. In the light of Example 6.7 this problem is not 
easy. 

Using ideas introduced after Theorem 9.4 the above open problem can be 
restated as an equivalence problem of rational transductions. Let us call a 
nondeterministic sequential transducer semi-deterministic, if its underlying 
finite automaton is deterministic with respect to inputs. Then, as stated in 
[eK5], we have 
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Theorem 9.6. The equivalence problem for semi-deterministic transducer 
is decidable if and only if the S-equivalence problem for regular languages is 
decidable 

Finally, we refer to [Ma] and [KM] for other simply formulated decidability 
results on morphic compositions. 

10. Problems 

We have collected here some of the open problems stated in (or deducible 
from) our presentation. 

In Theorem 3.2 we needed two extra marker symbols to ensure that if 
GPCP(n) is undecidable then so is PCP(n + 2). Can you do with only one 
extra symbol? 

Problem 10.1. Does undecidability of GPCP(n) imply undecidability of 
PCP(n + 1) or even of PCP(n)? 

Problem 10.2. Is PCP(n) decidable for n = 3,4, ... , 8? Is GPCP(n) decid
able for n = 3,4,5, 6? 

The following problem is known as Skolem's Problem: 

Problem 10.3. Given an n x n-matrix M with integer entries, is it decidable 
whether there exists a power k such that (M k )(1,n) = O? 

Problem 10.4. Is the mortality problem decidable for the 2 x 2-matrices 
over Z. 

In connection with Theorem 5.1 we stated the following 

Problem 10.5. For E = {a, b} is it true that if E( h, g) i= 0 and h is non
periodic, then there are two (possibly equal) words u, v E E+ such that 
E(h,g) = {'u,v}+? 

Problem 10.6. Is it true that E(h,g) is regular for all injective morphisms 
defined on alphabets of cardinality 3 or 4? 

It was shown in Example 6.7 that a regular language need not have a finite 
test set with respect to finite substitutions. This brings us to the following 
problem, cf. also Theorem 9.6. 

Problem 10.7. Is it decidable whether two finite substitutions are equiva
lent on a given regular language? 
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Consider the basic closure operations on equality sets. For this let L, L 1, L2 
be languages with test sets T, T1 and T2, respectively. It is rather easy to prove 
that T is a test set of L * , and that T1 U T2 is a test set of L1 U L 2. Moreover, 
if h: E -- Ll is a morphism, then h(T) is a test set of h(L). With some elab
oration we can also prove that if d ~ E is a new letter and T1d and dT2 are 
test sets of L 1d and dL2, resp., then T1T2 is a test set of L1L2. 

Problem 10.8. Can you determine a finite test set T for the languages 
L1 n L2 and L1L2, when test sets T1 and T2 are given for L1 and L 2. 

Proposition 8.14 gives a characterization ofthe rational functions in terms 
of rational compositions. If you remove the marking M of this representation, 
the resulting family of morphic compositions is not equal to the family F* of 
simple rational functions, see [HKL1]. 

Problem 10.9. Does there exist a natural representation of the family of 
simple rational functions? 

Note added after finishing the chapter: G: Senizergues told us that he 
together with Yuri Matiyasevich have proved that PCP (7), and hence also 
GPCP (5), is also undecidable. 
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Helmut Jurgensen and Stavros Konstantinidis 

1. Introduction 

Codes are formal languages with special combinatorial and structural prop
erties which are exploited in information processing or information trans
mission. In this application, codes serve several different purposes. In the 
following discussion we assume the well-known model of information trans
mission consisting of a source S sending information to a recipient R via a 
channel C as illustrated in Fig. 1.1. Before actual transmission, the informa
tion is encoded using an encoder 'Y and, before reception, it is decoded using 
a decoder 8. During transmission, the encoded information may undergo 
changes due to environmental conditions or faults in the channel; the poten
tial presence of such changes is modelled by a source N of noise. Moreover, 
the information may be overheard or even altered during transmission by a 
hostile participant F. 

In this model, Sand R may, but need not be distinct physical objects, 
and C may represent any kind of physical channel, a wire, a compact disk, 
a computer memory, a nerve connection, a computer program, radio waves 
- anything accepting an input and producing an output. In this handbook 
chapter we consider only discrete channels which operate in discrete time 
steps and which use discrete signals. We represent the signals processed by 
a channel as symbols over some alphabet. Hence, we model a channel as 
a device which, for input strings - finite, one-sided infinite, or bi-infinite 
sequences of symbols -, produces output strings. Input strings are called 
messages and output strings are called received messages in the sequel. 

The purposes of the encoding 'Y and the decoding 8 include the following: 

• translation between the alphabets used by S, C, and R; 
• reduction of the effect of noise on C; 
• adaptation of the information rates at which S, C, and R operate; 

1 We gratefully acknowledge the support of this work by the Natural Sciences 
and Engineering Research Council of Canada, Grant OGP0000243. We also thank 
colleagues and friends, especially F. Gecseg and K. Salomaa, for their comments 
on an earlier version of this chapter. 
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Fig. 1.1. The information processing and transmission model. 

• data compression; 
• information security. 

A very basic requirement is that 'Y and 8 operate correctly, that is, 2 that 
8("((w)) = w for every message w. This assumes that the channel, without 
noise and tampering by F, will output w when it gets w as input. 3 This 
requirement is not sufficient when noise is present or when F might change 
messages. 

For implementation reasons, 'Y is usually assumed to work by symbols, 
that is, 'Y acts as a homomorphism,4 mapping the output symbols of S onto 
input words of C. The decoding 8, on the other hand, usually cannot work 
on a symbol-by-symbol basis. This raises the following issues: 

• delay of decoding, that is, how much of an encoded message 8 needs to see 
before it can issue its first output symbol with certainty; 

• delay of synchronization, that is, how much of an encoded message 8 needs 
to see after an interruption before it can again start decoding correctly. 

These issues are very important from the point of view of applications as 
they determine the speed at which the system may operate. 

In the presence of noise, another set of problems needs to be addressed: 

• the presence of errors in a received message needs to be detected; 
• some errors in the received message should be corrected. 

2 A weaker assumption would be sufficient in general, that is, that 8(-y(w)) be 
what S "intends" it to be. However, mathematically, this does not make a signifi
cant difference. 

3 This assumption, while reasonable in most physical situations, can be avoided 
as shown in Section 5. 

4 Also transducer-based encoding methods are frequently used - for example con
volution codes -, in particular for certain error correction or data compression 
applications; see [99] and [103]. 
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The noise source N is usually modelled by a stochastic source that, somehow, 
influences the behaviour of the channel. Thus, error detection and error 
correction can only be expected to be achieved up to a certain probability 
threshold. Error detection is mainly a matter for 0 to accomplish. Error 
correction may also be achieved by 0, but other system components, like 
protocols, could be involved as well. 

To consider the adaptation of information rates and information compres
sion, one models Sand C as probability spaces [22], [36]. Under appropriate 
assumptions about these spaces, quantities like the average information con
tents of a transmitted symbol can be defined in a physically meaningful way. 

Finally, an encoding 'Y can be used for encryption to make a message 
unintelligible for F and to equip it with hidden attributes for 0 to detect 
tampering with the message by F. Beyond codes5 one also uses transmission 
protocols to deal with the threats arising from F. 

Given this wide range of requirements, the general theory of codes em
ploys concepts and tools from quite a few different areas of mathematics, 
among them probability and information theory, combinatorics, algebra, and 
geometry. In this survey - in the spirit of this handbook - we focus on issues 
which arise when codes are considered as formal languages, that is, mainly 
on combinatorial issues. Probability theoretic and information theoretic ones 
are discussed only briefly to set the stage. 

The theory of codes has developed into several nearly unrelated fields: 

• information theoretic considerations are used to derive the existence and 
general properties of codes regarding information rate and usability on 
various channels; 

• the theory of error-correcting codes employs a non-probabilistic error model 
to design and evaluate codes for various types of channels; 

• the theory of variable-length codes6 investigates combinatorial properties 
of codes with little regard to their error-correcting properties. 

We refer to [22] or [36] as sources regarding the information theoretic aspects 
of coding theory. For the theory of error-correcting codes we refer to [99] or 
[94]. With very few exceptions, the theory of error-correcting codes concerns 
codes in which all code words have the same length. In contrast to this, the 
theory of variable-length codes deals with codes the code words of which may 
have different lengths, but rarely considers error-correction or error-detection 

5 The cryptographic literature has a special meaning for the word code which is 
quite different from its meaning in coding theory (see [67], for example); on the 
other hand, the notions of encryption in cryptography and encoding in coding and 
information theory are nearly identical. Hence, we use encoding to mean both and, 
for now, code to mean the system employed. 

6 This terminology is quite unfortunate. The lengths of code words in such a code 
are not variable as the term might suggest, but they vary. 
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properties of such codes. We refer to [4] and [123] for the theory of variable
length codes. 

Even with the focus just on language theoretic and combinatorial aspects 
of variable-length codes, the field is so wide that we cannot cover everything 
in this survey, not even all major aspects. In view of this, we finally decided to 
present mostly material that is not readily available in any book on codes. We 
intend this survey to complement existing book publications and to interpret 
the material in the context of information transmission systems. We hope 
to present a unifying view of the field incorporating some of its language 
theoretic as well as some of its communication theoretic aspects. 

The theory of variable-length codes originated in concrete problems of in
formation transmission. Its language theoretic branch has taken a direction, 
however, which was often guided more by mathematical considerations than 
by issues of the application. This is by no means intended to be a criticism of 
the work or the results; in fact, some very deep insights about the combina
torics on words have been obtained as results of research on codes and many 
unexpected applications, aside from information transmission, of the theory 
of codes have been detected. Whenever appropriate, we emphasize the in
formation theoretic considerations that motivate some of the constructions. 
Also in this respect, this survey will complement the existing literature on 
codes. 

This handbook chapter is structured as follows: After this introductory 
section, we introduce the notation and some basic notions in Section 2. Some 
effort is spent to set up a very precise notation for words, languages, and 
factorizations of words. For example, we distinguish between word schemata, 
instances of word schemata, and words - the latter being equivalence classes 
of instances of word schemata. This permits us to give precise meanings 
to notions like channel, code, factorization, decoding, synchronization even 
when bi-infinite messages are considered and noise must be assumed to be 
present on the channel. Of course, for an intuitive understanding of the field, 
the reader may just substitute their usual language theoretic counterparts, 
as far as they exist; for a completely unambiguous treatment, however, a 
formalization like ours is inevitable. In fact, we even omitted a few details 
that were not absolutely needed for the presentation in this article. 

In Section 3, we then introduce the notions of channel and code. We single 
out the class of P-channels as a class defined by a set of physically convincing, 
but very general properties. The notions of message, received message, unique 
decodability are defined. Moreover, we discuss the decidability of unique 
decodability. 

In Section 4, we introduce the general notions of error-correction, syn
chronization, and decoding. For channels permitting insertions, deletions, 
and substitutions of symbols it is decidable whether a finite language is error
correcting for finite messages. The notions of synchronization and decoding 
reveal that the properties of P-channels are not restrictive enough to yield 
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technically realizable results; additional restrictions are needed which, how
ever, may be physically significant. 

In Section 5, we explain an alternative approach to the notions of error
correction and decoding. This approach is based on homphonic codes and 
leads to another formal channel model. We point out the connections and 
discuss the differences. 

In Section 6, we explain the underlying scheme by which, in most cases, 
natural classes of codes can be defined. The definition method has nothing 
whatsoever to do with formal languages, words, or free monoids. It is based 
on the purely set theoretic notion of dependence system as proposed in [16]. 
We review some basic definitions and results of that theory and express the 
definition of a large number of classes of codes in this framework. For most 
of the classes, we briefly review some of their prominent properties. We pay 
particular attention to issues like error-detection and error-correction. 

In Section 7, we present an attempt at a systematic understanding of the 
relations among the classes of codes introduced up to this point. We expand 
the presentation of dependence theory as required and describe general prin
ciples and properties of constructions of hierarchies of classes of codes. In 
this way, we obtain a uniform treatment of many cases that have been dealt 
with by special and separate methods so far; moreover, we establish a formal 
framework for many more potential cases. 

In Section 8, we present results about syntactic monoids of codes. This 
complements various book-form presentations on syntactic monoids of the 
message sets over codes. The main point in this section is that, under cer
tain formal conditions, the predicate defining a class of dependence systems 
is inherited via syntactic morphisms. In such a case, the properties of the 
corresponding independent sets, that is, codes, are directly visible in their 
syntactic monoids. In certain situations this can be exploited to decide prop
erties of codes. 

Section 9 focusses on the structure of the decision problem of code prop
erties. We present two non-equivalent general decision procedures, one based 
on syntactic monoids and one based on transducers. We speculate, why these 
fail in certain cases and present a survey of known decidability and undecid
ability results. 

In Section 10, we present a summary of many results about maximal 
codes; we relate some of these to a general theorem pattern about dependence 
systems. A general meta-theorem on the lines suggested does not exist so 
far. Using dependence theory, however, we present, a special case of such a 
meta-theorem which explains and supersedes many special-case proofs. 

In Sections 11 and 12, we turn our attention back to codes for noisy chan
nels. In Section 11, we focus on solid codes. Such codes have remarkable 
synchronization capabilities in the presence of noise. As such they are quite 
good at error-detection, but not very good at all at error-correction. We 
discuss results concerning their structure and their cost in terms of commu-
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nication time. In Section 12, we briefly present codes that can be or are 
used for certain kinds of noisy channels. We discuss some basic issues about 
modelling noisy channels and the construction of error-correcting codes for 
arbitrary noisy channels. 

Finally, Section 13 contains a few concluding remarks. 

This handbook chapter on codes is not intended to recount the history 
of the theory and applications of codes. We cite only work which is directly 
relevant to the material presented. We treat the books [4] by Berstel and 
Perrin and [123] by Shyr as standard references for a large part of the earlier 
results and, in general, do not trace results back to the original authors. In 
these books one can usually find the references to the originals. Despite this, 
our list of references is quite long and it is still very far from being complete. 

2. Notation and basic notions 

This section serves two purposes: We introduce the notation used throughout 
the handbook chapter, and we review some basic definitions and results. 

The symbols Z and N denote the sets of integers and of positive integers, 
respectively; let No = N U {O} and N~o = N u {~o}. The symbollR denotes 
the set of real numbers, and lR+ denotes the set of positive real numbers. 

We denote by 181 the cardinality of a set 8. For a set 81 x 82 , the first 
and second projections are denoted by 71"1 and 71"2, respectively. If e ~ 8 1 x 82 

and Sl E 8 1 , then e(Sl) = {S2 I S2 E 82 , (Sl,S2) E e}. By 2 82 we denote the 
set of all subsets of 82 , and 2~0 is the set of all non-empty subsets of 82 • 

Let 0" be a mapping of 8 1 into 2 82 • Whenever convenient, we identify 0" with 
the relation ((81,82) I 81 E 8 1 ,82 E 82 ,82 E O"(Sl)}. If T is an equivalence 
relation on a set 8, then a cross section of T is a subset of 8 containing 
exactly one element of each equivalence class with respect to T. 

For a set 8 and n E N~o' Subn 8 denotes the set of all subsets of 8 of 
cardinality strictly less than n. Thus, Sub1 8 = {0} and Sub~o 8 is the set 
of all finite subsets of 8. 

For n E No, let n = {O, 1, ... ,n - I}; thus, 0 = 0 and 1 = {O}. Let 
w = No, -w = {-n I n E No}, and ( = w U -w = Z. We define 

o < 1 < 2 < ... < {~w} < (. 

Let J = {n I n E No} U {-w, w, O. In this handbook chapter, a set I is said 
to be an index set if I E J. For index sets I and J, let 

{ 
{i liE No, i < n + m}, 

1+ J = w, 
-w, 
(, 

if 1= n, J = m with n, mE No, 
if 1= n, J = w with n E No, 
if I = -w, J = n with n E No, 
if I = -w, J = w. 
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The definition of addition could be extended to all pairs of symbols in J; 
however, we do not need it for any cases beyond these. 7 For an index set I 
and an integer n let n + I = I + n = {n + iii E I}. 

A mapping 'Ij; of an index set I into an index set J is an index mapping 
if it is injective and order-preserving and if the image of I is a convex subset 
of J, that is, 'Ij;(i) < j < 'Ij;(i') for i, i' E I and j E J implies that j = 'Ij;(i") 
for some i" E I. 

An alphabet is a non-empty set of symbols. In this section, let X be an 
arbitrary, but fixed alphabet. 

A word schema waver X is a mapping of an index set Iw into X. A word 
schema is specified by its index set Iw and the symbols w(i) E X for i E Iw. 
A word schema w is finite if IIw I is finite, that is Iw = n for some n E No 
and n = IIwl is the length of w denoted by Iwl. A word schema w is said to 
be right-infinite if Iw = wand left-infinite if Iw = -w. A word schema w is 
said to be bi-infinite if Iw = C. An infinite word schema is a word schema 
which is right-infinite or left-infinite or bi-infinite. 

Two word schemata wand v over X are said to be equivalent, w rv v, if 
there is a j E Z such that j + Iw = Iv and w(i) = v(j + i) for all i E Iw. 

Suppose wand v are equivalent word schemata. If Iw < C then Iv = Iw 
and v = w. If Iw = C then Iv = C and it is possible that w( i) I- v( i) for some 
'i E C, that is, wI-v. 

Let w be a word schema over X. An instance of w is a mapping [w, n] 
of n + Iw into X for some n E Z such that [w, n](i + n) = w(i) for all i E Iw. 
In particular, [w,O] = w. The equivalence rv of word schemata induces an 
equivalence of instances of word schemata: Let wand v be word schemata 
over X and n, mE Z; the instances [w, n] and [v, m] are said to be equivalent, 
[w, n] :::::0 [v, m], if w rv V. Some examples of equivalent instances of word 
schemata are shown in Fig. 2.1. All instances of a given word schema are 
equivalent. Two word schemata wand v either have no instances in common 
or the same instances. 

A word over X is an equivalence class of instances of word schemata. In
tuitively, a word schema describes a sequence of symbols fixing some starting 
point O. An instance of a word schema is obtained by shifting the starting 
point. A word is the sequence itself without reference to the starting point. 
In the context of information transmission, the starting point represents the 
time at which the symbol at this point is being sent . 

• For every word w, let S(w) be an arbitrary but fixed word schema8 the 
instances of which belong to w. 

7 The similarity with ordinal numbers is intended. 

S By the definition of word schemata, there is no arbitrariness in the selection of 
S(w) except when w is bi-infinite. 
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{ Iw = {O, 1,2,3} indices for [w,5] 5 6 7 8 
(a) w(i) = { 1, if i = 1, symbols 0 1 0 0 

0, if ii-I indices for [w, -10] -10 -9 -8 -7 

{ w~~: {~: 
indices for [w, -2] -2 -1 0 1 

(b) if i = 1, symbols 0 0 0 
if ii-I indices for [w,O] 0 2 3 

{ w;~: {~: 
indices for [w, -2] -4 -3 -2 -1 

(c) ifi = -1, symbols 0 1 0 0 
if ii-I indices for [w,O] -2 -1 0 1 

Fig. 2.1. Examples of equivalent instances of word schemata: (a) finite word 
schema; (b) right-infinite word schema; (c) bi-infinite word schema . 

• For a word w let I(w) be the set of all instances9 of Sew); similarly, for a 
word schema v, let I(v) be the set of all instances of V; moreover, let v be 
the equivalence class of all instances of v . 

• For any instance u of a word schema, let S(u) be an arbitrary but fixed 
word schema with u E I(S(u)) such that, if u and V are instances of word 
schemata and u ~ v, then S(u) = S(v). 

This seemingly cumbersome distinction between words, word schemata, and 
instances of word schemata is needed in some cases in the sequel to avoid 
ambiguity. When no ambiguity is possible in the given context, we just use 
the term word. In several situations, however, this distinction is essential to 
make statements precise. 

Consider word schemata wand v. Their concatenation wv is defined if 
and only if Iw + Iv is defined and, in this case, 

wV(i) = 

wei), 
v(i - n), 
v(i+n-1), 
wei + n), 
wei + 1), 
v(i), 

if Iw = n for some n E No and i E n, 
if Iw = n for some n E No and i 2": n, 
if Iw = -w, Iv = n for some n E No and i > -n, 
if Iw = -w, Iv = n for some n E No and i <:::: -n, 
if Iw = -w, Iv = wand i < 0, 
if Iw = -w, Iv = wand i 2": 0, 

for i E Iwv = Iw + Iv. When using concatenation, we implicitly assume that 
it is defined. 

Consider two instances [w, n] and [v, m] of word schemata such that wv 
is defined. Then any two instances of the word schema wv are equivalent. 
The concatenation of word schemata corresponds to the usual definition of 
concatenation of words. 

9 By definition, w itself is the set of all instances of Sew); we introduce this 
notation, albeit redundant, to avoid confusion. 
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Let 6 be the set of symbols 

J U {*, +} U {~1 I IE J} U {<I I IE J}. 

For I E J, let Xl be the set of all words w such that 1s(w) = I; let X<I = 

UJ <I X J and X~I = X<I U X I; finally, let X* = X<W, X+ = X~(, and let 
X+ = X* \ {A.} where A. denotes the empty word,lO that is, the word with 
1s()..) = 0. With this notation, X*, X+ and XW get their usual meanings in 
language theory; the set X~w is often denoted by XOO. For 'TJ E 6, w is an 
'TJ-word schema if ill E Xl1; an 'TJ-language is a set of'TJ-words. In the rest of 
this handbook chapter, word means +-word and language means +-language. 

Many statements about words or languages remain true if one reads the 
words from right to left instead of from left to right and if one exchanges w 
and -w. We refer to this fact as duality and use it frequently. 

Let Y t;;;; S(X+) and let <p be a mapping of an index set 1rp into Y. Assume 
that, for every j E 1rp, if j + 1 E 1rp then <p(j)<p(j + 1) is defined. Let [<p] be 
the word schema defined by [<p](i) = <p(j)(k) where j E 1rp, k E 1rp(j) , and 
where j and k are determined by 

j-l 

2:: 1<p(l)l, if i ~ 0 and 1rp = ( or 1rp ~ w, 
1=0 

-1 

i - k = - 2:: 1<p(l)l, ifi < 0 and 1rp = (, 
I=j 

o 
1 - 2:: 1<p(l)l, if i ~ 0 and 1rp = -w. 

l=j 

The index set of [<p] is the set of i for which such j and k exist. Intuitively, 
[<p] is the word schema over X which is obtained as the concatenation of the 
images of <p in the given order such that the occurrence of <p(O) starts at 
position O. We illustrate the typical situations in Fig. 2.2. 

Definition 2.1 For y E S(X+) and Y t;;;; S(X+), a factorizationll of y 
over Y is a mapping <p of an index set 1rp into Y such that [<p] '" y. Two 
factorizations <p and <p' of y over Yare said to be equivalent, <p ,...., <p', if there 
is an integer n such that n + 1rp = 1rpl and <p(i) = <p'(n + i) for all i E 1rp. 

Remark 2.1 Consider a word schema y and two equivalent factorizations <p 
and <p' of y over Y. If 1rp < ( then <p = <p'. 

10 In the sequel we use A also to denote the empty word schema. The precise 
meaning will be clear from the context. 

11 For simplification we often speak of factorizations over a set K of words rather 
than word schemata; in such cases, it is implied that the factorization is over S(K). 
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<p(j')(0) <p(j)(0) 

<p(j') (k') <p( -1) (0) ... <p(0)(0) ... <p(1) (0) <p(j)(k) 

(a) 
1 1 1 1 1 1 1 ... • • • • • • • 
i i i i i i i 

i' -I<p( -1)1 0 1<p(0)1 
j-I -1 

- L 1<p(I)1 L 1<p(I)1 
l=j' 1=0 

<p(j) (0) 
<p(j)(k) <p(0) (0) ... 

(b) 1 1 1 1 ... • • • • 
i i i i 

1 - 1<p(0)1 0 
0 

1- L l<p(!) I 
l=j 

Fig. 2.2. The typical arrangement of symbols in [<p]: (a) the cases of Icp = , or 
Icp S w, shown for i :::: 0 and i' < 0; (b) the case of Icp = -w. In both cases the 
upper row shows the symbols; the lower row shows the indices. 

Note that a factorization cp of y E S(X.) over Y ~ S(X.) is itself a 
word schema over the alphabet Y. With this intuition, the equivalence of 
factorizations coincides with the equivalence of word schemata. Moreover, 
for any index set I, yI is the set of all word schemata12 over X having a 
factorization cp over Y with I cp = I. 

If v E X+ then, VW denotes the unique w-word representing {S( v)}w. The 
words vn for n E No, v-w, and v' are defined analogously. 

A word w E X+ is said to be primitive if w = un for u E X+ and n E N 
implies n = 1. The root of a word w E X+ is the unique primitive word u 
such that w = un for some n E N. By Vw we denote the root of w. For a 
set L ~ X+, let VI be the set {Vw I w E L}. For any words v,w E X+, let 
v rv..r W if and only if ..jV = Vw. 

As mentioned before, we use a simplified and more intuitive notation when 
there is no risk of ambiguity. Thus, with X = {O, I}, the word w = 0010 
would be used to describe the word schema w with Iw = 4, w(O) = w(l) = 
w(3) = 0, and w(2) = 1. Similarly, we write v = ···010101 to denote the 
word schema v with Iv = -w, v(O) = v( -2) = v( -4) = 1, v( -1) = v( -3) = 
v( -5) = 0, and, presumably, v( -2i) = 1, v( -2i - 1) = 0 for all i E No. 
The reverse notation is used for word schemata in S(XW). Even in the case 
of word schemata in SeX'), we sometimes use this simplified notation; for 
example u E SeX') with u(2i) = 1 and u(2i - 1) = 0 may just be written as 
u = .. ·010101010· .. when the actual values of the indices are not relevant. 
Moreover, as often done in the literature, we indicate factors by enclosing 
them in parentheses. For example, factorizations of u over K = {01, 10} can 

12 When n E No, we usually write yn instead of Y". 
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be described by 

u = ... (01)(01)(01)(01)(0··· = ···0)(10)(10)(10)(10)···. 

Strictly speaking, this notation only describes equivalence classes of factor
izations. 

Example 2.1 Consider the alphabet X = {O, I} and the set Y = {01O}. More 
precisely, Y is the singleton set consisting of the word schema w with lw = 3, 
w(O) = w(2) = 0, and w(l) = 1. Let rp be the mapping of lcp = ( into Y with 
rp(j) = w for all j E ( (there is only this mapping). Then 

[ ]C) = {O, if i or i - 2 is divisible by 3, 
rp 2 1, if i-I is divisible by 3. 

Let v = [rp] and Y' = {w, w'} where w' = ww, that is, l w ' = 6, w' (0) = 
w'(2) = w'(3) = w'(5) = 0, and w'(I) = w'(4) = 1. Then v has infinitely 
many non-equivalent factorizations over Y'. For example, in addition to rp, 
also rp' with lcp' = (, rp'(2i) = w', and rp'(2i+l) = w for i E (is a factorization 
of v over Y'. Fig. 2.3 illustrates this situation. 

factorization <p <p( -1) <p(0) <p(I) <p(2) 
instances [<pC-I), -3] [<p(0),0] [<p(I),3] [<p(2),6] 
~ ~ ~ ~ 

word schema [<p] 0 1 0 0 1 0 0 1 0 0 1 0 
indices -3 -2 -1 0 1 2 3 4 5 6 7 8 

--....-.. . '-v--' 
instances [<p'(-I), -3] [<p' (0),0] [<p' (1), 6] 
factorization <p' <p' ( -1) <p' (0) <p1(I) 

Fig. 2.3. The word schema [ep] for ep, w, ep' and w' as in Example 2.1. 

Consider w E S(X::';W) and u E S(X*). The word schema u is said to be 
a prefix of w if, for 'ljJ the identity mapping on l u , one has [w'ljJ] = U; it is 
a proper prefix if 0 < lu < lw. Let Pref(w),\ and Pref(w) denote the sets 
of prefixes and of proper prefixes, respectively. By duality, one defines the 
notion of suffix of a word schema w E S(X::';-W). 

Consider w E S(X::';() and u E S(X*). The word schema u is an infix of 
w if there is an index mapping 'ljJ of lu into lw such that [w'ljJ] = U; it is a 
proper infix of w if 0 < lu < lw. 

The intuition leading to these definitions of prefix, suffix, and infix is 
illustrated in Fig. 2.4. Note that every prefix and every suffix is an infix. 

We assume that the reader is familiar with certain basic notions of for
mal language theory like finite automaton, generalized sequential machine, 
various kinds of acceptors, grammar, regular language, context-free language, 
linear language, decidability. If required, definitions can be found in the 
corresponding chapters of this handbook. 
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u 
(a) 

w 

u 
(b) 

w 

u 
(c) 

w 

Fig. 2.4. Illustration of prefix, suffix, and infix: (a) u is a prefix of w; (b) u is a 
suffix of w; (c) u is an infix of w. 

For the rest of this handbook chapter, we assume that X is an arbitrary, 
but fixed finite alphabet with IXI > 1. Moreover, in examples we usually as
sume without special mention that the symbols 0 and 1 are distinct elements 
of X. 

3. Channels and codes 

In modelling a channel we describe its typical input-output behaviour. In 
information theory this usually involves probabilities, that is, the conditional 
probabilities of outputs given certain inputs. In the theory of codes the 
abstraction usually goes even further: one models the reasonably likely be
haviour only, and this behaviour is modelled non-deterministically. We use 
the latter approach. 

Definition 3.1 A channel (over X) is a binary relation onI(X.). A channel 
'Y is said to be stationary if, for all y, y' E S(X·) and for all n, n' E Z, one 
has ([y', n'~, [y, n~) E'Y if and only if ([y', n' - n~, [y, O~) E 'Y. 

If 'Y is a channel over X then we interpret (y', y) E 'Y to mean that, upon 
input y, the channel could output y'. To suggest this interpretation we write 
(y' I y) instead of (y', y) in analogy with the notation used for conditional 
probabilities. 

For y E S(X.), let 

(y)-y = {y' E S(X·) 13n,n' E Z (([y',n'~ I [y,n]) E 'Y)}, 

that is, (Y)-y is the set of word schemata that can be obtained as output of 
'Y when y is used as the input. For Y ~ S(X.), let 

Thus (Y)-y is the set of all possible outputs of 'Y when word schemata in Y 
are used as inputs. 
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For example, if y = [w,n], y' = [w',m] with w,w' E S(X*) then (y' I 
y) E"( means the following: if w(O),w(l), ... ,w(lwl-1) are the inputs of "( 
at times n, n + 1, ... , n + Iwl - 1 then, at times m, m + 1, ... , m + Iw'l- 1, 
the output symbols can be w'(O), w'(l), ... , w'(lw'l - 1). 

Stationarity means that the absolute time is not important. Thus, if b, k] 
is the channel given by 

b, k] = {([w', n'] I [w, n]) I ([w', n' - k] I [w, n - k]) E "(} 

for k E Z, then "( is stationary if and only if"( = b, k] for all k E Z. 

Definition 3.2 Let "( be a stationary channel over X, let Y <;;; S(X+), 
Y' = (Y)" w, w' E S(X+), and let cp be a factorization of w over Y. A 
factorization <p' of w' E (w), over Y' is said to be ,,(-admissible for cp if 
lop = lop' and, for all n, n' E Z such that ([w', n'] I [w, n]) E "( and for 
every non-empty index set I and every index mapping 'ljJ of I into lop, one 
has ([[cp"I/J], n'] I [[cp'ljJ], n]) E "(. 

Definition 3.1 seems to be general enough to model most discrete physical 
channels. 13 In fact, most physical channels seem to satisfy the following 
additional conditions: 

(Po) A channel preserves finiteness and the type of infiniteness, that is, if 
y' E (y), and y E S(X'7) for 'fJ E {*, w, -w, (} then y' E S(X'7). 

(PI) Input factorizations have corresponding factorizations of the output, 
that is, if y' E (y), and cp is a factorization of y over a subset Y of 
S(1f2b)) n S(X+) with lop i 0 then there is a factorization of y' over 
(Y), which is ,,(-admissible for cpo 

(P2 ) Error-freeness does not depend on the context, that is, 

if ([v',n'] I [v,n]) E"( then ([uv'w,n'] I [uvw,n]) E "( 

for all u, wE S(1f2b)) with [uvw, n] E 1f2b). 
(P3 ) Empty input can always result in empty output, that is, 

([>., n'] I [>', n]) E "( 

for all n, n' E Z. 

The conditions Po~ P3 correspond, roughly, to the following physical assump
tions: Infinite time periods do not exist, that is, for a message of which we 
don't know the beginning or the end or both, a channel cannot provide that 
information; on the other hand, if a message has a definite beginning or a 

13 Physical channels sometimes have different alphabets for input and output. 
Modelling this is straightforward, but not necessary in the context of this handbook 
chapter. 
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definite end then the channel cannot hide these forever. The noise in a chan
nel is a property of the channel and not of the messages - this is similar to 
the notion of additive noise in information theory. Error-free information 
transmission is always possible. If there is no input, then it is always possible 
that there is no corresponding output, regardless of the delay. While most 
physical channels will have these properties, channels with memory might 
violate P2 . 

On the other hand, conditions PO-P3 are really very weak. For instance, 
in P2 , if ([vl,nl] I [v,n]) E "{ then ([uvlw,nl] I [uvw,n]) E "( for all 
U, w E S(X+) with [uvw, n] E '7r2("(), but it is not guaranteed that the factor
ization (u) (Vi) (w) is "(-admissible for the factorization (u) (v) (w). Similarly, 
if (ul) (Vi Wi) and (Vi) (Wi) are "(-admissible factorizations of ul Vi Wi and Vi Wi, 
respectively, for (u) (vw) and (v)( w), respectively, then one cannot conclude 
that (ul) (Vi) (Wi) is a "(-admissible factorization for (u) (v) (w). This situation 
may seem rather unnatural. It cannot, however, be avoided in general as it 
permits one to model the case when the noise may depend on the message. 
Classical error models assume that message and noise are statistically inde
pendent; for certain types of modern information transmission media this 
assumption seems to be not quite adequate. 

Definition 3.3 A P-channel is a stationary channel"( with '7r2("() = I(X+) 
which satisfies Po) PI) P2J and P3 . 

The noiseless channel {(y I y) lyE I(X+)} is a P-channel. A channel, 
which changes, inserts or deletes up to m symbols in every L consecutive 
symbols is an example of a noisy P-channel. 

In the presence of such errors one cannot, in general, assume that the 
output resulting from an input sent at time n is received at time n or at 
least, at time n + k for some fixed k E Z. For example, if the channel "{ 
could insert or delete 1 symbol in every 3 consecutive symbols, then the 
input 0010110101101 sent at times 0,1, ... ,12 could result in the output 
0101011011001 received at times 1,2, ... ,13 as shown in Fig. 3.1. Thus, 
while it is sometimes convenient to think of the indices in terms of time, this 
interpretation can be quite misleading when taken literally. Time should not 
be interpreted as physical time in this context. In the case of the channel 
with insertions and deletions, if ([Wi, n l] I [w, n]) E ,,{, then also ([Wi, n l +k] I 

[w, n]) E "{ for any k E Z. 
Definition 3.2 and the conditions PI, P2, and P3 are formulated in such a 

way as to take these difficulties into account. For example, in PI, the input 
and output factorizations may not have the same factorization points. 

Given a channel, a code needs to be found which guaranteesI4 that any 
message can be unequivocally recovered from the corresponding channel out
put. 

14 Strictly speaking, with high enough probability. 
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input times: 0 1 2 3 4 5 6 7 8 9 10 11 12 
input word 0 0 1 0 1 1 0 1 0 1 1 0 1 
output word 0 1 0 1 0 1 1 0 1 1 0 0 1 
output times: 1 2 3 4 5 6 7 8 9 10 11 12 13 

Fig. 3.1. Timing of channel inputs and outputs in the presence of insertions and 
deletions. 

Let '17 E {*,w,-w,(,:::;w,:::;-w,:::;(} and K ~ X+. An rJ-message overK 
is a word schema in S(K"I). 

Definition 3.4 A language K is uniquely rJ-decodable if every rJ-message 
over K has only a single factorization over S(K), up to equivalence of fac
torizations. 

For a stationary channel "(, a ,,(-received rJ-message (over K) is a word 
schema w' such that ([w', n'] I [w,O]) E "( for some rJ-message waver K 
and some n' E Z. For an rJ-message waver K, (w)-y is the set of ,,(-received 
rJ-messages resulting from input w. 

Definition 3.5 A language K is an rJ-code if K ~ X+ and K is uniquely 
rJ-decodable. 

Usually, the term code means *-code in the literature on codes, and this is 
also how we use this term in the rest of this handbook chapter. On the other 
hand, we often use the terms15 message and received message in the generic 
sense rJ-message and ,,(-received rJ-message for some implied, but unspecified 
"( and '17. For '17 as above, let K"I be the class of rJ-codes. 

Example 3.1 We illustrate the concepts with a few examples: 

(1) The language K = {O, 01, 1O} is not a code, not even a *-code as the mes
sage 010 has two non-equivalent factorizations over K: 010 = (0)(10) = 
(01) (0). 

(2) A language K such that K ~ xn for some n E N is called a uniform code 
or a block code of (block) length n. A uniform code K of length n is full if 
K = xn. Uniform codes are w-codes and (-w)-codes, but not necessarily 
(-codes. For example, consider K = {01, 10}. Then the bi-infinite word 
... 010101010· .. has two non-equivalent factorizations over K, that is, 

···010101010··· = ... (01)(01)(01)(01)(0 .. . 

= .. ·0)(10)(10)(10)(10) ... . 

15 The terminology and notation for codes in the context of infinite messages seems 
to be still evolving. In [21 J two kinds of codes are condidered for bi-infinite words, 
biw-codes and Z-codes. The former are our (-codes. The latter require unique 
factorizations, and not just unique factorizations up to equivalence. As already 
noted in [21 J, the notion of Z-code is not really natural in the context of information 
processing. 
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(3) The language K = {101, Ol} is an w-code. If W is an w-message over K 
then the unique factorization of w into word schemata uo, UI, ... E S(K) 
can be determined as follows: Let Wo = w. For i 2: 0, let 

. _ {101, if Wi starts with 1, 
u. - 01, if Wi starts with 0, 

and let Wi+l be the w-word schema satisfying Wi = UiWi+1' In a similar 
way one verifies that K is also a (-w )-code. 

This language K is even a (-code. To see this, let v be some (
message over K. If v(i) i= v(i + 1) for all i E ( then 101 cannot occur in 
any factorization of v over K as there is no word ending with 0 in K. If 
v(i) = v(i + 1) for some i E ( then v(i) = 1. The unique factorization 'P 
of v over K is determined as follows: Let 'l/Jl be the index mapping of w 
into ( with 'l/Jl (0) = i + 1 and let 'l/J2 be the index mapping of -w into ( 
with 'l/J2(0) = i. Let 'PI and 'P2 be the unique factorizations of [v'l/Jl] and 
[mh], respectively, over K. Let 

(') = {'Pl(j), if j 2: 0, 
'PJ 'P2(j+l), ifj<O, 

for all j E (. Then ['P] = ['P2]['Pd and ['P](i) = v(i + i + 1) for alIi E (. 
(4) The language K = {O, 01, Il} is a *-code and even a (-w)-code, but not 

an w-code because of (O)(Il)W = (Ol)(Il)w. 

The 1]-codes, for 1] E {*, -w, w, (} form a proper hierarchy (see [21], [128], 
and [20], for example). 

Proposition 3.1 The following proper inclusions obtain: 

Proof: First consider K E K(, let W be a word schema with Iw = w, and let 
'PI and 'P2 be factorizations of w over K. Because of Remark 2.1, we need to 
show that 'PI = 'P2. Let v E S(K). Define mappings 'l/Jl and 'l/J2 of ( into K 
by 

.1. (.) = {'Pl(i), if i 2: 0, d .1. (.) = {'P2(i), if i 2: 0, 
'1'1 ~ 'f' 0 an '1'2 Z 'f' 0 v, 1 Z < , V I Z < , 

for i E (. Thus, 'l/JI and 'l/J2 are factorizations of ['l/JI] = ['l/J2] over K and, 
therefore, I..p} = I..p2 and 'l/Jl (i) = 'l/J2(j + i) for some j E Z and all i E (. 

If j = 0 then 'l/JI = 'l/J2, hence 'PI = 'P2· Therefore, suppose j i= O. Without 
loss of generality, we may assume that j > O. The situation is illustrated in 
Fig. 3.2. Thus, w = vjw and, by induction, w = vjnw for all n E N, hence 
w = (vj)W = vW. Thus, as v E S(K) and K E K(, 'l/Jl(i) = 'l/J2(i) = v for all 
i E (, hence 'PI(i) = 'P2(i) = v for all i E w. 
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This proves the inclusion K( ~ KW. The inclusion K( ~ K- w follows by 
duality. The inclusion is proper by Example 3.1(2). 

To prove that KW ~ K* consider K E KW and a word schema w E 

S(K*). Suppose, w has two non-equivalent factorizations over K. Let v E 

S(K). Then also the word schema WVW has two nonequivalent factorizations, 
a contradiction. 

This proves that KW ~ K*. The inclusion is proper by Example 3.1(4). 
The inclusion K-w s;: K* follows by duality. D 

Fig. 3.2. Factorizations in the proof of Proposition 3.1, K( ~ KW. 

A detailed study of the relation between various classes of 1]-codes for 
1] ::; w is conducted in [128] and [20].16 The following result distinguishes 
between *-codes and w-codes. 

Theorem 3.1 [20] Let K ~ X+. The following conditions on K are equiva
lent: 

(a) K is a *-code. 
(b) For every u E K+, U W has a unique factorization over K. 
(c) For every u E X+ with U W E KW, UW has only finitely many different 

factorizations over K. 

(d) For every u E X* and v E X+ with UV W E KW, UV W has only finitely 
many different factorizations over K. 

For a given language K ~ X+ it can sometimes be quite difficult to 
determine whether K is an 1]-code. For the case of K being a finite language 
and 1] = *, an algorithm to solve this problem was first given in [115]. An 
algorithm to solve this problem for a regular language K can be found in [4], 
for example. This result was extended to 1] = w by [20] and to 1] = ( by [21]. 
For a complexity theoretic analysis see [88]. 

Theorem 3.2 Let 1] E {*, -w, w, (}. The following question is decidable: 
Given a determin'lstic finite automaton accepting a language K ~ X+, is K 
an 1]-code? 

16 In [128], w-codes are referred to as ifi-codes. 
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Proofs of Theorem 3.2 rely on two main ideas: If a message has two 
distinct factorizations over K then there are words in K which can be made 
to overlap each other; when K is regular the possible sequences of overlaps 
have certain periodicity properties. 

We illustrate the concept of overlap by a small example. Consider a lan
guage K <:;:; X+ and a *-message w having two non-equivalent factorizations 
'PI and 'P2 over K. The typical situation is shown in Fig. 3.3. There the 
word schemata Ua, Ul, U2, U3, Vo, v!, V2 are assumed to be elements of S(K). 
The word schema Ua is proper prefix of Va; the rest of Va is a proper prefix 
of Ul; the rest of Ul is a prefix of VI; U2 is an infix of VI; the rest of VI is a 
prefix of U3; the rest of U3 is equal to V2. 

Ua 

Va 

Fig. 3.3. A finite word schema with two distinct factorizations. 

Thus, there are two typical situations: 

(1) An instance of a word schema U E S(K) is an infix of another word 
schema V E S(K). In Section 6 below, we introduce the class of infix 
codes. A language K <:;:; X+ is an infix code if and only if there are no 
two distinct word schemata in K such that one is an infix of the other. 

(2) The end of an instance of a word schema U E S(K) overlaps the beginning 
of a word schema V E S(K), where U and v need not be distinct. A class 
of infix codes for which such overlaps are explicitly excluded is defined in 
Section 6 and analysed in greater detail in Section 11, the class of solid 
codes. 

These two situations arise in many proofs in coding theory. Several formal
izations of the notion of overlap exist in the literature, mainly developed in 
the context or for the purpose of proving parts of Theorem 3.2 and related re
sultsP A definition of overlaps and chains of overlaps that is also applicable 
in the case of decoding for noisy channels is given in [70]. 

In Theorem 3.2, the assumption that K be regular is quite important. For 
context-free and even for linear K it is, in general, even undecidable whether 
K is a *-code. 

Theorem 3.3 There is no algorithm which, given a linear grammar G, al
ways decides whether the language generated by G is a *-code. 

We could not find a reference to this result which we believe to have seen 
proved some twenty years ago. The work in [35] is related to this problem to 
some extent. The following proof is due to S. Yu [145]. 

17 See [4], [110] (reprinted in [41]), [40], [12], [127], [74], [78], [76], and the work 
cited there. 
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Proof' Let X be an alphabet and let (U, V) be an instance of Post's Corre
spondence Problem, where 

U = (uo, UI, ... , Un-I) and V = (VO, VI,···, Vn-l) 

for some n E Nand Uo, UI, ... , Un-b Vo, VI, ... , Vn-l E X*. A solution to 
(U, V) is a pair (m, I) where mEN and I is an m-tuple of integers, I = 
(io, i l , ... , im-d, such that 

i j E n for j E m and Uia Uil ... Ui",_l = Via ViI· .. Vi",_l. 

Without loss of generality, we may assume that the symbols 0,1, #, $, and ¢ 
are not in X. Let Y = X U {O, 1, #, $, ¢}. For any positive integer i, let [3(i) 
denote the shortest binary representation of i. 

Consider the linear grammar C defined as follows: The terminal alphabet 
ofC is Y. The non-terminal alphabet consists of the symbols S, Tu, and Tv 
with S the start symbol. The rules are 

S ---. [3( i)¢TuUi$, S ---. [3( i)¢Ui$, 

S ---. [3( i)¢TvVi$#, S ---. [3( i)¢Vi$#, S ---. #, 
Tu ---. [3( i)¢TuUi, Tu ---. [3( i)¢Ui' Tv ---. [3( i)¢TvVi, Tv ---. [3( i)¢Vi 

for i E n. Let K be the language generated by C. Then K = {#} U Ku U K v 
where K u and K v are languages consisting precisely of all the words 

[3(im-d¢[3(im-2)¢· .. [3( iO)¢Uio ... Ui",_2 Ui",_l $ 

and 
[3( im- I )¢[3( im- 2)¢· .. [3( iO)¢Via ... Vi",_2 Vi",_l $#, 

respectively, for all mEN and all io, ... , i m - l E n. 
If K is not a *-code then there is a *-message over K that has two different 

factorizations over K. Let this message be of minimal length. Then the two 
factorizations start with different word schemata wand Wi. Without loss 
of generality, we may assume that w is a proper prefix of Wi. This implies 
w -=I- # -=I- Wi and w tj. K v as no word in K v is a proper prefix of any word 
in K. Thus w E Ku and Wi E Kv as no word in Ku has a proper prefix in 
Ku. Thus 

and, consequently, 

Wi = [3( im- I )¢[3( im-2)¢· .. [3( iO)¢Vio ... Vi",_2 Vim._l $#, 

that is, the problem (U, V) has (m, I) with I = (io, ... , im - l ) as a solution. 
Conversely, if (U, V) has a solution then, with wand Wi as above, one has 

w# = Wi, that is, K is not a code. 
Thus, K is a *-code if and only if (U, V) has no solution. As Post's 

Correspondence Problem is undecidable in general, also the property of being 
a *-code is undecidable for linear languages. 0 
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Some of the results discussed in the present section have been extended 
to infinitary or even bi-infinitary codes, that is, subsets of X<O;w or of X •. To 
achieve this, the concatenation of words u, VEX., so far defined only when 
u E X<O;-w and v E X<O;w, is extended by letting 

uv = {u, 
v, 

if u E XW UX(, 
if U E X<O;-w and v E X- w U X(. 

Two notions of unique decodability need to be distinguished: the first one is 
the natural extension of the notion used throughout this handbook chapter; 
the second one requires unique factorizations - up to equivalence - with finite 
index sets. In either case, very interesting analogues of classical results in 
coding theory are obtained [136]' [137], [138], [139], [72], [140]. 

4. Error correction, synchronization, decoding 

Unique 17-decodability is a necessary property to guarantee that one can read 
the transmitted message. It is, however, not sufficient: 

First, in the presence of noise the channel output may differ from its 
input; it may not even be a message any more. In this case, the code to be 
used has to satisfy additional requirements to guarantee correction or at least 
detection of errors. 

For example, consider the uniform code K of Example 3.1(2) and a chan
nel , in which at most one symbol is erased in every four consecutive symbols. 
Thus the message 010101 could lead to the channel output 1010 through dele
tion of the symbols marked by x in 910101:. The same channel output could 
have been obtained from the message 010110 through 9101::1:0 or from the 
message 1010 without errors. 

Thus, in the presence of noise, unique decodability is quite insufficient. As 
this example shows, the errors may even be such that the received erroneous 
message looks like an error-free message. 

Second, through noise in the received message, the recipient may not be 
able to determine where the next received code word starts, that is, in essence 
the recipient might not have access to the beginning (and end) of the received 
message. 

For example, consider the *-code K = {111000,000111} used on a noisy 
channel, that permits up to one deletion among any three consecutive sym
bols. Then 

···0110011001100110··· 

can be part of a ,-received message over K having the two ,-admissible 
factorizations 

···0)(1100)(1100)(1100)(110··· and ···011)(0011)(0011)(0011)(0···. 

It is impossible to determine which factorization to accept from the available 
information. Thus, the recipient has lost the synchronization with the sender. 
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Third, the recipient may be unable to afford the cost of decoding as un
bounded memory may be required. For example, consider the *-code K of 
Example 3.1(4). For every n E No, O1n E K* with the factorization 

O1 n _ {(0)(11)(11)'" (11), 
- (01)(11)(11)'" (11), 

if n is even, 
if n is odd. 

To determine even just the first factor, one has to wait until the end of the 
complete message and, in the meantime, store this message in the decoder. 

In this particular example one might argue, that the storage cost grows 
only as log n; but this is still unbounded and, moreover, just a special property 
of this example. 

One could also argue in this example that the recipient can safely decode 
everything following 01 in the word above as only 11 is found, possibly shifted 
by one position. However, the interpretation of 11 may depend on whether 
the received message starts with 0 or with 01. For example, 0 and 01 might 
mean don't use and use, respectively; and the sequence of occurrences 11 
might encode what the recipient is supposed not to use or to use. Thus, 
knowledge of the intermediate code words would be quite useless before the 
first one is known. 

To solve the first problem, one uses codes with prescribed error-correction 
capabilities. To address the second problem, one introduces the notion of 
synchronization delay and uses codes which are uniformly synchronous. To 
address the third of these issues, one introduces the notion of decoding delay 
and uses codes with bounded decoding delay, possibly even with delay 0, the 
prefix codes. 

In the formal language theory branch of coding theory, the notions of 
synchronization delay and decoding delay are only considered for noiseless 
channels. 18 In this handbook chapter we develop these notions for the general 
framework of P-channels. They specialize to the usual ones for the case of 
noiseless channels. Moreover, we show that some fundamental properties of 
these concepts continue to obtain even in the presence of noise. 

Definition 4.1 Let'Y be a P-channel and let TJ E {*, w, -w, :Sw, :S-w, (, :SO. 
(a) A language K is (,,(, TJ )-detecting if it is an TJ-code and, for every TJ-

message waver K, (w), nS(K'TI) = {w}. In this case we also say that 
K is a (,,(, TJ )-detecting code. 

(b) A language K is ("y, TJ )-correcting if it is an TJ-code and, for all TJ-messages 
u and waver K with u -I=- w, one has (u), n (w), = 0. In this case we 
also say that K is a (,,(, TJ )-correcting code. Let Ki- be the class of (,,(, TJ)
correcting codes. 

18 [41] is an exception; we briefly discuss that approach in Section 5. In that work 
a different type of channel model is used. 
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Intuitively, a code is ('Y, 'TJ )-detecting if those received messages, different 
from w, which one is likely to see as output of 'Y for an input message w 
are not themselves messages over the code. A code is (ry, 'TJ)-correcting if 
those received messages which one is likely to see as output of 'Y for an input 
message ware different from the likely received messages for all other input 
messages. In this case, in the spirit of maximum likelihood decoding (see [99]), 
the decoder will decode any received message in (w), as w. 

Example 4.1 

(1) Consider the uniform code K of Example 3.1(2). Let 'Y be the channel 
discussed above, that is, the channel which permits at most one deletion 
in every four consecutive message symbols. Then w = 010101, v = 

010110, and u = 1010 are *-messages over K such that u is contained in 
all three intersections (w), n (V)" (W), n (U)" and (V), n (u),. Thus, K 
is not ('Y, * )-correcting. 

(2) For the same channel 'Y, consider the language 

One verifies that (u), n (v), = 0 for any u, v E K unless u = v. Never
theless, K is not even (ry, * )-correcting because 

(906 t0011)(05101) = (08110t)(049101) 

E ((0710011)(05101)), n ((081101)(05101)),. 

(3) Consider K = {0001,01011} and a channel 'Y in which at most one in 
every five consecutive symbols can be deleted. Then 

(OOOl), = {0001, 001, OOO} 

and 
(01011), = {01011,1011,0011,0111,0101}. 

The set K is an w-code. Consider an w-message w over K. Then v E (W), 
can start with any of the word schemata in (OOO1), U (01011),. 

If v starts with 001 then w could start with 0001 or with 01011. If 
the next symbol in v is 0 then w starts with 0001; if it is 1 then the 
initial part of w could be 900191011 or Ot0110··· with deletions as 
indicated. The first case is impossible as the two deletions are too close 
to each other. Therefore, w starts with 01011. Using the fact that 'Y is a 
P-channel, we can now remove 01011 from wand 0011 from v and look 
at the remaining word schemata. 

If v starts with 0001 or 000 then w starts with 0001; if it starts with 
01011, 1011,0111, or 0101 then w starts with 01011. As before, we can 
remove this part from v and the corresponding code word from w. 
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Extending these considerations one can show that K is even (r, ()
correcting. 

( 4) The language K = {OO 11, 010 111} is (r, * )-correcting for the channel "/ 
permitting at most one deletion among any six consecutive symbols. On 
the other hand, because of 

(0011)(10111)W = (00111)(01111)W 

E ((0011)(010111)W}-y n ((0l0111)W}-y 

it is not (r, w)-correcting. Note that K is an w-code. 

Proposition 4.1 Let "/ be a P-channel and K ~ x+. If IKI > 1 and 
K E K.~ U K.::;w then K E K.;. If IKI > 2 and K E K.~ then K E K.~ n K.::;w. 

Proof: First, consider K E K.~ with IKI > 1. By Proposition 3.1, K is a 
*-code. Let u, v be *-messages over K and let Z E (u}-y n (v}-y. We show that 
U = v. Let v and cp be the factorizations of u and v, respectively, over K. 
If Iv = I", = 0 then u = v = A. Therefore, and without loss of generality, 
we assume that I", :::: Iv and I", > o. Let n = maxI",. As IKI > 1, there 
is awE S(K) such that w 1- cp(n). Then uww,vww E S(1I"2("/)) as "/ is 
a P-channel. This implies zww E (UWW}')' n (VWW}-y by property 'P2, hence 
UWW = VWW and this word schema has exactly one factorization, X say, over 
K as K is an w-code. Moreover, X(i) = v(i) for i E Iv and X(i) = cp(i) 
for i E I",. If I", > Iv then cp(n) = w, contradicting the choice of w. Thus 
I", = Iv, hence u = v. This proves the first statement for K E K.w. The case 
of K E K.-w is proved using duality. 

Now suppose that IKI > 2 and K E K.( We show that K E K.w. By 
duality it then follows that K E K.-w. Consider u, v E S(KW) and z E 

(u}')' n (v)-y. By 'Po, Z E S(XW). Let v and cp be the factorizations of u 
and v, respectively, over K. As IKI > 2, there is w E S(K) such that w tt 
{cp(O), v(O)}. Then w-W Z E (w-Wu}-y n (w-Wv}-y, hence w-Wu = w-wv. As K 
is a (-code, this word schema has a unique factorization, up to equivalence, 
over K. Let X be such a factorization. As before, we can choose X in such a 
way that X extends v and cp. This implies v = cp, hence u = v. D 

The condition on IKI in Proposition 4.1 is needed. For example, for the 
channel "/ permitting at most one deletion in every six consecutive symbols, 
the language {OOOOOO} is (r, ()-correcting and also (r, w)-correcting, but not 
(,,/, * )-correcting. 

In the presence of noise, the decidability problem answered for the noise
less channel in Theorem 3.2 takes the following form: For given K, 'f}, and "/ 
decide whether K is a (r, 'f})-correcting code. For finite K, 'f} = * and a large 
natural class of channels, one can show that this question is decidable [70]. 
This result, to be explained in the sequel, extends the Sardinas-Patterson 
Theorem (Theorem 3.2 for finite languages and 'f} = *) to noisy channels. 
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The channels to be considered permit symbol substitutions, symbol in
sertions, and symbol deletions. We give only an informal description of such 
channels; a formal syntax and semantics is defined in [59]. For given integers 
m E No and LEN with m < L, the channel will make at most m errors 
of a given kind in any L consecutive message symbols. The errors could 
be substituting a symbol for another one, inserting symbols between message 
symbols, or deleting symbols in the message. The bound of m can be on the 
total number of errors of all these kinds or on the number of errors for each 
kind separately. Thus, this model would include a channel permitting up to a 
total of five insertions and deletions in every twenty consecutive message sym
bols and, independently, a total of up to four symbol substitutions in every 
sixteen consecutive message symbols. Any channel of this kind is called an 
SID-channel. The channel considered in Example 4.1(1) is an SID-channel. 

The classsical theory of error-correcting codes considers almost exclusively 
substitution errors. With such an error model, if the starting point of the 
message is known, synchronization between coding and decoding is not an 
issue of theoretical interest. For such channels, uniform codes are quite suit
able as the uniform code word length affords the synchronization cheaply. 
For certain classical error models also convolution codes have been used suc
cessfully; the encoding for these codes is, in essence, computed by a finite 
automaton, a gsm; one of their main purposes is to take message patterns 
into account for encoding. 

When the starting point of the message cannot be assumed to be known, 
then synchronization is a difficult problem even for the substitution-only error 
model and even when only block codes are considered (see, for example, [83] 
and [85]). 

For fast modern information transmission systems - like satellite com
munication, communication via optical fibres, or optical data storage - the 
substitution-only error model is not adequate. Errors which look like in
sertions or deletions of symbols - regardless of their true physical nature -
are much more common; and bursts of errors, that is, errors affecting many 
consecutive positions are quite likely. In this situation, the synchronization 
provided for free by uniform codes may no longer help - as shown in Exam
ple 4.1(1). 

SID-channels correspond more closely to the physical error situations in 
modern communication systems than the classical error models which usu
ally only involve symbol substitutions. 19 Uniform codes for the correction of 
insertions and deletions have been investigated by Levenshtein in [80], [79], 
[81]' Sellers in [122], by Varshamov and Tenengol'ts in [141], and by Tenen
gol'ts in [129]. Recent work on codes for physical SID channels includes [5], 
[45], and [112], for instance. SID channels can be used to model certain as
pects of speech recognition; see [2] and [3] for a probabilistic and information 

19 SID channels as defined in [59] do not handle bursts well. A modification of the 
model is discussed in [58]. 
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theoretic analysis of such channels. Some further related work is discussed 
in Section 5 of this handbook chapter. 

Theorem 4.1 [59] Every SID-channel is a P-channel. 

Theorem 4.2 [70] For any finite K ~ X+ and any SID-channel ,,(, it is 
decidable whether K is a b, * )-correcting code. 

The proof of this extension of Theorem 3.2 for finite K and 77 = * to 
noisy channels relies on a generalization of the notion of overlap: In addition 
to overlaps resulting from overlapping codewords, one also needs to consider 
overlaps in the received messages resulting from channel noise. Details are 
provided in [70]. 

We now turn to the notions of synchronization, synchronization delay, 
decodability, and decoding delay. They are intended to capture the following 
intuition: Suppose, K is an 77-code to be used with a P-channel "( and that 
Wi is a ,,(-received 77-message over K. After having received a finite or, rather, 
a bounded part of Wi one wants to be able to start the decoding and error 
correction process. This process will work on Wi in the left-to-right or right-to
left directions or the combination of both; the latter is necessary, for instance, 
when 77 = C. The process may have a definite starting point - the left end 
of Wi if 77 :::; w or the right end of Wi if 77 :::; -w. There is no such obvious 
starting point for 77 = C. This latter case models, for example, the situation 
when parts at the beginning and end of a received finite message have been 
corrupted beyond repair and the intermediate part is not in (S(K*)), as 
symbols at the beginning and end may be missing. In this case, as a first 
step, one will attempt to find a position in Wi corresponding to a point in 
the original message, where two code words were concatenated; this task is 
known as synchronization. After that, one can decompose Wi at this position 
and decode the parts separately. 

In the case of noiseless channels, a clear distinction can be made between 
synchronization and decoding; for noisy channels involving synchronization 
errors, this distinction is less clear. 

Definition 4.2 Let"( be a P-channel and let 77 E {*, w, -w, :::;w, :::;-w, (, :::;(}. 
A (,,(,77) -correcting code K ~ X+ is said to be uniformly (,,(,77 )-synchronous 
if there is an integern E No such that, for allw E S(Kn), all Wi E (w),! and 
allu, v E S(XSTJ) the following property obtains: If UW'V E (S(KTJ)), then 
there exist Zl,Z2 E S(XSTJ) such that ZlW,WZ2 E S(KSTJ), ZlWZ2 E S(KTJ) 
and (u)(w')(v) is ,,(-admissible for (zI)(w)(z2). 

The smallest n for which the implication in Definition 4.2 holds true is the 
(,,(,77) -synchronization delay of K. If n is the (,,(,77 )-synchronization delay of 
K, it is not true in general that the implication in Definition 4.2 holds true for 
any n' with n' ;::: n, unless "( satisfies some additional appropriate conditions2o 

20 For a noiseless channel the implication holds true trivially; see [4J, for example. 
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beyond those for a P-channel. With u,w,w',v as in Definition 4.2, if uw'v 
is a I'-received 1'/-message over K then (u)(w'v) and (uw')(v) are candidates 
for decompositions of uw'v. For a noiseless channel and 1'/ = *, the definition 
coincides with the usual one of a uniformly synchronous code (see [4]); in 
this case, Zi = U, Z2 = V, W = w'. Let £unif-synch be the class of uniformly 
(')', *) -synchronous codes when I' is a noiseless channel. 

Definition 4.3 Let I' be a P-channel, let 1'/ E {*,w, -w, ~w, ~-w, (, ~(}, 
and let K ~ X+. A pair (x, y) of word schemata x, y E (S(K*))" is (')',1'/)
synchronizing if it has the following two properties: 

(1) There are word schemata wi, W2 E S(K*) such that (x)(y) is I'-admiss
ible for (Wi)(W2). 

(2) For all such Wi, w2 E S(K*) and for all u, v E S(X~'1) with uxyv E 

(S(K'1))", there exist word schemata Zi, Z2 E S(X~'1) such that 

ZlWi,W2Z2 E S(K~'1), ZlWiW2Z2 E S(K'1), 

and (u)(xy)(v) is I'-admissible for (Zl)(WiW2)(Z2). 

For a noiseless channel and 1'/ = *, Definition 4.3 is equivalent to the 
usual definition [4]. With u, x, y, v as above and K an 1'/-code, the I'-received 
1'/-message uxyv can be decomposed into ux and yv and then these parts can 
be decoded separately. 

The assumption in Definition 4.3(1) expresses a subtle, but common prob
lem arising in the modelling of noisy channels: If Wi and W2 are *-messages 
over K and if x E (Wi)" and y E (W2)", it does not follow in general that 
xy E (Wi W2)'Y' For example, if I' is the channel permitting up to one deletion 
in every two consecutive symbols and K = {101, 01} is the (-code of Exam
ple 3.1(3), then 10 E (101)" and 1 E (01)", but 101 ~ (10101),,; to obtain 101 
from 10101, two deletions in two consecutive positions are required, contrary 
to the definition of 1'. Rather than being exotic, this property is inevitable 
due to the statistical properties of typical physical channels with independent 
source of noise. In Section 5, we summarize results which are obtained using 
a channel model which always permits the concatenation of channel outputs 
and we indicate how that model can be expressed in our terminology and 
where the fundamental differences regarding the physical assumptions are to 
be found. 

The following proposition connects the notions of uniformly (')', 1'/) -syn
chronous and (')',1'/) -synchronizing pair. Its special case for noiseless channels 
and 1'/ = * is given in [4], Proposition 2.4. The proof below is based on the 
ideas used in [4], but requires some additional careful analysis of admissibility 
properties. 

Theorem 4.3 Let I' be a P-channel, let 1'/ E {*, ~w, ~-w, ~(}, and let K ~ 
X+ be a (/', 1'/)-correcting code. The following two statements are equivalent: 

(a) K is uniformly (')',1'/)-synchronous. 



Codes 537 

(b) There exists an integer n E No such that every pair (x, y) with x, y E 

(S(Kn))i is (y, "I)-synchronizing provided there exist WI, W2 E S(Kn) 
with (x)(y) ,-admissible for (Wl)(W2). 

Proof: Because of the choice of "lone has L''1 = L$.'I for any subset L of X*. 
We can, therefore, usery instead of ~"1 in this proof. 

Assume that statement (a) is true. Let n be the (y, "I)-synchronization 
delay of K. Let x, y E (S(Kn))i be such that, for some WI, W2 E S(Kn), 
(x)(y) is ,-admissible for (Wl)(W2). Note that, as K is (y, "I)-correcting, WI 

and W2 are uniquely determined if they exist. Let u, v E S(X'I) such that 
uxyv E (S(K'I))r-

The assumption that K is uniformly (y, "I)-synchronous implies: 

(1) There exist Zl, Z2 E S(X'I) such that ZlWI, WlZ2, ZlWlZ2 E S(K'I), and 
(u) (x) (yv) is ,-admissible for (Zl) (WI) (Z2)' 

(2) There exist Sl,S2 E S(X'I) such that SlW2,W2S2,SlW2S2 E S(K'I), and 
(ux)(y)(v) is ,-admissible for (Sl)(W2)(S2). 

It follows that ZlWl,W2S2 E S(K'I) and, therefore, ZlWlW2S2 E S(K'I). We 
need to prove that (u) (xy) (v) is ,-admissible for (Zl) (WI W2)( S2). 

By (1), u E (Zl)i; by assumption, xy E (WlW2)i; by (2), v E (s2k 
By (2), uxy E (SlW2)i with SlW2 E S(K'I). As x E (Wl)i and WI E 

S(Kn), there exist tl, t2 E S(X1J) such that tlWl, wlt2, tlWlt2 E S(K1J) and 
(u)(x)(y) is ,-admissible for (tl)(Wl)(t2). Thus, uxy E (t lwl t2)i' UX E 
(tIWI)i' and xy E (WIt2)r- Moreover, ux E (ZIWI)i and xy E (WIW2)i' As 
K is (Y,"I)-correcting, one has tIWIt2 = SIW2, tiwi = ZIWI, and Wlt2 = 
WIW2, hence, tl = ZI, t2 = W2, and ZIWI = Sl. Similarly, using xyv E 
(WIZ2)i and y E (W2)i' one shows that W2S2 = Z2. Hence, ZIWlW2 = SIW2, 
WIW2S2 = WIZ2, and ZIWIW2S2 = SlW2S2. Therefore, uxy E (ZIWIW2)i' 
xyv E (WIW2S2)i' and uxyv E (ZIWlW2S2)i as needed. 

For the converse, assume that statement (b) is true. Let W E S(Kn+n ), 

Wi E (W)i' and u, v E S(X'I) with uwlv E (S(K'I))i' There are WI, W2 E 

S(Kn) with WIW2 = W. By property PI, there are x, y E S(X'I) such that 
Wi = xy and (x)(y) is ,-admissible for (Wl)(W2). By assumption (x, y) is 
a (y, "I)-synchronizing pair. Hence, there exist Zl, Z2 E S(X'I) such that 
ZIWI, W2Z2, ZIWIW2Z2 E S(K'I), and (u)(xy)(v) is ,-admissible for the factor
ization (Zl)( WI W2)(Z2). Thus, K is uniformly (y, "I)-synchronous. 0 

Example 4.2 Consider the code K = {0001,01011} over the alphabet X = 
{O, I}. For the noiseless channel" K is uniformly (y, * )-synchronous with 
delay 1. On the other hand, if, is the channel permitting at most one deletion 
in every five consecutive symbols then K is not uniformly (,' * )-synchronous. 

First note, that K is (y, * )-correcting. A ,-received *-message over K 
will start with 000, 0010, 0011, 010, 011, or 101; in the first two cases, the 
first code word used is 0001 and in the latter four it is 01011 - due to the 
characteristics of ,. Moreover, the start of the factorization of the received 
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message is unique as no code word is subject to more than one error.21 By 
induction this proves that K is indeed (,' * )-correcting. 

Now suppose that K is uniformly (r, *)-synchronous with delay nand 
let x = (lOll)n E (OlOll)n)". Consider u = 001 and v = 1. Then 
uxv = 001(1011)n1 = (OOll)(Olll)n E (OlOll)n+1)" but xv = (1011)nl tJ. 
(S(K*))". 

Definition 4.4 Let TJ E {*, :::;w}. A (r,TJ)-correcting code K ~ X+ is said 
to be right (r, TJ )-decodable if there is a constant dEN with the following 
property: For all wE S(K'7), all w',x,y E S(X'7), all u,u' E S(K), and all 
v E S(KD), if xw' E (u'w)" xy E Pref(xw'), and if (x)(y) is ,-admissible 
for (u)(v), then u = u' and w' E (w)" 

The smallest d such that K is right (,' TJ )-decodable22 with delay d is 
called the right (r, TJ)-decoding delay of K. Let d be the right (r, TJ)-decoding 
delay of K. As in the case of the synchronization delay, it is not true in 
general, that K is also right (,' TJ )-decodable with delay d' for any d' 2: d. 
This can be guaranteed only when , satisfies certain additional conditions 
beyong being a P-channel. It is trivially true for the noiseless channel. Let 
LrdecodabJe and LJdecodabJe be the classes of right (,' * ) -decodable codes and 
left (r, *) -decodable codes, respectively, when, is a noiseless channel. 23 

Remark 4.1 With K, TJ, " x, u, w, and w' as in Definition 4.4, if K is right 
(r, r) )-decodable then (x) (w') is ,-admissible for (u) (w). 

Assume that K is right (r, TJ)-decodable with delay d. By Remark 4.1, 
once the decoder has seen an initial part of the received message that could 
have been the output resulting from an input of d + 1 consecutive code words 
and if, within this initial part, a factorization into the output for the first 
code word followed by the output for the next d code words is possible, then 
output x corresponding to the first code word - and, hence, that code word u 
- is uniquely identified. Moreover, the remainder w' of the received message 
is possible as an output for wand the concatenation uw as input could have 
yielded xw', given the properties of ,. Thus, Definition 4.4 correctly captures 
the idea of left- to- right decoding with a bounded delay. 

21 Note: This argument is only true for this particular type of situation; it cannot 
be generalized. 

22 Instead of decodable and decoding delay often also the terms decipherable and 
deciphering delay are used; see [4], for example. 

23 The codes in .crdecodabJe are usually referred to as codes with finite decoding (or 
deciphering) delay; see [4]. In [128] they are called codes with bounded decoding 
delay; the codes with finite decoding delay of that work form a different and larger 
class of codes. In [44] and [14] algorithms are presented for determining the decoding 
and synchronization delays of finite *-codes, and the complexity of these algorithms 
is determined. 
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Example 4.3 Let X = {O, I} and let, be the channel permitting at most one 
deletion in every four consecutive symbols. Let K = {u, v} with u = 0011 
and v = 1100. K is (I, w)-correcting. Consider the input word 

(uv)W =0011110000111100··· 

over K with the unique factorization 

(0011)(1100)(0011)(1100) .... 

The word w' = 00111000111000111000··· is possible as an output of , 
for w as input. Note that w' has two ,-admissible factorizations, that is, 
w' = (001)(110)(001)(110)··· and w' = (0011)(100)(011)(100)(011)(100) .... 
This illustrates the point that, even if K is (I, w)-correcting, a ,-received 
w-message need not have a unique factorization over (S(K))-y- Nevertheless, 
the decoding is unique and K is right (I,w)-decodable with delay o. 

As in the case of synchronization, the notion of decodability and of de
coding delay is equivalent to the usual one when 7] = * and, is noiseless (see 
[4], II.8, ans [128]). A more restrictive notion, counting the delay in terms of 
symbols rather than code words, is used in [57]. That definition implies the 
conditions of Definition 4.4 when K is finite, albeit with different values for 
the delays. By duality, one defines the notions of left (I, 7])-decodability and 
left (I, 7])-decoding delay for 7] E {*, ~-w}. 

As in the case of noiseless channels, also for P-channels the synchroniza
tion delay is an upper bound of the right decoding delay. 

Theorem 4.4 Let 7] E {*,:=;w}, let, be a P-channel and let K ~ X+ be 
(I,7])-correcting. If K is uniformly (I,7])-synchronous with delay n then K 
is right (I,7])-decodable with delay n. 

Proof: Consider x, y, w' E S(XYI), w E S(K'''), u, u' E S(K), and v E S(Kn) 
such that xw' E(U'W)-y, xy E Pref(xw'), and (x)(y) is ,-admissible for 
(u)(v). Hence, x E (u)"y' Y E (v)"y' xy E (uv)"y' and there is t E S(X") with 
xw' = xyt. 

As K is uniformly (I,7])-synchronous with delay n, there are Zl, Z2 E 

S(X") such that ZlV,VZ2,ZlVZ2 E S(K'1) and (x)(y)(t) is ,-admissible for 
(Zl)(V)(Z2). As K is (I,7])-correcting, one has u'w = ZlVZ2 and uv = ZlV, 

hence U = Zl and u'w = U(VZ2). This implies u = u', w = VZ2, and yt = w' E 
(w)-y- 0 

For noiseless channels " the finite right (,' * )-decodable codes are pre
cisely the finite w-codes. 

Theorem 4.5 [74], [78] For a finite set K ~ X+, one has K E L:rdecodable if 
and only if K E K.W. 
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Theorem 4.6 LUnif-synch S;; Kf,. 

Proof: Let K E LUnif-synch with delay d. Then, K E LrdecodabJenLJdecodabJe [4] 
and K E K,-W n K,w [128]. Consider W E S(X() and two factorizations r.p and 
1jJ of w over S(K) with 1'1' = 1,p = (. We show that r.p '" 1jJ. 

Assume there are indices k, l E ( such that r.p(k) and 1jJ(l) start at the 
same index in w. Then 

... r.p(k - 2)r.p(k - 1) = .. . 1jJ(l- 2)1jJ(l - 1) 

and 
r.p(k)r.p(k + 1)··· = 1jJ(l)1jJ(l + 1)···. 

This implies r.p '" 1jJ as K E K,-w n K,w. 

Now assume that there are no such indices k and l. Then there are 
indices n, m, i E ( and a proper prefix p of r.p(n) such that p is a proper 
suffix of 1jJ(m) , the last symbol of p and 1jJ(m) are at position i in w, that is, 
wei -ipi + 1)··· wei) is an instance of p as a prefix of an instance of r.p(n) and 
an instance of 1jJ(m) ends at wei). The situation is shown more completely 
in Fig. 4.1. Let s be such that r.p(n) = ps. Then s =F A and s is proper prefix 
of 1jJ( m + 1) or 1jJ( m + 1) is a proper prefix of s. 

Let t, r E N with t ~ d be such that one has the situation shown in Fig. 4.1. 
Such t and r exist. Let pi be the proper prefix of r.p( n + t + 1) which overlaps 
or contains 1jJ( m + r) and let s' be such that r.p( n + t + 1) = pi S'. Thus, 

1jJ(m + 1)·· ·1jJ(m + r) = sr.p(n + 1)··· r.p(n + t)p'. 

Because of t ~ d one has 

sr.p(n + 1) ... r.p(n + t) E S(K*) 

and 
r.p(n + 1) ... r.p(n + t)p' E S(K*). 

As pi =F A, there is an hEN such that 

r.p(n + 1)··· r.p(n + t)p' = Uo··· Uh-l 

for some Uo, ... , Uh-l E S(K). Thus 

r.p(n + 1) ... r.p(n + t)r.p(n + t + 1)··· = Uo··· uh-l1jJ(m + r + 1)··· 

and, as K E K,w, Ui = r.p(n+i+1) for all i E ~, hence r.p(i) = 1jJ(i-n-h+m+r) 
for all i with n + h + 1 :s; i. On the other hand, 

... r.p(n)··· r.p(n + h) = .. ·1jJ(m)·· ·1jJ(m + r) 

and K E K,-w imply that r.p( i) = 1jJ( i - n - h + m + r) for all i with i :s; n + h. 
Thus r.p '" 1jJ and K E K,(. 

Finally, consider 
K = {0l0, 20} U 2(001)*. 

One has K rf:. LrdecodabJe by [128], hence K rf:. Lunif-synch; however, K E K,(, 

hence LUnif-synch S;; K,(. 0 
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p s p' s' 

<pen) <p(n + 1) 
I I 

<p(n + t) <p(n + t + 1) 
I I I 

'!fI(m) '!fI(m+ 1) 
I 

'!fI(m+r) '!fI(m+r+l) 

Fig. 4.1. The factorization situation in the proof of Theorem 4.6. 

5. Homophonic codes 
In cryptography, a homophonic cipher is a system which, to every source 
symbol, may assign several encryptions (see [67], for example). The purpose 
of a homophonic cipher is to obscure statistical properties of the message. For 
example, for a message in plain English, a homophonic cipher would provide 
many different encodings of the most frequent letters - like the letter e - so 
that applying a statistical analysis to the cryptogram would not expose its 
encryption. Cryptographic aspects of homophonic ciphers are discussed in 
[37] and [53]; see also [60] for an analysis of the limitations of the method. 

A homophonic encoding I of an alphabet X into an alphabet Y is a 
mapping of X into the set of non-empty subsets of Y+, the idea being that, 
for encoding a word over X, one independently and non-deterministically 
encodes each symbol in the word according to I and then concatenates the 
results. Such encodings have been investigated in [117], [12], [15], and [13] as 
multi-valued codes. Beyond their cryptographic interpretation, homophonic 
codes can also be considered in the context of error correction. To do so, we 
construct a channel from a given homophonic code in such a way that the 
error behaviour of the channel reflects the variations of possible encodings. 
Our construction is slightly more general than required for homophonic codes. 

The foundations of the theory of channels and codes - of error correction, 
synchronization, and decoding - in the framework to which the homophonic 
codes belong was first given in a series of articles leading to and later com
bined in the book [41] of 1974. To our knowledge, this was the first system
atic attempt to lay the foundations of a comprehensive and uniform theory 
of variable-length codes for noisy channels. We explain below how that work 
relates to the model used in this handbook chapter. For detailed results of 
that research we refer the book [41] itself. 

Definition 5.1 Let X and Y be alphabets and I t;;;; X x Y*. Let 

K = I(X) = {w l::Ix E X ((x,w) E In. 

A word schema y E S(yt) is an I-encoding 01 a word schema x E S(xt) if 
there is a factorization <p oly over K such that Icp = Ix and (x(i), <p(i)) E I 
for all i E Ix. 

Let Ff t;;;; xt x yt be the relation 

Ff = ((x,y) I x E xt,y E yt, S(y) is an I-encoding oIS(x)}. 

The relation Ff is the encoding determined by I. 
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In the special case, when f is a mapping and x and yare *-words, y is 
an f-encoding24 of x if and only if y is the image of x under the morphism 
of X* into y* induced by f. Definition 5.1 extends this notion to the cases 
when f is a many-to-many relation25 and when x and yare infinite. We now 
exhibit a general construction of channels representing relations in X x y+ 
including homophonic codes. 

Definition 5.2 Let X and Y be alphabets, let K be a *-language over Y with 
IKI = lXI, and let 9 be a bijection of X onto K. Let f ~ X x Y+. The 
channel 'Yg,J defined as 

{([ ' '] I [ ]) iY,Y'ES(Y+), n,n'EIl, } 
'Yg,J = y,n y,n ::lx E X. ((x,y) E Fg 1\ (x,Y') E Fj) 

is called the channel generated by 9 and f. 

Definition 5.2 exhibits some arbitrariness as to how physical errors are 
modelled by a relation f - a homophonic code in our special case - due to 
the required encoding g. 

Example 5.1 Let X = {O, I} = Y and 

f = {(0,111), (0,110),(0,101),(0,011), (1,000),(1,001),(1,01 0),(1,100)}. 

If 9 maps 0 onto 111 and 1 onto 000 then the resulting channel permits at 
most one substitution in every code word. Thus, for example, (110 I 111) 
would be a possible channel behaviour. On the other hand, if 9 maps 0 onto 
000 and 1 onto 111 then the channel would be quite different; for example 
(111 I 000) would be a possible channel behaviour. 

Not every channel of the form 'Yg,J is an SID channel. This is true even 
under severe restrictions on 9 and f. As shown in Example 5.1, the possible 
errors are determined by a given factorization of the input message whereas, 
for an SID channel, the possible error patterns - like one insertion in every 
five consecutive symbols - do not and cannot take a given factorization into 
account. 26 Conversely, not all SID channels can be modelled in the form 'Yj,g' 

In a strict sense, the SID channel model may be closer to the physical error 
situation; practically, the differences may be not so important. 

In general, channels of the form 'Yg,J may not even be P-channels. How
ever, under some natural assumptions they have most of the essential prop
erties of P-channels. 

24 The notion of encoding is not intended to imply unique decodability. 

25 A homophonic code can be considered as a one-to-many relation. 

26 The same problem arises, by the way, also with the classical substitution-error 
model for block codes as, for instance, expressed by the Hamming or Lee metrics; 
also there, a factorization is assumed to be given. 
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Proposition 5.1 Let X and Y be alphabets, let K be a (-code (in the usual 
sense) over Y with IKI = lXI, and let g be a bijection of X onto K. Let 
f C;;; X x y+ such that, g C;;; f. The channel "fg,j is stationary and satisfies 
conditions Po, PI, P2, and P3 · 

Proof" If ([w', n'] I [w, n]) E "fg,j then ([w', k'] I [w, k]) E "fg,j for every 
k, k' E Z and, therefore, "fg,j is stationary. 

Condition Po is satisfied as, for all x E X, g(x) E y+ and 7r2(f) is a 
non-empty subset of y+. 

Condition P2 is satisfied as g C;;; f and "fg,j is stationary. 
Condition P 3 is satisfied as (A, A) E Ff n Fg . 

We turn to proving that condition PI is satisfied. Consider (y' I y) E "fg,j. 
Let y = [w,n] and y' = [w',n'] where w,w' E S(Y'!9) for some {):s; (. Let ep 
be a factorization of w over some set Z C;;; S(7r2bg,j)) n S(X+) with I", =J. 0. 
Note that S(7r2bg,j)) = S(7r2(Fg)). Thus [ep] ~ wand w =J. A =J. [ep]. As 
w E S ( 7r2 (Fg)), there exists xES (X'!9) and a factorization r;, of w over K 
such that Ix = If< and g(x(i)) = r;,(i) for all i E Ix· As [r;,] '" w, If< =J. 0. 

As K is a (-code, there are, for all i E I"" unique ri Elf< = Ix and li E No 
such that ep(i) = r;,(ri)··· r;,(ri + li) and ri+l = ri + li + l. 

Similarly, there is a factorization r;,' of w' over S(7r2(f)) such that If<' = 
Ix = I" and, for all i E Ix, (x(i), r;,'(i)) E f. 

We define a factorization ep' as follows: Let I"" = I", and, for i E I"" let 
ep'(i) = r;,'(ri)··· r;,'(ri + li). Then [ep'] '" [r;,'] '" w'. 

Consider an index mapping 'ljJ : I --> I", with I =J. 0. We need to show that, 
for all n, n' E Z, ([[ep''ljJ], n'] I [[ep'ljJ], n]) E "fg,j. For this, it suffices to show 
that there is a word Z E X::O:( such that (z, [ep'ljJ]) E Fg and (z, [ep''ljJ]) E Ff . 

Let X : I", --> X+ be given by X(i) = x(ri)··· x(ri + li) for i E I",. Then 
z = [x1f0] has the required properties. 0 

Proposition 5.1 helps to understand and clarify the importance of con
dition Pl. The condition establishes that any factorization of the input, 
whichsoever, has a corresponding factorization of the output. A channel "fg,j 
according to Proposition 5.1 is nearly a P-channel: The only difference is 
that, usually, 7r2bg,j) =J. I(Y+). Thus, a channel of the form "fg,j models 
the input-output behaviour of a P-channel under the assumption that only 
messages over the chosen and fixed (-code K are sent. On the other hand, a 
P-channel in general models the behaviour of physical channels under arbi
trary inputs. 

We now turn to the decoding of messages encoded using homophonic 
codes or - in general - arbitrary relations. 

Definition 5.3 Let X and Y be alphabets and let f C;;; X x y+ such that, for 
every:r; E X, f(x) =J. 0. For 1) E {*,w, -w, (, :S;w, :S;-w, :s;(}, f is said to be 
uniquely 1)-decodable if, for every y E 7r2(Ff) n y'1 there is one and only one 
x E X'1 such that (x,y) E Ff . 
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The connection between the two notions of unique 1]-decodability intro
duced in this handbook chapter, that of Definition 3.4 for languages and that 
of Definition 5.3 for relations, is expressed in the following statement for the 
case when f is a mapping (see [4] or [123]). 

Theorem 5.1 Let X and Y be alphabets and let f be a mapping of X into 
Y+. Then f is uniquely 1]-decodable if and only if f is injective and f(X) is 
an 1]-code. 

Note that, if f is uniquely 1]-decodable, then f is also uniquely 1]'-decod
able for ri' < 1]. The following theorem explains a connection between decod
ing for the encoding determined by a relation f and error correction for the 
channel 'Yg,J for some g. 

Theorem 5.2 Let X and Y be alphabets and let f ~ X x y+ such that, for 
every x E X, f(x) -10. Let 1] E {*,w, -w, (, :S;w, :S;-w, :S;(}. The relation f 
is uniquely 1]-decodable if and only if there is an 1]-code K and a bijection 9 
of X onto K such that K is (,,(g,J,1])-correcting. 

Moreover, if f is uniquely 1]-decodable then 9 can be chosen to satisfy 
9 ~ f and any such choice 9 results in g(X) being (,,(g,J, 1])-correcting. 

Proof: First, assume that f is uniquely 1]-decodable, hence, also uniquely *
decodable. For every x E X, select a ex E y+ such that (x, ex) E f. Let 
K = {ex I x E X} and let 9 : X ----> K be the mapping with g(x) = ex. The 
fact that f is uniquely *-decodable implies that f(x) n f(x') = 0 if x -I x', 
x, x' E X. Therefore, 9 is bijective. 

Consider W E K'" and a factorization ep of S( w) over K. Let 7/J be the map
ping of I<p into X defined by 7/J(i) = g-l(ep(i)) for i E I<p. Thus (7/J(i) , ep(i)) E 9 
and, by 9 ~ f, also (7/J(i),ep(i)) E f, hence, (v,w) E Ff where v E X'I is the 
word given by [7/J]. By assumption, v is unique. 

Suppose, ep' is also a factorization of S(w) over K. Let 7/J' be the corre
sponding mapping of I<p' into X defined as above. The uniqueness of v implies 
[7/J] '" S(v) '" [7/J'J, hence I<p = I", = I"" = I<p" Moreover, if7/J(i) = 7/J'(j) = x 
for some i,j E I"" then ep(i) = g(x) = ep'(j). Therefore, ep and ep' are 
equivalent. This proves that K is an 1]-code. 

Now consider 1]-messages u and w over K such that there is a 'Yg,J-received 
1]-message Z E (u)'Yg,j n (w)'Yg,r There are words x, y E X· such that 
(x, u), (y, w) E Fg and (x, z), (y, z) E Ff . As f is uniquely 1]-decodable, one 
has x = y and, therefore, u = W. This shows that K is (,,(g,J,1])-correcting. 

For the proof of the converse implication, assume that there is an 1]-code 
and a bijection 9 of X onto K such that K is ("(g,f,1])-correcting. Consider 
y E S(Y''1) and x, Z E S(X'I) such that (x, y), (z, y) E Ff. Let ep : Ix ----> K 
and 7/J : Iz ----> K be given by ep(i) = g(x(i)) and 7/J(i) = g(z(i)), respectively. 
Hence, (x, [ep]) and (z, [7/J]) are in Fg . Therefore, y E ([ep])'Yg,f n ([7/J])'Yg,r As 
K is (,,(g,f,1])-correcting, one has [ep] '" [7/J]. This implies x '" Z because 9 is 
injective. Thus, f is uniquely 1]-decodable. D 
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In [13] also the notion of a fault-tolerant homophonic code is investigated. 
This notion can be expressed in our general framework for channels. However, 
a natural error-model has yet to be developed to capture the type of faults 
against which these codes are tolerant. These faults include certain insertion 
and deletion faults - or more generally, synchronization faults - and fault
tolerance is shown to be equivalent with the property that the decoding can 
be achieved using a finite-state transducer in which every state can serve as 
the initial state. Such decoders are also considered in [77] and [111] and are 
presented in some detail in the Section II. 

Theorem 5.3 [117] Let f : X ---> 2~; be a homophonic encoding such that, 
for every x E X, the set f(x) is finite. It is decidable, whether f is uniquely 
* -decodable. 

As before, the notions of decoding delay and synchronizability can be 
introduced in a natural way for homophonic codes. In [12], a characterization 
of homophonic codes having these properties is provided. The construction of 
transducers achieving the decoding is shown in [15] (see also [116] and [117]). 

6. Methods for defining codes 

A language K <;:; X+ is a *-code if every *-message over K has a unique fac
torization over K. Thus, *-codes are characterized by the following property: 

{
For .all n, mEN and all uo, UI, ... , Un-I, Vo, Vi, ... , Vm-I E 

(Ceode ) K, if UOUI ... Un-I = VOVI ... Vm-I then n = m and Ui = Vi 

for i E n. 

In algebraic terms this says that a language K is a code if and only the 
semigroup generated by K, with concatenation of words as multiplication, is 
free with K as a free set of generators.27 Condition Ceode can be considered 
as expressing a kind of independence among the elements of K. 

Many different classes of codes have been introduced to satisfy various 
constraints regarding decodability, synchronizability, or fault-tolerance. The 
classes of infix codes and solid codes mentioned before are examples of such 
classes - constructed to avoid certain overlap situations which could some
times render decoding difficult. More about the latter of these two classes of 
codes is said in Section II. 

In this section we analyse the idea underlying most constructions of nat
ural classes of codes. The key notion is that of independence in universal 
algebra. Independence in the sense of being a free set of generators is the 
special example defining the class of all codes. 

Dependence theory in universal algebra extends ideas from linear algebra 
to other types of algebras and deals with notions of the following kind: in
dependent set; an element depends on a set; span of a set; minimal spanning 

27 This property can be simplified by assuming already that n = m [123]. 
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set; dimension. In essence, this theory has two branches which have very 
little in common: one based on a purely set theoretic model and one based 
on the notion of freeness in algebras. An introduction to the former can be 
found in [16];28 for the latter, an introduction is given in [34]. The relation 
between the two approaches is analysed in [31]. We follow the former, as it 
is suitable for the problem. 29 

We now outline the basic concepts of dependence theory. We give a few 
more details than absolutely required for our application to help the reader 
put the concepts into a broader context. 

Definition 6.1 Let S be a set. A dependence system on S is a subset D of 
2 S which has the following property: LED if and only if there is a finite, 
non-empty subset L' of L with L' ED. The subsets of S which are in Dare 
called D-dependent. All other subsets of S are D-independent. 

By definition, every subset of an independent set is independent; in par
ticular, the empty set is independent. Every superset of a dependent set is 
dependent. 

Example 6.1 Let S = X+ for an alphabet X. Let Dcode be the set of all 
non-empty subsets L of X+ which are not codes, that is, which are not freely 
generating L +. Thus, a set K ~ X+ is Dcode-independent if and only if there 
is no finite subset L of K which does not freely generate L +, that is, if and 
only if K is a code. 

In Definition 6.1, the set L' can be of any size. We also need a notion of 
dependence for the case when the size of L' is bounded. 

Definition 6.2 Let n E Nl'lo' A dependence system D on the set S is said to 
be an n-dependence system if and only if it satisfies the following condition: 
LED if and only if there is a non-empty subset L' of L with IL'l < nand 
L'ED. 

Of course, an ~o-dependence system is just a dependence system without 
any restriction. The dependence system of Example 6.1 is an ~o-dependence 
system; as a consequence of results in [51] one finds that it is not an n
dependence for any n E N. In the context of universal algebra in general, 
that is, not just that of semigroups, the dependence described in Example 6.1 
is sometimes called standard dependence. 

For n E Nl'lo' let ]]J)(n)(s) be the class of n-dependence systems on S. We 
usually omit n when n = ~o. For D E ]]J)(n) (S), let CD be the family of 

28 The relevant chapter of that book contains several errors; see [32] for corrections 
and further explanations. 

29 Note that dependence theory in the sense to be used is part of the general 
framework of the theory of matroids [143]. In our specific case, that of classes of 
codes, however, the more restrictive properties of matroids never obtain. 
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D-independent subsets of S. Let JL(S) be the class {CD IDE j[J)(S)} and let 
JL(n)(s) = {CD IDE j[J)(n) (S)}. 

Remark 6.1 Let D and D' be an n-dependence system and an n' -dependence 
system on the set S, respectively. Then DuD' is an m-dependence system 
on S with m = max(n, n'). 

In contrast to Remark 6.1, the intersection of two dependence systems 
need not be a dependence system. 

Definition 6.3 Let D be a dependence system on S, and let a E Sand 
X ~ S. The element a is said to depend on X if a E X or if there is an 
independent subset X' ~ X such that X' u {a} is dependent. The span of X, 
(X), is the set of all elements of S which depend on X. If X is independent 
and (X) = S then X is called a basis of S. A set X is said to be closed if 
(X) = X. 

Of course, the standard example of dependence is linear dependence in 
vector spaces. We are, however, concerned with far more general depen
dences. We review some of the basic properties of dependence systems needed 
in our present context. 

Recall that a mapping C : 2 8 ~ 2 8 is a closure operator if, for every 
X ~ S, one has X ~ C(X) and C(C(X)) = C(X) and, moreover, X ~ Y 
implies C(X) ~ C(Y) for all X, Y ~ S. A closure system on S is a set It ~ 2 8 

which is closed under arbitrary intersections. With a closure system It one 
associates the closure operator Crt by 

Ce:(X) = n y. 
X~YErt 

Conversely, with a closure operator C one associates a closure system Itc by 

Itc = {X I X ~ S,C(X) = X}. 

This correspondence between closure operators and closure systems is bijec
tive and Crte = C, ItCcr = It. A closure operator C is said to be algebraic if, 
for every X ~ S and every a E S, a E C(X) implies that there is a finite sub
set X' of X such that a E C(X'). A closure system It is said to be algebraic 
if the corresponding closure operator Crt is (see [16]). 

Lemma 6.1 Let D be a dependence system on S. 

(a) If a E S depends on X ~ S then there is a finite independent subset X' 
of X such that a depends on X' [16]. 

(b) For every X ~ S one has X ~ (X). For every X, Y ~ S, X ~ Y implies 
(X) ~ (Y) [32]. 

(c) The set of closed subsets of S forms an algebraic closure system [16]. 
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In general, the span does not satisfy the equation (X) = ((X)). For 
example, let S = {a,b,c} and D = {{a,b},{b,c}, {a,b,c}}. Then 0, {a}, 
{b}, {c}, and {a,c} are the independent sets. Clearly, (a) = {a,b} and 
((a)) = {a,b,c}. 

Definition 6.4 Let D be a dependence system on S. The dependence is said 
to be transitive if ((X)) = (X) for every X <:;; S. 

Transitive dependence systems have been studied under several different 
names (see [143], p. 7). The collection of independent sets of a transitive 
dependence on a finite set is known as a matroid [143]. For a discussion of 
the problems concerning the definition of infinite matroids see Chapter 20 
of [143]. 

Transitivity is a very natural requirement for a dependence relation as 
shown in the following characterization result: 

Theorem 6.1 [16] Let S be a set. 

(1) If D is a transitive dependence, then the mapping X --+ (X) is an alge
braic closure operator with the exchange property 

y <Ie (X) 1\ Y E (X U {z}) '* z E (X U {y}). 

(2) If a: 2 5 --+ 2 5 is an algebraic closure operator with the exchange property 

y <Ie a(X) 1\ y E a(X U {z}) '* Z E a(X U {y}), 

then there is a transitive dependence D such that a(X) = (X) for all 
X<:;;S. 

For transitive dependence systems, one can define the notions of basis 
and dimension in a meaningful way. For vector spaces, for example, linear 
dependence defines dependence systems; the basis and dimension obtained 
in this way coincide with their linear counterparts. 

In the context of the theory of codes, the set S is the free semigroup X+ , 
that is, the set of all non-empty finite words over X with concatenation as 
the multiplication operation. The dependence considered in Example 6.1 is 
an example of a standard dependence [16], [31]. In this case, the dependence 
is not transitive as shown by the following example. 

Example 6.2 Let X = {a, I} and consider the words v = 01, W = 0110, 
u = 100110, and z = 010110. Then the sets {u,v}, {v,w}, and {u,v,z} are 
codes, while the sets {u,v,w} and {v,w,z} are not codes. Thus, w E (u,v), 
z <Ie (u,v), but z E ((u,v)). 
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We now use the framework of dependence systems to define several classes 
of codes. For each class, we provide a brief explanation of its properties. 
Each class is identified by an abbreviation of its name. For example, the 
dependence system Du defines the class Lu of uniform codes and we refer 
to the condition defining this dependence system as Cu. The connection 
between these classes of codes is presented in Section 7 where also some 
additional properties of dependence systems are presented as required. The 
references given for the classes of codes point to additional information about 
these classes; usually these references do not employ the notion of dependence 
system for their definitions and analyses . 

• The classes Ln-code of n-codes for n EN: 

{
A set L ~ X+ is Dn_code-dependent if and only if there is 

(Cn-code) a non-empty subset L' of L with IL'I :s; n such that L' is 
Dcode-dependent [48], [51]. 

Thus, a language K is an n-code if and only if every subset of K with at 
most n elements is a code. The n-codes form a proper hierarchy 

K* = Lcode S;; ..• S;; L(n+l)-code S;; Ln-code S;; ... L2-code S;; Ll-code = 2 X + 

with K* and 2X + as lower and upper bounds, respectively. 
If K is a code over X and WI, ... ,Wn are distinct elements of K then 

the set K U {WI··· wn} is an n-code, but not an (n + I)-code [48]. This also 
shows that, for every n, there is an n-code which is not a code . 

• The 2-codes are of particular interest due to the fact that a two-element 
set {u, v} is a code if and only if uv -I- vu (see [123]). Thus D2-code can also 
be defined by the following condition expressing anti-commutativity for the 
independent sets. 

(C ) { A set L ~ X+ is Dac-dependent if and only if uv = vu for 
ac some u, VEL with u -I- v. 

Thus L2-code = Lac· No similar characterization is known for any of the 
classes of n-codes with n > 2. Indeed no simple characterization of the n
element sets which are codes is known for n > 2. In [69] the 3-element sets 
which are codes are characterized (see also [68]); due to its complexity, this 
characterization seems to be very difficult to apply in the analysis of 3-codes. 

A language K is a 2-code if and only if, for every primitive word w, there 
is at most one n E N such that wn E K. This is a consequence of the 
characterization of L2-code by Lac. In contrast, for n 2:: 3, if K is an n-code 
then there are infinitely many primitive words W such that wn ~ K for all 
n E N [48]. 

The class of n-codes is defined by an (n + 1 )-dependence system. There is 
no n'-dependence system with n' < n + 1 by which this class could also be de
fined. This follows from general properties of dependence systems explained 
in Section 7 below. 
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• The class Lp of prefix codes: 

(C ) { A language L <;:: X+ is Dp-dependent if there are u, vEL 
p such that u is a proper prefix of v. 

Prefix codes have been studied extensively - see [4] for an account of the 
work until about 1985. Every prefix code is a code. However, for example, 
the set {O, 01} is a code, but not a prefix code. 

Prefix codes have (right) decoding delay 0 for a noiseless channel. As a 
consequence, every prefix code is an w-code. The language {O, 10, 11} is a 
prefix code, but not a (-w )-code. 

For most major results of information theory, the restriction from codes to 
prefix codes does not make a difference of any significance. Prefix cedes have 
a natural interpretation as labelled trees - each code word describes a path 
from the root to a leaf - and, hence a natural description by automata. Their 
tree description applies to algorithmic problems, like searching or sorting. 
Decisions in a search algorithm correspond to the choice of the next symbol 
in a code word and, hence, the number of decisions in a search is bounded 
from below by the length of the corresponding code word. An excellent 
account of the application of prefix codes to the analysis of algorithms can 
be found in [1]. 

• By duality, one defines the class Ls of suffix codes: 

(C ) { A language L <;:: X+ is Ds-dependent if there are u, vEL such 
S that u is a proper suffix of v. 

Properties of suffix codes can be derived trivially from properties of prefix 
codes using duality. For example, every suffix code is a (-w)-code. 

In general, prefix codes and suffix codes need not be (-codes: Suppose 
K is a prefix code which is not a (-w )-code. Let u E K-W be such that u 
has two non-equivalent factorizations over K and let v E KW; then uv has at 
least two non-equivalent factorizations over K, that is, K is not a (-code. 

• The construction leading to the classes of n-codes has no meaningful 
counterpart for prefix codes or suffix codes alone: If K is a language such 
that every two-element subset is a prefix code then, clearly, K is a prefix 
code. However, the following construction starting from both prefix codes 
and suffix codes yields some objects - and a phenomenon - of mathematical 
interest, the classes of n-ps-codes for n E N, n :2': 2: 

{
A language L <;:: X+ is D n - ps -dependent if and only if there is 

(Cn - ps ) a non-empty subset L' of L with IL'I ::; n such that L' is both 
Dp-dependent and Ds-dependent [49]. 

For all n, L(n+l)-ps <;:: L n -ps by definition. In contrast to the hierarchy of 
n-codes, which is infinite, the hierarchy of n-ps-codes collapses at n = 4 with 
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L4-ps = Lp U Ls. Thus L4-ps C;; K*. As there are three-element codes which 
are neither prefix nor suffix codes, also L3-ps C;; L3-code. The class L2-ps has 
an alternative characterization by the following condition: 

(Cd) {A language L C;;;; X+ i! Dd-dependent if v = u.'E = yu for some 
u, vEL and x, y EX. 

Every 2-ps-code is a 2-code. However, the language {O, OlO} is a 2-code, but 
not a 2-ps-code. Therefore, L2-ps C;; L2-code· 

• Between the classes of 3-ps-codes and 2-ps-codes there is another class 
of languages, interesting for its combinatorial properties, the class of g-3-ps
codes: 

{
A language is D g _3_ps -dependent if it is D 2_ps -dependent or if 

(Cg-3- ps ) there are three distinct words u, v, w E L such that {u, v} is 
Dp-dependent and {v,w} is Ds-dependent [49]. 

Thus, a 2-ps-code is a language K C;;;; X+ such that every two-element subset 
of K is a prefix code or a suffix code. A g-3-ps-code is 2-ps-code K such that, 
in every three-element subset of K, at least two elements form a prefix code 
or a suffix code. 

Every 3-ps-code is the disjoint union of a prefix code and a suffix code; 
on the other hand, the union of the prefix code {10,010} and the suffix 
code {O, I} is not even a 2-ps-code, let alone a 3-ps-code. Moreover, the 
language 0+ I + is a 2-ps-code which cannot be decomposed into a union of 
a prefix code and a suffix code. The classes L3-ps and K* are incomparable. 
Hence, in general, 3-ps-codes, g-3-ps-codes, or 2-ps-codes need not be codes. 
Moreover, L3-ps C;; L g-3-ps C;; L2_ps [49].30 

The general principles of the constructions of the n-codes and the n-ps
codes and the reasons as to why the hierarchy does not collapse in the former 
case while it does so in the latter are explained in Section 7 . 

• The class Lb of bifix codes: 

(Cb ) { A language is ?b-dependent if it is Dp-dependent or Ds-de
pendent, that tS, Db = Dp U Ds. 

Bifix codes are also called biprefix codes in the literature. Their main merit 
is that they are both, w-codes and ( -w )-codes, and that they have some very 
interesting mathematical properties (see [4]). 

The language K = {Ol, 10} is a bifix code, but not a (-code. For example, 
the (-message··· 010101010··· has two non-equivalent factorizations over K. 

In the general context of information transmission via a noisy channel 'Y, 
the bifix property has the following interpretation - assuming appropriate 

30 That the inclusions are proper follows from results discussed in Section 10 below. 
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synchronization and error correction capabilities: After synchronization, de
coding can take place, from the point identified by the synchronization, both 
to the right and the left without decoding delay - for as long as there are no 
errors. 

The classes of codes considered so far, have very little - if any - syn
chronization, error detection, or error correction capabilities in geneml. As 
we move towards codes with additional structure, some of these issues get 
addressed . 

• There are four basic classes of shuffle codes of index n {shn -codes} for 
n E N: the class Li" of infix-shuffle codes of index n {in -codes}; the class L o" 

of outfix-shuffle codes of index n {on -codes}; the class Lp " of prefix-shuffle 
codes of index n {Pn-codes}; and the class LSn of suffix-shuffle codes of index 
n {sn -codes} [132], [89], [90], [92], [93].31 The conditions defining these classes 
are as follows: 

{
A language L ~ X+ is Di " -dependent if there are words 

(CiJ Ul,"" Un, Vo, Vi, ... , Vn E X* such that U = Ul'" Un E L, 
V = VOUIVIU2'" UnVn ELand U i=- v. 

{
A language L ~ X+ is Do" -dependent if there are words 

(COn) Uo, Ul,···, Un, VI,···, Vn E X* such that u = UOUl'" Un E L, 
V = UOVIUl'" VnUn ELand U i=- v. 

{
A language L ~ X+ is D~n -dependent i~ the~e. ~re words 

(Cpn ) Ul, ... ,Un ,Vl, ... ,Vn EX suchthatu-ul unEL, 
V = Ul VI ••. un Vn ELand u i=- v. 

{
A language L ~ X+ is DSn -dependent if there are words 

(Cs,,) Ul,"" Un, VI,"" Vn E X* such that u = Ul ... Un E L, 
V = VIUl ... VnUn ELand u i=- v. 

One has Lpi = Lp and LSI = Ls. The classes Lh and LOl are the classes Li 
and Lo of infix codes and out fix codes, respectively [63]' [52], [38], [50]. The 
corresponding dependences are Di = Dh and Do = DOl' 

The relation between shuffle codes is shown in Fig. 6.1. Lines indicate 
proper inclusions. The language {(oklk)nok IkE N} is in Lin nLon' but not 
in L pn+l U L Sn+ll and the language {(Ok 1 k)n IkE N} is in LPn n L s", but not 
in Lin U LOn [90]. The language {(Ol)no, In} is in LOn' but not in Li,,; the 
language {(Ol)no,on+l} is in Lin' but not in Lo,,; {In, (Ol)n} is in LPn' but 
not in Lsn; {In, (lO)n} is in Lsn , but not in LPn' Some further properties 
of shuffle codes are mentioned in Section 8 below. Note that L4-ps can be 
considered as the largest member of the families of shuffle codes. 

The shuffle codes of index n address the following error situation to some 
extent: Insertions at up to n positions or deletions at up to n positions cannot 

31 The letters i, 0, p, and s stand for infix, out fix, prefix, and suffix, respectively. 
The classes of shuffle codes have been introduced also under various other names. 
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Fig. 6.1. Relations between the shuffle codes. All inclusions indicated are proper. 

turn a code word into another code word. In general, the shuffle codes do 
not, however, have useful synchronization capabilities. If synchronization is 
not a problem32 then these codes detect up to n bursts of insertions or up to 
n bursts of deletions in a code word . 

• The class .ch of hypercodes [124], [42], [130]: 

(C ) { A language L ~ X+ is Dh dependent if it is Din -dependent 
h for some n E N. 

As Din ~ Din+l and as U:=l Din is a 3-dependence system, one has Dh = 
U:=l Din' A mathematically very interesting generalization of hypercodes is 
defined and analysed in [104]. 

Theorem 6.2 Let K ~ X+. Each of the following conditions implies that 
K is finite. 

(a) K is regular and K E .co. 
(b) K is regular and K E .cXn for n ~ 2 and x E {i,o,p,s}. 
(c) K is context-free and K E .c02 ' 

(d) K is context-free and K E .cXn for n ~ 3 and x E {i,o, p, s}. 
(e) K is a hypercode. 

32 In some applications, synchronization is provided through a separate signal. 
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Statement (a) is proved in [50] using the Pumping Lemma for regular 
languages. Statement (b) follows from £Xn ~ £0. Statement (c) is a con
sequence of the Pumping Lemma for context-free languages. Statement (d) 
follows from £Xn ~ £02· For (e), see [123]. This reference contains also 
further information about hypercodes.33 

• The class £u of uniform codes (or block codes): 

(C ) { A language L ~ X+ is Du -dependent if it contains words of 
u different lengths. 

Nearly all codes in practical use for error correction or error detection are 
uniform codes. Moreover, to enable the construction of such codes with pre
dictable properties and simple algorithms for coding and decoding, additional 
structural properties are assumed. Normally, X is assumed to be a finite field 
and the code K is assumed to be a finite-dimensional vector space over X. 
See [94] or [99] for further information about uniform codes. 

Uniform codes are good at detecting or correcting substitution errors 
when synchronization between coder and decoder is not a problem - for 
example, in the presence of a common error-free clock signal . 

• The classes £intern of intercodes of index n for n E N [125], [144]: 

{
A language L ~ X+ is Dintern -dependent if there are words 

(CinterJ UI, ... , Un+l, VI,···, Vn ELand wI, W2 E X+ such that 
UI ... Un+1 = WIVI··· V n W 2· 

Note that Dintern is a (2n + 2)-dependence. From Dintern+l S;; Dintern it 
follows that £intern S;; £intern+l· The class £interl of intercodes of index 1 is 
also known as the class £comma-free of comma-free codes. Comma-free codes 
are uniformly synchronous bifix codes with synchronization delay 1 for the 
noiseless channel. 34 

In general, if K is an intercode of index n and if, in an error-free message 
W over K, n consecutive code words are found then every factorization of W 

over K will contain those instances of code words; hence these code words 
can be decoded without regard for the rest of the message. 

A language K ~ X+ is said to be an intercode if it is an intercode of index 
n for some n E N; hence, £inter = U:=I £intern is the class of all intercodes. 

It is not known whether a dependence system D exists such that £inter 
is the class of all D-independent languages in X+. If so, D would probably 
have to be constructed from the intersection n:=1 D 'cintern. The intersection 
of dependence systems is, however, not necessarily a dependence system. 

33 Parts of Theorem 6.2 have also been proved independently in [89] and [132]. 

34 The term comma-free refers to the fact that no special synchronization symbol
a comma - is needed for synchronization without delay. For further information 
about intercodes and comma-free codes see [123] and [4]. 
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Let Q be the class of languages containing only primitive words. Then 
.cinter is a proper subclass of .cb n .cunif-synch n Q. The language {O, 1101011} 
is an intercode (of index 2) which is not an infix code. On the other hand, 
one has .cinter! <;;; .ci. 

• Note that Q is the set of indepedent sets with respect to the following 
dependence system: 

(c . .. ) { A language L ~ X+ is Dprimitive-dependent if there is a word 
prlm.t.ve in L which is not primitive. 

• As in the case of K.* = .ccode, one can also consider the classes .cm-intern 
of m-intercodes of index n and the classes .cm-inter of m-intercodes for n, m E 
N [123]: 

{
A language L ~ X+ is Dm-intern -dependent if there is 

(Cm-intern) a subset L' of L with at most m elements such that L' is 
Dintern -dependent. 

{
A language L ~ X+ is Dm_inter-dependent if there is a 

(Cm-inter) subset L' of L with at most m elements such that L' is not an 
intercode. 

Details about the relations between these classes of codes are shown in 
Fig. 6.2. Note that .c1-inter = Q, that .cl-inter is a proper subclass of .c2-code, 
and that .c2-inter is a proper subclass of .cb n Q. The sets Dm-intern and 
Dm-inter are (m + 1 )-dependence systems. 

• The class .col-free of overlap-free languages: 

(C ) { A language L ~ X+ is Dol_free-dependent if there are words 
ol-free Ul,U2,U3 E X+ such thatulu2,U2U3 E L. 

Not every DOI_free-independent set is a code. For example, the language 
L = {O, 01, 001} is not a code as (0)(01) = (001), but is overlap-free. As 
mentioned in the context of Theorem 3.2, the notion of overlap is crucial for 
decoding and synchronization. An instance of a word u E X+ found in a 
message over an overlap-free language K can never be both, a proper prefix 
and a proper suffix of a word in K. 

In the literature, a word W E X+ is called un bordered if the set {w} is an 
overlap-free language. 

• The class .csolid of solid codes: 

{
A language L ~ X+ is Dsolid -dependent if it is Di -dependent 

(Csolid) or Dol_free-dependent, that is, Dsolid = Di U Dol-free [126], 
[64], [123]. 

The solid codes are remarkably strong in the presence of errors that result in 
loss of synchronization. A detailed discussion of properties of solid codes is 
given in Section 11 below. 
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.ccode = /C* 

.c1-inter 
=Q 

.c2-inter 

.c5-inter 

.c3-inter3 : 

: .c4-inter3 

. :C5-inter3 

.c3-inter2 

.c(2n+l)-inter .•.. 

...•.. 

Fig. 6.2. The intercode hierarchy [65] . 

• The class Lpi of p-infix codes [50]: 

(c .) { A language L ~ X+ is Dpi -dependent if there are words 
pI Ul E X*, vEL, and U2 E X+ such that UIVU2 E L. 

.'. 
Linter 

The class Lsi of s-infix codes is defined dually. One has Li = Lpi n Lsi. 
The class Lb is incomparable with Lpi and Lsi [50]. A characterization of 
the classes of p-infix codes and s-infix codes is given below in the context of 
semaphore codes . 

• The class Lcircular of circular codes: 

{
A language L ~ X+ is Dcircular-dependent if there exist n, mE 

(Ccircular) N, andwordsuo,ul, ... ,Un-l,VO,Vl"",Vm-l E L, w E X+ 
such that Iwi < Ivol and WUOUl'" Un-l = VOVl··· Vm-lW. 

Circular codes were introduced in [78] to investigate synchronization prop
erties of finite codes. Synchronization is expressed there in terms of finite 
self-correcting decoding automata. Such an automaton reads an encoded mes
sage, received as output of an SID-channel, and computes, as its output, the 
decoding. When an error is encountered, the automaton may go through an 
incorrect sequence of states; it will, however, reach a correct state - a state 
it should reach in the absence of noise - after a bounded number of steps if 
no further error occurs. 
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Theorem 6.3 [78] Let K ~ X+ be finite. There is a finite self-correcting 
decoding automaton for K if and only if K is a circular code. 

This automaton-based approach is used in [78] and also in [97] and [98] 
to construct codes that can limit the effect of noise;35 moreover, for a given 
memory less message source, the average code word length of these codes is 
nearly minimal. 

Corollary 6.1 [107] A finite subset of x+ is a circular code if and only if it 
is a uniformly synchronous code. 

A proof of Corollary 6.1 and several further results concerning circular 
codes can be found in [4] . 

• The class Lprecirc of precircular codes: 

{

A language L ~ X+ is Dprecirc-independent if, for all 

(c .) n,mEN, alluo,···,Un-l,VO"",Vm-lEL, andalls,tEX* 
preClrc with st = Vo, the equality Uo ... Un-l = SVI ... Vm-l t implies 

n = m and Ui = VHhmodn for some h E No and all i En. 

Precircular codes are introduced in [19] to study (-codes for noiseless chan
nels. The class Lprecirc is incomparable with JC-w and JCw, it is properly 
contained in JC* and properly contains JCc, and Lcircu]ar. The classes JCc, and 
Lcircu]ar are incomparable. For further information about precircular codes, 
see also [21] . 

• The classes Lrsema and L]sema of right semaphore codes and left sema
phore codes, respectively cannot be defined using dependence systems. A 
language K ~ X+ is a right semaphore code if K is a prefix code such that 
X* K ~ K X*. By duality, K is a left semaphore code if K is a suffix code 
such that KX* ~ X* K (see [4], [119], and [123]). One has Lrsema C;;; Lpi and 
L]sema C;;; Lsi [50]. 

Any right semaphore code K is a maximal prefix code, that is, not prop
erly contained in any prefix code. A proper subset K' of K is a prefix code, 
but not maximal, hence not a right semaphore code. As all subsets of an 
independent set are independent, there is no dependence system D such that 
Lrsema would be the class of D-independent languages. 

Right semaphore codes are interesting for their decoding properties in the 
absence of noise. A right semaphore code K has the form X* S \ X* SX+ 
for some non-empty set S ~ X+ of right semaphores. In a message over K, 
the presence of a right semaphore signals the end of a code word. The error 
correction capabilities of right semaphore codes are not known. 

Theorem 6.4 [50] A language L ~ X+ is a p-infix code if and only if it is 
a subset of a right semaphore code; it is an s-infix code if and only if it is a 
subset of a left semaphore code. 

35 See also [96]. 
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Thus, the class Lpi of p-infix codes is the smallest class of languages which 
can be defined by a dependence system and contains the class Lrsema of right 
semaphore codes. By duality, Lsi is the smallest class of languages which can 
be defined by a dependence system and contains L\sema. 

Theorem 6.5 [39J A language L ~ X+ is an infix code if and only if it is 
the intersection of a right semaphore code with a left semaphore code. 

• The class Lrefl of reflective codes is defined as follows: A language 
K ~ X+ is reflective if, for every u, v E X* with uv E K, one has vu E K. 
A reflective code is a language which is reflective and a code [106J. The class 
Lrefl is a proper subset of the class of Li of infix codes. As a subset of a 
reflective code is not necessarily reflective, the class of reflective codes cannot 
be defined by a dependence system. 

Many more classes of codes are considered in the literature - with mo
tivation ranging from purely combinatorial questions to special concerns in 
information transmission. The classes introduced in this section are meant 
to serve as paradigms for typical constructions and typical questions. 

7. A hierarchy of classes of codes 

One of the questions to be raised when one introduces a new class of codes or 
applies some construction - like the n-code construction - to existing classes 
of codes is where the new classes are located with respect to the known classes. 
The theory of dependence systems provides an elegant general framework for 
dealing with such questions. The required tools are explained in this section. 

Before elaborating on the details, we show the relation among the classes 
of codes or languages introduced in Section 6. In Fig. 7.2, we show the global 
situation. Details of the hierarchies of shuffle codes and intercodes are shown 
in Fig. 6.1 and Fig. 6.2, respectively. Some further inclusions between classes 
of codes are summarized in the next theorem. 

Theorem 7.1 The inclusions among the classes LUnif-synch) K(, L\decodabJe) 

LrdecodabJe) LcircuJar) K-w) KW) Lprecirc) and K* as shown in Fig. 7.1 are valid 
and are the only valid ones among these classes. 

Proof: The inclusions K( S;; KW S;; K* and K( S;; K-w S;; K* are proved as 
Proposition 3.1 (see [21], [128]' and [20]). For the inclusions 

LUnif-synch S;; LrdecodabJe, LUnif-synch S;; LJdecodabJe, and Lunif-synch S;; LcircuJar 

see [4J. By [128J, 

LrdecodabJe S;; K W and LJdecodabJe S;; K-w . 

By [21], 
LcircuJar S;; Lprecirc S;; K* and K( S;; Lprecirc· 
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K* 

..cprecirc 

Lldecodable .Lcircular 

.Lunif-synch 

Fig. 7.1. Inclusions for Theorem 7.1. Lines indicate proper inclusion. The diagram 
does not indicate intersections or unions. 

By Theorem 4.6, .cunif-synch S;; Kf,. It remains to prove that no other inclu
sions exist. 

Consider the following seven codes: 

Ko = {OO}, Kl = {Ol, 10}, 

K2 = {O, 01, 11}, K3 = {O, 10, 11}, 

K4 = {01} U {01n01n+1 In EN}, K5 = {1O} U {In+101nO I n EN}. 

By [21], 
Kl E (K-W n KW) \ .cprecirc and K2 E .cprecirc \ KW, 

hence K3 E .cprecirc \ K-w. Therefore, .cprecirc is incomparable with KW and 
K-w [21]. By Example 3.1(4), KW and K-w are incomparable. By the same 
example, also .cldecodable and .crdecodable are incomparable. Moreover, 

K2 E .cprecirc \ .crdecodable, K3 E .cprecirc \ .cldecodable, 

and 
Kl E (.crdecodable n .cldecodable) \ .cprecirc' 

Thus, .cprecirc is incomparable with .cldecodable and .crdecodable. One has 

and 
K5 E .ccircular \ K-w . 

Hence, .ccircular is incomparable with KW and K-w. Moreover, 

Ko E K( \ .ccircular and K4 E .ccircular \ K(. 

Thus, K( and .ccircular are incomparable. The incomparability of KW and 
K-w implies that KW Cl .cldecodable K-w Cl .crdecodable; by Example 3.1(4), 
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£JdecodabJe ~ KW and, by duality, £rdecodabJe ~ K-w. Hence, £JdecodabJe and 
KW are incomparable and, dually, £rdecodabJe and K-w are incomparable. As 

Ko E (£JdecodabJe n £rdecodabJe) \ £circuJar 

and £circuJar is incomparable with KW and K-w, £circuJar is also incomparable 
with £JdecodabJe and £rdecodabJe. Finally, 

K 1 E £rdecodabJe \ Kt; 

while the code 
K = {OlO, 20} U 2(001)* 

used in the proof of Theorem 4.6 is in £rdecodabJe, but not in Kt;; hence, 
£rdecodabJe and Kt; are incomparable. By duality also £JdecodabJe and Kt; are 
incomparable. 0 

Many of the classes of codes introduced in Section 6 can also be defined 
using partial order relations. For example, for u, v E X+, let u :S:p v if u 
is a prefix of v. A language K ~ X+ is a prefix code if and only if, for 
any two words u, v E K, u :S:p v implies u = v, that is, if and only if K 
is an anti-chain with respect to the order :S:p. Similar characterizations by 
partial orders exist for many other natural classes of codes; for some classes 
of codes, for instance the outfix codes, this type of characterization requires 
a binary relation, which is not a partial order, however. Moreover, in some 
cases no such characterizations seem to exist while, on the other hand, there 
are also partial orders on X+ - even very natural ones - that lead to classes 
of languages which are not codes. A summary of most of the research on this 
approach to the characterization of classes of codes is given in [123]. In an 
attempt to clarify the underlying principles and to unify the presentation, 
this approach is extended to a certain very general class of finitary relations 
in [65]. From that work, one can draw the following three observations: First, 
many of the properties of code constructions - like building of hierarchies or 
their collapse - are nearly unrelated to the structure of X+ and are simply 
consequences of properties of the abstract construction method itself; second, 
the specific property of relations - being sets of tuples - are not used at all;36 
third, the key notion in all constructions is that of independence as their 
principal abstract properties can be derived already at this level of generality. 

Dependence theory serves as an appropriate general tool: While, of course, 
it cannot solve all problems, it can, however, help to clarify their structure 
and to expose essential properties. In the sequel we show a few applications 
of this approach. 

36 Thus, while it may be quite interesting, in applications of prefix codes and in 
proofs concerning prefix codes, to know that Sp is a partial order, this fact itself 
is not essential for the construction. 
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Ll-inter = Q 

' .. L2-inter 

: Linter 

n-intercodes 
(of index m) 

.. ' £interl = 
Lcomma-free 

Fig. 7.2. The classes of languages introduced in Section 6. Lines indicate (known) 
proper inclusions; dotted lines indicate hierarchies. The diagram does not, in gen
eral, indicate intersections or unions. 

As a preparation for the exploration of the hiemrchies of codes we re
view a few simple properties of dependence and n-dependence systems. For 
this purpose, let S be an arbitrary, but fixed non-empty set. The following 
statement is an immediate consequence of the definitions. 

Remark 7.1 If Dl and D2 are dependence systems on a set Sand Dl <;;;; D2 
then LD2 <;;;; LD!> that is, every D2-independent set is Dl-independent. A set 



562 H. Jurgensen and S. Konstantinidis 

is both Dl-independent and D2-independent if and only it is (Dl U D2)-in
dependent, that is, CDl n CD2 = CDlUD2' 

For a family V of dependence systems, let 

n V = n D and /\ V = /\ D = u D. 
DE'D DE'D DElIJJ(8),D<;:;n'D 

By Remark 6.1, AV is a dependence system; it is the largest dependence 
system contained in n V. Similarly, if V is a family of n-dependence systems 
then 

u D 
DElIJJ(n)(8),D<;:;n'D 

is an n-dependence system, hence the largest n-dependence system contained 
in nV. 
Lemma 7.1 [66J For n E NNo , the algebra (j[J)(n),~, U) is a complete lattice 
with 0 as the minimum and 2~0 as the maximum. 

For every C <;;; 28 and n E NNo, let 

and 

'l1n(C) = {D IDE j[J)(n) (S), C <;;; CD} 

'l/Jn(C) = {D IDE j[J)(n) (S), CD <;;; C} 

D (n) -
£. - u 

DElIJJ(n) (8)'£.<;:;£.D 

D. 

Again, when n = ~o, we usually omit n. By Lemma 7.1, D~n) is well-defined 
as the maximal n-dependence D system such that all L E Care D-inde
pendent. If C = CD for some n-dependence system D then D = D~n) and 
Cdn) = C. 

c. 

Lemma 7.2 [66J Let S be a non-empty set, C <;;; 28 , and n,m E NNo with 
h D (n) D(m) M 'f r r h D(m) (n) n < m. T en £. <;;; £.' oreover, Z '- = '-D(n) t en £. = D£. and, 

c. 
therefore, C = CD(rn). 

c. 

A set C <;;; 2 8 is said to be Subn -determined, with n E NNo if it satisfies 
the following condition: L E C if and only if Subn L <;;; C. If mENNo, n ::; m, 
and if Cis Subn-determined then C is also Subm-determined. 

The class K*, for example, is SubNo-determined: A language K is a code 
if and only if every finite subset of K is a code. Most classes of codes in
troduced so far are Subn-determined for some n E NNo' The classes Crsema 
and C\sema are not Subn-determined for any n as they are not closed under 
taking subsets. 
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For an arbitrary set D <;;;; 2~0' let compl(D) be the set of all subsets L of 
S such that L' <;;;; L for some L' E D. We say that compl(D) is the completion 
of D. For n E N~o and £ <;;;; 2 8 , one has 

D~n) <;;;; compl({L I L rt. £,0 < ILl < n}) 

with equality if £ E [)n)(s). 
For n E N~o' the n-support of a set D <;;;; 2~0 is the set supportn(D) 

D n Subn S. In general, compl(supportn(D)) <;;;; D with equality when D is 
an n-dependence system. 

For example, suPPort3 (Dp) is the set of all two-element sets {x, y} of 
words x, y E X+ such that x is a proper prefix of y. Moreover, Dp 
compl(support3 (Dp)). 

In general, if D is a set of non-empty subsets of S of cardinality strictly 
less than n, then compl(D) is an n-dependence system. 

Theorem 7.2 [66] Let S be a non-empty set, let £ <;;;; 2 8 , and let n E N~o' 
The following properties obtain: 

(a) (\[!n(£), t;-, U) is a complete lattice. Hence it has a unique maximum and 
mznzmum. 

(b) 1/Jn(£) is aU-complete U-semilattice. Hence, it has a unique maximum. 

Moreover, if £ is Sub~o -determined then one has: 

(c) Dr) = compl({L I L rt. £,0 < ILl < n}), and this is the maximum of 
\[!n(£). 

(d) For every D E 1/Jn(£), there is a minimal Doo E 1/Jn(£) with Doo <;;;; D. 
This statement relies on Zorn's Lemma. 

(e) There is an n-dependence system D such that £ £D if and only 
if 1/Jn(£) has a minimum; moreover, in this case, D = min1/Jn(£) = 
max \[! n (£). 

As a consequence of Theorem 7.2 one derives the following Gap Theorem; 
it states a condition under which a class of languages will not be characteri
zable by any n-dependence system. 

Theorem 7.3 [66] Let S be a non-empty set, let n E N~o, and let £, £1 <;;;; 28 . 

If £ <;;;; £1 S;; £nCn) then there is no n-dependence system D with £1 = £D· 
c 

Note that, in Theorem 7.3, it is not excluded that £ = £1' We show an 
application of Theorem 7.3 to the hierarchy of n-codes. To unify the notation, 
we refer to the class K* = £code of codes as the class en-code of n-codes for 
n = ~o. 

Theorem 7.4 Let n, m E N~o with n < m. There is no (n + I)-dependence 
system D with em-code = £ D. 
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Proof" As the class .ecode is SubNo-determined, one has 

by Theorem 7.2(c). Hence, .eD(n+l) = .en-code. By [51], 
.ccodc 

.ecode ~ .em-code s;; .en-code· 

By Theorem 7.3, there is no (n+1)-dependence system characterizing .em-code. 
D 

For the special case of m = No, Theorem 7.4 states that the class of 
codes cannot be characterized by any n-dependence system with n finite. 
Theorem 7.4 is based on a similar result of [65] which, however, is stated there 
in terms of finitary relations. It strengthens various non-characterizability 
results for the classes of codes by binary relations (see [123]). Moreover, its 
proof clearly separates language theoretic from structural issues. 

The constructions used for the classes of languages shown in Fig. 7.2 
follow three different patterns: 

(1) An infinite or finite strictly increasing sequence of n-dependence systems 
Dl S;; D2 S;; ... , for a fixed n E NNo' is used to define a strictly decreasing 
sequence of classes of codes .e Dl ;;2 .e D2 ;;2 .... The limit n.e D; exists 
and is the class of independent sets with respect to U D i . 

The hierarchy of shuffle codes is obtained by a construction of this 
kind for n = 3. It starts with the 4-ps-codes and ends with the hyper
codes. 

(2) Starting from a dependence system D and the corresponding class .eD 

of D-independent sets, one considers the n-dependence systems Dn = 
compl(supportn(D)) derived from D and the resulting classes .eDn of 
Dn-independent sets,. where n E NNo. 

This is the construction used in the case of the n-codes and of the 
m-intercodes of index n - for fixed n and varying m in the latter case. 

A variant of this construction starts with several dependence systems 
as in the case of the n-ps-codes of [49] or the n-infix-outfix codes of [91]. 

(3) An infinite or finite strictly decreasing sequence of dependence systems 
Dl ;;2 D2 ;;2 ... is used to define a strictly increasing sequence of classes 
of codes .e Dl S;; .e D2 S;; .... 

This is the construction used in the case of the intercodes of index n 
and, with m varying, for m-intercodes of index n. 

Construction method (1) can be purely language theoretic and, thus, outside 
the realm of the structural analysis tools provided by dependence theory. 
Similarly, construction method (3) may have very few properties permitting 
a structural analysis. In either case, this depends very much on the specific 
sequences of dependence systems. On the other hand, method (2) turns out 
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to depend very little on language theoretic specifics. This issue is explored 
further in the rest of this section. Again, the main results can be proved 
without using any properties of X+. 

Consider a family IL of families of subsets of S, that is, IL C 2 28 • For 
mENNo, let Lm,IL be the family of subsets of S defined by 

L E Lm,IL, if and only if, for all L' <;;; L, IL'I < m implies L' E U L . 
.cEIL 

When []l is a class of dependence systems, to simplify the notation, we write 
Lm,D instead of Lm,{.cDIDED}. 

For m = 1, one has 

L { 0, if 0 tJ- U.cEIL L, 
I,lL = 2 8 , th . o erWlse. 

In the sequel, we assume without special mention that m > 1. 

Example 7.1 Let IL = {Lp, Ls}. Then Ln+ I,lL is the class Ln-ps of n-ps-codes 
introduced in [49]. Note that, in this case, 

for all i 2: O. In a similar fashion, one defines the class of n-infix-outfix 
codes [91]. The classes of n-codes are also obtained in this way using IL = 
{Leode}. 

We now determine how the construction of Lm,IL depends on the param
eters m and IL. 

Proposition 1.1 [66] Let m, n E NNo and let IL <;;; 2 28 If m < n then 
Ln,IL <;;; Lm,IL. 

By Proposition 7.1, a change in the parameter m in the construction Lm,IL 
may lead to a hierarchy. Further below we establish criteria as to when this 
hierarchy collapses. 

Proposition 1.2 [66] Let I be a non-empty set, let mENNo, and, for i E I, 

let mi E NNo and ILi <;;; 2 28
• If m ::; mi for all i E I then UiEI Lmi,ILi <;;; 

Lm,UiE1ILi· 

To illustrate Proposition 7.2, consider I = {1,2} with ILl = {Lp} and 
IL2 = {Ls}, and let m = ml = m2 = 3. Then UiE1 L3,ILi = Lp U Ls = L4-ps 
while L3,UiEI IL i = L2-ps is a proper superset. 
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Theorem 7.5 [66] Let m E Nl'lo, let I be an arbitrary non-empty set and, 
for i E I, let Di be an ni-dependence system where ni E Nl'lo' Let]])) = {Di I 
i E I}. The following statements hold true: 

(a) Cm,J)l ~ Cm'{!\iEI Di}' 

(b) If I and each ni is finite and m > LiEI ni - III then 

Cm,J)l = U Cni,{Di }· 
iEI 

By Theorem 7.5(b), the sequence 

stabilizes no later than at Cm,J)l if ]])) = {Di liE I} is a finite family of 
ni-dependence systems Di with each ni finite, where m = LiE I ni - III + l. 
Moreover, in this case Cm,J)l = UiEI CDi . The sequence may, of course, 
stabilize earlier than that. 

Example 7.2 As in Example 7.1, let IL = {Cp , C.}. Both Cp and C. can be 
characterized by a 3-dependence system. Hence, C5+j,1L = Cp U C8 for all 
j ~ O. For the same reason, with IL = {Ci, Co}, C5+j ,1L = Ci U Co for all 
j ~ O. 

The point of Theorem 7.5 and Example 7.2 is that the collapse of the 
hierarchy construction Cm,J)l is not a language theoretic phenomenon at all; 
it is solely a matter of dependence theory. 

Theorem 7.6 [66] The following statements hold true: 

(a) Let]])) be a family of dependence systems on S such that UDEJ)l CD is 
Subl'lo -determined. Then limm--+ oo Cm,J)l = U DEJ)l CD. 

(b) Let D be a dependence system on S such that CD f=. CD' for every n-de
pendence system D' with n < No. Then there are infinitely many proper 
inclusions in the sequence C2,{D} ~ C3,{D} ~ .. '. 

Generalizing Theorem 7.5(b), UDEJ)leD always is an upper bound for 
limm--+oo Cm,J)l which is achieved if the former is Subl'lo-determined. Theo
rem 7.6(b) complements Theorem 7.3 in the following sense: Theorem 7.3 
permits one to show that a class of languages cannot be characterized by any 
n-dependence system, but requires the knowledge about the proper inclusion 
of the language classes involved; Theorem 7.6(b) permits one to show that 
inclusions are proper, given that non-characterizability properties have been 
established. 

To conclude this section, we consider the classes of m-intercodes of index 
n. The intercodes of index n can be defined using (2n + 2)-dependence 
systems. One has em-intern = Cm+l,{Lintern} and, therefore, by Theorem 7.5, 
that the hierarchy Cm-intern' for fixed n and varying m, stabilizes at m = 
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2n+ 1 as shown in Fig. 6.2. Previous proofs of this hierarchy collapse use fairly 
involved language theoretic arguments; Theorem 7.5 provides a tool which 
is independent of language theory. On the other hand, language theoretic 
arguments are definitely needed to prove that the inclusions prior to the 
predicted collapse are proper. 

8. The syntactic monoid of a code 

The syntactic monoid of a language often reveals certain combinatorial prop
erties of the language in algebraic terms. In the theory of codes, two types 
of syntactic mono ids are usually considered, the syntactic monoid of the 
code itself and the syntactic monoid of the set of all *-words over the code. 
Some important results concerning the latter type are presented in [4], [123], 
and [71]. In this section we focus on less known work concerning the former 
type. 

Recall that a semigroup is a non-empty set, M say, equipped with an 
associative multiplication; M is a monoid if it is a semigroup with an identity 
element, that is, an element 1M such that IMX = x = XIM for all x E M. 
An element y E M is said to be a zero element of M if xy = y = yx for all 
.T E M; in this case we write OM instead of y. A non-empty subset N of M 
is an ideal if NM u MN <:::: N. 

Now assume that M is a monoid with zero element and IMI ;:::: 2, hence 
1M i= OM· Clearly {OM} is an ideal of M and is equal to the intersection of all 
ideals of M. The intersection of all ideals of M which are different from {OM} 
~ if this intersection is different from {OM} ~ is called the core of M, denoted 
by core(M). An element c E M is called an annihilator if cx = xc = OM for 
all .T E M \ {1M}. Let annihil(M) be the set of all annihilators of M. 

Let M be a monoid and L <:::: M. Let PL <:::: M x M be the relation on M 
consisting of all the pairs (u, v) E M x M such that, for all x, y E M, xuy E L 
if and only if xvy E L. The relation PL is called the principal congruence 
of L ~ it is indeed a congruence. Instead of (u,v) E PL we write u == v(PL) 
in the sequel. The set L is said to be disjunctive in M if PL is the equality 
relation. The set W L = {u I u E M 1\ MuM n L = 0} is called the residue of 
L. If W L i= 0 then W L is an ideal of M. If L is a singleton set, L = {c}, we 
often write c instead of {c}; thus c being disjunctive means {c} is disjunctive, 
Pc = p{c}, and We = W{c}. 

For x E M, let xl PL denote the PL-class of x; this notation is extended to 
subsets of M in the natural fashion. Note that L is a union of PL classes. The 
multiplication on M induces a multiplication on MI PL via (xl PL)(yl Pd = 
(xy)IPL, and MIPL is a monoid with IMIPL as identity element. The 
mapping (J L of M onto M I PL given by (J L (x) = x I PL is a morphism and the 
set LI PL is disjunctive in MI PL· 

When M = X* for an alphabet X then PL is also referred to as the 
syntactic congruence of L and the factor monoid syn L = X* I PL is the 
syntactic monoid of L. A language L is regular if and only if syn L is finite. 
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The morphism aL of X* onto syn L is called the syntactic morphism of L. For 
general information about syntactic monoids of languages see [71] and [24]. 

Example 8.1 Let X = {O, 1, 2} and L = {onl n2n I n EN}. The set L is 
an infix code which is not regular, hence syn L is infinite. The residue of 
L is non-empty; for instance, 021 E W L . In general, when the residue of a 
set is non-empty then it is a congruence class with respect to the principal 
congruence and it is the zero element of the factor monoid. Thus, syn L has 
a zero element 0 and 0 = WL/ PL. 

The set p.} is also a PL -class; therefore, the identity element 1 of syn L 
is )../PL = {)..} and synL \ {I} is a subsemigroup of synL. 

If u E L then xuy E L if and only if x = y = A. Therefore, also L is a 
PL -class; let c = L / PL. Then 1 =f. c =f. 0 and c is a disjunctive element of 
syn L. Moreover, c = xcv implies x = y = 1. If u ELand v E X+ then 
uv,vu E W L. Thus, c E annihil(synL). 

If N is any ideal of syn Land N =f. {O} then {b, O} ~ N for some b =f. O. 
Let v E X* be such that v / PL = b. Then v r:J. WL and there are x, y E X* 
such that xvy E L. Thus, (x/PL)b(y/PL ) = c and, as N is an ideal, also 
c EN. Thus synL has a core and c is an element of it. 

It is shown in [101] that the properties derived in Example 8.1 are char
acteristic of syntactic mono ids of infix codes in general. Among these, the 
property that c = xcv implies x = y = 1, where c = L/ PL, can be viewed as 
a way of describing Di-independence in terms of the elements of syn L. This 
observation leads to a general treatment of syntactic monoids of codes which 
is based on abstract formal properties of the predicates defining dependence 
systems [54]. We outline the main ideas and results of this approach. As a 
general framework we use the category of pointed monoids. 

A pointed monoid37 is a pair (M, L) where M is a monoid and L is a 
subset of M. Let (M, L) and (M', L') be pointed monoids. A pointed-monoid 
morphism of (M, L) into (M', L') is a semigroup morphism cp of Minto M' 
such that cp-l(L') = L. Such a pointed-monoid morphism cp is surjective (or 
onto), injective, bijective if it is so as a semigroup morphism of Minto M'; 
it is non-erasing if cp-l(IM') = {1M}. Let lP' denote the category of pointed 
monoids. A predicate P on lP' is said to be invariant if, for any pointed 
monoid (M, L), P satisfies the following conditions: 

• For any surjective pointed-monoid morphism cp of (M,L), P is true on 
(cp(M), cp(L)) if P is true on (M, L) . 

• For any surjective non-erasing pointed-monoid morphism cp of (M,L), P 
is true on (M, L) if it is true on (cp(M), cp(L)). 

Proposition 8.1 Let P be an invariant predicate on lP' and let Lp be the 
class of languages L over X for which P is true on (X*, L). The following 
statements are true: 

37 Called p-monoid in [113]. 
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(1) If lJL is non-erasing then L E .cp if and only if P is true on the pointed 
monoid (synL, lJL(L)). 

(2) If P is decidable on finite pointed monoids, L is (constructively) regular, 
and lJL is non-erasing, then it is decidable whether L E .cp . 

Proof: The first claim is just a restatement of the definition of invariance. 
For the second claim, if L is constructively given as a regular language then 
one can compute the syntactic monoid synL and the set lJL(L). Note that 
lJL is a pointed-monoid morphism. The fact that L is regular implies that 
syn L is finite. Therefore, P is decidable on (syn L, lJL(L)). The invariance 
of P implies that it is decidable whether L E .cp . 0 

To apply Proposition 8.1 to a given predicate P, one has to establish that 
P is invariant and decidable on finite pointed monoids. In the rest of this 
section we focus on predicates on lP' which express independence conditions 
in the form of implications as follows. Let V be a set of variable symbols 
(for monoid elements), and let A be a set variable symbol (for subsets of 
monoids). We consider quantifier formuloo of the form 

(quantifier prefix) ((formula) ---+ (formula)) 

in which the quantifier prefix and the formuloo satisfy the following conditions: 

• The quantifier prefix involves only universal quantifiers, one for each vari
able in V actually used.38 

• The formuloo are disjunctions of conjunctions of equations and inclusions. 
An equation has the form u = v and an inclusion has the form u E A, 
where u, v E V* U {I}. We refer to the first formula as the premiss and to 
the second one as the conclusion. 

For lack of a better term, such implications are called basic implicational 
conditions. 

Definition 8.1 An implicational condition is a conjunction of basic implica
tional conditions. If I is an implicational condition and (M, L) is a pointed 
monoid, then (M, L) is said to satisfy I if I is true on M for A = L. 

In Table 8.1 we show implicational conditions for some of the language 
classes defined in Section 6; in the sequel, we refer to these conditions by the 
names assigned to them in that table. 

There is a similarity between implicational conditions as introduced and 
implications used to define implicationally defined classes or quasivarieties 
of algebras (see [100]); the difference is that disjunctions and inclusions are 
permitted in our implicational conditions. The full meaning of this similarity 
is not known. 

38 In a more general setting, quantification over the number of variables and re
strictions on the domains of variables are also useful [54]. 
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Table 8.1. Implicational conditions for some of the language classes introduced in 
Section 6. 

Family Name Implicational condition 

Lac = L2-code lac 
\lu,v((u E Al\v E Al\uv = vu) 

-->u=v) 

Ld = L2-ps Id 
\lu,x,y ((u E Al\ux E Al\yu E A 

1\ ux = yu) --> X = Y = 1) 

\lxI, ... , Xn, YI, ... , Yn 

LPn IPn 
((Xl·· ·Xn E A 

1\ XlYIX2Y2 ... XnYn E A) 

--> YI = ... = Yn = 1) 

Lin' LOn' LSn lin' IOn' ISn analogous to LPn 

LPn n LSn Ipn,sn IPn 1\ ISn 

Lb It see LPn n LSn for n = 1 

Lin n Lan I-111,,011, lin 1\ Ian 

Lpi Ipi \lu,x,y((U E A 1\ xuy E A) --> Y = 1) 

Lsi lsi analogous to Lpi 

\lUI, ... , Un+l, VI, ... , Vn, X, y 

((UI EAI\···l\un+l EA 

'cintern Iintern 
1\ VI E A 1\ ... 1\ Vn E A 

1\ UI ... Un+l = XVI· .. VnY) 

--> ((X = 11\ Y = Un+l) 

V(x=uIl\y=l))) 

Lol-free Iol-free 
\lx,y,z ((xy E Al\yz E A) 

--> (x = 1 V z = 1 V Y = 1)) 

Lsolid Isolid Ii 1\ Iol-free 

The families Lcode, Ln-code for n > 2, Lm-inter. Linter, Q, Lr8ema, Ll8ema, 

and Lh, Lu are not listed in Table 8.1; it seems that some of these cannot be 
characterized with implicational conditions as they seem to require existential 
quantifiers or quantification over the number of variables. For example, Lh 
would be defined by 

Ih = \In\lxo,···, Xn , YI,···, Yn 

((xo··· Xn E A 1\ XOYIXIY2··· YnXn E A) --> YI = ... = Yn = 1). 

The classes L4-p5> L3-P8' L g-3-P8' and Lm-inter" are not listed either; they do, 
however, have characterizations by implicational conditions, albeit rather 
complicated ones. 
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Proposition 8.2 [54] The predicates lPn' lin' IOn' I sn , Ipn,sn' Iin,On' I pi , lsi, 

h, and Isolid are invariant. 

Proof idea: Each of the predicates satisfies the following simple conditions: 

(1) For any pointed monoid (M, L) and any surjective pointed-monoid mor-
phism cp of (M, L), if a premiss is false for some assignment of values in 
M to the variables then that premiss is also false for the corresponding 
assignment in cp(M). 

(2) For any pointed monoid (M, L) and any surjective non-erasing pointed
monoid morphism cp of (M, L), if a conclusion is false for some assignment 
of values in M to the variables then that conclusion is also false for the 
corresponding assignment in cp(M). 

These conditions are sufficient for an implicational condition (even involving 
quantification over the number of variables) to be invariant. All the pred
icates listed satisfy (1) and (2). This is true because the premisses involve 
only inclusions and the equations involved in the conclusions are of the form 
x = 1. D 

Note that linter! does not satisfy condition (1) of the proof of Proposi
tion 8.2, nor does the natural implicational condition Icode for Lcode - even 
permitting quantification over the number of variables. 

We apply Proposition 8.2 to the classes of codes contained in Li to obtain 
a uniform characterization of their syntactic monoids. This characterization 
is expressed in terms of the following properties of a monoid M. 

(Mo) M is finitely generated. 
(Mt) M \ {I} is a subsemigroup of M. 
(M2 ) M has a zero. 
(M3) M has a disjunctive element c distinct from 1 and 0 such that c = xcy 

implies x = y = 1. 
(M4) M has a disjunctive zero. 
(M5) There is an element c E annihil(M) distinct from 0 such that core(M) = 

{c,O}. 
(M6) There is an element c distinct from 0 such that 

c E core(M) n annihil(M). 

Theorem 8.1 [54] Let P be an invariant predicate on lP' such that Lp ~ Li 
where Lp is the family of languages L over X such that P is true on (X*, L). 
The following conditions on a monoid are equivalent: 

(1) M is isomorphic with the syntactic monoid of a (non-empty) code in Lp. 
(2) M has the properties Mo, M i , M2 , and M3 and P is true on (M, c). 
(3) M has the properties Mo, M i , M4 , and M5 and P is true on (M,c). 
(4) M has the properties Mo, M i , M4 , and M6 and P is true on (M,c). 
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Proof: Suppose M is isomorphic with the syntactic monoid of a code L E Lp. 
As the properties Mo through M6 and P are preserved under isomorphisms 
and pointed-monoid isomorphisms, we may assume that M = syn L for some 
L E Lp. Then L is an infix code. For U ELand x, y E X·, one has xuy E L 
if and only if x = y = A. Thus, L is a single PL-class. Let aL(L) = c. As P 
is invariant, P is true on (M, c). 

As X is finite, M is finitely generated. Thus Mo holds true. 
The empty word forms a PL-class of its own. For, if A == v(PL ) and u E L 

then u == uv(PL), hence uv ELand, thus, v = A. This implies MI. 
The residue W L is non-empty as ux E WL for any u ELand x EX. It 

also forms an equivalence class, the image of which is the zero of syn L. This 
implies M2 • 

The element c is distinct from 1 and 0 as A tJ. Land WL n L = 0. 
Suppose that c = xcy for some x, y E M. Then there are words u, vEL 
and x',y' E X· such that u = x'vy', aL(x') = x, and aL(y') = y, hence 
x' = y' =A, that is, x = y = 1. This proves M3 ; hence (1) implies (2). 

Now suppose that (2) obtains. By M3 , c is disjunctive and, therefore, 
We = {a}. Let N be an ideal of M with N i- {a} and a E N \ {a}. Then 
there are x, y E M such that xay = c. Therefore, c E N and, consequently, 
c E core(M). Moreover, {c, o} is an ideal, thus core(M) = {c, a}. For any 
x E M \ {1}, one has xc = 0 = cx as We = {a}. This proves M5 . 

Now consider a, bE M such that a == b(Po). We show that a = b. Then 
xay = 0 if and only if xby = O. If a = 0 then xay = 0 for all x, y; hence, 
in particular for x = y = 1, b = O. Therefore, assume that a i- 0, b i- 0, 
and ai-b. Then there are x, y such that xay = c and xby i- c as c is 
disjunctive; moreover, xay == xby(Po) as Po is a congruence. Hence, xby i- 0 
as c i- O. Therefore, there are x' and y' such that x' xbyy' = c and x' i- 1 
or y' i- 1. As Po is a congruence, one has x'xayy' == x'xbyy'(Po); moreover, 
x'xayy' = x'cy' = 0 as c E annihil(M). Thus, 0 == x'xbyy'(Po) = c i- 0, 
a contradiction. Therefore, a = b. This proves M4 ; hence (2) implies (3). 
Obviously, (3) implies (4). 

Now assume that (4) holds true. We show that this implies (1). As a 
first step we prove that core(M) = {c,O}. Let a E annihil(M) n core(M) , 
a i- o. One has xay = 0 if and only if x i- 1 or y i- 1 as a E annihil( M). 
Thus, a == c( Po) and, as 0 is disjunctive, a = c. Moreover, {c, O} is an ideal 
and, therefore, core( M) = {c, O}. The fact that c E annihil( M) implies that 
xcy = c only if x = 1 = y. 

Next, we show that c is disjunctive. Consider a, b E M with a == b(Pe), 
ai-b. Thus, for all x and y, xay = c if and only if xby = c. As a i- band 0 is 
disjunctive, there are x, y E M such that, without loss of generality, xay = 0 
and xby i- O. As core(M) = {O,c}, c is contained in the ideal MxbyM and, 
therefore, there are x', y' E M such that x' xbyy' = c; on the other hand, 
x'xayy' = 0, a contradiction. 
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Now consider a finite minimal set X of generators of M and let cp be the 
monoid morphism of X* onto M which is induced by the inclusion X ~ M. 
Note that cp is non-erasing39 because of MI. Let L = cp-l(C). Then (X*,L) 
is a pointed monoid and M is isomorphic with the syntactic monoid of L via 
the isomorphism 'IjJ of synL onto M given by 'IjJ(O"L(x)) = cp(x) for x E X*. 
'IjJ is well-defined and 'IjJ(O"L(L)) = c. Thus, cp is a pointed-monoid morphism 
of (X*,L) onto (M,c) and 0"£ is also non-erasing. 

Consider u, vEL such that u = xvy for some x, y E X*. Then 

hence 'IjJ(O"L(x)) = 1 = 'IjJ(O"L(y)). As 'IjJ is an isomorphism, one has O"L(x) = 
AI P£ = O"L(y) and x = y = A as 0"£ is non-erasing. Thus, L is an infix code. 

As P is invariant and true on ( M, c) it is also true on (X*, L). Therefore, 
L E Cp. 0 

For the special case of .cp = Ci, the clause "and P is true on (M, c)" can 
be omitted in all statements of Theorem 8.1. In the proof, it is crucial that 
X is chosen in such a way that 0" L is non-erasing as shown by the following 
example. 

Example 8.2 Consider the monoid M = {1,c,O} with c2 = 0. By Theo
rem 8.1, M is isomorphic with the syntactic monoid of an infix code. If we 
choose X = {a} and define cp : X* ~ M by 

{
I, if x = A, 

cp(x) = c, if x = a, 
0, otherwise, 

then L = cp-l(c) = {a} is an infix code. On the other hand, if X = {a,b} 
with cp : X* ~ M given by 

{
I, 

cp(x) = c, 
0, 

if x E b*, 
if x E b*ab*, 
otherwise, 

then L = cp -1 (c) = b* ab*, and this is not an infix code. This shows that it 
is important that the morphism cp in the proof of Theorem 8.1 be chosen in 
such a way that it is non-erasing, and this is guaranteed when X is a minimal 
set of generators. 

39 X is a minimal set of generators of M as a monoid! The identity element of M 
is obtained from the empty word over X. 
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Theorem 8.1 is applicable, in particular, to Lin and Lin n LOn for n 2: 1, 
to LPn' LSn' LPn nLSn ' LOn for n 2: 2, and to Lh and Lsolid. For the classes Li 
and Lh, the statement of Theorem 8.1 is proved in [101]; for a characterization 
of the syntactic monoids of hypercodes see also [131] and [135]; for LPn' L Sn ' 
Lin' and LOn with n 2: 2 similar results are proved in [90]' [89], [93], and [132]. 

By Theorem 6.2 every regular outfix code and every hypercode is finite. 
Thus, if L is a regular language in Li n 120 then there is an n E Pi such that 
Iwl < n for all w E L. As a consequence, if w E xn X* then w E W L and, 
therefore, (syn L \ {1})n = {O}, that is, syn L \ {I} is nilpotent. Recall that 
a semi group with at least two elements is subdirectly irreducible if it has a 
unique Gongruence which differs from the equality and is contained in every 
other congruence. By a result of [121], if M is a monoid with zero such that 
M \ {I} is a nilpotent subsemigroup of M with a least two elements, then 
the zero is disjunctive if and only if M is subdirectly irreducible. This leads 
to the following generalization of results due to [131]' [135]' and [101]. 

Corollary 8.1 Let P be an invariant predicate on IP' such that Lp ~ Li nLo. 
A finite monoid M is isomorphic with the syntactic monoid of a non-empty 
regular code in Lp if and only if M is subdirectly irreducible, M \ {I} is a 
nilpotent subsemigroup of M, and there is an element c, distinct from 0 E M, 
in core(M) n annihil(M) such that P is true on (M, c). 

Theorem 8.1 and Corollary 8.1 provide characterizations of families of 
syntactic mono ids for various types of infix codes. Conversely, for a given 
class 12 of infix codes, one can attempt to characterize the family £ of all 
those languages the syntactic monoid of which is isomorphic with the syn
tactic monoid of a language in L. For the special case of Lh, a concrete 
characterization of £h is given in [135]. This establishes a correspondence 
between families of languages and families of monoids similar to the one 
of [24] between varieties of languages and pseudo-varieties of monoids. In 
our context, however, the families of mono ids under consideration are usually 
not pseudo-varieties, and completing them to pseudo-varieties will introduce 
many monoids which correspond to languages of little resemblance to those 
under investigation. In essence, the construct of variety is not fine enough 
to exhibit the details of the combinatorial structure of codes - let alone of 
codes low in the hierarchy. 

Theorem 8.2 [47] Let L ~ X+, m E syn L with 1 =f. m =f. 0, and let 
L' = o-i,-l) (m). The following statements hold true for all n E Pi: 

(1) If L E LOn then L' E LOn' 
(2) If L E LPn+1 U LSn+1 then L' E LOn' 
(3) If L E Lh then L' E Lh. 

For n = 1, Theorem 8.2(1) is proved in [50]. For the case of n-infix codes 
a weaker version of (2) is proved in [132]. Statement (3) is proved in [101]. 
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9. Deciding properties of codes 

In this section we discuss the following natural question: Given a class L of 
codes over X and given a language L ~ X+, is it decidable whether L E L? 
A nd if not, under which additional assumptions is this decidable? In view of 
the classes of languages introduced in Section 6, we extend this question to 
include classes L of languages which are not codes, but are related to codes 
in some natural way. 

For example, given a language L ~ X+ in some constructive way,40 one 
could ask whether L is 2-code or whether L is a hypercode. 

Clearly, in this generality, the question is undecidable. For example, as 
shown in Theorem 3.3, if L is the class K* of *-codes and L can be any linear 
language in X+ then it is undecidable in general whether L E L. Thus, 
restrictions are needed on the class L and on the types of languages L to be 
considered; moreover, these restrictions will depend on each other. For the 
classes L, we essentially restrict the consideration to those classes introduced 
in Section 6; for the languages L, the restrictions will follow the Chomsky 
hierarchy.41 In Table 9.1 we show known decidability results for the classes 
of languages in Fig. 7.2 and a few others. 42 

The proofs of the decidability results shown in Table 9.1 are quite ad 
hoc) that is, they rely heavily on the specific properties of the class L at 
hand. Given that dependence theory provides a uniform framework for the 
definition of most of the natural classes of codes (and related languages), one 
can rephrase the decidability problem as follows: 

Let n E N~o' let D be an n-dependence system on X+, and let L ~ 2 X + . 
For L E L, decide whether L is D-independent. 

The challenge of this problem is to find a uniform proof method for decid
ability results or to find general criteria as to when a given abstract proof 
method is applicable. In view of Theorem 3.3, one cannot expect L to be 
larger than the class of regular languages in general; on the other hand, also 
D will have to satisfy some restrictive conditions, a natural one being that the 
set supportn (D) is decidable. Thus it seems appropriate to ask the following 
question: 

40 The language could be given by a grammar or an acceptor or some other com
puting device; which type, does not matter as long as the device can be effectively 
simulated by one of these. 

41 See the general exposition on formal languages in this handbook. Other lan
guage classes, for example those defined by L systems of various kinds, could be 
used. As is quite common in formal language theory, very little is known about the 
boundary separating decidable from undecidable cases. 

42 This table should be used with some care. Empty entries indicate that either 
there is nothing interesting to report or we do not know of an existing or readily 
available answer; this does not imply that the answer is not known or is difficult to 
find. 
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Table 9.1. Decidability of code properties. 

family decidable for: undecidable for: remarks 

K1J L regular, T} :::; ( L linear, T} = * see Theorem 3.2 
and Theorem 3.3 

K* "Y L finite, I any see Theorem 4.2 
SID channel 

£2-code L regular, [48] 

en-code L finite for L regular 
and n > 2 the 
problem is open 

£2-ps, L regular, [49] 
£3-ps, 

£g-3-ps 

£p L regular L linear, emptiness of 
Theorem 9.5 L n LX+ is 

decidable 

£s, £b L regular L linear analogous to £p 

£4-ps L regular L linear see Theorem 9.5 

£rsema, £pi, L regular, [50] 
£ lsema, Lsi 

£0 L regular, [50] regular implies 
finite 

£i L regular, [50] L linear see Theorem 9.5 

Lpn' Lin' L regular regular implies 
LOn' 'cST/. finite 
for n > 1 

£h, £u always always finite 

Linter L regular, [61] L linear, [61] 

em-inter, the problem 
.em-intern' seems to be 
£l-inter = Q open 

Lintern L regular, [125] L linear, [61] 

£solid L regular, [64] L linear see Theorem 9.5 

£unif-synch, L regular, [73] [78] for finite 

£circular 

£rdecodable, L regular, [20] [74], [78] for 

£ldecodable finite 

£precirc L regular, [19] 
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Let D be an n-dependence system on X+ such that, for every set L E 

Subn X+, it is decidable whether LED. Given an arbitrary regular 
language Lover X+, is it decidable whether L E LD? 

Those classes of languages shown in Table 9.1, which can be defined using 
dependence systems, and for which a decidability result is known, may seem 
to indicate an affirmative answer to this question. However, the general 
answer is - not unexpectedly - negative. 

Theorem 9.1 [114] There is an n E N and an n-dependence system D on 
X+ with the following properties: 

(a) For every L E Subn X+, it is decidable whether LED. 
(b) It is undecidable whether a given regular language is D-independent. 

Proof: Consider an instance (U, V) of Post's Correspondence Problem over 
the alphabet {G, I}, where 

for some n E Nand UO,Ul,oO.,Un-l,VO,Vl,oo.,Vn-l E {G,l}*. Let X = 
{G, 1, ¢, $, @} and let Du,v be the smallest 4-dependence system on X* con
taining all sets of the form 

{Uio$Uil $ ... $Uik_l' @VjO$Vj,$··· $Vjk_l' uo¢vo$ul¢v l$··· $un -l¢vn -l} 

with Uio ... Uik_l = Vjo ... Vjk_l' where kEN and for alll E £ there is hEn 
such that Ui/ = Uh and Vj, = Vh. For every set L c:;; X+ with ILl < 4, it is 
decidable whether L E Du,v. 

Consider 

Lu,v = ({G,l}*$)*{G,l}*U@({G,l}*$)*{G,l}* 

U {uo¢vo$ul¢vl$··· $un-l¢vn-d· 

The language Lu,v is regular. Moreover, Lu,v is Du,v-dependent if and only 
if (U, V) has a solution. 0 

As a consequence of Theorem 9.1, further restrictions on the n-dependence 
systems under consideration are required. We discuss two such approaches, 
the former based on results presented in Section 8 above, the latter based on 
automaton theoretic considerations. 

Theorem 9.2 [54] Let D be a dependence system satisfying the following 
conditions: 

(1) There is (effectively) an invariant predicate PD on lP' such that L E LD 
if and only if PD is true on (X*, L). 

(2) For every L E LD, (J'L is non-erasing. 

Then, for any (constructively given) regular language L e.:: X+, it is decidable 
whether L is D-independent. 
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This result is an immediate consequence of Proposition 8.1. By Proposi
tion 8.2, the cases to which Theorem 9.2 is applicable include the following: 
Lpn' Ls", Lb, Lin' LOn for n ~ 1, Lh, and Lsolid. On the other hand, it is 
not applicable to Leode, and Linterl' for example. 

For Linter we do not know whether Theorem 9.2 applies. Indeed, we do 
not even know whether the class is definable by a dependence system. 

A totally different approach is proposed in [62J. In contrast to the previous 
one, it works only for n-dependence systems with n < No. The key idea is, 
to express supportn(D) as the set of (n -I)-tuples accepted by a multi-input 
automaton with decidable emptiness problem. We sketch the definitions only 
and refer the reader to the references provided for details. 

An automaton with abstract storage type 'I, a 'I-automaton as defined 
in [25J and [27], consists of a finite state control, a set C of storage con
figurations, an initial configuration Co E C, and sets T and I of tests and 
instructions, respectively. The tests are mappings of C into the set 2, and 
the instructions are partial mappings of C into C. 

For instance, in the case of pushdown automata the tests of T are used 
to check what the topmost stack symbol is and the instructions in I either 
pop the stack or push a new symbol onto the stack. 

The operation of the automaton consists of reading the input, changing 
the internal state, and applying the tests and instructions to the current stor
age configuration. The current input symbol, the internal state and the result 
of the test together non-deterministically determine whether the automaton 
reads the next input symbol, changes the internal state, and performs a test 
or instruction on the storage configuration. We assume that the automata 
accept by final state, that the set of configurations is finitely specified, and 
that the sets of tests and instructions are effectively given. All automata 
that we consider are non-deterministic and have one-way read-only inputs. 
However, we allow them to have more than one input tape. 

Let 'I be an abstract storage type, and let n E N. A 'r-[n, XJ-automaton 
is a 'I-automaton with n one-way input tapes and input alphabet X. Let 
A be a 'I-[n, XJ-automaton. An n-tuple (WI, ... , W n ) E X+ x ... x X+ is 
accepted by A if there is a finite sequence of computation steps of A which, 
starting at Co, leads to some final state for WI, ... ,Wn on the input tapes 
numbered 1, ... , n. Let L(A) be the set of n-tuples accepted by A. 

Definition 9.1 Let 'I be an abstract storage type. The emptiness problem for 
'I is to determine, for a given 'r-[I, XJ -automaton A, whether L(A) = 0. The 
membership problem for 'I is to determine, for a given 'I-[I, XJ -automaton 
A and a word wE X*, whether wE L(A). 

For an abstract storage type, the membership problem is decidable if and 
only if the emptiness problem is decidable [62J. This equivalence holds true 
for the definition of abstract storage types as sketched above which is due to 
[27J and [25J, but does not hold true for a more general definition of abstract 
storage types proposed in [26J and [28J. 
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The abstract storage types to be considered are built from pushdowns 
and stacks. The main difference between a pushdown and a stack is that, on 
a pushdown, only the symbol at the top is accessible while, on a stack the 
symbols below the top are also accessible, but in read-only mode. Pushdown 
[1, Xl-automata accept the context-free languages, and the emptiness prob
lem is decidable for context-free languages, hence, for the abstract storage 
type of pushdown. A k-iterated pushdown, for kEN, is an abstract storage 
type in which the storage configurations consist of pushdown configurations 
in the case of k = 1 and of a pushdown of (k - I)-iterated pushdown con
figurations in the case of k > 1. In a similar fashion one defines k-iterated 
stacks. A characterization of the languages accepted by k-iterated pushdown 
[1, Xl-automata is given in [17] where it is also shown that the emptiness 
problem for these languages is decidable. In [25] it is shown that a k-iterated 
stack can be simulated by a 2k-iterated pushdown. Therefore, the emptiness 
problem is also decidable for k-iterated stacks. 

A counter is a pushdown the tape alphabet of which is a singleton set. 
A counter is said to have a reversal bound of n E No if, in any computation, 
the counter may switch between pushing and popping at most n times. A 
reversal-bounded multi-counter consists of k counters, for some kEN, which 
have a reversal bound of n for some n E No. Emptiness is decidable for the 
languages accepted by reversal-bounded multi-counter [1, Xl-automata; this 
remains true even when the input tape is two-way reversal-bounded or when 
the automaton has an additional pushdown, but not both [46]. 

Theorem 9.3 [62] Let 'I be an abstract storage type with decidable emptiness 
problem. Then, for any 'I-[n, Xl-automaton A and any regular languages 
L 1, ... , Ln over X, it is decidable whether L(A) n L1 x ... x Ln is empty. 

Now we establish the connection to language classes defined by (n + 1)
dependence systems with n < No. For such a dependence system D, consider 
a set WD of n-tuples satisfying the following two conditions:43 

• If (wo, ... , W n -1) E WD then UiEn {wd ED . 
• If wo, ... ,Wk-1 are k distinct words such that {wo, ... ,Wk-r} ED and 

k :::; n then (w7r (O),"" W 7r (n-1)) E WD for some mapping 1[" of n onto t 

Thus, a set L ~ X+ is D-independent if and only if WD n Lx··· x L = 0. 
Applying Theorem 9.3, one obtains the following general decidability result. 

Theorem 9.4 [62] Let D be an (n+l)-dependence system on X+ with n < No 
and let 'I be an abstract storage type with decidable emptiness problem such 
that there is a 'I-[n, Xl-automaton A with L(A) = WD. Then, for any regular 
language L over X, it is decidable whether L E £, D. 

43 The details concerning the connection between n-ary relations and (n + 1 )-de
pendence systems are explained in [66], but are not essential in the present context. 
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Table 9.2. Language classes and abstract storage types proving decidability. 

families abstract storage type 

L3-ps, L4-ps, Lpn' Lin' Lo", L s", Lb, Lh, Lu , finite state 
Lsolid, Linter" 

L2-ps, Lg-3-ps, L2-code stack 

To apply Theorem 9.4 to a given (n + I)-dependence system D one has 
to exhibit an appropriate n-ary relation WD and an abstract storage type 'I 
with decidable emptiness problem such that WD is accepted by a 'I-[n, X]
automaton. We list language classes and abstract storage types establishing 
the decidability in Table 9.2. Note that non-determinism is used heavily in 
several of these cases. 

The decision method of Theorem 9.4 extends far beyond the hierarchy of 
codes. The following example is discussed briefly in [62]. 

Example 9.1 With every word w E X* one associates a mapping 7r w of X 
into No such that 7rw (x), for x E X, is the number of occurrences of x in w; 
with a slightly different notation, 7rw is usually called the Parikh vector of w. 
Consider the dependence system Dparikh such that L E Dparikh if there are 
words w, vEL with w i:- v and 7rw = 7rv . To decide Dparikh-dependence, one 
uses a [2, Xl-automaton with IXI + 1 counters with a reversal bound of 1 for 
each counter. 

The two general decision methods presented differ in two respects: By its 
very nature, the automaton-based approach44 cannot handle n-dependence 
when the only known bound on n is No, as this approach uses automata with 
n - 1 input tapes; thus, it is not applicable to the class Lcode of codes -
more precisely, to the relation or dependence system defining this class. On 
the other hand, the monoid-based approach seems not to be suitable when 
syntactic morphisms may be erasing or for classes the definition of which 
requires the quantification over the number of variables. Neither method 
seems to be able to deal with the case of intercodes. This is not surprising 
because, as mentioned before, it is not very likely that the class of intercodes 
can be defined by a dependence system. 

The decidability of Linter is proved in [61] and [105] using completely 
different methods. Neither of these approaches seems to be related to the 
two proof methods discussed in this handbook chapter. 

The monoid-based and automaton-based proof methods are general and 
can be applied to many cases; they are, however, not equivalent. Whether 
a universal proof method - or at least a more comprehensive one - exists, 
continues to be an intriguing open problem. 

44 A different transducer-based technique is used in [43] to decide other code
related problems. 
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We conclude this section with a theorem asserting the undecidability of 
several properties for linear languages as shown in Table 9.1. 

Theorem 9.5 There is no algorithm which, given a linear grammar G, al
ways decides whether the language generated by G is a prefix code, a suffix 
code, a bifix code, a 4-ps-code, an infix code, or a solid code. 

Sketch of the proof" The proof is analogous to that of Theorem 3.3. Hence we 
only sketch the major steps and refer to the proof of Theorem 3.3 for details 
and unexplained notation. Let (U, V) be an instance of Post's Correspon
dence Problem, where 

U = (uo, UI, ••. ,un-t) and V = (vo, VI, ... ,Vn-l). 

For L p , consider the linear language L consisting of precisely the words 
of the form 

and 

Then (U, V) has a solution if and only if L n L# -=/=- 0. Moreover, L n L# 
is empty if and only if L is a prefix code. Thus, for linear languages it is 
undecidable in general whether they are prefix codes. By duality, also the 
property of being a suffix code is undecidable for linear languages. 

For L4-ps = Lp U Ls and Lb, consider the linear language L consisting of 
precisely the words of the form 

#{3( im-t}¢{3(im-2)¢' .. {3( io)$uio ... Ui",_2 Ui",_l #, 
#{3( im-t}¢{3( im- 2 )¢· .. {3( io)$vio ... Vi",_2 Vi",_l ##, 

and 

If (U, V) has a solution then LnL# -=/=- 0 and Ln#L -=/=- 0. Moreover, LnL# 
is empty if and only if L is a prefix code; L n #L is empty if and only if L is 
a suffix code. Thus, if (U, V) has a solution then L rf. Lp U Ls = L4-ps, hence 
L rf. Lb· On the other hand, if (U, V) has no solution then L E Lp nLs = L b, 
hence L E L 4-ps . This proves the undecidability for L4-ps and Lb. 

For L i , consider the linear language L consisting of precisely the words of 
the form 

and 
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Then (U, V) has a solution if and only if L is not an infix code. 
For .csolid, we add a new symbol % to the alphabet. Now consider the 

linear language L consisting of precisely the words of the form 

and 

Then (U, V) has a solution if and only if L is not a solid code. D 

10. Maximal codes 

Let .c be a family of languages over the alphabet X. A language L over X 
is said to be .c-maximal if L E .c and, for L' E L, L ~ L' implies L = L'. A 
language L over X is said to be dense if X*wX* n L -I 0 for every w E X*. 
A language which is not dense is called thin. A language L is complete if and 
only if L * is dense. A language L over X is right dense if wX* n L -I 0 for 
every wE X*. 

Maximality and completeness concern the economy of a code. If L is a 
complete code then every word occurs as part of a message, hence no part of 
X* is "wasted." If L is a class of codes, and L is L-maximal, then L provides 
for the encoding of ILl distinct symbols and L cannot be "improved" given 
the constraints imposed by the properties of L. Other important criteria 
concerning the economy of a code include the average word length (see [4]). 

We turn our attention to the following two issues: For a given family 
.c in the hierarchy of codes, one seeks a characterization of the L-maximal, 
the finite L-maximal, and the regular L-maximal languages. For a given 
L E .c, can L be embedded in a L-maximal, a finite L-maximal, or a regular 
.c-maximal language? 

For most of natural classes L of codes, the characterization of the L
maximal codes is an open problem. Significant results are known for the 
classes .ccode of codes, .cp of prefix codes, Ls of suffix codes, .cb of bifix codes 
(see [4]), and for certain classes which are quite low in the hierarchy. We 
quote a few classical results from [4]. For a recent survey see [8]. 

Theorem 10.1 [4] Let X be an alphabet with IXI > 1, and let L ~ X+. The 
following statements hold true: 

(a) If L is Lcode-maximal then L is complete. 
(b) If L is thin and complete then L is Lcode-maximal. 
(c) If L is thin then the following statements are equivalent: 

(c1) L is Lp -maximal; 
(c2) L E Lp and L is Lcode-maximal. 

(d) If L is thin then the following statements are equivalent: 
(dl) L is .cb-maximal; 
(d2) L E Lb and L is .ccode-maximal; 
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(d3) L is .cp-maximal and .cs-maximal. 
(e) If L is thin then the following statements are equivalent: 

(el) L is .ccircular-maximal,. 
(e2) L E .ccircular and L is .ccode-maximal. 

(f) If L is thin then the following statements are equivalent: 
(fl) L is .crdecodable-maximal,. 
(f2) L E .crdecodable and L is .ccode-maximal. 

The class of thin codes is quite large as it contains the class of all regular 
codes. The proof of this statement given in [4] implies the following stronger 
result. 

Theorem 10.2 Let X be an alphabet with IXI > 1 and let.c be a family of 
languages over X such that every L E .c is the subset of a cross section of 
'" ..r. Then every regular language in .c is thin. 

By [18] and [48], the 2-codes are precisely the subsets of cross sections of 
the equivalence relation r-.J..r. 
Corollary 10.1 Every regular language in .c2-code is thin. 

The statements (c)-(f) of Theorem 10.1 show an interesting pattern, that 
has been observed in several additional cases. Consider two classes .c and .c' 
of languages such that .c ~ .c'. The pattern is as follows: 

Suppose L satisfies a certain condition C,. then L is .c-maximal if and 
only if L E .c and L is .c' -maximal. 

In Theorem 10.1 the condition C is that L be thin. One part of this type of 
statement follows, regardless of C, from the following general observation. 

Lemma 10.1 Let .c and .c' be families of sets such that .c ~ .c' and let 
L E.c. If L is .c'-maximal then L is .c-maximal 

The converse Lemma 10.1 usually requires the special condition C. We 
list a few similar results. 

Theorem 10.3 Let X be an alphabet with IXI > 1 and let L ~ X+. The 
following statements hold true: 

(a) Suppose L is a left (right) dense prefix (SUffix) code. Then L is .c3-ps-
maximal if and only if L is .cp-maximal (.cs-maximal) [49]. 

(b) Suppose L is a .cp-maximal (.cs-maximal) suffix (prefix) code. Then L is 
.cs -maximal (.cp -maximal) if and only if L is .c3-ps -maximal [49]. 

(c) No 3-ps-code is a maximal 2-ps-code [49]. 
(d) No 2-ps-code is a maximal 2-code,. every maximal 2-ps-code is dense [49]. 
(e) If L is a maximal prefix code and a maximal suffix code then L is a maximal 

3-ps-code [49]. 
(f) No g-3-ps-code is a maximal 2-ps-code,. there are finite maximal g-3-ps

codes and also finite maximal 3-ps-codes which are not maximal g-3-ps
codes [49]. 
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(g) A language is Lpi-maximal (Lsi-maximal) if and only if it is a p-infix 
(s-infix) code which is Lp-maximal (Ls-maximal) [50]. 

(h) Every non-empty right (left) semaphore code is Lp-maximal (Ls-maximal) 
[4], hence Lrsema -maximal (Llsema -maximal). 

(i) A language is Lpi -maximal (Lsi -maximal) if and only if it is a non-empty 
right (left) semaphore code [50]. 

(j) An Lb-maximallanguage is Lp-maximal or Ls-maximal. 
(k) An Lb-maximal infix code is in Lrsema n Lsi or Llsema n Lpi [50]. 
(l) An infix code which is Lp-maximal or Ls-maximal is a uniform code which 

is Lu -maximal, hence is of the form xn for some n E N [50]. 
(m) An outfix code which is Lp-maximal or Ls-maximal is Lu-maximal [50]. 
(n) An infix code or outfix code is Lcode-maximal if and only if it is Lp

maximal and this holds if and only if it is Lu -maximal [90], [89]. 
(0) A p-infix (s-infix) code is Ls-maximal (Lp-maximal) if and only if it is 

Lu -maximal [92]. 

Note that Theorem 1O.3(c)-(d) are used in [49] to show that L3-ps ~ 
L2-ps ~ L2-code· 

Numerous results characterizing L-maximal sets of a given family L exist 
in the literature (usually satisfying certain additional conditions). Several of 
these can be found in [6], [146], [120], [118] for Lp and L., [142], [30], [29], 
[23], [109] for Lcode, [7] for Lrdecodable, [124] for Lh, and [51] for L2-code. 

The basic question raised, but not solved by these results is as follows: 
Given two dependence systems D and D' on X+ such that LD ~ LDt, 
under which condition C on L and depending on D and D' is it true 
that L being LD-maximal implies that L is also LDt-maximal? 

Taking into account that LD ~ LDt if and only if D' ~ D, one can consider 
the following variant of this question: 

Given a condition C, for any dependence system D what are the mini
mal dependence systems D' with D' ~ D such that L being L D -maximal 
implies that L is LDt-maximal? 

Similarly, one could start with D' and ask for a characterization of maximal 
dependence systems D with the corresponding properties. From the applica
tion point of view, any condition C that excludes no regular languages - or 
at least no finite languages - would still be of interest. 

We now turn to the second issue: Let L be a family of languages and 
L E L; can L be embedded in an L-maximal, a finite L-maximal, or a regular 
L:.-maximal language? The following rather general result implies that the 
first problem, that of embedding L in an L-maximallanguage can always be 
achieved when L is the family of D-independent sets for some dependence 
system D. 

Theorem 10.4 [56] Let D be a dependence system on a set S. Every D-in
dependent set can be embedded in a maximal D-independent set. 
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Proof: We use Zorn's lemma. Consider an ascending chain {Li liE I} of 
D-independent subsets, where I is an arbitrary, totally ordered index set and 
Li ~ Lj for i :S j, i,j E I. Let L = UiEI Li. Suppose that L is D-dependent. 
Then there is a finite, non-empty subset L' of L such that L' E D. Hence, 
L' ~ Li for some i E I, and Li is D-dependent, a contradiction. 0 

From Theorem 10.4 it follows that every code over X is contained in a 
maximal code over X (see [4], p. 41), every prefix code is contained in a 
maximal prefix code, etc. Indeed, the proof of Theorem 10.4 captures the 
abstract pattern of all proofs of such results in the theory of codes. 

We now turn to the second and third parts of our question: Suppose 
L E L is finite or regular; can L be embedded in a finite or regular L-maximal 
language? The answer is only known in few cases. 

For the class Lcode, an example of [108] shows that there are finite codes 
which cannot be embedded in finite maximal codes. The smallest known 
example has 4 elements. On the other hand, every 2-element code can be 
embedded in a finite maximal code [109]. By [23], every regular code can 
be embedded in a regular maximal code. Every finite prefix code can be 
embedded in a finite maximal prefix code [109]. Every regular or thin code 
with decoding delay45 d can be embedded in a maximal code with decoding 
delay d which is also regular or thin, respectively, [7], [9]. In [55], we hope 
to have established that every finite solid code can be embedded in a finite 
maximal solid code. 

The abundance of results concerning maximality, completeness, dense
ness, and related properties available about many special classes of codes 
made it impossible to include or even just mention every single one. Our 
aim, in this section, was to exhibit the structure of typical problems in this 
field and to show typical examples of results. It would be a very interesting 
and probably very ambitious project to attempt a unified approach to this 
whole field along the lines of thought suggested. 

11. Solid codes 

In this section we examine the class of LsoJid in some detail. Solid codes have 
some remarkable synchronization properties in the presence of SID-channel 
errors. 

Let T/ :S C. For any word schema W E S(Xl1) and any language K ~ X+, 
an error decomposition of w over K is a factorization 

with the following properties: 

(1) Wi E S(K) for all i. 

45 For the noiseless channel, *-words, and right decoding. 
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(2) Ui E S(X~1J) for all i. 
(3) For all i, no word schema v E S(K) is an infix of Ui. 

Thus, an error decomposition of a word schema w over K consists of factors 
belonging to K and factors which do not contain code words as infixes. For 
example, if K is the uniform code {OIO, 001}, then the word schema 0010010 
has the two error decompositions (0)(010)(010) and (001)(001)(0) over K. 

Theorem 11.1 [64] K <;;; X+ is a solid code if and only if every word schema 
wE S(X*) has a unique error decomposition 46 over K. 

Suppose a solid code K is used for information transmission using an SID
channel "'( and that WI is a ",(-received 1]-message over K. Then WI has a unique 
error decomposition over K; thus any code word of the original message that 
was transmitted correctly will also be identified correctly through the error 
decomposition of WI over K. If "'( and K are such that it is highly unlikely 
that a code word will result from the errors in "'( acting on messages over 
K then, with high probability, all code words detected in WI were in the 
original message, and in the same order. Any received correctly transmitted 
code word will restore the synchronization completely. K may not be (",(,1])
correcting, but, if errors have a reasonably low probability and messages 
contain sufficient redundancy, they can be sufficient to achieve nearly error
free information transmission. In general, the actual quality of the solid code 
will, of course, depend on how well it matches the channel. 

Theorem 11.2 Let 1] ::; ( and let K be a solid code. Every 7/-word schema 
over X has a unique error decomposition over K up to equivalence. 

Proof: Let K be a solid code and KI = X* \ X* K X*. Let w be an 1]-word 
schema over X, and let cp and 1/J be factorizations of w over S(K U KI) such 
that 

( .) "1.(') {S(K I), 
cp t , 'f' t E S(K), 

if i is even, 
if i is odd, 

for i E 1]; for the purposes of this proof, a factorization having this last 
property is said to be alternating. We have to show that cp rv 1/J. 

First, we consider the case of 1] = w. In this case, cp rv 1/J if and only 
if cp = 4). Suppose, cp cJ 1/J, and let i E w be minimal with cp(i) cJ 1/J(i). 
Then, without loss of generality, 11/J(i) I < Icp(i)1 and 1/J(i) is a prefix of cp(i). 
Let x be the non-empty word schema such that cp( i) = 1/J( i)x. As K is a 
solid code, i cannot be odd. Thus, i is even and 1/J(i), cp(i) E S(KI). Hence, 
cp(i + 1), 1/J(i + 1) E S(K). If 11/J(i + 1)1 ::; Ixl then 1/J(i + 1) is an infix of 

46 Using the property of unique error decompositions, solid codes seem to have 
been introduced first in [126J. The definition used in this handbook chapter was 
derived as a characterization in [64J. With our present definition, solid codes were 
introduced already much earlier in [77J as strongly regular codes and re-named in [84J 
into codes without overlaps. 
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'P(i) E S(K'), contradicting the definition of K'. Therefore, 1'If(i + 1)1 > Ixl. 
But then 'P( i + 1) is an infix of 'If ( i + 1) or a proper prefix of 'P( i + 1) is equal 
to a proper suffix of 'If(i + 1), contradicting the assumption that K is a solid 
code. This proves 'P = 'If. The case of 7J = -w is settled by duality. 

Now, let 7J = C. We distinguish two cases. 
Suppose there exists l E C such that, with respect to both 'P and 'If, a 

factor starts at position l in w. Let these be the factors with numbers i 
and j respectively. If 'P(i) = ,\ then i is even and 'P(i + 1) E S(K), hence 
'P( i + 1) i=- '\; in this case we use i + 1 instead of i, and similarly for 1j; and 
j. Hence, without loss of generality, we assume that 'P(i) and 'If(j) are both 
non-empty. For nEw, let 

and 

{ '\, 

n = 'P(i), 
'PI() 'P(i+n-1), 

'P(i+n), 

{ '\, 
'If(j), 

'lfI(n)= 'If(j+n-1), 

'If(j + n), 

if n = 0 and 'P(i) E S(K), 
if n = 0 and 'P(i) E S(K'), 
if n > 0 and 'P(i) E S(K), 
if n > 0 and 'P(i) E S(K'), 

if n = 0 and 'If(j) E S(K), 
if n = 0 and 1j;(j) E S(K'), 
if n > 0 and 'If(j) E S(K), 
if n > 0 and 'If(j) E S(K'), 

wI(n) = w(n + l). 

Then 'PI and 'If 1 are alternating factorizations of WI over S(K U K') and, 
therefore, 'PI = 'lfl. Similarly, one obtains alternating factorizations 'P2 and 
'lf2 of W2, given by 

W2 (n) = w (l + n - 1) 

for n E -w, over S(K U K') and, again, 'P2 = 'lf2. For n E C, let 

and let Wi = W2Wl. Then 'P' and 1j;' are alternating factorizations of Wi over 
S(K U K ' ). Moreover, 'P' = 'If' and 'P ,...., 1j;. 

Finally, suppose there is no l E C such that, with respect to both 'P and 
'If, a factor starts at position l in w. Observe that 'P(1) E S(K). Then there 
is a j E C such that 'If(j) is an infix of a proper suffix of 'P(1) or a proper 
prefix of 'If(j) is a proper suffix of 'P(1), and 'If(j - 1) is an infix of a proper 
prefix of 'P(1) or a proper suffix of 'If(j -1) is a proper prefix of 'P(1). One of 
the two word schemata, 'If(j) and 'If(j - I), is in S(K). As K is a solid code, 
we obtain a contradiction. 0 
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Corollary 11.1 Every solid code is a (-code. 

Proof: Let W be a (-message over K. By Theorem 11.2, W has a unique error 
decomposition over K. As W is a (-message over K, the error decomposition 
is a factorization over K. Thus K is uniquely (-decodable. D 

For finite right decodable codes, the decoding process can be performed 
by a finite transducer. Let X and Y be alphabets, with IXI > 1 and WI > l. 
Let K be a right decodable ry-code over Y with IKI = IXI. Let f be an 
arbitrary bijection of X onto K. Let f) ::::: ry and f) < (. As in Section 5, 
let Ff be the encoding determined by f. Given these assumptions, Ff is a 
mapping of X. into Y. and its restriction to X 19 is an injective mapping of 
X 19 into y19. In the absence of noise, the restriction C1 of Fjl to K19 is a 
f)-decoding for f. We may assume that ry ::::: W, hence f) ::::: w. Consider a 
f)-message W over K. Let v = S(C1(w)). Then v is the unique f)-word over 
X such that (v, w) E Ff. Let i.p be the factorization of w over K. Then 
v(i) = f-I(i.p(i)) for all i E f). As K is right decodable, with delay d say, 
and finite, the decoding C1 of Ff can be computed by a finite automaton 
which needs to be able to store no more than d + 1 code words at any given 
moment. Such an automaton will output .x during a state transition if the 
information seen and stored so far is insufficient to determine the next symbol 
of the decoding; it will output the next symbol when the information suffices. 
An automaton computing C1 is a special kind of deterministic transducer, 
a f)-decoder for f. Such f)-decoders, called also decoding automata, have 
been studied in many contexts. For the purposes of the present section on 
solid codes, we refer to [75], [76], [78], [77], [33]' and [111]. Some classes of 
finite right decodable codes can be characterized by the type of transducers 
required for their decoding. We present such a characterization for finite solid 
codes [111]. 

Recall that a (finite) deterministic f)-transducer is a construct 

A = (Y,X,Q,8,p,) 

with the following properties and interpretation: 

(1) Y is the input alphabet and X is the output alphabet of A. 
(2) Q is a finite non-empty set, the set of states (state symbols) of A. 
(3) 8 is a mapping of Q x Y into Q, the transition function of A. 
(4) P, is a mapping of Q x Y into X*, the output function of A. 

One extends the transition and output functions to input f)-words over Y by 

8( w)-{q, 
q, - 8(8(q,wO),WIW2" .), 

and 

if w = .x, 
otherwise, 

if w = .x, 
otherwise, 

for q E Q and w = WOWIW2'" E y:O;19 and wo, WI, W2,'" E Y. 
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Definition 11.1 Let {} :::; wand let X and Y be alphabets with IXI > 1 
and WI > 1. Let K ~ y+ such that IKI = IXI and let f be a bijection of 
X onto K. A state-invariant decoder for f without look-ahead is a finite 
deterministic {}-transducer A = (Y, X, Q, 8, J.L) with the following properties: 

(1) For all v E K and all q E Q, J.L(q, v) = f-I(v). 
(2) For all v E K, all proper prefixes u of v, and for all q E Q, J.L(q, u) = A. 

Theorem 11.3 [111] Let {} :::; w, let X and Y be alphabets with IXI > 1 and 
WI > 1, let K ~ y+ such that IKI = IXI and let f be a bijection of X onto 
K. Then K is a solid code if and only if there is a state-invariant decoder 
for f without look-ahead. 

Proof: Let K and f be given and let A = (Y, X, Q, 8, J.L) be a state-invariant 
decoder for f without look-ahead. Suppose that K is not a solid code. We 
distinguish two cases. 

Case 1: There are u, v E K such that u is a proper infix of v. In this case, 
v = Vl UV2 for some words VI and V2 with at least one of VI and V2 non-empty. 
For any q E Q, one has J.L(q, Vl) = A. Let q' = 8(q, VI). If V2 # A then VI u is 
a proper prefix of v and, by this, J.L(q, VlU) = A; on the other hand, 

a contradiction. Finally, if V2 = A, then 

again a contradiction. This proves that K is an infix code. 
Case 2: There are u, v E K such that a proper prefix of u is a proper 

suffix ofv. In this case, u = WUl and v = VlW for some non-empty words Ut, 

Vl, and w. For any state q E Q, one has 

where q' = 8(q, VI)' hence J.L(q', w) = f-I(v). On the other hand, J.L(q', w) = 
A, as w is a proper prefix of u. This contradiction implies that K is overlap
free. 

To prove the converse, we assume that K is a solid code with IKI = 
IXI and that f is a bijection of X onto K. We define a transducer A = 

(Y,X,Q,8,J.L) as follows. Let Q = Pref(K) U {A}. For any wE X*, let a(w) 
be the longest suffix of w which is in Q U K. Then 

8( ) = {a(qy), if a(qy) rJ- K, 
q, Y A otherwise , , 

and 

{ A, if a(qy) rJ- K, 
J.L(q,y) = f-l(qy), if a(qy) E K, 
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for all q E Q and y E Y. 
One verifies that, for q E Q and w E Y*, 

b( w) = {a(qw), if a(qw) tfi K, 
q, A, if a(qw) E K. 

Moreover, as K is a solid code, if a suffix of qw is in K then no other suffix 
of qw is in K. Therefore J.L is well-defined and J.L(q,w) = f-l(W) for w E K. 
If v is a proper prefix of a word w E K then a(qv) tfi K as K is a solid code. 
Hence J.L(q, v) = A. Thus, A has the required properties. D 

The two properties defining solid codes, to be an infix code and to be 
overlap-free, impose severe restrictions on the selection of code words. One 
has to expect that only very few words of any given length can be used in 
a solid code and that, as a consequence, the average code word length and 
the redundancy of a solid code will be very large. The next two theorems 
examine these issues. 

Recall that, for functions f,g : N -t IR+, one writes f .:s 9 (or f(n) .:s 
g(n)) if limsuPn-->oo (J(n)jg(n)) ::; 1; one writes f ;::: 9 (or f(n) ;::: g(n)) if 
liminfn-->oo (J(n)jg(n)) ~ 1; one writes f rv 9 (or f(n) rv g(n)) if f .:s 9 and 
9 .:s f· Note that f rv 9 if and only if limn_oo (f ( n ) j 9 ( n )) exists and is equal 
to 1. 

Theorem 11.4 [77], [84] For n E Nand IXI = r > 1, let J.Lsolid(n) be the 
maximal number of code words of a solid code in xn. Then 

( 
1 ) n-l rn rn In r 

1- ~ -:;;: ~ J.LBolid(n);::: nrr/(r-l)' 

Consider an injective mapping K of No into X* such that IK(i)1 ::; IK(i + 1)1 
for all i E No, and let K", = K(No). We refer to such a mapping K as an 
injective, length-monotonic mapping. Let (]'" be the mapping of N into N 
given by 

for i EN. Intuitively, if K", is considered as a code to encode the non-negative 
integers, that is, encode i by K( i), then (]'" measures how many more digits are 
needed by this encoding than by the usual positional number representation 
at base r (which is optimal). For this reason, (]'" is sometimes referred to as 
the redundancy of K or of K",. 

Theorem 11.5 Let IXI = r > 1. The following statements hold true: 

(1) There exists an injective length-monotonic mapping K : No -t X* such 
that K", is a prefix code and (]",(n) rv logr logr n as n -t 00 [82]. 

(2) For r = 2, there exists an injective length-monotonic mapping /'l, : No -t 

X* such that K", E C p n Col-free and (]",(n) .:s ~ log2log2 n as n -t 00 

[95], [84]. 
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(3) For any injective length-monotonic mapping Ii : No ---+ X* such that 
K,.. E .csolid one has (!,..(n) 2: c1logr n + C2 for some constants Cl and C2 

with Cl > 0 [84]. 

The construction of [95] used in [84] for Theorem 11.5(2) is of considerable 
interest in its own right.47 Let X = {O, I}. For i E No and n E N, we define 
the language 

Let 
K(n) = U K(i, n). 

iENo 

if i = 0, 
if i > O. 

Then K(n) is a prefix code; every word in K(i, n) has length ni + 1 and 
contains i occurrences of the symbol 1; every word is a prefix of some word 
in K(n); moreover, 

IK(i,n)1 = ~1 (ni~ 1). 
m+ t 

Now consider an injective length-monotonic mapping Ii : No ---+ X* such that 
K,.. = K(2). One computes that 

as required. 
Interpreting (!,.. as redundancy, Theorem 11.5 shows that solid codes have 

a greater redundancy than prefix codes, log n compared to log log n, and that 
this difference is, essentially, not due to the overlap-freeness, but to the fact 
that they are infix codes. Thus, the penalty in redundancy is not really paid 
for the synchronization capabilities - even in the presence of noise -, but for 
the ability of infix codes to detect certain kinds of insertion or deletion errors. 

For the remainder of this section, we focus on combinatorial properties of 
solid codes and their relation to other types of codes. 

Theorem 11.6 [64] The class of solid codes is closed under inverse non
erasing morphisms. Moreover, if X and Yare alphabets and cp is a non
erasing morphism of X* into Y*, then cp maps solid codes onto solid codes 
if and only if the restriction of cp to X is injective and, for any a, b EX, the 
set {h(a), h(b)} is a solid code. 

47 It is used in [95] to exhibit the relation among four different "completeness" 
conditions for prefix codes which are known to be equivalent for finite prefix codes, 
but turn out not to be equivalent for infinite prefix codes. 
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Theorem 11.7 [126] Lsolid is a proper subset of Linterl' hence a proper subset 
of Li and Q. 

Let N = (No, NI"") be a sequence such that, for kENo, Nk is a set 
of 2k-tuples of positive integers. Let f = (fo, iI,···) and g = (go, gl,"') be 
sequences of mappings, such that, for kENo, !k and gk map Nk into N. We 
say that f and g satisfy the solidity condition if, for all kENo, all x, y E Nk 
where x = (Xl"'" X2k) and y = (YI,"" Y2k), and t with 1 ::; t ::; k, one has 

We denote the fact that f and g satisfy the solidity condition for N by 
Sol(N, f, g). 

Lemma 11.1 [55] Let X = {O, I}, let C c::;: 0+ X*l+ be a solid code, and for 
kENo let 

There are sequences f = (fo, iI, ... ) and g = (go, gl, ... ) with the following 
properties: 

(1) For all kENo, !k and gk are mappings of Nk into N. 
(2) Sol(N, f, g) obtains. 

(3) For all kENo and all X E Nk, one has 

Conversely, let N = (No, NI"") be a sequence such that, for kENo, Nk 
is a set of 2k-tuples of positive integers. Let f and g be sequences of map
pings satisfying (1) and (2). Then, for any kEN with Nk =I- 0, the set 
{Ofdx )F l OX 2 ••• F2k- l ox 2Q9.(X) I X E N k } is a solid code. 

For the special case of k = 0, No is either empty or the set consisting of 
the empty tuple. Hence, Ifo(No)1 and Igo(No)1 are both 0 or both 1. Thus 
IC n 0+1+1::; 1. This fact is also proved in [64]. 

By Lemma 11.1, a solid code in (0+1+)+ is uniquely given by a triple 
(N, f, g). Note that, even when Sol(N, f, g) is true, the language correspond
ing to such a triple need not be a solid code. This is so, because the solidity 
condition does not concern the interaction between different components of 
N. For our purpose this is not causing a serious problem as, in all subsequent 
applications of Lemma 11.1, No and NI are the only potentially non-empty 
components of N. 
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Theorem 11.8 [55] Let X = {O, I} and let C ~ 0+1+ U 0+1 +0+1 +. For 
kENo let 

Then C is a solid code which is not a proper subset of a solid code C' ~ 
0+ 1 + UO+ 1 +0+ 1 + if and only if there are sequences f and g as in Lemma 11.1 
and C is of one of the following forms: 

0: No = {O}, Nl = N2 = .,. = 0, foO = 1 or goO = 1. 
FF: No = {O}, foO > I, goO> I, Nl = {I, ... ,goO -I} x {I, ... , foO -I}, 

N2 = N3 = ... = 0, and Sol(N,f,g)· 
II: No = 0, Nl = N x N, N2 = N3 = ... = 0, and Sol(N, f,g). 

IF: No = 0, Nl = {1, ... ,m -I} x N for some m > I, N2 = N3 = ... = 0, 
and Sol(N, f, g) such that there are infinitely many i with gl (j, i) = m 
for some j. 

FI: No = 0, Nl = N x {I, ... , n - I} for some n > I, N2 = N3 = ... = 0, 
and Sol(N,f,g) such that there are infinitely many j with 1I(j,i) = n 
for some i. 

Using Theorem 11.8, one can characterize the maximal solid codes C in 
0+ 1 + U 0+ 1 + 0+ 1 +. This characterization again distinguishes the 5 types 0, 
FF, II, IF, and FI. 

Theorem 11.9 [55] Let X = {O, I} and let C ~ 0+1+ U 0+1+0+1+, C =I- 0. 
For kENo let 

Then C is a maximal solid code over X if and only if there are sequences f 
and g as in Lemma 11.1 and C satisfies one of the following conditions: 

(1) C is of type O. 
(2) C is of one of the types FF, II, IF, or FI, II (j, i) is independent of i and 

increasing with j, gl (j, i) is independent of j and increasing with i, and 
II and gl determine each other uniquely. Moreover, for (j, i) E N 1 , let 

Gi = {ll (l,i) E N 1 , lI(l,i) > i} 

and 
Fj = {ll (j,l) E N 1 , gl(j,l) > j}. 

The mappings II and gl have the following properties depending on the 
type of c: 
(a) Type FF with n = foO and m = goO: For all (j,i) E N 1 , 

( ' ') {minGi , ifG i i- 0, gl ], Z = 
m, otherwise, 
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h (j, i) ::::; n, and gl (j, i) ::::; m. 
(b) Type II: For all (j,i) E N I , gl(j,i) = minCi , and 

lim h (l, i) = lim gl (j, l) = 00. 
Z-'>OO Z-'>OO 

(c) Type IF with Nl = {I, ... ,m-l} x N: For all (j,i) E N 1 , h(j,i) = 

minFj, gl(j, i) ::::; m, limz-,>oogl(j,l) = m. 
(d) Type FI with Nl = N x {I, ... ,n -I}: For all (j,i) E N 1 , gl(j, i) = 

min Ci , h (j, i) ::::; n, limz-too h (l, i) = n. 

Moreover, suppose N = (No, N 1 , 0, ... ), io, and go have the properties re
quired by one of the types FF, II, IF, or FI. If hand gl have the correspond
ing properties in condition (2), then SoleN, f, g) where f = Uo, h, . .. ) and 
9 = (gO,gl, .. . ). 

Note that in Theorem 11. 9 one also has 

hC' i) = {minFj , if Fj #.0, 
], n, otherwIse, 

in the case (2a) and h (j, i) = min Fj in the case (2b). This follows by duality. 
By Theorem 11.9, there is a maximal solid code C <;;; 0+1 + U 0+1 +0+1 + 

with k = ICI for every kEN. A maximal solid code of type 0 has exactly 1 
element. For k > 1, a maximal solid code of type FF with n = 2 and m = k 
has exactly k elements [55). 

The following theorem describes the relation of the class of maximal solid 
codes in the set 0+1+ U 0+1 +0+1 + to the classical Chomsky hierarchy of 
formal languages. 

Theorem 11.10 [55] Let X = {0,1} and let C <;;; 0+1+ UO+l+0+l+ be a 
maximal solid code. The following statements hold true: 

(1) C is finite if and only if C is of type 0 or FF. 
(2) C is regular if and only if it is of one of the types 0, FF, IF, or FI. 

Moreover, there exist infinitely many infinite regular maximal solid codes 
in 0+1+0+1+. 

(3) If C is context-free, but not regular, then C is of type II. Moreover, 
there exist infinitely many context-free, non-regular maximal solid codes 
in 0+1 +0+1 +. 

For the remaining statements assume that C is of type II and 

(4) The following conditions on C are equivalent: 

(a) cp is recursive. 
(b) 'Y is recursive. 
(c) C is recursively enumerable. 
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(d) C is recursive. 

(5) There are infinitely many maximal solid codes which are context-sensi
tive, but not context-free. 

(6) There is a maximal solid code in 0+1+0+1 + which is not recursively 
enumerable. 

Our final theorem in this section relates maximal solid codes to prefix 
codes and suffix codes. 

Theorem 11.11 [55] Let X = {O, I} and let C ~ 0+1+ U 0+1 +0+1 + be an 
infinite maximal solid code. Then C = PS where P and S are contained in 
0+ 1 + and satisfy the following conditions. 

(1) If C is of type II then P is an infinite suffix code and S is an infinite 
prefix code. 

(2) If C is of type IF then P is a finite suffix code and S is an infinite prefix 
code. 

(3) If C is of type FI then P is an infinite suffix code and S is a finite prefix 
code. 

12. Codes for noisy channels 

In this section we discuss some aspects of coding for noisy channels. The 
presentation is relatively informal as it is meant to point out problems rather 
than present solutions. 

A message received via a noisy channel may be distorted in many ways 
depending on the physical properties of the channel and sometimes also on 
the structure of the message. 48 Thus, a model of the physical channel needs 
to be known before an appropriate code can be chosen. 

For example, if the channel is known to substitute signals with some prob
ability greater than 0, but to keep synchronization intact with probability 1, 
one may decide to use a uniform code K of word length n, say. If w E K 
is sent and w' is received then w' is assumed to have the correct length. As 
synchronization errors occur with probability 0, one does not worry about 
the boundaries between received words in a received message. 49 

Similar considerations apply to other kinds of channels. In essence, if w' 
is a received message and, for a message v, Prob(v I Wi) is the probability 

48 For example, a channel may become saturated by a long sequence of identical 
input signals and continue reproducing them for some time even after the input has 
changed. 

49 To be more precise, it is not really the probability of a synchronization error, 
but the cost of a synchronization error that needs to be considered. Even for a 
uniform code, if synchronization errors are disregarded, but can occur, albeit with 
a very small probability, the cost can be devastating. 
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of v having been sent when Wi has been received, then maximum-likelihood 
decoding will decode Wi as a message w such that 

Prob( w I Wi) > Prob( v I Wi) 

for all messages v distinct from w. In choosing a code, this is a key condition. 
Channel models abstract from this probabilistic situation by eliminating all 
low-probability cases. 

Thus, if 'Y is a channel according to Section 3 then 'Y models only that 
part of the physical channel that occurs with a high probability or results in 
a high cost if it occurs; all these events are treated as equally probable; all 
other events are treated as impossible, that is, not just as having probability 
O. Using this idealization, one can try to replace the maximum-likelihood 
decoding argument by a minimum-distance decoding argument (see [22]), that 
is, replace probabilistic reasoning by combinatorial reasoning. The classical 
Hamming metric and Lee metric are examples of this kind of transition for 
substitution-only channels. The Levenshtein distance serves a similar purpose 
for certain SID-channels. The Hamming and Lee metrics are defined for 
words of the same length only: the Hamming distance between two words 
is the number of positions in which they differ; the Lee metric also takes 
into account by how much corresponding positions differ. 50 The Levenshtein 
distance between two words, u and v say, is the minimal total number of 
substitutions, insertions, and deletions that can transform u into v. 

If Wi is the message received when w was sent, then any distance d to be 
used for minimum-distance decoding will have to satisfy 

d(v, Wi) > d(w, Wi) if and only if Prob(v I Wi) < Prob(w I Wi) 

for all messages v different from w (see [22] for further explanations). Thus, 
the choice of a metric implies assumptions about the physical channel; these 
are usually not made explicit in the literature. The extent to which the 
assumptions are valid determines very much how well theoretical results pre
dict physically observable behaviour. This is, of course, not unique to coding 
theory; however, much of coding theory is now an area of beautiful mathe
matical results with very little connection to the true problems in the field. 
To clarify this statement: first, in the context of mathematics, there are many 
wonderful and deep results derived in coding theory; second, in the context of 
coding theory, however, they may be of less value as their assumptions may 
be physically unrealistic. For example, very-high speed information trans
mission via optical fibres seems to require an error model that is significantly 
different from that assumed by the Hamming metric. Thus, the quality of 
classical codes, as predicted in the literature, should not be taken for granted. 
Much more fundamental research is needed to understand the abstract con
nection between error models and codes to correct errors in the context of 

50 See [99], for example, for precise definitions. 
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these models. Most of coding theory, so far, has focussed on noiseless chan
nels (the language theory branch) and channels modelled by the Hamming 
metric (the error-correcting code branch). 

The Hamming and Lee metrics are applicable to communication systems 
in which the only likely errors are substitutions and where errors are indepen
dent. The Levenshtein metric is applicable to physical SID-channels where 
errors are independent and equally likely. Not all SID-channels - physical or 
just within our formal model - have these properties. 

For the abstraction from probabilities to distances, there have been two es
sentially different techniques. The first and most common one is based on an 
errors-per-code-word limit; the channel is assumed not to produce more than 
k, say, errors of a certain kind per code word. This is the standard approach 
in the classical theory of error-correcting codes; it is also the approach taken 
in [41] and [13]. The second technique, used in our presentation, is based 
on an errors-per-Iength limit; the channel is assumed not to produce more 
than k, say, errors of a certain kind in any l consecutive input symbols. The 
former is considerably easier to use;51 the latter represents many physical sit
uations more realistically. For example, assume a block code of length l = 5 
is used and the channel permits one deletion; suppose (01001)(10100) is sent. 
In the errors-per-code-word model, one could get 0100i i0100 = 01000100 
which is impossible in the errors-per-Iength model; on the other hand, one 
can get 01001010 in both models, as 0100i10190 in the former model and 
as 0100i10109 in both models. We believe that, for codes having only very 
long code words, these two models may coincide in probability. For codes 
with realistically short code words, they seem to be vastly different. 

As mentioned before, solid codes seem to be extremely good at synchro
nizing in the presence of errors - any code word transmitted correctly will be 
decoded correctly. They are not good enough in general, however, to correct 
incorrectly transmitted parts of a message; in those parts, they detect that 
errors are present, but do not guide the correction. 

For example, suppose the only errors that are reasonably likely to oc
cur are deletions of symbols; these are independent; and it is, by any stan
dards, completely unlikely that there will be more than 1 deletion in any l 
consecutive message symbols. The corresponding (abstract) channel is the 
SID-channel 8(1, l) which permits at most 1 deletion in any l consecutive 
symbols [59]. Let M = (N \ {I}) x (N \ {I}) and let IF be the set 

IF={fxY IX'YEN\{l},X=f.Y'fx,y:M~N, }. 
, fx,y(Tb T2) = XTI + yT2 for (Tl, T2) EM 

For f E IF and n E N \ {I}, let 

Gj(n) = {Tl I (Tl,T2) E M,f(TbT2):::; n}. 

51 See the admissibility problems in our definitions of synchronization and decod
ability, Definition 4.2 and Definition 4.4, which are a result of the fact that error 
situations do not know about the ends of code words. 
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Using properties explained in Section 11, one can construct codes for the 
channel 8(1, l) as follows. 

Theorem 12.1 [57] Let f E IF and 9 : MI ~ fIT \ {I} such that, for all 
r = (rr, r2) E MI, g(r) > maxGf(r2). Let 

K = {Of(rl,r2)lr20r1l9(rl,r2) I (rl,r2) E MI}. 

Then K is a solid code. If K' is a finite subset of K and 1 is the maximal 
length of a word in K' then K' is right 8(1, l)-decodable. 

Example 12.1 The language 

{o2rl+3r21r20rl1Lrl/2J+l I (rl,r2) E MI} 

satisfies the conditions of Theorem 12.1. 

In Example 4.1(3), a two-word code is given which is (-y, ()-correcting for 
'Y = 8(1,5); That code is not a solid code. 

The code words in error-correcting solid codes for SID-channels are quite 
long; this is undesirable, but could be inevitable. The lower bound of The
orem 11.5(3) does not take error-correction into account. The redundancy 
- as introduced in Section 11 - of the language in Example 12.1, assum
ing the words are ordered by increasing length, is asymptotically equal52 to 
~J112n -logn. 

Most work on error-correcting codes for SID-channels has concentrated 
on block codes, often restricted to the cases of insertion and deletion errors 
- sometimes referred to as synchronization errors.53 In [133], block codes 
of length m, with m < n + log2 n + 4, for encoding words of length n are 
constructed which are (-y, * )-correcting for the channel 'Y = (i 8 8) (1, m + 
2). Moreover, it is shown in [134] that, asymptotically, n + log2 n + 1 is 
a lower bound on the achievable length. The codes of [133] are not solid, 
in general. Non-block codes have been studied even less in the context of 
error-correction. 54 

Beyond the classical problems of coding theory, discussed in part in ear
lier sections of this chapter, the presence of noise raises several additional 
fundamental issues: 

52 To prove this, first note that the code words have lengths 3rt + 4T2 + L r.J J + 1 
with rt, T2 E N\ {I}. Let v(l) be the number of code words oflength l, where l ~ 16. 
One shows, with a case distinction according to l mod 4, that -tr -1 ::; v(l) ::; -tr + 1. 

The integer n is mapped onto a code word of length l if and only if I:~:~6v(i) ::; 
n < I:~=16V(i). Combining this, one obtains -29+y'1~2n+3481 < l < 29+~. 
Thus, ~v112n + 3481 - logn - 3l < g(n) ::; ~v112n + 9 - logn + 2{, hence 
g(n) rv ~V112n -logn. 
53 [122], [133], [141], [80], [79], [81], [83], [86], [112], [87], [10],[41], [5]. 
54 [102], [45], [59], [57], [58], [70], [13], [41]. 
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• For restricted classes of channels, like SID-channels, determine construc
tions of classes of codes which are error-correcting, decodable, uniformly 
synchronous, and efficient. 55 

• For SID-channels and in terms of the channel parameters, describe good 
upper and lower bounds on redundancy. 56 

• For SID-channels, determine which type of constraint - expressed as in
dependence or in some other systematic formal manner - addresses which 
error-correction, decodability, or synchronizability problems. 

This type of questions is unsolved even for substitution-only channels. 57 

Moreover, it seems that these considerations will have to focus on classes 
of codes in the intersection C j n Co n C, where C is a family of languages 
which is slightly larger than, but very similar to Col-free. 

SID-channels, while more realistic than substitution-only channels, are 
not likely to be adequate for modelling even just the noisy channels arising 
in present communication technology. We believe that the framework of 
P-channels is general enough to model many physically realizable channels. 
However, the following fundamental problems need answers: 

• Good and simple channel models for existing communications technology 
need to be developed, and a programme has to be carried out for these, 
similar to the one described for SID-channels. 58 

• The model of P-channels, the channel model used in the classical theory 
of error-correcting codes, and the models assumed in [41J and [13J need to 
be unified. 

• A method for abstracting relevant mathematical channel models from phys
ical channels needs to be developed. 59 

This list of problems is by no means complete. Given the experience of coding 
theory so far, pursuing anyone of them will be very difficult. 

55 Efficiency may be achieved through small redundancy or small complexity of 
encoding and decoding, for example. 

56 For block codes and substitution-only channels, the Hamming bound and the 
Gilbert- Varshamov bound are examples of such bounds; see [94]. 

57 In the absence of synchronization errors, block codes - of course - are easier to 
implement; and, asymptotically, they are as efficient as non-block codes. 

58 As a nearly randomly selected example, we mention the problems arising in 
optical data transmission when overlapping pulse-position modulation is used for 
the physical representation of signals; see [11] for details. 

59 Of course, this question is ill-posed. However, even slight progress along these 
lines could be extremely important for our understanding of communication systems. 
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13. Concluding remarks 

As mentioned before, the theory of codes has, essentially, three nearly unre
lated branches. In writing this handbook chapter, while focussing on aspects 
of the theory of formal languages, we attempted to provide an overview which 
includes aspects of all three branches. As much of the language theoretic work 
on codes is well represented in book form, except, of course, some quite re
cent results, we decided to focus on general structural issues and on issues 
concerning codes for noisy channels. We attempted a unified presentation 
of the theory, hoping that we might succeed in exposing many unanswered 
questions, albeit sometimes implicitly. 

Natural languages are quite fault-tolerant; they have enormous error
correction capabilities. In this spirit, we believe the notion of error-correction 
deserves a focal spot in the theory of formal languages. 
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Semirings and Formal Power Series: 
Their Relevance to Formal Languages 
and Automata 

Werner Kuich 

1. Introduction 

The purpose of Chapter 9 is to develop some classical results on formal lan
guages and automata by an algebraic treatment using semirings, formal power 
series and matrices. The use of semirings, formal power series and matrices 
makes the proofs computational in nature and, consequently, more satisfac
tory from the mathematical point of view than the customary proofs. 

Many proofs of language and automata theory ask for the construction 
of devices with some specified properties. Often, the construction is easily 
understood by intuitive reasoning while the proof that the construction has 
the specified properties is inadequate from a mathematical point of view. 
We try to separate the intuitive idea of the construction from the proof that 
the construction works. Most of the constructions used in this survey are 
analogous to the usual constructions given in language and automata theory. 
But most of our proofs are different from the usual proofs and use tools from 
semiring theory. In spite of the generality of our results, many proofs are 
much shorter than the corresponding customary proofs. 

This survey should definitely not be considered as a first introduction to 
language and automata theory. We assume some "mathematical maturity" 
and some basic knowledge in algebra, formal languages and automata on the 
part of the reader. 

Most of our theorems are proved in full length. Missing proofs can be 
found in a reference as indicated. Often we will give a reference to a text 
in language or automata theory to encourage the knowledgeable reader to 
compare our descriptions of the constructions and their proofs with the cus
tomary ones. 

The results presented in Chapter 9 cover the basics of semirings and for
mal power series, and include generalized versions of the Theorem of Kleene, 
the equivalence of context-free grammars and pushdown automata, the basic 
theory of abstract families of languages, the Theorem of Parikh, and Linden
mayer systems. 

The theory of formal power series is capable of establishing specific 
language-theoretic results which are difficult if not impossible to establish 
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by other means. In the last section we present some of these results, indicate 
the mathematical tools needed for their proofs and give references. Rigorous 
mathematical proofs of these results lie beyond the scope of this survey. Ad
ditionally, we refer to papers applying semirings or formal power series to 
various problems in mathematics and theoretical computer science. 

2. Semirings, formal power series and matrices 

In our theory, w-continuous semirings, formal power series and matrices play 
a central role. So we state the respective definitions and prove some basic 
theorems. 

A monoid consists of a set M, an associative binary operation 0 on M 
and of a neutral element 1 such that 1 0 a = a 0 1 = a for every a. A monoid 
is called commutative iff a 0 b = boa for every a and b. The binary operation 
is usually denoted by juxtaposition and often called product. 

If the operation and the neutral element of M are understood then we de
note the monoid simply by M. Otherwise we use the triple notation (M, 0, 1). 

The most important type of a monoid in our considerations is the free 
monoid E* generated by a nonempty set E. It has all the finite strings, also 
referred to as words, 

as its elements and the product Wl . W2 is formed by writing the string W2 

immediately after the string Wl. The neutral element of E*, also referred to 
as the empty word, is denoted by c. 

The members of E are called letter's or symbols. The set E itself is called 
an alphabet. In case of a finite E subsets of E* are called (formal) languages 
over E. 

By a semiring we mean a set A together with two binary operations + 
and . and two constant elements 0 and 1 such that 

(i) (A, +, 0) is a commutative monoid, 
(ii) (A", 1) is a monoid, 
(iii) the distribution laws a· (b + c) = a· b + a· c and (a + b) . c = a· c + b· c 

hold for every a, b, c, 
(iv) o· a = a . 0 = 0 for every a. 

A semiring is called commutative iff a . b = b . a for every a and b. 
If the operations and the constant elements of A are understood then we 

denote the semiring simply by A. Otherwise, we use the notation (A, +,·,0,1). 
Intuitively, a semiring is a ring (with unity) without subtraction. A typical 

example is the semiring of nonnegative integers N. A very important semiring 
in connection with language theory is the Boolean semiring ]a = {O, 1} where 
1 + 1 = 1 . 1 = 1. Clearly, all rings (with unity), as well as all fields, are 
semirings, e. g., integers Z, rationals Q, reals 1R, complex numbers <C etc. 
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Let N°O = NU{ oo}. Then (N°O, +, ,,0,1) and (N°O, min, +, 00, 0), where +, 
. and min are defined in the obvious fashion (observe that o· 00 = 00·0 = 0), 
are semirings. The first one is usually denoted by N°O, the second one is called 
the tropical semiring. 

Let JR.+ = {a E JR.I a ~ O} and JR.~ = JR.+ U {oo}. Then (JR.+, +",0,1) and 
(JR.~, +, ,,0,1) are semirings. 

Let E be an alphabet and define, for L l , L2 ~ E*, the product of Ll and 
L2 by 

Ll . L2 = {WI W2 I WI E L1, W2 E L2}. 

Then (I,J}(E*),u,·,0,{c:}) is a semiring. In case E is finite it is called the 
semiring of formal languages over E. Here I,J}(S) denotes the power set of a 
set Sand ° denotes the empty set. 

H S is a set, I,J}(S x S) is the set of binary relations over S. Define, for 
two relations Rl and R2, the product Rl . R2 ~ S X S by 

Rl . R2 = {(S1, S2) I there exists an s E S such that 
(SI'S) E Rl and (S,S2) E R 2} 

and, furthermore, define 

Ll = {(s,s) Is E S}. 

Then (I,J}(Sx S), U,', 0, Ll) is a semiring, called the semiring of binary relations 
over S. 

We now give some basic definitions and results on semirings. A semiring 
(A, +, ·,0,1) is naturally ordered iff the set A is partially ordered by the 
relation ~: a ~ b iff there exists a e such that a + e = b. This partial order 
on A is called natural order. 

Theorem 2.1. Let A be a naturally ordered semiring. Then the following 
conditions are satisfied for all a, b, c E A; 

(i) 0 ~ a, 
(ii) if a ~ b then a + e ~ b + e, ac ~ be, ea ~ eb. 

This means that 0 is the least element of A, and addition and multiplication 
in A are monotone mappings. 

A semiring A is called complete iff it is possible to define sums for all 
families (ai liE I) of elements of A, where I is an arbitrary index set, such 
that the following conditions are satisfied (see Eilenberg [25], Mahr [104], 
Goldstern [43], Krob [75], Weinert [142], Hebisch [52], Karner [72]): 

(i) L ai = 0, L ai = aj, L ai = aj + ak for j =1= k, 
iE0 iEU} iE{j,k} 

(ii) L(L ai) = Lai' if UjEJlj = I and I j n Ijf = ° for j =1= j', 
jEJ iElj iEI 
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(iii) 2)C. ai) = c· (Lai), 
iEI iEI 

This means that a semiring A is complete if it is possible to define "infinite 
sums" (i) that are an extension of the finite sums, (ii) that are associative 
and commutative and (iii) that satisfy the distribution laws. 

In complete semi rings we can define, for each element a, the star a* of a 
and the quasi-inverse a+ of a by 

and a+ = Laj. 
j2:1 

Theorem 2.2. Let A be a complete semiring. Then, for all a E A, 

(i) 
(ii) 
(iii) 

a+ = aa* = a*a, 
a* = 1 + a+, 
a* = 2::0< ·<n a·i + an+1a* = 2::0<"<n aj + a*an+1 . _J_ _J_ 

Example 2.1. The length of a word w over an alphabet E, in symbols Iwl, is 
defined to be the number of letters of E occurring in w, whereby each letter 
is counted as many times as it occurs in w. By definition, the length of the 
empty word equals o. Due to these definitions, En is the set of all words over 
E of length n. Again, E* = Un>o En is the set of all words over E. Moreover, 
E+ = Un >1 En is the set of all nonempty words over E. 

Given a language L S; E*, we obtain 

If we consider the semiring ;;p( S x S) of binary relations over a set S, and a 
binary relation R S; S x S, then R* = Un>O Rn is the reflexive and transitive 
closure of R, i. e., the smallest reflexive and transitive binary relation over S 
containing R. Similarly, R+ = Un2:1 Rn is the transitive closure of R. 0 

A semi ring A is called w-continuous iff the following conditions are satis
fied: 

(i) A is complete, 
(ii) A is naturally ordered, 
(iii) if 2::0::;.i::;n ai [:;; c for all n E N then 2::iEN ai [:;; c for all sequences 

(ai liE N) in A and all c E A. 

In the next theorem, "sup" denotes the least upper bound with respect 
to the natural order. 

Theorem 2.3. (Karner [69]) Let A be a complete, naturally ordered semi
ring. Then the following statements are equivalent for all ai, b;, c E A and all 
countable index sets I: 
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(i) A is w-continuous, 
(ii) if EiEE ai ~ c for all finite E <;;; N then EiEN ai ~ c, 
(iii) if EiEE ai ~ c for all finite E <;;; I then EiEI ai ~ c, 
(iv) suP{EO<i<n ai In E N} = EiEN ai, 
(v) suP{Ei;E-ai IE <;;; N, E finite} = EiENai, 
(vi) SUP{EiEE ai IE <;;; I, E finite} = EiEI ai, 
(vii) if EO::;i::;n ai ~ EO::;i::;n bi for all n E N then EiEN ai ~ EiEN bi . 

Semirings satisfying essentially the above conditions (iii), (vi) and (vii) were 
originally considered by Goldstern [43], Sakarovitch [124], and Kuich [83], 
respectively. 

Examples of w-continuous semirings are: la, Nco, S;P(E*), S;P(S x S) and 
the tropical semiring. The natural order in S;P(E*) and S;P(S x S) is identical 
to set inclusion; the natural order in the tropical semiring is reverse to the 
natural order in Nco. 

Example 2.2. We consider the semiring (lR+', +,·,0,1) and define sums in 
two different ways: 

(i) EiEI ai = SUP{EiEE ai I E <;;; I, E finite}; e. g., EiEN 1/2i = 2. 
Then lR+' is w-continuous. 

(ii) EiEI ai = 00 iff {i I ai :I O} is infinite or aj = 00 for some j E I; e. g., 
EiEN 1/2i = 00. Then lR+, is complete, but not w-continuous. 

In the sequel lR+, will denote the w-continuous semiring with sums defined 
by (i). D 

The next theorem gives some rules how to perform computations in an 
w-continuous semiring. 

Theorem 2.4. Let A be an w-continuous semiring. Then, for all a, b, sEA, 

(i) ifas+b~s thena*b~s, ifsa+b~s thenba* ~s; 
(ii) (ab)*a = a(ba)*; 
(iii) (a + b)* = a*(ba*)* = (a*b)* a*; 
(iv) (a + b)* = (a + ba*b)*(l + ba*). 

Proof. (i) Let as + b ~ s. Then, for all n ~ 0, 

an+!s+ L ajb=an(as+b)+ L ajb~ans+ L ajb~ ... ~s. 
O::;j::;n O::;j::;n-l O::;j::;n-l 

This implies 

L ajb ~ an+! s + L ajb ~ s for all n ~ o. 
O::;j::;n O::;j::;n 

Since A is w-continuous, we obtain a*b ~ s. The second statement of (i) is 
proven analogously. 
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(ii) (2:)abY)a = L (ab)ja = L a(ba)j = a(L (ba/). 
j?o j?o j?o j?o 

(iii) The equalities 1+(a+b)a*(ba*)* = l+a+(ba*)* +(ba*)+ = a+(ba*)* + 
(ba*)* = a*(ba*)* imply, by (i), 

(a + b)* [;;; a*(ba*)*. 

Conversely, we obtain, for all n 2: 0, 

O~j~n-l O~j~n-l 

O~j~n-l O~j~n-l 

Hence, 

L aj(b(a + b)* + 1) [;;; (a + b)* for all n 2: o. 
O~j~n 

Since A is w-continuous, we obtain 

a*b(a + b)* + a* [;;; (a + b)* 

and, by (i) 
(a*b)*a* [;;; (a + br. 

Apply now identity (ii). 

(iv) (a + ba*b)*(1 + ba*) = (a*ba*bra*(1 + ba*) = 

= L (a*b) 2j a* + L (a*b)2.i+la* = (a*b)*a* = (a + br. 0 

j?O j?O 

The identities (ii), (iii) and (iv) of Theorem 2.4 are valid in complete 
semirings as well (Hebisch [51]). However, we think that this is a minor issue 
and do not want to unnecessarily complicate things. So we make the following 
notational convention throughout the remainder of Chapter 9: A will always 
denote an w-continuous semiring. But observe that some of our definitions 
and results are valid also for other types of semirings. 

Given an w-continuous semi ring A, a monoid M and a nonempty index set 
I, we will introduce two more w-continuous semirings: The semiring A((M)) 
of formal power series (over M) and the semiring A[X[ of matrices (indexed 
by I x 1). 

We start with formal power series. Consider a monoid (M, 0, e) and a set 
S. Mappings r from Minto S are called (jmmal) power series. The values of 
T are denoted by (T,W), where wE M, and r itself is written as a formal sum 
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r = L (r,w)w. 
wEM 

The values (r, w) are also referred to as the coefficients of the series. The 
collection of all power series r as defined above is denoted by S ((M)). 

This terminology reflects the intuitive ideas connected with power series. 
We call the power series "formal" to indicate that we are not interested in 
summing up the series but rather, for instance, in various operations defined 
for series. The power series notation makes it very convenient to discuss such 
operations in case S has enough structure, for instance if S is an w-continuous 
semiring A. 

Given r E A((M)), the subset of M defined by 

{w I (r,w) # O} 

is termed the support of r and denoted by supper). The subset of A((M)) 
consisting of all series with a finite support is denoted by A(M). Series of 
A(M) are referred to as polynomials. 

Examples of polynomials belonging to A(M) for every A are 0, w, aw, 
a E A, w E M, defined by: 

(0, w) = 0 for all w, 
(w,w) = 1 and (w,w' ) = 0 for w # Wi, 

(aw, w) = a and (aw, Wi) = 0 for w # w'. 

Note that w equals 1w. 
We now introduce two operations inducing a semiring structure to power 

series. For rI, r2 E A((M)), we define the sum rl + r2 E A((M)) by (ri + 
r2,w) = (rl,w) + (r2,w) for all w E M. For rI,r2 E A((M)), we define the 
(Cauchy) product rIr2 E A((M)) by (rlr2,w) = 2:w IOW2=W(rl,wt)(r2,w2) 
for all wE M. Clearly, (A((M)), +,·,0, e) and (A(M), +,·,0, e) are semirings. 

Moreover, A((M)) is an w-continuous semiring. Sums in A((M)) are defined 
by (2:.iEJrj,w) = 2: jE J(rj,w) for all wE M and all index sets J. 

For a E A, r E A((M)), we define the scalar products ar, ra E A((M)) 
by (ar,w) = a(r,w) and (ra,w) = (r,w)a for all w E M. Observe that 
ar' = (ae)r and ra = r(ae). If A is commutative then ar = ra. 

A series r E A((M)), where every coefficient equals 0 or 1, is termed the 
characteristic series of its support L, in symbols, r = char(L). 

The Hadamard product of two power series rl and r2 belonging to A((M)) 
is defined by 

rl 0r2 = L (rt,w)(r2'w)w. 
wEM 

In Sections 3-7, we will only consider power series in A((E*)), where A 
is an w-continuous semiring and 17 is an alphabet. It will be convenient to 
use the notations A(E U c), A(E) and A(c) for the collection of polynomials 
having their supports in 17 U {c}, 17 and {c}, respectively. Power series in 
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A((M)), where M is a monoid distinct from E*, will only be considered in 
Sections 8, 9 and 10. 

The following notational conventions are valid in the sequel: E, possibly 
provided with indices, will denote a finite alphabet and the letter I (resp. 
Q), possibly provided with indices, will denote a nonempty (resp. nonempty 
finite) index set. 

Clearly, ~(E*) is a semiring isomorphic to lIll((E*)). Essentially, a tran
sition from ~(E*) to lIll((E*)) and vice versa means a transition from L to 
char(L) and from r to supp(r), respectively. The operation corresponding to 
the Hadamard product is the intersection of languages. If rl and r2 are the 
characteristic series of the languages Ll and L2 then rl 0 r2 is the character
istic series of Ll n L 2. 

The next example gives an application of Theorem 2.4 (iii). 

Example 2.3. Let r = ac + bx E R+,({x}*), a < 1. Then r* = (a*bx)*a* = 

Ln~O bnxn /(1 - at+!. 0 

We now introduce matrices. Consider two nonempty index sets I and I' 
and a set S. Mappings M of I x I' into S are called matrices. The values of 
M are denoted by Mi,i', where i E I and i' E 1'. The values Mi,i' are also 
referred to as the entries of the matrix M. In particular, Mi,i' is called the 
(i,i/)-entry of M. The collection of all matrices as defined above is denoted 
by SIXI'. 

If I or I' is a singleton, M is called a row or column vector, respectively. 
If both I and l' are finite, then M is called a finite matrix. 

We introduce some operations and special matrices inducing a monoid 
or semiring structure to matrices. For Ml , M2 E AIXI' we define the sum 
Ml + M2 E AIxI' by (Ml + M 2)i i' = (Mdi i' + (M2)i i' for all i E I, i' E 1'. 
Furthermore, we introduce the ze~o matrix 0 E AIXI'. 'All entries of the zero 
matrix 0 are o. By these definitions, (AIXI', +, 0) is a commutative monoid. 

For MI E Alt xI2 and M2 E A!,x!o we define the product MlM2 E Altx!o 

by 

Furthermore, we introduce the matrix of unity E E AIXI. The diagonal 
entries Ei,i of E are equal to 1, the off-diagonal entries Ei1 ,i2 , i l ¥- i2, of E 
are equal to 0, i, iI, i2 E I. 

It is easily shown that matrix multiplication is associative, the distribution 
laws are valid for matrix addition and multiplication, E is a multiplicative 
unit and 0 is a multiplicative zero. So we infer that (AIXI, +, ·,0, E) is a 
semiring. 

Infinite sums can be extended to matrices. Consider AIXI' and define, for 
M j E AIXI', j E J, where J is an index set, LjEJ Mj by its entries: 
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By this definition, AlxI is an w-continuous semiring. 
Moreover, the natural order on A is extended entrywise to matrices Ml 

and M2 in AIXI': 

iff (Mt}i,i' !;; (M2)i,i' for all i E I, i' E I'. 

We now introduce blocks of matrices. Consider a matrix M in AIXI. 
Assume the existence of a nonempty index set J and of nonempty index sets 
I j for i E J such that I = UjEJ I j and Ijl nIh = 0 for il =I- h. The mapping 
M, restricted to the domain Ij, X Ih , i. e., M : Ijl X Ih --+ A is, of course, a 
matrix in Ali! Xli>. We denote it by M(Ijl ,!h) and call it the (Ijp Ih)-block 
ofM. 

We can compute the blocks of the sum and the product of matrices Ml 
and M2 from the blocks of Ml and M2 in the usual way: 

(Ml + M2)(Ij,,!h) 

(M1M 2) (Ij, ,Ij,) 

M1(Ijplh ) + M 2(Ijll Ih ), 

L M 1(Ij" Ij)M2(Ij, Ih )· 
jEJ 

In a similar manner the matrices of AIXI' can be partitioned into blocks. 
This yields the computational rule 

If we consider matrices Ml E AIXI' and M2 E AI'xI" partitioned into com
patible blocks, i. e., l' is partitioned into the same index sets for both matri
ces, then we obtain the computational rule 

(M1M2)(Ij,Ij~,) = L Ml(Ij,Ij,)M2(Ij"Ij~,). 
j'EJ' 

In the sequel we will need the following isomorphisms: 

(i) The semirings 

(AQXQ/XI, A(IXQ)xCIXQ), ACQXI)XCQxI), (AIXI)QXQ 

are isomorphic by the correspondences between 

for all it,i2 E I, qt,q2 E Q. 
(ii) The semirings AIXI ((E*}) and (A((E*}) /XI are isomorphic by the corre

spondence between (M,w)i" i2 and (Mi" i2'W) for all i 1 ,i2 E I, w E E*. 
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Observe that these correspondences are isomorphisms of complete semirings, 
i. e., they respect infinite sums. We will use these isomorphisms without 
further mention. Moreover, we will use the notation Mi" i 2 , i l E It, i2 E I 2 , 

where M E All xI. ((17*)): M i" i 2 is the power series in A((E*)) such that the 
coefficient (Mi" i2 ,W) of w E 17* is equal to (M,W)i" i2. Similarly, we will 
use the notation (M,w), w E 17*, where M E (A((E*)))h XI2: (M,w) is the 
matrix in AhXI. whose (il,i2)-entry (M,W)i" i2 , il E I!, i2 E I2, is equal to 
(Mi" i2'W). 

The next theorem is central for automata theory (see Conway [21], 
Lehmann [97], Kuich, Salomaa [92], Kuich [83], Kozen [78], Bloom, Esik [12]). 
It allows to compute the blocks of the star of a matrix M by sum, product and 
star of the blocks of M. For notational convenience, we will denote M (h Ij) 
by Mi,j, 1:::; i,j :::; 3. 

Theorem 2.5. Let M E AlxI and I = It U I 2, It n h = 0. Then 

M*(It,ld (Ml,l + Ml,2M;,2M2,d*, 

M*(It,l2) = (Ml,l + Ml,2M;,2M2,l)* M l ,2M;,2' 

M*(I2,h) = (M2,2 + M2,lM;,lMl ,2)* M2,lM;,l' 

M*(I2,h) = (M2,2+ M2,lM;,lMl ,2)*. 

Proo]. Consider the matrices 

Ml - (Ml,l 0 ) and M2 = ( 0 M l,2) 
- 0 M 2,2 M 2,l 0 . 

The computation of (Ml + M2Mi M 2r(E + M2Mi) and application of The
orem 2.4 (iv) prove our theorem. 0 

Corollary 2.6. If M2,l = 0 then 

M * _ (M;,l Mi,l M l ,2 M;,2 ) 
- 0 M* . 

2,2 

Corollary 2.7. If M2,l = 0, M3,l = 0 and M 3,2 = 0 then 

( 
Mi,l Mi,l M l ,2M;,2 Mi,l M l ,2M ;,2M 2,3M ;,3 + Mi,l M 1,3M;,3 ) 

M* = 0 M;,2 M;, 2 M 2,3M ;,3 
o 0 M;,3 

In the next theorem, I is partitioned into I j , j E J, and jo is a distinguished 
element in J. 

Theorem 2.8. Assume that the only non-null blocks of the matrix M E 
AIXI are M(Ij,ljo), M(Ijo,lj) and M(Ij,lj), for all} E J and a fixed 
jo E J. Then 

M*(Ijo ,ljo) = (M(Ijo ,ljo) + L M(Ijo ,lj)M(Ij , Ijr M(Ij,ljo) r· 
jEJ, #jo 
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Proof. We partition I into Ijo and I' = I - Ijo. Then M(J' ,I') is a block
diagonal matrix and (M(I',J')*)(Ij,Ij) = M(Ij,Ij)* for alIi E J - bo}. By 
Theorem 2.5 we obtain 

The computation of the right side of this equality proves our theorem. 0 

3. Algebraic systems 

In this section we introduce semiring-polynomials and consider algebraic sys
tems as a generalization of the context-free grammars. Our development of 
the theory concerning algebraic systems parallels that of Eilenberg [26). In 
order to have a sound theoretical basis for solving algebraic systems we give 
an introduction into the theory of w-complete partially ordered sets and their 
Fixpoint Theorem. 

In the sequel, Y = {Yl, ... , Yn} is a finite set of variables. We denote by 
A(Y) the polynomial semiring over the semiring A in the set of variables Y 
(see Lausch, Nobauer [96], Chapter 1.4). To distinguish the polynomials in 
A(Y) from the polynomials in A((E*)), we call them semiring-polynomials. 

Each semiring-polynomial has a representation as follows. A product term 
t has the form 

where ai E A and Yi; E Y. The elements aj are referred to as coefficients 
of the product term. Observe that for k = 0 we have t(Yl, ... , Yn) = ao. If 
k ~ 1, we do not write down coefficients that are equal to 1; e. g., YIY2 stands 
for 1 . Yl . 1 . Y2 . 1. Each semiring-polynomial p has a representation as a finite 
sum of product terms tj, i. e., 

p(Yl, ... , Yn) = L tj(Yl, ... , Yn). 
l~j~m 

The coefficients of all the product terms tj, 1 :::; j :::; m, are referred to as 
the coefficients of the semiring-polynomial p. For a nonempty subset A' of 
A we denote the collection of all semiring-polynomials with coefficients in A' 
by A'(Y). 

If the basic semiring is given by A((E*)) then A((E U Y)*), the set of 
polynomials over E U Y, can be regarded as a subset of the set A' (Y) of 
semiring-polynomials, where A' = {aw I a E A, wE E*}. 

We are not interested in the algebraic properties of A(Y), but only in 
the mappings induced by semiring-polynomials. These mappings are called 
polynomial functions on A (see Lausch, Nobauer [96], Chapter 1.6). 
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Each product term t (resp. semiring-polynomial p) with variables Yl, ... 
. . . , Yn induces a mapping t (resp. p) from An into A. For a product term t 
represented as above, the mapping t is defined by 

for a semiring polynomial P, represented by a finite sum of product terms tj 
as above, the mapping 15 is defined by 

15(O'l'''',O'n)= L tj(O'l, ... ,O'n) 
l:$j:$m 

for all (0'1, ... ,(Tn) E An. 
In the sequel we denote the mapping 15 induced by P also by p. This should 

not lead to any confusion. 
We are now ready to define the basic notions concerning algebraic systems. 

Let A' be a nonempty subset of A. An A'-algebraic system (with variables 
in Y) is a system of equations 

where each Pi is a semiring-polynomial in A'(Y). A solution to the A'
algebraic system Yi = Pi, 1 :::; i :::; n, is given by (0'1, ... , O'n) E An such 
that 

O'i = Pi(O'l, ... , O'n), 1:::; i :::; n. 

A solution (0'1, ..• , O'n) of the A'-algebraic system Yi = Pi, 1 < < n, is 
termed a least solution iff 

for all solutions (71, ... ,7n) of Yi = Pi, 1:::; i:::; n. 
Often it is convenient to write the A'-algebraic system Yi = Pi, 1 :::; i :::; n, 

in matrix notation. Defining the two column vectors 

y~ (:) and p~C) 
we can write our A'-algebraic system in the matrix notation 

Y = p(y) or Y = p. 

A solution to Y = p(y) is now given by 0' E An such that 0' = p(O'). A solution 
0' of Y = P is termed a least solution iff 0' !;;;; 7 for all solutions 7 of Y = p. 

One of our main results in this section will be that an A'-algebraic system 
has a unique least solution. This will be shown by the theory of w-complete 
partially ordered sets and their Fixpoint Theorem (see Wechler [141), Sec
tion 1.5). 
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Let 8 be a set partially ordered by :S. A sequence (Si liE N) of elements 
of 8 is called w-chain iff Si :s Si+1 for all i E N. The partially ordered set 8 
is called w-complete iff 

(i) 8 has a least element .1, 
(ii) every w-chain has a least upper bound. 

We denote the least upper bound by "sup". 
Let 8 1 and 8 2 be w-complete partially ordered sets. A mapping f : 81 -+ 

82 is called w-continuous iff, for every w-chain (Si liE N) of elements of 81. 
the least upper bound of (f(Si) liE N) exists and 

f(sup (Si liE N)) = sup (f(Si) liE N). 

If the mapping f is w-continuous then it is also monotone. Hence, (f(Si) I 
i E N) is an w-chain again. Observe that the functional composition of w

continuous mappings is again w-continuous. 
Let 8 be partially ordered and f : 8 -+ 8. Then S E 8 is a fixpoint of 

f iff f(s) = s. A fixpoint S E 8 is called least fixpoint of f iff S :s s' for all 
fixpoints s' of f. If the least fixpoint of f exists, it is unique. We denote it 
by fix(f). 

Theorem 3.1 (Fixpoint Theorem). Let 8 be an w-complete partially or
dered set and f : 8 -+ 8 be an w-continuous mapping. Then (fi(.1) liE N) 
'is an w-chain, sup (fi(.1) liE N) exists and 

fix(f) = sup (t(.1) liE N). 

(Here .1 is the least element of 8 and f i , i EN, is the i-th iterate of f.) 
We now apply the theory of w-complete partially ordered sets to w

continuous semirings. 

Theorem 3.2. Let (A, +, ·,0,1) be an w-continuous semiring. Then A is an 
w-complete partially ordered set and each w-chain (ai liE N) is of the form 

Moreover, 

( L bj liE N). 
O$;j$;i 

sup( ai liE N) = L bi . 
iEN 

Proof, Let (ai liE N) be an w-chain in A. Since ai !; ai+1 for all i EN, there 
exist bi E A such that 

aO = bo, ai+1 = ai + bi+l, i E N. 

This implies ai = LO$;j$;i bj for all i E N. Hence, by Theorem 2.3 (iv), 

sup (ai liE N) = sup ( L bj liE N) = L k 
O$;j$;i iEN 

By Theorem 2.3 (vii), the choice of bi , i E N, is irrelevant. o 

An easy application of Theorem 3.2 yields the next result. 
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Theorem 3.3. Let A be an w-continuous semiring. Then addition and mul
tiplication are w-continuous mappings from A x A into A. 

Corollary 3.4. Let A be an w-continuous semiring and let p be a semiring
polynomial in A(Y). Then the mapping p : An ---+ A is w-continuous. 

Let now p E A(YtX1 , i. e., p is a column vector of semiring-polynomials. 
Then p induces a mapping p : An ---+ An by (p(a1, ... , an))i = Pi(al, ... , an), 
1 :S i :S n, i. e., the i-th component of the value of p at (al, ... ,an) E An is 
given by the value of the i-th component Pi of pat (a1, ... , an). 

The next corollary follows by the observation that the least upper bound 
of a sequence of vectors can be taken componentwise. 

Corollary 3.5. Let A be an w-continuous semiring and let p E A(ytX1 . 
Then the mapping p : An ---+ An is w-continuous. 

Consider now an A'-algebraic system y = p. The least fixpoint of the 
mapping p is nothing else than the least solution of y = p. 

Theorem 3.6. Let A be an w-continuous semiring and A' be a nonempty 
subset of A. Then the least solution of an A' -algebraic system y = p exists in 
Anand equals 

fix(p) = SUp(pi(O) liE N). 

Theorem 3.6 indicates how we can compute an approximation to the least 
solution of an A'-algebraic system y = p. The approximation sequence (7'0, (7'1, 

(7'2, ... ,(7'1, ... , where each (7'1 E Anxl, associated to an A'-algebraic system 
y = p(y) is defined as follows: 

0'0 = 0, ai+1 = p(a1), j E N. 

Clearly, (0'1 I j E N) is an w-chain and fix(p) = sup (0'1 I j EN), i. e., we 
obtain the least solution of y = p by computing the least upper bound of the 
approximation sequence associated to it. 

The collection of the components of the least solutions of all A'-algebraic 
systems, where A' is a fixed subset of A, is denoted by QUg(A'). In the sequel, 
A' denotes always a subset of A containing 0 and 1. But observe that most 
of the definitions and some of the results involving a subset A' of A are valid 
without this restriction as well, i. e., are valid for arbitrary subsets A' of A. 

We are now ready to discuss the connection between algebraic systems 
and context-free grammars. 

Consider a context-free grammar G = (Y, E, P, Yd. Here Y = {Y1, ... , Yn} 
is the set of variables or nonterminal symbols, E is the set of terminal symbols, 
P is the set of productions and Y1 is the initial variable. The language gener
ated by G is denoted by L( G). Changing the initial variable yields the context
free grammars Gi = (Y, E, P, Yi), 1 :S i :S n, and the context-free languages 
L(Gi ) generated by them. Clearly, L(G) = L(G1 ). We now assume that the 
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basic semiring is given by !,p(E*). We define a {{ w} I W E E*}-algebraic 
system Yi = Pi, 1 ~ i ~ n, whose least solution is (L(Gd, ... , L(Gn )): 

Pi = U b}· 
Yi-+'"'(EP 

Whenever we speak of a context-free grammar corresponding to a {{ w} I 
w E E*}-algebraic system, or vice versa, then we mean the correspondence 
in the sense of the above definition. The next theorem is due to Ginsburg, 
Rice [38]. (See also Salomaa, Soittola [123], Theorem IV.1.2 and Moll, Arbib, 
Kfoury [107], Chapter 6.) 

Theorem 3.7. (Ginsburg, Rice [38], Theorem 2) Assume that G = (Y,E, 
P, yd is a context-free grammar and Yi = Pi, 1 ~ i ~ n, is the corresponding 
{{w} I w E E*}-algebraic system with least solution (Ul, ... ,Un ). Let Gi = 
(Y,E,P,Yi), 1 ~ i ~ n. Then 

ui=L(Gi ), l~i~n. 

Corollary 3.8. A formal language over 17 is context-free iff it is in QUg( { {w } 
IWEE*}). 

We now consider the case where the basic semiring is given by A((E*)), and 
A is a commutative w-continuous semiring. Let A' = {aw I a E A, w E E*}. 
Then QUg(A') is equal to the collection ofthe components of the least solutions 
of A'-algebraic systems Yi = Pi, 1 ~ i ~ n, where Pi is a polynomial in 
A((E U Y)*). This is due to the commutativity of A: any polynomial function 
on A((E*)) that is induced by a semiring-polynomial of A'(Y) is also induced 
by a polynomial of A((E U Y)*). In this case, QUg(A') is usually denoted by 
Aalg((E*)). The power series in Aalg((E*)) are called algebraic power series. 
Whenever we speak of an algebraic system Yi = Pi, Pi E A((E U Y)*), 1 ~ 
i ~ n, in connection with the basic semiring A((E*)), then we assume that A 
is commutative and mean an A'-algebraic system as described above. 

We generalize the connection between algebraic systems and context-free 
grammars as discussed above. Define, for a given context-free grammar G = 
(Y, 17, P, Yl), the algebraic system Yi = Pi, Pi E A((E U Y)*), 1 ~ i ~ n, by 

(Pi, 'Y) = 1 if Yi -+ 'Y E P and (pi, 'Y) = 0, otherwise. 

Conversely, given an algebraic system Yi = Pi, Pi E A((E U Y)*), 1 ~ i ~ n, 
define the context-free grammar G = (Y, 17, P, yd by 

Yi -+ 'Y E P iff (Pi, 'Y) # o. 
Whenever we speak of a context-free grammar corresponding to an alge

braic system Yi = Pi, Pi E A((E U Y)*), 1 ~ i ~ n, or vice versa, then we 
mean the correspondence in the sense of the above definition. If attention is 
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restricted to algebraic systems with coefficients 0 and 1 then this correspon
dence is one-to-one. The correspondence between context-free grammars and 
algebraic systems Yi = Pi, Pi E A((E U Y)*}, 1 :::; i :::; n, is a generalization 
of the correspondence between context-free grammars and {{ w} I w E E*}
algebraic systems defined earlier. This is seen by taking in account the iso
morphism between the semirings SfJ(E*) and B((E*}}. The next theorem is 
due to Chomsky, Schiitzenberger [20]. 

Theorem 3.9. (Salomaa, Soittola [123], Theorem IV.1.5) Assume that G = 
(Y,E,P,Y1) is a context-free grammar andYi =Pi, Pi E N°O((EUY)*}, 1:::; 
i :::; n, is the corresponding algebraic system with least solution (0"1, . .. ,O"n). 
Denote by di(w) the number (possibly 00) of distinct leftmost derivations of 
w from the variable Yi, 1:::; i :::; n, w E E*. Then 

O"i = L di(w)w, 1:::; i :::; n. 
wEE" 

Corollary 3.10. Under the assumptions of Theorem 3.9, G is unambiguous 
iff, for all w E E*, 

(0"1, w) :::; 1 

Example 3.1. (See Chomsky, Schiitzenberger [20], Kuich [80].) Consider the 
context-free grammar G = ({y},{x},{y ~ y2,y ~ x},y). If the basic semi
ring is SfJ( {x} *), the corresponding algebraic system is given by Y = y2 U {x}. 
The j-th element of the approximation sequence is {X 2;-1,X2;-1_1, ... ,X}, 

j ;::: 1. Hence, {x} + is the least solution of Y = y2 U {x}. Observe that {x} * 
is also a solution. 

If the basic semiring is N°O (( {x} *}}, the corresponding algebraic system is 
given by Y = y2 + x. The first elements of the approximation sequence are 
0"0 = 0,0"1 = x, 0"2 = x 2 + x, 0"3 = x4 + 2x3 + x 2 + X. It can be shown that 

(2n)! 
where On = '( )" n;::: 0, n. n+ 1. 

is the least solution of y = y2 + x. This means that x n+1 has On distinct 
leftmost derivations with respect to G. 0 

In an w-continuous semiring A, the three operations +, " * are called the 
rational operations. A subsemiring of A is called fully rationally closed iff it 
is closed under the rational operations. 

Theorem 3.11. (QUg(AI), +,·,0, I} is a fully rationally closed semiring. 

Proof. Let a and a l be in QUg(AI). Then there exist AI-algebraic systems 
Yi = Pi, 1 :::; i :::; n, and yj = pj, 1 :::; j :::; m, such that a and aI, respectively, 
are the first components of their least solutions. Assume that the sets of 
variables are disjoint and consider the AI-algebraic systems 



(i) Yo 
Yi 
yj 

Yl + Yl 
Pi 
pj 

(ii) Yo 
Yi 
yj 
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YIYl 
Pi 

= pj 

(iii) Yo 
Yi 

YIYO + 1 
Pi 

where 1 ::; i ::; n, 1 ::; j ::; ffi. Let cr and cr' be the least solutions of Yi = Pi, 
1 ::; i ::; n, and yj = pj, 1 ::; j ::; ffi, respectively. Then we claim that 
(a+ a', cr, cr'), (aa', cr, cr') and (a*, cr) are the least solutions ofthe A' -algebraic 
systems (i), (ii) and (iii), respectively. 

We prove only the third case. We have 

(YIYO + l)(a*, a, cr2, ... , crn) = aa· + 1 = a*, 
pi(a*, a, cr2, ... , crn) = Pi(crl, ... , crn) = cri, 1::; i ::; n. 

Hence, (a*,cr) is solution of (iii). Assume that (b,T) is the least solution. 
This means b r;;; a* and T r;;; cr. Since Pi(b, Tl,···, Tn) = Pi(Tl, ... , Tn) = Ti, 
1 ::; i ::; n, T is solution of Yi = Pi, 1 ::; i ::; n. Since cr is the least solution 
of Yi = Pi, 1 ::; i ::; n, this implies, together with T r;;; cr, the equality T = cr. 
Since Tl = crl = a, the substitution of (b, T) into the first equation of (iii) 
yields ab + 1 = b. Theorem 2.4 (i) implies now a* r;;; b. Hence b = a* and 
(b,T) = (a*,cr) is the least solution of (iii). 

Summarizing, we have shown that a + a', aa' and a* are in 2Ug(A'). 0 

Corollary 3.12. The family of context-free languages over E is closed under 
the mtional opemtions. 

According to our convention, the w-continuous semiring A is commutative 
in the next corollary. 

Corollary 3.13. (Aalg((E*)), +",0, c) is a fully rationally closed semiring. 

Our last result in this section shows that 2Ug is an idempotent operator 
(Berstel [4], Wechler [141]). 

TheoreIll 3.14. 2Ug(2Ug(A')) = 2(lg(A'). 

Proof. Let Yi = Pi, 1 ::; i ::; n, be an 2(lg(A')-algebraic system with least 
solution cr. Consider the coefficients a of the semiring-polynomials Pi, 1 ::; i ::; 
n, where a E 2(lg(A') and a rj. A'. For each of these coefficients a there exists 
an A'-algebraic system z'j = q'j with least solution T a whose first component 
is equal to a. Perform now the following procedure on the 2(lg(A')-algebraic 
system Yi = Pi, 1 ::; i ::; n: each coefficient a, a E 2(lg(A'), a rj. A', in Pi 
is replaced by the variable zl and the equations z'j = q'j are added to the 
system for all these a. 

The newly constructed system is then an A'-algebraic system whose least 
solution is given by cr and all the Ta . Hence, the components of cr are in 
2(lg(A'). 0 
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4. Automata and linear systems 

In this section we begin the development of automata theory and prove the 
Theorem of Kleene. The well-known finite automata are generalized in the 
following two directions: 

(i) An infinite set of states will be allowed in the general definition. When 
dealing with pushdown automata in Section 6 this will enable us to store 
the contents of the pushdown tape in the states. 

(ii) A single state transition generates an element of the basic semiring A 
instead of reading a symbol. Thus an automaton generates an element of 
the basic semiring A. 

Our model of an automaton will be defined in terms of a (possibly infinite) 
transition matrix. The semiring element generated by the transition of the 
automaton from one state i to another state i' in exactly k computation steps 
equals the (i, i')-entry in the k-th power of the transition matrix. Consider 
now the star of the transition matrix. Then the semiring element generated by 
the automaton, also called the behavior of the automaton, can be expressed 
by the entries (multiplied by the initial and final weights of the states) of the 
star of the transition matrix. 

An A' -automaton 
2( = (I, M, S, P) 

is given by 

(i) a non empty set I of states, 
(ii) a matrix M E A,IXI, called the transition matrix, 
(iii) SEA' 1 x I, called the initial state vector, 
(iv) P E A,IXI, called the final state vector. 

The behavior 112(11 E A of the A'-automaton 2( is defined by 

112(11 = L Si 1 (M*)i 1 ,iz Pi2 = SM* P. 
i 1 ,i2 EI 

An A' -automaton is termed finite iff its state set is finite. 
Usually, an automaton is depicted as a directed graph. The nodes of the 

graph correspond to the states of the automaton. A node corresponding to 
a state i with Si i- 0 (resp. Pi i- 0) is called initial (resp. fina0. The edges 
(i, j) of the graph correspond to the transitions unequal to 0 and are labeled 
by Mi,.i. 

Consider the semiring JH,. Then, for an arbitrary lffi-automaton 2(, we obtain 
112(11 = 1 iff there is a path in the graph from some initial node to some final 
node. 

Let now N°O be the basic semiring and let 2( be a {O, 1 }-automaton. Then 
112(11 is equal to the number (including 00) of distinct paths in the graph from 
the initial nodes to the final nodes. 
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Assume that the basic semiring is the tropical semiring and consider an 
{oo, 1, O}-automaton Qt = (I, M, S, P) such that the entries of M are in 
{00,1}, and the entries of Sand P are in {00,0}. (Observe that a node i 
is initial or final if Si = 0 or Pi = 0, respectively.) Then IIQtII is equal to the 
length of the shortest path in the graph from some initial node to some final 
node. There is no such path iff IIQtII = 00. (See Carre [17).) 

Consider now the semiring lR~ and let [0, I) = {a E lR+ 10::; a::; I}. A 
[0, I)-automaton, whose transition matrix is stochastic, can be considered as 
a Markov chain (see Paz [110], Seneta [130]). 

Example 4.1. Let 

Qt = ({ qo, ql}, (~~ ~~), (1 0), ( ~ ) 

Then IIQtIl = (M*)QQ,Ql = (al + a2a4*a3)*a2a4* by Theorem 2.5. 
Specializing the semiring A, assume the basic semiring to be ~(17*), where 

17 = {Xl,X2,X3,X4}' Then, for ai = {Xi}, 1::; i::; 4, 

D 

An A' -linear system is of the form 

y=My+P, 

where y is a variable, M is a matrix in A,IXI and P is a column vector in 
A,IX1. A column vector T E A,IXl is called solution to y = My + P iff 
T = MT + P. It is called least solution iff T !;; T' for all solutions T'. 

Theorem 4.1. Let y = My + P be an A'-linear system. Then M* P is its 
least solution. 

Proof. By Theorem 2.2 (i), (ii), M* P is a solution. A proof analogous to the 
proof of Theorem 2.4 (i) shows that MT + P !;; T implies M* P !;; T. Hence, 
M* P is the least solution. 0 

Corollary 4.2. Let Qt = (I, M, S, P) be an A'-automaton and let T be the 
least solution of the A' -linear system y = My + P. Then IIQtIl = ST. 

A matrix M E (A«17*)) /XI is called cycle-free iff there exists an n ~ 1 
such that (M, tY = O. An A«17*))-linear system y = My + P is called cycle
free iff M is cycle-free. 

Theorem 4.3. (Kuich, Urbanek [94], Corollary 3) The cycle-free A«17*))
linear system y = My + P has the unique solution M* P. 

An A«17*))-automaton Qt = (1, M, S, P) is called cycle-free iff M is cycle-free. 

Corollary 4.4. Let Qt = (1, M, S, P) be a cycle-free A«17*))-automaton and 
let T be the unique solution of the cycle-free A«17*))-linear system y = My + 
P. Then IIQtII = ST. 
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Example 4.1 indicated one method to compute the behavior of an A'
automaton: Apply Theorem 2.5. Corollary 4.4 yields another method to com
pute the behavior of a cycle-free A((17*))-automaton m = (1, M, S, P): Prove 
that T E (A((17*)) )IXI is a solution of y = My + P. Then ST is the behavior 
of m. 

Example 4.2. (Kuich, Salomaa [92], Example 7.2) Let 17 = {XI,X2,X3}, Q = 
{QI,q2}, 

C = (Xl 0) o 0 ' 
D = (0 0) o X3 

and n:::: O. 

Define ME ((A(17*))QXQtxN, S E ((A(c))IXQ/ XN and P E ((A(c))QXltxl 
by their non-null blocks: 

Mn,n+l = C, Mn+l,n = D, Mn,n = Bn, n ~ 0, 

So = (c 0), Po = ( ~ ) . 

Consider the A(17*)-automaton m = (1, M, S, P), where 1 = N x Q. (Strictly 
speaking, we should take the copies of M, Sand P in (A(17*)/NXQ)XCNxQ), 
(A(c))IX(NXQ) and (A(c))CNXQ)XI, respectively.) Let 

n ~ 0, 

QXI Nxl 
be the n-th block of the column vector T E ((A((17*))) ) . We claim 
that T is a solution (and hence, the unique solution) of the cycle-free A(17*)
linear system y = My + P ((M,c)2 = 0). This claim is proved by showing 
the equalities (MT + P)n = Tn, n ~ 0: 

(MT + P)o BoTo + CTI + Po = To, 

(MT + P)n = DTn-1 + BnTn + CTn+1 = Tn, n ~ 1. 

This yields Ilmil = ST = SoTo = I:j~O xl x~x~. o 

By definition, an A'-automaton m = (1, M, S, P) is normalized iff the 
following conditions (i), (ii) and (iii) are satisfied. 

(i) There exists an io E 1 such that Sio = 1 and Si = 0 for i =1= io. 
(ii) There exists an if E 1, if =1= io, such that Pif = 1 and Pi = 0 for i =1= if. 
(iii) Mi,io = Mif,i = 0 for all i E 1. 
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Theorem 4.5. If a is the behavior of an A'-automaton then a is also the 
behavior of a normalized A' -automaton. 

Proof. Assume a = 112(11, where 2( = (1, M, S, P) is an A'-automaton. 
Let io and if be new states and define the A'-automaton 2(' = (1 u 
{io,ir},M',S',P'), where 

S' ~ (1 0 0), M' ~ 0 f ~), p ~ ( n 
(Here the blocks are indexed by i o, 1 and ir-) By Corollary 2.7, we obtain 
(M'*)io,if = SM* P. Hence, 112('11 = s' M'* P' = (M'*)io,if = SM* P = 112(11. 

o 

By definition, 9tat(A') is the smallest fully rationally closed subsemiring 
of A containing A'. Clearly, 9tat(A') ~ 2([g(A') by Theorem 3.11. We now 
will prove a generalization of the Theorem of Kleene: a E 9tat(A') iff a is the 
behavior of a finite A'-automaton. 

Theorem 4.6. The set of behaviors of finite A' -automata forms a fully ra
tionally closed semiring that contains A'. 

Proof. Let 2( = (Q,M,S,P) and 2(' = (Q',M',S',P') be finite A'-automata, 
where Q and Q' are disjoint. Then we construct finite automata 2(1, 2(2 and 
2(3 with behaviors 112(11 + 112('11, 112(11,112('11 and 112(11*, respectively. 
(i) Define 2(1 = (Q U Q',M1 , S1, Pt) by 

M (M 0) Sl = (S S'), 1 = 0 M' , 

(iii) Define 2(3 = (Q U {qo}, M3, S3, P3), where qo is a new state, by 

M3 = (~ !), S3 = (1 0), P3 = ( ~ ) . 

Obviously, we have II2(tII = 112(11 + 112('11. Corollary 2.6 yields at once 112(211 = 
112(11,112('11. Theorem 2.5 yields 112(311 = (SM*P)* = 112(11*· 

If the entries of PS' are in A' then 2(2 is again an A'-automaton. If not, 
normalize 2( or 2(' by the construction of Theorem 4.5 and perform then 
construction (ii). The result is an A'-automaton 2(2. Clearly, 2(1 and 2(3 are 
A'-automata. 

For each a E A', a trivial construction yields a finite A'-automaton whose 
behavior is a. Hence, constructions (i) and (ii) show that the set of behaviors 
of finite A'-automata forms a semiring containing A'. Construction (iii) shows 
that this semiring is fully rationally closed. 0 
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Compare the constructions of Theorem 4.6 with the constructions of Har
rison [46], Theorem 2.3.3, Hopcroft, Ullman [64], Theorem 2.3 and Perrin 
[111], Theorem 4.1. 

We now show the converse to Theorem 4.6. 

Theorem 4.7. Let A' be a fully rationally closed subsemiring of A and let 
Q be finite. Then 

M E A,QxQ implies M* E A,QXQ. 

Proof. The proof is by induction on the number of elements in Q. For IQI = 1, 
M* is in A' since A' is fully rationally closed. For IQI > 1, partition Q into 
Q = Ql U Q2, Ql n Q2 = 0, 1 ~ IQ11,IQ21 < IQI. Then application of 
Theorem 2.5 proves our theorem. 0 

Corollary 4.8. Let Q be finite and ME A,QxQ. Then M* E !Jtat(A,)QxQ. 

Corollary 4.9. Let 2( be a finite !Jtat(A')-automaton. Then 112(11 E !Jtat(A'). 

Since A' ~ !Jtat(A'), we have proved the announced generalization of the 
Theorem of Kleene. 

Theorem 4.10. Let A' be a subset of an w-continuous semiring A that con
tains a and 1. Then vtat( A') coincides with the fully rationally closed semiring 
of the behaviors of finite A' -automata. 

Theorem 4.7 and some easy computations yield also the following corol
lary. It states explicitely that rational operations on finite matrices are per
formed by rational operations on their entries. 

Corollary 4.11. Let Q be finite. Then vtat(A,QxQ) = (!Jtat(A,))QxQ. 

The definition of !Jtat(A') yields a result analogous to Theorem 3.14. 

Theorem 4.12. !Jtat(!Jtat(A')) = !Jtat(A'). 

Before specializing Theorem 4.10 to semirings A((E*)) and s.:jJ(E*), we 
show a result that allows us to delete c-transitions without changing the 
behavior of an A(E U c)-automaton. (See also Hopcroft, Ullman [64], Theo
rem 2.2, and compare the proofs.) 

Theorem 4.13. Consider an A(E U c)-automaton 2( = (1, M, S, P). Then 
there exists an A(EUc) -automaton 2(' = (1, M', S, P'), where M' E (A(E) )IX I 
and P' E (A(c))IX1, such that 112('11 = 112(11. 

Proof. By Theorem 4.5, we assume without loss of generality that P E 
(A(c))IX1. Define Mo = (M,c)c, Ml = :EXEE(M,x)x and let M' = MoM!, 
P' = Mo P. Then, by Theorem 2.4 (iii), 
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In the next corollary the basic semiring is again A((E*». In this case, 
9tut({ax I a E A, x E Eu {E}}) coincides with Arat((E*» (see Kuich [83]). 
The power series in Arat((E*» are called rational power' series. 

Corollary 4.14. A power series l' is in Arat((E*» iff there exists a fi
nite A(EUE)-automaton Q( = (Q,M,S,P) such that IIQ(II = rand ME 
(A(E) )QxQ, P E (A(E) )QX\ and SqO = E, Sq = 0, qo =I- q, for some qo E Q. 

Corollary 4.14 is a variant of the Theorem of Kleene-Schutzenberger (Schut
zenberger [128]; see also Sakarovitch[124]). 

An {{x} I x E 17 U {E} }-algebraic system corresponding to a regular 
grammar and written in matrix notation is nothing else than an {{x} I x E 
E} U {{ E}, 0}-linear system. This yields the last result of this section. 

Theorem 4.15. The following statements on a formal language Lover 17 
are equivalent: 

(i) L 'is a regular language ave'" E. 
(ii) L is the behavior of a finite \}J( 17 U {E })-automaton Q( = (Q, M, S, P) 

such that ME \}J(E)QXQ, P E {{E},0}QXl, and SqO = {E}, Sq = 0, 
q =I- qo, for some qo E Q. 

(iii) L E 9tut({{x} I x E E}). 

In language theory, a formula telling how a given regular language is ob
tained from the languages {x}, x E 17, and 0 by rational operations is referred 
to as a regular expression. Hence, item (iii) of Theorem 4.15 means that L is 
denoted by a regular expression (see Salomaa [120] and [121], Theorem 5.1). 
The equivalence of items (ii) and (iii) of Theorem 4.15 is called the Theorem 
of Kleene (Kleene [77]). 

5. Normal forms for algebraic systems 

In this section, we will show that elements of Q([g(A') can be defined by A'
algebraic systems that are "simple" in a well-defined sense. In other words, we 
will exhibit a number of normal forms that correspond to well-known normal 
forms in language theory, e. g. the Chomsky normal form, the operator normal 
form and the Greibach normal form. Apart from the beginning of this section, 
we will only consider power series in A alg (( 17*». 

An A' -algebraic system is in the canonical two form (see Harrison [46]) 
iff its equations have the form 

Yi = L aimYkYm + L aiYk + ai, 1:S i :S n, 
l::;k,m::;n l::;k::;n 

where Ukm , ak E {O, 1} and ai E A'. 
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Consider an A'-algebraic system Yi = Pi, 1 :=:; i :=:; n, whose least solu
tion is given by u. Perform the following procedure on the product terms 
aOYi,al ... ak-lYikak, k 2: 1, of the semiring-polynomialsPi, I:=:; i:=:; n: re
place each coefficient aj =I- 1 by a new variable z and add an additional equa
tion z = aj; shorten now each product term ZlZ2 ... Zk, k > 2, to Zl Ul and 
add additional equations Ul = Z2U2, ... ,Uk-2 = Zk-lZk, where Ul, ... , Uk-2 
are new variables. Then the components Ui, 1 :=:; i :=:; n, of u are compo
nents of the least solution of the newly constructed A'-algebraic system in 
the canonical two form. 

Theorem 5.1. Each a E QUg(A') is a component of the least solution of an 
A' -algebraic system in the canonical two form. 

We will now consider a very useful transformation of an A'-algebraic 
system. In the next theorem, we write an A'-algebraic system in the form 
Y = My + P, where M E A ,nxn and P E A'(ytX1 . Here the entries of My 
contain product terms of the form aYi, a E A', Yi E Y. 

Theorem 5.2. The least solutions of the A'-algebraic system Y = My + P 
and of the 9'lat(A' )-algebraic system Y = M* P, where M E A,nxn and P E 

A'(y)"Xl, coincide. 

Proof- Let u and T be the least solutions of y = My+P(y) and y = M* P(y), 
respectively. 

(i) By substituting T = M* P(T) into My+P(y), we obtain MT+P(T) = 
MM* P(T) + P(T) = M+ P(T) + P(T) = M* P(T) = T. Hence, T is a solution 
of y = My + P(y) and u ~ T. 

(ii) Clearly, u is a solution of the A-linear system y = My + P(u). The 
least solution of y = My + P(u) is given by M* P(u). Hence M* P(u) ~ u. 

(iii) Let (u j I j E N) be the approximation sequence of y = My + P(y). 
It is easily shown by induction on j that u j ~ M* P(u j ), j 2: O. This implies 
u ~ M* P(u). 

By (ii) and (iii) we infer that u = M* P(u), i. e., u is a solution of 
y = M* P(y). This implies T ~ u. Hence, by (i), T = u and the least solutions 
coincide. 0 

For the remainder ofthis section, our basic semiring will be A((L'*)), where 
A is comrrmtutive, and we will consider algebraic systems Yi = Pi, 1 :=:; i :=:; n, 
where Pi E A((L' U Y)*)o 

Corollary 5.3. The least solutions of the algebraic systems y = My + P and 
y = M*P, where M E (A(c)t xn andsupp(Pi) ~ (L'UY)* - Y, I:=:; i:=:; n, 
coincide. 

Observe that the context-free grammar corresponding to the algebraic 
system y = M* P has no chain rules, i. e., has no productions ofthe type Yi ---
yj. (Compare with Salomaa [121], Theorem 6.3; Harrison [46], Theorem 4.3.2; 
Hopcroft, Ullman [64], Theorem 4.4.) 
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We now consider another useful transformation of an algebraic system. 
It corresponds to the transformation of a context-free grammar for deleting 
c-rules (i. e., productions of the type Yi ---; c). 

Theorem 5.4. Let Yi = Pi, 1 ::; i ::; n, Pi E A((L' U Y)*), be an algebraic 
system with least solution u. Let u = (u, e)e + T, where (T, e) = O. Then there 
exists an algebraic system Yi = qi, 1::; i::; n, qi E A((L'UY)*), (qi, e) = 0, 
whose least solution is T. 

Proof. Substitute (Uj, 10)10 + Yj for Yj, 1 ::; j ::; n, into Pi and define 

qi(Y) = L (pi((u,e)e + y),w)w, 1::; i::; n. 
wEE+ 

The equalities 

Pi((U, 10)10 + T) = pi(U) = U = (u, e)e + T, 1::; i ::; n, 

imply, by comparing coefficients, 

Hence, T is a solution of the algebraic system Yi = qi, 1 ::; i ::; n. Consider 
now an arbitrary solution T' of Yi = % 1 ::; i ::; n. Then u' = (u, e)c + T' 

is a solution of Yi = Pi, 1 ::; i ::; n. Since u is the least solution of Yi = Pi, 
1 ::; i ::; n, we infer that u ~ u'. But this implies T ~ T'. Hence, T is the least 
solution of Yi = % 1 ::; i ::; n. 0 

Observe that the context-free grammar corresponding to the algebraic 
system Yi = qi, 1 ::; i ::; n, has no c-rules. (Compare with Salomaa [121], 
Theorem 6.2; Harrison [46], Theorem 4.3.1; Hopcroft, Ullman [64], Theo
rem 4.3.) 

An algebraic system Yi = Pi, 1 ::; i ::; n, Pi E A((L' U Y)*), is termed 
proper iff SUpp(pi) t:::; (17 U Y) + - Y for alII::; i ::; n. Proper algebraic systems 
correspond to context-free grammars without e-rules and chain rules. 

Corollary 5.5. Let l' E Aalg((L'*)). Then there exists a proper algebraic sys
tem such that L:wEE+ (1', w)w is a component of its least solution. 

Proof. Apply the constructions of Theorem 5.4 and Corollary 5.3, in this 
order. 0 

Corollary 5.6. For every context-free language L there exists a context-free 
grammar G without c-rules and chain rules such that L( G) = L - {c}. 

An algebraic system Yi = Pi, 1 ::; i ::; n, Pi E A((L' U Y)*), is termed strict 
iff SUPP(Pi) t:::; {c} U (17 U Y)* 17(17 U Y)* for alII::; i::; n. For a proof of the 
next result see Salomaa, Soittola [123], Theorem IV.l.l and Kuich, Salomaa 
[92], Theorem 14.11. 
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Theorem 5.7. Let Yi = Pi, 1 ::; i ::; n, Pi E A(17UY)*), be an algebraic 
system with least solution a. 

IfYi = Pi, 1::; i::; n, is a proper algebraic system then (a,e:) = 0 and a 
is the only solution with this property. 

If Yi = Pi, 1 ::; i ::; n, is a strict algebraic system then a is its unique 
solution. 

Example 5.1. Consider an Arat((17*))-algebraic system that can be written 
in matrix notation in the form Z = M 1ZM2 + M, where Z is an n X n
matrix of variables and Ml,M2,M E (Arat((17*))t xn . Then, by computing 
the approximation sequence, it is easily seen that S = Li>O Ml i M M2 i E 

(A((17*))r xn is the least solution of Z = M 1ZM2 + M. (See ~lso Berstel [4], 
Section V.6 and Kuich [82].) 

Consider the linear context-free grammar 

and the corresponding strict algebraic system Yl = aY2, Y2 = aY2 + aY2b + b. 
Denote its unique solution by a = (al,a2). We infer by Theorem 5.2 that 
a is the unique solution of the Arat((17*))-algebraic system Yl = aY2, Y2 = 
a+y2b + a*b. Hence, 

a2 = L (a+ta*bn+1 = La*(a+)nbn+1 and al = L (a+t+1bn+1. 

n~O n~O n~O 

This implies 

L(G) = {ar U {a}n{b}n = {ambn I m ~ n ~ I}. 
n~1 

If A = N°O, al = Lm>n>1 (,::~D ambn . Hence, by Theorem 3.9, the word 

aTnbn E L(G) has c::~;f distinct leftmost derivations according to G. 0 

We are now ready to proceed to the various normal forms. Our next 
result deals with the transition to the Chomsky normal form. By definition, 
an algebraic system Yi = Pi, 1 ::; i ::; n, is in the Chomsky normal form 
(Chomsky [18]) iff SUpp(pi) ~ 17 U y2, 1 ::; i ::; n. 

Theorem 5.8. Let r E Aalg((17*)). Then there exists an algebraic system in 
the Chomsky normal form such that LWEE+(r,w)w is a component of its 
least solution. 

Proof. We assume, by Theorem 5.1, that r is a component ofthe least solution 
of an algebraic system in the canonical two form. Apply now the construc
tions of Theorem 5.4 and Corollary 5.3, in this order. The resulting algebraic 
system is in the Chomsky normal form. 0 
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We now introduce operators w- 1 , for w E E*, mapping A((E*)) into 
A((E*)). For u E E*, we define uw-1 = v if u = vw, uw-1 = 0 otherwise. As 
usual we extend these mappings to power series r E A((E*)) by 

rw- 1 = L (r, u)uw- 1 = L (r, vw)v. 
uEE' vEE' 

Observe that, if (r,c) = 0 then r = 2:xEE(rx-1)x. In language theory the 
mappings corresponding to w- 1 are usually referred to as right derivatives 
with respect to the word w. 

Our next result deals with the transition from the Chomsky normal form 
to the operator normal form. By definiton, an algebraic system Yi = Pi, 
1 :::; i :::; n, is in the operator normal form iff SUPP(Pi) ~ {c} U Y E u Y EY. 
Operator normal forms are customarily defined in language theory to be more 
general: there are no two consecutive nonterminals on the right sides of the 
productions. (See Floyd [36], Harrison [46].) 

Theorem 5.9. Let l' E Aalg((E*)). Then there exists an algebraic system in 
the operator normal form such that l' is a component of its unique solution. 

Proof. By Theorem 5.8 we may assume that 2:wEE+ (1', w)w is the first com
ponent of the least solution 0" of an algebraic system Yi = Pi, 1 :::; i :::; n, in 
the Chomsky normal form. We write this system as follows: 

We now define a new algebraic system. The alphabet of new variables will 
be Y' = {zo} U {zi I x E E, 1 :::; i :::; n}. The equations of the new algebraic 
system are 

Zo (r,c)c+ Lzfx, 
xEE 

Z,i x E E, 1:::; i:::; n. 

We claim that the components of the unique solution of this new algebraic 
system are given by l' (zo-component) and O"iX-1 (zi-component). The claim 
is proven by substituting the components of the unique solution into the 
equations: 

(r,c)c + 2:XEE(0"1X- 1)X = (1',10)10 + 0"1 = (r,c)c + 2:wEE+(r,w)w = r, 

(pi, x)c + 2:1 S k,mSn(Pi, YkYm)(2:xIEE(ukX,-1)X')(O"mX-1) = 
(pi,X)XX- 1 + 2:1 S k,mSn(Pi,YkYm)(O"kO"m)X- 1 = O"iX-1, X E E, 1:::; i:::; n. 

Observe that the equalities are valid for 0" because (0",10) = O. They are not 
valid for solutions T of Yi = Pi, 1 :::; i :::; n, with (T, c) f. O. 0 
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By definition, an algebraic system Yi = Pi, 1 :::; i :::; n, is in the Greibach 
normal form iff SUpp(pi) ~ {c} U E U EY u EYY. (See Greibach [44], 
Rosenkrantz [119), Jacob [67], Urbanek [136).) 

Theorem 5.10. Letr E Aalg((E*)). Then there exists an algebraic system in 
the Greibach normal form such that r is a component of its unique solution. 

Proof. By Theorem 5.9 we may assume that r is the first component of the 
unique solution of an algebraic system Yi = Pi, 1 :::; i :::; n, in the operator 
normal form. We write this system as follows: 

where yT = (Y1, ... ,Yn) is the transpose of y, ME (A((Y U E)*) )nxn, 

Mj,i = L (pi, Yjx)x + L L (pi, YjxYm)xYm, 1:::; i,j :::; n, 
xEE 

and P = ((p1,c)c, ... , (Pn'c)c), Let Z be an n x n-matrix whose (i,j)-entry 
is a new variable Zij, 1 :::; i, j :::; n. We now consider the algebraic system in 
the Greibach normal form 

yT = PM(y)Z+PM(y)+P 

Z M(y)Z + M(y). 

We show that (u,M(u)+) is its unique solution: 

PM(u)M(u)+ + PM(u) + P = PM(u)* = uT, 

by a row vector variant of Theorem 5.2, and 

M(u)M(u)+ + M(u) = M(u)+. 

Hence, r = U1 is a component of the unique solution of the new algebraic 
system in the Greibach normal form. 0 

In language theory, the two most important normal forms are the Chom
sky normal form and the Greibach normal form. By definition, a context-free 
grammar G = (Y, E, P, yt) is in the Chomsky normal form iff all productions 
are of the two forms Yi --+ YkYm and Yi --+ X, x E E, Yi, Yk, Ym E Y. It is in the 
Greibach normal form iff all productions are of the three forms Yi --+ XYkYm, 
Yi --+ XYk and Yi --+ X, x E E, Yi, Yk, Ym E Y. (Usually, productions Yi --+ c 
are not allowed in the Greibach normal form.) 

Corollary 5.11. For every context-free language L there exist a context-free 
grammar G l in the Chomsky normal form and a context-free grammar G2 in 
the Greibach normal form such that L(Gl ) = L(G2 ) = L - {c}. 

Proof. By Theorem 5.8, and by Theorem 5.10 together with Theorem 5.4. 0 
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If our basic semiring is N°O (( 17*)}, we can draw some even stronger con
clusions by Theorem 3.9 and by Lemma IV.2.5 of Salomaa, Soittola [123]. 

Corollary 5.12. Let d : 17* --+ N. Then the following three statements are 
equivalent: 

(i) There exists a context-free grammar G with terminal alphabet 17 such 
that the number of distinct leftmost derivations of w, w E 17*, from the 
start variable is given by d( w). 

(ii) There exists a context-free grammar G1 in the Chomsky normal form 
with terminal alphabet 17 such that the number of distinct leftmost 
derivations of w, w E 17+, from the start variable is given by d( w). 

(iii) There exists a context-free grammar G2 in the Greibach normal form 
with terminal alphabet 17 such that the number of distinct leftmost 
derivations of w, w E 17+, from the start variable is given by d( w). 

Corollary 5.13. For every unambiguous context-free grammar G there exist 
an unambiguous context-free grammar G1 in the Chomsky normal form and 
an unambiguous context-free grammar G2 in the Greibach normal form such 
that L(Gd = L(G2 ) = L(G) - {c}. 

6. Pushdown automata and algebraic systems 

We now define A'-pushdown automata and consider their relation to A'
algebraic systems. It turns out that, for a E A, a E ~Ug(A') iff it is the 
behavior of an A'-pushdown automaton. This generalizes the language theo
retic result due to Chomsky [19] that a formal language is context-free iff it 
is accepted by a pushdown automaton. 

A'-pushdown automata are finite automata (with state set Q) augmented 
by a pushdown tape. The contents of the pushdown tape is a word over the 
pushdown alphabet r. We consider an A'-pushdown automaton to be an A'
automaton in the sense of Section 4: the state set is given by r* x Q and its 
transition matrix is in A,(r*xQ)x(r*xQ). This allows us to store the contents 
of the pushdown tape and the states of the finite automaton in the states of 
the A'-pushdown automaton. Because of technical reasons, we do not work in 
the semiring A(r*xQ)x(r*xQ) but in the isomorphic semiring (AQxQ{*xr*. 

r'xr* 
A matrix M E (A,QXQ) is termed an A'-pushdown transition matrix 
iff 

(i) for each pEr there exist only finitely many blocks Mp ,7r' 7r E r*, that 
are unequal to 0; 

(ii) for all 7r1, 7r2 E r*, 

if there exist pEr, 7r' E r* with 
7r1 = p7r' and 7r2 = 7r7r/ , 

otherwise. 
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The above definition implies that an A'-pushdown transition matrix has a 
finitary specification: it is completely specified by its non-null blocks of the 
form M p ,7r, pEr, 7r E r*. Item (ii) of the above definition shows that only 
the following transitions are possible: if the contents of the pushdown tape is 
given by P7r', the contents of the pushdown tape after a transition has to be 
of the form 7r7r'; moreover, the transition does only depend on the leftmost 
(topmost) pushdown sympol p and not on 7r'. In this sense the A'-pushdown 
transition matrix represents a proper formalization of the principle "last in~ 
first out". 

An A' -p'ushdown automaton 

IfJ = (Q, r, M, S,po, P) 

is given by 

(i) a finite set Q of states, 
(ii) a finite alphabet r of pushdown symbols, 

r*xr* 
(iii) an A' -pushdown transition matr'ix M E (A,QX Q) , 
(iv) S E A,lXQ, called the initial state vector, 
(v) Po E r, called the initial pushdown symbol, 
(vi) P E A,Q Xl, called the final state vector. 

The behavior 111fJ11 of the A' -pushdown automaton IfJ is defined by 

We now describe the computations of an A'-pushdown automaton. Initially, 
the pushdown tape contains the special symbol Po. The A'-pushdown automa
ton now performs transitions governed by the A'-pushdown transition matrix 
until the pushdown tape is emptied. The result of these computations is given 
by (M*) . Multiplications by the initial state vector and by the final state 

Po,£ 
vector yield the behavior of the A' -pushdown automaton. 

Let now IfJ(E*) be our basic serniring. We connect our definition of an 
IfJ(E U {E} )-pushdown automaton IfJ = (Q, r, M, S, Po, P) to the usual defini
tion of a pushdown automaton 1fJ' = (Q, E, r, 8, qo, Po, F) (see e. g., Harrison 
[46]), where E is the input alphabet, 8 : Q x (E U {E}) x r -+ finite subsets 
of Q x r* is the transition function, qo E Q is the initial state and F ~ Q is 
the set of final states. 

Assume that a pushdown automaton 1fJ' is given as above. The transition 
function 8 defines the pushdown transition matrix M of IfJ by 

x E (Mp ,7r )Ql,Q2 iff (q2, 7r) E 8( ql, X, p) 

for all ql,q2 E Q, pEr, 7r E r*, x E E U {E}. Let now f- be the move 
relation over the instantaneous descriptions of 1fJ' in Q x E* x r*. Then 
(ql,w,7rd f-k (q2,E,7r2) iff wE «Mk)7r 7r ) and (ql,w,7rd f-* (Q2,E,7r2) 

1, 2 Ql,Q2 

iff wE «M*)7r 7r ) for all k ~ 0, Ql, Q2 E Q, 7rl, 7r2 E r*, w E E*. Hence, 
1, 2 Ql,Q2 
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(qO,w,po) f-* (q,e,e) iff wE «M*)p e) . Define the initial state vector S 
0, qo,q 

and the final state vector P by SqO = {e}, Sq = 0 if q =I- qo, Pq = {e} if q E F, 
Pq = 0 if q f/. F. Then a word w is accepted by the pushdown automaton I,:JJ' 
by both final state and empty store iff wE S(M*)po,eP = 1I1,:JJ1l. 

In our first theorem we show that an A'-pushdown automaton can be 
regarded as an A'-automaton. 

Theorem 6.1. For each A'-pushdown automaton I,:JJ there exists an A'
automaton m such that IImll = III,:JJII. 

Proof. Let I,:JJ = (Q,r, M, S,po, P). We define the A'-automaton m = (r* x Q, 
M', S', Pi) by M '("",Qt),(-1r2,q2) = (M"'1,"'2)q"q2' S(PO,q) = Sq, S(""q) = 0, if 
71" =I- Po, p(e,q) = Pq, p(""q) = 0, if 71" =I- e. Then 

II mil s' M'* pi 

= L Sql«M*)pO)Ql,q2PQ2 = S(M*)po,e P = III,:JJII· D 
Q"q2EQ 

Consider an A'-pushdown automaton with A'-pushdown transition matrix 
M and let 71" = 71"171"2 be a word over the pushdown alphabet r. Then our 
next theorem states that emptying the pushdown tape with contents 71" has 
the same effect (i. e., (M*)", e) as emptying first the pushdown tape with 
contents 71"1 (i. e., (M*)"",e) a~d afterwards (i. e., multiplying) the pushdown 
tape with contents 71"2 (i. e., (M*)", e). (For a proof see Kuich, Salomaa [92], 

2, 

Theorem 10.5; Kuich [86], Satz 11.4.) 

r*xr* 
Theorem 6.2. Let ME (A,QXQ) be an A'-pushdown transition ma-
trix. Then 

(M*) - (M*) (M*) 
7I"'11["2,e - 7rl,e 7r2,E 

holds for all 71"1, 71"2 E r*. 
r*Xr* 

Let M E (A,QXQ) be an A'-pushdown transition matrix and let 
{yp I pEr} be an alphabet of variables. We define Ye = e and YP'" = YPY", 
for pEr, 71" E r*, and consider the A,QxQ-algebraic system 

YP = L Mp,,,,Y,,,, pEr. 
"'Er* 

r*x1 
Moreover, we define F E (A,QXQ) by Fe = E and F", = 0 if 71" E r+, 
and consider the A,QxQ-linear system Y = My + F. 
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Given matrices Tp E AQxQ for all pEr, we define matrices T", E AQxQ 
for all 11" E r* as follows: Te = E, Tp", = TpT"" pEr, 11" E r*. By these 

matrices we define a matrix T E (AQXQ(* Xl: the 11"-block of T is given by 
T"" 11" E r*, i. e., T", = T",. 

Theorem 6.3. If(Tp)PEr' Tp E AQXQ, is a solution ofyp = ~"'Er* Mp,,,,y,,,, 

pEr, then T E (AQXQ(* xl is a solution of y = My + F. 

Proof. Since M is an A'-pushdown transition matrix, we obtain, for all pEr 
and 11" E r*, 

L Mp''''2 T'''2 T", = (MT)pT",. 
"'2Er* 

Since (Tp)pEr is a solution of YP = ~"'ET* Mp,,,,y,,,, pEr, we infer that Tp = 
Tp = ~7rET* Mp,,,,T7r = ~7rEr* Mp,7rT", = (MT)p. Hence, (MT + F)p", = 

(MT)p7r = TpT", = Tp7r , pET, 11" E T*. Additionally, we have Te = E and 

(MT + F)e = Fe = E. This implies that T is a solution of y = My + F. D 

Theorem 6.4. The A,QxQ-algebraic system YP = ~7rET* Mp,7rY7r has the 
least solution ((M*)p J r' , pE 

Proof. We first show that ((M*)p J r is a solution of the A,QxQ-algebraic 
, pE 

system by substituting (M*)7r,e for Y7r: 

L Mp,7r(M*)7r,e = (M+)p,c = (M*)p,c' pEr. 
7rEr* 

Assume now that (Tp)pEr is a solution of YP = ~7rEr* Mp,,,,Y7r, where Tp ~ 

(M*)p,c' pET. Then, by Theorem 6.3, T is a solution of y = My + F. 
Since M* F is the least solution of this A'QxQ-linear system, we infer that 
M* F ~ T. This implies (M* F)", = (M*)", c ~ T", = T", for all 11" E r*. 
Hence, Tp = (M*)p,e for all pEr, and (lU*)p,c is the least solution of 
YP = ~"'Er* Mp,7rY"" pEr. D 

Let s;P = (Q,r,M,S,po,P) be an A'-pushdown automaton and consider 
the A' -alge braic system 

Yo SYpop, 

YP L Mp,,,,y,,, , pET, 
7rEr* 
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written in matrix notation: YP is a Q x Q-matrix whose (qI, q2)-entry is the 
variable [q1, p, q2], pEr, q1, q2 E Q; if 7r = Pl· .. Pr, r ~ 1, then the (qI, q2)
entry of Y1r is given by the (Q1,Q2)-entry of YPl ... YPr' P1, ... ,Pr E r; Yo 
is a variable. Hence, the variables of the above A'-algebraic system are Yo, 
[Q1,p, Q2], pEr, Q1, Q2 E Q. 

Corollary 6.5. Let \13" = (Q, r, M, S,Po, P) be an A'-pushdown automaton. 
Then 11\13"11, (M*)p,e' pEr, is the least solution of the A'-algebraic system 

Yo = SYpop, 

YP L M p,1rY1r, pEr. 
1rEr* 

Corollary 6.6. The behavior of an A' -pushdown automaton is an element 
of ~Ug(A'). 

Theorem 3.14 admits another corollary. 

Corollary 6.7. Let \13" be an ~Ug(A')-pushdown automaton. Then 11\13"11 E 
QUg(A'). 

We now want to show the converse of Corollary 6.6. 

Theorem 6.8. Let a E ~Ug( A'). Then there exists an A' -pushdown automa
ton \13" such that 11\13"11 = a. 

Proof. We assume, by Theorem 5.1, that a is the first component of the least 
solution a of an A'-algebraic system in the canonical two form 

Yi = L a%mYkYm + L a%Yk + ai, 1 ~ i ~ n. 
l~k,m~n l~k~n 

We define the A'-pushdown transition matrix (with IQI = 1) ME A'Y*XY* 

by 

1 ~ i,k,m ~ n, 

and write the above A'-algebraic system in the form 

Yi = L MY"Yky",YkYm + L MY"YkYk + My"e, 1 ~ i ~ n. 
l~k,m~n l~k~n 

By Theorem 6.4, the least solution of this A'-algebraic system is given by 
((M*)Yl,e' ... ' (M*)Yn)· Hence, ai = (M*)y"e' 1 ~ i ~ n. Consider now the 
A'-pushdown automata \13"i = ({Q},Y,M,l,Yi,l), 1 ~ i ~ n. Then we obtain 
II\13"ill = (M*)y"e = ai, 1 ~ i ~ n. Hence, 11\13"111 = a and our theorem is 
proven. 0 

This completes the proof of the main result of Section 6: 
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Corollary 6.9. Let a E A. Then a E ~Ug(A') iff there exists an A'-pushdown 
automaton IlJ such that 111lJ11 = a. 

If our basic semiring is 1lJ(17*) then Corollary 6.9 is nothing else than 
the well-known characterization of the context-free languages by pushdown 
automata. 

Corollary 6.10. A formal language is context-free iff it is accepted by a 
pushdown automaton. 

Observe that the construction proving Corollary 6.5 is nothing else than 
the well-known triple construction. (See Hopcroft, Ullman [64J, Theorem 5.4; 
Harrison [46], Theorem 5.4.3; Bucher, Maurer [16], Siitze 2.3.10, 2.3.30.) By 
the proof it is clear that [ql,p,q2J =}* win G iff w E ((M*)pe) in IlJ 

, Ql,Q2 

iff (ql,W,p) f-* (q2,e,e) in 1lJ', ql,q2 E Q, pEr, w E 17*. This means that 
there exists a derivation of w from the variable [q1, p, q2J iff w empties the 
pushdown tape with contents p by a computation from state q1 to state q2. 

If our basic semiring is NCO((17*)), we can draw some even stronger con
clusions by Theorem 3.9. In Corollary 6.11 we consider, for a given pushdown 
automaton 1lJ' = (Q, 17, r, 8, qo,Po, F), the number of distinct computations 
from the initial instantaneous description (qO,w,po) for w to an accepting 
instantaneous description (q, e, e), q E F. 

Corollary 6.11. Let L be a formal language over 17 and let d : 17* -+ Nco. 
Then the following two statements are equivalent: 

(i) There exists a context-free grammar with terminal alphabet 17 such that 
the number (possibly 00) of distinct leftmost derivations of w, w E 17*, 
from the start variable is given by d( w). 

(ii) There exists a pushdown automaton with input alphabet 17 such that the 
number (possibly 00) of distinct computations from the initial instanta
neous description for w, w E 17*, to an accepting instantaneous descrip
tion is given by d( w). 

A pushdown automaton with input alphabet 17 is termed unambiguous 
iff, for each word w E 17* that is accepted, there exists a unique computation 
from the initial instantaneous description for w to some accepting instanta
neous description. 

Corollary 6.12. A formal language is generated by an unambiguous context
free grammar iff it is accepted by an unambiguous pushdown automaton. 

Example 6.1. (Hopcroft, Ullmann [64J, Example 5.3) Let 17 = {a,b}, Q = 
{qO,qI}, r = {Po,p} and 1lJ' = (Q,17,r,8,qo,po,0) be a pushdown automa
ton, where 8 is given by 

8(qo,a,po) = {(qO,ppo)}, 

8(qo, b,p) = {(ql, en, 
8(qo,a,p) = {(qO,ppn, 8(q1,e,PO) = {(q1,en, 
8(q1' b,p) = {(q1, en, 8(ql' e,p) = {(ql, en. 
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We construct a l,JJ(17 U {e} )-pushdown automaton l,JJ = (Q, r, M, S,po, P) 
such that w E 17* is accepted by l,JJ' by empty store iff w E 11l,JJ1I: 

Mpo,ppo = M p,p2 = ( {~}:), Mp,e = (: {~~~} ), Mpo,e = (: {~} ) , 

S=({e}0), P= (i:i). 
By the construction of Corollary 6.5, the following algebraic system in matrix 
notation corresponds to l,JJ: 

Yo = SYpop, Ypo = Mpo,ppoYPYpo + Mpo,e, Yp = M p,p2Y; + Mp,e. 

Hence, we obtain 

Yo = [qO,PO, qo] + [qO,PO, ql] 

( [qO,PO,qo] [qO,PO,ql]) _ 
[ql,PO,qO] [ql,PO,ql] -

_ ({a}[qo,p,qo] {a}[qO,p,ql]) ([qO,PO,qo] [qO,PO,ql]) + (0 0 ) 
- 0 0 [ql,PO,qO][ql,PO,ql] 0 {e} 

( [qO, p, qo] [qO, p, ql] ) _ 
[ql, p, qo] [ql, p, ql] -

_ ({a}[qo,p,qo] {a}[qO,p,ql]) ([qO,p,qo] [qO,p,qI]) + (0 {b} ) 
- 0 0 [ql,p,qo] [ql,p,ql] 0 {e,b} 

Inspection shows that the components of [qO,PO,qo], [qO,p,qo], [ql,PO,qO], 
[ql, p, qo] in the least solution are equal to 0. This yields 

Yo = [qo,PO, ql], 
[qO, Po, qI] = {a }[qO,p, ql][ql, Po, ql], 

[qO, p, ql] = {a }[qO, p, ql][ql, p, ql] U {b}, 
[ql,PO,ql] = {e}, 

[ql,p,ql] = {e,b}. 

Denoting [qO,PO, ql] and [qO,p, ql] by Yl and Y2, respectively, and simplifying 
yields the algebraic system 

Yl = {a}Y2, Y2 = {a}Y2{e,b} U {b}. 

The context-free grammar of Example 5.1 corresponds to this algebraic sys
tem. Hence, l,JJ' accepts exactly the words ambn , m 2:: n 2:: 1, by empty store. 
Moreover, the number of distinct computations from the initial instantaneous 
description (qo, ambn ,Po), m 2:: n 2:: 1, to the accepting instantaneous descrip
tion (ql, e, e) is c::~ D. (There are no computations leading to (qO, e, e).) 0 
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7. Transductions and abstract families of elements 

We now generalize the concept of a rational transducer by replacing the ra
tional representations in the usual definition by certain complete rational 
semiring morphisms. Moreover, we introduce algebraic transducers. It turns 
out that 9tat(A' ) and 2Ug(A') are closed under rational and algebraic trans
ductions, respectively. 

These generalized rational transducers lead to the generalization of the 
concept of a full AFL (abbreviation for "abstract family of languages") to 
the concept of an AFE (abbreviation for "abstract family of elements" ): these 
are fully rationally closed semirings that are also closed under the application 
of generalized rational transducers. These AFEs are then characterized by 
automata of a certain type. 

Additionally, the concept of an AFE generalizes the concepts of an AFL, 
an AFP (abbreviation for "abstract family of power series") and a full AFP. 

We start with some basic definitions. Throughout this section, A and 
A will denote w-continuous semirings. A mapping h : A -+ A is termed a 
semiring morphism iff h(O) = 0, h(1) = 1, h(a1 + a2) = head + h(a2) and 
h(a1·a2) = h(a1)·h(a2) for all a1,a2 EA. It is a complete semiring morphism 
iff, for all families (ai liE I) in A, h(LiE! ai) = LiE! h(ai). Note that a 
complete semiring morphism is an w-continuous mapping. 

Given a mapping h: A -+ AQ,XQ2, we define the mappings h': Ah X!, -+ 

ACh xQd x (I2 XQ2) and h" : AhX!2 -+ (AQ1XQ2)hx!' by 

for M E Ahx!', i1 E 11, i2 E 12, q1 E Qio q2 E Q2. In the sequel, we use the 
same notation h for the mappings h, h' and h". 

Consider the two mappings h : A -+ AQxQ and h1 : A --+ AQ,XQ,. 
The functional composition h 0 h1 : A -+ ACQ,XQ)XCQ,XQ) is defined by 
(h 0 h1)(a) = h(h1(a)) for a E A. 

Easy computations yield the following two technical results. 

Theorem 7.1. Let h : A -+ AQxQ be a complete semiring morphism. Then 
h : A!X! -+ A(IxQ)x(IxQ) and h : A!X! -+ (AQXQ)!X! are again complete 

semiring morphisms. 

Theorem 7.2. Let h : A -+ A be a complete semiring morphism. Then, for 
all a E A, h(a*) = h(ar. 

In the sequel, A' and A' denote subsets of A and A, respectively, both 
containing the respective neutral elements 0 and 1. 

A semiring morphism h : A -+ AQxQ is called (A', A')-rational or (A', A')
algebraic iff, for all a E A', h(a) E 9tat(A')QxQ or h(a) E 2Ug(A,)QXQ, 
respectively. If A = A and A' = A', these morphisms are called A' -rational 
or A'-algebraic, respectively. 
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Theorem 7.3. Let h : A ----t AQxQ and h' : A ----t AQ'xQ' be complete A'
rational semiring morphisms. Then the functional composition h 0 h' : A ----t 

A(Q'xQ)x(Q'xQ) is again an A'-rational semiring morphism. 

Proof. Clearly, h'(a)Ql,Q2 E !/tut(A') for a E A', Q1,q2 E Q'. Since !/tut(A') is 
generated by the rational operations from A', Theorems 7.1 and 7.2 imply 
that the entries of h(h'(a)), a E A', are again in !/tut(A'). 0 

Before we show a similar result for A' -algebraic semiring morphisms, some 
considerations on A' -algebraic systems are necessary. 

Let h : A ----t AQxQ be a semiring morphism and extend it to a mapping 
h : A(Y) ----t AQxQ(y) as follows: 

(i) If a semiring-polynomial is represented by a product term aOYi1 a1 ... 
ak-1Yik ak, k ::::: 0, where aj E A and Yij E Y, then its image is represented 
by the product term h(ao)Yi1h(at) ... h(ak-1)Yikh(ak). 

(ii) If a semiring-polynomial is represented by a sum of product terms 
2::1<"<m ti' then its image is represented by the sum of product terms _J_ 

2::1:<;j:<;m h(ti)' 

Then, by the proof of Theorem 1.4.31 of Lausch, N6bauer [96], this extension 
is well-defined and again a semi ring morphism. 

Theorem 7.4. Let h : A ----t AQxQ be a complete semiring morphism. Con
side". an A-algebraic system Y = P with least solution tJ. Then h(tJ) is the 
least solution of the A Q x Q -algebraic system y = h(p). 

Proof. Let (tJ j I j E N) be the approximation sequence of y = p. Then 
(h(tJi ) I j E N) is the approximation sequence of y = h(p) and we obtain 

fix(h(p)) = sup(h(tJi ) I j E N) = h(sup(tJj I j EN)) = h(tJ). 

Here we have applied Theorem 3.2 in the second equality. Since fixe h(p)) is 
the least solution of y = h(p) by Theorem 3.6, we have proved our theorem. 

o 

Corollary 7.5. Let h : A ----t AQxQ be a complete A' -algebmic semiring 
morphism. Then h(a) E 2([g(A,)QXQ for a E 2([g(A'). 

Prouf. By Theorem 7.4, h(a), a E 2([g(A') , is a component of the least so
lution of an 2([g(A')QxQ-algebraic system. Hence, the entries of h(a) are in 
2Ug(2([g(A')). Now apply Theorem 3.14. 0 

Theorem 7.6. Let h : A ----t AQxQ and h' : A ----t AQ'xQ' be complete A'
algebm'ic semiring mU1phisms. Then the functional composition h 0 h' : A ----t 

A (Q' x Q) x (Q' x Q) is again an A' -algebmic semiring morphism. 

Proof. Clearly, h'(a)Ql,Q2 E 2Ug(A') for a E A', Q1, Q2 E Q'. Now, Corollary 7.5 
implies that the entries of h(h'(a)), a E A', are again in 2([g(A'). 0 
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We are now ready to introduce the notions of a rational and an algebraic 
transducer. 

An (A', A') -rational transducer 

'I = (Q, h, S, P) 

is given by 

(i) a finite set Q of states, 
(ii) a complete (A',A')-rational semi ring morphism h: A ---; AQxQ, 
(iii) S E !nat(A,)lXQ, called the initial state vector, 

(iv) P E !nat(A,)QxI, called the final state vector. 

The mapping II'III : A ---; A realized by an (A', A')-rational transducer 'I = 
(Q, h, S, P) is defined by 

11'III(a) = Sh(a)P, a E A. 

A mapping T : A ---; A is called an (A',A')-rational transduction iff there 
exists an (A', A')-rational transducer 'I such that T( a) = II'III (a) for all a E A. 
In this case, we say that T is realized by 'I. An (A', A')-rational transducer 
(in case A = A and A' = A') is called an A' -rational transducer and an 
(A', A')-rational transduction is called an A' -rational transduction. 

An (A', A') -algebraic transducer- 'I = (Q, h, S, P) is defined exactly as an 
(A', A')-rational transducer except that h is now a complete (A', A')-algebraic 
semiring morphism, and the entries of Sand P are in Qtlg(A'). The definition 
of the notions of (A', A')-algebraic transduction, A' -algebraic transducer- and 
A' -algebraic transduction should be clear. 

The next two theorems show that (A', A')-rational (resp. (A', A')-algebra
ic) transductions map !nat(A') (resp. Qtlg(A')) into !nat(A') (resp. Qtlg(A')). 

Theorem 7.7. Assume that 'I is an (A', A')-rational tr'ansducer and that 
a E !nat(A'). Then 11'III(a) E !nat(A'). 

Proof. Let a be the behavior ofthe finite A' -automaton Qt = (Q, M, S, P). As
SUHle that 'I = (Q', h, S', P'). We consider now the finite !nat(A')-automaton 
Qt' = (Q x Q',h(M),S'h(S),h(P)P'). By Corollary 4.9 we obtain IIQt'11 E 

!nat(A'). Since IIQt'11 = S'h(S)h(Mrh(p)p' = S'h(SM*P)P' = 11'I11(IIQtII), 
our theorem is proved. 0 

Theorem 7.8. Assume that 'I is an (A',A')-algebraic transducer and that 
a E Qtlg(A'). Then 11'III(a) E Qtlg(A'). 

Proof. Let a be the behavior of the A' -pushdown automaton ~ = (Q, r, M, S, 
Po,P). Assume that 'I = (Q',h,S',P'). We consider now the Qtlg(A')
pushdown automaton ~' = (Q x Q', r, h(M), S'h(S),po, h(P)P'). By Corol
lary 6.6 and Theorem 3.14 we obtain II~'II E Qtlg(A'). 

Since II~/II = S'h(S)(h(M)*)po,c;h(P)P' = S'h(S)h((M*)po,Jh(P)P' = 
S'h(S(M*)pO,EP)P' = II'III(II~II), our theorem is proved. 0 
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We now consider the functional composition of A'-rational (resp. A'
algebraic) transductions. 

Theorem 7.9. The family of A' -rational {resp. A' -algebraic} transductions 
is closed under functional composition. 

Proof. Let 'rj = (Qj,hj,Sj,Pj ), j = 1,2, be two A'-rational (resp. A'
algebraic) transducers. We want to show that the mapping T : A -+ A defined 
by T(a) = 1I'r211(1I'rIII(a)), a E A, is an A'-rational (resp. A'-algebraic) trans
duction. 

Consider 'r = (QI X Q2, h2 0 hI, S2h2(SI), h2(PI)P2). By Theorem 7.3 
(resp. Theorem 7.6) the mapping h2 0 hI is a complete A'-rational (resp. 
A'-algebraic) semiring morphism. Furthermore, the entries of S2h2(SI) and 
h2(PI)P2 are in 9tot(A') (resp. ~Ug(A')). Hence, 'r is an A'-rational (resp. 
A'-algebraic) transducer. Since, for a E A, 

lI'rll(a) = S2h2(SI)h2(hl(a))h2(PI)P2 = S2 h2(Slhl (a)PI )P2 = 

S2 h2(II'rdl(a))P2 = 1I'r2I1(1I'rIII(a)), 

our theorem is proved. o 

Most of the definitions and results developed up to now in this section are 
due to Kuich [88]. They are generalizations of definitions and results which 
we will consider now. We specialize our definitions and results to semirings 
of formal power series (see Nivat [108], Jacob [67], Salomaa, Soittola [123], 
Kuich, Salomaa [92]). We make the following conventions for the remainder of 
this section: The set Eoo is a fixed infinite alphabet, and E, possibly provided 
with indices, is a finite subalphabet of Eoo. 

In connection with formal power series, our basic semiring will be A((E~)), 
where A is commutative. The subsemiring of A((E~)) containing all power 
series whose supports are contained in some E* is denoted by A{{E~}}, i. e., 

A{{E':'}} = {r E A((E':')) I there exists a finite alphabet E c Eoo 
such that supp(r) ~ E*}. 

For E c E oo , A((E*)) is isomorphic to a subsemiring of A{{E~}}. Hence, we 
may assume that A((E*)) C A{{E~}}. 

Furthermore, we define three subsemirings of A{{E~}}, namely, the semi
ring of algebraic power series A alg {{ E~}}, the semiring of rational power 
series Arat{{E~}} and the semiring of polynomials A{E~} by 

Aalg{{E,:,n = {r E A{{E':'}} I there exists a finite alphabet E C Eoo 
such that r E Aalg((E*))}, 

Arat{{E':'}} = {r E A{{E':'}} I there exists a finite alphabet E C Eoo 
such that r E Arat((E*))}, and 

A{E':'} = {r E A{{E':'}} I supp(r) is finite}. 
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Moreover, we define A{17oo U c:} = {r E A{17~} I supper) c 1700 U {c:}} 
and A{17oo} = {r E A{17~} I supper) c 17OCl }. Observe that Arat{{17~H = 
9tat(A{ 170Cl U c:}) and Aalg{{17~H = !.2Ug(A{ 1700 U c:}). 

A multiplicative morphism f.1. : 17~ - (A{{ 17~}})QXQ is called a rep
resentation iff there exists a 17 such that f.1.(x) = 0 for x E 170Cl - 17. 
Observe that if f.1. is a representation, there exist only finitely many en
tries f.1.(x)q q :I 0, x E 1700 , Ql,Q2 E Q. Hence, there is a 17' such that 

1, 2 

f.1.(W)Ql,Q2 E A((17'*)) for all W E 17~. A representation can be extended to a 

mapping f.1.: A((17~)) - (A((17~)))QXQ by the definition 

f.1.(r) = f.1.( L (1', w)w) = L diag((r, w))f.1.(w), l' E A((17':')) , 
wEE~ wEE~ 

where diag(a) is the diagonal matrix whose diagonal entries all are equal to 
a. (Observe that diag((r, w))f.1.( w) = (1', w) ® f.1.(w) , where ® denotes the Kro
necker product. For definitions and results in connection with the Kronecker 
product see Kuich, Salomaa [92].) Note that we are using the same nota
tion "f.1." for both mappings. However, this should not lead to any confusion. 
Observe that in fact f.1. is a mapping f.1.: A((17~)) _ (A{{17~H)QXQ. 

The following theorem states an important property of the extended map
ping f.1. and is proved by an easy computation. 

Theorem 7.10. Let A be a commutative w-continuous semiring. If f.1. : 
17~ - (A{{17~H)QXQ is a representation then the extended mapping f.1. : 
A((17~)) _ (A{{17~}})QXQ is a complete semiring morphism. 

A representation f.1. is called rational or algebraic iff 

f.1.: 17':' - (Arat{{17':'H)QxQ or f.1.: 17':' _ (Aalg{{17':'H)QXQ, 

respectively. 

Theorem 7.11. Let A be a commutative w-continuous semiring and let f.1.j : 
17~ - (A{{17~H)QjxQj, j = 1,2, be rational (resp. algebraic) representa
tions. Then f.1. : 17~ - (A{{17~}})(Q1XQ2)X(Q1XQ2), where f.1.(x) = f.1.2(f.1.1(X)) 
for all x E 1700 , is again a rational (resp. an algebraic) representation. 

Furthermore, for all l' E A((17~)), f.1.(r) = f.1.2(f.1.1(r)). 

Proof. By Theorem 7.3 (resp. Theorem 7.6), the entries of f.1.(x) are in 
Arat{{17~}} (resp. Aalg{{17~}}) for all x E 1700 , Hence, f.1. is a rational (resp. 
an algebraic) representation. 

We now prove the equality of our theorem. We deduce, for all l' E A((17~)), 

f.1.2(f.1.1(r)) = f.1.2( L diag((r,w))f.1.1(w)) 
wEE~ 
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We now specialize the notions of A'-rational (resp. A'-algebraic) trans
ducers and consider A{17oo Uc}-rational (resp. A{17oo Uc}-algebraic) trans
ducers 'I = (Q,f.L,S,P), where f.L is a rational (resp. an algebraic) represen
tation. Hence, there exist finite alphabets 17 and 17' such that f.L(x) = 0 
for x E 1700 - 17 and the entries of f.L(W) , W E 17* are in Arat«17'*)) 
(resp. Aalg«17'*))). Furthermore, we assume that the entries of Sand Pare 
in Arat«17'*)) (resp. Aalg«17'*))). We call these A{17oo U c}-rational (resp. 
A {17oo U c }-algebraic) transducers simply rational (resp. algebraic) transduc
ers. 

A rational or an algebraic transducer 'I = (Q, f.L, s, P) specified as above 
can be considered to be a finite automaton equipped with an output device. In 
a state transition from state ql to state q2, 'I reads a letter x E 17 and outputs 
the rational or algebraic power series f.L(x)q q . A sequence of state transitions 

" 2 outputs the product of the power series of the single state transitions. All 
sequences of length n of state transitions from state ql to state q2 reading 
a word W E 17*, Iwi = n, output the power series f.L(w)q q . This output 

" 2 is multiplied with the correct components of the initial and the final state 
vector, and Sq,f.L(W)q"q2Pq2 is said to be the translation of W by transitions 
from ql to q2· Summing up for all q!, q2 E Q, L:q" Q2EQ Sq,f.L(W)q"q2Pq2 = 
Sf.L(w)P is said to be the translation of W by 'I. A power series r E A«17~)) 

is translated by 'I to the power series 

1I'III(r) Sf.L(r)P = S( L diag«r, w))f.L(w))p 
wEE~ 

L (r,w)Sf.L(w)P = L (r,w)II'III(w) E A«17'*)). 
wEE~ 

Observe that 11'III(r) = 11'III(r 8 char(17*)). Hence, in fact, 'I translates a 
power series in A«17*)) to a power series in A«17'*)). 

Specializations of Theorems 7.7 and 7.8 yield the next result. 

Corollary 7.12. Assume that 'I is a rational (resp. an algebraic) transducer 
and that r E Arat«17*)) (resp. r E Aa\g«17*))). Then 1I'III(r) E Arat«17'*)) 
(resp. Aalg «17'*))) for some 17'. 

We now introduce the notion of a substitution. Assume that u : 17~ _ 
A{{17~}} is a representation, where u(x) = 0 for x E 1700 - 17 and the 
entries of u(x), x E 17, are in A«17'*)). Then the mapping u : A«17~)) _ 
A«17'*)), where u(r) = L:WEE' (r, w)u(w) for all r E A«17~)), is a complete 
semiring morphism. We call this complete semiring morphism a substitution. 
If u : 17~ _ Arat«17'*)) or u : 17~ - Aalg«17'*)) then we call the substitution 
rational or algebraic, respectively. Clearly, a rational or algebraic substitution 
is a particular rational or algebraic transduction, respectively. 

Corollary 7.13. If u is a rational (resp. algebraic) substitution and r is a 
rational (resp. algebraic) power series then u(r) is again a rational (resp. 
algebraic) power series. 
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We now turn to language theory (see Berstel [4]). The basic semiring 
is now ~(17;:'). Let £(1700 ) be the subset of ~(17;:') containing all formal 
languages, i. e., 

£(1700 ) = {L I L ~ 17*, 17 c 17oo}. 

A representation is now a multiplicative morphism J.L : 17;:' -+ £(1700 ) Q x Q. If 
the representation is rational or algebraic then the entries of J.L(x), x E 1700 , 
are regular or context-free languages, respectively. A rational or an algebraic 
transducer 'I = (Q, J.L, S, P) is specified by a rational or an algebraic represen
tation J.L as above; moreover, the entries of Sand P are regular or context-free 
languages, respectively. 

Corollary 7.14. Assume that 'I is a rational {resp. algebraic} transducer. 
Then II'III(L) is a regular {resp. context-free} language if L is regular {resp. 
context-free}. 

A substitution is now a complete semiring morphism u: 17;:' -+ £(1700) such 
that u(x) = 0 for x E 1700 - 17. It is defined by the values of u(x) ~ 17'* 
for x E 17. Since u is a complete semiring morphism, we obtain u(w) 
u(xt} ... u(xn ) ~ 17'* for w = Xl ..• xn , Xi E 17, 1 ::; i ::; n, and u(L) = 
UWEL u(w) ~ 17'* for L ~ 17*. 

A substitution is called regular or context-free iff each symbol is mapped 
to a regular or context-free language, respectively. 

Corollary 7.15. A regular {resp. context-free} substitution maps a regular 
{resp. context-free} language to a regular {resp. context-free} language. 

We now return to the general theory. Since Theorem 7.16 below is, in gen
eral, not valid for w-continuous semirings (see Goldstern [43], Beispiel 5.11), 
we introduce continuous semirings. 

Let A be a complete, naturally ordered semiring. Then A is called con
tinuous iff, for all ai, c E A and all index sets I, the following condition is 
satisfied: 

if LiEE ai ~ c for all finite E ~ I then LiE! ai ~ c. 

(An equivalent condition is sUP{LiEE ai I E ~ I, E finite} = LiE! ai. Com
pare with Theorem 2.3 and see Goldstern [43], Sakarovitch [124], and Karner 
[69].) 

Theorem 7.16. (Goldstern [43]) Let A be a continuous semiring and ..1 be 
an alphabet, and consider a multiplicative monoid morphism h : ..1* -+ A. 
Then there exists a unique extension of h to a complete semiring morphism 
h : N°O«L1*)) -+ A. This unique extension is given by 

her) = h(:L (r,v)v) = :L v((r,v))h(v), r E N°O((L1*)), 
vELl* vELl* 

where v is defined by v(n) = LO~i~n-ll, n E N, and v(oo) = Li2:0 1. 
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Two remarks are now in order. Firstly, if A and A are continuous semirings 
and h : 1"1=((..1*)) --+ A and h' : A --+ A are complete semiring morphisms 
then, for r E 1"1=((..1*)), h'(h(r)) = ~vELl' v((r,v))h'(h(v)). 

Secondly, if h : 1"1=((..1*)) --+ AQXQ, where A is a continuous semiring, 
then, for r E 1"1=((..1*)), h(r) = ~vELl' diag(v((r, v)))h(v). 

Clearly, a continuous semi ring is also an w-continuous semiring. Hence, 
we do not violate our convention that A always denotes an w-continuous 
semiring if we make the following additional convention: In the remainder of 
Section 7, A always will denote a continuous semiring. Moreover, we make 
the convention that all sets Q, possibly provided with indices, are finite and 
nonempty, and are subsets of some fixed count ably infinite set Q= with the 
following property: if ql ,q2 E Q 00 then (ql, q2) E Q =. 

Consider the family of all semiring morphisms h : A --+ A Q x Q, Q c Q 00, 

Q finite. A nonempty subfamily Sj of this family is closed under matricial 
composition iff the following conditions are satisfied for arbitrary h : A --+ 

AQxQ and h' : A --+ AQ'xQ' in Sj: 

(i) The functional composition h 0 h' : A --+ ACQ'xQ)xCQ'xQ) is again in Sj. 
(ii) If Q n Q' = 0 then the mapping h + h' : A --+ ACQuQ')xCQuQ') defined by 

(h + h')(a) = (hba) h'~a))' a E A, 

where the blocks are indexed by Q and Q', is again in Sj. 

Clearly, the family of all complete semiring morphisms h : A --+ AQxQ, 
Q c Q=, Q finite, is closed under matricial composition. By Theorem 7.3 
(resp. Theorem 7.6), the family of all complete A'-rational (resp. A'-algebraic) 
semiring morphisms h : A --+ AQxQ, Q c Q=, Q finite, is closed under 
matricial composition. 

For the rest of this section, we assume Sj to be a nonempty family of 
complete semiring morphisms that is closed under matricial composition. 

An A'-rational (resp. A'-algebraic) transducer ':t = (Q, h, S, P) where h E 

Sj is called Sj-A'-mtional (resp. Sj-A'-algebmic) tmnsducer. The definition of 
the notions of a Sj-A' -mtional and a Sj-A' -algebmic tmnsduction should be 
clear. By a slight generalization of Theorem 7.9, the family of Sj-A'-rational 
and the family of Sj-A'-algebraic transductions is closed under functional 
composition. 

We now introduce the notion of an abstract family of elements. Given 
A' ~ A, we define [A'] ~ A to be the least complete subsemiring of A that 
contains A'. The semi ring [A'] is called the complete semiring genemted by A' 
and is again an continuous semiring. Each element a of [A'] can be generated 
from elements of A' by multiplication and summation (including "infinite 
summation" ): 

a E [A'] iff a = L ail··· aini' 
iEI 
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where aij E AI and I is an index set. Any subset £ of [AI] is called AI -family 
of elements. 

LetT be an AI-rational transducer. Then for each a E [AI], we obtain 
IITII(a) E [AI]. Hence, the set 

9)1(£) = {T( a) I a E £, T : A ~ A is an 5)-A' -rational transduction} 

is again an A'-family of elements for each AI-family of elements £. An A'
family of elements £ is said to be closed under 5)-A' -rational transductions 
iff £ = 9)1(£). The notation ~(£) is used for the smallest fully rationally 
closed subsemiring of [AI] that is closed under 5)-AI-rational transductions 
and contains £. (We have tried to use in our notation letters customary in 
AFL theory to aid the reader familiar with this theory. See Ginsburg [37].) 
An A'-family of elements £ is called A' -abstract family of elements (briefly 
A'-AFE) iff £ = ~(£). Observe that in the definitions of 9)1(£) and ~(£) 
the family of complete semiring morphisms 5) and the subset A' of A are 
implicitly present. In the sequel we assume A = [A']. This will cause no loss 
of generality. 

The next result is implied by Theorems 7.7 and 7.8. 

Theorem 7.17. !Jtat(A') and 2Ug(AI) are A' -AFEs. 

We now show that !Jtat(AI) is the smallest A'-AFE. 

Theorem 7.18. Let £ be an AI-AFE. Then !Jtat(A') <:;; £. 

Proo]. Since £ is a semiring, we have 1 E £. Since 5) is nonempty, there exists, 
for some Q C Q(XJ' a morphism h : A ~ AQxQ in 5). Let qo be in Q. For 
a E !Jtat(A') , consider now the 5)-A'-rational transducer Ta = (Q,h,P,Sa), 
where Pqo = 1, Pq = 0, (Sa)qo = a, (Sa)q = 0 for q =f. qo. Given b E A, 
we obtain IITall(b) = h(b)qo,qoa. Hence, IITall(l) = a. Since £ is closed under 
5)-AI-rational transductions, we obtain IITall(l) = a E £ for all a E !Jtat(A'). 

o 

In the sequel, .1 = {a I a E A} u Z is an alphabet. Here {a I a E A} is a 
copy of A and Z is an infinite alphabet of variables. A multiplicative monoid 
morphism h : .1* ~ AQxQ is compatible with 5) iff the following conditions 
are satisfied: 

(i) The mapping hI : A ~ AQxQ defined by hl(a) = h(a), a E A, is a 
complete A' -rational semiring morphism in 5), 

(ii) !t(a) , !t(z) E !Jtat(A')QxQ for a E A', z E Z, and h(z) = 0 for almost all 
variables z E Z. 

If h : .1* ~ AQxQ is compatible with 5) and if hl : A ~ AQl XQ, is a complete 
A'-rational semiring morphism in 5) then hl 0 h : .1* ~ ACQxQ,JxCQxQll is 
again compatible with 5). 

We introduce now the notions of a type T, a T -matrix, aT-automaton and 
the automaton representing T. Intuitively speaking this means the following. 



Semirings and Formal Power Series 653 

A T-automaton is a finite automaton with an additional working tape, whose 
contents are stored in the states of the T-automaton. The type T of the T
automaton indicates how information can be retrieved from the working tape. 
For instance, pushdown automata can be viewed as automata of a specific 
type. 

A type is a quadruple 
(rT , L1T , T, 7rT), 

where 

(i) r T is the set of storage symbols, 
(ii) L1T ~ {a I a E A'} U Z is the alphabet of instructions, 
(iii) T E (NOO { L1T } {; x r; is the type matrix, 
(iv) 7rT E r T is the initial contents of the working tape. 

In the sequel we often speak ofthe type T if r T , L1T and 7rT are understood. 
r.*xr· 

A matrix M E (9tot(A,)QXQ) T T is called a T-matrix iff there exists 
a monoid morphism h : .1* --+ AQxQ that is compatible with fJ such that 
M = h(T). If M = h(T) is a T-matrix and h' : A --+ AQ' xQ' is a complete A'
rational semiring morphism in fJ then, by the first remark after Theorem 7.16 
and by Theorem 7.3, h' 0 h is compatible with fJ and h'(M) = h'(h(T)) is 
again aT-matrix. 

A T -automaton 
21. = (Q,rT,M, S,7rT,P) 

is defined by 

(i) a finite set Q of states, 
(ii) aT-matrix M, called the transition matrix, 
(iii) S E 9tot(A,)lXQ, called the initial state vector, 
(iv) P E 9tot(A,)QX1, called the final state vector. 

Observe that r T and 7rT are determined by T. The behavior of the T
automaton 21. is given by 

1121.11 = S(M*)1r cp· T, 

Clearly, for each such T-automaton 21. there exists a 9tot(A')-automaton 21.' = 
(rT x Q,M',S',P') such that 1121.'11 = 1121.11. This is achieved by choosing 
M(1rl,qt},(1r2,q2) = (M1r1 ,1rJQ1 ,Q2' S(1rT,Q) = Sq, S(1r,q) = 0, 7r:f. 7rT, P[c,q) = Pq, 
p(' ) = 0, 7r:f. C, Ql,Q2,q E Q, 7rl,7r2,7r E rT' 1r ,q 

The automaton 2LT representing a type (rT ,L1T ,T,7rT) is an Noo {L1T}
automaton defined by 

2LT = (rT,T,ST,PT), 

where (ST)1rT = C, (ST)1r = 0, 7r E r T , 7r =1= 7rT, (PT)c = C, (PT )1r = 0, 
7r E r T , 7r :f. c. The behavior of 2LT is 112LTII = (T*)1rT,C' 
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In a certain sense, 2I.T generates an AI-family of elements. Let A = 
N°O ((..1;')) and AI = {d 1 d E ..1T} u {c:, O} and consider (AI, A')-rational 
transducers'!' = (Q, h, S, P), where h : ..1* - AQxQ is a monoid morphism 
compatible with Sj. Given an (A',A')-rational transducer'!' = (Q,h,S,P), 
consider the T-automaton 21. = (Q,rT,M,S,7rT,P), where M = h(T). We 
apply'!' to I121.T II and obtain 

11'!'11(II21.TII) = Sh((T*)7rT,e)P = S(M*)7rT,eP = 1121.11· 

Conversely, for each T-automaton 21. there exists an (AI, A')-rational trans
ducer '!' such that 1121.11 = lI'!'II(II2I.TII). 

We define now the AI-family of elements 

vtatT(AI) = {112I.1I121. is aT-automaton}. 

Hence, vtatT(AI) contains exactly all elements lI'!'II(II2I.TII), where '!' = 
(Q, h, S, P) is an (AI, A')-rational transducer and h : ..1* _ AQxQ is compat
ible with Sj. Observe that in the definitions of a T-matrix, of aT-automaton 
and of vtatT(A' ), Sj is implicitly present. 

It will turn out that vtatT(AI) constitutes an A'-AFE ifT is a restart type. 
Here a type (r T, ..1T , T, 7rT) is called a restart type iff 7rT = c: and the non-null 
entries of T satisfy the conditions Te,e = zo E Z, Te,7r E N°O {Z - {zo}} and 
T7r ,7r I E NOO{..1T - {zo}} for all7r,7r' E r T, 7r =I- c:, and for some distinguished 
instruction Zo E ..1T . Observe that the working tape is empty at the beginning 
of the computation. 

A full proof of the next theorem is given in Kuich [88]. 

Theorem 7.19. If T is a restart type then vtatT(A' ) is a fully rationally 
closed semiring containing vtat(A' ). 

Proof. We prove only closure under star. Assume that 21. = (Q, rT , M, S, c:, P), 
where M = h(T), is a T-automaton. We give the construction of a T
automaton 21.1 = (Q,rT,M',S,c:,P) with 1121./11 = 1121.11+· 

Let h' :..1* _ AQxQ be defined by h'(zO) = h(zO)+PS, h'(d) = h(d), d E 

..1- {zO}. Then hI is compatible with Sj. Define ME (vtatT(AI)QxQ{;.xr;. 
by Me,e = PS, M7r1 ,7r2 = 0 for (7rl,7r2) =I- (c:,c:). Let M' = h'(T). Then we 
obtain M' = M + M and M'* = (M* M)* M*. We compute (M* M)e,7r = 0 

for 7r E ri, (M* M)e e = (M*)e ePS , ((M* M)*)e e = ((M*)e ePS)* and 
__ * ' + J , , 

((M* M) )e 7r = 0, 7r E rT . Hence, 

(M'*)e,e = ((M* M)*)e,e(M*)e,e = ((M*)e,ePS)*(M*)e,e 

and 
1121./11 = S((M*)e,gPS)*(M*)g,gP = 1121.11+· 

Since vtat(A' ) is a subset of vtah(A' ) and vtatT(A' ) is closed under addition, 
1121.11+ + 1 = 1121.11* is in vtatT(A'). 0 
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Theorem 7.20. If T is a restart type then 9tatT(A') is closed under ,fj-A'
rational transductions. 

Proof. Assume that 2t = (Q,FT,M,S,c:,P), where M = h(T), is a T
automaton and that '!' = (Q', h', S', P') is an ,fj-A' -rational transducer. 
Since h : Ll* ---+ AQxQ is compatible with ,fj and h' : A ---+ AQ'xQ' 

is in fl, the monoid morphism h' 0 h : Ll* ---+ A(QXQ')x(QxQ') is again 
compatible with fl. We prove now that the behavior of the T-automaton 
2t' = (Q x Q',FT,(h' oh)(T),S'h'(S),c:,h'(P)P') is equal to 11'!'1I(112t11): 

112t'1i = S'h'(S)(((h' 0 h)(T))*)g,gh'(P)P' = S'h'(S)h'((h(T)*)g,g)h'(P)P' 

= S'h'(S(h(T)*)g,gP)P' = S'h'(II2tIl)P' = lI'!'II(II2tIl). o 

Corollary 7.21. 1fT is a restart type then 9tatT(A') is an A'-AFE. 

In order to get a complete characterization of A' -AFEs we need a result 
"converse" to Corollary 7.21. 

Let .c be an A'-AFE. Then we construct a restart type T such that .c = 
9tatT(A'). Assume .c = ~(9t). For each b E 9t there exists an index set h 
such that b = EiEh ail . .. aini' aij E A', i. e., 

9t = {b I b = L ail··· ainJ. 
iEh 

Such a representation of.c is possible since .c = ~(.c) ~ [A']. The restart type 
(FT,LlT,T,c:) is defined by 

(i) FT = UbEVt Llb, where Llb = {ab I a E A'} is a copy of A' for b E 9t, 
(ii) LlT={alaEA'}U{zO}U{ZblbE9t}, 
(iii) T E (NCO {LlT} {;.xr;., where the non-null entries of Tare 

Tg,g = zo, 
Tg,ab = Zb for ab E Llb, bE 9t, 
T7l"ab '7raba~ = a for 7r E Llb, ab, a~ E Llb, b E 9t, 
T7l"ab,g = a for 7r E Llb,ab E Llb, such that 7rab = (ail)b ... (ain,h for 
some i E h, b E 9t. 

Theorem 7.22. Assume that fl contains the identity mapping e : A ---+ A. 
Then 9tatT(A') = ~(9t) = .c. 

Proof. We first compute (T*)g,g. This computation is easy if we consider the 
blocks of T according to the partition {{e}} U {Llt I b E 9t} U {F}, where 
F = F;j: - UbEVt Llt. The only non-null blocks according to this partition are 
{e} x {e}, {e} x Llt, Llt x {e}, Llt X Llt, b E 9t. Hence, by Theorem 2.8, 
we obtain 
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(T( {c}, {c:}) + L T( {c:}, Llt)TCLlt, Llt)*T(Llt, {c:}) r 
bE!R 

(ZO + L L zbBil ... aini r . 
bE!R iElb 

We show now .c ~ ~QtT(A'). Fix abE ~ and let h : Ll* ~ A2x2 be the 
monoid morphism defined by 

heal = (~ ~), a E A, h(Zb) = (~ ~), 
h(Zb l ) = h(zO) = 0 for b' E ~, b' =f. b. 

Since e E 5), h is compatible with 5). 

We obtain 

and infer that b E ~atT(A'). Hence, ~ ~ ~QtT(A'). Since ~atT(A') is an 
A'-AFE, we infer ~(~) ~ ~atT(A'). 

Conversely, we show now ~atT(A') ~ .c. Assume a E ~atT(A'). Then 
there exists a monoid morphism h : .<1* ~ AQxQ compatible with 5), and 
S E ~at(A')lXQ, P E ~Qt(A,)QXl such that a = Sh((T*)e,e)P. Consider 
now the entries of 

h((T*)e,e) = (h(zO) + L h(Zb)h(b)) *. 
bE!R 

The entries of h(b) are in ~(~), the entries of h(zO) and h(Zb) are in 
~at(A') ~ ~(~). Since only finitely many h(Zb) are unequal to zero, the 
entries of h(zO) + L:bE!R h(Zb)h(b) are in ~(~). Since ~(~) is fully rationally 
closed, the entries of h((T*)e,e) are in ~(~). This implies a E ~(~). 0 

We have now achieved our main result of Section 7, a complete charac
terization of A'-AFEs. 

Corollary 7.23. Assume that 5) contains the identity mapping e : A ~ A. 
Then a family of elements .c is an A' -AFE iff there exists a restart type T 
such that 

We now turn again to formal power series, i. e., our basic semiring is 
A((17~)). We choose A' = A{17CXl Uc:}. Then [A') = A((17~)) and each subset 
.c of A((17~)) is an A{ 17CXl U c: }-family of elements. 

In the sequel, we are interested only in A{17CXl U c:}-families of elements 
that are subsets of A{{17~}}. Such a subset .c of A{{17~}} is now called 
family of power series. 
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We choose 5) to be the family of all rational representations. By The
orem 7.11, the family of all mappings /-£ : A((17~)) --+ (A{{17~}} )QxQ, 
Q c Qoo, Q finite, where /-£ is a rational (resp. an algebraic) representa
tion, is closed under matricial composition. A family of power series .c is 
now called a full abstract family of power series (abbreviated full AFP) iff 
.c = ~(.c). 

The next theorem is implied by the equalities 9tat(A{17oo U c}) 
Arat{{17~}} and 2Ug(A{17oo Uc}) = Aalg{{17~}}, and by Theorem 7.17. 

Theorem 7.24. Arat{{17~}} and Aalg{{17~}} are full AFPs. 

Theorem 7.25. A family of power series .c is a full AFP iff there exists a 
restart type T such that .c = 9tatT (A {17oo U c } ). 

Proof. Corollary 7.21 proves that 9tatT(A{17oo U c}) is a full AFP if T is a 
restart type. The converse is shown analogously to the proof of Theorem 7.22. 
But we have now 9t = {b I b = EWEL" (b, w)w} and the monoid morphism 

, b 

h : ,1* --+ A2x2 is defined by 

h(a) = (~ ~), a E A(17b U c), h(Zb) = (~ ~), 
h(a) = h(zb l ) = h(zO) = ° for a E A{17oo} - A(17b), b' E 9t, b' =I- b. 0 

In this survey, we do not consider regulated representations, regulated 
rational transducers and AFPs. A reader interested in these topics should 
consult Jacob [67], Salomaa, Soittola [123], Kuich, Salomaa [92] and Kuster 
[95]. Readers interested in pushdown transducers should consult Karner [70, 
71]. 

We now consider formal languages, i. e., our basic semiring is ~(17~). 
Each subset of .c( 1700 ) is called family of languages. A family of languages .c is 
called a full abstract family of languages (abbreviated full AFL) iff .c = ~(.c). 
Theorems 7.24 and 7.25 admit at once two corollaries. 

Corollary 7.26. The family of regular languages and the family of context
free languages are full AFLs. 

Corollary 7.27. A family of languages .c is a full AFL iff there exists a 
restart type T such that .c = 9tatT( { {x} I x E 1700 U {c} } ). 

In this survey, we do not consider AFLs. Readers interested in AFL-theory 
should consult Ginsburg [37]. An excellent treatment of full AFLs is given in 
Berstel [4]. Advanced results can be found in Berstel, Boasson [6]. 
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8. The Theorem of Parikh 

In the first part of this section we introduce generalizations of algebraic sys
tems, where the right sides of the equations are arbitrary formal power series 
with commuting variables. These generalizations are called "commutative A'
systems" . Their theory parallels the theory of algebraic systems as developed 
in Section 3. In the second part of this section we characterize Vlot(A' ) by the 
A'-semilinear elements of A and present the Theorem of Parikh. The proof 
of the Theorem of Parikh follows the ideas of Pilling [113] (see also Conway 
[21] and Kuich [83]). 

Throughout this section, A will denote a commutative w-continuous semi
ring. We denote by Effi the free commutative monoid generated by the finite 
alphabet E, i. e., for E = {Xl, ... ,xm } we have 

Effi = {xll ... x;; I ij EN, 1 ~ j ~ m}. 

Consider the power series in A((yffi)), where Y = {yl, ... , Yn} denotes as 
before a finite set of variables. Each r = LaEYE9(r,a)a E A((yffi)) defines 
a mapping l' : An ~ A by f(a1, ... , an) = LaEYE9(r, a)a(ab ... , an), ai E 

A, 1 ~ i ~ n, where a(a1, ... , an) = a~l ... a~n for a = y~l ... y~n. Let 
r = (rl, ... ,rn), where ri E A((yffi)), 1 ~ i ~ n. Then r defines a mapping 
1': An ~ An by 

In the sequel, the mappings 1',1'1, ... , l' n are simply denoted by r, rl, ... , r n, 

respectively. 
A commutative A'-system (with commuting variables in Y) is a system of 

equations of the form 

Let r be the vector with i-th component ri, 1 ~ i ~ n. Then the above 
commutative A'-system can also be written as the matrix equation y = r(y). 

A solution to the commutative A'-system y = r(y) is given by a E An 
such that a = rea). A solution a of the commutative A'-system y = r(y) is 
termed least iff a !;;; T for all solutions T of y = r(y). Clearly, the least solution 
of a commutative A'-system y = r(y) is nothing else than the least fixpoint 
of the mapping r. An easy application of Theorems 3.2 and 3.3 proves that 
each mapping r : An ~ An, r E (A((yffi)))n, is w-continuous. Hence, by the 
Fixpoint Theorem of Section 3, the least solution of a commutative A'-system 
y = r(y) exists and equals fixer) = sup(rn(o) In EN). 

To compute this unique least fixpoint, we define the approximation se-
quence 

o I j a ,a , ... ,a , ... , 

associated to the commutative A'-system y = r(y) as follows: 
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0"0 = 0, O"j+1 = r(O"j), j 2: O. 

Then the least solution is given by sup(O"j I j EN). This proves the first 
theorem of this section. 

Theorem 8.1. The least solution of the commutative A'-system y = r(y) 
exists and is given by 

sup(O"j I j EN), 

where 0"0, 0"1, ... , O"j, ... is the approximation sequence associated to it. 

For the remainder of this section, A denotes an idempotent commutative 
w-continuous semiring. That means that a + a = a for all a E A, which 
obviously is equivalent to 1 + 1 = 1. We first prove some identities needed 
later on. 

Theorem 8.2. Let A be an idempotent commutative w-continuous semiring. 
Then, for all a, bi E A, 1 :5 i :5 j, the following identities are valid: 

(i) a* = (a*)k = (a*r, k 2: 1, 
(ii) (abi ... bjr=l+aa*bi ... bj, 

(iii) (b1 + ... + bj )* = bi ... bj. 

Proof. (i) Since A is idempotent, we obtain 

(a*)2 = (~ai)(~aj) = ~ ai+j = ~ai = a*. 
iEN jEN i,jEN iEN 

Hence, we obtain (a*)2 = a* and, by induction, (a*)k = a*, k 2: 2. Moreover, 
we obtain a*a*+l = a*. This equality implies, by Theorem 2.4 (i), (a*r [:;; a*. 
The trivial inequality a* [:;; (a*)* yields now a* = (a*)*. 

(ii) (abi ... bjr = 1 + 2:i>l (abi ... bj)i = 1 + 2:i>l aibi ... bj 
= 1 + a+bi . -:-. bj by (i). -

(iii) The proof is by induction on j. The case j = 1 is clear. Let now j > 1. 
Then we obtain 

(b1 + ... + bjr ((b1 + ... + bj _ 1)bj)*bj = (1 + (b1 + ... + bj - 1)+bj)bj 

= bj + (b1 + ... + bj-d+bj = (b1 + ... + bj-d*bj 

bi··· bj_1bj. 

Here, the first equality follows by Theorem 2.4 (iii), the second equality by 
(ii) and the last equality by the induction hypothesis. 0 

We now return to commutative A'-systems. 
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Theorem 8.3. Let A be an idempotent commutative w-continuous semi ring. 
Then the least solution of the commutative A'-system (with one variable y) 

j I . . ( j-l)* Y = L:j~O ajY , aj E A , zs gwen by 0' = L:j~l ajao ao· 

Proof. By Theorem 8.2 (i) we obtain, for all n 2': 1, 

un = (Eajab-1)*f ao = (Lajab-1)*ao = O'ao- 1 . 

j~l j~l 

Hence, u is a solution: 

ao + L ajuab-1 = ao + 0' L ajab-1 
j~l j~l 

= ao + (L ajab- 1) + ao = 0'. 

j~l 

We now prove that u is the least solution of the commutative A'-system. Let 
(Tt I tEN) be the approximation sequence associated to the commutative 
A'-system Y = L:j~O ajyj. Then we show by induction on t that, for all t 2': 0, 

L (Lajab-1f ao ~ TtH' 
O:,>n:,>t j~l 

For t = 0, we obtain ao ~ 7'1 = ao. Let now t > O. Then we obtain 

L (L ajab-1) n ao = ao + (L ajab-1) L (L ajab-1) n ao 
O:,>n9 j~l j~l O~n9-1 j~l 

~ ao + (Lajab-1)Tt ~ ao + (L ajTl-1)Tt = TtH' 
j~l j~l 

Here, the first inequality follows by the induction hypothesis and the second 
inequality by ao ~ Tt for all t > O. Hence, 

L (Lajab-1f ao ~ SUp(Tt I tEN). 
O~n9 j~l 

Since A is w-continuous, we infer that u ~ SUp(Tt I tEN). Theorem 8.1 
implies now that u is the least solution of our commutative A'-system. 0 

Theorem 8.4. Let A be an idempotent commutative w-continuous semiring. 
Then the least solution of a commutative A'-system (with one variable y) 
Y = L:j~oajyj, where L:j~oajyj E 9tat(A'(y*}), is in 9tat(A' ). 

Proof. It is easy to construct an A'(y*}-rational transducer (resp. an (A'(y*), 
A')-rational transducer) that maps L:j~O ajyj into L:j~l ajyj-l (resp. ao). 
Hence, by Theorem 7. 7, L:j~l ajyj-l is in Rat(A' (y*}) and ao is in 9tat(A' ). 
It is again easy to construct an (A' (y*), A')-rational transducer that maps 
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'" j-l . '" j-l Th 77· 1· h '" j-l . L...,j;:::l ajY mto L...,j;:::l ajao . eorem. Imp Ies now t at L...,j;:::l ajao IS 

in 9tat(A'). Hence, the least solution (Lj;:::l aja~-l) * ao of our commutative 

A'-system is in 9tat(A'). D 

A proof by induction on the number of variables of a commutative A'
system, where the induction basis is given by Theorem 8.4, yields a general
ization of this theorem. 

Theorem 8.5. (Kuich [83], Theorem 4.9) Let A be an idempotent commu
tative w-continuous semiring. Then the components of the least solution of a 
commutative A'-system Yi = ri, 1 ~ i ~ n, where ri E 9tat(A' (yEfl)), are in 
9tat(A'). 

Corollary 8.6. Let A be an idempotent commutative w-continuous semiring. 
Then 

~Ug(A') = 9tat(A'). 

Corollary 8.7. Let A be an idempotent commutative w-continuous semiring. 
Then 

Corollary 8.8. Every context-free language over a one-element alphabet is 
regular. 

We now transfer the ideas of Eilenberg, Schiitzenberger [27] to idempotent 
commutative w-continuous semirings and characterize 9tat(A') by the A'
semilinear elements of A. An element c of A of the form c = ab*, a, b E A', 
is termed A' -linear. An A' -semilinear element c of A is of the form c = 
CI + ... + Crn, where Ci, 1 ~ i ~ m, is linear. 

Theorem 8.9. Let A be an idempotent commutative w-continuous semiring 
and A' be a subsemiring of A. Then C is an A'-semilinear element iff C E 
9tat(A'). 

Proof. Clearly, if cis semilinear then C E 9tat(A'). We now show the converse. 
Each a E A' is A'-linear by a = a· 0*. By definition, the sum of A'-semilinear 
elements is again A'-semilinear. By Theorem 8.2 (iii), the product of A'-linear 
elements is A'-semilinear. Hence, the product of A'-semilinear elements is 
again A'-semilinear. 

By Theorem 8.2 (ii), (iii), we obtain, for all ai, bi E A', 1 ~ i ~ m, 

(alb;: + ... + arnb:'nr (alb;:)* ... (arnb:'n)* 

= (1 + al(al + bt}*) ... (1 + arn(arn + brn)*). 

This implies that the star of an A'-semilinear element is again A'-semilinear. 
D 
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From now on we have only language-theoretic aims in this section. Our 
basic semiring will be isomorphic to the semiring \lJ(17ffi), where 17 = 
{Xl, ... , x Tn }. Clearly, the monoid 17ffi is isomorphic to the commutative 
monoid 

(l~·Tn, +, (0, ... ,0)) 

of m-tuples over N, where addition is performed componentwise. Hence, the 
semiring \lJ(17ffi) is isomorphic to the idempotent commutative semiring 

(\lJ(NTn ), U, +,0, {(O, ... , On). 

Here, 81 + 82 = {Sl + S2 I Sl E 81, S2 E 82} for 81,82 E \lJ(NTn ). We now 
choose A'to be the set \lJf(NTn ) of finite subsets of Nm. A \lJf(Nm )-semilinear 
element of \lJ(Nm) is now simply called a semilinear set. 

We define, for all n E Nand (i1 , ... , iTn ) E Nm, 

n I8l (i1, ... ,im ) = (n· i1 , ••. ,n· im ). 

This implies (i1, ... ,iTnt = n I8l (h, ... ,im) and {(i1 , ... ,imn* = {n I8l 
(il, ... , im) I n ~ O}. Hence, a set of m-tuples is a \lJf(Nm)-linear element iff 
it is of the form 

{so + L nj I8l Sj I nj ~ 0, Sj E Nm}. 
l~j::;t 

The semilinear sets are now finite unions of \lJf(Nm)-linear elements. 
Let 1jJ : \lJ(17*) -+ \lJ(Nm) be the complete semiring morphism defined 

by 1jJ( {xd) = {(O, ... , 0, 1, 0, ... , On, where 1 stands on the i-th position. 
Then 1jJ( {w}) = {(Iwlb ... , Iwlmn, wE 17*, where Iwli denotes the number 
of occurrences of the symbol Xi in w, and 1jJ(L) = UWEL 1jJ( {w}) for L ~ 17*. 

The Theorem of Parikh (Parikh [109]) is the last result of this section. 

Theorem 8.10. For any context-free language L, the set1jJ(L) is semilinear. 

Proof. Let L ~ 17* be context-free. By Corollary 3.8, L is in !.2([11( {{ w} I w E 
17*}). Since 1jJ is a (\lJf(17*), \lJf(Nm))-rational transduction, where \lJf(17*) 
is the set of finite subsets of 17*, Theorem 7.8 implies that 1jJ(L) is in 
!.2Ull(\lJf(Nm)). By Corollary 8.6, 1jJ(L) is in vtat(\lJf(Nm )). Hence, by The
orem 8.9, 1jJ(L) is a semilinear set. 0 

9. Lindenmayerian algebraic power series 

Lindenmayer systems were introduced by Lindenmayer [100] in connection 
with a theory proposed for the development of filamentous organisms. We 
will consider Lindenmayerian algebraic systems (briefly, L algebraic systems) 
that define Lindenmayerian algebraic power series (briefly, L algebraic series). 
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These L algebraic series are generalizations of both algebraic series and ETOL 
languages. (See Rozenberg, Salomaa [118J.) 

In this section we give only a short introduction to the theory of L al
gebraic series. The interested reader should consult Honkala [57, 58], Kuich 
[87]' Honkala, Kuich [62, 63J for more information on this theory. 

Throughout this section, A will denote a commutative w-continuous semi
ring. 

An L algebraic system (with variables in Y) is a system of formal equations 

Yi = Pi(Yl, ... , Yn, hll(yt), ... , hls(Yl), ... , hnl(Yn), ... , hns(Yn)), 

where Pi(Yl, ... , Yn, Zll, ... , Zls,"" Znl>"" zns), 1 ~ i ~ n, is a polynomial 
in A((L' U Y u Z)*), Z = {Zij 11 ~ i ~ n, 1 ~ j ~ s}, and hij : A((L'*)) -+ 

A((L'*)) are finite substitutions, i. e., substitutions that are defined by hij : 
L' -+ A(L'*), 1 ~ i ~ n, 1 ~ j ~ s. We want to emphasize that when we 
consider the polynomial Pi we do not assume that each Zij actually has an 
occurrence in Pi, 1 ~ i ~ n, 1 ~ j ~ s. 

If there is no danger of confusion, we use a vectorial notation. We write 
Y for Yl,.··, Yn, P for Pl,'" ,Pn, h for hll"'" hls, ... , hnl"'" hns and h(y) 
for hll(yt), ... , hls(Yl), ... , hnl(Yn),"" hns(Yn). By this vectorial notation, 
an L algebraic system as defined above is now written as 

y = p(y, h(y)). 

The development of the theory of L algebraic systems parallels that of the 
usual algebraic systems as given in Section 3. 

A solution to the L algebraic system Y = p(y, h(y)) is given by a E 
(A ((L'*)) t such that a = p( a, h( a)). It is termed the least solution iff a !;;;; T 

holds for all solutions T of y = p(y, h(y)). Hence, a solution (resp. the least 
solution) of y = p(y, h(y)) is nothing else than a fixpoint (resp. the least 
fixpoint) of the mapping f : (A((L'*))t -+ (A((L'*))t defined by f(a) = 
p(a, h(a)), a E (A((L'*))t. 

Since a substitution is a complete semiring morphism, we infer, by Theo
rem 3.2, that a substitution is an w-continuous mapping. Since w-continuous 
mappings are closed under functional composition, Corollary 3.5 implies that 
the mapping f is w-continuous. Hence, by the Fixpoint Theorem of Section 3, 
the least solution of an Lalgebraic system y = p(y, h(y)) exists and equals 
fix(J) = sup(r(O) I n EN). 

To compute this unique least fixpoint, we define the approximation se-
quence 

o 1 2 j a ,a ,a ,,,.,a '''., 

associated to the L algebraic system Y = p(y, h(y)) as follows: 

aO = 0, ai+l = p(a j , h(a j )), j ~ O. 

Then the least solution is given by sup(aj I j EN). This proves the first 
theorem of this section. 



664 W. Kuich 

Theorem 9.1. The least solution of the L algebraic system y = p(y, h(y)) 
exists and is given by 

sup(u j I j EN), 

where uO, u1 , ... , u j , . .. is the approximation sequence associated to it. 

A power series is called L algebraic iff it is a component of the least 
solution of an L algebraic system. The set of all L algebraic series in A((17*)) 
is denoted by ALalg((17*)). Clearly, we have Aalg((17*)) ~ ALalg((17*)). Observe 
that each power series in ALalg((17*)) is the least solution of an L algebraic 
system y = p(h(y)), where p E A((17 U Z)*). This is achieved by replacing 
each variable Yi, 1 ~ i ~ n, by e(Yi), where e : A((17*)) --+ A((17*)) is the 
identity mapping. 

Theorem 9.2. Assume that u E (A((17*))t, where (u,c-) = 0, is the least 
solution of an L algebraic system and consider an index i, 1 ~ i ~ n. Then 
there exist an L algebraic system with one variable with the least solution a 
and a finite alphabet Ll such that Ui = a 0 char(Ll*). 

Proof. Let 17Ci) , 1 ~ i ~ n, be copies of 17. We use the following notation 
throughout the proof: the upper index renames a symbol x E 17 into the 
corresponding symbol xCi) E 17Ci) , a word w E 17* into the corresponding 
word wCi) E (17Ci))*, 1 ~ i ~ n, etc. 

Let u be the least solution of the L algebraic system y = p(h(y)). Define 
the morphisms 

gjk(X Ci )) = OJ,ihjk(x), 1 ~ j,i ~ n, 1 ~ k ~ s, x E 17, 

where OJ,i is the Kronecker symbol. Let z be a new variable and consider the 
L algebraic system with the variable z 

'"' Ci) Ci) Ci) Ci) Ci) z= ~ Pi(gl1(Z) , ... ,gls(Z) , ... ,gn1(Z) , ... ,gns(z) ) . 
l:S;i:S;n 

We claim that a = u~l) + .. . +u~n) is a solution. This is shown by the following 
equalities: 

= L u;i) = a. 
l:S;i:S;n 

Consider now T1, . .. ,Tn E A((17*)) such that f = Til) + ... +T~n) is a solution 
of the L algebraic system, i. e., 
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T = 2: pi(gl1(f)(i), ... ,g1s(f)(i), ... ,gn1(f)(i), ... ,gns(f)(i))(i). 

1:$i:$n 

Assume, furthermore, that f I;;;; fT. Hence, (f, c:) = O. Define the morphism 
hi: (U1:$j:$nEU))* ----t 17*, 1 :S i:S n, by hi(xU)) = 8i,jx, extend it in the 
usual manner to a semiring morphism and apply it to the above equality. 
Then we obtain 

hi(f) = Ti 

2: hi (P.i (gl1 (f)(j) , ... ,gls(f)(j), ... ,gnl(f)(j), ... ,gns(f)(j))(j)) 
l:$j:$n 

'" h·( ·(h ()(j) h ()(j) h ()(j) } ( )(j))(j)) L..t z PJ 11 Tl , ... , 1s Tl , ... , n1 Tn , ... , Lns Tn 

pi(hl1(Td,··., hls(T1)"'" hn1(Tn), ... , hns(Tn)). 

These equalities prove that T = (T1"'" Tn) is a solution of the original L 
algebraic system y = p(h(y)). Since a is the least solution, we obtain a I;;;; T. 

Hence, ai I;;;; Ti for all 1 :S i :S n, fT I;;;; f and we infer that fT = f. 
This proves that fT is the least solution of the L algebraic system with the 

variable z constructed above. Because a~i) = fT 8 char((E(i))*), 1 :S i :S n, 
renaming proves our theorem. 0 

A proof analogous to that of Theorem 3.11 proves the next theorem. 

Theorem 9.3. (ALalg((E*)), +,·,0, c:) is a fully rationally closed semiring. 

In the sequel, we denote the monoid of finite substitutions mapping 
A((E*)) into A((E*)) by (6(17),0, e). Here, 0 denotes functional composition 
and e denotes the identity mapping from A((E*)) onto A((E*)). As defined in 
Section 2, A((6(E))) denotes the set of power series over 6(17). The applica
t'lon of a matrix M E (A((6(E))) t xn of power series of finite substitutions to 
a vector a E (A((E*))t X1 of power series, denoted as M(a) E (A((E*))txt, 
is defined by its entries 

l:$j:$n hE6(E) 

A Lindenmayerian linear system (briefly, L linear system) is of the form 

y=M(y)+P, 

where M E (A(6(E))txn is a matrix of polynomials of finite substitutions 
and P E (A(E*)t X1 is a vector of polynomials. 

A solution to this L linear system is given by a vector a E (A((E*))t X1 

such that a = M(a) + P. It is clear that we can consider the L linear system 
y = M(y) + P, where a is a solution, to be the L algebraic system 
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Yi = 2: 2: (Mii> h)h(Yi) + Pi, 1 ~ i ~ n, 
l~i~n hE6(E) 

where 0"1, •.• , O"n is a solution. By this observation all the definitions and 
results for L algebraic systems transfer to L linear systems. 

A power series is termed an L rational power series iff it is a com
ponent of the least solution of an L linear system. The set of all L ra
tional power series in A((E*)) is denoted by ALrat((E*)). Clearly, we have 
Arat((E*)) ~ ALrat((E*)) ~ ALalg((E*)). Formally, the next theorem is analo
gous to Theorem 4.1. 

Theorem 9.4. The least solution of the L linear system Y = M(y) + P is 
given by 0" = M*(P). 

Proof. We consider the L linear system as an L algebraic system and compute 
the approximation sequence 0"0,0"1, ••• , O"i, ... associated to this L algebraic 
system. We show by induction on j that O"i+1 = Lo<t<· Mt(P), j 2: O. We _ _1 

obtain MO(P) = E(P) = P = 0"1 and, for j > 0, 

O"i+1 M(O"i) + P = M( 2: Mt(P)) + P 
O~t$j-l 

2: Mt+1(P) + P = 2: Mt(P). 
O$t$j-l O$t$j 

Hence, 0" = sup(O"j I j E N) = sup (LO$t$jMt(P) I j E N) = M*(P). 0 

We now introduce ETOL power series over a finite alphabet E. These are 
the power series in 

AETOL((E*)) = {sew) Is E !Jtat(A(6(E)))}, 

where w is a special symbol. 

Theorem 9.5. AETOL((E*)) = ALrat((E*)). 

Proof. (i) Consider the ETOL power series sew), where s E !Jtat(A(6(E))). 
Then, by Theorems 4.5 and 4.6, there exist a matrix M E (A(6(E)) t xn and 
a column vector R E (A(e) t X1 such that s = (M* Rh(w). We compute now 
the least solution 0" of the L linear system y = M(y)+P, where Pi = (Ri , e)w, 
1 ~ i ~ n, and obtain, for 1 ~ i ~ n, 

Hence, for all 1 ~ i ~ n, (M* R)i(W) is an L rational power series, i. e., 
0"1 = sew) E ALrat((E*)). 
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(ii) Consider now the least solution M*(P) of the L linear system y = 
M(y) + P, where ME (A(6(E)}txn and P E (A(E*}t X1 • Let Ri be the 
finite substitution defined by Ri(W) = Pi, 1 ::; i ::; n, and let R be the column 
vector with components Ri . Then, for alII::; i ::; n, 

= L (M*)ijRj(w) = (M* RMw). 
l~j~n 

Hence, M*(P)i = (M* RMw) is an ETOL power series for 1 ::; i ::; n, i. e., 
M*(P)i E AETOL((E*}}. 0 

If the construction in the proof of Theorem 9.2 is applied to an L linear 
system, it is transferred to an L linear system with one variable. This yields 
the next theorem. 

Theorem 9.6. Assume that U E (A((E*}}txt, where (u,c:) = 0, is the least 
solution of an L linear system and consider an index i, 1 ::; i ::; n. Then there 
exist finite substitutions hI"", hs, a special symbol wand a finite alphabet 
L1 such that 

Ui = (hI + ... + hs)*(w) 8 char(L1*). 

This theorem is a power series generalization of the result of Ginsburg, Rozen
berg [39] stating that ~ETOL((E*}} coincides (via the isomorphism between 
!'p(E*) and ~((E*}}) with the set of ETOL languages over E. It justifies our 
point of view to consider AETOL((E*}} as the proper generalization of the 
ETOL languages over E. 

10. Selected topics and bibliographical remarks 

The theory of rational formal power series in noncommuting variables was 
originated in Schiitzenberger [125, 126, 127] and a similar theory for algebraic 
formal power series in Chomsky, Schiitzenberger [20]. Kuich [83, 84, 88] has 
generalized in a series of ICALP-papers some results of these theories to 
w-continuous semirings. These generalizations are the basis for Chapter 9. 

Eilenberg [25], Salomaa, Soittola [123], Wechler [140], Berstel, Reutenauer 
[8] and Kuich, Salomaa [92] are books dealing with the different aspects of 
power series in connection with formal languages and automata. Berstel [3] 
contains a collection of papers dealing with power series. Hebisch, Weinert 
[53] and Golan [40] are books on semirings. 

Due to space limitations, we have only considered a few topics on semi
rings and formal power series. In the remainder of this section we give a 
survey on some selected topics. 

By Chomsky, Schiitzenberger [20]' a formal power series r in Qalg ((EEi3}) 
is algebraic in the sense of complex analysis, i. e., there exists an irreducible 
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polynomial p(y) E Q((E U {y} )EB) such that per) = O. Using elimination the
ory and applying methods and results from algebra and algebraic geometry, 
Kuich, Salomaa [92J gave a procedure for the construction of the polyno
mial p. 

Theorem 10.1. (Kuich, Salomaa [92], Corollary 16.11) For every power se
ries r E Qalg((EEB)), an irreducible polynomial p(y) E Q((E U {y} )EB) can be 
effectively constructed such that per) = o. 

Theorem 10.1 yields decision procedures for some language-theoretic prob
lems that are difficult, if not impossible, to obtain by language-theoretic 
methods. The next three corollaries are originally due to Semenov [129J and 
follow easily from Theorem 10.1. (See also Salomaa, Soittola [123], Section 
IV.5 and Kuich, Salomaa [92], Section 16.) 

Corollary 10.2. Assume that G and G' are given unambiguous context-free 
grammars such that L( G') 2 L( G). Then it is decidable whether or not 
L(G') = L(G). 

Corollary 10.3. Assume that G and G' are given context-free grammars 
such that L( G') = L( G) and G is unambiguous. Then it is decidable whether 
or not G' is unambiguous. 

Corollary 10.4. Given an unambiguous context-free grammar G and a reg
ular language R, it is decidable whether or not L( G) = R. 

We now turn to another application of Theorem 10.1. The structure gen
erating function of a language L is given by the series JL(z) = Ln>oUnZn , 

where Un is the number of distinct words of length n in L. The structure 
generating function of a context-free grammar G without chain rules and 
c:-rules is given by the series fG(z) = Ln>oVnZn, where Vn is the number 
of distinct leftmost derivations of all words of length n in L( G). The next 
theorem is due to Chomsky, Schiitzenberger [20J (see also Kuich [80]) and is 
an easy consequence of Theorems 10.1 and 3.9. 

Theorem 10.5. The structure generating function of a context-free gram
mar without chain rules and c:-rules is an algebraic function. 

Corollary 10.6. If the structure generating function of a context-free lan
guage L is transcendental then L is inherently ambiguous. 

Results analogous to Theorem 10.5 and Corollary 10.6 are also valid for 
grammars of various kinds, e. g., tuple grammars (Kuich, Maurer [89, 90]), 
phrase structure grammars and state grammars with context-free control lan
guages (Kuich, Shyamasundar [93]), and context-free grammars with regular 
parallel control languages (Kuich, Prodinger, Urbanek [91]). 

Corollary 10.6 was used by Baron, Kuich [2], and, in a very refined man
ner, by Flajolet [31, 32J to prove the inherent ambiguity of certain context-free 
languages. See also Kemp [73, 74J, Berstel, Boasson [6J and Petersen [112J. 
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Another method for proving the inherent ambiguity of a context-free lan
guage is given in Corollary 1O.S. A definition and a theorem is needed before 
the corollary. 

Let E = {Xl, ... , x Tn }. A language L ~ E* is said to be Parikh slender 
iff there exists a k :::: a such that, for all (i l , ... , im ) E NTn , 

I{w E L 17j;(w) = (i l , ... , im)}1 :S k. 

Theorem 10.7. (Honkala [60], Theorem 4.4) Let E = {Xl,""Xm } and 
assume that L ~ E* is a Parikh slender unambiguous context-free language. 
Then the structure generating function of L is a rational function. 

Corollary 10.8. (Honkala [60], Theorem 5.1) Let E = {Xl, ... ,Xm } and 
consider a context-free language L ~ E*. If there is a regular language R ~ 
E* s'uch that L n R (resp. (E* - L) n R) is Parikh slender and the structure 
generating function of L n R (resp. (E* - L) n R) is nonrational then L is 
inherently ambiguous. 

Example 10.1. The following context-free languages L are inherently ambigu
ous: 

(i) L = Ll U L 2, where Ll = {x2xix2X~+2 Ii:::: 1}*{X2}{Xl}*{X2}' 
L2 = {x2xi}{X2Xix2X~+2 Ii:::: 1}*{x2}' 

(ii) L = Ll U L 2, where L1 = {xt}{x;xi Ii:::: 1}*, 
L2 = {xix~i Ii:::: l}*{xt}+. 

(iii) The Goldstine language 
L = {X~lX2X~2X2'" X~kX2 I k :::: 1, nk :::: 0, and there exists a j, 1 :S j :S 
k, such that nj =I- j}. 

(iv) L = {w E {Xl,X2,X3}* Ilwll = Iwl2 or Iwl2 = IwI3}. 
(v) Crestin's language (formed with products of palindromes) 

L = {WlW2 I WI, w2 E {Xl, X2}*' WI = wf, w2 = wr}, where w R denotes 
the reverse of w. 

(vi) L = {XiX2WlXiw21 i:::: 1, Wl,W2 E {Xl,X2}*}' 0 

The next result is an application of Corollary 10.6 or Corollary 1O.S and 
concerns infinite words in EW. Given w E EW, one defines its pf'efix language 
and its cop refix language by Pref( w) = {v I v is a finite prefix of w} and 
Copref(w) = E* - Pref(w), respectively. 

Theorem 10.9. (Autebert, Flajolet, Gabarro [1]) Letw E EW. IfCopref(w) 
is context-free, but rionregular, then it is inherently ambiguous. 

For more information on this topic see Berstel [5]. 
A context-free grammar G = (Y, E, P, Yl) is termed non expansive iff there 

is no derivation y ~* WlYW2YW3, Y E Y, WI, W2, W3 E E*, according to G. 

Theorem 10.10. (Kuich [SO], Theorem 4) The structure generating function 
of a nonexpansive context-free grammar without chain rules and c:-rules is a 
rational function. 
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Corollary 10.11. Assume that L is a context-free language whose structure 
generating function is nonrational. Then L cannot be generated by an unam
biguous non expansive context-free grammar. 

Example 10.2. Let L be the restricted Dyck language consisting of the well
formed words over a pair of parantheses, i. e., L is generated by the un
ambiguous context-free grammar G = ({y}, {(,)}, {y ---+ (y)y,y ---+ c},y). 
The structure generating function of L is given by JL(z) = 2:n>O Cn z2n, 

where Cn is defined in Example 3.1. Since JL(z) = (1 - VI - 4z2 )/2z2 for 
Izl < 1/2 is nonrational, L cannot be generated by an unambiguous nonex
pansive context-free grammar. D 

Theorem 10.12. (Ibarra, Ravikumar [65]) Assume that G is a given un
ambiguous nonexpansive context-free grammar. If L( G) is regular, a finite 
automaton QI. can be effectively constructed such that IIQl.II = L( G). 

Ullian [135J has shown that an algorithm for the construction of QI. does 
not exist, if G is an arbitrary context-free grammar. The algorithm for the 
construction of QI. in Theorem 10.12 uses Corollary 1004 and Theorem 10.10. 
Compare Corollary 1004 and Theorem 10.12 with Stearns [134], Theorem 6. 

The next theorem is due to Litow [lOlJ and considers, for i,j ~ 1, lan
guages Li,j = {w E {XI,X2}* I ilwh - jlwl2 = O}. 

Theorem 10.13. Assume that G is a given context-free grammar with ter
minal alphabet {Xl,X2}' Then, for given i,j ~ 1, it is decidable whether or 
not 

(i) L(G) n Li,j = 0, 
(ii) L(G) ~ Li,j, 
(iii) L(G) = Li,j, if G is unambiguous. 

The next theorem extends the Equality Theorem of Eilenberg [25J to 
multitape finite automata. Consider the monoid M = 17i x ... x 17;". For 
an element w = (WI, ... ,WTn ) E M, define the length Iwl of W to be Iwi = 
2:1<i<Tn IWil. Let M' = {w E M Ilwl = I}. Our basic semiringis nowQ((M)) 
and-We consider finite Q(M')-automata. 

Theorem 10.14. (Harju, Karhumiiki [47], Theorem 3.8) Given two finite 
Q(M') -automata Ql.1 and Ql.2, it is decidable whether or not IIQl.111 = IIQl.211. 

Corollary 10.15. (Harju, Karhumiiki [47J, Theorem 3.10) Given two multi
tape deterministic finite automata, it is decidable whether or not they accept 
the same language. 

We now consider formal power series with coefficients in the tropical semi
ring (N°O, min, +, 00,0). A finite {2:xEEU{c:}(r,x)x I (r,x) E {00,1,0}, x E 

17 U {c }}-automaton QI. = (Q, M, S, P) is called a distance automaton iff the 
entries of M (resp. of Sand P) are in {L,xEE(r,x)x I (r,x) E {00,1,0}, x E 
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E} (resp. {aE I a E {oo, O}}). A distance automaton m is said to be limited 
in distance iff sup{(llmll, w) I (Ilmll, w) =1= 00, w E E*} < 00. 

Theorem 10.16. (Hashiguchi [48, 50]' Leung [98], Simon [133]) Given a 
distance a'utomaton m, it is decidable whether or not m is limited in distance. 

Hashiguchi [49] used Theorem 10.16 to establish an algorithm to compute 
the star height of a given regular language. (See also Perrin [111].) More 
information on distance automata can be found in Simon [132], Krob [76], 
Leung [99], Weber [137, 138, 139]. 

Readers interested in decision problems of different kinds should consult 
Eilenberg [25], Salomaa, Soittola [123], Jacob [68], Salomaa [122], Culik II, 
Karhumiiki [23] and Honkala [56,61]. 

Algebraic and combinatorial properties of formal power series are studied 
in Shamir [131]' Gross, Lentin [45], Kuich [81], Cori, Richard [22], Jacob [66], 
Goldman [42], Salomaa, Soittola [123], Reutenauer [114, 115, 116, 117], Die
kert [24], Flajolet, Gardy, Thimonier [35], Flajolet [34], Litow, Dumas [103], 
Mateescu [105], Matos [106], Fernau [28], Honkala [59], Kudlek, Mateescu 
[79], Golan, Mateescu, Vaida [41]. 

Berstel, Reutenauer [9] and Honkala [55, 54] consider zeta functions of 
formal languages and formal power series. Berstel, Reutenauer [7], Flajolet 
[29, 30, 33], Bozapalidis [13, 14] and Bozapalidis, Rahonis [15] deal with for
mal power series on trees. Bertoni, GoldwUfm, Massazza [10], Bertoni, Gold
WUfm, Sabadini [11] and Litow [101, 102] study the complexity of problems 
in connection with formal power series. 

Acknowledgement. The author expresses his gratitude to Juha Honkala and Georg 
Karner for a very careful reading of the manuscript and for many clever techni
cal observations. Thanks are also due to Gunther Eigenthaler, Helmut Prodinger, 
Arto Salomaa, Friedrich Urbanek and Andreas Weber for useful discussions and 
comments. 
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Syntactic Semigroups 

Jean-Eric Pin 

1. Introduction 

This chapter gives an overview on what is often called the algebraic theory of 
finite automata. It deals with languages, automata and semigroups, and has 
connections with model theory in logic, boolean circuits, symbolic dynamics 
and topology. 

Kleene's theorem [70] is usually considered as the foundation of this the
ory. It shows that the class of recognizable languages (i.e. recognized by finite 
automata), coincides with the class of rational languages, which are given 
by rational expressions. The definition of the syntactic monoid, a monoid 
canonically attached to each language, was first given in an early paper of 
Rabin and Scott [128], where the notion is credited to Myhill. It was shown in 
particular that a language is recognizable if and only if its syntactic monoid is 
finite. However, the first classification results were rather related to automata 
[89]. A break-through was realized by Schiitzenberger in the mid-1960s [144]. 
Schiitzenberger made a non-trivial use of the syntactic monoid to character
ize an important subclass of the rational languages, the star-free languages. 
Schiitzenberger's theorem states that a language is star-free if and only if its 
syntactic monoid is finite and aperiodic. 

This theorem had a considerable influence on the theory. Two other im
portant "syntactic" characterizations were obtained in the early 1970s: Simon 
[152] proved that a language is piecewise testable if and only if its syntactic 
monoid is finite and .J"-trivial and Brzozowski-Simon [41] and independently, 
McNaughton [86] characterized the locally testable languages. These suc
cesses settled the power of the semigroup approach, but it was Eilenberg who 
discovered the appropriate framework to formulate this type of results [53]. 

A variety of finite monoids is a class of monoids closed under taking 
submonoids, quotients and finite direct product. Eilenberg's theorem states 
that varieties of finite monoids are in one to one correspondence with certain 
classes of recognizable languages, the varieties of languages. For instance, 
the rational languages correspond to the variety of all finite monoids, the 
star-free languages correspond to the variety of finite aperiodic monoids, and 
the piecewise testable languages correspond to the variety of finite .J"-trivial 
monoids. Numerous similar results have been established during the past fif
teen years and, for this reason, the theory of finite automata is now intimately 
related to the theory of finite monoids. 

G. Rosenberg et al. (eds.), Handbook of Formal Languages
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It is time to mention a sensitive feature of this theory, the role of the 
empty word. Indeed, there are two possible definitions for a language. A first 
definition consists in defining a language on the alphabet A as a subset of the 
free monoid A *. In this case a language may contain the empty word. In the 
second definition, a language is defined as a subset of the free semigroup A + , 
which excludes the empty word. This subtle distinction has dramatic conse
quences on the full theory. First, one has to distinguish between *-varieties 
(the first case) and +-varieties of languages (the latter case). Next, with the 
latter definition, monoids have to be replaced by semigroups and Eilenberg's 
theorem gives a one to one correspondence between varieties of finite semi
groups and +-varieties of languages. Although it might seem quite annoying 
to have two such parallel theories, this distinction proved to be necessary. For 
instance, the locally testable languages form a +-variety, which correspond 
to locally idempotent and commutative semigroups. But no characterization 
of the locally testable languages is known in terms of syntactic monoids. 

An extension of the notion of syntactic semigroup (or monoid) was re
cently proposed in (112). The key idea is to define a partial order on syntac
tic semigroups, leading to the notion of ordered syntactic semigroups. The 
resulting extension of Eilenberg's variety theory permits to treat classes of 
languages that are not necessarily closed under complement, a major dif
ference with the original theory. We have adopted this new point of view 
throughout this chapter. For this reason, even our definition of recognizable 
languages may seem unfamiliar to the reader. 

The theory has now developed into many directions and has generated a 
rapidly growing literature. The aim of this chapter is to provide the reader 
with an overview of the main results. As these results are nowadays intimately 
related with non-commutative algebra, a certain amount of semigroup theory 
had to be introduced, but we tried to favor the main ideas rather than the 
technical developments. Some important topics had to be skipped and are 
briefly mentioned in the last section. Due to the lack of place, no proofs are 
given, but numerous examples should help the reader to catch the spirit of 
the more abstract statements. The references listed at the end of the chapter 
are far from being exhaustive. However, most of the references should be 
reached by the standard recursive process of tracing the bibliography of the 
papers cited in the references. 

The chapter is organized as follows. The amount of semigroup theory 
that is necessary to state precisely the results of this chapter is introduced 
in Section 2. The basic concepts of recognizable set and ordered syntactic 
semigroup are introduced in Section 3. The variety theorem is stated in Sec
tion 4 and examples follow in Section 5. Some algebraic tools are presented 
in Section 6. Sections 7 and 8 are devoted to the study of the concatenation 
product and its variants. Connections with the theory of codes are discussed 
in Section 9. Section 10 gives an overview on the operators on recognizable 
languages. Various extensions are briefly reviewed in Section 11. 
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2. Definitions 

We review in this section the basic definitions about relations and semigroups 
needed in this chapter. 

2.1 Relations 

A relation n on a set 8 is reflexive if, for every x E 8, x n x, symmetric, 
if, for every x, y E 8, x n y implies y n x, and transitive, if, for every 
x, y, Z E 8, x n y and y n z implies x n z. A quasi-order is a reflexive 
and transitive relation. An equivalence relation is a reflexive, symmetric and 
transitive relation. Given a quasi-order n, the relation", defined by x '" y if 
and only if x n y and y n x is an equivalence relation, called the equivalence 
relation associated with n. If this equivalence relation is the equality relation, 
that is, if, for every x, y E 8, x n y and y n x implies x = y, then the relation 
n is an order. 

Relations are naturally ordered by inclusion. Let n1 and n2 be two rela
tions on a set 8. The relation n 2 is coarser than n 1 if and only if, for every 
s, t E 8, s n1 t implies s n2 t. In particular, the coarsest relation is the 
universal relation. 

2.2 Semigroups 

A semigroup is a set equipped with an internal associative operation which 
is usually written in a multiplicative form. A monoid is a semigroup with an 
identity element (usually denoted by 1). If 8 is a semigroup, 8 1 denotes the 
monoid equal to 8 if 8 has an identity element and to 8 U {I} otherwise. In 
the latter case, the multiplication on 8 is extended by setting sl = Is = s 
for every s E 8 1 . 

A relation on a semigroup 8 is stable on the right (resp. left) if, for every 
x, y, z E 8, x n y implies xz n yz (resp. zx n zy). A relation is stable if it 
is stable on the right and on the left. A congruence is a stable equivalence 
relation. Thus, an equivalence relation", on 8 is a congruence if and only if, 
for every s, t E 8 and x, y E 8 1 , S '" t implies xsy '" xty. If "" is a congruence 
on 8, then there is a well-defined multiplication on the quotient set 8f "', 
given by 

[s)[t] = [st] 

where [s] denotes the "'-class of s E 8. 
An ordered semigroup is a semigroup 8 equipped with a stable order 

relation ~ on 8. Ordered monoids are defined analogously. The notation 
(8, ~) will sometimes be used to emphasize the role ofthe order relation, but 
most of the time the order will be implicit and the notation 8 will be used 
for semigroups as well as for ordered semigroups. If 8 = (8, ~) is an ordered 
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semigroup, then (S, 2::) is also an ordered semigroup, called the dual of Sand 
denoted S. 

A congruence on an ordered semigroup S is a stable quasi-order which is 
coarser than :S. In particular, the order relation :s is itself a congruence. If 
::S is a congruence on S, then the equivalence relation,..... associated with ::S is 
a congruence on S. Furthermore, there is a well-defined stable order on the 
quotient set SI,....., given by 

[s] :s ttl if and only if s ::S t 

Thus (SI""",:S) is an ordered semigroup, also denoted SI::S. 
Given a family (Si)iEI of ordered semigroups, the product I1iEI Si is the 

ordered semigroup defined on the set I1iEI Si by the law 

(Si)iEI(sDiEI = (sisDiEI 

and the order given by 

(Si)iEI :s (SDiEI if and only if, for all i E I, Si :s s~. 
Products of semigroups, monoids and ordered monoids are defined similarly. 

If M is a monoid, the set P( M) of the subsets of M is a monoid under 
the operation 

XY = {xy I x E X and y E Y} 

2.3 Morphisms 

Generally speaking, a morphism between two algebraic structures is a map 
that preserves the operations and the relations of the structure. This gen
eral definition applies in particular to semigroups, monoids, ordered semi
groups and ordered monoids. Given two semigroups Sand T, a semigroup 
morphism r.p : S -+ T is a map from S into T such that for all x, YES, 
r.p(xy) = r.p(x)r.p(y). Monoid morphisms are defined analogously, but of course, 
the condition r.p(l) = 1 is also required. A morphism of ordered semigroups 
r.p : S -+ T is a semigroup morphism from S into T such that, for every 
x, YES, x :s y implies r.p(x) :s r.p(y). 

A morphism of semigroups (resp. monoids, ordered semigroups) r.p: S -+ 

T is an isomorphism if there exists a morphism of semigroups (resp. monoids, 
ordered semigroups) 't/J : T -+ S such that r.p o't/J = IdT and 't/J 0 r.p = Ids. It 
is easy to see that a morphism of semigroups is an isomorphism if and only 
if it is bijective. This is not true for morphisms of ordered semigroups. In 
particular, if (S,:S) is an ordered semigroup, the identity induces a bijective 
morphism from (S, =) onto (S,:S) which is not in general an isomorphism. In 
fact, a morphism of ordered semigroups r.p : S -+ T is an isomorphism if and 
only if r.p is a bijective semigroup morphism and, for every x, YES, x :s y is 
equivalent with r.p(x) :s r.p(y). 
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For every semigroup morphism cp : S - T, the equivalence relation "'cp 

defined on S by setting s "'cpt if and only if cp( s) = cp( t) is a semigroup 
congruence. Similarly, for every morphism of ordered semigroups cp : S _ T, 
the quasi-order ~cp defined on S by setting s ~cp t if and only if cp(s) ::; cp(t) 
is a congruence of ordered semigroup, called the nuclear congruence of cpo 

A semigroup (resp. monoid, ordered semigroup) S is a quotient of a semi
group (resp. monoid, ordered semigroup) T if there exists a surjective mor
phism from Tonto S. In particular, if'" is a congruence on a semigroup S, 
then SI'" is a quotient of S and the map 7r : S - SI'" defined by 7r(s) = [s) 
is a surjective morphism, called the quotient morphism associated with "'. 
Similarly, let ~ be a congruence on an ordered semigroup (S, ::;) and let", be 
the equivalence relation associated with ~. Then (S/~) is a quotient of (S,::;) 
and the map 7r : S - S/~ defined by 7r(s) = [s) is a surjective morphism of 
ordered semigroups. 

Let "'1 and "'2 be two congruences on a semigroup S and let 7r1 : S -
81"'1 and 7r2 : 8 - 81"'2 be the quotient morphisms. Then "'2 is coarser than 
"'1 if and only if 7r2 factorizes through 7r1, that is, if there exists a surjective 
morphism 7r : 81"'1- 81"'2 such that 7r 0 7r1 = 7r2. 

A similar result holds for ordered semigroups. Let ~1 and ~2 be two 
congruences on an ordered semigroup 8 and let 7r1 : 8 - 8/~1 and 7r2 : 8 -
8/~2 be the quotient morphisms. Then ~2 is coarser than ::;1 if and only if 
7r2 factorizes through 7r1. 

Let S be a semigroup (resp. ordered semigroup). A subsemigroup (resp. 
an ordered subsemigroup) of 8 is a subset T of 8 such that t, t' E T implies 
tt' E T. Subsemigroups are closed under intersection. In particular, given a 
subset E of 8, the smallest subsemigroup of S containing E is called the 
subsemigroup of 8 generated by E. 

A semigroup 8 divides a semigroup T if 8 is a quotient of a subsemigroup 
of T. Division is a quasi-order on semigroups. Furthermore, one can show that 
two finite semigroups divide each other if and only if they are isomorphic. 

2.4 Groups 

A group is a monoid in which every element has an inverse. We briefly recall 
some standard definitions of group theory. Let p be a prime number. A p
group is a finite group whose order is a power of p. If G is a group, let Go = G 
and Gn +1 = [Gn , G), the subgroup generated by the commutators hgh- 1g-1 , 

where h E Gn and g E G. A finite group is nilpotent if and only if Gn = {I} 
for some n :::: o. A finite group is solvable if and only if there is a sequence 

G = dO), G(1), ... ,G(k) = {I} 

such that each G(i+1) is a normal subgroup of G(i) and each quotient 
G(i) IG(i+1) is commutative. It is a well-known fact that every p-group is 
nilpotent and every nilpotent group is solvable. See [143) 
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2.5 Free semigroups 

Let A be a finite alphabet. The set of words on A is denoted A* and the 
set of non-empty words, A+. Thus A* = A+ U {I}, where I is the empty 
word. The length of a word u is denoted lui. If a is a letter, lui a denotes the 
number of occurrences of a in u. In particular, lui = l:aEA lula . A word pis 
a prefix of a word u if u = pu' for some u' E A *. Symmetrically, a word s is 
a suffix of u if u = u's for some u' E A *. A word x is a factor of u if there 
exist two words u' and u" (possibly empty) such that u = u' xu". This notion 
should not be confused with the notion of subword. A word a1··· an (where 
the ai's are letters) is a subword of u if u = uOa1 U1 ... anUn for some words 
Uo, ... ,Un E A*. 

The semigroup A+ is the free semigroup on A and (A+, =) is the free 
ordered semigroup on A. Indeed, if 'P : A -+ 8 is a function from A into an 
ordered semigroup 8, there exists a unique morphism of ordered semigroups 
cp : (A + , =) -+ 8 such that 'P( a) = cp( a) for every a E A. Moreover cp 
is surjective if and only if 'P(A) is a generator set of 8. It follows that if 
'I} : (A + , =) -+ 8 is a morphism of ordered semigroups and f3 : T -+ 8 
is a surjective morphism of ordered semigroups, there exists a morphism of 
ordered semigroups 'P : (A+, =) -+ T such that 'IJ = f3 0 'P. This property is 
known as the universal property of the free ordered semigroup. Similarly, A * 
is the free monoid on A and (A*, =) is the free ordered monoid on A. 

As was explained in the introduction, there are two parallel notions of 
languages. If we are working with monoids, a language on A is a subset of 
the free monoid A *. If semi groups are considered, a language on A is a subset 
of the free semigroup A +. 

2.6 Order ideals 

An order ideal of an ordered semigroup 8 is a subset I of 8 such that, if 
x ~ y and y E I, then x E I. The order ideal generated by an element x is 
the set! x of all y E 8 such that y ~ x. The intersection (resp. union) of 
any family of order ideals is also an order ideal. Furthermore, if I is an order 
ideal and K is an arbitrary subset of 8 1 , then the left quotient K- 1 I and 
the right quotient IK-1 are also order ideals. Recall that, for each subset X 
of 8 and for each element s of 8 1, the left (resp. right) quotient s-l X (resp. 
X s-l) of X by s is defined as follows: 

s-l X = {t E 8 I st E X} and Xs- 1 = {t E 8 I ts E X} 

More generally, for any subset K of 8 1, the left (resp. right) quotient K- 1X 
(resp. XK-1) of X by K is 

K- 1 X = U sEK s-l X = {t E 8 I there exists s E K such that st E X} 
XK- 1 = UsEK Xs- 1 = {t E 8 I there exists s E K such that ts E X} 
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2.7 Idempotents 

An element e of a semigroup 8 is idempotent if e2 = e. A semigroup is 
idempotent if all its elements are idempotent. In this chapter, we will mostly 
use finite semigroups, in which idempotents playa key role. In particular, the 
following proposition shows that every non empty finite semigroup contains 
an idempotent. 

Proposition 2.1. Let s be an element of a finite semigroup. Then the sub
semigroup generated by s contains a unique idempotent and a unique maximal 
subgroup, whose identity is the unique idempotent. 

--~ ____ .... ~ .... 2---____4~ .... 3- __ ~ ,"!,,, ,0' 
s n+p-l 

Fig. 2.1. The semigroup generated by s. 

If s is an element of a finite semigroup, the unique idempotent power of 
s is denoted SW. If e is an idempotent of a finite semigroup 8, the set 

e8e = {ese I s E s} 

is a subsemigroup of 8, called the local subsemigroup associated with e. This 
semigroup is in fact a monoid, since e is an identity in e8e. 

A finite semigroup 8 is said to satisfy locally a property P if every local 
subsemigroup of 8 satisfies P. For instance, 8 is locally trivial if, for every 
idempotent e E 8 and every s E 8, ese = e. 

A zero is an element 0 such that, for every s E 8, sO = Os = O. It is 
a routine exercise to see that there is at most one zero in a semigroup. A 
non-empty finite semi group that contains a zero and no other idempotent is 
called nilpotent. 

2.8 Green's relations 

Green's relations on a semi group 8 are defined as follows. If sand tare 
elements of 8, we set 

set 
sRt 
s.:Jt 
s 1{ t 

if there exist x, y E 8 1 such that s = xt and t = ys, 
if there exist x, y E 8 1 such that s = tx and t = sy, 
if there exist x, y, u, v E 8 1 such that s = xty and t = usv. 
if s R t and s £ t. 
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For finite semigroups, these four equivalence relations can be represented as 
follows. The elements of a given 'R.-class (resp . .L:-class) are represented in 
a row (resp. column). The intersection of an 'R.-class and an .L:-class is an 
H-class. Each .J-class is a union of 'R.-classes (and also of .L:-classes). It is 
not obvious to see that this representation is consistent: it relies in particular 
on the fact that, in finite semigroups, the relations 'R. and .L: commute. The 
presence of an idempotent in an H-class is indicated by a star. One can show 
that each H-class containing an idempotent e is a subsemigroup of S, which 
is in fact a group with identity e. Furthermore, all 'R.-classes (resp . .L:-classes) 
of a given .J-class have the same number of elements. 

* * al, a2 a3,a4 a5,a6 

bl ,b2 * b3 , b4 * b5 , b6 

A .J-class. 

In this figure, each row is an 'R.-class and each column is an .L:-class. There are 
6 H-classes and 4 idempotents. Each idempotent is the identity of a group of 
order 2. 
A .J -class containing an idempotent is called regular. One can show that in 
a regular .J-class, every 'R.-class and every .L:-class contains an idempotent. 
A semigroup S is .L:-trivial (resp. 'R.-trivial, .J -trivial, H-trivial) if two el
ements of S which are .L:-equivalent (resp. 'R.-equivalent, .J-equivalent, H
equivalent) are equal. See [75, 102] for more details. 

2.9 Categories 

Some algebraic developments in semigroup theory motivate the introduction 
of categories as a generalization of monoids. A category C is given by 

(1) a set Ob(C) of objects, 
(2) for each pair (u,v) of objects, a set C(u,v) of arrows, 
(3) for each triple (u,v,w) of objects, a mapping from C(u,v) x C(v,w) 

into C(u,w) which associates to each p E C(u,v) and q E C(v,w) the 
composition pq E C(u,w). 

(4) for each object u, an arrow 1u such that, for each pair (u,v) of objects, 
for each p E C(u, v) and q E C(v, u), 1up = p and q1u = q. 

Composition is assumed to be associative (when defined). 
For each object u, C( u, u) is a monoid, called the local monoid of u. In 

particular a monoid can be considered as a category with exactly one object. 
A category is said to be locally idempotent (resp. locally commutative, etc.) 
if all its local monoids are idempotent (resp. commutative, etc.). 

If C and D are categories, a morphism of categories 'P : C ~ D is defined 
by the following data: 
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(1) an object map <p: Ob(C) -+ Ob(D), 
(2) for each pair (u,v) of objects of C, an arrow map <p : C(u,v) -+ 

D(<p(u), <p(v)) such that 
(a) for each triple (u,v,w) of objects of C, for each p E C(u,v) and 

q E C(v,w), <p(pq) = <p(p)<p(q) 
(b) for each object u, <p(lu) = 1cp(u). 

A category C is a subcategory of a category D if there exists a morphism 
<p: C -+ D which is injective on objects and on arrows (that is, for each pair 
of objects (u, v), the arrow map from C(u, v) into D(<p(u), <p(v)) is injective). 
A category C is a quotient of a category D if there exists a morphism D -+ C 
which is bijective on objects and surjective on arrows. Finally C divides D if 
C is a quotient of a subcategory of D. 

3. Recognizability 

Recognizable languages are usually defined in terms of automata. This is the 
best definition from an algorithmic point of view, but it is an asymmetric no
tion. It turns out that to handle the fine structure of recognizable languages, 
it is more appropriate to use a more abstract definition, using semigroups in 
place of automata, due to Rabin and Scott [1281. However, we will slightly 
modify this standard definition by introducing ordered semigroups. As will 
be shown in the next sections, this order occurs quite naturally and permits 
to distinguish between a language and its complement. Although these defi
nitions will be mainly used in the context of free semigroups, it is as simple 
to give them in a more general setting. 

3.1 Recognition by ordered semigroups 

Let <p : S -+ T be a surjective morphism of ordered semigroups. A subset Q 
of S is recognized by <p if there exists an order ideal P of T such that 

Q = <p-l(p) 

This condition implies that Q is an order ideal of S and that <p( Q) = 
<p<p-l(p) = P. By extension, a subset Q of S is said to be recognized by 
an ordered semigroup T if there exists a surjective morphism of ordered 
semigroups from S onto T that recognizes Q. 

It is sometimes convenient to formulate this definition in terms of con
gruences. Let S be an ordered semigroup and let ~ a congruence on S. A 
subset Q of S is said to be recognized by ~ if, for every q E Q, p ~ q implies 
p E Q. It is easy to see that a surjective morphism of ordered semigroups <p 
recognizes Q if and only if the nuclear congruence ~cp recognizes Q. 

Simple operations on subsets have a natural algebraic counterpart. We 
now study in this order intersection, union, complement, inverse morphisms 
and left and right quotients. 
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Proposition 3.1. Let (rli : S -+ Si)iEI be a family of surjective morphisms 
of ordered semigroups. If each "Ii recognizes a subset Qi of S, then the subsets 
niEIQi and UiEIQi are recognized by an ordered subsemigroup of the product 

110 Si' 

If P is an order ideal of an ordered semigroup S, the set S \ P is not, in 
general, an order ideal of S. However, it is an order ideal of the dual of S. 

Proposition 3.2. Let P be an order ideal of an ordered semigroup (S, ~). 
Then S \ P is an order ideal of (S, ~). If P is recognized by a morphism 
of ordered semigroups "I : (S,~) -+ (T, ~), then S \ P is recognized by the 
morphism of ordered semigroups "I : (S,~) -+ (T, ~). 

Proposition 3.3. Let cp : R -+ S and "I : S -+ T be two surjective morphisms 
of ordered semigroups. If'f/ recognizes a subset Q of S, then "10 cp recognizes 
cp-1(Q). 

Proposition 3.4. Let "I : S -+ T be a surjective morphism of ordered semi
groups. If "I recognizes a subset Q of S, it also recognizes K- 1Q and QK-1 
for every subset K of Sl . 

3.2 Syntactic order 

The syntactic congruence is one of the key notions of this chapter. Roughly 
speaking, it is the semigroup analog of the notion of minimal automaton. 
First note that, if S is an ordered semigroup, the congruence ~ recognizes 
every order ideal of S. The syntactic congruence of an order ideal Q of S is 
the coarsest congruence among the congruences on S that recognize Q. 

Let T be an ordered semigroup and let P be an order ideal of T. Define 
a relation -:5.P on T by setting 

u -:5.P v if and only if, for every x,y E T1, xvy E P::::} xuy E P 

One can show that the relation -:5.P is a congruence of ordered semigroups on 
T that recognizes P. This congruence is called the syntactic congruence of P 
in T. The equivalence relation associated with -:5.P is denoted", P and called 
the syntactic equivalence of P in T. Thus u "'p v if and only if, for every 
x,y E T1, 

xuy E P {:::=} xvy E P 

The ordered semigroup S(P) = T/ -:5.P is the ordered syntactic semigroup 
of P, the order relation on S(P) the syntactic order of P and the quotient 
morphism 'f/p from Tonto S(P) the syntactic morphism of P. The syntactic 
congruence is characterized by the following property. 

Proposition 3.5. The syntactic congruence of P is the coarsest congruence 
that recognizes P. Furthermore, a congruence -:5. recognizes P if and only if 
-:5.P is coarser than -:5.. 
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It is sometimes convenient to state this result in terms of morphisms: 

Corollary 3.6. Let 'P : R -+ S be a surjective morphism of ordered semi
groups and let P be an order ideal of R. The following properties hold: 

(1) The morphism 'P recognizes P if and only if"'lP factorizes through it. 
(2) Let 7r : S -+ T be a surjective morphism of ordered semigroups. If 7r 0 'P 

recognizes P, then 'P recognizes P. 

3.3 Recognizable sets 

A subset of an ordered semigroup is recognizable if it is recognized by a 
finite ordered semigroup. Propositions 3.1 and 3.4 show that the recognizable 
subsets of a given ordered semigroup are closed under finite union, finite 
intersection and left and right quotients. 

In the event where the order relation on S is the equality relation, every 
subset of S is an order ideal, and the definition of a recognizable set can be 
slightly simplified. 

Proposition 3.7. Let S be a semigroup. A subset P of S is recognizable if 
and only if there exists a surjective semigroup morphism 'P from S onto a 
finite semigroup F and a subset Q of F such that P = 'P-1(Q). 

The case of the free semigroup is of course the most important. In this 
case, the definition given above is equivalent with the standard definition 
using finite automata. Recall that a finite (non deterministic) automaton is 
a quintuple A = (Q, A, E,I, F), where A denotes the alphabet, Q the set of 
states, E is the set of transitions (a subset of Q x A x Q), and I and F are the 
set of initial and final states, respectively. An automaton A = (Q, A, E, I, F) 
is deterministic if I is a singleton and if the conditions (p, a, q), (p, a, ql) E E 
imply q = q'. 

Two transitions (p, a, q) and (p', a', q') are consecutive if q = p'. A path in 
A is a finite sequence of consecutive transitions 

eo = (qO, ao, qI), el = (ql,al,q2), ... , en-l = (qn-l,an-l,qn) 

also denoted 
ao al an_l 

qo ----+ ql ----+ q2 ... qn-l ----+ qn 

The state qo is the origin of the path, the state qn is its end, and the word 
x = aOal ... an-l is its label. It is convenient to have also, for each state q, 
an empty path of label 1 from q to q. A path in A is successful if its origin is 
in I and its end is in F. 

The language of A * recognized by A is the set of the labels of all successful 
paths of A. In the case of the free semigroup A + , the definitions are the same, 
except that we omit the empty paths of label 1. 

Automata are conveniently represented by labeled graphs, as in the ex
ample below. Incoming arrows indicate initial states and outgoing arrows 
indicate final states. 
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Example 3.1. Let A = (Q,A,E,I,F) be the automaton represented below, 
with Q = {I, 2}, A = {a, b}, E = {(I, a, 1), (1, a, 2), (2, a, 2), (2, b, 2), (2, b, I)}, 
1= {1} and F = {2}. The path (1, a, 1)(1, a, 2)(2, b, 2) is a successful path of 

a 

a a,b 

b 

Fig. 3.1. A non deterministic automaton. 

label aab. The path (1, a, 1)(1, a, 2)(2, b, 1) has the same label but is unsuc
cessful since its end is 1. The set of words accepted by A is aA *, the set of 
all words whose first letter is a. 

The equivalence between automata and semigroups is based on the follow
ing observation. Let A = (Q, A, E, I, F) be a finite automaton. To each word 
'U E A+, there corresponds a relation on Q, denoted by J.L(u), and defined by 
(p, q) E J.L(u) if there exists a path from p to q with label u. It is not difficult 
to see that J.L is a semi group morphism from A + into the semigroupl of re
lations on Q. The semigroup J.L(A+) is called the transition semigroup of A, 
denoted S(A). For practical computation, it can be conveniently represented 
as a semigroup of boolean matrices of order IQI X IQI. In this case, J.L(u) can 
be identified with the matrix defined by 

J.L(u) = {I if there exists a path from p to q with label u 
p,q 0 otherwise 

Note that a word u is recognized by A if and only if (p, q) E J.L(u) for some 
initial state p and some final state q. This leads to the next proposition. 

Proposition 3.8. If a finite automaton recognizes a language L, then its 
transition semigroup recognizes L. 

Example 3,2. If A = (Q, A, E,I, F) is the automaton of example 3.1, one 
gets 

~ I I~ J.L(a) = 0 1 

J.L(ab) = ~ ~ 

J.L(b)=(~ ~) 
J.L(ba) = J.L(bb) = J.L(b) 

J.L(aa) = J.L(a) 

Thus the transition semigroup of A is the semigroup of boolean matrices 

1 Given two relations Rand S on Q, their product is the relation RS defined by 
(p, q) E RS if and only if there exists r such that (p, r) E Rand (r, q) E S 
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The previous computation can be simplified if A is deterministic. Indeed, 
in this case, the transition semigroup of A is naturally embedded into the 
semigroup of partial functions on Q under the product fg = go f. 

Example 3.3. Let A = {a, b} and let A be the deterministic automaton rep
resented below. It is easy to see that A recognizes the language A + \ (ab) + . 

a 

a, b 

Fig. 3.2. A deterministic automaton. 

The transition semi group S of A contains five elements which correspond to 
the words a, b, ab, ba and aa. Furthermore aa is a zero of S and thus can be 
denoted O. The other relations defining S are aba = a, bab = band bb = O. 

a b aa ab ba 
1 2 3 3 1 3 
2 3 1 3 3 2 
3 3 3 3 3 3 

This semigroup is usually denoted BA2 in semigroup theory. 

Conversely, given a semigroup morphism cp : A+ -> S and a subset P of S, 
one can build a deterministic automaton recognizing L = cp-1(P) as follows. 
Take the right representation of A on S1 defined by s· a = scp(a). This defines 
an automaton A = (S1, A, E, {1}, P), where E = {(s, a, s· a) Is E S1, a E A} 
that recognizes L. We can now conclude. 

Proposition 3.9. A language is recognizable if and only if it is recognized 
by a finite automaton. 

See [102] for a detailed proof. 

3.4 How to compute the syntactic semigroup? 

The easiest way to compute the ordered syntactic semigroup of a recognizable 
language L is to first compute its minimal (deterministic) automaton A = 
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(Q, A, . , { qo}, F). Then the syntactic semi group of L is equal to the transition 
semigroup S of A and the order on S is given by 

s ::; t if and only if, for every x E S1, for every q E Q, q. tx E F =? q. sx E F 

Example 3.4. Let A be the deterministic automaton of example 3.3. It is 
the minimal automaton of L = A+ \ (ab)+. The transition semigroup was 
calculated in the previous section. The syntactic order is given by 0 ::; s for 
every s E S. Indeed, q·O = 3 E F and thus, the formal implication 

q. sx E F =? q. Ox E F 

holds for any q E Q, s E S and x E S1. One can verify that there is no other 
relations among the elements of S. For instance, a and ab are incomparable 
since 1· aa = 3 but 1· aba = 2 ~ F and 1· abb = 3 but 1· ab = 1 ~ F. 

4. Varieties 

To each recognizable language is attached a finite ordered semigroup, its 
ordered syntactic semigroup. It is a natural idea to try to classify recognizable 
languages according to the algebraic properties of their ordered semigroups. 
The aim of this section is to introduce the proper framework to formalize this 
idea. 

A variety of semigroups is a class of semigroups closed under taking sub
semigroups, quotients and direct products. A variety of finite semigroups, or 
pseudovariety, is a class of finite semigroups closed under taking subsemi
groups, quotients and finite direct products. Varieties of ordered semigroups 
and varieties of finite ordered semigroups are defined analogously. Varieties 
of semigroups or ordered semigroups will be denoted by boldface capital let
ters, like V. The join of two varieties of finite (ordered) semigroups V 1 and 
V2 is the smallest variety of finite (ordered) semigroups containing VI and 
V 2 . 

Given a class C of finite (ordered) semigroups, the variety of finite (or
dered) semigroups generated by C is the smallest variety of finite (ordered) 
semigroups containing C. In a more constructive way, the variety of finite 
(ordered) semigroups generated by C is the class of all finite (ordered) semi
groups that divide a finite direct product Sl x··· X Sn, where Sl, ... , Sn E C. 

4.1 Identities 

Varieties are conveniently defined by identities. Let E be a denumerable 
alphabet and let (u, v) be a pair of words of E+. A semigroup S satisfies the 
identity 'U = v if and only if 'P( u) = 'P( v) for every semigroup morphism 'P : 
E+ -+ S. Similarly, an ordered semigroup S satisfies the identity u ::; v if and 
only if 'P(u) ::; 'P(v) for every morphism of ordered semigroups 'P : E+ -t S. If 
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r is a set of identities, the class of all semigroups (resp. ordered semigroups) 
that satisfy all the identities of r is a variety of semigroups (resp. ordered 
semigroups), called the variety defined by r. The following theorem, due to 
Birkhoff [22] and to Bloom [33] in the ordered case, shows that the converse 
also holds. 

Theorem 4.1. A class of semigroups (resp. ordered semigroups) is a variety 
if and only if it can be defined by a set of identities. 

For instance, the identity xy = yx defines the variety of commutative 
semigroups and x = x 2 defines the variety of idempotent semigroups. 

Since we are interested in finite semigroups, it would be interesting to have 
a similar result for varieties of finite semigroups. The problem was solved by 
several authors but the most satisfactory answer is due to Reiterman [129] 
(see also [125] in the ordered case). Reiterman's theorem states that pseu
dovarieties are also defined by identities. The difference between Birkhoff's 
and Reiterman's theorem lies in the definition of the identities. For Reiter
man, an identity is also a formal equality of the form u = v, but u and v are 
now elements of a certain completion £+ of the free semigroup E+. Let us 
make this definition more precise. 

A finite semigroup S separates two words u, v E E+ if <p( u) =I- <p( v) for 
some semigroup morphism <p : E+ --+ S. Now set, for u, v E E+, 

r(u,v) = min{Card(S)I S is a finite semigroup separating u and v} 

and 
d(u, v) = 2-r (u,v) 

with the usual conventions min 0 = +00 and 2-00 = O. One can verify that d 
is a metric for which two words are close if a large semigroup is required to 
separate them. For this metric, multiplication in E+ is uniformly continuous, 
so that E+ is a topological semigroup. The completion of the metric space 
(E+ ,d) is a topological semigroup, denoted £+, in which every element is 
the limit of some Cauchy sequence of (E+, d). In fact, one can show that £+ 
is a compact semigroup. 

Some more topology is required before stating Reiterman's theorem. We 
now consider finite semigroups as metric spaces, endowed with the discrete 
metric 

{ 0 if x = y 
d(x,y) = 1 if x =I- y 

Let S be a finite semigroup. Then a map <p : £+ --+ S is continuous if and only 
if, for every converging sequence (un )n;:::O of £+, the sequence <p( Un )n;:::O is 
ultimately constant2 . A finite semigroup (resp. ordered semigroup) S satisfies 
an identity u = v (resp. 'u:::; v), where u,v E £+, if and only if <p(u) = <p(v) 

2 that is, ifthere exists an integer no such that, for all n, m ~ no, <p(un } = <p(um ). 
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(resp. cp(u) S cp(v)) for every continuous morphism cp : £+ -+ S. Note that 
such a continuous morphism is entirely determined by the values of cp(a), for 
a E E. Indeed, any map cp : E -+ S can be extended in a unique way into 
a semigroup morphism from E+ into S. Since S is finite, such a morphism 
is uniformly continuous : if two elements of 17+ cannot be separated by S, 
their images under cp have to be the same. Now, a well known result of 
topology states that a uniformly continuous map whose domain is a metric 
space admits a unique continuous extension to the completion of this metric 
space. 

Given a set E of identities of the form u = v (resp. u S v), where 
u, v E £+, we denote by [E] the class of all finite semigroups (resp. or
dered semigroups) which satisfy all the identities of E. Reiterman's theorem 
can now be stated as follows. 

Theorem 4.2. A class of finite semigroups (resp. ordered semigroups) is a 
variety if and only if it can be defined by a set of identities of £+ . 

Although Theorem 4.2 gives a satisfactory counterpart to Birkhoff's the
orem, it is more difficult to understand, because of the rather abstract def
inition of £+. Actually, no combinatorial description of £+ is known and, 
besides the elements of E+, which are words, the other elements are only de
fined as limits of sequences of words. An important such limit is the w-power. 
Its definition relies on the following proposition. 

Proposition 4.3. For each x E £+, the sequence (xn!)n~O is a Cauchy 
sequence. Its limit XW is an idempotent of £+. 

Now, if cp : £+ -+ S is a continuous morphism onto a finite semigroupS, 
then cp(XW) is equal to cp(x)W, the unique idempotent power of cp(x), which 
shows that our notation is consistent. The notation XW makes the conversion 
of algebraic properties into identities very easy. For instance, the variety 
[yxW = XW] is the class of finite semigroups S such that, for every idempotent 
e E S and for every s E s, se = e. Similarly, a finite semigroup S is locally 
commutative, if, for every idempotent e, the local monoid eSe is commutative. 
It follows immediately that finite locally commutative semigroups form a 
variety, defined by the identity XW yxW ZXW = XW ZXW yxw. More generally, if V 
is a variety of finite monoids, LV denotes the variety of all finite semigroups 
S, such that, for every idempotent e E S, the local monoid eSe is in V. 

Another useful example is the following. The content of a word u E E+ is 
the set c( u) of letters of E occurring in u. One can show that c is a uniformly 
continuous morphism from E+ onto the semigroup 217 of subsets of E under 
union. Thus c can be extended in a unique way into a continuous morphism 
from £+ onto 217. 

Reiterman's theorem suggests that most standard results on varieties 
might be extended in some way to pseudovarieties. For instance, it is well 
known that varieties have free objects. More precisely, if V is a variety and A 
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is a finite set, there exists an A-generated semigroup FA(V) of V, such that 
every A-generated semigroup of V is a quotient of FA(V). This semi group is 
unique (up to an isomorphism) and is called the free semigroup of the variety 
V. To extend this result to a pseudovariety V, one first relativizes to V the 
definition of rand d as follows: 

ry(u,v) = min{Card(S)I S E V and S separates u and v} 

and dy('u, v) = 2-rv(u,v). The function dy ( u, v) still satisfies the triangular 
inequality and even the stronger inequality 

dy(u,v) ~ max { dy(u,w),dy(w,v) } 

but it is not a metric anymore because one can have dy ( u, v) = 0 with u f:. v: 
for instance, if V is the pseudovariety of commutative finite semigroups, 
dy(xy, yx) = 0 since xy and yx cannot be separated by a commutative 
semigroup. However, the relation ""y defined on A+ by u ""y v if and only 
if dy ( u, v) = 0 is a congruence and dy induces a metric on the quotient 
semigroup A + I ""y. The completion of this metric space is a topological 
compact semigroup FA(V), called the free pro¥ semigroup. This semigroup 
is generated by A as a topological semigroup (this just means that A+ I""y 
is dense in FA(V)) and every A-generated semigroup of V is a continuous 
homomorphic image of FA (V). The combinatorial description of these free 
objects, for various varieties of finite semigroups, is the object of a very 
active research [7]. A more detailed presentation of Reiterman's theorem and 
its consequences can be found in [5, 7, 193]. 

4.2 The variety theorem 

The variety theorem is due to Eilenberg [53]. Eilenberg's original theorem 
dealt with varieties of finite semigroups. The "ordered" version presented in 
this section is due to the author [112]. 

A class of recognizable languages is a correspondence C which associates 
with each finite alphabet A a set C(A+) of recognizable languages of A+. 

If V is a variety of finite ordered semigroups, we denote by V(A+) the set 
of recognizable languages of A + whose ordered syntactic semigroup belongs 
to V or, equivalently, which are recognized by an ordered semigroup of V. 
The correspondence V -+ V associates with each variety of finite ordered 
semigroups a class of recognizable languages. The next proposition shows 
that this correspondence preserves inclusion. 

Proposition 4.4. Let V and W be two varieties of finite ordered semi
groups. Suppose that V -+ V and W -+ W. Then V ~ W if and only if, 
for' every finite alphabet A, V(A+) ~ W(A+). In particular, V = W if and 
only if V = w. 
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It remains to characterize the classes of languages which can be associated 
with a variety of ordered semigroups. For this purpose, it is convenient to 
introduce the following definitions. A set of languages of A+ (resp. A*) closed 
under finite intersection and finite union is called a positive boolean algebra. 
Thus a positive boolean algebra always contains the empty language and the 
full language A+ (resp. A*) since 0 = UiE0 Li and A+ = niE0 Li . A positive 
boolean algebra closed under complementation is a boolean algebra. 

A positive variety of languages is a class of recognizable languages V such 
that 

(1) for every alphabet A, V(A+) is a positive boolean algebra, 
(2) if cp : A+ ---* B+ is a semigroup morphism, L E V(B+) implies cp-l(L) E 

V(A+), 
(3) if L E V(A+) and if a E A, then a-1L and La-1 are in V(A+). 

Proposition 4.5. Let V be a variety of finite ordered semigroups. [fV ---* V, 
then V is a positive variety of languages. 

So far, we have associated a positive variety of languages with each va
riety of finite ordered semigroups. Conversely, let V be a positive variety of 
languages and let V(V) be the variety of ordered semigroups generated by 
the ordered semigroups of the form S(L) where L E V(A+) for a certain 
alphabet A. This variety is called the variety associated with V, in view of 
the following theorem. 

Theorem 4.6. For every positive variety of languages V, V(V) ---* V. 

In conclusion, we have the following theorem. 

Theorem 4.7. The correspondence V ---* V defines a one to one correspon
dence between the varieties of finite ordered semigroups and the positive va
rieties of languages. 

A variety of languages is a positive variety closed under complement, that 
is, satisfying 

(1') for every alphabet A, V(A+) is a boolean algebra. 

For varieties of languages, Theorem 4.7 can be modified as follows: 

Corollary 4.8. The correspondence V ---* V defines a one to one correspon
dence between the varieties of finite semigroups and the varieties of languages. 

There is an analogous theorem for varieties of ordered monoids. In this 
case, one defines languages as subsets of a free monoid and the definitions of a 
class of languages and of a positive variety have to be modified. To distinguish 
between the two definitions, it is convenient to add the prefixes + or * when 
necessary: +-class or *-class, +-variety or *-variety. 

A *-class of recognizable languages is a correspondence C which associates 
with each finite alphabet A a set C(A*) of recognizable languages of A*. A 
positive * -variety of languages is a class of recognizable languages V such that 
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(1) for every alphabet A, V(A*) is a positive boolean algebra, 
(2) if tp : A* ---t B* is a monoid morphism, L E V(B*) implies tp-l(L) E 

V(A*), 
(3) if L E V(A*) and if a E A, then a-1L and La- 1 are in V(A*). 

of course, a *-va1"iety of languages is a positive *-variety closed under com
plement, that is, satisfying 

(1') for every alphabet A, V(A*) is a boolean algebra. 

The monoid version of Theorem 4.7 can be stated as follows. 

Theorem 4.9. The c01"1"espondence V ---t V defines a one to one corre
spondence between the va1"ieties of finite o1"de1"ed monoids and the positive 
*-var"ieties of languages. 

Corollary 4.10. The c01"1"espondence V ---t V defines a one to one C01"1"espon
dence between the va1"ieties of finite monoids and the *-va1"ieties of languages. 

5. Examples of varieties 

In this section, we illustrate the results of the previous section by a few 
examples. We present, in this order, some standard examples (Kleene's and 
Schiitzenberger's theorems), the commutative varieties and varieties defined 
by "local" properties. Other examples will be given in the next sections. 

Let us start by some general remarks. If V is a variety of finite ordered 
semi groups or monoids, the associated positive varieties of languages are de
noted by the corresponding cursive letters, like V. There are now several 
equivalent formulations to state a typical result on varieties, for instance: 

"The variety of finite ordered semigroups V is associated with the 
positive variety V." 

"A recognizable language belongs to V(A+) if and only if it is recog
nized by an ordered semigroup of V." 

"A recognizable language belongs to V(A+) if and only if its ordered 
syntactic semigroup belongs to V." 

We shall use mainly statements of the first type, but the last type will be 
occasionally preferred, especially when there are several equivalent descrip
tions of the languages. But it should be clear to the reader that all these 
formulations express exactly the same property. 
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5.1 Standard examples 

The smallest variety of finite monoids is the trivial variety I, defined by 
the identity x = 1. The associated variety of languages is defined, for every 
alphabet A, by I(A*) = {0,A*}. 

The largest variety of finite monoids is the variety of all finite monoids 
M, defined by the empty set of identities. Recall that the set of rational 
languages of A * is the smallest set oflanguages containing the languages {I} 
and {a} for each letter a E A and closed under finite union, product and star. 
Now Kleene's theorem can be reformulated as follows. 

Theorem 5.1. The variety of languages associated with M is the variety of 
rational languages. 

An important variety of monoids is the variety of aperiodic monoids, 
defined by the identity XW = xw+1. Thus, a finite monoid M is aperiodic if 
and only if, for each x E M, there existsn ~ ° such that xn = xn+1. This also 
means that the cyclic subgroup of the submonoid generated by any element x 
is trivial (see Proposition 2.1) or that Mis 1i-trivial. It follows that a monoid 
is aperiodic if and only if it is group-free: every subsemigroup which happens 
to be a group has to be trivial. Aperiodic monoids form a variety of monoids 
A. 

The associated variety of languages was first described by Schiitzenber
gel' [144]. Recall that the star-free languages of A* form the smallest boolean 
algebra containing the languages {l} and {a} for each letter a E A and which 
is closed under product. 

Theorem 5.2. The variety of languages associated with A is the variety of 
star-free languages. 

Example 5.1. Let A = {a,b} and L = (ab)*. Its minimal (but incomplete) 
automaton is represented below: The syntactic monoid M of L is the monoid 

Fig. 5.1. The minimal automaton of Cab),. 

with zero presented on A by the relations a2 = b2 = 0, aba = a and bab = b. 
Thus M = {l,a,b,ab,ba,O}. Since 12 = 1, a3 = a2, b3 = b2, (ab)2 = ab, 
(ba)2 = ba and 02 = 0, M is aperiodic and thus (ab)* is star-free. Indeed, 
if RC denotes the complement of a language R, (ab)* admits the following 
star-free expression 
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We shall come back to Schiitzenberger's theorem in section 8. 
When a variety is generated by a single ordered monoid, there is a direct 

description of the associated variety of languages. 

Proposition 5.3. Let M be a finite ordered monoid, let V be the variety of 
ordered monoids generated by M and let V be the associated positive variety. 
Then for every alphabet A, V(A*) is the positive boolean algebra generated by 
the languages of the form cp-1(l m), where cp is any monoid morphism from 
A * into M and m is any element of M. 

Of course, a similar result holds for varieties of ordered semigroups. 

Proposition 5.4. Let S be a finite ordered semigroup, let V be the variety of 
ordered semigroups generated by S and let V be the associated positive variety. 
Then for every alphabet A, V(A+) is the positive boolean algebra generated 
by the languages of the form cp-1(! s), where cp is any semigroup morphism 
from A + into Sand s is any element of S. 

This result suffices to describe a number of "small" varieties of languages. 
See for instance propositions 5.5 and 5.6 or [119]. 

5.2 Commutative varieties 

In this section, we will consider only varieties of finite monoids and ordered 
monoids. A variety of ordered monoids is commutative if it satisfies the iden
tity xy = yx. The smallest non-trivial variety of aperiodic monoids is the va
riety J 1 of idempotent and commutative monoids (also called semilattices) 3 , 

defined by the identities xy = yx and x 2 = x. One can show that J 1 is 
generated by the monoid U1 = {a, I}, whose multiplication table is given by 
a . a = a . 1 = 1 . a = a and 1 . 1 = 1. Thus Proposition 5.4 can be applied to 
get a description of the *-variety associated with J 1. 

Proposition 5.5. For every alphabet A, ..71(A*) is the boolean algebra gen
erated by the languages of the form A*aA* where a is a letter. Equivalently, 
..71 (A *) is the boolean algebra generated by the languages of the form B* where 
B is a subset of A. 

Proposition 5.5 can be refined by considering the variety of finite ordered 
semigroups Jt (resp. J 1), defined by the identities xy = yx, x = x 2 and 
x :::; 1 (resp. x ~ 1). One can show that Jt is generated by the ordered 
monoid ut = (U1 , :::;) where the order is given by a :::; 1. Then one can apply 
Proposition 5.3 to find a description of the *-variety ..71+ associated with Jt. 

3 The notation J 1 indicates that J 1 is the first level of a hierarchy of varieties J n 

that will be defined in section 8.4. 
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Let A be an alphabet and B be a subset of A. Denote by L(B) the set of 
words containing at least one occurrence of every letter of B. Equivalently, 

L(B) = n A*aA* 
aEB 

Proposition 5.6. For each alphabet A, .71+(A*) consists of the finite unions 
of languages of the form L(B), for some subset B of A. 

Corollary 5.7. For each alphabet A, .71-(A*) is the positive boolean algebra 
generated by the languages of the form B*, for some subset B of A. 

Another important commutative variety of monoids is the variety of finite 
commutative groups Gcorn, generated by the cyclic groups 'llln'll (n > 0) 
and defined by the identities xy = yx and XW = 1. For a E A and k, n ~ 0, 
let 

F(a,k,n) = {u E A* Iluia = k mod n} 

Proposition 5.8. For every alphabet A, Qcom(A*) is the boolean algebra 
generated by the languages of the form F( a, k, n), where a E A and 0 ::; k < n. 

The largest commutative variety that contains no non-trivial group is 
the variety Acorn of aperiodic and commutative monoids, defined by the 
identities xy = yx and XW = xw+1. For a E A and k ~ 0, let 

F(a,k) = {u E A+ Iluia ~ k} 

Proposition 5.9. For every alphabet A, Acom(A*) is the boolean algebra 
generated by the languages of the form F(a, k) where a E A and k ~ o. 

Again, this proposition can be refined by considering ordered monoids. Let 
Acorn+ be the variety of ordered monoids satisfying the identities xy = yx, 
XW = x w+1 and x ::; 1. 

Proposition 5.10. For every alphabet A, Acom+(A*) is the positive boolean 
algebra generated by the languages of the form F( a, k) where a E A and k ~ o. 

Finally, the variety Com of all finite commutative monoids, defined by 
the identity xy = yx, is the join of the varieties Gcorn and Acorn. 

Proposition 5.11. For every alphabet A, Com(A*) is the boolean algebra 
generated by the languages of the form F( a, k) or F( a, k, n) where a E A and 
0::; k < n. 

The "ordered" version is the following. Let Com+ be the variety of or
dered monoids satisfying the identities xy = yx and x ::; 1. 

Proposition 5.12. For every alphabet A, Com+(A*) is the positive boolean 
algebra generated by the languages of the form F( a, k) or F( a, k, n) where 
a E A and 0 ::; k < n. 
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5.3 Varieties defined by local properties 

Contrary to the previous section, all the varieties considered in this section 
will be varieties of finite (ordered) semigroups. These varieties are all defined 
by local properties of words. Local properties can be tested by a scanner, 
which is a machine equipped with a finite memory and a sliding window of 
a fixed size n to scan the input word. The window can also be moved before 

Finite 
Memory 

Fig. 5.2. A scanner. 

the first letter and beyond the last letter of the word in order to read the 
prefixes and suffixes of length < n. For example, if n = 3, and if the input 
word is abbaaab, the various positions of the window are represented on the 
following diagram: 

~bbaaab ~baaab I abblaaab ~aab abbaaa[[] 

At the end of the scan, the scanner memorizes the prefixes and suffixes of 
length < n and the set of factors of length n of the input word. The memory 
of the scanners contains a table of possible lists of prefixes (resp. suffixes, 
factors). A word is accepted by the scanner if the list of prefixes (resp. suffixes, 
factors) obtained after the scan matches one of the lists of the table. Another 
possibility is to take into account the number of occurrences of the factors of 
the word. 

Local properties can be used to define several varieties of languages. A 
language is prefix testable4 if it is a boolean combination of languages of the 
form xA*, where x E A+ or, equivalently, if it is of the form F A* u G for 
some finite languages F and G. Similarly, a language is suffix testable 5 if it 
is a boolean combination of languages of the form A*x, where x E A+. 

Proposition 5.13. Prefix (resp. suffix) testable languages form a variety 
of languages. The associated variety of finite semigroups is defined by the 
identity xWy = XW (resp. yxW = XW). 

4 These languages are called reverse definite in the literature. 
5 The suffix testable languages are called definite in the literature. 
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Languages that are both prefix and suffix testable form an interesting 
variety. Recall that a language is cofinite if its complement is finite. 

Proposition 5.14. Let L be a recognizable language. The following condi
tions are equivalent: 

(1) L is prefix testable and suffix testable, 
(2) L is finite or cofinite, 
(3) S(L) satisfies the identities xWy = XW = yxW, 
(4) S(L) is nilpotent 

Proposition 5.14 can be refined as follows 

Proposition 5.15. A language is empty or cofinite if and only if it is recog
nized by a finite ordered nilpotent semigroup S in which 0 ::S s for all s E S. 

Note that the finite ordered nilpotent semigroups S in which 0 is the 
smallest element form a variety of finite ordered semigroups, defined by the 
identities xWy = XW = yxW and XW ::S y. The dual version of Proposition 5.15 
is also of interest. 

Corollary 5.16. A language is full or finite if and only if it is recognized by 
a finite ordered nilpotent semigroup S in which s ::S 0 for all s E S. 

A language is prefix-suffix testable6 if it is a boolean combination of lan
guages of the form xA* or A*x, where x E A+. 

Proposition 5.17. [90] Let L be a language. The following conditions are 
equivalent: 

(1) L is a prefix-suffix testable language, 
(2) L is of the form F A*G u H for some finite languages F, G and H, 
(3) S(L) satisfies the identity xWyxW = xW, 
(4) S(L) is locally trivial. 

Proposition 5.17 shows that prefix-suffix testable languages form a variety 
of languages. The corresponding variety of semigroups is LI. 

A language is positively locally testable if it is a positive boolean combi
nation of languages of the form {x}, xA*, A*x or A*xA* (x E A+) and it 
is locally testable if it is a boolean combination of the same languages. The 
syntactic characterization of locally testable languages is relatively simple to 
state, but its proof, discovered independently by Brzozowski and Simon [41] 
and by McNaughton [86], requires sophisticated tools that are detailed in 
section 6. 

Theorem 5.18. Let L be a language. The following conditions are equiva
lent: 

6 These languages are called generalized definite in the literature. 
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(1) L is locally testable, 
(2) S(L) satisfies the identities xWyxWzxW = xWzxWyxW and xWyxWyxW 

xWyxW, 

(3) S(L) is locally idempotent and commutative. 

In the positive case, the identity xWyxW ::; XW must be added. Thus an 
ordered semigroup S satisfies this identity if and only if, for every idempotent 
e E S, and for every element s E S, ese ::; e. This means that, in the local 
monoid eSe, the identity e is the maximum element. 

Theorem 5.19. Let L be a language. The following conditions are equiva
lent: 

(1) L 'is positively locally testable, 
(2) S(L) satisfies the identitiesxWyxWzxW = xWzxWyxW, xWyxWyxW = xWyxW 

and xWyxW ::; xW. 
(3) S(L) is locally idempotent and commutative and in every local monoid, 

the identity is the maximum element. 

Example 5.2. Let A = {a,b} and let L = A+ \ (ab)+ be the language of 
Example 3.4. Let S be the ordered syntactic semi group of L. The idempotents 
of S are ab, ba and 0 and the local submonoids are abSab = {ab, O}, baSba = 
{ba, O} and OSO = {O}. These three monoids are idempotent and commutative 
and their identity is the maximum element (since 0 ::; s for every s E S). 
Therefore, L is positively locally testable. Indeed, one has 

L = bA* u A*a U A*aaA* U A*bbA* 

One can also take into account the number of occurrences of a given word. 
For each word x, 'U E A +, let [~l denote the number of occurrences of x as a 
factor of u. For every integer k, set 

In particular, F(x, 1) = A*xA*, the set of words containing at least one 
occurrence of x. A language is said to be (positively) threshold locally testable 
if it is a (positive) boolean combination of languages of the form {x}, xA *, 
A*x or F(x,k) (x E A+, k 2: 0). 

A new concept is needed to state the syntactic characterization of these 
languages in a precise way. The Cauchy category of a semigmup S is the cat
egory C whose objects are the idempotents of S and, given two idempotents 
e and f, the set of arrows from e to f is the set 

C(e, f) = {s E S I es = s = sf} 

Given three idempotents e, f, g, the composition of the arrows p E G(e, f) 
and q E GU, g) is the arrow pq E G( e, g). The algebraic background for this 
definition will be given in section 6.2. 
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Theorem 5.20. Let L be a recognizable subset of A +. Then L is threshold 
locally testable if and only if S(L) is aperiodic and its Cauchy category satis
fies the following condition: if p and r are arrows from e to f and if q is an 
arrow from f to e, then pqr = rqp. 

The latter condition on the Cauchy category is called Therien's condition. 

p,r 

q 

Fig. 5.3. The condition pqr = rqp. 

In the positive case, the characterization is the following. 

Theorem 5.21. Let L be a recognizable subset of A+. Then L is positively 
threshold locally testable if and only if S(L) is aperiodic, its Cauchy category 
satisfies Therien's condition and in every local monoid, the identity is the 
maximum element. 

Example 5.3. Let A = {a, b} and let L = a* ba*. Then L is recognized by the 
automaton shown in the figure below. 

a a 

~ 
Fig. 5.4. The minimal automaton of a-ba-. 

The transitions and the relations defining the syntactic semigroup S of L are 
given in the following tables 

a 
1 1 
2 2 

b 
2 
-

bb 
-
-

a=1 
b2 = 0 

Thus S = {I, b, O} and E(S) = {1,0}. The local semigroups are OSO = {O} 
and lSI = S. The latter is not idempotent, since b2 =f. b. Therefore, L is not 
locally testable. On the other hand, the Cauchy category of S(L), represented 
in the figure below, satisfies the condition pqr = rqp. 
Therefore L is threshold locally testable and is not positively threshold locally 
testable since b 1:. 1. 
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o 

l.b.O~O 
o 

Fig. 5.5. The Cauchy category of S(L). 

Another way of counting factors is to count modulo n for some integer n. 
To this purpose, set, for every x E A + and for every k ~ 0, n > 0, 

F(x,k,n)={UEA+1 [:] =kmodn} 

A language is said to be modulus locally testable if it is a boolean combination 
of languages ofthe form {x}, xA*, A*x or F(x,k,n) (x E A+, k,n ~ 0). 

Theorem 5.22. [171, 169] Let L be a recognizable subset of A+. Then L is 
modulus locally testable if and only if every local monoid of B(L) is a commu
tative group and the Cauchy category of B(L) satisfies Therien's condition. 

5.4 Algorithmic problems 

Let V be a variety of finite ordered semi groups and let V be the associated 
positive variety of languages. In order to decide whether a recognizable lan
guage L of A+ (given for instance by a finite automaton) belongs to V(A+), 
it suffices to compute the ordered syntactic semigroup B of L and to verify 
that B E V. This motivates the following definition: a variety of finite ordered 
semigroups V is decidable if there is an algorithm to decide whether a given 
finite ordered semigroup belongs to V. All the varieties that were considered 
up to now are decidable, but several open problems in this field amount to 
decide whether a certain variety is decidable or not. 

Once it is known that a variety is decidable, it is usually not necessary 
to compute the ordered syntactic semigroup to decide whether L belongs 
to V(A+). Most of the time, one can obtain a more efficient algorithm by 
analyzing the minimal automaton of the language [127]. 

6. Some algebraic tools 

The statement of the more advanced results presented in the next sections re
quires some auxiliary algebraic tools: relational morphisms, Mal'cev products 
and semidirect products. 
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6.1 Relational morphisms 

Relational morphisms were introduced by Tilson [188J. If 8 and Tare semi
groups, a relational morphism T : 8 -+ T is a relation from 8 into T, i.e. a 
mapping from 8 into peT) such that: 

(1) T(S)T(t) S;; T(St) for all s, t E 8, 
(2) T(S) is non-empty for all s E 8, 

For a relational morphism between two monoids 8 and T, a third condition 
is required 

(3) 1 E T(I) 

Equivalently, T is a relation whose graph 

graph(T) = {(s,t) E 8 x TIt E T(S)} 

is a subsemigroup (resp. submonoid if 8 and Tare monoids) of 8 x T, with 
first-coordinate projection onto 8. 

It is not necessary to introduce a special notion of relational morphism 
for ordered semigroups. Indeed, if 8 and T are ordered, then the graph of T 

is naturally ordered as a subsemigroup of 8 x T and the projections on 8 
and T are order-preserving. 

Semigroup morphisms and the inverses of surjective semigroup morphisms 
are examples of relational morphisms. This holds even if the semigroups are 
ordered, and there is no need for the morphisms to be order-preserving. In 
particular, if (8,:::;) is an ordered semigroup equipped with a non trivial 
order, then the identity defines a morphism from (8, =) onto (8, :::;) but also 
a relational morphism from (8,:::;) onto (8, =). 

The composition of two relational morphisms is again a relational mor
phism. In particular, given two surjective semigroup morphisms 0: : A + -+ 8 
and j3 : A+ -+ T, the relation T = j3 0 0:- 1 is a relational morphism between 
8 and T. We shall consider two examples of this situation in which 8 and T 
are syntactic semigroups. 

Our first example illustrates a simple, but important property of the 
concatenation product. Let, for 0 :::; i :::; n, Li be recognizable languages 
of A *, let Tfi : A * -+ M (Li) be their syntactic morphisms and let Tf : 
A* -+ M(Lo) x M(Ld x ... x M(Ln) be the morphism defined by TJ(u) = 
Cr/o(u),Tfl(U), ... ,Tfn(U)). Let aI, a2, ... , an be letters of A and let L = 
LoalLl ... anLno Let J1, : A* -+ M(L) be the syntactic morphism of L. The 
relational morphism T = Tf 0 J1,-1 : M(L) -+ M(Lo) x M(Ld x ... x M(Ln) 
has a remarkable property. 

Proposition 6.1. For every idempotent e of M(Lo) x M(Ld x··· x M(Ln), 
T-l(e) is an ordered semigroup that satisfies the identity xWyxW :::; xW. 
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Proposition 6.1 is a simplified version [126, 127] of an earlier result of 
Straubing [164]. 

There is a similar result for syntactic semigroups. In this case, we consider 
languages of the form L = UOLl Ul ... Ln Un, where Uo, Ul, ... , Un are words 
of A * and L l , ... , Ln are recognizable languages 7 of A + . Let TJi : A + ...... S (Li) 
be the syntactic morphism of Li and let TI : A+ ...... S(Ll ) x S(L2 ) x··· x S(Ln) 
be the morphism defined by TJ( u) = (TJl (u), TJ2 (u), ... , Tin (u)). Finally, let p, : 
A+ ...... S(L) be the syntactic morphism of L and let T = TJ 0 p,-l. 

Proposition 6.2. For every idempotent e of S(Ld x S(L2 ) x ... x S(Ln)' 
T-l(e) is an ordered semigroup that satisfies the identity xWyxw::; XW. 

The product L = LOalLl ... anLn is unambig'uous if every word 'U of L 
admits a unique factorization of the form uOal'ul ... anun with Uo E Lo, ... , 
'Un E Ln. It is left deterministic (resp. right deterministic) if, for 1 ::; i ::; n, U 
has a unique prefix (resp. suffix) in LOalLl ... Li-lai (resp. aiLi ... anLn). If 
the product is unambiguous, left deterministic or right deterministic, Propo
sition 6.1 can be improved as follows. 

Proposition 6.3. If the product LoalLl ... anLn is unambiguous (resp. left 
deterministic, right deterministic), then for every idempotent e of M(Lo) X 

M(Ld x· .. xM(Ln), T-l(e) 'is an ordered semigroup that satisfies the identity 
xWyxW = XW (resp. xWy = xW, yxW = XW). 

A similar result holds for languages of A+ and unambiguous (resp. left 
deterministic, right deterministic) products of the form L = UOLI Ul ... Ln Un. 

The product L = LOalLl ... anLn is bideterministic if it is both left and 
right deterministic. Bideterministic products were introduced by Schiitzen
berger [148] and studied in more detail in [123, 34, 35]. In particular, Branco 
proved an analog of Proposition 6.3 for the bideterministic product, but the 
condition bears on the kernel category of the relational morphism T (see 
section 6.3). 

Our second example, also due to Straubing [164] concerns the star op
eration. Recall that a language L is pure if, for every U ELand every 
n > 0, un E L implies U E L. Now consider the syntactic morphism 
TI : A* ...... M(L) of a recognizable language L and let p, : A* ...... M(L*) 
be the syntactic morphism of L *. Then consider the relational morphism 
T = TI 0 p,-l : M(L*) ...... M(L). 

Proposition 6.4. If L * is a pure language, then for every idempotent e of 
M(L), T-l(e) is an aperiodic semigroup. 

7 The reason of this modification is the following: a product of the form 
Loa1L1 ... anLn where L1, ... , Ln arc languages of A' can be written as a 
finite union of languages of the form uOL1'Ul ... Ln Un, where Uo, U1, ... , Un are 
words of' A * and L 1 , ... , Ln are recognizable languages of A + . 
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6.2 Mal'cev product 

Let Sand T be ordered semi groups and let y : S ---+ T be a relational 
morphism. Then, for every ordered subsemigroup T' of T, the set 

y-1(e) = {s E S leE y(s)} 

is an ordered subsemigroup of S. Let W be a variety of ordered semigroups. 
A relational morphism y : S ---+ T is called a W -relational morphism if, for 
every idempotent e E T, the ordered semigroup y-1(e) belongs to W. 

If V is a variety of semigroups (resp. monoids), the class W iMl V of all 
ordered semigroups (resp. monoids) S such that there exists a W-relational 
morphism from S onto a semi group (resp. monoid) of V is a variety of ordered 
semigroups, called the Mal'cev product of Wand V. Let W be a variety of 
ordered semigroups, defined by a set E of identities. The following theorem, 
proved in [124J describes a set of identities defining W iMl V. 

Theorem 6.5. Let V be a variety of monoids and let W = [E] be a variety 
of ordered semigroups. Then W iMl V is defined by the identities of the form 
u(x) ::; u(y), where x::; y is an identity of E with x,y E jj* for sorne finite 

alphabet Band u : jj* ---+ A* is a continuous morphism such that, for all 
b, b' E B, V satisfies the identity u(b) = u(b') = u(b2 ). 

Despite its rather abstract statement, Theorem 6.5 can be used to produce 
effectively identities of some Mal'cev products [124J. Mal'cev products play 
an important role in the study of the concatenation product, as will be shown 
in Section 7.1. 

6.3 Semi direct product 

Let Sand T be semigroups. We write the product in S additively to provide 
a more transparent notation, but it is not meant to suggest that S is com
mutative. A left action of T on S is a map (t, s) ---+ ts from T1 X S into S 
such that, for all s, Sl, S2 E Sand t, tt, t2 E T, 

(1) (ttt2)S = tl(t2 S) 
(2) t(Sl + S2) = tSl + tS2 
(3) Is = s 

If S is a monoid with identity 0, the action is unitary if it satisfies, for all 
t E T, 

(4) to=O 

Given such a left actionS, the sernidirect product of Sand T (with respect to 
this action) is the semigroup S * T defined on the set S x T by the product 

8 We followed Almeida [5] for the definition of a left action. This definition is 
slightly different from Eilenberg's definition [53], where an action is defined as 
a map from T x S into S satisfying (1) and (2). 
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Given two varieties of finite semigroups V and W, denote by V * W the 
variety of finite semi groups generated by the semidirect products S * T with 
S E V and T E W. One can define similarly the semidirect product of two 
varieties of finite monoids, or of a variety of finite monoid and a variety of 
finite semigroups. For instance, if V is a variety of finite monoids and W 
is a variety of finite semi groups , V * W is the variety of finite semigroups 
generated by the semidirect products S * T with S E V and T E W such 
that the action of T on S is unitary. 

The wreath product is closely related to the semidirect product. The 
wreath product SoT of two semigroups Sand T is the semidirect prod
uct STl * T defined by the action of T on STl given by 

tf(t') = f(tt') 

for f : TI -> Sand t, t' E TI. In particular, the multiplication in SoT is 
given by 

In a way, the wreath product is the most general semi direct product since 
every semidirect product S * T is a subsemigroup of SoT. It follows that 
V * W is generated by all wreath products ofthe form SoT, where S E V and 
T E W. Although the semidirect product is not an associative operation, it 
become associative at the variety level. That is, if VI, V 2 and V3 are varieties 
of finite semigroups, then (VI * V 2) * V 3 = VI * (V 2 * V 3). 

Wreath products allow to decompose semi groups into smaller pieces. Let 
UI be the monoid {l,O} under usual multiplication and let U2 = {I, a, b} be 
the monoid defined by the multiplication aa = ba = a and ab = bb = b. 

Theorem 6.6. The following decompositions hold: 

(1) Every solvable group divides a wreath product of commutative groups, 
(2) Every R-trivial monoid divides a wreath product of copies of UI , 

(3) Every aperiodic monoid divides a wreath product of copies of U2 , 

(4) Every monoid divides a wreath product of groups and copies of U2 , 

Statement (4) is the celebrated Krohn-Rhodes theorem [5, 53, 169]. 
Wreath product decompositions were first used in language theory to get 
a new proof of Schiitzenberger's theorem [44, 88]. This use turns out to be 
a particular case of Straubing's "wreath product principle" [159, 168], which 
provides a description of the languages recognized by the wreath product of 
two finite monoids. 

Let M and N be two finite monoids and let "I : A* -> M 0 N be a monoid 
morphism. We denote by 7f : M 0 N -> N the monoid morphism defined by 
7f(j, n) = n and we put cp = 7f 0 '(I. Thus cp is a monoid morphism from A * 
into N. Let B = N x A and (Y : A* -> B* be the map defined by 
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Observe that a is not a morphism, but a sequential function [19]. Straubing's 
result can be stated as follows. 

Theorem 6.7. If a language L is recognized by 1] : A * ---+ M 0 N, then L 
is a finite boolean combination of languages of the form X n a-ley), where 
Y c B* is recognized by M and where Xc A* is recognized by N. 

In view of the decomposition results of Theorem 6.6, this principle can 
be used to describe the variety of languages corresponding to solvable groups 
(Theorem 7.18 below), 'R.-trivial monoids (Corollaries 7.8 and 7.14) or aperi
odic monoids (Theorem 5.2). Theorem 6.6 is also the key result in the proof 
of Theorems 7.12 and 7.21. 

The wreath product principle can be adapted to the case of a wreath 
product of a monoid by a semi group. Varieties of the form V * LI received 
special attention. See the examples at the end of this section. 

However, all these results yield the following question: if V and Ware 
decidable varieties of finite monoids (or semigroups), is V * W also decidable? 
A negative answer was given in the general case [1], but several positive results 
are also known. A few more definitions on categories are needed to state these 
results precisely. 

Let M and N be two monoids and let T : M ---+ N be a relational mor
phism. Let C be the category such that Ob( C) = N and, for all u, v EN, 

C(u,v) = ((u,s,v) EN x M x N I v E UTeS)}. 

Composition is given by (u, s, v)(v, t, w) = (u, st, w). Now the kernel category 
of T is the quotient of C by the congruence rv defined by 

(u, s, v) rv (u, t, v) if and only if ms = mt for all m E T-I(u) 

Thus the kernel category identifies elements with the same action on each 
fiber9 T-I('u). 

The next theorem, due to Tilson [189], relates semidirect products and 
relational morphisms. 

Theorem 6.8. Let V and W be two variety of finite monoids. A monoid M 
belongs to V * W if and only if there exists a relational morphism T : M ---+ T, 
where T E W, whose kernel category divides a monoid of V. 

There is an analogous result (with a few technical modifications) when W 
is a variety of finite semigroups. In view of Theorem 6.8, it is important to 
characterize, given a variety of finite monoids V, the categories that divide a 

9 The action is the multiplication on the right. In some applications [120, 35], it 
is more appropriate to use a definition of the kernel category that takes also in 
account the multiplication on the left [138]. 
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monoid of V. The problem is not solved in general, but one can try to apply 
one of the following results. 

A first idea is to convert a category, which can be considered as a "partial 
semigroup" under composition of arrows, into a real semigroup. If 0 be a 
category, associate with each arrow p E O(u,v) the triple (u,p,v). Let 8(0) 
be the set of all such triples, along with a new element denoted O. Next define 
a multiplication on 8(0) by setting 

(u,p, v)(u' ,p', v') = { (U,pp', v') if v = ~' 
o otherwIse 

It is easy to verify that 8(0) is a semigroup. The interest of this construction 
lies in the following theorem [166, 189]. Recall that BA2 is the five element 
semigroup considered in example 3.3. 

Theorem 6.9. Let V be a variety of finite monoids containing the monoid 
BA~. Then a category 0 divides a monoid of V if and only if 8(0)1 belongs 
to V. 

Corollary 6.10. Let V be a decidable variety of finite monoids containing 
the monoid BA~. Then it is decidable whether a given finite category divides 
a monoid of V. 

Thus the question raised above is solved for varieties of finite monoids that 
contain BA~, for instance the variety A of finite aperiodic monoids. We are 
now mainly interested in varieties of finite monoids that do not contain BA~. 
These varieties are exactly the subvarieties of the variety of finite monoids 
in which each regular .J-class is a semigroup. This variety, denoted DS, is 
defined by the identities ((xy)W(yx)W(xy)wt = (xy)w. 

The problem is also easy to solve for another type of varieties, the local 
varieties. For these varieties, it suffices to check whether the local monoids 
of the category are in V. More precisely, a variety V is local if and only if 
every category whose local monoids are in V divides a monoid of V. Local 
varieties were first characterized in [183]. See also [189]. 

Theorem 6.11. A non trivial variety V is local if and only if V * LI = LV. 

In spite of this theorem, it is not easy in general to know whether a 
variety of finite monoids is local or not, even for the subvarieties of DS. The 
next theorem summarizes results of Simon, Therien, Weiss, Tilson, Jones 
and Almeida [41, 53, 183, 196, 189, 67, 6]. In this theorem, DA denotes the 
intersection of A and DS. Thus DA is the variety of finite monoids in which 
each regular .J-class is an idempotent semigroup. 

Theorem 6.12. The following varieties are local: any non trivial variety of 
finite groups, the varieties J I , DA, DS, [xW = xw+1,xWy = yxWD and the 
varieties [xn = xD for each n > 1. 



712 J.-E. Pin 

Note that if V is a decidable local variety, one can effectively decide 
whether a finite category divides a monoid of V. Unfortunately, some vari
eties, like the trivial variety I, are not local. However, a decidability result 
can still be obtained in some cases. We just mention the most important of 
them, which concern four important subvarieties of DS. 

Theorem 6.13. [189] A category C divides a trivial monoid if and only if, 
for every u, v E Ob( C), the set C( u, v) has at most one element. 

Theorem 6.14. [72] A category C divides a finite :J -trivial monoid if and 
only if, for every u, v E Ob(C), for each p, r E C(u, v) and each q, s E C(v, u), 
(pq)Wps(rs)W = (pq)W(rs)w. 

Theorem 6.15. [183] A category C divides a finite commutative monoid 
if and only if, for every u, v E Ob( C), for every p, r E C( u, v) and every 
q E C(v, u), pqr = rqp. 

Theorem 6.16. [183] A category C divides a finite aperiodic commutative 
monoid if and only if, the local monoids of C are aperiodic and, for every 
u,v E Ob(C), for every p,r E C(u, v) and every q E C(v,u), pqr = rqp. 

Semidirect products of the form V * LI deserved special attention. The 
key result is due to Straubing [166] and was formalized in [189]. It is a gen
eralization of former results of [41, 86, 71]. 

Theorem 6.17. [166] Let V be a variety of finite monoids. A semigroup 
belongs to V * LI if and only if its Cauchy category divides a monoid of V. 

With all these powerful tools in hand, one can now sketch a proof of 
Theorems 5.18, 5.20 and 5.22. First, one makes use of the wreath product 
principle to show that the variety of finite semigroups associated with the 
locally testable (resp. threshold locally testable, modulus locally testable) 
languages is the variety J 1 *LI (resp. Acom*LI, Gcom*LI). It follows by 
Theorem 6.17 that a recognizable language is locally testable (resp. threshold 
locally testable, modulus locally testable) if and only if the Cauchy category 
of its syntactic semigroup divides a monoid of J 1 (resp. Acom, Gcom). It 
remains to apply Theorem 6.12 (or Theorem 6.16 in the case of Acom) to 
conclude. 

Theorem 8.18 below is another application of Theorem 6.17. 

6.4 Representable transductions 

In this section, we address the following general problem. Let Ll, ... , Ln be 
languages recognized by monoids Ml, ... , M n , respectively. Given an opera
tion cp on these languages, find a monoid which recognizes cp( L1 , ... , Ln). The 
key idea of our construction is to consider, when it is possible, an operation 
cp : A * x ... x A * --+ A * as the inverse of a transduction T : A * --+ A * x ... x A * . 
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Then, for a rather large class of transductions, it is possible to solve our prob
lem explicitly. Precise definitions are given below. 

Transductions were intensively studied in connection with context-free 
languages [19]. For our purpose, it suffices to consider transductions 7 from a 
free monoid A * into an arbitrary monoid M such that, if P is a recognizable 
subset of M, then 7- l (P) is a recognizable subset of A*. It is well known 
that rational transductions have this property. In this case, 7 can be realized 
by a transducer, which is essentially a non deterministic automaton with 
output. Now, just as automata can be converted into semigroups, automata 
with outputs can be converted into matrix representations. In particular, 
every rational transduction admits a linear representation. It turns out that 
the important property is to have a matrix representation. Whether this 
representation is linear or not is actually irrelevant for our purpose. We now 
give the formal definitions. 

Let M be a monoid. A transduction 7 : A * -+ M is a relation from A * 
into M, i.e. a function from A* into P(M). If P is a subset of M, 7- l (P) is 
the image of P by the relation 7-1 : M -+ A*. Therefore 

7- l (P) = {u E A* I 7(U) n P #0} 

The definition of a representable transduction requires some preliminaries. 
The set P(M) is a semiring under union (as addition) and subset product 
(as multiplication). Therefore, for each n > 0, the set p(M)nxn of n by n ma
trices with entries in P(M) is again a semiring for addition and multiplication 
of matrices induced by the operations in P(M). 

Let X be an alphabet and let M EB X* be the free product of M and 
X*, that is, the set of the words of the form mOxlmlx2m2··· Xkmk, with 
mo, ml, ... ,mk E M and Xl, ... ,Xk EX, equipped with the product 

A series in the non commutative variables X with coefficients in P(M) is 
an element of P(M EB X*), that is, a formal sum of words of the form 
mOxl"nlx2m2·· ·Xkmk· 

A r-epr-esentation of dimension n for the transduction 7 is a pair (J-L, s), 
where J-L is a monoid morphism from A* into p(M)nxn and s is a series 
in the non commutative variables {Xl,l, ... ,Xn,n} with coefficients in P(M) 
such that, for all U E A * , 

7(U) = s[J-L(u)] 

where the expression s[J-L( u)] denotes the subset of M obtained by substituting 
(J-L(Uh,l, ... , J-L(u)n,n) for (Xl,l, ... , Xn,n) in s. A transduction is r-epr-esentable 
if it admits a representation. The following example should help the reader 
to understand this rather abstract definition. 
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Example 6.1. Let A = {a, b}, M = A * and let p, be the morphism from A * 
into p(A*)2X2 defined by 

Then the following transductions from A* into A* admit a representation of 
the form (p" s) for some series s. 

(1) TI(U) = AluluAlul 
(2) T2(U) = LouLlu ... uL,., where L o, ... , L,. are arbitrary languages, 

It suffices to take 

in the first case and 

s= 

in the second case. 

Suppose that a transduction T : A* -+ M admits a representation (p" s), 
where p, : A* -+ p(M)nxn. Then every monoid morphism cp : M -+ N 
induces a monoid morphism cp : p(M)nxn -+ p(N)nxn. The main property 
of representable transductions can now be stated. 

Theorem 6.18. [115, 1161 Let (p" s) be a representation for a transduction 
T: A* -+ M. If P is a subset of M recognized by cp, then the language T-I(P) 
is recognized by the monoid (cp 0 p,)( A *) . 

Corollary 6.19. Let T : A* -+ M be a representable transduction. Then for 
every recognizable subset P of M, the language T-I(P) is recognizable. 

The precise description of the monoid (cp 0 p,) (A *) is the key to understand 
several operations on languages. 

Example 6.2. This is a continuation of Example 6.1. Let TI(U) = AluluAlul. 
Then, for every language L of A * , 

Tll(L) = {u E A* I there exist UO,UI with luol = lui = lUll and UOuUI E L} 

Thus Tll(L) is the set of "middle thirds" of words of L. 
Let T2(U) = u2. Then, for every language L of A*, 

T;I(L) = {u E A* I u2 E L} 

Thus T;I(L) is the "square root" of L. In both cases, the transduction has a 
representation of the form (p"s), where p,: A* -+ p(A*)2X2 is defined by 
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Thus if cp : A* --+ N is a monoid morphism and if cp(A) = X, (cp 0 p,)(A*) is 
a monoid of matrices of P(N)2X2 of the form 

( {x0} 0) 
x k 

with x E Nand k ~ O. Thus this monoid can be identified with a submonoid 
of N x C, where C is the submonoid of P(N) generated by X. In particular, 
C is commutative. 

We now give some examples of application of Theorem 6.18. 

Inverse substitutions. Recall that a substitution from A* into M is a 
monoid morphism from A* into P(M). Therefore a substitution u : A* --+ M 
has a representation of dimension 1. Thus if L is a subset of M recognized 
by a monoid N, then u-I(L) is recognized by a submonoid of P(N). 

Length preserving morphisms. Let cp : A * --+ B* be a length preserving 
morphism. Then the transduction cp-I : B* --+ A* is a substitution. Thus, if 
L is a subset of A* recognized by a monoid N, then cp(L) is recognized by a 
submonoid of P(N). 

Shuffle product. Recall that the shuffle of n words Ul, . .. , Un is the set 
UI III ... III Un of all words of the form 

UI,I U2,1 ... Un,1 UI,2U2,2 ... Un,2 ... UI,kU2,k ... Un,k 

with k ~ 0, Ui,j E A *, such that Ui,1 Ui,2 ... Ui,k = Ui for 1 ::; i ::; n. The 
shuffle of k languages L I, ... , Lk is the language 

u UI III ... III Uk 

Let T : A* --+ A* x ... x A* be the transduction defined by 

T(U) = {(UI"",Uk) E A* x ... x A* I U E UI III ... III ud 

Then T-1(L1 x ... x Lk) = LI III··· III Lk. Furthermore T is a substitution 
defined, for every a E A, by 

T(a) = {(a,l, ... ,l),(l,a,l, ... ,l), ... ,(l,l, ... ,l,a)} 

Thus, if Ll, ... , Lk are languages recognized by monoids M I, ... , Mk, respec
tively, then LI III··· III Lk is recognized by a submonoid ofP(MI x··· XMk)' 

Other examples include the concatenation product - which leads to a 
construction on monoids called the Schutzenberger product [163] - and the 
inverse of a sequential function, or more generally of a rational function, 
which is intimately related to the wreath product. See [115, 116, 105] for the 
details. 
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7. The concatenation product 

The concatenation product is certainly the most studied operation on lan
guages. As was the case in section 6.1, we shall actually consider prod
ucts of the form LOalLl ... anLn, where the ai's are letters or of the form 
UOLI Ul ... Ln Un, where the Ui'S are words. 

7.1 Polynomial closure 

Polynomial operations comprise finite union and concatenation product. This 
terminology, first introduced by Schiitzenberger, comes from the fact that 
languages form a semiring under union as addition and concatenation as 
multiplication. There are in fact two slightly different notions of polynomial 
closure, one for +-classes and one for *-classes. 

The polynomial closure of a set of languages C of A * is the set of languages 
of A * that are finite unions of languages of the form 

where n 2: 0, the ai's are letters and the Li's are elements of C. 
The polynomial closure of a set of languages C of A + is the set of languages 

of A + that are finite unions of languages of the form 

where n 2: 0, the Ui'S are words of A * and the Li'S are elements of C. If n = 0, 
one requires of course that Uo is not the empty word. 

By extension, if V is a *-variety (resp. +-variety), we denote by Pol V 
the class of languages such that, for every alphabet A, Pol V(A*) (resp. 
Pol V(A+)) is the polynomial closure of V(A*) (resp. V(A+)). Symmetri
cally, we denote by Co-Pol V the class of languages such that, for every 
alphabet A, Co-Pol V(A*) (resp. Co-Pol V(A+)) is the set of languages L 
whose complement is in Pol V(A*) (resp. Pol V(A+)). Finally, we denote by 
BPol V the class of languages such that, for every alphabet A, BPol V(A*) 
(resp. BPol V(A+)) is the closure of Pol V(A*) (resp. Pol V(A+)) under finite 
boolean operations (finite union and complement). 

Proposition 6.1 above is the first step in the proof of the following algebraic 
characterization of the polynomial closure [126, 127], which makes use of a 
deep combinatorial result of semigroup theory [153, 154, 155]. 

Theorem 7.1. Let V be a variety of finite monoids and let V be the associ
ated variety of languages. Then Pol V is a positive variety and the associated 
variety of finite ordered monoids is the Mal'cev product [XWyxW :::; XW] ~ V. 

In the case of +-varieties, the previous result also holds with the appro
priate definition of polynomial closure. The following consequence was first 
proved by Arfi [11, 12]. 
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Corollary 7.2. For each variety oj languages V, Pol V and Co-Pol V are 
positive varieties oj languages. In particular, Jor each alphabet A, Pol V(A*) 
and Co-Pol V(A*) (resp. Pol V(A+) and Co-Pol V(A+) in the case oj a 
+-variety) are closed under finite union and intersection. 

7.2 Unambiguous and deterministic polynomial closure 

The unambiguous polynomial closure of a set of languages C of A * is the set 
oflanguages of A * that are finite unions of unambiguous products of the form 
LOalLl ... anLn, where n ~ 0, the ai's are letters and the Li'S are elements 
of C. Similarly, the unambiguous polynomial closure of a set of languages C 
of A + is the set of languages of A + that are finite unions of unambiguous 
products of the form 

UOLl Ul .•• Ln Un 

where n ~ 0, the u/s are words of A * and the Li'S are elements of C. If n = 0, 
one requires that Uo is not the empty word. 

The left and right deterministic polynomial closure are defined analo
gously, by replacing "unambiguous" by "left (resp. right) deterministic". 

By extension, if V is a variety of languages, we denote by UPol V the class 
of languages such that, for every alphabet A, UPol V(A*) (resp. UPol V(A+)) 
is the unambiguous polynomial closure ofV(A*) (resp. V(A+)). Similarly, the 
left (resp. right) deterministic polynomial closure of V is denoted Dlpol V 
(resp. Drpol V). The algebraic counterpart of the unambiguous polynomial 
closure is given in the following theorems [97, 120]. 

Theorem 7.3. Let V be a variety oj finite monoids (resp. semigroups) and 
let V be the associated variety oj languages. Then UPol V is a variety 
oj languages, and the associated variety oj monoids (resp. semigroups) is 
[XWyxW = XW] ~V. 

Theorem 6.5 leads to the following description of a set of identities defining 
the variety [XWyxW S XW] ~ V . 

Proposition 7.4. Let V be a variety oj monoids. Then [XWyxW S XW] ~ V 
is defined by the identities oj the Jorm xWyxW S xW, where x, y E A* Jor some 
finite set A and V satisfies x = y = x 2 . 

Recall that the variety [XWyxW = xW] is the variety LI of locally trivial 
semigroups. Thus, the +-variety associated with LI, described in Proposition 
5.17, is also the smallest +-variety closed under unambiguous product. This 
is a consequence of Theorem 7.3, applied with V = I. For V = J!, one can 
show that LI ~ J 1 is equal to DA, the variety of finite monoids in which 
each regular .J-class is an idempotent semigroup. This variety is defined by 
the identities (xy)W(yx)W(xy)W = (xy)W and xW = xw+1 [148]. 
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Corollary 7.5. For each alphabet A, 'DA(A*) is the smallest set of languages 
of A* containing the languages of the form B*, with B <:;; A, and closed 
under disjoint union and unambiguous product. Equivalently, 'DA(A *) is the 
set of languages that are disjoint unions of unambiguous products of the form 
AOalAia2 ... akA;', where the ai's are letters and the Ai'S are subsets of A. 

An interesting consequence of the conjunction of Theorems 7.1 and 7.3 is 
the following characterization of UPol V, which holds for *-varieties as well 
as for +-varieties. 

Theorem 7.6. Let V be a variety of languages. Then Pol V n Co-Pol V = 
UPol V. 

For the left (resp. right) deterministic product, similar results hold [97, 
98J. We just state the result for *-varieties. 

Theorem 7.7. Let V be a var'iety of finite monoids and let V be the asso
ciated variety of languages. Then Ii Pol V (resp. Dr Pol V) is a variety of 
languages, and the associated variety of monoids is [XWy = XW] iMl V (resp. 
[yxW = XW] iMl V). 

One can show that [XWy = XW] iMl J 1 is equal to the variety R of all finite 
R-trivial monoids, which is also defined by the identity (xy)W x = (xy)w. This 
leads to the following characterization [53, 39J 

Corollary 7.8. For each alphabet A, R(A*) consists of the languages which 
are disjoint 'unions of languages of the form AOa1Aia2'" akAL where k 2: 0, 
aI, ... an E A and the Ai'S are subsets of A such that ai ~ Ai-I, for 1 ::; i ::; k. 

A dual result holds for L-trivial monoids, 

7.3 Varieties closed under product 

A set of languages L is closed under product, if, for each Lo, ... , Ln ELand 
aI, ... ,an E A, LoalLl ... anLn E L. A *-variety of languages C is closed 
'under product, if, for each alphabet A, V(A*) is closed under product. The 
next theorem, due to Straubing [160]' shows, in essence, that closure under 
product also corresponds to a Mal'cev product. 

Theorem 7.9. Let V be a variety of finite monoids and let V be the asso
ciated variety of languages. For each alphabet A, let W(A*) be the smallest 
boolean algebm containing V( A *) and closed under product. Then W ~s a 
*-variety and the associated variety of finite mono'ids is A iMl V. 

This important result contains Theorem 5.2 as a particular case, when V 
is the trivial variety of monoids. Examples of varieties of finite monoids V 
satisfying the equality A iMl V = V include varieties of finite monoids defined 
by properties of their groups. A group in a monoid M is a subsemigroup of 
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M containing an identity e, which can be distinct from the identity of M. As 
was mentioned in section 2.8, the maximal groups in a monoid are exactly 
the H-classes containing an idempotent. Given a variety of finite groups H, 
the class of finite monoids whose groups belong to H form a variety of finite 
monoids, denoted H. In particular, if H is the trivial variety of finite groups, 
then H = A, since a monoid is aperiodic if and only if it contains no non 
trivial group. 

Theorem 7.10. For any variety of finite groups H, A!M H = H. 

It follows, by Theorem 7.9, that the *-variety associated with a variety of 
mono ids of the form H is closed under product. Varieties of this type will be 
considered in Theorems 7.19 and 9.4 below. 

7.4 The operations L --+ LaA* and L --+ A*aL 

A slightly stronger version of Theorem 7.9 can be given [98, 192, 194J. 

Theorem 7.11. Let V be a variety of finite monoids and let V be the asso
ciated variety of languages. Let W be the variety of languages associated with 
A !M V. Then, for each alphabet A, W( A *) is the smallest boolean algebra of 
languages containing V(A*) and closed under the operations L --+ LaA* and 
L --+ A*aL, where a E A. 

In view of this result, it is natural to look at the operation L --+ LaA * 
[98, 192, 194J. 

Theorem 7.12. Let V be a variety of finite monoids and let V be the as
sociated variety of languages. For each alphabet A, let W( A *) be the boolean 
algebra generated by the languages L or LaA *, where a E A and L E V( A *). 
Then W is a variety of languages and the associated variety of monoids is 
Jl *V. 

Since the variety R of R-trivial monoids is the smallest variety closed 
under semidirect product and containing the commutative and idempotent 
monoids, one gets immediately 

Corollary 7.13. Let V be a variety of finite monoids and let V be the asso
ciated variety of languages. For each alphabet A, let W(A*) be the smallest 
boolean algebra of languages containing V(A*) and closed under the opera
tions L --+ LaA*, for all a E A. Then W is a variety of languages and the 
associated variety of monoids is R * V. 

In particular, this leads to another description of the languages associated 
with R (compare with Corollary 7.8). 

Corollary 7.14. For each alphabet A, R(A*) is the smallest boolean algebra 
of languages closed under the operations L --+ LaA*, for all a E A. 
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Operations of the form L ~ LaA * and L ~ A * aL were also used by 
Therien [176] to describe the languages whose syntactic monoid is idempotent 
(see also [38, 53]). This characterization is somewhat unusual, since it is given 
by induction On the size of the alphabet. 

Theorem 7.15. Let V be the variety of finite idempotent monoids and let V 
be the associated variety of languages. Then V(0*) = {0, {I}}, and for each 
non empty alphabet A, V(A*) is the smallest boolean algebra of languages 
containing the languages of the form A * aA *, LaA * and A * aL, where a E A 
and L E V(A \ {a})*. 

The languages associated with subvarieties of the variety of finite idem
potent monoids are studied in [151]. 

7.5 Product with counters 

Let Lo, ... ,Lk be languages of A * , let all ... ,ak be letters of A and let rand 
p be integers such that O~ r < p. We define (LoalLl ... akLk)r,p to be the 
set of all words u in A * such that the number of factorizations of u in the 
form 

u=uOalul···akuk 

with Ui E Li for 0 ~ i ~ k, is congruent to r modulo p. This product with 
counter is especially useful for the study of group languages. A recognizable 
language is called a group language if its syntactic monoid is a group. Since 
equality is the only stable order On a finite group, the ordered syntactic 
monoid is useless in the case of a group language. 

A frequently asked question is whether there is some "nice" combinato
rial description of the group languages. No such description is known for the 
variety of all group languages, but there are simple descriptions for some 
subvarieties. We have already described the variety of languages correspond
ing to commutative groups. We will nOw consider the varieties of p-groups, 
nilpotent groups and solvable groups. 

The p-groups form a variety of finite monoids G p • The associated variety 
of languages Qp is given in [53], where the result is credited to Schiitzenber
ger. For u, v E A*, denote by (~) the number of distinct factorizations of 
the form v = VOalVl ... anVn such that Vo,···, Vn E A*, al,···, an E A and 
al ... an = u. In other words (~) is the number of distinct ways to write u as 
a subword of v. For example 

( aabbaa) = 8 
aba 

Theorem 7.16. For each alphabet A, Qp(A*) is the boolean algebra gener
ated by the languages 

S(u,r,p) = {v E A* I (~) == r modp} 
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for 0 :::; l' < P and u E A *. It is also the boolean algebra generated by the 
languages (A*alA* ... akA*)r,p where 0:::; l' < P and k ;::: O. 

Nilpotent groups form a variety of finite monoids Gnil. A standard result 
in group theory states that a finite group is nilpotent if and only if it is 
isomorphic to a direct product G l X .•. X Gn , where each Gi is a Pi-group for 
some prime Pi. This result leads to the following description of the variety of 
languages Qnil associated with Gnil [53, 173]. 

Theorem 7.17. For each alphabet A, Qnil(A*) is the boolean algebra gen
erated by the languages S( u, 1', p), where p is a prime number, 0 :::; l' < p 
and 'U E A *. It is also the boolean algebra generated by the languages 
(A*alA* ... akA*)r,p, where al,"" ak E A, 0:::; l' < p, p is a prime number 
and k ;::: O. 

Solvable groups also form a variety of finite monoids Gsol. The associated 
variety of languages Qsol was described by Straubing [159], 

Theorem 7.18. For each alphabet A, Qsol(A*) is the smallest boolean alge
bra of languages closed under the operations L -+ (LaA*)r,p, where a E A, p 
is a prime number and 0 :::; l' < p. 

The variety of languages associated with Gsol was first described by 
Straubing [159]. See also [178, 169]. The formulation given below is due to 
Weil [192, 194]. 

Theorem 7.19. Let V be the *-variety associated with Gsol. For each al
phabet A, V(A*) is the smallest boolean algebra of languages closed under the 
operations L -+ LaA* and L -+ (LaA*)r,p, where a E A, p is a prime number 
and 0:::; T < p. 

The variety of languages associated with the variety of finite monoids in 
which every Ji-class is a solvable group is described in the next theorem, 
which mixes the ideas of Theorems 7.19 and 7.15. 

Theorem 7.20. (Therien [176]) Let V be a variety of finite monoids in 
which every Ji-class is a solvable group and let V be the associated vari
ety of languages. Then V(0*) = {0, {1}}, and for each non empty alphabet A, 
V(A*) 'is the smallest boolean algebra of languages closed under the operations 
L -+ (LaA*)r,n, where a E A and 0 :::; l' < n, and containing the languages 
of the form A*aA*, LaA* and A*aL, where a E A, L E V((A \ {a})*. 

7.6 Varieties closed under product with counter 

Finally, let us mention the results of Wei! [194]. Let n be an integer. A set of 
languages £ of A* is closed under product with n-counters if, for any language 
Lo, ... ,Lk E £, for any letter al, ... ,ak E A and for any integer l' such that 
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o :::; r < n, (LoalLl ... akLk)r,n E C. A set of languages C of A* is closed 
under product with counters if it is closed under product with n-counters, for 
arbitrary n. 

Theorem 7.21. Let p be a prime number, let V be a variety of finite mono
ids and let V be the associated variety of languages. For each alphabet A, let 
W(A*) be the smallest boolean algebra containing V(A*) and closed under 
product with p-counters. Then W is a variety of languages and the associated 
variety of monoids is LGp @ V. 

Theorem 7.22. Let p be a prime number, let V be a variety of finite mono
ids and let V be the associated variety of languages. For each alphabet A, let 
W(A*) be the smallest boolean algebra containing V(A*) and closed under 
product and product with p-counters. Then W is a variety of languages and 
the associated variety of monoids is LGp @ V. 

Theorem 7.23. Let V be a variety of finite monoids and let V be the asso
ciated variety of languages. For each alphabet A, let W(A*) be the smallest 
boolean algebra containing V(A*) and closed under product with counters. 
Then W is a variety of languages and the associated variety of monoids is 
LGsol@V. 

For instance, if V = J 1 it is known that LGsol @ J 1 is the variety of 
monoids whose regular "V-classes are unions of solvable groups. 

Theorem 7.24. Let V be a variety of finite monoids and let V be the asso
ciated variety of languages. For each alphabet A, let W(A*) be the smallest 
boolean algebra containing V( A *) and closed under product and product with 
counters. Then W is a variety of languages and the associated variety of 
monoids is LGsol @ V. 

8. Concatenation hierarchies 

By alternating the use of the polynomial closure and of the boolean closure 
one can obtain hierarchies of recognizable languages. Let V be a variety of 
languages. The concatenation hierarchy of basis V is the hierarchy of classes 
of languages defined as follows. 

(1) level 0 is V 
(2) for every integer n 2: 0, level n + 1/2 is the polynomial closure of level n 
(3) for every integer n 2: 0, level n + 1 is the boolean closure of level n + 1/2. 

Theorem 7.1 shows that the polynomial closure of a variety of languages is a 
positive variety of languages. Furthermore the boolean closure of a positive 
variety of languages is a variety of languages. Therefore, one defines a se
quence of varieties Vn and of positive varieties Vn+1/2, where n is an integer, 
as follows: 



(1) Vo = V 
(2) for every integer n ~ 0, Vn +1/2 = Pol Vn , 

(3) for every integer n ~ 0, Vn +1 = BPol Vn . 
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The associated varieties of semigroups and ordered semigroups (resp. monoids 
and ordered monoids) are denoted Vn and Vn+1/2' Theorem 7.1 gives an 
explicit relation between Vn and Vn+1/2' 

Proposition 8.1. For every integer n ~ 0, Vn+1/2 = [XWyxW ::::; xw~ iMl Vno 

Three concatenation hierarchies have been considered so far in the liter
ature. The first one, introduced by Brzozowski [36J and called the dot-depth 
hierarchy, is the hierarchy of positive +-varieties whose basis is the trivial 
variety. The second one, first considered implicitly in [174J and explicitly in 
[163, 166J is called the Straubing- Therien hierarchy: it is the hierarchy of pos
itive *-varieties whose basis is the trivial variety. The third one, introduced 
in [83J, is the hierarchy of positive *-varieties whose basis is the variety of 
group-languages. It is called the group hierarchy. 

It can be shown that these three hierarchies are strict: if A contains at 
least two letters, then for every n, there exist languages of level n + 1 which 
are not of level n + 1/2 and languages of level n + 1/2 which are not of level 
n. This was first proved for the dot-depth hierarchy in [40J. 

The main question is the decidability of each level: given an integer n 
(resp. n + 1/2) and a recognizable language L, decide whether or not L 
is of level n (resp. n + 1/2). The language can be given either by a finite 
automaton, by a finite semigroup or by a rational expression since there are 
standard algorithms to pass from one representation to the other. 

There is a wide literature on the concatenation product: Arfi [11, 12], 
Blanchet-Sadri [24, 25, 26, 27, 28, 29, 30, 31, 32]' Brzozowski [36, 40, 41], 
Cowan [47], Eilenberg [53], Knast [71, 72, 40], Schiitzenberger[144, 148], Si
mon [41, 152, 156], Straubing [118, 120, 160, 164, 167, 170, 172], Therien 
[120, 170], Thomas [185], Weil [191, 172, 195, 126, 127J and the author 
[97, 100, 104, 118, 120, 126, 127J. The reader is referred to the survey ar
ticles [110, ll1J for more details on these results. 

We now describe in more details the first levels of each of these hierarchies. 
We consider the Straubing-Therien hierarchy, the dot-depth hierarchy and 
the group hierarchy, in this order. 

8.1 Straubing-Therien's hierarchy 

Level ° is the trivial *-variety. Therefore a language of A* is of level ° if and 
only if it is empty or equal to A*. This condition is easily characterized. 

Proposition 8.2. A language is of level ° if and only if its syntactic monoid 
is trivial. 
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It is also well known that one can decide in polynomial time whether the 
language of A * accepted by a deterministic n-state automaton is empty or 
equal to A* (that is, of level 0). 

By definition, the sets of level 1/2 are the finite unions of languages of the 
form A * al A * a2 ... akA * , where the ai's are letters. An alternative description 
can be given in terms of shuffle. A language is a shuffie ideal if and only if 
for every u ELand v E A *, u III v is contained in L. 

Proposition 8.3. A language is of level 1/2 if and only if it is a shuffie 
ideal. 

It follows from Theorem 7.6 that the only shuffle ideals whose complement 
is also a shuffle ideal are the full language and the empty language. It is easy 
to see directly that level 1/2 is decidable. One can also derive this result from 
our syntactic characterization. 

Proposition 8.4. A language is of level 1/2 if and only if its ordered syn
tactic monoid satisfies the identity x ::; 1. 

One can derive from this result a polynomial algorithm to decide whether 
the language accepted by a complete deterministic n-state automaton is of 
level 1/2. See [126, 127] for details. 

Corollary 8.5. One can decide in polynomial time whether the language 
accepted by a complete deterministic n-state automaton is of level 1/2. 

The sets of level 1 are the finite boolean combinations of languages of the 
form A*aIA*a2'" akA*, where the ai's are letters. In particular, all finite sets 
are of levell. The sets of level 1 have a nice algebraic characterization, due to 
Simon [152]. There exist now several proofs of this deep result [3, 170, 157, 64]. 

Theorem 8.6. A language of A* is of level 1 if and only if its syntactic 
monoid is .:J -trivial, or, equivalently, if and only if it satisfies the identities 
XW = xwH and (xy)W = (yx)w. 

Thus VI = J, the variety of finite .:J-trivial monoids. Theorem 8.6 yields 
an algorithm to decide whether a given recognizable set is oflevell. See [157]. 

Corollary 8.7. One can decide in polynomial time whether the language 
accepted by a deterministic n-state automaton is of level 1. 

The sets of level 3/2 also have a simple description, although this is not 
a direct consequence of the definition [118]. 

Theorem 8.8. The sets of level 3/2 of A* are the finite unions of sets of the 
form A(;aIAia2'" akAk' where the ai's are letters and the Ai'S are subsets 
of A. 

We derive the following syntactic characterization [126, 127]. 
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Theorem 8.9. A language is of level 3/2 if and only if its ordered syntactic 
monoid satisfies the identity xWyxW :::; XW for every x, y such that c(x) = c(y). 

Corollary 8.10. There is an algorithm, in time polynomial in 21A1 n, for test
ing whether the language of A * accepted by a deterministic n-state automaton 
is of level 3/2. 

We now arrive to the level 2. Theorem 8.8 gives a combinatorial descrip
tion of the languages of level 2 [118]. 

Theorem 8.11. The languages of level 2 of A* are the finite boolean com
binations of the languages of the form A(;alAia2 ... a",Ak, where the ai's are 
letters and the Ai'S are subsets of A. 

The next theorem [118] gives a non-trivial (but unfortunately non effective) 
algebraic characterization oflevel 2. Given a variety of monoids V, denote by 
PV the variety generated by all monoids of the form P(M), where MEV. 

Theorem 8.12. A language is of level 2 in the Straubing-Therien hierarchy 
if and only if its syntactic monoid belongs to P J . 

Let V2 be the variety of finite monoids associated with the languages of 
level 2. Theorem 8.12 shows that V2 = PJ. Unfortunately, no algorithm is 
known to decide whether a finite monoid divides the power monoid of a .:1-
trivial monoid. In other words, the decidability problem for level 2 is still 
open, although much progress has been made in recent years [25, 29, 47, 
118, 167, 172, 191, 195]. This problem is a particular case of a more general 
question discussed in section 8.5. 

In the case of languages whose syntactic monoid is an inverse monoid, a 
complete characterization can be given [47, 126, 127]. An inverse automa
ton is a deterministic automaton A = (Q, A u A, i, F) over a symmetrized 
alphabet A U A, which satisfies, for all a E A, q, q' E Q 

q. a = q' if and only if q'. a = q 

Note however that this automaton is not required to be complete. In other 
words, in an inverse automaton, each letter defines a partial injective map 
from Q to Q and the letters a and a define mutually reciprocal transitions. 

Theorem 8.13. The language recognized by an inverse automaton A = 
(Q, A u A, i, F) is of level 2 in the Straubing- Therien hierarchy if and only if, 
for all q, q' E Q, u, v E (A u A)*, such that q. u and q'. u are defined, q. v = q' 
and c{v) ~ c{u) imply q = q'. 

Actually, one can show [126, 127] that each language recognized by an inverse 
automaton A is the difference of two languages of level 3/2 recognized by the 
completion of A. It is proved in [191, 195] that Theorem 8.13 yields the 
following important corollary. 
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Corollary 8.14. It is decidable whether an inverse monoid belongs to V 2 . 

Example 8.1. Let A = {a,b} and let L = (ab)* be the language of example 
5.1. Its minimal automaton satisfies the conditions of Theorem 8.13 and thus 
it has level 2. In fact, by observing that 0* = {I}, L can be written in the 
form 

(0* u 0*aA* u A*b0*) \ (0*bA* u 0* A*a U A*a0*aA* U A*b0*bA*) 

Theorem 8.11 describes the languages of level 2 of A* as finite boolean 
combinations ofthe languages of the form A(ja1Aia2'" akA~, where the ai's 
are letters and the Ai'S are subsets of A. Several subvarieties of languages can 
be obtained by imposing various conditions on the Ai'S. This was the case, 
for instance for Corollaries 7.5 and 7.8. The known results are summarized 
in the table below. 

Conditions Variety Algebraic description Ref. 
Unambiguous DA Regular :T -classes are [148] 
product idempotent semigroups 
Left det. product R 'R.-trivial [97,98] 
Right det. product L £-trivial [97,98] 
Bidet. product JnEcom :T-trivial and idempotents [123] 

commute 
ai ~ A i- 1 R 'R.-trivial [53,39] 
ai ~ Ai L £-trivial [53,39] 
ai ~ A i- 1 U Ai JnEcom :T-trivial and idempotents [17] 

commute 
ai ~ A i- 1 and L1 Idempotent and £-trivial [119] 
A i- 1 C Ai 
ai ~ A i- 1 and Ai ~ R1 Idempotent and 'R.-trivial [119] 
A i- 1 
Ai n Aj = 0 for i =f. JnLJ1n The syntactic semigroup is [150] 
j andai ~ A i- 1uAi Ecom :T-trivial, locally idempo-

tent and commutative and 
its idempotents commute 

The variety of monoids associated with the condition Ao ~ ... ~ An is also 
described in [5], pp. 234-239, but this description, which requires an infinite 
number of identities, is too technical to be reproduced here. 

Little is known beyond level 2: a semigroup theoretic description of each 
level of the hierarchy is known, but it is not effective. Each level of the 
hierarchy is a variety or a positive variety and the associated variety of (or
dered) semigroups admits a description by identities, but these identities are 
not known for n ~ 2. Furthermore, even if these identities were known, this 
'would not necessarily lead to a decision process for the corresponding variety. 
See also the conjecture discussed in section 8.5. 
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8.2 Dot-depth hierarchy 

Level 0 is the trivial +-variety. Therefore a language of A+ is of dot-depth 0 if 
and only if it is empty or equal to A + and one can decide in polynomial time 
whether the language of A+ accepted by a deterministic n-state automaton 
is of level o. 

Proposition 8.15. A language is of dot-depth 0 if and only if its syntactic 
semigroup is trivial. 

The languages of dot-depth 1/2 are by definition finite unions oflanguages 
of the form uOA+ulA+·· ·Uk-lA+Uk, where k ~ 0 and uo, ... ,Uk E A*. But 
since A* = A+ U {I}, these languages can also be expressed as finite unions 
of languages of the form 

The syntactic characterization is a simple application of our Theorem 7.1. 

Proposition 8.16. A language of A+ is of dot-depth 1/2 if and only if its 
ordered syntactic semigroup satisfies the identity xWyxW ~ xW. 

Corollary 8.17. One can decide in polynomial time whether the language 
accepted by a deterministic n-state automaton is of dot-depth 1/2. 

The languages of dot-depth 1 are the finite boolean combinations of lan
guages of dot-depth 1/2. The syntactic characterization of these languages, 
due to Knast [71, 72], makes use of the Cauchy category. 

Theorem 8.18. A language of A+ is of dot-depth 1 if and only if the Cauchy 
category of its syntactic semigroup satisfies the following condition (K): if p 
and r are arrows from e to f and if q and s are arrows from f to e, then 
(pq)Wps(rs)W = (pq)W(rs)w. 

p,r 

~ 
q,s 

Fig. 8.1. The condition (K). 

The variety of finite semigroups satisfying condition (K) is usually denoted 
Hl (H refers to Brzozowski and 1 to level 1). Thus Hl is defined by the 
identity 
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Theorem 8.18 can be proved in the same way as Theorems 5.18, 5.20 and 
.5.22. First, one makes use of the wreath product principle to show that a 
language is of dot-depth 1 if and only if its syntactic semigroup belongs to 
J *LI. Then Theorems 6.17 and 6.14 can be applied. See also [5] for a different 
proof. 

The algorithm corresponding to Theorem 8.18 was analyzed by Stern 
[158]. 

Corollary 8.19. One can decide in polynomial time whether the language 
accepted by a deterministic n-state automaton is of dot-depth 1. 

Straubing [166] discovered an important connection between the Strau
bing-Therien and the dot-depth hierarchies. Let Bn be the variety of finite 
semigroups corresponding to the languages of dot-depth n and let V n be 
the variety of finite monoids corresponding to the languages of level n in the 
Straubing-Therien hierarchy. 

Theorem 8.20. For every integer n > 0, Bn = Vn * LI. 

Now Theorems 6.17, 6.11 and 6.14 reduce decidability questions about 
the dot-depth hierarchy to the corresponding questions about the Straubing
Therien hierarchy. 

Theorem 8.21. For every integer n ~ 0, Bn is decidable if and only if Vn 
is decidable. 

It is very likely that Theorem 8.21 can be extended to take in account 
the half levels, but this is not yet formally proved. In particular, it is not yet 
known whether level 3/2 of the dot-depth hierarchy is decidable. 

8.3 The group hierarchy 

We consider in this section the concatenation hierarchy based on the group 
languages, or group hierarchy. By definition, a language of A * is of level 0 in 
this hierarchy if and only if its syntactic monoid is a finite group. This can 
be easily checked on any deterministic automaton recognizing the language 
[126, 127]. 

Proposition 8.22. One can decide in polynomial time whether the language 
accepted by a deterministic n-state automaton is a group language. 

The languages of level 1/2 are by definition finite unions of languages of 
the form LoalLl ... akLk where the ai's are letters and the Li's are group 
languages. By Theorem 7.1, a language is of level 1 /2 if and only if its ordered 
syntactic monoid belongs to the variety [XWyxW ::; XW] ~ G. The identities 
of this variety are given by Theorem 6.5. 
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Proposition 8.23. A language is of level 1/2 in the group hierarchy if and 
only if its syntactic ordered monoid satisfies the identity XW ::; 1. 

Proposition 8.23 can be converted to an algorithm on automata. 

Corollary 8.24. There is a polynomial time algorithm for testing whether 
the language accepted by a deterministic n-state automaton is of level 1/2 in 
the group hierarchy. 

Level 1/2 is also related with the topology of the free monoid defined by 
the distance dG . This topology is called the pro-group topology. An example 
of a converging sequence is given by the following proposition [135]. 

Proposition 8.25. For every word u E A*, lim un! = l. 
n-+oo 

As the multiplication is continuous and a closed set contains the limit of 
any converging sequence of its elements, it follows that if L is a closed set 
in the pro-group topology, and if xuny E L for all n > 0, then xy E L. The 
converse is also true if L is recognizable. 

Theorem 8.26. A recognizable set L of A * is closed in the pro-group topol
ogy if and only if for every u, x, y E A*, xu+y ~ L implies xy E L. 

Since an open set is the complement of a closed set, one can also state: 

Theorem 8.27. A recognizable set L of A* is open in the pro-group topology 
if and only if for every u, x, y E A*, xy E L implies xu+y n L i= 0. 

These conditions can be easily converted in terms of syntactic monoids. 

Theorem 8.28. Let L be a recognizable language of A *, let M be its syntac
tic monoid and let P be its syntactic image. 

(1) L is closed in the pro-group topology if and only if for every s, t E M and 
e E E(M), set E P implies st E P. 

(2) L is open in the pro-group topology if and only if for every s, t E M and 
e E E(M), st E P implies set E P. 

(3) L is clopen10 in the pro-group topology if and only if M is a group. 

Finally, condition (1) states exactly that the syntactic ordered monoid of 
L satisfies the identity 1 ::; XW and condition (2) states that the syntactic 
ordered monoid of L satisfies the identity XW ::; 1. In particular, we get the 
following result. 

Corollary 8.29. Let L be a recognizable language of A*. The following con
ditions are equivalent. 

(1) L is open in the pro-group topology, 

10 clopen is a common abbreviation for "closed and open" 
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(2) L is of level 1/2 in the group hierarchy, 
(3) the syntactic ordered monoid of L satisfies the identity XW ~ l. 

To finish with these topological properties, let us mention a last result. 

Theorem 8.30. Let L be a language of A* and let L be its closure in the 
pro-group topology. If L is recognizable, then L is recognizable. If L is open 
and r'ecognizable, then L is clopen. 

A few more definitions are needed to state the algebraic characterization 
of the languages of level 1. A block group is a monoid such that every R
class (resp. C-class) contains at most one idempotent. Block groups form a 
variety of monoids, denoted BG, which is defined by the identity (XWyW)W = 
(yW XW)w. Thus BG is a decidable variety. 

Theorem 8.31. A language is of level 1 in the group hierarchy if and only 
if its syntactic monoid belongs to BG. 

Corollary 8.32. There is a polynomial time algorithm for testing whether 
the language accepted by a deterministic n-state automaton is of level 1 in 
the group hierarchy. 

Several other descriptions of BG are known. 

Theorem 8.33. The following equalities holds: BG = PG = J * G = 
J iMl G. Furthermore, a finite monoid belongs to BG if and only if its set 
of idempotents generates a .:J -trivial monoid. 

The results of this section are difficult to prove. They rely on the one 
hand on a topological conjecture of Reutenauer and the author [114], recently 
proved by Ribes and Zalesskii [140], and on the other hand on the solution by 
Ash [15, 16J of a famous open problem in semigroup theory, the Rhodes "type 
II" conjecture. Actually, as was shown in [106], the topological and algebraic 
aspects are intimately related. See the survey [62J for more references and 
details. 

Theorem 8.30 is proved in [113J. The second part of the statement was 
suggested by Daniel Lascar. The study of the languages oflevel1 in the group 
hierarchy started in 1985 [83J and was completed in [63J (see also [62]). The 
reader is referred to the survey article [111J for a more detailed discussion. 
See also [101. 106, 114, 62, 108J. 

8.4 Subhierarchies 

Several subhierarchies were considered in the literature. One of the most 
studied is the subhierarchy inside level 1 of a concatenation hierarchy. Recall 
that if V is a *-variety of languages, then BPolV is the level one of the 
concatenation hierarchy built on V. For each alphabet A, let V1,n(A*) be the 
boolean algebra generated by languages of the form 
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where the ai's are letters, Li E V(A*) and 0 ::; k ::; n. Then the sequence 
V1,n is an increasing sequence of *-varieties whose union is BPolV. 

For the Straubing-Therien's hierarchy, V1,n(A*) is the boolean algebra 
generated by the languages of the form A*alA*a2'" akA*, where the ai's are 
letters, and 0 ::; k ::; n. The corresponding variety of finite monoids is denoted 
I n . In particular, ':h is the *-variety already encountered in Proposition 5.5. 
The hierarchy I n is defined in [36]: Simon proved that J 2 is defined by the 
identities (xy)2 = (YX)2 and xyxzx. = xyzx: the variety J 3 is defined [24] 
by the identities xzyxvxwy = xzxyxvxwy, ywxvxyzx = ywxvxyxzx and 
(xy)3 = (yx)3 but there are no finite basis of identities for I n when n > 3 
[30]. 

For the group hierarchy, the variety V1,1 admits several equivalent de
scriptions [85], which follow in part from Theorem 7.12. 

Theorem 8.34. Let A be an alphabet and let K be a recognizable language 
of A *. The following conditions are equivalent: 

(1) K is in the boolean algebra generated by the languages of the form L or 
LaA *, where L is a group language and a E A, 

(2) K is in the boolean algebra generated by the languages of the form L or 
A*aL, where L is a group language and a E A, 

(3) K is in the boolean algebra generated by the languages of the form L or 
LaL' , where Land L' are group languages and a E A, 

(4) idempotents commute in the syntactic monoid of K. 

Thus the corresponding variety of finite monoids is the variety of monoids 
with commuting idempotents, defined by the identity xWyW = yWxw. It is 
equal to the variety Inv generated by finite inverse monoids. Furthermore, 
the following non trivial equalities hold [14, 82, 85] 

Inv = J 1 * G = J 1 @ G 

More generally, one can define hierarchies indexed by trees [100]. These hier
archies were studied in connection with game theory by Blanchet-Sadri [24, 
26]. 

8.5 Boolean-polynomial closure 

Let V be a variety of finite monoids and let V be the associated *-variety. We 
have shown that the algebraic counterpart of the operation V ~ Pol V on 
varieties of languages is the operation V ~ [XW yxW ::; XW] @ V. Similarly, the 
algebraic counterpart of the operation V ~ Co-Pol V is the operation V ~ 
[XW ::; xWyxW] @V. It is tempting to guess that the algebraic counterpart of 
the operation V ~ BPol V is also of the form V ~ W @ V for some variety 
W. A natural candidate for W is the join of the two varieties [XWyxW ::; XW] 
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and [XW :::; xWyxW], which is equal to the variety B1 defined in section 8.2 
[126, 127J. We can thus formulate our conjecture as follows: 

Conjecture 8.1. Let V be a variety of languages and let V be the associ
ated variety of finite semi groups (resp. monoids). Then the variety of finite 
semi groups (resp. monoids) associated with BPol V is B1 Q9l V. 

One inclusion in the conjecture is certainly true. 

Proposition 8.35. The variety of finite semigmups (resp. monoids) associ
ated with BPol V is contained in B1 Q9l V. 

Now, by Theorem 6.5, the identities of B1 Q9l V are 

(XWpyW qxW)WXWpyW sxw (XWryW SXW)W = (xWpyWqxW)W(xWryW SXW)W (8.1) 

for all X,y,p,q,r,s E 1* for some finite alphabet A such that V satisfies 
x 2 = x = y = p = q = r = s. These identities lead to another equivalent 
statement for our conjecture. 

Proposition 8.36. The conjecture is true if and only if every finite semi
gmup (resp. monoid) satisfying the identities (8.1) is a quotient of an ordered 
semigro'up (resp. ordered monoid) of the variety [XWyxW :::; XW] Q9l V. 

Conjecture 8.1 was proved to be true in a few particular cases. First, if V 
is the trivial variety of monoids, then B 1 @l V = J, In this case, the second 
form of the conjecture is known to be true. This is in fact a consequence of 
Theorem 8.6 and it was also proved directly by Straubing and Therien [170J. 

Theorem 8.37. Every J -trivial monoid is a quotient of an ordered monoid 
satisfying the identity x :::; 1. 

Second, if V is the trivial variety of semigroups, then B1 Q9l V = B1 is, by 
Theorem 8,18, the variety of finite semi groups associated with the languages 
of dot-depth 1. Therefore, the conjecture is true in this case, leading to the 
following corollary, 

Corollary 8.38. Every monoid of B1 zs a quotient of an ordered monoid 
satisfying the identity xWyxW :::; xW. 

Third, if V = G, the variety of monoids consisting of all finite groups, 
B1 Q9l G = J Q9l G = PG = BG is the variety associated with the level 1 of 
the group hierarchy. Therefore, the conjecture is also true in this case. 

Corollary 8.39. Every monoid of BG is a quotient of an ordered monoid 
satisfying the identity XW :::; 1. 

The level 2 of the Straubing-Therien's hierarchy corresponds to the case 
V = J 1. Therefore, one can formulate the following conjecture for this level: 
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Conjecture 8.2. A recognizable language is of level 2 in the Straubing
Therien's hierarchy if and only if its syntactic monoid satisfies the identities 

(XW pyW qxW)W XW pyW sxw (XW ryW SXW)W = (XW pyW qxW)W (XW ryW SXW)W 

for all X,y,p,q,r,s E 1* for some finite alphabet A such that c(x) = c(y) = 
c(p) = c(q) = c(r) = c(s). 

If this conjecture was true, it would imply the decidability of the levels 
2 of the Straubing-Therien's hierarchy and of the dot-depth. It is known 
that Conjecture 8.2 holds true for languages recognized by an inverse monoid 
[172, 191, 195] and for languages on a two letter alphabet [167]. 

More generally, the conjecture Vn+1 = BI q;]) Vn would reduce the de
cidability of the Straubing-Therien's hierarchy to a problem on the Mal'cev 
products of the form BI q;]) V. However, except for a few exceptions (includ
ing G, J and the finitely generated varieties, like the trivial variety or Jd, it 
is not known whether the decidability of V implies that of BI q;]) V. 

9. Codes and varieties 

In this section, we will try to follow the terminology of the book of Berstel and 
Perrin [20], which is by far the best reference on the theory of codes. Recall 
that a subset P of A + is a prefix code if no element of P is a proper prefix of 
another element of P, that is, if u, uv E P implies v = 1. The next statement 
shows that the syntactic monoids of finite codes give, in some sense, a good 
approximation of any finite monoid. 

Theorem 9.1. [84] For every finite monoid M, there exists a finite prefix 
code P such that 

(1) M divides M(P*) 
(2) there exists a relational morphism 7: M(P*) --+ M, such that, for every 

idempotent e of M, 7-1 (e) is an aperiodic semigroup. 

If V is a *-variety of languages, denote by V' the least *-variety such that, 
for each alphabet A, V'(A*) contains the languages ofV(A*) of the form po, 
where P is a finite prefix code. Similarly, if V be a +-variety of languages, 
let V' be the least +-variety such that, for each alphabet A, V'(A+) contains 
the languages of V(A+) of the form P+, where P is a finite prefix code. By 
construction, V'is contained in V, but the inclusion is proper in general. 
A variety of languages V is said to be described by its finite prefix codes if 
V = V'. The next theorem summarizes the results of [84] and [79]. 

Theorem 9.2. (1) Every *-variety closed under product is described by its 
finite prefix codes. 

(2) The +-variety of locally testable is described by its finite prefix codes. 
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(3) The *-variety associated with the variety [XWyW = yWXW] is described by 
its finite pTefix codes. 

(4) Let HI, ... ,Hn be varieties of finite groups. Then the *-variety associated 
with the variety A * HI * A ... * Hn * A is described by its finite prefix 
codes. 

In contrast, the varieties of languages corresponding to the varieties R, J, 
DA or BI are not described by their finite prefix codes. Schiitzenberger [148] 
conjectured that the +-variety oflanguages corresponding to LG is described 
by its finite prefix codes. This conjecture is still open. 

Prefix codes were also used to impose a restriction on the star operation. 
Let us say that a set .( of languages of A * is closed under polynomial oper'
ations if it is closed under finite union and product. Then Kleene's theorem 
can be stated as follows: "the rational languages of A * form the smallest set 
of languages of A* closed under polynomial operations and star". Schiitzen
berger has obtained a similar statement for the star-free languages, in which 
the star operation is restricted to a special class of languages. A language L 
of A* is uniformly synchronous if there exists an integer d ~ 0 such that, for 
all x,y E A* and for all u,v E L d , 

xuvy E L * implies xu, vy E L * 

The theorem of Schiitzenberger can now be stated. The paradoxical aspect 
of this theorem is that it gives a characterization of the star-free languages 
that makes use of the star operation! 

Theorem 9.3. [146, 147] The class of star-free languages of A* is the small
est class of languages of A * closed under polynomial operations and star op
eration restricted to uniformly synchronous prefix codes. 

Schiitzenberger also characterized the languages associated with the va
riety of finite monoids Geom [146]. 

Theorem 9.4. Let V be the *-variety of languages associated with Geom. 
For each alphabet A, V(A*) is the least boolean algebra C of languages of A* 
closed under polynomial operations and under the star operation restricted to 
languages of the form pn, where n > 0 and P is a uniformly synchronous 
pTefix code of C. 

Another series of results concern the circular codes. A prefix code P is 
circular if, for every u, v E A +, uv, vu E C+ implies u, v E C+. Circular 
codes are intimately related to locally testable languages [49, 50, 51] 

Theorem 9.5. A finite prefix codell P is circular if and only if p+ is a 
locally testable language. 

11 This is a "light" version of the theorem, which holds for a larger class of (non 
necessarily prefix) codes. 
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Theorem 9.5 leads to the following characterization of the +-variety of 
locally testable languages [99]. 

Theorem 9.6. Let +-variety of locally testable languages is the smallest +
variety containing the finite languages and closed under the operation P -+ 

p+ where P is a finite prefix circular code. 

Similar results hold for pure codes and star-free languages. The definition 
of a pure language was given in section 6.1. 

Theorem 9.7. [133] A finite prefix code P is pure if and only if P* is a 
star-free language. 

Theorem 9.8. [99] Let *-variety of star-free languages is the smallest *
variety containing the finite languages and closed under the operation P -+ P* 
where P is a finite prefix pure code. 

However, Theorems 9.6 and 9.8 are less satisfactory than Theorems 9.3 
and 9.4, because they lead to a description of the languages involving all the 
operations of a *-variety, including complement, left and right quotient and 
inverse morphisms. 

10. Operators on languages and varieties 

In view of Eilenberg's theorem, one may expect some relationship between 
the operators on languages (of combinatorial nature) and the operators on 
semigroups (of algebraic nature). The following table summarizes the results 
of this type related to the concatenation product. 

Closure of V under the operations ... V 

Product and union [XWyxw :::; XW]@V 

Unambiguous product and union [XWyxW = XW]@V 

Left deterministic product and union [XWy = XW]@V 

Right deterministic product and union [yxW = XW]@V 

Product, boolean operations A@V 

Product with p-counters, boolean operations LGp@V 

Product with counters, boolean operations LGsol@V 

Product, product with p-counters, boolean op. LGp@V 

Product, product with counters, boolean op. LGsol@V 

BPol V HI @V (Conjecture) 

Other standard operations on languages have been studied. A *-variety is 
closed under star if, for every alphabet A, L E V(A*) implies L* E V(A*). 
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Theorem 10.1. [94] The only *-variety of languages closed under star is the 
variety of rational languages. 

Similarly, a +-variety is closed under the operation L ---+ L+ if, for every 
alphabet A, L E V(A+) implies L+ E V(A+). 

Theorem 10.2. The only +-varieties of languages closed under the opera
tion L ---+ L + are the variety of languages associated with the trivial variety, 
the variety of finite semigroups and the varieties [xy = x] and [yx = x].12 

A *-variety is closed under shuffle if, for every alphabet A, L 1 , L2 E V(A *) 
implies Ll III L2 E V(A*).The classification of the varieties of languages 
closed under shufHe was initiated in [96] and was recently completed by Esik 
and Simon [54]. If H is a variety of commutative groups, denote by ComH 
the variety of commutative monoids whose groups belong to H. 

Theorem 10.3. The only *-varieties of languages closed under shuffle are 
the variety of rational languages and the varieties of languages associated with 
the varieties of the form ComH, for some variety of commutative groups H. 

The definition of the operator V ---+ PV was given in section 8.1. The 
next theorem shows that length-preserving morphisms or inverse substitu
tions form the corresponding operator on languages [134, 161, 96]. Recall 
that a substitution (J" : A* ---+ B* is a monoid morphism from A* into P(B*). 

Theorem 10.4. Let V be a variety of monoids and let V and W be the 
varieties of languages corresponding Tespectively to V and PV. Then fOT 
eveTY alphabet A, 

(1) W(A*) is the boolean algebra generated by the languages of the form cp(L), 
wher'e cp : B* ---+ A* ,is a length-preseTving mOTphism and L E W(B*) 

(2) W(A*) is the boolean algebra generated by the languages of the fOTm 
(J"-l (L), wheTe (J" : A * ---+ B* is a substitution and L E W( B*). 

Theorem 10.4 motivated the systematic study of the varieties of the form 
PV, At present, this classification is not yet complete, although many results 
are known. Almeida's book [5] gives a complete overview of this topic along 
with the relevant references. 

11. Further topics 

The notion of syntactic semi group and the correspondence between languages 
and sernigroups has been generalized to other algebraic systems. For instance, 
Rhodes and Weil [139] partially extend the algebraic theory presented in this 

12 A language of A+ is recognized by a semi group of [xy = x] (resp. [yx = x]) if 
and only if it is of the form EA" (resp. A* E) where E <:::; A. 
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chapter to torsion semigroups and torsion languages. Reutenauer [136) intro
duces a notion of syntactic algebra for formal power series in non commutative 
variables and proves an analog of the variety theorem. 

Biichi was the first to use finite automata to define sets of infinite words. 
Although this involves a non trivial generalization of the semigroup structure, 
a theory similar to the one for finite words can be developed. In particular, 
a notion of syntactic w-semigroup can be defined and a variety theorem also 
holds in this case. See [13, 93, 198, 199) for more details. 

There are several important topics that could not be covered in this chap
ter. The first one is the algebraic study of varieties. In particular, there is a 
lot of literature on the description of the free profinite semigroups of a given 
variety of finite semigroups, the computation of the identities for the join, 
the semidirect product or the Mal'cev product of two varieties. See the book 
of Almeida [5) for an overview and references. See also the survey articles 
[7, 62) and the thematic issue 39 of Russian Mathematics (Izvestiya VUZ 
Matematika) , (1995), devoted to pseudovarieties. 

The second one is the important connections between varieties and formal 
logic. The main results [42, 87, 185) relate monadic second order to rational 
languages, first order to star-free languages and the En hierarchy of first 
order formulas to the concatenation hierarchies. There are also some results 
about the expressive power of the linear temporal logic [68, 56, 46). See the 
chapter of W. Thomas in this Handbook or the survey articles [107, 109). 

The third one is the connection with boolean circuits initiated by Bar
rington and Therien. The recent book of Straubing [169) is an excellent in
troduction to this field. It contains also several results about the connections 
with formal logic. 

The fourth one is the theory of recognizable and rational sets in arbi
trary monoids. In particular, the following particular cases have been studied 
to some extent: product of free monoids (relations and transductions), free 
groups, free inverse monoids, commutative monoids, partially commutative 
monoids (traces). The survey paper [21) is an excellent reference. 

The fifth one is the star-height problem for rational languages. We refer 
the reader to the survey articles [37, 110) for more details. The star-height 
of a rational expression counts the number of nested uses of the star opera
tion. The star-height of a language is the minimum of the star-heights of the 
rational expressions representing the language. The star-height problem is to 
find an algorithm to compute the star-height. There is a similar problem, 
called the extended star-height problem, if extended rational expressions are 
allowed. Extended rational expressions allow complement in addition to the 
usual operations union, product and star. 

It was shown by Dejean and Schiitzenberger [48) that there exists a lan
guage of star-height n for each n 2 o. It is easy to see that the languages of 
star-height 0 are the finite languages, but the effective characterization of the 
other levels was left open for several years until Hashiguchi first settled the 
problem for star-height 1 [59) and a few years later for the general case [60). 
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The languages of extended star-height 0 are the star-free languages. 
Therefore, there are languages of extended star-height 1, such as (aa)* on 
the alphabet {a}, but, as surprising as it may seem, nobody has been able 
so far to prove the existence of a language of extended star-height greater 
than 1, although the general feeling is that such languages do exist. In the 
opposite direction, our knowledge of the languages proven to be of extended 
star-height::; 1 is rather poor (see [120, 141, 142] for recent advances on this 
topic). 
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Regularity and Finiteness Conditions 

Aldo de Luca and Stefano Varricchio 

The aim of this chapter is to present some recent research work in the combi
natorial aspects of the theory of semigroups which are of great interest both 
for Algebra and Theoretical Computer Science. This research mainly concerns 
that part of combinatorics of finite and infinite words over a finite alphabet, 
which is usually called the theory of "unavoidable" regularities. The book by 
Lothaire [77] can be considered an excellent introduction to this theory. 

The unavoidable regularities of sufficiently large words over a finite alpha
bet are very important in the study of finiteness conditions for semigroups. 
This problem consists in considering conditions which are satisfied by a fi
nite semigroup and are such as to assure that a semigroup satisfying them is 
finite. The most natural requirement is that the semigroup is finitely gener
ated. If one supposes that the semigroup is also periodic the study of finiteness 
conditions for these semigroups (or groups) is called the Burnside problem 
for semigroups (or groups). There exists an important relationship with the 
theory of finite automata because, as is well known, a language L over a fi
nite alphabet is regular {i.e. recognizable by a finite automaton} if and only 
if its syntactic semigroup S(L) is finite. Hence, in principle, any finiteness 
condition for semigroups can be translated into a regularity condition for 
languages. The study of finiteness conditions for periodic languages (i.e. such 
that S(L) is a periodic semigroup) has been called the Burnside problem for 
languages. 

Several finiteness conditions for finitely generated semigroups have been 
given in recent years based on different concepts such as: permutation proper
ties, iteration conditions, minimal conditions on ideals, repetitive morphisms, 
etc. 

These conditions are analyzed in some detail in Section 2. They are based, 
as we said before, on the existence of some different unavoidable regularities 
on very large words over a finite alphabet. As we shall see the permutation 
conditions are related to the Shirsov theorem and the iteration conditions to 
bi-ideal factorizations. A very recent result shows that these two regularities 
"appear" simultaneously in a suitable way in very large words. This fact gives 
rise to a new finiteness condition in which the elements of the semi groups can 
be either permutable or iterable. 

We present also finiteness conditions for semigroups based on chain condi
'tions. In particular, we consider some remarkable generalizations of a theorem 
of Hotzel and of a theorem of Coudrain and Schiitzenberger. From these one 
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derives an extension of the theorem of Green and Rees relating the bounded 
Burnside problem for semigroups with the Burnside problem for groups, and 
a new simple proof of the theorem of McNaughton and Zalcstein which gives 
a positive answer to the Burnside problem in the case of n x n matrices 
with elements in a field. The proof of these results requires also some struc
ture theorems on semi groups based on the Green relations, as the .J-depth 
decomposition theorem, which are given in Section 2. 

Section 3 concerns the following general problem: Given a semigroup S, 
under which conditions can we say that the finite parts of S are recognizable 
sets? This is also equivalent to the following problem: Let e be a congruence 
in a finitely generated free semigroup A +; when are the congruence classes of 
() in A+ regular languages? A semigroup whose finite parts are recognizable 
is called finitely recognizable. Some general results on this problem relating it 
to the .J-depth decomposition of S are shown. In particular we refer to the 
case when the semigroup S is the quotient semigroup Mn = A* /()n, where 
()n is the congruence generated by the relation xn = xn+1. The problem of 
the regularity of the congruence classes (non-counting classes) was posed for 
any n > 0 by Brzozowsky about 25 years ago. The authors have proved that 
this problem has a positive answer for n > 4. In the proof the finiteness 
condition for semigroups due to Hotzel and introduced in Section 2 has been 
used. The proof of this result allows one to show also that the word problem 
for the semigroup Mn when n > 4 is recursively solvable. This result was 
subsequently improved by other authors for the case n > 2 and extended to 
more general cases. 

Section 4 deals with the Burnside problem for languages. From the finite
ness conditions for semigroups one can easily find some uniform conditions 
which assure the regularity of a periodic language. However, the Burnside 
problem for languages is more complicated since the regularity conditions 
can be presented in a non-uniform way, i.e. they, in general, depend on the 
contexts which complete the words in the language. The use of Ramsey's 
theorem is often a good tool to transform non-uniform conditions in uniform 
ones. Some important regularity conditions such as the block-pumping prop
erty of Ehrenfeucht, Parikh and Rozenberg and the permutat'tve property of 
Restivo and Reutenauer are proved. Moreover, the existence of a non-uniform 
and positive block pumping property is shown. 

In Section 5 we present some further combinatorial aspects of semigroups 
related to the notion of well quasi-order which gives a new insight into the 
combinatorics of the free monoids. Some regularity conditions based on well 
quasi-orders extend classical theorems of Automata Theory, such as the My
hill theorem. For instance one has that a language is regular if and only if it 
't8 a closed part of a monotone well quasi-order. Some applications of these 
notions and techniques for the regularity conditions are given. 

In conclusion, this chapter, which outlines in its structure a wide mono
graph in preparation on the subject, aims to be a presentation of a very recent 
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research work on those combinatorial aspects of the theory of semigroups, as 
unavoidable regularities, which are intimately related to the fundamental 
property of finite automata, namely finiteness. This relation with automata 
gives rise to regularity conditions for formal languages. Of course there exist 
many other regularity conditions, based on different techniques and concepts, 
which are not covered by this chapter (see, for instance, [56],[10],[44],[23]). 

1. Combinatorics on words 

This section deals with some properties, known as unavoidable regularities, 
which are always satisfied by sufficiently long words over a finite alphabet. 
The study of these regularities, as we shall see in the next sections, is of 
great interest in combinatorics on words both for the importance of the sub
ject itself and for the applications in many areas of algebra and theoretical 
computer science. 

In the following A will denote a finite alphabet, i.e. a finite nonempty 
set whose elements are called letters. By A+ we denote the set of all finite 
sequences of letters, or finite words. A finite word, or simply word, w can be 
uniquely represented by a juxtaposition of its letters: 

with ai E A, 1 ~ i ~ n. The length Iwl of w is n, i.e. the number of letters 
occurring in w. The set A + of all the words over A is the free semigroup on A, 
where the semigroup operation, called product, is defined by concatenation 
or juxtaposition of the words. If one adds to A + the identity element E, called 
empty word, one obtains the free monoid A* over A. The length of E is taken 
to be equal to O. For each n ~ 0 we denote by An the set of all the words of 
length n. Moreover, A [n] will be the set of all the words of length ~ n. 

A word u is a factor, or subword, of w if there exist words p, q E A * such 
that w = puq. If p (resp. q) is equal to E, then u is called prefix (resp. suffix) 
of w. For any pair (i,j) of integers such that 1 ~ i ~ j ~ n we denote by 
w[i,j] the factor w[i,j] = ai ... aj. A language L over the alphabet A is any 
subset of A *. In the following Z will denote the set of the integers and N 
(resp. N+) the set of non-negative (resp. positive) integers. For notations and 
definitions not given in this chapter the reader is referred to [75] for what 
concerns semigroups and to [45] for automata and languages. 

1.1 Infinite words and unavoidable regularities 

A two-sided infinite (or bi-infinite) word w over the alphabet A is any map 

w: Z --+ A. 
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For each nEZ, we set wn = W( n) and denote W also as: 

A word u E A + is a finite factor of w if there exist integers i, j E Z, i :S j, 
such that u = Wi ..• Wj; the sequence w[i, j] = Wi ... Wj is also called an 
occurr·ence of u in w. The set of all two-sided infinite words over A will be 
denoted by A ±w . 

A one-sided (from left to right) infinite word over A is any map 

W: N+ --t A. 

For each n > 0 the factor w[l, n] = WI ... Wn of length n is called the prefix 
of W of length n and will be simply denoted by w[n]. The set of all infinite 
words W : N+ --t A will be denoted by AW. For any finite or infinite word 
w, F(w) will denote the set of all its finite factors and alph(w) the set of all 
letters of the alphabet A occurring in w. For any language L one denotes by 
F( L) the set of the factors of all the words of L. A language L is closed by 
factors if L = F(L). 

If w E A±w one can associate to it the one-sided infinite word w+ E AW 
defined for all n > 0 as w+ (n) = w( n); trivially, one has that F( w+) ~ F( w). 

The following lemma is a slight generalization of the famous Konig's 
lemma for infinite trees. It can be proved by a standard technique based 
essentially on the "Pigeon-Hole principle": 

Lemma 1.1. Let L ~ A * be an infinite language. Then there exists an infi
nite word s E A±w such that F(s) ~ F(L). 

Proof. For any word w E A+ we set rw = [lwl/2]. Since L is an infinite 
language then from the "pigeon-hole" principle there will exist infinitely many 
words w of L having the same letter, say ao at the position rw. Let us denote 
by Ll this infinite subset. By using the same principle there will exist an 
infinite subset L2 of Ll whose words ware such that: 

for a suitable letter al E A. By using again the same argument there will 
exist a letter a-I and an infinite subset L3 of L2 such that that all the words 
of L3 satisfy the condition 

w[rw -1,rw + 1] = a-laOal. 

Continuing in this way one can construct the two-sided infinite word 

which is such that any of its factors is a factor of infinitely many words of L. 
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Now we introduce the notion of unavoidable regularity. Informally a prop
erty P is unavoidable if it is not possible to construct arbitrarily long words 
not satisfying P. 

Definition 1.1. Let P be a property defined in the free monoid A*. P is 
called an unavoidable regularity if the set L = {x E A * I x does not satisfy 
P} is finite. We say that P is an ideal property if P(x) implies P(lxm) for 
any l, mEA *. P is called avoidable if it is not unavoidable, i. e. there exist 
infinitely many words which do not satisfy P. 

Example 1.1. We consider the property P in A * defined as follows: x satisfies 
P if and only if x = luum, with l, mEA *, u E A +. P is trivially an ideal 
property. If A has only two letters then it is easy to see that any word whose 
length is greater than or equal to four contains a square, so in this case P is 
unavoidable. If A has three letters then the property P is avoidable. Indeed, 
as proved by A. Thue [102], there exist infinitely many square-free words in 
a three letter alphabet (cf.[77]). 

Proposition 1.1. Let P be an ideal property. The following statements are 
equivalent: 

i. There exists w E A ±w such that no factor of w satisfies P. 
ii. P is avoidable. 

Proof. Clearly i. implies ii .. Conversely, if P is avoidable then L = {x E A* I 
x does not satisfy P} is infinite. By Lemma 1.1 there exists an infinite word 
w E A±w such that F(w) ~ F(L). Since P is an ideal property, it follows 
that L is closed by factors. Then one has L = F(L) and F(w) ~ L. 

1.2 The Ramsey theorem 

One of the most important results in combinatorics is the well known Ramsey 
theorem. There are several formulations and proofs of this theorem and many 
questions and open problems are related to it (cf. [49]). In our context we are 
only interested in its different applications in combinatorics on words. Let E 
be a finite set and Pm(E) the set of all subsets of E having cardinality m. In 
the sequel we will use the following version of the Ramsey theorem (cf. [49]): 

Theorem 1.1. Let m, n, k be positive integers, with m :::; n. There exists an 
integer R(m, n, k) such that for any finite set E with card(E) ~ R(m, n, k) 
and for any partition () of Pm(E) in k classes there exists F ~ E such that 
card(F) = nand P",,(F) is contained a single class module (). 

Definition 1.2. Let A* be a free monoid, S a set and k an integer greater 
than 1. A map ¢ : A* -+ S is called k-repetitive (resp. k-ramseyan) if there 
exists a positive integer L, depending on ¢ and k, such that any word w, with 
Iwl ~ L, may be written as 
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with Wi E A+, 1:5 i:5 k, u,v E A* and 

(resp. 4>(Wi",Wj) = 4>(Wil ... Wj'), 1:5 i:5 j:5 k, 1:5 i':5 j':5 k). 
Moreover, if IWll = IW21 = ... = IWkl. then 4> is called k-uniformly repetitive. 
One says that 4> is repetitive (resp. uniformly repetitive, resp. ramseyan) if 4> 
is k-repetitive (resp. k-uniformly repetitive, resp. k-ramseyan) for all k > 1. 

Trivially any ramseyan map is repetitive, but the converse is not true in 
general. Moreover it is easy to show that any map from A * in a finite set is 
repetitive; however, the following stronger result holds: 

Theorem 1.2. Let A* be a free monoid and S a finite set. Then any map 
4> : A * -+ S is ramseyan. 

Proof. Let k be a positive integer. Let n = card(S) and S = {I, 2, ... , n}. 
We set L = R(2, k + 1, n), where R is the Ramsey function. Let W E A*, 
Iwi = Land E = {I, ... , L + I}. The set P2 (E) can be partitioned in the n 
classes (h, (h, ... , On, where for any I E {I, ... , n}, 01 is defined by 

{i,j} E 01 {:} 4>(w[i,j -1]) = l, 

for 1 :5 i < j :5 L + 1. By the Ramsey theorem, there exists a subset 
Y = {il ,i2, ... ,ik+1} of E with i l < i2 < '" < ik+b and an integer s E 
{l,2, ... ,n} such that P2 (Y) is contained in Os. Then for any i,j,i',j' E 
{il , i2, ... , ik+d, with i < j and i' < j', one has 4>(w[i,j -1]) = 4>( w[i', j'-I]) 
= s. Thus if we set 

Wj = w[ij, ij+l - 1], 

the word Wl W2 ... Wk is a factor of w, such that 4>(Wi ... Wj) = 4>(Wil ... Wj/), 
for 1 :5 i :5 j :5 k, 1 :5 i' :5 j' :5 k. 

Definition 1.3. Let (Wb"" wm ) be a sequence of words. We say that 
(Ul, ... , un) is a derived sequence of (Wl, ... , Wm ) if there exist n + 1 integers 
jl,j2,'" ,jn+1 such that 1 :5 jl < j2 < ... < jn+1 :5 m + 1, and 

From the preceding definition one has that the word W = Wl ... Wm can 
be rewritten as W = XUl ... UnY with x = Wl" ,Wjl-l and Y = Wjn+l" 'Wm' 
The following lemma, which will be useful in the sequel, is another application 
of the Ramsey theorem. 
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Lemma 1.2. Let < be a total ordering on the free monoid A *. For any 
integer n > 1 there exists a positive integer r( n) with the property that if 
(Wl, ... ,Wh) is a sequence of h words, with h ~ r(n), then there exists a 
derived sequence (Ul, ... , un) of (WI, ... , Wh) such that either 

i. 'Vj E [1,n -1], UjUj+1 < Uj+1Uj, or 
ii. 'Vj E [1,n -1], UjUj+1 > Uj+1Uj, or 
iii. 'Vj E [1,n -1], UjUj+1 = Uj+lUj. 

1.3 The van der Waerden theorem 

The following theorem was proved by B. L. van der Waerden in 1927. 

Theorem 1.3. For all positive integers k, n there exists an integer W(k, n) > 
o such that if the set {I, ... , W(k, n)} is partitioned in k classes, then there 
exists a class containing an arithmetic progression of length n. 

In other words the theorem shows the existence of the following "un
avoidable regularity": all sufficiently long sequences of elements belonging 
to a finite set contain arbitrarily long subsequences of identical elements in 
arithmetic progressions. There exist several and conceptually different proofs 
of van der Waerden's theorem (cf. [49],[77]). An historical account in which 
van der Waerden describes the circumstances of the theorem's discovery is in 
[104]. 

The van der Waerden theorem can be reformulated in terms of words 
as follows: Let W = al a2 ... an E A *; a cadence of W is a sequence T = 
{t l , t 2, ... , tr } of positive integers such that 0 < tl < t2'" < tr :::; nand 
atl = at2 . .. = atr • The number r is called the order of the cadence. The 
cadence T is called arithmetic if there exists a positive integer q, called rate, 
such that, for any i E {1, ... ,r -I}, one has ti+l = ti + q. 

Proposition 1.2. Let A be an alphabet with k letters. For any positive in
teger n, there exists an integer W(k, n) > 0, such that any word w E A* of 
length at least W(k,n) contains an arithmetic cadence of order n. 

The evaluation ofthe van der Waerden function W, as well as the Ramsey 
function, has proved to be extremely difficult. The only non trivial exact 
valuesofW(k,n) are: W(2,3) = 9, W(2,4) = 35, W(3,3) = 27, W(4,3) = 76, 
W(2,5) = 178. Let us fix k = 2 and consider the function W(n) = W(2, n). 
There are upper bounds to W(n) which are not "reasonable", in the sense 
that they are expressed by functions which are not even primitive recursive 
[49]. 

Now we consider two interesting corollaries (cf.[77]) of van der Waerden's 
theorem. Let N+ be the additive semigroup of positive integers. 

Theorem 1.4. Let A be a finite alphabet. Then any morphism 4>: A+ - N+· 
is repetitive. 
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Proof. Let us consider a new alphabet B = {bl, b2 , •.• b7n }, where m = 
max{I¢(a)1 a E A}, and a morphism 'lj; : A+ - B+ defined for all a E A 
as 'lj;(a) = blbl- l ... bl where ¢(a) = l. Let k ~ 1 and W E A+j by van 
der Waerden's theorem there exists an integer n such that if W E A+ and 
I'lj;(w) I ~ n, then 'lj;(w) contains an arithmetic cadence {tl,t2, ... ,tk+d of 
rate q. Moreover, let bp be the letter of B that occurs in such a cadence. 

For any i E [1, k + 1] let us denote by Ui the shortest prefix of w such that 
1'lj;(Ui) I ~ ti· Clearly one has that 1'lj;(Ui) I = ¢(Ui) = ti + p - 1. We can then 
factorize w as Ul WI W2 ... Wk, where Wi is the word such that Ui+l = UiWi. 
Then one has 

¢(Wi) = ¢(ui+d - ¢(Ui) = ti+1 + P - 1- (ti + p - 1) = q, 

which implies ¢(wd = ¢(W2) = ... = ¢(Wk). 

By using the van der Waerden theorem one can prove the following re
markable result: 

Theorem 1.5. Let S be a finite semigroup. Then any morphism ¢: A+ _ S 
is uniformly repetitive. 

1.4 The Shirshov theorem 

Recently many authors have rediscovered a combinatorial theorem of A. 1. 
Shirshov [96],[97], which has, as we shall see in the next section, interesting 
applications for the Burnside problem and related questions. Originally this 
theorem was used for proving some properties of the algebras with polynomial 
identities (cf. [77], [94]). 

Let A be a totally ordered alphabet. One can extend this order to A * by 
the lexicographic order <lex, or simply <, defined as: for all u, v E A * 

U < v {=:::} v E uA* or U = hx~, v = hy"l, h,~,"1 E A*, x,y E A and x < y. 

For any n > 0, Sn denotes the group (symmetric group) of all the permuta
tions on the set {I, ... , n}. 

Definition 1.4. A sequence (Ul' U2, ... , un) of n words of A + is called an 
n-division (inverse n-division) of the word U = Ul U2 ... Un if for any non
trivial permutation u of Sn one has Ul U2 ... Un > Uu(1)Uu(2) ... uu(n) (resp. 
'UlU2 ... Un < Uu(1)Uu(2) ",uu(n»)' A word U is called n-divided (inversely 
n-divided) if U admits a factorization U = Ul U2 ... Un, with Ui E A + (i = 
1, ... , n) where (Ul' U2, ... , un) is an n-division (resp. inverse n-division) of 
u. 

Example 1.2. Let A = {a, b} be a two-letter alphabet ordered by setting 
a < b. The word W = ababbaba is 3-divided by the sequence (ababb, ab, a) 
and inversely 3-divided by (a, ba, bbaba). Moreover, one can easily verify 
that (ababb, ab, a) is the only 3-division of wand that W does not admits 
4-divisions. 
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Definition 1.5. A word w E A* is an n-power, n > 0, if w = un with 
u E A*. A word wE A+ is n-power-free (n > 1) if F(w) does not contain an 
n-power of a nonempty word. 

Theorem 1.6. Let A be a totally ordered alphabet with k elements, and p, n 
be integers ~ 1. There exists a positive integer N (k, p, n) such that any word 
wE A* of length at least N(k,p,n), contains as a factor an n-divided word 
or a p-power of a non-empty word. 

Two proofs, which are different from the original one, will be given later 
as a consequence of much stronger results (cf. Corollary 1.1, Theorem 1.8). 
We premise some definitions. 

Two words f, g E A * are conjugate if there exist words u, v E A * such 
that f = uv, g = vu. The conjugation relation is an equivalence relation in 
A*. A word w is called primitive if the conjugation class of w contains Iwl 
elements. One can easily prove that this is also equivalent to the statement 
that w =1= uh for any h > 1 and u =1= E. A word w E A + is called a Lyndon 
word if it is primitive and minimal with respect to the lexicographic ordering 
in the class of its conjugates (cf. [77]). 

Definition 1.6. Let s E AW be an infinite word. We say that s is ultimately 
periodic if 8 = uvw , where u E A *, v E A +, and VW i8 the infinite word 
VW = vvvv . .. v . ... We say that 8 is w-divided if 8 can be factorized a8 8 = 
81 ... 8 n ... , with 8i E A+, i > 0, and for any k > 0, (8l, ... ,8k) i8 a k
division. 

The following theorem generalizes a result of C. Reutenauer (cf. [93)). For 
the proof see [106]. 

Theorem 1.7. For any t E AW there exists 8 E AW such that 

i. F(8) ~ F(t), 
ii. 8 = it ... In . .. where for any i ~ 1, li is a Lyndon word and li ~ li+1. 

Corollary 1.1. For any t E AW there exists 8 E AW such that 

i. F(8) ~ F(t), 
ii. 8 is ultimately periodic or 8 i8 w-divided. 

Proof. By Theorem 1.7 there exists 8 E AW such that F(8) ~ F(t) and 
8 = hl2 ... In ... where li is a Lyndon word and li ~ lH1 for any i ~ 1. Now 
either 

(a) there exists k >0 such that lj = lk for any j ~ k, in such a case 8 is 
ultimately periodic, 
or 

(b) one can write 8 = IT'l'r .. . l~n ... , where l~ is a Lyndon word and 
l~ > l~+1 for any i ~ 1. As proven in [93], for any n > ° the sequence 
(IT' , l'r , ... , l~n) is an n-division so that, by definition, 8 is w-divided. 
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Proof of Theorem 1.6. We suppose by contradiction that for some integers 
k, n, p ~ 1, there are arbitrarily large words in A *, with card(A) = k, con
taining, as a factor, neither a p-power of a nonempty word nor an n-divided 
word. We denote by L the infinite language of these words. By Lemma 1.1 
there exists an infinite word m E AW such that F(m) ~ F(L). By Corollary 
1.1 there exists s E AW such that F(s) ~ F(m) ~ F(L) and s is ultimately 
periodic or w-divided. If s is w-divided, then F( s) contains an n-divided word. 
If s is ultimately periodic, then F( s) contains a p-power of a non-empty word. 
In any case we have a contradiction, since no factor of any word of L is of 
this kind. 

Corollary 1.2. Let A be a totally ordered alphabet with k elements, and p, n 
be integers ~ 1, with p ~ 2n. There exists a positive integer N (k, p, n) such 
that any word in A* of length at least N(k,p, n), contains as a factor an 
n-divided word or a p-power of a non-empty word v with Ivl < n. 

Proof. We take the integer N = N(k,p, n) which satisfies Theorem 1.6. Let 
w be a word of length at least N and suppose that w does not contain as a 
factor an n-divided word. By Theorem 1.6, w contains a factor of the kind 
u = vP , with v E A+. We may assume that v is primitive. The statement is 
proved if we show that Ivl < n. Suppose by contradiction that Ivl ~ n. Since 
v is primitive, there are n distinct conjugates of v. Let VI > V2 > ... > Vn 

be n distinct conjugates of v. It is evident that for any i E {I, 2, ... , n} Vi is 
a factor of v 2. Since p ~ 2n, u contains as a factor the word (vv)n and so u 
contains as a factor a word of the kind 

Let u E Sn be a non-trivial permutation, and i > 0 the first integer such that 
i:f. u(i). Since u(i) > i one has Vi > Vu(i) so that: (Vu(I)Zu(I)) ... (vu(n)Zu(n)) 

= (VIZI) ... (Vi-IZi-d(vu(i)Zu(i)) ... (vu(n)Zu(n)) < (vIzd··· (vnzn ). 

Thus f is n-divided and this contradicts the fact that F( w) does not 
contain any n-divided word. 

1.5 Uniformly recurrent words 

In this subsection we introduce the notion of uniformly recurrent words. 
These words are very important, since, as we shall see later, they present 
many interesting unavoidable regularities. 

Definition 1.7. An infinite word w E A±w (resp. w E AW) is recurrent if 
any factor u E F(w) will occur infinitely often in w, i.e. there exist infinitely 
many pairs of integers (i,j) with i ~ j and such that u = w[i,j]. An infinite 
word w E A±w (resp. w E AW) is uniformly recurrent if there exists a map 
k : F(w) -7 N, such that: for any U,V E F(w), with Ivi ~ k(u), one has 
u E F(v). 
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It is clear that if W E A±w is uniformly recurrent, then W+ E AW will be 
so. For any uniformly recurrent word W we denote by K w , or simply by K, 
the map K : N -+ N, defined for all n E N as: 

K(n) = max{k(w) I wE F(w) nAn}. 

If V E F(w) and Ivl > K(n), then 

F(w) n An ~ F(v). 

The function K will be called the recurrence function of w. 
For any infinite or bi-infinite word t, we define for all u E F(t) the quantity 

k(t,u) = Sup {I w I I w E F(t) and u tJ. F(w)}. 

One has, of course, that t is uniformly recurrent if and only if k(t, u) < 00 

for each u E F(t). 
The next lemma shows that for any infinite language L there exists an 

infinite uniformly recurrent word whose factors are factors of the words of 
L. This result can be derived by arguments of symbolic-dynamics [47]. We 
report here a proof based on a simple combinatorial argument [66]. 

Lemma 1.3. Let L ~ A* be an infinite language. There exists an infinite 
word x E A ±w such that: 

i. x is uniformly recurrent, 
ii. F(x) ~ F(L). 

Proof. In view of Lemma 1.1 it is sufficient to prove that if s E AW then 
there exists a uniformly recurrent word x E A±w such that F(x) ~ F(s). 
Let s E AW be an infinite word and let WI, W2, .•. , W n , ... be an arbitrary 
enumeration of the factors of s. We define an infinite sequence {tn}n;::O of 
infinite words as follows: to = Sj for every i > 0 we consider the set Ei = 
{v E F(ti-I)I Wi tJ. F(v)}. One has, of course that Ei is a finite set if and 
only if k(ti-I, Wi) < 00. We then pose ti = ti-I if Ei is a finite set. If Ei 
is infinite by Lemma 1.1 there exists an infinite word, that we take as ti, 
such that F(ti) ~ Ei . Let us observe that in the latter case Wi tJ. F(ti). 
Moreover in any case F(ti) ~ F(ti-d. Hence if Wr E F{tj) and j ~ r then 
one derives that Wr E F(tr), tr = tr- b and k(tr-I,Wr) < 00. Further, since 
F{tj) ~ F{tr ) it follows that k(tj,wr):5 k(tr-I,Wr) < 00. Let us now choose 
in each ti, i ~ 0, a factor Ui of length IUil = i. Let us denote by U the set 
U = {uih;::o. By using again Lemma 1.1 one has that there exists an infinite 
word x E A±w such that any factor of x is a factor of infinitely many words 
of U. This implies, of course, F{x) ~ F{s). Suppose now that w E F(x). One 
has w = Wr for a suitable r > O. Since there are infinitely many j ~ r such 
that W = Wr E F(tj) ~ F(tr), it follows that k{tj,w) :5 k{tr-bW) < 00. 

Thus k{x,w) < 00 since by construction F(x) ~ F{tj). Hence x is uniformly 
recurrent. 
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Many classical results on unavoidable regularities in words, are an easy 
consequence of the previous one. 

Corollary 1.3. Let J be a two-sided ideal of A *. If for any uniformly recur
rent wE AW, F(w) n J =1= 0 then there exists an n > 0 such that An A* ~ J. 

Proof. Suppose that there exist infinitely many words which belong to the 
set C = A*\J. Since C is closed by factors then by Lemma 1.3 there exists 
t E A±w such that F(t) ~ C. By Lemma 1.3 there exists a uniformly recurrent 
word w E A±w such that F(w) ~ F(t) ~ C. Hence F(w+) ~ C which is a 
contradiction since W+ E AW is uniformly recurrent. 

The following result due to T. C. Brown [12] is reminiscent of van der 
Waerden's theorem. The proof is a trivial consequence of Lemma 1.3. 

Corollary 1.4. (Brown's Lemma) Let t E AW be an infinite word on the 
alphabet A. Then there exists an infinite word x E AW such that F(x) ~ F(t) 
and for any a E alph(x) there exists ka > 0 with the property that any factor 
of x of length at least ka contains the letter a. 

Definition 1.8. A finite sequence iI, ... , fn of words of A* is called a bi
ideal sequence of order n if iI E A+, and for any i E [I, n - 1] one has: 
fi+l = fi9di' with 9i E A*. If for all i E [I, n - 1], gi =1= E, then the bi-ideal 
sequence is called a strict bi-ideal sequence. An infinite sequence {fn}n>o of 
words is a bi-ideal (infinite) sequence if for all i > 0, fi+l E JiA* k 

Bi-ideal sequences have been considered, with different names, by several 
authors in algebra and combinatorics (cf., for instance, [17],[61],[4],[108]). The 
term bi-ideal sequence is due to M. Coudrain and M. P. Schiitzenberger [17]. 
The following corollary shows that bi-ideal sequences are regularities which 
occur in sufficiently large words. 

Corollary 1.5. (Coudrain and Schiitzenberger) Let A be a finite alphabet 
with k elements. For any n > 0, there exists a positive integer D(k,n), such 
that any word of A* of length at least D(k, n) contains as a factor the n-th 
term of a bi-ideal sequence of order n. 

Pmof. Suppose by contradiction that for some integers k, n such an integer 
D(k, n) does not exists. Then there exist an alphabet A with k letters and 
an infinite word m E AW such that no factor of m is the n-th term of a bi
ideal sequence of order n (cf. Proposition 1.1). By Lemma 1.3 there exists a 
uniformly recurrent word t E AW such that F(t) ~ F(m). Now, by induction 
on n, we prove that t contains, as a factor, the n-th term of a bi-ideal sequence 
of order n. For n = 1 the statement is trivial. Let n > 1 and suppose that 
fn-l E F(t) is the (n-1)-th term of a bi-ideal sequence. Since m is recurrent, 
.there exists g E A* such that fn = fn-lgfn-l E F(t) ~ F(m). Thus m 
contains the factor fn which is the n-th term of a bi-ideal sequence and this 
is a contradiction. 
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1.6 Some extensions of the Shirshov theorem 

In this subsection we prove the existence of some unavoidable regularities 
which appear in uniformly recurrent words. These regularities include, as 
particular cases, the bi-ideal sequences of Coudrain and Schiitzenberger, and 
the n-divided words considered by Shirshov. To this end we need some pre
liminary definitions and notations. We introduce now some canonical fac
torizations associated with a hi-ideal sequence. Let {fih=I, ... ,n he a hi-ideal 
sequence of order n. We set Wn = II and 

Wn-i = figi, i E [1, n - 1]. 

From Definition 1.8 for all i E [1, n - 1], fi+1 = ligdi = Wn-ili, so that, by 
iteration, one has for all i E [O,n - 1]: 

(1.1) 

Moreover, since Wi = In-ign-i, i E [1, n - 1], from Eq.(1.1) one has 

(1.2) 

From Eq.(1.1), In = WIW2 ... Wn· The n-tuple (WI,W2,'" ,wn ) is called the 
canonical factorization of In. Qne can also introduce the inverse canonical 
factorization by setting WI = II and 

W~+1=gili, iE[1,n-1]. 

Qne easily derives that for all i E [1, n] 

W~ ... w~ = Ii, (1.3) 

where for any i E [1, n - 1] 

(1.4) 

From Eq.(1.3) In = WI'" w~. The n-tuple (w1, ... , w~) is called the inverse 
canonical factoTization of fn. 

Conversely, one easily verifies that if (WI, W2, ... , Wn ) is an n-tuple of 
words such that Wn :j:. E (resp. WI :j:. E) and for any i E [1, n - 1], 
Wi E Wi+I ... wnA* (resp. Wi+1 E A*WI ... Wi) then the sequence of words 
Ii = Wn--i+1 ... Wn (resp. Ii = WI ... Wi)' 1 ::; i ::; n, is a hi-ideal sequence 
of order n whose canonical (resp. inverse canonical) factorization is exactly 
(WI, W2,"" wn )· 

From now OIl we shall suppose that the alphahet A, even though not 
explicitly stated, is totally ordered. By < we denote as usual the lexicographic 
ordering induced in A *. The following proposition was proved in [31]: 
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Proposition 1.3. Let (Wl, ... , wn ) and (wi, ... , w~) be the canonical fac
torizations of the n-th term of a bi-ideal sequence. The sequence (Wl, ... , wn ) 
is an n-division (resp. inverse n-division) if and only if for all i E [1, n - 1], 
Wi+1Wi < WiWi+l (resp. Wi+lWi > WiWi+1). Moreover, (Wb ... ,wn) is an 
n-division (resp. inverse n-division) if and only if (wi, ... , w~) is an inverse 
n-division (resp. n-division). 

Let (Wl, ... , wm ) be the canonical factorization of a bi-ideal sequence of 
order m and (Ul, ... , un) be a derived sequence of (Wb ... , wm ). As one easily 
verifies, for any i E [1, n - 1], Ui E Ui+1 ... UnA * so that the derived sequence 
(Ul, ... , un) is the canonical factorization of a bi-ideal sequence of order n. 
In the same way one can verify that a derived sequence (Ul, ... , Un) of the 
inverse canonical factorization (wi, ... , W:,.) of a bi-ideal sequence of order m 
is the inverse canonical factorization of a bi-ideal sequence of order n. 

Proposition 1.4. For any integer n > 1 there exists an integer r(n) with 
the property that if (Wl, ... , Wh) is a bi-ideal sequence of order h ~ r( n), then 
there exists a derived sequence (Ul, ... ,Un ) of(wl, ... ,wh) such that either 

i. (Ul, ... , un) is an n-division or 
ii. (Ul, ... , un) is an inverse n-division or 
iii. Vj E [1,n -1], UjUj+1 = Uj+lUj. 

Proof. By Lemma 1.2 there exists an integer r(n) with the property that if 
(Wl, ... ,Wh) is the canonical factorization of a bi-ideal sequence of order h, 
h ~ r(n), then there exists a derived sequence (Ul, ... ,un) of (Wb ... ,Wh) 
such that either 

i. Vj E [1, n - 1], UjUj+1 < Uj+1 Uj, or 
ii. Vj E [1,n -1], UjUj+l > Uj+1Uj, or 
iii. Vj E [1,n -1], UjUj+1 = Uj+1Uj. 

Now if UjUj+l > Uj+1 Uj (resp. UjUj+1 < Uj+1 Uj) for all j E [1, n - 1], 
by Proposition 1.3, the derived sequence (Ul, ... ,un) is an n-division (resp. 
inverse n-division), otherwise for any j E [1,n -1], UjUj+1 = Uj+1Uj. 

Definition 1.9. An infinite word W E A±w (resp. W E AW) is called w
power-free if for any U E F(w), U =f E, there exists an integer Pw(u), or 
simply p(u), such that up(u) f/. F(w). We shall take as p(u) the minimal 
integer for which the above condition is satisfied. Moreover for any n > 0 we 
set Pw(n) = max{p(u) I U E F(w) and 0 < lui:::; n}. Ifp(u) = p for any non
empty word U E F(w), then W is called p-power-free. The map Pw : N+ -+ N, 
that we simply denote by P, will be called the power-free function of w. 

Example 1.3. Let us recall the following important examples of p-power-free 
infinite words. Let A = {a, b} be a two-symbol alphabet and f the infinite 
word, called the Fibonacci word, 
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f = abaababaabaababaababa ... ; 

f is defined as the limit (cf. [77]) of the infinite sequence {fn}n20 of words, 
where fo = a, h = ab and fn+! = fnfn-l> for all n > 0; f can be introduced 
also as the limit sequence obtained by iterating, starting from the letter a, 
the morphism ¢ : A * --+ A *, defined as: ¢( a) = ab, ¢(b) = a. One has, 
in fact, ¢(a) = ab, ¢(2J(a) = aba, ¢(3J(a) = abaab, etc. and ¢(n+!J(a) = 
¢(nJ(a)¢(n-IJ(a), for all n > 1. The word f has squares and cubes. However, 
it is possible to show [71] that it is 4-power-free. Another very famous infinite 
word is the Thue-Morse word t on two symbols 

t = abbabaabbaababba ... ; 

t can be introduced by iterating, starting from the letter a, the morphism 
T : A* --+ A*, defined as T(a) = ab, T(b) = ba. A classical result of Thue 
(cf.[77]) has shown that t is overlap-free and then cube-free. Let B = AU{c}. 
The Thue-Morse word m on three symbols 

m = abcacbabcbacabcacb ... 

can be introduced by iterating, starting from the letter a, the morphism 
/-L : B* --+ B*, defined as: /-L(a) = abc, /-L(b) = ac, /-L(c) = b. It is well known 
that m is square-free. One can also prove that the words f, t and mare 
uniformly recurrent. 

Let x E AW be a uniformly recurrent and w-power free word and K and P 
be the recurrence and the power-free functions of x. Let us define the function 
q : N --+ N recursively as follows: q(O) = 0, q(l) = 1 and for any m > 1, 

q(m) = 2max{ q(m - l)p(q(m - 1)), K(q(m - I))} + q(m - 1). (1.5) 

The following lemma, whose proof we omit, holds [31]: 

Lemma 1.4. Let x E AW be a uniformly recurrent and w-power' free word 
and q : N --+ N the map defined by Eq.{1.5}. For every pair of integers m and 
i such that i > q(m), xli] has as a suffix the m-th term of a bi-ideal sequence 
{f;}i=I, ... ,m, where h = Xi and Ifil ~ q(i), for i = 1, ... , m. Moreover if 
(WI, ... ,wm ) is the canonical factorization of fm' then for any i, j, k such that 
1 ~ i < j < k ~ m, one has: Wi··· Wj_IWj ... Wk-I i=- Wj ... Wk-IWi ... Wj-I. 

Combining Proposition 1.4 and Lemma 1.4 one obtains the following: 

Corollary 1.6. Let x E AW be a uniformly recurrent and w-power free word. 
There exists a map h : N --+ N such that for every pair of integers nand i 
such that i > h( n), xli] has as a suffix the m-th term of a bi-ideal sequence 
{fih=I, ... ,m. of order m, m ~ n, such that its canonical factorization has a 
derived sequence which is either n-divided or inversely n-divided. 
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Proof. Let us define hen) = q(r(n)), where r : N ---+ N, and q : N ---+ N are 
the functions of Proposition 1.4 and Lemma 1.4, respectively. Let n ~ 1 and 
m = r(n). By Lemma 1.4, if i ~ q(r(n)), then xli] has a suffix fm which is 
the m-term of a bi-ideal sequence of order m. Moreover if (WI, ... , w m ) is the 
canonical factorization of fm, then for any i, j, k such that 1 ::; i < j < k ::; m, 
one has: 

(1.6) 

Since m =r(n), by Proposition 1.4, there exists a derived sequence (UI, ... , un) 
of (WI, ... , w m ) which is either an n-division or an inverse n-division. In fact, 
by Eq. (1.6), condition iii) of Proposition 1.4 cannot be satisfied. 

Lemma 1.5. Let x be a uniformly recurrent and w-power free one-sided in
finite word over a finite totally ordered alphabet A. For any n > 1, x has a 
factor which is the n-th term of a strict bi-ideal sequence of order n whose 
canonical factorization is n-div'ided. 

Proof. We shall prove the statement of the lemma in the case of uniformly 
recurrent two-sided infinite words. Since by Lemma 1.3 for any uniformly 
recurrent one-sided infinite word x there exists a uniformly recurrent two
sided infinite word W such that F(w) ~ F(x), then also x will satisfy the 
statement of the lemma. Let a = mine alph( w)), i.e. the letter occurring in W 

which is minimal with respect to the total order in A. We denote by La and 
Ma the sets defined as: 

La = F(w) n (A\{a})*, Ma = F(w) n {a h 10< h < pw(a)}. 

La is the set of all factors of w in which the letter a does not occur; it is finite 
because of the uniform recurrence of w. The set Ma is also finite because w 
is w-power-free. 

Let X = a+(A \ {a})+ and consider the set Y = F( w)nX; Y is finite since 
Y ~ MaLa. Let B be a finite alphabet having the same cardinality of Y and 
consider a bijection 8 : B ---+ Y, which can be extended to a morphism of B* 
in Y·. The alphabet B can be totally ordered by <B as follows: if bl , b2 E B 
then 

(1. 7) 

This order can be extended to the lexicographic order of B*. Moreover one 
can easily prove that for all u, v E B* 

'U <B v=> 8(u) <A 8(v). 

The set Y is a code (i.e. the basis of a free submonoid of A*) having a 
synchronization delay equal to 1, i. e. for any pair (YI, Y2) E Y x Y and 
a, fJ E A * if aYl Y2fJ E Y' then aYI, Y2fJ E y* (cf. [6]). Thus since Y is a code, 
8 is an isomorphism of B* in Y' . Moreover since F( w) ~ F(Y') one has, from 
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the synchronization property, that any factor of W can, uniquely, be "parsed" 
in terms ofthe elements of Y. One says also that W can, uniquely, be factorized 
by the elements of Y. Thus there exists a word /-L E B±w on the alphabet 
B such that W = 8(/-L). The word /-L is w-power-free. Indeed, let U E F(/-L). 
One has that 8(u) E F(w) so that (8(u))Pw(d(u)) = 8(uPw (d(u))) ¢ F(w). This 
implies that upw(d(u)) ¢ F(/-L). The word /-L is uniformly recurrent. In fact let 
U E F(/-L); one has that 8(u) E F(w); moreover there exists a letter x E A\{a} 
such that x8(u)a E F(w). Hence the factor x8(u)a is recurrent in the unique 
factorization of W in terms of the elements of Y. This implies that u will be 
recurrent in /-L. Moreover, /-L is uniformly recurrent; in fact one easily derives 
that for any n an upper bound to KjL(n) is given, up to an additive constant, 
by Kw(n1M) where 1M = max{IYII Y E Y}. 

The proof of the lemma is by induction on the integer n. We begin by 
proving the basis of the induction, i.e. the case n = 2. Let us consider in W 

any factor u = ya, with Y E Y. We can write u as u = ahva, with h > 0 
and v E La. We can set W2 = a and WI = ahv. One has that W2WI = 
aahv <A WIW2 = ahva. Hence (WI,W2) is the canonical factorization of the 
2-term WI W2 of a strict bi-ideal sequence of order 2. Let us now suppose 
that we have proved the result up to n - 1 for any uniformly recurrent and 
w-power-free two-sided infinite word. Thus, by induction, the word /-L has a 
factor 

U=UI ... Un-I, UiEB+, (i=1, ... ,n-1) 

such that for any non-trivial permutation u E Sn-I, 

Uu(I)Uu(2) ... Uu(n-I) <B UI U2 ... Un-I (1.8) 

and, moreover, Ui E Ui+! ... un-IB+ for all i E [l,n - 2]. Let us set 8(Ui) = 
Wi, i E [1, n - 2]. By Eq.s (1.7) and (1.8) for any non-trivial permutation 
u E Sn- I, one has: 

and, by the fact that 8(B+) ~ aA*, 

Wi E Wi+! ... wn-IaA*, for all i E [1, n - 2]. (1.9) 

Let us then set Wn = a. One has that WI ... wn-Ia E F(w). Moreover, 

By Eq.(1.9) (WI' ... ' wn ) is the canonical factorization of the n-th term of 
a bi-ideal sequence. Since for any i E [l,n - 1], Wi+!Wi <A WiWi+! then by 
Proposition 1.3, (WI, ... , wn) is an n-division. Moreover the bi-ideal sequence 
is strict due to the fact that it can never occur that Wi = Wi+! ... Wn-Ia, for 
all i E [l,n - 2]. 
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A different and more constructive proof of the previous lemma is in [35]. 
As a consequence of Lemma 1.5 we can give the following improvement of 
Shirshov's theorem [31]. 

Theorem 1.8. For all k, p, n positive integers there exists an integer N (k, p, 
n) > 0 such that for any totally ordered alphabet A of cardinality k any wor·d 
'W E A* 'Whose length is at least N(k,p,n) is such that 

i. there exists u i= E such that uP E F( 'W) or 
ii. there exists s E F( 'W) which is the n-th term of a bi-ideal sequence of order 

n whose canonical factorization ('WI, ... ,'Wn ) is an n-division of s. 

Proof. Let A be a totally ordered alphabet of cardinality k. The set of all 
words of A* which satisfy either i. or ii. is a two-sided ideal Jk,n,p, or simply 
J, of A*. Let x now be any uniformly recurrent word on A. Now either x has 
a factor which is a p-power and in this case F(x) n J i= 0, or x is p-power 
free. In this latter case from Lemma 1.5 it follows again that F(x) n J i= 0. 
Hence by Corollary 1.3, the result follows. 

2. Finiteness conditions for semigroups 

The study of finiteness conditions for semigroups consists in glvmg some 
conditions which are satisfied by finite semigroups and which are such as to 
assure the finiteness of them. In this study one of the properties which is 
generally required of a semi group is that of being finitely genemted. 

These conditions are very important both in algebra and automata the
ory. Indeed, if one supposes that the semigroup is also periodic (or torsion), 
the study of these finiteness conditions for semigroups (and groups) is called 
the (general) Burnside problem for semigroups (and groups) (cf.[75]). Several 
finiteness conditions for finitely generated semigroups have been given in re
cent years based on different concepts such as: permutation property, chain 
conditions on ideals, strong periodicity, itemtion properties, strongly and uni
formly repetitive morphisms etc. (cf. [99], [22],[90], [17],[58],[29], [54], [30], [31]' 
[84]). 

The relationship with automata is based on the fact that a language L on 
a finite alphabet is recognizable if and only if the syntactic semigroup S(L) of 
L is finite. Hence, in principle, any finiteness condition for finitely generated 
semigroups can be translated into a regularity condition for languages. The 
study of regularity conditions for periodic languages (i.e. languages whose 
syntactic semigroup is periodic) has been called the Burnside problem for 
languages (cf.[91]). 

2.1 The Burnside problem 

A semigroup (group) S is finitely genemted if there exists a finite subset X 
of S such that the subsemigroup (subgroup) < X > generated by X is S. S 
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is called locally finite if every finitely generated subsemigroup (subgroup) of 
S is finite. 

A semigroup (resp. group) S is periodic (or torsion) if any element s E S 
generates a subsemigroup < s > (resp. subgroup) of a finite order. This is 
also equivalent to the statement that for any s E S there exist integers i and 
j, i < j, depending on the element s, such that 

(2.1) 

Let j be the minimal integer for which the above relation is satisfied. The 
integer i, which is unique, is called the index and p = j - i the period of s. 
The order of < s > is then given by i + p - 1. In the case of a group, due 
to cancellativity, condition (2.1) simply becomes sP = 1, where 1 denotes the 
identity of the group and the period p depends on the element s. 

The problem of whether a finitely generated and periodic group is finite 
was posed by W. Burnside in 1902 and, subsequently, extended to the case of 
semigroups. However, the condition of a finite generation and the periodicity 
are not sufficient to assure the finiteness of a semigroup or a group. 

In the case of semigroups this has been shown in 1944 by M. Morse and 
G. Hedlund [83] as a consequence of the fact that on an alphabet with at least 
three distinct symbols there exist arbitrarily long words without repetitions of 
consecutive blocks (square-free words). Indeed these authors, starting with 
a problem related to "chess games" (that is whether there could exist un
ending games), rediscovered a result shown by Thue in 1906 (cf.[102],[103]). 
By means of this result they were able to give an answer to a problem of 
semigroup theory posed by Dilworth showing the existence of a semigroup S 
generated by three elements such that s2 = 0 for any element s of S, without 
S being nilpotent (a semigroup S with a 0 element is nilpotent if there exists 
a positive integer k such that Sk = 0). This result gave, obviously, a negative 
answer to the Burnside problem for semigroups. 

In the case of groups a negative answer to the Burnside problem was given 
by E. S. Golod in 1964 [48]. This author by means of a technique of proof 
discovered with I. R. Shafarevich based on the non-finiteness of a dimension 
of a suitable algebra associated with a field (cf.[70]), was able to show the 
existence of an infinite 3-generated p-group. Other examples of finitely gen
erated and torsion groups which are infinite have been more recently given 
by S. V. Aliochine and A. I. Olchanski (cf.[70]), R. I. Grigorchuk [51] and N. 
Gupta and S. Sidki [53]. 

If a finitely generated semigroup S is such that for any s of S, sm = sn, 
where m and n are fixed exponents such that 0 ~ m < n, then the problem 
of finiteness of S is called the bounded Burnside problem. Also in this case 
there exist semigroups and groups which are infinite. A particular case which 
is very interesting and surprising is that of finitely generated and idempotent 
semigroups (i.e. such that for any s of S, s = s2). In this case one can show 
that S is finite. This result is a consequence of a theorem of J. A. Green and D. 
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Rees (1952) (cf.[50D which relates the bounded Burnside problems for groups 
and for semigroups. More precisely let us denote by S(r, n) (resp. G(r, n)) the 
free semigroup (resp. the free group) in the variety of all semigroups (resp. 
groups) having r generators, satisfying the identity x = xn+l (resp. xn = 1). 
One has: 

Theorem 2.1. (Green and Rees). The following two conditions are equiva
lent: 

i. S (r, n) is finite for each positive integer r. 
ii. G(r,n) is finite for each positive integer r. 

A more general version of this theorem will be given later (cf. Corollary 
2.1) as a consequence of some finiteness conditions for semigroups based on 
chain conditions. 

In the case n = 1 the group G(r, 1) is trivial and thus the idempotent 
semigroup S(r, 1) is finite. We recall that it has been shown that G(r, n) is 
finite for every positive integer r, for n = 2,3,4 and 6 (cf. [70D. The problem 
is still open for n = 5. Moreover, as a consequence of some works of P. S. 
Novikov and S. 1. Adjan (1968) and Adjan (cf.[lD it is known that if n is 
an odd integer ~ 665, then G(r, n) is infinite for any r > 1. Recently 1. G. 
Lysionok (cf.[2D proved that G(r, n) is infinite for any r > 1 and n odd integer 
~ 115. Moreover, S. V. Ivanov [59] proved that G(r, n) is infinite for any r > 1 
and n integer ~ 248 • 

The Burnside problem has a positive answer for some classes of semigroups 
and groups. Besides the classical results of 1. Schur (1911) (cf. [95D and 1. 
Kaplansky (1965) (cf. [69D relative to finitely generated torsion subgroups 
of matrices over the field of complex numbers and over an arbitrary field, 
respectively, we recall the following results [81]'[101]: 

Theorem 2.2. (McNaughton and Zalcstein). A torsion semigroup of n x n 
matrices over a field is locally finite. 

In the next section we shall give a new proof of the preceding theorem 
based on a suitable finiteness condition for semigroups which generalizes a 
theorem of Coudrain and Schiitzenberger. 

Theorem 2.3. (Straubing). A torsion subsemigroup of a ring which satisfies 
a polynomial identity is locally finite. 

The proof is based on Shirshov's theorem utilized in the case of rings satisfy
ing a polynomial identity. A similar result in the case of groups was proved 
by C. Procesi [88]. 

Let A be a totally ordered alphabet. We can totally order A+ by the 
.relation <a, called alphabetic order, defined as: for all u, v E A + 

U <a V {::::::} lui < Ivl or if lui = Ivl then u <lex V, 
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where <lex is the lexicographic order. From the definition it follows that <a is 
a well-order. In the following we shall identify a finitely generated semigroup 
3 with A+ /cPcjJ-l, where A is a finite alphabet and cjJ: A+ -.3 is a surjective 
morphism. Let s E 3. In the set cjJ-l(S) there is a unique minimal element 
with respect to <a usually called the canonical representative of s. If s, t E 3 
we say that s is a factor of t if t E 3 1 s31 . If t E s31 (resp. t E 3 1 s) then s 
is called left factor (resp. right factor) of t. For any s E 3 we denote by F(s) 
the set of the factors of s. For any subset X of 3, F(X) = UsExF(s). One 
says that X is factorial or closed by factors if F(X) = X. We recall some 
technical lemmas on canonical representatives [31]. 

Lemma 2.1. Let 3 be a finitely generated semigroup and T any subset of 3 
closed by factors. Then the set CT of the canonical representatives of T is 
closed by factors. 

Lemma 2.2. Let 3 be a finitely generated semigroup and cjJ : A+ -. 3 the 
canonical epimorphism. If H is an infinite subset of 3 closed by factors, then 
there exists a bi-ideal sequence {fn}n>O such that 

i. cjJ(fn) E H, for all n > 0, 
ii. for all i, j, i i- j, cjJ(J;) i- cjJ(fj). 

2.2 Permutation property 

A finitely generated, torsion and commutative semigroup is obviously finite. 
A. Restivo and C. Reutenauer introduced in 1984 (cf.[90]) a property of 
semigroups, called permutation property, which generalizes commutativity 
and is such that a finitely generated and torsion semigroup is finite if and 
only if it is permutable. Let us give the following: 

Definition 2.1. Let 3 be a semigroup and n an integer > 1. A sequence 
Sl, ... ,Sn of n elements of 3 is called permutable if the product Sl ... Sn 
remains invariant under some non-trivial permutation of its factors, i.e. 
there exists a permutation (J E Sn, different from the identity, such that 
Sl S2 ... Sn = s".(1)S".(2) ... s".(n)· 

We say that the semigroup 3 is n-permutable, or that it satisfies the 
property Pn , if any sequence of n elements of 3 is permutable. The property 
P2 is obviously equivalent to commutativity. We say that 3 is permutable, 
or satisfies the property P, if there exists an integer n > 1 such that 3 is 
n-permutable. 

Theorem 2.4. (Restivo and Reutenauer) Let 3 be a finitely generated and 
periodic semigroup. 3 is finite if and only if it is permutable. 

The proof is based on the Shirshov theorem. In the sequel we will prove a 
more general theorem (cf. Theorem 2.6) from which Theorem 2.4 is derived 
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as a corollary. A further proof of Theorem 2.4 based on well quasi-orders, will 
be given in Sect. 5. 

Permutation property has been investigated for groups. In [19] the follow
ing characterization of permutable groups is proved: A group G satisfies the 
permutation property if and only if it has a normal subgroup N of finite index 
such that its derivate group N ' is finite. In the case of a finitely generated 
group G it has been shown by M. Curzio et al. (1983)(cf.[18]) that G satisfies 
the permutation property if and only if G is abelian-by-finite, i.e. G has an 
abelian (normal) subgroup N of finite index. From this one can easily prove 
the theorem of Restivo and Reutenauer in the case of groups. 

The are many generalizations of the permutation property. Here we recall 
the weak-permutation property: 

Definition 2.2. Let S be a semigroup. For each n > 1 one can consider the 
following property pIn: For any sequence Sl, S2, ... , Sn of n elements of S 
there exist two permutations a, T E Sn, a #- T such that SO'(1)SO'(2) ... sO'(n) = 
ST(l) ST(2) ..• ST( n) . 

A semigroup S which satisfies pIn is called weakly n-permutable. One says 
that S is weakly permutable, or satisfies pI, if there exists an n > 1 such that 
S is n-weakly permutable. It is obvious that if a semigroup S is permutable 
then it is weakly permutable. One can ask the question whether the converse 
is true. It has been proved by R. D. Blyth (1987) that in the case of groups 
the weak permutability is equivalent to permutability [8]. The result of Blyth 
cannot be extended to the case of semigroups. In fact G. Pirillo [86] gave an 
example of a finitely generated semigroup which belongs to the class pI and 
not to the class P. Moreover, one can ask the question whether in the The
orem 2.4 one can make the weaker hypothesis that the semigroup S belongs 
to the class P'. Also in this case the answer is negative; in fact a large class 
of counterexamples can be obtained by considering Rees quotient monoids of 
finitely generated free monoids by two-sided ideals, whose growth-functions 
are quadratically upper bounded (cf.[24]'[25]). To illustrate this result we 
make the following considerations. 

Let S be a finitely generated semigroup and 1> : A * -+ S the canonical 
epimorphism. The growth-function of S can be defined for all n > 0, as: 

9s(n) = card{s E S 11>-l(s) n A[n] #- 0}. 

Let J be a two-sided ideal of A* and set L = A*\J. The language L is closed 
by factors since any factor of a word of L is still an element of L. We can 
consider the Rees quotient-monoid M = A * / J of A * by the ideal J. The 
monoid M has as support the set L U {O}, where 0 is a new element not in 
L and the product 0 is defined as follows: for any h, h E L, h 0 h = hh 
if the word hh E L, h 0 h = 0, otherwise. 
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Theorem 2.5. (de Luca and Varricchio). Let M be a Rees-quotient monoid 
of A * by a two sided ideal J. If the growth function of M is quadratically upper 
bounded (i.e. gM(n) ~ cn2 , for all n > 0), then M is weakly permutable. 

A way of constructing a Rees quotient monoid of A * is the following: Let 
wE AW be an infinite word over the alphabet A and be F(w) the set of all its 
factors of finite length. The subword complexity f w of w is the map defined 
for all n E N as: 

fw(n) = card(F(w) nAn). 

For each n, fw(n) gives the number of factors of w of length n. The set 
A*\F(w) is an ideal J. We denote by M(w) the quotient A* /J. Let gM be 
the growth function of M = M(w). One easily see that for any n ~ 0, one 
has gM(n) = 2.,~=o fw(k). 

Let us recall that an infinite word w is p-power-free, p > 1, if it does not 
contain factors like uP with u f:. £. We have seen in the previous section that 
the Fibonacci word f, and the Thue-Morse words t and m in two and three 
symbols are respectively 4, 3 and 2 power-free. In all these cases one can 
prove that the subword complexities are linearly upper bounded so that the 
growth functions of the monoids M(f), M(t) and M(m) are quadratically 
upper bounded. Moreover, since these monoids are finitely generated, peri
odic and infinite, from Theorems 2.4 and 2.5 it follows that they are weakly 
permutable and not permutable. These results are of some interest for the 
Burnside problem for semigroups since they provide examples of finitely gen
erated and torsion semigroups which are weakly permutable and infinite. 
Moreover, by Theorem 2.4 these monoids cannot be permutable. 

We recall that Restivo proved first in [89] that M(f) is 8-weakly per
mutable. A proof that M(t) and M(m) are 5-weakly permutable was given 
in [24]. Subsequently, these results were widely generalized by proving [28] 
that M(w) is weakly-permutable in the case of any infinite p-power-free word 
w whose subword complexity is linearly upper-bounded [28]. The above re
sults have been extended later on by F. Mignosi [82] to the case of any infinite 
word whose subword complexity is linearly upper-bounded. However, it should 
be remarked that in the case of an infinite word w the considered language 
L = F(w) is right-prolongable (i.e. for any u E L there exists at least one 
letter a E A such that ua E L), whereas in the statement of Theorem 2.5 one 
supposes only that the language is factorial. Moreover, Theorem 2.5 provides 
a further generalization since one considers a quadratic upper bound to the 
growth-function; this implies, in the case of prolongable languages, a linear 
upper bound to the subword complexity. 

We shall now introduce the following concept of w-permutable (resp. w
weakly permutable semigroup) which is, as we shall see, more general than 
that of permutable (resp. weakly permutable) in the sense of Restivo and 
Reutenauer. 
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Definition 2.3. A semigroup S is called w-permutable (resp. w-weakly per
mutable) if for any (infinite) sequence S1, S2,"" Sk,'" of elements of S there 
exist an integer n > 1 and a permutation a E Sn! S =I- id (re8p. two permuta
tion8 a, T E Sn with a =I- T) such that S1S2 ... Sn = sO"(1)SO"(2) ... 80"(n)! (re8p. 
SO"(1)SO"(2) ... 80"(n) = 8.,.(1)8.,.(2) ... 8.,.(n))' 

One easily verifies that if a semigroup is permutable (resp. weakly per
mutable) in the sense of Restivo and Reutenauer, then it is also w-permutable 
(resp. w-weakly permutable). We shall denote by Pw (resp P' w) the class of all 
w-permutable (resp. weakly w-permutable semigroups). The w-permutation 
property, as well as the weakly w-permutation property, has been introduced 
in the case of groups by Blyth and Rhemtulla [9]. The main result of these 
authors is the following: A group G i8 w-permutable if and only if it i8 per
mutable. Moreover, Blyth and Rhemtulla proved also that if a group is w
weakly permutable then in general it is not weakly permutable. In the case 
of semigroups the situation is quite different since an w-permutable semi group 
can be not permutable. The following holds (cf.[27]): 

Theorem 2.6. Let S be a findely generated and periodic 8emzgroup. S zs 
finite if and only if S i8 w-permutable. 

Proof. Let S be a finitely generated semigroup and 6 : A + ~ S be the 
canonical epimorphism. For any 8 E S let Xs be the canonical representative 
of 8 in A +. Let H be the set of all the canonical representatives of the elements 
of S. We know that H is closed by factors, so that the morphism ¢ restricted 
to H is a bijection of H in S. By the lemma of Konig there exists an infinite 
word t E AW, with the property that for any i > 0, t[i] E H; this implies that 
¢( t [i]) =I- ¢( t [j]), for i =I- j. From Corollary 1.1 there exists a word s E AW 
such that F(8) ~ F(t) and 8 is ultimately periodic or 8 is w-divided. Let 
us first suppose that 8 is ultimately periodic. In this case there exist words 
'u E A *, v E A + such that s = uvw. Let ¢( v) = ~. Since S is periodic there 
exist i and j, i =I- j such that ~i = ~j. Thus uvi and 'uv j would have the same 
image by ¢ which is a contradiction. Let us now suppose that s is w-divided, 
i.e. 8 can be factorized as s = 81 ... Sn ... with Si E A*, i > 0, and for any 
k > ° and a E Sk, a =I- id, 

81 ... 8k > sO"(l) ... 80"(k)' 

Let us set for any n > 0, 8~ = ¢(8n ) and consider the infinite sequence 
8~, ... , s~, .... Since Sis w-permutable there exist an n > 1 and a permuta
tion a E Sn, a =I- id, such that 

" , " , 
81 8 2' .. sn = 80"(1) 80"(2) ... 80"(n)' 

Now, by construction, the sequence 81 ... Sn is the canonical representative 
of s~ s~ ... 8~, but Sl ... 8n > 80"(1) ... 80"(n) , which is a contradiction. 
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2.3 Chain conditions and .:r -depth decomposition 

A binary relation ~ on a set S is a quasi-order if ~ is reflexive and transitive. 
If for all s, t E S, s ~ t ~ s implies s = t then ~ is a partial order. If 
s ~ t implies t ~ s, then ~ is an equivalence relation. The meet ~ n ~-l 
is an equivalence relation '" and the quotient of S by '" is a poset (partially 
ordered set). It is clear that any quasi-order generates a partial order over 
the equivalence classes, mod. "'. An element sEX ~ S is minimal (resp. 
maxima~ in X with respect to ~ if, for every x E X, x ~ s (resp. s ~ x) 
implies that x '" s. For s, t E S if s ~ t and s is not equivalent to t mod. "', 
then we set s < t. 

Now let us consider the following relations in a semigroup S defined as: 
for s, t E S we set 

s ~c t -¢:=? SIs ~ Slt, 
s ~n t -¢:=? SSI ~ tS1 , 

s ~:r t -¢:=? Sl sSl ~ SltSl. 

One can easily see that ~c, ~n and ~:r are quasi-order relations of S. 
The equivalence relation", c (resp. "'n, resp. "':r ) is the Green relation £ 
(resp. R, resp . .:J) (cf.[16],[75]). For s E S we denote by L8 (resp. R s , Js ) the 
£-class (resp. R-class, .:J-class) containing s. One can then partially order 
the £-classes (resp. R-classes, .:J-classes) by setting for s, t E S: 

Ls ~ L t -¢:=? s ~c t, Rs ~ R t -¢:=? s ~n t, Js ~ Jt -¢:=? s ~:r t. 

Definition 2.4. A semigroup satisfies the minimal condition on principal 
right (resp. left, two-sided) ideals if any strictly descending ~n -chain (resp. 
~c-chain, ~:r-chain) is finite. We denote by minR (resp. minL,minJ) this 
minimal condition. 

One has that S satisfies minR Crespo minL, minJ) if and only if any 
nonempty subset of £-classes Crespo R-classes, .:J-classes) contains a minimal 
element. 

Definition 2.5. An element s of a semigroup S is called right-stable (resp. 
left-stable) if for any t E Js , tS1 ~ sSl (resp. Slt ~ Sl s) implies sRt (resp. 
s£t). An element of S is called stable if it is both right and left-stable. S 
is called right-stable (resp. left-stable, resp. stable) if any element of S is 
right-stable (resp. left-stable, resp. stable). 

One can prove that a semigroup which satisfies minR Crespo minL) is right 
(resp. left) stable [16]. Moreover, a periodic semigroup is stable (cf.[33]). 

Definition 2.6. Let s be an element of a semigroup S. The.:J -depth of s is 
the length of the longest strictly ascending chain of two-sided principal ideals 
starting with s. The.:J -depth of s can be infinite. A semigroup S admits a 
.:J -depth function d:r if and only if for every s E S the .:J -depth d:r{ s) of s is 
finite. 
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We remark C cf. [7]) that the existence of the .J -depth function is stronger 
than the ascending chain condition on the .J-order and weaker than the 
ascending chain condition on the ideals. 

Definition 2.7. A semigroup S is weakly finite .:J -above if each .J -class of 
S has only finitely many .J -classes above it. 

One easily verifies that a semigroup S is weakly finite .J -above if and only 
if for any s E S the factors of s can lie only in a finite number of .J -classes. 

Definition 2.8. A semigroup S is finite.J -above if and only if for each s E S 
the set {t E Sit ?:r s} is finite, i. e. S is weakly finite .J -above and every 
.J -class is finite. 

It is clear from the definitions that if S is weakly finite .J-above, then it 
has a .J -depth function. 

Let S be a semigroup. We define inductively a sequence {Kn}n~o of sets 
as follows: Ko = 0 and, for all n > 0, 

Kn = U OJ, 
j=l, ... ,n 

where for j > 0, OJ is the set of the elements of S\Kj - l which are maximal 
with respect to 5:.:r in S\Kj _ l . Moreover we set Ks = Uj>oKj . 

It holds the following lemma whose proof is straightforward [33]. 

Lemma 2.3. Let S be a semigroup. For all j > 0, K j is closed by factors 
and is a union of .J -classes. 

Definition 2.9. A semigroup S has a weak .J-depth decomposition if for 
all j > 0 the sets K j are finite. Moreover, if S is infinite then Ks has to be 
infinite. A semigroup S has a .J -depth decomposition if it has a weak .J -depth 
decomposition and S = Ks. 

We remark that if S is finite then S = Ks. Indeed, since Kn ~ Kn+! for 
all n ? 0, there must exist an integer h such that Kn = Kh for all n ? h. 
Moreover S = K h, otherwise, one would have Oh+! =I- 0 and K h C K h+!. 

Proposition 2.1. Let S be a semigroup. The following conditions are equiv
alent 

i. S has a .J -depth function and a weak .J -depth decomposition. 
ii. S has a .J -depth decomposition. 

Proof. i. => ii. We have to prove that S = Ks. If S is finite, then the result 
is trivial so that we assume that S is infinite. Suppose to the contrary that 
S :::> Ks. If s E S\Ks , then for all j > 0, s ¢ K j . Let n > d:rCs), where 
d:rCs) denotes the .J-depth of s. Since s ¢ Kn it follows that there exists 
tn-l E S\Kn - l such that s <:r tn-l' By iteration it follows that there 
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exists a sequence to, tl, t2, ... , tn-l of n elements of 8 such that ti E 8\Ki , 
(i = 0, 1, ... ,n - 1), and 

s <:r t n - l <:r ... <:r to· 

Hence we have a strictly ascending .J-chain starting with s and having a 
length greater than d:r(s) which is a contradiction. Hence 8 = Ks. 

ii. => i. We have to prove that 8 has a .J-depth function. Let s E 8 and 
h be the integer such that s E Ch. We prove that d:r (s) = h. Since s E Ch, 
there exists a strictly ascending chain 

with ti E Ci (i = 1, ... , h - 1). Thus h S; d:r(s). We want to prove that 
d:r(s) = h. Suppose that there exists a chain s <:r Sk-l <:r ... <:r S1, with 
k > h. Let Sl E Cp , p 2:: 1; one easily derives that s E Cq with q 2:: p + k - 1. 
Hence in any case q > h, which is a contradiction. 

Proposition 2.2. If a semigroup 8 has a .J -depth decomposition, then 8 is 
finite .J -above. 

Proof. Let s E Ch ~ Kh and t be an element of 8 such that s S;:r t. This 
implies that t is a factor of s. By Lemma 2.3, Kh is closed by factors so that 
one derives t E Kh. Since for any h the set Kh is finite the result follows. 

The following basic theorem on the .J-depth decomposition holds [33]: 

Theorem 2.7. (.J -depth decomposition theorem). Let 8 be a finitely gener
ated semigroup, which is right stable and whose subgroups are locally finite. 
Then 8 has a weak .J -depth decomposition. 

From the preceding theorem one derives the following [29], [33]: 

Theorem 2.8. (de Luca- Varricchio). Let 8 be a finitely generated semigroup 
8 whose subgroups are locally finite. If 8 satisfies minR, then 8 is finite. 

Proof. If 8 satisfies minR, then 8 is right-stable. Suppose that 8 is infinite; 
then by the preceding theorem so will be K s. Since K s is closed by factors 
from Lemmas 2.1 and 2.2 one derives that there exists an infinite sequence 
{fn}n>o of elements of Ks such that 

fn = fn-19n-lfn-1, 9n-1 E 8 1 , n> 1, 

and fn -=f. fm, for n -=f. m. Since fn81 ~ fn-181 from minR there exists an 
integer k such that for all n 2:: k, fn'Rfk. Let j be such that fk E K j . Since 
K j is a union of .J-classes it follows that fn E K j for n 2:: k, which is a 
contradiction since K j is a finite set. 
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Theorem 2.8 is a generalization of a theorem of E. Hotzel (cf.[58],[29]). 
Indeed, one requires only that finitely generated subgroups are finite (instead 
of all subgroups as in Hotzel's theorem). This generalization is important 
since it allows us to derive finiteness conditions for finitely generated semi
groups which can be brought back to finiteness conditions on finitely gener
ated groups. In fact, as a consequence of this result one can find important 
finiteness conditions for semigroups, some of which provide significant an
swers to the Burnside problem(cf.[29]). We recall here the following result 
(cf.[105]) which gives a noteworthy generalization of the theorem of Green 
and Rees (cf. Theorem 2.1): 

Corollary 2.1. (Varricchio). Let 8 be a finitely generated semigroup such 
that 

i. for any s E 8 there exists k > 1 such that s = sk, 
ii. the subgroups of 8 are locally finite. 

Then 8 is finite. 

The proof is obtained by showing that if a finitely generated semigroup 
8 satisfies condition (i), then it satisfies minR [29J. 

Definition 2.10. A semigroup 8 satisfies the minimal condition on principal 
bi-ideals if any strictly descending chain 

s181 S1 :J s281 S2 :J ... :J sn81 Sn :J ... , 

with S1, S2, ... , Sn, ... E 8, has a finite length. 

A famous theorem of Coudrain and Schiitzenberger [17] states that if 8 is 
a finitely. generated semigroup satisfying the minimal condition on principal 
bi-ideals and all subgroups of 8 are finite, then 8 is finite. 

A remarkable generalization of this theorem has been proved in [37]. More 
precisely let 8 be a semigroup. For s, t E 8 we set s ~B t if s E {t} Ut81tj we 
say that 8 satisfies the condition minB if and only if any strictly descending 
chain w.r.t. ~B of elements of 8 has a finite length. One can easily prove 
that if 8 satisfies the minimal condition on principal bi-ideals then S satisfies 
minB' 

Let T be a semigroup and T' be a subsemigroup of T. We say that a 
subgroup G of T is locally finite in T' if any subgroup of G which is generated 
by a finite subset of T' is finite. The main result is the following stronger 
version of the Coudrain and Schiitzenberger theorem: 

TheoreIn 2.9. Let T be a semigroup satisfying minB' Let T' be a subsemi
group of T such that all subgroups of T are locally finite in T'. Then T' is 
locally finite. 
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The theorem of Coudrain and Schiitzenberger is then derived when (i.) 
T' = T, (ii.) condition minB is replaced by the stronger minimal condition 
on principal bi-ideals, (iii.) the local finiteness of subgroups of T in T' is 
replaced by the finiteness of all subgroups. 

We give now a new proof of the McNaughton and Zalcstein theorem (cf. 
Theorem 2.2) on the local finiteness of periodic semi groups of matrices of a 
finite dimension on a field. Essentially, we show that one can reduce the local 
finiteness of a subsemigroup of matrices to one of its subgroups. 

Let F denote a field and Mn(F) the semigroup of n X n squares matrices 
over F. We shall identify, up to an isomorphism, Mn(F) with the semigroup 
Endn (V, F) of the endomorphisms of a vectorial space V of dimension n over 
the field F. 

Corollary 2.2. (McNaughton and Zalcstein). Let S be a finitely generated 
subsemigroup of Mn(F). If S is periodic, then S is finite. 

Proof. Let us first remark that a simple corollary of Theorem 2.9 is that if 
T is a semigroup satisfying minB, then any torsion subsemigroup T' whose 
subgroups are locally finite is locally finite [37]. Moreover, one can easily 
prove [37] that Endn(V, F) satisfies condition minB. Let S be a finitely gen
erated and periodic subsemigroup of Mn(F). Since Mn(F) is isomorphic 
to Endn(V, F), it follows that Mn(F) satisfies minB. It is well known that 
any finitely generated and periodic subgroup of Mn(F) is finite (cf. [69]). 
Then all finitely generated subgroups of S are finite. From the first remark 
it follows that S is finite. 

We recall that G. Jacob [60] gave a further proof of this theorem; more
over, he proved that it is possible to decide, under certain rather general 
assumptions, whether a finitely generated semigroup of matrices over a field 
is finite. 

2.4 Iteration property 

In this section we consider some finiteness conditions for semigroups based 
on the iteration properties. These properties are very important in formal 
language theory, since they naturally reflect the "pumping properties" of 
regular languages. 

Definition 2.11. Let S be a semigroup and m and n two integers such that 
m > 0 and n 2:: O. We say that the sequence S1, S2, • .. ,Sm of m elements of 
S is n-iterable if there exist i,j such that 1 ::; i ::; j ::; m and 

We say that S is (m,n)-iterable, or satisfies the property C(n,m) if all se
quences of m elements of S are n-iterable. We say that S is iterable, or 
satisfies the (central) iteration property, if there exist integers m > 0 and 
n 2:: 0 such that condition C(n, m) is satisfied. 
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In [22] the following stronger iteration property D( n, m), called iteration 
property on the right, was considered. A semigroup S satisfies D( n, m) if 
for any sequence Sl, S2, ..• ,Sm of m elements of S there exist i, j such that 
1 ::; i ::; j ::; m and 

Let S be a finitely generated semigroup. It was proved in [22], as a conse
quence of the theorem of Hotzel, that D(2, m) assures the finiteness of S. A 
more combinatorial proof of this result was obtained by K. Hashiguchi[54]. 
He was also able to give an upper bound for the number of elements of the 
semigroup. More recently it has been proved [29] also that D(3, m) implies 
the finiteness of S: 

Theorem 2.10. Let S be a finitely generated semigroup. S is finite if and 
only if S satisfies the properties D(2, m) or D(3, m). 

A further condition that we consider is the following: we say that S 
satisfies the iteration condition C(r, Sj m) of order m if for any sequence 
S1, S2, ... ,Sm of m elements of S there exist i,j such that 1 ::; i ::; j ::; m and 

In [22] was posed the question whether the central iteration property 
implies the finiteness of a finitely generated semigroup S. A positive answer 
will be given Corollary 2.3 which is a remarkable generalization of Theorem 
2.10. 

Lemma 2.4. Let S be a semigroup. If S satisfies the property C(n, n+lj m), 
then all subgroups of S have finite orders. If S is finitely generated and satis
fies C(n,n+2jm) orC(n+2,2n+ljm), then all finitely generated subgroups 
of S have finite orders. 

Proof. Let S be a semigroup satisfying condition C(n, n + Ij m) and let G 
be any subgroup of S. We prove that card(G) ::; m. In fact let go be the 
identity element of G and go, gl, . .. , gm be m + 1 distinct elements of G. We 
consider then the following sequence of m elements of G: hl, ... , hm , having 
set hi = gi-\gi (i = 1, ... , m). From the condition C(n, n + Ij m) there exist 
integers i, j, 1 ::; i ::; j ::; m, such that: 

By cancellation one derives 

hi··· h j = 90 = 9i-\9jj 

hence 9i-1 = 9j which is a contradiction. One reaches the same conclusion if 
one supposes that condition C(n+2, 2n+lj m) holds with n even integer. Sup
pose now that S is finitely generated and G be a finitely generated subgroup 
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of 8. In a group G the property C(n,n+2; m), as well as C(n+ 2, 2n+ 1; m) 
with n odd integer, implies the following condition: 

For any sequence gl, g2, ... ,g'm of m elements of G there exist i, j such 
that 1 ::; i ::; j ::; m and 

(gi ... gj)2 = go. 

In [29] it is proved that a finitely generated group G satisfying the preceding 
condition is 2m2-weakly permutable and then permutable by Blyth's theorem 
[8]; hence, there exists an integer h> 1 such that any product of h elements 
of G can be rewritten in a non-trivial way. Since G is finitely generated and 
periodic then by using the theorem of Restivo and Reutenauer (cf. Theorem 
2.4), it follows that G is finite. 

Theorem 2.11. Let 8 be a finitely generated semigroup and m, n integers 
such that m > 0 and n 2:: o. If 8 satisfies C(n, n + 1; m) or C(n, n + 2; m) or 
C(n + 2, 2n + 1; m), then 8 is finite. 

Proof. Let 8 be a finitely generated semigroup and ¢ : A+ -+ 8 be the 
canonical epimorphism. Under the hypotheses ofthe theorem and by Lemma 
2.4 one has that 8 is periodic and all finitely generated subgroups of 8 have 
finite orders. When n = 0 the result is trivial. Hence we suppose n > O. 
Since 8 is periodic then S is stable, so that from the .J-depth decomposition 
theorem (cf. Theorem 2.7) one has that 8 is infinite if and only if Ks = 
Uj>oKj is an infinite subset of 8. Moreover Ks is closed by factors. Thus 
if 8 is infinite then the set C = CKs of the canonical representatives of the 
elements of Ks is infinite, and by Lemma 2.1, closed by factors. By using 
Lemma 1.3 there exists an infinite uniformly recurrent word x E AW such 
that F(x) ~ C. One has then for every i > 0, 

¢(x[i])81 ~ ¢(x[i + 1])81 . 

Suppose now, first, that an integer h exists such that for all i 2:: h 

¢(x[i])81 = ¢(x[i + 1])81 . 

This implies ¢(x[i])'R¢(x[h]) for all i 2:: h. Since ¢(x[h]) E Ks, a positive 
integer j exists such that ¢(x[h]) E K j • We recall that K j is a union of 
'R-classes so that 

¢(x[i]) E K j , 

for all i 2:: h. But K j is a finite set; hence there must exist integers i and j, 
i < j, for which ¢(x[i]) = ¢(x(j]). This is a contradiction since xli] and x(j] 
belong to C. Thus there exist infinitely many integers i for which 

¢(x[i])81 :J ¢(x[i + 1])81 . (2.2) 

The word x is w-power free. Indeed, let U E F(x). Since 8 is periodic, there 
exists an integer p( u) with the property that for any h 2:: p( u) there exists 
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h' < p(u) such that cjJ(u)h = cjJ(uh) = cjJ(uh') = cjJ(u)h'. Therefore, for any 
h 2: p( u), uh rf. F(x) by the minimality of the factors of x as representatives, 
modulus the kernel of cjJ. 

Suppose now that S satisfies an iteration property of order m. We can take 
i so large that i > q(m + 2) (d. Lemma 1.4), xli + 1] = x[i]a, a E A and the 
preceding relation (2.2) is satisfied. Since x is uniformly recurrent by Lemma 
1.4 one has that xli + 1] has a suffix f:n+2 which is the (m + 2)-th term of a 
bi-ideal sequence a = {fL ... , f:n+2}, where f{ = Xi+l = a and fI+l = fIg~fI 
(i = 1" m + 1). Since fI terminates with a, for (i = 1, ... , m + 2), we can set 
fI+l = fi a , for (i = 1, ... , m + 1). Then one has 

Ii+la = f:+2 = f:+lg~+d:+l = fiag~+llia = figdi a, 

for (i = 1, ... , m). Hence, one derives for (i = 1, ... , m), fi+l = ligdi having 
set gi = ag~+l' Moreover fm+l is a suffix of xli], since f:n+2 = fm+la is a 
suffix of x[i]a. In conclusion xli] has a suffix fm+l which is the (m+ l)-th term 
of a bi-ideal sequence a = {iI,···, fm+d, where fi+l = figdi (i = 1, ... , m), 
and gi E aA *. The word f m+l can be factorized as 

where (wo, ... , wm) is the canonical factorization of fm+l' Let us then con
sider the sequence cjJ(Wo) , ... , cjJ(Wm-l) of m elements of S. Since S satisfies 
an iteration property of order m then there exist integers n, r, S such that 
n > 1, 0 ::; r ::; s < m, and 

with hr,s,n = Wo ... Wr-l(Wr ... ws)nWs+1 ... Wm-1Wm. Since n > lone can 
write hr,s,n as: 

for a suitable h E A*. Moreover, for all i E [0, m -1] one has by Eq.(1.2) that 

so that, since r ::; s, one derives, by iteration of the preceding formula, that 

with u E A *. Hence, one has that 

hr,s,n E fm+lgm-sA*. 

Since gm-s E aA*, it follows that 

But this implies 
cjJ(x[i])RcjJ(x[i + 1]), 

which is a contradiction. 
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We remark that condition C(l, nj m) is equivalent to condition C(n, m) 
so that from the above result one derives [30]: 

Corollary 2.3. If a finitely generated semigroup S satisfies C(2, m) or 
C(3, m), then it is finite. 

Another important property, strictly related to the iteration property is 
the strong periodicity. Let S be a semigroupj we denote by E(S) the set of 
its idempotent elements. 

Definition 2.12. Let m be a positive integer. A semigroup S is strongly m
periodic if for any sequence Sl, .•. , Sm of m elements of S there exist integers 
i and j such that 1 :::; i :::; j :::; m and Si ... Sj E E(S). 

A semigroup S is strongly periodic if there exists a positive integer m such 
that S is strongly m-periodic [99]. The origin of the term strongly m-periodic 
is due to the fact that if S is strongly m-periodic then S is certainly periodic 
and moreover the index and the period of any element are less than or equal 
to m. 

Theorem 2.12. (Simon). Let S be a finitely generated semigroup. The fol
lowing conditions are equivalent: 

i. S is finite. 
ii. S\E(S) is finite. 
iii. S is strongly periodic. 

The proof given by 1. Simon [99] uses the theorem of Hotzel for that which 
concerns the implication iii. ::::} i .. We note that this latter implication is an 
obvious consequence of the fact that if a semigroup S is strongly m-periodic, 
then it satisfies the condition D(2,m) or C(2,m) (cf. Corollary 2.3). The 
implication i. ::::} ii. is trivial. Finally, the implication ii. ::::} iii. was proved 
using the theorem of Ramsey. 

Using Corollary 1.6 one can prove [31] a finiteness condition that gener
alizes both Theorem 2.4 and Theorem 2.10: 

Theorem 2.13. Let S be a finitely generated and periodic semigroup. If there 
exists a pair of integers (n, k) with k = 2 or 3, such that any sequence of n 
elements of S is either permutable or k-iterable on the right, then S is finite. 

An open problem is whether in Theorem 2.13 one can replace the property 
of iteration on the right with central iteration. 

2.5 Repetitive morphisms and semigroups 

In the previous section we have shown that any finite semigroup S is repeti
tive, i.e. any morphism from a finitely generated semigroup into S is repeti
tive. A natural question is then whether repetitivity is a finiteness condition 
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for semigroups. Since the semigroup N+ of positive integers is repetitive, the 
answer to this question is negative. Nevertheless if one considers stronger con
ditions such as strong repetitivity and uniform repetitivity, then one obtains 
new finiteness conditions for finitely generated semigroups. 

Definition 2.13. Let S be a semigroup. We say that a morphism ¢ : A+ ---+ 

S is strongly repetitive if and only if it satisfies the following condition: For 
any map f : N+ ---+ N+ there exists a positive integer M, which depends on f, 
such that for any wE A+ if Iwl > M then w can be factorized as: 

with p E N+, h, h' E A* and IVil ~ p, 1 ~ i ~ f(p) and 

¢(Vl) = ¢(V2) = ... = ¢(vf(p))· 

The following theorem of J. Justin [62] (cf. also [12]) uses the lemma of 
Brown (cf. Corollary 1.4): 

Theorem 2.14. (Justin). Let S be a finite semigroup. Then any morphism 
¢ : A + ---+ S where A is a finite alphabet, is strongly repetitive. 

A consequence of the above theorem is the following important finiteness 
condition for semigroups due to Brown [12]: 

Theorem 2.15. Let ¢ : S ---+ T be a morphism of semigroups. 1fT is locally 
finite and if, for each idempotent e E T, ¢-l(e) is locally finite, then S is 
locally finite. 

A further application to the Burnside problem of the previous concepts 
and results is given by the following [21]: 

Proposition 2.3. (de Luca). Let S be a periodic semigroup. S is finite if and 
only if there exists a finite alphabet A and a strongly repetitive epimorphism 
¢: A+ ---+ S. 

The importance of the notion of strongly repetitive morphism in the the
ory of locally finite semi groups is shown by the following: 

Theorem 2.16. (Justin and Pirillo). Let S be a semigroup. S is locally finite 
if and only if any morphism ¢ : A+ ---+ S, where A is a finite alphabet, is 
strongly repetitive. 

The theorem was announced in [64] and proved in [65] (an alternative 
proof based on a theorem of Brown [13] is in [38]). Let us now introduce the 
following definition: 
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Definition 2.14. A semigroup S is k-repetitive, k > 1, (resp. uniformly 
k-repetitive) if for each finite alphabet A, each morphism 4> : A + - S is 
k-repetitive (resp. uniformly k-repetitive). A semigroup is repetitive (resp. 
uniformly repetitive) if it is k-repetitive (resp. uniformly k-repetitive) for each 
k> 1. 

Theorem 1.5 of the previous section can be restated as: Any finite semi
group is uniformly repetitive. The converse of this statement holds for finitely 
generated semigroups. Indeed, one can prove (cf. Corollary 2.5) that any 
finitely generated uniformly repetitive semigroup is finite. The following 
proposition is proved in [87]. 

Proposition 2.4. Let k be an integer greater than 1. The following state
ments are equivalent: 

i. N is not uniformly k-repetitive. 
ii. Any finitely generated and uniformly k-repetitive semigroup is finite. 

Now, let us introduce the following definition: 

Definition 2.15. Two words u and v on an alphabet A are commutatively 
equivalent if and only if, for each letter a E A, the number of occurrences of 
a in u is exactly that of a in v. A word W on A is called an abelian n-power 
if there exist n nonempty words, say WI,"" W n , such that W = WI'" wn and 
for each i, j E {1, 2, ... , n} the word Wi is commutatively equivalent to Wj. 

The following proposition is due to F. M. Dekking [20]: 

Proposition 2.5. Let A be a two letter alphabet. Then there exists an infi
nite word on A no factor of which is an abelian 4-power. 

Corollary 2.4. The semigroup N is not uniformly 4-repetitive. 

Proof. Let us consider the morphism 't/J : {a,b}* - N, defined by 't/J(a) = 1 
and 't/J(b) = 2. An easy computation shows that for any two words u and v, 
with lui = lvi, if't/J(u) = 't/J(v) then u and v are commutatively equivalent. By 
the previous proposition there exists an infinite word over {a, b} no factor of 
which is an abelian 4-power. Such a word cannot contain a factor ofthe kind 
WIW2W3W4, with IWII = IW21 = IW31 = IW41 and 't/J(WI) = 't/J(W2) = 't/J(W3) = 
't/J(W4), otherwise WIW2W3W4 could be an abelian 4-power. 

From Proposition 2.4 and Corollary 2.4 we have 

Proposition 2.6. Let S be a finitely generated semigroup. If S is uniformly 
k-repetitive for some k :::: 4, then it is finite. 

Corollary 2.5. A finitely generated uniformly repetitive semigroup is finite. 

It is an open problem whether N is uniformly 2-repetitive or uniformly 
3-repetitive. This seems to be a difficult problem in combinatorial number 
theory. 
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3. Finitely recognizable semigroups 

A subset X of a semigroup S is recognizable if it is a union of classes of a 
congruence of finite index defined in it (cf. [45]). As is well known a char
acterization of the recognizable parts X of S can be given in terms of the 
syntactic semigroup S(X) of X. More precisely there exists a maximal con
gruence =x which saturates X (i.e. such that X is union of classes). This 
is called the syntactic congruence of X and it is defined as follows: for any 
s E S let Contx(s) = {(u,v) E S1 x S11 usv E X}; one sets for s,t E S, 

s =x t -¢=:::} Contx(s) = Contx(t). 

The syntactic semigroup is then defined as S(X) = SI =x. One easily derives 
that a part X of S is recognizable if and only if S(X) is a finite semigroup 
(Myhill's theorem). In the following the family ofrecognizable parts of Swill 
be denoted by Rec(S). 

In a semigroup S one can introduce the so-called rational operations of 
union (u), product (.) and (+) where for any subset X of S, X+ gives the 
subsemigroup of S generated by X. The family Rat( S) of the rational subsets 
of S is then defined as the smallest family of parts of S containing the finite 
parts and closed under the rational operations. When S is a finitely generated 
free semigroup, or free monoid, then a fundamental theorem due to S. C. 
Kleene states that Rec(S) = Rat(S) (cf.[45]). Moreover, in this case, Rec(S) 
coincides also with the family of parts (or languages) definable in terms of 
finite automata; these are usually called regular languages. 

It is well known that in a finitely generated semigroup S the family Rec(S) 
is contained in the family Rat( S), but the converse is not generally true. 

In the previous section we have considered several finiteness conditions for 
finitely generated semigroups. These conditions applied to the syntactic semi
group S(L) of a language L give rise to regularity conditions for the language 
L. In this section we shall consider conditions for a finitely generated semi
group which are "weaker" in the sense that they do not assure the finiteness 
of the semi group S but only that the finite parts of S are recognizable: 

Definition 3.1. A semigroup S is called finitely recognizable if all its finite 
parts are recognizable. 

Since Rec(S) is closed under boolean operations one has that a semigroup 
is finitely recognizable if and only if all the singletons {s}, with s E S, 
are recognizable. If ¢ : A+ - S denotes a canonical epimorphism then the 
condition that S is finitely recognizable is equivalent (cf. Lemma 3.1) to the 
statement that for any s E S, ¢-1(s) E Rec(A+). When A is finite this means 
that all congruence classes in A +, modulus the nuclear congruence ¢¢-1, are 
regular languages. In this way one obtains regularity conditions for a wide 
class of formal languages. 
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We recall that the problem posed by J. Brzozowski in 1979 ofthe regular
ity of aperiodic classes of order n > 0 consists precisely in proving that the 
semigroup S = A+ I()n, where ()n is the congruence generated by the identity 
xn = x n +1 , is finitely recognizable. This problem will be considered in some 
detail later. 

To deal with finitely recognizable semi groups one needs some algebraic 
concepts such as ".J-depth", "finiteness .J-above" already introduced in the 
previous section, "residual finiteness" and new techniques and tools as the 
"factor semigroup". A characterization of finitely recognizable semi groups 
having a finite .J-depth will be given in Theorem 3.2. 

Definition 3.2. A semigroup S is residually finite if for any pair s, t of 
elements of S such that s -=I- t there exists a congruence () in S of finite index 
such that (s, t) ¢ (). 

Finite semigroups are, trivially, residually finite. Also the free semigroup 
A + on the alphabet A is residually finite. To show this let u, v E A +, u -=I- v, 
and let J be the ideal consisting of all the words of A + of length greater than 
the maximum of the lengths of u and v; the Rees congruence P J = id u (J x J) 
is then of a finite index and separates u from v. 

Theorem 3.1. Let S be a finitely recognizable semigroup. Then S is residu
ally finde. 

Proof. Let s E S. Since {s} E Rec(S) the syntactic congruence ={s} has a 
finite index. Let now t be any element of S such that s -=I- t. One has that 
={s} separates s from t. In fact if one supposes that s ={s} t it would follow 
that s = t. 

Let us remark that the above theorem cannot in general be inverted. 
Indeed, there exist infinite groups which are residually finite. Moreover a 
group is finitely recognizable if and only if it is finite [3]. 

An important relation between the recognizable parts of S and the rec
ognizable parts of A+ is given by the following (cf.[33]): 

Lemma 3.1. Let S be a semigroup and rjJ : A + ~ S be a canonical epimor
phism. For a set X ~ S the following two conditions are equivalent: 

i. X E Rec(S). 
ii. rjJ-l(X) E Rec(A+). 

3.1 The factor semigroup 

Let S be a semigroup and r be an element of S. We denote by F(r), or simply 
Fr , the set of all factors of r: 
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Let Jr = S\Fr; Jr is a two-sided ideal of S. We denote by Nr the Rees
quotient semigroup S/Jr of S by Jr. As is well known Nr is isomorphic to 
the semigroup having as support Fr U {O} and the product 0 is defined as 
follows: for s, t E S, sot = st if s, t E Fr and st E Fr, sot = 0, otherwise. 
We call Nr also the factor semigroup of r. 

Lemma 3.2. Let r be an element of a semigroup S. If Fr is finite, then 
r E Rec(S). 

Proof. We can write Nr = S/ Pr, where Pr is the Rees congruence Pr = 
id U (Jr x Jr ). The index of Pr is equal to card( Fr) + 1, so that if Fr is finite 
then Pr is of finite index. Moreover r saturates Pr so that r E Rec(S). 

Let S be a semigroup. If for all rES, Fr is finite, then from Lemma 3.2, 
S is finitely recognizable. The converse is not, in general, true as shown in 
[33]. 

Proposition 3.1. Let S be a semigroup. S is finite .:J -above if and only if 
for all rES, Fr is finite. 

Proof. Let us first observe that for any rES, Fr is a union of .:J-classes. 
Indeed, let U E Fr and u.:J v. This implies that u = hvk with h, k E Sl, so 
that v E Fr. Now suppose that for all rES, Fr is finite. It follows that the 
number of .:J-classes above the .:J-class of r has to be finite. Thus S is weakly 
finite .:J-above. Moreover, since Jr s:;:; Fr , one has that Jr is finite. Hence, S 
is finite .:J-above. Conversely, suppose that S is finite .:J-above and r is any 
element of S. By definition the number of .:J-classes of the factors of r is 
finite. Moreover, any .:J-class in Fr is finite; hence it follows that Fr is finite. 

The following theorem gives some characterizations of finitely generated 
finite .:J-above semigroups (cf. [33]). 

Theorem 3.2. Let S be a finitely generated semigroup having a finite .:J
depth function. The following conditions are equivalent: 

i. S has a .:J -depth decomposition. 
ii. S is finite .:J -above. 
iii. S is finitely recognizable. 
w. S is stable and all subgroups are finite. 
v. S is right-stable and the subgroups of S are locally finite. 

Let S be a finitely generated semigroup and ¢ : A + -+ S an epimorphism. 
We recall that the word problem for S consists in deciding whether two ar
bitrary words u, v of A+ are congruent, mod. ¢¢-1. The word problem is 
said (recursively) solvable if there exists an algorithm to decide whether two 
arbitrary words are congruent. We recall the following theorem relative to 
the decidability of the word problem [46],[33]: 
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Theorem 3.3. Let S be a finitely generated free semigroup in a finitely based 
variety (i. e. defined by a finite set of identities). If S is residually finite, then 
the word problem for S is solvable. 

Corollary 3.1. Let S be a finitely generated free semigroup in a finitely based 
var·iety. If S is finitely recognizable, then the word problem for S is solvable. 

Proof. From Theorem 3.1, S is residually finite. Thus from Theorem 3.3 the 
result follows. 

A recent survey on the main algorithmic problems concerning semigroups 
and other varieties of classical algebras is in [72]. 

3.2 On a conjecture of Brzozowski 

In 1979 Brzozowski presented at the International Symposium on Formal 
Language theory in Santa Barbara, California, a paper entitled "Open prob
lems about regular languages" [15] in which six open problems and conjec
tures are discussed. 

Most of these problems such as the "star height" or the "optimality of 
finite and complete prefix codes" are still open, even though a considerable 
effort has been made to solve them. The fifth conjecture knowIl as the "reg
ularity of non-counting classes" can be formulated as follows: Let A * be a 
finitely generated free monoid over a finite alphabet A and n a fixed positive 
integer. One can introduce in A * the congruence relation Bn generated by 
the relation {(x",x,,+l)1 x E A*} and the quotient monoid Mn = A*jB". 
For any word w E A* the congruence class [W]9n or simply [W]n, of w is a 
non-counting language of order n according to R. McNaughton and S. Papert 
[80]. 

Conjecture 3.1. Let n > O. For any word w E A* the congruence class [W]n 
is a regular language. 

Actually this Conjecture was already formulated in 1970 for the case n = 2 
by Simon [98] in an unpublished manuscript. More recently, the following has 
been considered: 

Conjecture 3.2. (Generalized Brzozowski's conjecture) Let n, Tn > O. Let 
Bn,m be the congruence generated by the relation {( xn, xn+m) I x E A *}, 
then for any word wE A* the congruence class [W]9n,m is a regular language. 

In what follows, when talking about Brzozowski's conjecture, we shall 
refer to Conjecture 3.2, even though the first formulation, as stated in Brzo
zowski's paper [15], is exactly the statement of Conjecture 3.1. 

In 1990 [26, 32] the authors proved the Brzozowski conjecture for any 
n 2': 5 and Tn = 1. Actually the stronger result was proved, that for any 
n 2': 5 and for any w E A* the set of factors of [w]n in the monoid A* jBn 
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is finite and, by Lemma 3.2, this enforces the regularity of [WJn. Also, the 
further result that, in the monoid A* IBn, the word problem is solvable, for 
n 2: 5 was proved. 

Slightly later and in a different way J. McCammond [79J proved the con
jecture for n 2: 6 and for any m > O. His proof, based on some automata 
transformations, is very difficult to understand (it is based on forty lemmas 
proved by simultaneous induction). The importance of the paper stands on 
his results on Burnside's subgroups, in particular he proved that the maximal 
subgroups are cyclic of order m. 

Subsequently, A. Pereira do Lago [39J improved the result, basing his work 
on the techniques introduced in [26, 32J. On one hand he proved in a more 
direct way the conjecture for n 2: 4 and for any m, simplifying the original 
rewriting system, and on the other he underlined the links between such a 
system and Green's relations on the quotient monoid. 

The very last contribution comes from V. Guba [52J who proved in 1993 
the conjecture for n 2: 3, m 2: 1 and this is the most recent result. A more 
complete version of the work of do Lago containing some further results on 
the structure of the Burnside semigroup is in [40J. 

The case n = 2 is still unsolved and it is not clear how the techniques 
used up to now will be able to work it out. For n = 1 Conjecture 3.1 is 
trivially true since the monoid A * I Bl is finite. Conjecture 3.2 is still open for 
the values of the integer m for which the monoid A* /B1,m is infinite. 

3.3 Problems and results 

We shall now consider the Brzozowski conjecture in a more general context 
of problems that have been considered in recent contributions. 

Let A be a finite alphabet and n, m > O. Let 7r ~ A* x A* be the relation 
7r = {(xn,xn+m)1 x E A*}. Denote by B(r,n,n + m) the quotient monoid 
B(r, n, n + m) = A* IBn,m, where r = card(A). The monoid B(r, n, n + m) 
is called the Burnside semigroup with 'r generators defined by the equation 
xn = xn+m. One can then consider the following problems: 

1. Finiteness. For r = 1, B(l, n, n + m) is always finite. For r > 1, 
B(r,n,n + m) is finite for n = 1 and m = 1,2,3,4,6. This follows, since 
B(r, 1, 1 + m) coincides, up to the identity element, with SeT, Tn), from the 
theorem of Green and Rees (cf. Theorem 2.1) and the fact that the Burnside 
group G(T, n) is finite for n = 2,3,4 and 6. From this theorem and the 
results of Adjan, Novikov, Lysionok and Ivanov (cf. Sect. 2.) one derives that 
B(r, 1, 1 + Tn) is infinite for any odd integer Tn 2: 115 and, moreover, for any 
Tn 2: 248. 

For r > 2, and n > 1, B(T, n, n+Tn) is infinite. This is an easy consequence 
of the existence of infinitely many square-free words on an alphabet having 
at least three letters [103J. However, even if r = 2, and n > 1, it was proved 
by Brzozowski et al.[14J that B(r, n, n + Tn) is infinite. 
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2. Regularity of congruence classes. By Lemma 3.1 one has that the 
congruence classes are regular if and only if the elements of B( r, n, n + m) are 
recognizable, and this is equivalent to the requirement that B(r, n, n + m) is 
finitely recognizable. As we said before it is known at the present time that 
for n ~ 3 and m ~ 1 the elements of B(r, n, n + m) are recognizable. 

3. Finiteness .1-above. By Proposition 3.1 the finiteness .1-above of 
B(r,n, n +m) is also equivalent to the statement that for any S E B(r, n,n+ 
m) the set Fs of the factors of s is finite. It has been proved that B( r, n, n + 1) 
is finite .1-above for any n ~ 5 [26, 32J. At the present time we know that 
B(T', n, n + m) is finite .1-above for n ~ 3 and m ~ 1. 

4. The word problem. This problem consists in deciding whether, given 
two words u, v E A*, they represent the same element of B(r, n, n + m). As 
a result of the previous works we know that the word problem is solvable for 
n ~ 3 and m ~ 1. 

5. Structure. The 1-{-classes of regular 'V-classes have m elements. For 
n ~ 3 and m ~ 1 the group of such a 'V-class is a cyclic group of order m. 

6. Extensions and generalizations. One can consider the semi-Thue 
system 7r = {(xn,xn+m)1 x E A*} and ~; the corresponding derivation 
relation. For any w E A* let L( w) be the language L( w) = {v E A* I w ~; v}. 
For given n, m ~ lone can ask whether L( w) is a regular language. The only 
known results are in the case n = m = 1 (cf. Sect. 5.). 

We now present some recent results which link the above problems. These 
results also give an idea of the approach followed in solving the Brzozowski 
conjecture. We first observe that any finite semigroup is trivially finite .l
above, moreover if B(r, n, n + m) is finite then the equivalence classes are 
regular languages. Then, if we have an affirmative answer to Problem 1, we 
also have a positive answer to Problems 3 and 2. Unfortunately, as we said, 
there are only a few cases in which the semigroup B(r, n, n + m) is finite. 
From Lemma 3.2 one has that to find an affirmative answer to Problem 2 it 
is enough to solve positively Problem 3. 

We now observe that in the previous works the decidability of the word 
problem in the semigroups B(r, n, n + m) has been directly proved, at the 
present for n ~ 3. The proof relies on some properties such as the Church
Rosser property, of suitable rewriting systems that have been shown to be 
equivalent to the Thue-system 7r = {(xn,xn+m)1 x E A*}. An important fact 
underlined in [33J is that: if B(r, n, n + m) is finite .1-above, then the word 
problem in B(T', n, n + m) is solvable. This is a consequence of Proposition 
3.1, Lemma 3.2 and Corollary 3.1. 

Another question is the following: are Problems 2 and 3 equivalent? More 
generally we can ask whether a finitely recognizable semigroup is also finite 
.1-above. We have only a partial answer to this question by means of Theorem 
3.2. 
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We observe that the subgroups of B(r, n, n + 1) are all trivial, since they 
satisfy the equation x = 1, obtained by cancellation from the equation xn = 
xn+l. Moreover, B(r, n, n + 1) is stable, since all periodic semigroups are 
stable. Therefore, from Theorem 3.2, in order to prove that B(r, n, n + 1) is 
finitely recognizable and therefore that the noncounting classes are regular, 
it is enough to show that B(r, n, n + 1) has a .J-depth function. In fact in 
[26, 32] the following stronger result is proved. 

Theorem 3.4. Let M = B(r,n,n + 1), n ~ 5. For any m E M there are 
only finitely many .J -classes of elements t E Fm (i. e. M is weakly finite 
.J -above). This implies that B(r, n, n + 1) has a .J -depth function. 

Proof. The proof is based on the following results: 

Fact l(Equivalence Theorem). There exists a Thue-system u equivalent to 1f. 

The elenients of u are suitable pairs of words ofthe kind (x'xn- 2x", x'xn-1x"), 
with x' suffix and x" prefix of x. A production of the kind x'xn- 2x" --+ 

x'xn-1x" (resp. x'xn-1x" --+ x'xn- 2x") is called an expansion (resp. reduc
tion). Then one can prove: 

Fact 2 (Renormalization Theorem). Let [W]n be a noncounting class, where W 
is its canonical representative. Then any word x E [w]n can be obtained from 
W using only expansions of u. Let ~ denote the relation in A * defined as: for 
u,v E A*,u ~ v if and only if there exists in u a pair (x'xn- 2x",x'xn- 1x") 
and h, h' E A* such that 

The renormalization theorem implies that the reduction (or semi-Thue) sys
tem Ll = (A*, ~) is terminating (i.e. well-founded) and satisfies the Church
Rosser property, i.e. u == v, mod. en implies that there exists W E A* such 
that u ~* wand v ~* w. From this one easily derives (cf. [32]) that the 
word problem for M is solvable. 

Fact 3(Finiteness of the .J-depth). Let [W]n be a noncounting class and W 
its canonical representative. Then for any x E F([w]n) there exist w' E [w]n 
and x' E F(w') such that w' can be derived from w by at most one expansion 
of u and, moreover, ¢(x).J¢(w'). 

Since there are only finitely so many words derivable from w by one 
expansion of u, Fact 3 implies that for any [W]n there are only finitely many 
.J-classes in F([w]n). From this it easily follows that B(r, n, n + 1) has a 
.J -depth function. 

Let us observe that do Lago in his proof of Conjecture 3.2 for n ~ 4 
and m > 0 follows the lines of the proof in [26, 32]. He introduces a simpler 
rewriting system u equivalent to 1f = {(xn,xn+m)lx E A*} whose elements 
are suitable pairs of words of the kind (x'xn- 1,x'xn-1+m) with x' suffix of 
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x. He proved that for n ~ 4 and m ~ 1 the reduction system associated with 
(J is terminating. The main difference with respect to the line of the proof in 
[26, 32] is a direct proof that M = B(r, n, n + m) is finite J-above without 
using Theorem 3.3 and properties of maximal subgroups of M, which are 
actually finite (cyclic of order m), as shown by the same author for n ~ 4 
and by McCammond for n ~ 6. 

Some results relative to Problem 6 will be considered in the Section 5. 

4. Non-uniform regularity conditions 

A language L over the finite alphabet A is recognizable or regular if and 
only if the syntactic semigroup S(L) is finite. A property P of languages is 
said to be syntactic if whenever two languages L, L' have the same syntactic 
semigroup and L has the property P, then also L' has the property P. In 
this sense, commutativity is a syntactic property (L commutative if and only 
if its syntactic semigroup is commutative), periodicity is syntactic and also 
rationality is a syntactic property. We point out that when a characterization 
of rationality involves only properties of languages which are syntactic, then 
this result is rather a result on semigroups than on languages. However, when 
the conditions are formulated by properties which are not syntactic, then it 
is not possible to pass directly through the syntactic semigroup to prove the 
rationality of the language; the dependence on "contexts" can be overcome 
by very strong "forcing" arguments, like Ramsey's theorem, which will be 
used in the proof of some "non-uniform" regularity conditions. 

The study of regularity conditions for periodic languages has been called 
also the Burnside problem for languages. As we have seen in the previous 
sections the "permutation" and the "iteration" conditions for semigroups can 
be translated in regularity conditions which are of interest for the Burnside 
problem for languages. In the following we shall analyze some non-uniform 
versions of these conditions which cannot be expressed as properties of the 
syntactic semigroup of the language. 

The following lemma, called Nerode's criterion (cf. [45]), is an useful tool 
in dealing with non-uniform conditions. 

Lemma 4.1. Let P be a property defined in the class of all the languages 
oveT A and Lp the family of the languages satisfying P. If Lp is finite and 
for any a E A, L E Lp implies a- 1 L E Lp, then any language L E Lp zs 
regular. 

Proof. Let L E Lp. By hypothesis, for any u E A*, u-1 L E Lp. Since Lp 
is finite, the sets u- 1 L, u E A * are finitely many. By the Nerode theorem 
( cf. [45]), L is regular. 
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4.1 Pumping properties 

Let us now introduce some pumping properties inspired from the pumping 
lemma for regular languages (cf. [45]) . 

Definition 4.1. Let L be a language and x = uvw . We say that the word 
v is a pump for x, in the context (u, w), relative to L if and only if for any 
'i :::: 0 

uviW E L <:=} x E L. 

We say that v is a positive-pump if the latter condition is satisfied for any 
i> O. 

We shall not specify the context of a pump v when there are no ambigu
ities. 

Definition 4.2. A language L satisfies the property Dm (resp. Gm) if for 
anYX,WI,W2, ... ,Wm,y E A*, there existi,j, 1 ~ i < j ~ m+1, such 
that Wi ... Wj-I is a pump (resp. positive-pump) for xWI W2 ... wmY relative 
to L. A language L satisfies the block pumping property (resp. positive block 
pumping property) if there exists an integer m > 0 such that L satisfies Dm 
(resp. Gm). 

Definition 4.3. A language L satisfies the block cancellation property if 
theTe eX'ists an integer m > 0 such that faT any X, WI, W2, ... , Wm , yEA * , 
there exist i, j, 1 ~ i < j ~ m + 1, such that: 

XWI W2 ... wmY E L <:=} XWI W2 ... Wi-I Wj ... wmY E L. 

It is trivial from the definition that if a language satisfies the block pump
ing property then it satisfies also the positive block pumping property and 
the block cancellation property. 

In the former definitions the integers i,j depend on the context (x, y) 
in which the block WI W2 ... Wm is considered. If they do not depend on the 
context, then the corresponding properties will be said to be uniform. We ob
serve that the unifoTm block cancellation property and the uniform (positive) 
block pumping property aTe syntactic. The first trivially assures the finiteness 
of the syntactic semigroup S(L) of a language L and then the regularity of 
L. The second is equivalent to the statement that S(L) satisfies the central 
iteration property G(n, n+ 1, m) for a suitable m > 0 and for all n :::: 0 (n > 0 
in the positive case). Therefore, by Theorem 2.11 or simply by Corollary 2.3, 
one has that any language satisfying the uniform block pumping property 
is regular. Conversely, from the Myhill theorem one easily derives that any 
TegulaT language satisfies the uniform block pumping property. 

The relevance of the block pumping properties for the Burnside problem 
for languages is due to the fact that if a language L satisfies the property Dm 
aT Gm, then it is periodic. Indeed, one easily verifies that for any word W one 
has that w m =L wm+m!. Moreover, the following theorem was proved in [41] 
by A. Ehrenfeucht, R. Parikh and G. Rozenberg. 
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Theorem 4.1. A language is regular if and only if it satisfies the block pump
ing property. 

Proof. Let £ D= be the family of the languages satisfying Dm. We prove that 
for any u E A*, L E £D~ implies that u-1 L E £D~. In fact, if L satisfies D m , 

then for any x, y, W1, ... , Wm E A* there exist i,j, with 1 :::; i < j :::; m + 1, 
such that for any s ~ 0 

'UXW1 ... WmY E L ¢:} UXW1 ... Wi-1 (Wi . .. Wj-1 )SWj ... WmY E L; 

therefore for any s ~ 0 one has 

-lL ( )8 -lL XW1 ... WmY E U ¢:} XW1·· .Wi-1 Wi .•• Wj-l Wj ... WmY E U , 

and u- 1 L satisfies Dm. Now we prove that £D~ is finite. For this it is sufficient 
to prove that there exists an integer N such that for any two languages 
L, L' E £D~ one has 

L = L' ¢:} L n A[Nl = L' n A[Nl. ( 4.1) 

In fact let N = R(2, m + 1, 2), where R is the Ramsey function as in Theorem 
1.1. Suppose by contradiction that there exist two languages L, L' ~ £D~ 
such that Eq. (4.1) is not satisfied. Then there exists a word W of minimal 
length in the symmetric difference L 6. L' and Iwi ~ N. We can write W = 
'W1 W2 ... WN, with IWil ~ 1, for i = 1, ... ,N. Let X = {I, ... , N}. Consider 
a partition of P2 (X) in two subsets P1 , P2 where {i,j} E P1 if and only if 

with 1 :::; i < j :::; N, and P2 = P2(X) \ Pl. By the Ramsey theorem there 
exists a subset Y = {j1,j2, ... ,jm+!} of X, such that j1 < j2 < ... < jm+! 

and either P2 (Y) ~ P1 or P2 (Y) ~ P2 . Since L satisfies D m , one has P2 (Y) ~ 
Pl. Let CU1, ... ,um) be the derived sequence of (W1, .•• ,WN) corresponding 
to the increasing sequence j1 < j2 < ... < jm+! (cf. Definition 1.3). By 
construction W = XU1 ..• UmY and, since P2 (Y) ~ P1 , for any i,j E {I, ... , m} 
with i < j, one has 

XU1 U2 ... umY E L ¢:} XU1 U2 ... Ui-1 Uj ..• UmY E L. (4.2) 

Since L' satisfies Dm , there exist i, j E {I, ... ,m} such that 

XU1 U2 ... UmY E L' ¢:} XU1 U2 •.. Ui-1 Uj ... UmY E L'. (4.3) 

Let w' = XU1 U2 ... Ui-1 Uj ... umy. Since W is of minimal length in L 6. L' and 
Iw'l < Iwl, one has w' E L ¢:} w' E L'. Then, by Eq.(4.2) and Eq.(4.3), one 
derives W E L ¢:} W E L', that is a contradiction. Thus Eq.( 4.1) is proved and 
this implies that in £D= there are only finitely many sets. By Lemma 4.1, 
any language in £ D~ is regular. 
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We observe that the proof of the previous theorem uses only the block 
cancellation property which is weaker than the block pumping property. So 
we proved the following stronger result: A language L is regular if and only 
if it satisfies the block cancellation property. A problem left open in [41] is 
whether the positive block pumping implies regularity. A positive answer to 
this question is in the following [107]: 

Theorem 4.2. A language is regular if and only if it satisfies the positive 
block pumping property. 

Remark 4.1. If in Definition 4.2 the words WI, •.. ,w.,. are letters instead of 
blocks, one defines the usual pumping property of Automata Theory. This 
condition is very far from implying the regularity. In fact it has been proved 
[41] that there exist uncountably many non-regular languages which satisfy 
this property. 

Remark 4.2. One can consider some extensions of block pumping properties 
where the "pump" starts only from a given integer s > 1. If a language L 
satisfies this kind of property, then one easily derives that L is a periodic 
language. Moreover, in the uniform case one can prove, as a consequence of 
Theorem 2.11 that L is a regular language. An open problem is to see what 
occurs in the non-uniform case. 

4.2 Permutative property 

In this subsection we present some non-uniform properties that correspond 
to the permutation properties for semigroups. 

Definition 4.4. Let m and k be fixed integers such that m ~ k > 1. A 
language L is (m, k)-permutative if there exists a permutation (J E Sk \id 
such that whenever a word w is written w = UXI ••• x.,. v there exists a de
rived sequence (YI,"" Yk) of (x!, ... ,x.,.) such that Xl ... X.,. = U'YI'" YkV', 

u /, v' E A *, and 

I I L I I L w = UU YI ... YkV V E {:::::} UU YCT(I) ••• YCT(k)V V E . 

The language L is called permutative if there exist integers m and k, m ~ k 
such that L is (m, k)-permutative. 

When k = 2, that is, (J is the permutation (12), one obtains the transpo
sition property of [92]: A language L has this property if, for some m, every 
time one distinguishes m successive factors in some word w, then there exist 
two consecutive blocks of these factors which, when transposed, give a word 
w' such that w E L {:::::} w' E L. Note that the transposition property, when 
m = 2, is equivalent to the commutativity of L. 

One can easily prove that a rational language is always permutative: con
sider the loops in a finite automaton accepting it. Furthermore, there are 
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languages which do not have this property: for example, the set of palin
dromes; consider a palindrome of the form 

and set Xl = ab, X2 = a2b, ... ,Xm = ambo No permutation of the x's other 
than the identity keeps this word a palindrome. The following characteriza
tion of rationality was proved in [91]. 

Theorem 4.3. (Restivo and Reutenauer). A language is rational if and only 
if it is periodic and permutative. 

Proof. The proof can be articulated in the following points: 
(i) Let k be a fixed integer 2 2 and let (J E Sk \id. For m 2 k we set 

n(m) = R(k + 1, m + 1,2) where R is the Ramsey function. We denote by 
Lm,p the family of languages over the alphabet A such that: 

- L is (m, k)-permutative, 
- For any word x of length smaller than n( m) one has 

Vu, v E A * : uxPv E L {::::::} uxP+p!v E L. ( 4.4) 

(ii) Let L be a periodic language which is (m, k)-permutative. We show 
that L E £m,p for some p with p + p! 2 2n(m). Indeed, let W be the set of 
words of length smaller than n(m). For each x in W, as L is periodic, there 
exist ix, jx with jx 2 1 such that 

Let 
i = sup{ix I x E W}, j = sup{jx I x E W}. 

Choose p such that p 2 i, p 2 j, p + p! 2 2n(m). Then, if Ixl ~ n(m), i.e., 
x E W, one has, Vu, v E A*: 

uxPv E L {::::::} uxp- ix xix vEL 
{::::::} 'uxp-ixxix+jxv E L {::::::} uxp-ix+jxxixv E L 
{::::::} uxp-ix+ixxix+ixv E L {::::::} uxp-ix+2ixxix v E L 

{::::::} 'UXp-ix+p!xixv E L (because jx divides p!) {::::::} uxP+p!v E L. 

Hence, L is in £m,p with p + p! 22n(m). 
(iii) By (ii), we know that any periodic language which is (m, k)

permutative is in some £m,p with p + p! 2 2n(m), It will thus suffice to 
show that any such £m,p is finite. Indeed, if L is in £m,p, then so is 

a- l L = {w I aw E L} 

(as may easily be verified), so one may apply Nerode's criterion (d. Lemma 
4.1) to conclude that any language in £m,p is rational [45]. 
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(iv) Let p + p! ~ 2n(m), £ = 12m,p and n = n(m). Furthermore, let 
r = card(A) and N = N(r,p + p!, n) be the integer of Shirshov's theorem. 
Let L, L' E 12. We show that 

L = L' {:} L n A[N-l] = L' n A[N-l]. 

(i.e. if Land L' "agree" on all the words of length < N, then they coincide). 
This will ensure that £ is finite and will conclude the proof. 

(v) We order A *, by the alphabetic order <a that we simply denote by 
<. Since this order is a well order, A* has as a smallest element the empty 
word. Thus one may make induction with respect to this order. 

(vi) We show by induction that, for any word w, w E L {::::::} w E L'. We 
already know that w E L {::::::} w E L' if Iwl < N. Let Iwl ~ N. Suppose w 
contains the (p + p!)-th power of some nonempty word x: w = uxp+p!v, with 
Ixi ::; n - 1. As L, L' are both in £ = 12m,p we have, by Eq.(4.4), 

(uxP+p!v E L {::::::} uxPv E L) and (uxp+p!v E L' {::::::} uxPv E L'). 

Now, UxPv is smaller than w (with respect to the length), thus, by the in
duction hypothesis, we have 

Taking these equivalences together we obtain 

wE L {::::::} wE L'. 

(vii) Suppose now that w contains no (p + p!)-th power of a nonempty 
word of length at most n - 1. Then, by Shirshov's theorem, w has a factor 
which is n-divided: 

w = UX1 ... XnV, (4.5) 

where (Xl> ... , xn) is an n-division of Xl ... Xn . Let X = {l, 2, ... ,n}. Let 
Pk+1 (X) be the set of subsets of X of cardinality k + 1. Define a subset I 
of the set Pk+1 (X) as follows: {ib i 2, ... , ik+1} with il < i2 < ... < ik+1, is 
in I if the corresponding derived sequence (Yb ... ,Yk) of (Xl, ... ,xn ) is such 
that Xl ... Xn = U'Yl ... YkV' and 

UU'Yu(l) ... Yu(k)V'V E L. 

Let us remark that, since (Xl' ... ' xn) is an n-division of Xl ... Xn, by Eq.(4.5), 
one has 

w > UU'Yu(l) ... Yu(k)V'Vj 

hence, by induction on the order <, I remains unchanged if in its definition 
L is replaced by L'. 

Let J = Pk+l(X)\I. Then, by Ramsey's theorem, there exists an Y eX, 
with card(Y) = m + 1 and such that either Pk+1(Y) c lor Pk+1(Y) c J. 
The word w may be rewritten as 
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" " w = U Zl ... ZmV , 

where (Zl' ... ,zm) is the derived sequence of (Xl, ... ,xn ) corresponding to the 
set Y = {jl, ... ,jm+1} with jl < ... < jm+1. For any iI, ... , ik+1, il < i2 < 
... < ik+1 the condition Pk+1 (Y) c I implies that the corresponding derived 
sequence (tl' ... ,tk) of (Zl, ... ,zm) is such that w = U" Ul/ltl ... tkVI/I v" and 

(4.6) 

whereas the condition Pk+1 (Y) c J implies that 

(4.7) 

But Lis (m, k)-permutative; hence, if wE L, there are some i l , ... , ik+l 
such that Eq.( 4.6) holds; in this case, Pk+1 (Y) C I. And if w tJ. L, because 
of the permutative property, there are some i l , ... ,ik+1 such that Eq.(4.7) 
holds; in this case, P k+1 (Y) C J. Thus, w E L {:::::} P k+1 (Y) C I. Because of 
the remark made above, the same holds with L' in place of L. Hence, 

This concludes the proof. 

Similar to the permutative property is the permutation property: a lan
guage L has this property if, for some m (depending only on L), for any 
words u, Xl, ... , X m , v there exists a permutation a E Sm \ id, such that 

UXI ... XmV E L {:::::} uXa(1) ... xa(m)V E L. 

This is just commutativity for m = 2. As before, the language of palin
dromes does not have the permutation property. 

Problem. Does Theorem 4.3 still hold with the permutation property instead 
of the permutative property? 

Remark 4.3. If, in the permutation property, the permutation a depends on 
Xl, ... ,Xm only (and not on the contexts (u, v)), then the property becomes 
syntactic and the answer to the problem is positive; indeed, the syntactic 
semigroup has the permutation property and, thus by Theorem 2.4, is finite. 

5. Well quasi-orders 

In this section we give some regularity conditions that can be expressed in 
terms of well quasi-orders. As shown by Ehrenfeucht et al. [43] regular lan
guages can be characterized as the closed parts of well quasi-orders in the 
set of all the words over a finite alphabet (generalized Myhill's theorem); 
moreover, quasi-orders can be naturally associated with the derivation re
lations of suitable rewriting (or semi-Thue) systems, so that an interesting 
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problem is to determine under which conditions a semi-Thue system, belong
ing to a given class, is such that its derivation relation is a well quasi-order. 
Ehrenfeucht et al., for instance, characterized the unitary rewriting systems 
whose derivation relations are well quasi-orders [43]. A further example is 
given by copying systems. As an application of the generalized Myhill's the
orem one has that languages on a binary alphabet generated by copying 
systems are regular. In the sequel we consider two further classes of rewriting 
systems. A first class (71") consists of productions of the kind: u m ---+ um+k, 

m > 0, k > ° and U1 U2 ••• Un <-+ Uu(1)Uu (2) ... uu(n)' for any sequence of words 
Ul, ... ,Un E A +, n > 1, and u E A +, where (J" is a non-trivial permutation 
of {I, ... , n}; the permutation (J" and the pair (m, k) depend on the words 
'U1,"" Un and u, respectively. A second class (71"') consists of productions of 
the kind am ---+ a m +k , m > 0, k > ° and U1 U2 ••• Un ---+ U u (1)Uu(2) ••• uu(n) , for 
any sequence of words U1,"" Un E A+, n > 1, and a E A, where (J" is a fixed 
non-trivial permutation of {I, ... , n}. We prove that the derivation relations 
induced by the preceding systems are well quasi-orders. Two main corollar
ies are the following regularity conditions (cf. Theorems 5.9 and 5.11): i)A 
permutable and quasi-periodic language is regular, ii) An almost-commutative 
language which is quasi-periodic on the letters is regular. 

5.1 The generalized Myhill-Nerode Theorem 

Let S be a set and :s a quasi-order in S. A part X of S is upper-closed, 
or simply closed, with respect to :s if the following condition is satisfied: if 
x E X and x :s y then y EX. 

A quasi-order in S is called a well quasi-order (wqo) if every non-empty 
subset X of S has at least one minimal element in X but no more than a finite 
number of (non-equivalent) minimal elements. It is clear that a well ordered 
set is well quasi-ordered. There exist several conditions which characterize the 
concept of well quasi-order and that can be assumed as equivalent definitions 
(cf. [57]). 

Theorem 5.1. Let S be a set quasi-ordered by :S. The following conditions 
are equivalent: 

z. :s is a well quasi-order. 
zz. the ascending chain condition holds for the closed subsets of S. 
zzz. every infinite sequence of elements of S has an infinite ascending subse

quence. 
iv. if Sl, S2,"" Sn, •• · is an infinite sequence of elements of S, then there 

exist integers i,j such that i < j and Si :s Sj. 

v. there exists neither an infinite strictly descending sequence in S (i. e. :s 
is well founded), nor an infinity of mutually incomparable elements of S. 

vi. S has the finite basis property, i. e. for each subset X of S there exists a 
finite subset Fx of X such that for every x E X there exists ayE Fx 
such that y :s x. 
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Let us now suppose that the set 8 is a semigroup. 

Definition 5.1. A quasi-order ~ in a semigroup 8 is monotone on the right 
(on the left) if for all Xl, X2, Y E 8, Xl ~ X2 implies Xl Y ~ X2Y (YX1 ~ YX2). 

A quasi-order is monotone if and only if it is monotone on the right and on 
the left. One has, in particular, that a monotone equivalence is a congruence 
in 8. 

Definition 5.2. A quasi-order ~ in 8 is a divisibility order if it is monotone 
and, moreover, for all s E 8 and X, y E 8 1, S ~ xsy. 

The ordering by divisibility in abstract algebras was studied by G. H. 
Higman [57) who proved a very general theorem that in the case of semigroups 
becomes: 

Theorem 5.2. Let 8 be a semigroup quasi-ordered by a divisibility order ~. 
If there exists a generating set of 8 well quasi-ordered by ~, then 8 will be 
so. 

The Higman theorem has several applications in combinatorics on words 
as well as in language theory (see, for instance [100)). A remarkable conse
quence of it is the following. Let 8 = A+ be the (free) semigroup generated 
by the alphabet A quasi-ordered by a relation ~. This order can be extended 
to A + as follows. Let u and v be wordsj we set u ~ v if some subsequence 
of v majorizes u letter-by-Ietter, i.e. u = a1 ... an, ai E A, i = 1, ... , n 
and v E A*b1A*b2A* ... A*bnA*, with bi E A, i = 1, ... , nand ai ~ bi , 
i = 1, ... ,n. This is a divisibility order so that by Theorem 5.2 if A is wqo 
(as, for instance, when A is finite) then 8 is itself wqo. 

A characterization of recognizable subsets of a semigroup can be obtained 
in terms of well quasi-orders. In fact it holds the following theorem, usually 
called the generalized Myhill-Nerode theorem, when 8 is a finitely generated 
free semigroup [43). 

Theorem 5.3. Let X be a part of a semigroup S. X E Rec(8) if and only 
if X is closed with respect to a monotone well quasi-order in 8. 

One easily verifies that a congruence of finite index is a monotone well 
quasi-order which is an equivalence. Let X ~ 8j we introduce the following 
relation ~x in 8 defined as: For all s, t E 8, 

s ~x t if and only if Vh, k E 8 1(hsk EX=> htk EX). 

One also verifies that ~x is a monotone quasi-order and X is closed 
w.r.t. ~x. Moreover, the equivalence relation ~x n (~X)-l coincides with 
the syntactic congruence of X and ~x is maximal (w.r.t. inclusion) in the set 
of all monotone quasi-orders with respect to which X is closed. The relation 
~x can be called the Myhill quasi-order relation relative to X. 
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Proposition 5.1. Let X be a part of a semigroup S. X E Rec(S) if and 
only if ~x is a well quasi-order. 

Proof. (-¢::) It is trivial by the fact that X is closed w.r.t. the monotone well 
quasi-order ~x, so that by the generalized Myhill-Nerode theorem the result 
follows. 

(=» Let X E Rec(S). From Theorem 5.3 the set X is ~-closed, where 
~ is a monotone wqo. This implies in view of Theorem 5.1 that for any 
infinite sequence Sb S2,"" Sn ••• of elements of S, there exists an infinite 
subsequence tt, t2,' .. , tn, ... such that: tl ~ t2 ~ ... ~ tn ~ .... Since 
~ ~ ~x one derives tl ~x t2 ~x ... ~x tn ~x .... This shows by Theorem 
5.1 that ~x is a wqo. 

A partial generalization of Nerode's theorem and of Theorem 5.3 as well, 
is given by the following [36]: 

Theorem 5.4. Let X be a subset of S. The following conditions are equiv
alent 

i. X is recognizable. 
ii. X is a closed part of a wqo ~l monotone on the right and a wqo ~2 

monotone on the left. 

Let us observe that, differently from the congruential case, if a part X 
of a semigroup S is a closed part of a wqo monotone only in one direction, 
then, generally, X is not recognizable [36]. 

5.2 Quasi-orders and rewriting systems 

Now we consider the case when S is the free monoid generated by a finite 
alphabet A. We recall that a rewriting system, or semi- Thue system, on A 
is a pair (A,7I") where 71" is a binary relation on A*, i.e. 71" ~ A* x A*. Any 
pair of words (p, q) E 71" is called a production and denoted by p --+ q. Let us 
denote by =>.". the regular closure of 71", i.e. for u, v E A*, 

U =>.". v if and only if 3(p, q) E 71" and 3h, k E A* : u = hpk and v = hqk. 

The derivation relation =>; is defined as the reflexive and transitive clo
sure of =>.".; one can easily verify that =>; is a monotone quasi-order. If 71" 

is a symmetric relation, then =>; becomes a congruence relation in A * and 
(A,7I") is also called a Thue-system. From Theorem 5.1 and Proposition 5.1 
we derive the following: 

Proposition 5.2. A language over a finite alphabet is regular if and only if 
it is =>;-closed with respect to a rewriting system 71" such that =>; is a well 
quasi-order. 
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Proof. ({:::) Obvious from Theorem 5.3 since :::}; is monotone. 
(:::}) Let L be a regular language. By Kleene's theorem L is recognizable. 

Thus by Proposition 5.1, -:::L is a wqo. Let us consider the rewriting system 
(A,7r), with 7r = -:::L' Since -:::L is monotone one has :::}.".= -:::L' Moreover, 
since -:::L is reflexive and transitive, one has :::};= -:::L. Since L is -:::L-closed 
the result follows. 

An interesting problem is to determine under which conditions a semi
Thue system 7r belonging to a given class is such that its derivation relation 
:::}; is a wqo. Let us, for instance, consider the class of unitary semi-Thue 
systems. We recall that a semi-Thue system 7r is called unitary when 7r is a 
finite set of productions of the kind E ~ q, q E A+. Such a system is then 
determined by a finite set I ~ A+. Let us simply denote by:::}j the derivation 
relation in these systems. If I = A, then :::}:4 is a wqo by the Higman theorem. 
In [43] Ehrenfeucht et al. gave the following interesting characterization of 
the finite sets I such that :::} j is a wqo. 

Theorem 5.5. The derivation r'elation :::}j of the unitary semi-Thue system 
associated to the finite set I ~ A + is a wqo if and only if there exists an 
integer kEN such that every word in A * whose length is greater than k has 
a factor in I. 

A set I which satisfies the property stated in the above theorem has been 
called subword unavoidable. Theorem 5.5 is then a non-trivial extension of 
Higman's theorem. A different extension was given by D. Haussler [55]. 

Let us denote with 7r the rewriting system 7r = {(x, xx) I x E A *}. 
The derivation relation:::}; is called copying relation. Copying systems and 
languages generated by them were introduced in [43] by Ehrenfeucht and 
Rozenberg. For any w E A* the copying language Lw ,7r is defined as 

L w ,7r = {u E A* I w :::}; u}. 

The language Lw,.". is upwards closed with respect to :::};. However, it has 
been proved in [43] that, if w is a word containing at least three letters, then 
Lw,.". is not a regular language. The following result has been proved in [11]: 

Theorem 5.6. Let A be a binary alphabet. The derivation relation :::}; is a 
well quasi-order on A*. 

From Theorem 5.3 and Theorem 5.6 one derives: 

Corollary 5.1. Let A be a finite alphabet and wE A*. Then Lw,7r is regular 
if and only if w contains at most two letters. 

In the sequel we will give further classes of semi-Thue systems such that 
the derivation relation is a wqo. 

Let the alphabet A be totally ordered by -::: and let -:::lex and -:::a be the 
lexicographic and the alphabetic order generated by -:::, respectively. 
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We can then totally order the set E of all infinite sequences of words of 
A+, y: N --+ A+, 

Y = YO,Yl>··· ,Yn,··· 

where Yi = y( i) for all i ~ 0, in the following way. Let Y, Z E E and define, 
if Y =I- z, i = min{j E N I Yj =I- Zj}; we set Y ::;a Z if and only if Y = Z or, 
otherwise, Yi <a Zi· 

Let ::; be a quasi-order on A + and x : N --+ A + be an infinite sequence of 
words. We call x bad if for all i,j, i =I- j, one has Xi 1:. Xj. Many proofs on 
well quasi-orders, as well as the proof of the Higman theorem, are based on 
the following proposition essentially due to Nash-Williams (cf. [74, 77]): 

Proposition 5.3. Let::; be a well founded but no well quasi-order. Then 
there exists a bad sequence which is minimal w. r. t. the order ::;a. 

5.3 A regularity condition for permutable languages 

We introduce a class of rewriting systems 7f whose productions are defined as 
follows. Let n be an integer > 1. For any sequence of words Ul, ..• , Un E A + 
and U E A+ 

U1U2·· .Un --+ Uu (1)Uu (2)·· .uu(n)' Uu (1)Uu (2)·· .uu(n) --+ U1U2·· .Un (5.1) 

urn --+ urnH , m > O,k > 0, (5.2) 

where a E Sn \ id and the pair (m, k) depend on the words Ul, . .. , Un and 
u, respectively. Let us observe that each rewriting system 7f of the preceding 
class depends on the integer n > 1 and on the two maps f : (A+)n --+ Sn \ id, 
g: A+ --+ N+ x N+. Hence a particular rewriting system of the class should 
be denoted by 7fn ,/,g. However, we drop the subscripts when no confusion 
arises. 

Theorem 5.7. The derivation relation:::}; is a well quasi-order. 

In order to prove the result we recall some theorems. For any n > 0 
let us denote by Ln the set of all words on the alphabet A which do not 
contain n-divided factors. The following important theorem, due to Restivo 
and Reutenauer [92]' gives a characterization of Ln in terms of bounded 
languages; we recall that a language L is bounded if for some words Wl, .•. , wq , 

it is contained in wi ... w;. 
Theorem 5.8. A language L is bounded if and only if for some integer n 
the set F(L) of the factors of L does not contain n-divided words. 

The following lemma is a slight generalization of the famous lemma of 
Dickson (cf. (77)). 
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Lemma 5.1. Let q > 0 and mi, ki be integers such that mi 2: 0 and ki > 0 
(i = 1, ... , q). Let us consider in Nq the relation => defined as: let (rl, ... , r q), 
(Sl, ... ,Sq) E Nq, (rl, ... ,rq) => (Sl, ... ,Sq) if and only if there exists i E 

[1, q] such that ri 2: mi, Si = ri + ki and Sj = rj for j i= i. The reflexive and 
tmnsitive closure => * of => is a well quasi-order of Nq. 

Proof of Theorem 5.7. The proof is by contradiction. Suppose that => ~, which 
we simply denote by::;, is not a wqo. By definition of the rewriting system 
'if, there cannot exist an infinite strictly descending chain w.r.t. the order ::;, 
so that ::; is well founded. By Proposition 5.3 there exists a bad sequence 
x: N ....... A+ which is minimal w.r.t. the order ::;a' Let us now prove that for 
all i 2: 0, the word Xi does not contain n-divided factors. In fact suppose, by 
contradiction, that 

Xi = XUIU2· .. UnY, X,Y E A* 

and that for all permutations T E Sn, T i= id, one has: 

(5.3) 

By Eq.(5.1) Ul U2 ... Un ....... Uu(1)Uu(2) ... uu(n) and Uu(1)Uu(2) ... ua(n) ....... 
Ul'U2 ... 'Un, (J' E Sn, (J' i= id. 

Let us set Yi = XUa(1)ua(2) ... ua(n)Y; one has from Eq.s (5.1) and (5.3) 

Let us now prove that for all j, j i= i, one has: Xj 1:. Yi and Yi 1:. Xj' In 
fact if x j ::; Yi since Yi ::; Xi we reach the contradiction x j ::; Xi. Similarly if 
Yi ::; X j, since Xi ::; Yi we reach the contradiction Xi ::; Xj. It follows that the 
sequence z defined as Zi = Yi and Zh = Xh, for 0 ::; h i= i, is a bad sequence. 
Since Yi >lex Xi one has Z <a X and this contradicts the minimality of x. 
Let us now consider the language formed by the elements of the sequence 
x, i.e. X = UiEN{ xd. As we have seen before F(X) does not contain n
divided words. From Theorem 5.8, X is a bounded language, i.e. there exist 
words WI, ... , wq, such that X ~ wi ... w;. Hence for any word Xi E X there 
exist non-negative integers rl,' .. , r q such that Xi = W~1 ... w;-. Thus any 
element of X is uniquely determined by the q-tuple (rl, ... ,rq) E Nq. Let 
(mi, ki ) (i = 1, ... , q) be the set of pairs of integers such that Wr'i ....... Wr'i+ki 
according to Eq. (5.2). We can then consider in Nq the relation => defined as 
in Lemma 5.1. 

Let us observe that if (rt, ... , rq) => (Sl, ... , Sq) then W~1 •.. w;- =>11' 
w:1 ••• w~-. By Lemma 5.1 the reflexive and transitive closure =>* of => is 
a well quasi-order. Let the set M be defined as M = {(r1"'" rq) E Nq I 
w? .. w;- E X}. By statement (v) of Theorem 5.1 there will exist two 
different q-tuples (r1, ... , rq), (S1, ... , Sq) E M such that (rl, ... , rq) =>* 
( ) L - r1 r_ d . - 81 Sq. th ld bt . S1, ... ,Sq. etxi-w1 ... Wq an XJ-Wl ... Wq, enonewou 0 am 
Xi ::; Xj which is a contradiction. 
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From Theorem 5.7 one obtains a further proof [34] of the theorem of 
Restivo and Reutenauer (d. Theorem 2.4). Indeed, let S be a finitely gener
ated semigroup and ¢ : A + -+ S the canonical epimorphism. If S is periodic 
and permutable, then one derives that there exists a rewriting system 7r, 

whose productions are defined by Eq.s (5.1) and (5.2), such that =?;~ ¢¢-l. 
By Theorem 5.7, =?; is a wqo; this trivially implies that the congruence ¢¢-l 
is of a finite index. Hence, S is finite. 

A language L is called periodic (permutable) if the syntactic semi group 
S(L) is periodic (permutable). Since S(L) is finitely generated from Theorem 
2.4 one derives that a language L is regular if and only if L is periodic and 
permutable. 

Let us observe that the condition of periodicity for L can be expressed 
as: for all u E A* there exist integers n, k > 0 such that for all x, y E A* one 
has: 

xuny E L {:} xun+ky E L. (5.4) 

We shall now prove that if L is a permutable language then L is regular 
under a condition which is weaker than that of periodicity. This condition 
is obtained by replacing in Eq. (5.4) the double implication with a single 
implication. More precisely let us give the following definition: 

Definition 5.3. A language L is called quasi-periodic if for all·u E A* there 
exist integers n, k > 0 such that for all x, y E A* one has: 

xuny E L =? xun+ky E L. 

L is called co-quasi-periodic if the complement U of L is quasi-periodic. 

One can easily prove that a language is periodic if and only if it is both 
quasi-periodic and co-quasi-periodic. 

Theorem 5.9. A language L is regular if and only if L is permutable and 
q'uasi-periodic 01' co-quasi-periodic. 

Proof. The "only if" part of the theorem is trivial by the fact that if L 
is regular then the syntactic semigroup S(L) is finite and then periodic and 
permutable. Let us then prove the "if' part. First of all we observe that we can 
limit ourselves to prove the result when L is quasi-periodic. In fact suppose 
that we have already proved the theorem when the language is quasi-periodic 
and suppose that L is co-quasi-periodic. One has then that S(L) = S(U) is 
permutable and LC is quasi-periodic; hence LC, as well as L is regular. Let 
us then suppose that L is permutable and quasi-periodic. This implies that 
there exists n > 1 such that for any sequence of words Ul, .•• , Un of A + there 
exists a permutation (J E Sn, (J =/:. id, such that 

(5.5) 

moreover, for any word u E A* there exist integers m ~ 0 and k > 0 such 
that for all x, y E A* 
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We can then introduce a rewriting system 7r whose productions are defined 
as: for any sequence of words Ul, .•. ,Un E A + and U E A + 

'U1'U2·· .Un -> U u (1)Uu (2)·· .uu(n)' u u (1)Uu (2)·· .uu(n) -> U1U2 ••• U n (5.7) 

um -> um +k , m> 0, k > 0, (5.8) 

where the permutations (Y and the integers m and k are those in the Eq.s 
(5.5) and (5.6), respectively. From Eq.s (5.5) and (5.6) one has that L is 
=>;-closed, so that from Theorem 5.7 and Proposition 5.2 the result follows. 

5.4 A regularity condition for almost-commutative languages 

We introduce a class of rewriting systems 7r' as follows. Let m, k be positive 
integers, n > 1 and (Y any fixed permutation (Y E Sn, (Y -=I id. The productions 
of 7r' are then defined as: For any letter a E A and words W1, ... ,Wn E A + 

am -> am +k , W1W2 ... Wn -> wu(1)Wu(2) ... wu(n). (5.9) 

Any particular rewriting system depends on the integers n, m, k and on the 
fixed permutation (Y E Sn \ id, so that it should be denoted by 7r~ m k'u; 

however we drop the subscripts when there is no confusion. Let us de~~te 
by =>7r' the regular closure of 7r' and let =>;, be the reflexive and transitive 
closure of =>7r'. The following theorem was proved in [34]: 

Theorem 5.10. The derivation relation =>;, is a well quasi-order. 

Definition 5.4. A language L is quasi-periodic on the letters if for any a E 
A there exist integers m > 0 and k ~ 1 such that am '5:.L am+k. L is co-quasi
periodic on the letters if LC is quasi-periodic on the letters. 

Definition 5.5. A semigroup S is n-almost commutative, n > 1, if there 
exists a permutation (Y E Sn \ id such that for any sequence S1,"" Sn of 
elements of S one has: 

S 'is sa'id to be almost-commutative if it is n-almost commutative for a suitable 
n > 1. A language L is n-almost-commutative (almost-commutative) if its 
syntactic semigroup S(L) is n-almost-commutative (almost-commutative). 

A corollary of Theorem 5.10 is the following: 

Theorem 5.11. Let L be a language which is quasi-periodic, or co-quasi
per"iodic, on the letters. If L is almost-commutative, then L is reg'ular. 
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Proof. Let L (or L C ) be almost-commutative, i.e. there exist n > 1 and a 
permutation (J" E Sn \ id such that for any sequence UI, ... , Un of words of 
A+ one has UIU2" .Un =£ u u (1)Uu (2)" .uu(n). If L is quasi-periodic on the 
letters one has that for any a E A there exists a pair of integers (ma , ka ) 

such that ama -:5.£ ama+ka. Let us take m = max{ma I a E A} and k = 
mcm{ka I a E A}; it follows that for any a E A, am -:5.£ am+k. Let us then 
consider the rewriting system 1f' defined as: for any letter a E A and words 
'UI, ... ,Un E A+, am --+ a m +k and UIU2",Un --+ U u (1)Uu (2) ... U u (n). The 
language L is =>~,-closed so that by Theorem 5.10 the result follows. Let us 
now suppose that L is co-quasi-periodic on the letters. One has that LC is 
quasi-periodic on the letters and that S(L) = S(LC) is almost-commutative. 
Hence LC and then L are regular. 

We want now to consider some classes of languages whose elements are 
quasi-periodic on the letters. Let L be a language over the alphabet A. We say 
that L satisfies the iteration property IP if the following condition is satisfied: 

(IP) There exists a positive integer N such that each W E L of 
length at least N admits a factorization: W = WI UW3VW2 satisfying 
the following conditions: i) Iuvi 2 1, ii) IWI uvw21 -:5. N and iii) 
WI UnW3VnW2 E L, for all n > O. 

We recall that a rational cone, or simply cone, is any family of languages 
closed under rational trans duct ions (cf. [5]). The following theorem is proved 
in [34]. 

Theorem 5.12. Let.c be a rational cone satisfying the iteration property 
IP. Then ever'y almost-commutative language in .c is quasi-periodic on the 
letters. 

From Theorems 5.11 and 5.12 one derives the following: 

Corollary 5.2. Every almost-commutative language in a rational cone sat
isfying the iteration property IP is regular. 

We remark that one-counter languages as well as the linear languages 
belong to rational cones (cf. [5]) which verify the property IP, so that from 
Corollary 5.2 we derive the following: 

Corollary 5.3. Almost-commutative one-counter languages and almost com
mutative linear languages are regular. 

We recall that Latteux and Rozenberg proved in [76] the following impor
tant theorem: 

Theorem 5.13. Let.c be a family of languages satisfying the iteration prop
erty IP. Then every commutative language in .c is regular. 

From the preceding theorem they derived: 
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Corollary 5.4. Commutative one-counter languages and commutative lin
ear languages are regular. 

We give now a direct proof of Corollary 5.2. We need the following lemma 
of P. Perkins[85]: 

Lemma 5.2. A semigroup S is almost-commutative if and only if there exist 
integers nand j such that 1 :::; j < j + 1 :::; n and for any sequence S1, ... , Sn 
of n elements of S one has 

(S1 ... Sj_l)SjSj+1(Sj+2'" sn) = (S1 ... Sj-dSj+1Sj(Sj+2 ... sn). 

Proof of Corollary 5.2. Let L be an almost-commutative language in a rational 
cone .c satisfying IP; by Lemma 5.2, there exist integers nand j such that 
1 < j < j + 1 < n and for any sequence Ul,"" Un of words of A+ one has 

('U1 ... Uj-dUjUj+l(Uj+2" .un ) =L (Ul ... Uj-dUj+1Uj(Uj+2 ... un). (5.10) 

Let a, (3 E An; we prove that the language La,{J = (a- 1 L)(3-1 E .c is commu
tative, i.e. for any X,y E A+ one has that xy =L a ,{3 yx. Indeed, let z,h E A* 
and suppose that zxyh E La,{J; one has then azxyh(3 E L. From Eq. (5.10) 
since lal, 1(31 = n, one has that azyxh(3 E L; hence zyxh E La,{J' It follows 
then that xy =L a ,{3 yx, In view of the fact that .c is a cone satisfying IP by 
Theorem 5,13, it follows that La,{J is regular. The language L is given, up to 
a finite set, by 

hence L is regular since it is a finite union of regular languages, 

We consider now the family Qrt of quasi-rational languages which is de
fined as the closure by substitution of the family Lin of linear languages, 
More precisely set Lin1 = Lin and, for any k > 1: 

(Linh = Lin 8 (Linh-1' 

where 8 denotes the substitution operator [5], The family Qrt is then defined 
as: 

Qrt = U(Link 
k>O 

It holds the following noteworthy theorem due to J, Kortelainen [73]: 

Theorem 5.14. Any commutative quasi-rational language is regular, 

By the above theorem and the lemma of Perkins we can prove the following 
more general proposition in which "commutative" is replaced by "almost
commutative" : 

Theorem 5.15. Any almost-commutative quasi-rational language is regular, 
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Proof. We observe first that Qrt is a cone. Indeed, Lin is a cone; moreover, 
it is well known that if £, and M are two cones then £, 0 M will be so. Thus 
for any k > 0, (Lin)k is a cone; hence it follows that Qrt is a cone. If L 
is an almost-commutative language in Qrt, then by Lemma 5.2 Eq.(5.1O) is 
satisfied for a suitable n > 1. Using an argument similar to that in the proof 
of Corollary 5.2 one has that for a,,8 E An the language La,{j = (a- 1 L),8-1 E 
Qrt is commutative. By Kortelainen's theorem one has that La,{j is rational. 
Hence it follows that L is regular since it is a finite union of regular languages. 

One can ask the question whether in Theorem 5.11 one can substitute 
"almost-commutative" languages with "permutable" languages. In general 
the answer to this question is negative; however, for 3-permutable languages 
the following holds (cf. [34]): 

Theorem 5.16. Let L be a 3-permutable language which is quasi-periodic or 
co-quasi-periodic on the letters. Then L is regular. 
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Families Generated by Grammars 
and L Systems 

Gheorghe Paun and Arto Salomaa 

1. Grammar forms 

1.1 Introduction: structural similarity 

Grammars appear in many chapters of this Handbook, often constituting the 
key notion of the chapter. Usually a specific language, L(G), is associated to 
a grammar G. The language L(G) is generated by the grammar G, obtained 
from a specific starting point by rules specified in the grammar. In this chap
ter we take a more general point of view. A grammar G defines a collection 
of structurally similar grammars G', called interpretations of G. Each of the 
interpretations G', in turn, generates a language L( G') in the usual way. In 
this chapter we consider the family .c( G) of languages L( G') generated by the 
interpretations G' of G. The family .c( G) is referred to as the grammatical 
family associated to G. Thus, from the point of view taken in this chapter, 
grammars generate families of languages rather than single languages. When 
grammars are considered in this way, the term "grammar form" rather than 
"grammar" will be used. As constructs grammar forms and grammars are 
identical. However, they are applied in different ways. We will consider also 
L forms, that is L systems applied similarly, defining language families via 
interpretations. 

Before we continue our discussion, let us take a simple example. Consider 
two grammars 

GREG = ({S},{a},S,{S......; as,S......; a}), and 

GCF = ({S},{a},S,{S......; SS,S......; a}). 

Clearly, L(GREG) = L(GCF ) = a+ and, hence, the two grammars are equiv
alent in the sense that they generate the same language. However, it is 
intuitively clear that the grammar GCF is "stronger" with respect to the 
generative capacity. This essential difference becomes evident if we view the 
productions as schemata for productions, that is, any grammar G' whose pro
ductions are of types A......; BC and A ......; b, where A, B, Care nonterminals 
and b is a terminal, is viewed as a "pattern match" or an "interpretation" of 
GCF. The latter term is used in the theory of grammar forms, and grammars 
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G' described above constitute exactly the interpretations of GCF , according 
to the formal definition given below. Every (A-free) context-free language 
can be generated by such an interpretation G' and, consequently, the gram
matical family associated to GCF , when GCF is viewed as a grammar form, 
equals the family of context-free languages not containing the empty word 
A. Similarly, the grammatical family associated to GREG equals the family 
of A-free regular languages. Thus, the generative capacity of GREG is far less 
than that of GCF , when the two constructs are viewed as grammar forms 
rather than grammars. 

We already pointed out that the interpretations G' of a grammar form 
G are intended to be structurally similar grammars. Indeed, the basic G 
can be viewed as a master grammar, sometimes also referred to as a form 
grammar that defines a class of structurally similar grammars. As we will 
see, the resulting notion of structural similarity is rather strong, giving rise 
to natural coherent classes of similar grammars. Formal language theory is 
rich in other notions and ideas concerning structural similarity - we will now 
briefly mention some of them. 

The simplest notion of structural similarity is that of equivalence: the 
grammars generate the same language. However, this notion is too primitive, 
since grammars which are very different in structure can be related in this 
way. A second notion of grammatical similarity, structural equivalence, was 
suggested in the late 60's. Essentially, two context-free grammars G1 and G2 

are structurally equivalent if, for every derivation tree in G1 with a terminal 
frontier there is an equally shaped derivation tree in G2, and vice versa. 
Thus, not only the languages but also the derivations coincide. The same 
effect is obtained if we require that the parenthesized versions of G1 and 
G2 are equivalent in the normal sense: the right sides of all productions are 
included in parentheses, A --+ 0 becomes A --+ (0). A remarkable r~sult here 
is that, while equivalence is undecidable, structural equivalence is decidable 
for context-free grammars. 

The reader is referred to [50] for a discussion concerning structural equiv
alence and related notions, as well as for early literature in this area. The 
notion of cover and syntax-directed translation have had considerable impor
tance in the area of compiler theory and practice. In both cases this involves a 
concept of grammatical similarity. We refer to [1] and [10] for further details. 
Also [50] contains a brief exposition and further references. 

An idea of topological similarity for grammars has also been suggested, 
see [48]. Of all the approaches to grammatical similarity briefly mentioned 
here, the idea of a grammar morphism, first studied in [12], seems have been 
the most useful and, at the same time, the most natural. This approach dealt 
with category theory. A grammar defines a category, called the syntax cate
gory. The objects are sentential forms of a grammar G and the morphisms are 
derivations in G. Essentially, a grammar morphism is a functor between two 
syntax categories. This mathematical background confirms that two gram-
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mars, one of which is obtained from the other by a grammar morphism, are 
structurally similar. An interested reader can find from [50] further details 
and references. We only mention here that the idea of a grammar morphism 
comes close to the relation of a grammar being an interpretation of another 
grammar, defined formally in the next subsection. 

The idea of structural similarity investigated in the theory of grammar 
forms is based on collections defined by a grammar: a master grammar defines 
a collection of structurally similar grammars. When considering L systems, 
we obtain in the same way a collection of structurally similar L systems. The 
next thought is immediate: form theory can and should be applied to the 
study of dialects of languages, both natural and programming languages, as 
well as of species of organisms. So far no significant steps have been taken in 
this direction. 

A brief outline of the contents of this chapter follows. This first section 
presents the basics of grammar form theory, beginning with the fundamental 
definitions in Section 1.2. The second section discusses L forms theory in 
a similar fashion. Section 3 takes up the topic of density. The density of 
grammatical families is a surprising phenomenon, perhaps the most surprising 
one brought about by grammar form theory. It can be viewed as the only 
known instance of density obtained by purely language-theoretic means, not 
invoking the density of real numbers as done in the ordering of complexity 
classes. We will extend in Section 3 the idea of density from grammatical to 
so-called linguistical families, as well as color families of graphs. The form 
theory presented in the first three sections is restricted to the context-free 
case, which in the case of L systems means EOL and ETOL systems and 
forms. The final section extends the considerations to various other types of 
grammars. 

1.2 Interpretations and grammatical families 

We assume that the reader is familiar with the basic notions concerning 
grammars and L systems. For this purpose, Section 3 of Chapter 1 of this 
Handbook should be sufficient. If not, appropriate parts of Chapters 4 and 
5 can be consulted. All more specific notions needed in our presentation will 
be explained below. We will often use the following A-convention without 
further mention. Two languages L1 and L2 are considered equal if L1 - { A} = 
L2 - { A}. Two language families £1 and £2 are considered equal if, for every 
L1 - {A} =f. 0 in £1, there is an L2 in £2 such that L1 - {A} = L2 - {A}, 
and vice versa. Thus, the A-convention means that we ignore the empty set in 
language families and the empty word in languages. One has to be cautious in 
applying the A-convention. For instance, ignoring the empty word in a factor 
of a catenation L1L2 may cause a drastic change in the whole catenation. 

In this Section 1, all grammars considered will be context-free and written 
in the form G = (V, E, S, P), where E is the terminal and V the total al
phabet (sometimes we consider also the nonterminal alphabet VN = V - E), 
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P ~ VN X V* is a finite set of productions and 8 E VN is the start letter. 
We often define grammars by simply listing their productions, in which case 
capital letters denote nonterminals and lower case letters denote terminals. 
A notion needed in the following fundamental definition is that of a disjoint
finite-letter substitution (dft-substitution). Let Vi and V2 be alphabets. A 
dfi-substitution is a mapping p, of VI into the set of nonempty subsets of V2 

such that p,(a) n p,(b) = 0 for all distinct a, b E VI. Thus, a dfl-substitution 
associates one or more letters of Vi! to each letter of Vi, and no letter of Vi! is 
associated to two letters of VI. Because p, is a substitution, its domain is im
mediately extended to concern words and languages over VI. For a production 
A -+ a, we define 

p,(A -+ a) = {A' -+ a' I A' E p,(A) and a' E p,(a)}. 

We are now ready for the basic 

Definition 1.1. A grammar G' = (V', E' , 8', P') is an interpretation of a 
grammar G = (V, E, 8, P) modulo p" denoted G' <I G (mod p,), where p, is a 
dft-substitution on V, if conditions (i) and (ii) are satisfied: 

(i) V' = p,(V), E' = p,(E) and 8' E p,(8), 
(ii) P' ~ p,(P) = UPEP p,(p). 

The grammar G is referred to as the master or form grammar, while G' is the 
image or interpretation grammar. The grammar family and the grammatical 
(language) family of G are defined by 

Q(G) = {G' I G' <I G (mod p,), for some p,}, 

C(G) = {L(G') I G' E Q(G)}. 

A language family C is termed grammatical if C = C( G), for some G. Two 
grammars are form equivalent if their language families coincide. They are 
strongly form equivalent if their grammar families coincide. 0 

Operationally we obtain an interpretation grammar by mapping termi
nals and nonterminals of the form grammar into disjoint sets of terminals 
and nonterminals, respectively, then extending the mapping to concern pro
ductions and, finally, taking a subset of the resulting production set. The 
last-mentioned point is especially important: great flexibility results because 
we are able to omit productions. Full interpretations, where it is required 
that P' = p,(P), offer rather limited possibilities. 

A grammar is said to be a grammar form if it is used within the framework 
of interpretations. There is no difference between a grammar and a grammar 
form as constructs. 

Let us consider some examples. The grammatical families of the grammar 
forms GREG and GCF , discussed in Section 1.1, equal the families REG and 
CF of regular and context-free languages, respectively. Thus, REG and CF 
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are grammatical families. (Observe that we invoke here the A-convention !) On 
the other hand, the grammar family Q (Gc F) does not contain every context
free grammar; it contains only the grammars in the Chomsky normal form. 
The grammatical family of the grammar form defined by the productions 

8 -+ a, 8 -+ as, 8 -+ a8 S 

also equals CF, and the grammar family consists of all context-free grammars 
in the so-called Greibach 2-standard normal form. Also the grammar form 
defined by the productions 

8 -+ ai, 1 ::; i ::; 15, 8 -+ a38a8a lO 

gives rise to a normal form for context-free grammars. That actually every 
context-free language is generated by a grammar in such a normal form (and, 
thus, the grammatical family of the grammar form under consideration equals 
again CF) is a consequence of Theorem 1.18 below. 

We often say briefly that G' is an interpretation of G, or G' <l G, if 
G' <l G (mod p,) holds for some p,. Let us still discuss how interpretations are 
constructed, trying to clarify a couple of essential issues. 

Occurrences of the same letter may be mapped to different letters in 
interpretations, whereas different letters must always be mapped to different 
letters. The type of a letter (terminal or nonterminal) cannot be changed. 

Let the master grammar G be defined by 

8 -+ aba, 8 -+ bScc8a. 

The grammar consisting of the single rule 8 -+ cab is an interpretation of G, 
whereas the grammar consisting of the rule 8 -+ abb is not an interpretation 
of G. (Clearly no dfl-substitution can produce the latter grammar from G, 
since b would have to be an interpretation of both a and b in the original G.) 
The grammar defined by the rules 

8 -+ bdc, S -+ ada, A -+ bdb, A -+ cda, B -+ cdc, 

8 -+ dAefBa, 8 -+ dBee8b, S -+ d8fe8a, 

A -+ dAf f Ac, B -+ dAef 8b 

is an interpretation of G modulo the dfl-substitution p,: 

p,(8) = {S,A,B}, p,(a) = {a,b,c}, p,(b) = {d}, p,(c) = {e,f}. 

The term uniform interpretation is used if in each rule two occurrences of 
the same letter must map to the same letter. If different letters are allowed 
to map to the same letter, we speak of quasi-interpretations. 

The following theorems contain some rather straightforward results. 

Theorem 1.1. The relation <l is reflexive and transitive. Consequently, 
Gl <l G2 holds iffQ(Gt) ~ Q(G2 ). IfGl <l G2 holds then £(Gt) ~ £(G2 ). 0 
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The converse of the last sentence does not hold true. For instance, 
£(GREG ) ~ £(GCF ) but GREG is not an interpretation of GCF ' 

Theorem 1.2. The relation <l is decidable. Consequently, strong form equiv
alence between two grammar forms is decidable. D 

Strong form equivalence is indeed an equivalence relation in the set of 
grammars. Denote the equivalence class determined by a grammar G by [GJ. 
A partial order for the equivalence classes is defined by [G1J ::; [G2J iff G1 <l G2 . 

The reader is referred to [50J for additional information concerning the next 
theorem. 

Theorem 1.3. The equivalence classes [GJ constitute a distributive lattice 
under the partial order::;. D 

Also the following simulation results follow easily by the definitions. There 
is a close relationship between the derivations in an interpretation grammar 
and its form grammar. Indeed, each derivation in an interpretation grammar 
is always an image of a derivation in the form grammar. Observe that p,-1 is 
a morphism. 

Theorem 1.4. Assume that G' <l G (mod p,) and 0:0 ==> o:i ==> ... ==> 
o:~ is a derivation according to G'. Then 0:0 ==> 0:1 ==> ... ==> O:m is a 
derivation in G, where O:i = p,-1(o:D,0 ::; i ::; m. If L(G) is finite, so zs 
L( G'), but not necessarily conversely. D 

Theorem 1.5. Assume that Gi = (Vi, E i , 8i , Pi), i = 1,2, are grammar 
forms such that E1 ~ E2 and, for each production A -+ 0: in P1 , there is a 
derivation A ==>+ 0: in G 2 . Then £(GI) ~ £(G2 ). Assume that A==>+ 0: is 
a derivation according to G1 . Then the grammar form (Vi, E 1 , 8 1 , P1 U {A -+ 

o:}) is form equivalent to G1 . D 

The interpretations discussed above were earlier referred to as strict inter
pretations or s-interpretations, in contrast to the so-called g-interpretations. 
For instance, this terminology was still used in [50J. The reasons were histor
ical. The terminology of the definition above was first used in [35J. We will 
now discuss this matter in more detail. 

Grammar forms and g-interpretations were introduced by Cremers and 
Ginsburg in their conference paper [3], which subsequently appeared as [4J. 
This approach was preceded by an attempt in [8J to study grammar schemata. 

The definition of a g-interpretation differs from the one given above in 
that p, can be any finite substitution for terminal letters: terminal letters can 
be replaced by terminal words, and no disjoint ness is required. For nonter
minals, p, still is a dfl-substitution. Thus, A -+ BC and 8 -+ dad8Aabcd are 
both g-interpretations of the rule 8 -+ a8bc8b. Essentially, only information 
about nonterminals is carried over from the original rule to g-interpretations. 
Information about terminals is lost; the only fact preserved concerns whether 
or not terminals may occur in a certain position. 
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All definitions given above carryover to g-interpretations. In particu
lar, we may speak about g-grammatical families £g( G). Let us still state 
briefly the difference between the two interpretation mechanisms. In a g
interpretation, every terminal letter is interpreted as an arbitrary terminal 
word, including the empty word. Moreover, different terminals can be in
terpreted as the same word. This implies that the interpretations J-L defined 
above (that is, interpretations earlier referred to as strict or s-interpretations) 
are much more pleasing mathematically because, in them, (i) nonterminals 
and terminals are interpreted in the same way and (ii) J-L- 1 is a morphism. 

The productions of an interpretation resemble more closely the produc
tions of the master grammar than to those of a g-interpretation. Two very 
different-looking grammars can be g-interpretations ofthe same master gram
mar. Different grammatical families collapse to the same g-grammatical fam
ily. Consider, for instance, the grammar forms G1 - G4 defined by 

G1 S --+ aSb, S --+ a, 

G2 S --+ aSa, S --+ a, 

G3 S --+ aSa, S --+ a, S--+a2, 

G4 S --+ as, S --+ Sa, S --+ a. 

It is immediate that the g-grammatical family of each Gi , 1 ::; i ::; 4, equals 
the family LIN of linear languages, whereas the grammatical families con
stitute a strictly increasing hierarchy: 

Typical languages Li in the differences £(Gi ) - £(Gi-d, 2::; i ::; 4, are 

L2 = {ancan I n ~ I}, 
L3 = a+, 

L4 = {a2ncan I n ~ I}. 

This example illustrates the fact that the variety of grammatical families 
is much richer than that of g-grammatical families. Usually infinite hierar
chies of grammatical families collapse into one g-grammatical family. Indeed, 
there is no g-grammatical family between the families of regular and linear 
languages, and if attention is restricted to grammar forms with only one non
terminal and only one terminal, then the only possible g-grammatical families 
are FIN, REG, LIN and CF. We will see below how much richer the pic
ture is for grammatical families. Also the most interesting language-theoretic 
results in form theory, those concerning density, concern only grammatical, 
not g-grammatical families. 

It was first observed in [19] that g-interpretations are unsuitable for L 
systems. The systematic study of interpretations as defined above (and at 
that time referred to as strict) was begun in [26]. Certain aspects had been 



818 Gh. Paun and A. Salomaa 

investigated previously, [9). [50) contains further references to the early de
velopments. 

The following theorem, [26), summarizes the relationships between gram
matical and g-grammatical families. We use the notation 

1i(£) = {h(L) I L E £ and h is a morphism}. 

Theorem 1.6. For any grammar form G, 

£g(G) = 1i(£(G)). 

The family FIN of finite languages is the only g-grammatical family which 
is not grammatical. A family different from FIN and closed under morphism 
is grammatical iff it is g-grammatical. 

Finally, let G1 and G2 be grammar forms such that L(Gd and L(G2) are 
infinite and 

Then an infinite sequence of grammar forms F1 , F2 , . •. can be constructed 
such that 

o 

1.3 Closure properties and normal forms 

In this subsection we investigate how certain standard grammar constructions 
carryover to form theory. The results are from [25) and [26) and concern 
closure properties and reductions to normal forms. 

We first introduce some terminology. We use customary terminology 
about grammars. Thus, a grammar is reduced if every nonterminal is reach
able from the initial letter and derives, moreover, a word over the terminal 
alphabet. It is chain-free (resp. >..-free) if it has no productions of the form 
A -+ B (resp. A --+ >..). It is in the Chomsky normal form if all productions 
are of the types A --+ BO and A --+ a. It is in the Greibach 2-standard normal 
form if all productions are of the types A --+ aBO, A --+ aB and A --+ a. 
It is sequential if there is a linear ordering AI' ... ' An of all nonterminals 
such that, whenever Ai --+ a is a production, then a does not contain any 
nonterminal Aj with j < i. Grammar forms with just one terminal letter are 
termed unary. 

We consider first the closure of grammatical families under the customary 
language-theoretic operations. Although some grammatical families (such as 
REG and OF) have very strong closure properties, very little can be said 
about closure properties in general. A simple example is provided by the 
grammar form G determined by the single production S --+ abb. The family 
£(G) is closed under none of the following operations: (i) union, (ii) cate
nation, (iii) catenation closure, (iv) morphisms, (v) inverse morphisms, (vi) 
mirror image. For nonclosure under union it is essential that G is not unary. 
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This condition is not essential as regards the other operations mentioned. Let 
G1 be the unary grammar form determined by the productions 

S -+ aSalaSla (abbreviation of S -+ aSa, S -+ as, S -+ a). 

Then £(Gd is closed under none of the operations (ii)-(vi). The following 
theorem summarizes the closure properties obtainable for all grammatical 
families: 

Theorem 1.7. Every grammatical family is closed under dfl-substitution 
and intersection with regular languages. For a unary grammar form G, the 
family £( G) is closed under union. 0 

It is customary in formal language theory to construct, for a given gram
mar G, grammars which are in some sense simpler than G but still equivalent 
to G (in the sense that they generate the same language). Such constructions 
have been carried out also for grammar forms (and for L forms). In this case, 
we are looking for forms which are form equivalent to the given form. In many 
cases the proof of a normal form result consists of the verification of the fact 
that the standard grammatical construction works also for grammar forms. 
However, also some special techniques are needed. For instance, the follow
ing "lemma of nonterminal elimination" comes into use when the production 
A -+ BCD is simulated by the productions A -+ BC1 and C1 -+ CD. 

Theorem 1.8. Assume that B i:- S is a nonterminal in a grammar form 
G1 that does not OCCU1' on both the left and the Tight side of any pT'Oduction. 
Constr'uct a new gramma1' f01'm G2 by 1'emoving f1'Om G1 all p1'Oductions 
involving B and adding, fo1' all pT'Oductions 

in G 1 , whe1'e none of the a's contains B, all pT'Oductions 

Then G1 and G2 aTe form equivalent. o 

Theorem 1.9. Fo1' eve1'Y grammar form G1 , a form equivalent grammar 
f01'm G2 can be const1'ucted such that G2 is (i) 1'educed, (ii) >..-f1'ee, and (iii) 
chain-free. For' eve1'Y gramma1' f01'm, a f01'm equivalent gramma1' f01'm in the 
Chomsky n01'mal form can be const1'Ucted. 0 

As regards the Greibach normal form, the situation is a little more com
plicated. Once left 1'ecu1'sions (that is, derivations A ==}* Aa) have been 
eliminated, the standard construction for grammars becomes applicable. Left 
recursions can be eliminated but the proof is more involved than for gram
mars. The details can be found in [50]. The following theorem is an immediate 
consequence of the elimination of left recursions. 
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Theorem 1.10. For every grammar form, a form equivalent grammar form 
in the Greibach 2-standard normal form can be constructed. 0 

The proof of the following theorem is again by the standard construction: 
a nonterminal A generating a finite language LA is eliminated by substituting 
words from LA in all possible ways for all occurrences of A. 

Theorem 1.11. For every grammar form G I , a form equivalent grammar 
form G2 can be constructed such that all nonterminals of G2 different from 
the initial letter generate an infinite language. 0 

If L(GI ) is finite, then Theorem 1.11 gives a form equivalent G2 such 
that all productions of G2 are of the type S -+ x, where x is a word over the 
terminal alphabet. Essentially the same construction gives the following more 
general result. It is useful in constructions, where some exceptional "initial 
mess" has to be eliminated. 

Theorem 1.12. For every grammar form GI and every integer k, a form 
equivalent grammar form G2 can be constructed such that all productions of 
G2 containing the initial letter S are of the types 

S -+ Sf, S -+ x, Ixl s k, 

where x is a terminal word and, moreover, all terminal words derivable from 
Sf (if any) are of length strictly greater than k. 0 

To illustrate Theorem 1.12, consider a unary grammar form G. Let L be 
an arbitrary language whose length set is included in the length set of L(G). 
Assume that, for some k, there is an interpretation GI of G such that L(Gt) 
coincides with L as regards words of length strictly greater than k. Then there 
is also another interpretation G2 of G such that L(G2 ) = L. (This argument 
is not valid if G is not unary because we need the closure under union.) 

The classical language-theoretic example, [47], can be used to prove the 
following result. 

Theorem 1.13. There is a grammar form possesing no form equivalent se
quential grammar form. 0 

We mention, finally, a well-known result concerning grammars, for which 
no corresponding result can be obtained in form theory. For every triple 
(k, l, m) of nonnegative integers, every grammar G can be transformed into 
an equivalent normal form where each nonterminating production is of the 
type 

A -+ WkBw[Gwm, IWkl = k, IwtI = l, Iwml = m, 

and each terminating production A -+ W has the property that Iwi appears 
in the length set of L(G). (Here the w's are words over the terminal al
phabet.) This "supernormal-form theorem" was established in [38]. For the 
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triples (0,0,0) and (1,0,0), this theorem gives sharpened formulations of the 
Chomsky and Greibach normal form results. Instead of triples, the theorem 
can be formulated in terms of n-tuples with n ~ 3. However, there are explicit 
examples of triples showing that the result cannot be extended to concern 
grammar forms. 

Theorem 1.14. There are grammar forms G for which no form equivalent 
grammar form in the (1,0,1) normal form can be constructed. 0 

Such a G is, for instance, defined by the productions S -+ as and S -+ a. 
Clearly, C(G) = REG. However, rules A -+ aBCb (of the required type) 
necessarily create pumping situations giving rise to non-regular languages. 

1.4 Completeness 

Consider a grammar form G = (V, E, S, P) and a terminal a E E. The 
a-restriction Ga is obtained from G by removing all terminals b =f. a and 
all productions containing any of them. (It is possible that Ga contains no 
production or that L(Ga ) is empty.) a-restrictions will play an important role 
in the following completeness considerations. 

Definition 1.2. A grammar form G is complete (resp. sufficient) with re
spect to a family C of languages or, briefly, C-complete (resp. C-sufficient) 
if C(G) = C (resp. C(G) ;2 C). G is complete if it is CF-complete. A gram
matical family C is unary-complete if, whenever a grammar form G satisfies 
C(G) = C, then there is an a-restriction Ga of G satisfying C(Ga ) = C. 0 

A characterization of C-completeness, for instance REG-completeness, 
amounts to describing what kinds of normal forms are possible for grammars 
generating languages in the family C. We will see that such a characterization, 
even a relatively simple one, is possible for the basic families of regular, linear 
and context-free languages. However, the fundamental undecidability result 
in the next subsection shows that such a characterization is not possible for 
all grammatical families. 

Unary-completeness of a family C means that, whenever C is generated 
by a grammar form G with more than one terminal, then some of the termi
nals and all productions involving them are superfluous and can be removed 
from G without reducing its generative capacity as a grammar form. (The 
language L( G) may become smaller in this process.) We shall see that the 
families REG , LIN and C F are unary-complete. On the other hand, the fam
ily C(Gt}, where G1 is defined by the productions S -+ aSb and S -+ a, is not 
unary-complete. Indeed, there is no unary grammar form that is form equiv
alent to G1 . Thus, two terminals are necessary to generate the family C(G1 ). 

It is a rather fundamental open problem whether all examples of non-unary
completeness are of this type. In other words, are there non-unary-complete 
grammatical families that can be generated also by a unary grammar form ? 
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We discuss first REG-completeness of grammar forms. We also outline the 
proofs because this is easy for the family REG and the argumentation still 
gives an idea of the general techniques. We call a reduced grammar or gram
mar form self-embedding if it has a nonterminal A such that A===}* X1Ax2, 
where Xl and X2 are nonempty terminal words. It is a consequence of Theorem 
1.4 that all interpretations of a non-self-embedding grammar are themselves 
non-self-embedding. This fact can be used to obtain the auxiliary result: a 
reduced grammar form G is self-embedding iff .c( G) contains nonregular lan
guages. Because a+ is a regular language and grammatical families are closed 
under intersection with regular languages (Theorem 1.7), the following basic 
result can be inferred. 

Theorem 1.15. A reduced unary gmmmar form G is REG-complete iff 
L(G) = a+ and G is not self-embedding. 0 

Consider now any (not necessarily unary) REG-complete grammar form 
G. Then, for some terminal letter a, a + ~ L( G) because, otherwise, no lan
guage b+ is in the family .c(G). But this means that the a-restriction Ga 

satisfies the conditions of Theorem 1.15 and, hence, is REG-complete. Con
sequently, the following general result can be obtained as a corollary of The
orem 1.15. 

Theorem 1.16. A reduced gmmmar form G is REG-complete iff G is not 
self-embedding and possesses a REG-complete a-restriction. 0 

Since it is decidable whether or not a grammar is self-embedding and since 
obviously every FIN-sufficient grammar form G must satisfy the condition 
L( G) ;2 a+, for some terminal a, we obtain also the following result. 

Theorem 1.17. The family REG is unary-complete. It is decidable whether 
or not a gmmmar form is REG-complete. The following conditions (i)-(iii) 
are equivalent for a gmmmar form G: (i) G is FIN-sufficient, (ii) G is REG
sufficient, (iii) L( G) ;2 a+, for some terminal a. 0 

We now turn to the more difficult task of characterizing LIN -complete
ness. The examples G l - G3 discussed in connection with g-interpretations 
should already give an idea of the difficulties. As another illustration we men
tion that the grammar form defined by the productions S --+ a3SISa4 1ala21a3 

is LIN-complete. In the completeness considerations below, we will mostly 
just list results, rather than try to give any arguments. We begin with the 
simple case of (S, a)-forms. They are unary grammar forms with only one 
nonterminal S. The supernormal-form theorem discussed above yields the 
following result for the family CF. 

Theorem 1.18. An (S, a)-form G is complete iff G is nonlinear and L(G) = 
a+. 0 
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For LIN-completeness of (8, a)-forms G it is necessary and sufficient that 
L(G) = a+ and, moreover, G has the productions 8 -+ am 8 and 8 -+ 8an , 

for some n, m > O. An exhaustive characterization for grammatical families 
of (8, a)-forms can now be given in the following theorem, the first version of 
which appeared in [25]. 

Theorem 1.19. Assume that G is an (8, a)-form satisfying L(G) = a+. If 
G is nonlinear, then C( G) = C F. If G is linear, the following three cases 
are possible. (i) All productions are right-linear, or else all productions are 
left-linear. Then C(G) = REG. (ii) G has the productions 8 -+ am 8 and 
8 -+ 8an , for some m,n > O. Then CeG) = LIN. (iii) Neither (i) nor (ii) 
holds. Then REG C C(G) c LIN. 0 

It turns out that the family LIN is unary-complete and, hence, we 
may restrict the attention to unary grammar forms when studying LIN
completeness. To secure LIN-completeness, you have to be able to get all 
word lengths and to "pump" indefinitely on both sides of the nonterminal. 
The latter goal is reached, for instance, if the productions 8 -+ am 8 and 
8 -+ 8an are available. The following definition is needed to characterize the 
situation formally. 

Definition 1.3. A non terminal A in a unary reduced grammar form G is 
left-pumping (resp. right-pumping) if, for some fixed m, n ~ 0, there are 
infinitely many values i such that 

A nonterminal A is pumping if it is both left-pumping and right-pumping. Let 
AI,'" ,Am be all the pumping nonterminals in G. Denote by p(Ai ), 1:::; i:::; 
m, the period of the ultimately periodic sequence consisting of the length of 
the terminal words generated by Ai' Let p be the least common multiple of all 
the numbers p(Ai),i = 1,2, ... ,m. Denote by Ro,RI, ... ,Rp-1 the residue 
classes modulo p. The residue class R j is Ai-reachable if there are numbers 
r, s, t such that 

8 ==* * ar Aias , Ai ==* * at +np , 

for all n ~ 0, and j == r + s + t (mod p). The pumping spectrum of G 
consists of all numbers in all Ai-reachable residue classes, where i ranges 
over 1, ... , m. 0 

The notion of a pumping spectrum, as well as the following results char
acterizing LIN-completeness are due to [26]. 

Theorem 1.20. A unary reduced linear grammar form G is LIN-complete 
iff L( G) = a+ and the pumping spectrum of G consists of all numbers. 0 

Nonlinearity of a reduced grammar form G does not imply that C(G) 
contains nonlinear languages. The nonlinearity of G can be "harmless" in 
this sense. The situation is clarified in the following theorem. Observe that 
the pumping spectrum was defined also for nonlinear grammar forms. 
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Theorem 1.21. A unary reduced grammar form G is LIN-complete iff each 
of the following conditions (i)-(iii) is satisfied. (i) .c( G) ~ LIN. (ii) L( G) = 
a+. (iii) The pumping spectrum of G consists of all numbers. Each of the 
conditions (i)-(iii) is decidable. In particular, (i) holds exactly in case G 
has no sentential form with two occurrences of self-embedding nonterminals. 
Finally, G is LIN-sufficient iff (ii) and (iii) hold. 0 

The next theorem constitutes the final step in the characterization of 
LIN -completeness. 

Theorem 1.22. The family LIN is unary-complete. Hence, it is decidable 
whether or not a grammar form is LIN-complete. 0 

The characterization of completeness, [35], runs along similar lines. How
ever, the problem remained open until the supernormal-form theorem was 
established. Particularly important for grammar form theory is the require
ment of "terminal balance": for each terminating production A -+ w, the 
length Iwl appears in the length set of L(G). 

For the formal statement of the results, the notion of an expansion spec
trum is needed. It is analogous to the notion of a pumping spectrum. A 
nonterminal A in a reduced grammar or grammar form is said to be expan
sive if A ~* x1Ax2Axa, for some words Xi and, in addition, A derives some 
nonempty terminal word. The expansion spectrum is now obtained from the 
expansive nonterminals Ai, ... , Am in exactly the same way as the pumping 
spectrum was obtained from the pumping nonterminals. 

Theorem 1.23. A reduced unary grammar form G is complete iff (i) L( G) = 
a+ and (ii) the expansion spectrum of G consists of all numbers. Both (i) and 
(ii) are decidable conditions. 0 

For instance, of the two grammar forms 

G S -+ aAIAla, A -+ AAla2, 

G' S -+ AlB, A -+ A21a2, B -+ aBla, 

G is complete, whereas G' is not complete because it does not satisfy condition 
(ii) . 

The following theorem is the final step in the characterization of com
pleteness. 

Theorem 1.24. The family OF is unary-complete. The completeness of a 
grammar form is decidable. 0 

The notion of a generator introduced in [25] is intimately connected with 
unary-completeness. 
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Definition 1.4. A family C of languages is unary-sufficient if, whenever G 
is an C-sufficient grammar form, then G possesses an a-restriction which 
is also C-sufficient. A context-free language L is a generator of a family C 
of context-free languages if, for every grammar form G, L(G) = L implies 
C(G) 2 C. A generator L is proper if L E C. 0 

Clearly, for grammatical families, unary-sufficiency implies unary-complete
ness. Intuitively, a generator of C contains enough structural information to 
describe all of C. 

Theorem 1.25. The language L1 = a+ is a generator of both FIN and REG. 
Moreover, every generator of one of these families contains L 1, or an alpha
betic variant of it, as a subset. The family FIN has no proper generator. 0 

Theorem 1.26. A unary-sufficient family containing a nonregular language 
possesses no generators. 0 

Theorem 1.27. The families LIN and OF possess no generator. 0 

1.5 Linguistical families and undecidability 

A very basic problem in form theory is the problem of form equivalence: do 
two given grammar forms generate the same grammatical families? Special 
cases of this problem were settled in the last subsection. For instance, when 
we decide whether or not a grammar form G is LIN-complete, we are actually 
deciding the form equivalence of G and the grammar form 

GLIN : S -+ aSISala. 

The general case remained open for some time, and was finally shown unde
cidable in [40]. An important notion needed in the proof is that of a linguisti
cal family introduced in [37]. Moreover, linguistical families form an essential 
link to graph coloring and density problems discussed in Section 3 of this 
chapter. 

Consider an arbitrary language L ~ E*. A language L' ~ E'* is an 
interpretation of L, in symbols L' <I L, if there is a letter-to-Ietter morphism 
h : E'* ----- E* such that h(L') ~ L. Observe that every subset of L is an 
interpretation of L. The family of all interpretations of L is denoted by C(L): 

C(L) = {L' I L' <I L}. 

A family of languages is termed linguistical if it equals the family C(L), for 
some L. (We do not impose here any restriction on the language L, it need not 
be even recursively enumerable. Also languages over infinite alphabets were 
considered as interpretations in [37]. In our exposition the interpretations L' 
are languages in the ordinary sense, over a finite alphabet.) The language L 
is often referred to as a language form when the family C(L) is considered. 
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Observe that C(L) is, in general, a "very large" family. For instance, if 
L = a+ then C(L) consists of all languages. In the sequel we consider also 
the subfamilies CREG(L) and CFIN(L) of C(L), consisting of all regular and 
finite languages in C(L). Thus, 

CREG(L) = C(L) n REG, CFIN(L) = C(L) n FIN. 

Let G1 and G2 be grammars. If G1 <l G2 then L(GI) <l L(G2) but the 
reverse implication is not valid. 

Theorem 1.28. For any context-free grammar G, the family C(G) is con
tained in the family C(L(G)). If L(G) is finite, the two families are equal. If 
L( G) is infinite, the containment is strict. 0 

The following theorem established in [43) is an important tool in reduc
tions. 

Theorem 1.29. Assume that G is a grammar form such that every language 
in the family C( G) is regular. Then 

C(G) = CREG(L(G». o 

If C(LI) = C(L2) then obviously also CREG(L1) = CREG (L2) and 
CFIN (L1) = CFIN (L2). The following theorem, [37], shows that also the 
reverse implication holds. 

Theorem 1.30. Whenever CF1N (L1) = CFIN (L2) holds for two languages 
L1 and L2, then also CREG(Lt} = CREG(L2) and C(LI) = C(L2)' 0 

A notion central in the reduction arguments leading to the subsequent 
undecidability results is that of a singleton-catenation. The language 

wL = {wwl I Wi E L} 

is said to be a singleton-catenation of L. A language family C is closed under 
singleton catenation if, for every L E C, all singleton-catenations of L also 
belong to C. (Thus, if C contains all singletons and is closed under catenation, 
it is closed under singleton-catenation as well.) The following decidability 
results are from [40). 

Theorem 1.31. Let the language family C be closed under each of the fol
lowing operations: singleton-catenation, letter-to-Ietter morphisms and union. 
Then all of the following relations are decidable, or none of them is, for lan
guages L1 and L2 in C: (i) Ll <l L2, (ii) C(Lt} = C(L2), (iii) L1 ~ L2, (iv) 
L1 = L2. 0 

The closure under singleton-catenation is essential in the proof of Theorem 
1.31 because of the following fact. Let Ll and L2 be languages over the 
alphabet {a1' ... , an}. Then 

L1 ~ L2 iff a1 ... an L1 <l al ... an L 2. 
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Theorem 1.32. Let £1 and £2 be closed under singleton-catenation and 
letter-to-letter morphisms. Let further £2 be closed under intersection and 
union with languages in £1. Then the following four conditions are equiva
lent for languages Li E £i, i = 1,2: 

(i) L1 <l L2 and L2 <l L1 are both decidable; 
(ii) £(Ld = £(L2) is decidable; 
(iii) L1 ~ L2 and L2 ~ L1 are both decidable; 
(iv) L1 = L2 is decidable. o 

Well-known decidability results for CF and REG now yield the following 
corollary. 

Theorem 1.33. The following relations are undecidable for a context-free 
grammar G and a right-linear grammar G1: (i) £(L(Gd) = £(L(G)), (ii) 
L( Gt} <l L( G). On the other hand, the relation L( G) <l L( Gt} is decidable. 
Consequently, the equation £( L( Gt}) = £( L( G2)) is decidable for two right
linear grammars. 0 

By Theorems 1.29 and 1.30, the core of Theorem 1.33 can be presented 
in the following form. 

Theorem 1.34. Let G be an arbitrary context-free and G1 an arbitrary right
linear grammar. Then the equation £REG(L(Gt}) = £REG(L(G)) is unde
cidable, whereas the inclusion £REG(L(G)) ~ £REG(L(Gt}) is decidable. 0 

Theorem 1.34 is also a nice illustration of the borderline between decid
ability and undecidability. In this setup we reach the rather unusual situation 
that inclusion is decidable but equivalence is undecidable! 

We now derive a connection between grammatical and linguistical fam
ilies. Apart from being important in general language theory, it constitutes 
the main tool in proving decidability results. 

The grammatical family £( G) is obtained from a grammar G in two steps. 
First the interpretation mechanism creates a family of grammars and, sec
ondly, the language generation mechanism produces the languages of these 
grammars. When dealing with language forms, the same processes are used 
in the opposite order. First the generation mechanism is used to get the lan
guage L( G), while in the second step the interpretation mechanism produces 
the linguistical family £( L( G)). The two processes do not in general com
mute: the final results £(G) and £(L(G)) are different. For any G, £(G) 
is contained in the family £( L( G)), the containment being strict if L( G) is 
infinite (Theorem 1.28). Whenever L is infinite, the family £(L) contains lan
guages that are not even recursively enumerable. The comparison between 
grammatical and linguistical families becomes more reasonable if the families 
are intersected with some fixed family, such as REG. We already introduced 
the restriction £ REG (L ). Similarly, 
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£REG(G) = £(G) n REG. 

Theorem 1. 29 can now be expressed in the following form. For any G, 

The intersection between grammatical and linguistical families can be 
expressed by saying that the following diagram commutes: 

generation 

g(G) • .c(G) 

interpretati/ ~ 
G .cREG(G) 

.. n ... "~ interpretation /-
L(G) • .c(L(G)) 

Theorem 1.34 now implies the undecidability of the inclusion problem for 
grammatical families. 

Theorem 1.35. It is undecidable whether or not £(G1 ) ~ £(G), for a right
linear grammar G1 and context-free grammar G. Consequently, the inclusion 
problem is undecidable for grammatical families. 0 

The final step to the undecidability of form equivalence can be taken, using 
notions of the superdisjoint union of languages and the direct sum of gram
mars. The former is defined only for two languages over disjoint alphabets 
and is simply the union of the languages. Let Gi = (Vi, 17i , 8 i , Pi), i = 1,2, 
be grammars such that lit n V2 = 0 and 8 i does not occur in the right side 
of any production. The grammar 

G1 E9 G2 = ((lit u V2 ) - {82}, 171 u 172 , 8b PI U P~), 

where P~ is P2 with 82 replaced by 8 b is called the direct sum of G1 and G2 • 

We have now, for any context-free grammar forms G1 and G2 , 

Observe that we can always rename the alphabet of a language form (resp. 
grammar form) without changing its linguistical (resp. grammatical) family. 
Grammatical families are also closed under superdisjoint union. Theorem 1.35 
now yields the following fundamental result. 

Theorem 1.36. Form equivalence is undecidable. o 

This result is very natural considering the richness of grammatical fami
lies, further illustrated by the density results in Section 3 below. 
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2. L forms 

2.1 EOL and ETOL forms 

This section will be the parallel counterpart of Section 1. The sequential 
rewriting of grammars will be contrasted with the parallel rewriting of L 
systems. Many facts are still analogous to the corresponding ones discussed 
in Section 1 and, therefore, our exposition will be somewhat shorter in the 
present section. 

As a construct an EOL system G = (V, E, S, P) is almost identical with a 
context-free grammar, the only difference being that it is required that, for 
every letter a in V, terminal and nonterminal alike, P contains a production 
with a on the left side. This requirement reflects the pamllel derivation mode 
of an EOL step: at each derivation step every letter must be rewritten. (Of 
course we can make EOL systems and context-free grammars identical as 
constructs by adding dummy rules a -+ a to a context-free grammar whenever 
necessary. ) 

The definition of an interpretation, gmmmar family and gmmmatical fam
ily is exactly the same as the one given in Section 1.2. The basic construct, G, 
is now an EOL system rather than a context-free grammar. Consequently, also 
the interpretations G' <l G are EOL systems and must satisfy the requirement 
that there is at least one production for every letter. The grammatical family 
£( G) is a family of EOL languages. When the families Q (G) and £( G) are 
discussed, then the EOL system G is usually referred to as an EOL form. The 
notions of form equivalence and strong form equivalence are defined exactly 
as before. The results in this subsection are mostly from [19] and [21]. [50] 
contains further references. Our first theorem is established in exactly the 
same way as the corresponding result for grammar forms, because grammar 
forms and EOL forms are identical as constructs. 

Theorem 2.1. The relation <l for EOL forms is decidable and tmnsitive. 
The relation G1 <l G2 holds iffQ(Gd ~ Q(G2 ). The relation G1 <l G2 implies 
the inclusion £( Gd ~ £( G2 ) but the converse implication is not valid in 
geneml. Strong form equivalence is decidable for EOL forms. 0 

As an example, consider the EOL forms defined by 

GREG 

G EOL 

S -+ Sa, S -+ a, a -+ a, 

S -+ S, S -+ SS, S -+ a, a -+ S. 

(As before, capital letters are nonterminals and small letters terminals.) Ob
serve first that GREG and G EOL are equivalent as EOL systems: they both 
generate the same EOL language a+. However, they are by no means form 
equivalent. In fact, 
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where EOL is the family of EOL languages. Both of these families possess 
very strong closure properties. (Indeed, REG is a full AFL and EOL is closed 
under all AFL-operations except inverse morphisms.) On the other hand, 
the resulting family £(G) is an anti-AFL (is closed under none of the AFL
operations) if G is defined by the productions 

S -+ alcclAAAA, A --+ AAlb, a --+ a, b -+ b, c -+ c. 

A detailed proof of this fact, as well as of the above claims concerning GREG 

and G EOL, can be found in [19]. For instance, the languages {ai, a2a2} and 
{a2' alad are both in £(G) but their union is not in £(G). A very useful 
property showing nonclosure is that no language in £( G) contains a word of 
length 3. 

A result analogous to Theorem 1.7 can be obtained, [25], for synchronized 
EOL forms. By definition, an EOL system or form is synchronized if, for all 
terminals a, a -+ N is the only production for a, where N is a nonterminal 
with the only production N -+ N. (Synchronization means that terminals 
must be introduced at the same step everywhere in the word, because a word 
containing both terminals and nonterminals can never lead to a terminal 
word.) 

Theorem 2.2. Let G = (V, E, S, P) be an EOL form. Then £( G) is closed 
under dfi-substitution. If G is synchronized then £( G) is closed under inter
section with regular languages. If, further, E consists of one letter then £(G) 
is closed 'under union. D 

For every EOL system, an equivalent (that is, generating the same lan
guage) synchronized EOL system can be constructed. The same statement 
does not hold true for EOL forms and form equivalence. Indeed, there is no 
synchronized EOL form which is form equivalent to the very simple EOL form 
G defined by the productions 

S -+ a, a --+ b, b -+ b. 

This follows because every nonempty language in the family £( G) contains 
at least two words, which phenomenon cannot be achieved by a synchronized 
EOL form. This is an example of a phenomenon customarily referred to as 
"terminal forcing" in the theory of L forms: whenever a language in £( G) 
contains a terminal word of a certain type then it necessarily contains also a 
terminal word of certain other type. For more sophisticated nonreducibility 
results, one may use in the same fashion chains consisting of more than two 
terminal words. The following reducibility result is a very useful technical 
tool. 

Theorem 2.3. For every EOL form G, one can construct a form equivalent 
EOL form G1 such that every production in G1 is of one of the following 
types: 
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A --+ A, A --+ a, A --+ B, A --+ Be, a --+ A, 

where the capital letters are nonterminals, not necessarily distinct. Moreover, 
if G is synchronized (resp. propagating), then also GI is synchronized (resp. 
propagating). 0 

For every EOL system Gll an equivalent propagating EOL system (that 
is, containing no A-productions) can be constructed. The following theorem 
constitutes the form-theoretic counterpart of this language-theoretic result. 

Theorem 2.4. There are EOL forms G such that no propagating EOL form 
GI is form equivalent to G. For every synchronized EOL form, a form equiv
alent synchronized propagating EOL form can be constructed. 0 

We will give below, when discussing ETOL forms, an example of a form 
G mentioned in the first sentence of Theorem 2.4. 

Our next topic will be completeness. The definitions are analogous to the 
ones given in Section 1. An EOL form G is £-complete (resp. £-sufjicient) , 
where £ is a family oflanguages, if £(G) = £ (resp. £(G) ;2 C). It is complete 
if it is EOL-complete. 

Contrary to grammar forms, no exhaustive characterization of complete
ness is known for EOL forms. Several conditions are known that are either 
necessary or sufficient for completeness, as well as results dealing with special 
cases, see [50), [19], [27), [25). It has not even been shown that completeness 
is a decidable property of EOL forms or synchronized EOL forms. The fol
lowing characterization was given in [27) for the special case of two-symbol 
synchronized EOL forms: the only terminal is a and the only nonterminals S 
and N, the latter being the blocking symbol for a. 

Theorem 2.5. A two-symbol synchronized EOL form is complete iff it con
tains the production S --+ S and, for some i ~ 2, all of the productions 
S --+ Si, S --+ a, . .. ,S --+ ai-I. 0 

We list below some complete EOL forms Gi , as well as some incomplete 
EOL forms Hi. They illustrate some frequently occurring phenomena. For 
more details we refer to [19) and [50). 

GI S --+ a, S --+ S, S --+ SS, a --+ S, 

G2 S --+ a, S --+ S, S --+ Sa, a --+ S, 

G3 S --+ a, S --+ S, S --+ as, a --+ S, 

G4 S --+ a, S --+ S, S --+ S, a --+ SS, 

G5 S --+ a, S --+ A, S --+ S, S --+ SSS, a --+ S, 

G6 S --+ A, A --+ S, A --+ SS, A --+ a, a --+ A, 

G7 S --+ a, S --+ SSA, S --+ S, a --+ S, A --+ A, 

Gs S --+ a, S --+ S, S --+ SS, a --+ N, N --+ N, 

HI S --+ a, S --+ S, S --+ aa, a --+ S, 
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H2 S --+ a, S --+ S, a --+ SS, 

H3 S --+ a, S --+ S, a --+ S, S --+ SSS, 

H4 S --+ a, a --+ S, a --+ SS, a --+ a, 

H5 S --+ A, A --+ S, S --+ SS, A --+ a, a --+ A, 

H6 S --+ a, S --+ SS, a --+ S. 

We now give a brief survey over ETOL forms. Again, an ETOL form is sim
ply an ETOL system. The definitions ofinterpretations and the families Q(G) 
and £(G) carry directly over. (An interpretation must have equally many 
tables as the original form.) So do the notions of (strong) form equivalence, 
£-completeness, completeness and synchronization. The last notion plays a 
similar role as for EOL forms: there are ETOL forms for which no form equiv
alent synchronized ETOL form exists. A result corresponding to Theorem 2.1 
holds for ETOL forms as well. Rather little is known about completeness of 
ETOL forms. The following two ETOL forms are typical examples of complete 
forms. They are defined by listing the productions in the tables - a table is 
indicated by brackets. 

G1 [S --+ a, S --+ S,S --+ SS, a --+ Sl, [S --+ S, a --+ S], 

G2 [S --+ S,S --+ SS, a --+ al, [S --+ S, a --+ al, [S --+ a, a --+ al. 

Observe that the second table of G2 is not dummy when G2 is viewed as an 
ETOL form: in interpretations it can affect various changes of the alphabet. 

For the EOL form G defined by the productions 

S --+ a, a --+ b, b --+ b, 

no form equivalent synchronized EOL form exists. However, the synchronized 
ETOL form defined by the tables 

[S --+ A, A --+ B, B --+ B, a --+ N, b --+ N, N --+ N], and 

[S --+ N, A --+ a, B --+ b, a --+ N, b --+ N, N --+ Nl 

is form equivalent to G. Thus, synchronization is achieved by introducing a 
new table. However, this technique does not always work. For the EOL form 
defined by the productions 

S --+ a, a --+ aa, 

no form equivalent synchronized ETOL form exists. (This implies the nonex
istence of a form equivalent synchronized EOL form; EOL forms are a special 
case of ETOL forms, namely, they are ETOL forms with only one table.) 

The EOL form G defined by the productions 

S --+ a, a --+ abba, b --+ >., 

constitutes an example for the first sentence of Theorem 2.4. Moreover, no 
propagating ETOL form is equivalent to G. The following theorem summarizes 
some positive reduction results. 



Families Generated by Grammars and L Systems 833 

Theorem 2.6. For every ETOL form, a form equivalent ETOL form can 
be constructed such that each of its tables has only productions of the types 
listed in Theorem 2.3. For every synchronized ETOL form, a form equivalent 
synchronized propagating ETOL form can be constructed. For every ETOL 
form, a form equivalent ETOL form with two tables can be constructed. 0 

The ETOL form defined by the two tables 

[8 --+ 8,8 --+ 88, a --+ a], [8 --+ a, a --+ a] 

is EOL-complete. This result is of particular interest because the tables, when 
taken individually as EOL forms, produce very degenerate grammatical fam
ilies. A similar example is provided by the complete ETOL form 

[8 --+ 8,8 --+ 88, a --+ 8], [8 --+ a, 8 --+ 8, a --+ 8]. 

Neither one of its two "EOL restrictions" is EOL-complete. (We refer to [50] 
for a more detailed discussion concerning examples mentioned here.) There is 
also a complete ETOL form, where the only rule for the terminal a is a --+ a, 
defined by the three tables 

[8 --+ 8,8--+ 88, a --+ a], [8 --+ 8, a --+ a], [8 --+ a, a --+ a]. 

The corresponding result is not valid for EOL forms: a propagating complete 
EOL form must have a terminal rule a --+ a, where a contains a nonterminal. 

A large problem area results from the comparison of grammatical families 
obtainable by sequential and parallel rewriting. To avoid confusion, let us 
reserve in this context the term "grammatical" to the (sequential) families 
considered in Section 1, whereas the (parallel) families £(G) generated by 
EOL forms G are referred to as "EOL families". The first sentence of the 
following theorem was established in [27] and the second in [2]. 

Theorem 2.7. Every gmmmatical family contained in LIN is an EOL fam
ily, genemted by a synchronized EOL system. The family CF is not an EOL 
family. 0 

The converse of the first sentence is open even for subregular EOL families; 
it is not known whether every EOL family contained in REG is grammatical. 
It is known, [25], that the family of EOL languages possesses no generator. 

We conclude this subsection with some remarks concerning decidability. 
Although strong form equivalence is decidable for ETOL, EOL and grammar 
forms, the problem is NP-complete in each case. This follows by a reduction 
to the clique problem of graphs, see [50]. The argument using linguistical 
families applied for the proof of Theorem 1.36 can be carried over to concern 
the form equivalence of EOL forms. The crucial interconnection is in this case 

£REG(G) = £REG(L(G)), 

where G is an arbitrary synchronized EOL form, and the subscript denotes the 
restriction of the family to regular languages. The conclusion is the following 
result, [40]. 
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Theorem 2.8. Form equivalence is undecidable for EOL forms, and even for 
synchronized EOL forms. 0 

2.2 Good and very complete forms 

Vomplete EOL forms (short for very complete) were introduced already in 
the basic paper [19]. Later on, [22], the notion was further generalized to 
the notion of goodness. Although originally stated for EOL forms, analogous 
definitions can be given for any type of grammar and L forms. The results 
mentioned in this subsection are from [22], [23]' [27] and [50]. 

Definition 2.1. An EOL form G is vomplete if, for every EOL form G I , an 
interpretation G' <l G exists such that £( G') = £( GI ). An EOL form G is good 
if, for every EOL form GI with the property £( G1 ) ~ £( G), an interpretation 
G' exists such that £( G') = £( Gd. If G is not good, it is called bad. 0 

Thus, G is vomplete iff G is both complete and good. G being vomplete 
means that it is able to generate not only every language in the family EOL 
but also every EOL-grammatical language family via its interpretations. 

The following example shows that the difference between good and bad 
occurs already at a very simple level and also that deciding whether a given 
form is good or bad might be a very challenging problem even for surprisingly 
"innocent-looking" forms. Consider the EOL forms 

G1 S -> a, a -> N, N -> N, 

G2 S -> a, a -> a. 

Clearly, G1 and G2 are form equivalent, £(G I ) = £( G2 ), the family consisting 
of finite languages of single-letter words. The EOL form 

G3 : S -> a, a -> b, b -> b 

(which is an interpretation of G2 ) generates the subfamily, where each 
nonempty language contains at least two words (because of terminal forc
ing). This subfamily cannot be generated by any interpretation of G1 . This 
example reflects also the following fact. 

Theorem 2.9. No propagating or synchronized EOL form can be vomplete. 
o 

Thus, there are complete EOL forms that are not vomplete. The following 
EOL form is vomplete: 

S -> A, S -> a, S -> S, S -> SS, a -> S. 

Indeed, vompleteness follows by Theorem 2.3. 

Historical remark. The rather strange term "vomplete", used quite 
frequently in the literature, came into existence as follows. Hermann Maurer 
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had in Karlsruhe a very conscientious secretary, Frau Wolf, who had once 
produced a typo "vomplete" when typing "complete". It was later realized 
by the MSW-group that the typo was perhaps intentional: the EOL form in 
question was not only complete but also vomplete. 0 

As regards synchronized forms, Theorem 2.9 can be strengthened as fol
lows. 

Theorem 2.10. Every synchronized EOL form G such that L(G) contains 
at least one nonempty word is bad. 0 

It is interesting that, as far as language families generated by EOL forms 
are concerned, synchronization seems to be a drawback rather than an ad
vantage, as usual in customary L systems theory. However, the two-tabled 
synchronized ETOL form consisting of 

[8 --+ 8, a --+ N, N --+ N], [8 --+ a, a --+ N, N --+ N] 

is good. No synchronized or propagating ETOL form can be vomplete. The 
ETOL form defined by the two tables 

[8 --+ a,8 --+ >',8 --+ 8,8--+ 88, a --+ 8], [8 --+ 8, a --+ 8] 

is vomplete. (We have left to the reader the straightforward definition of 
good and vomplete ETOL forms.) Goodness can also be defined relative to 
a particular collection of grammatical families, [23]. A special class of EOL 
forms, where completeness implies vompleteness, has been constructed in 
[27]. 

2.3 PDOL forms 

We have already pointed out that our definition of an interpretation and re
lated notions can be extended to concern any types of grammars and L sys
tems. Although definitionally very simple, the theory of DOL forms presents 
a number of challenging problems. We discuss now results concerning PDOL 
forms, presented in [5]. Related material is contained also in [17] and [45]. 
The results concerning DOL forms are theoretically very interesting because 
of their connection with the celebrated DOL equivalence problem. DOL forms 
also open a new vista to form theory: in addition to a family of languages, a 
form generates a family of sequences. Contrary to most other classes of forms, 
form equivalence is decidable for PDOL forms. 

Our discussion here will concern only PDOL forms. The arguments used 
in [5] rely heavily on the systems being propagating. Of course, all definitions 
can be readily extended to concern DOL forms. 

We write PDOL systems as triples C = (17, w, h), where w E 17+ and 
h : 17* ............. 17* is a nonerasing morphism. The sequence 8(C) of C consists 
of two words 
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hO(w) = w, h(w), h2(w), ... , 

and the language of Gis L(G) = {hi(w) I i ~ OJ. A PDOL system is strict if 
Ihi(w)1 < Ihi +1(w)1, for all i ~ O. It is finite if L(G) is finite. A finite system 
is of constant length k if every word in L( G) is of length k. In the case of 
k = 1 we speak of unary constant-length systems. As a construct, a PDOL 
form is defined exactly like a PDOL system. A PDOL system G' = (E', w', h') 
is an interpretation of G, G' <l G, if there is a dB-substitution p, defined on 
E such that w' E p,(w) and, for each a E E, p,(a) ~ E' and finally, for each 
a E E', h'(a) E p,(h(p,-l(a))). 

Observe that if PDOL systems are viewed as degenerate EOL systems, 
then the interpretations defined above are also interpretations in the sense 
of Section 2.1. However, we have now the additional requirement that the 
interpretations themselves must be PDOL systems. Observe also that G' <l G 
iff there is a letter-to-letter morphism t such that t(E') = E, t(w') = wand 
t(h'(a)) = h(t(a)), for all a E E'. 

Given a PDOL form G, the families of PDOL systems, PDOL languages 
and PDOL sequences generated by G (or associated to G) are defined by 

Q(G) = {G' I G' <l G}, 

£(G) = {L(G') I G' <l G}, 

S(G) = {S(G') I G' <l G}. 

PDOL forms G1 and G2 are strongly form equivalent (resp. form equivalent, se
quence equivalent) ifQ(Gt} = Q(G2 ) (resp. £(Gt) = £(G2 ), S(G1 ) = S(G2 )). 

As before, the relation <l is decidable and transitive, which implies that 
strong form equivalence is decidable. (In the usage of the word "strong" we 
follow here [50]. The expression "strict form equivalence" has also been fre
quently used in the literature.) The sequence equivalence of two forms implies 
always their form equivalence. The families £(G) and S(G) are invariant un
der renaming the letters of the alphabet of G. Thus, if two forms become 
identical after renaming the letters, then they are sequence and form equiv
alent. If G is finite (resp. infinite) then every language in the family £(G) is 
finite (resp. infinite). 

We say that two sequences of words Ui and Vi, i = 1,2, ... , are isomorphic 
if there is a one-to-one letter-to-letter morphism f such that the equation 
Vi = f(ui) holds for all i ~ 1. They are ultimately isomorphic if there is a 
number io such that the equation mentioned holds for all values i ~ io. 

The following theorem, [17] is a special case of the general theory. It can 
be established directly, independently of the general theory. 

Theorem 2.11. If G1 and G2 are form equivalent strict PDOL forms then 
the sequences S(Gt} and S(G2 ) are isomorphic. Form equivalence is decidable 
for strict PDOL forms. Two strict PDOL forms are form equivalent iff they 
are sequence equivalent. 0 
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The converse of the first sentence of Theorem 2.11 does not hold true. 
Consider the two strict PDOL forms with the axiom ab and productions de
fined by 

GI a -+ aba, b -+ bab, 

G2 a -+ ab, b -+ abab. 

Then S(Gt} = S(G2 ) but neither of the families C(Gd and C(G2 ) is included 
in the other. 

The basic question is: how do form equivalent non-identical PDOL forms 
look like? If the alphabet consists of at most two letters, the only examples 
are provided by unary constant-length forms. The forms with the axiom a 
and productions 

G I a -+ b, b -+ b, 

G2 a -+ b, b -+ a 

are indeed form equivalent. Their language family consists of all languages 
with cardinality at least 2 and with all words of length 1. The sequences 
S( Gt) and S( G 2 ) are not even ultimately isomorphic. Similar examples can 
be given of unary constant-length forms over any alphabet. 

Consider next the three-letter alphabet {a, b, c}. Define two PDOL forms 
GI and G2 as follows. The axiom in both forms is wIabw2, where WI and 
W2 are (possibly empty) words over the alphabet {c}. The productions are 
defined by 

where the right sides are nonempty words over the alphabet {c} and W3W4 = 
w~w~. Then G I and G2 are form equivalent. The general characterization 
of form equivalence given below implies that these examples exhaust the 
possibilities, apart from renaming of letters, of non-identical, form equivalent 
PDOL forms over an alphabet with cardinality at most 3. Moreover, the 
characterization makes it easy to list all the possibilities with respect to any 
alphabet of small cardinality. 

The next two theorems, Theorems 2.12, 2.13, although interesting also 
on their own right, are the main lemmas in establishing the characterization 
result, Theorem 2.14. 

Theorem 2.12. If G and G' are form equivalent infinite PDOL forms, then 
the sequences S( G) and S( G') are ultimately isomorphic. 0 

Theorem 2.13. If G and G' are form equivalent constant-length non-unary 
PDOL forms, then the sequences S(G) and S(G') are isomorphic. 0 
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The following notion is crucial in the proof and reflects the intricacies of 
the whole argument. Consider two sequence equivalent PDOL systems 

G = (17, w, h) and G' = (17, w, h'). 

(Thus S(G) = S(G/).) We divide the letters of 17 into good and bad with 
respect to the pair (G, G/). Let Wi be an arbitrary word in the sequence 
S(G) = S(G/). Decompose Wi = Xl .. . Xk, IXjl ~ 1, in such a way that, for 
each Xj, h(xj) = h'(xj), whereas h(xj) =f. h'(xj) for each proper prefix xj of 
Xj. (This implies that h(xj) =f. h'(xj) also for each proper suffix xj.) A letter 
is bad if it occurs in some Wi in some Xj with IXjl ~ 2. Otherwise, it is good. 

Thus, if h( a) =f. h' (a), then a is bad. The letters a and b in (*) are bad pro
vided W3 =f. w~. However, a can be bad although h(a) = h'(a). For instance, 
this happens if Wi = bac and h and h' are defined by 

h a -+ d, b -+ d2 , C -+ d, d -+ d2 , 

h' a -+ d, b -+ d, c -+ d2 , d -+ d2• 

Intuitively, a is good if, whenever it occurs in the sequence, it generates the 
same subword (including position) ofthe next word according to both G and 
G' . 

Theorem 2.14. All of the following conditions (i)-(iii) are equivalent for 
two PDOL forms G and G' which are not unary constant-length forms. 

(i) G and G' are form equivalent. 
(ii) The sequences S(G) and S(G/) are isomorphic and each bad letter occurs 

only once. 
(iii) G and G' are sequence equivalent. 

Both ·the form equivalence and the sequence equivalence are decidable for 
arbitrary PDOL forms. 0 

3. Density 

3.1 Dense hierarchies of grammatical families 

Perhaps the most interesting formal properties about grammatical families 
deal with density. In fact, no other collections of language families obtained 
by generative devices are known to possess such a density property: between 
any two families in the collection one can "squeeze" in a third one. Although 
various infinite hierarchies of language families have been presented in other 
contexts (for instance, in AFL-theory, see Chapter 4 of this Handbook), no 
nontrivial examples of dense hierarchies had been presented before the advent 
of grammatical hierarchies. Moreover, the interconnection between interpre
tations and graph coloring leads also to dense hierarchies of (finite) graphs, 
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as will be seen below. The subsequent density results constitute undoubtedly 
an important aspect in the mathematical theory of context-free languages. 

The following definition is stated in terms of grammatical families, in other 
words, grammatical families constitute the basic collection, the universe we 
are speaking about. However, the same definition can and will be applied to 
other collections as well. 

Definition 3.1. Assume that £ and £' are grammatical families such that 
£ c £'. The pair (£, £') (sometimes also referred to as an interval) is dense 
if, whenever £1 and £2 are grammatical families satisfying £ ~ £1 C £2 ~ 
£', then there is a grammatical family £3 such that £1 c £3 C £2. The pair 
(£, £') is maximal dense if it is dense and there is no grammatical family £" 
such that either £" c £ and (£", £') is dense, or else £' c £" and (£, £") 
is dense. A grammatical family £1 is density forcing if, whenever £2 is a 
gmmmatical family such that £1 c £2, then the pair (£1,£2) is dense. In 
this case we say also that the grammar form generating £1 is density forcing. 
A grammatical family £2 is a successor of a grammatical family £1 (and £1 
is a predecessor of £2) if £1 C £2 and there is no gmmmatical family £3 
with the property £1 C £3 C £2. The ter-ms "successor" and "predecessor" 
are extended to concer-n also the grammar forms generating the families. 0 

The notions defined above can be extended in a straightforward manner to 
concern other collections of language families. For instance, we may consider 
families generated by synchronized EOL forms or even arbitrary language 
families in place of grammatical families. Observe that if £ is density forcing, 
then no superset of £ can have a successor. It is conceivable that a superset 
of £ has a predecessor. In general, the reader is warned against viewing the 
families between £ and £' as linearly ordered - the frequently used term 
"dense interval" is in this sense misleading. 

We already introduced in Section 1.5 the superdisjoint union of two lan
guages, denoted from now on by L1 L:J L 2, as well as the direct sum of two 
grammars, G1 ffi G2 • Obviously, 

L(G1 ffi G2) = L(Gd L:J L(G2). 

A language L is called coherent if cannot be represented as a superdisjoint 
union in a nontrivial way: whenever L = L1 L:J L2 then L1 = L or L1 = 0. 
Observe that the language family generated by the grammar form G1 ffi G2 

satisfies 
£(G1 ffiG2 ) = {L1 L:J L21 Li E £(Gi),i = 1,2} 

and that every coherent language in the family £( G1 ffi G2 ) belongs to one of 
the families £(Gi ), i = 1,2. If L( G) (and hence every language in the family 
£( G)) is finite, we say that the grammar form G is finite or a finite form. 

Investigations about density were initiated in [36]. This subsection con
tains also material from [28], [29]' [34]. We will begin here with a simple 
construction showing that if we add something to the length set then we 
reach a "successor situation" and, hence, cannot obtain density. 



840 Gh. Paun and A. Salomaa 

Theorem 3.1. Assume that G is a grammar form and k 2: 1 an integer not 
in the length set of L( G). Then £( G) has a successor. D 

Proof. Let b1 , ... , bk be terminal letters not in the alphabet of G, and 
let G1 be the grammar form determined by the production S ~ b1 ... bk . 

Consider the grammar form G' = G EB G1 . Clearly, £(G) c £(G'). By what 
was said about coherent languages in the family £(GEBGt}, it is easy to argue 
that there can be no grammatical family strictly between the families £( G) 
and £( G'). Thus, £( G') is a successor of £( G). D 

The next result, which can be contrasted with our subsequent density 
results, is an immediate corollary of Theorem 3.1. 

Theorem 3.2. There is an infinite sequence G1 , G2 , ••. of grammar forms 
such that £(G i +1) is a successor of £(G i ), for each i 2: 1. Moreover, we can 
choose each Gi to be infinite or each Gi to be finite. D 

We now turn to the discussions sufficient for density. The following result, 
[36], is a central auxiliary tool. 

Theorem 3.3. Assume that £1 and £2 are grammatical families such that 
£1 c £2 and, furthermor'e, there is an infinite coherent language in the differ
ence £2 - £1. Then there is a grammatical family £3 satisfying £1 C £3 C £2· 

D 

Theorem 3.4. The pazr (REG, CF) zs dense. Consequently, the family 
REG is density forcing. D 

Proof outline. Assuming that £1 and £2 are grammatical families satis
fying 

we show that the difference £2 - £1 contains an infinite coherent language, 
after which Theorem 3.3 becomes applicable. Take any language L' from the 
difference; L' must be infinite because REG contains all finite languages. If 
L' is not coherent, it can be broken into a superdisjoint union: L' = L1 U L 2 . 

Grammatical families are closed under intersection with regular languages, 
as well as under superdisjoint union. Consequently, both of the languages L1 
and L2 are in £2, whereas one of them, say L 1 , must be outside £1. Since 
£1 contains all finite languages, L1 is infinite. We have now exactly the same 
situation as at the beginning: L1 is an infinite language in the difference 
£2 - £1. Moreover, the alphabet of L1 is smaller than that of L'. If L1 is 
not coherent, we repeat the same procedure. We end up with a coherent 
language L in the difference £2 - £1 because we cannot reduce the alphabet 
size indefinitely. D 

The construction in Theorem 3.4 is effective in the following sense. As
sume that £1 and £2 are given by two grammar forms G1 and G2 . Assume, 
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furthermore, that an oracle tells us that £1 c £2 and gives us a language 
L in the difference £2 - £1' (The oracle need not tell us whether L is co
herent.) Then we can effectively construct a grammar form G3 such that 
£1 C £(G3 ) C £2' The details are given in [36). The oracular information 
is necessary because inclusion and equivalence problems are undecidable for 
grammar forms. 

It will be seen below in Section 3.3 that the interval (REG, CF) is not 
maximal dense. On the other hand, infinite sequences of Theorem 3.2 are not 
possible, [36], if the alphabet size of the grammar forms Gi is bounded. 

The only fact used in the proof of Theorem 3.4 about the family REG 
is that REG contains all finite languages. Therefore, Theorem 3.4 can be 
expresses in the following stronger formulation. 

Theorem 3.5. Let M be a collection of grammatical families and £ a family 
in M containing all the finite languages. Then £ is density forcing in M. 0 

The setup in Theorem 3.5 is more general than, for instance, that in The
orem 3.4. Theorem 3.5 can still be considerably generalized by considering 
arbitrary collections of language families satisfying certain basic properties 
necessary for proving a result akin to it; such collections are termed MSW 
spaces. We will define formally an MSW space and also show how an arbi
trary collection of language families can be turned into an MSW space in a 
particularly simple manner. This demonstrates not only that such spaces are 
easily obtained, but also that the abstraction is meaningful in that "most" 
MSW spaces are not generated by grammar forms. 

We need some auxiliary notions. A language L1 is obtained from a lan
guage L S;; E* by breaking with respect to an alphabet E1 S;; E if L1 = Ln Ei 
and L - L1 contains no word containing a letter of E 1. (Breaking is, in some 
sense, an operation inverse to superdisjoint union. If a language is coherent, 
it cannot be broken in a nontrivial fashion.) For a language L and an integer 
i 2:: 1, we define the language 

L(i) = {w E L Ilwl # i}, 

that is, L( i) is obtained from L by omitting all words of length i, if any. 
Similarly, for a language family £ and integer i 2:: 1, we define 

£(i) = {L(i) I L E £} 

and refer to £(i) as an extraction of £. A language family £ is closed under 
covering if, for every infinite language L, the fact that L( i) is in £ for infinitely 
many values of i implies that L itself is in £. Finally, the superdisjoint wedge 
of two language families £1 and £2 is defined by 
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Definition 3.2. A collection M of language families is an MSW space if 
the following conditions (i)-(iii) hold: 

(i) Each £ in M is closed under superdisjoint union and breaking. 
(ii) M is closed under superdisjoint wedge. 
(iii) For each infinite language L occurring in some language family of M, 

there exist subsets Li of L for i = 1,2, ... such that (a) and (b) hold: 
(a) L is in a language family £ of M iff Li is in £ for all i with Li i= L. 
(b) If L belongs to £ in M, then for every i with Li i= L there exists 

an 12i EM such that 12i ~ 12, Li is in 12i, and L is not in 12i. D 

For instance, collections consisting of 

(i) all grammatical families, 
(ii) families generated by finite grammar forms, 
(iii) families generated by one-sided linear grammar forms, 
(iv) families of arbitrary grammar forms (see Section 4.1), 
(v) families generated by synchronized EOL forms, 

constitute all MSW spaces. Another example is the collection 

M(9) = {12(G) I G E 9}, 

where 9 is an arbitrary collection of CF grammars which is closed under 
direct sum and taking interpretations. On the other hand, the collection 
of all AFL's (see Chapter 4 of this Handbook) and the collection of all g
grammatical families (see Section 1) are not MSW spaces. The next theorem 
shows that "most" MSW spaces are obtained quite independently of form 
theory. 

Theorem 3.6. Assume that M is a collection of language families such that 
each family £ of M is closed under superdisjoint union, intersection with 
regular sets and covering. Let M be the closure of M under superdisjoint 
wedge and extraction. Then M is an MSW space. D 

Theorem 3.6 gives the following general method of constructing MSW 
spaces. Start with an arbitrary (finite or infinite) collection of languages. 
Close each language in the collection with respect to the operations l'.J, 

intersection with regular languages and covering, yielding a collection M 
of language families. Close M under superdisjoint wedge and extraction to 
obtain M. Then M is an MSW space. 

The main result about the density properties is the following theorem. 

Theorem 3.7. Let M be an MSW space and let :F be the collection of all 
finite languages occurring in the language families of M. If £ ::J :F is a family 
of M, then £ is density forcing. D 
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Theorem 3.7 can also be applied in showing that certain collections of 
language families, for instance the collection of all AFL's, are not MSW 
spaces. 

We conclude this subsection with some results, [28], concerning {S, a}
grammatical families, that is families generated by grammar forms with only 
one nonterminal S and one terminal a. (When we speak of density in this 
context, the underlying collection M is restricted to {S, a }-grammatical fam
ilies. This is why maximality results are more easily obtainable here than in 
the general case.) 

All of the families REG, LIN and CF are {S, a }-grammatical. However, 
in this context CF is a succeSSOT of LIN. The interval (REG, LIN) is still 
dense. Density means that there are "many" families of the kind considered. 
Therefore, the decidability of the identity of two families is rather surprising -
there are not many similar examples in language theory. 

Theorem 3.8. FOT {S,a}-foTrns, the paiT (REG,LIN) is maximal dense 
and, mOTeoveT, fOTm equivalence is decidable faT {S, a }-foTms. 0 

Theorem 3.8 can be strenghtened by characterizing all maximal dense 
intervals, [28]. Essentially, every maximal dense interval is obtained by re
stricting (REG, LIN) to some length set. 

3.2 Color families of graphs and language interpretations 

The investigation of grammar forms and, in particular, language interpreta
tions offers a link to graphs first observed in [33]. The mechanism of taking 
interpretations, applied to graphs, turns out to be a characterization of n
coloring and induces families of graphs (called coloT families) in a similar 
way as it does in the form theory. Such an interpretation mechanism can 
be defined in the same way in a much more general environment, for in
stance, for universal algebras. As regards graphs, we can apply the technique 
for both directed and undirected graphs. In this way a classification is ob
tained that generalizes the notion of coloring in a natural way. Also certain 
graph-theoretic problems can be identified with certain problems concerning 
language interpretations. 

We begin with considerations concerning finite undiTected gmphs. The sets 
of vertices and edges of a graph G are denoted by V(G) and E(G). The fact 
that two vertices x and yare adjacent (that is, the edge (x,y) is in E(G)) is 
denoted by AG (x, y) or A( x, y) if G is understood. We assume that no vertex 
is adjacent to itself, that is A(x,x) never holds. For an integer n ~ 1 (resp. 
n ~ 3), we denote by Kn (resp. Cn) the complete gmph (resp. the cycle) with 
n vertices. Thus, K3 = C3 and Kl consists of one vertex and no edges. An 
elementaTy morphism in a graph G consists of identifying two non-adjacent 
vertices x and y and inserting an edge between the identified vertex x = y 
and all vertices z adjacent to either x or y in G. A graph G' is a mOTphic 
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image of G if it is obtained from G by finitely many elementary morphisms. 
G is also considered to be a morphic image of itself. A graph is minimal if 
none of its morphic images, apart from G itself, is a subgraph of G. 

A graph H is colorable according to a graph G, in symbols H :O:;c G, if 
there is a mapping r.p of V(H) into V(G) such that, for all x,y E V(H), 

AH(x,y) implies AG(r.p(x),r.p(y)). 

The mapping r.p is referred to as the coloring of H according to G. Assume that 
G = Kn, n ;::: 2. Then clearly H :O:;c G iff H is n-colorable in the customary 
sense. Hence, the notion defined above is a natural extension of the customary 
notion of vertex coloring. The color family of a graph G is defined by 

£(G) = {H I H :O:;c G}. 

The family £( G) is analoguous to the family g (G) associated to grammar 
forms. We have followed here the notation customary in the literature; for 
graphs there is no family corresponding to the grammatical family. 

Since our graphs are finite, every color family (although infinite as a fam
ily) consists of finite graphs. If G has n vertices, the complete graph K n +1 is 
not in £(G). The Four-Color Theorem tells us that every planar graph is in 
£(K4)' The following inclusions are easy to verify by the definitions: 

... C £(C2n+1) C £(C2n-d C ... c £(C5 ) C £(C3) = 
= £(K3) C £(K4) C ... C £(Kn) C £(Kn+d C ... 

This ascending hierarchy is customarily referred to as the basic hierarchy of 
color families. Every family in the basic hierarchy contains the family £(K2) 
consisting of all 2-colorable graphs, that is, of all graphs having no cycles of 
an odd length. On the other hand, let G be an arbitrary graph possessing a 
cycle of an odd length. Then there are m and n such that 

This is the best result we can get in the general case because, for any m ;::: 
2, n ;::: 3, there is a graph G with the following properties: 

(i) G is in £(Kn) but not in £(Kn-d, 
(ii) C2m - 1 is not in £(G). 

Consequently, each of the color families 

is incomparable with the family £(G). (These facts are due to the graph
theoretic result: for any m, n ;::: 2, there is a graph whose chromatic number 
equals n and where the length of the shortest cycle exceeds m. See [33J for 
details.) To summarize, we have the following result. Consider any graph G 
such that £(K2) C £(G). Then £(G) can be incomparable only with the 
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families in some middle segment of the basic hierarchy. The middle segment 
can be made arbitrarily long, both as regards the 0- and K-parts. 

The following results are straightforward consequences of the definitions. 

Theorem 3.9. The relation :Sc is transitive and decidable. The inclusion 
C(H) ~ C(G) holds iff H :Sc G. Consequently, the relations C(H) ~ C(G) 
and C(H) = C(G) are decidable for graphs Hand G. 0 

The next two theorems, also rather straightforward, are from [33] and 
[49]. 

Theorem 3.10. A graph H is colorable according to G iff a morphic image 
of H is isomorphic to a subgraph of G. 0 

Theorem 3.11. For every color family C, there is a unique minimal graph 
G such that C = C( G). 0 

Uniqueness means in Theorem 3.11 that, whenever G l and G2 are non
isomorphic minimal graphs, then the color families C( Gd and C( G2 ) are 
different. Thus, minimal graphs can be viewed as a normal form of graphs 
for the representation of color families. Let us use the notation H <c G to 
mean that H :Sc G but not G :Sc H. Clearly, Kl <c K2 and there is no graph 
G satisfying 

Kl <c G <c K 2. 

However, according to the following Density Theorem, the pair (Kl' K2) con
stitutes the only example where one graph is a predecessor of another graph 
in this sense of the relation <c. We use the term "a nontrivial graph" to mean 
a graph possessing at least one edge. 

Theorem 3.12. Assume that G l and G2 are nontrivial graphs satisfying 
G l <c G2 · Then there is a graph G3 such that G l <c G3 <c G2 • 0 

Theorem 3.12 was first established in [49]; a different proof appears in 
[46]. The proofs rely heavily on the notion of a weak predecessor: H is a 
weak predecessor of G if H <c G and, moreover, apart from H itself there is 
no morphic image HI of H satisfying Hl <c G. For instance, Os is a weak 
predecessor of 0 3 , and so is the following graph with eight vertices: 

1 3 2 

2 Q-----c>IE----{) 1 

1 2 3 
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Coloring according to C3 has been indicated by numbers. An important 
auxiliary tool in the proof of Theorem 3.12 is the fact that a connected graph 
possesses no predecessor iff it possesses infinitely many weak predecessors. 

The connection between graphs and grammar forms should be now clear: 
colorings are essentially the same as interpretations. Here it is appropriate 
to consider interpretations of finite languages, as presented in Section 1.5. 
We consider now also commutative languages or c-languages: together with a 
word the language contains also all permutations of the word. (Algebraically, 
c-Ianguages are subsets of the free commutative monoid.) A finite language 
or c-Ianguage is termed graph-like if it contains only words of length 2. A 
graph-like language or c-Ianguage is universal if it contains the word aa for 
some letter a. 

The definition given above concerning coloring and the relation :Sc can 
be extended in a natural way to concern digraphs. Instead of edges (x, y) we 
now speak of arrows from x to y, and the pairs (x, y) and (cp( x), cp(y)) in (*) 
are viewed as ordered pairs. 

There is a natural correspondence between finite directed (resp. undi
rected) graphs and graph-like languages (resp. c-Ianguages): each letter de
notes a vertex, and the words in the language (resp. c-Ianguage) indicate 
the arrows (resp. edges). Apart from some trivial cases (we may add an iso
lated vertex to a graph without changing the language), this correspondence 
is one-to-one. Therefore, we may speak of the language (resp. c-Ianguage) 
corresponding to a given digraph (resp. graph). For instance, the c-Ianguages 

{ab, be, cd, de, ea} and {ab, ac, ad, be, bd, cd} 

correspond to the graphs C5 and K 4 , respectively. (We know that also ba is 
present with ab in a c-Ianguage; we list only one ofthe commutative variants.) 

A language or c-Ianguage L is universal iff the corresponding digraph or 
graph contains a loop. In this case the family £( L) of interpretations con
sists of all graph-like languages or c-Ianguages, that is, the language families 
of different universal languages coincide and consist of everything possible. 
Analoguous statements hold for graphs and digraphs containing loops. 

The following theorem, immediate from the definitions, shows that all 
questions concerning hierarchies of color families of graphs or digraphs can 
be reduced to questions concerning corresponding c-Ianguages or languages, 
and vice versa. This concerns, in particular, questions concerning dense and 
maximal dense intervals. 

Theorem 3.13. Let Land L' be c-languages or languages corresponding to 
the graphs or digraphs G and G'. Then G' :Sc G iff L' <l L. 0 

Hierarchies of color families generated by digraphs are essentially richer 
than those generated by graphs. Contrary to the case of undirected graphs, 
one is able to obtain here nontrivial examples of "nexts". We will give an 
infinite sequence Go, G l , ... , of digraphs, where each Gi is a successor of 
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G i +1, that is, an infinite "descending" hierarchy. We define the digraphs by 
the corresponding languages: 

Go = {ab, bc, cd}, 

Gl = {ab, bCl, blCl, blc, cd}, 

G2 = {ab,bcl,blc2,b2c2,b2cl,blc,cd}, 

G3 = {ab, bCl, blC2, b2C3, b3C3, b3C2, b2cl, blc, cd}, 

and in general Gi+1 is obtained from Gi by replacing the word biCi with the 
three words biCi+l, bi+1Ci+1 and bi+1Ci. The graphical representation of the 
beginning of this hierarchy is as follows: 

G3 : o---+o-----o~ 

Thus, in Gi the index i indicates the number of additional levels needed 
before the "exit". 

Theorem 3.14. For each i 2: 0, the digraph Gi is a successor of G i +1' 0 

Although the membership problem is decidable for the color families 
C(G), it is NP-complete in most important cases. Even in simple cases, such 
as the cyclic graph C5 , no characterization is known for the color family. 

3.3 Maximal dense intervals 

Ever since the interval (REG, CF) was found to be dense, one tried to settle 
the problem of its maximal density. If we restrict our attention to context-free 
grammar forms, as has been done so far in this chapter, the interval cannot 
be extended upwards. But can it be extended downwards ? The crucial issue 
is the following. According to Theorem 3.5, a family is density forcing if it 
contains all finite languages. But is this sufficient condition for being density 
forcing also necessary ? The answer is "no" , and so is the final answer to the 
question about the maximality of the interval (REG, CF). However, maximal 
dense intervals do exist but they all lie within the range of finite languages. 
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While the denseness of a given interval of grammatical families is undecidable, 
its maximal denseness is decidable. The initial tools needed here (concerning 
nonlooping languages) were developed in [39) and [34), and the problems were 
finally settled in [41) and [42). 

Nonlooping languages are most significant when denseness is considered; 
an interval between two grammatical families is dense iff the families contain 
the same nonlooping languages. We now give the definitions needed. 

A language L is looping if either L contains a word with at least two 
occurrences of the same letter or there exist distinct words Wl, ... , W m , m :::: 2, 
in L and distinct letters al,"" am in the alphabet of L such that ai and 
ai+1 occur in Wi, 1 :::; i < m, while am and al occur in Wm. Otherwise, L is 
nonlooping. The intuitive idea behind a loop should be clear. The words in a 
language L (possible infinite) are viewed as vertices in a graph. Two vertices 
are connected by an edge if they have a common letter. There is also an 
edge from a vertex to itself if the word contains two occurrences of the same 
letter. A language is looping iff the graph has a loop. An important initial 
observation is that all nonlooping languages are finite. 

For finite grammar forms G, the grammatical family £(G) coincides with 
the linguistical family £(L(G)). Therefore, we consider mostly linguistical 
families in the sequel. 

Consider a language L (possibly infinite) and its linguistical family £(L). 
We denote by £N(L) the part of £(L) consisting of nonlooping languages 
in £(L). Two languages Ll and L2 are nonlooping equivalent if £N(Ld = 
£N(L2). A language L is minimal if it has no proper subset L' with the 
property £(L) = £(L'). We are now ready to state the first result, [34). A 
language L having a predecessor means that its linguistical family £( L) has 
a predecessor within the range of linguistical families. 

Theorem 3.15. A coherent minimal language has a predecessor iff it is non
looping. D 

Theorem 3.16. Assume that £(Ld c £(L2)' Then the interval (£(Ld, 
£(L2)) is dense iff Ll and L2 are nonlooping equivalent. D 

Theorem 3.17. The interval (REG, CF) is not maximal dense. D 

The grammar form G defined by the productions 

S -+ alblablbalaaA, A -+ alaA 

satisfies £(G) c REG, while (£(G), CF) is dense. 
As an example about the intricacies of finite nonlooping language forms 

we mention that the language Ll = {ab, ba} is a successor of {ab}. However, 
L2 = {ab, be, cd} is by no means a successor of L 1 . In fact, there is an infinite 
sequence of languages between Ll and L2 such that every language in the 
sequence is a predecessor of the language preceding it in the sequence. This 
was already explained in terms of digraphs at the end of Section 3.2. 

We now present the main result from [41). 



Families Generated by Grammars and L Systems 849 

Theorem 3.18. Let G1 and G2 be grammar forms or synchronized EOL 
forms. Then the interval (£(Gd,£(G2 )) is dense iff L(G1 ) and L(G2 ) are 
nonlooping equivalent. 0 

Theorem 3.18 should be understood in the proper sense. If G1 and G2 are 
grammar forms (resp. synchronized EOL forms), then grammatical families 
(resp. families of synchronized EOL forms) constitute the basic collection of 
language families, for which density is defined. 

The following grammar forms G1 and G2 give a somewhat more sophis
ticated example of a dense interval (£(Gd,£(G2 )). 

G1 8 ~ a183b21a284b11A, 

8 1 ~ a183b21A, 82 ~ a284b11A, 

83 ~ a281b1, 84 ~ a1 82b2, 

G2 8 ~ a181b11a181b21a281b11a281b21A, 

8 1 ~ a18b11a18b21a28b11a28b2. 

Theorem 3.19. It is undecidable whether or not two given context-free lan
guages are nonlooping equivalent. Let G1 and G2 be two given grammar forms 
or synchronized EOL forms of which it is known that £(Gd c £(G2 ). Then 
it is undecidable whether or not (£(Gd,£(G2)) is a dense interval. 0 

Theorem 3.20. Let G1 and G2 be grammar forms of which it is known that 
L(G1 ) is regular and either £(G1 ) C £(G2) or £(G2 ) ~ REG. Then it is 
decidable whether or not (£(Gd,£(G2 )) is a dense interval. 0 

The following result is the basic extension theorem for dense intervals. We 
say that a language L is inherently looping if there is no nonlooping language 
L' such that £(L) = £(L'). 

Theorem 3.21. Given a grammar form (resp. synchronized EOL form) G 
with L( G) inherently looping, there is a grammar form (resp. synchronized 
EOL form) G' such that £( G') c £(G) and (£( G'), £(G)) is a dense interval. 

o 

Theorem 3.22. Assume that G1 and G2 are grammar forms or synchro
nized EOL forms such that L( G1 ) is inherently looping and the interval 
(£(Gt),£(G2 )) is dense. Then the interval mentioned is not maximal dense. 

o 

Thus, the existence problem of maximal density reduces to the search of 
a dense interval reaching down to some nonlooping language. All nonlooping 
languages are finite. Consequently, we must search for an interval determined 
by two finite languages; in the finite case grammatical and linguistical families 
coincide. The following results are from [42J. 
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Let L be a language over E and k ~ 1. We denote by L(k) the set of all 
words of length kin L. Let w(k) be the kth letter of the word w. If k > Iwl, 
by definition w(k) = 0.) Similarly, 

L(k) = {w(k) I w E L} (<;;; E). 

The power language L(p) of L is the language over the alphabet E(p), whose 
letters are nonempty subsets of E, constructed as follows: By definition 

L(p) = U L(k)(p). 

k~l 

We still have to define the power language L(k)(p). We first index the words 
of L(k)(p) by nonempty subsets of L(k). Thus, words in L(k)(p) are denoted 
by a(W),0 =I- W <;;; L(k). The ith letter of the word a(W), 1 :s:: i :s:: k, is 
defined by 

a(W)(i) = {wei) I w E W}. 

In other words, the ith letter in the word indexed by the words Wl, ... ,Wn is 
itself indexed by the set of the ith letters in the same words. 

Clearly, the power language of every finite language is effectively con
structable. The following theorem is valid for all languages. 

Theorem 3.23. The power language L(p) of an arbitrary language L satisfies 
the following conditions (i)-(iii): (i) An alphabetic variant of L is a subset 
of L(p). (ii) Land L(p) are nonlooping equivalent. (iii) Whenever £N(L') <;;; 
£N(L) then £(L') <;;; £(L(p)). 0 

This theorem has the following corollaries. 

Theorem 3.24. Let L be a nonlooping language. If £(L) c £(L(p)) then 
(£(L), £(L(p))) is a maximal dense interval. If £(L) = £(L(p)) then £(L) 
does not belong to any maximal dense interval. 0 

Theorem 3.25. For an arbitrary context-free grammar G, it is decidable 
whether OT not L( G) is a lower limit of any maximal dense interval. For two 
arbitraTY context-free grammar fOTms G l and G2 , it is decidable whetheT or 
not (£(Gd,£(G2 )) is a maximal dense interval. 0 

The second sentence of Theorem 3.25 should be contrasted with the un
decidability of the question whether (£(Gd,£(G2 )) is a dense interval, or 
an interval. The second sentence of Theorem 3.24 shows how maximal dense 
intervals can possibly be constructed. The construction was carried out in 
[42]. In that construction the cardinality of the alphabet of L is over 200. 
However, the size of the alphabet of L(p) can be restricted to less that 1000. 
Thus we have the following result. 

Theorem 3.26. Maximal dense inteTvals of grammatical and linguistical 
families can be constructed. 0 
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4. Extensions and variations 

4.1 Context-dependent grammar and L forms 

We have presented in the first three sections what we consider to be the 
core of the theory of grammar and L forms: the context-free case and the 
interconnections with graphs. In this environment, also the most important 
formal aspect of the theory, namely the results concerning density, can be 
best described. 

By its very nature, form theory can be readily extended to concern any 
family of devices investigated in language theory. We can just consider any 
generative structure to be a "form" having "interpretations" . The more com
plicated the structures become, the more undecidability, as well density re
sults are obtained. [50J contains many references to the work in the non
context-free case. In the sequel we will present some glimpses over these 
areas. We do not try to be encyclopedic but are rather aiming at some unex
pected or surprising results. Since the formal definitions are quite analogous 
to the ones given above, our aim is to be discursive rather than formal. 

Phrase structure grammar forms (briefly, grammar forms) are simply 
phrase structure grammars - we assume that the left sides of the produc
tions contain only nonterminals. All basic notions (interpretations, gram
matical families, form equivalence, completeness, etc.) are defined as before. 
The following considerations are from [18]' where also some other interpre
tation mechanisms are considered. As regards the g-interpretation discussed 
in Section 1 above, it is still an open problem whether or not there is a 
g-grammatical family strictly between CF and RE (recursively enumerable 
languages). Contrast this with Theorem 4.1. Recall that in a g-interpretation 
a terminal letter can be mapped to a terminal word, also the empty word. 

Our first theorem shows that grammatical families may have "gaps": the 
family contains some finite languages but no "simple" infinite languages; 
all infinite languages in the family are non-context-free. (We now use the 
term "grammatical family" for the family of languages generated by a phrase 
structure grammar form.) 

Theorem 4.1. There exist grammar forms G such that CF c £(G) eRE. 
There also exist grammar forms G such that £( G) contains both finite and in
finite languages but all infinite languages in £( G) are non-context-free (resp. 
non-regular). D 

In fact, the context-free grammar form defined by the productions S ~ 
aSblab is an example needed for the second sentence concerning non-regular 
languages. As regards the other example (concerning non-context-free lan
guages), we just list the productions: 

S ~ FZ, Z ~ MZ, Z ~ MBBBD, MB ~ BAM, 

MA~AM, MD~D,FB~bF, FA~aF, FD~>'. 
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The next theorem concerns a fundamental normal form. 

Theorem 4.2. For every gmmmar form, a form equivalent gmmmar form 
can be constructed such that all productions in the latter are of the types 

AB --+ C, A --+ >., A --+ a, A --+ B, A --+ BC. o 

Theorem 4.3. Define three gmmmar forms G1 - G3 as follows: 

G1 S --+ >'laISISS, ss --+ S, 

G2 S --+ >'laISISS, ss --+ SS, 

G3 S --+ aISISS, ss --+ SS. 

Then C(Gt) = C(G2 ) = RE and C(G3 ) = CS. o 

Theorem 4.4. Completeness of a gmmmar form G is undecidable, and so 
is each of the following equations: C(G) = {0}, C{G) = REG, C{G) = CF, 
C(G) = CS. 0 

We mention, finally, a modified restricted interpretation, called Q-inter
pretation in [18]. A subset Q of the production set of a grammar form is 
distinguished. There are special conditions for interpreting a production a --+ 

{3 in Q: (i) all occurrences of a nonterminal occurring in both a and {3 must be 
replaced by the same nonterminal (this is referred to as the weakly uniform 
interpretation), (ii) all (rather than some) productions a' --+ (3' with a' E 
f..L( a), (3' E f..L({3) are taken to be interpretations (provided that the above 
weak uniformity condition is satisfied). If such Q-interpretations are used, 
even "parallel families" such as EOL and ETOL become grammatical. 

E(m,n)L systems and forms will be discussed next. Their productions 
look like 

(a,a,{3)--+w,lal=m,I{3I=n. 

Thus, the letter a can be rewritten as w in the context (a, (3). Here an impor
tant variant of the interpretation is the CC-interpretation, an abbreviation 
of the words "constant context". If the rewriting a' --+ w' is possible in a 
CC-interpretation, then it must be possible in all contexts which are inter
pretations of the context (a, (3) where the original rule a --+ w was given in 
the form. 

Some results (mainly from [24], see also [50]) concerning completeness, 
reducibility and decidability are summarized in the following theorems. The 
terminology used should be self-explanatory. For instance, if an E{I,I)L form 
G satisfies Ccc(G) = EOL, we say that Gis CC-EOL-complete. Here Ccc(G) 
denotes the family of languages generated by CC-interpretations of G. 

Theorem 4.5. For any EOL form G, there is an E(l,l)L form G1 such 
that C(G) = Ccc{G1 ). There are CC-EOL-complete and CC-EOL-vomplete 
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E(l,l)L forms. There are complete E(1,O)L forms. There are CC-CF-com
plete E(l,O)L forms, as well as CC-ETOL-complete E(l,O)L forms. For ev
ery synchronized ETOL form G, there is an E(l,O)L form Gl such that 
.cec(Gl ) = .c(G). D 

Theorem 4.6. For every synchronized E(m,n)L form, a form equivalent 
synchronized E(l,O)L (or E(O,l)L) form can be constructed. There are 
E(l,l)L forms for which no form equivalent E(m,O)L form exists. There are 
EIL forms for which no form equivalent propagating or synchronized EIL 
form exists. There are no vomplete E(m,n)L forms. D 

Theorem 4.7. Form equivalence, CC-form equivalence, completeness, CC
EOL-completeness, CC-ETOL-completeness and CC-CF-completeness are all 
undecidable for E(l,l)L forms. D 

4.2 Matrix forms 

Recall that a (context-free) matrix grammar is a quadruple G = (V, E, 8, M), 
where V, E, 8 are as in a context-free grammar and M is a finite of matrices 
(of context-free productions), that is nonempty ordered sequences of the form 

Using such a matrix in a derivation step means to use all its rules, in the 
specified order, in the context-free manner. (Contrast this with the mode of 
applying a table in an ETOL system.) We denote by MAT>' (resp. MAT) the 
family of languages generated by matrix grammars with arbitrary context
free rules (resp. with A-free rules). One knows that 

CF c MAT c MAT>' eRE, MAT c C8 

(see [6J and [7]). 
All notions related to matrix grammar forms - we say, shortly, matrix 

forms - can be defined in the natural way, with the following important speci
fication: when interpreting a matrix m = h, ... , r nJ (using a dfi-substitution 
J.L), we obtain a set J.L(m) of matrices, all of them containing n rules, 

J.L(m) = {[r~, ... ,r~J 1< E J.L(ri) , 1:::; i :::; n}. 

Then, an interpretation of G = (V, E, 8, M) is a matrix grammar G' 
(V', E', 8', M') with V' = J.L(V), E' = J.L(E), 8' E J.L(8), and 

M' c:;; J.L(M) = U J.L(m). 
mEM 

Thus, we are much closer to the case of grammar forms or EOL forms 
than to the case of ETOL forms: the number of matrices in the interpretation 
is not necessarily equal to the number of matrices in the form. 
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We briefly present here the basic results in [13], [14], [15], [16]. Some of 
them are also presented in [6] and [50]. The natural problems arising in this 
framework concern reducibility and £-completeness, for £ being MAT, MAT>' 
or families contained in MAT, such as FIN,REG,LIN,GF. 

It is known that for each matrix grammar G, an equivalent matrix gram
mar G' can be constructed, containing matrices of the following forms: 

[A -+ BG], [A -+ a], [A -+ A], 

[A -+ BG,D -+ E], [A -+ B,G -+ D], 

where A, B, G, D, E are nonterminals and a is a terminal (when G is A-free, 
then matrices of the form [A -+ A] are not used). The reduction methods 
used for obtaining this result can be extended also to matrix forms. 

First, it is possible to obtain 

Theorem 4.8. For each matrix form, there is an equivalent matrix form 
with matrices consisting of at most two productions, each production having 
the right side of length at most two. 0 

This result can be strenghtened in several ways: 

Theorem 4.9. For each matrix form, there is an equivalent matrix form 
containing matrices of only one of the following forms {i}-{iii}: 

{i} [A -+ BC], [A -+ B,G -+ D], [A -+ a], [A -+ A], 
{ii} [A -+ B, G -+ DE], [A -+ a], [A -+ A], 
{iii} [A -+ BG, D -+ E], [D -+ a], [A -+ A], 

where A, B, G, D, E are nonterminals and a is a terminal. o 

As a consequence, we can find M AT- and M AT>'-complete matrix forms 
(which proves that MAT and MAT>' are grammatical families - of course, 
with respect to matrix forms). 

Theorem 4.10. The matrix forms defined by the following matrices are 
MAT>' -complete: 

G1 [8 -+ 88], [8 -+ 8,8 -+ 8], [8 -+ a], [8 -+ A], 

G2 [8 -+ 8,8 -+ 88], [8 -+ a], [8 -+ A], 

G3 [8 -+ 88,8 -+ 8], [8 -+ a], [8 -+ A]. 

The following matrix form is MAT-complete: 

G4 : [8 -+ 88], [8 -+ 8,8-+ 8], [8 -+ a]. o 

Note that G2, G3, G4 contain three matrices each. Are there M AT- or 
M AT>'-complete matrix forms with two matrices? The problem is still open. 
In [13] it is proved that there is no M AT- or M AT>'-complete matrix form 
containing only one matrix. Using Theorem 4.10, a sufficient condition for 
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the completeness of a matrix form G = (V, 17, S, M) is that p,(M) contains 
each of the matrices defining anyone of the forms Gl - G4 in the theorem. 

The characterization of C-completeness of matrix forms, [14], for Cone 
of FIN, REG, LIN, CF, is somewhat similar to the characterization of C
completeness of grammar forms, see Section 1.4. 

Theorem 4.11. There is no matrix form which is FIN-complete. D 

Theorem 4.12. An (S,a)-matrix form G is REG-complete iff a+ ~ L(G) 
and G is not self-embedding. D 

Theorem 4.13. An (S, a)-matrix form G is LIN-complete iff the following 
conditions (i)-(iii) are fulfilled: (i) a+ ~ L( G), (ii) S is not expansive in 
G, (iii) for each n, m ~ 0, there are in G derivations of the form S ===>* 
anS, S ===>* Sam. D 

In what concerns the CF-completeness, the results are rather surprising. 
Let us consider the matrix form G defined by the matrices 

[S -+ SS], [S -+ a, S -+ A]. 

It is easy to see that CF ~ C(G). Unexpectedly, the inclusion is proper: the 
language {anbncn I n ~ I} is generated by the following interpretation of G: 

[S -+ SIS4], [S4 -+ S2S3], [SI -+ SaSA], 

[SA -+ SIA], [SI -+ SaA], [S2 -+ SbSB], 

[SB -+ S2B], [S2 -+ SbB], [S3 -+ SeSe], 

[Se -+ S3C], [S3 -+ SeC], [Sa -+ a, B -+ A], 
[Sb -+ b, C -+ A], [Se -+ C, A -+ A]. 

(The last three matrices check whether or not the number of occurrences of 
A,B,C are equal.) 

In fact, in [14] it is proved that there is no CF-complete matrix form 
containing a matrix with at least two productions. The result is sharpened 
in [15] as follows: 

Theorem 4.14. A matrix form G = ({S,a},{a},S,M) is OF-complete iff 
(i) every marix in M contains only one production, (ii) L(G) = a+, (iii) 
there is a derivation S ===>* aPSaqSar in G, for some p,q,r ~ o. D 

The result is extended to arbitrary terminal alphabets using the notion 
of a-restriction (see Section 1.4): 

Theorem 4.15. A matrix form G = ({ S} U T, T, S, M) is OF-complete iff 
(i) every matrix in M contains only one production, (ii) A ¢. L(G), (iii) there 
is a E T such that C(Ga) = CF. D 

As a corollary, we obtain 

Theorem 4.16. The OF-completeness of matrix forms G = ({ S} U T, T, S, 
M) is decidable. D 
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4.3 Further variants 

Uniform interpretations were first briefly considered in [19], then investigated 
in [20] for EOL and ETOL forms, in [31] for synchronized EOL forms and in 
[30] for context-free grammar forms. 

As we have noted in Section 1.2, in a uniform interpretation the terminals 
are uniformly interpreted in the following sense: in each rule, two occurrences 
of the same terminal letter map to the same letter. (The nonterminal symbols 
are interpreted as in the previous sections.) The relation of uniform interpre
tation is denoted by <Iu and the subscript u is also added to Q(G) and £(G) 
when only uniform interpretations of G are considered, where G can be a 
grammar form or an L form. 

A variant, called weakly uniform interpretation in [20], requires that when 
interpreting an EOL production a --+ w all occurrences of a in w have to be 
replaced by the same letter as a on the left side of the production. This can 
be extended to context-dependent productions: when interpreting u --+ v in 
the weakly uniform way, each occurrence of a terminal symbol a occurring 
both in u and v must map to the same letter. No restriction is imposed to 
interpretations of terminal letters occurring, for instance, only in v. We shall 
discuss here only uniform interpretations. 

The difference between uniform and usual interpretations is illustrated by 
the following example: for the EOL form G defined by the productions 

S --+ SS, S --+ a, a --+ a, 

we have £u(G) = OF, but OF c £(G). 
The following theorem is an immediate consequence of the definitions. 

Theorel,ll 4.17. For any ETOL form G, £u(G) ~ £(G). The equality holds 
if no production in G contains more than one occurrence of any terminal. 0 

The following theorem can be proved in the same way as the corresponding 
assertions in Theorems 1.1 and 1.2. 

Theorem 4.18. The relation <Iu is decidable and transitive. For two ETOL 
forms G1 and G2 , Qu(Gt} ~ Qu(G2 ) iff G1 <lu G2 . Strong uniform form 
equivalence between two ETOL forms is decidable. 0 

In [20] one investigates the problem of reducibility, with respect to uni
form interpretation of EOL and ETOL forms. The properties of a form of being 
reduced, separated, synchronized, short, binary, and propagating are consid
ered. The general corollary of the results is that Qu(G) is an "antireducible" 
family of generative devices: most of the customary normal-form theorems 
do not hold. We refer the reader to [20] for details and we mention here only 
the following results. 
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Theorem 4.19. (i) There are EOL (resp. ETOL) forms for which no uniform 
form equivalent synchronized EOL (resp. ETOL) form can be found. (ii) For 
any n 2: 2, there is an ETOL form Gn such that .cu(Gn ) = .cu(G) holds for 
no ETOL form G with less than n tables. 0 

In what concerns uniform completeness, from the second sentence in The
orem 4.17 we easily obtain uniformly complete (called uni-complete) EOL and 
ETOL forms. Indeed, every uni-complete form is also complete. For instance, 
the EOL form defined by the productions 

S -> S S, S -> S, S -> a, a ....... S, 

is uni-complete, whereas for the ETOL form G determined by the tables 

[S -> S,S -> SS,a -> S], [S -> a,a ....... S], 

we have .cu(G) = EOL. On the other hand, there are complete forms which 
are not uni-complete. An example is the EOL form G defined by the produc
tions 

S -> SI, SI -> SISI, SI ....... SI, SI -> aa, 

SI -> aaa, a -> N, S -> b, b -> B, B -> N, N ....... N. 

We have .c(G) = EOL but each string x with Ixl ::; 3 in a language L E .cu(G) 
contains occurrences of only one letter. In fact, we have, [31] 

Theorem 4.20. There are infinitely many complete EOL forms which are 
not uni-complete. 0 

Moreover, results like Theorem 4.19 prove that there is no uni-vomplete 
form. There are, however, EOL and ETOL forms G such that .cu(G) = CF. 
We have mentioned that the EOL form G defined by productions (*) above 
is uniformly CF-complete; the same assertion is true for the ETOL form 
determined by the tables 

[S ....... SS,a->a], [S->a,a->a]. 

We close the discussion about uniform interpretation with the following 
theorem, [31]. 

Theorem 4.21. If.c ~ EOL contains all finite languages then .c has no 
uniform EOL generator. 0 

As a corollary, we find that there are no uniform EOL generators for FIN, 
REG, LIN, CF, EOL. Compare Theorem 4.21 with Theorems 1.25-1.27, at 
the end of Section 1.4. 

Derivation languages of grammar forms. Consider a (context-free) gram
mar G = (V, E, S, P) with the rules in P labelled with symbols in a given set 
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Lab. The string of labels of the rules used in a derivation D : S ==}* w in G 
is called the control word (or Szilard word) associated to D, and denoted by 
Sz(D). The language of all words Sz(D) associated to all terminal deriva
tions in G is denoted by Sz(G) and it is called the Szilard (or derivation) 
language of G. Since a grammar form is a grammar, we can associate to it 
the Szilard language. Moreover, we can associate to a grammar form G the 
family of Szilard languages corresponding to interpretations of G, denoted 

Szilard(G) = {Sz(G') I G' <l G}. 

It is known that Sz(G) is not necessarily context-free for G being a 
context-free grammar. This can be sharpened as follows. 

Theorem 4.22. There are context-free grammar forms G such that every 
infinite language in Szilard(G) is non-context-free. 0 

An example is the grammar form with the rules 

P : S ---> ASB, q: S ---> ,x, r : A ---> ,x, s : B -:-+ ,x, 

for which we have 

Sz(G) np*r·s·q = {pnrnsnq I n ~ O}. 

In [50] it is proved that for every G' E Q(G) with infinite Sz(G') we have 
Sz(G') tf. OF. 

A surprising result about families Szilard( G) is proved in [32]: 

Theorem 4.23. The equation Szilard(GI) = Szilard(G2 ) is decidable for 
grammar forms G1 , G2 . 0 

This follows from the fact that 

Szilard(GI) = Szilard(G2 ) iff Sz(Gd = Sz(G2 ), 

and the fact that the equation Sz(Gd = Sz(G2 ) is decidable, see [44]. 
We refer to [32] for further related results (for instance, about the Szi

lard languages associated to leftmost derivations in grammars and grammar 
forms). 

A notion intimately related to the derivation languages of grammar forms 
is that of controlled grammar forms. This is again an extension from regulated 
rewriting area, [6], to grammar form theory. The idea, investigated first in 
[11], is the following: take a grammar form G and a family F of languages; 
define the family £( G, F) of languages of the form L( G', 0) consisting of all 
strings generated by G' in Q(G) using derivations D such that Sz(D) E 0, 
for given 0 E F. (This is very much similar to matrix forms, where the 
associated family F consists of all languages of the form {PIP2 ... Pn I where 
(PI, ... ,Pn] is a matrix}·.) 



Families Generated by Grammars and L Systems 859 

The control increases considerably the power of grammar forms: 
C(G, LIN) = RE for grammar forms G containing only context-free rules 
and having rather weak additional properties - see [50] for details. 

We also refer to [50] for further topics in grammar form theory, investi
gated so far in a smaller extent: ambiguity, descriptional complexity, pure 
grammar forms, programmed grammar forms, full interpretation, subset
restricted interpretation. 
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- error-correcting 513, 530, 535 
- error-detection 530 
- "1- 525, 544, 576 
- g-3-ps- 551, 576, 583 
- (r, "I)-correcting 531, 544 
- (,)" "I)-detecting 531 
- (r,*)- 576 

- hierarchy 558-567 
- homophonic 541-545 
- hyper- 553, 571, 574, 576 
- ifl- 527 
- infix 552,558,571,574,576,581, 

584,599 
- infix-shuffle of index n 552, 571, 576 
- inter- 554, 576 
- inter- of index n 554, 576 
- left decodable 558, 576, 583 
- left (,)" TJ)-decodable 538 
- left semaphore 557, 576, 584 
- m-inter- 555, 576 
- m-inter- of index n 555, 576 
- maximal 582-585 
- multi-valued 541 
- n- 549,576 
- n-ps- 550, 576 
- w- 558 
- -w- 558 
- outfix 552, 571, 574, 576, 584, 599 
- outfix-shuffle of index n 552, 571, 

574,576 
- p-infix 556, 557, 571, 576, 584 
- precircular 557, 558, 576 
- prefix 531, 550, 576, 581-583, 590, 

733 
- prefix-shuffle of index n 552, 571, 

574, 576 
- reflective 558 
- right decodable 558, 576, 583 
- right dense 582 
- right (r, "1 )-decodable 538 
- right semaphore 557, 576, 584 
- s-infix 556, 557, 571, 576, 584 
- shn-(shuffle of index) 552 
- solid 555, 571, 576, 581, 585-595, 

598 
- - maximal 593-595 
- suffix 550, 576, 581, 583 
- suffix-shuffle of index n 552, 571, 

574, 576 
- thin 582 
- undecidability 577 
- undecidability for linear language 

528, 581 
- uniform 525, 554, 576, 584 
- uniformly synchronous 558, 576 
- uniformly (r, "1 )-synchronous 535 
- variable-length 513 
- with bounded decoding delay 538 
- with finite decoding delay 538 
- (- 558, 588 
coding 182, 258, 264 



cofinite 702 
coherent language 839 
color family 844 
commutative system 658 
commutatively equivalent 448 
compactness property 484 
comparable 441 
complete 
- DFA 46 
- grammar form 821 
- twin shuffle 182 
concatenation 518 
cone 201, 804 
congruence 681, 682 
- nuclear 683 
- principal 567 
- syntactic 688 
conjugate 334 
constants 483 
content 694 
context-free grammar 112 
- (un)ambiguous 113 
- proper 113 
context-sensitive 186 
critical 
- automaton 473 
- factorization theorem 380 
- state 473 
cross section 516 
cryptography 513, 541 
cyclic root 335 

DOL 253,260 
- equivalence problem 263 
- -problem 490 
data compression 512 
decidability see code 545 
decidable 185 
decodable see code 543, see language 

543, see relation 543 
decoder 589 
decoding 511, see delay 531 
- maximum-likelihood 532, 596 
defect effect 354 
degree 340, 354 
- of ambiguity 239 
Dejean 77 
delay 
- deciphering 538 
- decoding 512, 531, 550 
- ('Y, 1/ )-synchronization 535 
- right ('Y, 1/ )-decoding 538 
- synchronization 512, 531 
dense interval 839 

Index 865 

density forcing family 839 
density function 80 
dependence 561-567 
- standard 546, 548 
- system 546, 575, 577, 584 
-- n- 546 
- theory 545 
- transitive 548 
- undecidability 577 
dependent 546 
derivation 112 
- leftmost 112 
- rightmost 112 
derivation language 245 
derivatives 92 
deterministic finite automata 42, 45, 

46 
deterministic pda 144 
deterministic regular expressions 74 
DFA 45, 46, 61 
- equivalence problem 104 
- membership problem 103 
- minimal NFA problem 104 
- minimization problem 104 
dfl-substitution 814 
distance see metric 596 
divide 683 
DNA computing 321 
dot-depth 723 
DTOL 253, 269 
- -problem 491 
dual PCP 488 
duality 519 
Dyck language 113, 143 

E-pattern 230 
EOL 253,264 
- form 829 
EFA 75,77 
Eggan 77 
Ehrenfeucht 83, 87 
- compactness property 364 
elementary morphism 285, 286 
empty language 43 
encoding 511, 541 
- f- 541 
- homophonic 541,545 
endmarking 498 
€-rule 113 
equality set 181, 347, 447 
equation 478 
- rank of 366 
- rational system of 403 
- reduced 360 
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equational representation 58, 63 
- of AFA 59, 60 
equivalent systems 478 
error 
- burst 553 
- decomposition 585 
- deletion 534, 552 
- insertion 534, 552 
- substitution 534 
ETOL 253 
- forms 832 
1]-message see message 525 
expansion spectrum 824 
extended 
- finite automata 74, 75 
- regular expressions 77-78 
extendend star height problem 78 

Ff (encoding by f) 541 
F-semigroup 340 
FA 45 
factor 333, 441 
factorization 332, 519 
- admissible 523 
family of languages 199 
FDA minimization 94,95 
Fibonacci 
- morphism 409 
- word 760, 761 
filamentous 253, 255 
final state 177 
finite 
- automata 41, 45 
- automata with output 66 
- substitution 45, 89, 257 
- transducer 66, 67, 69, 89, 442 
- transduction 68, 88 
finite-valued transduction 443 
fixed point 471 
fixpoint theorem 621 
form equivalent 814 
fragmentation 268 
free group 471 
free hull 355 
free inverse monoid 485 
full 
- abstract family of languages 657 
- abstract family of power series 657 
- AFL 201 
function 
- exponentially diverging 428 
- nongrowing 427 
- polynomially diverging 427 
- quasi-uniform 427 

g-interpretation 816 
"(g,f (channel) 542 
generalized 
- equality set 475 
- PCP 449 
- sequential machine (GSM) 67 
Glushkovautomata 74 
good form 834 
GPCP 449 
grammar 
- (non)expansive 161 
- family 814 
- finite index 162 
- form 814 
- linear 156 
- LL 171 
- LR 171 
- nonexpansive context-free 669 
- parenthetic 167 
- simple 169 
grammatical family 814 
Green's relation 685, 771 
Green-Rees theorem 766, 774 
Greibach normal form 125, 636 
- double 125 
- quadratic 125 
Greibach's theorem 137 
group 683 
- p-group 683 
- hierarchy 723 
- language 720 
- nilpotent 683 
- solvable 683 
growth function 270, 768 
GSM 68,206 

hardest 
- context-free language 136 
- language 493 
Hashiguchi 78 
HDOL-problem 490 
hierarchy of codes 558-567 
hopfian monoid 485 
hull 
- free 355 
- prefix 355 
- unique factorization 355 
hyperrule 210 
hypervariable 210 

'J 516 
I(w) 518 
idempotent 685 
identity 692 



IL 272 
immigration 308 
independent 546 
index 
- mapping 517 
- set 516 
indexed grammar 243 
individual word problem 443 
Indo-European 6 
inductive inference 231 
infix 521 
- proper 521 
information 
- theory 513 
- transmission 511 
initial state 177 
instance of PCP 446 
instantaneous description 178, 205 
interaction 254, 260 
interpretation 814 
inverse 
- finite substitution 89 
- morphism 89, 442 
- of finite transduction 68 
iterated morphism 409 

J-depth 771 
- decomposition 771 
Jaffe 83,85 
join 692 
jump pdm 149 

kernel 463 
Kleene 70, 71 
Kleene's theorem 41, 631 
Kleene-Schiitzenberger theorem 631 
tq (C'Y, 1] )-correcting codes) 531 
KTJ (1]-codes) 525 
Kolakoski word 424 
Konzen 54 
Kuroda normal form 190 

L algebraic system 663 
L codes 301, 302 
L linear system 665 
L-interpretation 58 
L2-code (2-codes) 549 
L 2- ps (2-ps-codes) 551 
L4-ps (4-ps-codes) 550 
Lac (ac-languages) 549 
A see word, empty 519 
A-closure 52 
A-convention 813 
A-NFA 51,52,72 

Index 867 

language 43, 749 see code 531 
- bounded 800 
- closed by factors 750 
- complete 582 
- context-free 553 
- decodable 
- - uniquely 1]- 525 
- dense 582 
- disjunctive 567 
- equivalence 263 
- 1]- 519 
- interation property IP of a 804 
- finite-turn 164 
- formal 610 
- linear 156, 528, 581, 804 
- noncountering 785 
- one-counter 165, 804 
- overlap-free 555, 590, 599 
- parenthetic 167 
- Parikh slender 669 
- periodic 789, 790, 793, 802 
- quasi-rational 160 
- permutable 800-802 
- permutation property of a 795 
- permutative 792-795 
- quasi-periodic 802, 803 
- quasi-rational 805 
- reflective 558 
- regular 553, 577, 748, 782 
- right dense 582 
- simple 169 
- strong quasi-rational 163 
- thin 582, 583 
Lb (bifix codes) 551 
Leireular (circular codes) 556 
Lcomma-free (comma-free codes) 554 
Ld 551 
left quotient 91, 333 
Leiss 55 
length 441 
length-increasing grammar 187 
lexical analysis 41 
lexicographic ordering 333 
L g-3-ps (g-3-ps-codes) 551 
Lh (hypercodes) 553 
Li (infix codes) 552 
Lin 552 
linear 
- bounded automaton 193 
- element 661 
- erasing 202 
- language 156 
- system 627 
linguistical family 825 
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.cinter (intercodes) 554 

.cintern 554 

.cldecodable (left decodable codes) 538 

.clsema (left semaphore codes) 557 

.cm-inter 555 

.cm-intern 555 

.cn-code (n-codes) 

.cn -ps (n-ps-codes) 

.co (outfix codes) 
local period 381 
locally 
- catenative 262 

549 
550 

552 

- testable languages 79 
- testable languages in the strict sense 

80 
.col-free (overlap-free languages) 555 
.cOn 552 
loop-free AFA 79 
.cp (prefix codes) 550 
.cpi (p-infix codes) 556 
.cPn 552 
.cprecirc (precircular codes) 557 
.crdecodable (right decodable codes) 

538 
.creft (reflective languages) 558 
.crsema (right semaphore codes) 557 
.cs (suffix codes) 550 
.csi (s-infix codes) 556 
.cSn 552 
.csolid (solid codes) 555 
.cu (uniform codes) 554 
Lukasiewicz language 114, 167 
.cunif-synch (uniformly synchronous 

codes) 536 
Lyndonword 336 

Mal'cev product 708 
mapping 
- w-continuous 621 
marked expression algorithm 71 
marked morphism 451 
matrix 616 
- form 853 
matroid 546, 548 
maximal 
- common prefix 333 
- dense interval 839 
McCulloch 41 
McNaughton 71,77 
McNaughton-Zalcstein theorem 766, 

775 
Mealy 41 
- machine 66 

message 511 
- 'fJ- 525 
- ,,),-received 'fJ- 525 
metarule 211 
metaterminal 211 
metavariable 211 
metric 
- Hamming 596 
- Lee 596 
- Levenshtein 596 
minimal 
- automaton 472 
- conditions 771 
- generating set 340 
- on principal bi-ideals 774 
- solution 447 
monoid 681 
- local 686 
- pointed 568 
Moore 41,96 
- machine 66 
morphic composition 492 
morphic equivalence problem 501 
morphism 44, 89, 257, 258, 338, 442 
- I-free 339 
- basic 358 
- binary 339 
- code 339 
- elementary 339 
- Fibonacci 409 
- iterated 409 
- k-free 415 
- nonerasing 339 
- of bounded delay 339 
- periodic 339 
- pointed-monoid 568 
- power-free 416 
- prefix 339 
- prolongable 339 
- simplifiable 339 
- suffix 339 
- Thue-Morse 409 
- uniform 339 
mortality problem 463 
MSW space 842 
multi-pattern 241 
multi-pattern language 241 
multiset 461 
Myhill 41, 93 
Myhill-Nerode theorem 92 

N 516 
N-rational 294 



No 516 
Nl{o 516 
natural morphism 463 
NE-pattern 230 
necessary and sufficient condition for 

regularity 85 
necessary and sufficient pumping 

lemma for regularity 87 
Nerode 41, 93 
Nerode's criterion 789, 793 
Nerode's theorem 475 
NFA 45, 49, 55, 61, 72, 74 
- equivalence problem 104 
- membership problem 103 
- minimization problem 104 
- with nondeterministic starting state 

54 
Nivat's Theorem 207 
NNFA 54,61 
noise 511 
nondeterminism 54 
nondeterministic finite automata 42, 

49 
- with A-transitions 51 
nondeterministic version of a language 

136 
nonerasing morphism 
nonlooping language 
nonregularity 84 
nonterminal 112, 176 
number systems 305 

off-line 192 
w 516 
-w 516 
one-sided normal form 
operator normal form 
order 
- alphabetic 776 
- divisibility 797 
- ideal 684 
- lexicographic 754 

442 
848 

190 
133, 635 

- monotone quasi- 797 
- quasi- 771 
- well quasi- 795-806 
ordering 
- Noetherian 390 
- partial 390 
- - division 391 
- quasi 390 

alphabetic 390 
commutative image 391 
factor 391 
inclusion 391 

length 391 
prefix 391 
relation 341, 391 

- - semigroup 391 
-- size 391 
- - subword 391 
- strict 390 
- total 390 
- - alphabetic 333 
- - lexicographic 333 
- well-founded 390 
- well-ordering 390 
overflow 447, 471 
overlap 528, 535 

Paige 71 
parallel 
- deletion 312 
- deletion set 319 
- insertion 312 
Parikh 83, 87 
- equivalent 448 

Index 869 

Parikh's theorem 123, 662 
pattern 230, 337 
- avoidable 338 
- language 231 
PCP 446 
PDOL 254, 260 
- forms 835 
period 334 
periodic 
- language 376 
- morphism 442 
- word 376 
periodicity theorem 377 
[rfi] 519 
phrase-structure grammar 176 
Pitts 41 
polynomial 615 
- closure 716 
- density 80, 81 
- deterministic 71 7 
- unambiguous 717 
- semi ring 619 
positive Boolean algebra 696 
Post Correspondence Problem 446 
power series 614 
- algebraic 623 
- formal 614 

L algebraic 664 
- L rational 666 
- rational 631 
predicate 
- invariant 568 
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prefix 43, 332, 441, 521, 749 
- code 442 
- hull 355 
- Pref(w)" 521 
- proper 521 
-- Pref(w) 521 
primitive root 335 
pro-group topology 729 
product 
- bideterministic 707 
- deterministic 707 
- unambiguous 707 
- with counter 720 
production 176 
projection 442 
property 
- block 790 
- block cancellation 790 
- ideal 751 
- iteration 775-779 
- permutation 767 
- permutative 748, 792-795 
- positive block pumping 792 
- pumping 748, 790-792 
- transposition 792 
- weak permutation 768 
pseudovariety 692 
pump 790 
- positive 790 
pumping 
- lemma 82, 84 
- - for regular languages 83, 85 
- spectrum 823 
pure 707 
- grammar 242 
pushdown machine automaton 138, 

139 
- (co)accessible configuration 139 
- configuration 139 
- deterministic 144 
- finite-turn 164 
- iterated counter 166 
- jump 149 
- one-counter 165 
- one-turn 157 
- realtime 139, 143 
- simple 139, 143 
pushdown store language 151 

Q 555 
quasi-order 681 
quasi-rational language 160 
- strong 163 
quotient 683 
- left 684 

lR 516 
lR+ 516 
r-AFA 64 
Ramsey's theorem 751-753, 779, 791, 

793,794 
rank 356 
- algebraic 356 
- combinatorial 340, 354 
- i-rank 356 
- of equation 366 
- p-rank 356 
- prefix 356 
- u-rank 356 
- unique factorization 356 
rational 698 
- composition 498 
- function 443 
- operation 624 
- relation 68 
- system 489 
- transducer 204 
- transduction 443 
received message 511 
recognizable 689 
recurrence function 757 
recursive language 184 
recursively enumerable 178 
reduced DFA 46 
reduced equations 360 
reduced word 471 
redundancy 590, 598 
regular 
- expression 70, 72, 80, 631 
- expression equivalence problem 104 
- expression membership problem 

103 
- languages 41, 48, 70 
- substitution 90 
regularity 
- avoidable 751 
- conditions 789-795 
- unavoidable 749, 751 
relation 
- coarser 681 
- TJ-decodable 545 
- stable 681 
- uniquely TJ-decodable 543 
relational morphism 706 
repetition 337 
repetitive 
- map 752, 753 
- morphisms 779-781 
- semigroups 779-781 
repetitiveness threshold 414 
representation 648, 713 



reserval 43 
Restivo-Reutenauer theorem 767 
restricted PCP 449 
rewriting system 175 
right quotient 91, 333 
root see word, root of 520 
Rozenberg 83, 87 

\3 519 
Sew) 517 
s-AFA 60, 62, 64 
Salomaa 96 
sample 231 
scanner 701 
Schiitzenberger 77 
searching 550 
semantic domain 221 
semi-deterministic transducer 503 
semi-Thue system 445 
semidirect product 708 
semigroup 681 
- w-permutable 770 
- almost commutative 803 
- Burnside semigroup 786-789 
- chain conditions for a 747 
- dual 682 
- factor semigroup of a 783 
- finite J-above 772, 773 
- finitely generated 747 
- finitely recognizable 748, 782-789 
- finiteness conditions for 747 
- free 684, 749 
- - of a variety 695 
-- pro-V 695 
- idempotent 685 
- iter able 775-779 
- J-trivial 686 
- local 685 
- locally finite 765 
- locally trivial 685 
- nilpotent 685, 765 
- ordered 681 
- periodic 765 
- permutable 767 
- recognizable 782 
- repetitive 781 
- residually finite 783 
- stable 784 
- strong periodic 779 
- syntactic 688, 747, 782 
- transition 690 
- uniformly repetitive 781 
- weakly w-permutable 770 
- weakly finite J-above 772, 773 
- weakly permutable 768, 769 

Index 871 

- word problem for 784-787 
semilinear element 661 
semilinear set 662 
semiring 610 
- w-continuous 612 
- Boolean 610 
- complete 611 
- continuous 650 
- fully rationally closed 624 
- idempotent 659 
- naturally ordered 611 
- of binary relations 611 
- of formal languages 611 
- -polynomial 619 
- tropical 611 
sentential form 112 
sequence equivalence 263 
sequence equivalent forms 836 
sequences 
- bi-ideal 758-764 
- canonical factorizations of bi-ideal 

759 
- derived 752 
set 
- elementary 367 
- independent 361 
- rank see rank 356 
- simplifiable 367 
- unavoidable 395 
- well-ordering 390 
Sethi 71 
Shamir's theorem 134 
shift morphism 449 
Shirshov's theorem 754-756, 759-764, 

794 
shuffle 715 
Simon's theorem 779 
simple transducer 442, 499 
size of PCP 446 
Skolem's problem 467, 504 
slender languages 80 
solution 478, 620, 627, 658, 663, 665 
- least 620, 627, 658, 663 
solution of PCP 446 
sorting 550 
source 511 
space 
- complexity 192 
- constructible 193 
span 547 
special linear monoid 480 
standard form for finite transducer 69 
star (Kleene closure) 44 
- height 77, 78 
- height problem 78 
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- language 497 
- operation (Kleene closure) 100 
- -free 698 
- -free languages 79 
- -height 737 
- - extended 737 
state 177 
- complexity 96, 97 
- elimination technique 74 
- -elemination algorithm 75 
stationary see channel, stationary 522 
Stockmeyer 54 
storage type 578 
string 43 
strongly form equivalent 814 
structurally similar 812 
structure generating function 668 
Sturmian word 425 
subsemigroup 683 
- generated 683 
subset construction 50 
substitution 44, 649, 650, 736 
subword 43, 333, 684, 749 
- complexity 769 
sufficient grammar form 821 
suffix 43, 333, 441, 521, 749 
- code 442 
superdisjoint 828 
synchronization 530, see delay 531, 

553 
synchronizing pair 
- (-y,'1)- 536 
syntactic 
- congruence 782 
- monoid 567-574 
- order 688 
systems 
- copying 796, 799 
- left right linear 121 
- of equations 58, 478 
- of language equations 59 
- of right language equations 64 
- proper 118 
- rewriting 798 
- strict 118 
- unitary rewriting 796, 799 
Szilard language 245 

terminal 176 
terminal-bounded 197 
test set 478, 486 
testable 
- locally 702 
- modulus locally 705 
- prefix 701 

- prefix-suffix 702 
- suffix 701 
- threshold locally 703 
thin languages 80 
Thompson 71,72 
Thue system 446 
Thue-Morse morphism 409 
Thue-Morse words 761 
time and space complexity 102 
Toeplitz word 425 
trace monoid 486 
transducer 588 
- algebraic 646,649 
- pushdown 154 
- rational 646, 649 
transduction 713 
transition function 177 
Turing machine 177 
twin-shuffle 495 
two-counter automaton 236 
two-level grammar 210 

unambiguous 239 
unary-complete grammar form 821 
unavoidable 235 
- set 395 
undecidable 185 
uniform interpretation 856 
uniform morphism 497 
uniformly synchronous 734 
unique factorization hull 355 
uniquely decodable see language, 

decodable 525 
universal language 43 

v 518 
Van der Waerden's theorem 753, 754 
variety 485, 692 
- decidable 705 
- local 711 
- of languages 
- - positive 696 
vomplete form 834 

[w,n] 517 
v'W see word, root of 520 
weak coding 182, 258, 266 
Wechler's theorem 138 
Wijngaarden grammar 210 
word 43,517,518 
- abelian k-free 338 
- bordered 336 
- commutativelyequivalent 781 
- complexity of 423 
- concatenation 518 



- conjugate 334, 755 
- cube-free 337 
- empty 519 
- 'f/- 519 
- factor of 333 
- infinite 749, 750 
- k-free 337 
- k+ -free 337 
- k- -free 337 
- Kolakoski 424 
- local period of 381 
- Lyndon 336, 755 
- n-divided 754, 800 
- w-divided 755 
- w-power-free 760 
- overlap-free 337 
- overlapping 336 
- periodic 376 
- power-free 755 
- prefix of 332 
- primitive 335, 520, 555, 755 
- problem 443, 446 
- recurrent 756 
- repetition-free 337 
- root of 520 

Index 873 

- schema 517 
- - equivalence rv 517 
-- instance of 517 
- - instance of equivalence ~ 517 
- semigroup 441 
- square-free 337 
- Sturmian 425 
- subword of 333 
- suffix of 333 
- Toeplitz 425 
- ultimately periodic 755 
- unbordered 335 555 
- uniformly recurr~nt 756-758 
workspace 191 
wreath product 709 

(X) (span of X) 547 

(y)-y see channel 522 
Yamada 71 

Z 516 
Z-rational 294 
zero 685 
, 516 


