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Preface 

The need for a comprehensive survey-type exposition on formal languages 
and related mainstream areas of computer science has been evident for some 
years. In the early 1970s, when the book Formal Languages by the second
mentioned editor appeared, it was still quite feasible to write a comprehensive 
book with that title and include also topics of current research interest. This 
would not be possible anymore. A standard-sized book on formal languages 
would either have to stay on a fairly low level or else be specialized and 
restricted to some narrow sector of the field. 

The setup becomes drastically different in a collection of contributions, 
where the best authorities in the world join forces, each of them concentrat
ing on their own areas of specialization. The present three-volume Handbook 
constitutes such a unique collection. In these three volumes we present the 
current state of the art in formallanguage theory. We were most satisfied with 
the enthusiastic response given to our request for contributions by specialists 
representing various subfields. The need for a Handbook of Formal Languages 
was in many answers expressed in different ways: as an easily accessible his
torical reference, a general source of information, an overall course-aid, and a 
compact collection of material for self-study. We are convinced that the final 
result will satisfy such various needs. 

The theory of formal languages constitutes the stern or backbone of the 
field of science now generally known as theoretical computer science. In a 
very true sense its role has been the same as that of philosophy with respect 
to science in general: it has nourished and often initiated a number of more 
specialized fields. In this sense formal language theory has been the origin of 
many other fields. However, the historical development can be viewed also 
from a different angle. The origins of formal language theory, as we know it 
today, come from different parts of human knowledge. This also explains the 
wide and diverse applicability of the theory. Let us have a brief look at some 
of these origins. The topic is discussed in more detail in the introductory 
Chapter 1 of Volume 1. 

The main source of the theory of formallanguages, most clearly visible 
in Volume 1 of this Handbook, is mathematics. Particular areas of mathe
matics important in this respect are combinatorics and the algebra of semi
groups and monoids. An outstanding pioneer in this line of research was 
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Axel Thue. Already in 1906 he published a paper about avoidable and un
avoidable patterns in long and infinite words. Thue and Emil Post were 
the two originators of the formal notion of a rewriting system or a gram
mar. That their work remained largely unknown for decades was due to 
the diflicult accessibility of their writings and, perhaps much more impor
tantly, to the fact that the time was not yet ripe for mathematical ideas, 
where noncommutativity played an essential role in an otherwise very simple 
setup. 

Mathematical origins of formal language theory come also from mathe
maticallogic and, according to the present terminology, computability theory. 
Here the work of Alan Turing in the mid-1930s is of crucial importance. The 
general idea is to find models of computing. The power of a specific model 
can be described by the complexity of the language it generates or accepts. 
Trends and aspects of mathematicallanguage theory are the subject matter 
of each chapter in Volume 1 of the Handbook. Such trends and aspects are 
present also in many chapters in Volumes 2 and 3. 

Returning to the origins of formal language theory, we observe next that 
much of formallanguage theory has originated from linguistics. In particular, 
this concerns the study of grammars and the grammatical structure of a lan
guage, initiated by Noam Chomsky in the 1950s. While the basic hierarchy 
of grammars is thoroughly covered in Volume 1, many aspects pertinent to 
linguistics are discussed later, notably in Volume 2. 

The modeling of certain objeets or phenomena has initiated large and 
significant parts of formal language theory. A model can be expressed by 
or identified with a language. Specific tasks of modeling have given rise to 
specific kinds of languages. A very typical example of this are the L systems 
introduced by Aristid Lindenmayer in the late 1960s, intended as models in 
developmental biology. This and other types of modeling situations, ranging 
from molecular genetics and semiotics to artificial intelligence and artificial 
life, are presented in this Handbook. Words are one-dimensional, therefore 
linearity is a feature present in most of formal language theory. However, 
sometimes a linear model is not suflicient. This means that the language 
used does not consist of words (strings) but rather of trees, graphs, or some 
other nonlinear objects. In this way the possibilities for modeling will be 
greatly increased. Such extensions of formallanguage theory are considered 
in Volume 3: languages are buHt from nonlinear objects rather than strings. 

We have now already described the contents of the different volumes of 
this Handbook in brief terms. Volume 1 is devoted to the mathematical as
peets of the theory, whereas applications are more direct1y present in the 
other two volumes, of which Volume 3 also goes into nonlinearity. The di
vision of topics is also reflected in the titles of the volumes. However, the 
borderlines between the volumes are by no means strict. From many points 
of view, for instance, the first chapters of Volumes 2 and :3 could have been 
included in Volume 1. 
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We now come to a very important editorial decision we have made. Each 
of the 33 individual chapters constitutes its own entity, where the subject 
matter is developed from the beginning. References to other chapters are 
only occasional and comparable with references to other existing literature. 
This style of writing was suggested.to the authors of the individual chapters 
by us from the very beginning. Such an editorial policy has both advantages 
and disadvantages as regards the final result. Aperson who reads through the 
whole Handbook has to get used to the fact that notation and terminology are 
by no means uniform in different chapters; the same term may have different 
meanings, and several terms may mean the same thing. Moreover, the prereq
uisites, especially in regard to mathematical maturity, vary from chapter to 
chapter. On the positive side, for a person interested in studying only a spe
cific area, the material is all presented in a compact form in one place. More
over, it might be counterproductive to try to change, even for the purposes 
of a handbook, the terminology and notation already well-established within 
the research community of a specific subarea. In this connection we also want 
to emphasize the diversity of many of the subareas of the field. An interested 
reader will find several chapters in this Handbook having almost totally dis
joint reference lists, although each of them contains more than 100 references. 

We noticed that guaranteed timeliness of the production of the Handbook 
gave additional impetus and motivation to the authors. As an illustration of 
the timeliness, we only mention that detailed accounts about DNA comput
ing appear here in a handbook form, less than two years after the first ideas 
about DNA computing were published. 

Having discussed the reasons behind our most important editorial deci
sion, let us still go back to formallanguages in general. Obviously there cannot 
be any doubt about the mathematical strength of the theory - many chapters 
in Volume 1 alone suffice to show the strength. The theory still abounds with 
challenging problems for an interested student or researcher. Mathematical 
strength is also a necessary condition for applicability, which in the case of 
formal language theory has proved to be both broad and diverse. Some de
tails of this were already mentioned above. As the whole Handbook abounds 
with illustrations of various applications, it would serve no purpose to try to 
classify them here according to their importance or frequency. The reader is 
invited to study from the Handbook older applications of context-free and 
contextual grammars to linguistics, of parsing techniques to compiler con
struction, of combinatorics of words to information theory, or of morphisms 
to developmental biology. Among the newer application areas the reader may 
be interested in computer graphics (application of L systems, picture lan
guages, weighted automata), construction and verification of concurrent and 
distributed systems (traces, omega-Ianguages, grammar systems), molecular 
biology (splicing systems, theory of deletion), pattern matching, or cryptol
ogy, just to mention a few of the topics discussed in the Handbook. 
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About Volume 2 

Some brief guidelines about the contents of the present Volume 2 follow. 
Problems about complexity occur everywhere in language theory; Chapter 1 
gives an overall account. Parsing techniques are essential in applications, both 
for natural and programming languages. They are dealt with in Chapter 2, 
while Chapters 3-6 study extensions and variations of classicallanguage the
ory. While Chapter 3 continues the general theory of context-free languages, 
Chapters 5 and 6 are motivated by linguistics, and Chapter 4, motivated by 
artificial intelligence, is also applicable to distributed systems. DNA comput
ing has been an important recent breakthrough - some language-theoretic 
aspects are presented in Chapter 7. Chapter 8 considers the string editing 
problem which in various settings models a variety of problems arising from 
DNA and protein sequences. Chapter 9 considers several methods of word 
matching that are based on the use of automata. Chapter 10 discusses the 
relationship between automata theory and symbolic dynamics (the latter area 
has originated in topology). By its very nature the whole of cryptology can be 
viewed as apart of language theory. Chapter 11 gives an account of language
theoretic techniques that have turned out to be especially useful in cryptology. 
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Complexity: 
A Language-Theoretic Point of View 

Cristian Calude and Juraj Hromkovic 

1. Introduction 

The theory of computation and complexity theory are fundamental parts of 
current theoretical computer science. They study the borders between pos
sible and impossible in information processing, quantitative rules governing 
discrete computations (how much work (computational resources) has to be 
done (have to be used) and suffices (suffice) to algorithmically solve vari
ous computing problems), algorithmical aspects of complexity, optimization, 
approximation, reducibility, simulation, communication, knowledge represen
tation, information, etc. Historically, theoretical computer science started in 
the 1930s with the theory of computation (computability theory) giving the 
exact formal border between aigorithmically solvable computing problems 
and problems which cannot be solved by any program (algorithm). The birth 
of complexity theory can be set in the 1960s when computers started to be 
widely used and the inner difficulty of computing problems started to be 
investigated. At that time people defined quantitative complexity measures 
enabling one to compare the efficiency of computer programs and to study 
the computational hardness of computing problems as an inherent property 
of problems. The abstract part of complexity theory has tried to dassify 
computing problems according to their hardness (computational complexity) 
while the algorithmic part of complexity theory has dealt with the develop
ment of methods for the design of effective algorithms for concrete problems. 

The theory of computation and complexity theory provide a variety of 
concepts, methods, and tools building the fundament als of theoretical com
puter science. The goal of this chapter is to concentrate on the intersection of 
formallanguage theory and computation (complexity) theory, on the meth
ods developed in formal language theory and used in complexity theory as 
weIl as on the complexity of language recognition and generation. An effort 
in this direction is reasonable because the core formalism used in complexity 
and computation theory is based on words and languages, the dass of algo
rithmically solvable problems is usually defined as a dass of languages, the 
fundamental complexity classes are defined as classes of languages, etc. 

In what follows we assume that the reader is familiar with the elementary 
notions and concepts of formallanguage theory (words, languages, automata, 

G. Rozenberg et al. (eds.), Handbook of Formal Languages
© Springer-Verlag Berlin Heidelberg 1997



2 C. Calude and J. Hromkovic 

Turing machines, grammars and rewriting systems, etc.) and we review the 
basic concepts, results, and proof methods of the computation and complexity 
theory using the formalism of formal language theory. 

This chapter is organized as follows. In Section 2 the fundament als of 
computability theory (theory of computation) are given. 

Section 3 is devoted to abstract (structural) complexity theory. First 
the definitions of time and space complexity as basic complexity measures 
are given and the corresponding complexity classes are defined. Using proof 
methods from computability and formal language theory, strong hierarchies 
of complexity measures (more timejspace helps to recognize more languages) 
are proven. The problem of proving nontriviallower bounds on the complex
ity of concrete problems is discussed and nondeterminism is used in order 
to obtain a new insight on the classification of the hardness of computing 
problems. Finally, probabilistic Turing machines and the corresponding prob
abilistic complexity classes are introduced. 

Section 4 is devoted to program-size (or descriptional) complexity. We 
begin by contrasting dynamic and descriptional complexities, then revisit the 
halting problem; random strings and random languages will be introduced 
and studied. Recursive and regular languages are characterized in terms of 
descriptive complexity and, at the end, we review a few results - obtained by 
program-size methods - concerning the problem P versus NP. 

The last section of this chapter is devoted to parallel data processing. AI
ternating Turing machines are used to represent a parallel computing model 
that enables one to relate sequential complexity measures to parallel ones. 
A further extension to synchronized alternating Turing machines shows the 
importance of communication facilities in parallel computing. A formal lan
guage approach enabling one to study and to compare the power of different 
communication structures as candidates for parallel architectures (intercon
nection networks) closes this section. 
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2. Theory of computation 

2.1 Computing fallibilities 

This section will describe a few tasks which appear to be beyond the capa
bilities of computers. 

From minimal art to minimal programs 

According to Gardner [66], minimal art l - painting2 , sculpture3 , music4 -

appears to be minimal in at least two senses: 

• it requires minimal resources, Le., time, space, cost, thought, talent, to 
produce, and 

• it has some, but rather minimal, aesthetic value. 

Let's imagine with [110] that we find ourselves in a large and crowded hall 
where ten thousand people are talking on a large variety of subjects. The loud 
hubbub generated by this environment is certainly very rich in information. 
However, it is totally beyond human feasibility to extract one single item from 
it. Pushing this experiment to the extreme we reach "white noise" where all 
sounds that have been made, that are being made, or that will be ever made 
are put together. Similar experiments would consist in 

• considering a canvas on which all colours are mixed to the extent that the 
whole painting becomes a uniform shade of grey, or 

• mixing matter and anti-matter until one reaches the quantum vacuum, or 
• considering a lexicon containing all writings that have been written, that 

are being written or that will be ever written. 

In all these experiments information tends to be so "dense" and "Iarge" 
that it is impossible to conceive it as a human creation: it reaches the level 

1 In painting, minimalism was characterized chiefly by the minimal presence of 
such standard "artistic" means as form and color and by the use of components 
that in themselves have no emotive or aesthetic significance. Minimal sculpture 
is often constructed by others, from the artist's plans, in commonplace indus
trial materials such as plastic or concrete. Music minimalism is based on the 
repetition of a musical phrase with subtle, slowly shifting tonalities and a rhyth
mic structure - if there is one. Minimal art works are not intended to embody 
any representational or emotional qualities but mllSt be seen simply as what 
they are. See [5, 137]. 

2 P. Mondrian (Composition 2, 1922), R. Thttle (Silver Picture, 1964). 
3 C. BrancU§i (Endless Column, 1937-8), C. Andre (Cedar Piece, 1959), Picasso 

(Chicago statue, 1967). 
4 La Monte Young (Trio for Strings, 1958), T. Riley (In C, 1964), S. Reich (Drum

ming, 1971), P. Glass (Akhnateon, 1984), J. Adams (Nixon in China, 1987). 
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of randomness. 5 What about computers and their "minimal programs"? Any 
computation can be done in infinitely many different ways. However, the 
programs of greatest interest are the smallest ones, i.e., the minimalones. 

What is the typical "behaviour" of such a program? Can we "compute" 
the smallest minimal programs? 

To answer the first question we claim that minimal programs should be 
random. But what is a random program? According to the point of view of 
Algorithmic Information Theory (see [37, 24]), a random program is a pro
gram whose minimal program has roughly the same length as the generating 
program.6 

Now, assurne that x is a minimal program generating y. If x is not 
random, then there exists a program z generating x which is substantially 
sm aller than x. To conclude, let us consider the program 

from z calculate x, then from x calculate y. 

This program is only a few letters longer than z, and thus it should be much 
shorter than x, so x is not minimal. 

The answer to the second quest ion is negative and the argument is related 
to the answer üf the first question: minimal programs cannot be computed 
because they are random. 

Like minimal art works, minimal programs tend to display an inner "ran
domness"; in contrast, minimal programs cannot be computed at all while 
minimal work arts appear to require very little resüurces. 

Word problems 

Suppüse that we have fixed a finite set of strings (words) over a fixed alphabet. 
These strings dü not need to have in themselves any meaning, but a meaning 
will be assigned by considering certain "equalities" between strings. These 
equalities will be used to derive further equalities by making substitutions of 
strings from the initial list into other, normally much longer, strings which 
contain them as "portions". Each portion may be in turn replaced by another 
portion which is deemed to be equal to it according to the list. 

For example, from the list 

ATE 

GARP 
EAT 

PAN 

A 

ME 

AT 

PILLOW 

5 Xenakis [147J says that the amount of information conveyed in sounds gives 
the real value of music, and Eco [57J observes that alexieon, no matter how 
complete or weil eonstructed, has no poetic value. 

6 See Section 1.3.3. 
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we can derive, by successively substitutions, 

LAP=LEAP 

as 

LAP=LA1EP=LEATEP=LEAP.7 

Is it possible to derive from the string CARPET the string MEAT? A possible 
way to get a negative answer is to notice that in every equality in our initial 
list the number of As plus the number ofWs plus the number ofMs is constant 
in each side. Computing this "invariant" for the strings above we get 1 for 
CARPET and 2 for MEAT, so we cannot get MEAT from CARPET. 

What about the general decision problem, Le. one in which we have an 
arbitrary initial (finite) list of strings, two fixed arbitrary strings x, y and 
we ask whether we can get from x to y by allowed substitutions? Clearly, 
by generating quasi-Iexicographically all possible finite sequences of strings 
starting with x and ending with y, and then checking if such a list satisfy the 
required ruIes, one can establish equality between strings which are indeed 
equal. For some lists (e.g., the list displayed above) it is possible to design 
an algorithm to test whether two arbitrary strings are or are not equa1.8 Is it 
possible to do this in general? The answer is negative and here is an example 
(discovered by G. S. Tseitin and D. Scott in 1955 and modified by Gardner 
[65]) of an instance for which there is no single algorithm to test whether, for 
arbitrary strings x, y we can get from x to y: 

ac ca 

ad da 

bc cd 
bd db 

abac = abacc 

eca ae 

edb be. 

For more information on word problems see [2, 50]. 

THings 

Consider a positive integer n and a 2n x 2n square grid with only one 
square removed. Let us define an L-shaped tile to be a figure consisting of 
three squares arranged in the form of the letter L. Is it possible to cover the 
square grid with L-shaped tiles? The answer is affirmative and here is an 

7 We have used, in order, the first, third, and again first equality. 
8 The reader is encouraged to find such an algorithm. 
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inductive argument (see [152]). If n = 1, then the grid has the dimension 
2 x 2 and one square has been removed: the figure is exactly an L-shaped 
tile. Suppose now that for a positive integer n, every 2n x 2n square grid in 
which one square has been removed can be covered with L-shaped tiles. Let 
us consider a 2n +1 x 2n +1 grid with one square removed. Cutting this grid 
in half both vertically and horizontally we get four 2n x 2n square subgrids. 
The missing square comes from one of these four subgrids, so by applying the 
inductive hypothesis for that subgrid we deduce that it can be covered with 
L-shaped tiles. To cover the remainder subgrids, first place one L-shaped tile 
in the center so that it covers one square from each of the remaining subgrids. 
We have to cover an area which contains every square except one in each of 
the subgrids, so applying again the inductive hypothesis we get the desired 
result. Notice that the above proof can be easily converted in an algorithm 
constructing the required cover. 

We can go one further step and ask if it possible to cover the Euclidean 
plane with polygonal shapes, i.e., we are given a finite number of shapes and 
we ask whether it is possible to cover the plane completely, without gaps or 
overlaps, with just the selected shapes. Choosing only squares, or equilateral 
triangles, or regular hexagons, the answer is affirmative. In all these cases 
the tilings are periodic, in the sense that they are exactly repetitive in two 
independent directions. However, H. Wang has shown the existence of non
periodic tilings. In 1961 he addressed the following question: Is there an 
algorithm for deciding whether or not a given finite ~et of different polygonal 
shapes will tile the Euclidean plane? Five years later, R. Berger proven that 
the answer is negative.9 

The world of polynomials 

We shall use Diophantine equations, that is equations of the form 

where P is a polynomial with integer coefficients in the variables Xl,·.·, x n , 

to define sets of positive integers. To every polynomial P(x, Yl, Y2,··· , Ym) 
with integer coefficients one associates the set 

D = {x E NI P(x, yI, Y2,···, Ym) = 0, for some Yl, Y2,···, Ym E Z}. 

CaU a set Diophantine if it is of the above form. 
For example, the set of composite numbers is Diophantine as it can be 

written in the form 

{x E N I x = (y + 2)(z + 2), for some y, Z E Z}. 

9 Berger used a set of 20 426 tiles; R. Robinson was able to reduce this number 
to six, and R. Penrose to two. See more in [74]. 
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The language of Diophantine sets permits the use of existential quantifiers 
(by definition), as weIl as the logical connectives and and or (as the system 
PI = 0 and P2 = 0 is equivalent to the equation Pr + pi = 0, and the 
condition PI = 0 or P2 = 0 can equivalently be written as PI P2 = 0). 
Many complicated sets, induding the set of all primes or the exponential set 

.n 

{23 ' In> I}, 

are Diophantine. 
Actually, the work of J. Robinson, M. Davis and Y. Matijasevic (see the 

recent book [109]) has shown that combining the fact that every possible com
putation can be represented by a suitable polynomial with the fact that the 
language of Diophantine sets permits neither the use of universal quantifica
tion nor the use of the logical negation, proves that the famous Hilbert '8 tenth 
problem "Does there exist an algorithm to tell whether or not an arbitrary 
given Diophantine equation has a solution" has a negative answer. 

2.2 Thring machines, Chaitin computers, and Chomsky grammars 

Before the work of A. Church, S. Kleene, K. Gödel, and A. Turing there was a 
great deal of uncertainty about whether the informal notion of an algorithm ~ 
used since Eudid and Archimedes ~ could ever be made mathematically rig
orous. 

Turing's approach was to think of algorithms as procedures for manipu
lating symbols in a purely deterministic way. He imagined a device, a Turing 
machine, as it has come to be called later, having a finite number of states. 
At any given moment the machine is scanning a single square on a long, 
thin tape and, depending upon the state and the scanned symbol, it writes a 
symbol (chosen from a finite alphabet), moves left or right, and enters a new, 
possibly the same, state. Despite their extreme conceptual simplicity Turing 
machines are very powerful. 10 

There are many different models of Turing machines. At this point we 
use the following variant: a Turing machine TM will have three tapes, an 
input tape, an output tape, and a scratch tape. Such a machine determines a 
partial function, 'PTM from the set of strings over an alphabet E into itself: 
'PT M (x) = y if TM started in its initial state, with scratch and output tapes 
blank, and x on its input tape, writes y on its output tape and then halts. 
The dass of partial functions computed by Turing machines coincides with 
the dass of partial recursive functionsj the languages computed by Turing 
machines are the recursively enumerable languages, [21, 23, 84, 114, 128]. 

For information-theoretical reasons Chaitin [35] (and, independently, 
Levin [103]) has modified the standard notion of Turing machine by requiring 

10 In fact, Turing conjectured that a symbolic procedure is algorithmically com
putable just in case we can design a Thring machine to carry on the procedure. 
This claim, known as the Church-Turing Thesis, will be discussed later. 
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that as we are reading astring, we are able to tell when we have read the 
entire string. More precisely, we require that the input tape reading head 
cannot move to the left: at the start of the computation, the input tape is 
positioned at the leftmost binary digits of x, and at the end of the compu
tation, for 'PTM(X) to be defined, we now require that the input head be 
positioned on the last digit of x. Thus, while reading x, TM was able 
to detect at which point the last digit of x has occurred. Such a special 
Turing machine is called self-delimiting Tu/ring machine or Chaitin computer 
(cf. [135, 24]). The dass of partial recursive functions having a prefix-free 
domainll is exactly the dass of partial functions computed Chaitin comput
ers. In terms of languages, Chaitin computers have the same capability as 
Turing machines. 

Chomsky type-O grammars off er another way to generate languages. Be
fore going to some details let us a fix a piece of notation. For an alphabet V 
we denote by V* the free monoid generated by V (>' is the empty string)j 
the elements of the Cartesian product V* x V* will be written in the form 
a ---> ß, a,ß E V*. 

A Chomsky (type-O) gmmmaris a system G = (VN,VT,W,P), where 
VN and VT are disjoint alphabets, w E V* and P is a finite subset of 
V*VNV* x V*, where V = VN U VT . The elements of VN and VT are 
referred to as nonterminal and terminalietters, respectively, and w is called 
the start, or axiom, string. 

A derivation of length n in G with domain al and codomain an+1 
is a triple of finite sequences x = (prx, r X , k X ) such that 

1. prx = (al, a2,"" an+l) is a sequence of n + 1 strings over V, 
2. r X = (rb r2,' .. , rn) is a sequence of n elements in P, 
3. P = ((UI, VI), ... , (Un , Vn )) is a sequence of n pairs of strings over V, 

and 
4. for each 1:S i :S n, ai = Uiavi, ai+1 = UißVi, and ri = a ---> ß· 

A derivation with domain wand codomain in V'; is called terminal. 
The language generated by G is defined to be the set of all codomains of 
terminal derivations. The languages generated by Chomsky grammars are 
exactly the recursively enumerable languages.12 

2.3 Universality 

Is it possible to design a "machine" capable to simulate any other "machine" ? 
If we replace the word "machine" by Turing machine or Chaitin computer or 
Chomsky grammar, then the answer is affirmative. Proofs of this extremely 

11 No string in the domain is a proper prefix of another string in the domain. 
12 Traditionally, see [128], the axiom is a nonterminalletter; using astring in V' 

instead of a single letter in VT does not modify the generative capacity of 
grammars. 
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important result 13 can be found in Turing's seminal paper [144], and in many 
monographs and textbooks (e.g., [84,128]). The result is true also for Chom
sky grammars as well, and in the next paragraph we shall illustrate the 
universality with a construction of the universal Chomsky grammar. 

The universal Chomsky grammar 

First we have to make precise the notion of "simulation". 
A universal Chomsky grammar is a Chomsky grammar U = (V N, VT , W, P) 

with the following property: for every recursively enumerable language L 
over VT there exists astring w(L) (depending upon L) such that the 
language generated by the grammar (VN , VT, w(L), P) coincides with L. 

Theorem 2.1. [27J There exists a universal Chomsky grammar. 

Proof Let 

VN = {A,B,C,D,E,F,H,R,S,T,X,Y}UVT x {1,2,3,4,5,6,7,8,9}, 

P consists of the following rules (we have used also the set E = {S, X, Y} U 
VT ): 

1. C -+ BT, 
2. Tx-+xT, xEEU{D,E}, 

3. TDx -+ (x, 2)D(x, 1), xE E, 
4. y(x,2)-+(x,2)y, xEEYEEU{D,E}, 
5. B(x,2) -+ (x,3)B, xE E, 
6. y(x,3) -+ (x, 3)y, x, Y E E, 
7. x(x,3) -+ (x,4), x E E, 

8. (x, l)y -+ (y, 5)(x, 1)(y, 1), x, Y E E, 
9. x(y,5) -+ (y,5)x, y E E, xE EU {D, E}, 
10. B(y,5) -+ (y,6)B, Y E E, 
11. x(y,6) -+ (y,6)x, x, Y E E, 
12. (x, 4)y(y, 6) -+ (x,4), x, y E E, 

13. (x, I)Ey -+ (x, 7)E(y, 9), x, y E E, 
14. (x, 1)(y, 7) -+ (x,7)y, x, y E E, 
15. D(x,7) -+ DX, x E E, 
16. (x, 9)y -+ (y, 8)(x, 9)(y, 9), x, Y E E, 
17. x(y,8) -+ (y,8)x, y E E,x E Eu {D,E,B}, 
18. (x, 9)(y, 8) -+ (y, 8)(x, 9), x, Y E E, 
19. (x, 4)(y, 8) -+ y(x, 4), x, Y E E, 

13 Which represents the mathematical fact justifying the construction of present 
day computers. 
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20. (x, l)ED --+ (x,7)RED, x, y E E, 

21. (x, 9)D --+ RxD, xE E, 
22. (x, 9)R --+ Rx, x E E, 
23. xR --+ Rx, xE Eu {D, E}, 
24. BR --+ Re, 
25. (x, 4)R --+ A, x E E, 

26. Ax --+ xA, xE VT, 
27. AC --+ H, 
28. Hx --+ H, x E Eu {D,E}, 
29. HF --+ A. 

First we notice that every recursively enumerable language can be gener
ated by a Chomsky grammar having at most three nonterminals. Indeed, if 
L is generated by the grammar G = (VN, VT, S, P) and VN contains more 
than three elements, say V N = {S, Xl, ... , X m } with m > 2, then we define 
the morphism h: V* --+ (VT U {S, A, B})* (here A, B are symbols not 
contained in V) by h(S) = S, h(a) = a, for all a E VT, and h(Xi ) = ABi, 
1 :S i :S m. Let h(PI ) = {h(u) --+ h(v) lu --+ v E P}. It is easy to check 
that L is generated by the grammar G' = ({S,A,B}, VT,S,P' ). 

To complete the proof we consider the language L generated by the 
grammar G = ({S,X,X}, VT,S,Q) and we put 

w(L) = ASCD[XID[X2Eß2D ... D[XkRßkDF, 

where the set of productions is Q = {[Xi --+ ßi I 1 :S i :S k}. 
We analyse now a derivation from astring 

(2.1) 

The first group of rules14 constructs the nonterminal T wh ich selects 
the rule [Xi --+ ßi occurring in the right hand side of a nonterminal D (see 
rule 3). By the second group of rules, the first symbol x in [Xi go es into 
(x,l) and the nonterminal (x,2) is translated into the left hand side of B, 
where it becomes (x,3). If in 'Y there exists a symbol x, then by the rule 
7 we construct the nonterminal (x,4). 

The third group of rules transforms all symbols x from [Xi in (x,l); 
then, every such x is removed from the right hand side of (x, 4) in case 
such elements do appear in the same order. 

The fourth group transforms every symbol y from ßi =1= A into (y,9) 
and translates the symbol (y,8) on the left hand side. When (y,8) reaches 
(x,4) the symbol y is introduced. In this way the string [Xi, erased by 
the third group of rules, is replaced by ßi. In case ßi = A the rule 20 
is used instead of the fourth group. Accordingly, we have reconstructed the 

14 There are seven groups of rules separated empty lines. 
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derivation from "{ to "{' using the rule O!i --+ ßi' This procedure can be 
iterated by means of rules in the sixth group. If "{' does not contain any 
nonterminal, then by rules in the last group the string can be reduced to "('. 

So, every string in L can be generated by the universal grammar with 
the axiom w(L). 

For the converse relation we notice that the nonterminal A can be 
eliminated only in the case when between A and C there exists a terminal 
string. Every derivation has to begin with the introduction of the nonterminal 
T. Erasing T determines the introduction of a nonterminal (x,l), which, 
in turn, can be eliminated by the nonterminal (y,9). These operations are 
possible if and only if the string O!i has been removed from "(. One can 
erase (y,9) after the translation of ßi in the place occupied by O!i' The 
symbol R constructed in this way can be eliminated when the given string 
is reduced to the form (2.1). In this way we have constructed a derivation 
using the rule O!i --+ ßi' All derivations which are not of this from will be 
eventually be blocked. D 

2.4 Silencing a universal computer 

A universal machine, be it Turing, Chomsky, or Chaitin, despite all the clever 
things it can do, is not omniscient. 15 

Let P be program whose intended behaviour is to input astring, and then 
output another string. The "meaning" of P may be regarded as a function 
from strings over an alphabet V into strings over the same alphabet, i.e. a 
function f: V* --+ V*. Such a program P on input x 

• may eventually stop, in which case it prints astring, or 
• it may run forever, in which case we say, following [134], that the program 

has been "silenced" by x. 

We shall prove that every universal program can be silenced by so me input. 
Here is the argument. 

List all valid programs, PI, P2, ... , Pn , .... 16 

Now suppose, by absurdity, that we have a universal program that cannot 
be silenced, so, by universality, we have a universal programming language 
such that none of its programs can be silenced. Let gn by the function 
computed by Pn and construct, by diagonalization, the function f(x) = 
xgstring(x) (x), where string(x) is the position of the string x in the 
quasi-Iexicographical enumeration of all strings in V*. 

• The function f is computable by the following procedure: given the string 
x, first compute string(x) , then generate all programs until we reach the 

15 As Leibniz might have hoped. 
16 There are many ways to do it, for instance, by listing all valid programs in quasi

lexicographical order. Such an enumeration is referred to as a gödelization of 
programs, as Gödel used first this method in his famous proof of the Incom
pleteness Theorem [59, 60]. 
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program Pstring(x), run Pstring(x) on the input x and then concatenate 
x with the result of the above computation. 

• In view of the universality it follows that f has to be computed by some 
program Pn . Now, take the string x such that string(x) = n and the 
input x: f(x) = gn(x), which false. 

This concludes our proof. 
At a first glance the contradiction in the above argument can be avoided, 

and here are two possibiIities. First add to the initial programming language 
the program computing f. This construction does not work as we can use 
again the diagonalization method to derive a c:ontradiction for the new lan
guage. Another possibiIity would be to say that f is "pathological" and we 
don't really want it computable. The last option is perfectly legitimate;17 
however, if we want to preserve universality we have to admit non-terminating 
programs. 

2.5 *Digression: A simple grammatical model of brain behaviour 

A universal grammar can be used in describing a model of human brain 
behaviour.18 The model has four grammatical components: 

• the "grammar generator" , 
• the "parser", 
• the "semantic analyzer" , and 
• the universal grammar. 

The "grammar generator" can be realized as a regular grammar, but the 
"parser" and the universal grammar are type-O Chomsky grammars. 19 The 
model works as follows (see [26]): an external stimulus, a question, for ex
ample, comes to the brain under the form of astring x in some language. 
Then an "excitatory relay" activates the "gramm ar generator" which pro
duces strings of the form 

corresponding to the rules of that specific grammar. In fact, we assume that 
the grammar generator is producing exactly astring W of the form (2.1) 
required by the universal grammar. The string w and the input string 
come to a "syntactic analyzer" which decides whether x belongs or not 

17 The language of primitive recursive functions is such a language. 
18 We adopt here the Computabilism Thesis for Bmins according to which the 

"brain functions basically like a digital computer". This thesis has been for
mulated, without elaboration, by Gödel in 1972, cf. [153J. We also distinguish, 
again with Gödel, the mind from the brain: The mind is the user of the bmin 
functioning as a computer. For more details we refer to Section 1.2.8. 

19 An attempt to implement this model at the level of context-sensitive grammars 
is discussed in [28J. 
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to the language identified by w. If the answer is affirmative, that is the 
right "competence" corresponding to x has been found, then x and w 
come in the universal grammar which is the core of the answering device. 
The universal grammar behaves now as the specific grammar and is used to 
"answer" the stimulus. The answering mechanism, using some information 
provided by a "semantic analyzer" and some memory files, generates the 
answer and sends it to the environment. 

The full information capability of the brain can be accomplished by using 
only these "few" components of the model, without actually retaining all 
gramm ars corresponding to the competences of the human brain. 

2.6 The halting problem 

We have seen that each universal machine can be silenced by some input. Is 
it natural to ask the following question: Can a machine test whether an arbi
trary input will silence the universal machine? The answer is again negative. 

For the proof we will assurne, without restricting generality, that all valid 
programs incorporate inputs - which are coded as natural numbers. So, a 
program may be silenced or may just eventually stop, in which case it prints 
a natural number. Assurne further that there exists a halting program 
deciding whether the universal program is silenced by an arbitrary input, 
that is, by universality, whether an arbitrary program is going to be silenced 
or not. Construct the following program: 

1. read a natural N; 
2. generate all programs up to N bits in size; 
3. use the halting program to check for each generated program whether it 

halts; 
4. simulate the running of the above generated programs, and 
5. output double the biggest value output by these programs. 

The above program halts for every natural N. How long is it? It is about 
log N bits. Reason: to know N we need log N bits (in binarY)j the rest of 
the program is a constant, so our program is log N + 0(1)20 bits. 

Now observe that there is a big difJerence between the size - in bits - 01 
our program and the size 01 the output produced by this program. Indeed, for 
large enough N, our program will belong to the set of programs having less 
than N bits (because log N + 0(1) < N). Accordingly, the program will 
be generated by itself - at some stage of the computation. In this case we 
have got a contradiction since our program will output a natural number two 
times bigger than the output produced by itself! 

20 f(n) = O(g(n» means that there exists a constant c such that If(n)1 :::: clg(n)l, 
for all n. 
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The following two questions: 

Does the Diophantine equation P = 0 have a solution? 
Does the Diophantine equation P = 0 have an infinity of solutions? 

are algorithmically unsolvahle, hut, they have a different degree of unsolv
ability! 

If one considers a Diophantine equation with a parameter n, and asks 
whether or not there is a solution for n = 0,1,2, ... , N - 1, then the N 
answers to these N questions really constitute only log2 N bits of infor
mation, as we can determine which equation has a solution if we know how 
many of them are solvable. These answers are not independent. On the other 
hand, if we ask the second question, then the answers can be independent, 
if the equation is constructed properly.21 The first question never leads to 
purely chaotic, random behaviour, while the second question may sometimes 
lead to randomness. 

2.7 The Church-Turing Thesis 

The Church~Turing Thesis, a prevailing paradigm in computation theory, 
states that no realizable computing device can be "globally" more powerful, 
that is, aside from relative speedups, than a universal Turing machine. It is a 
thesis, and not a theorem, as it relates an informal notion ~ a realizable com
puting device ~ to a mathematical notion. Re-phrasing, the Church~ Turing 
Thesis states that the universal Turing machine is an adequate model for dis
crete computation. Here are some reasons why the Church~ Turing Thesis is 
universally accepted: 

• Philosophical argument: Due to Turing's analysis it seems very difficult to 
imagine some other method which falls outside the scope of his description. 

• Mathematical evidence: Every mathematical notion of computability which 
has been proposed was proven equivalent to Turing computability. 

• Sociological evidence: No example of computing device which cannot be 
simulated by a Turing machine has been given, Le., the thesis has not been 
disproved despite having proposed over 60 years ago. 

The Church~ Turing Thesis includes a syntactic as weIl a physical claim. In 
particular, it specifies which types of computations are physically realisable. 
According to Deutsch [52], p. 101: 

The reason why we find it possible to construct, say, electronic calcu
lators, and indeed why we can perform mental arithmetic, cannot be 
found in mathematics or logic. The reason is that the laws of physics 

21 Chaitin [37] has effectively constructed such an equation; the result is a 900000-
character 17000-variable universal exponential Diophantine equation. 
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"happen" to permit the existence of physical models for the operations 
of arithmetic such as addition, subtraction and multiplication. If they 
did not, these familiar operations would be non-computable func
tions. We might still know of them and invoke them in mathematical 
proofs (which would presumably be called "non-constructive") but 
we could not perform them. 

As physical statements may change in time, so may our concept of com
putation. Indeed, the Church-Turing Thesis has been recently re-questionedj 
for instance, [132J has proposed an alternative model of computation, which 
builds on a particular chaotic dynamical system [55J and surpasses the com
putational power of the universal Turing machine. See [146, 72, 73, 145, 14, 
123, 81, 56, 140, 141, 113J for related ideas. 

2.8 *Digression: mind, brain, and computers 

Thinking is an essential, if not the most essential, component of human life -
it is a mark of "intelligence". 22 In the intervening years the Church-Turing 
Thesis has been used to approach formally the notion of "intelligent being". 
In simple terms, the Church-Turing Thesis was stated as follows: What is 
humanly computable is computable by a universal Thring machine. Thus, it 
equates information-processing capabilities of a human being with the "in
tellectual capacities" of a universal Turing machine. 23 This discussion leads 
directly to the traditional problem of mind and matter, which exceeds the 
aim of this paper (see the discussion in [51, 58, 70, 126, 127, 120, 121, 130])j 
in what follows we shall superficially review this topic in connection with the 
related question: can computers think? 

The responses to the mind-body problem are very diversej however, there 
are two main trends, monism, which claims that the distinction between mind 
and matter is only apparent, simply, the mind is identical with the brain and 
its function, and dualism, which maintains the we have areal distinction. 

The dualism can be traced to Descartes. There are many types of dualism, 
among them being: 

• "categorical dualism" (the mind and the body are different logical entities)j 
• "substance dualism" illustrated by Popper or Gödel, and claiming that 

mind exists in amental space outside space or time, and the brain is just a 
complex organ which "translates" thoughts into the corporeal movements 
of the body. Gödel rejected monism by saying (in Wang's words, [153], p. 
164) that monism is a prejudice of our time which will be disproved scien
tifically - perhaps by the fact that there aren't enough nerve cells to perform 
the observable operations of the mind. This is achallenging scientijic con
jecture - indeed, the capacity of nerve cells is a scientific research topic for 

22 Descartes placed the essence of being in thinking. 
23 This may create the false impression of "EOE policy": all brains are equal. 
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neuroscience and the observable operations of mind are also things subject 
to scientific analysis. According to same author ([153], p. 169) Gödel as
serted that the bmin junctions basically like a digital computer. The user 
of the brain functioning as a computer is just the mind . 

• "property dualisrn" maintaining that the mind and our experiences are 
"emergent" properties of the material brain; 

• "epistemic dualisrn" , illustrated by Kant, saying that for "theoretical rea
son" the states of the mind are reducible to the states of the brain, but for 
"practical reason" such a reduction is not possible. 

Von Neumann remarked that in 1940s two outstanding problems were 
confronting science: weather prediction and the brain's operation. Today we 
have a somewhat better understanding of the complexity of weather,24 but 
the brain still remains a mystery. Perhaps the brain, and accordingly, the 
mind, are simply unsimulatable and the reason is as von Neumann remarked: 
the simplest model oj a neuron may be a neuron itself This property suggests 
the not ion of randomness, which will be discussed in aseparate section. 

3. Computational complexity measures and complexity 
dasses 

3.1 Time and space complexities and their properties 

In the early 1960s the border between algorithmically solvable problems and 
algorithmically unsolvable ones was already well-defined and understood and 
scientists knew methods powerful enough to decide whether a given comput
ing problem is decidable (algorithmically solvable) or undecidable. Because 
of the growth of computer use in many areas of everyday life the interest 
of researchers has moved to quest ions like how to measure the effectiveness 
of computer programs (algorithms), how to compare the effectiveness of two 
algorithms, and how to measure the computational difficulty of computing 
problems. Dealing with these quest ions two fundamental complexity mea
sures, time and space, have been introduced by Hartmanis et. al. [78, 77]. 
Both these complexity measures are considered as functions of the input. 
Informally, the time complexity of an algorithm working on an input is the 
nu mb er of "elementary" operations executed by the algorithm processing the 
given input. In another words, it is the amount of work done to come from 
the input to the corresponding output. The space complexity of an algorithm 
is the number of "elementary" cells of the memory used in the computing 
process. Obviously, what does "elementary" mean depends on the formal 
model of algorithms one chooses (machine models, axiomatic models, pro
gramming languages, etc.). Since the theory always tries to establish results 

24 Even if the weather equations behave chaotically, that is a small difference in 
the data can cause wildly different weather patters. 
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(assertions) which are independent of the formalism used and have a general 
validity, this dependence of the measurement on the model does not seem 
welcome. Fortunately, an reasonable computing models used are equivalent, 
in the sense that the differences in the complexity measurement are negligible 
for the main concepts and statements of the complexity theory. 

Here, we use Turing machine (TM) as the standard computing model 
of computation theory to define the complexity measures. From the several 
vers ions of Turing machine we consider the off-line multitape Turing machine 
(MT M) consisting of a finite state control, one two-way read-only input tape 
with one read-only head and a finite number of infinite working tapes, each 
with one readjwrite head. This is the standard model used for the definitions 
of time and space complexities because it clearly separates the input data 
(input tape) from the computer memory (working tapes) [78]. A computing 
step (shortly, step) of a MT M is considered to be the elementary operation 
of this computing model. In one step a MT M M reads one symbol from 
each of its tapes (exactly those symbols are read which are on the positions 
where the heads are adjusted) and depending on them and the current state 
of the machine M, M possibly changes its state, rewrites the symbols read 
from the working tapes and moves the heads at most one position to the left 
or to the right. A configuration of a MT M M is the complete description 
of the global state of the machine M including the state of the finite control, 
the current contents of an tapes, and the positions of an heads on the tapes. 
A computation of M is a sequence of configurations CI, C2, .. " Cm such 
that Ci f-- CHI (CHI is reached in one step from Ci). A formal description 
of MT M s can be found in an textbooks on this topic and we omit it here. 
Now, we are ready to define the complexity measures. 

Definition 3.1. Let M be a MTM recognizing a language L(M) and 
let x E Z*, where Z is the input alphabet 0/ M. I/ C = Cl, C2 , ... , Ck 
is the finite computation 0/ M on x, then the time complexity of the 
computation of M on x is 

I/ the computation 0/ M on x is infinite, then 

The time complexity of M is the partial function from N to N, 

The space complexity %ne configuration C 0/ M, SM(C), is the length 
0/ the longest word over the working alphabet stored on the working tapes in 
C. The space complexity of a computation D = Cl,"" Cm is 
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The space complexity of M on a word xE L(M) is SM(X) = SM(Dx ), 

where Dx is the computation of M on x. 
The space complexity of M is the partial function from N to N, 

One can observe that the function TM(x)(SM(X)), as a function from L(M) 
to N is the most precise (complete) description of the complexity behaviour 
of the machine M. But this description is not useful for the comparison 
of com plexities of different algorithms (MT M s). It is so complex that one 
can have trouble to find a reasonable description of it. Thus, we prefer to 
consider the complexity measures as functions of the input sizes rather than 
of specific inputs. The time and space complexities are so called worst case 
complexities because TM(n)(SM(n)) is maximum of the complexities over 
all words of length n from L(M) (i.e., M can recognize every input 
from L(M) n En in time TM(n) and there exists x E L(M) n En such 
that TM(n) = TM(X)). In abstract complexity theory we usually prefer this 
worst-case approach to define the complexity measures, but in the analysis 
of concrete algorithms we are often interested to leam the average behaviour 
of the complexity on inputs of a fixed length. In such case one has to make a 
probabilistic analysis ofthe behaviour of TM(x) according to the probability 
distribution of inputs of a fixed length. 

Another interesting point in the definition above is that to define TM (n) 
and SM(n) we have considered TM (x) and SM (x) only for words from 
L(M). This is because we allow infinite (or very complex) computations of 
M on words in E* - L(M). In what follows we show that if TM(SM) is a 
"nice" function, then it does not matter for the complexity of the recognition 
ofthe language L = L(M) whether one defines TM as above or as TM(n) = 
max{TM(x) j x E En}. The idea is to construct a machine MI simulating 
M in such a way that if MI simulates more than TM(n) steps of M on 
an input y, then MI halts and rejects the input. Obviously, MI is able to 
do it in this way if MI is able to compute the number TM(jyl) in time 
O(TM(jyl)). Before starting to describe this we show that it is sufficient to 
study the asymptotical behaviour of TM(n) and SM(n). 

Definition 3.2. [78, 77] Let t and s be two functions from N to N. 
Then 

TIME(t(n)) = {L I L = L(M) for a MTM M with TM(n) ::; t(n)}, 

and 

SPACE(s(n)) = {L j L = L(M) for a MTM M with SM(n) ::; s(n)}. 
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Theorem 3.1. [77] Let e be a positive real number and let s: N -+ N be 
a junction. Then 

SPACE(s(n)) = SPACE(e· sen)). 

Idea oJ proof. Without loss of generality we assume e< 1. Then, SPACE(e· 
sen)) ~ SPACE(s(n)) is obvious. To show that SPACE(s(n)) ~ SPACE 
(e· sen)) we use a compression of the contents of the tapes. Let M be a 
MTM recognizing a language L(M) E SPACE(s(n)) with SM(n) ::; s(n). 
Let k = f1/el and let r be the working alphabet of M. Then one 
constructs a MT M M' with the working alphabet r k • This enables to 
store in one cell of the tapes of M' the contents of k adjacent cells of tapes 
of M. The detailed construction of the rules of M' is left to the reader. 0 

The same idea of the compression can be used to reach the following 
speed-up theorem. 

Theorem 3.2. [78] For every constant c > 0 and every junction t: N -+ N 
such that liminft(n)/n = 00 

n-+QO 

TIME(t(n)) = TIME(e· t(n)). 

Obviously, the compression of tapes in the theorems above is not com
pletely fair because we save space and time according to the complexity defi
nition by storing larger data in one memory cell and executing more compli
cated operations in a step of the simulating machine. If one fixes the working 
alphabet to {O, I} this effect will be impossible. So, the lack of difference be
tween e· J(n) and J(n) for complexity considerations on Turing machines 
is rather a property of the computing model than a complexity property 
of algorithms. On the other hand, in studying the complexity of concrete 
problems one primarily estimates the asymptotical behaviour (polynomial 
growth, for instance) of complexity functions. Thus, we are satisfied with the 
study of asymptotical behaviours of complexity functions and, accordingly, 
we can accept Turing machines as a computing model for the complexity 
measurement. 

Definition 3.3. A junction s: N -+ N is called space-constructible iJ 
there exists a MT M M having the Jollowing two properties: 

(i) SM(n)::; sen) ,for all nE N, and 
(ii) Jor every nE N, M starting on the input on computes os(n) on the 

first working tape and halts in a final state. 

A junction t: N -+ N is called time-constructible iJ there exists 
a MT M A having the Jollowing two properties: 

(iii) TM(n) = O(t(n)) , and 
(iv) Jor every nE N, M starting on the input on computes ot(n) on the 

first working tape and halts in a final state. 
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Now, we can show that for constructible functions it does not matter 
whether TM(n) is defined as max{TM(x) I x E L(M) rl 17n} or as 
max{TM(x) I x E 17n}. 

Lemma 3.1. Let t : N --> N (s: N --> N) be a time-constructible 
(space-constructible) function. Then for every L E TIME(t(n)) (L E 

SPACE(s(n))), L <::;: 17*, there exists a MTM M such that 

(i) L(M) = L, and 
(ii) for every xE 17*, TM (x) = O(t(lxl)) (SM(X)::S: S(lxl)). 

ProoJ. We give the proof for the time complexity. Since L E TIME(t(n)) 
we may assume there is a MTM A with L(A) = Land TA(n) ::s: t(n). If 
A has k working tapes, then we construct M with k + 1 working tapes 
acting on the input x as folIows: 

1. M computes ot(lxl) on the first working tape in time O(t(n)). 
2. M simulates t(lxl) steps of the computation of A on x. 
3. If A accepts x, then M accepts x too. If A halts and rejects x, then 

M rejects, too. If A does not halt after t(lxl) steps, then M halts and 
rejects x. 

Note that step 1 can be done because t is time-constructible. Since Muses 
k free working tapes to simulate A with k working tapes, M can simulate 
one step of A in one step. Rewriting 0 to 1 in each simulation step M one 
can check that t(lxl) simulation steps were executed. Since each accepting 
computation of A on a word xE L(A) fulfills TA(X)::S: TA(lxl) one sees 
that every computation longer than TA (lxI) cannot lead to acceptance of 
x (i.e. x tJ. L(A)). Thus L = L(A) = L(M) and TM(lxl) = O(t(lxl)) for 
every xE 17*. o 

As we have seen the complexity classes bounded by two functions fand 
gare the same if f(n) = 8(g(n)).25 A natural and important quest ion has 
arisen. Which increase of the growth of 9 in the comparison to the growth 
of f is sufficient and necessary to reach TIME(J(n)) c TIME(g(n)) or 
SPACE(J(n)) c SPACE(g(n))? The answer to this question ils provided 
by the foBowing theorems which have been established by generalizing the 
weB-known diagonalization method from computability theory. 

Before starting to formulate them, we observe that every MT M A can 
be simulated by a MT M B with one working tape only in the same space 
[77]. This is because the i-th ceB of the working tape of B cau save the 
tuple containing aB symbols on the i-th positions of aB working tapes of A. 

25 If there are two constants c, N such that for all n 2': N, f(n) 2': cg(n), then we 
say that f(n) = n(g(n». We say that f(n) = e(g(n» in case f(n) = O(g(n» 
and f(n) = n(g(n». 
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Theorem 3.3. [77] Let SI and S2 be two functions having the following 
properties: 

(i) S2(n)?: SI(n) ?: log2 n for every nE N, 
(ii) S2 is space-constructible, 
(" ') r . f sI{n) 0 
m ~~~ S2(n) = . 

Then, SPACE(sl(n)) C SPACE(s2(n)). 

Praof. The proof idea is based on the diagonalization technique. The sim
ple version of this technique orders all Turing machines in an enumer
able sequence Tl, T2, ... , Ti, . .. and, for any i E N, it chooses a word 
Xi E {O,l}* (Xi =F Xj for i =F j). Then, the diagonal language L d is 
defined as {Xi I Xi ~ L(Ti ), i E N}. Since, for every i E N, L(Ti ) and Ld 
differs in the behaviour on Xi we call Xi the candidate for the difference 
between L(Ti ) and Ld in the process of the choice of Xi. 

There are two reasons why this simple approach fails to work directly 
for our theorem, We cannot enumerate the sequence of MTMs working in 
space SI because it is not decidable whether a given MT M is SI (n )-space 
bounded. This means we have to take the sequence of all MT M s, and for 
every MTM M of this sequence (even in case M is not sl(n)-space 
bounded), we have to try to find a candidate for the difference between L(M) 
and the diagonal language. 0 bviously, if a machine M is not SI (n )-space 
bounded the candidate may fail because we do not need to have the difference 
between L(M) and L d. We must be only sure that our candidates will work 
for SI (n )-space bounded machines. 

A second, more serious problem is the following one. L d has to be in 
SPACE(s2(n)), i.e., there must exist a MTM M 2 such that L(M2) = L d 
and SM2 (n) :s: s2(n). Since M 2 has a working alphabet of a fixed size and 
we want to simulate the work of other SI (n)-space bounded machines on the 
chosen candidates we need more than SI (n) space to do it if the wor king 
alphabet r of the simulated machine is larger than the working alphabet of 
M 2. More precisely, M 2 needs flog21 r Il ,sl(n) space for this simulation 
which may be greater than s2(n) for finitely many small n's. Thus, for 
words of small lengths M 2 is not able to simulate the machine with large 
r. It means we cannot fix the candidates x/s for Ti's without knowing 
that they are large enough to have s2(lxil)?: (log2lri l) . SI (lXiI), where ri 

is the working alphabet of Ti. 
To overcome this difficulty we choose for every MT M Ti an infinite set 

of candidates for the difference between L(Ti ) and L(M2). Then, we can be 
sure that one candidate y will be large enough for s2(lyl) ?: (lOg2lFil) 'SI (Iyl) 
and so M 2 can simulate Ti on y and accepts (rejects) if Ti has rejected 
( accepted) , 

Now, we are prepared to give the formal proof. As we have already ob
served it is sufficient to consider MT M s with one working tape only. Let 
Tl, T 2".· be sequence of all MTMs with one working tape and the input 
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alphabet {O, I}, and let Tl, T2 , . •. be their binary codes. The infinite set 
Xi = {x E {O, I}* I x = onlia will be considered as the set of candidates 
for the difference between L(Ti ) and L(M2). Obviously Xi n Xi = 0 for 
i =F j. 

We define the diagonal language as the language L(M2 ) accepted by 
M2 acting on every input w as follows: 

1. M 2 computes OS2(iwl) on the first working tape. 
2.11{2 considers w as orlT for some rEN and T E {O, I}*. If 

ITI > S2(lwl), then M2 halts and rejects w, else M2 continues with the 
step 3. 

3. M2 decides whether T is a code of a MT M T with one working tape 
and the input alphabet {O, I}. If not, M 2 halts and rejects w. If the 
answer is yes, then M2 continues with the step 4. 

4. M2 writes the number 2S2 (!wl) in binary on the second working tape. On 
the third working tape M 2 simulates step by step the computation of T 
on w. The working alphabet r of T is coded by the binary working 
alphabet of M 2 • 

(a) If M 2 needs more than s2(lwl) space on the third tape (i.e., if 
s2(lwl) < f!og2(!F1)1 . sl(lwl) or T is not sl-space bounded), then 
M 2 halts and rejects w. 

(b) If M 2 has successfully simulated 2S2 (!wl) steps of T and T does 
not halt, then M halts and accepts w. 

(c) If T halts on w in fewer than 2S2 (!wl) steps and M 2 succeeds to 
simulate all these steps, then M 2 accepts w iff T rejects w. 

We observe that M2 always halts and that SM2(n):::; s2(n) for every 
nEN. 

Now, we have to show that L(M2) i SPACE(sl(n)). We assume that 
L(M2) E SPACE(sl(n)). Then there exists a MTM M with one working 
tape such that L(M) = L(M2) and SM(n):::; sl(n). Let Q be the set of 
states of M, and let r be the working alphabet of M. Obviously, for a 
given input w, there are at most 

different configurations of M. This means that any computation of M 
on w consisting of more than r(lwl) steps is infinite because M is 
deterministic and some configuration has occurred twice in the computation. 
Since liminf sl(n)/s2(n) = 0, there exists a positive integer no such that: 

n-+oo 

(i) I MI:::; s2(no), 
(ii) f!og2(1 r 1)1 . Sl(nO) :::; S2(nO), and 
(iii) IQI . SI (no) . (I r 1+ 1)81 (no) • no < 282 (no). 

Set x = OilM for a JEN such that lxi = no. If x E L(M), then 
there exists an accepting computation of M on x of length at most 
r(lxl). Because (i), (ii), (iii) are fulfilled, M 2 succeeds in simulating the 
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whole computation of M on x. Thus, M2 rejects x according to 4(c). 
If x tf. L(M), then two different reasons may determine it: 

1. M halts in at most r(lxl) steps and rejects x. Then, following the step 
4(c), M accepts x. 

2. The computation of M on x is infinite. Then according to (i), (ii), (iii) , 
M2 succeeds in simulating the first 2S2 (lxl) = 2s2 (no) steps of M on x. 
Because of step 4(b) M 2 halts and accepts x. 

Thus, we have showed "x E L(M) iff x tf. L(M2)" which is a contradiction. 
o 

The assertion above shows that the power of Turing machines strongly 
grows with the asymptotical growth of the space complexity used. For space 
bounds growing slower than log2 n the situation is a little bit different. A 
survey of such small space-bounded classes can be found in [67, 139]. We 
only mention that SPACE(0(1)) [constant space] is exactly the dass of 
regular languages and that if SPACE(f(n)) contains at least one non
regular language, then lim sup J (n) / log log2 n > O. Thus the space dasses 

n~oo 

S P AC E( s( n)) with s( n) = o(log log2 n) 26 contain only regular languages. 
A similar hierarchy can be achieved for time complexity, but it is not so 

strong as the space hierarchy. The reason is that we do not have only the 
problem to simulate different working alphabets of arbitrarily large cardinal
ities by one working alphabet of the "diagonalizing" MTM, but we have 
to fix the number of working tapes for the diagonalizing MT M while the 
simulated MT M s may have any number of working tapes. Since, for any 
k E N, we do not know a linear time simulation of an arbitrary number of 
tapes by k working tapes we formulate the hierarchy result as follows. 

Theorem 3.4. [78] Let there exist a positive integer k, a Junction J: N -t 

N, and a simulation oJ an arbitrary MTM A bya MTM with k working 
tapes in O(TA(n)· J(n)) time. Let tJ, t2 be two Junctions Jram N to N 
such that 

(i) t 2(n)· J(n) ~ h(n) Jor every nE N, 
(ii) t2 is time-constructible, and 
("') r . f tt{n)·f(n) - 0 
zn ~~~ t2(n) -. 

Then TIME(tl(n)) C TIME(t2(n)). 

Due to the fact that every t(n) time-bounded MTM can be simulated by 
a MTM with two working tapes in O(t(n) .log2(t(n))) [80], we deduce the 
relation 

for any monotone, unbounded q: N -t N. 

26 J(n) = o(g(n)) in case limn _ oo ~ = O. 
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The hierarchy result above shows that there are languages of arbitrarily 
large complexity, i.e., we have an infinite number of levels for the elassification 
of the computational difficulty of language recognition (computing problems). 
If L E TIM E(tl(n)) - TIME(t 2 (n)), then we say that tl(n) is the upper 
bound on the time complexity of Land t2(n) is the lower bound on 
the time complexity of L. So, the upper bound t l for L means that there 
is an algorithm (MTM) A recognizing L with TA(n):::; tl(n) and the 
lower bound t2 (n) means that there is no algorithm (MT M) B recognizing 
L with TB(n) :::; t 2 (n). At this point one may wish to define the time 
(space) complexity of a language (computing problem) as the complexity of 
the best (asymptoticallyoptimal) algorithm (MTM) recognizing L. But 
this is impossible because there are languages with no best MT M. This fact 
is more precisely formulated for time complexity in the following version of 
Blum's Speed-up Theorem (this result works for an arbitrary Blum space, cf. 
[23]). 

Theorem 3.5. [17] There exists a recuTsive language L such that fOT any 
MTM MI accepting L, theTe exists a MTM M 2 such that 

(i) L(M2) = L(MI}, and 
(ii) TM2 (n):::; log2(TM , (n)) fOT almost all nE N. 

Idea of prooj. The assertion of Blum's Speed-up Theorem may seem curious 
and surprising at first sight. But the following idea shows an explanation of 
this phenomenon. First, one can observe that for every language L' there 
are infinitely many MT M s accepting it. Then, one has to construct a 
language L which cannot be recognized efficiently by any MTM (program) 
of small size (small index), but as MT M (program ) sizes increase fa..'lter 
and faster MT M s accepting L more and more efficiently exist. The formal 
construction of L can be done by diagonalization. 0 

We see that the theorem above can be applied infinitely many times to L 
and so there is no optimal MT M accepting L. For every concrete MT M 
M there exists a larger MTM M' working more efficiently than M. 27 

This is the reason why we cannot generally define the complexity of a 
computing problem (language) as the complexity of the optimal algorithm for 
it. But, we can always speak about lower and upper bounds on the problem 
complexity which is sufficient for the elassification of computing problems 
according to their computational difficulty. 

We elose this seetion studying the relation between time complexity and 
space complexity. We observe that TIME(t(n)) <;;: SPACE(t(n)) for any 
function t( n) .2': n because no MT M can Ilse more cells of the working 

27 The speed-up phenomenon is non-constructive; for instance, there is no recursive 
function of the initial index that gives abound for the exceptional values in 
Blum speed-up, but that there is a recursive bounding function of the speed-up 
index, [22]. The dass of speedable functions is large, [31]. 
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tapes than the number of executed steps of M iso On the other hand we 
have SPACE(s(n)) ~ U TIME(cs(n)) for any sen) ~ log2n. This is 

cEN 

because for every s( n )-space bounded MT M M there is a constant c 
such that the number of different configurations of M with a fixed content 
of the input tape is bounded by cs(n). These above two relations suggest 
that space may be much more powerful than time. The best result currently 
known in this direction is contained in the following assertion. 

Theorem 3.6. [82] For any function t: N ---+ N such that t(n)jlog(t(n)) = 
Q(n): 

TIME(t(n)) ~ SPACE(t(n)jlog(t(n))). 

3.2 Classification of problems according to computational 
difficulty and nondeterminism 

The hierarchy theorems show that there are problems of arbitrarily large 
computational difficulty. The main practical interest is in the dassification 
of concrete computing problems according to their computational difficulty. 
To see the importance of this let us consider the following dassical exam
pIe [79]. Let us have four algorithms (MTMs) At,A2,A3 , and A 4 . Let 
TAl (n) = 5n, TA2 (n) = n ·logn, TA3 (n) = n2, and TA4 (n) = 2n. Then for 
the realistic input size n = 1000 we have TAl (1000) = 5000,TA2(1000) = 
9966, TA3 (1000) = 1000000, and TA4 (1000) is a 302-digit number. For com
parison, the number of protons in the known universe has 126 digits, and 
the number of microseconds since the "Big Bang" has 24 digits. Thus, A4 is 
not useful for any practical purposes because already T A4 (100) is a 31-digit 
number. If A4 is an optimal algorithm for some problem L, then we cannot 
algorithmically solve L in general. We can see this also from the opposite 
side. Every computer has a finite memory and we always have abound on 
the time we can wait for a result. These two constants together with the com
plexity functions of the given algorithm Abound the size of inputs which 
can be processed by the algorithm A on a given computer. We observe 
that, for algorithms with exponential complexity, the bounds are very small 
because, for f (n) = 2n,J (n + 10) ~ 103 . f (n). Considerations similar to 
those made above have lead to the dassification of computing problems into 
tractable (feasible) problems admitting a polynomial-time solution [46] and 
intractable problems for which no polynomial algorithm exists. The basic 
dass for the dassification of problems (languages) is the dass 

P = U TIME(nk ). 

kEN 

An important observation is that the definition of P is invariant with respect 
to all "reasonable" computing models used, i.e., if one finds a polynomial 
algorithm for a problem in one formalism than we can be sure that there 
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exist polynomial algorithms for this problem in all other formalisms, and if 
one proves L ~ P in one of the computing model formalisms then this is 
true for all. 
Some furt her fundamental complexity classes are: 

DLOG = SPACE(log2n), 
PSPACE = U SPACE(nk ) , 

kEN 

EXPTIME = U TIME(2nk ). 

kEN 

They satisfy the following relations: 

DLOG s:;; PS:;; PSPACE s:;; EXPTIME. 

As we have already mentioned above, the theory of computation provides 
successful methods for the classification of languages (problems) into recur
sive (decidable) and nonrecursive (undecidable) ones. U nfortunately, this is 
not true for the decision whether a language L is in P or not. Usually 
it is not very hard to prove that L E P, because it is sufficient to find a 
polynomial MT M accepting L. So, if L E P, then it is rarely a problem to 
find a polynomial algorithm for L. An exception is the problem of linear pro
gramming which was not known to be in P, nor to be not in P for a longer 
time. In 1979 an ingenious polynomial-time algorithm was found for it [98]. 

The main difficulty is in proving lower bounds on concrete computing 
problems. We do not have any mathematical method enabling to prove higher 
than quadratic lower bounds on the time of restricted computing models (for 
instance,one-tape TM) or super linear (higher than linear) lower bounds on 
the time of general computing models (register machines). Thus, we cannot 
really classify computing problems because we are unable to obtain tight 
lower bounds on their complexity. 

To overcome the absence of absolute lower bounds (Le., the evidence that 
so me computing problems are difficult) Cook [47] has introduced a method 
enabling one to prove so-called relative lower bounds which are viewed as 
a strong implication of hardness. The idea of this method is based on the 
reduction between computing problems - a classical mathematical approach 
to problem solving. The novelty consists in connecting the reduction, of one 
problem to another one, with the complexity. 

Definition 3.4. [47] Let LI s:;; Er and L2 s:;; 172' be two languages. We 
say, that LI is polynomial-time reducible to L2 (denoted L l :::; L 2 ) 

if there is a polynomial-time bounded MT M that for every word x E Er 
writes X2 on the first working tape (considered as an output tape here) such 
that xE L l {=::} Y E L2 . We say that LI and L2 are polynomial-time 
equivalent if LI :::; L 2 and L2 :::; L l . 

We observe that "LI is polynomial-time reducible to L2" means that L l 

cannot be "much more difficult" than L2 , i.e. if L2 E P then L l must 
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be in P, too. Thus, if LI is polynomial-time equivalent to L2, then 
LI E P Hf L2 E P. 

The first idea behind the relative lower bounds (a strong implication to 
be difficult) is that if one finds many computing problems polynomial-time 
equivalent (reducible) each to the other, and no polynomial-time algorithm 
is known for any of these problems, then we have a large experience (strong 
implication) that each of these problems is computationally difficult. This 
idea is still strengthen by considering nondeterminism as follows (we assume 
that the reader is familiar with the concept of nondeterminism and with 
nondeterministic MTMs [116)). 

Definition 3.5. Let M be a nondeterministic MT M with an input al
phabet 17. Let xE 17* and C be a computation of M on x. We denote 
by TM(C) the length of C minus 1. For every x E L(M), the time 
complexity of M on x is 

TM(X) = min{TM(C) I C is an accepting computation of M on x}. 

The time complexity of M is a partial function TM: N -+ N such that 

TM(n) = max{TM(x) I x E L(M) n E n }. 

Further, for any f: N -+ N, f(n) 2': n, 

NTIME(J(n)) = {L I L = L(M) for a nondeterministic MTM M 

with TM(n)::; f(n)}. 

We note that one can represent all possible computations of a nondeter
ministic MT M M on a given word as a directed possibly infinite tree 
TrM(w) whose nodes are labeled by configurations of M. The root of 
TrM(w) is labeled by the initial configuration Co(w) of M on w. Each 
node labeled by C has indegree 1 and outdegree equal to the number of 
all possible nondeterministic actions from the configuration C. M accepts 
w if and only if TrM(w) contains at least one accepting configuration. We 
observe that TM (x) is bounded by the depth of TrM(x) because TM (x) 
is the minimum of the distances between the root of TrM(x) and accepting 
configurations of TrM(x). A deterministic simulation of the work of M on 
an input w -is usually a search for an accepting configuration in TrM(w). 
Since the size of Tr M (w) may be exponential in the depth of Tr M (w) 
(and so exponential in TM(W)) this deterministic search for an accepting 
computation consists of exponentially many steps according to TM(W). All 
simulations of nondeterministic machines by deterministic ones cause an ex
ponential increase of time complexity. This is one reason to believe that 

Pe NP = U NTIME(nk ). 

kEl\l 
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Another reason for that is that for some mathematical problems the deter
ministic time corresponds to the complexity of the search for a solution while 
the nondeterministic time corresponds to the complexity of verifying whether 
a given candidate for the solution is a consistent solution. This is because a 
nondeterministic algorithm can guess the solution (for instance the values of 
variables over {O, I} in a system of equations) in real time and then check 
whether this guess was correct. For many such problems we cannot find bet
ter deterministic algorithms than those searching for a solution by generating 
exponentially many candidates for it. Thus, we have enough experience to 
believe P C NP. 

Now, we add these two ideas together by saying that a problem is rela
tively hard if it is one of the hardest in NP in the following sense. 

Definition 3.6. [47] A language L is called NP-complete if 

(i) L E NP, and 
(ii) \:j L' E NP L' is polynomially reducible to L. 

Clearly, 

(i) If P c NP then every N P-complete language is in NP - P (i.e., 
intractable) . 

(ii) If an N P-complete language L E P, then P = NP. 

A few thousands N P-complete problems are known, and for none of 
them we have a polynomial-time algorithm. Moreover, we do not know any 
deterministic time-effective simulation of nondeterministic computations and 
we do not believe that to find a solution is not much harder than to verify 
whether a given candidate for the solution is correct. All these facts together 
provide a large experience supporting the opinion that N P-complete prob
lems do not have polynomial algorithms. 

We omit examples and proofs of N P-completeness in this short survey. 
A nice overview on this topic can be found in [64]. We note only that we can 
also define complete problems in other classes like P, PS P AC E too. If one 
defines P-complete problems according to the 10g2 n-space reduction, then 
such P-complete problems are candidates for membership in P - DLOG. 
This question has been found interesting from the very beginning of the com
plexity theory because each polynomial time computation contains at most 
a polynomial number of different configurations. To generate any polynomial 
number of configuration the space o (1og2 n) is sufficient. Thus P = DLOG 
would mean that the memory of every polynomial-time algorithm can be 
optimized within the log2 n-space bound. But we conjecture that there are 
problems in P (exactly the P-complete problems according to log2 n-space 
reduction) which require polynomial time as weH as polynomial space to be 
solved. 

We conclude this section by giving the fundamental relations among the 
basic complexity classes. 
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Definition 3.7. Let M be a nondeterministic MTM with an input al
phabet E. Let xE E* and C = Cl,.'" Ck be a computation of M on 
x. We denote by SM(Ci ) the length of the longest content of the working 
tapes of M in the configuration Ci' SM(C) = max:{SM(Ci ) li = 1, ... , k}. 
For every xE L(M), the space complexity of M on x is 

SM(X) = min{SM(C) I C is an accepting computation of M on x}. 

The space complexity of M is a function SM: N -+ N such that 

Further, for any f: N -+ N, f(n) 2 n, 

NSPACE(f(n)) = {L I L(M) for a nondeterministic MTM M with 

SM(n) :s: f(n)}. 

NLOG = NSPACE(log2n), 

NPSPACE = U NSPACE(nk). 
kEN 

First, we observe that there exists a space-efficient simulation of nonde
terministic computations. 

Theorem 3.7. [129] Let f(n) 210g2n is space-constructible. Then 

NSPACE(s(n)) <:;;; SPACE((s(n))2). 

Idea of proof. Let L = L(M), SM(n) :s: s(n). Then there exists a constant 
c such that the number of different configurations of the nondeterministic 
MT M M on an input of length n is bounded by cs(n), for every n E N. So, 
if M accepts a word w, then TrM(w) contains an accepting configuration 
in the distance at most cs(lwl) from the root. 

Let Co(w) be the initial configuration of M on w. Without loss of 
generality we can assurne that there is a unique accepting configuration C'. 
We have to test whether C' is reachable from Co(w) in exactly cs(lwl) 
steps. We can do it by testing for every configuration C whether C is 
reachable from Co(w) in cs(lwl)/2 steps and C' is reachable from C 
in cs (l wl)/2 steps. By this approach the space needed to determine whether 
Cl is reachable from C2 in 2i steps is equal to the space needed to 
record the configuration C plus the space needed to test if one can reach 
one configuration from another one in 2i - l steps. Using this approach 
recursively until one has to test whether one configuration can be reached 
from another one in one step we have to store at most 10g2(cs (n)) = O(s(n)) 
configurations. Since each configuration is of size s(n), the simulation uses 
O( (s( n) )2) space. 0 
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Corollary 3.1. PSPACE = NPSPACE 

As we have already mentioned, the best known time-bounded simulation 
causes an exponential increase of time. 

Theorem 3.8. Let t be a time-constructible function. Then 

NTIME(t(n» ~ U TIME(ct(n»). 
cEN 

Idea of proof. Let L E NTIME(t(n», Le., L = L(M) for some t(n)-time 
bounded nondeterministic NTM. Obviously, M is t(n)-space bounded, 
too. As we already know, there exists a constant d such that the number of 
configurations of M on an input of the length n is bounded by ~(n). A 
deterministic MT M can generate all configurations of M reachable from 
the given initial configuration in time ct(n), for some suitable constant c. 0 

The fundamental complexity hierarchy is as follows. 
Theorem 3.9. 

DLOG ~ NLOG ~ P ~ NP ~ PSPACE ~ EXPTIME 

Proof. The following indusions DLOG ~ NLOG, P ~ NP, PSPACE ~ 
EXPTIME areobvious. Since NP ~ NPSPACE = PSPACE weobtain 
N P ~ PS P ACE. N LOG ~ P, because every nondeterministic log2 n-space 
bounded MT M has at most a polynomial number of configurations in any 
computation tree for an input of length n. 0 

All indusions in Theorem 3.9 are believed to be proper, but nobody has 
proven it for any of them. To prove at least one proper indusion or equality 
in this hierarchy is one of the central open problems of theoretical computer 
science. One supposes that this problem is very hard because it can be proven 
that the usual machine simulations, as a method for proving equality between 
two language (complexity) dasses, and the diagonalization, as a method for 
proving non-equality among complexity dasses, do not work for any of the 
indusions of the fundamental complexity hierarchy. How can one prove that 
these methods do not work? We illustrate this approach on the most impor
tant problem P =?NP (see, for instance, [64,7,8, 116]). 

An oracle machine is a pair (M,L), denoted ML too, where M 
is a MT M with one additional oracle tape and L is an orade. M has 
special states q?, qy, qN, and if M is in the state q? then M without 
looking on the content of its tapes, enters the state qy (qN) if the content of 
the orade tape is (not) in L. A move from q? to qy or qN according to 
L is considered as one step of M L. After this, the content of the orade tape 
is erased. We denote L( M A) the language accepted by the oracle machine 
MA and 

pA = {L(MA) I M A is a polynomial-time bounded oracle machine}, 

NpA = {L(MA) I M A is a nondeterministic polynomial-time bounded 
oracle machine}. 
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Theorem 3.10. [6] There exist two languages A, B such that 

(i) pA = NpA 
(ii) pB C NpB 

Idea of prooj. To prove (i) it is sufficient to take a PSPACE-complete 
language A. For this choice of A one can easily observe that pA = 

PSPACE = NPSPACE = NpA. The proofof (ii) is much more involved. 
The idea is to find an orade Band a language L E N pB - pB in such 
a way L = {ai I B contains a word of the length i} and IB n {O, 1 }nl s 
1, for any n E N. A nondeterministic MT M MB can accept L in linear 
time by guessing the word x from B n{O, l}n, for the input on, and 
by verifying its nondeterministic decisions by asking the orade B whether 
x E B. If the orade B is deverly constructed then no polynomial-time 
bounded MT M can find in polynomial time the candidate x E B n{O, l}n 
among the 2n words of the length n. 0 

The above theorem shows that we cannot prove P = NP by any 
usual simulation and P I- NP by any typical diagonalization. Suppose 
one could "simulate" nondeterministic polynomial-time bounded MT M s 
by polynomial-time bounded MTMs. All known simulations of a machine 
MI by a machine M 2 remain valid if one attaches the same orade to 
both machines MI and M2 . This means that P = NP, proven by such 
simulation implies p C = Npc, for every orade C. But (ii) of Theo
rem 3.10 contradicts this. The same is true for the diagonalization method. 
All usual diagonalization proofs for the non-equality G I- H between two 
language dasses G and H would also work when orades are attached 
(GL I- H L , for every language L). But we have an orade A such that 
pA = N pA which means that usual diagonalizations cannot help to sepa
rate P from NP. 

Finishing this section we note that we omit to present two large intersec
tions of formallanguage theory and complexity theory here. One is devoted to 
the characterizations of basic complexity classes by different kind of automata 
(multihead automata, pushdown machines, etc.). A nice overview about this 
topic can be found by Lange [100]. Another topic omitted is devoted to the 
complexity of dassical problems of formallanguage theory like string match
ing, parsing, etc. Each one of this research areas involves enough result for a 
monograph and according to the size restrictions of this chapter we do not 
try to give a survey of them. 

3.3 Hard problems and probabilistic computations 

What to do if one has proven the evidence or a strong implication that a given 
computing problem is computationally difficult? One can stop any attempt 
to solve the problem by giving the mathematical arguments justifying why 
the problem cannot be solved on a computer. This may be good for pure 
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theory but quite unsatisfactory if there is a large practical interest to have 
a program solving the problem. In this case one uses one of the following 
approaches. 

1) Deterministic Algorithms 
Let us assume that our problem has exponential time complexity. Then 
one can still try to find a MTM M (algorithm, program) which solves 
the problem in time complexity elose to TM (n) = 160 . 2n / 50 . It means, 
that in spite of the fact that M has an exponential complexity, one can 
still effectively compute results for inputs of several hundreds bits. Thus, if 
the lengths of the input from practical applications are in the range where 
TM(n) is not too large, then one has an useful algorithmical solution for 
a hard problem. 

2) Problem Restrictions 
Usually, you do not need to solve the given computing problem in the 
generality of its original formulation. In several cases so me additional re
strictions essentially decrease the computational difficulty of the problem. 
The most typical case is to restrict the set of potential inputs only (for 
instance, the Post Correspondence Problem starts to be decidable if one 
considers inputs over one-Ietter alphabet only, the Satisfiability Problem 
is in P if one restriets the inputs to conjunctive normal formulas in which 
the length of the elementary disjunctions are bounded by two). 

3) Approximate Algorithms 
If our difficult problem is an optimization problem, one can make it eas
ier searching for a solution which is not too far from the optimum, but 
it is not necessarily the optimum. There are N P-complete optimization 
problems for which good approximations of optimal solutions can be found 
in polynomial time. Since the practice is often satisfied with approximate 
solutions this is one of the most successful methods for the design of algo
rithms for hard problems. 

4) Probabilistic Algorithms 
Probabilistic algorithms are based on nondeterministic ones. Each nonde
terministic step (branching) is interpreted as a random decision (tossing 
coin). While for nondeterministic computations an accepting configura
tion in the computation tree has been sufficient to accept the input, for 
probabilistic computations we require a "sufficiently large" probability to 
reach an accepting configuration (correet output). Thus, instead of surely 
correct outputs produced by deterministic algorithms one computes an 
output whose prob ability to be correct is large enough. Usually the proba
bilistic algorithms allow repeated runs on the same input due to wh ich the 
probability to get the right answer tends to 1 with the size of the input. 

5) Probabilistic Approximate Algorithms 
A combination of the two previous methods leads to algorithms providing 
with high probability solutions of optimization problems which are very 
elose to optimum. 
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6) Heuristics 
Heuristic algorithms are similar to probabilistic ones in that they make 
random decision during their computations, too. The difference is in that 
we are unable to prove that heuristic algorithms provide good solutions 
(outputs) despite of the fact that they successfully work in some practical 
applications (at least for most of the inputs generated in practice). The 
ideas of the algorithm design are based on some analogies to efficient op
timization pro ces ses running in the nature (biology, physics). Two of the 
most popular representants are genetic algorithms and simulated anneal
ing. But theoretical as well as experimental results show that the methods 
previously described are much more reliable than heuristic ones and the 
use of heuristic methods is recommended only in cases in which one is not 
able to find an efficient solution by the previous five approaches. 

Note that the above approaches may be also mixed. For instance, we have 
polynomial-time approximate algorithms for Traveling Salesman Problem in 
Euclidean space. 

Out of the six approaches mentioned above we shall give more details 
ab out the probabilistic one only. There are two reasons for this: i) one can use 
the formalism of formallanguage theory to describe probabilistic algorithms, 
and ii) the power of randomized computations is one of the topics of main 
interest in the recent complexity theory. 

We distinguish two types of probabilistic MT M s (algorithms) called Las 
Vegas MT M sand Monte Carlo MT M S. Las Vegas algorithms always 
give the right result and their complexity on an input x is measured as the 
"weighted average" over all computations on X. Monte Carlo algorithms give 
the right result with some prob ability greater than 1/2 (Le., some compu
tations may lead to wrong results) and one usually considers that the time 
complexity is measured by the depth ofthe computation tree. In what follows 
we give more details about these two models of probabilistic computations 
in the formalism of formal language theory. 

Definition 3.8. A nondeterministic MT M M is calted a Las Vegas 
MTM M if 

(i) the degree of nondeterminism is bounded by two (i.e. alt computation 
trees are binary trees), and 

(ii) for every x E L(M) [x ~ L(M)] allleaves of TrM(x) are accepting 
[rejectingj conjigurations. 

Let D E TrM(x) denote the fact that D is a computation of M on 
x corresponding to a path in TrM(x) leading fram the raot to a leaf of 
TrM(x). The prabability of executing D E TrM(x) is Prob(D) = 2k , where 
k is the number of nondeterministic choices of D. Let IDI denote the 
length of D. Las Vegas time complexity of M on an input x is 

LVTM(X) = L Prob(D) ·IDI· 
DETrM(x) 
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Las Vegas time complexity of M is 

LVTM(n) = max{LTVM(X) Ilxl = n}. 

We observe that polynomial Las Vegas algorithms are very useful in prac
tical applications because they are reliable (they compute the right outputs), 
and the outputs are computed in polynomial time with a high probability. 

Definition 3.9. A nondeterministic MT M M is called one-sided error 
Monte Carlo MTM il 

(i) the degree 01 nondeterminism is bounded by two, 
(ii) there is a function I: N ~ N such that alt computations on the inputs 

01 the length n have length I(n) and each one uses exactly I(n) - 1 
nondeterministic guesses (i.e. all 2!(n)-1 computations have the same 
probability) 

(iii) il x E L(M), then at least 2!(n)-2 computations on x finish in 
accepting states, and 

(iv) if x rt L(M), then all computations on x finish in rejecting states. 

A nondeterministic MT M M is called two-sided error Monte Carlo 
MTM if it satisfies (i), (ii), and 

(v) there exists a constant E such that il x E L(M)(x rt L(M)), then more 
than (2!(n)-1/2)(1 + E) computations finish in accepting (rejecting) 
states. 

We observe that Monte Carlo algorithms are not reliable as Las Vegas 
ones, but one-sided error Monte Carlo algorithms are still extremely useful 
in solving decision problems. The reason for this claim is that we can iterate 
the algorithm on the same input a certain number of times with independent 
random choices in order to make the error prob ability arbitrarily smalI. For 
instance, k runs of a one-sided error Monte Carlo algorithm on the same 
input produce k answers. If at least one is "yes", then the answer "yes" 
is certainly correct. If all answers are "no", then we can conclude that the 
answer is "no" with probability 1 - (!)k. For sufficiently large k the error 
2-k is smaller than the probability that our hardware/software fails during 
the execution of the k runs of the algorithm. 

A nice example of the Monte Carlo approach is the recognition of the 
language 

Gom = {w E I{O, 1}* Iw is the binary code of a composite number}. 

Obviously, the simple approach based on trying to divide the given input 
number n by all numbers n E {I, 2, ... , r.;n 1} has exponential com
plexity in the input length pog2 n 1. We do not know any polynomial-time 
deterministic algorithm for Gom, but one can construct an O((log2 n)5) al
gorithm assuming the extended Riemann hypothesis [111]. In what follows we 
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present a polynomial time one-sided error Monte Carlo algorithm for Gam 
[136, 124]. It is based on the following two results of the number theory. Let 
GGD(a, b) denote the greatest common divisor of the numbers a and b. 

Lemma 3.2. 1f a positive integer n > 2 is composite, then there exists an 
integer a, 1 ::; a ::; n, such that 

(i) an - 1 'i= 1 (mod n) or 
(ii) there exists an integer i such that 2i divides n - 1 and 1 < 

GGD(a(n-l)/2i - 1, n) < n. 

Definition 3.10. Let n be a positive integer. An integer a,l ::; a ::; n, is 
called a compositeness witness for n if (i) or (ii) of Lemma 1.22 hold. 

Lemma 3.3. If n ?: 3 is an odd integer, then at least (n - 1)/2 distinct 
integers from {I, 2, ... ,n - I} are compositeness witnesses for n. 

So, if for a fixed composite number none randomly chooses a number 
a E {I, 2, ... ,n - I}, then the probability that a is a compositeness witness 
for n is at least 1/2. On the other hand, if n is a prime, then no a E 

{I, 2, ... ,n - I} is a compositeness witness for n. This two facts yield a 
Monte Carlo MTM (algorithm) M working as follows: 

1) If n is even, then M accepts. 
2) If n is odd, then M randomly chooses a number a E {I, 2, ... ,n - I}. 

If a is a compositeness witness for n then M accepts. Otherwise, M 
rejects. 

The quwstion whether a is a compositeness witness for n can be checked 
in polynomial time. Obviously, if M accepts, then the input is certainly 
composite. If M rejects, then one can state that n is prime with probability 
at least 1/2. As we have already seen, if one wishes a sm aller error prob ability, 
the algorithm has to be executed repeatedly with the same input n. 

We note that there even exists a Las Vegas algorithm deciding whether a 
given number is prime or not [3], but it is too technical to be presented here. 

Probabilistic algorithms are very efficient, but only "probably correct". 
However, many probabilistic algorithms - in particular, the above primality 
probabilistic algorithm - can be "theoretically" converted into rigorous, de
terministic algorithms provided a sufficiently long random string28 input is 
supplied [44, 30]; this possibility is only "theoretical" as the set of random 
strings is not recursively enumerable [24]. 

Arecent quantum algorithm29 (based on Fourier transformation) pro
posed by Shor [131] seems to indicate that primality can be checked in poly
nomial time on a quantum computer. 

28 See Section 1.4.3. 
29 One decisive feature of quantum computation is pamllelism: during a compu

tation cycle a quantum computer is processing all coherent paths at once. See 
more in [4, 9, 10, 32, 61,62, 52, 53, 54, 15, 16, 12, 13, 142, 143]. 
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From a practical point of view one can consider the dass of languages 
(problems) recognized (solved) in polynomial time by some probabilistic algo
rithms to be the dass of practically (solvable) languages (problems). Because 
of this it is reasonable to consider the following language classes, introduced 
by Gill [68]: 

zpp {L I L = L(M), for a Las Vegas MTM M working in 

polynomial time}, 

R {L I L = L(M), for a one-sided error Monte Carlo MTM 

working in polynomial time}, 

BPP {L I L = L(M), for a two-sided error Monte Carlo MTM 

working in polynomial time}. 

The following relations can be easily proven. 

Theorem 3.11. 

P ~ zp P = Rn coR ~ R ~ NP, 

RUcoR ~ BPP ~ PSPACE. 

Whether some of the inclusions above are proper or not is unknown. So, 
we do not know any N P-complete language recognizable by one-sided error 
Monte Carlo in polynomial time. But we have either examples of problems 
in P for which probabilistic algorithms are more effective than the best de
terministic algorithms or we have polynomial-time probabilistic algorithms 
for problems whose membership in P is unknown. Thus, we do not conjec
ture that a N P-complete problem may have a polynomial-time probabilistic 
solution. 

4. Program-size complexity 

4.1 Dynamic versus program-size complexities 

Let us recall that a Chaitin computer C is a partial recursive function 
carrying strings (on A) into strings such that the domain of C is prefix
free. If C is a computer, then Tc denotes its time complexity, i.e., Tc (x) 
is the running time of C on the entry x, if x is in the domain of C; 
Tc(x) is undefined in the opposite case. 

The property of universality discussed in Seetion 1.2.3 can be presented, 
in a stronger form, as folIows: 

Theorem 4.1. [Invariance Theorem] There exists a universal Chaitin 
computer U with the property that for every computer C there exists a con-
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stant sim(U, C) - which depends upon U, C - such that in case C(x) = y, 
there existS3° astring x' satisfying the following conditions: 

U(x') = y, 

Ix'l ::; lxi + sim(U, C). 

(4.1) 

( 4.2) 

1ndeed, let (Ci) be a gödelization of all Chaitin computers and define 
U(ata2u) = Ci(u), for all strings u (here al,a2 are two distinct letters 
from the alphabet A). 

The program-size or Chaitin complexity associated with the Chaitin com
puter C is the partial function He defined by Hc(x) = min{lul E A* I 
C( u) = x} iff such a u does exist. The above result can be rephrased as 
follows: 

Theorem 4.2. There exists a Chaitin computer U such that for every 
Chaitin computer C there effectively exists a constant c - depending upon 
U and C - such that for all strings x, 

Hu(x) ::; Hc(x) + c. 

So, U not only simulates every Chaitin computer C, but the simulation is 
asymptotically optimal. 1s it possible to prove a similar result for a dynamical 
complexity, e.g., time complexity? The answer is negative and here is a proof 
(cf. [25]). 

Assume, for the sake of a contradiction, that U can simulate every other 
computer (4.1), in a shorter time. Formally, to equation (4.1) we add the 
constraint: 

Tu(x') < Tc(x). ( 4.3) 

Für every string x in the dümain of U let 

t(x) = min{Tu(z) I Z E A*, U(z) = U(x)}, ( 4.4) 

i.e., t(x) is the minimal running time necessary for U to produce U(X).31 
Next define the temporal canonical program (input) assüciated with x tü 

be the first (in quasi-lexicügraphical order) string x# satisfying the equatiün 
(4.4): 

x# = min{z E dom(U) I U(z) = U(x),Tu(z) = t(x)}. 

So, 
U(x#) = U(x), and Tu(x#) = t(x). 

As the universal computer U can simulate itself, it follows from (4.3) that 
there exists astring x' such that U(x') = U(x#) = U(x), and Tu(x') < 
Tu(x#) = t(x), which is false. 

30 And can be effectively constructed. 
31 Actually, t(x) is not computable. 
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The reason for the above phenomenon can be illustrated by showing the 
existence of "small-sized" computers requiring "very large" running times. To 
this aim we use the information-theoretic version of the Busy Beaver function 
E. For every natural mIet us denote by string(m) the mth string in 
quasi-Iexicographical order, and let E(n) be the largest natural number 
whose algorithmic information content is less than or equal to n, i.e. 

E(n) = max{m E NI Hu(string(m)) ::; n}. 

Chaitin ([39], 80-82, 189) has shown that E grows larger than any recursive 
function, i.e., for every recursive function J, there exists a natural number 
N, which depends upon J, such that E(n) 2:: J(n), for all n 2:: N: 32 

indeed, there is a constant q such that every program of length n either 
halts in time less than E(n + q), or else it never halts. 

As Hu(string(E(n)))::; n, it follows that U(Yn) = string(E(n)), for 
some string Yn of length less than n. This program Yn takes, however, a 
huge amount of time to halt: there is a constant c such that for large enough 
n, U(Yn) takes between E(n - c) and E(n + c) units of time to halt. To 
conclude, the equation (4.1) is compatible with (4.2), but incompatible with 
(4.3).33 

4.2 The halting problem revisited 

Can the halting problem be solved if one could compute program
size complexity? The answer is yes and here is a proof (cf. [43]). 

Fix a universal Chaitin computer U and denote Hu simply by H. We 
have seen that if an n-bit program p halts, then the time t it takes to halt 
satisfies H(t)::; n + q. So if p has run for time T without halting, and if 
for an t 2:: Tone has H(t) > n + q, then p will never halt. 

Consider the recursively enumerable set of an true upper bounds on H, 
Ch = {(x, k) E A* X NI {H(x) ::; k}. Imagine enumerating this set, and keep 
track of the running time. Assuming that H is computable, compute H(x) 
far each n-bit string x. Then enumerate Ch until we get the best possible 
upper bound on H(x) for an n-bit strings x. Let ß(n) be defined to be 
the time it takes to enumerate enough of the set of all true upper bounds on 
program-size complexity until one obtains the correct value of H(x) for all 
n-bit strings x. If one is given n and a number greater than ß(n), one 
can determine an n-bit bit string X max with maximum possible complexity 

H(xmax ) = n + H(string(n)) + 0(1). 

32 The difficulty might be also explained by the fact that E grows as fast as the 
least time necessary for all programs of length less than n that halt on U to 
stop, [34]. 

33 Incidentally, the above discussion shows that, contrary to what Penrose has 
suggested (see [121], p. 560), there is no incompatibility between strong deter
minism and computability: it is indeed impossible for a (universal) machine to 
"learn its own theory". 
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Thus any number k;::: ß(n) has 

n + H(string(n)) - q' < H(xmax ) :::; H(string(k)) + H(string(n)) + q" 

and 
H (k) > n - q' - q". 

Thus we can use ß(n), which is computable from H, to solve the halting 
problem as follows: an n-bit program p halts iff it halts before time ß(n + 
q + q' + q"). 

As a bonus we derive the fact that the information-theoretic Busy Beaver 
function E is computable from H: the formula 

E(n) = max{U(p) Ilpl :::; n}, 

proves that E is computable relative to the halting problem which, in turn, 
is computable from H. 

4.3 Random strings 

Consider the number 

one million, one hundred one thousand, one hundred and one. 

This number appears to be 

the first number not nameable in under ten words. 

However, the above expression has only nine words, pointing out a naming 
inconsistency: it is an instance of Berry's paradox. 

It follows that the property of nameability34 is inherently ambiguous and, 
consequently, too powerful to be freely used. 

Of course, the above analysis is rather vague. We can make it more rig
orous by using a universal Chaitin computer U. Some programs for U 
specify positive integers: when we run such a program on U the computa
tion eventually halts and pro duces the number. In other words, a program 
for U "specifies" a positive integer in case after running a finite amount of 
time it prints the number. What we get is the statement: 

THE FIRST POSITIVE INTEGER THAT CANNOT BE SPECI
FIED BY A PROGRAM FOR U WITH LESS THAN N BITS. 

However, there is a program for U, of length log N + c, for 
calculating the number that supposedly cannot be specified by any 
program of N bits! And, of course, for large N, log N + c is much 
sm aller than N. 

34 Another famous example refers to the classification of numbers as interesting 
or dult. There can be no dull numbers: if they were, the first such number would 
be interesting on account of its dullness. 
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Suppose that persons A and B give us a sequence of 32 bits each, 
saying that they were obtained from independent coin flips. If A gives the 
string x = 01101000100110101101100110100101 and B gives the string 
y = 00000000000000000000000000000000, then we would believe A and 
would not believe B: the string x seems to be random, but the string y 
does not. Why? The strings are extremely different from the point of view 
of regularity: the second string has a maximum regularity which allows us to 
express it in a very compact way, only zeros, while the first one appears to 
have no shorter definition at all. 35 

Classical probability theory is not sensitive to the above distinction, as 
strings are all equally probable. Laplace (1749-1827) was, in asense, aware 
of the above paradox when he wrote (cf. [101], pp.16-17): 

In the game of heads and tails, if heads come up a hundred times in 
a row then this appears to us extraordinary, because after dividing 
the nearly infinite number of combinations that can arise in a hun
dred throws into regular sequences, or those in which we observe a 
rule that is easy to grasp, and into irregular sequences" the latter are 
incomparably more numerous. 

Non-random strings are strings possessing some kind of regularity, and since 
the number of all those strings (of a given length) is smalI, the occurrence 
of such astring is extraordinary. The overwhelming majority of strings 
have hardly any "computable" regularities - they are random. Randomness 
means the absence of any compression possibility; it corresponds to maximum 
information content (because after dropping any part of the string, there 
remains no possibility of recovering it). Borel (1909), Von Mises (1919), Ville 
(1939), and Church (1940) elaborated on this idea, but a formal model of 
irregularity was not found until the mid-1960s in the work of Kolmogorov 
[99] and Chaitin [33]. Currently, it appears that the model due to Chaitin 
[35], wh ich will be briefly discussed in what folIows, is the best adequate 
model (cf. [37,41,24]). 

Astring is random in case it has maximal program-size complexity when 
compared with the program-size complexity of all strings of the same length. 
As for every nE N, one has: 

max H(x) = n + H(string(n)) + 0(1), 
xEAn 

and is led to the following definition: astring x E A* is (Chaitin) m
random (m is a positive integer) if H(x) ;:::: r(lxl) - m; x is (Chaitin) 
random if it is O-random. Here r(n) = max{H(x) I x E A*, lxi = n}. 

35 The distinction between regular and irregular strings becomes sharper and 
sharper far longer and longer strings (e.g., it is easier to specify the number 

than the first 100 digits of 11"). 
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The above definition depends upon the fixed universal computer U j the 
generality of the approach comes from the Invariance Theorem. Obviously, 
for every length n and for every m 2:: 0 there exists an m-random string 
x of length n. 

It is worth noticing that randomness is an asymptotic property: the larger 
is the difference between lxi and m, the more random is x. There is no 
sharp dividing line between randomness and pattern, but it was proven that 
all m-random strings x with m::; H(string(lxl)) have truly random 
behaviour [24]. 

A random string cannot be algorithmically compressed. Incompressibility 
is a non-effective property: no individual string, except finitely many, can be 
proven random. Under these circumstances it is doubtful that we can exhibit 
an example of a random string, even though the vast majority of strings are 
random. However, we can describe a non-effective construction of random 
strings. We start by asking ourselves: How many strings x of length n have 
maximal complexity, i.e., H(x) = F(lxl)? Answer: There exists a natural 
constant c > 0 such that 

-y(n) = #{x E A* Ilxl = n,H(x) = F(lxlH > Qn-c, 

for all natural nj here Q is the cardinality of the alphabet A.36 

Now fix a natural base Q 2:: 2, and write -y(n) in base Q. The 
resulting string (over the alphabet containing the letters 0,1, ... , Q - 1) is 
itself random (cf. [42]).37 

4.4 From random to regular languages 

Recall that { stringd n) I n 2:: O} is the enumeration of all strings over the 
alphabet A (having Q 2:: 2 elements) in quasi-Iexicographical order. A 
language L C A * is described by its binary characteristic sequence I, li = 0 
iff stringd i) E L. A language L is random if its characteristic function 
is random (as an infinite, binary sequence). Denote by RAND the set of 
random languages. In what follows we shall present different characterizations 
of random languages. 

We start with a piece of notation. For every sequence 1 = h l2 ... ln ... 
we denote by I(n) = hl2" .ln, the prefix of length n of 1. 

The unbiased discrete probability on B = {O, I} is defined by the function 

#X 
h : 2A ~ [0,1], h(X) = -2-' 

36 How large is c? Out of Qn strings of length n, at most Q + Q2 + ... + 
Qn-m-l = (Qn-m _ l)/(Q - 1) can be described by programs of length less 
than n - m. The ratio between (Qn-m - l)/(Q - 1) and Qn is less than 
lO-i as Qm 2: lOi, irrespective of the value of n. For instance, this happens 
in case Q = 2, m = 20, i = 6; it says that less than one in a million among 
the binary strings 0/ any given length is not 20-mndom. 

37 This string is random because it represents a large number. 
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for all subsets X c B. This uniform measure induces the product measure 
J.L on the set of binary infinite sequences BW: for all strings x E B*, 
xBw = {y E BW I y(lxl) = x}, and 

J.L(xBW) = Tlxl. 

If x = XlX2 ... Xn E B* is astring of length n, then J.L(xBW) = 2-n 

and the expression J.L( ... ) can be interpreted as "the prob ability that a 
sequence y = YlY2 ... Yn'" E BW has the first element Yl = xl, the second 
element Y2 = X2,·'·' the nth element Yn = xn". Independence means 
that the prob ability of an event of the form Yi = Xi does not depend upon 
the probability of the event Yj = Xj' 

Every open set G c BW, Le., a set G = UxExxBw, for some prefix-free 
subset X c B*, is J.L measurable and 

I1-(G) = 2: Tlxl. 
xEX 

Finally, S c BW is a null set in case for every real c > 0 there exists 
an open set GE: which contains Sand I1-(Ge;) < c. For instance, every 
enumerable subset of BW is a null set. 

A property P of sequences x E BW is true almost everywhere in the sense 
of J.L in case the set of sequences not having the property P is a null set. 
The main example of such a property was discovered by Borel and it is known 
as the Law of Large Numbers. For every sequence x = XlX2 ... xm ... E B W 

and natural number n ~ 1 put 

Sn(X) = Xl + X2 + ... + x n· 

Then, 

The limit of Sn/n, when n ~ 00, exists almost everywhere in the 
sense of J.L and has the value 1/2. 

It is clear that a sequence satisfying a property false almost everywhere with 
respect to 11- is very "particular". Accordingly, it is tempting to try to say 
that 

a sequence x is "random" iff it satisfies every property true almost 
everywhere with respect to J.L. 

Unfortunately, we may define for every sequence x the property Px as 
following: 

y satisfies Px iff for every n ~ 1 there exists a natural m ~ n 
such that Xm i= Ym' 
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Every Px is an asymptotic property which is true almost everywhere with 
respect to p, and x does not have property Px . Accordingly, no sequence 
can verify all properties true almost everywhere with respect to p,. The above 
definition is vacuous! 

However, there is a way (due to Martin-Löf, cf. [108]) to overcome the 
above difficulty: we consider not all asymptotic properties true almost ev
erywhere with respect to p" but only a sequence of such properties. In this 
context the important question becomes: What sequences 0/ properties should 
be considered'? Clearly, the "larger" the chosen sequence of properties is, the 
"more random" will be the sequences satisfying that sequence of properties. 
As a constructive selection criterion seems to be quite natural, we will impose 
the minimal computational restriction on objects: each set of strings will be 
recursively enumerable, and every convergent process will be regulated by a 
recursive function. 

A constructively open set G c BW is an open set G = X BW for 
which X c B* is recursively enumerable. A constructive sequence of 
constructively open sets, for short, c.s.c.o. sets is a sequence (Gm)m~l 
of constructively open sets Gm = XmBw such that there exists a recursively 
enumerable set X c B* x N with 

X m = {x E B* I (x,m) EX}, 

for all natural m 2: 1. A constructively null set S c BW is a set such 
that there exists a c.s.c.o. sets (Gm)m~l for which 

and 
lim p,(Gm ) = 0, constructively, 

m-+oo 

i.e., there exists an increasing, unbounded, recursive function H: N ~ N 
such that p,(Gm ) < 2-k whenever m 2: H(k). 

It is dear that p,(S) = 0, for every constructive null set, but the converse 
is not true. 

Here are some properties equivalent to randomness: 

Theorem 4.3 
• (Martin-Löf) A sequence x E BW is random Hf x is not contained in 

any constructive null set . 
• (Chaitin-Schnorr) A sequence x E BW is random Hf there exists a 

natural c > ° such that 

H(x(n» 2: n - c, 

for all natural n 2: 1. 
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• (Chaitin) A sequence xE AW is random Hf 

lim (H(x(n)) - n) = 00. 
n->oo 

Random languages have rem ar kable properties: 

Theorem 4.4 
• [24] No random language is recursively enumerable; in fact, every random 

language is immune in the sense that it contains no infinite recursively 
enumerable language. 

• [24] Random languages are closed under finite variation. 
• [19,18] If L = {stringQ(i) Ili = I} is random and f: N ....... N is recursive 

and one-one, then the language {stringQ(i) Ilf(i) = I} is also random. 
• [19, 18] Let L c AW be a union of constructively closed sets that is closed 

und er finite variation. Then 

J.l(L) = 1 iff X n RAND f= 0. 

• [19, 18] Let L be an intersection of constructively open sets that is closed 
under finite variation. Then 

J.l(L) = 1 iff RAND c L. 

• [63, 24] Every language is Turing reducible to a random language. 

To characterize recursive and regular languages by me ans of descriptional 
complexity we need to introduce the blank-endmarker 0'1' Kolmogorov-Chaitin 
complexity (see [99, 33]) associated with a universal Turing machine TM: 
K(x) = min{lyll TM(y) = x}. 

Recursive languages can be characterized as follows 

Theorem 4.5. ([40]) A language L c A* is recursive iff one of the follow
ing two equivalent conditions holds true: 

• there exists a constant c (depending upon L) such that K (h h ... In) < 
K(stringQ(n)) + c, for all positive integers n, 

• there exists a constant c' (depending upon L) such that K (l112 ... In) < 
log2 n + c', for all positive integers n. 

It is worth noticing that recursive sequences cannot be characterized by 
the property "H(hI2" ·ln) < H(stringQ(n)) + 0(1)", as shown in [135] 
(see also [36]). 

The above result can be used to describe regular languages. For L c A * 
and x E A* let (}: = (}:1(}:2'" (}:n'" be the characteristic sequence of the 
language Lx = {y E A* I xy E L}. 
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Theorem 4.6. [104] A language L c A* is regular iff one of the foltowing 
equivalent statements holds true: 

• There is a constant c (depending upon L) such that for all x E A * and 
alt positive integers n, K(a(n)):::; K(stringQ(n) + c. 

• There is a constant c' (depending upon L) such that for alt x E A * and 
alt positive integers n, K(a(n)):::; 10gQ n + d. 

Program-size pumping lemmas for regular and context-free languages 
have been proposed in [104J; however, they are currently superseded by pump
ing lemmas based on other tools (see for example [149]). 

4.5 Trade-offs 

In this section we give some examples of trade-offs between program-size and 
computational complexities. 

We start with an example, discussed in [125], of a language having a very 
low program-size complexity, but a fairly high computational complexity. Let 
ai, i = 0,1,. .. be an ordering of all regular expressions over the alphabet 
A. A positive integer i is saturated iff the regular language denoted by ai 

equals A*. Areal number 

r = O.aOal··· 

in base Q (the cardinality of A) is now defined by putting ai = 1 iff i 
is saturated. 

It is obvious that r is non-empty, as some indices i are saturated. 
The language L r of all prefixes of the sequence aOal· . . has a low 
program-size complexity; more precisely, there exists a constant k such 
that H(aOal··· an) :::; 10gQ n + k. On the other hand, the computational 
complexity of the membership problem in Lr is very high: to decide the 
membership of astring of length i one has to prove that all the i regular 
languages involved have an empty complement. If instead of r we consider 
7r, then the corresponding language Lw has the same (within an additive 
constant) program-size complexity, but the computational complexity of the 
membership in Lr is higher than the membership in Lw. 

To an infinite sequence x we associate also the languages 

S(x) = {u E A* I x = vuy, v E A*, y E AW }, 

and 
P(x) = {u E A* I x = uy, Y E AW }, 

that is, S(x) is the set of all finite substrings of x, and P(x) is the set 
of all finite prefixes of x. 

A way to measure the complexity of an infinite sequence x is to evaluate 
the complexity of the language P(x). If x is random, then S(x) = A*, 
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but the converse relation is obviously false. Following [96], call a sequence x 
disjunctive if S(x) = A*. 

Non-recursive disjunctive sequences have been constructed in [96]. Chai
tin's Omega Number [39] is Borel normal in any base and, therefore, disjunc
tive in any base. More generally, every random sequence is Borel normal and, 
hence, disjunctive (cf. [24]). 

Are there recursive disjunctive sequences? A direct application of Rabin's 
Theorem (see [23]) shows the existence of disjunctive sequences x such that 
P(x) is recursive but arbitrarily complex. A more effective construction of 
a recursive disjunctive sequence can be obtained by concatenating, in some 
recursive order, all strings over A. This construction raises two questions: 
What is the "complexity" of such a sequence? Are there "simpler" ways to 
produce disjunctive sequences? If we measure the complexity of a sequence 
x by the complexity of the language P(x), then one can prove (see [29]) 
that the language associated to the sequence consisting of all strings over the 
binary alphabet arranged in quasi-Iexieographical order is context-sensitive 
and this complexity is the best possible we can obtain (in other terms, no 
language P(x) can be regular when x is disjunctive). 

4.6 More about P =?NP 

We have seen (Section 1.3.2) that the extreme difficulty of the (in)famous 
problem P =? N P can be explained in terms of orades [6]. 

To complete the picture we quote the following two results: 

Theorem 4.7 
1) [75] There exist two recursive sets A,B with P(A) -=I- NP(A) and 

P(B) = N P(B), but neither result is provable within Zermelo-Fraenkel 
set theory augmented with the Axiom of Choiee. 

2) [11] If A is a random orade, then P(A) -=I- NP(A), i.e., with probability 
one P(A) -=I- N P(A). 

FinaIly, consider the exponential complexity dasses 

E = DTIME (2linear), and E 2 = DTIME (2polynOmial) . 

There are several reasons for considering these dasses ([106, 107]): 

1) Both dasses E, E 2 have rieh internal structures. 
2) E 2 is the smallest deterministic time complexity dass known to contain 

NP and PSPACE. 
3) Pe E c E2 , E -=I- E 2 , and E contains many NP-complete problems. 
4) Both classes E, E 2 have been proven to contain intractable problems. 

In view of the property 2) there may be weIl a natural "not ion of small
ness" for subsets of E2 such that P is a small subset of E 2 , but NP is 
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not. Similarly, it may be the case that Pisa small subset of E, but that 
NP n E is not! In the language of constructive measure theory smallness 
can be translated by "measure zero" (with respect to the induced spaces E 
or E 2 ). One can prove that indeed P has constructive measure zero in E 
and E 2 , [106]. This motivates Lutz [107] to adopt the following quantitative 
hypothesis: 

The set NP does not have measure zero. 

This is a strong hypothesis, as it implies P 1= NP. It is consistent with 
Zimand's topological analysis [150] (with respect to a natural, constructive 
topology, if NP - P is non-empty, then it is a second Baire category set, 
while N P-complete sets form a first category dass) and appears to have 
more explanatory power than traditional, qualitative hypotheses. 

5. Parallelism 

5.1 Parallel computation thesis and alternation 

Achievements in hardware technologies have made possible the construction 
of parallel computers involving several thousand processors capable of co
operating to solve one concrete computing task. While the time complexity 
has been measured as the number of elementary operations needed to com
pute the output in all sequential computing models this is not more true 
for the time complexity of parallel machines simultaneously executing lots of 
operations. The number of processors used by a parallel machine is a new 
complexity measure (computational resource) considered as a function of the 
input size. Since sequential time is the amount of work which has to be done 
we observe that 

(number of processors) * (parallel time) 2: sequential time, 

far any parallel algorithm solving a problem. If the equality holds we say that 
the parallel algorithm exhibits an optimal speed-up, because it does not need 
to execute more operations than the best deterministic algorithm. We learn 
from the non-equality one important fact: We cannot hope that parallelism 
helps to compute intractable computing problems. If the sequential time of 
a problem L is exponential, then each parallel algorithms for L has an 
exponential number of processors or it works in exponential parallel time. 
Both are unrealistic and we condude that the main contribution of parallelism 
is to speed up sequential computations for the problems in P. This is of 
crucial importance for designing "real-time" parallel algorithms. 

As in the sequential case, to study parallel complexity measures one needs 
a formal computing model. Unfortunately, we have a lot of parallel comput
ing models and none is generally accepted. Moreover, the differences between 
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there models are essential. This is because we have not only to arrange the 
cooperation between input, output, memory, and the operating unit as for 
sequential computing models, but we additionally have to arrange the coop
eration (information exchange) between many processors working in parallel. 
The study of distinct models of parallel computations has lead to an invari
ant characterizing "reasonable" parallel computing models. This invariant 
is called Parallel Computation Thesis [69] and it says that, for any 
computing problem L, 

"the pamllel time 01 L is polynomially related to 
the sequential space 01 L". 

Thus, each parallel computing model fulfilling the Parallel Computation The
sis is considered to be "suitable" for measuring of parallel computation re
sourees. 

In what follows we consider the alternating Turing machine as a parallel 
computing model and we show that it fuHills the Parallel Computation The
sis. Note that alternating machines cannot be really used to model parallel 
computations in practice because they consider nondeterministic processors 
working in parallel. But they provide several nice new characterizations of 
sequential complexity classes obtained by typical approaches of formal lan
guage theory. 

An alternating TM M is a natural extension of the nondeterministic 
TM introduced in [45]. The states of Mare divided into 4 disjoint subsets 
of accepting states, rejecting states, existential states and universal 
states. A computation tree TrM(x) of M on an input x is the same 
tree as by a nondeterministic TM. The difference is only in the definition 
of acceptance. A computation of a nondeterministic TM corresponds to a 
path of the computation tree. A computation of the alternating TM 
M on x is any subtree T of TrM(x) having the following properties: 

(i) the root of T is the root of TrM(x), 
(ii) if an inner node v of T is labeled by a universal configuration (state), 

then T must contain all sons of v in Tr M (x), 
(iii) if an inner node v of T is labeled by an existential configuration, then 

T contains exactly one of the sons of v in Tr M (x), 
(iv) every leaf of T is labeled either by an accepting configuration or by a 

rejecting configuration. 

An accepting computation of M on x is any computation T whose all 
leaves are labeled by accepting configurations. A word x is accepted by 
the alternating TM M (x E L(M)) iff there exists an accepting computation 
of Mon x. 

We observe that existential states of an alternating TM has the same 
meaning as states of nondeterministic TM s. One has to choose one of the 
possible actions, and one accepts if at least one of these possibilities leads to 
acceptance. A step from a universal state (configuration) corresponds to a 
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parallel branching of the machine into a number of copies continuing to work 
in parallel. Here, one requires that all branches lead to acceptance. 

Let, for any function f: N ~ N,ASPACE(f(n» and ATIME(f(n)) 
denote the alternating time and space complexity classes respectively. We 
define 

and 

ALOG = ASPACE(log2 n ),AP = U ATIME(nk ), 

kEN 

APSPACE = U ASPACE(nk ). 

kEN 

Alternation has brought new characterizations of fundamental complexity 
classes. Some of the most important ones follow. 

Theorem 5.1. (45) For any space-constructible s: N ~ N, s(n) ~ n, 

NSPACE(s(n» ~ U ATIME(c(s(n))2). 
c>o 

Idea ofproof. The technique is similar to Savitch's Theorem. To check whether 
an s(n) space-bounded nondeterministic TM M can achieve an accepting 
configuration C in 2s'(n) steps for a suitable function s'(n) = O(s(n)) 
from an initial configuration Co on an input x, the alternating TM A 
guesses nondeterministically a configuration C' and universally branches 
into two copies continuing to work in parallel. One copy checks whether C' 
is reachable from Co in 2s'(n)-1 steps and the other one checks whether 
C is reachable from C' in 2s'(n)-1 steps. 0 

We do not know whether SPACE(s(n)) is equal to NSPACE(s(n» or 
not. Since all deterministic classes are closed under complementation peo
pIe have hoped to prove SPACE(s(n» is not equal to NSPACE(s(n» by 
proving that NSPACE(s(n» is not closed under complementation. But Im
merman (94) and Szelepcsenyi (138) have proved that this idea cannot work 
because all classes NSPACE(s(n» for s(n) ~ logn are closed under com
plementation too. 

Theorem 5.2. (45) For any function t, t(n) ~ n, 

ATIME(t(n)) ~ DSPACE(t(n)). 

Idea of proof. Let M be an alternating TM, and let TrM(x) is the com
putation tree of M on x. To check whether TrM(x) contains an accepting 
computation one assigns the value 1 (0) to the accepting (rejecting) leaves, 
the operator disjunction to the existential nodes, and the operator conjunc
tion to universal nodes. Then one looks at TrM(x) as a Boolean circuit 
with inputs on leaves and the output on the root. Obviously, M accepts x 
Hf the output value of this circuit is 1. A deterministic TM B can traverse 
TrM(x) and calculate the output ofthe circuit in post order. To do it, at any 
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point of the computation B has to store the visiting configuration (node) 
and astring representing the position of the node in TrM(x). Both can be 
done in O(t(n)) space. 0 

Theorem 5.3. [45] For any junction s: N ---+ N, s(n) 2': log2 n, 

ASPACE(s(n)) = U DTIME(cs(nl ). 
c>o 

The above results show that alternation shifts by exactly one level the 
fundamental hierarchy of deterministic complexity dasses because ALOe = 
P,AP = PSPACE,APSPACE = EXPTIME, etc. Another interesting 
result, proven in [97], is that the dass of languages accepted by two-way 
alternating finite automata is exactly PSPACE. 

One can observe that the copies of an alternating TM working in parallel 
in some computation do not have any possibility to communicate (exchange 
information). Since communication is one of the main ingredients of parallel 
computations, synchronized alternating TM (SATM) has been introduced 
in [85] as a generalization of alternating TM s. We give a brief informal 
description of this idea. (The formal definitions can be found in [90].) An 
S AT M M is an alternating TM with an additional finite synchronization 
alphabet. An internal state of M can be either an usual internal state or 
a pair (internal state, synchronizing symbol). The latter is called a syn
chronizing state. The synchronizing states are used in a computation as 
folIows. Each time one of the machine copies, working in parallel in a com
putation, enters a synchronizing state it must wait until all other machines 
working in parallel enter an accepting state or a synchronizing state with the 
same synchronizing symbol. When this happens all machines are allowed to 
move from the synchronizing states (to continue to work). In what follows 
the usual notation SATIME(f(n)) and SASPACE(f(n)) is used for 
the synchronized alternating complexity classes. Analogously SALOG and 
S AP denote synchronized alternating logspace and synchronized alternat
ing polynomial time respectively. The main results proven in [90] are the 
following: 

Theorem 5.4. [90] For any space-constructible junction s: N ---+ N, 

U NSPACE(ncs(nl ) = SASPACE(s(n)). 
c>o 

Corollary 5.1. [90,133] For any space-constructible junction s(n) 2': log2 n 

SASPACE(s(n)) = U DSPACE(cs(n)) 
c>o 

= U ATIME(cs(nl ) = U SATIME(cs(nl ). 
c>o c>o 
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Corollary 5.2. [90, 133] NSPACE(n) is exactly the class of languages 
recognized by synchronized alternating finite automata. 

We observe that the equality 

SASPACE(s(n)) = U SATIME(cs(n)) 
c>o 

implies that synchronized alternating machines are able to use the space in an 
"optimal way" . It seems that deterministic, nondeterministic and alternating 
computing devices do not have this property because if they would have 
this property then some fundamental complexity hierarchies would collapse. 
More precisely, if alternating machines would have this property, then P = 
NP = PS P ACE. If nondeterministic (deterministic) machines would have 
this property, then NLOG = P = NP (DLOG = NLOG = P). 

In [90] a new characterization of P SP AC E by SALOG and by synchro
nized alternating multihead automata is given. This extends the well-known 
characterization of fundamental complexity dasses DLOG ~ N LOG ~ P 
by deterministic, nondeterministic, and alternating finite automata respec
tively. Since [93] shows that NP can be characterized by synchronized al
ternating multihead automata with polynomial number of synchronizations 
we get the characterization of the hierarchy P ~ N P ~ PS P AC E by 
synchronized alternating multihead automata without synchronization, with 
polynomial synchronization and with full (unbounded) synchronization, re
spectively. 

5.2 Limits to parallel computation and P-completeness 

In the previous section we have explained that parallelism is used to speed up 
computations for problems in P, and not to address intractable problems. 
A very natural question arises: Are the parallel algorithms able to essentially 
speed up the time complexity of any problem in P? We do not believe that 
it is possible, but we are not able to prove it from the same reason why we 
are not able to prove NP - P =f. 0. We conjecture that there exist feasible 
problems which are inherently sequential, Le., which do not allow any high 
parallel execution because of hard sequential dependence of the operation 
order. To give more formal arguments we first define the dass of feasible 
highly parallel problems as the dass of problems allowing very high 
degree of parallelization. 

Definition 5.1. [122] For any positive integer i let 

NCi = {L I L can be accepted by uniform Boolean circuits with size 

nO(l) and depth O((log2 n)i)}. 
NC = {L I L is decidable in parallel time (log2 n)O(l) 

00 

using nO(l)processors} = U NCi. 
i=l 
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Now, to support the strong conjecture that P - NC i' 0 we use the 
same approach as we have used to argue that P should be a proper subset 
of NP. Let ANC be a dass of all parallel algorithms working in parallel 
time (log2 n)O(I) with nO(I) processors. 

Definition 5.2. We say that a language LI <:;;: Ei is NC-reducible to 
a language L 2 <:;;: Ei if there exists a parallel algorithm A E AN C which 
for any input x E Ei computes an A(x) E Ei such that 

A language L is P-complete under NC-reducibility if 

(i) L E P, and 
(ii) every language in P is NC-reducible to L. 

We note that if an NC-complete language would be in NC, then 
NC=P. 

Again, as for N P-completeness, we have many P-complete problems, 
and for none of them do we know a highly parallel solution. So, there is plenty 
of experience saying that P-complete problems according to NC-reducibility 
do not allow feasible highly parallel solutions (i.e., they are inherently sequen
tial). Another reason to believe NC i' P is that we do not know any fast 
general simulation of sequential machines by paralleiones. The best known 
parallel simulations reduce sequential time T to parallel time T / log2 T or 
VT, depending on the parallel model. Furthermore, an exponential number 
of processors is needed to achieve even these modest speed ups. Thus P
completeness is an instrument helping to study the border between problems 
having a tractable highly parallel solution and problems wh ich do not have 
efficient highly parallel solution. More about the dassification of computing 
problems according to the dass N C can be found in the excellent book [71] 
devoted to this topic only. 

5.3 Communication in parallel and distributive computing 

In many parallel and distributive computations the main running time is de
voted to the communication between processes. To built parallel architectures 
whose communication structure has high communication facilities is one of 
the central tasks of parallel computing. There are many studies in this di
rection dealing with the efficiency of the realization of basic communication 
tasks (like broadcast, gossip [91], routing [102]) in distinct communication 
structures as weil as with the ability to effective simulate the communica
tion facilities of several different interconnection networks (communication 
structures) on one network candidating for our parallel architecture [112]. 
Results and methods used in this area are primary connected with discrete 
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mathematics and graph theory [102, 112] and so we do not want to give more 
details here. We omit discussion of typical parallel models of formallanguage 
theory like systolic arrays, Lindenmayer systems, and other kinds of paral
lel rewriting too, because they are not in any main research streams in the 
complexity of parallel computing. 

We briefty discuss the parallel communicating grammar systems 
(PCGSs) introduced in [119]. Each PCGS can be considered as a directed 
graph whose nodes are simple regular grammars. If the graph (communication 
structure) contains a directed edge (GI, G2 ), then the grammar G2 mayask 
the grammar GI for the submission ofthe word generated by G2 (for more 
details and formal definitions consult [118, 89]). For this model it was shown 
that some dasses of communication structures are absolutely more power
ful than other graph dasses [105, 88, 89, 118], i.e., that there are languages 
generated by one communication structure but not by any communication 
structure from any other graph dass. These results are interesting for the the
oretical study of communicational aspects in computing because no similar 
results were achieved for other parallel computing models. Note that it is not 
realistic to obtain an absolute comparison of interconnection networks from 
the following reasons. If no des of networks are standard sequential computers, 
then already one node can compute anything computable. If every node is a 
simple processor (finite automaton) and communication structure is a finite 
graph, then the whole network can be considered as a finite automaton. If 
we have simple processors and we allow an unbounded growth of the com
munication structure during the computation, then one can simulate Turing 
machines with one-dimensional arrays which are the simplest communication 
structure at all. 

Another really important research area, partially inftuenced by the stan
dard formal language methods, is the study of abstract communication com
plexity of languages. The communication complexity of a language [1, 148, 
117] is the necessary and sufficient number of bits exchanged between two 
computers in order to decide about the acceptance of the input word whose in
put bits are distributed to the two computers in a balanced way. As program
size complexity, the communication complexity of computing problems has 
numerous applications for different computing models. It can be applied to get 
lower bounds on different complexity measures of Boolean circuits, VLSI cir
cuits, interconnection networks, and many other not primarily parallel com
puting models (Turing machines, for instance) [86]. Another important fact 
is that one can prove exponential gaps between determinism, nondetermin
ism, and Monte Carlo probabilism for communication complexity. Moreover, 
deterministic and Las Vegas communication complexity are polynomially re
lated. To prove similar results for time complexity is exactly one ofthe central 
problemS of theoretical computer science. 
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Parsing of Context-Free Languages 

Klaas Sikkel and Anton Nijholt 

Summary. Parsing is the process of assigning structure to sentences. The structure 
is obtained from the grammatical description of the language. Both in Computer 
Science and in Computational Linguistics, context-free grammars and associated 
parsing algorithms are among the most useful tools. Numerous parsing algorithms 
have been developed. Special subclasses of the context-free grammars have been 
introduced in order to allow and induce efficient parsing algorithms. Special super
classes of the context-free grammars have been introduced in order to allow use 
of variants of efficient parsing methods that had been developed for context-free 
grammars. At first sight many parsing algorithms seem to be different, but nev
ertheless related. Some unifying approaches have been attempted in the past, but 
none survived the changing field. This chapter introduces a unifying approach at a 
level between grammars and algorithms, introducing so-called parsing schemata. In 
the parsing schemata framework the essentials of different parsing algorithms can 
be compared and it can be shown how to derive an algorithm from another one. 
The insight that is obtained this way also allows the derivation of new algorithms 
and it allows less tedious observations about correctness than usual. The framework 
can also be applied to grammar formalisms beyond the context-free grammars. 

1. Introduction 

In computer science, grammars are human-constructed formalisms that are 
meant to define languages. These can be programming languages or, in the
oretical computer science formallanguages. This description is often partial. 
It is not unusual to see a formal description of the syntactic structure of a 
language, while the semantic part remains ill-defined. Finding the syntactic 
structure of a program (which is a sentence in the language) is part of the 
compilation process of a program. The construction of this structure is called 
parsing. The result of the parsing process is a hierarchical account of the 
elements that make up the program. This account makes it possible to assign 
semantics to a program. 

Formal syntactic descriptions of languages were first given by the lin
guist Noam Chomsky. Because the descriptions were formal, the languages 
were also formal: sequences of symbols that satisfied descriptions based on fi
nite state automata or regular grammars, context-free grammars, or context
sensitive grammars. In Chomsky's view, these descriptions were the starting 
point for descriptions of the syntax of natural, human spoken, languages. 

G. Rozenberg et al. (eds.), Handbook of Formal Languages
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Moreover, these descriptions would allow one to assign meaning to sentences. 
Interestingly, at about the same time Chomsky introduced different classes 
of grammars and languages, a committee defining a programming language 
(ALGOL) introduced a programming language description formalism called 
Backus - Naur Form (BNF) which turned out to be equivalent to one of 
Chomsky's grammar classes, the so-called context-free grammars. 

In Chomsky's view, human language grammars were not human-con
structed formalisms. The rules of the formalism, or, more generally, the prin
ciples that determine the rules, are supposed to be innate. This view led to 
a distinction between competence and performance in human language use. 
Each language user has a language competence that allows hirn to construct 
all kinds of sentences using the rules of a grammar. Constructing sentences 
can be compared with using rules to compute a multiplication or a division 
in arithmetic. Language users can construct sentences using rules of syntax. 
Due to environment al circumstances in normal man-to-man communication, 
these rules are not always obeyed. Performance differs from competence. 

It is much easier, however, to do research on self-chosen rules of sentence 
construction and analysis than to do research on actuallanguage behaviour. 
For this obvious reason, grammar formalisms and their parsing methods have 
drawn so much attention by computer scientists and computationallinguists. 
It should be admitted, on the other hand, that nowadays natural and pro
gramming language processing systems can be built on the basis of these 
formalisms. Whether or not formalisms that are used for natural language 
processing meet certain linguistic principles in some way or other, or even 
some principles of human language innateness, is not the main concern of 
those doing research and development in this area. 

1.1 Parsing algorithms 

Parsing algorithms have been defined for all kinds of language descriptions. 
After the introduction ofthe well-known Chomsky hierarchy in the late 1950s 
and early 1960s, we see a common interest of computer scientists and com
putationallinguists in parsing methods for context-free languages. The quest 
for efficient parsing methods led to polynomial-time algorithms for general 
context-free grammars in the middle and late 1960s. Among them, the so
called Cocke - Younger -:- Kasami and the Earley parsing algorithms. In 
computer science, however, these formalisms were thought to be unnecessar
ily general for describing the syntactic properties of programming languages, 
and therefore to be unnecessarily inefficient. Linear-time algorithms like LL 
and LR were introduced. These are sufficiently general for dealing with the 
syntactic backbone of programming languages. Interest in general context
free methods diminished, or was left to theoretical computer scientists. In 
computational linguistics there were other reasons to become critical of the 
context-free grammar formalism. Its descriptional adequacy, that is, its abil
ity to cover linguistic generalities in a natural way, was considered to be too 
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weak. It was also doubted whether it provides sufficient generative capac
ity. The LL and LR approaches favoured in computer science were dearly 
much less suitable, because these do not allow representation of syntactic 
ambiguities. 

It is remarkable that in the late seventies and early eighties we see a grow
ing interest in LR-like methods and context-free grammars in computational 
linguistics and a growing interest in general context-free grammar descrip
tions in computer science. How can this be explained? In computationallin
guistics, first of all, the so-called "determinism hypothesis" attracted a lot 
of attention. The idea is that, in general, people do not "backtrack" while 
analysing a sentence. Backtracking becomes necessary only when a started 
analysis cannot be continued at some point in the sentence. Mitch Marcus 
introduced an LR-like "wait and see" stack formalism in order to parse sen
tences "deterministically" . Reviewing the literat ure from that period, one sees 
lots of misconceptions and confusion among researchers. Apparently these are 
partly due to lack of knowledge about formal parsing methods such as, for ex
ample, Earley's method and how issues like "backtracking", "determinism", 
and "efficiency" relate to these algorithms. Since then, however, knowledge 
of formal methods has become more widespread. This can also be illustrated 
with the introduction offormalisms like Lexical Functional Grammar (LFG), 
Generalized Phrase Structure Grammar (GPSG), Head-Driven Phrase Struc
ture Grammar (HPSG), Unification Formalisms, Definite Clause Grammars 
and Tree Adjoining Grammars (TAGs) in the early 19808. It led to a new 
discussion on the quest ion whether the generative capacity of context-free 
formalisms would suffice to describe the syntax of naturallanguages, it led to 
a systematic comparison of grammar formalisms, yielding the weakly context
sensitive languages as a newly discovered dass for which adequate generative 
capacity was daimed [JVW91], and it led to many less efficient, but never
theless polynomial variants of general context-free parsing algorithms. 

The formalisms mentioned above are certainly much more general than a 
pure context-free formalism. However, their backbone is context-free or the 
way the formalisms are defined and used bear very much resemblance to the 
context-free paradigm. 

1.2 Parsing technology 

We have not yet mentioned one of the main influences that caused researchers 
in computationallinguistics and naturallanguage processing to shift their at
tention to existing formal parsing methods and possible extensions of these 
methods. That influence was the increasing demand of society, military, and 
funding organisations to produce research results that could be used to build 
tools and systems for practical naturallanguage processing applications. Ap
plications like speech understanding systems, natural language interfaces to 
information systems, machine translation of texts, information retrieval, help 
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systems for complex software and machinery, knowledge extraction from doc
uments, text image processing, and so on. The availability of a comprehensive 
cognitive and linguistic theory does not seem to be a precondition for appli
cations in the area of naturallanguage understanding. Many applications do 
not require this comprehensive theory. Moreover, many applications can be 
built using research results that are not infiuenced in any way by cognitive, 
psycho-linguistic or linguistic principles. Generalized LR parsing, introduccd 
in the mid-1980s by Masaru Tomita, is such a method that was introduced 
as a simple, straight forward and efficient parser for general context-free lan
guages and grammars. Due to its straightforwardness, like the deterministic 
LR method, it has attracted a lot of attention and it has been used in many 
naturallanguage processing research projects and in some applications. 

In computer science, it was stated above, more and more attention has 
been devoted to general context-free parsing methods. Thc just mentioned 
generalized LR method, for example, has been used in grammar, parser and 
compiler development environments. In general, software engineering envi
ronments may offer their users syntax-dependent tools. The compiler con
struction level is only one level, and a rat her low one, whcre descriptions 
based on formal grammar play a role. Furthermore, computer science is a 
growing science in the sense that borders between so-called "pure" computer 
science and several application areas are disappearing. Gramrnars and parsing 
methods playa role in pattern recognition, they have been used to describe 
and analyse command and action languages (human inter action with a cmll
puter system through key presses, cursor movements, etc.), to describe screen 
layouts, etc. Human factors have become important in computer science. In
creasing the accessibility of computer systems through the use of speech and 
naturallanguage in the man-machine interface is an aim worth pursuing. It is 
obvious that computer scientists and computationalling;uists will meet each 
other here and that they can leam frmn each üther's rnethüds to deal with 
languages. 

Finally, we would like to mention another infiuence tImt caused computer 
scientists to go back to general context-free parsing rnethods. Parallelism is 
the keyword here. The introduction of new types of rnachine architectures 
and the possibility to implement algorithms on single chips have led to new 
research on existing parsing algorithms. Some research has been purely the
oretical, in the sense that all kinds of efficiency limits were explored. Some 
research has been practical, in the sense that all kinds of extensions and 
variations of existing parsing algorithms have been investigated in order to 
rnake them suitable für parallel implementations and in the sense that these 
implementations have been realized, analysed and evaluated. 

1.3 About this chapter 

Parsing schemata are introduced in this chapter and used to bring so me or
der in the field of context-free language parsing. In order to compare the 
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essentials of parsing algorithms we want to abstract as much as possible from 
implementation issues, including the data, control and communication struc
tures. The general idea is that aH kinds of different parsers are "item" based, 
in the sense that they start with an initial set of items (constructed from the 
sentence), compute intermediate sets of items and deliver a final set of items. 
Items can have different interpretations. In this context it suffices to consider 
an item as a set of constraints on a (partial or complete) parse tree. This is, 
for example, a possible interpretation of an item in an LR or Earley parsing 
algorithm. Recognition or production of items can be interpreted as logical 
deduction from a set of hypotheses (initial items) to a set of final items (rep
resenting completed parse trees) by applying deduction steps. Underlying the 
parsers we are familiar with are different "deduction" systems using different 
items and different deduction steps. Relations between parsing algorithms 
can be found by defining operations on items and deduction steps. A parsing 
schema is the formal model, on a level of abstract ion between grammar and 
algorithm, in which these ideas are expressed. Having these parsing schemata 
and being able, as we claim, to use them to understand the relations between 
parsing algorithms, it becomes also possible to port improvements and opti
mizations for one algorithm to related algorithms. 

In the next section, parsing schemata are introduced by means of some 
informal examples. These examples are the standard CYK algorithm and the 
Earley algorithm. A formal introduction to parsing schemata follows in Sec
tion 3. Here we also introduce the notion of correctness of a parsing schema. 
That is, we need a way to say that a parse tree satisfies the constraints ex
pressed in the items. Proving correctness on the level of parsing schemata 
is a less tedious task than on the level of algorithms since all details about 
data, control and communication structures are not present. 

Section 4 and Section 5 are concerned with generalization and filtering, re
spectively. Generalizations and filters are relations between parsing schemata. 
Relations between different parsers can be uncovered when relations between 
their underlying parsing schemata have been established. 

Generalization takes a more fine-grained look on the parsing process. It 
leads to more items and more steps. Generalization can be decomposed into 
several "primitive" relationsships. These primitive generalizations and their 
combinations allow, for example, the derivation of a simple version of the 
Earley parser from the CYK parser. 

The aim of filtering is to reduce the number of steps and items. The 
different basic kinds of filtering that are introduced aHow, for example, the 
derivation of the canonical Earley parser from the simple (bottom-up) Earley 
parser that was obtained as a generalization of the CYK parser. In a similar 
way, the weH known and efficient Graham - Harrison - Ruzzo parser can 
be filtered from the Earley parser using basic filtering techniques on the un
derlying parsing schemata. Some observations can be made about the conse-
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quences of using these techniques for run-time and compile-time optimization 
and consequences for parallel implementations. 

After having formalized and illustrated the theoretical concepts we can, in 
Section 6, show more elaborate examples of how filtering and generaIization 
can be used to relate parsing schemata underlying different parsers. Rytter's 
parallel parsing algorithm and Left-Corner parsing are among the algorithms 
that will be related to previously mentioned algorithms through comparisons 
of the underlying parsing schemata. 

Section 7 surveys some other well-known approaches to the parsing prob
lem and shows how they relate to the parsing schemata framework that is 
introduced here. In particular, the relation with LR-like methods is exam
ined. In Section 8 we briefiy review some other grammar formaIisms in com
putational linguistics and discuss how they relate to the parsing schemata 
framework. Conclusions are summarized in the final section. 

2. An informal introduction 

We introduce the general idea of a parsing schema by means of a few informal 
examples. A more rigorous treatment follows in Section 3. A comprehensive 
discussion of parsing schemata will appear in [Sik97]. 

The following conventions apply throughout this chapter: 
A context-free gmmmar is a 4-tuple G = (N, E, P, S), with N a set of 

nonterminal symbols, E a set of terminal symbols, P a finite set of produc
tions, and SEN the start symbol. Furthermore, N n E = 0. We write V for 
NUE. 

We write A, B, . .. E N for nonterminals; a, b, . .. E E for terminals; 
X, Y, ... E V for arbitrary variables; 0, ß, ... E V* for strings of arbitrary 
variables; e for the empty string. The letters i,j, . .. denote nonnegative in
tegers. 

We write A-o for a production (A, 0) in P. The relation =? on V* x V* is 
defined by 0 =? ß ifthere are Ob 02, A, 'Y such that ° = 0lA02 , ß = 0n02 

and A-'Y E P. 
The dass of context-free grammars is denoted by CFg. A subdass of CF9 

is CNF, the dass of grammars in Chomsky Normal Form. If G E CNF then 
P contains productions of the form A-BC and A-o only. 

A very simple parsing algorithm is the so-called CYK algorithm [Kas65, 
You67], named after Cocke, Younger, and Kasami. It is restricted to gram
mars in Chomsky Normal Form. 

Assurne that we have some grammar G E CNF and astring al ... an to 
be parsed. The CYK algorithm recognizes items [A, i, j] that satisfy A =?* 

ai+l ... aj. 

The canonical way to implement this is to use a triangular matrix T with 
cells Ti,j for all applicable value pairs of i and j. Recognition of an item 
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[A,i,j] is denoted by adding A to Ti,j. If we have a = aj and A-+a E P 
then A can be added to entry Tj-I,j. If we have B E Ti,k, C E Tk,j and 
A-+BC E P then A can be added to Ti,j. The CYK algorithm gives an 
obvious control structure to make sure that aH items are recognized that can 
be recognized. 

It is worth noting that the output of the algorithm is not a parse tree, 
or a coHection of parse trees. The output of the CYK algorithm (abstracting 
from its canonical data structure) is a set 0/ items 

The string is correct if and only if [8,0, n] is in this set. Moreover, if the 
string is correct, a parse forest or a particular (e.g. leftmost) parse can be 
constructed fairly easy from the items in this set. If we have [8,0, n] then 
there must be B, C, and k such that 8-+BC E P and [B,O,k] and [C,k,n] 
have been recognized as weIl. So, in a strict sense, CYK is not a parser but a 
recognizer enhanced with information that facilitates parse tree construction. 
It is common practice to call this a parser as weH, and most parsers discussed 
in the remainder of this chapter will be of the same nature. 

The way in which the CYK algorithm recognizes items for a given gram
mar G E CN"F and string al ... an can be denoted by a logical deduction 
system, called a parsing system. 

Example 2.1. (CYK) 
Firstly, we define a domain of items 

I CYK = {[A, i,j] I A E N 1\ 0:::; i < j}. 

One could restrict I to items with j :::; n, of course, but there are some 
advantages in choosing the domain of items independent of the given sentence. 
Secondly, we need a set of so-called hypotheses l 

H = {[a,i-1,i] I a=aiI\1:::;i:::;n} 

that represent the string. 
Thirdly, we need inference rules. We specify an inference rule by a set 0/ de
duction steps that covers all instances of inferences2 • A set of inference rules, 
therefore, can be denoted by the union of corresponding sets of deduction 
steps. For CYK we define: 

D(1) = {[a, i - 1, i] f- [A, i - 1, i]1 A-+a E P}, 

1 Whether the hypotheses are inc1uded in the domain of items or not does not 
really matter. It will turn out te be more convenient to define a separate set of 
hypotheses. 

2 This way of specifying rules has been chosen because it allows a certain flexibil
ity. For exampIe, it allows specification of conditional rules, to be applied onIy 
in certain circumstances, simpIy by restricting the set of deduction steps. 
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D(2) {[B,i,j],[C,j,k] f- [A,i,k]IA~BCEP}, 

DCYK D(I) u D(2). 

As with the domain I, we have not bothered to restrict tbe deduction steps 
to items with j ::; n. The parsing system IP'CYK for G and al ... an is defined 
by the tri pIe (I, H, D). 

A paTSing schema CYK is a generalization of IP'CYK to arbitrary strings 
and arbitrary grammars in CNF. ane can see a parsing schema as a function 
that yields a parsing system for a given gramm ar and a given string over the 
alphabet of that grammar. 

The CYK algorithm has the disadvantage that it is restricted to gramm ars 
in Chomsky Normal Form. A similar algorithm for arbitrary context-free 
grammars has been discovered by Earley [Ear68, Ear70]. Different variants 
of Earley's algorithm exist. First we investigate the one that is dosest to 
CYK, the bottom-up Earley parser. 

Example 2.2. (bottom-up Earley) 
An Earley item has the form [A~o:.ß,i,j], with A~o:ß E P. The bottom-up 
Earley parser recognizes the item set 

A recognized item denotes partial recognition of a production. If ß = c, we 
have recognized a full production - and hence the left-hand side A, corre
sponding to [A, i,j] in the CYK case. Partially recognized productions can 
be expanded by "moving the dot rightwards", i.e., recognizing the symbol 
behind the dot. How to organize this and store the results does not concern 
us here. We only specify the domain of items, the hypotheses and the de
duction steps. For so me grammar G and string al ... an we specify a parsing 
system IP'buE by3 

DCompl 

{[A~o:.ß, i,j] I A~aß E P 1\ 0::; i ::; j}; 

{[a,i -I,i]1 a = ai 1\ 1::; i::; n}; 

{f- [A~." i, i]}, 

{[A~o:.aß, i,j], [a,j,j + 1] f- [A~aa.ß, i,j + I]}, 

{[A~a.Bß, i,j], [B~,.,j, k] f- [A~aB.ß, i, k]}, 

D1nit U DScan u DCompl. 

3 From the usual set notation { ... I ... } we omit the second part if there are no 
further constraints on the elements that comprise the set. It should be evident 
(and it will be formally stated in Section 3.1) that only items are used that 
rclate to productions of thc grammar G. 
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Deduction steps D1nit are needed to start the deduction of further valid items, 
hence these have no antecedents. In the definition of Dlnit there is nO need 
to state explicitly that A-+'Y E Pis required, as the deduction steps are only 
meaningful for items drawn from from I and H. 
DScan and DCompl conform to the scan and complete steps of Earley's al
gorithm. In Fig. 2.1 it is sketched how the complete step pro duces an item 
representing a larger partial parse from two known partial parses. 

Earley's original algorithm is more restrictive in the items it recognizes. 
It makes use of top-down filtering. That is, the recognition of a production is 
started only ifthere is a need to do so. Only ifwe have an item [A-+O!oBß, i,j] 
there is a need to start recognizing a nonterminal B that produces aj+l ... ak 

for some k. Top-down filtering reduces the number of recognized items, but 
also reduces the possibilities for parallel processing. Earley's algorithm is 
essentially left-to-right. Initial items start at position 0 and a parser has 
to work its way rightwards, unlike the bottom-up case where one can start 
recognizing items at all positions in the sentence in parallel. 

Example 2.3. (canonical Earley) 
The parsing system IPEarley for a given context-free grammar G and string 
al ... an is defined by I and H as in IPbuE (cf. Example 2.2) and by DEarley 

as follows: 

D1nit = {I- [8-+01',0, O]}, 

DPred {[A-+O!oBß,i,j] I- [B-+o'Y,j,j]}, 

D Scan = {[A-+O!oaß, i,j], [a,j,j + 1]1- [A-+O!aoß, i,j + I]}, 

DCompl {[A-+O!oBß, i,jj, [B-+'Yo,j, kjl- [A-+O!Boß, i, k]}, 

DEarley = D1nit U DScan u DCompl u DPred. 

The Earley parsing system for G and al ... an yields the following set of 
recognized items: 

A 

ff-
j j k k 

Fig. 2.1. The complete step 
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3. Parsing schemata 

Parsing systems and parsing schemata are formally introduced in Sections 3.1 
and 3.2, respectively. Section 3.3 discusses the nature of items and introduces 
a concept of parsing schema correctness. 

3.1 Parsing systems 

Definition 3.1. (parsing system) 
A parsing system !P for some grammar G and string al ... an is a tri pie 
!P = (I, H, D), in which 

- I is a set of items4 , called the domain or the item set of !Pj 
- H is a finite set of items called the hypotheses of !Pj 
- D ~ Pfin(H U I) x I is a set of deduction steps. 

Note that H need not be a subset of I. Pfin in the above definition de
notes the powerset restricted to finite sets. As a more convenient notation 
for deduction steps, we write rl1, ... ,'Tlk f- ~ rather than ({'Tll, ... ,'Tlk},~). 
Furthermore if we have Y = {'Tl1, ... , 'Tlk}, we mayaiso write Y f- ~ as an 
abbreviation for 'Tl1, ... ,'Tlk f- ~. 

To be formally correct, however, we make a distinction between the set of 
deduction steps D and the inference relation f- on Pfin(H U I) x I. We want 
the inference relation to have the following conventional property: 

if 'Tl1, ... ,'Tlk f- x holds, then also 'Tl1. ... , 'Tlk. ( f- x for any (. 

Therefore we define f- as the closure of Dunder addition of antecedents to 
an inference: 

Definition 3.2. (inference relation f-) 
Let !P = (I, H, D) be a parsing system. The relation f- ~ Pfin(H U I) x I is 
defined by 

Y f- ~ if (Y',~) E D for some Y' ~ Y. 

Before we define the transitive closure of f- we introduce the not ion of a 
deduction sequence (which will be needed for some definitions and proofs in 
Section 4.2). 

Definition 3.3. (deduction sequence) 
Let !P = (I, H, D) be a parsing system. We write I+ for the set of non-empty, 
finite sequences 6, ... , ~j, with j ~ 1 and ~i EI (1 ~ i ~ j). 
A deduction sequence in !P is a pair (Yj 6, ... , ~j) E Pfin(H U I) X I+, such 
that Y U {6, ... , ~i-d f- ~i for 1 ~ i ~ j. 

4 Here we treat 'item' as an undefined basic concept. A discussion about the 
nature of items follows in Section 3.3. 
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As a practical informal notation we write Y f- 6 f- ... f- ~j for a deduction 
sequence (Y; 6, ... , ~j). 
Definition 3.4. (,1) 
The set of deduction sequences ,1 ~ Pfin(H U I) X I+ for a parsing system 
JID = (I, H, D) is defined by 

,1 = {(Y;6, .. ·,~j)EPfin(HUI)xI+ I Yf-6f-···f-~j}· 
Definition 3.5. (f-*) 
For a parsing system JID = (I, H, D) we define the relation f-* on Pfin(HUI) xI 
by 

Y f-* ~ if ~ E Y or Y f- ... f- ~. 

Definition 3.6. (valid items) 
For a parsing system JID = (I, H, D) the set of valid items is defined by 

We do not make a distinction between semantic validity (usually denoted 
F ~) and syntactic provability (i.e., H f-* ~). 

3.2 Parsing schemata 

A parsing system has been defined for a fixed grammar and string. In two 
steps we will extend this to a parsing schema for arbitrary grammmars and 
strings. 

Definition 3.7. (uninstantiated parsing system) 
An uninstantiated parsing system for a grammar G is a tripIe (I, H, D) with 
H a function that assigns a set of hypotheses to each string al ... an E E*, 
such that (I, H(al '" an), D) is a parsing system. 

A function H that will be used throughout the remainder of this chapter 
(unless specifically stated otherwise) is 

H(al" .an ) = {[a,i -l,ill a = ai 1\ 1 ~ i ~ n}. 

In the sequel we will omit the hypotheses H from the specification of a parsing 
system when the default H(al ... an) applies. 

Definition 3.8. (parsing schema) 
A parsing schema for some (sub)class of context-free grammars CQ ~ CFQ is 
a function that assigns an uninstantiated parsing system to every grammar 
GECQ. 

Schema 3.9. (CYK) 
The parsing schema CYK is defined for any G E CNF and for any al ... an E 

E* by CYK(G)(al'" an) = JIDCYK as in Example 2.1. 
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Schema 3.10. (buE) 
The parsing schema buE is defined for any G E C:FQ and for any al ... an E 
E* by buE(G)(al ... an) = lP'buE as in Example 2.2. 

Schema 3.11. (Earley) 
The parsing schema Earley is defined for any G E C:FG and for any 
al ... an E E* by Earley(G)(al' .. an) = lP'Earley as in Example 2.3. 

3.3 Correctness of parsing schemata 

In order to define a notion of correctness, some understanding of the nature 
of items is needed. We have seen two kinds of items so far, there are other 
parsing algorithms that involve different kinds of items. What, exactly is an 
item? 

An item lists a set of constraints on a (partial or complete) parse tree. 
Recognition of an Earley item [A->a.ß, i,j] means: There is same tree that 
has a root labelled A with children labelled aß (concatenated from left to 
right). Moreover, the nodes labelled aare the roots of sub-trees that yield 
ai+l ... Uj whereas the no des labelled ß are leaves, cf. Fig. 3.1. 

One way to interpret an item is to identify it with a set oi tTees, viz., 
all trees that satisfy the constraints stated in the item. This approach is 
taken in [Sik93a]. Pursuing this li ne of thought, an item set is defined by a 
congruence relation on a set of trees with respect to the deduction relation. 

A rat her simpler approach is to regard an item as a partial specification 
of a tree. We ass urne that there is some general item specification language 
and that all items used in practical algorithms are (efficient notations for) 
specific instances of this specification language. We will not furt her formalize 
this, because in all practical cases it is abundantly dear what is meant by 
the various types of items. 

Before we define correctness, there are two regularity properties on itern 
sets that have to be stated explicitly. 

Firstly, we have tacitly assurned that there is a dear separation between 
final items, denoting cornpleted parse trees, and inteTmediate items, denoting 
partial, not yet completed trees. 

It is possible - but admittedly rat her artifical - to contruct mixed items 
that denote a combination of both types. Consider, for exarnple, a grammar 

A 

P 
ai+1 ... aj 

Fig. 3.1. A partially specificd trcc 
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in Chomsky Normal Form that has productions A-8C and A-BC, with 
8 and B not occuring anywhere else in the right-hand side of a production. 
For the recognition of A, therefore, it is irrelevant whether [8, i,j] or [B, i,j] 
has been recognized. So we could replace these two items by a single item 
[(8,B),i,j]. But then we have a problem with the item [(8,B),0,n]. 1fthis 
item is recognized, it is undear whether it denotes the existence of a parse 
tree. 

Secondly, we assurne that for each parse tree of a sentence, this parse tree 
conforms to the partial specificatian of some item in I. 

Definition 3.12. (semiregularity)5 
A parsing system lP' = (I, H, D) for a grammar G and string al ... an is called 
semiregular if I does not contain mixed items and each parse tree of al ... an 
conforms to the specification of some item in I. 
A parsing schema P for a dass of grammars cg is semiregular if 
P(G)(al ... an) is semiregular for all GE Cg and all al ... an E E*. 

Definition 3.13. (correct final items) 
We write F(lP') ~ I for the set of the final items of a parsing system lP' for a 
grammar G and astring al ... an. 
A final item is correct if there is a parse tree for al ... an that conforms to 
the specification expressed by this item. We write C(lP') ~ F(lP') for the set of 
correct final items of lP'. 

Example 3.14. (final and correct final items) 

- F(lP'CYK) = {[8, 0, n]}; 
- C(lP'CYK) = {[8, 0, n]} if al ... an E L( G), 

C(lP'CYK) = 0 if al ... an (j L( G); 
- F(lP'buE) = F(lP'Earley) = {[8-0:.,0,n] I 8-0: E P}; 
- C(lP'buE) = C(lP'Earley) = {[8-0:.,0,n] I 0: =>* al ... an}. 

Definition 3.15. (correctness 0/ a parsing schema) 
A semiregular parsing system lP' is sound if F(lP') n V(lP') ~ C(lP'), i.e., all valid 
final items are correct. 
A semiregular parsing system lP' is complete if F(lP') n V(lP') ;2 C(lP') , i.e., all 
correct final items are valid. 
A semiregular parsing system is correct if F(lP') nV(lP') = C(lP'), i.e., it is sound 
and complete. 
A semiregular parsing schema P is sound/complete/correct far a dass af 
grammars cg if P(G)(al ... an) is sound/complete/correct for all G E Cg 
and al ... an E E*. 

5 The notion regularity was introduced in [Sik93a] for parsing systems and 
schemata that do not contain inconsistent specifications, viz. the empty set 
of items. We da not need the regularity property in this context. 
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CYK, buE, and Earley are correct semiregular parsing schemata (and so 
are the other schemata that will be proposed in the remainder ofthis chapter). 
This is well-known from the literature and we will not further explore the issue 
of how to prove the correctness of a parsing schema. 

4. Generalization 

Various kinds of relations between parsing algorithms can be formally estab
lished by defining relations between their underlying parsing schemata. In 
this section we will look at generalization of a schema, that can be obtained 
by refinement into a more detailed parsing schema and/or extension to a 
larger dass of grammars. 

Adding detail to a schema means more (refined) items, more deduction 
steps, hence more work to parse a sentence. This is useful if it leads to qual
itative improvements in the parsing algorithm. The canonical example (that 
we spell out first as an illustration) is that the bottom-up Earley parser is a 
generalization of the CYK parser. 

4.1 Some examples 

More precisely, but still informally, we distinguish the following basic kinds 
of generalizations: 

- A parsing schema P 2 is an item refinement of a schema PI if a single itern 
in PI is broken down into multiple items in P 2 (and the set of deduction 
steps adapted accordingly); 

- A parsing schema P 2 is a step refinement of a schema PI i:f a single deduc
tion step in PI is decomposed into a sequence of deduction steps in P 2 (and 
new items are introduced, when needed, to store the refined intermediate 
results); 

- A schema P 2 is called an extension of a schema PI if it is defined for a 
larger dass of grammars. 

A relation is called a refinement if it is a step refinement, an item refine
ment 01' a combination of these. A relation is called a generalization if it 

is a refinement, an extension or a combination of these. We write lb for 
. sr ref ext 
ltem refinement, ====> for step refinement, ====> for refinement, ~ for 

gen C 1" extension, and ::::::::} 101' genera lzatlOn. 

Example 4.1. (CYK g~ buE) 
In order to generalize CYK into buE we introduce two intermediate parsing 
systems CYK' and ECYK, such that 

CYK lb CYK' ~ ECYK ~ buE. 
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The only thing we change in CYK' is that CYK items [A, i,j) are replaced 
by completed Earley items [A-o:.,i,j). We define CYK' by specifying a 
parsing system lPCYK' for an arbitrary grammar in C.NF as follows: 

ICYK' = {[A-o:., i,j) I A-o: E P 1\ 0 ~ i ~ j}; 

D(i) = ([a,j - l,j) f- [A-a.,j - l,j]}, 

D(2) = ([B-ß., i,j), [G-'Y.,j, k) f- [A-BG., i, k]}, 

DCYK' = D(i) U D(2). 

Note that a single CYK item [A,i,j) may correspond to multiple Earley 
items [A-o:.,i,j], [A-ß.,i,j), etc., if there are different productions with 
left-hand side A. That is why this is an item refinement, not merely a change 
of notation. 

In the next step, we refine a single CYK deduction step 

[B-ß., i,j), [G-'Y.,j, k) f- [A-BG., i, k) 

into a sequence of deduction steps 

f- [A-.BG, i, i), 
[A-.BG, i, i), [B-ß., i,j) f- [A-B.G, i,j), 

[A-B.G, i,j), [G-'Y.,j, k) f- [A-BG., i, klo 

This is encorporated in the parsing schema ECYK, defined by a parsing 
system lPECYK for an arbitrary grammar in C.NF: 

IECYK = {[A-o:.ß, i,j) I A-o:ß E P 1\ 0 ~ i ~ j}; 

Dlnit {f- [A-.o:,j,j]}, 

DScan = ([A-o:.aß,i,j), [a,j,j + I) f- [A-o:a.ß,i,j + I]}, 

DCompl = ([A-o:.Bß, i,j), [B-'Y.,j, k) f- [A-o:B.ß, i, k]}, 

D ECYK = D1nit U DScan U DCompl. 

ECYK is identical to buE, cf. Example 2.2, except for the fact that ECYK 
is defined only for grammars in C.NF. Hence, obviously, buE is an extension 
ofECYK. 

4.2 Formalization 

We will now formalize the concepts that have been informally introduced 
and illustrated above. In the sequel we write lPi for a parsing system lPi = 
(Ii , H, D i ); we write f-i and f-t for an inference relation and its closure, based 
on Di, cf. Section 3.1. 
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For the definition of item refinement we make use of an item mapping 
I : 72->71 that maps items of lP'2 to items of lP'1. The function I can be 
extended to cover sets of items in the usual way: For Y ~ T 2 we define 

I(Y) = {~E Tl 131'/ E Y : 1(1'/) = 0 
Moreover, we extend 6 I to a function I : 7 2 U H ->Tl U H by letting I (h) = h 
for hE H. Then we can apply I to deduction steps by letting 

l(r/1, ... ,1'/k f-~) = 1(1'/d, ... , I(r/k) f- I(~)· 

In the same fashion we can extend I to deduction sequences 7 , to sets of 
deduction steps and to sets of deduction sequences. The equation 

is a dear and concise notation for: YI h Xl h ... f- l Xj if and only if there 
are Y2 E ~fin(H2 U T 2) and x~, ... , xj E T2 with I(Y2) = YI and I(Xi) = X~ 
for 1 ::; i ::; j, such that Y2 f- 2 x~ h ... h xj. 

Definition 4.2. (item refinement) 

The relation lP'1 ~ lP'2 holds between parsing systems lP'1 and lP'2 if there is 
an item mapping I: T 2->TI such that 

(i) Tl = I(T2 ), 

(ii) .11 = 1(.12 ), 

Let PI and P 2 be parsing schemata for so me dass of grammars eg. The 

relation PI ~ P 2 holdsifPI(G)(al ... an ) ~ P 2 (G)(al ... an ) foraUG E 
eg and for aU al ... an. 

The first condition in Definition 4.2 states that no items are 'lost' in the 
refinement; the second condition ensures that deduction sequences are carried 
over into the refined system. Deduction sequences are needed in the defini
tion of refinement, in order to guarantee the transitivity of generalization. A 
weaker condition 

(ii)' f-r = f-~, 

which might seem sufficient, will not do. An example of a relation that satisfies 
(i) and (ii)' but is not a refinement is given by 

lP'1 ({~,1'/,(},{h},{hf-~, hf-1'/, ~f-(, 1'/f-(}), 

lP'2 = ({6,6,1'/,(},{h},{hf-6, hf-1'/, 6f-(, 1'/f-(}), 

with f(~i) = ~, f is the identity function otherwise. 

6 Assuming that H n 'I = 0; otherwise we demand that f restricted to H n'I is 
the identity function. 

7 Note, however, that the image of a deduction sequence is not necessarily a de
duction sequence (cf. Definition 3.3), hence f : Lh-+,11 and f: p(,12)-+p(,11) 
are partial functions. 
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Definition 4.3. (step refinement) 

The relation lP'1 ~ lP'2 holds between parsing systems lP'1 and lP'2 if 

(i) LI ~ L2, 
(ii) 1-1" ~ 1-;. 
Let PI and P 2 be parsing schemata for some dass of grammars cg. The 

relation PI ~ P2 holds ifPI(G)(al'" an) !S P 2(G)(al'" an) for all GE 
Cg and for all al ... an. 

A sufficient condition8 for (ii) in Definition 4.3 is D I ~ 1-;, that is, a 
single deduction step in lP'1 is emulated by a sequence of deduction steps in 
lP'2. Furthermore, the domain of lP'2 may contain items that did not meist in 
lP'1. 

Definition 4.4. (refinement) 
Let PI and P 2 be parsing schemata for a dass of grammars Cg. The relation 

P I ~ P 2 holds if there is a parsing schema P' such that PI b P' ~ P 2. 

Definition 4.5. (extension) 
Let PI be a parsing schema for a dass of grammars cg I, P 2 a parsing schema 

for a dass of grammars Cg2 and Cgl ~ Cg2 • The relation PI ~ P 2 holds 
if PI(G) = P2(G) for all GE Cgl. 

Definition 4.6. (generalization) 
Let PI be a parsing schema for a dass of grammars cg I, P 2 a parsing schema 

for a dass of grammars Cg2 and Cgl ~ Cg2 • The relation PI ~ P 2 holds 

if there is parsing schema P' such that PI ~ P' ~ P 2. 

4.3 Properties of generalization 

Proposition 4.7. 
ir sr e=>xt Each of the relations =>, =>, is transitive and reflexive. 0 

If xRIy implies xR2y for relations RI , R2, we write RI ~ R2 (the set 
indusion is in the Cartesian product of the domain of the relations). 

Corollary 4.8. 

(a) ir 
C 

ref 
=> => 

(b) ~ c ~ 
( c) ref 

~ 
gen 

=> ==? 

( d) ~ c gen 
==? . 

8 We write I-t just for symmetry, because all other relations defined in this section 
and the next one display the same kind of symmetry. 
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Next, we will establish the transitivity of ~ and g~ . The former 
is not entirely trivial. 

Lemma 4.9. (refinement lemma) 

Let lP'1, lP'2, lP'3 be parsing systems such that lP'1 ~ lP'2 ~ lP'3' Then there is 
. ir sr 

a parslllg system lP'4 such that lP'1 ---+ lP'4 ---+ lP'3. 
Let PI, P 2 , P 3 be parsing schemata for some dass of gramm ars C9, such 

that PI ~ P 2 ~ P 3 . Then there is a parsing schema P 4 for C9 such that 
ir sr 

PI ==> P 4 ==> P 3 · 

Proof. It suffices to prove the lemma for parsing systems, the generalization 
to parsing schemata is trivial. Let j : I 3 -,>I2 be the item mapping from lP'3 
to lP'2. Then we define lP'4 by 

I 4 {x E I 3 I j(x) EId, 

D 4 {(Y, x) E f).Jfin(H UI4 ) X I 4 I j((Y,x)) E D I 1\ Y f-~ x}. 

We now have to show that lP'4 is a parsing schema, that lP'1 ~ lP'4 holds, 
sr ir 

and that lP'4 --> lP'2 holds. We prove lP'1 ---+ lP'4, as an exemplary case (the 
only one that needs so me care in spelling out the details) and omit the other 
parts. 
From the definition of lP' 4 it is deal' that I 1 = j(I4 ), hence it remains to be 
shown that L\1 = j(L\4). 

(i) j(L\4) ~ L\1' 
This follows from the definition of lP' 4 with induction on the length of 
deduction sequences. 

(ii) L\1 ~ j(L\4). 
We use an ad-hoc notation Y f-* Xl f-* ... f-* Xj E L\, meaning that 
there are (possibly empty) sequences Zi,l,"" Zi,rni for 1 :::: i S j such 
that Y f- zl,l f- ... f- Zl,rn, f- Xl f- ... f- Zj,l f- ... f- Zj,rnj I-- Xj E L\. 

Assurne now that Y f-1 Xl f-1 ... f-1 Xj E 411. Because lP'1 ~ lP'2 it 

must hold that Y f-; Xl f-; ... f-; Xj E L\2' Moreover, from lP'2 ~ lP'3 
we obtain Y' E f).Jfin(H U I 3 ) x I 3 with j(Y') = Y and X'[, . .. ,xj with 
j(x~) = Xl, ... , j(xj) = Xj, such that Y' f-~ x~ f-~ .. , f-~ xj E 413 . 

From the definition of lP' 4 it follows that Y' f- 4 X~ f- 4 ... f-", xj E L\4. 
Thus we have shown Y f- l Xl h ... h Xj E j(L\4) wh ich proves (ii). D 

Lemma 4.10. 
Let PI be a parsing schema for a dass of gramm ar C91 and P 2 , P 3 be parsing 

ext ref 
schemata for a dass of grammar C92, such that PI ==> P 2 ==> P 3 . Then 

there is a parsing schema P 4 such that PI ~ P 4 ~ P 3 . 
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Praof. Define P 4 (G) = P 2 (G) for GE C(h. 0 

Theorem 4.11. The relation ~ is transitive and reflexive. 

Praof. Straightforward from Lemmata 4.9 and 4.10. o 

Correctness of parsing schemata is, in general, not preserved by gener

alization. A useful partial result is that completeness is preser~ed by ~, 
that is, if PI is a complete semiregular parsing schema and PI ~ P2, then 
P 2 is a complete semiregular parsing schema. 

5. Filtering 

Generalization increases the number of steps that have to be performed, 
but the more fine-grained look on the parsing process may allow qualitative 
improvements. Filtering is, in a way, the reverse. The purpose is to obtain 
quantitative improvements in parsing algorithms, by decreasing the number 
of items and deduction steps. It is often possible to argue that some kinds 
of items need not be recognized, because they cannot contribute to a valid 
parse. Discarding those items from the parsing schema means less work for the 
algorithm that implements the schema, but sometimes a more complicated 
description of the schema. 

We distinguish three kinds of filtering: 

- static filtering: redundant parts of a parsing schema are simply discardedj 
- dynamic filtering: the validity of some items can be made dependent on 

the validity of other items, hence context information can be taken into 
accountj 

- step contraction: sequences of deduction steps are replaced by single de-
duction steps. 

The theoretical. framework is simple and elegant. As in the previous section 
we assume that a parsing system lPi is defined as (Ii , H, Di }, with inference 
relations I-i and 1-; on lPi according to Section 3.1. 

5.1 Static flltering 

Static filtering can be demonstrated by means of a very simple example (a 
more exciting example will follow in Section 6.2). 

A nonterminal A E N is called reduced if 

(i) there are v, w E E* such that S =?* vAw, 
(ii) there is some w E E* such that A =?* w. 

A grammar is called reduced if all its nonterminals are reduced. Let G E Crg 
be an arbitrary context-free grammar. We can define a reduced grammar G' 
by 



80 K. Sikkel and A. Nijholt 

N' {A E N lAis reduced} 

P' {A-+a E P I A E N' 1\ a E (N' U E)*} 

G' (N', E, pI, S). 

If G is reduced, then G = G'. Furthermore, it is dear that G and G' yield 
the same parse trees for any sentence. 

Example 5.1. (reduced buE) 
Let lP'buE be a parsing system for some grammar G and string al ... an. We 
define a parsing system lP'buE' by 

LbuE' = {[A-+a.ß, i,j] I A-+aß E PI} 

and D buE' as in Example 2.2. Because D ~ rPfin(H U L) x L by definition, 
only deduction steps remain that contain non-reduced nonterminals wherever 
applicable. 
A parsing schema buE' is defined for all G E eFg and al ... an E E* by 
buE' (G) (al . .. an) = lP'buE', as usual. 

Definition 5.2. (static jiltering) 

The relation lP'I ~ lP'2 holds if 

(i) LI;2 L2 
(ii) D I ;2 D2 • 

Let PI and P 2 be parsing schemata for some dass of grammars eg. 

The relation PI ~ P 2 holds ifPI(G)(aI ... an) ~ P 2(G)(aI ... an) for all 
GE eg and for all al ... an. 

5.2 Dynamic filtering 

The purpose of dynamic filtering is to take context information into account. 
If some type of constituent can only occur directly after another type of 
constituent, we may defer recognizing the former until we have established 
the latter. The technique to do this is to add antecedents to deduction steps. 
If we decided that an item ~ is to be valid only if sorne other item ( is also 
valid, we simply replace deduction steps 'TII, ... , 'TIk f-- ~ by deduction steps 

'TIl,·· ·,'TIk,( f-- e· 
Definition 5.3. (dynamic jiltering) 

The relation lP'I ~ lP'2 holds if 

(i) LI;2 L2 
(ii) h ;2 h. 
Let PI and P2 be parsing schemata for some dass of grammars eg. 

The relation PI ~ P 2 holds ifP1 (G)(al ... an) ~ P 2 (G)(aI ... an) for all 
G E eg and for all al ... an-
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sf Proposition 5.4. buE ==} Earley. 

Proof. We consider the parsing systems lP'buE and lP'Earley for some given G 
and al ... an. By the definition of the two parsing systems (cf. Examples 2.3 
and 2.2), I buE = IEarley holds. In order to prove f- buE 2 f-Earley, it suffices 
to show that f-buE 2 DEarley. For each deduction step lP'Earley we show that 
it is an inference in lP'buE. 

Every init, scan, and complete step in lP'Earley also exists in lP'buE' Only 
the Earley predict steps have to be accounted for. Let [A~a.ß,i,jJ f-Earley 

[B~.')', j, jJ be such a predict step. Then lP'buE contains an init step f- buE 

[B~.')',j,jJ, hence, by definition of the inference relation f-, it holds that 
[A~a.ß,i,jJ f-buE [B~.')',j,jJ. 0 

Another example of dynamic filtering is the application of look-ahead. 
Recognition of an item does not need to take place if the next symboles) in 
the string cannot logically follow, given the context of the item. For the sake 
of convenience, we augment the grammar with an end-of-sentence marker $ 
and a new start symbol S'. Assuming {S', $} n V = 0, we define 

N' = Nu {S'}, 

E' Eu {$}, 

P' = Pu {S/~S$}, 

G' = (N', E', pI, S'). 

There is only a single final item: [S' ~S.$, 0, nJ. Furthermore, we define the 
function FOLLOW : N ~~(E') by 

FOLLOW(A) = {a 13a,ß: S' =** aAaß}. 

Schema 5.5. (E(l)) 
The parsing schema E(l) is defined by a parsing system lP'E(l) for any G E 

CFQ and for any al ... an E E* by 

~ompl 

H 

Dlnit 

DPred 

DScan 

DCompl 

DE(l) 

= 

{[A~a.ß,i,jJ I A~aß E P' I\O:S i:S j}; 

{[a,i-I,iJla=ai 1\ I:Si:Sn}U{[$,n,n+I]}; 

{f- [S/~.S$,O,O]}, 

{[A~a.Bß,i,jJ f- [B~.')',j,j]}, 

{[A~a.aß,i,j], [a,j,j + IJ f- [A~aa.ß,j,j + I]}, 

{[A~a.Bß, h, iJ, [B~')'., i,jJ, [a,j,j + IJ 
f- [A~aB.ß, h,jJ I a E FOLLOW(B)}, 

D1nit U D Pred U DScan U DCompl. 
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The astute reader may wonder why the look-ahead is restricted to a E 
FOLLOW(B) and not extended to, for example, a E FIRST(ßFoLLOW(A)). 
A similar filter, moreover, could be applied to the sean steps. This schema 
incorporates the look-ahead that is used in the construction of an SLR(l) 
parsing table. It can be shown that an SLR(l) parser is an implementation 
of E( 1) 9 . More examples of dynamic filtering will follow in Sections 6.2 

A few important remarks must be made about static and dynamic filter
ing. 

Firstly, dynamic filtering reduces the number of valid items, but at the 
same time reduces the possibilities for parallel processing. The bottom-up 
Earley parser has been introduced as a non-filtered version of Earley's algo
rithm, specifically because it can be carried out in parallel in a straight forward 
manner. 

Secondly, the two types of filters refer to different optimization techniques 
in parser implementation. Static (i.e., eompile-time) optimization can take 
the specific grammar structure into account, but is necessarily unrelated to 
the sentence. Dynamic optimization is run-time, and hence can take into 
account those parts of the sentence that have been analysed already. It is 
exactly this difference that is expressed on a higher level of abstraction. 

Note that every static filter is also a dynamic filter. This means that any 
static optimization could also be done run-time, rather than compile-time 
(but the former is generally less efficient). 

5.3 Step contraction 

The last and most powerful type of filtering is step contraction. This is the 
inverse of step refinement, cf. Definition 4.3. 

Definition 5.6. (step eontraetion) 

The relation JlD l ~ JlD2 holds if 

(i) I l ~ I 2 

(ii) I-i ~ 1-;. 
Let P l and P 2 be parsing schemata for some dass of grammars eg. 
The relation P l ~ P 2 holds ifPl(G)(al ... an) ~ P2(G)(al ... an) for all 
GE eg and for all al.·· an. 

As a realistic example we give the parsing schema that underlies the 
improved Earley algorithm of Graham, Harrison and Ruzzo [GHR80]. This 
is a combination of two different step contractions: 

- nullable symbols (i.e., symbols that can be rewritten to the empty string) 
can be skipped when the dot is worked rightwards through a production; 

9 Note, however, that a deterministic SLR(l) parser is defined only for a suitably 
small subclass of context-free grammars. See also Section7. 
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- chain derivations (i.e., derivat ions of the form A :::}+ B) are reduced to 
single steps. 

Schema 5.7. (GHR) 
The parsing schema GHR is defined by a parsing system lP'GHR for any 
G E erQ and for any al ... an E E* by 

IGHR 

DGHR 

{[A-a.ß, i, j] lA-aß E P J\ ° S i S j}; 

{f- [S-ß.I', 0,0] I ß:::}* c}, 

{[A-a.aß"i,j], [a,j,j + 1] f- [A-aaß."i,j + 1] 
I ß:::}* c}, 

{[A-a.Bß" i,j], [B-8.,j, k] f- [A-aBß.I', i, k] 
I i < j < k J\ ß :::}* c}, 

{[A-a.Bß" i, i], [C-8.,i,j] f- [A-aBß'I',i,j] 
I i < j J\ B:::}* C J\ ß:::}* c}, 

{[A-a.Bß, i, j] f- [C-a'.ß', j, j] I B:::}* C, J\ a' :::}* c}, 

Proposition 5.8. Earley ~ GHR. 

Other examples of step refinement follow in Section 6.1. 

5.4 Properties of filtering relations 

o 

Unlike similar properties of refinement and generalization, the following are 
trivial. 

Proposition 5.9. sf 
~ ~ C 

sc 
0 ==} ==} . 

Proposition 5.10. sf df sc 
are transitive and reflexive. ==} , ==} , and ==} 0 

Proposition 5.11. sf df sc 
preserve soundness. ==} , ==} , and ==} 0 

6. Some larger examples 

The emphasis in the· previous sections was on formalizing the theoretical 
concepts. In Sections 6.1-6.3 we present some nontrivial examples of parsing 
schemata and relations between them. In Section 6.4 we review the value of 
these exercises. 
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6.1 Left-corner parsing 

As a more elaborate example of how filters can be used to relate parsing 
schemata to one another, we will precisely establish the relation between Ear
ley parsing and Left-Corner parsing. We define a parsing schema LC that 
underlies the (generalized) Left-Corner algorithm that is known from the lit
erature, cf. [M&a83, Ned93] (as opposed to deterministic LC parsing [RL70]). 

Along the way will show that Earley ~ LC. As a conceptual aid, we will 
first consider a "bottom-up Left-Corner" parser that is a rather trivial step 
contraction of bottom-up Earley. 

Consider an item of the form [A~B.ß, i,j] in IP'buE. The item is valid if 
some [B~1'.,i,j] is valid, because [A~.Bß,i,i] is valid by definition. So we 
can contract the sequence of deduction steps 

f
[A~.Bß,i,i], [B~1'.,i,j] f-

to a single deduction step 

[A~.Bß, i, i], 
[A~B·ß,i,j]. 

[B~1'.,i,j] f- [A~B.ß,i,j]. 

A similar argument applies to items ofthe form [A~a.ß,i,j] and the appro
priate scan step. The (bottom-up) left-corner step is illustrated in Fig. 6.l. 
This is incorporated in the following bottom-up left-corner parsing schema. 

Schema 6.1. (buLC) 
The parsing schema buLC is defined by a parsing system IP'buLC for any 
G E C:Fg and for any al ... an E E* by 

{[A~Xa.ß, i,jll A~X aß E PA 0::; i ::; j}, 

{[A~.,j,jll A~c E P Aj 2: O}, 

I(1) UI(2); 

{f- [A~.,j,j]}, 

{[a,j - 1,j] f- [B~a.ß,j - 1,j]}, 

A 

t! 
j j 

Fig. 6.1. The (bottom-up) left-corner step 
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DScan 

DCompl 

{[A-a., i,j] f- [B-A.ß, i,j]}, 

{[A-a.aß, i,j], [a,j,j + 1] f- [A-aa.ß, i,j + I]}, 

{[A-a.Bß, i,j], [B-I'.,j, k] f- [A-aB.ß, i, k]}, 
Dc U DLC(a) U DLC(A) U DScan U DCompl. 

Proposition 6.2. buE ~ buLC. o 

Things get more interesting -and rat her more complicated - if we apply 
the same transformation to Earley, rat her than buE. It is not the case that 
[A-.Bß, i, i] is always valid. Therefore, the replacement of [A-.Bß, i, i], 
[B-I'.,i,j] f- [A-B.ß,i,j] by a deduction [B-I'.,i,j] f- [A-B.ß,i,j] 
should be allowed only in those cases where [A-.Bß, i, i] is actually valid. 
Under which conditions is this the case? 

The item [A-.Bß, i, i] is predicted by Earley only if there is some valid 
item of the form [C-a.A8, h, i]. But if, by chance, a = c, then this is one of 
the very items that we seek to eliminate. In that case we continue the search 
for an item that licences the validity of [C-.A8,i,i]. This search can end in 
two ways: either we find some item with the dot not in leftmost position, or 
(only in case i = 0) we may move all the way up to [8-.1',0,0]. 

Definition 6.3. (lejt-corner relation) 
The lejt corner of a non-empty production is the leftmost right-hand side 
symbol (i.e., prod uction A - X a has left corner X); the left corner of an 
empty production is c. 
The relation >e on N x (N U E U {c}) is defined by 

A >e U if there is p = A-a E P with U the left corner of p. 

The transitive and reflexive closure of >e is denoted >;. 
We can now proceed to define a schema LC for a left-corner parser. 

Clearly, [A-.Bß, i, i] will be recognized by the Earley algorithm if there 
is so me valid item [C -a.E8, h, i] with E >; A. Moreover, there is such an 
item with a i= c, unless, perhaps, i = ° and C = 8. For this exceptional 
case we retain items [8-.1',0,0] as usual. The discarded complete steps are 
replaced by lejt-corner steps as follows: 

[C-a.E8,h,i], [B-I'.,i,j] f- [A-B.ß,i,j] only if E >; A, 

see Fig. 6.2; similarly for consequents of the form [A-a.ß,j - l,j]. 
The general idea of a lejt-corner step involves slightly different details for 

nonterminal, terminal, and empty left corners. Thus we obtain the following 
parsing schema. 

Schema 6.4. (LC) 
The parsing schema LC is defined by a parsing system IP'LC for any G E C:Fe;; 
and for any al ... an E E* by 

1:(1) = {[A-Xa.ß,i,j] I A-Xaß E P 1\ 0:::; i:::; j}, 
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C 

Fig. 6.2. The (predictive) left-corner step 

I(2) {[A-.,j,jJI A-e E P Aj ~ O}, 

I(3) = {[8-.'Y, 0, 0JI 8-'Y E P}, 

I LC = I(l) U I(2) U I(3). , 
DInit = {f- [8-.'Y, 0, O]}, 

DLC(A) = {[C-'Y.E8,h,iJ, [A-a.,i,jJ f- [B-A.ß,i,jJI E >; B}, 

DLC(a) 

DLC(e) 

DScan 

DCompl 

D LC 

= 
= 
= 
= 

{[C-'Y.E8, h, i], [a, i, i + 1] f- [B-a.ß, i, i + 1]1 E >i B}, 

{[C-'Y.E8,h,iJ f- [B-.,i,iJI E >i B}, 

{[A-a.aß,i,j], [a,j,j + 1] f- [A-aa.ß,i,j + In, 

{[A-a.Bß, i,j], [B-'Y.,j, k] f- [A-aB.ß, i, k]}, 

DInit U DLC(a) U DLC(A) U DLC(e) U DScan U DCompl. 

df Proposition 6.5. buLC =} LC. 

sf Proposition 6.6. Earley =} LC. 

o 

o 

When it comes to implementing the schema LC, a practical simplifica
tion can be made. In order to apply a Zeft-corner step we have to look for 
some item of the form [C-a.E8, h, i], with arbitrary C, a, ß, and h. We can 
introduce a special predict item, denoted [i, E], to indicate that E has been 
predicted as a feasible constituent at position i. The details are straightfor
ward and need not be spelled out here. 

6.2 De Vreught and Honig's algorithm 

We define several variants of a parsing schema for an algorithm defined by de 
Vreught and Honig [VH89, VH9I], primarily intended for parallel processing. 
Rather than working through a production from left to right, as is done in 
Earley's algorithm, one could start at an arbitrary position in the right-hand 
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side and from there extend the recognized part in both directions. To this 
end, we use double-dotted items of the form [A-+o::.ß./', i,j]. Recognition of 
such an item indicates that ß ~* ai+1 ... aj, while 0:: and /' still have to be 
expanded. An item [A -+.o::.ß, i, j] corresponds to the canonical Earley item. 

The algorithm of de Vreught and Honig has two basic steps, called include 
and concatenate. The idea ofboth steps is illustrated in Fig. 6.3. The following 
schema for our first version of the algorithm should be dear. 

Schema 6.7. (dVHl) 
The parsing schema dVHl is defined by a parsing system JID dVHl for any 
GE CFQ and for any al ... an E E* by 

I dVH1 {[A-+o::·ß·/"i,j] I A-+o::ß/' E P 1\ 0::; i::; j 
1\ (ß =I c or o::/' = c)}; 

D1nit {[a,j - l,j] I- [A-+o::.a'/"j - l,j]}, 

Dc { I- [B-+ .. ,j,j]}, 

D1ncl {[B-+.ß., i, j]1- [A-+o::.B./" i, j]}, 

DConcat {[A-+0::.ßl.ß2/', i,j], [A-+o::ßl.ß2'/"j, k] 
I- [A-+0::.ßIß2'/" i, k]}, 

Next, we observe that DdVH1 is redundant, in the following way. An item 
[A-+o::.XY Z'/', i,j] can be concatenated in two different ways: 

[A-+o::.X ,YZ/', i, k], [A-+o::X.y Z'l', k,j] I- [A-+o::.XYZ.l', i,j]; 

[A-+o::.XY ,Zl', i, l], [A-+o::XY ,Z'l', l,j] I- [A-+o::.XY Z'l', i,j]. 

Moreover, if [A-+o::.XY Z'/', i,j] is valid, then each of the four antecedents is 
also valid for some value of k and l. Hence, if we delete the former deduction 

A 

B 

D~ * j j 

~,~~n 
j j k k 

Fig. 6.3. The include and concatenate steps 
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step from D, the set of valid items is not affected. For items with more than 
3 symbols between the dots, the redundancy in deduction steps increases 
accordingly. 

Schema 6.8. (dVH2) 
In the specification of lP dVHl in Schema 6.7 we replace DConcat by 

DConcat = {[A--+a.ß.X ,"(, i,j], [A--+aß.X .,"(,j, k]1- [A--+a.ßX ',"(, i, k]}, 

and leave I, D1nit, DE and D 1ncl as in Schema 6.7. 

Further optimization of dVH2 is possible. Observe that items of the form 
[A--+a.ß., i, j] with lai ~ 1 and IßI ~ 2 are useless inlP dVH2, in the sense that 
they do not occur as an antecedent in any derivation step. Hence, these items 
can be discarded. Similarly, any item of the form [A--+aoß.'"(, i, j] with lai ~ 1, 
IßI ~ 2 and 1'"(1 ~ 1 can concatenate to the right, but cannot contribute to 
the recognition of an item of the form [A--+.ß., i,j]. Hence the whole set 

{[A--+a.ß.,"(,i,j] I lai ~ 1 A IßI ~ 2} 

can be considered uselessj these items can only be used to recognize furt her 
items in this set, but none of these items can be used to recognize an item 
outside this set. Hence we delete this set and discard all dedllction steps that 
have one of these items as antecedent or as consequent. 

Schema 6.9. (dVH3) 
The parsing schema dVH3 is defined by a parsing system lP dVH3 for any 
G E C:FQ and for any al ... an E E* by 

I(l) {[A--+a.X .,"(, i,j] I A--+aX'"( E PA 0::; i ::; j}, 

I(2) = {[A--+.Xß.'"(, i,j] I A--+Xß'"( E PA 0::; i ::; j}, 

I(3) = {[A--+ •• ,j,j] I A--+c E P Aj ~ O}, 

IdVH3 I(l) UI(2) UI(3)j 

D1nit = {[a,j - 1,j] I- [A--+aoao'"(,j - 1,j]}, 

DE {I- [B--+oo,j,j]}, 

D 1ncl = {[B--+.ß.,i,j] I- [A--+a.B.'"(,i,j]}, 

DConcat {[A--+.a.X ,"(, i,j], [A--+aoX .,"(,j, k]1- [A--+oaX 0,"(, i, k]}, 

D dVH3 D1nit U DE U D 1ncl U DConcat. 

Proposition 6.10. dVH1 ~ dVH2 ~ dVH3. o 

The various parsing schemata for the algorithm of de Vreught and Honig 
can be dynamically filtered with look-ahead and look-back. The original algo
rithm as proposed in [VH89] is an implementation of dVH2 with one position 
look-ahead and look-back. 
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Proposition 6.11. dVH3 ~ buLC. 

Proof. In order to show that dVH3 can be filtered to buLC, we have to 
realize that a single-dotted item [A--+a.ß,i,j] and a double-dotted item 
[A--+.a.ß, i,j] are merely different notations for the same object. Hence, 
clearly, I buLC C IdVH3. 

It remains to be shown that l-~uLC ~ I-:VH3 . To this end it suffices to 
show that for every deduction step 'f/1···, 'f/k I- e E DbuLC it holds that 
'f/1 •.• ,'f/k I-:VH3 e· 
An arbitrary deduction step in DCompl in lPbuLC 

[A--+.a.Bß, i,j], [B--+.'Y.,j, k] I- [A--+.aB.ß, i, k] 

is emulated in lP dVH3 by 

[B--+.'Y.,j, k] I- [A--+a.B.ß,j, k], 
[A--+.a.Bß, i,j], [A--+a.B.ß,j, k] I- [A--+.aB.ß, i, k]; 

similarly for DScan. 

The other cases are trivial, hence dVH3 ~ buLC. o 

By Propositions 6.5 6.10, and 6.11 we have shown that dVHl ~ LC. 
The conclusion should not be, however, that de Vreught and Honig's algo
rithm is a sub-optimal version of (bottom-up) left-corner parsing. A sub
tle but decisive change took place in the seemingly harmless static filter 

dVHl ~ dVH2, where we laid down that the the concatenation of right
hand side elements is from left to right. 

A different, more general way to eliminate the redundancy in dVHl is 
to start expanding the right-hand side from the "most interesting" symbol, 
called the head of a production, rat her than the leftmost symbol. This leads 
to so-called Head Corner (HC) parsers. A bottom-up head-corner parser that 
is very similar to the one defined by Satta and StocklO [SS89] can be obtained 
as a step contraction of the Vreught and Honig's algorithm along similar lines; 
top-down prediction can be added as in [SA96]. 

A context-free head grammar, in which every production has some right
hand side symbol assigned as head, can be seen as a generalization of a 
context-free grammar (take the left corner by default if no head has been 
specified explicitly). A head-corner parsing schema HC can be specified that 
is a generalization of LC. 

10 If there are right-hand side symbols both to the left and the right of a head, 
there is a choice in which direction the item should be expanded first. Satta 
and Stock leave this choice to the parser but block the other step when a choice 
has been made. This leads to a nondeterministic set of valid items, which is 
rat her undesirable in this framework. The nondeterminism can be removed by 
prescribing a choice at the level of the parsing schema. 
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6.3 Rytter's algorithm 

Another example of step refinement is provided by Rytter's algorithm [Ryt85, 
GR88]. This algorithm has theoretical, rat her than practical value. It allows 
parallel recognition in logarithmic time, but requires O(n6 ) processors to 
do so. The algorithm is based on CYK - hence only defined for grammars 
in Chomsky Normal Form - but can generalized to arbitrary context-free 
grammars just as CYK was generalized to buE. 

In addition to the conventional CYK items we introduce Rytter items, 
denoted [A,h,k;B,i,j]. A Rytter item is recognized if 

that is, the part B =>* aiH ... aj is still missing, cf. Fig. 6.4. 

A 

11 
h i j k 

Fig. 6.4. A Rytter item [A, h, k; B, i, j) 

j j k j k j k 

A 

& B 

ß 
h i j k j h k 

Fig. 6.5. Different types of deduction steps in Rytter's algorithm 
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Another way to interpret a Rytter item is as a conditional item: if [B, i, j] 
is valid, then [A, i, j] is also valid. The different kinds of deduction steps 
(excluding the initial CYK steps) are shown in Fig. 6.5. 

A CYK deduction step [B, i,j], [C,j, k]1- [A, i, k] can be refined into 

[B, i,j] I- [A, i, k; C,j, k] 

[A,i, k; C,j, k], [C,j, k] I- [A,i, klo 

Note that, given [B,i,j] and [C,j,k], we also could have used [A,i,k;B,i,j] 
as an intermediate conditional item. In fact, unless i+ 1 = j = k-l, there are 
many more ways to recognize [A, i, k], by combining conditional items that 
have been created at various stages. There is a massive redundancy in the 
different ways in which a single item can be recognized. It is this redundancy, 
that guarantees the existence of a balanced recognition tree for each item, 
which - given enough computing resources - allows for parallel parsing in 
logarithmic time. For a proof, see [GR88] or [Sik93a, Sik97]. 

A parsing schema for Rytter's algorithm is defined as follows. The oper
ations associated with the sets of deduction steps D(l), D(2), and D(3), are 
originally called activate, square, and pebble, respectively. In this context the 
original names do not make much sense and we rather use numbers. 

Schema 6.12. (Rytter) 
The parsing schema Rytter is defined by a parsing system JlDRytter for any 
G E CNF and for any al ... an E E* by 

I(l) = {[A,i,j] I AEN/\O::;i<j}; 

I(2) = {[A, h, k; B, i,j] I [A, h, k] EI /\ [B, i,j] EI 

/\ h::; i < j ::; k /\ (h =F i or j =F k)} 

IRytter = I(l) U I(2); 

D(O) = {[a,i -l,i]1- [A,i -l,i]1 A~a E P}, 

D(la) = {[B,i,j] I- [A,i,k;C,j,k] I A~BC E P}, 

D(lb) = {[C,j,k] I- [A,i,k;B,i,j] I A~BC E P}, 

D(2) = {[A, h, m; B, i, l], [B, i, l; C,j, k] I- [A, h, m; C,j, k]}, 

D(3) = {[A,h,k;B,i,j],[B,i,j] I- [A,h,k]}, 

DRytter = D(O) U D(la) U D(lb) U D(2) U D(3). 

Between CYK and Rytter's algorithm another algorithm is hiding that is 
not uninteresting. It addresses the problem of parallel on-line parsing: The 
symbols of astring arrive one by one, as the words of a sentence in spoken 
natural language. If the processing of each word is finished when the next
word arrives, parsing can be done in real time. For on-line parsing, "gaps" 
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in items are useful in rightmost position, so that the still missing words 
can be anticipated with a partial syntactic analysis. But the large number 
of position markers, which accounts for the excessive resources required by 
Rytter's algorithm, can be reduced. 

These ideas underly the definition of the following parsing schema 0 CYK 
(for on-line CYK). In addition to [A,i,j] we introduce items [A,i,j;B] to 
denote A :::;.* ai+1 ... ajB. There is no need to specify the size of the "gap" 
[B,j, ?]. 

Schema 6.13. (OCYK) 
The parsing schema OCYK is defined by a parsing system lFOCYK for any 
G E CNF and for any al ... an E E* by 

I(l) {[A,i,j] I A E N 1\0::; i < j}, 

I OCYK 

D(O) 

D(1) 

D(2) 

D(3) 

DOCYK 

{[A,i,j; B]I A, BEN 1\ 0::; i < j}, 

I(l) u I(2l. , 

{[a,j - 1,j] \- [A,j - 1,j] I A~a E P}, 

{[B, i,j] \- [A, i,j; C]I A~BC E P}, 

{[A,i,j;B],[B,j,k;C] \- [A,i,k;C]}, 

{[A, i, j; B], [B,j, k] \- [A, i, k]}, 

D(O) u D(l) U D(2) U D(3). 

The schema OCYK can be implemented on a parallel random access 
machine with O(n2 ) processors such that only constant time per word is 
needed, cf. [Sik93b]. 

Proposition 6.14. CYK ~ OCYK ~ Rytter. o 

The schemata OCYK and Rytter can be generalized from CNF to C:F9 

in a way that is similar to the generalization CYK g~ buE aß discussed 
in Example 4.l. 

Another way to obtain a logarithmic-time parallel parsing algorithm with 
O(n6 ) processors is a step refinement of any of the dVH schemata, similar 

to CYK ~ Rytter. This has been worked out in [VH91]. 

6.4 Some general remarks 

After these extensive examples, some general remarks are due. 
We have shown that the parsing schemata framework is able to handle 

nontrivial algorithms of different fiavours. Very general frameworks, offering 
a good insight at a high level of abstraction, have a risk of becoming unwieldy 
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when confronted with problems that stretch far beyond their canonical ex
ample. The fact that we were able to cover these algorithms with sufficient 
elarity provides circumstantial evidence that the parsing schemata framework 
makes abstractions that are nght in some way. 

The above examples are taken from the computer science and computa
tionallinguistics literat ure on parsing, but some variants (dVH3 and OCYK 
in the discussed examples) have been discovered as a result of analysing these 
algorithms by means of parsing schemata. Also, the elose relation between 
Earley parsing and Left-Corner parsing was noticed in [Sik93a] for the first 
time. 

An inevitable weakness of the formalism is a diminished understanding 
of practical algorithm efficiency. Because of the absence of any kind of data 
structure it is not immediately elear what the algorithmic complexity of a 
parsing schema iso Improving the efficiency of parsers, therefore, cannot be 
done only at the level of schemata. How such an improved schema is to be 
realized in a more efficient implementation is a matter that has not been (and 
need not be) addressed in this context. 

But in order to find optimizations of algorithms, one must have a very 
good insight in the characteristic behaviour of an algorithm. It is such an 
insight that is offered by the parsing schemata framework. 

7. From schemata to algorithms 

We will not discuss parsing algorithms in detail, but briefly review how so me 
well-known elasses of parsing algorithms relate to the framework presented 
in the preceding sections. 

Parsing schemata are a generalization of eh art parsers [Kay80, Kay82, 
Win83]. From the view that has been unfolded in the previous sections, we 
can see achart parser as the canonical implementation of a parsing schema. 

Achart parser employs two data structures: An agenda, containing items 
that will be actively used to search for new items that can be recognized, and a 
ehart, storing the items that need no further attention. At each step, one item, 
say ~, is taken from the agenda and put on the chart. The chart is searched 
for all (combinations of) items 1]1 ... 1]k such that ~,171 ... 1]k I- ( E D. All 
( that are found in the way and were not recognized before are added to 
the agenda. An Earley chart parser, for example, is initialized with items 
[a,i -l,i] on the chart and [S-+.I',O,O] on the agenda. 

The control structure of the chart parser guarantees that the final chart, 
which is reached when the agenda is empty, contains V(IP). An issue that 
has to be addressed (but not in this context) is how to structure the eh art 
and agenda so as to make the parser efficient. For an overview of chart based 
approach es to CYK and Earley parsing, see [Nij94]. 
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The chart parsing framework offers a generic way to handle nondetermin
ism. Hence it is not surprising that chart parsers has attracted widespread 
attention in computationallinguistics. 

Logical deduction as a basis for the description of chart parsers is due to 
Pereira and Warren [PW83]. But our framework has a rat her different em
phasis. While the "Parsing as Deduction" approach is primarily interested 
in connecting the parsing logic with unification-based grammar formalisms, 
parsing schemata use deduction merely as a convenient notation for describ
ing the essential traits of arbitrary parsing algorithms. We come back to 
unification grammars in Section 8. 

A different parsing paradigm is provided by the pushdown automaton 
(PDA). A fundamental theorem in formal language theory states that the 
dass of languages accepted by (nondeterministic) PDA's is equal to the 
dass of languages generated by context-free languages. Many parsing al
gorithms from the field of compiler construction are based on the PDA 
paradigm. The canonical example is the family of LR-parsers, discovered by 
Knuth [Knu65] and extended to the more practical SLR and LALR parsers by 
DeRemer [DeR69, DeR71]. See [ASU86] for a good introduction and [Nij83] 
for an extensive bibliography of LR parsing. 

While deterministic LR parsers on restricted dasses of context-free gram
mars are particularly efficient, nondeterministic LR parsers (known as gen
eralized LR (GLR) parsers) have been introduced to cover wider dasses 
of grammars, in particular for use in computational linguistics. A general 
method to handle nondeterministic PDA's in an efficient manner has been 
given by Lang [Lan74]. Generalized LR parsing has attracted more attention 
in the form of Tomita's algorithm [Tom85], based on a graph-structured stack 
as the data structure to handle the ambiguities that occur during parsing. 

Tomita's algorithm cannot handle certain dasses of grammars (cydic 
grammars and grammars with hidden left-recursionll ). Rekers has improved 
Tomita's algorithm to handle these grammars as weH [Rek92]. See also [Nij91] 
for a historie overview and [Ned94] for some optimizations in generalized LR 
parsing. 

The question arises how PDA-based algorithms like LR relate to pars
ing schemata. LR parsers use items compile-time in the construction of the 
parsing table. The states of an LR parser are in fact sets dotted productions 
A---+a.ß. Astate comprises those productions that could apply at the current 
point in the parsing process. One can partiaHy uncompile the various LR
type algorithms and make these dotted rules visible during parsing. It is easy 
to add position markers to a dotted rule (viz., the position where a particu
laI' production was started and the current position). This yields Earley-type 

11 A grammar is called hidden left-recursive if A => + aAß and a => + €. Thc term 
has been coined in [NS93]. 
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items. An item is recognized when astate that contains the dotted rule, in 
combination with the appropriate position markers, is pushed onto the stack. 

An LR parser, therefore, implements some underlying parsing schema. 
Let LR(O) denote the parsing schema that underlies a generalized LR(O) 

parser. Then it holds that LR(O) ~ Earley12. In Section 5.2 we defined 

E(l) such that SLR(l) ~ E(l). 
Having uncovered the elose relation between the Algorithms of Earley and 

Tomita, it is possible to apply many optimizations, extensions and variants 
of one algorithm to the other as weIl. An interesting example of such cross
fertilization is a parallel bottom-up Tomita parser [SL92, Sik93a, Sik97] which 
applies the usual "vertical" parallelization of Earley to the graph-structured 
stack of Tomita (in contrast to the "horizontal" parallelization as in [TN89, 
NT90, TDL91] that seems more obvious from the LR point of view) , which 
showed reasonable efficiency in a test implementation. 

An ambiguous grammar can be supplied with various kinds of disam
biguation rules so as to guarantee that only a single valid parse tree remains. 
Consider, for example, the grammar 

E~E + EIE * E I a 

for arithmetic expressions. The string a + a * a * a has five parse trees. But 
by introducing operator precedence and associativity one can specify that 
[a + [la * a] * aJ] is the only valid parse. 

Rather than constructing all parse trees and discarding the invalid ones, 
an efficient parser must apply the disambiguation rules locally during the 
parsing process. For the above mentioned grammar for arithmetic expres
sions. it is in fact possible to construct a deterministic LR-type parser by 
disambiguating the states and transitions in the LR parsing table. 

A general formal framework for this type of optimization is given by 
Visser [KV94, Vis95] who applies disambiguation rules13 at the level of pars
ing schemata. 

Head-Driven parsing [Kay89] does not proceed through the sentence from 
left to right, but starts with the most informative parts. This introduces 
some extra administrative burden on the parser (as it jumps up and down 
the sentence) but may lead to substantial savings ifthe semantic information 
captured in the head exeludes possibilities that would have been explored 
without this information available. Bouma and van Noord [BN93] have done 
several experiments with head-driven parsing and conelude (unsurprisingly) 
that the efficiency of the algorithm is critically dependent on the discrimina
tive nature of the information captured in the heads. 

12 GLR parsers typically assurne grammars to be reduced. Hence, to be formally 
correct, GLR applies only to a subset of CFg 

13 called filters in the cited publications, but not to be confused with the filters in 
Section 5. 
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The parsing schema for Head-Corner parsing presented in [SA96] has been 
extended with typed structures and implemented by Moll [MoI95]. It is used 
as a parser in an experimental naturallanguage dialogue system [A&a95]. 

8. Beyond context-free grammars 

The parsing schemata framework has been specified for context-free gram
mars, but it can easily be extended to other grammar formalisms as weIl. 

Unification-based grammars are the predominant dass of grammar for
malisms in current computationallinguistics. Between 1980 and 1990 a va
riety of different kinds of unification grammar has been introduced. Some of 
these, like Definite Clause Grammars [PW80], Functional Unification Gram
mar [Kay85], and PATR-II [Shi86] have been introduced primarily to offer 
powerful formalisms for grammar description; others like Lexical-Functional 
Grammar [KB82] and Head-Driven Phrase Structure Grammar [PS87, PS94] 
with the aim to provide a theory of linguistic phenomena in naturallanguage. 

Unification grammars are related to attribute gramm ars [Knu68, Knu71], 
which are typically used in the field of compiler construction. There are some 
fundamental differences in the underlying logic, but these cannot be explained 
satisfactorily in a few lines. The interested reader is referred to [Shi92] and 
[Car92] for a thorough treatment of unification logics. 

One of the properties of context-free grammars that was feIt constraining 
for the description of naturallanguages is the rigid order of right-hand side el
ements in a production. In Generalized Phrase Structure Grammar [G&a85], 
the not ion of ID/LPgrammars was introduced. There are separate speci
fications for the set of right-hand side elements of a production (immediate 
dominance) and constraints on the order in which these elements may appear 
(linear precedence ). A parsing schema for unification-based ID /LP -grammars 
is given by Morawietz [Mor95]. 

U nification grammars treat syntactic and semantic information in a uni
form manner. One can reduce the role of syntax and consider syntactic cat
egory as a feature like any other. Indeed there seems to be a trend that less 
and less information is stored in the context-free backbone of a grammar -
i.e., the cat feature in a feature structure - because various syntactic ProP
erties can be expressed more elegantly by other kinds of feature constraints. 
A typical example is subcategorization of verbs: all verbs have syntactic cat
egory verb; constraints on the various kinds of objects that a verb can take 
are denoted in the subcat feature of the particular verb. 

Nagata [Nag92] and Maxwell and Kaplan [MK93] have independently 
pointed out that this is convenient for writing natural language grammars, 
but that it has repercussions on parsing efficiency. Context-free parsing is 
much more efficient than feature structure unification. Hence is it not sur
prising that the experiments reported in [Nag92] and [MK93] show that the 
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efficiency of unification grammar parsing can be increased by retrieving an 
(implicit) context-free backbone from a unification grammar that covers more 
than just the cat feature and using this context-free part for syntactic anal
ysis. 

9. Conclusions 

Parsing schemata provide a general framework for description, analysis and 
comparison of parsing algorithms, both sequential and parallel. Data struc
tures, control structures and (for parallel algorithms) communication struc
tures are abstracted from. This framework constitutes an intermediate, well
defined level of abstraction between grammars (defining what valid parses 
are) and parsing algorithms (prescribing how to compute these). 

At this high level of abstraction, the essential traits of a particular type of 
parser stand out more clearly. Moreover, it is possible to clarify exactly the 
relationships between different parsers that have some fundamental principles 
common - even though the realizations of these parsers may look radically 
different. The price to be paid for this improved clarity and insight is the loss 
of some details that are of practical importance. The notion of algorithm com
plexity is strongly related to the data structures used to store intermediate 
results. 

The prime strength of parsing schemata, therefore, is in the analysis of 
algorithms known to exist. Clarifying the basic traits of an algorithm may 
suggest improvements that have been overlooked so far. Also, showing that 
different algorithms have closely related parsing schemata improves cross
fertilization of extensions and optimizations to these algorithms. 

We have presented many examples of parsing schemata and their usage, 
in order to show that this framework, rather then being a mere theoretical 
nicety, constitutes are a valuable contribution to parsing theory. 
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Grammars with Controlled Derivations 

Jürgen Dassow, Gheorghe Paun, and Arto Salomaa 

1. Introduction and notations 

In [13], N. Chomsky says that "the main problem of immediate relevance 
to the theory of language is that of determining where in the hierarchy of 
devices the grammars of natural languages He." Formulated in other terms, 
the question is "where are the naturallanguages placed in the Chomsky hier
archy?" The debate started in 1959 and is not yet settled. Various arguments 
over English [4], Mohawk [92], Swiss German [112], Bambara [16], Chinese 
[95], etc., were given, refuted, rehabilitated - see pro and con arguments as 
weIl as further bibliographical information in [38] and [70]. The main diffi
culty is not a mathematical one but a linguistic one: what is English, what 
is a natural language, can we separate the syntax and the morphology from 
semantics or pragmatics ? Whatever is or will be the position with respect to 
these questions, the linguists seem to agree (see again [70]) that "all" natural 
languages contain constructions which cannot be described by context-free 
grammars. Three basic such features of natural languages are: 

- reduplication, leading to languages of the form {xx I x E V*}, 
- multiple agreements, modeled by languages of the form {anbncn In :2: I}, 
{anbncn~ In :2: I}, etc., 

- cmssed agreements, as modeled by {anbfflcncrn I n, m :2: I}. 

All these languages are weIl known as examples of (context-sensitive) non
context-free languages. 

Of course, Chomsky's question, although formulated with respect to nat
ural languages, stands also for other classes of languages. This is especially 
the case for programming languages, where the compiler construction essen
tially depends on the type of the language. In this area, the things are much 
simpler, the programming languages being much more precisely defined than 
naturallanguages. Floyd's proof [34] that Algol 60 is not context-free seems 
to be unanimously accepted and, moreover, it can be directly extended for all 
programming languages which request identifier declaration, label definition, 
or other similar long-distance agreements. 

Besides natural and programming languages, many other areas where lan
guages can be identified provide examples of non-context-free constructions. 

G. Rozenberg et al. (eds.), Handbook of Formal Languages
© Springer-Verlag Berlin Heidelberg 1997
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Seven such areas are brieHy discussed in Section 0.4 of [27], concluding with 
the remark that "the world seems to be non-context-free ... " 

However, in the Chomsky hierarchy beyond the context-free family there 
is the context-sensitive one. This is large enough. "Almost any language one 
can think of is context-sensitive", [55], page 224, because "the only kiIown 
proofs that certain languages are not context-sensitive are ultimately based 
on diagonalization" . Also the linguists agree, in general, that context-sensitive 
grammars are sufficient for describing the (constructions appearing in) nat
urallanguages. But they are also convinced that context-sensitive grammars 
are "too much" j their explanatory power is reduced just because their gener
ative power is so strong. See [70] for a detailed discussion on this point. The 
same holds for artificiallanguages, programming languages included. For in
stance, it is wellknown that the family of context-sensitive languages has 
some bad properties, e.g., the known algorithms for the membership prob
lem have exponential complexity and the emptiness problem is undecidable. 
Furthermore, by the possible structure of context-sensitive (or monotone) 
productions it is very hard to determine the generated language. 

Therefore it is of interest to use context-free grammars and to add some 
mechanisms which extract some subset (from the generated language) in or
der to cover some aspects of natural andjor programming languages (andjor 
other fields of interest). The aim is to get a "mild" subfamily of context
sensitive languages (the term "mild" is used in mathematicallinguistics with 
a precise meaning: semilinear and parsable in polynomial time), with as many 
context-free-like properties as possible, but able to cover the non-context-free 
features of the languages we work with. 

In this chapter we shall present some of such mechanisms and study some 
properties of the associated families of languages. For the proofs of most of 
the results covered by [27] we refer the reader to that monograph. 

Throughout this chapter we assurne that the reader is familiar with the 
basic concepts and results of the theory of the grammars of the Chomsky 
hierarchy, Lindenmayer systems, and their associated languages and language 
families (see Chapters 4 and 5 of this Handbook or [39], [51], [98], [55], [108], 
[101]). 

We settle the following notations. 

Adenotes the empty word. Iwl and IwlM give the length of a word wand 
the number of occurrences of letters of the set M in the word w, respectively. 
If M consists of a single symbol a, we also write Iwla . 

We specify a Chomsky grammar by G = (N, T, P, S), where N is the 
set of nonterminals, T is the set of terminals, N n T = 0, P is the set of 
productions and SEN is the axiom. Moreover, we set VG = NuT. A 
production is written in the form p = a ---+ ß. 
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By CF, CS, and RE we denote the families of context-free, context
sensitive (or equivalently monotone), and arbitrary phrase-structure (or 
equivalently Type-O) grammars, respectively. 

An extended tabled Lindenmayer system, abbreviated as ETOL system, 
is specified by G = (V, T, P, w) where V is an alphabet, T is a subset of V 
(calIed the set of terminals), P is a finite set of finite substitutions from V 
to V*, and w E V+. Such a system is called deterministic, abbreviated as 
EDTOL system, if the substitutions of P are morphisms. 

By ETOL and EDTOL we denote the families of ETOL and deterministic 
ETOL systems, respectively. 

For a family X of grammars or systems, we denote the associated family 
of languages by C(X). 

2. Some types of controlled derivations and their power 

The idea behind all control mechanisms is the following one: Given a context
free grammar we restrict by the control the application of rules such that some 
derivations are avoided which are possible in the usual context-free derivation 
process. Therefore the set of words genera ted by the restrictions is a subset 
of the context-free language generated in the usual way. We shall see that 
these generated subsets can be non-context-free languages. Therefore these 
mechanisms are more powerful than the context-free grammars. 

2.1 Prescribed sequences 

In this section we consider some mechanisms which define sequences of pro
ductions, and we take only such words in the generated language which can 
be obtained by a derivation where the productions are applied according to 
defined sequences. 

First we define the allowed sequences as a language over the set of pro
ductions. 

Definition 2.1. ({42J) 
i) A regularly controlled (context-free) grammar with appearance checking 

is a 6-tuple 
G = (N,T,P,S,R,F), 

where 
- N, T, P and S are specified as in a context-free grammar, 
- R is a regular set over P, and 
- F is a subset of P. 
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ii) For a rule p = A ~ w E P and x, y EVa] we define the application 

0] a production p in appearance checking mode by 

01' 

x = y, A does not appear in x, and pE F. 

ii'i) The language L( G) generated by G with appearance checking consists 0] 
alt words w E T* such that there is a derivation 

with 
PIP2P3 ... Pn E R. 

'iv) We say that G is a regularly controlled grammar without appearance 
checking i] and only i] F = 0. 

Note that the modes with and without appearance checking coincide if the 
production is not contained in Fand if the left-hand nonterminal occurs in 
the sentential form. In these cases we also write x ===?p y instead of x ===?~c y, 
i.e., we use the standard notation. 

Obviously, if R = P*, then there is no restrietion with respect to the 
sequences of productions, i.e., the grammar works as a context-free grammar. 

Example 2.1. Let 

GI = ({ S, A, X}, {a}, {Pl,P2, P3,P4, P5}, S, (pip2pjp4)*P;·, {p2, P4}) 

with 

PI = S ~ AA, P2 = S ~ X, P3 = A ~ S, P4 = A -+ X, P5 = S -+ a 

be a regularly controlled grammar with appearance checking. Let us consider 
a word sn (n = 1 holds for the axiom) and a derivation according to the 
sequence P~P2P~P4' First we have to replace k occurrences of S by AA. If 
k < n, then the derived word contains at least one S which has to be replaced 
by X according to the application of P2. Now we cannot derive a word over 
{a} since there is no production which replaces X. Hence k = n has to hold. 
Thus the only derivation which can be terminated is 

TL tirnes 2n times 

(by the same argumentation as above, I = 2n has to hold), i.e. the only 
derivation of the considered type (which can be terminated) doubles the 
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number of S. (The applications of P2 and P4 in the appearance checking 
mode ensure that all occurrences of Sand Aare replaced by Pl and P3, 
respectively. ) 

By the definition, such a derivation can be performed an arbitrary number 
of steps. Hence according to a sequence of (PiP2PaP4)* we obtain a word S2"' 
for certain m ~ 1. Finally the production P5 replaces the nonterminal S 
by the terminal letter a, and in order to obtain a word over the termninal 
alphabet this production has to be applied until all occurrences of S are 
replaced. 

Therefore we get 

which is a non-context-free language. o 

Example 2.2. We consider the regularly controlled grammar 

G2 = ({S,A,B},{a,b,c},{Pl,P2,P3,P4,pd,S,{Pl(p2P3tp4P51 n ~ 0},0), 

without appearance checking, where 

Pl = S ~ AB, P2 = A ~ aAb, P3 = B ~ cB, P4 = A ~ ab, P5 = B ~ c. 

By the definition, any correct derivation has to start with an application of 
Pl which gives S ==>Pl AB. We now consider a word an Abncn B with n ~ 0 
(the word with n = 0 is obtained by the application of pd. Then we get 

and 

Hence by a derivation according to the sequence Pl(P2P3)np4P5 , n ~ 0, we 
obtain the word an +1bn +1 cn +1, and thus 

which is a well-known non-context-free language, too. o 

By ArCac we denote the family of regularly controlled grammars with 
appearance checking (and with arbitrary context-free productions). If we re
strict to regularly controlled grammars without appearance checking we omit 
the lower index ac, and if we restrict to grammars without erasing rules we 
omit the A. 

The following theorem presents the hierarchy of the corresponding lan
guage families and their relation to the language families of the Chomsky 
hierarchy. 
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Theorem 2.1. 
i) C(CF) c C(rC) c C(rCac ) C C(CS), 
ii) C(CF) c C(rC) c C(ArC) C C(ArCac ) = C(RE), 
iii) The family C(ArC) is incomparable with C(CS) and C(rCac ). 

Remarks on the prooj. C(rCac ) <;; C(CS). Let G = (N,T,P,S,R,F) be 
a regularly controlled grammar (with appearance checking). Further let 
A = (Z, P, Zo, Q, 15) be a deterministic finite automat on (with the set Z of 
states, the initial state Zo, the set Q of accepting states, the input set P (of 
productions of G) and the transition function 15 : Z x X ---+ Z) which accepts 
R. 

For any a E T, let X a be an additional letter. We set 

N=NU{XalaET}. 

For w E Va, let WT E (N)* be the word which is obtained from w by replacing 
any a E T by X a . 

We construct the monotone grammar G' = (N', T', pI, S) where 

N' Nu {S',X}U {(A,z) IA E N,z E Z} 

u{(A, z,p, t) I A E N, z E Z,p E P, tE {O, I}}, 

T' Tu {#}, 

(X is an additional symbol which blocks the termination, # is a marker) and 
P' consists of all rules of the following forms: 

S' ---+ #(S, zo,p, 0)#, for pEP, 
#(A, z) ---+ #(A, z,p, 0), for pEP, A E N 

(we try to apply the production p), 
(A,z,p,t)B ---+ A(B,z,p,t), for A,B E N,z E Z,p E P,t E {0,1}, 
(A,z,p,O) ---+ (A,z,p,l), for z E Z,A E N,p = A ---+ w E P,w E vet, 
(A,z,p,l) ---+ (XT,t5(Z,p))YT, for z E Z,A E N,p = A ---+ xy E P,x E 
NUT,y EVa 
(we move the nonterminals with four components to the right searching for 
a nonterminal to which p cari be applied; if we find the nonterminal of the 
left side of p, we change the fourth component to 1, i.e., we remember that 
p is applicable to the sentential form; we simulate the application of p and 
change the state according to the work of A), 

(A, Z,p, 1)# ---+ X #, for A E N, z E Z,p = B ---+ w E P, A f:. B, 

(A,z,p,O)# ---+ X#, for A E N,z E Z,p = B ---+ w E P - F,A f:. B, 

(A,z,p,O)# ---+ (A,t5(z,p))#, for A E N,z E Z,p = B ---+ w E F,A f:. B 

(we reach the right marker; if p is applicable, i.e., t = 1, and has not been 
applied we block the derivation; if p is not applicable, we simulate the appli
cation of p in the appearance checking mode), 
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B(A, z) -+ (B, z)A, for A, BE N, z E Z 

(we move the nonterminal with two components to the left), 

#(Xa , z) -+ #a, for a E T, z E Q, 
X a -+ a, for a E T 

(after the application of a production #(Xa , z) -+ #a, none of the above 
productions is applicable to the derived sentential form, i.e., we have finished 
the derivationj if we apply productions X a -+ a earlier in the process, the 
terminals a block the derivation or only occur at places which are not involved 
in the further derivation). Note that any sentential form - besides those over 
NuT - contains a letter (A, 8(ZO,PIP2 .. . Pk)) or (A, 8(ZO,PIP2 .. . Pk), p, t) 
where Pb P2, ... ,Pk is the sequence of productions which we have simulated. 
Moreover, we can only finish the derivation with a terminal word if and only if 
the sequence of simulated productions belongs to R). By these explanations, 

L( G') = #L( G)# 

and then by the closure properties of C(CS), L(G) E C(CS) follows easily. 

We omit the necessary modifications in order to prove C(ArCac ) ~ C(RE). 

For the proof of C(RE) ~ C(ArC) , we refer to [27], Theorem 1.2.5, or 
[108], Theorem 5.1 (in combination with Theorem 2.2 or Theorem 2.4 below). 

All the remaining inclusions follow by definition. Furthermore, the above 
examples prove that the family of context-free languages is strictly included 
in those generated by regularly controlled grammars. The strictness of the 
inclusions obtained by adding the appearance checking is implied by Example 
1 and the following fact which we give without proof. 

Fact. Allianguages 0/ C(ArC) over a unary alphabet are regular. 

(The proof of this fact is given in [53] using deep results of the theory of 
Petri nets and a relation between matrix grammars and Petri netsj further
more, one has to use Theorem 2.2 below.) 

For a proof of the properness of the inclusions if erasing rules are added 
and of the strict inclusion of C(rCac) in C(CS) we refer to [54] (see the 
correction in [29]), [99] and [27]. 

In [11] it is also proven that C(ArC) - C(CS) i- 0. A proof of the fact 
that appearance checking increases the power of regular control grammars 
can be also found in [30]. 0 

Definition 2.2. ((lj) 
i) A matrix grammar with appearance checking is a quintuple 

G = (N,T,M,S,F), 

where 
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- N, T and S are specified as in a context-free grammar, 
-M = {ml,m2, ... ,mn }, n ~ 1, is a finite set of sequences mi 

(pi" ... ,Pik(i»)' k(i) ~ 1, 1 ::; i ::; n, where any Pij' 1 ::; i ::; n, 
1 ::; j ::; k( i), is a context-free production, 

- F is a subset of all productions occurring in the elements of M, i.e. 
F ~ {pi j I 1 ::; i ::; n, 1 ::; j ::; k( in. 

ii) For mi, 1::; i::; n, and x,y EVa, we define x ===>mi Y by 

ac ac ac ac X = Xo ===>p. Xl ===>p. x2 ===>p. . .. ===>p. Xk(i) = y, 
1.1 1.2 1.3 tk(i) 

where the application of productions in the appearance checking mode is 
defined as in Definition 1. ii). 

iii) The language L(G) generated by G (with appearance checking) 'is defined 
as the set of all words w E T* such that there is a derivation 

for same s ~ 1,1::; ji ::; n, 1::; i::; s. 
iv) We say that M is a matrix grammar without appearance checking if and 

only if F = 0, 

The elements of Mare called matrices. 

Example 2.3. Let 

with 

G3 = ({S, A, A', C, D, D',D", X}, {a, b, c, d}, 

{mI,"" mlO}, S, {A -> X, A' -> X}), 

ml = (S -> ASC), m2 = (S -> SC), m3 = (S -> ADC), 

m4 = (D -> D, A -> A'b), m5 = (D -> D', A -> X" C -> c), 
m6 = (D' -> D', A' -> A), m7 = (D' -> D, A' --t X), 

ms = (D' -> D",A' -> X), mg = (D" -> D",A -> a), 

mlO = (D" -> d, A -> X), 

be a matrix grammar with appearance checking. 
Any derivation has to start with applications of the matrices ml, m2, m3 

which yields An Dcm with 1 ::; n::; m. 
Without loss of generality we consider a word ofthe form (Abk)n Dckcm-k 

(by the first phase of a derivation we obtain such a word with k = 0). Now we 
can apply m4 or m5. In the latter case the generated sentential form contains 
the letter X which blocks the derivation. Thus we have to apply m4 until no 
A occurs in the sentential form, i.e. 

(Abk)n DckCm- k ===>m4 ... ===>m4 (A'bk+ 1 t DckCm- k , 
, ' v 

n tirnes 
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Now the only applicable matrix is m5 which (without 1088 of generality) gives 

(A'bk+1)n DckCm- k ==>ms (A'bk+l t D' ck+1Cm- k- 1. 

By analogous arguments we now have to replace all occurrences of A' using 
m6 and then we have to apply m7 or m8. Thus we obtain 

==>m6 ... ==>m6 (Abk+1)n D'ck+1Cm- k- 1 , ., 
" n ti7nes 

or 

==>m6 ... ==>m6 (Abk+1tD'ck+1cm-k-l .. , 
" n tirnes 

==>ma (Abk+1)n D" ck+1Cm- k- 1. 

In the former case we get a word of the same structure, and we can iterate 
the procedure. In the latter case we have to apply mg as long as A occurs 
in the sentential form, and then we finish the derivation by an application of 
mlO. Thus we obtain 

==>mg ... ==>mg (abk+1)nD"ck+1cm-k-l 
, ., 

" n tirnes 

==>mlO (abk+1tdck+1cm-k-l = v. 

Obviously, if m = k + 1, then a terminal word is derivedj otherwise, the 
derivation is blocked since no matrix can be applied to v. 

By these arguments it is easy to see that 

We note that this language cannot be generated by an ETOL system (if 
we cancel all occurrences of d and c by a morphism we obtain a well-known 
non-ETOL-language, see [101] or Chapter 5 of this Handbook). 0 

Example 2.4. We consider the matrix grammar 

without appearance checking, where 

ml = (8 -+ AB), 
m3 = (A -+ bA,B -+ bB), 
m5 = (A -+ b, B -+ b). 

m2 = (A -+ aA,B -+ aB), 
m4 = (A -+ a, B -+ a), 
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Any derivation has to start with the application of the matrix (S -+ AB) 
yielding AB. 

We now consider a word wAwB, w E {a,b}· (after the first derivation 
step we obtain such a word with w = -X). Then we can apply any of the 
matrices m2, m3, m4, m5 and obtain 

wAwB ~rn2 waAwaB, 
wAwB ~rn4 wawa, 

wAwB ~rn3 wbAwbB, 
wAwB ~rn5 wbwb. 

Thus we obtain a word of the same structure, again, or a word over the 
terminal set. Hence 

Note that this is the non-context-free language which models the redupli-
cation phenomenon in natural (and artificial) languages. 0 

Obviously, if every matrix contains exactly one production, the matrix 
grammar works as a context-free grammar. 

By -XMac we denote the family of matrix grammars with appearance 
checking and with erasing rules. As for regularly controlled grammars we 
omit the index ac and/or the -X, if we restrict to matrix grammars without 
appearance checking and/or without erasing rules. 

Theorem 2.2 . .c(M) = .c(rC), .c(-XM) = .c(-XrC), .c(Mac ) = .c(rCac ), 

.c(-XMac ) = .c(-XrCac ). 

Remarks on the proof. We only prove the second equality (the modification 
for the non-erasing case uses the c10sure of the families under derivatives with 
letters and instead of an erasing in the finally applied matrix we introduce by 
this matrix the additional letter (for this method, see the proof of Theorem 
2.8 below); the necessary changes for the case with appearance checking are 
obvious) . 

.c(-XM) ~ .c(-XrC). It is easy to see that the control by matrices corre
sponds to a control by the regular set M* . 

.c(-XrC) ~ .c(-XM). Let G = (N, T, P, S, R) be a regularly controlled gram
mar (without appearance checking), and let A = (Z, P, zo, Q, 15) be a deter
ministic finite automaton (with the set Z of states, the initial state zo, the set 
Q of accepting states, the input set P of productions of G and the transition 
function 15 : Z x P -+ Z) which accepts R. Without loss of generality we 
assume that N n Z = 0. Then we construct the matrix grammar 

GI = (N U Z U {SI}, T, {m} U {m z I z E Q} U {mp I pEP}, S', 0), 

with 
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m = (S' -+ Szo), 

mp (p, z -+ o(z,p)), for pEP, z E Z, 

m z (z -+ A), for z E Q. 

By the construction, any derivation in G' has the form 

S' ==>m SZo ==>mpt wlo(zo,pd ==>mp2 W2 0(ZO,PIP2) 

==>mp3 ••. ==>mpn wnO(ZO,PIP2 .. ·Pn) ==>m. Wn, (*) 

where 
S ==>Pl Wl ==>P2 W2 ==>P3 •.. ==>Pn = Wn (**) 

holds. Moreover, the last step of the derivation ( * ) is possible iff 
O(ZO,PIP2 .. ·Pn) is in Q, i.e. iff PIP2 ... Pn E R. This condition proves that 
(**) is a correct derivation in G. Hence L(G') ~ L(G). 

On the other hand it is easy to see that, for any derivation of the form 
(**) in G, there is a derivation of the form (*) in G' which proves the converse 
inclusion, L(G) ~ L(G'). 0 

We now introduce a slight modification of the control set used in the case 
of matrix grammars (see the first part of the proof of Theorem 2.2). 

Definition 2.3. ([14]) 
i) An (unordered) vector grammar is a quadrupie G = (V, T, M, S) where 

N, T, M and S are dejined as for matrix grammars. 
ii) The language L( G) generated by G is dejined as the set of alt words 

W E T* such that there is a derivation 

where PIP2 ... Pn is a permutation of some element of M* . 

Example 2.5. We consider the grammar G4 given in Example 4 and use the 
notation ml = (pd and mi = (pil,pi2), 2 S i S 5. 

is 
If we regard G 4 as a matrix grammar, then the only derivation of abaaba 

S ==>Pl AB ==>P21 aAB ==>P22 aAaB ==>P31 abAaB ==>P32 abAabB 

==>P41 abaabB ==>P42 abaaba. 

If we consider G4 as an (unordered) vector grammar, this derivation is only 
one of 20 different derivations yielding abaaba. We only present one further 
such derivation: 

S ==>Pl AB ==>P22 AaB ==>P32 AabB ==>P21 aAabB ==>P31 abAabB 

==>P41 abaaB ==>P42 abaaba. 
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Moreover, the (unordered) vector grammar also allows derivations which are 
forbidden in the matrix grammar, e.g., 

S ==>Pl AB ==>P31 bAB ==>P21 baAB ==>P41 baaAB ==>P22 baaaB 

==>P32 baaabB ==>P42 baaaba. 

It is easy to see that the (unordered) vector grammar G4 generates 

{wxw'x I x E {a,b},w E {a,b}*,w' E Perm({w})}, 

where Perm(R) contains all words which can be obtained by permutations 
from the words in R. 0 

Note that the controllanguage used byan (unordered) vector grammar 
can be a non-context-free language. This can be seen by our example. Obvi
ously, the productions P21 and P22 have to be used the same number of times, 
and the same holds for P31 and P32. Thus 

Perm(M*) n PIP;lP31P;2P32P41P42 = {PIP21PnP22P32P41P42 In, m ~ O}, 

which is not a context-free language. 

By AUV and uV we denote the families of (unordered) vector grammars 
with and without erasing rules, respectively. 

Without proof we give the following relations for the associated families 
of languages (for a proof see [27], [86], [118]). 

Theorem 2.3. C(CF) c C(uV) = C(AUV) c C(M). o 

Matrix grammars and (unordered) vector grammars can be interpreted as 
grammars with special control sets. In [22] furt her families of languages are 
studied where the controllanguages are special regular sets (e.g., accepted 
by special types of finite automata or with special algebraic properties). 

Definition 2.4. ([99]) 
i) A programmed grammar is a quadruple G = (N, T, P, S), where 

- N, T and S are specified as in a context-free grammar' and 
- P is a finite set of triples r = (p, U, 'P) where P is a context-free produc-

tion and u and 'P are subsets of P. 
ii) The language L( G) generated by G is defined as the set of alt words 

w E T* such that there is a derivation 

k ~ 1, and there is rk+1 E P such that, for ri = (Ai --+ Vi,Ui,'Pi), 
1 s i S k, one of the following conditions holds: 

Wi-l = w~_lAiW~~l' Wi = wLlviW~~l' fOT some w~_l,W~'_l EVa and 
ri+l E Ui, 
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or 

Ai does not occur in Wi-l, Wi-l = Wi and ri+l E 'Pi. 

iii) If r = (p, u, O) holds for each rE P, then we say that G is a programmed 
gramm ar without appearance checking. Otherwise G is a programmed 
grammar with appearance checking. 

If r = (p, u, 'P), then u and 'P are called the success field and the failure 
field of r, respectively. 

Example 2.6. Let 

be a programmed grammar with 

rl = (S -+ S' S', {rt}, {r2}), r2 = (S' -+ S, {r2}, {Tl, T3}), 

T3 = (S -+ a, {T3}' O). 

We consider a word S2n for some n ~ 0 and assurne that Tl and T3 are 
applicable (this situation holds for the axiom with n = 0). 

If we apply Tl, then we have to do this as long as 8 appears in the 
sentential form, since the success field only contains Tl. i.e., Tl has to be 
applied 2n times. Since any application introduces two occurrences of 8' for 
one occurrence of S, we obtain (8')2n +1. Then we have to continue with T2 
as long as 8' occurs in the sentential form, which gives S2n +1 

• This word has 
the same structure and rl and T3 are applicable, again. 

If we apply r3 to 8 2n , then we obtain a2n • 

Hence G5 generates the non-context-free language 

Example 2.7. We consider the programmed grammar 

G6 = ({8, A, A', B, B'}, {a, b}, {Tl. T2, ... , Tg}, 8), 

without appearance checking, where 

Tl = (8 -+ AB, {T2, T6}, O), 
T3 = (A' -+ aA, {T5}, O), 
T5 = (B' -+ BB,{T5,T2,T6},0), 
T7 = (A' -+ a,{Ts,Tg},0), 
Tg = (B' -+ b, {TS, Tg}, O). 

T2 = (A -+ aA', {T4}, O), 
T4 = (B -+ B'B',{T4,T3,T7},0), 
T6 = (A -+ a, {TS, Tg}, O), 
TS = (B -+ b, {rs, Tg}, O), 

o 
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We prove that G6 generates 

(note that L(G6 ) is not a semilinear language). 
This can be seen by a combination of the following facts. 
We consider two types of situations: The first type is given by words w 

such that 

and at most T2, T5, and T6 are applicable to w (such a situation with n = 1 is 
obtained after the application of Tl which has to be applied in the first step 
of any derivation in G). The second type is given by words v such that 

v = an - 1 A'v', Iv'lE' 2: 1, n:::; Iv'lB + Iv'lBI :::; 2n 

and at most T3, T4, and T7 can be applied to v. 
If we apply T6 (i.e., we substitute A by a) to a word of the first type, we 

have to continue with TS or Tg until all nonterminals Band B' are replaced 
by b. Thus we get a terminal word anbm with n :::; m :::; 2n which has the 
desired form. The same holds if we apply T7 to a word of second type. 

If we apply T2 to a word w of the first type, we have to continue with 
some, say k, 1 :::; k :::; Iw'IB, applications of T4. This yields 

w ==::}r2 an A'w' ==::}r4 ... ==::}r. an A'w", , ' v 
k times 

where w" contains at least one occurrence of B', at least n + k letters (any 
application of T 4 increases the length by 1), and at most 2n +1 letters (the 
upper bound is reached if w' = B 2" and k = 2n ). Moreover, besides T4 the 
only applicable rules are T3 and T7. Therefore we have derived a word of the 
second type. 

Furt hermore , by analogous arguments the application of T3 to a word of 
the second type and the continuation with T5 (as long as we want) give a 
word of the first type. 0 

In order to describe the relations between the productions T = (Pr, O'r, 'Pr) 
of a programmed grammar one can use the following graph with two types of 
edges, say, green and red: the set of nodes consists of the context-free rules Pr, 

r E P; the first type of edges (green) connects Pr with all first components 
of O'r and any of these edges is labelled by Pr; the second type of edges 
(red) connects Pr with all first components of 'Pr and any of these edges is 
labelled by Pr, again. The appearance checking controls which type of edges 
is used. Now the sequence of context-free rules which have to be applied in 
succession in a programmed grammar corresponds to a path in the associated 
graph. Hence in programmed grammars without appearance checking we use 
sequences prescribed by a graph with green edges only. 
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Clearly, if Ur = P and "Pr = 0 holds for every rE P, then a programmed 
grammar works as a context-free grammar. 

By >'Pac we denote the family of programmed grammars with appearance 
checking and with erasing rules. As for matrix grammars we omit the lower 
index ac and/or the letter >., if we consider only programmed grammars 
without appearance checking and/or without erasing productions. 

Theorem 2.4. C(P) = C(rC), C(>'P) = C(>.rC) , C(Pac ) = C(rCac ) , 

C(>'Pac ) = C(>.rCac ). 

Sketch oj the prooj. We only prove the second relation. 

C(>'P) ~ C(>.rC). Obviously, the language is not changed if we add the 
new axiom S' and the new production S' - S with an empty failure field 
and a success field consisting of all rules with the left side S. 

The graph associated with this programmed grammar according to the 
above description can be interpreted as a graphical interpretation of a finite 
automaton. We choose the production S' - S as the initial state and the set 
of all states as the set of accepting states. Then it is easy to see that the set 
R accepted by this automaton controls the derivations as in the programmed 
grammar. 

C(>.rC) ~ C(>'P). By Theorem 2.2, it is sufficient to show that pro
grammed grammars can simulate matrix grammars. In order to do this we 
associate with a matrix (Pl,p2, ... ,Pk) the programmed rules 

ri = (Pi, {ri+t}, 0), for 1 ::; i ::; k - 1, and rk = (Pk, Mt, 0), 

where MI consists of (X - >.,0,0) (where X is an additional nonterminal) 
and all programmed productions associated with a starting rule in a matrix. 
Adding the new axiom S' and the production (S' - SX, Mt, 0) we ensure 
that we start with the first rule of a matrix. By (X - >',0,0) we ensure 
that we cannot terminate inside a matrix. Now the equality of the generated 
languages follows easily. 0 

2.2 Control by context conditions 

In this section we consider some mechanisms where the control works as 
follows: a production can only be applied to a sentential form if the form 
satisfies some conditions. For example, by such a condition we can require 
that certain symbols have to occur in the sentential form. 

By such a control the sequence of applicable productions is not described 
in advancej it is controlled by the generated sequence of sentential forms. 

Definition 2.5. ([36]) 
i) A conditional grammar is a quadrupIe G = (N, T, P, S), where 

- N, T and S are specijied as in a context-free grammar, and 
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- P is a finite set of pairs r = (p, R), where p is a context-free production 
and R is a regular set over VG . 

ii) For x, y EVa, we say that x directly derives y, written as x ===?- y, iff 
there is a pair r = (A -+ w, R) E P such that x = x' Ax" and y = x'wx" 
for some x', x" E Va and x E R. (We also use the notation x ===?-r y or 
x ===?-p y if we want to specify the pair or the production which is applied.) 

iii) The language L(G) generated by G is defined as 

L(G) = {w E T* I S ===?-* w}. 

By definition, we can apply the pair r = (p, R) (and thus the production 
p) to x iff x is contained in the regular set associated with p. 

If the regular set associated with every production is the set of all words 
over VG, then the condition for its application is always satisfied. Therefore 
such a conditional grammar worles as a context-free gramm ar. 

Example 2.8. Let 

be a conditional grammar with 

rl = (S -+ S' S', (S')* S+), r2 = (S' -+ S, S*(S')+), r3 = (S -+ a, a* S+). 

We consider a word S2n for some n ;::: 0 (the axiom satisfies this condition). 
By the definition we can apply only rl and r3. 

Assurne that we apply r3. Then we obtain SSaS2n - s - l . If s ;::: 1, then the 
derivation is blocked, since the derived sentential form is not contained in 
any of the regular sets associated with rl, r2 or r3. Hence s = 0 has to hold, 
i.e., aS2n - 1 is generated. Now we can apply only r3, and we obtain a2S 2n - 2 
by analogous arguments. This process has to be iterated until we derive the 
terminal word a2n . 

Assurne now that we apply rl to S2n. Then we generate S' S' S2n -1, since 
by arguments as above we have to replace the first S in order to ensure that 
the derivation is not blocked. Therefore we get the derivation 

Now we can only apply r2 and obtain the derivation 

( ')2n S( ,)2n+ 1 I StS2n+1 t S2n +1 
S ===?-r2 S - ===?-r2'" ===?-r2 - ===?-r2'" ===?-r2 , 

i.e. we have doubled the number of S. 
Combining these facts, we obtain 

L(G7 ) = {a2n I n;::: O}. 

This example shows that we can generate non-context-free languages by con
ditional grammars. 0 
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By >'C and C we denote the family of all conditional grammars with and 
without erasing productions, respectively. 

Theorem 2.5. C(>'C) = C(RE) and C(C) = C(C8). 

Proof. We only prove the second equalitYj the first one can be shown analo
gously. 

C(C) ~ C(C8). Let G = (N, T, P, 8) be a conditional grammar. For any 
r = (p, Rp) E P, we also write pEP. 

For any a E T, let X a be an additional letter. We set 

N'=NU{XalaET}. 

For w E Va, let WT E (N')· be the word which is obtained from W by replacing 
anya E T by X a. Moreover, for pEP, let Äp = (Zp, N', zOp, Pp, 8p) be the 
deterministic finite automaton which accepts {WT Iw E Rp}. 

We now construct the monotone grammar 

G' = (N,TU{#},P',S), 

where 

N = N' U {A I A E N'} U {S,#',#"} 

U{(A,p, z) IA E N',p E P, z E Zp} U {(A,p) IA E N',p E P} 

and P' is the set of all rules of the forms 

(1) S - #'8#", 
(2) #' - (#',p,zop), pEP, 
(3) (A,p, z)B - A(B,p, z'), A E N' U {#'}, BE N',p E P, z' = 8p(z, B), 
(4) A,p,z)#" - (A,p)#", A E N',p E P,z E Pp, 
(5) B(A,p) - (B,p)A, A,B E N',p E P, 
(6) (A,p) -WT, p=A-w, 
(7) #' - #, #" - #, X a - a, a E T. 

Let r = (p, Rp) with p = A - w. Then the derivation Y = y1AY2 ===?r Yl WY2 
with Y E Rp in G is simulated in G' in the following way: We start from 
the word #'YT#". First we apply the rule of type (2) associated with p 
yielding (#',p,ZOp)YT#". Then we shift the symbol ofthe form (B,p,z) by 
productions of type (3) from left to right and obtain #'y'(X,p, 8 (zop , YT ))#" 
where YT = y' X. If 8(zop, YT) ~ Pp, then the derivation is blocked. Otherwise, 
i.e. Y E Rp , we continue with the production of type (4) associated with p 
which gives #'y'(X,p)#". Then we shift the letter ofthe form (B,p) by rules 
oftype (5) from right to left until we derive #'(Yl)T(A,p)(Y2)T#" and apply 
the production of type (6) generating the desired word #'(ydTWT(Y2)r#". 

The production of type (1) ensures the correct start of the derivations, 
and the productions of type (7) terminate the derivations. 
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By these considerations it is easy to see that #L(G)# ~ L(G'). L(G') ~ 
#L( G)# follows because, essentially, only derivations of the form described 
above terminate. Thus L(G') = #L(G)#, and then L(G) E C(CS) follows 
by the closure properties of the family of context-sensitive languages. 

C(CS) ~ C(C). Let G = (N, T, P, S) be a context-sensitive grammar. We 
can assume that Gis in the Kuroda normal form, i.e., all productions are of 
the form A -+ w or AB -+ CD, where A, B, C, DEN and w E VJ (we omit 
the special considerations which are necessary if A E L(G)). Without loss 
of generality we may assume that A =J B for each rule AB -+ CD in P (if 
AA -+ CD E P, then we replace it by A -+ A', AA' -+ CD, for a new symbol, 
A', associated with this rule). We now construct the conditional grammar 

G' = (NU {Ap IA E N,p E P},T,P',S), 

where P' contains the production 

(A -+ w, Va), 

for every rule A -+ w E P and the productions 

(A -+ Ap VaABVa ), 

(B -+ Bp, VaApBVa ), 

(Ap -+ C, Va ApBp Va), 

(Bp -+ D, VaCBp Va), 

for AB -+ CD E P. Now it can easily be seen that G' can simulate the 
derivations in G and that only simulations of derivations in Gare possible in 
G' which implies L(G') = L(G). 0 

Definition 2.6. ([60J, [90]) 
i) A semi-conditional grammar is a quadrupIe G = (N, T, P, S), where 

- N, T and S are specijied as in a context-free grammar, and 
- Pisa jinite set of tripIes r = (p, R, Q), where p is a context-free pro-

duction and Rand Q are disjoint jinite sets of words over VG . 

ii) For x, y EVa, we say that x directly derives y, written as x => y, 
ifJ there is a tripIe r = (A -+ w, R, Q) E P such that x = x' Ax" and 
y = x'wx" for some x',x" EVa, every word of R is a subword of x, and 
no word of Q is a subword of x . (Again, we use the notation x =>r Y or 
x =>p y if we want to specify the pair or the production which is applied.) 

iii) The language L(G) generated by G is dejined as 

L(G) = {w E T* I S =>* w}. 

Rand Q are called the permitted context and forbidden context associated 
with r (or p), respectively. 
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The condition that x contains every subword of a finite set R = 
{Wl,W2, ... ,wn } and no subword of Q is equivalent with the requirements 
x E n:=l Va { Wi} Va (if R is the empty set, i.e. no context is required, 
one has to use x EVa) and x ~ VaQVa. Hence p is applicable to x iff 
xE (n:=l Va{Wi}Va) - VaQVa)· Therefore semi-conditional gramm ars are 
a special case of conditional grammars. 

Definition 2.7. ([120]) A random context grammar is a semi-conditional 
gramm ar where the permitted and forbidden contexts of alt productions are 
subsets of the set of nonterminals. 

By definition, random context grammars are special cases of semi
conditional grammars and therefore of conditional grammars, too. 

Example 2.9. We first show that we can construct a semi-conditional gram
mar Gs which allows the same derivations as the conditional grammar G7 of 
Example 8. To this end we consider the semi-conditional grammar 

with 
rl = (S --+ S'S',0, {SS', a}), r2 = (S' --+ S,0,{S'S,a}), 

ra = (S --+ a, 0, {Sa, S'}). 

Since the terminal a is contained in the forbidden context of the production 
rl we can apply rl only to words over {S, S'}. Moreover, since SS' is a 
forbidden subword for the application of rl and the application of rl requires 
the existence of at least one S in the sentential form, we can apply rl only 
to words in (S')* S+ which is the regular language associated with rl in G7 • 

Analogously, we can see that the context conditions of r2 and ra in Gs 
describe exactly the regular sets associated with r2 and ra in G7 • 

Hence we can apply a production to a sentential form in Gs if and only if 
this production can also be applied to the sentential form in G7• Thus both 
grammars generate the same language, Le., 

We now show that this language can also be generated by a random context 
grammar with only forbidden contexts. In order to do this we consider the 
random context grammar 

with 

rl = (S --+ S'S',0,{S",A}), 
ra = (S" --+ S, 0, {S'}), 
rs = (A --+ a, 0, {S}). 

r2 = (S' --+ S",0,{S}), 
r4 = (S --+ A,0,{S'}), 
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Let us consider S2n with n 2': 0 (the axiom satisfies this condition with 
n = 0). The only applicable rules are Tl and T4. 

We first discuss the application of Tl. We obtain Sk S' S' S2n -k. If n = 0, 
then S' S' = (S,)2 n +1

• If n 2': 1, then v contains Sand S' which are the 
forbidden letters for the application of T2 and T 4. Thus the only applicable 
production is Tl, again. Moreover, this situation is preserved until any oc
currence of S is replaced by S'S'. Hence we derive (S')2 n +1

• Now we have 
to continue with T2, and as above we can show that we have to apply T2 as 
long as S' is present in the sentential form. Therefore we obtain (S,,)2 n +1

• 

Analogously, we have to continue with T3 until S2n +1 is generated. By this 
derivation we have doubled the number of S. Furthermore, we can apply Tl 

and T4, again. Thus we have reproduced the situation which we started in. 
If we apply T4 to S2n

, we obtain A (if n = 0) or a word containing S 
and A. In the latter case Tl and TS are not applicable, Le., T4 is the only 
applicable rule, and because this situation holds until every S is replaced by 
A, we generate A2n

• Now we have to finish the derivation by applications of 
TS which yields a2n • 

Combining these facts it is easy to see that 

too. o 

By the grammars of Example 9 we have shown that the language gen
erated by the conditional grammar of Example 8 can also be obtained by a 
conditional grammar where the regular sets associated to the productions are 
of the special form Va - VaQVa where Q contains only words consisting of 
at most 2 letters or only nonterminals. 

By >.sC and sC we denote the families of semi-conditional grammars with 
and without erasing ruIes, respectively. By >.RCac we denote the family of 
random context grammars with erasing productions. If we restrict to non
erasing productions and/or to random context grammars where all forbidden 
contexts are empty, we omit the >. and/or the index ac. >./ RC and / RC 
denote the families of of random context grammars with and without erasing 
ruIes, respectiveIy, where all permitted contexts are empty. 

Theorem 2.6. C(>.sC) = C(RE) and C(sC) = C(CS). 

Proof. We only prove the second equality. 
The inclusion C(sC) ~ C(CS) follows from Theorem 2.5 and the above men
tioned fact that productions of a semi-conditional grammar can be interpreted 
as productions of a conditional grammar with special regular sets. 

If we consider the construction of the conditional grammar in the second 
part of the proof of Theorem 2.5, we see that the regular sets associated with 
the productions correspond to the requirement that the permitted context 
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is empty or a set of the form X I X2 with nonterminals Xl and X 2 and the 
forbidden contexts are subsets of the set of nonterminals. Therefore that 
proof shows that any context-sensitive language can be generated by a semi
conditional grammar. 0 

Theorem 2.7. 
i) .c(CF) c .c(RC) c .c(RCae ) = .c(Mae ) c .c(>,RCac ). 

ii) .c(RC) ~ .c(>"RC) c .c(>..RCae ) = .c(>..Mae ). 

iii) .c(RC) ~ .c(M). 

Sketch 01 a prooJ. We only show that random contexts ean be simulated by 
matrices; for proofs of the other inclusions we refer to [27]; the strietness of 
the inclusion .c( CF) c .c( RC) follows from examples above and the strictness 
of the other inclusions follows by the Fact mentioned in the proof of Theorem 
2.1. 

With a production 

of a random eontext grammar we associate the matrix 

m p = (Al -+ AI,··.,Ar -+ Ar,BI -+ X, ... ,B. -+ X,A -+ w), 

where X is an additional letter. Moreover the set F of productions whieh 
ean be omitted (if the left side does not occur in the sentential form) is 
given by all produetions of the form Bi -+ X. Obviously, the application of 
a matrix m p checks whether all symbols AI, A2 , •.• , Ar are present in the 
sentential form (if one of these symbols does not oecur, then the matrix is 
not applicable) and whether all symbols BI, B2 , ..• , B. are absent (if a rule 
Bi -+ X is applicable, then we generate an occurrence of X whieh cannot 
be replaced) before the production A -+ w is applied. Therefore the random 
context grammar G and the matrix grammar G' with 

G = (N,T,P,S) and G' = (NU{X},T,{mp I p E P},S,{B -+ X I BEN}) 

generate the same language. o 

Semi-conditional and random eontext grammars are special eases of eon
ditional grammars because there special regular sets are used as conditions. 
Further families of languages defined by other special regular sets as condi
tions are investigated in [24]. On the other hand, for conditional grammars 
one can impose the restriction to have the same regular language associated 
to all productions and the generated family of languages is the same as in 
the general case, see [27], [63]. 
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Definition 2.8. ([36]) 
i) An ordered grammar is a quadrupie G = (N, T, P, S), where 

- N, T and S are specified as in a context-free gramm ar and 
- P is a finite (parlially) ordered set of context-free productions. 

ii) For x, y EVa, we say that x directly derives y, written as x ===} y, if 
and only if there is a production p = A ~ w E P such that x = x' Ax" , 
y = x' wx" and there is no production q = B ~ v E P such that p -< q 
and B occurs in x. If we want to specify the applied production we write 
x ===}p y. 

iii) The language L( G) generated by G is defined as 

L(G) = {w E T* I S ===}* w}. 

By point ii) of the definition we have to apply a production which is 
maximal in the set of applicable productions. 

Example 2.10. We consider the ordered grammar 

GlO = ({S,S',S",A,Z},{a},P,S), 

where the productions and the (partial) order of P can be seen from the 
following diagram: 

S" ~ Z A ~ Z S' ~ Z 

j/~ / \ 
S ~ S'S' S" -t S S -t A S' ~ S" A ~ a 

Since P does not contain a production with left side Z, the derivation is 
blocked if a production of the form X ~ Z is applied, X E {A, S, S', S"}. 
Hence the only applicable productions are those of the form X ~ w with 
w ::f. Z. By the definition of the order, 

- S ~ S' S' is only applicable if the sentential form does not contain S" and 
A, 

- S" ~ S is only applicable if the sentential form does not contain S' and A, 
- S' -t S" is only applicable if the sentential form does not contain S, 
- S ~ A is only applicable if the sentential form does not contain S', 
- A ~ ais only applicable if the sentential form does not contain S. 

This describes exactly the forbidden contexts of the ruIes in the random 
context grammar Gg • Thus the order allOWS exactly the same derivations 
in G lO as the contexts in Gg • Therefore both gramm ars generate the same 
language, i.e., 

o 
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By the definition of an ordered grammar, there is no restriction by con
texts; however, by the preceding example it can be seen that forbidden con
texts can be simulated by orders. This construction can be generalized and 
proves that random context grammars with empty permitted contexts are 
a special case of ordered grammars. Therefore we have introduced ordered 
grammars in this section. 

By >'0 and 0 we denote the families of ordered grammars with and with
out erasing rules. 

Theorem 2.8. 
i) L(O) = LURC) ~ L(>'O) = L(>'jRC) c L(RE). 
ii) L(ETOL) c L(O) c L(rCac ). 

Sketch oj the prooj. As already mentioned above, the inclusions LU RC) ~ 
L( 0) and L(>'j RC) ~ L(>'O) follow by a generalization of the method pre
sented in Example 10. 

For a proof of the converse inclusions we refer to [27], Theorem 2.3.4. 

L(ETOL) ~ L(O). Let L E L(ETOL). Then 

L = U aLa, where La = {w I aw E L}, for a E T. 
aET 

By the closure properties of L(ETOL) , for any a E T, La is an ETOL language. 
Thus La = L(Ga) for some ETOL system Ga = (V,T,{h 1 ,h2, ... ,hk },w) 
without erasing rules. 

Let V' = {x' I x E V}, and let h be the morphism from V* to (V' )* given 
by hex) = x', for x E V. 

We construct the ordered grammar G' = (N, T, P, 5), where 

N = V'U {S',Z,A}U {(x,t) I x E Vu {A},I::; t::; k} 

and all rules of P and their order are given by 

(1) S' -> (A, t)h(w), 1::; t::; k 
(2) x' -> (x,t) -< (A,s) -> Z, x E V,I::; t::; k, 1::; s::; k,s =1= t, 

x' -> (x, t) -< A -> Z, x E V,1 ::; t ::; k, 
(3) (x,t) -> y -< Zl -> Z, xE V,I::; t::; k,y E h(ht(x)),z E V 

(x, t) -> y -< A -> Z, x E V,1 ::; t ::; k, y E h(ht(x)), 
(4) (A,t) -> (A,s) -< (x,t) -> Z, 1::; t::; k,l::; s::; k,x E V, 
(5) (A, t) -> A -< (x, t) -> Z, 1::; t::; k, x E V 

(A, t) -> A -< a' -> Z, 1::; t::; k, a E V - T, 
(6) a' -> a -< (A, t) -> Z, a E T,1 ::; t ::; k, 

A -> a -< x' -> Z, x E V. 

We consider a word 

v = (A, t)h(XIX2 ... xn ) = (A, t)x~ x~ ... x~ 
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with Xi E V, for 1 ~ i ~ n (such a word is produced by any application of a 
rule of type (1) to the axiom). 

If we apply a production according to (4), we generate a word of the same 
form, and we can start the process, again. 

If we apply a production according to (2), we have to continue with such 
productions until we obtain (A, t)(Xl, t)(X2, t) ... (xn , t). Then we have to use 
productions according to (3) and derive 

i.e. we have simulated one derivation step in the ETOL system Ga. Now we 
can start this process, again, because v' has the same form as v. 

If we apply a production according to (5), then XIX2 ... Xn only contains 
letters of T, and we have to replace any primed letter by its non-primed 
version according to (6), and finally we apply A ---+ a. 

Hence L(G') = aL(Ga) = aLa holds. Using the classical construction in 
order to generate the union of languages, we can prove that L as a union of 
such sets can also be generated. 

The random context grammar G = ({S, A, A', B,B', C, D}, {a, b, cl, P, S) 
with 

P = {eS ---+ ASB, 0, O), (S ---+ AB, 0, O), (A ---+ A'b, 0, {S, B', C, D}), 

(B ---+ C,0,{A,C}),(B ---+ B',0,{A}),(A' ---+ A,0,{B}), 

(B' ---+ B, 0, {A'}), (C ---+ c, 0, {A'}), (A ---+ D, 0, {B}), (D ---+ a, 0, {A})} 

generates {(abm)ncn Im:::: n :::: I} which is not in C(ETOL) (see [101] and 
the remark at the end of Example 3.) 

CU RC) ~ C(RCae ) and CU RC) ~ C(RE) follow by definition and The-
orem 2.7. For a proof of the strictnesses we refer to [29] and [30]. 0 

2.3 Grammars with partial parallelism 

In a context-free grammar a derivation step consists of the substitution of one 
nonterminal according to a production; in a Lindenmayer system a derivation 
step consists in the parallel substitution of all letters according to pro duc
tions, where in the deterministic case we have to use the same production 
for all occurrences of a symbol. In this section we shall present some type of 
grammars where the mode of substitution is intermediate between the purely 
sequential context-free and parallel one. 

We start with Indian parallel grammars where a derivation step consists 
in the substitution of all occurrences of one nonterminal according to the 
same production. Formally, this gives the following definition. 
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Definition 2.9. ([114]) 
i) An Indian parallel grammar is a quadruple G = (N,T,P,S), where N, 

T, P, and S are specified as in a context-free grammar. 
ii) For x, y EVa, we say that x directly derives y, written as x ==} y, if and 

only if the following conditions hold: 
- x = xIAx2A ... x n Axn +1, with n ~ 0, A E N, and Xi E (VG - {A})*, 

for 1 ::; i ::; n + 1, 
- y = Xl WX2W . .. XnWXn+l, 

-A-+wEP. 
If we want to specify the applied production p = A -+ w, we use the 
notation X ==}p y. 

iii) The language L( G) generated by G is defined as 

L(G) = {w E T* I S ==}* w}. 

Example 2.11. We consider the Indian parallel grammar 

Gll = ({S,A}, {a, b}, {S -+ AA, A -+ aA,A -+ bA,A -+ a, A -+ b}, S). 

Consider a word wAwA (by the first step of any derivation we obtain AA 
which has this form). Using the four different productions with left side A 
we get the following derivations: 

wAwA ==} waAwaA, 
wAwA ==} wawa, 

It is easy to see that 

wAwA ==} wbAwbA, 
wAwA ==} wbwb. 

L(Gll ) = {ww I w E {a,b}*}. o 

By >"1 P and I P we denote the families of Indian parallel grammars with 
and without erasing rules, respectively. 

Theorem 2.9. 
i) C(AIP) = C(IP). 
ii) The families C(CF) and C(IP) are incomparable. 
iii) C(IP) C C(EDTOL). 

Sketch of a proof. 
i) This can be shown by the standard elimination of erasing rules (e.g, used 

for context-free grammars, see [55]). 
ii) Example 11 shows that there are non-context-free languages which can 

be generated by Indian parallel grammars. Without proof we mention 
that the (context-free) Dyck language cannot be generated by an Indian 
parallel grammar (see [115] for a proof). (Note that there are languages 
which are contained in the intersection, e.g. all regular languages are in 
C(CF) n C(IP).) 
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iii) L(IP) ~ L(EDTOL). Let G = (N, T, P, S) be an Indian parallel gram
mar. Then we construct the EDTOL system 

GI = (N U T, T, {hp I pEP}, S), 

where, for p = A -+ w E P, hp is defined by 

hp(A) = wand hp(x) = x, for x E (N U T) - {A}. 

Obviously, VI ~p V2 holds in G if and only if hp ( VI) = V2. Thus L( GI) = 
L(G). 

The inclusion is proper since L = {anbncn I n ~ I} is not in L(IP) (see 
[27], Example 2.4.3 or [119]) and it is easy to construct an EDTOL system 
which generates L. 0 

Note that the situation differs from that for the other control mechanisms 
given in this chapter which define proper extensions of the family of context
free languages. 

The derivation in an Indian parallel grammar is characterized by a parallel 
application of one rule to all occurrences of one letter. We now introduce a 
type of grammars where a derivation step consists in a parallel application 
of a certain number of productions (which are not necessarily different). 

Definition 2.10. ([61], !43j) 
i) A k-grammar is a quadruple G = (N, T, P, S), where N, T, P and S are 

specified as in a context-free gramm ar and k ~ l. 
ii) For x, y EVa, we say that x directly derives y if and only if 

or 

x = Sand S -+ y E P 

x = xIAIX2A2 ... XkAkXk+l, for certain XI,X2, ... ,Xk+l EVa, 

y = XIWIX2W2··· XkWkXk+l, 

Al -+ WI, A 2 -+ W2,···, A k -+ wk E P. 

iii) The language L k (G) generated by G is defined as the set 

Lk(G) = {w E T* I S ~* w}. 

By definition, besides thc first step of a derivation (which is one in the 
context-free mode) we have to replace in parallel k occurrences of nonter
minals according to productions of the grammar. Thus a derivation is blocked 
if - besides the axiom - the sentential form contains less than k nonterminals. 
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Example 2.12. Let 

G12 = ({S,A,B,C},{a,b,c},P,S) 

with 

P = {S --- ABC, A --- aA, B --- bB, C --- cC, A --- a, B --- b, C --- c}. 

First we consider G12 as a 2-grammar. Then the following derivation is a 
typical one: 

S ==} ABC ==} aAbBC ==} aaAbBcC ==} aaaAbbcC ==} aaaabbcc. 

Obviously, by any step of derivation in the mode of the 2-grammar G12 -

besides the first one - we generate two additional occurrences of terminals. 
Therefore 

L 2(G 12 ) = {anbmcr In + m + T = 2t, t ~ I}. 

Now we consider G12 as a 3-grammar. All possible derivat ions are described 
in the following diagram 

S ==* ABC ==* aAbBcC ==* ==* an Abn BcnC ==* 
.ij. .ij. .ij. 

abc a2b2c2 an+lbn+lcn+l 

and thus 
L 3 (G12 ) = {anbncn I n ~ I}. 

If we consider G 12 as a k-grammar with k ~ 4, then we obtain 

since the first step of derivation yields ABC and then the derivation is blocked 
because the sentential form does not contain k occurrences of nonterminals. 

Note that L2(G12 ) and Lk (G12 ), for k ~ 4, are regular languages, whereas 
L3(G12 ) is a non-context-free language. 0 

By kG and >'kG we denote the families of k' grammars without and with 
erasing rules, respectively, with k S k'. 

Theorem 2.10. FOT k ~ 1, .c(kG) c .c((k + l)G), .c(>'kG) c .c(>'(k + l)G). 

PTOOj. The inclusions are obvious. For the proof of the strictness we refer to 
[109] and [UO], where it is proven that 

{ala2' ... a2'k+l I n ~ I} E .c((k + l)G) - .c(>'kG), 

for k ~ 1. o 

Theorem 2.11. FOT k ~ 1, .c(kG) ~ .c(M) and .c(>'kG) ~ .c(>'M). 
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Proof. Let G = (N, T, P, S) be a k-grammar. Assume that k is minimal. We 
construct the matrix grammar 

G' = (N U {A' I A E N} U {So}, T, M, So), 

where M consists of all matrices 

(So -> w), for S -> w E P, 

and all matrices 

where Ai -> Wi, 1 5 i ::; kare k not necessarily different productions of P. 
Obviously, Vl =* V2 holds in G if and only if there is a matrix rn E M such 
that Vl =*= V2 holds in G'. This implies L(G') = L(G). 0 

In a k-grammar we have to apply in parallel k productions, however, the 
choice of productions is not restricted. The following type of grammars also 
works with a parallel application of a certain number of productions but there 
are rest riet ions on the possible combinations of productions and on the places 
where the productions can be applied. 

Definition 2.11. ([46]) 
i) A scattered context grammar is a quadruple G = (N, T, P, S), where 

- N, T and S are specified as in a context-free grammar, and 
- P is a finite set of matrices 

where k 2 1, Ai E N, and Wi E V~, for 1 ::; i ::; k (the r~umber k 
depends on the matrix and can differ from matrix to matrix). 

ii) For x, y E V~, we say that x directly deri ves y, written as x =* y, if and 
only if the following conditions are satisfied: 

x = xlA1X2A2 ... XkAkxk+1, for sorne Xi E V~, 1 ::; i ::; k + 1, 

y = X1W1X2W2·· .XkWkXk+l, 

(Al -> Wl, A2 -> W2,···, A k -> Wk) E P. 

iii) The language L( G) generated by G is defined as 

L(G) = {w E T* I S =** w}. 

Example 2.13. Let 

G13 = ({S,A,B,C},{a,b,c},P,S) 

be a scattered context grammar with 

P = {(S -> AAA), (A -> aA, A -> bA, A -> cA), (A -> a, A -> b, A -+ c)}. 
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Then any derivation in G13 has the form 

which proves 

S ===} AAA ===} aAbAcA ===} a2 Ab2 Ac2 A ===} '" 

===} an Abn Acn A ===} an+lbn+lcn+l, 

o 

We now define a slight modification of scattered context grammars by 
restricting the possible combination of context-free rules but the order of the 
nonterminals in the sentential form can differ from the order of the context
free rules in a matrix. Formally this type of grammars is given in the following 
definition. 

Definition 2.12. ([80]) 
i) An unordered scattered context grammar is a quadruple G = (N, T, P, S), 

where N, T, P and S are specified as in a scattered context grammar. 
ii) For x, y E Va, we say that x directIy derives y, written as x ===} y, i/ and 

only i/ the /ollowing conditions are satisfied: 

y = XIWi 1 X2Wi2 •• .XkWikXk+l, 

(Al ~ wI,A2 ~ W2," .,Ak ~ Wk) E P, 

(i l ,i2, ... ,ik) is apermutation 0/ (1,2, ... ,k). 

iii) The Ianguage L( G) generated by G is defined as in the Definition 11 
using the derivation 0/ part ii) 0/ this definition. 

Example 2.14. We consider the grammar Gl3 ofExample 13, again; however, 
we consider it as an unordered scattered context grammar. Then 

S ===} AAA ===} aAcAbA ===} abAcaAbcA ===} abacabbcc 

is a derivation in the unordered scattered context grammar Gl3 which is 
not allowed in the scattered context grammar G13 . It is easy to see that the 
Ianguage generated by the unordered scattered context grammar Gl3 is 

{XIX2 ... XnYlY2.·. YnZIZ2'" Zn I n ~ 1, {Xi, Yi, Zi} = {a, b, cl, 1 :s i :s n}. 
o 

By SC (uSC) and >'SC (>.uSC) we denote the families of (unordered) 
scattered context grammars without and with erasing productions. 

Theorem 2.12. 
i) .c(M) = .c(uSC) c .c(SC) <; .c(CS). 
ii) .c(>'M) = .c(>.uSC) c .c(>.SC) = .c(RE). 
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Proof. C(>.uSC) ~ Cp.M) can be shown by a rnodification of the proof of 
Theorem 2.11. 

C(AM) ~ C(AuSC). Let L E C(AM). Then L = L(G) for sorne matrix 
grammar G = (N, T, M,S, 0), where N = NI UN2 U{S} for some sets NI and 
N 2 with NI n N 2 = 0 and all matrices of M have one of the forms (5 --. AB) 
or (B --. A) or (A --. w, B --. B'), with A E NI and B, B' E N2 (for a 
proof of this fact, see the proof of Theorem 2.2). Obviously, the application 
of matrices of such forms does not differ for matrix grammars and unordered 
scattered context grammars. 

C(AUSC) ~ C(ASC). Let G = (N, T, P, S) be an unordered scattered 
context grammar. We construct the scattered context grammar 

G' = (N,T, U Hp,S), 
pEP 

Hp = {(Ai, --. Wi l , Ai2 --. Wi2 , •.. , Aik --. Wik) I 
(i l , i 2 , ••. ,ik) is apermutation of (1,2, ... k)}. 

Then VI ===}p V2 in G if and only if there is an element p' E Hp such that 
VI ===}pl V2. This implies L(G/) = L(G). 

For a proof of the strictness of this inclusion, we refer to [30]. 
The modifications of the preceding proofs for the non-erasing grammars 

are left to the reader. 

C(SC) ~ C(CS). Using constructions as in the proofs of Theorem 2.1 
and Theorem 2.5 we move special symbols (remembering the matrix and the 
rule of the matrix which we try to apply) from left to right and apply the 
productions in the given order. 

C(A5C) ~ C(RE) can be shown analogously. 

For the proof of C(RE) ~ C(ASC) we refer to [45], [77] and [75]. 0 

We now define a special type of scattered context grammars. 

Definition 2.13. ([57J, [64]) 
i) A k-simple matrix grammar is a (k + 3)-tuple 

where 
- NI, N 2, ... , N k and T are pairwise disjoint alphabets (the sets Ni, 1 ::; 

i ::; k, are the sets 0/ nonterminals; T is the set of terminals), 
- S ~ TU NI U N 2 U ... N k (the axiom), 
- M is a finite set of matrices which have one of the following forms: 
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(8--+w), wET*, 

(8 --+ A IA 2 ••. Ak), Ai E Ni, 1 ~ i ~ k, 

(Al --+ wI, A2 --+ w2,···, Ak --+ Wk), 

Ai E Ni, wi E (Ni U T)*, IWilN, = IWjINj' 

1 ~ i ~ k, 1 ~ j ~ k, i :I j. 

ii) For x, y E ({ 8} U T UNI U N 2 U ... U N k )*, we say that x directly derives 
y, written as x ==:::} y if and only if either 

x = 8 and (8 --+ y) E M 

or 

x = xIAIZIX2A2Z2 ... XkAkZk, Xi E T*, Zi E (T U Ni )*, 1 ~ i ~ k, 

y = Xl WIZIX2W2Z2 ... XkWkZk, 

(Al --+ WI, A2 --+ w2,···, Ak --+ Wk) E M. 

iii) The language L( G) generated by G is defined as 

L(G) = {w E T* 18 ==:::}* w}. 

By definition, the matrices have to be applied as in scattered context 
grammars, however, the rule Ai --+ wi has to be applied to the leftmost 
occurrence of a letter of Ni. 

Moreover, since the nonterminals on the left sides of the rules in a pro
duction are in disjoint sets - besides the leftmost restrietion - the application 
of a matrix in the mode of an unordered scattered context grammar does not 
differ from the application of a matrix in the mode of a scattered context 
grammar. 

Furthermore, by the disjointness of the set of nonterminals, no rule Ai --+ 

Wi can be applied to a nonterminal introduced by the application of a rule 
A j --+ Wj, j < i. Thus - besides the leftmost restriction - the application 
of a matrix in the mode of a matrix grammar does also not differ from the 
application of a matrix in the mode of a scattered context grammar. 

By these remarks - besides the leftmost restrietion - simple matrix gram
mars are special cases of scattered context grammars, unordered scattered 
context grammars and matrix grammars (without appearance checking). 

If k = 1, then we obtain the usual context-free grammars with leftmost 
restrietion in the derivation (which leads to no change with respect to the 
generated language and language family). 

Example 2.15. We consider the 2-simple matrix grammar 

Gl4 = ({A},{B},{a,b},M,8), 

with 
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M = {eS --7 AB),(A --7 aA,B --7 aB),(A --7 bA,B --7 bB), 

(A --7 a,B --7 a),(A --7 b,B --7 b)}, 

and the 3-simple matrix grammar 

G15 = ({A},{B},{C},{a,b,c},{(S --7 ABC), 

(A --7 aA, B --7 bB, C --7 cC), (A --7 a, B --7 b, C --7 c)}, S). 

It is easy to see that the derivations in G14 and G15 are exactIy the same 
derivations as those in the matrix grammar G4 (Example 4) and the 3-
grammar G12 (Example 12). Thus 

By >..kSM and kSM we denote the families of k'-simple matrix grammars 
with and without erasing ruIes, respectively, with k :s k'o Moreover, we define 
>..SM and SM as the union of all families >..kSM and kSM, respectively, 
where the union is taken over all integers. 

Theorem 2.13. 
i) For k 2': 2, C(kSM) c C(>"kSM), C(kSM) c C(SM) and C(>"kSM) c 

C(>"SM). 
ii) For k 2': 1, C(kSM) c C((k + l)SM), C(>"kSM) c C(>"(k + l)SM). 
iii) C(SM) c C(>"SM) c C(CS). 

Proof. We only prove ii) and refer to [27] für the other statements. 

The inclusions are obvious by the definitions. The proof of the strictness 
will be given in so me steps. 

Let V be an alphabet and n 2': 0 an integer. We set 

[V,n] = V x {1,2, ... ,n} 

and define the mappings Tn : [V, k]* --7 (V*)k by 

Tk(>") = (>.., >.., ... , >..), 

for a E V,l:S i:S k,x E [V,k]*,Tn(X) = (Xl,X2, ... ,Xi,·· .,Xk), 

and f : (V*)k --7 V* and Pi : (V*)k --7 V*, 1 :s i :s k, by 

respectively. 

Assertion 2.1. For a language L ~ V* in C(>"kSM) , there is a context-free 
language L' such that L' ~ [V,n]* and f(Tn(L')) = L. 
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Proof of Assertion 1. Let G = (Nb N2, ... , Nk, T, M, S) be a k-simple matrix 
grammar. We construct the context-free grammar 

G' = ({S} U (NI X N 2 X ••. x Nk), [T,k],P, S), 

where P consists of all the following rules: 

S -+ a, for (S -+ w) E M,w E T*,a E Tk"l(>.,-X, ... ,-X,w), 

S -+ (AI ,A2, ... ,Ak), for (S -+ AIA2 ... Ak) E M,Ai E Ni, 1 ~ i ~ k, 

(A I ,A2, ... , Ak) -+ a, for (Al -+ wI,A2 -+ W2, ... ,Ak -+ Wk) E M, 

Ai E Ni,wi E T*, 1 ~ i ~ n,a E Tk"I(WI,W2, ... ,Wk), 

(Al, A2,. .. , Ak) -+ al(All , A 21 , . .. , Au) ... at(Alt , A2t , . .. , Akt) . .. at+l, for 

(Al -+ XllAllXI2AI2· . . XltAltYI, . .. , Ak -+ XkIAUXk2Ak2 ... xktAktYk) E M, 
Aij E Ni, Xij E T*, Yi E T*, aj E Tk"I(Xlj, X2j,· .. , Xkj), 

at+1 E Tk"I(YI, Y2, ... , Yk), 1 :'5 i ~ k,l :'5 j :'5 t, t ~ l. 
The equality L(G) = f(Tk(L(G')) can easily be shown. 

Assertion 2.2. Let L E T* be an infinite language in C(-XkSM). Then there 
exist integers p and q such that each z E L with Izl > p can be written as 

Proof of Assertion 2. We transfer the pumping lemma for context-free lan
guages to k-simple matrix languages using the mappings fand Tk and Assser
tion 1: 

Tk(UVnwxny) = Tk(U)(Tk(V)tTk(W)(Tk(X))nTk(y) = 

= (Ub ... ,Uk)(VI, ... ,Vk)n(WI, ... ,Wk)(Xb ... ,Xk)n(Yb.·· ,Yk) = 

and so on. 

The language 
Lk = {ala~ ... a~k+l I n ~ I} 

is generated by the (k + 1 )-simple matrix grammar 

G = ({Al}, {A2}, ... , {Ak+1}' {al, a2, ... , a2k+1}, M, S), 

with 
M = {(S -+ AIA2 ... Ak+l), 

(Al -+ ala2, ... ,Ak -+ a2k-I a2k, Ak+l -+ a2k+J), 

(Al -+ aIAla2,···, Ak -+ a2k-I At a2k, Ak+1 -+ a2k+1Ak+J)}. 

Thus Lk E C«k + l)SM). Using Assertion 2 we can prove that Lk fI. 
C(-XkSM). 0 
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2.4 Indexed grammars 

The constructs CALL-BY-VALUE and CALL-BY-NAME of programming lan
guages are the basis of some generalizations of context-free grammars. We 
present here one of the grammatical models, already briefly discussed in 
Chapter 4 of this Handbook. 

Definition 2.14. ([2]) 
i) An indexed grammar is a quintuple 

G= (N,T,I,P,S), 

where 
~ N, T and S are specified as in a context-free grammar, 
~ I is a finite set of finite sets of productions of the form A -+ w, with 

A E N and w E Va, and 
~ P is a finite set of productions of the form A -+ 0:, with A E N and 

0: E (N 1* U T)*. 
ii) For x, y E (N1*UT)*, we say that x directly derives y, written as x===? y, 

if either 

or 

x = XIAßX2, for some Xl,X2 E (N1* UT)*,A E N,/1 E 1*, 

A -+ X1ßIX2ß2 ... Xkßk E P, 

y = XI X lTl X 2/2 ... XeYk X2, 

with Ij = ßjß, for X j E N, and Ij = A, for X j E T,l :s: j :s: k, 

x = xIAißX2, for some Xl,X2 E (N1* UT)*,A E N,i E I,ß E 1*, 

A -+ X 1X 2 ... X k Ei, 

Y = XI X II1 X 212 ... X klk X2 

with Ij = ß, for Xj E N, and Ij = A, for Xj E T,l :s: j :s: k. 

iii) The language L(G) generated by G is defined as 

L( G) = {w E T* I S ===? * w}. 

The control is done by means of the elements of I, the so-called indexes. 
The application of rules of P gives sentential forms where the nonterminals 
are followed by a sequence of indexes (in a certain sense, this sequence de
scribes the history of the nonterminal), and an index can only be erased by 
productions contained in the index (where the erasing is done in the reversed 
order of the appearance). 

If the set of indexes is empty, then we obtain a context-free grammar. 
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Example 2.16. Let 

G = ({S,A,B},{a,b,e},{/,g},P,S) 

be an indexed grammar, where 

1= {B -+ b}, 9 = {B -+ bB}, 

P = {S -+ aAle,A -+ aAge,A -+ B}. 

The productions of theindexes land 9 can only be used if B occurs in the 
sentential form, and its application does not derive additional occurrences of 
Sand A. On the other hand, P contains no production with B on its left 
side. Therefore each derivation can be divided into two phases: the first one 
uses only productions of P, the second one consists of applications of the 
rules in the indexes. 

The first phase is shown in the following diagram. 

S ==> aAfe ==> a 2agfe2 ==> ==> a" Ag,,-l fe" ==> 
.ij. .ij. .ij. 

aBfe a 2 Bgfe2 a"Bg,,-lfe" 

The only possibility to rewrite an Bgn-l len by B -+ bB E 9 and B -+ 

bEI is 

an Bgn- 1 len ==> anbBgn- 2 /en ==> ... 
==> anbn- 2 Bglen ==> anbn- 1 BIen ==> anbnen. 

Hence 
o 

By land >"1 we denote the families of indexed grammars without and 
with erasing rules, respectively. 

Without proof we mention the following result on indexed grammars. 

Theorem 2.14. C(ETOL) ~ C(I) = C(>..I) c C(CS). 

2.5 Hierarchies of families with controlled derivations 

In the preceding sections we have defined some types of grammars with con
trolled derivations. By 9 we denote the set of the associated families of gram
mars excluding the families associated with k-grammars and simple matrix 
grammars, i.e. 

9 {rC, >..rC, rCae , >..rCae , M, >..M, M ae , >..Mae , U V, >..u V, P, >..P, 

Pae , >..Pae , C, >..C, sC, >..sC, RC, >..RC, RCae , >..RCae , I RC, >"1 RC, 

0, >"0, IP, >..IP, SC, >..SC, uSC, >..uSC, I, >..I}. 

We summarize the results obtained in the preceding sections for the language 
families associated with the elements of g. 
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Theorem 2.15. 
i) The following equalities are valid: 

.c(RE) .c(,XMac ) = .c('xrCac ) = .c('xPac) = .c(,XRCac ) 

= .c('xC) = .c('xsC) = .c('xSC), 

.c(CS) = .c(C) = .c(sC), 

.c('xM) = .c('xrC) = .c('xP) = .c('xuSC), 

.c(Mac ) .c(rCac ) = .c(Pac ) = .c(RCac ), 

.c(M) = .c(rC) = .c(P) = .c(uSC), 

.c(uV) = .c('xuV), 

.c('xO) .c('xfRC), 

.c(O) = .cURC), 

.c(I P) = .c(AIP), 

.c(I) = .c(AI) . 

ii) .The diagmm in Figure 1 holds: if two families are connected by a line 
(an arrow), then the upper family includes (includes properly) the lower 
family; if two families are not connected then they are not necessarily 
incompamble. 

iii) Let X and Y be two families of g such that .c(X) ~ .c(Y). Then there 
is an algorithm which, for any gmmmar G EX, produces a gmmmar 
G' E Y such that L( G') = L( G). 

Let X be a type of grammars, and let k ~ 1 be an integer. We define 
.ck(X) as the set of alllanguages L such that there is a grammar G E X such 
that L = L( G) and, for any word W E L, there is a derivation 

in G with 
IWilN ~ k, for 1 ~ i ~ n, 

where N and S are the set of nonterminals and the axiom of G, respectively. 
Further we denote 

.cjin(X) = U .ck(X), 
k~l 

If L E .ck(X) or L E .c/in(X), we say that L is of index k or of finite index, 
respectively. 

Theorem 2.16. 
i) Each of the following families of languages coincides with .c/in(M): 

.cjin(,XM), .cjin(Mac ), .cjin(,XMac ), .cjin(rC), .cjin('xrC), 

.cjin(rCac), .cjin('xrCac), .c/in(P), .c/in('xP), .c/in(Pac), .c/in(APac ), 

.cjin(RCac ), .cjin(,XRCac ), .cjin(O), .cjin('xO), .c/in(SC), .cjin('xSC). 
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ii) Cfin(M) ~ Cjin(C). 
ii'i) Cfin(RC) ~ Ljin(>\RC) ~ Ljin(M). 
iv) Lfin(CF) C Ljin(IP) C Lfin(M) C M. 
v) Ljin(M) and L(CF) are incomparable. 
vi) For any k ~ 1, all relations given in i) - iv) remain valid if we consider 

Lk(X) instead of Ljin(X); v) remains valid if we put k ~ 2 instead of 
fin. 

C(RE) 

1 
C(CS) 

L(AO) I~ 
C(Mac ) C(SC) C(>"'M) 

I~I/ 
C(I) C(O) C(M) L(>"'RC) 

~/// 
C( ETOL) C( u V) C( RC) 

1 
C(EDTOL) 

1 
C(IP) L(CF) 

Fig.l 

Remarks on the prooj. For the proof of i), ii) and iii) we refer to [84], [104], 
[105] and [27] where, in addition, the equality of Cjin(M) to Cjin(ETOL) 
and Cjin(EDTOL) (for finite index definition for Lindenmayer systems, see 
also [101)) has been proven. In some cases the simulations given in Sections 
2.1-2.3 can be used. 
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iv) Since any sentential form contains a bounded number of nonterminals 
one can ensure that, for any nonterminal A, there is at most one occurrence 
of A in a sentential form. Then context-free and Indian parallel derivations 
coincide. Thus the first inclusion holds. 

The second inclusion follows by adding special nonterminals which remem
ber the number of occurrences of any nonterminal. By these nonterminals we 
can control that a matrix replaces all occurrences of some nonterminal ac
cording to the same rule and changes the additional nonterminal. 

The inclusions are proper because 

{anbnanbn I n ~ I} E .c2(IP) - .c(CF), 

{anbncn I n ~ I} E .c2(M) - .c(IP). 

Moreover, each language in .cfin(M) is semilinear (see [88], [27]), whereas, 
in view of Example 7, .c(M) contains non-semilinear languages. 

v) We have pointed out that .c2(M) - .c(CF) =j:. 0; in [106] it is proved 
that the Dyck language over {a, b}, which is a context-free language, is not 
in .cfin(M). 0 

By Theorem 2.16, vi), we only present the following result on hierarchies 
with respect to the index. 

Theorem 2.17. For XE {M,RC,IP} and k ~ 1, .ck(X) C .ck+1(X). 

Remarks on the prooj. In [87] (see also [27]) the following pumping lemma 
for matrix languages of finite index is shown: 

For each infinite language L E .ck(M), there is a word z E L which can 
be written as 

for i ~ 1. 

Using this fact one can show that 

Since Lk E .ck(RC) and Lk E .ck(IP) also hold, the other relations follow by 
Theorem 2.16, vi). 0 

For furt her types of grammars with controlled derivations, e.g. time
variant grammars ([107], vector grammars ([14]), valence grammars ([86]), 
grammars controlled by graphs ([123]), tree controlled grammars ([15]), Rus
sian parallel grammars ([69]), k-limited L systems ([121], [122]), walk gram
mars ([91]), we refer to [27]. 
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3. Basic properties 

3.1 Operations on language families 

In this section we present some results on the behaviour of some language 
families introduced in the preceding sections with respect to algebraic, set
theoretic and other operations. This is a subject weIl investigated in the 
theory of formal languages. Moreover, results of this area can be used in 
other fields, too. 

In this section we consider the following operations (where we assurne 
that the reader is familiar with the definitions): 

- the classical set-theoretic operations of union, intersection and complement, 
- the algebraic operations of concatenation (or product) and Kleene-closures, 
- morphisms, their variations and generalizations and inverses of them, 
- intersection by regular sets (a basic operation in the theory of abstract 

families of languages, see [40], [5]), 
- quotient by a regular set and quotient by a letter. 

We summarize the results in the following table. If the family .c is closed 
(not closed) under the operation T, then we write a "+" ("-") at the meet 
of the row associated with .c and the column associated with Tj "?" denotes 
that it is not known whether or not C is closed under T. 

Theorem 3.1. Table 1 holds. 

We omit the proofs. Most of them can be given by modifications of the 
methods used for the corresponding proofs in case of the families of the 
Chomsky hierarchYj details can be also found in [27]. Not presented in [27] 
are the non-closure of C(M) under gsm mappings and quotient by regular 
sets and the non-closure of C(Mac ) under quotient by regular sets. 

They can be proved as follows. Take a matrix grammar without appear
ance checking G = (N, T, M, 8, O) (the modifications for the appearance 
checking case are left to the reader). Without loss of generality, we may 
assurne that the only 8-rule appears in a matrix (8 -+ A), for some symbol 
A E N (if necessary, we add such a matrix to M, for 8 a new axiom and A 
the former axiom of G). We construct the matrix grammar 

G' = (N',TU{c,d},M',8',0), 

where 
N' = N U {8',X} U {A IA E N}, 

c, d are new symbols, and M' is constructed as follows. 
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Table 1. Closure properties l 

operation se Mac },M M uV ),0 0 },Re Re IP 
union + + + + + + + + + + + 
interseetion + 
complementation ? ? 
interseetion by 

regular sets + + + + + + + + + + 
concatenation + + + + + + + + + + + 
Kleene-c1osure + + + + + + + ? 
},-free morphisms + + + + + + + + + + + 
morphisms + + + + + ? + 
inverse morphisms + + + + + ? + + + + ? 
},-free gsm-mappings + + + + + + + + + 
gsm-mappings + + + + + 
quotient by 

regular sets + + + + + 
quotient by letters + + + + + + + + + + 

For astring W E (N U T) * , we define the set of pairs 

p(w) = {(pI (W), P2(W)) W = wlBI w2B2 ... WkBkwk+1, k 2': 0, 

Wi E (N U T)*, 1 ::::: i ::::: k + 1, Bi E N,l ::::: i ::::: k, 

PI(W) = WIW2·· . wk+l, PI(W) i- A, 

P2(W) = BI'" Bd· 

(Note that (w,A) E p(w).) 
For each matrix (Al -4 WI, ... ,Ar -4 Wr) E M, T 2': 1, proceed as follows: 

- if there is i, 1 ::::: i ::::: T, such that Ai -4 A, then replace this rule with Ai -4 c; 
- if there is i,l ::::: i ::::: T, such that Ai -4 Wi has Wi = Bi E N, then, 

nondeterministically, either leave the rule unchanged, or replace it with 
Ai -4 Bi; 

- each rule Ai -4 wi wh ich is not of the previous types is replaced by 

for some (PI(Wi),P2(Wi)) E P(Wi)' 

Then, M' consists of all matrices obtained as above, plus 

{(S' -4 SX), (X -4 d)}. 

From the construction of M', one can easily see that the A-rules in 
Mare simulated in M' by rules introducing occurrences of the symbol c 
to the right-hand of X (in turn, X is eventually replaced by d). There
fore, L( G') <:: L( G)dc* and for each W E L( G) there is i ;::: 0 such that 

1 Recently, H. Fernau and K. Reinhardt have proved that L:(uV) is closed under 
inverse morphisms, A-free gsm mappings and quotients by regular sets; there
fore, the quest ion marks on the u V column should be replaced by +. 



Grammars with Controlled Derivations 141 

wdci E L(G'). Consequently, the closure of C(M) under right quotient with 
regular languages or under gsm mappings would imply C(AM) ~ C(M), a 
contradiction. 

The non-closure of C( 0), C( AO) under intersection and complement as 
weIl as the closure under gsm mappings are proven in [31]. 0 

3.2 Decision problems 

In this subsection we study the status of decidability of some basic problems 
of the theory of formal languages, and in the Case of decidability we present 
some results on the complexity of the problem. 

First we mention that the equivalence problem is undecidable for all fami
lies of grammars defined in Section 2 because this problem is already undecid
able for the family of linear languages which is a proper subset for aIl families 
we are interested in. An analogous statement holds for other problems which 
are undecidable for linear or context-free grammars. 

We now consider a problem which is of special interest for such fami
lies of grammars, which give proper extensions of the family of context-free 
languages and is undecidable for all such families. 

Theorem 3.2. Let X be a family of gmmmars defined in Section 2. Then 
the problem 

Instance: gmmmar G E X 
Answer: "Yes" if and only if G genemtes a context-free language. 

is undecidable. 

Proof. Any family X considered in this statement satisfies the foIlowing prop
erties: 

- Any linear language is contained in C(X), and C(X) contains a non
context-free language. 

- C(X) is closed under union and concatenation. 

We now consider an arbitrary linear language L l ~ Vi* given by a linear 
grammar Gl and a fixed language L 2 E C(X) - C(CF), L 2 ~ V2*, where 
Vl n V2 = 0. By the (effective) closure under union and concatenation, 

and a grammar G E X can be effectively constructed such that L = L(G). 
If L l = Vt, then L = Vi*V2* is a regular (and hence a context-free) 

language. 
If LI c Vt, then there is a word w E Vt such that w ~ LI. Assume that 

L E C( CF). Then, by the closure of C( CF) under intersection by regular sets, 
the language L n {w } V2* = {w} L2 is context-free. Further , by the closure of 
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L( CF) under quotients by regular sets, L 2 is context-free. This contradicts 
the choice of L 2 • Thus L is not context-free. 

We have shown that L is context-free if and only if LI = Vt holds. By the 
undecidability of the universality problem for linear languages, the statement 
of the theorem follows. 0 

The situation with respect to the membership problem, the emptiness 
problem and the finiteness problem can differ from family to family, especially 
if we take into consideration complexity aspects. 

Table 2 presents the results for the families given in Section 2 which do 
not generate language families of the Chomsky hierarchy. If a problem P is 
undecidable for a family X, we write a "-" at the meet of the row associated 
with X and the column associated with P. Analogously, "+" denotes that 
the problem is decidable and, moreover, all known algorithms are at least 
exponential in time. By "?" we denote that it is not known whether or not 
the problem is decidable. Furthermore, we mention the complexity class in 
which the problem is contained or give some remark on the complexity. 

Theorem 3.3. Table 2 holds. 

Table 2. Decidability properties 

family membership emptiness finiteness 

I NP-complete [10O] + [2] 
SC + - (A) - (A) 
AO +. NP-hard (B) 
0 + [7). NP-hard (B) + [7) 

Mac + . NP-hard - (A) - (A) 
AM + (C) + (C). NP-hard + [53) • NP-hard 
M + + . NP-hard + . NP-hard 

AUV E LOGCFL [llI) + . NP-hard + . NP-hard 
uV ELOGCFL + . NP-hard (D) + . NP-hard (D) 
RC + + . NP-hard (D) + . NP-hard (D) 
IP E P (E) E LIN-SPACE (E) E LIN-SPACE (E) 
kG EP [45) + + 

kSM E DTIME(n3) (F) E DTIME(n2) (F) E DTIME(n2) (F) 

Remarks on the proof. We do not give a complete proof of the theorem. We 
only establish some statements to which we refer by a Latin letter in brackets. 
In the other cases we refer to a paper in the references. All those statements 
without some hint follow by the inclusions mentioned in Section 2.5. 

(A). We give the proof only for matrix grammars with appearance check
ing and without erasing productions. The proof for scattered context gram
mars can be given analogously. 

First we show the undecidability of the emptiness problem. Obviously, it 
is undecidable whether or not an arbitrarily given (type-O) gramm ar G gener
ates the empty set. We first construct a matrix grammar G' with appearance 
checking and with erasing rules such that L( G') = L( G). Then we construct 
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the matrix grammar G" with appearance checking, which is obtained from 
G' by replacing any production A --+ >. by A --+ e where e is an additional 
terminal letter. Then L(G") is empty if and only L(G') is empty, which holds 
if and only if L( G) is empty. 

If we construct G'" from G" by adding the nonterminal S' and the ma
trices (S' --+ eS') and (S' --+ S), then L(G"') is finite if and only L(G"') is 
empty if and only if L( G") is empty. 

(B). The statement follows from the NP-completeness oft he membership 
for ETOL systems (see [65]). 

(e). We first prove the decidability of the emptiness problem by a reduc
tion to the reachability problem for vector addition systems. 

An n-dimensional veetor addition system is a couple (xQ, K) where Xo E 
Nn and K is a finite subset of zn. A vector y E Nn is called reachable within 
the system (xo, K) if and only if there are vectors VI, V2, ... ,Vt E K, t ~ 1, 
such that 

j 

Xo + L Vi E N n , for 1 ::; j ::; t and 
i=l 

t 

xo+ LVi =y, 
i=l 

i.e. we can reach the vector Y from Xo by addition of same vectors of K such 
that all intermediate vectors only have non-negative components. 

We shall use that the reaehability problem: 

Instance: an n-dimensional vector addition system (xo, K) and 
a vector y E Nn 

Answer: "Yes" if and only if y is reachable within (xo, K) 

is decidable (see [62], [72]). We note that the reachability problem requires 
exponential space (see [68]). 

Let G = (N, T, M, S, 0) be a matrix grammar without appearance check
ing. Without loss of generality (see the proof of Theorem 2.2) we can assurne 
that N = NI U N 2 and any matrix of M has one of the following forms: 

(1) (B --+ w), 

(2) (BI --+ Wb B2 --+ W2), with BI E Nb B2 E N2. 

Let 
N = {A1,A2 , ••• ,An }. 

For any matrix m of form (1), let 

and for any matrix m of form (2), let 

v(m) = (IWIW2IAl -IB1B 2 IAl'" .. ' IWIW21An -IB1B2IAJ. 
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Further, for any word w, we set 

p(w) = (lwIAl'lwIA2'···' IwIAJ. 
One ean easily see that L(G) is non-empty if and only ifthe veetor (0,0, ... ,0) 
is reaehable in the veetor addition system 

(p(S),{v(m) 1 m E M}). 

First we reeaH that by the results mentioned in the last seetion, for any 
matrix grammar G without appearanee eheeking and any word w, we ean 
construet effeetively a matrix grammar G' without appearanee eheeking such 
that L( G') = L( G) n {w}. Moreover, for a matrix grammar G without ap
pearanee eheeking and a word w, w E L( G) if and only if L( G) n {w} f:. 0. 
Thus w E L( G) holds if and only if L( G') is not empty. 

(D). We give a reduction of the 3-partition problem given by 

Instance: a multiset {tl, t2, ... , hm} of integers and an integer t 
Answer: "Yes" , 

iff there is partition {Qb Q2, . .. , Qm} of {tb t2, ... , t3m } 
such that card( Qi) = 3 and LSEQ; S = t, for 1 ~ i ~ m. 

which is NP-eomplete (see [37]), to the emptiness problem for unordered 
veetor grammars and random eontext grammars. Let 

U = {(i,j, k) 11 ~ i < j < k ~ 3m, ti + tj + tk = t}. 

The reduetion is done by the the (unordered) veetor grammar 

G = ({ S, Al, A 2, . .. , A 3m }, {ab a2, ... , a3m}, M, S), 

where 

and the random eontext grammar 

G' = (N,{aba2, ... ,a3m},P,S), 

where 

N = {S} U {Ai 11 ~ i ~ 3m} U {(i,u) 11 ~ i ~ 3m,u EU} 

and P eonsists of aH rules of the form 

(S -+ A I A 2 ••• A3m , 0, O), 
(Ai -+ (i,(i,j,k»,0,0),1 ~ i ~ 3m, (i,j,k) E U, 

(Aj -+ (j, (i,j, k», {(i, (i,j, k»)}, 0), 1 ~ j ~ 3m, (i,j, k) E U, 

(Ak -+ (k, (i,j, k», {(i, (i,j, k», (j, (i,j, k»)}, O), 1 ~ k ~ 3m, (i,j, k) E U, 

«i,(i,j,k) -+ ai),{(j,(i,j,k»,(k,(i,j,k»)},0),1 ~ i ~ 3m, (i,j,k) E U, 

«(j, (i,j, k) -+ aj), {(k, (i,j, k»)},0), 1 ~ j ~ 3m, (i,j, k) E U, 

«(k, (i,j, k) -+ ak), 0, O), 1 ~ j ~ 3m, (i,j, k) E U. 
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Obviously, the sizes of G and G' are equal to O(m3 ) and O(m4 ), respectively, 
and hence they can be constructed in polynomial time. Moreover, ifthe given 
instance of the 3-partition problem has a solution, then 

and if the instance has no solution, then G and G' generate the empty set. 

The modification for the finiteness problem is analogous to that given in 
(A). 

(E). By the proof of Theorem 2.9, for any Indian parallel grammar G, 
we can construct in polynomial time an EDTOL system G' which generates 
L(G). The presented results are the (best) upper bounds known for the cor
responding problems for EDTOL systems (see [51], [58], [59]). 

(F). Given a simple matrix grammar G, we construct the context-free 
gramm ar G' according to the proof of Assertion 1 in the proof of Theorem 
2.13. Then, for a word w, w E L(G) holds if and only if there is a w' E 
(f 0 Tk) -1 ( w )) such that w' E L( G'). Thus we can decide whether or not w E 

L(G) in the following way: First we determine all elements of (f 0 Tk)-l(w) 
and this can be done in time O(lwlk); then, for any w' E (f 0 Tk)-l(w), 
we check wh ether or not w' E L(G' ), which can be done in time O(lwI 3 ), 

because Iw'l = Iwl. Therefore we can decide in time O(lwlk+3) whether or 
not w E L(G). 

Obviously, L(G) is empty (finite) if and only if L(G' ) is empty (finite). 
However, the construction of G' presented in the proof of Theorem 2.13 in
creases the size of the grammar considerably (the size of G' is of the order 
of the k-th power of the size of G). However, the statement on emptiness 
and finiteness remain true if with any production of G we associate only one 
production in G', i.e. instead using all elements of T;;l we choose only one 
element. This modification ensures that G and G' have the same size. Thus 
the complexity of the emptiness and finiteness problems for simple matrix 
gramm ars are of the same order as that of the same problem for context-free 
grammars. 0 

3.3 Descriptional complexity 

Formal grammars represent a finite description of (possibly) infinite lan
guages. There the problem whether or not the description is efficient arises 
naturally. In this section we study the number of nonterminals as a parameter 
for the quality of the description. For context-free gramm ars and languages, 
this parameter has been studied intensively (see [47], [48]). We show that, in 
a certain sense, matrix and programmed grammar give a more concise de
scription than random context grammars, and moreover, all these three types 
of grammars present more efficient descriptions than context-free grammars. 

We start with the formal definition. 
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Definition 3.1. 
i) For a grammar G, by Var(G) we denote the cardinality 01 its set 01 non

terminals. 
ii) Let X be a lamily 01 gramm ars. For a language L E L:(X), we define 

Varx(L) = min{Var(G) I G E X, L(G) = L}. 

Theorem 3.4. For any recursively enumerable language L, 
i) VarAPaJL) - 2::; VarAMaJL) ::; VarAPaJL), 
ii) VarAMaJL) ::; VarARcaJL) + 1 and VarAPaJL)::; VarARcaJL) + 2. 

Proof. 
i) Let G be a matrix grammar such that L = L(G) and VarAMaJL) = 

V ar( G). Then we construct the programmed grammar G' with L( G') = 
L( G) as in the proof of Theorem 2.4. Thus 

VarAPaJL) ::; Var(G') = Var(G) + 2 = VarAMacCL) + 2, 

which proves the first relation. 
Conversely, let H = (N, T, {Pl>P2,'" ,Pr}, 5) be a programmed grammar 
such that L = L(G) and VarAPaJL) = Var(H). For the i-th production 
Pi = (Ai ---+ Wi, Ui, Wi ), 1 ::; i ::; r, we put 

+1 . Mi = {( C ---+ A, C ---+ A, ... , C -+ A, C ---+ Cr , A ---+ wCJ) I Pi E Udu , ., .. 
r times 

u{(C-+A, ... ,C-+A,C---+Cr+1,A-+cr+1,B---+BCi) I Pi E Wi,B E N}u , ., 
r times 

u{( C ---+ A, C ---+ A, ... ,C ---+ A, C ---+ Cr+!, A -+ w} , ., .. 
r times 

(the first group of matrices simulates the application of A -> w in the 
presence of A; the second one simulates the application in the absence of 
A; in both cases we have to continue with an "application" ofPi; the third 
group simulates a terminating step of the derivation). Then we construct 
the matrix grammar 

H' = (N u {C}, T, { (C ---+ Cr+!, 5 ---+ C k 5) I 1 ::; k ::; r} U 
r 

U Mi, 5, {C -+ Cr+1, A ---+ Cr+1}). 
i=1 

It is easy to see that L(H') = L(H) holds, hence 

Var>'MaJL) ::; Var(H') = Var(H) + 1 = VarAPaJL) + 1 

which proves the second relation. 
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ii) The first relation follows by the simulation of random context grammars 
by matrix grammars presented in the proof of Theorem 2.7. 
The second relation follows by a modification of this construction. 0 

By Theorem 3.4, the measures Var>.M"e and Var>'P .. e differ only by a 
fixed constant. This situation does not hold with respect to random context 
grammars and programmed or matrix grammars as can be seen from the 
following theorem. 

Theorem 3.5. 
i) For any recursively enumemble language L, 

Var>'M .. JL) :5 6 and Var>.p .. JL):5 8. 

ii) There is a sequence of TeCursively enumemble languages Ln, n ~ 1, such 
that 

f(n) :5 Var>.RC"e (Ln) :5 [log2 n] + 3, for n ~ 1 

where f is an unbounded function from N into N. 
iii) For any integer n ~ 1, there is a language Ln E C(IP) such that 

Varlp(Ln ) = n. 

For a proof we refer to [89], [17], [96], and [27], Section 4. 

We mention that Theorem 3.5 states that the families of languages which 
can be generated by a bounded number of nonterminals form an infinite hi
erarchy, if we use random context grammars or Indian parallel grammars, 
whereas the hierarchy has at most 6 or 8 levels, if we use matrix or pro
grammed grammars with appearance checking and erasing productions. It 
is an open quest ion whether or not these bounds are tight. Some results on 
the position of the families of linear languages, metalinear languages and lan
guages of finite index in these hierarchies can be found in [25] (see also [27], 
Section 4). 

Further, we observe that, for context-free languages, there holds astate
ment analogous to Theorem 3.5 iii) (see [48]). 

Hitherto we have only considered the relation between different types of 
control. Obviously, by the definitions the description of a context-free lan
guage by grammars with control (besides the Indian parallel grammars) is at 
least as eßicient as the description by a context-free grammar (we only have 
to interpret the context-free grammar as a grammar with control). However, 
there are languages where the control allows much more eßicient descriptions. 
Note that this already holds for control mechanisms which only generate sub
families of C(CS). 

Theorem 3.6. There is a sequence of context-free languages Ln, n ~ 1, such 
that 

VarcF(Ln) = n, VarM(Ln ):5 4, Varp(Ln) = 1, VarRc"JLn):5 8. 
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A proof can be given by the techniques presented in [47], [17], and [27], 
Section 4. 

Finally we mention that analogous statements can be given for the number 
of productions. For details we refer to [25] and [27], Section 4. 

4. Further topics 

In the preceding sections we have only discussed grammars where the pro
ductions are context-free. Obviously, one can study grammars with control 
mechanism and right-linear or context-sensitive or monotone productions. 
One can show that in most cases the families of languages defined by such 
grammars with control are the families of regular or context-sensitive lan
guages, again, i.e., there is no increase of the generative power by adding the 
control (see [27]). A notable exception are the valence grammars, see [86], 
[81], which can generate non-context-free languages using regular rules. 

Pure grammars (see [71]) form the sequential counterpart of non-extended 
Lindenmayer systems. They are characterized by the following features: there 
is no distinction between terminals and nonterminals (i.e., any generated 
sentential form belongs to the language and there can exist productions for 
all letters), a sequential process of derivation is used (i.e., ollly one letter is 
replaced in one step of derivation) and a finite set of start words. 

Pure versions of grammars with controlled derivations have been defined 
and investigated in [20] and [26]. We note that the hierarchy of the associated 
families of pure languages differs essentially from that given in Section 2.5. 
Besides the inclusions which directly follow from the definitions, different 
control mechanisms may lead to incomparable families of pure languages. 

For a grammar, we define the degree of nondeterminism as the maximal 
number of different right-hand side of productions with the same letter on 
the left-hand side. In case of usual grammars (with and without control), one 
can prove that any language can be generated by a grammar whose degree 
of nondeterminism is at most 2 (see [6]). On the contrary, for pure versions 
with respect to the degree of nondeterminism we obtain infinite hierarchies 
for grammars with and without control (see [6]). 

The use of a control is very natural for Lindenmayer systems by the bio
logical motivation of these systems. For example: the change from a growing 
phase to a fiowering phase or the change from light (day) to darkness (night) 
or the change of the seasons can be modelled by a control mechanism which 
ensur·es a certain sequence of tables in the derivation (this can be done as in 
the case of regularly controlled gramm ars ); certain steps in the development 
of an organism are only possible, if certain cells are present or absent in it, 
and this can be modelled by the use of context conditions for the application 
of the tables. 
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The hierarchy of languages obtained by controlled Lindenmayer systems 
also differs from that in Section 2.5. If we consider non-extended tabled sys
tems, programs are more powerful than matrices, and both these mechanisms 
generate language families which are incomparable with that obtained by ran
dom contexts. In the case of extended tabled systems, programs, matrices, 
and regular controllanguages do not increase the generative power whereas 
random contexts do. For details we refer to [41], [3], [83], [97], [116], [102], 
[103], [23], [27]. 

In [18], [19], and [21] deterministic tabled systems with some mechanism 
of control are presented such that the sequence or language equivalence is 
decidable. 

Usually, grammars are considered as generating devices, however, one can 
consider an accepting mode, too, i.e. W belongs to a language accepted by a 
grammar G if there is a sequence Wo, Wl, ... , W n of words such that 

W = Wo F Wl F W2 F··· F Wn-l F W n = S, 

where v F v' if and only if v' ==> v in G. Obviously, for grammars of 
the Chomsky hierarchy, the accepting and generating mode define the same 
language. 

In [7] and [8] it has been shown that, for grammars with controlled deriva
tions, the situation can be different. For example, for programmed gramm ars 
with appearance checking and without erasing rules, the accepting mode is 
more powerful than the generating mode. 

If .c(X) ~ .c(Y) holds for two families X and Y of gramm ars , then 
A(X) ~ A(Y) also holds for the associated families of languages obtained in 
the accepting mode. However, the hierarchy of language families accepted by 
grammars with control differs from that presented in Section 2.5 (see [7] and 
[8]). 

All results and comments presented hitherto concern string generating de
vices. Some concepts of control which have been considered above are studied 
for graph and array grammars, too. We refer to [12], [28], [49], [117], [50], [67], 
[82], [35], [33]. 
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Grammar Systems 

Jürgen Dassow, Gheorghe Paun, and Grzegorz Rozenberg 

1. Introduction 

In classic formal language and automata theory, grammars and automata 
were modeling classic computing devices. Such devices were "centralized" -
the computation was accomplished by one "central" agent. Hence in classic 
formal language theory a language is generated by one grammar or recog
nized by one automaton. In modern computer science distributed computa
tion plays major role. Analyzing such computations in computer networks, 
distributed data bases, etc., leads to notions such as distribution, parallelism, 
concurrency, and communication. The theory of grammar systems was de
veloped as a grammatical model for distributed computation where these 
notions could be defined and analyzed. 

A grammar system is a set of grammars, working together, according to 
a specified protocol, to generate one language. There are many reasons to 
consider such a generative mechanism: to model distribution, to increase the 
generative power, to decrease the (descriptional) complexity,. .. The crucial 
element here is the protocol of cooperation. The theory of grammar systems 
may be seen as the "grammatical" theory of cooperation protocols. The cen
tral problems are the "functioning" of systems under specific protocols, and 
the influence of various protocols on various properties of systems considered. 

One can distinguish two basic classes of grammar systems: sequential and 
parallel. 

A cooperating distributed (CD) grammar system is sequential. Here all 
component grammars have a common sentential form. Initially, this is a com
mon axiom. At each moment only one grammar is active - it rewrites the 
current sentential form. The matters such as which component grammar can 
become active at a given moment, and when an active grammar becomes in
active leaving the current sentential form to the other component grammars, 
are determined by the cooperation protocol. Examples of stop conditions (be
coming inactive) are: the active component has to work for exactly k steps, at 
least k steps, at most k steps, or the maximal number of steps (a step means 
an application of a rewriting rule). Many other stop conditions are consid
ered in the literature - we will consider some of them in this chapter. The 
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language of terminal strings genera ted in this way is the language genera ted 
by the system. 

In a parallel communicating (PC) grammar system, each component has 
its own sentential form. Within each time unit (there is a dock common to 
all component grammars) each component applies a rule, rewriting its own 
sentential form. The key feature of a PC grammar system is its "communica
tion through queries" mechanism. Special (query) symbols are provided with 
each symbol pointing to a component of the system. When a component i 
introduces (generates) the query symbol Qj, then the current sentential form 
of the component j will be sent to the component i, replacing all the occur
ren ces of Qj. One component of the system is designated as the master, and 
the language it generates is the language generated by the system. Several 
variants of the communication mechanism can be considered. They are de
termined by things such as the shape of the communication graph, or the 
action a component has to perform after communicating. We will consider 
many variants in this chapter. 

In the architecture of a CD grammar system one can recognize the struc
ture of a blackboard model, as used in problem-solving area [99). The common 
sentential form is the blackboard (the common data structure containing the 
current state of the problem to be solved), the component grammars are 
the knowledge sources (agents, processors, procedures, etc.) contributing to 
solving the problem by changing the contents of the blackboard according 
to their competences, the protocol of co operation encodes the control of the 
knowledge sources (for instance, the sequence in which the knowledge sources 
can contribute to the solution). 

This was the explicit motivation of [15), the paper where the study of CD 
grammar systems in the form we consider here was initiated. (In the late 1980s 
other papers discussed the connection between the blackboard model and 
cooperating grammal' systems; see, e.g., [13], [21).) The explicit notion of a 
"cooperating grammar system" has been introduced in [82), with motivations 
related to two-Ievel grammars. A somewhat similar idea appears in [1], where 
one considers compound and serial grammars; this latter notion is a particular 
type of CD grammar systems. The main aim of [1) was to increase the power 
of (matrix) grammars; a similar motivation is behind the modular grammars 
of [4) which considers time varying grammars as the basic model. 

PC grammar systems were introduced in [124), as a grammatical model 
of parallelism in the broad sense. 

In [17], a modification of the blackboard model has been proposed, lead
ing to problem-solving architectures similar to the structure of PC grammal' 
systems. In this model 

- each agent (knowledge source, processor, grammar) has its own "note
book" containing the description of a particular subproblern of a given 
problem which the whole group of agents has to solve, 
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- each agent operates only on its own "notebook" and one distinguished 
agent operates the "blackboard"; this distinguished agent has the descrip
tion of the whole problem (in particular this agent decides when the prob
lem is solved), 

- the agents communicate on request the contents of their "notebooks". 

This model is called in [17] the classroom model of problem solving. The 
classroom leader (the "master") operates the blackboard, the pupils have 
particular problems to solve, using their own notebooks, they may commu
nicate with each other either in each step of the problem solving, or only 
when the leader requests this. The global problem is solved through such a 
cooperation on the blackboard. 

Information about the early development of CD and PC grammar sys
tems is given in [32] and [131], respectively. The first chapter of [17] discusses 
in so me detail many relationships of CD and PC grammar systems to issues 
related to distribution, cooperation, parallelism in artificial intelligence, cog
nitive psychology, robotics, complex systems study, etc. Almost all results on 
grammar systems published until the middle of 1992 are presented in [17] 
(hence we will often refer to [17]). 

There is a number of important topics concerning gramm ar systems that 
are not discussed in [17]. Among such topics are the applications of gramm ar 
systems to the study of naturallanguages, to the modeling of ecosystem-like 
societies of interrelated agents "living" in a common environment (see, e.g., 
[24] and the contributions to [111]), and to DNA computing, [20], [35]. 

2. Formal language prerequisites 

For an alphabet V, we denote by V* the free monoid generated by V under 
the operation of concatenation; the empty string is denoted by A and V+ = 
V* - {A}. The length of xE V* is denoted by lxi. If xE V* and U <;;; V, then 
Ixlu is the number of occurrences in x of symbols from U (the length of the 
string obtained by erasing from x all symbols in V - U). 

A Chomsky grammar is denoted by G = (N, T, S, P), where N is the 
nonterminal alphabet, T is the terminal alphabet, SEN is the axiom, and P 
is the set of rewriting rules (written in the form u ---> v, U, v E (NUT)*, lulN ~ 
1). The direct derivation step is defined by 

x ~ y iff x = X1UX2 and y = X1VX2 for some u ---> v E P. 

Denoting by ~* the reflexive and transitive closure of the relation ~, 
the language generated by G is defined by 

L(G) = {x E T* I S ~* x}. 

We mayaIso write x ~ p y and ~ p if P is not clear from the context 
of considerations. 
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We denote by REG, LIN, CF, CS, and RE the families of regular, linear, 
context-free, context-sensitive, and recursively enumerable languages, respec
tively. By M AT we denote the family of languages generated by matrix gram
mars with >'-free context-free rules and without appearance checking. We use 
subscript ac and superscript >. to denote that either appearance checking or 
>.-rules or both are allowed; in this way we get M ATae , M ATA and M AT:e , 

respectively. We use ETOL and EDTOL to denote the families of languages 
generated by ETOL systems and by EDTOL systems, respectively. 

Regulated rewriting is treated in depth in [41], and [129] is a good ref
erence for L systems. As a general reference for formal language theory we 
use [130]. Of course, other chapters of this handbook can be also useful as a 
reference for various topics from formallanguage theory. 

3. CD grammar systems 

3.1 Definitions 

Definition 3.1. A CD gmmmar system of degree n, n 2: 1, is a construct 

r = (N,T,S,Pb ··· ,Pn ), 

where N, T are disjoint alphabets, SEN, and Pb' .. , Pn are finite sets of 
rewriting rules over NUT. 

The elements of N are nonterminals, those ofT are terminals; Pi,"" Pn 

are called components of the system. 

Returning to the blackboard systems motivation, the components corre
spond to the agents solving the problem on the blackboard; any rule rep
resents an action of the agent which results in a possible change on the 
blackboard. The axiom S is the formal counterpart of the problem on the 
blackboard in the beginning. The alphabet T contains the letters which cor
respond to such knowledge pieces which are accepted as solutionsjpart of 
solutions. The nonterminals represent "questions" to be answered; those in
troduced by a component and rewritten by another one can be interpreted as 
questions formulated by the one component and answered by the other (thus, 
the components can communicate through messages inserted in the current 
state of the solution, as encoded by the sentential form which is the contents 
of the blackboard). 

Ifwe want to specify explicitly gmmmars as components of a CD grammar 
system as above, then we can write r in the form r = (N, T, S, Gi, ... , Gn ), 

where Gi = (N, T, S, Pi), 1 ::; i ::; n. 

Definition 3.2. Let r = (N, T, S, Pb ... , Pn ) be a CD gmmmar system. 
1. For each i E {1, ... ,n}, the terminating derivation by the i-th component, 

denoted ~~i' is defined by 

x ~h y iff x ~Pi y and there is no z E V* with Y ~Pi z. 
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2. For each i E {I, ... ,n}, the k-steps derivation by the i-th component, 
denoted ====> pik, is defined by 

x ====>Pik y iff there are Xl, •.. , Xk+! E (N U T)* such that 

X = XI,Y = Xk+!, and, for each 1 ::; j::; k, 

Xj ====>Pi Xj+!. 

3. For each i E {l, ... ,n}, the at most k-steps derivation by the i-th compo
nent, denoted ====>~ik, is defined by 

<k·ff =k' f k' < k X ====>Pi Y I X ====>Pi Y or sorne _. 

4. For each i E {l, ... ,n}, the at least k-steps derivation by the i-th compo
nent, denoted ====>~ik, is defined by 

X ====>~ik Y iff X ====>Pik' y for some k' :::: k. 

The normal *-mode of derivation, ====>;'i' describes the case where the 
agent works at the blackboard as long as it wants. The t-mode of derivation 
corresponds to the strategy where an agent has to contribute to the solving 
process on the blackboard as long as it can do it (maximal use of its compe
tence). The = k mode of derivation corresponds to k direct derivation steps 
in succession using rules of the i-th component, and this corresponds to k 
actions on the blackboard by one of the agents. Then, the ::; k-derivation 
mode corresponds to a time limitation, since the agent can perform at most 
k changes, and the :::: k-derivation mode requires that the agent performs at 
least k actions, thus this derivation mode asks for a certain minimal compe
tence of the agent. 

Let D = {*, t} U {::; k, = k, :::: k I k :::: I}. 

Definition 3.3. The language generated by a CD gramm ar system r 
(N, T, S, PI, ... ,Pn ) in the derivation mode f E D is 

S ====>~ WI ====>~ ... ====>~ W m = W, 
1.1 1.2 1. nt. 

m:::: 1,1::; i j ::; n,l::;j::; m}. 

In the above severallanguages are associated with r, using the stop condi
tions in D. A component Pi may start working (gets enabled) on a sentential 
form W whenever W contains an occurrence of the left-hand side of a produc
tion from Pi; which of the enabled components "gets" the current sentential 
form is decided by the nondeterministic choice. One can consider also various 
start conditions. For instance, a component is enabled on a sentential form 
only if certain "random context conditions" are satisfied, or when a more 
general predicate is true for the sentential form, or if an extern al control (for 
example, a graph specifying the sequence of components enabling) decides 
so. These, and many other variants are discussed in [171. Here we confine 
ourselves to the basic model and to some extensions that do not appear in 
[171· 
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3.2 Examples 

Consider the following CD grammar systems: 

r l = ({S,A,A',B,B'},{a,b,c},S,PI ,P2), 

PI = {S -t S,S -t AB,A' -t A,B' -t B}, 

P2 = {A -t aA'b,B -t cB',A -t ab,B -t cl. 

r 2 = ({S,A},{a},S,PI ,P2,P3), 

PI = {S -t AA}, 

P2 = {A -t S}, 

P3 = {A -t a}, 

r 3 = ({S, Al,"" Ak, A~, ... , A~}, {a, b}, S, PI, P2), 

PI = {S -t S, S -t A l bA2b ... bAkb} U {A~ -t Ai 11:S. i:::; k}, 

P2 = {Ai -t aA~a,Ai -t aba 11:::; i:::; k}, k 2: 1, 
r 4 = ({S, S'} U {Ai,A~,A~' 11 :::; i:::; k}, {a, b}, S, Po, PI, ... ,P3k ), 

Po = {S -t S',S' -t A l bA2b ... bAkb}, 

PI = {Al -t AI,AI -t aA~a}, 

Pi+ I = {A~ -t A~', Ai+ I -t aA~+! a }, 1:::; i :::; k - 1, 

PHI = {A~ -t A%, A~ -t A~}, 

PHi+! = {A~ -t Ai, A~~l -t A~+I}, 1:::; i :::; k - 2, 

P2k = {A~_I -t Ak-I,A% -t Ad, 

P2k+i = {Ai -t Ai,Ai -t aba}, 1:::; i:::; k,k 2: 2, 

r 5 = ({ S, A, A'}, {a, b}, S, PI, P2, P3), 

PI = {S -t S,S -t AA,A' -t A}, 

P2 = {A -t aA', A -t a}, 

P3 = {A -t bA', A -t b}. 

The reader may verify that: 

L f (rI) = {an bn cm 1 m, n 2: I}, f E {= 1, 2: 1, *, t} U {:::; k 1 k 2: I}, 

L=2(rI) = L'22(rI) = {anbncn 
1 n 2: I}, 

L=k(rl ) = L>k(rl ) = 0, k 2: 3, 

L t ( r2 ) = {a 2n 
1 n 2: I}, 

L=k(r3) = L'2k(r3) = {(anb)2k 1 n 2: I}, 

L=2(r4 ) = L>2(r4 ) = {(anb)2k 1 n 2: I}, 

L=2(r5 ) = L>2(r5 ) = {ww 1 w E {a,b}+}. 

Let us consider in some detail the way that r l works in the mode = 2. 
We have to start from S. Only PI can be used. Applying twice the rule 

S -t S changes nothing, hence eventually we shall perforrn the step 

S ===? Pi S ===? Pi AB. 
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From now on, 8 will never appear again. Only P2 can be applied to AB. If 
we use the nonterminal rules, we get 

AB ===>P2 aA'bB ===>P2 aA'bcB'. 

In general, from astring of the form ai Abi ck B (initially we have i = j = k = 
0), we can obtain in this way 

aiAbick B ===>'P; ai+i A'fJHekH B'. 

To such astring we have to apply Pi again and then we get 

ai+i A'biHekH B' ===>=2 aiH AbiHek+i B P l • 

This is the only possibility of using Pi. However, P2 can be applied to astring 
ai Abi ek B in the = 2 mode also using only one nonterminal rule (replacing 
either A or B by A' or B', respectively), and one terminal rule (removing 
the remaining symbol A or B). To astring containing only one nonterminal 
(which is different from 8), none ofthe two components can be applied. Con
sequently, we have to use, in turn, the first component and the nonterminal 
rules of the second one, and we have to finish the derivation by using the 
terminal rules of P2 • This means that all derivations in F i in the mode = 2 
are of the form 

8 ===>=2 
Pl AB ===> 'P; aA' beB' ===> 'P~ aAbeB ===> 'P; ... 

for some n ~ O. Hence, L=2(Ft} = {anbncn I n ~ I}. 
The following observations are easy to verify: (1) the mode ~ 2 is identical 

in this case with the mode = 2, (2) for f E {= 1, ~ 1, *, t} U {::; k I k ~ I} 
every component, when enabled, may use only one rule, which implies that 
Lf(Ft) = L(G) for G = (N,T,8,Pi UP2 ), and (3) for = k,~ k with k ~ 3 
the only possible derivations are ofthe form 8 ===>p, 8 ===> ... , never leading 
to a terminal string. 

The maximal mode of using the components of F2 means that at every step 
all current nonterminals are rewritten by the unique rule of each component, 
hence the possible derivat ions are of the form 

8 ===>t A 2 ===>t 8 2 ===>t A4 ===>t 84 ===>t ===>t A2" ===>t a2" 
Pi P2 Pi P2 Pi'" Pi P3 ' 

The reader may wish to examine the working of the systems F3 , F4 . They 
are quite instructive when comparing the complexity of the generated lan
guages with the complexity of the systems (where the size is the number 
of components), or with derivation modes (where one considers the number 
of rewritings done at each step). Through such examples one also observes 
that uo usual pumping lemmas, with a fixed number of pumped positions, 
can be found for CD grammar systems working in the modes t, = k, ~ k, 
for k ~ 2. This makes the task of finding examples outside various classes 
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of languages considerably more difficult (such counterexamples are needed, 
e.g., when establishing negative dosure properties). 

Note that well-known examples of non-context-free languages, such as 
{anbncn I n ~ 1}, {ww Iw E {a,b}+} and {anbmanbm I n,m ~ I} can be 
easily generated by CD grammar systems. Moreover, they can be generated in 
a "context-free-like" manner, with a dear correspondence between the used 
nonterminals and the "blocks" they generate in the strings of a language 
considered. This is convenient when interpreting the CD grammar systems 
involved from the point of view of motivations coming from various features 
ofnatural and artificiallanguages (e.g., multiple agreements, duplication, and 
long distance crossed agreements). 

3.3 On the generative capacity 

It is easily seen that for CD grammar systems working in any of the mo des 
discussed above and having regular, linear, context-sensitive, or type-O com
ponents, the generative power does not change, i.e., they generate the families 
of regular, linear, context-sensitive, or recursively enumerable languages, re
spectively. Therefore, CD grammar systems with such components are of no 
further interest to us as far as the generative power is concerned. For this 
reason from now on we consider only CD systems with context-free rules. 

We denote by CDn(J) the family of languages generated by >'-free 
(context-free) CD grammar systems of degree at most n, n ~ 1, working 
in the derivation mode f E D. When the number of components is not lim
ited, we replace n by 00. The union of all families CDoo(= k) and the union 
of all families CDoo(~ k), k ~ 1, are denoted by CDoo (=) and CDoo(~), re
spectively. When the >.-rules are allowed, we add the superscript >. obtaining 
CD~(J), CD~(J), etc. 

The following theorem summarizes the basic results concerning the gen
erative power of CD grammar systems. 

Theorem 3.l. 
(i) CDoo(J) = CF, fOT all fE {= 1, ~ 1,*} U {::; k I k ~ I}. 
(ii) CF = CD1(J) c CD2(J) ~ CDr(J) ~ CDoo(J) ~ MAT, fOT all 

f E {= k, ~ k I k ~ 2}, T ~ 3. 
(iii) CDr (= k) ~ CDr (= sk), fOT all k,T,S ~ 1. 
(iv) CDr(~ k) ~ CDr(~ k + 1), fOT all T, k ~ 1. 
(v) CDoo(~) ~ CDoo (=)' 
(vi) CF = CD1 (t) = CD2(t) C CD3(t) = CDoo(t) = ETOL. 
(vii) Except fOT the inclusion CDoo(J) ~ M AT (which must be replaced with 

C D~ (J) ~ M AT>' ), all the previous relations are true also fOT CD gram
maT systems with >'-rules. 

Two surprising relations are those in (vi): CD2(t) ~ CF and CDoo(t) ~ 
CD3 (t) (the hierarchy on the number of components collapses in the case of 
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the t mode of derivation). Proofs can be found in [15], [4], [17]. We present 
here the proof of the second inclusion above, in a form similar to that in [4] 
(in [15] one starts from ETOL systems, thus obtaining ETOL ~ CD3(t); this 
relation is not noticed in [4]). 

Take a CD grammar system F = (N, T, S, Pt, ... , Pn ) and construct the 
system F' = (N',T,[S,l],P{, P~,PÜ' with 

N' = {[A,i] 1 A E N,O S i sn}, 

P{ = {[A,i] ~ [w,i] 1 A ~ w E Pi, 1 S i sn}, 

P~ = {[A,i] ~ [A,i + 1]1 A E N, 1 Si< n,i odd} 

U {[A,n] ~ [A,O] 1 A E N, if n is odd}, 

P~ = {[A,i] ~ [A,i + 1]1 A E N,O Si< n,i even} 

U {[A,n] ~ [A,l] 1 A E N, if n is even}, 

where [w, i] denotes the string obtained by replacing each nonterminal A E N 
appearing in w by [A, i] and leaving the terminals unchanged. 

Then Lt(F) = Lt(r'). This can be easily seen: the rules in Pi are simulated 
by P{ on nonterminals of the form [A, i]. The components P~, Pf" change only 
the second terms of such symbols, for all the nonterminals in the sentential 
form (P~ goes from odd numbers to even numbers, Pf" goes from even numbers 
to odd numbers). Thus, during their simulation by P{, the rules in Pi are 
never mixed with rules in Pj , for i =1= j. Hence Fand r' generate the same 
language. 

Three components suffice, but note that the first one, P{, is as complex (in 
the number of productions) as the whole initial system F. This suggests that 
in comparing systems one should take into account not only the number of 
components but also the size of components (expressed, e.g., by the number 
of productions). 

Let us denote by CDn,m(f) the family of languages generated by >'-free 
CD grammar systems working in the J mode, with at most n components, 
each of which contains at most m productions. We add the letter D in front 
of CD when only deterministic systems are used (a CD grammar system is 
deterministic when for each component Pi, if A ~ Xl, A ~ X2 are in Pi, then 
Xl = X2). 

Theorem 3.2. 
(i) CDoo,oo(f) = CDoo,I(f) = CF,JorallJ E {= 1,~ 1,*}U {S k 1 k ~ 1}. 
(ii) CDoo,oo(= k) = CDoo,k(= k), CDoo,oo(~ k) = CDoo,2k-Ik k), Jor 

k ~ 2. 
(iii) CF C CD~,I(t) c CD~,2(t) ~ CD~,3(t) ~ CD~,4(t) ~ CD~,5(t) 

= C DA (t) = ETOL. 
00,00 

CFfin C (CD~,I(t) = DCD~,I(t)) ~ DCD~,2(t) ~ DCD~,3(t) ~ 
DCD~ 4(t) = DCD~ oo(t) = EDTOL. 

(iv) CDn,m(f) C CDn+1,rr:(f)' CDn,m(f) C CDn,m+1(f), Jor JE {*,t}. 
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In the above, CF/in denotes the family of finite index context-free lan
guages. Especially interesting relations here are: CD~,oo(t) ~ CD~,5(t), 
DCD~,oo(t) ~ DCD~,4(t) (see [17]) and those in (iv). 

For f = * it is proved in [45] that 

whereas for f = tone uses 

L(n+1)'ffi = {ai 1 1 ::; i ::; (n + l)m} E CDn+1,'ffi(t) - CDn,m(t), n, rn 2: 1. 

Open problems: Which of the inclusions from Theorems 3.1 and 3.2 
that are not given as proper inclusions (c) are proper? Are the bounds 5 
and 4 from Theorem 3.2 (iii) optimal? These bounds were obtained using A
rules. What about the case of A-free systems? Can the results from Theorem 
3.2 (ii) be improved? Are the strict inclusions from Theorem 3.2 (iv) true 
also for the derivation modes = k,2: k? Are the hierarchies CDn(f), for 
f E {= k, 2: k 1 k 2: 2}, infinite? (Are systems with n + 1 components always 
more powerful than systems with n components?) 

Many other problems are still open in this area (see [17]). Most of them 
are related to the same, technical, missing tool: counterexamples, necessary 
conditions (mainly for families CDn(f), fE {= k, 2: k 1 k 2: 2}). The exam
pIes r3 and r4 in Section 3.2 indicate that the quest ion is not trivial. 

3.4 Hybrid systems 

The systems considered in the previous sections were homogeneous, all their 
components were supposed to work in the same mode. It is perhaps more 
realistic to consider systems consisting of components working in different 
modes. This leads to the notion of a hybrid CD gramm ar system, wh ich is a 
construct 

where (N, T, S, PI,"" Pn ) is a usual CD grammar system and h E D,l ::::: 
i ::; n; fi is the derivation mode in the i-th component of r. The language 
generated by r is 

L(r) = {w E T* 1 S ===?~.', WI ===?~.22 ... ===?~:: w'" = w, 

m 2: 1,1::; i j ::; n,l::; j::; m}. 

We denote by HCDn , n 2: 1, the family of languages generated by A-free 
(context-free) hybrid CD grammal' systems with at most n components; we 
put n = (Xl when no restriction is imposed on the number of components. All 
the results in this section hold true also for systems which are allowed to use 
A-rules, but we do not explicitly state the results in this form. 

Of course, CDn(f) ~ HCDn for n 2: 1, fE D. Moreover, [112]: 
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Theorem 3.3. If a hybrid CD gramm ar system r has the following two 
proper·ties, then L(r) E CF: 

(1) There is no component in r working in a mode f E {= k, ~ k I k ~ 2}, 
(2) There are at most two components of r working in the t mode. 

Conversely, there are hybrid systems which do not satisfy one of condi
tions (1), (2) which generate non-context-free languages. 

The second assertion is proved by systems like r l , r2 in Section 3.2: one 
of PI, P2 in r l can be allowed to work in any mode in D, if the other one 
works in the = 2 or in the ~ 2 mode, then the generated language will be 
{anbncn I n ~ I}. 

Surprisingly enough, the number of components does not induce an in
finite hierarchy. More exactly, combining the results in [95] and [112], we 
have: 

Theorem 3.4. 
(i) CF = HCD I C HCD2 ~ HCD3 ~ HCD4 = HCDoo ~ M ATac . 

(ii) ETOL C HCD4 , CDoo (=) C HCD3 , 

CDoo (=) ~ HCDoo(fin-t) C (HCD4 n MAT), 

where HCDoo(fin-t) is the family oflanguages generated by hybrid CD gram
mar systems of arbitrary degree but such that the components working in 
the t mode are used a bounded number of times only. 

The equality CF = H C D I is immediate, the strict inclusion CF c H C D 2 

follows from CF C CD2 (= k) ~ HCD2 , k ~ 2. The non-trivial relation here 
is HCDoo ~ HCD4 . This is proved in [95] as follows. 

Take a hybrid CD grammar system of degree n, n ~ 4, r = (N, T, S, 
(PI, h),··· ,(Pn , fn)). We shall construct a system 

r = (N', T, S', (P{, t), (P~, t), (P~, t), (P~, = k)) 

such that L(r) = L(r'). This can be done using the following facts. 

1. Given a hybrid CD grammar system r l , an equivalent system r2 can be 
constructed containing at most one component working in one of the modes 
*, = 1, ~ 1,::; k, for k ~ 1. This component works in the *-mode (simply 
put together the rules of components working as above). 

2. Given a hybrid CD grammar system r l , an equivalent system r2 can be 
constructed containing at most three components working in the t-mode 
(and preserving the other components of rl)' (The technique used is the 
same as the one used in proving CDn(t) ~ CD3(t),n ~ 3.) 

3. Given a hybrid CD grammar system r l , an equivalent system r2 can be 
constructed such that, if it contains two components i,j working in the 
modes = ki , = k j , then ki = k j (all the components working in the = k
mode have the same value for k; the new k is a multiple of the initial 
k;'s). 
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4. Given a hybrid CD grammar system r l , an equivalent system 12 can be 
constructed, containing only components working in the t-mode and in 
the = k-mode, for a given k. (The ~ k components can be simulated by 
components working in the = k' mode for k :$ k' :$ 2k - 1.) 

5. Given a hybrid CD grammar system r l , an equivalent system r2 can be 
constructed containing at most four components (namely, three of them 
working in the t mode and one working in the = k mode). (Use the above 
steps and repeat some of them whenever necessary; e.g., after 4 we apply 
3 again.) 

Technical details needed above can be found in [95] and in [17]. As a 
by-product of these proofs, we get Theorem 3.1 (v): CDoo(~) <:;; CDoo (=). 

Here is a hybrid system (of degree 4) generating a non-ETOL language 
(see [112]). 

r = ({ S, A, B, C, X, Y}, {a, b, cl, S, (Pl , t), (P2 , = 2), (P3 , t), (P4 , t)), 

P l = {S -+ ABS, S -+ ABX, C -+ B, Y -+ X}, 

P2 = {X -+ Y, A -+ a}, 

P3 = {X -+ X,B -+ bC}, 

P4 = {X -+ c,B -+ cl. 

Let us examine the possible derivations in r. We have to start by using 
the component Pl . This leads to astring (AB)m X, m ~ 1. From now on the 
mIes S -+ ABS, S -+ ABX will never be used. The component P3 cannot 
be used for strings containing the symbol X, because the derivation cannot 
be correctly terminated in the t-mode. Using P2 me ans either to replace two 
occurrences of A by a, or to replace X by Y and one occurrence of A by a. 
In the latter case, using Pl we can replace Y by X, hence the use of P2 can 
be iterated. Therefore, any number of occurrences of A can be replaced by 
a. In order to use P3 , we have to replace X by Y; by P3 each occurrence 
of B will introduce a symbol b (and the nonterminal C). In order to use P3 

again we have to use first Pl , thus turning each C back to Band each Y 
back to X, and then P2 again, in order to replace the trap-symbol (for P3 ) 

X by Y. Consequently, between every two uses of P3 , hence between every 
two increases of the number of occurrences of b, we have to introduce at least 
oue occurrence of a. This can be repeated at most m times, where m is the 
number of occurrences of A we have started with. This implies that we can 
produce each sentential form of the type (abn B)m X, with 1 :$ n :$ m. Using 
P4 we get (abnc)m c, 1:$ n:$ m. Consequently, 

This is not an ETOL language: ETOL is a fuH AFL; erasing the symbol c by 
a IllorphisIll we get the language {( abn r I 1 :$ n :$ m}, w hich is knowu not 
to be an ETOL lauguage (see CoroHary V.2.2 on p. 248 in [129]). 
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A number of problems are still open in this area. To start with we have 
the relations not specified in Theorem 3.4. Now, let HCDn(ft, 12,· .. ,In) 
be the family of languages generated by hybrid CD grammar systems r = 
(N, T, S, (P1 , 11), ... , (Pn, In)). By Theorem 3.4 (i), HCDn(I1, ... , In) ~ 
HCD4 (=,t,t,t). What can one say about families HCDn(h, ... ,ln) for 
n = 2,3, 4? How many of them are distinct? (Theorem 3.3 characterizes 
the families which equal CF; what about the other ones?) Is the inclusion 
ETOL ~ H C D 3 proper? 

3.5 Increasing the power by teams 

In the blackboard model, as weH as in CD grammar systems considered so far, 
at each moment only one component is enabled. Removing this restriction 
we obtain the notion of a team CD gmmmar system, as introduced in [71]. 
We use here the presentation in [121]. 

A CD grammar system with (prescribed) teams (01 variable size) is a con
struct 

r=(N,T,S,Pl. ... ,Pn,R1, ... ,Rm), n,m~ 1, 

where (N, T, S, P1 , ••• ,Pn ) is a usual CD grammar system, and R1 , ... ,Rm 
are subsets of {P1, ... , Pn} (caHed teams). A team R i = {Piw '" Pi.} is 
used in derivations as foHows: 

x===? Ri Y iff x = x 1A 1X 2 A2 ••. xsAsxs+l. Y = X1Y1X2Y2 .•• xsYsx s+1. 

XI E (N U T)*, 1 :5 I :5 s + 1, Ar -+ Yr E Pir , 1 :5 r :5 s. 

(Note that because a team is a set, no order of components is assumed in a 
derivation step as above.) 

Having defined the one step derivation, we can define derivat ions in Ri of 
k steps, at most k steps, at least k steps, and of any number of steps, denoted 
b -k <k >k * t' I v . I d . t' . y ===?Ri ' ===?Ri ' ===?Ri' ===? Ri' respec lve y. rOr mrunma enva Ions In a 
team Rö we can consider three variants: 

x ===? ~i Y iff x ===?~~ Y and there is no z such that Y ===? Ri Z, 

X ===?~i Y iff x ===?~~ Y and for no component Pir E Rö and for no Z 

there is a derivation Y ===? Pjr Z, 

x ===? ~i Y iff x ===?~~ Y and there is a component Pir E Rö 
for which no derivation Y ===? Pjr Z is possible. 

In the to mode the team as a whole cannot perform any furt her steps, in the 
h mode no component of the team can apply any of its rules, whereas in the 
case of h at least one component cannot rewrite any symbol of the current 
string. The mode to is considered in [56], tl in [71], and t2 in [121]. Note 
that the three t modes are different from each other: a derivation in the team 
{ {A -+ a}, {A -+ b}} leading to, say, abA, is correctly terminated in the to 
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mode, but not in the others; with the same string, {{ A -+ a}, {B -+ b} } can 
finish the work in the t2 mode, but not in the t l mode. 

If each subset of {PI, ... ,Pn } can be a team, then we say that r has free 
teams; when all teams have the same number of components, then we say 
that r has teams of constant size. For the case of teams of constant size we 
consider a finite set W ~ (NUT)* instead of an axiom SEN, in order not to 
produce artificial counterexamples when using }.-free rules (strings of length 
less that s, where s is the size of teams, cannot be generated). However, we 
require that W contains only one nonterminal string. 

We denote by PTsCD(f) the family of languages generated by }.-free CD 
gramm ar systems with prescribed teams of constant size s in the derivation 
mode f E {*, to, tI, t2} U {::; k, = k,? k I k ? I}. When dealing with free 
teams, the letter P is omitted. When the size of teams is not constant, we 
replace s with *. When A-rules are allowed we add as usual the superscript 
A. 

Summarizing the results from [56], [71] and [121], we obtain the following 
result. 

Theorem 3.5. 
(i) PTsCD(f) = PT*CD(f) = MAT, for alt s? 2 and fE {*} U {::; k, 

= k,? k I k? I}. 
(ii) TsCD(f) = PTsCD(f) = PT*CD(f) = T*CD(f) = MATac , for alt 

s 2: 2 and fE {tO,h,t2}' 
(iii) All the results above hold true also for the case of using A-rules (MAT 

and M AT ac are then replaced by M AT>' and M AT;J 

These equalities suggest a number of interesting corollaries: teams of size 
two suffice for obtaining the maximal generative capacity, enhancing the 
cooperation by using teams increases considerably the power of CD gram
mar systems (remember that ETOL c MATac and that CDoo(f) = CF for 
f E {= 1,2: 1, *} U {::; k I k 2: I}). All the three variants of maximal deriva
tion are equivalent, when A-rules are allowed we get new characterizations of 
recursively enumerable languages (M AT;c = RE, [41]). 

In order to illustrate the work of teams and in particular to show how 
the power of CD gramm ar systems is increased by increasing the cooperation 
among components, we recall the following exarnple from [71]. 

Consider the system 

r = ({A, B, A', B'}, {a, b, c, d, e}, {AB}, PI, P2 , P3 , P4 , P5 , P6 ), 

PI = {A -+ A'A'}, 

P2 = {B -+ aBc,B -+ bBd,B -+ aB'c,B -+ bB'd}, 

P3 = {A' -+ AA}, 

P4 = {B' -+ aB'c,B' -+ bB'd,B' -+ aBc,B' -+ bBd}, 

P5 = {A -+ e,A' -+ e,B -+ B,B' -+ B'}, 
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P6 = {B ----; B, B ----; ac, B ----; bd, B' ----; B', B' ----; ac, 

B' ----; bd,A ----; A,A' ----; A'}. 

The language generated by r, with free teams of size 2, working in the h 
mode, is 

where f(w) = h(mi(w)), with mi denoting the mirror image, and h the 
morphism defined by h(a) = c, h(b) = d. 

Indeed, when Ps is used, neither B nor B' can be present in the current 
sentential form when this step is completed, when P6 is used, neither A nor 
A' can be present in the current sentential form when this step is completed. 
Therefore Ps, P6 can participate in a team only together, and such a team is 
used at the last step of a derivation. Now P1 cannot be in a team contain
ing P3 , and P2 cannot be in a team containing P4 . Starting from astring 
containing only symbols A and B (initially we have AB), besides the team 
{Ps, P6}, only the team {P1 , P2 } is applicable, and its use leads to astring 
containing only symbols A' and B'. Now only {P3 , P4 } can be applied, yield
ing astring containing the nonterminals A, B. In such a cycle the number 
of occurrences of A is doubled and each time that either the rule A ----; A' A' 
or the rule A' ----; AA is used, one rule from either P2 or P3 is used. There
fore the number of symbols a, band c, d, respectively, equals the number of 
occurrences of A, A' minus one. Finally, every A, A' is replaced by e, while 
rules B ----; B, B' ----; B' are used in P6 , except at the last step when one of 
the rules B ----; ac, B ----; bd, B' ----; ac, B' ----; bd is used. In this way, the number 
of occurrences of a, b (hence also of c, d) equals the number of occurrences of 
e. Hence the language L t1 (r, 2) is generated. 

Let us now use a morphism to erase the symbol e. If L t1 (r, 2) E ETOL = 
CD(t), then the obtained language, {wf(w) Iw E {a,b}+, Iwl = 2n ,n 2: O}, 
would be in ETOL. But according to Theorem V.2.10 in [129], {w E {a, b} + I 
Iwl = 2n ,n 2: O} E ETOL (the mapping f is a bijection from {w E {a,b}+ I 
Iwl = 2n ,n 2: O} to {w E {c,d}+ I Iwl = 2n ,n 2: O}), which contradicts 
Corollary IV.3.4 in [129]. Thus, L t1 (r, 2) ~ ETOL. 

3.6 Descriptional complexity 

The main motivation behind grammar systems was the modeling, in gram
matical fashion, of distributed information processing, e.g., as it takes place 
within blackboard systems. From the language theoretic point of view gram
mar systems offer an elegant language generating mechanism. As illustrated 
in this chapter many times already co operation leads often to quite remark
able increase of generative power. Another attractive feature of grammar 
systems is a possible decrease of the complexity of language specification. In 
order to discuss this aspect of grammar systems we will consider now three 
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measures of descriptional complexity which were weIl investigated within the 
framework of context-free grammars (see [60]). 

Let r = (N, T, S, Pl , .. . ,Pn ) be a CD grammar system and consider the 
following "natural" measures of descriptional complexity of r: 

Var(r) = card(N), 
n 

Prod(r) = .E card(Pi ), 

i=l 
n 

Symb(r) =.E .E (lxi + 2). 
i=l A-+zEPi 

For a measure M E {Var, Prod, Symb} and a dass Y of grammar systems 
we define 

My(L) = min{M(r) I L(r) = Land rE V}, 

for L being a language in the family generated by elements of Y. 
Obviously, for each context-free language L, for each M E {Var, Prod, 

Symb}, and for each dass Y of CD grammar systems (containing context-free 
grammars ), we have 

My(L) ~ MCF(L). 

Consider now a more general setting. Let X, Y be two dasses of language 
generating mechanisms and let L be the family of languages which can be 
generated both by an element of X and by an element of Y. Let M be a 
descriptional complexity measure, and assurne that My(L) ~ Mx(L) for all 
L E L. Then, the change in descriptional complexity (with respect to M) 
when going from Y to X can be captured in one of the following manners. 

Y = X (M) iff My(L) = Mx(L) for all L E L, 

Y < 1 X (M) iff there is a language L E L such that 

My(L) < Mx(L), 

Y <2 X (M) iff for all n ~ 1, there is an Ln E L such that 

Mx(Ln) - My(Ln ) > n, 

y <3 X (M) iff there are Ln E Land n ~ 1, such that 
. My(Ln ) 

hmn -+oo Mx (Ln) = 0, 

y <4 X (M) iff there are p ~ 1 and languages Ln E L, n ~ 1, 

such thatMx(Ln) > n and My(Ln ) ~ p. 

Clearly, <i implies <i-l for i E {2, 3, 4}. 

Summarizing the results from [43] and [17], we obtain the following table: 
at the intersection ofthe row M,M E {Var,Prod,Symb}, with the column 
J,J E {*,t,~ k,= k,~ k}, we find the relation p if CDoo(f) p CF (M) 
holds. 
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* t <k =k >k 
Var = <4 = <4 <4 
Prod = <3 = <4 <4 
Symb = <3 = <3 <3 

The following context-free language proves the entries of this table for 
M = Prod, and fE {= k, ~ k},k ~ 2: 

Ln,k = {ai bai dc(k-l)n I 0 ::; i + j ::; n}, k ~ 2, n ~ 1. 

We have 
ProdcF(Ln,k) ~ log2(n + 1) 

(this can be proved as in [7]). On the other hand 

ProdcD.CF(j)(Ln,k) ::; 16, for f E {= k, ~ k I k ~ 2}, 

because Ln,k = Lf(F), for 

F = ({S,A, A',B,B',C}, {a,b,c,d},S, PI, P2 ,P3 ,P4 , P5), 

with 

PI = {S -+ S,S -+ ABc(k-l)n}, 

P2 = {A -+ aA',C -+ c,A -+ ab,A -+ b}, 
P3 = {B -+ aB',C -+ c,B -+ ad,B -+ d}, 

P4 = {A' -+ A,A -+ A,B' -+ B,B -+ B}, 

P5 = {C-+C,C-+c}. 

The reader can easily check that Ln,k is generated by F in either = k or 
~ k mode. 

There are in [17] also results concerning the indexof CD grammar systems. 
As expected, the systems of finite index generate strict subfamilies of the 
families generated without restrictions about the index (CFfin when using 
derivation modes *, = 1, ~ 1,::; k, for k ~ 1, and MATfin in derivation modes 
t, = k, ~ k, for k ~ 2). 

The proofs of the equality CD3(t) = ETOL and of relations with families 
like CF and MAT are effective. In certain cases, also results on the com
plexity of some decision problems about CD grammar systems are available. 
For instance, the membership problem for CD3(t) is NP-complete. The NP
completeness of a special problem concerning CD grammar systems with = 1 
mode of derivation has been proved in [84]. 

The complexity of the membership and emptiness problems for CDoo (= 
k) and CDoo(~ k), k ~ 2, is still open (these problems are decidable for 
MAT, hence also for the considered families). 
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3.7 Other classes of CD gramm ar systems 

We have already mentioned grammar systems with a control graph, which 
specifies the order of the enabling of components. If arbitrary graphs can be 
used, then the generative power of CD grammar systems is increased, but for 
some sorts of graphs (e.g., a ring) it might be the case that the generative 
power decreases [30], [17J. One can also consider gramm ar systems with start 
conditions formulated as random context conditions: a component may start 
working when (the common sentential form is available and) certain symbols 
are present while other symbols are not present in the sentential form. In 
fact, both start and stop conditions of this type can be considered. More
over, one can check the presence/absence of symbols as above, or of certain 
strings associated with the components, or one can check whether or not the 
whole sentential form is a member of a given regular language. In general, 
when strings can be checked as above, characterizations of context-sensitive 
languages are obtained if 'x-rules are not allowed (hence characterizations of 
recursively enumerable languages are obtained if 'x-rules are allowed). Details 
can be found in [19], [17J and [29J. 

A similarly powerful variant is that of CD grammar systems with the 
communication aided by a generalized sequential machine (gsm). Assume 
that the agents "speak" different languages, hence they need t.he help of a 
"translator" : the sentential form has to be translated into the component 
language before the component starts rewriting. Technically, a gsm is added 
to the system and the gsm works in between each two derivation steps cor
responding to components enabling. Because in this way we implicitly have 
an iterated application of the gsm, and iterated gsm's are known to charac
terize es (or RE when erasings are allowed), the CD grammar systems with 
"intermediate" gsm's also characterize es (or RE), [94J. 

A surprising characterization of the family RE is obtained in [46], using 
CD grammar systems with right-linear components and two multiplicative 
registers. The idea of using registers is related to the idea of regulating the 
work of usual grammars by using valences, [102J: associate elements of a 
given group ("valences") to the rules of a system and allow each component 
to stop the work only when the total of the valences used in the derivation 
is equal to the identity of the group. When using integers, we stop at 0 (we 
say that we have additive valences/registers), when using positive rational 
numbers, we stop at 1 (and we have multiplicative valences/registers), etc. 
Systems with one register, working as above, and also with two registers, were 
considered in [42]. In the latter case two numbers are associated with each 
rule, hence two registers. At the end of a component's working step, the first 
register must be empty (equal to the group identity) while the second one is 
not restricted. However a new component starts working with the registers 
having the contents interchanged (hence with a non-empty contents of the 
first register and the empty contents oft he second one). The whole derivation 
starts with both registers empty. 
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The interplay of registers proves to be very powerful, at least for the 
multiplicative case: the obtained family of languages (even when using only 
right-linear rules) is closed under intersection and morphisms, and it contains 
the Dyck language, [46J. Hence, according to the characterization of RE lan
guages as amorphie image of the intersection of two context-free languages, 
this leads to a characterization of RE languages in terms of CD grammar 
systems with registers. 

We dose our discussion here by mentioning one furt her variant, that of 
a colony, [73]. This is a special case of a CD grammar system, with the 
components generating finite languages. We write the system in the form 
r = (N,T,w,FI, ... ,Fn), where w E (NUT)*, N = {SI,,,,,Sn},Si is a 
nonterminal associated with Fi , which in turn is a finite subset of (N U T -
{Sd)*, 1 ~ i ~ n. Rewriting Si means to replace it with an element of Fi . 

Motivations for considering such devices can be found in [17], [73], results can 
be found in [17], [75], [110]. Most of the problems still open for CD gramm ar 
systems (including hierarchies on the number of components) are solved for 
colonies. 

Quite a number of other variants of and problems about CD grammar 
systems appear in the literature: systems with a sort of appearance checking 
feature ([44]), systems with separated terminal and nonterminal alphabets for 
each component (r = (T, S, (NI, Tl, Pd,.··, (Nn, Tn, Pn)), without imposing 
Ni n Tj = 0, for i -I- j, [17], [22]), hierarchical systems [98], [16], systems with 
Lindenmayer components [15], [141], systems with "similar" components in 
the sense of grammar forms theory [18], [97], deterministic systems [45], as
sociated Szilard languages [40], systems with "fair" activation of components 
[39], systems of push-down automata [36], [37], and many others. The reader 
is referred to the mentioned papers for details and more pointers to the lit
erature. 

4. pe grammar systems 

4.1 Definitions 

Definition 4.1. A pe gramm ar system of degree n, n 2: 1, is an (n+3)-tuple 

where N is a nonterminal alphabet, T is a terminal alphabet, K = {QI, 
Q2, ... ,Qn} (the sets N, T, Kare mutually disjoint), Pi is a finite set of 
rewTiting rules over N U K U T, and Si E N, fOT alt 1 ~ i ~ n. 

Let Vr = NuKuT. 
The sets Pi, 1 ~ i ~ n, are called the components of the system, and the 

elements Qb ... ,Qn of Kare called query symbols; the index i of Qi points 
to the i-th component Pi of r. 



174 J. Dassow, Gh. Paun, and G. Rozenberg 

If we want to give explicitly grammars as components of r, then we can 
write r = (N, K, T, GI, ... ,Gn ), with Gi = (N U K, T, Si, Pi), 1 ~ i ~ n. 

As in the case of CD grammar systems, we can consider also "in
dependent" grammars as components, r = (K, GI, ... ,Gn ), with Gi = 
(Ni U K, Ti, Si, Pi), 1 ~ i ~ n, without any assumptions about the rela
tionships between Ni and T j , i i= j (hence allowing that the terminals of one 
component are rewritten in another component). Such variants were investi
gated in [91], but we will not consider them here. 

Definition 4.2. Given a pe gramm ar system r = (N, K, T, (SI, Pd, 
... ,(Sn, Pn )) as above, for two n-tuples (XI, X2, ... ,Xn ), (Yl, Y2, ... ,Yn), with 
Xi, Yi E V;, 1 ~ i ~ n, where Xl ~ T*, we write (Xl, ... ,Xn) ==> (Yl, ... ,Yn) 
if one of the following two cases holds. 

(i) For each i, 1 :::; i :::; n, IXilK = 0,1:::; i :::; n, and for each i, 1 :::; i :::; n, we 
have either Xi ==> Yi by a rule in Pi, or Xi = Yi E T* . 

(ii) There is i, 1 :::; i :::; n, such that IXilK > 0. Let, for each such i, Xi = 
ZlQi1Z2Qi2 ... ZtQi,Zt+1' t ~ 1, for Zj E (N U T)*, 1 :::; j :::; t + 1. 1f 
IXijlK = 0, for all j,1 :::; j :::; t, then Yi = ZlXilZ2Xi2 ... ZtXi,Zt+1 and 
Yi j = Si j , 1 :::; j :::; t. 1f for some j, 1 :::; j :::; t, IXij IK i= 0, then Yi = Xi· 
For all i, 1 :::; i :::; n, such that Yi is not specified above, we have Yi = Xi. 

An n-tuple (Xl, ... , Xn ) with Xi E V; for all i,1 :::; i :::; n, is called a 
configuration (of r). 

Thus, a configuration (Xl, X2, ... ,Xn) directly yields a configuration (Yl, 
Y2, ... , Yn) if either 

(i) no query symbol appears in Xl, ... ,Xn , and then we have a compo
nentwise derivation, Xi ==> Yi, in each component Pi, 1 :::; i :::; n (one rule is 
used in each component Pi), except for the case when Xi is terminal, Xi E T*; 
then Yi = Xi, or 

(ii) query symbols occur in some Xi. Then a communication step is per
formed: each occurrence of Q j in Xi is replaced by X j, providing X j does not 
contain query symbols. More precisely, a component Xi (containing query 
symbols) is modified only when all occurrences in it of query symbols refer 
to strings without occurrences of query symbols. In a communication step, 
the communicated string Xj replaces the query symbol Qj (we say that Qj is 
satisfied in this way). After that, the grammar Gj resurnes rewriting begin
ning again from its axiom. The communication has priority over the effective 
rewriting: no rewriting is possible as long as at least one query symbol is 
present. If some query symbols are not satisfied at a given communication 
step, then they may be satisfied at the next step (providing they ask then for 
strings without query symbols). 
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Note that rules Xl QiX2 -+ X are never used, hence we shall asume that 
such rules do not appear in the pe grammar systems we work with. Also 
note that (Xl! ... , xn) ==> (Yl! .. . , Yn) is not defined when Xl E T*. 

We have denoted in the same way, by ==>, both the componentwise deriva
tion steps and the communication steps. As usual, by ==> * we shall denote 
the reflexive and transitive closure of this relation, which corresponds to se
quences of possibly interleaved derivations and communication steps. 

A pe grammar system deadlocks in two cases: (1) when no query symbol 
is present, a component Xi of the current configuration (Xl! ... , xn) is not 
a terminal string and no rule of Pi can be applied to it (this can happen 
both after a rewriting and after a communication), and (2) when a circular 
query appears: Pi1 introduces Qi2' Pi2 introduces Qi 3' and so on until Pik- 1 
introduces Qik' and Pik introduces Qi1 ; no derivation is possible (the com
munication has priority), but no communication (in this cycle) is possible 
(only strings without occurrences of query symbols are communicated). 

Definition 4.3. The language generated by a pe gramm ar system r as 
above is 

L(r) = {x E T* (Sl,S2, ... ,Sn) ==>* (X,Ct2, ... ,Ctn), 

Cti E V;,2:5 i:5 n}. 

Hence, we start from the n-tuple ofaxioms, (Sl! ... , Sn), and proceed by 
repeated rewriting and communication steps, until the component P1 pro
duces a terminal string. Notice that in L(r) we retain the strings generated 
in this way on the first component, independently of the form of the strings 
generated by P2 , ••• , Pn (in particular, they may contain also query symbols). 
Moreover, the system stops when the first component produces a terminal 
string. 

The component P1 is called the master of the system. 

In the above we have considered pe grammar systems in which no restric
tion is imposed on the use of query symbols, more exactly, each component 
Pi is allowed to introduce any symbol Qj. (Obviously, when Pi introduces 
the symbol Qi, the derivation is blocked by the circularity of this query.) A 
classification can be obtained by considering the shape of the communication 
graph, that is the graph defined by the rules which introduce query symbols 
(hence such a graph is "static"). We consider here only two basic classes of 
pe grammar systems. 

Definition 4.4. Let r = (N, K, T, (Sl, P1), ••• , (Sn, Pn» be a pe grammar 
system. If only P1 is allowed to introduce query symbols (formally, Pi ~ 
(N U T)* x (N U T)* for 2:::; i :::; n), then we say that r is a centralized pe 
grammar system; otherwise r is non-centralized. 
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A PC grammar system is said to be returning (to axiom) if, after com
municating, each component which has sent its string to another component 
returns to axiom. A PC grammar system is non-returning if point (ii) of 
Definition 4.2 is modified by removing the condition "and Yij = Sij". Thus, 
after communicating, the component Pij does not return to its axiom Si j , but 
rather it continues to process the current string. 

In terms of the classroom model, the master grammar is the team leader, 
the other components are the team "processors". In CD grammar systems, 
all components are "equal" within the system. In a PC grammar system we 
already have a hierarchy with two levels - the leader and the group members. 
This difference becomes quite drastic in centralized systems: only the leader 
can ask for communication. 

A PC grammar system is said to be regular, linear, context-free, context
sensitive, A-free, etc. when the rules in its components are of the correspond
ing types, where we call a system regular if its rules are right-linear, that is 
of the forms A --+ xB, A --+ x, with A, B nonterminals and x an arbitrary 
terminal string. 

Notations. Because the returning and the non-returning modes of deriva
tion can be used for the same system, we denote by Lr(r) the language gen
erated by r in the returning mode and by Lnr(r) the language generated 
in the non-returning mode. If necessary, we also write :=:}r for denoting a 
returning derivation step and :=:}nr for a non-returning one. As for language 
families, we denote by PCnX the family of languages generated by non
centralized PC grammar systems of degree at most n, with components of 
type X, in the returning mode; when only centralized PC grammar systems 
are used, we add the letter C, thus obtaining the families CPCnX. When the 
non-returning mode of derivation is considered, we add the symbol N in the 
front of PC,CPC, thus obtaining the families NPCnX,NCPCnX; X can 
be REG, LIN, CF, CS, CS>., where REG indicates that right-linear rules are 
used and CS>. indicates that rules of arbitrary type are used. The subscript 
n is replaced by 00 when systems of arbitrary degree are considered. 

Note that the regular, linear and context-free PC grammar systems con
sidered here are A-free. 
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4.2 Examples 

Let us consider the following pe grammar systems: 

Then 

r l = ({SI, S~, S2, S3}, K, {a, b}, (SI, Pd, (S2, P2), (S3, P3)), 

PI = {SI ~ abc, SI ~ a2b2c2'SI ~ aS~,SI ~ a3Q2' 

S~ ~ aS~, S~ ~ a3Q2' S2 ~ b2Q3' S3 ~ cl, 

P2 = {S2 ~ bS2}, 

P3 = {S3 ~ CS3}, 

r 2 = ({SI, S 2},K,{a,b},(SI,Pd,(S2,P2)), 

PI = {SI ~ SI, SI ~ Q2Q2}, 

P2 = {S2 ~ aS2, S2 ~ bS2, S2 ~ a, S2 ~ b}, 

r 3 = ({SI, S2}, K, {a, b}, (SI, Pd, (S2, P2)), 

PI = {SI ~ SI, SI ~ Q2Q2}, 

P2 = {S2 ~ aS2, S2 -+ S2b, S2 -+ ab}. 

Lr(rd = Lnr(rd = {anbncn I n ~ I}, 

L r(r2) = Lnr(Fz) = {xx I xE {a,b}+}, 

L r(r3) = Lnr(FJ) = {anbmanbm In, m ~ I}. 

Let us briefly examine the work of r l . We start with (SI, S2, S3). Using 
the third rule in PI, then the fifth one, and the unique rules in P2, P3 for 
n ~ 0 steps, we get 

(SI, S2, S3) ===?r (aS~, bS2, CS3) ===?; (an+l S~, bn+l S2, cn+l S3). 

Eventually, the sixth rule of PI will be used: 

(an+l S~, bn+l S2, cn+l S3) ===?r (anHQ2, bn+2 S2, cn+2 S3). 

Because the query symbol Q2 is present, we have to perform a communication 
step: bn+2 S2 is sent to the first component, replacing Q2 

(anHQ2, bn+2S 2, Cn+2S3) ===?r (anHbn+2s2, S2, Cn+2S3). 

In a deterministic way, we have to perform now the following steps 

Therefore, all strings anbncn , n ~ 4, can be produced in this way. By a 
derivation 
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(81,82,83) ==:}r (a3Q2,b82,c82) ==:}r (a3b82' 82, c83) ==:}r 

==:}r (a3b3Q3, b82, c283) ==:}r (a3b3c283, b82, 83 ) ==:} (a3b3c3, b2 82 , c83), 

we can obtain the string a3b3c3, whereas the strings abc, a2b2c2 are produced 
directly by the master component PI. 

Because there is only one query of PI to P2 and only one to P3, for Fl 

(and the same is true for F2 and F3) the returning and the non-returning 
modes coincide. 

The systems F2 and F3 work as folIows: PI does nothing for a number of 
steps while P2 generates astring, then PI intro duces Q2Q2. Hence the string 
produced by P2 is sent to PI and duplicated (it must be terminal, otherwise 
the system is blocked). 

Note that all the three systems above are centralized. 
Hence, quite simple PC grammar systems can generate some classic ex

amples of non-context-free languages. 
However, the last language represents a particular case of a "crossed agree

ment", where the general case is encoded by the language 

L = {anbmcnc.F 1 n,m ~ I}. 

We could not give a centmlized (returning or non-returning) PC grammar 
system with context-free components that generates L. l On the other hand, 
we can generate L with non-centmlized systems, both in the returning and 
in the non-returning case. 

Consider, for instance, the following returning systems: 

F4 = (N, K, {a, b, c, d}, (81, Pd, (82, P2), (83, P3», 
N = {81,S2,83,8~,A,B,B',D,D'}, 

PI = {SI -+ 81.81 -+ Q3,B' -+ B,D' -+ D,SI -+ S~, 

S~ -+ Q2, B' -+ b, D' -+ d}, 

P2 = {82 -+ S2,82 -+ Ql>B -+ bB',D -+ dD'}, 

P3 = {83 -+ AD',A -+ aAc,A -+ aB'c}, 

Fs = (N,K,{a,b,c,d},(81,Pd,···,(81O ,PlO», 
N = {8i 11:S i:S 1O} U {A,D} U {Ai,Di 11 :s i:S 4}, 

PI = {81 -+ 81,81 -+ Q2, 81 -+ Q6,81 -+ QlO}, 
P2 = {82 -+ 82,82 -+ aAcD,S2 -+ a2Ac2D,S2 -+ a3Ac3D, 

82 -+ a4Ac4D,A -+ aAc,A -+ aQ3c,D -+ Q4, 

83 -+ b3 , 84 -+ d}, 

P3 = {83 -+ bS3 }, 

1 Such PC grammar systems were recently found by A. Chitu, which has proved 
that L E CPC4 CF n NCPC4CF. 
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P4 = {S4 -+ dS4}, 

P5 = {S5 -+ Q2,S2 -+ Q2,D -+ Q2,S4 -+ A}, 

P6 = {S6 -+ S6, S6 -+ AbDd, S6 -+ Ab2 Dd2 , S6 -+ Ab3 Dd3 , 

S2 -+ Ab4D~,D -+ bDd,D -+ bQ7d,A -+ Qs, 

S6 -+ c3,Ss -+ a}, 

P7 = {S7 -+ CS7}, 

Ps = {Ss -+ aSs}, 

Pg = {Sg -+ Q6,S6 -+ Q6,A -+ Q6,S7 -+ A}, 

PlO = {SlO -+ ai Di , Di -+ bDid, D i -+ bcid, 

SlO -+ Ai~,Ai -+ aAic,Ai -+ abic 1 i = 1,2,3,4}. 

Then L r (r4 ) = L nr(r5 ) = Lj details can be found in [116]. 

Let us consider three further examples that turn out to be very useful: 

r6 = ({S1,s2},K, {a}, (Sl,Pd, (S2,P2)), 

P1 = {S1 -+ aQ2,S2 -+ aQ2,s2 -+ a}, 

P2 = {S2 -+ aS2}, 

r7 = ({S1,S2,A,B},K,{a,b},(S1,Pt),(S2,P2)), 

P1 = {S1 -+ aSl, S1 -+ S1a, S1 -+ ba, S1 -+ ab}, 

P2 = {S2 -+ AP-t,A -+ B}, p ~ 2, 

rB = ({St, S2, S3, A, B}, K, {al, (Pt. Sd, (P2, S2), (P3, S3)), 

P1 = {S1 -+ aA,S1 -+ aQ2,B -+ aA,B -+ a}, 

Then 

P2 = {S2 -+ aQt,A -+ aQ3}, 

P3 = {S3 -+ aQt,A -+ aB}. 

L r (r6 ) = {a2m+1 1 m ~ I}, 
(",+1)(",+2) 

Lnr (n) = {a 21m ~ I}, 
L r (r7) = Lnr(r7) = {aibai 11::; i + j::; p}, 
Lr(rB) = {a7.2"'-6 1 m ~ I}. 

The system r6 shows the important differences between the returning 
and the non-returning modes of derivation, rB illustrates again the intricate 
work of non-centralized systems: a one-Ietter non-regular language can be 
produced by a PO grammar system with three regular (in the restricted 
sense) components. 

An interesting feature is illustrated by r 7 • The component P2 does not 
directly contribute to a generated string, however it limits the length of the 
derivation: because P2 can work at most p steps, the system itself can work 
only at most p steps. 
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4.3 On the generative capacity 

We recall, without proofs, a number of results from [17]. 

Theorem 4.1. 
(i) YnCS A = RE, for all n and Y E {PG, GPG, NPG, NGPC}; 

CPGooCS = NCPGooGS = CS .. 
(ii) YnREG - LIN f:. 0, YnLIN - CF f:. 0, for alt n :::: 2, and YnREG-

CF f:. 0, for alt n:::: 3 and for alt Y E {PC, CPG, NPC, NCPG}. 
(iii) YnREG - CF f:. 0, for alt n :::: 2 and for alt Y E {NPG, NGPG}. 
(iv) LIN - (CPGooREG U NCPCooREG) f:. 0. 
(v) CPG2REG C CF, PG2REG ~ CF. 
(vi) CPCooREG contains only semilinear languages. 
(vii) CPCnGF, for all n:::: 2, contains non-semilinear languages. 
(viii) PCnREG, for all n :::: 3, and N PGnREG, NCPCnREG, for alt n :::: 2, 

contain one-Ietter non-regular languages. 
(ix) If L ~ V*, L E CPCnREG, then there is a constant q such that each 

Z E L, Izl > q, can be written in the form z = XIYIX2Y2··· XmYmXm+1, 
for 1 ::; m ::; n, Yi f:. A,1 ::; i ::; m, and for all k :::: 1, XIYtx2Y~'" 
xmY~Xm+l E L. 
Gonsequence: CPGnREG c CPCn+1REG, for alt n :::: 1. 

(x) PGnREG C PCn+1REG, for all n:::: 1. 
(xi) CPCnREG C CPCnLIN C GPGnGF, for all n :::: 1. 

The first equality in (i) is obvious, the others are proved in [17] (direct, 
non-constructive, simulation of a centralized pe grammar system by a type
o grammar with bounded workspace)j (ii), (iii), (vii), (viii) are proved by 
examples (some of them are mentioned in the previous section), (iv) uses 
the linear language {an bm cbm an I m, n :::: I}, the first relation in (v) appears 
already in [124], but the second one is obtained in [140] using a long construc
tionj for (vi) it is shown that Lr(r) is (the gsm image of) a matrix language 
of finite index, the pumping property in (ix) is proved in [72], where also a 
direct, combinatorial, proof of (x) is givenj (xi) is obtained by combining the 
previous results. 

Here are some other important results. 

Theorem 4.2. (i) NPGooGF ~ PGooGF, (ii) MAT c PGooGF, (iii) 
GPGooREG C MATfin. 

The first relation indicates the fact that the non-returning feature can 
be simulated by the returning feature, in the powerful framework of non
centralized systems. The proof appears in [47], and it implies, as special 
cases, the inclusions NPCooX ~ PGooX, for X E {REG, LIN}. The same. 
relation for LIN was also proved in [139]j both [47] and [139] improve an 
earlier result of [88], where it is proved that NGPGooX ~ PGooX, for X E 

{REG, LIN, GF}. 
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The second inclusion, proved in [85], confirms the power of non-centraliza
tion (and, according to Theorem 3.1 (ii), it implies that CDoo(J) c PCooCF, 
fE {= k, ~ k I k ~ 2}). The third inclusion is proved in [90]. 

The underlying idea of the proofin [88] of the inclusion NCPCooCF ~ 
PCooCF is as follows (we describe it because when starting from central
ized systems the construction is simpler than that used [47] and [139] for the 
non-centralized case). Starting from a system with components Pi,···, Pn, 
centralized and working in the non-returning mode, one constructs a system 
which contains three components, Pi,i, Pi,2, Pi,3 associated with each Pi· Pi,3 

is used only at the beginning of derivations just to synchronize, while "part
ners" Pi,i, Pi ,2 simulate the work of Pi. When one of them uses a rule from 
Pi, the other gets ready to receive the current string of the partner in the 
case when Po (a new component associated with Pi which is the master of 
the new system) asks for the string generated by Pi. Then the string is sent 
to Po and also at the same time to the partner, thus saving a copy of the 
string. In this way, although working in the returning mode, the communi
cated string will be processed farther. Some additional components are used 
for synchronizing the process and as "garbage collectors" . 

The strictness of (ii) is obtained by using the result from [61], that each 
one-letter matrix language is regular (from Theorem 4.1 (viii) we know that 
this is not the case for PC3 REG). The strictness of (iii) follows from Theorem 
4.1 (iv) (LIN C MATfin). 

Point (iii) of Theorem 4.2 implies point (vi) of Theorem 4.1, because 
matrix languages of finite index are known to be semiliniar. 

Theorem 4.3. LI N c PCooREG. 

Since systems with right-linear components generate the strings "from 
left to right", one would think that linear languages of the form 

L = {wc mi(w) Iw E {a,b}*} 

cannot be generated by such systems. This is true for centralized systems 
(see the prooffor point (iv) of Theorem 4.1, in [17], using the linear language 
{anbmcbman I n,m ~ 1}) and this is probably also true for non-centralized 
non-returning systems. However, the returning centralized framework pro
vides tools for simulating linear grammars by systems with right-linear com
ponents. 

Instead of presenting the proof of Theorem 4.3 from [48], we apply the 
construction from this proof to show that the language L = {wc h(mi(w))c I 
w E {a,b}*}, where his the morphism defined by h(a) = b,h(b) = a, is in 
PCooREG. 

Consider the following linear grammar for L: G = ({S, A}, {a, b,c}, S, P), 
with 

P = {po: S ~ Ac, Pi: A ~ aAb, P2 : A ~ bAa, P3 : A ~ cl. 



182 J. Dassow, Gh. Paun, and G. Rozenberg 

Let r be the following pe grammar system: 

r = (N, {a, b, cl, K, (So, Po), (S1> Pd, (S~, P{), (S2, P2), (S~, P~)), 

N {So, SO,l, SO,2, S1> Sl,l, s~, S~,l' s~, S2, S2,1, s~, S~,l' s~, 
I 11-

A,A,A ,A}, 

Po {So -+ cA, So -+ SO,l, SO,l -+ SO,2, SO,2 -+ Q~, 

SO,2 -+ Q~, A" -+ A, A" -+ cl, 

PI = {SI -+ Sl,1> Sl,l -+ SI, SI -> Qo, A -+ bA}, 
pi 

1 {S~ -+ S~, l' SL 1 -+ S~, S~ -+ S~/, S~ -+ aQ1, 

A -+ AI, AI -+ A"}, 

P2 = {S2 -+ S2,1, S2,1 -> S2, S2 -+ Qo, A -+ aAl, 

P~ {S~ -+ S~ l' S~ 1 -+ S~, S~ -+ S~, S~ -+ bQ2, 

A -+ AI, AI -+ A"}. 

The components PI, P{ are associated to the rule PI : A -+ aAb, P2, P~ 
are associated to the rule P2 : A -+ bAa, and the rule P3 : A -+ c is simulated 
by Po, which also introduces the rightmost occurrence of c in the strings of 
L. 

For the following derivation in G: 

S ===}po Ac ===}Pl aAbc ===}P2 abAabc ===}P2 abbAaabc ===}P3 abbcaa.bc, 

we obtain the following derivation in r (which simulates the rules in the 
reversed order): 

(SO,Sl,S~,S2,S~) ===} (CA,Sl,I,S~,l,QO,S~) 

===} (So, Sl,1, S~,l' cA, S~) ===} (SO,l, SI, S~, caA, bQ2) 

===} (SO,1> SI, S~, S2, bcaA) ===} (SO,2, Sl,l, S~,l' S2,1, bcaAI) 

===} (Q~, SI, S~, S2, bcaA") ===} (bcaA", SI, S~, S2, S~) 

===} (bcaA, S1,1, S~,l' Qo, S~) ===} (So, Sl,l, S~,l' bcaA, sq) 
===} (SO,1> SI, S~, bcaaA, bQ2) ===} (SO,l, SI, S~, S2, bbcaaA) 

===} (SO,2, Sl,1> S~,l' S2,1> bbcaaAI) ===} (Q~, SI, S~, S2, bbcaaA") 

===} (bbcaaA", SI, S~, S2, S~) ===} (bbcaaA, Qo, S~, S2,1, S~,l) 

===} (So, bbcaaA, S~/, S2, S2,1, S~,rl ===} (SO,l, bbcaabA, aQI, S2, S~) 

===} (SO,l, SI, abbcaabA, S2, S~) ===} (SO,2, Sl,l, abbcaabAI, S2,1, S~,rl 

===} (Q~, SI, abbcaabA", S2, S~) ===} (abbcaabA", SI, SL S2, S~) 

===} (abbcaabc, Sl,l, S~,l' S2,1> S~,l)' 

It is instructive to note the role ofthe "waiting ruIes" Si -+ Si,l, Si,l -+ Si, 
S: -+ S: l' S: 1 -+ SL i = 1,2, and the way how Pi, PI cooperate in order to 
simulat~ the 'rule Pi. The non-centralization is very essential. 
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The results from Theorems 4.1- 4.3 concerning the relationships between 
families YooX with Y E {PC,CPC,NPC,NCPC} and X E {REG,CF}, 
and between these families and REG, LIN, CF, MAT, CS, RE, are given in 
Figure 1 (an arrow represents an inclusion, not necessarily proper). Note the 
symmetry of the diagram, and the fact that the four families REG, LIN, CF, 
MAT are included in the four families CPCooREG, PCooREG, CPCooCF, 
PCooCF, respectively. In the right hand part of the figure, two arrows are 
missing, indicating two important open problems: which of the inclusions 
LIN ~ NPCooREG and MAT ~ NPCooCF hold? We conjecture that 
the first inclusion does not hold, and in particular, that the linear language 
{wc mi(w) I w E {a,b}*} is not in NPCooREG. 

Many other problems about PC grammar systems are still open. They 
are similar to those concerning CD grammar systems. The main one concerns 
the hierarchies on the number of components. An intriguing open problem 
concerns the relationship of CS to PCooCF. and NPCoo CF. 2 

~cxoCF +--+--+NPC~~ 

------~-+~~--~--r-------NPCcxoREG 

REG 

Fig.l 

2 Recently, ~t. Bruda has proved that NPCcxoCF ~ cs. 
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4.4 The context-sensitive case 

We discuss the context-sensitive case separately, because it is completely 
settled (in a quite interesting way). 

Theorem 4.4. 
(i) CS = YnCS = YooCS, for all n ~ 1 and Y E {CPC, NCPC}. 
(ii) CS = PC1CS = PC2CS C PC3CS = PCooCS = RE. 
(iii) CS = NPC1CS C NPC2CS = NPCooCS = RE. 

Non-centralized systems with three components working in the returning 
mode or with two components only, working in the non-returning mode, are 
powerful enough for generating any recursively enumerable language. In the 
centralized case, one does not exceed the power of context-sensitive gram
mars. This is again an illustration of the power of non-centralization. 

Point (i) is proved in [17], PC3CS = RE is proved in [127], and 
NPC2CS = RE is proved in [57]. The basic idea is similar in the last two 
cases. 

We recall now the construction from [57] for proving the inclusion RE ~ 
NPC2CS. Take a language L E RE, L ~ T*, for some T = {a1,a2,'" ,ap }. 

It is known (see Theorem 9.9 in [130]) that for every language L E RE there 
exist two new symbols a, band a context-sensitive language L' ~ L{ a}{b}* 
with the property that for each w E L there is an i ~ 0 such that wabi E L'. 
Now consider such a language L' E CS for the given language L E RE and 
consider a context-sensitive grammar G = (No, Tu {a, b}, S, P) generating 
L'. 

We construct the pe grammar system 

where 

N {Sl,S2,C,D,X,Z} U {Ai 11~i~p}UNo, 

P1 Sl -+ A if and only if A E L, 

S1 -+ C, 

C-+C, 

C-+D, 

D -+ aiD, 1 ~ i $ p, 

D -+ Ai, 1 $ i $ p, 

Ai -+ ai, 1 $ i $ p, 

P2 S2 -+ XQ1 S, 

CU-+Q1V, foru-+vEP, 

Ca -+ aQ1, for 0. E NuT U {a,b}, 
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aC~Q1a, foraENUTU{a,b}, 

XD~XQ1Z, 

aiDZai ~ aiDaiQ1Z, 1 :::; i :::; p, 

AiZaia ~ AiaiZa, 1:::; i :::; p. 

The reader can verify that Lnr(r) = L. In the first phase of a derivation, 
P1 uses the rule C ~ C only and in the meantime P2 generates astring 
wabi with w E L. After that, P1 introduces D and starts producing astring 
z E T*. Now, P2 checks symbol by symbol whether or not z = wand only in 
the affirmative case the work of the system stops with a terminal string on 
the first component. 

Observe that the first component of the PC grammar system in the pre
vious construction is right-linear and that this component never asks for the 
strings generated by the second component. 

In the above proof, the rule S1 ~ A in the first component is used only to 
generate A whenever A E L. However if we allow rules Si ~ A for i ~ 2, then 
we can generate all recursively enumerable languages as follows. Consider an 
arbitrary Chomsky grammar G = (N, T, S, P) and construct the PC grammar 
system r with two components, consisting of the following sets of rules: 

P1 U ~ v, for an u ~ v E P, with lul :::; lvi, 
u ~ vQ';, for an u ~ v E P with lul- lvi = m > 0, 

P2 S2 ~ A. 

Obviously, Lr(r) = Lnr(r) = L(G), and r is a centralized system. 
Consequently, denoting by XnCS', n ~ 1, the families of languages gen

erated by systems with context-sensitive components where the rules Si ~ A, 
1 :::; i :::; n, are allowed and X E {PC, C PC, N PC, N C PC}, we obtain 

Theorem 4.5. CS = X 1CS' C X 2 CS' = XnCS' = RE, fOT alt n ~ 2 and 
each X E {PC, CPC, NPC, NCPC}. 

In this case, the hierarchy induced by the number of components reduces 
to two levels. 

4.5 Non-synchronized pe grammar systems 

An essential feature of PC grammar systems is the synchronization of the 
rewriting steps: there is a universal dock which marks the time (ticks) in the 
same way for all components and in each time unit (if no communication 
takes place) each component must use one of its rules, except for components 
whose strings are already terminal. What if such a synchronization is not 
required (which ammounts to adding rules A ~ A for an A E N to each 
component)? We get then unsynchronized systems. 
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We denote by Lu,r(F) and Lu,nr(r) the language generated by a PC 
grammar system F in the unsynchronized returning and unsynchronized non
returning modes, respectively. We also denote by UYnX the family of lan
guages generated by unsynchronized PC grammar systems, corresponding to 
families YnX discussed in previous sections. Here are some results concerning 
these families (for proofs, see [104], [108], [17]). 

Theorem 4.6. 
(i) UCPCooX = X, for XE {REG,LIN}. 
(ii) UPC2REG - REG =I- 0, UPCooREG ~ CF, 

UPC2LIN - CF =I- 0, UCPC2CF - CF =I- 0. 
(iii) U NCPC2REG contains non-semilinear languages, 

U N C PC2 CF contains one-letter non-regular languages. 
(iv) (CPCooREG n NCPCooREG) - UCPCooCF =I- 0. 

Points (i) and (iv) show that desynchronizing decreases considerably the 
generative capacity, while points (ii) and (iii) show that unsynchronized PC 
grammar systems are still very powerful. For instance, for the systems 

we have 

FI = ({SI,S2,A,B},K, {a,b}, (SI, PI), (S2,P2)), 

PI = {SI - bQ2,B - bQ2,B - b}, 

P2 = {S2 - aS2,S2 - aA,A - aB}, 

F2 = ({SI,S2,A,B},K,{a,b},(SI,PI ),(S2,P2)), 

PI = {SI - aQ2,SI - aA,B - bA}, 

P2 = {S2 - aQI,A - bB,A - b}, 

Lu,nr(rl ) = {(ban)mb I m ~ 1, n ~ 2} (non-semilinear), 

Lu,r(F2) = {a2711a2s+1b2t+1 Im, s, t ~ 1, s ~ t} (non-regular). 

4.6 Descriptional and communication complexity 

The usefulness of PC grammar systems from the point of view of the descrip
tional complexity of context-free languages has been investigated (as in the 
case of CD grammar systems) for the three basic measures, Var, Prod, Symb. 
The definitions of Prod(F) and Symb(r), for a PC grammar system F, are 
obvious, however in the case of Var we have to consider also the used query 
symbols. If F = (N, K, T, (Sb Pd,· .. , (Sn, Pn )), then 

Var(F) = card(N) + card( {Qi I there is A - UQiV in some Pj , 1 ~ j ~ n}). 

The basic results are as expected: a significant decrease of complexity, in 
the sense of relations <i, i = 1,2,3,4, considered in Section 3.6. The table 
given below summarizes the results from [106J and [17J (at the intersection of 
the row marked with M E {Var, Prod, Symb} with the column marked with 
XE {PC, CPC, NPC, NCPC} we have the relation p if XooCF p CF (M)). 
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PC CPC NPC NCPC 
Var <4 <4 <4 <4 
Prod <4 <4 <4 <4 
Symb <1 <1 <2 <2 

For instance, the system 

Fn = ({SI,s2},K, {a,b}, (S},Pt), (S2,P2», 
PI = {SI -+ SI} U {SI -+ Q~bkQ2 11::; k ::; n}, 

P2 = {S2 -+ aS2, S2 -+ a}, 

generates both in the returning and the non-returning mode the language 
n 

Ln = U {akibkai 1 i ~ I}, 
k=1 

for which we have VarcF(Ln) = n + 1. However, Var(Fn) = 3. 

For PC grammar systems, a specific complexity measure, intrinsically 
related to the mode of working of these systems, is the number 0/ communi
cations. 

Consider a PC grammar system F = (N,K, T, (SI, PI),"" (Sn, Pn» and 
let D be a derivation in F, in mode / E {r,nr}, 

Let 

D: (SI, ... , Sn) ===?f (Wl,}"'" Wl,n) ===?f ••• ===?f (Wk,I,"" Wk,n)' 

n 

COm(Wi,t, ... ,Wi,n) = Llwi,;IK,l::; i::; k, and 
;=1 

k 

Com(D) = L Com( Wi,}'· .. ,Wi,n)' 
i=1 

For x E Lf(F), define 

Com(x,F) = min{Com(D) I D : (SI,"" Sn) ===?j (X,02,'" ,an)}. 

Then 
Com(r) = sup{Com(x,r) I X E Lj(F}}, 

and, for a language Land a dass XooCF of PC grammar systems, X E 
{PC,CPC, NPC, NCPC}, 

Comx(L) = min{Com(F) I L = Lj(r),F E XooCF}. 

In what follows we shall consider only centralized returning systems, hence 
we do not specify the class XooCF and write simply Com for ComCPCooCF. 

Here are some results from [106] and [17]. 
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Theorem 4.7. 
(i) For each n 2: 1, there is Ln E CPCooCF such that Com(Ln) = n. (In 

terms of [60J, Com is a connected measure.) 
(ii) Com(r) and Com(Lr(r)) cannot be algorithmically computed for an 

arbitrary context-free (centralized and returning) PC grammar system 
r. 

(iii) It is not decidable whether or not Com(r) = Com(Lr(r)) for an arbi
trary context-free (centralized and returning) PC gramm ar system r. 

(iv) The measure Com is incompatible with each of Var, Prod, Symb (that is, 
there are languages L such that Com(r) and M(r), M E {Var, Prod, 
Symb} , cannot be simultaneously minimized, for L = Lr(r)). 

Point (i) is proved using the language 

Ln = {b(ai bai )2n+1b I i 2: I}, 

for which Com(Ln) = n. Point (ii) is proved considering languages of the 
form 

L' = L( G){ c, d, e} + U {a, b} + L, 

where G is an arbitrary context-free grammar with the terminal alphabet 
{a,b} and L = {cnd""ce1n Im 2: n 2: I} E CPCooCF - CF. Then L' E REG 
if and only if L( G) = {a, b} +, which is undecidable. When L' t/: REG, then 
L' t/: CF, hence Com(L') > 1. Thus Com(L') is not computable (and the 
same holds for a given system r generating L' and having Com(r) = 0 if 
and only if Lr(r) = {a,b}+{c,d,e}+). 

Point (iii) can be obtained in the same way, whereas point (iv) is proved 
using the language 

L = {anbncbncbncan In 2: I}. 

The reader can check that Com(L) = 2, but for all systems r with Com(r) = 
2,Lr(r) = L, we have M(r) > MCPCooCF(L),M E {Var, Prod, Symb}. 

Therefore, Com behaves very much like the index of context-free gram
mars and languages (the index is also not algorithmically computable [60]). 
As in the case of the index, one may allow only a bounded number of com
munications. There are two possibilities: to consider systems r such that 
Com(r) ~ k, for a given k, or to consider arbitrary rand to select from 
Lf(r), f E {r, nr}, only those strings that can be generated by a bounded 
Ilumber of communications. In both cases, the obtained families of languages 
have many nice (context-free-like) properties. It turns out that bounding the 
number of communications is a very strong restriction. 

For instance, let us denote by X~Y and x!o Y, for X E {PC, CPC, NPC, 
NCPC}, Y E {REG, LIN, CF},n 2: l,k 2: 1, the family of languages L in 
XnY and XooY, respectively, such that Comxoc'y(L) ~ k. Obviously, 

X~Y ~ X;"Y, 

for all X, Y as above, k ~ I, n ~ m. 
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The following relations were proved in [70], [137], and [101], completing 
point (i) of Theorem 4.7. 

Theorem 4.8. 
(i) CPC!-lREG c CPC!REG, n ~ 2,k ~ n. 
(ii) CPC!oREG C CPC!o+1 REG, k ~ 1. 

The following pumping result (similar to point (ix) in Theorem 4.1) is 
used when proving these strict inclusions. 

Theorem 4.9. For every L E CPC!oREG there is a constant p such that 
every W E L with Iwi ~ p can be written in the form 

where 
(i) there is j, 1 ~ j ~ k + 1, with IO:jl > 0, 
(ii) IWk+11 < p, 
(iii) fOT alt i ~ 1, wlo:i W2O:; ... wk+1o:1+1 Wk+2 E L. 

Here is another result illustrating the power of restricting the number of 
communications. 

Theorem 4.10. CPC~Y = CPCiY, Y E {REG,LIN}. 

A proof (and related results) can be found in [137] and [125]. 
This theorem and the inclusion CPC2REG c CF (point (v) of Theorem 

4.1) yield an interesting corollary: any system r, with any number of regular 
components, generates a context-free language when each string of Lr(r) can 
be produced by derivat ions using at most one communication. 

All the results above deal with centralized (and returning) systems, hence 
with systems having a very particular communication graph: astar. A number 
of other particular communication graphs were investigated in [64], [65], and 
[100], and infinite hierarchies corresponding to the number of communication 
steps were in general obtained for the corresponding families of languages. 
Among the considered communication graphs are: trees, one-way rings, two
way rings, one-way arrays, two-way arrays, and directed acyclic graphs. The 
reader is referred to the papers cited above for details. 

4.7 pe grammar systems with communication by command 

In the PO grammar systems considered in the previous sections, arequest 
for communication is initiated by the receiving component by introducing 
query symbols. We say that this is a communication on request. Easy to be 
formalized and mathematically fruitful, this is not the only possibility. From 
the practical point of view, at least equally important is the communication 
by command, initiated by the component of a network which sends messages. 
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PC grammar systems with communication by command modeling the 
WAVE paradigm, [50], [51], [132], used by aseries of parallel machines (some 
of them commercially available, such as the Connection Machine, [142]) were 
introduced in [25]. 

The basic idea is to consider a system consisting of several grammars, like 
in a usual PC grammar system, working separatelyon their sentential forms, 
where each of the grammars has its own regular (or other type) language 
playing the role of an "entry filter". In certain situations, the rewriting is 
interrupted and each component sends its current sentential form to other 
components, namely to those for which the entry filter contains the senten
tial form. As in the usual PC grammar systems, the set of terminal strings 
genera ted in this way by a master grammar is the language generated by the 
system. 

Several issues have to be settled here before a formal model based on such 
a communication can be formulated: 

1. When a rewriting process has to be interrupted, and the sentential forms 
to be checked whether or not they can be communicated? A possibility 
is to do this after every single derivation step (after using a rule in each 
component, synchronously), or after a maximal derivation step in each 
component (all components work as long as they can). 

2. What should be communicated: the whole current sentential form or only 
apart of it? (In the latter case: which part of it?) 

3. What is the next sentential form of a component which have communicated 
its sentential form without receiving other strings? (Hence again: returning 
or non-returning?) 

4. What if multiple messages are communicated to the same component? A 
number of solutions are possible here, some of them inspired by the way 
of solving such conflicts in practical cases, [62], [142], where a function is 
computed over the messages (e.g., a binary addition). Most natural seem 
to be two variants: to select one of the received messages (noncleterminis
tically, or according to a given priority orclering of the components), or to 
concatenate all received messages, in the order of the components. 

We discuss now a variant, investigated in [25], [68]. These are systems 
working with maximal derivations as rewriting steps, communicating without 
splitting the strings, replacing the string of the target component by a con
catenation of the received messages, in the order of the system components, 
and returning to axioms after communicating; the generated language will be 
the language of the first component (which is the master). 

Formally, a PC grammar system with communication by command (a 
CCPC grammar system, for short) is a construct of the form 

r = (N, T, (Sl, P1 , Rt}, ... , (Sn, Pn , Rn)), n ~ 1, 

where N is the nonterminal alphabet, T is the terminal alphabet (N and T 
are disjoint), and (Si,Pi ,Ri ),1 :::: i :::: n, are the components of the system, 
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where Si E N is the axiom, Pi is the set of production rules over NUT, and 
Ri , with R. ~ (N U T)*, is the selector language of the component i. 

We consider here only A-free context-free systems (hence each Pi ~ N x 
(N U T)+). 

A rewriting step in r is defined by 

(Xl, ... ,Xn ) ~ (Yl, ... ,Yn) iff for each i, 1 ~ i ~ n,Xi ~* Yi in Pi 

and there is no Zi E (N U T) * such that Yi ~ Zi in Pi. 

Aa communication step, denoted by (Xl, ... , Xn ) I- (Yl, ... , Yn), is defined as 
folIows. 

Let, for 1 ~ i,j ~ n, 

Let, for 1 ~ j ~ n, 

if Xi ~ Rj or i = j, 
if Xi E Rj and i =j:. j. 

(this is the "total message" to be received by the j-th component), and let, 
for 1 ~ i ~ n, 

8(i) = 8(Xi, 1)8(xi, 2) ... 8(Xi, n), 

(this is the "total message" sent by the i-th component; if 8(i) = xf, then 
the i-th component has sent a message to k components). 

Then, for 1 ~ i ~ n, we define 

Yi = Xi, if L1(i) = A and 8(i) = A, { 
L1( i), if L1( i) =j:. A, 

Si, if L1(i) = A and 8(i) =j:. A. 

Thus, Yi is either the concatenation of the messages received by the i-th 
component, if it receives at least one message, or it is the previous string, 
when the i-th component is not involved in communications, or it is equal to 
Si, if the i-th component sends messages but it does not receive messages. 
Observe that a component cannot send messages to itself. 

The generated language is defined as folIows: 

L(T) = {w E T* (SI, ... , Sn) ~ (xP), ... , X~l») I- (y~l), ... , y~l)) 

~ (xi2), ... ,X~2») I- (y~2), ... ,y~2») ~ .. . 

~ (xis), ... , X~»), for s ~ 1 and w = xis)}. 

In wh at follows we denote by CCPCnX the family of languages L(T), 
generated by CCPC grammar systems with at most n components of the type 
X, n ~ 1. Here we shall consider XE {REG, CF}, where REG indicates the 
use of right-linear rules, whereas CF indicates the use of A-free context-free 
rules. When the number of components is not specified, we write CC PCooX. 
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Example 4.1. Let 

r l (N, {a, b, e}, (SI, PI, RI), (S2, P2, R 2), (S3, P3, R 3)), 

N = {SI,S2,S~,S3,S~,X}, 

PI = {SI --. aSl,SI --. bSl , SI --. X}, R l = {a,bre, 

P2 = {S2 --. S~,X --. e}, R 2 = {a,b}*X, 

P3 = {S3 --. S~,X --. e}, R3 = {a,b}*X. 

We start from (SI, S2, S3). A maximal componentwise derivation is of the 
form 

(SI, S2, S3) ==} (xX, S~, S~), 

for so me x E {a, b} *. The string xX will be communicated to ooth the second 
and the third component, hence we have 

(xX, S~, S~) f- (SI, xX, xX) ==} (yX, xc, xc) f

f- (xcxc, yX, yX) ==} (xcxc, ye, ye), 

for some y E {a, b} *. The string xexe is terminal, hence we ootain 

L(rI) = {xexe I x E {a,b}*}. 

Therefore, the very simple CCPC system r l , with only three right-linear 
components, is able to generate the non-context-free (replication) language 
above. Observe that each derivation in rl contains exactly two communica
tion steps (and three rewriting steps, the last one being considered only for 
the sake of consistency with the definition of L(r), where the last step is 
supposed to be a rewriting one). 

The following theorem summarizes the results from [25], [69J and [68J: 

Theorem 4.11. 
(i) REG = CCPCIREG = CCPC2 REG c CCPC3 REG = CCPC4 REG 

= ... = CCPCooREG = CS. 
(ii) CF = CCPCICF c CCPC2CF = CCPC3CF = ... = CCPCooCF 

=CS. 

Observe the fact that the hierarchies on the number of components col
lapse in both cases. Systems with two context-free components and systems 
with three regular components can simulate systems with arbitrarily many 
components; characterizations of the family C S are obtained (characteriza
tions of RE are obtained when .A-rules are allowed). The surprising relations 
he re are 

CS<;; CCPC3REG, and CS <;; CCPC2 CF. 

A proof of the first inclusion can be found in [69J. We give now the rnain 
part of the proof from [25J for the second inclusion. 
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Let L be a context-sensitive language generated by a grammar G = 
(N, T, S, P) in (weak) Kuroda normal form, that is, having productions of 
the form AB --> CD, A --> BC, A --> B, and A --> a, where A, B, C, D are 
nonterminals and a is a terminal symbol. Without loss of generality, we may 
ass urne that A i- B in rules of the form AB --> CD. If r : AA --> CD E P, 
then we replace it by A --> (A,r),(A,r)A --> CD. We construct a CCPC 
grammar system r = (N, T, (SI, PI, R1 ), (S, P2 , R2 )) with context-free com
ponents which simulates the derivat ions in G and generates L. 

Let SI, S~ be symbols not in V = NUT, and let V' = N' U T, where N' 
denotes the set of primed version of symbols in N. 

Now we define ras follows: 

N NUN'U{SI'S~} 
U{A(r) IAEN,r:A-->xEP, or 

r : AB --> CD E P, or r : BA --> CD E P}, 

H {SI --> sa 
U{A' --> A I A E N} 
U{A(p) --> alp: A --> a E P} 

U{A(r) --> BC Ir: A --> BC E P} 

U{A(s) --> Bis: A --> B E P} 

U{A(q) --> C, B(q) --> D I q : AB --> CD E P}, 

R1 {aA(p)ß I a,ß E V'*,p: A --> a E P} 

U{aA(r)ß I a,ß E V'*, r : A --> BC E P} 

U{aA(s)ß I a,ß E V'*,s: A --> B E P} 

U{aA(q)B(q)ß I a,ß E V'*,q: AB --> CD E P}, 

P2 {A --> A' I A E N} 

U{A-->A(p) Ip:A-->aEP} 

U{A --> A(r) Ir: A --> BC E P} 

U{A --> A(s) I s: A --> B E P} 

u{A --> A(q),B --> B(q) I q: AB --> CD E P}, 

R 2 V*. 

The second component indicates the application of some production of 
G by rewriting each A E N occurring in its sentential form, X2, either to 
the corresponding primed version or to aversion superscripted by a label of 
a corresponding production. The so obtained string, Y2, is communicated if 
and only if (1) either it has exactly one occurrence of either A(p) or A(r) or 
A(s), for some productions p : A --> a, r : A --> BC, s : A --> B in P and the 
other nonterminalletters are primed versions of elements of N, or (2) Y2 has 
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exactly one substring ofthe form A(q) B(q) for some production q : AB -+ CD 
and the remaining nonterminal symbols are again from N'. 

The first component, Pt, simulates the application of the corresponding 
production and rewrites the symbols from N' to their corresponding elements 
from N. 

The reader may verify that L(G) = L(r), hence indeed CS ~ CCPC2 CF. 

4.8 Further variants and results 

In a pe grammar system, a derivation ends when the master grammar pro
duces a terminal string. Another possibility is to collect in the language gener
ated by the system aH the terminal words produced by the components of the 
system. Two variants can be considered: the derivation stops when (at least) 
one component produces a terminal string, or the derivation can be continued. 
Results about pe grammar systems with such competitive derivations (the 
first component which reaches a terminal string contributes to the system 
language and the derivation terminates) and context-free or L-components 
can be found in [138]. 

pe grammar systems with L-components were considered in [107], where 
it is proved that pe systems with OL or DTOL components generate lan
guages not in ETOL. However, centralized pe systems with EDOL compo
nents, working in the returning mode, generate only EDTOL languages (the 
tables can compensate the cooperation in the pe grammar systems style). 

A promising idea is to consider pe grammar systems with communication 
on request but using query words for initiating the communication. Here each 
component has associated a finite/regular language of query words; when a 
component i pro duces astring having as a substring a query word associated 
with a component j, then the sentential form ofthe component j is commu
nicated to the component i and it replaces the occurrence of the query word 
in the sentential form of the component i. Because the query words can be 
produced in a large number of steps, possibly involving also communications, 
the work of such systems seems to be quite intricate. And (like in the case of 
pe grammar systems with communication by command), because by query 
words we can check context conditions, easy characterizations of recursively 
enumerable languages can be obtained in this way; see [93]. 

Further types of synchronization are discussed in [108] and [17], adding to 
the usual synchronization (one rule per each time unit) restrietions concerning 
the used rules/nonterminals. 

We have not discussed yet results about the closure and decidability prop
erties of pe grammar systems and language families. Thus, e.g., it is known 
[17] that the family PCooCF is closed under union, concatenation, Kleene 
+, and substitution by >'-free regular languages. 

The closure under intersection by regular languages as weH as the closure 
properties of other families of languages generated by pe grammar systems 
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are still open. For instance, it is conjectured in [17] that C PCoo CF is not 
closed under concatenation and Kleene +. 

Only a few decidability results are given in [17] and some other appear in 
[136]. Among them, the circularity problem is worth mentioning, since it is 
specific to pe grammar systems. By definition, when a cycle of queries ap
pears in a derivation, the system gets stuck. Of course, the problem concerns 
only non-centralized systems. Is it decidable whether or not circular queries 
can appear in the work of an arbitrary system? The problem is still open for 
returning pe grammar systems with context-free components. It is decidable 
for returning or non-returning systems with linear components as weIl as for 
non-returning systems with context-free components (see [136]) and it is not 
decidable for systems with context-sensitive components. 

In [49] one proves that the pattern languages in the sense of [3] are con
tained in all families YooX, Y E {PC, CPC, NPC, NCPC}, XE {REG, CF}, 
except for CPCooREG and NCPCooREG. Theorem 3.6 in [3] proves that 
the uniform membership problem is NP-complete for pattern languages. It 
follows then that the uniform membership problem is at least NP-complete 
for all families mentioned above. On the other hand, if a pe grammar system 
r is given, then the problem whether or not an arbitrary string is in Lf(r), 
for f E {r, nr}, can be solved in polynomial time for r linear [9]. (That is, 
the non-uniform membership problem can be solved in polynomial time for 
linear pe grammar systems.) 

Very few results are known concerning the difference between pe gram
mar systems with right-linear rules and regular rules in the restricted sense. 
For centralized returning systems, the right-linear rules are strictly more 
powerful [48] but for other cases the problem is still unsolved. 

Related to this topic is the question whether or not 'x-rules can be removed 
without decreasing the generative power. In general, not much is known about 
normal forms for pe grammar systems. Also very little is known about au
tomata characterizing families of languages generated by various classes of 
pe grammar systems. 

Several variants of pe grammar systems were proposed also in [92]: sys
tems with infinitely many components (hence using query words; a restriction 
on the complexity of each component - on Symb, for instance - is neces
sary, otherwise any language can be generated in this way), hybrid systems, 
with the components working in different modes (returning or non-returning, 
maybe also using different numbers of rules in each time unit, not exactly one 
each as in usual systems), and systems with partial activity (take a collection 
of sets of components and in each time unit let exactly one such set to be 
active; a situation intermediate between synchronized and unsynchronized 
systems is obtained), etc. 

Other variants of pe grammar systems can be found in [120] and [138]. 
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5. Related models 

5.1 Eco-grammar systems 

An eco-grammar (EG) system is a recently introduced grammatical model 
aiming at the modeling of the interplay between environment and agents 
in complex systems such as ecosystems. An EG system can be viewed as a 
generalization of both CD and PC grammar systems. The underlying idea 
in defining the notion of an EG system were various descriptions of life as 
considered in the area of Artificial Life: "Life is a pattern in spacetime" , with 
"interdependence of parts" and a "functional interaction with the environ
ment" [77], [52). A general frame where such statements obviously apply is 
that of an ecosystem, where the basic relation is the relation between envi
ronment and agents (e.g., animals). Under the fundamental assumption that 
the state of the components of such a system can be described by strings 
over given alphabets, we are led to a representation as shown in Figure 2. 
A detailed discussion concerning the motivation, as weIl as various formal 
properties of EG systems can be found, e.g., in [24) (where the EG systems 
were introduced), in (23) and in (14). 

Let us discuss now the conceptual construction of an EG system as pre
sented in Figure 2. We distinguish the environment, described by astring 
WE over some alphabet VE arid developing according to a set PE of OL rules, 

~, qp ~n qJ evolution 
:-- P, :- Pn 

rules A 
parallt;ll G 

I wl I wn 
rewntmg E 

I I I description N 
I "pli l"pn 

T 
I I I s 
I ! ! ! 

i~ ~ Y action 
rules 

sequential E 
N rewriting 
V 

WE 
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PE rules E 
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and nagents Al,"" An. Each agent Ai is described by astring Wi, over 
an alphabet Vi and it evolves according to a set Pi of OL rules. At a given 
moment, only a subset 'Pi(WE) of Pi is active, depending on the current state 
of the environment. Moreover, each agent Ai has an associated set R i of 
rewriting rules by which Ai acts, locally, on the environment or on another 
agent. These rules are used in a sequential manner (using x --+ y means to 
replace exactly one occurrence of x by y). At a given moment, a subset "pi ( Wi) 
of Rö is active, depending on the current state of Ai. A rule x --+ y, with x, y 
consisting of symbols from VE , will be used for acting on the environment; a 
rule with x, y over an alphabet Vj will be used for acting on the j-th agent. 
The whole "life" of the system is supposed to be governed by a universal 
dock, dividing the time in unit intervals: in every time unit, the agents act 
on the environment or on other agents (using exactly one action rule), then 
the evolution rules rewrite, in parallel, all the remained symbols in the strings 
describing the environment and the agents. Thus, the action has priority over 
evolution. 

Note the essential difference between environment and agents and the 
generality of the model. 

Thus, formally, an EG system of degree n, n ~ 1, is a construct 

such that 

where 

E = (VE, PE) is the environment 

Ai = (Vi, Pi, Rö, 'Pi, "pi), 1 ~ i ~ n, are the agents 

VE , Vi alphabets (VE n Vi = 0), 1 ~ i ~ n, 

PE a finite and complete set of OL rules over VE, 

Pi a finite and complete set of OL rules over Vi, 1 ~ i ~ n, 

Rö a finite set of rewriting rules either over VE or over U Vj, 
j~i 

1 ~ i ~ n, 
V * 2P· 1 . 'Pi: E --+ • , ~ z ~ n, 

.1 •. . V* --+ 2R , 1 <_ i <_ n. 0/,. 'l. , 

An n-tuple U = (WE,Wl, ... ,Wn ), with WE E VB and Wi E "i*, 1 ~ i ~ n, 
is called astate of the system. 

Starting from an initial state uo, E will develop a sequence of states, 
Uo ===? E Ul ===? E U2 ===? E •.. , where ===? E denotes the transition be
tween states. For simplicity, we define the state transition only for the case 
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when R; contain only rules over VE (no interaction between agentsj in the 
papers quoted above only such systems were investigated). Thus we write 
(WE,WI, •.. ,wn ) ==>17 (wk,wL ... ,w~) ifthe following conditions hold: 

1. Wi ==> w~, 1 ::; i ::; n, is an L rewriting using the rules from <Pi(WE), 
2. WE = ZlX1Z2X2··· ZnXnZn+1, 

wk = Z~Y1Z~Y2 ... z~Ynz~+1' where 
Zr ==> Z~, 1 ::; r ::; n + 1, is an L rewriting using the rules in PE, 
Xj -+ Yj E 'l/Jij(WiJ, 1::; j ::; n, {iI, ... ,in} = {I, 2, ... ,n} 

Thus the next state of an agent Ai is defined by its evolution rules, as se
lected by the mappings <Pi depending on the environment. The state of the 
environment is modified first by the action rules from the sets 'l/Ji(Wi) of all 
agents - each of them uses exactly one rule - then by the evolution rules in 
the set PE, used in the L mode on the remaining symbols. 

We denote by S eq( E, (10) the set of all sequences 0"0 ==>17 0"1 ==>17 ... as 
above. 

A number of "natural" problems (related to Artificial Life) can be con
sidered in this framework. Here are some of them. Under what conditions is 
Seq(E, (10) infinite? How does one reach a blocking state, for which no further 
step is possible? Given astate (1, can we find a predecessor state 0"' such that 
0"' ==> (1? Are there "garden of Eden" states, for which no precedessors can 
be found? What do the infinite sequences of states look like? Must they be 
periodical or not? Must they repeat arbitrarily long sequences of states (with 
specific properties)? 

The blocking of a system can appear either when the sets <Pi(WE) do 
not contain enough rules for rewriting the strings Wi (Wi contains symbols 
for which there are no rules in <Pi(WE)), or when the environment does not 
contain enough symbols for applying the action rules of the agents. The first 
case corresponds to an influence of the environment (through the selection 
mapping <Pi) which is harmful for the agent, the second one can be interpreted 
as overpopulation. 

We can consider much more specific life-like aspects. An agent which ei
ther cannot evolve (as above) or has the corresponding string empty, can be 
considered dead. A possible variant is to associate with each Ai a "starvation 
constant", Si, and to allow Ai not to evolve, or not to act on the environ
ment or on other agents for at most Si time units in a row. A dead agent 
is removed from the system. On the other hand, we can introduce the birth, 
by considering a special symbol in alphabets Vi, say U (already used with 
the same purpose in the so-called "L systems with fragmentation", see, e.g., 
[128]). When U appears, it splits the string in parts, each part describing 
the state of a newly born agent. Thus, e.g., Wi = w~ U W~' leads to two new 
agents, described by w~ and W~/, respectively. All the newagents introduced 
in this way will have the same evolution rules Pi, the same action rules Ri , 
and the same selection mappings <Pi, 'l/Ji (this corresponds to the inherited 
characteristics in real life). 
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Agents not changing their state for a "long" interval can be considered 
adult. If they remain constant forever , we can call them living fossils. If the 
stagnation period is well determined and it depends on the environment state, 
we can model in this way hibernating animals. Agents acting only on another 
agents, not on environment, can be considered camivorousj when an agent 
Ai acts systematically on a specific another agent A j then we say that Ai is 
parasitic. 

Depending on a statistics of symbols appearing in the environment de
scription, we may speak about pollution, changes of seasons, and so on. Many 
other possibilities to capture reallife-like features in an EG system are dis
cussed in [24] and [14]. A promising idea is to consider hierarchical EG sys
tems, with the agents of one level being the environment for the agents of 
the level above them. Trophic chains can be modelled in this way. 

From the above it should be dear that the model is powerful indeed: it 
can capture at its artificiallevel many aspects of reallife. We will discuss now 
some formallanguage theoretic problems and results related to EG systems; 
many of these problems and results are relevant for the environment-agents 
interplay. 

With an EG system E and an initial state a, we can associate the language 
of all strings WE describing the environment in all states reachable by E. This 
language generated by Eis denoted by L(E, ao) and by LEG(n) we denote 
the family of all languages generated by systems with at most n agents. 

We refer to [24], [34], and [111] for results concerning families LEG(n) -
we present here only one such result. 

Like in L systems, also in EG grammar systems we can consider extended 
symbols. Then, besides L(E, ao), we associate with E and ao the language 
LE(E, ao) = L(E, ao) n T*, for a given alphabet T of terminal symbols. 
We denote by ELEG(n) the corresponding family of languages and we use 
ELEGreg(n) to denote the family oflanguages generated by EG systems with 
extended symbols, without interaction between agents, and with regularly 
defined mappings 'Pi, 'l/Ji. We say that 'Pi is regularly defined if 'P;l(p) = {w I 
'Pi ( w) = P} is a regular language for each P ~ Pi j similarly for 'l/Ji, i = 1, 2, .... 

The following result is from [24]. 

Theorem 5.1. ELEGreg (l) = RE. 

This result is quite significant: EG systems with regularly defined selection 
mappings (but with extended symbols) and with only one agent are as power
ful as Turing machines. This is due mainly to the "self-referenced" structure 
of the system and to the generality of mappings 'Pi, 'l/Ji, which, although reg
ularly defined, can check whether or not the string W E has a specific form. In 
this way one can influence the rewriting of WE by the form of WE itself, and 
simulate non-context-free rewriting by context-free action rules controlled in 
an appropriate way by 'Pi, 'l/Ji. 
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By the Turing-Church thesis, ELEGreg(n) ~ RE for all n. Altogether 
we get ELEGreg (l) = ELEGreg(n), for all n ~ 1. Hence systems with one 
agent only are as powerful as systems with an arbitrary number of agents. 

In EG systems considered above the agents are acting only locally on the 
environment. This is not the case when the agents are powerful polluting 
sources, volcanos, damaged nuclear power plants, and so on, when we may 
suppose that the agents infiuence the very evolution of their environment. 
This was the basic idea of considering in [26], [27J the so-called conditional 
tabled EG systems. The structure of such a system is considered in Figure 3. 
Again the environment and the agents are described by strings and evolve 
according to given sets of L rules. However, we no longer consider action 
rules (the agents act already on the environment, infiuencing its evolution). 
As before, the active rules of agents depend, via the mappings 'Pi, on the state 
of the environment, but furthermore, also the active rules of the environment 
are selected according to the current state of all agents, via a mapping o. 
These mappings are defined in a conditional way: one gives certain permitting 
strings and certain forbidding strings for each mapping and for each set of 
rules (a table, in the terminology of L systems). A table is used only when the 
associated permitting string appears in the current checked string and the 
forbidding string does not appear in the current string. The presencej absence 
of astring x in another string w can be defined in various modes: x is a block 
of w, x is a scattered substring of w, or x is a permuted scattered substring 
of w. We denote by CTEG(i,j;O!)(n) the family of environmentallanguages 
generated by such conditional tabled EG systems with at most n agents, 
with permitting contexts of length at most i and with forbidding contexts of 
lengtll at most j, where the conditions are checked in the mode a E {b, s, p} 
(b = block, s = scattered, p = permutted scattered). Whenever i,j or n is 
not specified we replace it by 00. When i ::; 1 and j ::; 1, a is not specified, 
because the three modes b, s, p coincide. 

Various results about conditional EG systems can be found in [26], [27], 
and [86]. We recall now three of them. 

Theorem 5.2. 
(i) CTEGeoo,o;O!)(n) = CTEGeoo,O;a)(l), for a E {s,p}. (Again one agent 

systems are as powerful as arbitrary systems.) 
(ii) The families CTEG(1,o)(l) and CTEGeo,2;a)(1), for a E {s,p}, contain 

languages which are not ETOL languages, but CTEGeO,l) (00) c ETOL. 
(iii) Every recur'sively enumerable language is the morphic image of a lan

guage in the family CTEG(1,2;b)(1). 

Further variants of EG systems were considered in [96J (with components 
based on patterns, in the sense of [3], rat her than L systems), in [54J (where 
multi-dimensional arrays rat her than strings are considered), in [76J (unary 
systems, where the environment is described by strings over a one-Ietter al
phabet). 
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Fig.3 

It is, of course, premature to evaluate the relevance of eco-grammar systems 
from the Artificial Life point of view. In the above we have tried to demon
strate that they are adequate in the sense that they are able to capture many 
reallife-like features. Hopefully they will turn out to be useful in understand
ing real systems involving environment-agents interactions. Providing that a 
real system can be satisfactorily described in terms of an EG system, we can 
then ask various quest ions such as discussed above. One can also consider 
computer simulations of EG systems in order to discover properties wh ich 
cannot be found directly, by analytical methods. The difficulties arising in 
such simulations are discussed in [79]. 

Much more specific applications are discussed in [31] and [87]. For in
stance, [31] considers an EG system model of the famous MIT robot Herbert, 
whereas [87] uses EG systems as models of various problem solving architec
tures in AI which involve a global database (environment), manipulated by 
certain operations (rewriting rules) , under the control of a general strategy 
(selection mappings), having as goal to generate, in a problem space (the 
possible states of the system), the solution of a problem (a terminal string). 
A specific case of such a problem, modelled by EG systems, is discussed in 
detail in [87]: the well-known "eight puzzle" (slide 8 square tiles in a 3 x 3 
frame in order to obtain a prescribed arrangement). 

5.2 Test tube systems 

Following [20], we present here a symbol processing mechanism having the 
architecture of a pe grammar system with communication by command, 
but with the components being test tubes working as splicing schemes in 
the sense of [63], [122]. The communication is performed by redistributing 
the contents of tubes, in a similar way to the separate and merge operations 
from [2] and [78]. Such devices prove to be computationally complete, they 
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characterize the recursively enumerable languages. The existence of universal 
test tube distributed systems is obtained on this basis, hence the proof of the 
theoretical possibility to design universal programmable computers with the 
structure of a test tube system. 

The basic operation carried out in our tubes is the splicing. 
A splicing rule (over an alphabet V) is astring r = UI#U2$U3#U4, where 

Ui E V*, 1·::; i ::; 4, and #, $ are special symbols not in V. For such a rule r 
and the strings x, Y, w, z E V* we write 

(x,y) I-r (w,z) iff x = XIUIU2X2,Y = YIU3U4Y2, 

w = XIUIU4Y2,Z = YIU3U2X2, 

for some XI,X2,YI,Y2 E V*. 

We say that we have spliced X,y at the sites UIU2,U3U4, respectively, 
obtaining the strings w, Zj we call x, y the terms of the splicing. When un
derstood from the context, we omit the index r from I-r . 

A splicing scheme (or an H scheme) is a pair u = (V, R), where V is an 
alphabet and R is a set of splicing rules (over V). For a language L ~ V*, 
we define 

u(L) = {w E V* I (x, y) I-r (w, z) or (x, y) I-r (z, w), for x, y E L, r ';:: R}. 

Then, we define 
u*(L) = U ui(L), 

i~O 

where 

uO(L) = L, 

ui+I(L) = ui(L) u u(ui(L)), i ~ o. 
Thus, u*(L) is the smallest language containing Land closed under the 

splicing operation. 
An extended H system is a quadruple 

7 = (V, T, A, R), 

where V is an alphabet, T ~ V (the terminal alphabet), A ~ V* (the set 
ofaxioms), and R ~ V*#V*$V*#V*. The pair u = (V,R) is called the 
underlying H scheme of 7. The language generated by 7 is defined by 

Lh) = u*(A) n T*. 

An H system 7 = (V, T, A, R) is said to be 01 type F I , F2, for two families 
of languages FI, F2, if A E FI , R E F2. 

We use EH(FI, F2) to denote the family of languages generated by ex
tended H systems of type (FI , F2 ). 

An H system 7 = (V, T, A, R) with V = T is said to be non-extended; the 
family of languages generated by non-extended H systems of type (FI , F2 ) is 
denoted by H(FI,F2). Obviously, H(FI ,F2) ~ EH(FI ,F2). 
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The splicing operation is introduced in [63] for finite sets of rules; the case 
of arbitrarily large sets of splicing rules is considered in [117]; the extended 
H systems were introduced in [122]. 

In [28], [126] it is proved that 

H(FIN,FIN) ~ REG. 

(The inclusion is, in fact, proper.) Using this relation, it is proved in [122] 
that 

EH(FIN,FIN) = REG. 

Moreover, it is proved in [118] that the extended H systems with finite sets of 
axioms and regular sets of splicing rules are computationally complete, that 
is, 

EH(FIN, REG) = RE. 

Therefore, such systems are as powernd as the Turing machines. However, 
from a practical point of view, it is not realistic to deal with infinite - even 
regular - sets of rules. Several ways to handle this problem were proposed: 
finite sets of rules controlled by random context-like conditions [55], working 
with multisets [119], and organizing the work in a distributed way, similar 
to a pe grammar system with communication by command [20] - we will 
discuss this model now. 

A test tube (TT) system (of degree n, n ~ 1) is a construct 

where V is an alphabet, Ai ~ V .. , ~ ~ V"#V"$V"#V", and Vi ~ V, for 
each 1 Si S n. 

Each tripie (Ai,~, Vi) is called a component of the system, or a tube; Ai 
is the set ofaxioms of the tube i, ~ is the set of splicing rules of the tube i 
and Vi is the selector of the tube i. 

Let 
n 

B=V" - UVi". 
i=1 

The pair O"i = (V, Ri ) is the underlying H scheme associated with the i-th 
component of the system. 

An n-tuple (L1 , .•. , Ln), Li ~ V .. , 1 S i S n, is called a configuration of 
the system; Li is also called the contents of the i-th tube. 

For two configurations (L!, ... ,Ln), (L~, ... ,L~), we define 

(L!, ... ,Ln) ==> (L~, . .. ,L~) iff, for each i, 1 S i S n, 
n 

L~ = U(O"j(L;) n Vi .. ) U (O";(L i ) n B). 
;=1 
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This means that the contents of each tube is spliced according to the 
associated set of rules (we pass from Li to ai(Li ), 1 ::; i ::; n), and the result 
is redistributed among the n tubes according to the selectors VI, ... , Vn- The 
part which cannot be redistributed (does not belong to some Vi*, 1 ::; i ::; n) 
remains in the tube. Because we have imposed no restrictions on the alphabets 
Vi (e.g., we did not require that they are pairwise disjoint), when astring 
in aj (Li) belongs to several languages Vi*, then copies of this string will be 
distributed to all tubes i with this property. 

The language genemted by r is 

L(r) = {w E V· W E Lit ) for some 

(Al, ... , An) ==:}* (Lit ), ... , L~)), t 2: O}, 

where ==:}* is the reflexive and transitive closure of the relation ==:}. 

Given two families of languages, F I ,F2 , we denote by TTn (FI ,F2 ) the 
family of languages L(T), for r = (V, (Al, R I , Vi), ... , (Am, R m , Vm)), with 
m::; n, Ai E Fl, ~ E F2 , for each i, 1 ::; i ::; m. We also say that r is of type 
(FI , F2 ). When n is not specified, we replace it by 00. 

We illustrate the definitions above by the following example. 
Consider the TT system 

r = ({ a, b, c, d, e}, ({ cabc, ebd, dae}, {b#c$e#bd, da#e$c#a}, {a, b, c}), 

( { ec, ce}, {b#d$e#c, c#e$d#a}, { a, b, d} ). 

Then 
L(T) n ca+b+c = {canbnc I n 2: I} (*) 

Indeed, the only possible splicings in the first component are 

(aaibilc,elbd) f- l (aaibi +1d,ec), 

(dale, claibia) h (dai+1bi a, ce), 

a E {c, d}, 
a E {c, d}. 

One further occurrence of a and one further occurrence of b can be added 
in this way; only when both one a and one bare added, hence the obtained 
string is dai+lbHld, we can move this string to the second tube. Here the 
possible splicings are 

(aaibild, elc) h (aaibic, ed), 

(cle,dlaibia) h (caibia,de), 

a E {c, d}, 
a E {c, d}. 

Only the string caibic can be moved to the first tube, hence the process 
can be iterated. No splicing in tube 1 can involve astring of the form daibi d. 

Consequently, we have the equality (*), and so L(r) is not a regular 
language. 

The following results are from [20]. 
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Theorem 5.3. 
(i) TT2 (FIN,FIN) - REG:f:. 0, TT3 (FIN,FIN) - CF:f:. 0, TTdF1N, 

FIN) - CS:f:. 0. 
(ii) TTI(FIN,FIN) c REG c TT2(FIN,FIN) ~ TT3 (FIN,FIN) ~ ... 

~ TToo(FIN,FIN) = TToo (FI,F2) = RE, for all FI ,F2 such that 
FIN ~ Fi ~ RE, i = 1,2. 

(iii) TT6 (FIN,FIN) contains non-recursive languages. 

The relation RE ~ TToo(FIN,FIN) is the core result ofpoint (ii) above, 
and the construction used in its proof is also important for obtaining universal 
test tube systems.3 

Take a type-O grammar G = (N,T,S,P) with T = {al, ... ,an } and 
N = {ZI, ... , Zm}, ZI = S. Consider the new symbols A, Band replace in 
each rule of P each occurrence of Zi by BAiB,l :S i:S m. We obtain a set 
P' of rules such that S ==}* W, w E T*, according to the gramm ar G if and 
only if BAB ==}* w using the rules in P'. For uniformity, let A = anH and 
B = an +2. Let r be the following TT system: 

r = (V, (Al, R I , Vi), (A2, R 2, V2), (A3 ,1, R 3,l, V3 ,1), ... , 

(A3,n+2, R 3,n+2, V3,n+2), (A4 , R 4 , V4 ), (A 5 , R 5 , V5 ), 

(A6 , R6 , V6 ), (A7 , R7 , V7 )), 

with 

and 

Al = 0, 
RI = 0, 
VI = T, 

V = TU {A,B, X, X', Y, Z, Z'} U {Y'i 11 :S i :S n + 2}, 

A2 = {XBAmHBBABY,Z'Z}u 
{ZvY lu -+ v E P'}u 
{ZY; I 1 :S i :S n + 2}, 

R 2 {#uY$Z#vY I u -+ v E P'}U 
{#aiY$Z#Y'i 11 :S i :S n + 2}U 
{Z'#Z$XBAm+IB#}, 

V2 = TU{A,B,X,Y}, 
A 3 ,i {X'ai Z }, 
R 3,i {X'ai#$X# 11 :S i:S n + 2}, 
V3 ,i TU{A,B,X,Y;}, forl:Si:Sn+2, 
A4 {ZY}, 
R4 {#Y'i$Z#Y 11 :S i :S n + 2}, 
V4 TU{A,B,X'}u{Y;ll:Si:Sn+2}, 
A 5 {XZ}, 
R 5 {X#Z$X'#}, 
V5 TU{A,B,X',Y}, 

3 Recently, Cl. Zandron has proved that RE = TTIQ(FIN,FIN). 



206 J. Dassow, Gh. Paun, and G. Rozenberg 

A6 = {ZZ}, 
Re, = {#Y$ZZ#}, 
V6 = Tu {Y,Z'}, 
A7 = {ZZ}, 
R7 = {#ZZ$Z'#}, 
V7 = TU{Z'}. 

It is proved in [20] that L(r) = L(G). Here is the basic intuition behind 
this proof. The first tube selects the terminal strings, the second one simu
lates rules in P' on the right-hand end of the current string, and also starts 
"rewinding" the string: the rightmost symbol ofthe string, ai, is removed, the 
marker Vi memorizes that, then tube (3.i) intro duces ai at the left-hand end 
of the string. Iterating this procedure, the string of G is circularly permuted, 
which allows the simulation of any rule in P' at the right-hand end of astring 
produced in r. The actual beginning of the string is marked with BAm+1 B, 
and only when this substring is in the leftmost position, PI can start finishing 
the derivation; the last two tubes remove the auxiliary symbols Y Z'. If the 
string is terminal, it can be communicated to the first tube and accepted. 

On the basis of the above construction we can infer the existence of uni
versal TT systems, where the notion of a universal TT system is understood 
in the same way as for Turing machines (and other equivalent models of com
putation). One specifies all but one components of a universal system and 
then given an arbitrary system M one encodes it on the remaining component 
in such a way that the resulting totally specified system simulates M. 

The construction of the TT system r in the above proof depends on the 
elements of the·starting grammar G. If the gramm ar Gis a universal type-O 
grammar, then r will be a universal TT system. 

A universal type-O grammar is a construct Gu = (Nu, T, -, Pu), where 
Nu is the nonterminal alphabet, T is the terminal alphabet, and Pu is the 
set of rewriting rules. Then for a fixed encoding wand an arbitrary grammar 
G = (N,T,S',P) the grammar Ge., = (Nu,T,w(G),Pu ) is equivalent with 
G, meaning that L(G) = L(Ge.,). 

A universal type-O grammar can be obtained from a universal Turing ma
düne, [134], using the standard transition from Turing machines to Chomsky 
grammars. A direct construction of a universal type-O grammar can be found 
in [10]. 

This suggests the following definition. A universal TT system for a given 
alphabet T is a construct r u = (Vu , (A1,u, R1,u, ~,u), ... , (An,u, Rn,u, 
Vn,u)) with V1,u = T, with the components as in a TT system, all of them 
being fixed, and with the following property: there is a specified i, 1 ~ i ~ n, 
such that if we take an arbitrary TT system r, then there is a set Ar ~ V· 
such that for the system 

r~ (Vu , (Al,u, Rl,u, Vl,U), ... , (Ai,u U Ar, Ri,u, lri,u), ... , 

(An,u,Rn,u, Vn,u)) 

we have L(r~) = L(r). 
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Otherwise stated: by encoding r as new axioms to be added to the ith 
component of ru, one obtains a system equivalent with r. 

The following result is proved in [20]. 

Theorem 5.4. For every alphabet T, there are universal TT systems 0/ de
gree cam(T) + 8 and 0/ type (F IN, F I N). 

Proof. Begin with the above given construction of the system r from a uni
versal type-O grammar. The alphabet V of r is fixed, 

V = Tu {A, B, X, X', Y, Z, Z'} U {l'i 11 :5 i :5 card(T) + 2}. 

Similarly, all other components of rare fixed. Denote by r u the obtained 
system. Because Gu contains no axiom, the axiom X BAm+1 BBABY of the 
component A2 of r u will be omitted, and this is the place where we will add 
the new axioms which encode a given TT system to be simulated. 

More precisely, given an arbitrary TT system ro, by Theorem 5.3 (ii), 
there is a type-O grammar Go = (N,T,S,P) such that L(ro) = L(Gol 
Take weG) which is the code of Go constructed as in [10]. Add to A2 the 
set Ara = {XBAm+1 Bw'(Go)Y}, where w'(Go) is obtained from w(Go) 
by replacing each nonterminal Zi by its "code" BAiB. We obtain then the 
system r& such that L(r&) = L(Go). Indeed, for Gfr = (Nu, T, w(Go), Pu) 
we have L(Gfr) = L(Go). From the construction above we have L(Gfr) = 
L(r&). As Go is equivalent with the arbitrarily given TT system r, we have 
L(r&) = L(r). Hence r u is indeed universal. 0 

Observe that the "program" of the particular TT system r introduced in 
the universal TT system (which behaves like a computer) consists of only one 
string which is added as an axiom of the second component of the universal 
system. 
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Contextual Grammars and Natural Languages 

Solomon Marcus 

The year 1957: two complementary strategies 

The systematic investigation of natural languages by means of algebraic, 
combinatorial and set-theoretic models begun in the 1950s concomitantly in 
Europe and the U.S.A. An important year in this respect seems to be 1957, 
when Chomsky published his pioneering book [6] concerning the new gen
erative approach to syntactic structures and some Russian mathematicians 
proposed a conceptual framework for the study of general morphological cat
egories [10], oft he category of grammatical case (A. N. Kolmogorov; see [74]), 
and of the category of part of speech [75], giving the start in the development 
of analytical mathematical models of languages. 

Each of these two trends involved specific mathematical tools. While gen
erative grammars are inspired from combinatorics, formal systems and the 
theory of free monoids, analytical models are based on some ideas coming 
from set theory, binary relations, free monoids, and closure operators. 

Besides their differences concerning the mathematical aspect, these two 
trends are contrasting in two more respects: 

a) They have different linguistic traditions. Chomsky invokes the Indian 
Panini grammar and what he calls "Cartesian Linguistics" (related to Rene 
Descartes), while analytical models, initially motivated by the work done 
in the field of automatic translation of languages, are directly formalizing 
ideas coming from structurallinguistics (Prague Circle, American descriptive 
linguistics, etc.). 

b) Generative grammars and analytical models have complementary 
strategies. The former are looking for generative devices approximating the 
process of obtaining weIl formed strings. The latter assurne as given a certain 
level of weIl-formedness and analyze the corresponding structure. Chomskian 
grammars use some means external to language (conceived as a set of string 
on a terminal alphabet), such as the auxiliary alphabet, while analytical 
models adopt an internal, intrinsic view point. 

Generative grammars are a rupture from the linguistic tradition of the 
first half of 20th century, while analytical models are just the development, 
the continuation of this tradition. It was natural to expect an effort to bridge 
this gap. This effort came from both parts and, as we shaIl see, contextual 
grammars are a component of this process. 

G. Rozenberg et al. (eds.), Handbook of Formal Languages
© Springer-Verlag Berlin Heidelberg 1997
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The origin of contextual grammars 

Contextual grammars (shortly CGs) have their origin in the attempt to trans
form in generative devices some procedures developed within the framework 
of analytical models. The idea to connect in this way the analytical study with 
the generative approach to naturallanguages was one of the main problems 
investigated in mathematicallinguistics in the period from 1957 to 1970. In 
this order of ideas, we can give the examples of Lambek's syntactic calculus 
[26], of categorial grammars following the tradition of the Polish school of 
logic, of dependency grammars, having their origin in Tesniere's book [72], 
and of configurational grammars studied by Gladkij [14]; see also the corre
sponding chapters in [33]. 

CGs try to exploit two ideas that were at the very beginning of the tradi
tion of descriptive distributionallinguistics in U.S.A., in both the 1940s and 
the 1950: the idea of astring on a given finite non-empty alphabet A and 
the idea of a context on A, conceived as an ordered pair (u, v) of strings over 
A. The term context is, in many cases, not effectively used, some equivalent 
terms such as environment or neighbourhood being preferred. The main aim of 
descriptive linguistics was to describe naturallanguages by syntactic means, 
by avoiding as much as possible the involvement of semantic aspects. A typ
ical example in this respect is Harris's book [15], where the author starts 
with the idea to consider as the only semantic factor accepted in his analyses 
the distinction between well-formed strings (wfs) and non-well-formed strings 
(nwfs). This distinction is assumed as an axiom, as a primitive convention, 
having an intuitive-empirical base, resulting from the experience of any na
tive speaker of a language. The main problem for Harris was to observe and 
describe the interplay of strings and their substrings, on the one hand, and 
the corresponding contexts, on the other hand, and to establish what con
textual and concatenation operations, applied to wfs, lead to wfs; in other 
words, what transformations of astring keep invariant its well-formedness. 

Let us recall that such a belief in the great capacities of syntactic and 
contextual operations to cover the quasi-totality of the needs of a linguis
tic analysis was an implicit presupposition in the approach adopted by the 
first researchers in automatie translation of languages; later it became dear 
that the semantic and pragmatic factors are much more important than was 
initially assumed. 

Motivation of simple contextual grammars 
and of contextual grammars with choice 

There is general agreement about the fuzzy status of the set of wfs in a 
naturallanguage (it seems that there is no general agreement concerning the 
fuzzy status of wfs in a programming language). Many necessary conditions 
for astring to be well-formed (wf) are known, but no such sufficient condition 
(and, a fortiori, no necessary and sufficient condition) in this respect is known. 
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There is also a general agreement about the (countable) infinity of the set of 
wfs in a natural language. So, any effective linguistic analysis approximates 
the total set of wfs by a precise subset of itj this subset is usually called a 
level of grammaticality (lg). 

Given a certain 19, i.e., a precise set L of wfs on A, we say that astring s 
on A is accepted in L by a context (u, v) over A if the string usv is in L. We 
assume that it is more convenient to define first a 19 (the set L), and then to 
distinguish various types of strings and of contexts, according to the test of 
acceptance in L. But, if we want to reach a more interesting 19, in the sense of 
infinity of L, a natural quest ion arises: could we get an infinite set L starting 
from a lower 19, expressed by a finite set of wfs? This question immediately 
provokes another one: could we obtain the transformation of a lower 19 into 
a higher 19 by exdusively contextual operations (i.e., placing some strings 
in some contexts) applied a finite number of times? Looking for the answer 
to these questions, we reach, successively, the concept of a simple contextual 
grammar (scg) and the concept of a contextual grammar with choice (cgc). 
Let us follow this itinerary. 

There are some very standard strings, such as "This house is beautiful" 
or "All men are mortal" , that are accepted as wfs without any doubt, by any 
native speaker of English. So, we may assume that a finite set of such strings 
can represent our starting pointj we could call these strings primitive wfs. Let 
us observe that the finite set Lo of primitive wfs can be choosed in various 
ways. This set is under two confiicting trends: on the one hand, the desire 
to have Lo as small as possible, in order to simplify the process of placing 
strings from Lo in various possible contextsj on the other hand, the desire to 
have Lo as large as possible, in order to can indude in it a richer variety of 
types of wfs. 

Dnce the set Lo is fixed, the next question concerns the choice of a suitable 
finite set Co of contexts to be applied to strings in Lo and to strings obtained 
from Lo in this way. In other words, the operation of applying contexts from 
Go starts with strings in L o, but can be iteratively applied a finite number 
of times. This situation will lead to a set L of strings which is the srnallest 
possible to satisfy the following requirernents: any string in L o is in Lj for 
any string x in Land for any context (u, v) in Go the string uxv is in L. 

As a matter of fact, the finite sets Lo and Co should be selected not con
secutively, but concornitantly, because strings and contexts appear together 
and they depend on each other. The double constraint acting on the set Lo 
is equally acting on Co and to sorne extent each of the sets Go and Lo can 
be improved at the expense of the other but at the same time an increase in 
complexity of Lo requires a corresponding increase in cornplexity of Go. 

Experience with naturallanguages shows that any string selects a dass 
of contexts and any context selects a dass of strings. For instance, a qual
ificative adjective a selects the set of all noun groups that could contain a, 
while a context of the form (w, noun) , where w is the ernpty string, selects 
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all qualificative adjectives accepted in English by this context. Needless to 
say that this selection is made in respect to a 19; in the example above, the 
considered 19 was formed by all English noun groups. A detailed contextual 
analysis of English, with respect to different 19, was done by Du Feu and 
Marcus [12]. A similar analysis of French is due to Vasilescu [76], [77], [78]. 
Hungarian and Romanian, as weH as some programming languages are con
sidered under this aspect in [41], [42]. The main idea guiding this process is 
the fact that, despite the fuzzy nature of the property of weH-formedness, the 
approximation of the fuzzy set of all wfs by means of a precise subset of wfs 
can be always improved. 

As a matter of fact, there is no evidence that the status of wfs is reflected 
in the best way by the concept of a fuzzy set considered by Zadeh [80]. It 
seems that the concept of a rough set introduced by Pawlak [57] is a bettel' 
candidate in this respect; this conjecture remains to be checked. 

The duality between strings and contexts and the Sestier closure 

The concept of a cgc takes into account the capacity of any string to select a 
dass of preferential contexts. However, this capacity is only apart of a more 
comprehensive phenomenon, the duality between strings and contexts. 

Given a language Lover A, we can associate to any set So of strings over 
A the dass C(So) of contexts accepting in L any string in So. In a similar 
way, we can associate to any set Co of contexts over A the set S(Co) of aH 
strings accepted in L by any context in Co. It is easy to see that if S is 
contained in the set T of strings, then C(S) contains the set C(T), while if 
C is contained in the set D of contexts, then S(C) contains the set S(D) 
(so, both operators we have just defined are antimonotonous). Moreover, So 
is contained in S(C(So)) , while Co is contained in C(S(Co)). This situation 
shows that the interplay between strings and contexts is ruled by a Galois 
correspondence 01' a Galois connection. We recall (see, for instance, [62]) that 
given two ordered sets X and Y, a mapping f from X into Y and a mapping 
g from Y into X, the pair (j,g) defines a Galois connection between X and 
Y when the following requirements are satisfied: i) if u and v are in X and 
'U precedes v, then f(v) precedes f(u); ii) if y and z are in Y and y precedes 
z, then g(z) precedes g(y); iii) x in X always precedes g(j(x)) , while y in Y 
always precedes f(g(y)). Now let us take as X the family of various sets of 
strings over A and as Y the family of various sets of contexts over A. Let us 
associate to any set S of strings over A the set feS) of contexts accepting in 
L any string in S; let us associate to any set C of contexts over A the set 
g(C) of strings accepted in L by any context in C. Take as order relation in 
both X and Y the relation of set-theoretic indusion. In view of the above 
considerations, it follows that the pair (j, g) of mappings we have just defined 
is a Galois connection between X and Y, i.e., between the family of sets of 
strings and the family of sets of contexts over A. This Galois connection is 
relative to a given language Lover A. Since the set of languages over A is not 
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only infinite but uncountable, it follows that the set of Galois connections we 
can define between sets of strings and sets of contexts over A is uncountable 
(here too we may remark that the family of sets of strings and the family of 
sets of contexts over A are both uncountable). 

The above duality between strings and contexts was for the first time 
exploited by Sestier [68]. For every language Lover A he defines the contex
tual operator c associating to each set X of strings over A the set c(L, X) 
of all contexts accepting in L all strings in X. Similarly, Sestier defines an 
"inverse" operator s associating to each set Y of contexts over A the set 
s(L, Y) of strings accepted in L by any context in Y. Then, Sestier considers 
the composition cp(X, L) = s(L, c(L, X)), called today the Sestier closure of 
X in respect to L. Indeed, it is a closure operator, as, for instance, defined by 
Ward [79]: Given an ordered set Z, a closure operator -y on Z is a mapping-y 
of Z into Z satisfying the conditions: i) any x in Z precedes (in the sense of 
order) the element -y(x); ii) if x and y are in Z and x precedes y, then -y(x) 
precedes -y(y) (property of monotony); iii) for any x in Z, -y(-y(x)) = -y(x) 
(the iteration of -y becomes stationary from the first step of its application). 
Moreover, if Z has an infimum 0, it is required that -y(O) = O. 

In our case, Z is the set of all possible languages over A and the order 
relation is the inclusion relation. The quality of the Sestier operator cp to be 
a closure operator can be checked directly, but it also follows from a theorem 
due to Ore [52]: Given two ordered sets X and Y and a Galois connection 
(I,g) between X and Y, the composition, in any order, of fand g, defines a 
closure operator in X (if we begin with f) or in Y (if we begin with g). 

The nice fact with the Sestier operator is that, despite the property of 
the mapping s to be, in some sense, the inverse of the mapping c, these 
two mappings don't neutralize each other (as happens with addition and 
substraction, or with multiplication and division) and, generally speaking, 
cp(X) is different from X. When cp(X) = X,X is said to be a closed set (we 
can replace cp(X, L) by cp(X) when no ambiguity exists about the considered 
language L), i.e., a closed language. 

Steps in modelling morphological categories 

Sestier was guided by algebraic motivations associated with an implicit feel
ing of what could be linguistically relevant. However, as was shown later, in 
several steps [33], [36], [37], [38], Sestier closures are the most comprehen
sive model of morphological categories, as they were investigated within the 
framework of analytical models of language. In order to reach this result, we 
have to consider the work done independently of Sestier, in direct relation 
with problems appearing in naturallanguages. 

The first model of morphological categories was proposed by Dobrushin 
[10]. His starting point is (although not explicitly) the concept of a distri
butional class, considered in American descriptive linguistics. For each a in 
A, Dobrushin defines the distributional class (dc) of a in respect to L as the 
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set D L (a) containing all elements b in A such that a and bare accepted in 
L exactly by the same contexts. Then he considers what he calls the domi
nation relation: given a and c in A, a dominates c in respect to the language 
L if any context accepting a in L accepts c in L too. For instance, if A is 
the French vocabulary and L is the set of noun groups in French, then the 
qualificative adjective grand dominates the qualificative adjectives petit and 
rnince. However, while petit dominates grand in respect to L (so, petit be
longs to the distributional dass of grand), mince does not dominate grand, 
because, für instance, in the well-formed noun group une fernme mince the 
replacement of mince by grand leads to a non-well-formed string. 

In a next step, Dobrushin defines the concept of an initial distributional 
dass (idc), as a dc such that any element in A dominating it belongs to it. 
For instance, keeping the previous interpretation of L, D(grand) is an idc, 
but D( mince) is not, because grand dominates mince but does not belong to 
D( mince). This example, like many others considered in [41], [42], shows that 
the domination relation between words permits to compare them from the 
view point of their morphological homonymy (mh): the homonymy among 
flexional forms of grand is smaller than the homonymy among flexional forms 
of mince (the latter has the same form for masculine and feminine, both at 
singular and at plural, while the former does not). More generally: two words 
in the same dc have the same type of mh; if a dominates b but the converse 
is not true, then the mh of b is larger than that of a; if neither a dominates 
b nor b dominates a, then a and b are not comparable. 

The last step in Dobrushin's approach now appears very natural: define an 
elementary morphological category (emc) as the union between an idc D(a) 
and the set of all elements in A that are dominated by D(a). For instance, in 
the case of a = grand, this will be the set of all flexional forms of qualificative 
adjectives that have values of masculine singular. 

However, many other types of morphological categories that are not "ele
mentary" need a corresponding generalization. The systematic investigation 
was done, in this respect, by Marcus [34] by replacing elements in A with 
strings on A and idc by arbitrary sets of strings. In this way, the model 
obtained transgressed the borders of morphology and became a general pro
cedure to capture phenomena of contextual homonymy [41], [42]. 

But even remaining at the morphologicallevel of flexional forms, it was 
shown by Kunze [25] that Dobrushin's domination relation, so efficient for 
Slavic languages, for Latin, French, and Romanian, is less efficient for Ger
man, where, for instance, a set such as {ich, du} (personal pronouns of first 
and second person) requires a more general domination relation. If for Mar
cus [28] the grammatical category (gc) C(X) generated by a set X of strings 
is the union of X with the set of all strings dominated by any string in X, 
for Kunze [25] the category K(X) generated by X, let us call it the Kunze 
category, is the union of X with all sets Y of strings such that every context 
accepting in L all strings in X also accepts in L all strings in Y. 
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The gc, the Kunze category, and the Sestier closure are in strong relations. 
The following theorems are valid [38]: 

Given the alphabet A and the language L on A, the Kunze category 
K(X) in respect to L generated by a set X of strings over A is identical 
to the Sestier closure cp(X) in respect to L. The gc G(X) in respect to L 
is always contained in K(X), so the Kunze category is broader than the gc 
(but, when X is a dc, we have G(X) = K(X)). For any set X of strings there 
exists a set Y of strings such that cp(X) = G(Y); in other words, any Sestier 
closure is a gc and, in view of the first theorem, any Kunze category is a gc. 
The converse is not true. 

These theorems show that gc and Sestier closure cover a large variety 
of morphological phenomena and of more general grammatical phenomena 
related to the contextual behavior of strings and to their contextual ambigu
ity. Let us observe that neither in traditional nor in structural or generative 
linguistics does there exist a clear conceptual status of what a general mor
phological category or a general grammatical category could be. 

The contextual approach in a generative perspective 

In view of the important linguistic significance of Sestier closures, and of gc, 
as it follows from the above considerations, it is worth investigating their 
generative counterpart. 

Take first the languages over A that are gc in respect to a given language 
L; as we have seen, among these languages we will find all Sestier closures 
too. For any language X over A, we have G(G(X)) = G(X) [34]. It follows 
that a necessary and sufficient condition for a language X over A to be a gc 
with respect to L (i.e., there exists a language U such that X = G(U)) is X = 
G(X). This means that the contextual homonymy of strings in X is in so rne 
sense maximal; no string outside X can exist whose contextual homonymy 
is equal to or larger than the contextual homonymy of any string in X. If, 
following Dobrushin, we would add, for the gc generated by a language X, 
the condition to be an initial gc (i.e., to require from X to be initial: any 
string dominating all strings in X belongs to X), then the condition X = 
G(X) would mean that X is comparable, from the view point of contextual 
homonymy, to no other language. If we imagine a graph whose nodes are 
languages over A and an arrow goes from X to Y when each string in X 
dominates each string in Y (with respect to a fixed given language L), then 
any gc X would be a terminal node, while any initial gc would be an iso la ted 
node. 

A legitimate question arises: Wh at is the place in the Chornsky hierarchy 
(and in its furt her refinements) of those languages that are gc or initial gc? 
The exact formulation of this quest ion is: Given a language Lover A, are 
there gc and initial gc in respect to L in any class of the enlarged Chomsky 
hierarchy (including, for instance, not only regular, context-free, and context-
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sensitive, but also their known refinements)? The answer eould depend, in 
turn, on the plaee of L in the enlarged Chomsky hierarchy. 

Let us call two languages over A gmmmatically conjugate if eac:h of them is 
a gc in respect to the other; let us call them initially gmmmatically conjugate 
if they are both grammatically conjugate and initially conjugate (i.e., each 
of them is initial in respect to the other). We can extend these eoncepts, 
in an obvious way, to arbitrary sets of languages: a set of languages over 
Ais grammatieally conjugate (initially grammatically conjugate) if any pair 
of languages in the set is grammatically conjugate (initially grammatically 
eonjugate). 

Since any Sestier closure is a closure operator, we have, in respect to a 
fixed language Lover A, 'P('P(X)) = 'P(X), for any language X over A. It eas
ily follows that X is aSestier closure (i.e., there exists U such that X = cp(U)) 
if and only if X = 'P(X). We called such languages closed languages. Let us 
remember that Sestier closures are more comprehensive linguistic categories 
than grammatical categories, because, for any X, C(X) is contained in 'P(X), 
while sometimes (see the situation in German), 'P(X) is not contained in 
C(X). So, it would be linguistically relevant to find out how closed languages 
are distributed among different classes of the enlarged Chomsky hierarchy. 
Here too, the answer could depend on the place of the given language L in 
this hierarchy. Moreover, since any closed language is a ge, the distribution 
of the closed languages, their generative typology, are correlated with the 
generative typology of gc. 

We consider two languages as closed conjugate if each of them is a closed 
language with respect to the other. A set 01 languages is said to be closed 
conjugate if every language in the set is closed conjugate to any other language 
in the set. We could also introduce the concept of an initially closed language 
(that would mean: it is both closed and initial; but here, initial is no longer 
in the Dobrushin sense, it is in Kunze's sense: X is Kunze initial if any 
language Y that Kunze-dominates X - in respect to the given language L -
is contained in X). We could consider initially closed conjugate languages as 
sets of languages where each pair of languages is such that every language in 
the pair is initially closed in respect to the other language in the pair. 

A special case was left aside: the possibility, for a language, to be conjugate 
(in the various respects considered above) to itself. Let us observe the special 
role here of the empty context. We could, in some situations, exclude it from 
our considerations. 

Interesting questions appear concerning conjugate sets of languages. Here 
are some examples (the word conjugate has to be interpreted, eonsecutively, 
in each of the four meanings introduced above: grammatically, initially gram
matically, closed, initially closed conjugate sets oflanguages). For what values 
of n can we find conjugate sets of n languages in every class of the enlarged 
Chomsky hierarchy? For what values of n can we find conjugate sets of n 
languages situated in at least two different classes of the enlarged Chomsky 
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hierarchy? The same question when two is replaced by three, jour, or jive. 
The simplest questions of this type would be whether there eJeist conjugate 
pairs of languages belonging to different generative types and whether there 
exist conjugate tripies of such languages. 

Contextual grammars can generate both strings and contexts 

In view of the essentially contextual procedures used in the definition of gc, 
Kunze domination and Sestier closures, we should expect a relatively simple 
link between them, on the one hand, and contextual grammars (in their 
various variants proposed by Marcus [39], and other authors; see [55], [56]), 
on the other hand. This means: the identification of those types of contextual 
grammars that generate mc, gc and closed languages, initially cg and initially 
closed languages (with respect to a given language, discussed in respect to 
its contextual type or its Chomskian type); the characterization of those 
pairs or sets of contextual grammars that generate various types of conjugate 
languages and of conjugate sets of languages (particularly, to what extent two 
conjugate languages can be generated by contextual grammars of the same 
type and to what extent can they be generated by contextual grammars of 
different types; similar questions for conjugate sets of languages). 

A more specific aspect of contextual grammars is their natural way to 
lead to two different types of generative processes: one generating strings, 
the other generating contexts. Given an alphabet A, let us consider a pair 
of mappings (I,g), where j associates to each set S of strings over Aaset 
j(S) of contexts over A and 9 associa:tes to each set C of contexts over A 
a set g(C) of strings over A. Under what conditions on j and 9 does there 
exist a language Lover A, in respect to which the pair (I,g) defines a Galois 
connection between the family of sets of strings and the family of sets of 
contexts over A? Is the existence of L always unique? 

Let us call (I,g) a string-context Galois connection (in respect to L). A 
contextual grammar associated to (I, g) should generate, on the one hand, a 
set S of strings, on the other hand, a set C of contexts, such that j(S) = C. 
Such a grammar is j-compatible with the Galois connection (I, g). If g( C) = S, 
then the grammar is g-compatible with (I, g). If we have both j (S) = C and 
g(C) = S, then the grammar is jg-compatible with (I,g). Given a string
context Galois connection (I, g), what restrictions do operate in the family F 
of contextual grammars that are j-compatible, g-compatible, jg-compatible 
with (I,g)? What is the possible typology of F? Could it be empty? Could 
it cover all asociated pairs (S, j(S», (g(C), C), (g(C), j(S»? 

We gave enough motivations to answer now the basic question: how can a 
contextual grammar generate both strings and contexts? Let us first consider 
an scg G = (A, Lo, Co), where Lo is a finite language over A, while Co is 
a finite set of contexts over A. Let us recall that the language generated 
by G is the minimal set L of strings over A such that Lo is contained in 
Land for any string x in Land any context (u, v) in Co the string uxv is 
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in Lo. Taking profit from the similarity of situation, in C, of Lo and Co, 
we ean change their roles in the generative proeess and, replaeing strings by 
eontexts and eontexts by strings, we get: the set of eontexts generated by C 
is the minimal set C of eontexts such that Co is eontained in C and, for any 
eontext (u, v) in C and for any string x in Lo, at least one of the eontexts 
(ux, v), (u, xv), (xu, v), (u, vx) is in C. 

We ean be more speeifie and restrietive, by defining simple left internal 
contextual gramm ars (shortly, slieg), when the variant (ux, v) is eonsidered, 
simple right internal contextual grammars (srieg), when we ehoose the variant 
( u, xv), simple left extern al contextual gramm ars (sleeg) eorresponding to 
the variant (xu, v) and simple right external contextual grammars (sreeg) 
associated with the variant (u, vx). Then, we ean define simple internal cg 
(sieg) as grammars that have at least one of the eontexts (ux, v), (u, xv) in 
C; strang simple internal cg (ssieg), if they are both slieg and srieg; simple 
external cg (seeg) when at least one of the eontexts (xu, v), (u, vx) is in C; 
strang simple extern al cg (sseeg) if they are both sleeg and sreeg, simple left 
cg (slcg) if at least one of the eontexts (ux, v), (xu, v) is in C; simple right cg 
(sreg) if at least one of the eontexts (u, xv), (u, vx) is in C; strong simple left 
cg (sslcg) if they are both slieg and sleeg; strang simple right cg (ssreg) if they 
are both sricg and sreeg; strong simple cg (sseg) if they are hoth ssieg and 
sseeg or, equivalently, if they are both sslcg and sseeg. In all these variants, 
the strueture of the grammar remains the same; only the generative proeess 
is changing, with possible different generated sets of eontexts. 

Now the problem is: Given an seg C of one of the above types; denoting by 
8 the set of strings generated by C and by C the set of eontexts genera ted by 
C, does there exists a language L such that Cis I-eompatible, g-eompatible, 
or 19-eompatible with the Galois eonnection (1,9) assoeiated to L (i.e., to 
have 1(8) = C,9(C) = 8 or both of these equalities)? If such a language L 
exists, is it unique? If it is not unique, what can we say about the family of 
allianguages L with this property? Obviously, the answer may depend on the 
type of seg we are eonsidering, i.e., on the type of generative process leading 
to the eontexts generated by the grammar. 

Eaeh context (u,v) has two components; the left, u, and the right, v. Any 
left or right eomponent is said to be a unilateral component. We can define 
the left (right, unilateral) Chomskian generative type of a set of eontexts as 
the Chomskian type of the set of all left (right, unilateral) eomponents of 
these contexts. In this way, we may associate to every cg C two Chomskian 
types: one related to the set of strings generated by C, the other related to 
the set of eontexts generated by C. While the former set is unique, the latter 
depends on the type of seg we are using. It would be interesting to determine 
to what extent these two Chomskian types can be different. We can also 
consider the Chomskian type of the set of left contexts and the Chomskian 
type of the set of right contexts and investigate to what extent could they be 
different. 
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If, instead of referring to the Chomskian type, we refer to the typology of 
eontextual grammars, as established, for instanee, by [56), then we are again 
eonfronted with problems similar to the above ones. 

Interplay of strings, contexts and contextual grammars with choice 

Let us now eonsider the eontextual grammars with ehoice (ege). In contrast 
with seg, whose definition is symmetrie in respeet to strings and eontexts, 
the definition of ege no longer has this symmetry property. So, together with 
the type G = (A, Lo, Co, 1), where (A, Lo, Co) is a seg, while f is a mapping 
assoeiating to eaeh string s in Lo a subset fes) of Co, we will introduee a 
dual type of ege, as a system H = (A, Lo, Co, g), where the first three objeets 
are the same as above, while 9 is a mapping assoeiating to eaeh eontext e 
in Co a subset g(e) of Lo. The set C(H) of eontexts generated by His, by 
definition, the smallest set C' of eontexts such that Co is eontained in C' 
and if e = (u, v) belongs to C' and the string x belongs to g( e), then at 
least one of the eontexts (ux, v), ( u, xv), (xu, v), (u, vx) belongs to C'. As in 
the ease of seg, we ean eonsider different other variants, by imposing one or 
so me of these four variants of eontexts. This time, however, we will partially 
change the possible typology and this change (leading to a larger variety 
of possibilities) ean be eonsidered also for seg. So, we have left internal ege 
(liege), left external ege (leege), right internal ege (riege), right external ege 
(reege), bilateral internal ege (biege) as being both liege and riege, bilateral 
external ege (beege) as being both leege and reege, left ege (lege) as being 
both liege and leege, right ege (rege) as being both riege and reege; weak 
internal ege (wiege) when all generated eontexts are internal, some of them 
at left, others at right; weak extern al ege (weege) obtained from wiege by 
chan ging "internai" with "external"; weak left ege (wlege) when aB eontexts 
are generated at left, eertain of them internal, others external; weak right ege 
(wrege), obtained from wlege by changing "left" with "right". 

In a furt her step, we may raise, with respeet to L(G) and C(H), ques
tions similar to those formulated for seg. Under what eonditions does there 
exist a language M such that L(G) and C(H) are eorresponding to eaeh 
other within the framework of the string-eontexts Galois eonneetion in re
speet to M? What ab out the unicity of M? Sinee the Galois eonnection is 
given by a pair (h,p) of functions, L(G) and C(H) may eorrespond to eaeh 
other in three different ways and we get three kinds of eompatibility between 
the pair (G, H) of ege and the Galois eonneetion (h,p): h-eompatibility, p
eompatibility and hp-eompatibility. We may ask more speeifie questions: how 
eould we express in terms of the selection functions f from G and 9 from H 
the eondition of existenee of a language M such that the pair (G, H) of ege 
is h-eompatible, p-eompatible or hp-eompatible with respect to the string
eontexts Galois eonneetion assoeiated to M? If M is not unique, we have to 
look for the simplest possible M, for instanee, M regular will be preferred to 
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M non-regular, but context-free. We may obtain a hierarchy of pairs (C, H) in 
respect to the complexity of the language M determining a string-contexts 
Galois connection g-compatible, p-compatible or hp-compatible to (C, H). 
Some suggestions coming from English or French can be obtained when ex
amining distribution al classes and contextual classes in these languages, at 
various levels of grammaticality (see [41]). There should be a correspondence 
between fes) and g(c), when s is in g(c) and cis in fes). 

Let us now refer to the cgc in their more general form ([55], [56]): C = 
(A, B, (SI, Cl),'" ,(Sn, Cn», where A is the alphabet, B is a finite language 
over A, SI, ... , Sn are languages over A and Cl,"" Cn are finite sets of 
contexts over A. A natural interpretation of SI, ... , Sn is that of asequence of 
different levels of grammaticality (lg) and, in this respect, the most interesting 
case, in the study of natural languages, is that in which SI, ... , Sn form 
an ascending chain: each Si is contained in the next 19 Sn+! (i between 1 
and n - 1). This is what happens in [12] and [41], [42]. As a preliminary 
step, we could sometimes work with pairwise disjoint sets SI, ... , Sn, but 
in a further step we have to take successively their union under the form 
SI, SI U S2,"" SI U S2 U S3,'" and finally we reach an ascending chain of 19. 

The contextual counterpart of the above generalized form of cgc (gcgc) 
can be defined as a system H = (A, Co, (Cl, SI), ... , (Cn, Sn», where A is the 
alphabet; Co is a finite set of contexts over A; Cl, ... , Cn are sets of contexts 
over A, while SI, ... , Sn are finite sets of strings over A. The set C of contexts 
generated by H is obtained as the minimal set C of contexts satisfying the 
following requirements: Co is contained in C; given a context c = (u, v) in C 
and astring x in some selector Si, we can internally extend (u, V) by means 
of x, if u = U'Ui,V = ViV', where (Ui,Vi) is a context in Ci; the extended 
context belonging to C will be either (ux, V) or (U, XV). Similarly we can 
define the extended context in other ways, by using, as in the previous cases, 
the combinatorics of distinctions left-right, internal-external, weak-strong. 

The conditions concerning the maximallocal use of selectors (Mlus), max
imal global use of selectors (Mgus) in a gcgc as weIl as the corresponding min
imal conditions (mlus, mgus) were introduced in [46] and can be expressed as 
follows. Mlus: for each i from 1 to n, no string-selector from Si can be sub
string of another string-selector from Si; Mgus: for each i, no string-selector 
from Si can be substring of another string-selector from SI U S2 U ... U Sn; 
mlus: for each i, no string-selector from Si can be super-string of another 
string-selector from Si; mgus: for each i, no string-selector from Si can be 
super-string of another string-selector from SI US2U .. . uSn. These conditions 
express natural requirements of economy and simplicity. As a matter of fact, 
we would like to have both Mgus and mgus and this is what really happens 
in the contextual analysis of English by Du Feu, Marcus [12], where three 
different levels of grammaticality were considered (so, i = 1,2,3). Since the 
usual way in a linguistic analysis is to take SI, ... , Sn such that they form an 
ascending chain, Mgus is equivalent, in this case, to Mlus and mgus is equiv-
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alent to mlus, so the distinction local-global is no longer relevant (better to 
say that it is neutralized). 

Going deeper in the interplay strings-contexts 

All phenomena related to gcgc have their correspondent with respect to their 
contextual counterpart discussed in the preceding section. The topics we 
pointed out about cgc can be extended to gcgc and, mutatis mutandis, to 
their contextual counterpart. This transfer is apart of a broader principle, 
the duality between strings and contexts. Given a language Lover A and two 
contexts Cl and C2 over A, Cl L-dominates C2 if any string accepted by Cl in 
L is also accepted by C2 in L. The grammatical category G( C) generated by 
the set C of contexts over Ais, by definition, the union of C with the set of 
all contexts L-dominated by any context in C. On the other hand, denoting 
by S(C) the set of all strings accepted in L by any context in C, we define 
the Sestier closure <p( C) as the set of all contexts accepting in L any string in 
S(C). So, all problems related to gc and Sestier closure have their equivalent 
when strings are replaced by contexts. 

However, we can proceed in a more radical way and replace the language 
L, which is a set of strings, by a set K of contexts over A. The domination 
relation between contexts will have, in this case, a large variety. For instance, 
if Cl = (Ul, vd and C2 = (U2, V2), we can define: the left internal domination 
of C2 by Cl, when for any string x over A, such that (Ul X, Vl) is in K, (U2X, V2) 
is in K; the left external domination of C2 by Cl, when for any string x, such 
that (XUl, vd is in K, (XU2, V2) is in K; the right internal domination and the 
right external domination are obtained correspondingly. We can also define, 
in an obvious way, the bilateral internal domination, the bilateral external 
domination, the left domination (when both internal and externalIeft domi
nation take place), the right domination, and some other types of domination. 
For each of them we obtain a corresponding concept of grammatical category. 
On the other hand, given a set C of contexts over A, we can define a large 
variety of Sestier closures of C with respect to K: left internal, left external, 
right internal, right external, etc. Indeed, taking into account the identity 
between Sestier closure and K unze categories, the Sestier closure of C will 
be the union of C with all sets of contexts that are Kunze dominated by C 
in respect to K. However, the Kunze domination between C and another set 
D of contexts can be conceived in different ways, following the combinatorics 
of distinctions left-right, internal-external, strong-weak. For instance, the left 
internal K unze domination between C and D is given by the following for
mulation: Given astring x such that (ux, v) is in K for any (u, v) in C, we 
will have (U'v, v') in K for any (U', v') in D. 

Obviously, this multiplicity of possibilities leads to a very rich typology of 
contextual situations and of Galois connections. But this richness is supported 
by the reality of natural languages. Since a similar rich typology belongs to 
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contextual grammars too, it follows that for each type separately we can raise 
the problems already discussed for sgc and cgc. 

There is also the possibility to consider, following [46], the scattered use 
of selectors and to enlarge the notion of a context to a finite ordered set of 
strings. 

Besides the interpretation of SI, ... , Sn, respectively of Cl, ... , Cn as lev
els of grammaticality defined, in the first case, by means of sets of strings and, 
in the second case, by means of sets of contexts, there are also other possible 
interpretations, going beyond naturallanguages. It is enough, in this respect, 
to adopt a new interpretation of the elements in the alphabet A. For instance, 
if these elements are symptoms of various possible illnesses, then strings over 
A may define various possible syndromes (Celan-Marcus [5], Popescu [59]). A 
clinical examination involves a degree of ambiguity in establishing the diag
nostic; pathognomonic syndromes (those devoid of ambiguity) are only so me 
times available. Usually, a syndrome leads to astate of hesitation among 
n different possible illnesses and the selectors Sl, ... , Sn are modelling just 
these different illnesses, each of them represented by the set of corresponding 
syndromes. 

Finally, let us observe that the request expressed in [43] to have selectors 
as simple as possible (finite or, at most, regular) is fully satisfied in both 
interpretations of selectors considered above: levels of grammaticality and 
sets of syndromes of some definite illnesses. Practically, we work, in natural 
languages, with finite levels of grammaticality and then, by grammatieal in
ference, we proceed to an approximation with infinite sets; in this respect, 
see [63] for a more careful analysis of the infinity of naturallanguages. 

A higher level of abstract ion: parts of speech 

Higher levels of abstraction and new linguistie aspects of contextual gram
mars can be obtained by exploiting the idea presented in the last part of 
the preceding section: to reinterpret in a significant way the elements of the 
alphabet A. In most parts of the discussion above, the elements of A were 
interpreted as morphemes or flexional forms. Let us now consider the in
terpretations of elements in A as flexional paradigms. This means that each 
element in A will be the set of all flexional forms of a lexical unit. For instance, 
a noun-form will be in the same set with all its fiexional forms refiecting the 
variabiIity in respect to various morphologieal categories (case, number, etc.). 
Obviously, this operation is less relevant in English, in view of its very poor 
morphology. French also, due to its rather analytic declension, has poor fiex
ional classes, but its verb paradigms are rieher. German is more interesting 
in this respect. Most relevant are the languages with a very synthetic mor
phology, such as Latin and various Slavie languages. This situation explains 
why the first mathematical model having as departure point the partition of 
A in flexional classes was proposed by a Russian scholar, Kulagina [24], and 
furt her developed by various authors from Slavic countries (Uspenskij [75], 
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Revzin [60], [61], Shreider [69], [70], Trybulec [73], Semeniuk-Polkowska [67]; 
a furt her mathematical development of this model was proposed by Marcus 
[28] who applied it to the typology of languages [30], [32] and to the com
parative analysis of grammatical gender in Romance and in Slavic languages 
[40]. 

Obviously, by considering that flexional forms lead to a partition of the 
vocabulary we adopt a simplification of the linguistic reality, because some 
flexional forms are common to different paradigms; this fact is very frequent 
in English, but less frequent in languages with synthetic morphology, for 
which the considered model was mainly conceived. 

The important discovery made by Kulagina [24] is the fact that, when 
elements of Aare interpreted as flexional paradigms, the corresponding dis
tributional classes model the parts of speech (noun, verb, qualificative adjec
tive, etc.). Starting from a partition P of A, Kulagina defines the derivative 
pi of P in respect to L, as a new partition of A, whose terms are unions of 
L-equivalent terms of P; in other words, the terms of pi are the distributional 
classes in respect to L, when elements of the alphabet are no longer the ele
ments of A, but the terms of P. Astring PI P2 ••• Pn on this new alphabet is 
L-well-formed (L is a given language on A) if there exists astring ala2 ... an 

on A that is in Land such that al is in PI, a2 in P2 , . .. , an in Pn . If we try 
to iterate this operation, we fail, because an important theorem by Kulagina 
asserts that pli = Pi. 

For a mathematical refinement of the derivative of a partition see Solomon 
[71]. By means of Kulagina's model, contextual grammars of various types 
and their relations to closure operations and Galois connections may receive 
new linguistic interpretations, that cover not only the contextual behavior of 
linguistic strings, but also important paradigmatic aspects. 

Other aspects of Galois connections and of closure operators are consid
ered by Pana [53], Coardo§ [7], Schwartz [65]. A general concept of contextual 
domination, including all known particular notions in this respect was pro
posed by Schwarz [66]. A general concept of language system was proposed by 
Nebesky [49]. Other contextual aspects were considered by Dobrushin [11], 
Ito [20], [21], Dinca [9], Calude [2]. Other aspects of domination relations were 
analyzed by Mayoh [47], Nebesky [48], Cazimir [3], [4]. A complete charac
terization of classes of Chomsky in terms of analytical models was given by 
Novotny [50], who also gave a general framework for the general study of 
languages [51]. 

Generative power of contextual grammars 

The only contributions concerning the generative relevance of contextual 
grammars in respect to naturallanguages are [43], [44], [45]; it is shown that 
internal contextual grammars with maximal use of selectors are the most 
appropriate (in respect to other classes of contextual grammars) to model 
the generative capacity of naturallanguages (and of some artificiallanguages 



230 S. Marcus 

too), because they are able to describe all the usual restrictions appearing in 
such languages and leading to their non-context-freeness: reduplication, long 
distance dependencies, and agreements. 

The main candidates for modelling the generative aspects of natural lan
guages were so far considered the indexed grammars [1], head grammars 
[58], and the tree adjunct grammars ([23]j see also [22]), as weIl as some 
of their generalizations. Comparing the arguments brought in [43], [44], [45] 
with those brought in favor of the above types of grammars by Gazdar and 
Pullum [13] and Partee, Meulen, and Wall [54], it follows that contextual 
grammars are not transgressed by the other ones, concerning their relevance 
for the generative capacities of natural languages. Let us also take into ac
count the fact that, besides their generative capacities, contextual grammars 
are, in their initial motivations and by their strong relations with the morpho
logical, distributional, and contextual aspects in a genuine inter action with 
naturallanguages. (See also Manaster Ramer [27].) 

Further suggestions: restricted contextual grammars, 
grammar systems and splicing contextual schemes 

Let us define the concept of arestricted simple contextual grammar (rscg) as a 
system G = (A,.c, C), where.c is a finite set offinite languages Ll! L 2 , . •• ,Ln 
on A, while C is a finite set of finite sets Cl, C2 , •.. , Cp of contexts on A. This 
grammar generates both strings and contexts. In order to generate strings, 
we define the language L( G) generated by G as the smallest language Lover 
A such that: each Li (1 ~ i ~ n) is contained in Lj if x E L, then there exists 
i between 1 and p and j between 1 and n, such that the string uxyv is in L 
for any (u, v) in Ci and any y in L j . In order to generate contexts, we define 
the set C( G) of contexts generated by G as the smallest set C of contexts 
on A such that: each Ci (1 ~ i ~ p) is contained in Cj if (u,v) is in C, then 
there exists i between 1 and n for w hich the context (ux, v) is in C for any 
x in Li. 

We have defined above a rscg working in the left internal mode, so we 
can call this grammar a left internal rscg (lirscg). We can define similarly the 
other variants related to the distinctions left-right, internal-external, strong
weak, etc. One can also extend the restricted type to contextual grammars 
with choice and their various generalizations. 

The linguistic motivation of the restricted type of contextual grammars 
is related to the fact that the elementary units of contextual analysis are 
the distributional classes of strings (i.e., strings having the same contextual 
behavior) and the equivalence classes of contexts (i.e., contexts accepting 
exactly the same strings)j these two types of situations are reflected by the 
sets C and C. 

Now, how could one bridge these ideas with that of a grammar system 
(see [8])? If the basic idea of a grammar system is that of a chain of grammars 
where outputs of one of them become inputs for another, then this idea is 
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potentially contained in that of aSestier closure. Indeed, the operator c in 
cp(X) = s( c(X)) has as inputs various languages over A and as outputs sets of 
contexts on A, while the next operator s has as inputs just the outputs of the 
first operator c. In this way, c and s are mediating the inputs and the outputs 
of the Sestier closure operator cp. The corresponding contextual grammar 
system should simulate this situation. We have to take into consideration 
these alternatives of the Sestier closure too: define the operators e( C) = the 
set of strings accepted by at least one context in C and f (8) = the set of 
contexts accepting at least one string in 8 and then consider the composed 
operators s(f(8)), e(f(8)) and e(c(8)). 

Another possible perspective for contextual grammars is related to the 
concept of a splicing scheme, introduced by Head, [16] (see also [18]). A 
splicing scheme is a tripie 8 = (A, T, P), where A is a finite set, T is a finite 
subset of A* x A* x A* and P is a binary relation on T which satisfies the 
following condition: If p, x, q, u, y, v are in A*, (p, x, q) and (u, y, v) are in T, 
and (p,x,q)P(u,y,v), then x = y. The set A is called the alphabet, T the 
tripies and P the pairing relation of the scherne. Informally expressed, the 
splicing scheme (A, T, P) acts on each pair of strings of the form hpxqk and 
WUXVZ, where each of the letters is astring in A* and (p,x,q)P(u,x,v) to 
produce the pair hpxvz and wuxqk. 

One can give to the above definitions from [16] a contextual version, per
mitting to take advantage of the aparatus related to algebraic contextual 
analysis (Galois connections, Sestier closures, various types of contextual 
dominations, etc). Let A be a non-empty alphabet, C a finite set of con
texts on A, L a finite language obtained by placing some strings in A * in 
some contexts in C and P a binary relation in L such that if pxqPuyv (with 
(p,q) and (u,v) in C), then x = y. Let us call the system G = (A,C,L,P) a 
contextual splicing scheme. The language L( G) generated by G is the set of 
all pairs of strings of the form kpxvz and wuxqk, where (p, q) and (u, v) are in 
C, and pxq and uxv are strings in L that are in the relation P, while h, k, w, 
and z are strings on A. It is easy to see that contextual splicing schemes 
are equivalent to splicing schemes, in their initial form, proposed by Head, 
[16], [17]. It remains to check how can we exploit this contextual version of a 
splicing scherne. For instance, the binary relation P could be introduced in C 
instead to be defined in L: two contexts (p, q) and (u, v) in C are in relation 
P if for any string x accepted by (p, q) in Land for any string y accepted in 
L by (u,v) we have x = y. 

Let us add, as a final remark, that the monograph in two volumes by 
Helden [19] develops, along more than thousand pages, a careful analysis of 
various naturallanguages, by using just the contextual tools discussed above. 
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Contextual Grammars and Formal Languages 

Andrzej Ehrenfeucht, Gheorghe Päun, and Grzegorz Rozenberg 

1. Introduction 

Contextual grammars were introduced by S. Marcus in 1969 [29], in an at
tempt to build a bridge between analytical and generative models of natural 
languages. In particular, contextual grammars were "translating" the central 
notion of context from the analytical models into the framework of generative 
grammars. The chapter by S. Marcus in this handbook [31] gives a lucid ac
count of the motivation behind contextual grammars from the natural point 
of view. 

Since their introduction by Marcus, contextual grammars have been in
tensely investigated by formallanguage theorists, see, e.g., [60], [68], and their 
references, and by today it is dear that contextual grammars offer quite novel 
insight into a number of issues central to formallanguage theory. 

First of all, they provide an important tool in the study of recursion in 
formallanguage theory. In a context-free grammar the fact that a nonterminal 
A may derive (possibly in a number of steps) astring xAy is interpreted that 
if astring z is in the syntactic dass A, then also the string xzy is in this 
dass. In contextual grammars this recursion is given explicitly by associating 
the context (x, y) with the string z. In asense, the research on contextual 
grammars is a study of recursion in its pure form. 

Also, contextual grammars offer a very convenient framework for the sys
tematic study of the basic language theoretic operations, such as insertion 
and deletion (see, e.g., [26]), and the operation of splicing (see, e.g., [16], 
[17]) which provide a nice bridge between formallanguage theory and DNA 
computing. 

Finally it should be stressed that contextual grammars form a major 
contribution to our understanding of pure gramm ars, i.e., grammars which 
generate languages without the use of nonterminal (auxiliary) symbols. 

In this chapter we consider contextual grammars from the formallanguage 
theory point of view. 

G. Rozenberg et al. (eds.), Handbook of Formal Languages
© Springer-Verlag Berlin Heidelberg 1997
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2. Contextual grammars with unrestricted choice 

2.1 Preliminaries 

We assume that the reader is familiar with basic notions of forrnallanguage 
theory. Throughout this chapter we will use the following, rat her standard, 
set-theoretic and language-theoretic notation. 

2X = the power set of X, 
card( X) = the cardinality of the set X, 
o = the empty set, 
V* = the free monoid generated by V, 
A = the empty string, 
V+ = V* - {A}, 
lxi = the length of the string x, 
Ixla = the number of occurrences of the symbol a E V in the string x E V*, 
Ixlu = the number of occurrences of symbols in U ~ V in the string xE V*, 
length(L) = {lxii x E L}, the length set of L, 
REG, LIN, CF, CS, RE = the families of regular, linear, context-free, 
context-sensitive, and of recursively enumerable languages, respectively, 
F I N = the family of finite languages, 
LI NI = the family of minimal linear languages (generated by linear gram
mars with only one nonterminal), 
l}iv = the Parikh mapping associated to the alphabet V, 
LI \L2 = {w I there is x E LI such that xw E L 2 }, the left quotient of L 2 

with respect to LI, 
L 2 / LI = the right quotient of L 2 with respect to LI, 
8;(L),8~(L) = the left and the right derivatives of L ~ V* with respect to 
xE V*, 
Pref(L) = the set of prefixes of strings in L, 
Sub(L) = the set of substrings of strings in L, 
Suf(L) = the set of suffixes of strings in L, 
P Pref( L) = the set of proper prefixes of strings in L, 
P Sub( L) = the set of proper substrings of strings in L, 
P Suf(L) = the set of proper suffixes of strings in L, 
alph(L) = the set of symbols appearing in the words of L, 
mi(x) = the mirror image of x, 
Da,b = the Dyck language over the alphabet {a,b}. 

2.2 Definitions 

Definition 2.1. A total contextual gramm ar is a system 

G = (V, B, C, 'P), 

where V is an alphabet, B is a finite language over V, C is a finite subset of 
V* $V*, wher'e $ is a special symbol not in V, and 'P : V* x V* x V* __ 2c . 
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The strings in Bare called axioms, the elements u$v in C are called 
contexts, and cp is the choice mapping. Here we do not impose restrictions on 
cp - we even do not assume that cp is computable. 

Definition 2.2. For a total contextual gmmmar G = (V, B, C, cp) we define 
the relation ~G on V" as Jollows: 

X ~G y iff x = XIX2X3, Y = XIUX2VX3, Jor some 

X1.X2,X3 E V",u$v E C, such that u$v E cp(XI,X2,X3). 

The subscript G may be omitted from ~G whenever G is understood. Denot
ing by ~ .. the reflexive and tmnsitive closure oJ ~, the language genemted 
by Gis 

L(G) = {x E V" I w~ .. x, Jor sorne WEB}. 

Note that, by definition, B ~ L(G). 
We say that x directly derives y in G or that x derives y in G whenever 

x ~ y or x ~ .. y holds, respectively. 

In a total contextual grammar, a context is adjoined depending on the 
whole current string. Two special cases of total contextual grammars are very 
natural and have been extensively investigated. 

Definition 2.3. 
(i) A total contextual gramm ar G = (V, B, C, cp) is called external iJcp(x1. X2, 

X3) = 0 for all Xl, X2, X3 E V" such that XIX3 '" .\. 
(ii) A total contextual gmmmar G = (V, B, C, cp) is called intern al if cp(X1. X2, 

X3) = cp(Xi,X2,X~) for all xI,xi,X2,X3,X~ E V*. 

Note that in both cases, the adjoining of a context u$v E cp(XI,X2,X3) 
to the string XIX2X3 depends on X2 only. Therefore, in these cases we can 
simplify the choice mapping cp by having cp : V* __ 2c . The so modified 
total contextual grammars are called contextual gmmmars. 

Since in this way there is no difference between external and internal 
grammars, we shall distinguish between derivation relations, defining: 

X ~e!l! Y iff y = uxv for u$v E cp(x)j 

X ~in Y iff x = XIX2X3, Y = Xl UX2VX3, for some 

xl. X2, X3 E V", u$v E cp(X2)' 

We call ~e!l! an external (direct) derivation and ~in an internal (direct) 
derivation. Accordingly we associate with a contextual grammar G two lan-
guages: 

LO/(G) = {x E V" I W~: x for some wEB}, 

for 0: E {ex, in}. 
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For a contextual grammar G = (V, B, C, cp) the relation u$v E cp( x) can 
be interpreted as a rewriting rule x -+ uxv. Therefore, a contextual gram
mar with internal derivation can be considered to be a pure grammar with 
arbitrarily many (length-increasing) productions of the form x -+ uxv, where 
there exists abound k such that, for each x and each production x -+ uxv, 
luvi:::; k holds. (Pure grammars are grammars that do not use nonterminals; 
see, e.g. [37].) 

This suggests the following compact presentation of a contextual grammar: 
a system G = (V, B, P), where V is an alphabet, B is a finite language over 
V, and P is a finite set of pairs (D, C), with D ~ V·, D =10, and C a finite 
subset of V*$V*, for $ a special symbol not in V. The pairs (D, C) are called 
productions, D is the selector of such a production and C is its set of contexts. 
The interpretation is equivalent to C ~ cp(x) for all x E D: the contexts in 
C can be adjoined to strings in D. When presenting a grammar in the form 
G = (V, B, P) we often use the mapping cp defined by cp( x) = {u$v I u$v E C 
for some production (D, C) E P such that x E D}. For x E V* - {y E D I 
(D, C) E P} we put cp(x) = 0. 

In general, when considering a grammar in the functional presentation, 
G = (V, B, c, cp), we will specify the mapping cp only for strings x such that 
cp(x) =10; it is implicitly understood that cp(x) = 0 for all unspecified x. 

In examples and proofs we shall use the most convenient presentation of 
contextual grammars for a given purpose; even in the case of the compact 
presentation we shall use the choice mapping cp defined as above, without 
explicitly defining it. 

A further simplification of (total) contextual grammars is to ignore the 
selection (then the total contextual grammars coincide with the internal con
textual grammars): 

Definition 2.4. A contextual gramm ar G = (V, B, C, cp) is said to be without 
choice if cp(x) = C for all xE V*. 

In such a case, the mapping cp can be ignored, and we write the grammar 
in the form G = (V, B, C). Again we define two derivation relations: 

x ==:} ex y iff y = uxv for some u$v E C, and 

x ==:}in Y iff x = XIX2X3, Y = Xl UX2VX3 for some u$v E C. 

Five basic families of languages are obtained in this way. 

TC = the family of languages generated by total contextual grammars, 
ECC = the family of languages externally generated by contextual gram-

mars, 
ICC = the family of languages internally generated by contextual gram

mars, 
EC = the family of languages externally generated by contextual gram

mars without choice, 
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IC = the family of languages internally generated by contextual gram
mars without choice. 

In the general case of contextual grammars it is natural to require that 
ep is a computable mapping. The corresponding families are denoted by 
TCe, ECCe, ICCe, respectively. 

2.3 Examples 

The following examples illustrate the above definitions; also, they will be used 
in the sequel of this chapter. 

Example 2.1. Every finite language, B, belongs to every family of contextual 
languages: for G = (V, B, 0) we have Lex (G) = Lin (G) = B. 

Example 2.2. For each alphabet V, the language V* belongs to every family 
of contextuallanguages: for G = (V, {>.}, $V) we have Lex(G) = Lin(G) = 
V*. 

If we take G' = (V, V, $V), then Lex(G) = Lin(G) = V+. 
In general, for Gk = (V, Vk,$V),k ~ 0, we obtain Lex(Gk) = Lin(Gk) = 

VkV*. 

Example 2.3. Consider the grammar G = ({ a, b}, {>.}, {a$b}). Obviously, 
Lex(G) = {anbn I n ~ I}, whereas Lin(G) = Da,b. This second equality 
can be proved by induction on the length of the strings. 

Note that Lex(G) is not regular and Lin(G) is not linear. 

Example 2.4. For G = ({a,b,c}, {>.}, {aß$'Y, a$ß'Y I {a,ß,'Y} = {a,b,c}}), 
we obtain 

The inclusion ~ is obvious: each context increases the number of a, b, c oc
currences by one. The inverse inclusion can be proved by induction on the 
length ofstrings (each xE {a,b,c}* with Ixla = Ixlb = Ixle contains a sub
string aß, for a,ß E {a,b,c}, a # ß, and also an occurrence of 'Y, before 
or after aß, such that {a,ß,'Y} = {a,b,c}; removing these symbols a,ß,'Y
they correspond to one context of G - we obtain a shorter string, x', with 
Ix'la = Ix'lb = Ix'le). 

Note that the above language is not context-free. 

Example 2.5. The grammar G = ({a}, {a3 }, {$a, $a2 }, ep), with ep defined by 

( i) _ {$a, epa - $ 2 a, 

for all i ~ 1, generates 

if i + 1 # 2k , k ~ 0, 
if i + 1 = 2k , k ~ 0, 

Lex(G) = {an I n ~ 1,n # 2k,k ~ O}, 
Lin(G) = a+ - {a,a2 } 
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(in the internal mode, each string ai , i ~ 3, can be prolonged by one more 
occurrence of a, using $a E <p(a2 ), for some subword a2 of ai ). 

Example 2.6. Consider an arbitrary language L ~ V* and a symbol c 1. V. 
Then for the grammar 

GL = (V U {cl, {A}, {(V* - L, $V), (L, $V U {$c})}) 

we have Lex(Gd = V* U L{c}. 
Note that if L is not recursive, then the associated mapping <p is not 

computable. Moreover, if L 1. F, for a family F of languages closed under 
intersection with regular sets and right derivative, then Lex(G) 1. F, too. 

Example 2.7. Let G = ({ a, b}, {a}, {$a, $b}, <p), with 

( i)_{{$a,$b}, ifi=2P3qsr7s,ps+qs=rs,s~3, 
<p a - {$a}, h' ot erWlse, 

for all i ~ 1. Then 

Lex(G) = a+ U {anb I n = 2p 3QSr7s,(p,q,T,S) corresponds 

to a counterexample to Fermat last theorem}. 

Example 2.8. Consider the grammar 

Then we have 

G = ({a, b, cl, {babccab}, {$a, a$a, b$b, c$c}, <p), 

<p(abncca) = {a$a}, n ~ 1, 

<p(bccanb) = {b$b}, n ~ 1, 

<p(banbmc) = {$a}, n, m ~ 1, 

<p(anbncacambm) = {c$c}, n,m ~ 1. 

Lin(G) = {banbmcaPcanbm In, m ~ 1,p ~ O} U 

U {bcianbncacanbnci I n,i ~ I}. 

We conclude this section with a more intricate example. 

Example 2.9. For 

G = ({a, b, c, d}, {al, {( {al, {$b, $c}), ({be}, $d), ({dc}, e$d)}), 

we have 

Because <p(x) -# 0 only für finitely many strings x, the grammar G is equiv
alent with the pure grammar G' = ({ a, b, c, d}, a, P) where P consists of the 
following productions: 

7fl : a -+ ab, 7f2 : a -+ ac, 7f3 : bc -+ bed, 7r4 : de -+ eded. 
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Let us examine the words in the set L = L(G') n ab(cd)+. For producing 
astring z = ab( cd) m , m 2: 1, we have to use one time the prod uction 7r I 

(there is only one occurrence of bin z), and the equal number of times the 
productions 7r2 and 7r3. But 7r2 cannot be used after using 7r1 (b must remain 
adjacent to a) and 7r3 cannot be used before using 7r1. Therefore we start by 
using n times 7r2, then 7r1, then 7r3 (n times). After using 7r1 we get the string 
abcn , n ::::: 1. Production 7r3 can be applied only for adjoining d to bc, and bc 
is never changed; the leftmost occurrence of c remains the same during the 
whole derivation. Since we may change the order of using 7r3 and 7r4 without 
modifying the generated string, we mayassume that after producing abcn we 
proceed to abcdncn- l using 7r3. From now on only production 7r4 can be used 
(otherwise we obtain astring not in L). 

One can prove by induction on n that if astring obtained from abcdncn- l 

is in ab(cd)+, then it is equal to ab(cd)2n -l. This concludes the proof of (*). 

2.4 Necessary conditions and counterexamples 

In fact, some of the conditions considered here are both necessary and suf
ficient for a language to be of certain type in the above classification of 
contextuallanguages. 

We say that a language L ~ V* has the extern al bounded step (EBS) 
property if there is a constant p such that for each x E L, JxJ > p, there is 
y E L such that x = uyv and 0 < JuvJ ::; p. 

A language L ~ V· has the intern al bounded step (IBS) property if there 
is a constant p such that for each x E L, JxJ > p, there is y E L such that 
x = Xl UX2VX3, Y = XIX2X3, and 0 < JuvJ ::; p. 

A language L ~ V· has the bounded length increase (BLI) property if there 
is a constant p such that for each x E L there is y E L with -p ::; JxJ-JyJ ::; p. 

Clearly, if a language has either the EBS or the IBS property, then it has 
also the BLI property. 

Convention 2.1. The empty context, u$v, uv = A, is useless in contextual 
grammars of the types considered up to now, hence it is ignored. In what 
follows we always assurne that all used contexts are different from $. 

Lemma 2.1. A language is in the family EGG if and only if it has the EBS 
property. 

Proof. For a contextual grammar G = (V, B, C, <p), let 

PI = max{JxJJ x E B}, P2 = max{JuvJJ u$v E Cl· 

Then Lex(G) has the EBS property for p = max{pl,P2}' (If z E Lex(G), JzJ > 
p, then z ~ B, hence z = uz'v for some u$v E <p(z'), z' E Lex(G).) 

Conversely, consider a language L ~ V· having the EBS property for a 
constant p. Construct the grammar G = (V, B, C, <p) with 
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B = {x E L Ilxl :::; p}, 
G = {u$v I U,v E V*,O < luvi:::; p}, 

<p(x) = {u$v E G I uxv E L},x E V*. 

The equality L = Lex(G) easily follows from the definition of B, G, <po 0 

The following lemmas are easy to prove (using the finiteness of the sets 
ofaxioms and of contexts). 

Lemma 2.2. A language is in the family TC if and only if it has the IBS 
property. 

Corollary 2.1. 
(i) All contextual languages have the BLI property. 
(ii) Each language in the family ICC has the IBS property. 

Corollary 2.2. 

LI = {a 2n I n ~ I} fj. TG 
L2 = ab+a fj. EGG 
L3 = {anbanban I n ~ I} fj. TG 

(BLI property), 
(EBS property), 
(IBS property). 

Note that both L 2 and L3 have the BLI property, hence this property is not 
sufficient for a language to be in TG. 

We say that a language L ~ V*, card(V) ~ 2, has the mix property if 
there is a constant p such that if there are a, b E V and x, y E L with Ixla > 
p, IYlb > p, then for each n ~ 1 there is Zn E L with IZnia ~ n, IZnib ~ n. 

Lemma 2.3. Each language in EC u IC has the mix property. 

Corollary 2.3. L = a+ U b+ fj. EG U IG. 

Note that this language has the EBS and the IBS properties. As we have 
seen in Example 6, for each language L ~ V*, and c fj. V, the language 
L' = V* U L{c} is in EGG. This implies that languages in EGG (and hence 
also in TG) do not have pumping properties (consider L = {a2n c I n ~ I}; 
here no string a2n c can be pumped, whichever type of usual pumping is 
considered). However, we have the following result. 

Lemma 2.4. lf L ~ V*, L E IGG, then there are two constants p, q such 
that every Z E L,lzl > p, can be written in the form Z = uvwxy with 
u, v, w, x, Y E V*, 0< Ivxl :::; q,and uviwxiy E L for all i ~ O. 

Corollary 2.4. L = {anbncn I n ~ I} fj. IGG. 

Of course, the pumping property from Lemma 2.4 implies the IBS prop
erty (hence the BLI property, as weIl), but the converse does not hold: the 
language L = a+ U {anbarnbaP I n + rn + p = 2k , k ~ I} has the IBS property, 
but no pumping is possible in astring anbambaP from L. 
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Lemma 2.5. If L ~ V*, LEEG, then there are two constants p, q such that 
every z E L, Izl > p, can be written in the form z = uyv with u, y, v E V*, 0 < 
Iuvl ~ q, and uiyvi E L for all i ~ O. 

The following property of extern al eontextual languages is related to the 
EBS property. For a language L ~ V* we denote 

Mino(L) = {x E L I PSub(x) n L = 0}, 
Mini(L) = Mini-l(L) U Mino(L - Mini_l(L», i ~ l. 

Lemma 2.6. If L ~ V*, L E EGG, then all sets Mini(L), i ~ 0, are finite. 

Proof. Let G = (V, B, G, rp) be a eontextual grammar such that L = Lex(G). 
Consider the sets 

Ki(G)={Uj ... UIWV1 ... Vj I 0 ~ j ~ i,w E B,Ul$Vl E rp(w), 

Uk$Vk E rp(Uk-l ... UIWV1 ... vk-I),2 ~ k ~ j}, 

for i ~ 0 (when i = 0 we have Ko(G) = B). 
All these sets are finite (B and G are finite). By induetion on i, we ean 

prove that Mini(L) ~ Ki(G),i ~ 0, whieh implies that also Mini(L) is 
finite. 0 

Corollary 2.5. L = a*ba*ba* f/. EGG. (We have Mino(L) = ba*b.) 

Every language over a one-Ietter alphabet has the property from Lemma 
2.6. Sinee not aU one-Ietter languages are in EGG, this eondition is not 
suffieient for a language to be in EGG. 

We present now a neeessary eondition of a different type. 

A language L ~ V* is said to be k-slender, for some integer k [75), if 
eard(L n vn) ~ k for all n ~ O. A language is slender if it is k-slender for 
some k. A I-slender language is ealled thin. 

Lemma 2.7. If L E IG is an infinite language such that alph(L) ~ 2, then 
L is not slender. 

Proof. Let G = (V, B, G) be a grammar such that Lin( G) = L, eard(V) ~ 2. 
(1) If G ~ a*$a* for some a E V, then we take u$v E G, with luvi 

ai,i ~ 1, and W E B,alph(w) =I {al. All strings 

Zn,7n = (uv)7nw(uvt-7n , 0 ~ m ~ n,n ~ 1, 

are in L, IZn,ml = Iwl + nluvi and zn,m =I zn,p, for 0 ~ m,p ~ n,m =I p. 
Therefore, L is not slender. 

(2) If there is u$v E a*$a* and u'$v' E b*$b*, for a =I b, then we eonsider 
the strings in L 

Z = (uv)n-7n 1u'v'l(u'v')7n1uv 1w 0< m < [~] n> 1 
n,7n , - - lu'v'l ' - , 
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for some wEB. Again IZn,ml = Iwl + nluvl, zn,m '" zn,p for all m '" p, hence 
L is not slender. 

(3) If there is u$v E G with u = ai,v = bi,i,j ;:: 1, and a '" b, then we 
consider the strings in L 

for some wEB. We have IZn,ml = Iwl + nluvl and zn,m '" zn,p, m '" p 
(Zn,m = (aibj)mai(n-m)bj(n-m)w), hence L is not slender. 

(4) If none of the previous cases holds, then there is u$v E G with one 
of u, v containing occurrences of two symbols a, b E V, a '" b. Assume that 
v = vlabi, i ;:: 1. When u has this property the argument is the same. Consider 
the strings in L 

Z = w(uv)mun-m(v a)n-m(bi)n-m 0 < m < n n > 1 n,m 1 , _ _, _ , 

for wEB. Because IZn,ml = Iwl +nluvl and zn,m '" zn,p for m.f. p, it follows 
that L is not slender. 

This condudes the analysis of all cases. o 

Note that all other families of languages contain slender (even thin) lan
guages: for instance, L2 is both in EG and in IGG (for G = ({ a, b}, {ab}, 
{( {ab}, {a$b})}) we have L2 = Lin ( G)). 

We dose this section with an example of a language L not in IGG, where 
the above given necessary conditions do not suffice to prove that L i IGG. 

Lemma 2.8. The language L = {x mi(x) I x E {a, b} *} is not in the family 
IGG. 

Proof. Assume to the contrary that L = Lin(G) for a contextual grammar 
G = ({a,b},B,P). Clearly, ifu$v E <p(x) for some x E Sub(L), then luvl a = 
luvlb. Take such a useful context, u$v E <p(x), x E Sub(L). 

Assume that Ivl a > 0; the case Ivlb > 0 is symmetrie. Consider the 
string w = xbkbk mi(x), for k > 2luvl. Since w E L = Lin(G) and 
w ==>in w' = uuxvvbkbk mi(x), we have w' E Lin(G). However, w' i L: 
if w' = y mi(y), then y = uuxvvbk-Iuvl, mi(y) = bluvlbk mi(x), and so 
uuxvvbk-Iuvl = xbk+1uv1, that is v E b+ (we have k + luvi;:: k -Iuvl + 21vl); 
a contradiction. 

If v = A, then lul a > O,lulb > o. We take the string w = mi(x)bkbkx, 
for k > 21ul and we obtain w ==>in w' = mi(x)bkbkuux E Lin(G). However, 
w' i L: as above, we get u E b+; a contradiction. Thus L is not in IGG. 0 
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2.5 Generative capacity 

We shall compare the eight families of contextual languages with each other 
and with families in Chomsky hierarchy. 

Lemma 2.9. EC = LINI . 

Proof. Obvious mutual simulations. o 

Lemma 2.10. REG ~ ICCc. 

Proof. Let L be a regular language and let A = (V, Q, 6, qo, F) be the minimal 
deterministic finite automaton recognizing L. 

For each w E V*, define the mapping Pw : Q -- Q by 

Pw(q) = q' iff 6(q,w) = q', q E Q. 

Obviously, if Xl, X2 E V* are such that PXl = PX2' then for every u, v E V*, 
UXI V is in L if and only if UX2V is in L. 

The set of mappings from Q to Q is finite, hence the set of mappings 
Pw as above is finite. Let no be their number. We construct the contextual 
grammar G = (V,B,C,cp) with 

B = {w E L Ilwl ~ no -I}, 
C = {u$v 11 ~ Iuvl ~ no}, 

( ) _ {{U$v Iluwvl ~ no and Pw = Puwv}, 
cp w - 0, 

for Iwl ~ no - 1, 
otherwise. 

From the definition of mappings Pw and the definitions of B, C, cp, it fol
lows immediately that Lin(G) ~ L. 

Assurne that the inverse inclusion is not true and let X E L - Lin(G) be 
astring of minimallength with this property. Thus X ~ B, hence lxi ~ no. 
Let x = zz' with Izl = no and z' E V*. If z = ala2 ... ano ' then it has 
no + 1 prefixes, namely A, al, ala2, ... ,al . .. ano . There are only no different 
mappings Pw. Therefore there are two prefixes UI, U2 of z such that UI =I- U2 
and PUl = PU2. Without loss of generality we mayassume that IUII < IU21. By 
substituting U2 by UI we obtain astring x' which is also in L. As Ix'l < lxi 
and x was of minimallength in L - Lin (G), we obtain x' E Lin (G). However, 
IU21 - IUII ~ IU21 ~ no, hence if U2 = UIU3, then $U3 E C and $U3 E 
cp(uI). This implies that x' ~in x, that is x E Lin(G), a contradiction. In 
conclusion, L ~ Lin(G). 0 

Note that in the previous proof only contexts of the form $v are necessary, 
and that the mapping cp is computable and has nonempty values only for 
finitely many strings. 

Lemma 2.11. CF ~ TCc . 
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Pmof. As a consequence of pumping lemmas, every context-free language 
has the IBS propertYi according to Lemma 2.2 it is then in TC. Because the 
membership quest ion is solvable for context-free languages, the mapping cp 
defined as in the proof of Lemma 2.1 is computable. Thus every context-free 
language is in TCe . 0 

Theorem 2.1. The relations in the diagram in Figure 1 hold, where each 
arrow indicates a strict inclusion and every two non-linked families are in
comparable. 

Pmof. The inclusions between families of contextual languages follow from 
definitions, the inclusions between families of contextuallanguages and fam
ilies in Chomsky hierarchy are proved in Lemmas 2.9-2.11, or are straight
forward (lC ~ cs, TCe ~ RE). 

The strictness of these inclusions as weIl as most of the incomparabilities 
foIlow from examples in Section 2.3 and counterexamples in Section 2.4, or 
using the necessary conditions in Section 2.4. 

For example, a*ba*ba* isin lC (it isgenerated by G = ({a, b}, {bb}, {$a})), 
but not in ECC (Lemma 2.6), whereas {x mi(x) I x E {a,b}*} is in EC (it 
is generated by G = ({a,b},p},{a$a,b$b})), but not in lCC (Lemma 2.8). 

If in Example 2.6 we start from a recursive non-context-sensitive lan
guage L, then Lex(Gd will be recursive non-context-sensitive. If L is not 

RE 

1 
cs 

1 
CF 

1 
LIN 

1 IC 

REG ______ \ 

----- FIN 

Fig.l 
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recursively enumerable, then Lex(GL) is not recursively enumerable. It fol
lows that EGGe - GS =/:: 0 and EGG - RE =/:: 0. The inverse rela
tions are obvious: there are regular languages not in EGG. The corre
sponding assertions for families of internally generated languages follow in 
a similar way: for every L ~ V* and c, d rt. V, construct the grammar 
GL = (V U {c,d}, {cc}, (({cc}, {$a la E V}), ({c}L, {d$d})}). We obtain 
Lin(GL) = {cc}V* U {CdnCXldx2f.l ... xnd I n ~ I,Xl ... Xi E L,1 ~ i ~ n}. If 
L does not belong to a family of languages F closed under intersection with 
regular sets, right and left derivative (the families in Chomsky hierarchy, in
cluding the family of recursive languages, have these closure properties), then 
Lin(GL) rt. F: L = a~;(lc(ad(Lin(GL) n {cdc}V*{d})). 

On the other hand, the language L = a+ U {anbn I n ~ I} is not in IGG: 
if L = Lin (G) for some G = ({ a, b}, B, P), then we must have a context 
u$v, uv E a+, such that u$v E cp(ai), i ~ 0 (such a context is necessary 
in order to generate strings in a+ of arbitrarily large length); using such 
a context we can obtain ai+1bi +1 ==>in uaivabi+1, whiCh is not in L, a 
contradiction. 

The reader can easily prove all other relationships in the theorem. 0 

Considernow the case of one-Ietter languages. 
We have seen that EGG contains non-regular languages over V = {a} 

(Example 2.5). Because every regular one-Ietter language has the EBS prop
erty, it follows that each such language is in the family EGG. On the 
other hand, the restrictions of EG and IG to the one-letter alphabet co
incide, and there are one-Ietter regular languages not in EG U IG: take 
L = {a2}U{a3n I n ~ I}. If L = Lex(G) (= Lin(G)) forsome G = ({a}, B, G), 
then each context u$v used for producing strings a3n (there is such a context) 
must have uv = a3i , i ~ 1; adding such a context to a2 we obtain the string 
a3i+2 , i ~ 1, which does not belong to the considered language. 

Moreover (the proof is left to the reader), we have 

Theorem 2.2. A one-Ietter language is regular if and only if it is in the 
family IGG. 

2.6 Closure properties 

The closure properties of families Xe are the same as those of families 
X, X E {IGG, EGG, TG}, therefore we shall discuss here only the fami
lies IG, EG, IGG, EGG, TG. Except for TG, these families have poor closure 
properties (this is somewhat expected, in view of the fact that the contextual 
grammars do not use nonterminal symbols in derivations). 

Theorem 2.3. The closure properties in the table in Figure 2 hold, where 
Y indicates the closure and N indicates the non-closure of the corresponding 
family under the corresponding operation. 
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Operation lC EC lCC ECC TC 
Union N N N Y Y 

Intersection N N N N N 

Complement N N N N N 

Concatenation N N N N Y 

Kleene closure N N N N Y 

Morphisms (A-free) Y Y N Y Y 

Finite substitution Y Y N Y Y 

Substitution N N N N Y 

Intersection with regular sets N N N N N 

Inverse morphisms N N N N N 

Shuffie N N N N N 

Mirror image Y Y Y Y Y 

Fig.2 

Proof. The negative results can be proved using examples and counterexam
pIes from the previous sections (sometimes in a modified form). We give some 
details only for the case of inverse morphisms. 

Consider the language L = {e}{be,ba}* E EC and the morphism 
h : {a,b,e}* ----+ {a,b,e}* defined by h(a) = abe,h(b) = ab,h(e) = eb. 
We have h- 1(L) = {e}{b, e}*{a}. (The incIusion ;2 is obvious, because 
{eb}{ab,eb}*{abe} ~ L. Conversely, ify E h-1(L), that is h(y) E L, then y 
cannot contain substrings aa, ab, ac, as otherwise h(y) will contain substrings 
abeabc, abeab, abceb, hence substrings ca, ce, which is impossible. Therefore 
Iy la = 1. Clearly, y must begin with c, hence y = cxa, x E, {b, c}· .) As 
Mino(h-1(L)) is infinite, h-1(L) f!. ECC. 

For the grammar G = ({ a, b, e, d}, {bacada}, {( {biaei I i ~ I}, {b$ead})}) 
we obtain 

{b'm ae'm1 (ad) n, c'm2 (ad) n2 ... e'mr (adr r a I 
r ~ 1, m ~ 1, 1 :::; m r :::; nr, ni, mi ~ 1, 1 :::; i :S r - 1, 

r r 

and m = Lni = Lmi}. 
i=l i=l 

Take also the morphism h : {a,b,c,d}* ----+ {a,b,e,d}* defined by h(a) 
a, heb) = b, h(c) = c, h(d) = da. The strings hex) do not contain the subword 
dc, hence h-1(y), for y E Lin(G), is defined only for y = b'mac'm(ad)'m a (hence 
with r = 1 in the above specification of Lin(G)). Therefore h-' l (Lin (G)) = 
{bTnae'madm I m ~ I} and so by Lemma 2.2 it is not in TC. 
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We consider now the family J C. Consider the grammar G = ({ a, b, c, d}, 
{dd}, {$abc}), and the morphism h: {a,b,c,d}* -+ {a,b,c,d}* defined by 
h(a) = abc, heb) = da, h(c) = bca, h(d) = bcd. Let us analyse the form of 
the strings x such that hex) E Lin(G). The strings in Lin(G) start with 
a or with d. If hex) starts with a, then it starts with abc. Assurne that 
we have h( x) = (abc)i z for some i 2: 0, and this is the maximal prefix of 
hex) of this form. The string z cannot start with b or c (these symbols must 
have a corresponding occurrence of a to their left). Substrings aa, bb, cc, ac, ba 
are not possible in hex). If z starts with a, then again we must have abc, 
contradicting the maximality of i above. Consequently, z must start with d 
and continue with a (the image of b). Let us assurne that we have j 2: 0 
strings bca, hence hex) = (abc)ida(bca)iw . Take the greatest j with this 
property. The string w can begin with b only and after b we can have only 
C; after c we cannot have a again (this contradicts the choice of j) or b 
(we do not have a corresponding occurrence of a to the left). Consequently, 
hex) = (abc)ida(bca)ibcdu. The only possibility is to have u = (ab)k, k 2: o. 
Consequently, h-1(Lin(G)) = {aibcidak I i,j,k 2: o}. This language is not 
in JC: a context introducing the symbol c can be used for introducing the 
symbol c before the occurrence of b, hence producing a parasitic string. 

As far as the positive closure properties from the table in Figure 2 are 
concerned, the closure of ECC under union and of all families under mirror 
image are obvious. The other positive results follow from the next two lem
mas. 0 

Lemma 2.12. The family TC is closed under substitution. 

Pmof. Take L ~ V*, L E TC, and let s : V* -+ 2u• be a substitution such 
that s( a) E TC for each a E V. Let V = {ab . .. , an}. According to Lemma 
2.2, allianguages L, s(ai), 1::; i ::; n, have the IBS property. Let Po, Pb··· ,Pn 
be the associated constants, respectively, and define 

P = Po . max{pi 11 ::; i ::; n}. 

The language s(L) has the IBS property, with respect to the constant p. 
Indeed, take astring x E s(L), lxi> p. Consider y E L such that x E s(y). If 
there is a symbol ai appearing in y which is substituted in x by astring z such 
that Izl > Pi, then z = Zluz2vz3 for 1 ::; luvi::; Pi and z' = ZlZ2Z3 E s(ai). It 
follows that z can be replaced in x by z' and this is exactly the IBS property: 
the obtained string is in s(L) and luvi::; p. If all symbols ai of y are replaced 
in x by strings Zi with IZil ::; Pi, then lyl > Po. It follows that y = YIUY2VY3 
for 1 ::; luvi::; Po, y' = YIY2Y3 E L. Let y~, u', y~, v', y; be the substrings of 
x corresponding to YbU,Y2,V,Y3 in y. It follows that y~y~y; E s(y') ~ s(L) 
and lu'v'l ::; luvl· max{pi 11::; i::; n} ::; Po· max{pi 11 ::; i::; n} ::; p. The 
IBS property holds again. 

Therefore, according to Lemma 2.2, the language s(L) is in TC. 0 
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Lemma 2.13. Thefamilies IG, EG, EGG are closed under finite substitution 
(hence also under morphisms). 

Proof. Consider a contextual grammar G = (V, B, G, cp) and a finite substi
tution s : V* --+ 2u ' . Extend it with s($) = {$}. We construct the grammar 
G' = (U,s(B), s(G), cp'), where 

cp'(X) = s(cp(x)), for x E s(V*). 

We leave to the reader the proof of Lex (G') = s(Lex(G)). 
The proof is the same for the case of contextual grammars without choice, 

both with external and internal derivation (just ignore the mappings cp, cp' 
above)j in the internal derivation case the construction of G' is the same. 0 

Thus, IGG is an anti-AFL, but the other families are neither AFL's (no 
one is closed under intersection with regular sets), nor anti-AFL's (they are 
closed under arbitrary morphisms). 

In view of these poor closure properties it is natural to look for operations 
that are "more related" to contextual grammars, in the hope to obtain furt her 
positive closure properties. Consider, e.g., the following operation. 

The right prolongation of a language Li ~ V* with respect to a language 
L 2 ~ V*, denoted rp(Li , L 2), is the smallest language L ~ V* having the 
following properties: 

(i) Li ~ L, 
(ii) if x E L, x = XiX2, with X2 E V+, and x2a E L2, for a E V, 

then xa E L. 

Theorem 2.4. The families IG, EG, IGG are not closed under the operation 
rp, but ECC and TC are. 

Proof. The closure of ECC and TC under rp follows from Lemmas 2.1 and 
2.2: if Li has either the EBS or the IBS property, irrespective of the type of 
L 2 , the language rp(Ll> L 2 ) has also this property. 

Because rp( {a, b}, {aa, bb}) = a+ U b+, it follows that IG and EG are not 
closed under this operation. 

Consider now the grammar G = ({ a, b}, {babab}, {( {aba}, {a$a})}). We 
have rp(Lin(G) , {aa,ba}) = {banbanbam I n ~ l,m ~ O}. This language is 
not in the family IGG: in order to generate strings banbanb with arbitrarily 
largenweneedai$ai E cp(aibak)fori ~ 1,j,k ~ Ojthenbai +1bai +1bak ~in 
bai+1bai+i+1bak+i, which is not in our language, a contradiction. 0 

A natural problem appearing in this framework is to investigate the small
est family containing a given family of contextuallanguages and closed under 
certain operations (e.g., the smallest AFL containing IGG). We shall inves
tigate such problems in Sections 3.2 and 3.3, for restricted types of internal 
and external contextual languages. 
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2.7 Decidability properties 

We shall consider now the basic decision problems in language theory: empti
ness, finiteness, equivalence, inclusion, and membership, with the usual defi
nitions. The results established in aseries of lemmas will be summarized in 
Theorem 2.5 at the end of this section. 

Lemma 2.14. The emptiness is decidable for all classes of contextual gram
mars. 

Proof. If G = (V, B, G, cp) is a total contextual grammar, then L(G) i=- 0 if 
and only if B i=- 0. D 

Lemma 2.15. The jiniteness is decidable for grammars corresponding to 
families IG, IGGe, EG. 

Proof. If G = (V, B, G) is agrammar without choice, then Lin(G) and Lex(G) 
are infinite if and only if B i=- 0, G i=- 0 (we have assumed that the empty 
context, $, is not present). 

If G = (V, B, G, cp), with computable cp : V' ~ 2c , then Lin (G) is 
infinite if and only if there is u$v E G,u$v E cp(x) for some x E Sub(B). As 
Sub(B) is finite, the existence of such a context is decidable. D 

Lemma 2.16. The membership is decidable for gramm ars corresponding to 
families IG, IGGe, EG, EGGe, TGe . 

Proof. It suffices to prove the assertion for total contextual grammars. Take 
G = (V, B, G, cp), cp : V' X V' x V' ~ 2c computable, and construct the 
sets 

Ho(G) = B, 

Hi(G) = H i- 1 (G) U {x E V' Iw=} x for some w E Hi_ 1(G)},i 2: l. 

We have xE L(G) if and only if xE H1xl(G). Indeed (assuming that $ ~ G), 
each derivation for x, if any, must have at most lxi steps. 

The sets Hi (G) can be algorithmically constructed and they are finite, 
hence we can decide whether or not x E H1xl(G). D 

We move now to negative decidability properties. 

Lemma 2.17. The membership is undecidable for grammars with arbitrary 
choice mapping. 

Proof. The families IGG, EGG, TG contain languages wh ich are not recUf
sively enumerable (Theorem 2.1). D 
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As often done, in order to obtain undecidability results, we reduce the con
sidered problems to the Post Gorrespondence Problem (PCP). More exactly, 
for two n-tuples of non-empty strings over V = {a,b}, x = (Xl, ... , xn),y = 
(YI, ... , Yn), we consider the languages 

L(z) = {baik ... baileZil ... Zik 1 k ~ 1,1 ~ i j ~ n,l ~ j ~ k}, 

for Z E {x,y}. We have L(x) n L(y) "I- 0 if and only if PGP(x,y) has a 
solution, which is undecidable. Moreover, L(x) n L(y) is infinite if and only 
if it is non-empty. 

The languages L(x), L(y) are in EG n IGG: for 

G(z) = ({a,b,e},{baiezi 11 ~ i ~ n},{bai$zi 11 ~ i ~ n}), 

G'(z) = ({a,b,e}, {baiezi 11 ~ i ~ n},{({c},{bai$zi 11 ~ i ~ n})}), 

we have Lex(G(z)) = Lin(G'(z)) = L(z),z E {x,y}. Consequently, we have 
the following result. 

Lemma 2.18. lt is undecidable whether or not the intersection of two lan
guages in a family of contextual languages, F, different from le, is empty, 
finite, or infinite. 

Of course, "the intersection of two languages in F" means "the intersec
tion of two languages generated by two arbitrary grammars corresponding to 
the family F" j we shall use this kind of formulation also below. 

Lemma 2.19. The finiteness is undecidable for families IGG, EGGe, EGG, 
TGe,TG. 

Proof. Take two n-tuples of non-empty words over {a, b} and consider the 
grammar G(y) as above, such that Lex(G(y)) = L(y). Construct the sets 
K i (G(y)) as in the proof of Lemma 2.6, K i (G(y)) = {w E Lex (G(y)) 1 there 
is a derivation of w in the grammar G(y) using at most i contexts}, i ~ l. 

These sets are finite and they can be effectively constructed. Moreover, 
the language L(y) is linear, hence it has a solvable membership problem. 
Clearly, we have 

00 

i=O 

Construct the contextual grammar 

G = ({a,b,e},{baieYi 11 ~ i::5 n},{bai$Yi 11::5 i ~ n},<p), 

<p(w) = {bai$Yi 11 ~ i ::5 n}, for w E Kr(G(y)) such that 

Kr(G(y)) n L(x) = 0, r ~ o. 

If Kr(G(y)) n L(x) "I- 0, then Kp(G(y)) n L(x) "I- 0 for all p ~ r (we 
have Kr(G(y)) ~ Kp(G(y)) for r ::5 p). Therefore, if there is r such that 
Kr(G(y)) nL(x) "I- 0, then Lex(G) is finite. Conversely, Lex(G) = L(y) when 
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(U~oKr(G(y))) n L(x) = 0. Consequently, Lex(G) is infinite if and only if 
L(y) n L(x) = 0, which is undecidable. 

Note that the mapping rp considered above is computable. 
For grammars G = (V, B, G, rp) with non-computable rp we cannot decide 

whether or not Lin(G) is infinite without deciding whether or not rp(x) i- 0 
for at least one string x E Sub(B): take Gx,y = ({a},p},{$a},rp), with 
rp(A) = {$a} iff PGP(x,y) has a solution, and rp(z) = 0 for all z otherwise. 

Lemma 2.20. The equivalence is undecidable for families 
IGGe , IGG, EGGe, EGG, TGe , TG. 

o 

Proof. For two n-tuples x, y of non-empty words over {a, b}, we construct the 
grammar 

G = ({a,b,c},{baicYi 11::; i::; n},{bai$Yi 11::; i::; n},rp), 

rp(z) = {bai$Yi 1 baizYi 1. L(x)}, z E L(y). 

Clearly, Lex(G) = L(y) if and only if L(y) n L(x) = 0, which is undecidable. 
The mapping rp is computable. 

Consider now the grammars 

G' (y) = ({ a, b, c, d}, {dcd}, {( {c}, {bai$Yi 11 ::; i ::; n})}), 

G"(y) = ({a,b,c,d}, {dcd}, {({c}, {bai$Yi 11::; i::; n}), 

({ d}L(x){ d}, {d$d})}). 

We obtain Lin(G'(y)) = {d}L(y){ d} whereas Lin(G"(y)) = Lin(G'(y)) if and 
only if the context d$d can never be used, hence if and only if L(x)nL(y) = 0, 
which is undecidable. The mappings rp/, rp" are computable. 0 

Theorem 2.5. The decidability results in the table in Figure 3 hold, where 
D indicates a decidable problem, U indicates an undecidable problem, and the 
question mark points to an open problem. 

Many other decidability questions can be formulated about contextual 
grammars. For instance, it is undecidable whether or not, for a grammar 
G = (V, B, G, rp), we have Lex(G) E EG: consider the grammar 

G = ({a,b,c},{c}, (((L(x) - L(y)) U {c},{bai$xi 11::; i::; n}), 

(L( x) n L(y), {ba i$Xi 11 ::; i ::; n} U {c$c} )} ). 

We have Lex(G) = L(x) E EG if and only if the context c$c is never used, 
hence if and only if L(x) n L(y) = 0, which is undecidable. Indeed, if the 
context c$c is used, the derivation cannot continue, the obtained string is 
of the form czc for z E L(x) n L(y). The string z can be arbitrarily large 
(if L(x) n L(y) i- 0, then L(x) n L(y) is infinite), hence we need a context 
for introducing the symbol c. In a grammar without choice, this context 
can be used an arbitrarily number of times, hence strings not in Lex(G) are 
produced. Consequently, Lex(G) 1. EG, but this not decidable. 
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Problem IC ICCe ICC EC ECCe ECC TCe TC 

Emptiness D D D D D D D D 

Finiteness D D U D U U U U 

Equivalence ? U U ? U U U U 

Inclusion ? U U ? U U U U 

Membership D D U D D U D U 

Fig.3 

3. Contextual grammars with restricted choice 

As defined in Section 2.2, the contextual grammars have an infinitistic def
inition: the choice mapping cp in the functional presentation is defined for 
all strings in V' (correspondingly, the selectors in the cornpact presentation 
can be infinite sets). However, the notion of a "grammar" assurnes sorne sort 
of finite mechanism describing the syntax of a language. Restrictions on the 
general definition of a contextual grammar (on the mapping cp and on selec
tors) are thus necessary. The most natural idea is to impose certain regularity 
on the definition of choice. For instance, we can ask to have selectors in a 
given family F. 

Particularly interesting are the cases when the selectors are finite or reg
ular (the mernbership problem for them can be solved in real tirne). In this 
section we shall consider grammars with selectors of any given type in Chom
sky hierarchy. 

3.1 Definitions and basic results 

Definition 3.1. Let F be a family of languages. A contextual gmmrnaT with 
F choice is a gmmmaT G = (V,B,{(D1,Cd, ... ,(Dn,Cn )}), with Di E F 
fOT alt 1 :::; i :::; n. 

We denote by ICC(F), ECC(F) the families of languages generated in 
the internal and in the external mode, respectively, by contextual grarnmars 
with F choice. We consider here F one of families FIN, REG, CF, CS, RE, 
with emphasis on F E {FIN, REG}. 

Many of the examples used in the previous sections are gramm ars with 
F choice with F E {FIN, REG}. On the other hand, ICC(F) ~ ICC 
and ECC(F) ~ ECC, for all F, hence all necessary conditions for farnilies 
ICC, EGC hold true also for IGC(F), ECC(F), respectively. Sorne of these 
conditions have sharper forms for families ICC(F), ECC(F) with particular 
F. Thus, e.g., we have the following result. 
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Lemma 3.1. 1f L ~ V*,L E 1CC(F1N) , then there are three constants 
p, q, r such that every z E L, Izl > p, can be written in the form z = uvwxy 
with u, v, w, x, Y E V*, 0< Ivxl ~ q, Iwl ~ r, and uviwxiy E L for alt i ;::: O. 

Praof. The same as the proof of Lemma 2.4, taking r = max{lwl I w E 
D, (D, C) E P}, for a grammar G = (V, B, P) with finite choice. 0 

The following relations are easy to be proved (in the case of RE we can 
use Turing-Church thesis). 

Lemma 3.2. 1CC(F) ~ F,ECC(F) ~ F, for FE {CS,RE}. 

Lemma 3.3. 1C ~ 1CC(REG), EC ~ ECC(REG). 

As it is expected, we have the following. 

Lemma 3.4. 1CC(F1N) C 1CC(REG) C 1CC(CF) C 1CC(CS) C 

1CC(RE). 

Praof. The inclusions are obvious, we have to prove only their strictness. 
(1) For the grammar 

GI = ({ a, b}, {abab}, {(ab+ a, {a$a}), (ba+b, {b$b})}), 

we have Lin ( Gd = {anbmanbm I n, m ;::: I}. This language does not have the 
property from Lemma 3.1. Hence Lin(Gd i 1CC(FIN), and ICC(REG)-
1CC(F1N) =1= 0. 

(2) Consider the grammar G2 from Example 2.8, Section 2.3. It is easy 
to see that it has CF-choice, hence Lin (G2 ) E ICC(CF). Assurne that 
Lin (G2 ) = Lin(G) for some G = ({a, b, cl, B, {(DI, Cd, ... , (Dn , Cn )}), with 
regular sets D i , 1 ~ i ~ n. 

If w = bcianbncacanbnci E Band w ==>in w', then we must have 
w' = bei an' bn' cacan' bn' ci with n' = n (if n' > n, then there exists 
an'-nbn'-n$an'-nbn'-n E tp(bncacan) and we can obtain also the deriva
tion bcian+lbbncacanabn+lci ==>in baian+lban'-nbn'-n bncacanan'-nbn' -na 

bn +1 ci, which is not in Lin (G2 ), a contradiction). Therefore, infinitely many 
strings in the form as w, w' above are obtained starting from strings in B 
of the form banbamcacanbam , n, m ;::: 1. Consider a derivation step when the 
first new occurrences of c are added to such astring, banbmcacanbm ==>in 
bei an' bm' ca ca n' bm ' ci , i ;::: 1. Clearly, the first string bm' must be equal to 
bm and the last string an' must be equal to an, hence n' = n, m' = m. 
As n' = m', we also have n = m. There is a context ci$ci such that 
Ci$C i E tp(anbmcacanbm ) for infinitely many n,m ;::: 1. If Ci$ci is associ
ated with some D j containing infinitely many strings anbmcacanbm , then 
D j n {anbmcacanbm I n, m ;::: I} is an infinite subset of {anbncacanbn In;::: 
I}. This is not possible when D j is regular, contradiction. Consequently, 
Lin(G2 ) i 1CC(REG) and 1CC(CF) - 1CC(REG) =1= 0. 
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(3) For the grammar 

G3 = ( {a, b, c}, { cbac}, {( { cb}, {$a} ), ( {b}, {a$} ), ( { caba2" c I n ~ I}, { c$c} )} ), 

we obtain 

Lin (G3 ) {cbanc I n 2: I} U 

U {canbamc I n,m ~ I} U 

U {cianba2'" ci I n, m ~ 1, i ~ 2}. 

Assurne that Lin (G3 ) = Lin(G) for some G = ({ a, b, cl, B, {(D!, Cl), ... , 
(Dn , Cn )}), with context-free sets D i ,l :S i :S n. Consider the strings of 
the form w = c2 aba2'" c2 , m ~ 1. As the number of contexts is finite, for 
large enough m we cannot have z ~in W for so me z = c2aba2P c2 , hence w 
must be produced from astring z' = cabaqc. Therefore there exists c$aic E 
'fJ(caba2"'-i), i 2: 0, or c$c E 'fJ(caba2'" c). In the first case we can also have 
caba2"'-iaPc ~in ccaba2'" aPcc, for all p ~ 1, leading to strings not in the 
language. In the second case, because arbitrarily many strings caba2'" c must 
belong to D j, for some context-free D j, we must have in D j also strings cabaP c 
with p =1= 2k , k 2: 1 (intersect D j with caba+ c, then erase with a left derivative 
the prefix cab and with a right derivative the suffix Cj we must obtain a regular 
sublanguage of a+). Then cabaPc ~in ccabaPcc, again a parasitic string. In 
conclusion, Lin (G3 ) f/: lCC(CF) and lCC(CS) - lCC(CF) f 0. 

(4) For a language L ~ V+, L E RE - CS, and two symbols c, d not in 
V, construct the grammar 

GL = (V U {c, d}, {ccac la E V}, {( {cc},$V), ({c}L{c}, {d$d})}). 

We obtain 

Lin(Gd = {cc} V+ {c} U {cd'cxcd' li 2: 1, xE L}. 

Because L = a~dc(a~d(Lin(GL) n {cdc}V+{cd})), we have Lin(Gd f/: CS, 
hence Lin(GL) f/: lCC(CS) (Lemma 3.2). Consequently, we have lCC(RE) 
-lCC(CS) f 0. 0 

The reader can prove in a similar way the counterpart of the previous 
lemma for external grammars. 

Lemma 3.5. ECC(FlN) c ECC(REG) c ECC(CF) c ECC(CS) c 
ECC(RE). 

The proof of Lemma 2.10 shows that REG ~ ICC(FIN). Moreover, 

Lemma 3.6. ECC(REG) ~ LlN. 

Pmof. Consider a grammar G = (V, B, {(D1 , Cd, ... , (Dn , Cn )}) with regu
lar selectors D i , 1 :S i :S n. Take finite automata (not necessarily deterministic) 
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Ai = (V, Qi, 8i , qO,i, Fi ) such that Di = L(Ai), 1 :::; i :::; n. Assurne, without 
loss of generality, that Qi n Qj = 0 for all i i= j, and construct the linear 
grammar G = (N, V, S, P) with 

n 

N = {S} U {M I M ~ U(Qi X Qi)}, 
i=l 

(the sets Mare considered nonterminals ) and P containing the following 
rules. 

1. S --+ uMv, 
for u$v E Ci,M = {(qO,i,qj)}, for some qj E Fi , 1:::; i:::; n. 

(We add the context u$v only to strings in Di and we memorize this fact 
in the pair (qO,i, qj), which must be completed to a non-deterministically 
guessed correct recognition of astring in D i .) 

2. M --+ uM'v, where 
- u$v E Ci for some i, 1:::; i :::; n, and M E N, 
- if (qb q2) E M, ql, q2 E Qj for some j,l :::; j :::; n, then M' contains a 

pair (qLq~),q~,q~ E Qj, such that q~ E 8j(ql,U),q2 E 8j(q~,v), 
- besides the pairs (q~,q;) defined above, we add to M' a pair (qO,i,qj), 

qj E Fi , if it is not already in M'. 

(We simulate in this way the adjoining of the context u$v, by guessing at 
the same time paths in automata Al"", An which can bring forward the 
pairs of states already present in the current nonterminal M. A new pair is 
added - if it is not already present - for checlcing the correct adjoining of the 
last considered context.) 

3. M --+ x, where 
-XEB,MEN, 
- for all (q, q') E M such that q, q' E Qi for some i,l :::; i :::; n, we have 

q' E 8i (q,x). 

(The pairs of states in M are matched on astring in B, hence all pairs 
of states (qO,i, qj) introduced w~en adjoining contexts are linked by correct 
paths in the corresponding automata.) 

4.S--+x,xEB. 

From the previous explanations it is easy to see that Lex(G) = L(G'), 
hence Lex(G) E LIN. 0 

The following theorem summarizes the above lemmas. 

Theorem 3.1. The relations from the diagram in Figure .4 hold, where an 
arrow indicates astriet inclusion and the non-linked families are ineompara
ble. 
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ICC RE ECC 

ICC!~ I ~(RE) 
1__________ cs ___________ r 

ICC(CS) 1 ECC(CS) 

1 CF r 
ICCrF ) I 

ICC(REG) 

l~IC 

ECC(CF) 

LIN ___________ 

ICC(FIN) ECC(REG) ----- / 
REG EC 

-----.: / 
FIN = ECC(FIN) 

Fig.4 

Proof. For incomparabilities, use the fact that REG - ECC =f. 0 and that 
L = {x mi(x) I x E {a,b}*} E EC - ICC, as proved in Sections 2.4,2.5. 0 

The equality FIN = ECC(FIN) implies that the contextual grammars 
with F I N -choice working in the external mode are not interesting. This shows 
in fact that the finite choice is not appropriately defined for such grammars. 
A more natural variant is to let the context which is adjoined to depend on 
a finite prefix and a finite suffix of the current string. 

Definition 3.2. A contextual gramm ar with (external) bounded choice isa 
construct 

G = (V, B, {(Dl , Cl),"" (Dn , Cn )}), n ;::: 1, 

where V is an alphabet, B is a finite subset of V*, D i are finite subsets of 
V* x V*, and Ci are finite subsets of V*$V*, 1 :::; i :::; n. 

For such a grammar we define the relation =>ex on V* by 

x =>ex Y iff x = XlX2X3, Y = uxv, where 

XI,X2,X3 E V*,(Xl,X3) E Di,u$v E Ci, für some 1:::; i:::; n. 
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Therefore, the context u$v E Gi is adjoined only to strings having a pair 
of aprefix and a suffix in D i . The generated language, Le",{G), is defined in 
the usual way. We denote 

k = max{lxll (x,y) E D i or (y,x) E D i ,1 ~ i ~ n}. 

This is called the (selectivity) depth of G. 
We denote by EGG(k), k ~ 0, the family of languages externally gener

ated by grammars with bounded choice as above of depth at most k. Let 
EGG(oo) = UEGG(k). 

k~O 

Theorem 3.2. EG=EGG(O) C EGG(I) c. .. c EGC(oo) c EGG(REG). 

Proof. Only the strictness of the inclusions needs a proof. 
Because a+ U b+ can be generated by G = ({ a, b}, {a, b}, {( {(A, a)}, {$a}), 

({(A,b)}, {$b})}), we have EGG(I) - EGG(O) i- 0. 
For k ~ 2 we obtain that EGG(k) - EGG(k - 1) i- 0 using the language 

L k = akb(aak- 1 )+ U akb(bak- 1 )+, 

whereas the language 

is in EGG(REG) - EGG(oo). o 

The most interesting families IGG(F), EGG(F) are the lowest ones in 
Figure 4, that is IGG(FIN) and EGG(REG). We will consider each ofthem 
separately now. 

3.2 Internal contextual grammars with finite choice 

We know already the place of the family IGG(FIN) in Chomsky hierachy
see Figure 5, which presents in another way the information from Figure 4. 

We also recall that, see Section 2.6, IGG is an anti-AFL, whereas 
IG is closed under morphisms, finite substitutions and mirror image. For 
IGG(FIN) we have 

Theorem 3.3. IGG(FIN) is an anti-AFL. 

Proof. Again, the only involved case is that of inverse morphisms. 
Consider the contextual grammar G = ({ a, b, c, d}, {ccbcdc}, {( { ccbcdc} , 

{ab$ab}), ({ce}, {$ba}),({c},{d$a})}), and the morphism h : {a,b}* --+ 

{a, b, c, d} * defined by h( a) = ab, h(b) = cdc. Every string in L in (G) con
tains exactly four occurrences of the symbol c, hence all strings x such that 
hex) E Lin(G) must contain exactly two occurrences of b. Therefore, hex) is of 
the form xlcdcx2Cdcx3, with xI, X2, X3 E {a, b}*. This means that the context 
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CF CS 

Fig.5 

d$a is used only once, hence hex) = (ab)ncdc(ab)mcdc(ab)n,n 2': O,m 2': 1. 
The derivation of such astring proceeds as follows: 

ccbcdc ===? in (ab)n ccbcdc( ab)n ===? in (abt cc(ba )",-1 bcdc( ab)n 

===? in (ab)n cdca(ba )m-1bcdc( ab)n = (ab tcdc( ab)"' cdc( ab)n. 

Consequently, h-1(Lin (G)) = {anbamban In 2': 0, m 2': I}, a language which 
is not in the family ICC(FIN) (not in ICC, either). 0 

In view of these (negative) closure properties, it is interesting to consider 
the completion of ICC(FIN) with respect to certain AFL operations. The 
result is spectacular: the smallest fuH trio (family closed under morphisms, 
inverse morphisms, and intersection with regular sets) containing ICG(FIN) 
is RE. In fact, a still stronger result is true (not involving the closure under 
intersection with regular sets). 

Theorem 3.4. Every recursively enumerable language, L, can be written in 
the form L = h1(h2"1(L' )), where L' E ICG(FIN), h1 is a weak coding and 
h2 is amorphism. 

Proof. Take L ~ T*, L E RE, and a type-O grammar G = (N, T, S, P) for 
L. Consider the new symbols, [, J, f-, and construct the contextual grammar 
G' = (V, B, Pi), with 

V = NuT u {[, J, I-}, 
B = {S}, 

and the set P' consisting of the foHowing productions: 

1. ({u}, ([$Jv}), for each u - v E P, 
2. ({a[u]), {I- $a}), for a E N UT,u - v E P, 
3. ({a I- ß},{I- $a}), for a,ß E NuT. 
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Consider a new symbol, bw , associated with each string w in the set 

R = {[uJI u -+ v E P} U {I- a I a E NUT}. 

Denote by Z the set of all such symbols bw and define the weak coding 
h l : (Z U T)* -- T* by 

h1(bw ) = >.,W E R, hl(a) = a,a E T, 

and the morphism h2 : (ZUT)* -- (NUTU{[,],I-})* by 

h2 (bw ) = w, wER, h2(a) = a, a E T. 

We obtain then L = hl(h21(Lin(G'))). 
The intuition behind the construction of G' (and of hb h2 ) is as follows. 

The symbols between [ and J, and the symbol directly to the right of I- are 
considered dead, all other symbols in astring of Lin(G), except for [,], 1-, are 
alive. (The symbols [, ], I- are also called killers.) The alive symbols in astring 
z E Lin(G' ) correspond to a sentential form produced by G. We simulate a 
derivation in G on the alive symbols of z, using productions in group 1 of 
P'. In this way, new alive and new dead symbols are obtained. Their position 
can be changed using productions in groups 2, 3 above (the alive symbols can 
be moved to the right, crossing blocks wER, of dead symbols). The inverse 
morphism h2I can be applied only when astring in (R U T)* is obtained. 
This implies that all nonterminals are dead, the corresponding derivation in 
G is a terminal one. The coding h l removes all symbols bw , hence we obtain 
astring in T*. 

Using these explanations, the reader should be able to prove the equality 
L = hl(h21(Lin(G'))). 0 

The previous construction can be modified in order to get 

Corollary 3.1. Every language L E RE can be written in the form L = 
LI \L2 , for LI E REG, L 2 E ICC(FIN). 

Proof. Starting from a type-O grammar G = (N, T, S, P), we construct the 
grammar G' as above, then we proceed as follows: 

- add the new symbol # to the alphabet of G', 
- put B = {S#} instead of B = {S}, 
- add the productions of the form 

4. ({a#}, {I-,a}),a E T. 

Denote by G" the so obtained contextual grammar. We get 

L = (R*#)\Lin(G"), 

where R is the regular language in the previous proof. o 
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An interesting consequence of these representations is the following result. 

Theorem 3.5. The family IGG(FIN) is incomparable with each family F 
such that LI N ~ F c RE and F is closed 

1) under lejt quotient with regular sets, or 
2) under weak codings and inverse morphisms. 

Prooj. We know that LIN - IGG i- 0, hence F - IGC(FIN) i- 0 for all F 
as above. Conversely, if IGG(FIN) ~ F, because F has the required closure 
properties, it follows from Theorem 3.4 and from its Corollary that RE ~ F, 
which contradicts the strict inclusion F c RE. Hence F is incomparable with 
IGC(FIN). 0 

For instance, a family F fulfilling the conditions in Theorem 3.5 is 
M ATA , the family of languages generated by matrix grammars with arbi
trary context-free mIes (but without appearance checking). This family is a 
full semi-AFL and it is strictly included in RE. According to the previous 
theorem, IGC(FIN) - MATA i- 0. As ICC(FIN) ~ CS, we obtain in this 
way that CS - M ATA i- 0, a result that has been proved recently. Another 
important family F as above is ETOL, hence ICC(FIN) -- ETOL i- 0. 

3.3 External contextual grammars with regular choice 

The relationship between EGC(REG) and other relevant families of lan
guages from Figure 4 is given in Figure 6. 

From the proof of Theorem 2.3, it follows that ECC(REG) is not closed 
under concatenation, Kleene closure, intersection with regular sets, and in
verse morphisms. Moreover, we have the following result. 

LIN 

_____ -+-+--______ E C G ( RE G) ECC 

EC 

Fig.6 
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Lemma 3.7. The family ECC(REG) is not closed under morphisms. 

Proof. For the grammar 

we have 

G = ({ a, b, c, d}, {b}, {(d*bd*, {d$, $d}), ({b}, {a$}), 

(a+ba*, {a$, a$a}), (a+ba+, {$c})}), 

Le",(G) = d*bd* U {anbam,anbamc In> m ~ I}. 

Consider the morphism h : {a, b, c, d} * -- {a, b, c} * defined by h( a) 
a, heb) = b, h(c) = c, h(d) = a. We will prove that the language h(Le",(G)) = 
a*ba* U{anbamc In> m ~ I} is not in EGC(REG). Assurne to the contrary 
that h(Le",(G)) is in EGC(REG). Consider G' = ({a, b, c},B, {(D1, G1), ... , 
(Dr, Cr )}) such that Lex(G') = h(Le", (G)). Every string in Le",(G') contains 
the symbol b, hence all strings in B contain a symbol b. From strings of the 
form aibamc we can produce only strings of the form anbamc. Consequently, 
for all sufficiently large m, the strings anbamc are produced by derivations 
starting from axioms ofthe form aibaj,i,j ~ O. Consider the step when the 
symbol c is introduced, an1bam1 ==>e", an2anlbamlam2c. This means that 
there is a production (Dj, Gj ) in G' with an1bam1 E Dj, an2 $am2 c E Cj. 
As m = m1 + m2 can be arbitrarily large and m2 is bounded, it follows 
that m1 can be arbitrarily large. Using a pumping lemma for the regular 
language D j , we find a constant s ~ 1 such that anlbaml+ts E D j for all 
t ~ O. All strings anlbaml+ts are in h(Le",(G)), hence we can perform the 
derivation anlbaml+ts ==>e", anl+n2baml+m2+tsc. If t is sufficiently large so 
that n1 + n2 < m1 + m2 + ts, then such astring is not in h(Le",(G)), a con
tradiction. Hence h(Le",(G)) rt EGG(REG). 0 

The family ECC is closed under union. This result is essentially based on 
the fact that we have a finite set ofaxioms (rather than one axiom only). For 
instance, the language {a, b} cannot be generated by a contextual grammar 
with one axiom only. This suggests to consider the smallest family of lan
guages generated by grammars with regular choice, generated by grammars 
with one axiom. Denote this family by ECC1(REG). By the above, this fam
ily is an anti-AFL (the proofs of the corresponding properties from Theorem 
2.3 start from languages in ECG1(REG)). 

We shall investigate here the completion of this family by finite unions, 
intersection with regular sets, and morphisms. More precisely, we consider 
languages of the form 

where h is amorphism, R is a regular language, and L 1, ... , Ln are languages 
in EGG1 (REG). We consider the following cases (the notation for each family 
is given in parentheses): 
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(Al) 
(A2) 
(A3) 

(BI) 
(B2) 

(Cl) 
(C2) 
(C3) 
(C4) 
(C5) 

n = land L l E EC1(REG) 
n = land L l E ECC(REG) 
n arbitrary, Li E EC1(REG), 

l~i~n 

R= V* 
R arbitrary 

h is the identity 
his a co ding 
h is a weak co ding 
h is non-erasing 
h is arbitrary 

(Sa = single axiom) 
(Fa = finite set ofaxioms) 
(Fu = finite union) 

(PI = plain squeezing) 
(Re = regular squeezing) 

(Id = identity) 
( C 0 = coding) 
(W c = weak coding) 
(Ne = non-erasing morphism) 
(Mo = arbitrary morphism) 

Consequently, we obtain 3 x 2 x 5 = 30 different cases, leading to 30 
families of languages. In our notation we identify these families by the 3-
tuples of abbreviations ofthe involved cases A, B, C; hence by C(X l , X 2 , X 3 ), 

where (Xl, X 2 , X 3 ) is an element of 

{Sa, Fa, Fu} x {PI, Re} x {Id,Co, Wc,Ne,Mo}. 

For instance, ECC1(REG) = C(Sa,PI,Id), and ECC(REG) = C(Fa,PI, 
Id). 

All 30 families considered here are included in LI N, because ECCl (REG) 
~ ECC(REG) ~ LI N and LI N is closed under union, arbitrary morphisms 
and intersection with regular sets. 

However, many of these families equal the family of linear languages. In 
the sequel we investigate the interrelationships between these families, also 
their relationship to LI N. 

It is easy to see that REG ~ C(Sa,Re,Id), FIN ~ C(Fa,PI,Id), and 
that aIl families above contain non-regular languages. Moreover, we know 
that 

L l = ab+a tJ. C(Fa, PI,Id), 

L 2 = {a, b} tJ. C(Sa, PI, I d), 

L 3 = a*ba* U {anbaffic In> m 2: I} E C(Sa, PI, Co) - C(Fa,PI,Id). 

These facts as weIl as the foIlowing variants or stronger forms of them will 
be useful in forming the diagram of the relationships between all the families. 

L l E C(Sa, Re, Id) - C(Fu, PI, Mo), 

L 2 E C(Fa, PI, Id) - C(Sa, PI, Mo), 

L 3 E C(Fu, PI, Id). 

When considering a family C(Xl ,X2 ,X3 ) it often happens that a feature 
Xi is strong enough so that one can replace another feature X j by a weaker 
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one, Xj, and still obtain a language family that is not smaller than the original 
one. 

Lemma 3.8. ForallX E {Co, Wc,Ne,Mo} wehaveC(Fu,PI,X) ~ C(Fa, 
PI,X). 

Proof. For a language L E C(Fu, PI, X), consider the grammars Gi = 
(Vi, {Wi}' Pi), 1 ~ i ~ n, and a morphism h : (U~=l Vi)" - U" such 
that L = h(U:':l Lex(Gi )). 

For each i, 1 ~ i ~ n, let [Vi, ij = {[a, ijl a E Vi}, and define the codings 
gi : (Vi U {$}) - ([Vi, ij U {$}) by gi(a) = [a, ij, for all a E Vi, gi($) = $. 

Consider the grammar G = (V, B, P) with 

n 

V = U[Vi,ij, 
i=l 

B = {gl(Wl), ... ,gn(wn )} and 

P = {(gi(D),gi(C)) 1 (D, C) E Pi, 1 ~ i ~ n}. 

We have Lex(G) = U~=l gi(Lex(Gi )). This is a consequence of the fact 
that gi are one-to-one codings which ensures that each derivation in G start
ing from gi(Wi) will use only productions (gi(D),gi(C)) for (D,C) E Pi' 

Consider now h' : (U~=dVi, i])" - U" defined by 

h'([a,i]) = h(a), for all a E Vi, and 1 ~ i ~ n. 

We clearly have h'([a,i]) = h(g;l([a,i])) for all a E Vi and all 1 ~ i ~ n. 
It is easily seen that h'(Lex(G)) = L. Since the mappings h, h' are of the 

same type (gi- 1 is a coding), it follows that L E C(Fa, PI, X). 0 

Lemma 3.9. C(Fa,Re,X) ~ C(Sa,Re,X) for alt X E {Id,Co, Wc, Ne, 
Mo}. 

Proof. Let G = (V,B,P) be a grammar with B = {WI, ... ,Wk}, let R be a 
regular language, and let h : V" - U· be amorphism. We construct the 
grammar G' = (V,{A},P') with 

p' = Pu {({A}, {$Wi}) 11 ~ i ~ k}. 

Obviously, Lex(G') = Lex(G) U {A}. 
If A E Lex(G) (this means in fact that some strings Wi are empty), then 

we let R unchanged. Clearly, h(Lex(G) n R) = h(Lex(G') n R). 
If A ff. Lex(G), then we take R' = R - {A} and we have then h(Lex(G) n 

R) = h(Lex(G') n R') (the empty string A is eliminated by the intersection). 
Consequently, h( LeX< G) n R) E C( S a, Re, X), where X depends on the 

form of h. 0 

Lemma 3.10. C(X,PI,Mo) ~ C(X, PI, Wc) forX E {Sa,Fa}. 
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Proof. Take a grammar G = (V,{wt, ... ,wd,P) and a morphism h 
V* --+ U*. Consider new symbols [ and ), as wen as a copy a' for each 
a E V. Let V' = {a' I a E V} and define the morphism 9 : (V U {$})* --+ 

(U u V' u {[, J, $})* by 

g(a) = [a'h(a)] for an a E V, g($) = $. 

Vh = Uu V' u {[,n, 
B h = {g(Wl), ... ,9(Wk)}, and 

Ph = {(g(D),g(C)) I (D, C) E P}. 

Consider now the weak coding h' : Vh --+ U U {A}, defined by 

h'(a) = a, for an a E U, and 

h'(a') = h'([) = h'(]) = A, for an a E V. 

Then it is easily seen that h(Lex(G)) = h'(Lex(Gh )) (the effect of his "hid
den" in Gh by the coding g, and h' is used for removing the auxiliary sym
bols). 0 

Lemma 3.11 . .c(X,Y,Ne) ~ .c(X,Y,Co) fOT all X E {Sa,Fa},Y E 
{Pl, Re}. 

Proof. Consider a grammar G = (V,{wt, ... ,Wk}'P) with k 2: 1 (k = 1 
corresponds to the case X = Sa), a non-erasing morphism h : V* --+ U·, 
and a regular language R ~ V·. Consider again the copy symbols a' for an 
a E V, the alphabet 

Vh = U U V' x U U U X V' u V' x U X V', 

and the morphism 9 : (V U {$})* --+ (Vh U {$})* such that g($) = $ and 
for each a E V 

{
(a',b,a')' if h(a) = b EU, 

g(a) = (a', b1)b2 ••. bn-1(bn , a'), if h(a) = b1 ... bn with n 2: 2 and bi E U 
for an 1 S i S n. 

Construct now the grammar Gh = (Vh , Bh , Ph ), with 

B h = {g(Wl), ... ,g(Wk)}, and 

Ph = {(g(D),g(C)) I (D, C) E P}. 

Let Rh = geR) and consider the coding h' : Vh --+ U defined by 

h'(a) = a, for an a EU, 

h'«a',b)) = h'«b,a')) = h'«a',b,a')) = b, for an a E V and b EU. 
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The equality 
h(Le:z;(G) n R) = h'(Le:z;(Gh) n Rh), 

can be proved similarly to Lemma 3.10 (again the effect of the morphism h is 
introduced by 9 in Gh , the block ofletters corresponding to a symbol a E V is 
marked by primed occurrences of a in symbols (a', b), (b, a'), (a', b, a'); these 
pairs and triples of symbols are mapped to symbols in U by the coding h'). 

When R = V*, we cover the case Y = Pt. 0 

In what follows we will demonstrate that twelve of the families of lan
guages considered above are equal to LI N. Clearly, it suffices to prove that 
LIN is included in those families, because it is known that all the families 
that we consider are included in LIN. The notion of regular separation is 
central in the proofs. It is defined as follows. 

For a context-free grammar G = (N, V, S, P) and each A E N, we denote 
by contrG(A) the language L(GA), where GA = (N, V,A,P) (hence L(GA) 
is the set of strings generated by G starting from the nonterminal A). 

Definition 3.3. A context-free grammar G = (N, V, S, P) is said to be reg
ularly separable if for each non terminal X E N there is a regular language 
Rx ~ V* such that: 

1. Rx n R y = 0 for all X, YEN such that X f:. Y, and 
2. contrG(X) ~ Rx for each XE N. 

Definition 3.4. A linear language L is separable if there exist a finite lan
guage Fand a linear gramm ar G = (N, V, S, P) which is regularly separable 
and 

1. L = F U L( G), 
2. FnRx = 0 for each XE N. 

Definition 3.5. Alinear grammar G = (N, V, S, P) is said to have the 3nt
property if it contains only right-linear and left-linear rules, it contains no 
chain rule and no )..-rule, and N = N, U Nr U NJ, where N"Nr , NJ are 
pairwise disjoint sets, such that 

N, = {B I B --+ uX E P, u E V+, X E N}, 

Nr = {C I C --+ X v E P, v E V+, X E N}, and 

N J = {D I D --+ w E P, w E V+}. 

The nonterminals in N, are called left-pushers, those in N r are called 
right-pushers and the nonterminals in NJ are called final. 

Lemma 3.12. For every linear language L there is a finite language Fand 
a linear gramm ar G with the 3nt-property, such that L = F U L(G). 
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Proof. Let L ~ V* be a linear language, with V = {aI, ... , an}. We have 

n 

L = {x E L Ilxl ~ I} U U{ai}(8;i(L) - {>.}). 
i=l 

Each language Li = 8;i (L ) - {>'} is linear (and >.-free). Let Gi = (Ni, V, Si, Pi) 
be a linear grammar for Li, 1 ~ i ~ n. Without loss of generality we may 
assume that Gi contains no chain rule and no >.-rule. Moreover, replacing each 
rule p : X --+ uYv, u, v E V+, by X --+ uYp , Yp --+ Yv, where Yp is a new 
nonterminal associated with this rule p, we obtain an equivalent grammar. 
Therefore we may assume that all nonterminal rules in Pi are either left-linear 
or right-linear. Assume that all sets Ni, 1 ~ i ~ n, are pairwise disjoint and 
construct the grammar Go = (N, V, S, P) with 

n 

N = {S} U UNi, S a new symbol, 
i=l 

n 

P = {S --+ aiSi 1 1 ~ i ~ n} U U Pi· 
i=l 

It is easy to see that L = F U L(Go), for F = {x E L Ilxl ~ I}, and that S 
appears only in "left-pushing" rules. 

Replace now each rule of the form X --+ uY in P by 

each rule of the form X --+ Y v by 

and each rule X --+ w by 
Xf --+ w. 

Denote by P' the set of rules obtained in this way, and let G = ({Xl, xr, X f I 
XE N},T,SI,p l ). It is easy to see that L(Go) = L(G) (the derivations in 
the two gramm ars are identical modulo the superscripts l, r, 1). Moreover, G 
has the 3nt-property: consider the sets (obviously disjoint): Na = {xa I X E 

N}, a E {l,r,!}. 0 

Lemma 3.13. Every linear language is a coding oi a separable linear lan
guage. 

Proof. Let L ~ V* be a linear language. According to the previous lemma, 
there exist a finite set F ~ V U {>'} and a grammar Go = (N, V, S, P) with 
the 3nt-property, such that L = FUL(Go) and for every x E L(Go), we have 
lxi 2 2. Let NI, Nr , N f be the sets of nonterminals of the three categories 
considered above. 

We construct the grammar G = (N', V', So, PI) with 
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N' = {Bi I B E NI U N r , 0::; i ::; 2} U NJ, 

V' = V X N, 

and P' obtained as follows. For each X E N', define the morphism hx 
V* --> V'* by hx(a) = (a,X), a E V. Then 

- for each left-pusher production B --> uX in P and for each i, 0 ::; i ::; 2, we 
introduce in P' the rules 

Bi --> hB.(U)Xi , if X E NI, 

Bi --> hB.(u)Xi+1(rnod 3), if XE N r , 

Bi --> hB.(u)X, if X E N f ; 

- for each right-pusher production C --> X v in P and for each i,O ::; i ::; 2, 
we introduce in P' the rules 

Ci --> X i+1(rnod 3)hc .(v), if X E NI, 

Ci --> Xihc , (V), if X E Nr, 

Ci --> Xhc, (V), if X E N f ; 

- for each final production D --> w in P we introduce 

D --> hD(W). 

Consider also the coding h' : V U V' ---+ V defined by h' « a, X)) = a for all 
a E V and X E N, and h' (a) = a for a E V. 

From the construction of G it follows that h'(L(G)) = L(Go) (the deriva
tions in the two grammars coincide, modulo the subscripts 0, 1, 2 of non
terminals and the pairing of terminals with nonterminals; when the pairing 
is removed by the coding h', we get the same string). Since h' (F) = F, we 
have L = h'(F U L(G)). It remains to prove that Gis a separable grammar 
and that F n Rx = 0 for all X E N'. The latter property is obvious, because 
F ~ V u {A} and Rx ~ V'+ for all X E N'. 

In order to prove that G is separable, let us examine the form of strings 
in contrc(X), for each symbol X E N'. Each string in L(G) is of the form 
(a},Zt) (a2,Z2) ... (arn ,Zrn). If such astring is generated starting from X, 
then Zl E {Xo, X}, X 2} if Xis a left-pusher, and Zrn E {Xo, Xl, X 2} if Xis a 
right-pusher. Consequently, the pair (Zl, Zrn) will identify, together with the 
type of X, the strings produced by X in G. The table in Figure 7 contains 
all possible classes of pairs (Zl, Z2). We denote Zl by F2 (from "the 2nd 
component of the first pair") and Zrn by L2 (from "the 2nd component of 
the last pair"). 
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Row Type of X F2 L2 

1 left-pusher Xi,O::;i::;2 any D E Nt 
2 left-pusher Xi,O::;i::;2 any Ej,E E N"O::; j::; 2 
3 left-pusher Xi,O::;i::;2 any Ci+l(mod 3), CE N r 

4 right-pusher any D E Nt 
5 right-pusher any Cj, C E N r , 0 ::; j ::; 2 
6 right-pusher any Ei+1(mod 3), E E NI 

7 final D 

Fig.7 

The sets Rx, RXi ean now be defined as foHows: 

- if X E NI, and 0 :::; i :::; 2, then 

Xi,O::; i::; 2 
Xi,O ::; i ::; 2 
Xi,O::; i ::; 2 

C 

R Xi = {(a,Xd I a E V}V'*{(a,L2 ) I a E V,L2 as on rows 1,2,3 

of the table}j 

- if X E NT) and 0:::; i :::; 2, then 

R Xi = ((a,F2 ) I a E V,F2 as on rows 4,5,6 of the table}V'*{(a, Xi) I 
a E V}j 

- if X E N f' then 

R x = ((a,X) la E V}V'*{(a,X) I a E V} U {(a,X) la E V}. 

Claim 1. The sets RX i and Rx are pairwise disjoint. 

Proof. The grammar Go has the 3nt-property and this holds also for G, 
henee a nonterminal is either a left-pusher, or a right-pusher, or final. The 
pairs (F2 , L2 ) in the previous classifieation (henee in the definition of sets 
R Xi , Rx ) are different in different rows of the table. This is dear for aH 
pairs of rows, due to the 3nt-property, exeept for the ease of rows 3 and 6, 
when F2 is a left-pusher and L 2 is a right-pusher in both eases. However, 
in row 3 we have F2 = Xi and L 2 = Yi+1(rnod 3) for aH 0 :::; i :::; 2, henee 
L 2 has the subseript greater than i (modulo 3), whereas in row 6 we have 
F2 = Yi+l(rnod 3),L2 = Xi,O :::; i :::; 2, that is F2 has a greater subseript 
(modulo 3). Consequently, also this ease leads to disjoint sets of strings. 

Claim 2. For eaeh X E N', eontrG(X) ~ Rx. 

Proof. Let us analyse the possible forms of derivat ions in G, starting from a 
symbol X E N'. 

Case 1. Xis a left-pusher, X = Bi for 0 :::; i :::; 2 and B E NI. 
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If a derivation does not use right-pushing rules, then it is of the form 

Bi ===} hBi(udB?) ===} hBi (ut}hB}1) (u2)B?) ===} ... 

===} hBi(Ul) ... hB}nl(Un+1)D 

===} hBi (ud··· hBlnl (un+1)hD(w) = (al> Bi)z(as, D). 

Consequently, F2 = Bi and L 2 = D, which corresponds to row 1 in the table 
from Figure 7. 

If a derivation uses a right-pushing rule, then consider the first step when 
a right-pushing nonterminal is introduced: 

Bi ===} hBi (udB~l) ===} •.. ===} hBi(Ut} ... hB}nl(Un+1)Ci+1(mod 3) ===} 

===} hBi (ud··· hBtl (Un+1)Ci~l(mod 3)hci+1("'Od 3) (vd ===} ... 

... ===} hB, (ud··· hD(w) ... hCi+1(mod 3)(VI) = (al, Bi)z(as, Ci+1(mod 3)). 

We have F2 = Bi and L 2 = Ci+1(mod 3)' which corresponds to row 3 in the 
table from Figure 7. 

Case 2. X is a right-pusher, X = Ci for 0 ::; i ::; 2 and C E N r . 

When a derivation does not use left-pushing rules, then we obtain astring 
corresponding to row 4 ofthe table. When also left-pushers appear, we obtain 
astring corresponding to row 6 of the table (the argument is similar to that 
used in Case 1). 

Case 3. Xis a final nonterminal, X = D for some D E Nt. 

We have only one-step derivations and they lead to strings corresponding 
to row 7 of the table. 

Consequently, G is separable, and this completes the proof. o 

Note that no terminal string generated by the above grammar G cor
responds to rows 2 or 5 in the classification table from Figure 7 (only the 
nonterminal strings can have both F2 and L 2 to be left-pushers or right
pushers). 

Lemma 3.14. 11 L is a separable linear language, then L E .c(Fa, Re,Id). 

Proof. Let F be a finite set and Go = (N, V, S, Po) be a regularly separa
ble linear grammar such that L = F U L( Go), with F, Rx, X E N, as in 
Definitions 7 and 8. 

Construct the contextual grammar G = (V, B, P), with 

B = {w E V* I X ---+ W E P} U F, 

and P containing all productions 
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(Ry,{u$v}) for X -+ uYv E P, with U,v E V·, such that uv =I- A, 

(for each production, either u or v is empty, hut we prefer this compact 
notation for all types of rules). 

Consider also the regular language R = Rs u F. The reader can verify 
that we have L = Lex(G) n R. 0 

Comhining all the relationships we have proved already, we get the fol
lowing result. 

Theorem 3.6. The relationships in the diagmm from Figure 8 hold. Here 
a double arrow from a family FI to a family F2 indicates that Fi is strictly 
included in F2 and a single arrow indicates that Fi ~ F2 and we do not know 
whether the inclusion is proper or not. Two families not related by a path in 
this diagram are not necessarily incompamble, with the exception of the pairs 
involving one of families F I N, REG: these two families are incompamble 
with alt families to which they are not linked in the diagmm. The families 
that we have writen down in one node of the diagmm are equal. 

LIN 
C Fu, Re, Mo) 
C Fu, Re, Wc) 
C Fu, Re, Ne) 
C Fu, Re, Co) 
C Fa, Re, Mo) 
C Fa, Re, Wc) 
C Fa, Re, Ne} 
C Fa, Re, Co) 

C!FU, Pl, MOl C Sa, Re, Mo) 
f" F Pl W C Sa, Re, Wc) 

I..- U, , C C Sa, Re, Ne) 
C Fa,Pl,Mo C S R C) 
CFa,p~ a'le, 0 

C(Sa, Pl, Mo) 
C(Sa, Pl, Wc) 
~ 

C\FU, Pl, Nej C(Fu Re Id) 
C Fu,Pl,Co / ' '", C Fa,Pl,Ne ____ 
C Fa PI, Co ---

~ 
C(Fu,Pl,Id) C(Fa,Re,Id) 

C(Sa, Pl, Ne) 
C(Sa, Pl, Co) 

~ C( Sa, Re,! d} 

C(Fa,Pl,~ ~ 

~ ~"T C(Sa, Pl, Id) FIN 

Fig.8 
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4. Variants of contextual grammars 

Many variants of the grammars considered in the previous sections were al
ready investigated in the literature. We present here some of them, giving 
only some specific results. 

4.1 I>eter~inistic grarn~ars 

A total contextual grammar G = (V, B, C, cp) is said to be deterministic 
if card( cp(Xl, X2, X3)) :5 1 for all Xl, X2, X3 E V*. (In the compact writing, 
a grammar G = (V,B,{(DI,CI), ... ,(Dn,Cn ))) is deterministic when the 
associated mapping cp has the property above.) 

The families of languages generated by deterministic grammars are de
noted by DICC,DECC,DTC, etc. (with the subscript c when computable 
choice mappings are used). 

As expected, the determinism decreases strictly the generative power of 
grammars of all types. For instance, the following result is easy to prove. 

Theore~ 4.1. Every language in the family DECC is slender. 

The languages in DICC are not necessarily slender: a+b+ can be gener
ated by G = ({ a, b}, {ab}, {( {a}, {$a}), ({b}, {$b})}). However, the following 
holds. 

Theore~ 4.2. ICC(CF) - DTC '" 0. 

Proof. Consider the grammar 

G = ({ a, b, cl, {abab}, {( {bnan In 2:: I}, {ab$ab, c$c})}). 

The language Lin(G) is not in the family DTC. Assume to the contrary that 
Lin(G) = L(G'), for some G' = ({a, b,c},B, C,cp) with card(cp'(XI, X2, X3)) :5 
1 for all Xl, X2, X3 E {a, b, c}*. 

Consider the strings anbnanbn and ancbnancbn , n ~ 1. All such strings 
are in Lin(G) = L(G'). If some z E L(G') generates such astring in a direct 
derivation, z ===? anbnanbn or z ===? an cbn an cbn , then the only possibility is 
to have z = ambmambm and the used contexts are 

in the first case, and 

in the second case. 
Moreover, because G' is deterministic, for each string z = amb'"'ambm 

there is at most one derivation z ===? anbnanbn , z ===? ancbnancbn as above. 
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(Furt her derivations z ==} ware possible, but for decompositions z = XIX2X3 
different from those in the derivations (*).) 

Let 
k = max{n I anbnanbn E B, or ancbnanabn E B}. 

We have k ~ 1, because at least abab is in B (this is the shortest string in 
L(G')). 

Cansider now the sets 

and 

MI = {anbnanbn 11 ::; n ::; 2k + I}, 

M 2 = {ancbnancbn 11 ::; n::; 2k + I}, 

B' = B n (MI U M2 ). 

Clearly, MI U M 2 ~ L( G') and from the above discussion it follows that for 
every Y E (MI U M 2) - B' there is x E MI such that x==} y. However, 

card(MI U M2) = 4k + 2, card(B')::; 2k, 

and so we must have at least 2k + 2 derivat ions of the form x ==} y, x E 
MI, Y E (MI U M 2) - B'. Because card(MJ) = 2k + 1, there is x E MI for 
wh ich two derivations x==} YI, x==} Y2, for YI 1= Y2, YI, Y2 E (MI uM2 ) -B', 
are possible, both of the form (*). This contradicts the determinism of G'. 
Hence Lin (G) rJ. DTG. 0 

Corollary 4.1. Both inclusions DIGG c IGG, DTG c TG are proper. 

Note that the grammars from Examples 2.5 and 2.8 in Section 2.3 are 
deterministic, hence DEGGe and DIGGe contain non-context-free languages. 

Somewhat surprising, so me languages which "look nandeterministic" at 
the first sight can be generated by deterministic grammars. Here is an exam
pIe. 

Consider 

G = ({a,b, cl, {xc mi(x) I x E {a, b}*, lxi::; 2}, {a$a, b$b, ba$ab}, cp), 

cp( c) = {ba$ab}, 

( .()) {{a$a}, ifxE{a,b}*,lxl=2k+1,k~0, cp xc mz x = 
{b$b}, ifxE{a,b}*,lxl=2k,k~1. 

Then L in (G) = {xc mi( x) I x E {a, b}·}. Ta see this consider astring z = 
wc mi( w), choose the leftmost occurrence of b on an odd position, counting 
from the central c. Write z = bi(aWbxc mi(x)b(ba)ibi,j E {O, l},i ~ 0, lxi = 
2k, k ~ 1; then z' = bi(ab)ixc mi(x)(ba)ibi can be generated from xc mi(x), 
and z cau be generated from z'. Hence the problem is reduced 1;0 generating 
the shorter string xc mi(x), and so, inductively, we either reach an axiom 
string, or astring (ba)i c( ab)i, i ~ 1, which can be produced using the context 
ba$ab. 
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4.2 One-sided contexts 

In many examples considered in the preceding sections we have used gram
mars containing contexts with one member being empty. 

For any family X of contextual languages, we denote by IX the corre
sponding family of languages generated by grammars with contexts of the 
form $v and by llX the family of languages generated by grammars using 
both right contexts $v and left contexts u$ (but not u$v with u "# A, v "# A). 

Variants of most of the previous results can be obtained for one-sided 
grammars. For instance, each language L E llTG has the following lIBS 
property: there is a constant p such that for each x E L, lxi > p, there is 
y E L such that x = Xl UX2, Y = xlX2, and 0 < lul ~ p. 

We collect in the next theorem, without proofs, some results about the 
generative power of one-sided grammars. 

Theorem 4.3. 
1. EG - llTG "# 0, 1G - llTG "# 0, 
2. lEG c lIEG ~ (REG n EG), 
3. llG = ll1G c (GF n 1G), llG - L1N"# 0, 
4. lEGG(REG) c REG, llEGG(REG) c L1N, 
5. lEGG - GF"# 0, llEGG(REG) - REG"# 0, 
6. REG c llGG c ll1GG, 
7. llTG = lTG. 

Consider now internal contextual grammars with finite choice, as in Sec
tion 3.2, with one-sided contexts only. The following counterparts of Theo
rems 3.4 and 3.5 can be obtained. 

Theorem 4.4. Every recursively enumerable language L ~ V· can be writ
ten in the form L = (R\L' ) n V·, for L' E llGG(GF) and R E REG. 

Proof According to [76], a grammatical transformation is a tri pIe r = 
(N, T, P), where N, T are disjoint alphabets and P is a finite set ofrewriting 
rules over NuT. For a language L ~ N*, we define 

r(L) = {x E T* I y ==};, x for some y E L}. 

Theorem 3 in [76] says that each language L E GS, L ~ V*, can be written 
in the form L = r(Lo), for Lo E REG, Lo ~ N*, and r = (N, V, P) with P 
containing productions of the form 

A -+ B, AB -+ AG, A -+ a, for A, B, GEN, a E V. 

Let us now take a language L E RE, L ~ V*. There are two new symbols, 
b, c fj. V, and a language L' ~ b* cL, LI E G S, such that for every w E L there 
is astring bicw in LI,i ~ 0 (Theorem 9.9 in [77]). Let V' = Vu {b,c}. For 
this language L', consider Lo E REG and r as above: r = (No, V', P), Lo ~ 
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Nü,No n V' = 0, and L' = T(Lo). Take a grammar Go = (NI,No,Xo,Po) 
with NI n No = 0, NI n V' = 0, generating Lo. Without loss of generality we 
may assurne that NI = N{ U {X j }, and Po contains rules of the forms 

a)XI ---t X 2 A, for Xl E N{,X2 E NI,A E No, 
b)Xj ---t A. 

(Such a grammar always exists for a regular language: take a left-regular 
grammar for Lo and replace each terminal rule X ---t A by X -+ X j A, then 
add the rule X j ---t A.) 

We construct the contextual grammar G = (W, {Xo}, Pi) with 

W = NI UNo U Vi U {],#}, 

and the set pi containing the following productions: 

(1) ({Xt},{$)X2 A}), for Xl ---t X 2 A E Po, Xl E N{,X2 E NI,A E No, 
(2) ({Xj },{$)}), 
(3) ({A},{$)o:}), for A ---t 0: E P,A E No, 0: E No U V', 
(4) ({AB}, {$))AC}), for AB ---t AC E P,A,B,E No, 
(5) ({ o:x)lxl I x E (No U V ' )+}, {$)o:}), for 0: E No U V', 
(6) ({Xj)}{x)lx l I x E (No U V')+}+b*c, {$#}). 

Consider also the regular language 

R = {X) I X E N{}+{Xj)}(No U V' U {)})*{#}. 

Then we have L = (R\Lin(G)) n V'. 
The intuition behind the previous construction is as follows. The symbol 

) is a killer. Each occurrence of) kills a symbol 0: in No UNI U V' according 
to the following rules: 

1. if x = XIO:)X2, for 0: E No U NI U V', then the specified occurrence of Cl! is 
killed by the specified occurrence of ); 

2. if x = XICl!X2)lx21)X3, for Cl! E No U NI U V' and X2 E (No uNI U V' )*, then 
Cl! is killed by the occurrence of 1 in front of X3. 

(In rule 2, all symbols in X2 are dead, killed by the IX21 occurrences of) in 
the right hand of X2.) 

The productions oftypes 1, 2 produce astring in L( Go), shufHed with dead 
symbols and killers. The productions of types 3, 4 simulate corresponding 
rules in T. The productions of type 5 move alive symbols from the left to 
the right, cross dead symbols and killers. This is useful both for preparing 
substrings AB for productions of type 4 and for transporting to the right 
alive copies of terminals. In order to obtain astring in RV* we must use 
exactly once a production of type 6. This production checks whether the 
pairs X], X E NI, appear to the left of symbols used when simulating the 
work of T and that all symbols to the left of # are either killers or dead 
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symbols (hence the derivation in T is terminal), or alive occurrences of band 
c. 

The equality L = (R\Lin(G)) n V* can be proved in a similar way to the 
proofs of the corresponding equalities in Theorem 3.4 and its corollary. The 
following claims are useful for such a proof. 

1. For every successful derivation in G (that is a derivation leading to a 
string in RV*), X o ==?in Zl X f ]Z2#W, there is a derivation X o ==?in 
ZlXf]Wl ==?in Zl X f ]Z2#W, with productions oftypes 1, 2 used before any 
production of other types. 

2. If in a derivation as above we use furt her productions of types 1, 2 for 
deriving the prefix zlX f] in zlX f]Z2#W, then we obtain a derivation which 
is no more successful. 

3. Ifin a derivation step u ==?in V we use a production oftype 3, ({A}, {$]o:}), 
for A alive in u, then A will be dead in v and 0: will be alive in v; if A is 
dead in u, then both A and 0: are dead in v. 

4. If in a derivation step u ==?in V we use a production of type 4, ({AB}, 
{$]]AC}), for A, B alive in u, then AB are dead in v and AC will be alive 
in v; if A, Bare dead in u, then all corresponding symbols A, B, C are dead 
In v. 

5. If in a derivation step u ==?in V we use a production of type 4, ({AB}, 
x{$]]AC}), for A alive and B dead in u, then the new occurrence of A will 
be alive in v but the old occurrence of A and the OCCurrences of Band C 
will be dead in v. 

6. If in a derivation step u ==?in V we use a production of type 5, adjoining 
]0: to some o:x]lxl, and 0: is alive in u, then that occurrence of 0: is dead 
in v and the newly introduced one is alive; if 0: is dead in u, then it will 
remain dead in v and the newly introduced OCCurrence of 0: in v will be 
dead, too. 

Consequently, if U ==?in V in G by a production 71' of types 3, 4, then 
alive( u) ==? alive( v) in T by using the rule in P associated with 71'. Moreover, 
for u ==?in V using a production of type 5 we have alive(u) = alive(v). 

The productions of type 6 can be used only once and to the right of the 
symbol # introduced in this way we must have only symbols in V. Because 
the selector of a production of type 6 is bounded by the prefix X f] and a 
suffix bic, it follows that the string to which such a rule is applied is of the 
form zlXf]UlbicU2 such that alive(ut) = >. and U2 E V*, hence we obtain 
Zl X f ]u1bi c#U2. According to the previous claims, if we continue to rewrite 
such astring, then no new alive symbols can be introduced to the left of #. 
This proves that (R\Lin(G)) n V* ~ L. The inverse inclusion follows in an 
~~~ 0 

Corollary 4.2. The family lICC(CF) is incomparable with each famiZy F 
such that LI N ~ F c RE, which is closed under Zejt quotient and intersec
tion with regular languages. 
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Again M ATA and ETOL are important families of languages satisfying 
the conditions from the statement of the above result, hence lICC(CF) -
MATA =I- 0, lICC(CF) - ETOL =I- 0. 

Also counterparts of results from Section 3.3 hold for one-sided grammars. 
Let us denote by .cl (X, Y, Z) the family of languages generated by one-sided 
grammars associated with families .c(X, Y, Z) as in Section 3.3. 

The following relations are either obvious or are particular cases of results 
in the previous sections. 

LeIllIlla 4.1 . .cl (X, Y, Z) ~ REG = .cl (X, Re, Z), fOT all values of X, Y, Z. 

Moreover, also the following lemma holds. 

LeIllIlla 4.2 . .cl (Fu, Pl, Mo) ~.cl(Fa, Pl, Id) and .cl (Sa, PI, Mo) ~ .cl (Sa, 
Pl,Id). 

Proof. Take a language L = .cl(Fu,Pl,Mo),L = h(U~lL(Gi)) where h ; 
V* --+ U* is a morphism and Gi = (V, {Wi}, Pi) for each 1 :s i :s n. The 
language L is regular. We construct the grammar G = (U, B, P) with 

B = {h(wt}, ... , h(wn )}, 

P = {(LI {h(v)}, {$h( v)}) I there is (D, {$v}) E Pi, for some 1 :s i :s n}. 

Obviously, P is a finite set. 

By a standard argument we can see that L = Lex(G). 

.cl sa,pI'Mr/ .cl Ba, Pl, W c 

.cl Sa,PI,Ne 

.cl Ba, Pl, Co 

.cl Ba, PI,Id) 

REG 
.cl Fu, Re, Mr .cl Fu, Re, W c 
.cl Fu, Re, Ne 

/ 
.cl Fu, Re, Co 
.cl Fu, Re, I d) 

.cl Fu, PI, Mr .cl Fa, Re, MO~ .cl Fu,PI,Wc .cl Fa,Re,Wc 

.cl Fu, Pi, Ne .cl Fa, Re, Ne 

.cl Fu, PI, Co .cl Fa, Re, Co 

.cl Fu,Pl,Id) .cl Fa,Re,Id) 

.cl Fa, PI, MOl \ .cl Sa, Re, Mr .cl Fa, PI, W c .cl Sa, Re, W c 

.cl Fa,PI,Ne .cl Sa,Re,Ne 

.cl Fa, PI, Co .cl Sa, Re, Co 

.cl Fa,PI,Id) .cl Sa,Re,Id) 

FIN 

Fig.9 

o 
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Consequently, for one-sided grammars we obtain the situation in the di
agram from Figure 9, with only three different families. The inclusions are 
proper, because the regular language LI = ab+a is not in CI(X, Y, Z) for 
any X, Y, Z with Y # Re, and every finite language is in Cl (Fa, Pl, I d), im
plying that L2 = {a, b} considered also at the beginning of Section 3.3 is in 
CI(Fa,Pl,Id) - CI(Sa,Pl,Id). 

4.3 Leftmost derivation 

In the previous two variants of contextual grammars we have imposed re
strictions on the grammar components. From now on we consider aseries of 
modifications of the derivation relations defined with respect to a contextual 
grammar. 

For instance, given a contextual grammar G = (V, B, {(DI, Cd, ... , (Dn , 

Cn )} ), the leftmost derivation with respect to G is defined by 

X ===!?'ejt Y iff x = XIX2X3, Y = Xl UX2VX3, 

for some XbX2,X3 E V*,X2 E Di,u$v E Ci, 1 ~ i ~ n, 

such that there is no decomposition x = x~ x~x; with 

Ix~1 < lXII and x~ E D j for some 1 ~ j ~ n. 

Hence one adjoins a context to the leftmost possible place, taking into 
consideration all possible decompositions of the current string and all com
ponents of the grammar. 

The language generated in this way is denoted by L'ejt( G) and the fam
ily of such languages generated by grammars with F choice is denoted by 
ICC,ejt(F). 

Here are two examples: 

We have 

GI = ({a, b, c, d}, {dab}, {( {ab, ac, dc}, {a$b, c$})}), 

G2 = ({ a, b}, {aba}, {(a+ba, {a$a}), (a+b, {b$b})}). 

L'ejt(GI) n a+dcb+(ac)+ab+ = {andcbn(ac)m-Iab"' In, m ~ I}, 

L'ejt(G2) = {bmanbm+1an I n ~ 1, m ~ O}. 

The first language is not linear (LIN is closed under intersection with 
regular sets), the second one is not context-free. 

In fact, we get the following result. 

Theorem 4.5. 1CC'ejt(F) is incomparable with LIN and ICC for all F con
taining the finite languages; ICC,ejt(F) is incomparable with CF for all F 
containing the regular languages. 
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Proof. We have seen that lCCleft(REG) - CF =I 0 and lCCleft(FlN)
LlN =10. Moreover, for the grammar 

G = ({a,b}, {bb}, {({bb}, {$a, a$a}), ({ab}, {a$a})}), 

we have 
Lleft(G) = {bba"' , an+ 1 ban ba"' +l I n,m 2: O} 

(starting from bb we can use either the first context in the first pro duc
tion, thus producing bba"', m 2: 0, or the second one; the second one can 
be added also to bbam , hence we get abbam+l; from now on only the sec
ond production can be used, hence we obtain an+lbanbam+l). This lan
guage is not in lCC: the context ai$ai E cp(ajbak ), i 2: 1,j, k 2: 0, nec
essary for generating an+lbanba with arbitrarily large n, can be used for 
aj+2baj+lbak ~in aj+2baj+i+lbak+i, leading to a parasitic string. 

On the other hand, the language L = {ambancan I n,m 2: I} is in LlNn 
lCC(FlN) but not in lCCleft. Assurne that L = Lleft(G) for some G = 
({a,b,c}, B, {(D1,Cd, ... ,(Dn,Cn )}). In order to generate strings abncan 

with arbitrarily large n, we need a context u$v = ar$ar E Ci, T 2: 1, for so me 
Di containing a9 cah , g, h 2: 0. In order to generate a"'baca with arbitrarily 
large m, we need a context u'$v' = aP$aq E Cj,p + q 2: 1, for some D j 
containing aS, s 2: 0, or a context u'$v' = aP$ E C j , p 2: 1, for some D j 
containing astring aSbz, s 2: O. Consider such strings in D j with the smallest 
s. To every string oft he form afbalcal , 1 2: 1, f 2: s, respectively afbzy, f 2: s, 
only the context u'$v' can be added, therefore strings a"'bancan with m 2: s 
and arbitrarily large n cannot be generated. Therefore L cannot be equal to 
LIeft (G), hence L 1: I CCleft (the type of selectors in G plays no role in this 
argument). 0 

Conjecture. lCCleft(FlN) ~ CF. 

4.4 Parallel derivation 

For a contextual grammar G = (V, B, {(D!, Cd, ... , (Dn , Cn )}) we define the 
parallel derivation by 

x ~P Y iff x = XIX2 ... XT> Y = UIXI VI U2X2V2 ... urxrvT> 

for Uj$Vj E Cij , Xj E Dij , 1 ::; j ::; T, 1 ::; ij ::; n, T 2: 1. 

Thus, the whole string is splitted into strings in the selectors of G and contexts 
are added to each such string. 

We denote by Lp(G) the language generated in this way and by lCCp(F) 
the family of such languages generated by grammars with F choice. 

The following examples show that parallel derivation is very powerful. 
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GI = ({a,b,c}, {abc,a2b2c2 }, {{a+b+, {a$b}), (bc+, {$c})}), and 

G2 = ({a},{ak},{{{a},{$ak-l})}),k ~ 1. 

Lp(GI) = {anbncn I n ~ I}, 

Lp (G2 ) = {akn I n ~ I}. 

(Note that both grammars are deterministic and that G2 is one-sided.) 
In fact, we have the following result. 

Theorem 4.6. ICC(F) c ICCp(F) for alt F containing languages of the 
form {al· 

Proof. For a grammar G = (V, B, P), construct G' = (V, B, Pu {(V, {$})}). 
Clearly, Lin(G) = Lp(G' ), hence ICC(F) ~ ICCp(F). The inclusion is 
proper, because ICCp(F) contains one-Ietter non-regular languages (example 
above) which are not in ICC(F) (Theorem 2.2). 0 

Note that in the above proof we have used, for the first time in this 
chapter, the empty context. 

Moreover, the following surprising result (showing that parallel rewriting 
can be simulated by parallel adjoining) is true: 

Theorem 4.7. DOL c ICCp(FIN). 

Proof. There are finite languages not in DOL, hence it is enough to prove the 
inclusion. 

Let L be a language in the family DOL. Then there exist the alphabet 
V, the word w E V*, and the homomorphism h : V* ---+ V* such that 

00 

L = U {hm(w)}. 
m=O 

Consider the sets Al, A 2 , A 3 defined as follows: 

Al = {a E V I a E alph(hn(a)) for some n ~ I}, 
A 2 = {b E V I there is m ~ 1 such that b ~ alph(hn(w)) for any n ~ m}, 
A 3 = V - (Al U A 2 ) = {c E V I c ~ alph(h8 (c)) for all s ~ 1, but 

for any m ~ 1 there is n ~ m such that cE alph(hn(w))}. 

For each a E Al let n a denote the smallest n from the definition of Al. Denote 
also by p the least common multiple of {na la E All. Clearly, a E alph(hP(a)) 
for all a E Al. This implies that for any a E Al there are u, v E V· such that 
hP(a) = uav. 

For each b E A 2 let rnb be the smallest rn from the definition of A 2 and 
denote q = max{mb I bE A 2 }. Consequently, b ~ alph(hn(w)) for any n ~ q 
and bE A 2 . Let r = card(A3 ). 
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Construct the contextual grammar with finite choice G = (V, B, C, cp), 
where 

B = {hn(w) I 0 ~ n ~ p + q + r - I}, 

C = {hS(u)$hS(v) I uav = hP(a),a E A1,O ~ S ~ T}, 

and cp(hS(a)) = {hS(u)$hS(v) I uav = hP(a)}, for 0 ~ s ~ T, a E Al. 

We can prove that L p ( G) = L making use of the following two claims. 

Claim 3. Let c be an arbitrary symbol from A 3 and let n 2: q + T be such 
that hn (w) = Y1 CY2 for so me Y1, Y2 E V*. Then theTe are s, 1 ~ s ~ T, and 
a E A such that 

Claim 4. 

hn-s(w) = ZlaZ2, for some Zl,Z2 E V*, 

hS(a) = X1CX2, for some X1,X2 E V*, 

Y1 = hS(Zl)Xl, Y2 = X2 hS (Z2)' 

q+r-1 p-1 = 
L = U {hn(w)} u U U {(hP)n(hq+r+i(w))}. 

n=O i=O n=O 

On the other hand, we have the following result. 

o 

Theorem 4.8. All families POL, P DTOL, LI N contain languages not zn 
ICCp . 

An example is the language 

4.5 Maximal/minimal use of selectors 

In the basic internal derivation, the string selector to which a context is 
adjoined can appear anywhere in the current string; in the leftmost deriva
tion the choice is restricted to the first place from the left where a selector 
occurs in the current string. Further restrictions on the applications of pro
ductions are also considered. For instance, we can allow only derivat ions 
where the selectors are the largest/smallest possible, in the sense that no 
superstringjsubstring of the chosen selector can be also used as a selector. 

More formally, for a gramm ar G = (V, B, {(D1 , Cd,· .. , (Dn , Cn )}) we 
can define the relations 
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x ===?rnl Y Hf x = XlX2X3, Y = Xl UX2VX3, 

for X2 E Di , (u, v) E Ci, for some 1 ~ i ~ n, 

and there are no x~, x~, x~ E V· such that 

x = x~x~x~,x~ E Di , Ix~1 ~ IXll, Ix~1 ~ IX31, Ix~1 < IX21; 
x ===?MI y iff x = XlX2X3,Y = XlUX2VX3, 

for X2 E D i , (u, v) E Ci, for some 1 ~ i ~ n, 

and there are no x~, x~, x~ E V· such that 

x = x~x~x~,x~ E Di , Ix~1 ~ IXll, Ix~1 ~ IX31, Ix~1 > IX21; 
We caU ===?rnl a derivation in the minimalloeal mode and ===? MI a deriva

tion in the maximal loeal mode. 
When the condition x~ E D i from the above definitions is replaced by 

x~ E D j , 1 ~ j ~ n, 

then we call the so obtained relations minimal global and maximal global, and 
we write ===?rng and ===? Mg, respectively. 

For a E {ml,mg,MI,Mg}, we denote by La(G) the language generated 
by G in the mode a. The family of such languages generated by grammars 
with F choice is denoted by lCCa(F). 

We give now, without proofs, a summary of the results from [33], [32] 
about the families lCCa(F) with F E {FIN,REG}. 

Here is a simple example illustrating the effect of using the selectors of 
a contextual grammar in the maximal/minimal modes. For the grammar 
G = ({a, b}, {a, ab}, {( {al, {$a}), ({a+b}, {a$b})}) we obtain 

LMI(G) = Lrnl(G) = Lin(G) = a+ U {anbrn I n ~ m ~ I}, 
LMg(G) = a+ U {anbn I n ~ I}, 

Lrng(G) = a+ U a+b. 

Remember that a+ U {anbn I n ~ I} fI. lCC. 

Theorem 4.9. The relations in Figure 10 hold; the arrows indieate strict 
inclusions, the dotted arrow indieates an inclusion not known to be proper. 
Families not linked by a path in this diagmm are not necessarily ineompa
mble, but lCCMg(REG) is ineomparable with all lCC(F) , lCCMI(F), F E 
{FIN,REG}. 

5. Bibliographical notes 

The contextual grammars (with arbitrary choice and without choice, with 
the language generated in the external mode) were introduced in [29]; a pre
sentation can be found also in [30]. The internal mode of derivation has been 
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ICCMg(REG) 

CF /\ 
ICCMg(FIN) ECC(REG) 

FIN 

Fig. 10 

considered in [69]. Grammars with choice restricted to families in Chomsky 
hierarchy (with external derivation) were introduced in [22]. Early papers 
devoted to the study of these basic dasses of contextual gramm ars are [21], 
[45], [50], [52], etc. The grammars called total here are special cases of the 
n-contextual grammars considered in [40], [41], [42], [44]. Such CL grammar 
uses contexts of the form Ul$U2$ ... $un and a choice mapping defined on 
(V* )n+1 (n substrings are inserted, depending on the whole current string, 
splitted into n + 1 parts). Hence total grammars are 3-contextual grammars 
in this sense. 

The monograph [60] contains almost all the results up to 1981. 
The material included in Sections 2.2-2.7,3.1 and 4.6 is based mainly on 

[60]. 
The compact presentation of a grammar was used first in [70] (in earlier 

papers the contexts are written in the form (u, v) and the choice is given 
only by a mapping). Example 9 in Section 2.3 is from [11] (the first internal 
contextual grammar with finite choice generating a non-context-free language 
appears in [65]). Lemma 2.10 is from [11]; a longer proof is given in [79]. 

Further (non)dosure and decidability results can be found in [60] and its 
references. Not covered here is the area of descriptional complexity of contex-
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tuallanguages. Three measures were introduced in [51] for grammars G = 
(V,B,C,cp) working in the external mode: Baz(G) = card(B),Con(G) = 
card(C) , Fi(G) = card{D ~ V* I cp(x) = cp(y) for all x, y E D}. Many fur
ther measures are considered in [14], [67]. In general, the usual decidability 
problems for such measures (see [60]) are shown to be undecidable for con
textual grammars with choice, and all of them induce infinite hierarchies of 
languages. 

The proof of Lemma 3.6 is from [70]; in [65] a proof is given of the in
clusion ECC(REG) ~ CF. The matching normal form in [9] also yields 
the inclusion ECC(REG) ~ LIN (two productions (D 1 , Cl), (D2 , C2 ) are 
matching if uxv E D 2 for all x E D 1 , u$v E Cl; a derivation is matching 
when any two consecutive productions used in it are matching; a grammar G 
is in the matching normal form if each word in Lex(G) has a matching deriva
tion; therefore the notion has adynamie character). For every grammar G, 
irrespective of the type of choice, if it is in the matching normal form, then 
Lex(G) E LIN. Moreover, if Gis a grammar with regular choice, then an 
externally equivalent grammar G' can be constructed, such that G' is in the 
matching normal form. Also a static normal form is given in [9] (a grammar 
is in the disjoint-equal normal form if any two selectors of it are either equal 
or disjoint). 

Grammars with extern al bounded choice in the sense of Definition 6 are 
called semi-conditional in [64]. A variant of them are the branching grammars, 
which are usual or one-sided contextual grammars with contexts of the form 
u$v, u, v E V U {A}. They are considered in [56], in relation to [15]. 

Theorem 3.4 is from [10], where also related forms and consequences of 
this representation are discussed. The one-sided variant of it (Theorem 4.4) 
is from [8]. The content of Section 3.3 is based on [10]. 

The determinism (Section 4.1) is introduced in [70]. Theorem 4.2 is from 
[7], where it is also proved that the family DICC(REG) contains non
semilinear languages. The result is improved in [20], where one proves that 
also the family DICC(FIN) contains non-semilinear languages. The study 
of one-sided contextual grammars is started in [70]. The leftmost derivation 
is introduced in [70], where also the so-called modular contextual grammars 
are discussed. They are usual grammars G = (V, B, (Db Cd, ... , (Dn , Cn)) 
with the "modules" used in the same way as the components of a cooperating 
grammar system [4]: in an internal or external derivation step according to 
a component (Di , Ci), exactly k, at least k, at most k, any number, or the 
largest possible number of steps are performed. A number of results about 
such modular grammars can be found in [18], [73]. For instance, modular 
grammars with regular choice generate by external derivations in the maxi
mal mode only linear languages, a counterpart of Lemma 3.6. The converse 
is not true: there are linear languages which cannot be generated by modu
lar grammars with regular choice in the external maximal mode. Grammars 
with linear choice and at least two components generate non-context-free lan-
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guages. In the = k and 2: k modes of derivation, the type of choice induces 
hierarchies similar to those from Theorem 3.l. 

The parallel derivation, in the total mode considered in Section 4.4, is 
introduced in [72]. The case when not necessarily the whole current string 
is covered by selectors, but the maximal number of selectors is used (the 
remaining uncovered substrings contain no furt her selector string) is con
sidered in [38]. Theorem 4.7, as weIl as the results from Theorem 4.8 for 
POL and P DTOL appear in [80], where also representation theorems for lan
guages in ICCp(F) are given, for various F. For instance, each language 
L E ICCp(FIN) can be written in the form L = U'::=o(h2 (h11 ))Tn(B), for a 
finite language Band morphisms h1, h2 such that Ih2 (x)1 2: Ih1(x)1 for aIl x. 

The language of the strings genera ted by blocked derivations is consid
ered in [72] (a derivation is blocked when no furt her step is possible) for 
modular grammars: a change of the module happens only after the deriva
tion is blocked. Again grammars with regular choice and external derivation 
generate only linear languages. 

The results in Section 4.5 are from [33]. Further results about grammars 
with maximal use of selectors are given in [32]: ICCMg(FIN) -- CF i- 0 
and every language L E RE can be written in the form L = h1(hi,1(L')), 
where L' E ICCMg(FIN) and h1 , h2 are two morphisms. Discussions about 
the linguistic relevance of contextual grammars with maximal use of selectors 
can be also found in [32]. 

Contextual-like grammars based on the shuffie operation appear also in 
[36], [71]. In [36] they are without choice: G = (V, B, C), B, C ~ V', and 
the generated language consists of the closure of B under the shuffie with 
words in C_ In [71] the choice is restricted, the grammar is given in the 
form G = (V, B, (D1, Cl),"" (Dn, Cn)), with aIl B, D i , Ci languages over V. 
The selectors must appear as compact substrings of the string to be derived 
(x = X1X2X3, X2 E D i ), but the added string is shuffied in the selector (in X2 

above). Derivations with a leftmost occurrence of the selector, its occurrence 
in the prefix of the derived string, on an arbitrary position, or equalizing the 
derived string, as weIl as parallel derivat ions are investigated in [71]. 

In [34] one considers contextual grammars with depth-first derivation: at 
every step, the selector must contain as a subword at least one of the members 
of the context used at the previous step. (The A-context proves to be very 
important in this framework: using it we can "forget" the last used context.) 

The growth of languages genera ted in a deterministic way (by leftmost 
derivat ions with a maximal use of selectors or with selectors appearing as pre
fixes of the current string) by deterministic grammars is investigated in [74]. 

Proposals for definitions of the arnbiguity in internal contextual grammars 
can be found in [35]; furt her results appear in [19]. 

Several other variants of contextual grammars can be found in the liter
ature. In the v-contextual grammar in [47] there are two choice rnappings, rp 

and 'IjJ; a derivation is accepted only if it develops using contexts selected by 
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cp and ends using a context selected by .,p. The generative power of external 
grammars is significantly increased. The regular contextual grammars in [45] 
are similar to the grammars in the matching normal form: for aH x, y E V*, 
if cp(x) = cp(y) and u$v E cp(x), then cp(uxv) = cp(uyv). (This is a stronger 
condition than the matching normal form: the property holds for all strings 
in V*, not only for strings which suffice for completing at least one deriva
tion for each string in Lex(G).) It is proved in [45] that such grammars, with 
arbitrary choice, generate in the external mode linear languages only. 

In [60] one also considers internal and external grammars without choice, 
but with the derivation regulated by matrix, programmed and regular control 
mechanisms, as those used in the case of Chomsky grammars [6]. 

Grammars G = (V, B, C, cp) with infinite set C of contexts, but with finite 
cp(x) for aH x E V*, are proposed in [66]. 

In [70] one considers also grammars with both usual contexts and with 
erased contexts (they are not adjoined, but removed from the current string, 
depending on their selectors), or with erasingcontexts (their selector is erased 
from the current string). They increase the generative capacity and also make 
possible the use of extended symbols, like in Chomsky grammars and in L 
systems. 

The last chapter of [60] presents results about other research topics: the 
syntactic monoid of contextual languages, the composition of contextual 
grammars (the starting language, B, of one grammar is the language gen
erated by another one), grammar forms (see further results in [5]), character
izations using equations (following [23]) or automata similar to contraction 
automata in [81]. Recent characterizations of classes of contextuallanguages 
are obtained using restarting automata [25]. An algebraic description of var
ious classes of contextual languages can be found in [48], whereas [49] deals 
with the grammatical inference problem. 

A sort of counterpart of contextual grammars are the insertion gramm ars 
in [13]: systems G = (V, B, P), with V an alphabet, B a finite set ofaxioms, 
P a finite set of rewriting rules of the form xy -+ xzy (the string z is inserted 
in the context (x, y)). Results about these grammars can be found in [27], 
[62], [63], [78]. 

Contextual grammars are also important for [57], [59], [61]. An action 
system with finite history, as introduced in [57], is an one-sided v-grammar 
with bounded external choice: E = (A, Ao, A" cp), where A is the alphabet 
of elementary actions, Ao is the set of initial actions, A J is the set of final 
actions, and cp : (Ut,l Ai) --+ 2A specifies the next action depending on 
at most k previous actions. The language associated with such a system, 
L( E), consists of all strings w E A * such that w = aow' a J, So E Ao, a J E 
AJ,w' E A*, and for each i,2 ~ i ~ Iwl, we can write w = WIW2aW3 with 
IW1'W2al = i, a E A, 1 ~ IW21 ~ k, a E cp(W2). Such systems are extensively 
used in [1] and [59]. 

Contextual-like array grammars are considered in [12]. 
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Language Theory and Molecular Genetics: 
Generative Mechanisms Suggested by DNA 
Recombination 

Thomas Head, Gheorghe Paun, and Dennis Pixton 

1. Introduction 

The stimulus for the development of the theory presented in this chapter 
is the string behaviors exhibited by the group of molecules often referred to 
collectively as the informational macromolecules. These include the molecules 
that play central roles in molecular biology and genetics : DNA, RNA, and the 
polypeptides. The discussion of the motivation for the generative systems is 
focused here on the recombinant behaviors of double stranded DNA molecules 
made possible by the presence of specific sets of enzymes. The function of this 
introduction is to provide richness to the reading oft his chapter. It indicates 
the potential for productive interaction between the systems discussed and 
molecular biology, biotechnology, and DNA computing. However, the theory 
developed in this chapter can stand alone. It does not require a concern for its 
origins in molecular phenomena. Accordingly, only the most central points 
concerning the molecular connection are given here. An appendix to this 
chapter is included for those who wish to consider the molecular connection 
and possible applications in the biosciences. Here we present only enough 
details to motivate each term in the definition of the concept of a splicing rule 
that is given in the next section. The splicing rule concept is the foundation 
for the present chapter. 

Here we discuss only the double stranded form of DNA. Such molecules 
may be regarded as strings over the alphabet consisting of the fOUf compound 
"two-Ievel" symbols 

A 
T 

C 
G 

G 
C 

T 
A 

For illustrating a splicing rule most efficiently in molecular terms we choose 
two DNA molecules that have critical subwords recognized by specific restric
tion enzymes as explained below. 

Molecule 1: 

AAAAAAA, GA, TC, AAAAAAA 
TTTTTTT, CT, AG, TTTTTTT 

G. Rozenberg et al. (eds.), Handbook of Formal Languages
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Molecule 2: 

CCCCCCCCCCCC, TGG, CCA, CCCCCCCCCC 
GGGGGGGGGGGG, ACC, GGT, GGGGGGGGGG 

The commas have been inserted above only for clarity of reference and do 
not represent physical aspects of the molecules discussed. Suppose the strings 
above represent molecules in an appropriate aqueous solution in which the 
restriction enzymes DpnI and Ball are present and a ligase enzyme is present. 
Then the following molecule may arise: 

Molecule 3: 

AAAAAAA, GA, CCA, CCCCCCCCCC 
TTTTTTT, CT, GGT, GGGGGGGGGG 

The formation of this molecule is made possible by the three enzymes 
in the following way: When DpnI encounters a segment of a DNA molecule 
having the four letter subword 

GATC 
CTAG 

it cuts (both strands of) the DNA molecule between the A and T. When Ball 
encounters a segment of a DNA molecule having the six letter subword 

TGGCCA 
ACCGGT 

it cuts (both strands of) the DNA molecule between the G and C. In the case 
of the first two molecules above, these two actions leave four DNA molecules 
in the solution: 

AAAAAAGA 
TTTTTTCT 

CCCCCCCCCCCCTGG 
GGGGGGGGGGGGACC 

TCAAAAAAA 
AGTTTTTTT 

CCACCCCCCCCCC 
GGTGGGGGGGGGG 

The ligase enzyme has the potential to bind together pairs of these 
molecules (those which have 5' phosphates still attached, as will be the case 
where the fresh cuts have just been made). One of these possibilities allows 
the first and fourth molecules in the list to be bound producing the recom
binant 

Moleeule 3 (again): 

AAAAAAAGACCACCCCCCCCCC 
TTTTTTTCTGGTGGGGGGGGGG 

Of several possible molecules that can be formed here by the ligase, we 
have chosen to discuss this combination of the first and fourth specifically to 
allow comparison with the definition of a splicing rule presented in the next 
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section. Note that this recombinant moleeule cannot be recut by either of the 
two enzymes. This is a source of complexity in the dass of moleeules that 
may arise from such cut and paste activities. 

We now summarize the discussion above abstractly. Let Ul and U2 rep
resent the middle two subwords deli mi ted by commas in Moleeule 1 above 
and let U3 and U4 represent the middle two subwords delimited by commas 
in Moleeule 2 above. The essence of the modeling capacity of the systems 
presented in this chapter may now be illustrated: If Ball, DpnI, and a li gase 
are present in an appropriate aqueous solution, then, from any two double 
stranded DNA moleeules of the forms XlUlU2X2 and YlU3U4Y2, the moleeule 
Xl ul U4Y2 may arise. 

Ball and DpnI are examples of restriction endonudeases. Appendix A 
of [46] provides a reference list of such enzymes that indudes the patterns 
in which they cut DNA. The number of known endonudeases is now in the 
thousands with the number of distinct cutting patterns numbered in the hun
dreds. The two endonudeases we have discussed above are said to produce 
"blunt ends" when they cut DNA. In the appendix to this chapter endonude
ases are discussed that produce, not blunt ends, but what are called "sticky 
overhangs". The discussion there provides an integration of these cases into 
one generative sehe me having splicing rules all of the form suggested in the 
paragraph above. 

This chapter reports developments in formallanguage theory that provide 
new generative devices that allow dose simulation of molecular recombination 
processes by corresponding generative processes acting on strings. An initial 
set of moleeules is represented by an initial set of strings. The action of a 
set of endonudeases and a ligase is represented by a set of splicing rules 
acting on strings. The language of all possible strings that may be generated 
serves as a representation of the set of all possible moleeules that may be 
generated by the biochemical recombination processes. Usually we consider 
that, in the situation modeled, the number of copies of some of the moleeules 
in the initial set is not bounded. This condition allows for the generation 
of moleeules of arbitrarily great length, corresponding to infinite languages 
of strings. In current experiments it is common to use 1012 identical DNA 
moleeules of each given sequence. 

N umerous molecular considerations have been ignored in this introduction 
and many are also ignored in the appendix. DNA moleeules occur naturally in 
both linear and circular form and these forms interact through recombination. 
Circular and mixed recombination behaviors based on restrietion enzymes 
and a ligase are covered here in Section 5. See [22] and [23] and the biological 
references listed in them for further discussions of the modeling aspects of 
the systems treated in this chapter. Splicing concepts have been considered 
in the context of algorithmic learning theory in [54] and in the context of 
investigations of proteins in [56] and RNA in [57]. 
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2. Formallanguage theory prerequisites 

We shall first introduce some notation and terminology which we shall use 
in this chapter. For basic definitions and results in formallanguage theory, 
the reader may consult known monographs, such as [21], [25], [49], as well as 
other chapters of the present handbook. In particular, we refer the reader to 
[24), [47) for L system theory, to [18) for an overview of AFL area, and to [8) 
for regulated rewriting. 

In what follows, V is always a given alphabet. We denote: V* := the free 
monoid generated by V under the operation of concatenation, A = the empty 
string, V+ = V* - {A}, lxi = the length of the string x E V', Pref(x) 
(Suf(x), Sub(x)) = the set of prefixes (suffixes, subwords, respectively) of 
x E V*, L 2 \Ll = {w E V· I xw E L l for so me x E L 2} (the left quotient of 
L l with respect to L 2), LdL2 = {w E V* I wx E LI for some xE L 2} (the 
right quotient of L l with respect to L 2), 8!,(L) = {x}\L (the left derivative 
of L ~ V* with respect to x E V*), a~(L) = L/{x} (the right derivative of 
L ~ V* with respect to x E V*), x W Y = {XlYlX2Y2 ... XnYn I n ~ I, x = 
XlX2 ... Xn,Y = YIY2"'Yn, Xi,Yi E V', 1:S i:S n} (the shuffie operation), 
FIN, REG, LIN, CF, CS, RE = the families of finite, regular, linear, context
free, context-sensitive, and recursively enumerable languages, respectively, 
coding = a morphism h : Vj* --+ V2* such that h(a) E V2 for each a E VI, 
weak coding = a morphism h : "V;.* --+ V2* such that h( a) E V2 U { A} for each 
a E VI, restricted morphism (on a language L ~ (VI U V2)*) = a morphism 
h : (VI U V!)* --+ Vt such that h(a) = A for a E V2, h(a) =j:. A for Q, E VI, and 
there is a constant k such that Ixl:S k for each x E Sub(L) n V2*. 

Convention 2.1. In this chapter, two languages are considered equal if they 
differ by at most the empty string (LI = L 2 iff LI - {A} = L 2 - {A} ). 

3. The splicing operation 

3.1 The uniterated case 

Consider an alphabet V and two special symbols, #, $, not in V. A splicing 
rule (over V) is astring of the form 

r = UI #U2$U3#U4, 

where Ui E V*, 1 :::; i :::; 4. 
For such a rule rand strings x, Y, z E V* we write 

(x, y) f- r z iff x = XIUIU2X2, Y = YlU3U4Y2, 

Z = Xl Ul U4Y2, for some Xl, x2, YI, Y2 E V'. 

We say that z is obtained by splicing x, Y, as indicated by the rule r; ul u2 
and u3u4 are called the sites of the splicing. We call x the first term and Y the 
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second term of the splicing operation. When understood from the context, 
we omit the specification of rand we write f- instead of f- r . 

The passing from x, y to z, via f- r, can be represented as shown in Fig. 1 
below. 

An H scheme is a pair 
a = (V,R), 

where V is an alphabet and R ~ V*#V*$V*#V* is a set of splicing rules. 
Note that R can be infinite, and that we can consider its place in the 

Chomsky hierarchy, or in another classification of languages. In general, if 
R E FA, for a given family of languages, FA, then we say that the H scheme 
ais of FA type (or an FAscheme). 

For a given H scheme a = (V, R) and a language L ~ V*, we define 

a(L) = {z E V* I (x, y) f- r z, for some x, y E L, rE R}. 

Some remarks about these definitions are worth mentioning: 

- We have defined a(L) only for L ~ V*, but this restriction is not important: 
given a = (V,R), R ~ V*#V*$V*#V*, and L ~ U* such that V cU and 
L <l:. V*, we can consider the H scheme a' = (U, R) and then a'(L) is 
defined and it equals the language of strings obtained by applying the rules 
in R to elements of L (on sites being strings over V). 

- We have defined a as a unary operation with languages. It might look more 
natural to consider the binary operation 

However, the splicing operation seems to be more important from a prac
tical point of view and more interesting from a mathematical point of view 
in the iterated form; the iteration is based on the unary variant of our 
operation. 

Sometimes, given an H scheme a = (V, R) and two strings x, y E V*, we 
also denote 

a(x,y) = {z E V* I (x,y) f- r z, for some r ER}. 
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Notice that a(x,y) is in general different from a({x,y}), which is the 
union of all the four sets a(x,x),a(x,y),a(y,x),a(y,y). 

Having defined a new operation with languages, a natural problem is to 
put it in relation with the known operations in formallanguage theory. This 
problem has two parts: to see which operations, together, can simulate the 
new one and, conversely, to see which operations are implied by the new one 
in combination with other given operations. We shall approach here these 
sub-problems in the general framework of abstract families of languages; as 
consequences, we shall find the closure properties of families in Chomsky 
hierarchy with respect to the splicing operation. 

Given two families of languages, F Al, F A 2 , we define 

S(FAl , FA2 ) = {a(L) I L E FAl , and a = (V,R) with RE FA2 }. 

Therefore, the family F Al is closed under splicing of F A2 type if S(F Al, 
F A 2 ) <;:; F Al. In general, the power of the F A 2 splicing is measured by 
investigating the families S(FAl ,FA2 ), for various FAl . 

We shall examine here the families S(FAl ,FA2 ) for FAl ,FA2 in the set 
{FIN, REG, LIN, CF, CS, RE}. The results will be collected in a synthesis 
theorem, after the presentation of aseries of general lemmas. 

In all these lemmas, all families of languages are supposed to contain at 
least the finite languages (hence these families are equal or larger than FIN). 

Lemma 3.1. If FAl <;:; FA~ and FA2 <;:; F A~, then S(FAl , FA2 ) <;:; 
S(FAi, FA~), for all FAl , FAi, F A 2 , FA~. 

Proof. Obvious, by definitions. o 

Lemma 3.2. If F Al is a family of languages which is closed under concate
nation with symbols, then FAl <;:; S(FAl ,FA2 ), fOT alt FA2 · 

Proof. Take L <;:; V*,L E FAl , and c 1. V. Then Lo = Lc E FAl . For the H 
scheme a = (VU{c}, {#c$c#}) we have L = a(Lo), hence L E S(FA 1 ,FA2 ), 

for all F A 2 . 0 

Lemma 3.3. If FA is a family of languages closed under' concatenation and 
arbitmry gsm mappings, then FA is closed under REG splicing. 

PToof. Take L <;:; V*, L E FA, and an H scheme, a = (V, R), R <;:; 
V*#V*$V*#V*, R E REG. Consider a new symbol, c rf. V, and a finite 
automaton A = (K, V U {#,$},so,F,o) recognizing the language R. By a 
standard construction, we can obtain a gsm '"(, associated with A, which 
transforms every string of the form 



Language Theory and Molecular Genetics 301 

Consequently, u(L) = -y(LcL). From the closure properties of FA, we get 
u(L) E FA. 0 

Lemma 3.4. If FA is a family of languages closed under union, concatena
tion with symbols, and FIN splicing, then FA is closed under concatenation. 

Proof. Take two languages Li, L2 E FA, Li, L2 ~ V*, consider two new 
symbols, Cl, C2 i V, and the H scheme 

Obviously, 
L1L2 = u(L1Cl U C2L2). 

Hence, if FA has the mentioned properties, then L1L2 E FA. o 

Lemma 3.5. If FA is a family of languages closed under concatenation with 
symbols and FIN splicing, then FA is closed under the operations Pref and 
Suf. 

Proof. For L C V*, L E FA, consider a new symbol, c i V, and the H 
schemes 

We have 

u = (V U {cl, {#c$c#} U #V$c#), 

u' = (V U {cl, {#c$c#} U #c$V#). 

Pref(L) = u(Lc), Suf(L) = u'(cL). 

It is easy to see that using r = #c$c# we obtain (xc, yc) f-- r x and that for 
each Z E Pref(x) - {x}, xE L, there is a rule of the form r = #a$c# in u 
such that (xc, yc) f-- r z. Similarly for u' . 0 

Lemma 3.6. FA is a family of languages which is closed under substitution 
with )..-free regular sets and arbitrary gsm mappings, then S(REG, FA) ~ 
FA. 

Proof. If FA has the above mentioned closure properties, then it is also 
closed under concatenation with symbols and intersection with regular sets 
(this follows directly from the closure under gsm mappings). Now, the closure 
under concatenation with symbols and under substitution with regular sets 
implies the closure under concatenation with regular sets. We shall use these 
properties below. 

Take L ~ V*, L E REG, and an H scheme u = (V, R) with R E FA. 
Consider the regular substitution s : (V U {#, $})* --+ 2(vu{#,$} r defined 
by 

s(a) = {al, a E V, s(#) = {#}, s($) = V*$V*, 

and construct the language 

Li = V*s(R)V*. 
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Consider also the language 

L 2 = (L W {#})$(L W {#}). 

As LI E FA and L 2 E REG, we have LI n L 2 E FA. The strings in LI n L 2 
are of the form 

w = XIUI#U2X2$YIU3#U4Y2, 

for Xl 'UI U2X2 E L, YI U3U4Y2 E Land UI #U2$U3#U4 E R. 
If "( is a gsm which erases the substring #Z2$Z3# from strings of the form 

Zl #Z2$Z3#Z4, Zi E V*, 1 :::; i :::; 4, then we get a(L) = "((LI n L 2), hence 
a(L) E FA. 0 

Lemma 3.7. If FA is a family of languages which is closed under concate
nation with symbols, then for all LI, L 2 E FA we have LI/ L 2 E S(F A, FA). 

Proof. Take LI, L 2 ~ V*, LI, L 2 E FA, and c rt V. For the H scheme 

a = (V U {cl, #L2c$c#), 

we obtain 
Ld L 2 = a(Llc). 

Indeed, the only possible splicing of strings in LI c is of the form 

(XIX2c,yC) f- r Xl, for XlX2 E L I ,X2 E L 2,y E LI, 

where r = #X2C$C#. o 
Lemma 3.8. If FA is a family of languages closed under concatenation 
with symbols, then for each L E FA, L ~ V*, and c rt V we have 
cL E S(REG,FA). 

Proof. For L, c as above, consider the H scheme 

a = (V U {c, c'}, cL#c'$c'#) , 

where c' is one furt her new symbol. Clearly, this is a scheme of FA type. 
Then, 

cL = a(cV*c'), 

because the only splicings are of the form (cxc',cyc') f- r 

cx#c'$c' #, x E L, Y E V* 
cx, for r = 

o 

Lemma 3.9. If FA is a family of languages closed undeT concatenation with 
symbols and shuffie with symbols, then fOT each L E FA, L ~ V*, und e rt V, 
we have {c}Pref(L) E S(REG,FA). 

Pmof. For L, c as above, consider the H scheme of FA type 

a = (Vu {c,c'},c(L W {#})c'$c'#), 

where c' is one further new symbol. We have 

{c}Pref(L) = a(cV*c), 

because the only possible splicings are üf the form (CXIX2C', cyc') f-r CXI, für 
r = eXI #X2C'$C' #, XIX2 E L, Y E V*. 0 
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We now synthesize the consequences of the previous lemmas for the fam
ilies in the Chomsky hierarchy. 

Theorem 3.1. The relations in Table 1 hold, where at the intersection of 
the row marked with F Al with the column marked with F A2 there ap
pear either the family S(FA I ,FA2), or two families FA3,FA4 such that 
FA3 c S(FA I , F A2) c F A4. These families FA3, FA4 are the best estima
tions among the six families considered here. 

Table 1 

FIN REG LIN CF CS RE 

FIN FIN FIN FIN FIN FIN FIN 

REG REG REG REG,LIN REG,CF REG,RE REG,RE 

LIN LIN, CF LIN,CF RE RE RE RE 

CF CF CF RE RE RE RE 

CS RE RE RE RE RE RE 

RE RE RE RE RE RE RE 

Proof. Clearly, u(L) E FIN for all L E FIN, whatever u iso Together with 
Lemma 3.2, we have S(FIN,FA) = FIN for all families FA. 

Lemma 3.3 shows that S(REG, REG) ~ REG. Together with Lemma 
3.2 we have S(REG,FIN) = S(REG,REG) = REG. 

Prom Lemma 3.4 we get S(LIN,FIN) - LIN =F 0. From Lemma 3.3 
we have S(CF,REG) ~ CF. Therefore, LIN C S(LIN,FA) ~ CF = 
S(CF,FA) for FA E {FIN,REG}. 

Also the inclusions S(LIN,FA) C CF, FA E {FIN,REG}, are proper. 
In order to see this, let us examine again the proof of Lemma 3.3. If L ~ 
V*, L E LIN, and u = (V, R) is an H scheme of REG type, then u(L) = 
'Y(LcL), where c rt V and 'Y is a gsm. The language LcL has a context-free 
index less than or equal to 2. 

(The index of a language L' is the maximum number of nonterminal occur
rences in the sentential forms of derivations of strings in L', taking the most 
economical gramm ar from this point of view. Formally, if G = (N, T, S, P) 
is a grammar and D : S = WI ==> W2 ==> ... ==> W n = W is a terminal 
derivation in G, then its index is ind(D, G) = max{IWilN 11 :5 i :5 n}, the 
index of W E L(G) is ind(w, G) = min{ind(D, G) 1 D : S ==>* w}, and the 
index of G is ind( G) = sup{ ind( w, G) 1 x E L( G)}. Then, for L' E CF, 
indcF(L') = inf{ind(G) 1 L = L(G),G a context-free grammar}. See details 
in [1], [19].) 

The family of context-free languages of finite index is a full AFL [20], 
hence it is closed under arbitrary gsm mappings. Consequently, for each 
L E S(LIN,REG) we have indcF(L) < 00. Because there are context-free 
languages ofinfinite index [48], it follows that CF - S(LIN, REG) =F 0. 



304 T. Head, Gh. Paun, D. Pixton 

For every language L E RE, L <;;; V*, there are Cl, C2 ~ V and a language 
L' <;;; LCI c2 such that L' E C Sand for each w E L there is i ~ 0 such that 
WClc2 E L' (see Theorem 9.9 in [49]). Take one further new symbol, C3. The 
language L' C3 is still in C S. For the H scheme 

we have 

a(L'c3) = {w I WCIC~C3 E L'C3 for some i ~ O} = L. 

Consequently, RE <;;; S(CS,FIN). As S(RE, RE) <;;; RE (by Turing-Church 
thesis), we get S(CS, FA) = S(RE, FA) = RE for all FA. 

According to [28], every language L E RE can be written as L = Ld L 2 , 

for L I ,L2 E LIN. By Lemma 3.7, each language LdL2 with linear L I ,L2 is 
in S(LIN,LIN). Consequently, S(LIN, FA) = S(CF, FA) = RE, too, for 
all FA E {LIN,CF,CS,RE}. 

From Lemma 3.6 we have S(REG, FA) <;;; FA for FA E {LIN, CF, RE}. 
All these indusions are proper. More exactly, there are linear languages not 
in S(REG, RE). Such an example is L = {anbn I n ~ I}. 

Assurne that L = a(Lo) for so me Lo E REG, Lo <;;; V*, and a = (V, R). 
Take a finite automaton for Lo, A = (K, V, so, F, 8), let m = card(K), and 
consider the string w = am +1bm +1 in L. Let x, y E Lo and r ERbe such 
that (x,y) f- r w, x = XIUIU2X2, Y = YIU3U4Y2, W = XIUIU4Y2, for r = 
'UI #'U2$U3#U4. We have either Xl Ul = am +1 z or U4Y2 = zlbm +l , for so me 
z, Zl E {a, b } *. Assurne that we have the first case; the second one is similar. 
Consequently, x = am +1 ZU2X2. When parsing the prefix am +1 , the automaton 
A uses twice astate in K; the corresponding cyde can be iterated, hence Lo 
contains strings of the form x' = am +1+ti ZU2X2 for t > 0 and arbitrary i ~ o. 
For such astring x' with i ~ 1 we have 

This string is not in L, a contradiction. The argument does not depend on 
the type of R. (Compare this with Lemma 3.8: L ~ S(REG, RE), but 
cL E S(REG, LIN).) 

According to Lemma 3.8, S(REG,LIN)-REG =1= 0 and S(REG,CF)
LIN =1= 0. From Lemma 3.9 we have S(REG, CS) - cs =1= 0. (Consequently, 
S(REG, CF) is incomparable with LIN and S(REG, CS), S(REG, RE) are 
incomparable with LIN, CF, CS.) 

All the assertions represented in the table are proved. 0 

Some rernarks about the results in Table 1 are worth mentioning: 

- All families S(F Al, F A 2 ) characterize families in Chornsky hierarchy, with 
the exceptions of S(REG,FA2), with FA2 E {LIN,CF,CS, RE}, and 
S(LIN, F A 2 ) with F A 2 E {FIN, REG}, which are strictly intermediate 
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between families in Chomsky hierarchy. These six intermediate families 
need furt her investigations concerning their properties (elosure under op
erations and decidability, for instance). 

- Aseries of new characterizations of the family RE are obtained, starting, 
somewhat surprisingly, from "simple" pairs (F Al, F A2 )j especiaHy inter
esting is the case (LI N, LI N), in view of the fact that it seems that the 
actuallanguage of DNA sequences is not regular, or even context-free [3), 
[52]. Then, according to the previous results, it can be nothing else but 
recursively enumerable, of the highest complexity (in the Chomsky hierar
chy). 

We elose this section by examining a possible hierarchy between LI N and 
CF, defined by subfamilies of S(LIN,FIN). 

For an H scheme u = (V, R) with a finite R, we define the radius of u as 

rad(u) = max{lxll x = Ui, 1::; i::; 4, for some Ul#U2$U3#U4 ER}. 

Then, for p :::: 1, we denote by S(FA,p) the family of languages u(L), for 
L E FA and u an H scheme of radius less than or equal to p. 

Note that in the proofs of Lemma 3.2 (and 3.4, 3.5), as weH as in the 
proof of RE ~ S(CS, FIN) in Theorem 3.1, the schemes used are of radius 
1. Hence for FA E {FIN, REG, CF, CS, RE} we have 

S(FA, 1) = S(FA,p), for aH p:::: 1, 

that is, these hierarchies collapse. The same is true for FA = LI N. This 
foHows from the next lemma. 

Lemma 3.10. If FA is a family of languages closed under >'-free gsm map
pings, then S(FA,FIN) ~ S(FA, 1). 

Pmof. Take an H scheme u = (V, R) with finite R. Assurne the rules in Rare 
labelIed in an one-to-one manner, R = {rl"" ,rs}' ri = Ui,1#Ui,2$Ui,3#Ui,4, 

1 ::; i ::; s. It is easy to construct a gsm 'Y associated with R which transforms 
each string w = XIUi,lUi,2X2 in 'Y(w) = XIUi,IC;,Ui,2X2 and each string w = 
YIUi,3Ui,4Y2 in 'Y(w) = YIUi,3<Ui,4Y2, for XbX2,YbY2 E V* and ri as abovej 
Ci, C~ are new symbols, associated with ri. Consider now the H scheme u' = 
(VU{Ci,< 11::; i::; S},{#Ci$<# 11::; i::; s}). Wehave 'Y(L) E FA foreach 
language L ~ V*, L E FA, and we obviously have u( L) = u' h( L)). (The 
end of the phrase is not modified.) As rad(u') = 1, the proof is complete. 0 

Theorem 3.2. LIN c S(LIN,p) = S(LIN,FIN),p:::: 1. 

Proof. The inelusions S(LIN,p) ~ S(LIN,p + 1) ~ S(LIN, FIN),p :::: 1, 
follow by the definitions. From Lemma 3.10 we also get S(LIN,FIN) ~ 
S(LIN, 1). The relation LIN c S(LIN,FIN) is known from Theorem 3.1. 

o 
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3.2 The iterated case 

Having an H scheme a = (V, R), as considered in the previous section (R ~ 
V*#V*$V*#V*), we can also apply a to a language L ~ V* iteratively. 
Fürmally, we define 

and 

aDeL) = L, 

ai+l(L) = ai(L) U a(ai(L)), i ~ 0, 

a*(L) = U ai(L). 
i~O 

In other words, a*(L) is the smallest language LI which contains L, and 
is closed under the splicing with respect to a, a( LI) ~ LI. 

Für twü families of languages, F Al, F A 2 , we define 

H(FA I ,FA2 ) = {a*(L) I L E FA!, and a = (V,R) with R E FA2 }. 

In this way, we have a new operation with languages, the iterated splic
ing, which must be put in relation with known operations in language the
ory, and we have new families of languages, H(FAI ,FA2 ) corresponding to 
S(F Al, F A 2 ) in the previous section. In the same way, we can consider the 
hierarchies on the radius of finite H schemes, that is the families H(F A,p) 
oflanguages a*(L), for L E FA and a an H scheme with rad(a) :::; p. 

Lemma 3.11. 
(i) If FA I ~ FA~ and FA2 ~ FA~, then H(FA!,FA2 ) ~ H(FA~,FA~), 

for alt families FAll F A~, F A 2, F A~. 
(ii) H(FA,p) ~ H(FA,q), for alt FA andp:::; q. 

Proof. Obvious from definitions. D 

Lemma 3.12. FA ~ H(FA, 1), for alt families FA. 

Proof. Given L ~ V*, L E FA, consider a symbol c tf. V and the H scheme 

a = (V U { c}, { #c$c# } ). 

We clearly have ai(L) = L for all i ~ 0, hence a*(L) = L. D 

Lemma 3.13. If F Al, F A 2 , F A3 are families of languages such that both 
F Al and F A 2 are closed under shuffle with symbols and both F A 2 and F A3 

are closed under intersection with regular sets, then H(F Al, F A 2 ) S;; F A 3 

implies S(FA1 ,FA2 ) S;; FA3 · 
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Proof. Take a language L ~ V*, L E F Al, and an H scheme Ul = (V, R) 
with R E F A 2 • For c ~ V, consider the language 

L' = L W {cl 

and the H scheme U2 = (V u {c}, R') with 

R' = «R W {c}) W {cl) n V*#cV*$V*c#V*. 

From the properties of F Al, F A 2 we have L' E F Al, R' E F A2. Moreover, 

ul(L) = u~(L') n V*. 

Indeed, u~(L') = u2(L') u L' for all i ~ 1 (any splicing removes the symbol c 
from the strings of L', hence no further splicing is possible having as one of its 
terms the obtained string). Therefore, if u2(L') E FA3 , then ul(L) ~ FA3 , 

too. 0 

Corollary 3.1. In the conditions of Lemma 3.13, each language L E 
S(FA1 ,FA2) can be written as L = L' n V*, for L' E H(FAt,FA2). 

Lemma 3.14. If FA is afull AFL then H(FA,FIN) ~ FA. 

Remark 3.1. We shall only use three properties of the full AFL FA. The 
first is that FA contains all regular languages, and the second is closure un
der right and left quotient by regular languages. The third is closure under 
substitution into regular languages. That is, suppose a language L( a) is asso
ciated to each symbol a in some alphabet A. To every word w = al a2 ... an 
in A* we associate the concatenation L(w) = L(at}L(a2) ... L(an), and to a 
language R in A* we associate the union L(R) of all L(w) for wER. If all 
the languages L( a) for a E A are in a fuH AFL FA and R is regular then 
L(R) is in FA. See Theorem 11.5 in [25]. 

Proof. of Lemma 3.14 Let L ~ V* be a language in FA, and let u = (V, R) 
be a finite H scheme. The proof that u*(L) is in FA has three main steps, 
as follows. First we shall construct a language J consisting of strings which 
record entire splicing derivation trees. This language is not in general in the 
family FA. Second, we use the language J to construct a language K in the 
family FA. Third, we verify that K = u*(L). 

The auxiliary language J uses an alphabet V consisting of the symbols 
of V together with 4 additional symbols for each rule r E R. These are 
round brackets, written «r' }r' and square brackets, written [r' Dr. Our first 
requirement on the language J is that these brackets are properly nested, in 
the following sense. We say astring in V* is a nest iff it has the form «rxDr 
or [rx ))r for some r E R where, recursively, every bracket in x lies in a nest in 
x. A nest is called a left or right nest depending on whether it begins or ends 
with a round bracket. We say astring w is properly nested iff every bracket 
in w lies in a nest in w, and we write N for the set of properly nested strings. 
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This language is context-free but not regular. We define a function E from N 
to V* which operates on astring by erasing all nests. This function satisfies 
E(zw) = E(z)E(w) if z and ware both in N. 

In the rest of the proof the following notation will be useful. For a rule 
r = UI #U2$U3#U4 we write a r for the left site UI U2 and Ir for the right site 
U3U4. Also, we write ßr for the string UI U4. 

Now we can describe an analogue of the splicing operation on the strings of 
N. Suppose that r is a rule in Rand x, Y are strings in N. Suppose that these 
strings factor as Xl VX2 and Yl WY2 with each factor in N, and suppose that 
E(v) = ar , E(w) = Ir' Then we say the string z = xI«rvX2)rßr[rYIW))rY2 is 
obtained from X and Y by justified splicing using the rule r. Note that z is in N 
and that E(z) = E(XI)ßrE(Y2) is the result ofsplicing E(x) = E(xdarE(x2) 
and E(y) = E(yd,rE(Y2) using r. Conversely, suppose X and Y are in N 
and E(x) and E(y) can be spliced using the rule r. Then E(x) = x~arx~, 
E(y) = yhrY~, and the result ofthe splicing is z' = X~ßrY~' Since E operates 
by erasing nests, we can factor X as XIVX2. with E(xd = xi, E(v) = ar , 
E(X2) = x~ and with each factor in N. We can similarly factor y = YIWY2, 
and then z' = E(z) where z is the result of justified splicing using x, y, and r. 

We define J as the smallest language in V* which contains Land which is 
closed under justified splicing. It is immediate from the remarks above that 
E(J) = a*(L). 

If w is astring in J then its image E( w) may be described as the con
catenation of the substrings which remain when the maximal nests in ware 
deleted. We shall define K by identifying the possible factors in such a con
catenation and the permissible orders in which such factors may be joined. Be
fore giving the details we record a few simple facts about the language J which 
will be useful. For simplicity we formulate these and later results using only 
left nests; in each case there is a "dual" statement and proof for right nests. 

Fact 3.1. 1f w = x«rY]rz is in J with «rY]r a maximal nest then xy is in J 
and ar is aprefix of E(y). 

Proof. This is an induction on the length of w. Since w contains a nest it was 
obtained by justified splicing, w = PI«.P2].ßs[.qd).q2, where PIP2 and qlq2 
are in J, each Pi, qi is in N, a. is aprefix of E(P2) and IS is a suffix of E(qd. 
Comparing possible locations of maximal nests in w, we reduce to three cases. 

First, we may have «rY]r = C<sP2]., in which case xy = PIP2 is in J and 
a r = a s is aprefix of E(y) = E(p2)' Second, «rY]r may be a substring of PI, in 
which case it is a maximal nest in PIP2 = x«rY]rz' and we finish by induction. 
Third, «rY]r may be a substring of q2. In this case x = pIC(.P2]sßs[sqd)sx' 
and «rY]r is a maximal nest in qlq2 = qIX'«rY]rz' so, by induction, qlx'y is 
in J and a r is aprefix of E(y). But then a justified splicing operation on 
PIP2 and qlx'y using the rule s produces xy = PIC<sP2lsß.[sql))sx'y in J. 0 

Fact 3.2. 1f w = x«rY]rz and w' = x'«ry']rz' are in J with the indicated 
nests maximal then x«rY]rz' is in J. 
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ProoJ. We induct on the length of w', so suppose w' was obtained by justified 
splicing, w' = pdsP2~sßs[sql))sq2, as in the preceding proof. Again there are 
three cases. 

If ((ry't = KsP21s then r = sand z' = ßs[sqd)sq2' Hence a s = a r is a 
prefix of E(y) and xy is in J by Fact 1. Thus a justified splicing operation 
on xy and qlq2 demonstrates that xtY~rz' = xKsY~sßs[sqdsq2 is in J. 

In the second case ((ry']r is a substring of q2, so qlq2 = qlX"((ry'~rz' and 
x((rytz' is in J by an application of the inductive hypothesis to qlq2. 

In the last case ((ry'~r is a substring of PI' Hence PIP2 = x'((ry']rZ"P2. 
Again by induction x((rY~rZ"P2 is in J. Now justified splicing with qIq2 
demonstrates that xtY]rz' = x((rY]rZ"KsP2~sßs[sqd)sq2 is in J. 0 

Now suppose we have astring w in J. We start by analyzing the first 
maximal nest in wand the substring before it. It is clear that this first nest 
must be a left nest, so w = ytz]rv, Then Fact 1 implies that yz is in J 
so, if Z contains no brackets, yz is in Land a r is aprefix of z. On the other 
hand, if z contains brackets then the first maximal nest in yz must again be a 
left nest, so yz = yzdsz']sv' with ZI in V* and we can continue inductively. 
We eventually arrive at the following form: yz is in L, where z = ZlZ2 ... Zn, 
corresponding to rules rb ... , r n . Each Zk, for k < n, lies between two con
secutive round brackets in w, ((r and t with r = rk and s = rk+l, and a rn 
is aprefix of Zn. It may be that ar= is aprefix of Zm for some m < n. In 
this case we choose the first such m and replace n with m and Zm with the 
concatenation ZmZm+I ... Zn- Thus we have the representation Z = ZlZ2 ... Zn 
as above with the further condition that Zk is shorter than a rk for all k < n. 

The point of this exercise is that all such substrings y lie in the right quo
tient of L by the set of all such suffixes z. A similar description will apply to 
all the substrings of w between the maximal nests, and our next task is to 
give a more systematic account of the suffixes and prefixes which occur this 
way. 

In the rest of the proof we use the following conventions to regularize the 
notation. First, we delete from R any rules that are not actually used in the 
construction of J, so we may ass urne 

Fact 3.3. If r E R then both a r and 'Yr occur as substrings of strings in E( J). 

Second, we consider the string $, which cannot be a rule, as a "dummy" rule. 
We write L$ = L, and we write Lr = {ßr} for each rule r in R. 

Suppose r E Ru {$}, and sand t are in R. We define Fr(s, t) as the set 
of strings y in V* which are shorter than a s and for which some string in J 
contains tY((t as a substring. If r = $ we define Fr(s, $) = a s V*. If rE R we 
define Fr(s, $) as the union of a s V* and the set of strings y in V* which are 
shorter than a s and for which some string in J contains ((sY[r as a substring. 
If t i:- $ then Fr(s, t) is a finite set, and Fr(s, $) is the union of a regular 
set and a finite set, so is regular. Now we define the "suffix sets" Sr(S), for 
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rE Ru {$} and S E R, as the union of all concatenations Fl F2 ... Fn where 
n> 0 and each Fk has the form Fr(sk, tk), satisfying the following conditions: 

SI = S, tn = $, and for each k < n, tk = Sk+l. 

Consider temporarily a finite alphabet {fstl indexed by S E Rand t E 
R U {$}. Then the language over this alphabet consisting of all strings 
fSltJs2 t2 ••• fsntn which satisfy the conditions displayed above is obviously 
regular. Since the family of regular languages is closed under substitution 
into regular languages we conclude that the sets Sr(s) are regular, for sE R. 
We complete the definition by setting Sr($) = 0. 

In an entirely dual fashion we define "prefix sets" Pr(s) for r, S in RU{$}, 
and observe that they are regular. 

Now consider again astring w in J. We claim that the strings which 
occur between maximal nests in ware in the languages Lr(s, t), which are 
defined as the double quotients Pr(s)\Lr/Sr(s). To see this we consider the 
various types of such substrings. If w contains no brackets then w itself is in 
L = L$ = L$($, $) (remember that each Sr($) and Pr($) is empty). So sup
pose that w contains at least one maximal nest. The substring of w before the 
first maximal nest was analyzed above; it lies in L$/S$(t) = L$($, t) where 
the first maximal nest in w begins with ((t. Dually, the substring following 
the last maximal nest is in L$(s, $) where the last maximal nest ends with 
))s. So we consider an internal substring bounded by two maximal nests. We 
have the following possible configurations. 

• CCsx]sY[tz))t: A simple induction shows that s = t and Y = ~1s, so Y is in 
L s ($, $) = L s . 

• ((rx]rY((tz]t: This is similar to the analysis of L$($, t), using Fact 1 applied 
to the nest ((tz]t to start the induction. We continue "peeling off" such 
right nests as long as possible, until we are left with a substring of the form 
((rx]rßr[rz'))r' Hence Y is in Lr($, t). 

• IsxtY[rz))r: This is dual to the preceding case; Y is in Lr(s, $). 
• [sx))sY((tz]t: This is a combination ofthe preceding two cases, applying Fact 

1 to both the left and right nests. The conclusion is that y is in Lr(s, t), 
where r is determined by the last square bracket in [sx))s: If this bracket 
is of the form [q then r = $, and if it is ]q then r = q. Of course, r is 
equivalently determined by the first square bracket in ((tz]t. 

Thus each string in E( w) E E( J) = a* (L) lies in a concatenation 
YlY2 •.• Yn where n > 0 and each Yk has the form Lrk (Sk, t,~). Moreover, 
we claim that the following conditions are satisfied: 

Fact 3.4. rl = SI = $ and rn = tn = $. Also, for k < n, either 
$ i= tk = rk+l and Sk+l = $ or tk = $ and rk = Sk+l i= $. 

Proof. The first condition was noted above. For the second it is enough to 
see that a maximal nest in w separates any two consecutive segments, say 
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Yk E Yk and Yk+l E Yk+1. If this nest is a left nest (tZ]t then, from the dis
cussion above, we must have Yk E L.(·, t) and Yk+1 E Lt($, .), and of course 
t # $. This is the first alternative, and the second corresponds to a right nest 
between Yk and Yk+1. 0 

We define the language K as the union of all concatenations Y1 Y2 ... Yn 
satisfying the conditions above. Each language Lr(s, t) is in the dass FA 
since it is either finite or the quotient of L E FA by regular languages, and 
K is obtained by substituting these members of FA into a regular language 
(just as in the argument that Sr(s) is regular). Hence K is in FA, and we 
have already argued that E(J) = u*(L) ~ K. 

To complete the proof we must show the opposite indusion, K ~ u*(L). 
That is, given Y E K we must construct w E J so that E(w) = y. Most of 
the work is contained in the following: 

Fact 3.5. If Y E Lr(s, t) then there are strings x, Z in N so that xyz E J, 
satisfying: 

If s # $ then x ends with ))8. 
If s = $ and rE R then x ends with ]r. 

If s = $ and r = $ then x = A. 

If t # $ then z starts with (t. 

If t = $ and r E R then z starts with [r. 

If t = $ and r = $ then z = A. 

Proof. We will need the following simple observation: 

Fact 3.6. If x E V*, band b' are brackets, and bxb' is a substring of some 
w E J then bxb' is a substring of some w' E J such that either b or b' is an 
end bracket in a maximal nest. 

Proof. This follows just by choosing w' to contain bxb' and have minimal 
length. If neither b nor b' is an end bracket of a maximal nest then we can 
apply Fact 1 to obtain a shorter string in J containing bxb'. 0 

Now we consider various cases. If r = s = t = $ then Y E L$($, $) = L ~ J 
and x = Z = A. If r E Rand s = t = $ then Y = ßr. According to Fact 3 
we can find two strings in J for which justified splicing using r is possible, 
yielding Xl((rX2]rY[rZl)rZ2, and we set x = Xl{rX2]r and z = [rZ1))rZ2. 

Now consider s = $, t E R. Then there is q E Sr(t) so that yq E Lr. 
We shall induct on the the number of factors of q in the representation 
q = qlq2 ... qn E Fr(t, t2)Fr(t2, t3)··· Fr(tn, $), with tl = t variable. By Fact 
3 there is astring Wo = XoYoZo in J with all factors in N and E(yo) = "/t. We 
shall use this in the following. The obvious nests in the following construction 
are maximal, and we will generally not mention this explicitly. 
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We first consider the case n = 1, so q E Fr(t, $). Then yq E Lr, and by the 
Lr($, $) case we can find x and z' so that W = xyqz' is in J, x = A if T = $, 
and otherwise x ends with ]r. If Ctt is aprefix of q then we obtain y«tqz']tZO 
in J by justified splicing applied to wand Wo, and we set z = ((tqz']tZo. The 
alternative is that T =f. $ and q is shorter than Ctt. Then z' starts with [r 
so we can write w = xyq[rzD)rz~. By the definition of Fr($, t) some string 
of J contains «tq[r as a substring, and by Fact 6 we may find such astring 
x'«tq[rZd)rZ2]tZ3 with the nest starting at «t maximal. An application of 
Fact 1 shows that w' = x'q[rZd)rZ2 is in J and Ctt is aprefix of E(q[rzd)rZ2). 
Applying Fact 2 to wand w' we see that w" = xyq[rZl))rZ2 is in J. Since Ctt 

is aprefix of E(q[rZl))rZ2) we can use justified splicing with Wo to produce 
xY«tq[rZl))rZ2]tZO in J, and we set Z = ((tq[rZd)rZ2]tZO. 

For the general case, n > 1, we have t = tl and we set u = t2. We can 
write q = qlq' where ql is in Fr(t, u) and q' = q2q3 ... qn is in Sr(U). Hence 
the inductive hypothesis produces x and «uzUuz~ so that w = xyql«uZUuz~ 
is in J, with x = A or ending in ]r. Since ql is in F(t, u) we can find astring 
in J of the form x'«tqtC(uztDuZ2]tZ3, and by Fact 6 we can assurne that the 
nest starting with «t is maximal. By Fact 1 the string w' = x' qtC(u zdu Z2 
is also in J, and Ctt is aprefix of E(ql«uzduZ2). We can now apply Fact 
2 to wand w' to produce w" = Xyql«uZUuZ2 in J. Since Ctt is aprefix 
of E(ql((uZauZ2) = E(ql((uZl]uZ2) we can use justified splicing with Wo to 
produce XY((tql((uZauZ2]tZO in J, and we set Z = «tqtC(uZUuZ2]tZO. 

The next case, Lr(s, $) with sE R, is handled by a dual argument. Finally, 
the case Lr(s, t) with sand t both in R is handled by a double induction, 
combining the arguments of the previous two cases. 0 

Now we are ready to prove that K ~ E(J). Select y E K and represent it 
as YIY2 ... Yn where Yk E Lrk (Sk, tk) and the conditions in Fact 4 are satisfied. 
Let Y~ = YlY2 ... Yk. We shall show inductively that there is astring fikzk in 
J so that both factors are in N, EUlk) = y~, and either 

• k = n and Zk = A, or 
• k < n, T = rk =f. $ and Zk begins with Ir' or 
• k < n, t = tk =f. $ and Zk begins with ((t. 

Note that Fact 4 implies that Tk = tk = $ if and only if k = n. 
We start the induction with k = 1. Then Lrk(Sk,tk) = L$($,tl). We set 

1h = Yl and apply Fact 5 to produce Zl so that 1hzl is in J and Zl satisfies 
the appropriate alternative above. 

For the general case suppose that 1 S k < n, and that 1ik and Zk have been 
constructed. We set T = Tk+1, S = Sk+1 and t = tk+l. Since Yk+1 E Lr( S, t) 
we can find x and Z so that XYk+1Z is in J and x and Z satisfy the conditions 
of Fact 5. There are now two cases, according to Fact 4. 

The first possibility is that tk = T =f. $ and S = $. Then Zk starts with 
((r' so Zk = «rz']rz", and x ends with ]r' so x = x' «rx"]r. Now Fact 
2 applies to 1ikzk = ihtz']rz" and XYk+1Z = x'«rX"]rYk+1Z to produce 
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ih((rz']rYk+1Z in J. We set Yk+l = Yk((rZ']rYk+l and Zk+1 = z, and check that 
E(Yk+l) = E(Yk)Yk+l = Y~Yk+1 = Y~+1 and that z begins with [r since T =I- $. 

The second possibility is that Tk = S =I- $ and tk = $. Reasoning as above, 
we see that YkZk = ydszDsz~ and XYk+1Z = x'[sx"))sYk+1Z. Again Fact 2 
applies to produce Ydsx"tYk+1Z in J. We set Yk+l = Yk[sx"tYk+l and 
Zk+1 = z, and check that they suffice as above. 

The last thing to notice is that if k + 1 = n then T = $, t = $, and the 
second possibility occurs, so Z = A. 

This finishes the induction. Applying the k = n case now provides Yn E J 
so that E(Yn) = y~ = y, demonstrating that K ~ E(J). 

This completes the proof that K = E(J) = a*(L), thus completing the 
proof of Lemma 3.14. 0 

Lemma 3.15. Every language L E RE, L ~ V*, can be wTitten as L = 
L' n V* fOT same L' E H(FIN,REG). 

Proof. Consider a type-O grammar G = (N, T, S, P) and construct the H 
scheme 

a=(V,R), 

where 

v NUTU{X,X',B,Y,Z}U 

U {Y",laENUTU{B}}, 

and R contains the following groups of rules: 

1. Xw#uY$Z#vY, 
2. Xw#aY$Z#Y"" 
3. X'a#Z$X#wY"" 
4. X'w#Y",$Z#Y, 
5. X#Z$X'#wY, 
6. #ZY$X B#w Y, 
7. #Y$XZ#. 

for u -+ v E P, w E (N U T U {B} ) * , 
for a E NUTu {B},w E (NUTU {B})*, 
for a E NuT U {B}, w E (N U T U {B} ) * , 
for a E NUTU{B},w E (NUTU {B})*, 
for w E (N U T U {B})*, 
for w E T*, 

Consider also the language 

L o = {XBSY, ZY,XZ} U 

U {ZvYIU-+VEP}U 

U {ZY", , X'aZ I a E NUT U {B}}. 

We obtain L = a*(Lo) n T*. 
Indeed, let us examine the work of a, namely the possibilities to obtain a 

string in T*. 
No string in Lo is in T*. All rules in R involve astring containing the 

symbol Z, but this symbol will not appear in the string produced by splicing. 
Therefore, at each step we have to use astring in Lo and, excepting the case 
of using the string X B SY in L o, astring produced at a previous step. 
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The symbol B is a marker for the beginning of the sentential forms of G 
simulated by (J". 

By rules in group 1 we can simulate the rules in P. Rules in groups 2-5 
move symbols from the right hand end of the current string to the left hand 
end, thus making possible the simulation of rules in P at the right hand end 
oft he string produced by (J". However, because Bis always present and marks 
the place where the string of G begins, we know in each moment which is that 
string. Namely, if the current string in (J" is ofthe form ßl WIBw2ß2, for some 
ßl,ß2 markers of types X,X', Y, Ya,o: E NUT U {B}, Wl,W2 I;: (N U T)*, 
then W2Wl is a sentential form of G. 

We start from XBSY, hence from the axiom of G, marked to the left 
hand with Band bracketed by X, Y. 

Let us see how the rules 2-5 work. Take astring X wo:Y, for some 0: E 

NuT U {B}, w E (N U T U {B})*. By a rule of type 2 we get 

(Xwo:Y, ZYa ) f- XwYa . 

The symbol Ya memorizes the fact that 0: has been erased from the right 
hand end of wo:. No rule in R can be applied to X wYa , except for rules of 
type 3: 

(X'o:Z,XwYa ) f- X'o:wYa. 

Remark that exactly the symbol 0: removed at the previous step is now added 
in the front of w. Again we have only one possibility to continue, namely by 
using a rule of type 4. We get 

(X' o:wYa , ZY) f- X' o:wy. 

If we use now a rule of type 7, removing Y, then X' (and B) can never be 
removed, the string cannot be turned to a terminal one. We have to use a 
rule of type 5: 

(XZ,X'o:wY) f- Xo:wY. 

We have started from Xwo:Y and we have obtained Xo:wY, astring with 
the same end markers. We can iterate these steps as long as we want, hence 
each circular permutation of the string between X and Y can be produced. 
Moreover, what we obtain are exactly the circular permutations and nothing 
more (for instance, at every step we still have one and only one occurrence 
of B). 

To every string X wY we can also apply a rule of type 1, providing w ends 
with the left hand member of a rule in P. Any rule of P can be simulated in 
this way, at any place we want in the corresponding sentential form of G, by 
preparing the string as above, using rules in groups 2-5. 

Consequently, for every sentential form w of G there is astring X Bw Y, 
produced by (J", and, conversely, if XWIBw2Y is produced by (J", then W2Wl 
is a sentential form of G. 



Language Theory and Molecular Genetics 315 

The only possibility to remove the symbols not in T from the strings 
produced by a is by using rules in groups 6, 7. More precisely, the symbols 
XB can be removed only in the following conditions: (1) Y is present (hence 
the work is blocked if we use first rule 7, removing Y: the string cannot 
participate to any further splicing, and it is not terminal), (2) the current 
string bracketed by X, Y consists ofterminal symbols only, and (3) the symbol 
B is in the left hand position. After removing X and B we can remove Y, 
too, and what we obtain is astring in T*. From the previous discussion, it is 
dear that such astring is in L(G), hence a*(Lo) n T* ~ L(G). Conversely, 
each string in L(G) can be produced in this way, hence L(G) ~ a*(Lo) nT*. 
We have the equality L(G) = a*(Lo) n T*, which completes the proof. 0 

Lemma 3.16. Let FA be a family of languages closed under intersection 
with regular sets and restricted morphisms. For every L ~ V*, L fj. FA, and 
c, d fj. V, we have L' fj. H(FA, RE), for 

L' = (dc)* L(dc)* U c(dc)* L(dc)*d. 

Proof. For L, c, das above, denote 

LI = (dc)*L(dc)*, 

L2 = c(dc)*L(dc)*d. 

Because L = LI n V* = L' n V* and L = h(L2 n cV*d) = heL' n cV*d), 
where his the morphism defined by h(a) = a, a E V, and h(c) = h(d) = A, it 
follows that LI fj. FA, L 2 fj. FA, and L' = LI U L 2 fj. FA. 

Assurne that L' = a*(Lo), for some Lo E FA and a = (V, R) with 
arbitrary R. Because L' fj. FA, we need effective splicing in order to produce 
L' from Lo. That is, splicings (x,y) I-r z with x -# z,y -# z,x,y E Lo 
are necessary. Write x = XIUIu2x2, Y = YIu3U4Y2, for some XI,X2,YI,Y2 E 
(V U {c, d}*), and r = UI #U2$U3#U4 E R. 

If x E LI, then x' = cxd E L 2,x' = CXIUIU2X2d, hence we can per form 
(x', y) I-r Zl = CXIUIU4Y2 = cz. If zEL', then cz fj. L', a contradiction. 

Therefore, x must be from L 2. Then x' = dxc E LI, x' = dXIUIU2X2C, 
hence we can perform (x', y) f- r Zl = dXI UI U4Y2 = dz. Again we obtain a 
parasitic string. Since the splicing is not possibIe, we must have a*(Lo) = Lo, 
which contradicts L' -# Lo. 

As the type of R plays no role in the previous argument, we have L' fj. 
H(FA,RE). 0 

Theorem 3.3. The relations in Table 2 hold, where at the intersection of 
the row marked with F Al with the column marked with F A 2 there appear 
either the family H (F Al, F A 2), or two families F A3, F A4 such that F A 3 C 

H (F Al, F A 2 ) c F A 4. These families F A3, F A4 are the best estimations 
among the six families considered here. 
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Table 2 

FIN REG LIN CF CS RE 

FIN FIN,REG FIN,RE FIN,RE FIN,RE FIN,RE FIN,RE 

REG REG REG, RE REG,RE REG,RE REG,RE REG,RE 

LIN LIN, CF LIN,RE LIN,RE LIN,RE LIN,RE LIN,RE 

CF CF CF,RE CF,RE CF,RE CF,RE CF,RE 

CS CS,RE CS,RE CS,RE CS,RE CS,RE CS,RE 

RE RE RE RE RE RE RE 

Proof. From Lemma 3.12 we have the inclusions F Al ~ H(F AI, F A 2), 

for an values of FAI ,FA2 . On the other hand, H(FAI ,FA2 ) ~ RE 
for all FAI ,FA2 • With the exception of the families H(RE,FA2 ), which 
are equal to RE, all inclusions H(FA I ,FA2 ) ~ RE are proper: From 
Lemma 3.16, we see that all the following differences are non-empty REG
H(FIN, RE), LIN -H(REG,RE), CF-H(LIN,RE), CS-H(CF,RE), 
RE - H(CS, RE). 

Lemma 3.14 and Lemma 3.12 together imply that H(REG, FIN) = 
REG. Hence we have H(FIN,FIN) ~ REG. This inclusion is strict by 
Lemma 3.16. 

From Lemma 3.13 we obtain the strictness of the inclusions LIN c 
H(LIN, FIN), and CS c H(CS, FIN). The same result is obtained if FIN 
is replaced by any family F A2 • 

Lemma 3.14, together with Lemma 3.12, implies H(CF, FIN) = CF. 
We also have H(LIN, FIN) ~ CF. The inclusion is proper by Lemma 3.16). 

From Lemma 3.15 we see that RE is the best estimation for H(F Al, F A2 ), 

FA2 =I- FIN (H(FIN,REG) - FA =I- 0 for an families FA c RE which are 
closed under intersection with regular sets). 

The only thing which remains to be proved is the assertion that H(FIN, 
FIN) contains infinite languages. This is even true for H(FIN, 1): for (J" = 
( {a}, {a#$#a}) we have (J"* ( {a}) = a+. Thus, the proof is complete. 0 

Many of the relations in Table 2 are of interest: 

- The iterated splicing with respect to regular sets of rules leads the regu
lar languages (even the finite ones) into non-regular (even non-recursive) 
languages (this is not true for the "weaker" case of uniterated splicing); 
therefore, the result in [6], [44] cannot be improved. 

- The iterated splicing with respect to (at least) regular sets of rules already 
leads the finite languages to non-context-sensitive languages. In fact, for an 
F A2 containing the regular languages, the intersections of the languages 
in H (F Al, F A2 ) with regular languages of the form V* characterize the 
family of recursively enumerable languages. 

- However, an the families H(FA I ,FA2 ),FAI =I- RE, have surprising lim
itations. When F A~ is the smallest family among those considered here 
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which strictly includes F Al, there are languages in F A~ which are not in 
H(FAl ,FA2), for all FA2, including FA2 = RE. 

In view of the equalities H(FA, FIN) = FA, for FA E {REG, CF, RE}, the 
hierarchies on the radius of H schemes collapse in these cases. The problem 
is still open for FA E {LIN, CS}, but for FIN we have 

Theorem 3.4. FIN C H(FIN, 1) C H(FIN, 2) c ... C H(FIN,FIN) c 
REG. 

Proof. The inclusions follow from the definitions and Lemma 3.12; the strict
ness of the first and last inclusions is already known. 

For k ~ 1, consider the language 

Lk = {a2kb2kanb2ka2k I n ~ 2k + I}. 

It belongs to H(FIN, k + 1), because Lk = lT*(LU, for 

L~ = {a2kb2ka2k+2b2ka2k}, 

lT = ({a,b},{ak+l#ak$ak+1#ak}). 

(The splicing rule can be used only with the sites ul U2 = a2k+l and U3U4 = 
a2k+1 in the central substring, a2k+i ,i ~ 1, of strings in L k. Hence we can 
obtain strings with a2k+i+1 as a central substring, for all i ~ 1.) 

Assume that Lk = lTi(L%), for some finite language L% and an H scheme 
lTl = (V,R) with rad(lTl) ::; k. Take a rule r = Ul#U2$U3#U4 E Rand two 
strings x,y E Lk to which this rule can be applied, x = a2kb2kanb2ka2k,n ~ 
2k + 1, Y = Yl U3U4Y2· Because IUl u21 :$ 2k, if Ul U2 E a*, then Ul U2 is 
a substring of both the prefix a2k and of the suffix a2k , as weIl as of the 
central subword an of x. Similarly, if Ul U2 E b*, then Ul U2 is a substring 
of both substrings b2k of x. If Ul U2 E a+b+, then Ul U2 is a substring of 
both the prefix a2kb2k and of the subword anb2k of X; if Ul U2 E b+ a+, then 
Ul U2 is a substring of both the suffix b2k a2k and of the subword b2k an of 
x. In all cases, splicing x, Y according to the rule r we find at least one 
parasitic string, hence the equality Lk = lTi(L%) is not possible. Therefore, 
H(FIN, k + 1) - H(FIN, k) i= 0, for all k ~ 1. D 

Although the families H(FIN, 1) and REG seem to be so different (sit
uated at the ends of an infinite hierarchy), they are equal modulo a coding. 

Theorem 3.5. Every regular language is a coding of a language in the family 
H(FIN,l). 

Proof. Let L E REG be generated by a regular grammar G = (N, T, S, P); 
hence the rules in P have the forms X -+ aY, X -+ a, for X, YEN, a E T. 
Consider the alphabet 

v {[X, a, YJ I X -+ aY E P, X, YEN, a E T} U 

U {[X,a,*J I X -+ a E P, XE N,a E T}, 
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the H scheme 

er = (V, {[X, a, Y]#$#[Y, b, Z]I [X, a, Y], [Y, b, Z] E V} U 

U{[X, a, Y]#$#[Y, b, *]1 [X, a, Y], [Y, b, *] E V}), 

and the finite language 

Lo {[S, a, *]1 S ---> a E P, a E T} U 

U {[Xl, al, X 2][X2, a2, X 3] ... [Xk, ak, Xk+I][Xk+1, ak+1, *]1 
k ~ 1, Xl = S, Xi ---> aiXi+1 E P, 1:::: i :::: k, Xk+l ---> ak+l, 

and for no 1 :::: i l < i 2 < i 3 :::: k we have 

[Xi"ai"Xi1 +1] = [Xi2,ai2,Xi2+d = [Xi3,ai3,Xi3+1]} 

(we can have at most pairs of equal symbols of V in astring of Lo, but no 
triples of equal symbols). Consider also the coding h : V ~ T defined by 

h([X, a, Y]) = h([X, a, *]) = a, X, YEN, a E T. 

We have the relation 
L = h(er*(Lo)). 

Indeed, each string in Lo corresponds to a derivation in G and if x, Y 
are strings in er*(Lo) describing derivat ions in C, x = xl[X,a, Y][Y,a', Z']X2 
and Y = YI[X', b', Y] [Y, b, Z]Y2, then z = xI[X, a, Y][Y, b, Z]Y2 E er(x, y) and 
obviously z corresponds to a derivation in G, too. The coding h associates 
to such astring w describing a derivation in G the string h( w) genera ted by 
this derivation. Consequently, h(er*(Lo)) <;;:: L. 

Conversely, consider the strings in V* describing derivations in G. Such 
strings w of length less than or equal to two are in Lo hence in er* (Lo). 
Assume that all such strings of length less than or equal to some n ~ 2 are 
in er*(Lo) and consider astring w of the smallest length greater than n for 
which a derivation in G can be found. Because Iwl > n ~ 2, it follows that 
w tf. Lo, hence w contains a symbol [X, a, Y] on three different positions: 

Then 

w' = Wl[X, a, Y]W2[X, a, Y]W4, 

w" = Wl [X, a, Y]W3[X, a, Y]W4 

describe correct derivations in G and Iw' 1 < Iw I, Iw" 1 < Iw I, hence w', w" E 
er*(Lo) by the induction hypothesis. From the form of w', w" and of splicing 
rules of er we have w E er( w', w"), hence w E er* (Lo), too. 

For each derivation in C we find astring w E er* (Lo) such that h( w) is 
exactly the string generated by this derivation. In conclusion, L <;;:: h(er*(Lo)). 

o 
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3.3 The case of multisets 

In the previous section, when iterating an H scheme a = (V, R) starting from 
a language L ~ V*, we have assumed that each string in L, or obtained by 
iterated splicing, is present in an unbounded number of copies: after splicing 
x, y in order to obtain z, the strings x, y are still available for further splicings. 
The same is true for z. 

However, it is natural (also biologically motivated) to imagine that the 
terms of the splicing are "consumed" when producing new strings, that the 
new strings are composed of parts of the strings entering the operation, hence 
the old strings disappear in this way. This is possible for the definition of 
a*(L) in the previous section if we assurne that we have infinitely many 
copies of each string. 

Restricting this assumption, we are lead to considering multisets, sets with 
multiplicities associated to their elements. 

Take an alphabet V. A multiset over V* is a mapping M : V* ----+ Nu 
{oo}; M(x) is the number of copies of x E V* in this multiset. The set {w E 
V* I M(w) > o} is called the support of M and it is denoted by supp(M). A 
usual set S is a multiset with Sex) = 1 for xE Sand Sex) = ° for x ~ S. For 
two multisets M l , M 2, we define the union by (Ml UM2)(x) = M l (x)+M2(X) 
and the diJJerence by (Ml - M 2)(x) = max{O, Ml(x) - M 2(xn. 

In the previous section we have implicitly worked with multisets M of the 
form M(x) = 00 for all xE supp(M); we call them w multisets. 

Consider now an H scheme a = (V,R), with R ~ V*#V*$V*#V*. For 
two multisets M l , M2 over V* we define 

M l :=::}". M 2 iff there are x, y, z, w E V* such that 

(i) Ml(X) > O,(Ml - ({x,In)(y) > 0, 

(ii) x = XlUlU2X2,y = YlU3U4Y2, 

Z = XlUlU4Y2,W = YlU3U2X2, 

for some xl, X2, Yl, Y2 E V* and 

Ul #U2$U3#U4 E R, and 

(iii) M 2 = «(Ml - ({x, In) - ({y, In) U ({z, In) U {{w, In. 

At point (iii) we have operations with multisets. The writing above covers 
also the case when x = Y (then we must have Ml(x) ~ 2) or z = w. 

When understood, we omit the subscript a and we write simply M l :=::} 

M 2 . The reflexive and transitive closure of :=::} is denoted by :=::}*. 

An H scheme a = (V, R) associates a language to a multiset M over V* 
as follows: 

a*(M) = {w E V* I there is M:=::}; M' such that w E supp(M'n. 

For two families of languages, FAl,FA2, we denote by H(mFAl ,FA2) 
the family of languages of the form a*(M), for a = (V, R), RE FA2, and M 
a multiset over V* such that supp(M) E FAl . 
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The use of multisets has a surprisingly strong influence on the power of 
the (iterated) splicing. 

Theorem 3.6. Each language L E RE, L ~ V', can be written in the form 
L = LI n V', where LI E H(mFIN,FIN). 

Proof. Consider a type-O Chomsky grammar G = (N, T, S, P), with the rules 
in P of the form u -> v where 1 :::; lul :::; 2, 0 :::; lvi:::; 2, and u =f. v (for 
instance, we can take G in Kuroda normal form). Also ass urne that the rules 
in P are labelled in an one-to-one manner with elements of a set K; we write 
r : 'U -> v, for r being the label of u -> v. By U we denote the set NuT and 
we construct the H scherne a = (V, R), where 

and the set R contains the following splicing rules: 

1. 8182Yu#ß1ß2$(r)v# [rl, 

2. Y #u [rl $(r)#va, 
3. 8182Ya#ß1ß2$ZlaY#Z2, 

4. 8#Y aZ2$Zl #aY ß, 

5, 8aY #ß1ß2ß3$Zl Y a#Z2, 

6. 8#aY Z2$Zl #Y aß, 

7. #YY$XrY#w, 
8. #X~$Y3#. 

for r : u -> v E P, 
ß1, ß2 E U u {X2}, 81 ,82 EU U {Xt}, 
for r : u -> v E P, a E U U {X 2}, 
for a E U, ß1, ß2 E U U {X d, 
81 ,82 E U U {Xl}, 

for a E U, 8 E U U {X d, 
ß E Uu {X2}, 
for a E U, ß1 E U, ß2, ß3 E U U {X d, 
8 E Uu {Xd, 
for a E U, 8 E U U {X d, 
ß E Uu {X2}, 
for w E {Xi} u T{Xi} U T2{X2 } U T 3 , 

Consider also the multiset M containing the string 

Wo = X;YSX~, 

with the multi pli city M(wo) = 1, and the following strings with infinite 
rnultiplicity: 

W r (r)v [r], for r : u -> v E P, 
WO' Zl aYZ2, for a E U, 
w~ Zl YaZ2, for a E U, 
Wt YY. 

The idea behind this construction is the following. The rules in groups 
1 and 2 simulate rules in P, but only in the presence of the symbol Y. The 
rules in groups 3 and 4 move the symbol Y to the right, the rules in groups 
5 and 6 move the symbol Y to the left. The "starting string" in M is Wo. All 



Language Theory and Molecular Genetics 321 

the rules of types 1-6 involve astring derived from Wo and containing such 
a symbol Y introduced by the string Wo; note that each such rule can only 
use one string in M which is different from Wo. At any splicing step we have 
two occurrences of Xl at the beginning of astring and two occurrences of 
X 2 at the end of astring (maybe the same string). The rules in groups 1, 3, 
and 5 separate strings of the form xl zX~ into two strings xl Zl, Z2X~, each 
having multiplicity one; the rules in groups 2, 4, and 6 bring together these 
strings, leading to astring of the form Xl z' xi. The rules in groups 7 and 
8 remove the auxiliary symbols Xl, X 2, Y. If the remaining string is in T*, 
then it is an element of L(G). The symbols (r), [r] are associated with the 
labels in K, and Zl and Z2 are associated with moving operations. 

Using these explanations, the reader can easily verify that each derivation 
in G can be simulated in a, that is we have L( G) ~ a* (Lo) n T* . 

Let us consider in some detail the opposite inclusion. We claim that if 
M ==>~ M' and w E T*, M'(w) > 0, then w E L(G). 

As we have pointed out ab ove , a direct check confirms that we cannot 
splice two strings of the form W n w a , w~, Wt (for instance, the symbols 6, ß in 
rules of type 4 and 6 prevent the splicing of W a , w~, 0: EU). In the first step, 
we have to start with Wo = XrYSXi, M(wo) = 1. Now assume that we have 
astring XrwlYw2Xi with multiplicity 1 (wo is of this form). If W2 = UW3 
for some r : u -+ v E P, then we can apply a rule of type 1. Using the string 
(r)v[r] from M we obtain 

(XrwlYuw3Xi, (r)v[r]) I- (XrwlYu[r], (r)vw3Xi). 

No rule from groups 1 or 3-8 can be applied to the obtained strings, because 
so far no string containing y3 has been derived. From group 2, the rule 
Y#u[rJ$(r)#vo: can be applied involving both these strings, which leads to 

(XrwlYu[r],(r)vw3Xi) I- (XrwlYvw3Xi, (r)u[rJ) , 

where the string (r)u[r] can never participate to a new splicing, because 
in the rule r : u -+ v from P we have assumed u =1= v. The multiplicities 
of XrwIYu[r] and (r)vW3Xr have been reduced to ° again (hence these 
strings are no more available), the multiplicity of XrwlYvw3Xi is one. In 
this way, we have passed from xlwl Y uW3Xi to XrWl Y vW3Xi, both having 
the multiplicity one, which corresponds to using the rule r : u -+ v in P. 
Moreover we see that at each moment there is only one string containing xl 
and only one string (maybe the same) containing xi in the current multiset. 

If we apply a rule of type 3 to astring XrWl Y o:w3Xi, then we get 

(XrwlYO:W3Xi,Zlo:YZ2) I- (XrwIYo:Z2, Zlo:Yw3Xi). 

No rule frOln groups 1-3 and 5-8 can be applied to the obtained strings. By 
using a rule from group 4 we obtain 
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The first of the obtained strings has replaced XfWI Y aW3Xi, which now has 
the multiplicity 0 (hence we have interchanged Y with a) and the second one 
is astring in Lo. 

In the same way, one can see that the use of a rule of type 5 must be 
followed by the use of the corresponding rule of type 6, which results in 
interchanging Y with its left hand neighbour. 

Consequently, at each step we have a multiset with either one word 
XfWI Y w2xi or two words Xf ZI, z2xi, each one with multi pli city 1. Only 
in the first case, provided WI = A, we can remove XfY by using a rule from 
group 7; then we can also remove xi by using the rule in group 8. This is 
the only way to remove these symbols not in T. If the obtained string is not 
in T*, then it cannot be processed further, because it does not contain the 
symbol Y. In condusion, we can only simulate derivations in G and move 
Y freely in the string of multiplicity one, hence a*(M) n T* <;;:; L(G). This 
completes the proof. 0 

The fact that we have worked with multisets is essential, otherwise par
asitic strings can be obtained, for instance, by illegally combining strings 
obtained from different starting strings. 

Corollary 3.2. H(mFIN, FIN) contains non-recursive languages. 

A more precise statement will be given below. This corollary suggests 
that H(mFIN,FIN) is a "very large" family. Just the opposite conclusion 
follows from the next result: 

Theorem 3.7. There are regular languages which do not belong to H (mF I N, 
RE). 

Proof. Consider the language 

L = (ab)+ U (ba)+. 

Assurne that L E H(mFIN, RE), let a = (V,R) be an H scheme with 
arbitrary Rand let M be a multiset with finite support such that L = a*(M). 
Consider a rule r = UI #U2$U3#U4 in R effectively used in a splicing (there 
is such a rule, because L is infinite and supp(M) is finite). Obviously, r 
can be applied to all strings W in (ab)+ or in (ba)+ with Iwi ~ IUIu21 + 2, 
Iwi ~ IU3u41 + 2. 

Each string W E supp(M) must be in L, hence it is either in (ab)+ or in 
(ba)+. 

In order to produce astring in (ab)+ we have to start from two strings in 
(ab)+; in order to produce astring in (ba)+ we have to start from two strings 
in (ba)+ (otherwise the obtained strings are of the form aza or bzb). Therefore, 
the strings in (ab) + are prod uced independently ofthe strings in (ba) +. This 
irnplies that we can pass frorn a multiset M' such that M ===? * M', to both 
a multiset MI by producing a new string in (ab)+, and to a multiset M 2 by 
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producing astring in (ba)+. When passing from M' to Mb the elements of 
(ba)+ remain unchanged, M1(x) = M'(x) for all xE (ba)+. Similarly, when 
passing from M' to M 2 : M2(x) = M'(x) for all x E (ab)+. Consequently, there 
is a multiset M" such that M ==>* M" and there are Wl E supp(M")n(ab)+ 
and W2 E supp(M")n(ba)+ such that IWll ~ IUlU21+2, and IW21 ~ IU3U41+2. 
This means that the splicing rule Ul #U2$U3#U4 can be applied to Wl, W2 and 
we obtain two strings of the form aza, bz'b, a contradiction. In conclusion, 
the equality L = u*(M) is impossible. 0 

Corollary 3.3. Allfamilies H(mFIN, FA), FA arbitrary, are incomparable 
with all /amilies F A' such that REG ~ F A' C RE, and F A' is closed under 
intersection with regular sets. 

Proof. Combine Theorem 3.6 with Theorem 3.7. o 

Open problems. In the proof of Theorem 3.6 we have used a splicing scheme 
with radius five. Can this bound be improved? What is the optimal result? 
Which restrictions on the H schemes and/or On the starting multisets can 
lead to languages u*(M) which are context-free or context-sensitive? (Then 
the membership problem for such languages will be decidable.) 

If we have a multiset M over V* , we can define its weight by 

wht(M) = L lxi· M(x). 
zEV· 

If u = (V, R) and M ==>* M', then clearly wht(M) = wht(M' ). If we start 
from M such that wht(M) < 00 (this means that supp(M) is finite and 
that M(x) < 00 for all x E V*), then there are only finitely many different 
multisets M' such that M ==> * M'. 

This (simple) case raises aseries of interesting problems. For instance, 
given M with wht(M) < 00 and an H scheme u = (V, R), we can construct 
the finite directed graph (describing the evolution of M as determined by u) 

r(u,M) = (U,E), 

where 

U = {M' I wht(M' ) = wht(M)}, 

E = {(M/,M") I M/,M" E U,M' ==>". M"}. 

Therefore, by examining this graph we can decide whether or not a given 
multiset is reachable from M and whether or not there are infinite chains 
M ==> M l .==> .... We can also determine the largest degree 0/ nondeter
minism in the evolution of M, that is the largest outdegree of vertices in 
r(u, M), and so on and so forth. 

How cOqlplex is the problem of deciding of what type is the evolution of 
an arbitrarily given multiset M with respect to an arbitrarily given H scheme 
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a? Are there pairs (M, a) leading to evolutions of various types and having 
a prescribed degree of nondeterminism, length of deterministic intervals, or 
other prescribed features? 

We do not consider in details such problems, but we only present some 
examples. 

Take V = {u, b}, the multiset Mo defined by 

Mo(ubbb) = Mo(ubu) = 1, 

(for the not mentioned strings we have Mo(x) = 0) as wen as the splicing 
scheme 

We obtain 

where 

a = (V, { u#b$ub#b} ). 

MI(ubbu) = MI (ubb) = 1, 

M 2(ub) = M 2(ubbbu) = l. 

Therefore, the evolution is infinite and its degree of nondeterminism is 2. AI
though the evolution is infinite, it is important to note that it is not necessar
ily cyclic. Indeed, there are cube-free infinite strings over the two-Ietter alpha
bet {O, I} [55]. Take such an infinite sequence z and assurne that it starts with 
o (we can remove the initial occurrences of 1, at most two, if z does not start 
with 0) and consider the morphism h defined by h(O) = MoMI , h(l) = M 2M I . 

It is easy to see that h(z) is a correct evolution of Mo, because from MI we 
can go in r(a, Mo) both to Mo and to M 2. The sequence h(z) is cube-free, 
hence non-cyclic. 

Consider now the alphabet V = {Ui 11 ~ i ~ n} U {b}, for some even n, 
and the multiset Mo defined by 

MO(UI) = 1, 

Mo(bffiunbffiun_IUnUn_2Un_IUn_3Un_2 ... U5U6U4U5U3U4U2U3UtU2) = 1. 

Take also the H scheme 

a = (V, {#Ui$Ui# 11 ~ i ~ n} U {#b$b#}). 

We obtain (we write directly the unique strings in the support of multisets): 

(Ub bffiunbffiun_l'" U5U6U4U5U3U4U2U3UlU2) ==:} 

(U2, bffiunbffiun_l'" U5U6U4U5U3U4U2U3Ui) ==:} 

(u3ui, bffiunbffiun_l'" U5U6U4U5U3U4U~) ==:} 

(U4U~, bmunbmun_l ... U5U6U4U5U~ui) ==:} 

( 2 2 bm bm 2 2) U5u3Ul, un Un-l ... U5U6U4u2 ==:} 

( 2 2 bffi bffi 2 2 2) U6u4u2, un Un-l ... u5u3ul ==:} •.. ==:} 

(bm 2 2 2 2 bm 2 2 2 2) un-l un-3' .. u3u l' unun _2' .. u4u2 . 
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Therefore, for n steps the evolution is deterministic. Now, the rule #b$b# 
can be applied for each b in the first string and each b in the second one, hence 
the degree of nondeterminism is m 2 • From now on, the evolution can continue 
forever, always using the rule #b$b#. 

We elose this section by inviting the reader to examine the following 
example: 

V={a,b}, 

Mo(aab) = Mo(aba) = 1, 

a = (V, {#a$a#}). 

The graph F(a, Mo) contains 11 vertices, 4 of which have no successor (they 
are "dead")j Mo reproduces itself (there is an edge (Mo, Mo)), but no other 
node can evolve back to Mo, there are infinite paths, etc. 

However, if we replace a by 

a' = (V, {a#$a#}), 

then the obtained graph will be quite different: there are only 8 vertices, all 
of them reproduce themselves, there is no dead node, and from each node we 
can return to Mo. 

If we replace a' by 
a" = (V,{a#$#a}), 

then the changes are dramatic: the associated graph contains 22 vertices, 7 
of them are dead, 2 can reproduce themselves, etc. 

Very small modifications of the evolution rules give rise to dramatic 
changes in the evolution. The interpretation is somewhat expected: the evo
lution can have any conceivable form, it is very sensitive, and it is difficult 
to anticipate it ... 

4. Generative mechanisms based on splicing 

The usual understanding of the notion of a generative mechanism (or gram
maT) is that of a finite device able to generate potentially infinite languages, 
starting from given axioms, via a derivation p1'Ocess. Having a finite H scheme, 
a = (V, R), if we associate to it the language a*(L), for some (finite) lan
guage L, then we have a grammar-like device. We can write it in the form 
"Y = (V, L, R). Therefore, in this sense, the whole Section 3.1.2 deals with 
grammars based on splicing, with the remark that we have considered such 
tripies (V, L, R) with the components R, L not necessarily finite. More ex
plicitly designed grammar-like mechanisms will be considered in the next 
two sections, starting somewhat from the extreme possibilities: one of the 
simplest (yet interesting) cases is investigated in Section 4.1, whereas in Sec
tion 4.2 we allow also infinite components in our devices. 



326 T. Head, Gh. Paun, D. Pixton 

4.1 Simple H systems 

A simple H system is a tripie 

'"1 = (V, A, M), 

where V is an alphabet, A ~ V* is a finite language (ofaxioms) and M ~ V; 
the symbols of Mare called markers. 

For x,y,z E V* and a E M we write 

(x,y)f-a z iff X=XlaX2,y=YlaY2,Z=XlaY2, 

for some Xl,X2,Yl>Y2 E V*. 

Therefore, the symbols a E Mare used for building splicing rules of the 
form a#$a#. Consider the associated H scheme 

aM = (V, {a#$a# la E M}). 

We define the language generated by '"1 as 

L(-y) = a~(A), 

where aM is defined as in the previous sections (in the free mode). 
Consequently, we have here a very particular type of iterated H scheme 

(with radius one), applied to a finite language, and, according to Lemma 
3.14, each language generated in this way is regular. We shall give stronger 
fonns of this assertion below. 

We denote by SH the family of languages L(-y), where '"1 is a simple H 
system. From the previous remarks, we have SH ~ H(FIN, 1). 

The following statements (characterizations and necessary conditions for 
a language to be in the family SH) can be easily proven. 

Lemma 4.1. If'"1 = (V, A, M) is a simple H system, then L('"1) is the smallest 
language L ~ V* such that (1) A ~ L, and (2) aM(L) ~ L. 

Lemma 4.2. (i) If L E SH is an infinite language, then there is M ~ 
alph(L), M =I- 0, such that aM(L) ~ L. 

(ii) If L E SH, L ~ V*, and a+ ~ L for some a E L, then a{a}(L) ~ L. 

Using point (i) in the previous lemma, we can, for instance, prove that the 
language L = a+b+a+b+ is not in SH (we have (abab,abab) f- a ababab fj. L, 
and (abab, abab) h ababab fj. L, hence we cannot have M =I- 0 as in the 
lemma). 

Using point (ii), we obtain 

Lemma 4.3. A language L ~ a* is in SH if and only if it is either finite or 
equal to a*. 
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(Remember that "equal to a*" means a* or a+, because we do not distin
guish between languages difIering by A.) 

Corollary 4.1. SH c H(FIN, 1). 

Prooj. By the previous lemma, the language L = {an In 2: 2} is not in SH, 
but L = a*({a3}) for a = ({a},{a#a$a#a}), hence L E H(FIN,l). 0 

Also, a characterization of languages in SH of the form w*, where w is a 
string, can be found: 

Lemma 4.4. For w E V+ we have w* E SH if and only if there is a E V 
such that Iwla = l. 

Prooj. If w = Wlaw2,lwla = 1, then w* = L(r) for r = (V, {w2},{a}): 
a{a}(W2,W2) = {w,w2,w3} and (wi ,W2) I-a wi +1,i 2: 3. 

Conversely, if w* E SH, then w* = L(r) for some , = (V,A,M), and we 
must have M =1= 0 and IwlM > o. Take a E M and assurne that Iwl a 2: 2, w = 
wlaw2aw3. Then (w, w) I-a Wlaw3. Because IWlaw31 < Iwl and Wlaw3 =1= A, 
we have WI aW3 f/- w*, a contradiction. Therefore, Iw la = 1 for each a E M. 0 

Using these lemmas we can obtain 

Theorem 4.1. The family SH is an anti-AFL. 

Prooj. For union and concatenation we take LI = a+ b, L 2 = b+ a, for Kleene 
+ we take L = aabb, for the intersection with regular sets it is enough to 
note that V* E SH for each V, for morphisms we consider L = a+b U c+d 
and h defined by h(a) = h(d) = a, heb) = h(e) = b, whereas for inverse 
morphisms we take L = {a} and h defined by h( a) = a, h( b) = A (hence 
h- 1 (L) = b+ab+). 0 

From Theorem 3.5 we know that each regular language is a coding of a 
language in H(FIN, 1). A similar result is true for the family SH (which, we 
have pointed out, is astriet subfamily of H(FIN, 1)). 

Theorem 4.2. Every regular language is the image of a language in SH 
through a coding. 

Prooj. Let G = (N, T, S, P) be a regular grammar (hence with rules of the 
forms X -t aY, X -t a, for X, YEN, a E T). We construct the simple H 
system, = (W, A, W), where 

and A eontains all strings of the form 

for each derivation in G 
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8: S = X o ==? a1X 1 ==? a1 a2X2 ==? .. ==? a1 ... akXk ==? a1 a2 ... akak+l, 

sueh that k ~ 0 and eaeh rule Xi --+ ai+lXi+l,O :::: i :::: k, appears in 8 at 
most two times. 

The set A is finite (eaeh derivation as above has at most 2·eard(P) steps). 
Consider the eoding h : W* --+ T* defined by h((X1, a, X 2 )) = a, Xl E 

N,a E T,X2 E Nu {*}. 
The inclusion h( L(-y)) S;; L( G) follows from the eonstruction of'Y and the 

definition of h (the splicing eontinues eorrectly the beginning of a derivation 
in G with the end of another derivation in G). 

Conversely, eonsider a derivation 8 in G. If eaeh rule used in 8 appears at 
most twiee, then W/j E A, and h(w/j) is the string generated by 8. If there is 
a rule Xi --+ aH1XHl used at least three times in 8, then W/j is of the form 

Z = Zl (Xi, aH1, X i+1)Z2(Xi , ai+l, X H1 )Z3(Xi , aH1, X HI )Z4. 

We have (Z',Z") f- (Xi ,aH1,Xi+l)Z for 

z' Zl (Xi, aH1, X i+I)Z2(Xi, aH1, X i+l)Z4, 

z" Zl (Xi, ai+l, X i+l)Z3(Xi , aH1, X i+l)Z4, 

and both Z and z' deseribe derivations in G strietly shorter than 8. By in
duetion on the length of the derivations, we obtain that for each derivation 
8 in G we find astring W/j in L(-y). As h(w/j) is the string generated by 8, we 
obtain L(G) S;; h(L(-y)). D 

Consider now the problem symmetrie to that diseussed above: ean we 
represent languages in SH starting from simpler languages and using suitable 
operations? We will now establish a rather strong representation result. 

Theorem 4.3. For every language L E SH there are five finite languages 
LI, L2, L3, L4, L 5 and a projection h such that L = h(L1L2L3 n L4) U L 5 . 

Proof. Let 'Y = (V, A, M) be a simple H system. For eaeh a E V eonsider a 
new symbol, a'; denote V' = {a' I a E V}. 

Define 

LI = {xa I xay E A,x,y E V*,a E M}, 

L 2 = {a'xb I yaxbz E A,x,y,z E V*,a,b E M}, 

L3 = {a'x I yax E A,x,y E V*,a E M}, 

L 4 = V U {aa' I a E V}, 

L 5 = {x E A IlxlM = O}, 
h: (V U V')* --+ V*, h(a) = a, a E V, and h(a') = ,\, a E V. 

(Clearly, LI, L2, L3, L4, L 5 are finite, beeause A is finite.) Then we claim that 

L(-y) = h(L)L;L3 n L~) U L5 . 

Let us denote by B the right hand member of this equality. 
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(a) L(-y) ~ B. According to Lemma 4.1, it is enough to prove that B 
has the two properties (1), (2) in that lemma. 

(i) If x E A and IxlM = 0, then x E L 5 ~ B. If xE A and x = Xlax2, a E M, 
then Xl a E Li> a' X2 E L 3, hence Xl aa' X2 E Li L 3· Clearly, xl aa' X2 E L4· 
As h(Xlaa'X2) = XlaX2 = X, we have X E B. Consequently, A ~ B. 

(ii) Take two strings x, y E B. If one of them is in L 5 , then UM(X, y) = 
{x,y} ~ B. 
Take x', y' E L 1L;L3 n L4 such that X = h(x'), y = h(y'), and take 
z E UM(X,y), (x,y) r- a z for some a E M. We have 

Write 

X' = xlala~x2 ... xkaka~xk+i> k 2': 1, 

y' = Ylblb~Y2 .. ·YSb8b~Y8+1' S 2': 1, 

for ai, bi E M, Xi, Yi E V*, a~_l Xiai, b~_lYibi E L 2 for all i and Xlai> ylbl E 
Li> a~Xk+1' b~Ys+1 E L 2. Then 

Identify the marker a in x, respectively in y, as used in (x,y) r- a z. 

If a = ai, then Zl = xlal ... Xi-lai-lXi, Z~ = Xi+lai+l· .. akXk+l. 
If ai =f a for each 1 ~ i ~ k, then there is Xi = x~axr For i = 1 we 
have x~a E Li and a'xfal E L 2. For 1 < i < k + 1 we have a~_lx~a E 
L 2, a' x~' ai+1 E L 2. Fori = k + 1 we have a~x~+1 a E L 2 and a' x~+1 E L3· 
In all cases we can write x' = wlaa'w2 E L 1L;L3 n L4. Similarly, we 
can write y' = w~aa'w~ E L 1L;L3 n L4. For the string z' = wlaa'w2 we 
clearly have z, E L 1L;L3 n L4 and z = h(z'). Consequently, z E B, which 
completes the proof of the property (ii), hence of the inclusion L(-y) ~ B. 

(b) B ~ L(-y). Take xE B. If xE L 5, then X E A ~ L(-y). 
If X = h(x'), x' = xlala~x2a2a2· .. x~aka~xk+i> k 2': 1, with Xlal E Li> 

a~_lxiai E L 2, 2 ~ i ~ k, a~Xk+1 E L 3, then, from the definitions of 
L l ,L2,L3, there are the strings xlalx~,Yiai-lxiaiy~,2 ~ i ~ k, Zk+1akxk+1, 
all of them in A. Then 

(xlalx~, Y2alx2a2Y~) r-a1 xlalx2a2Y~ = W2, 

(W2' Y3 a2x 3a3Y;) r-a2 xlalx2a2x3a3Y; = W3, 

Consequently, X E L(-y). o 
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This representation is not a characterization of languages in S H. In fact, a 
similar result holds true for all regular languages: just combine Theorems 4.2 
and 4.3. However, this representation has aseries of interesting consequences, 
some of them referring exactly to the regularity of simple splicing languages: 
for instance, it directly implies, in this simple way, that SH ~ REG. 

The intersection with L: above can be replaced by an inverse morphism. 

Corollary 4.2. For every L E S H there are the finite languages LI, L2, L3, 
L 5 , a coding hl and a morphism h2 such that L = hl(h-;I(LILiL3)) U L5 . 

Proo/. We construct L l , L2, L3, Ls as in the proof of Theorem 4.3 and define 

h2 : (V U V')* -- (V U V')* , 

h2(a) = a,a E V, and h2(a') = aa',a E V, 

hl : (VUV')* -- V*, 

hl (a) = hl (a') = a, a E V. 

Then h-;I(x), x E L ILiL3, is defined if and only if x E L:. Because 
hl (h-;l(x)) = hex), for h as in the proof of Theorem 4.3, we have the 
equality. 0 

From the previous theorem, we also obtain the following useful necessary 
condition for a language to be in SH. 

Corollary 4.3. I/ 'Y = (V, A, M) is a simple H system, then /or every x E 
Sub(L(-y)) n (V - M)* we have lxi ~ max{lwll w E A}. 

Because the proof of Theorem 4.3 is constructive, the proof for the in
clusion SH ~ REG obtained in this way is effective, hence all decidable 
properties of REG are decidable also for SH. Moreover, making use of the 
property in Corollary 4.3, we get the following result. 

Theorem 4.4. It is decidable whether or not a regular language is a simple 
H language. 

Proof. Let L ~ V* be a regular language, given by a regular grammar or a 
finite automaton. For any subset M of V, denote 

RM = (V - M)* U 

U {xlaIx2a2 ... Xkakxk+1 11 ~ k ~ 2· card(M), 

Xi E (V - M)*, 1 ~ i ~ k + 1, ai E M, 1 ~ i ~ k, and 

there are no 1 ~ i < j < I ~ k such that ai = a.i = al}. 

(Therefore, RM contains all strings x over V such that each symbol of M 
appears at most twice in x.) 

(1) If L n RM is an infinite set, then there is no H system 'Y = (V, A, M) 
such that L = L("(). 
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Indeed, L nRM being infinite means that there is xE Sub(L) n (V - M)* 
of arbitrary length, contradicting the previous corollary. 

(2) If LnRM is a finite set, then we consider all H systems, = (V, A, M) 
with A ~ L n R M . Then there is an H system " = (V, A', M) such that 
L = L(r') if and only if L = L(r) for a system, constructed above. 

( if): trivial. 
(only if): Take,' = (V, A', M) such that L(r') = Land A' is not a 

subset of L n RM. This means that A' contains astring of the form 

for XI,X2,X3,X4 E V*,a E M. Consider the strings 

Both of them are in 0" M ( {z } ), hence in L(r'). Moreover, (ZI, Z2) f- a z. There
fore, replacing A' by 

A" = (A' - {z}) U {ZI, Z2}, 

we get an H system ," = (V, A", M) such that L(r') = L(r"). Continuing 
this procedure (for a finite number of times, because A' is finite and IZII < 
Izl,lz21 < Izl) we eventually find a system ,'" = (V,A"',M) with A'" ~ 
LnRM. 

Now, L E SH if and only if L = L(r) for some , = (V, A, M) with 
M ~ V. There are only finitely many such sets M. Proceed as above with 
each of them. We have L E SH if and only if there is such a set Mo for which 
LnRMo is finite and there is Ao ~ LnRMo (finitely many possibilities) such 
that L = L(,o) for,o = (V, Ao,Mo). The equality L = L(ro) can be checked 
algorithmically. In conclusion, the quest ion of whether or not L E SH can be 
decided algorithmically. 0 

This result cannot be extended to context-free (not even to linear) lan
guages. 

Theorem 4.5. The problem whether or not alinear language is a simple H 
language is not decidable. 

Proof. Take an arbitrary linear language LI ~ {a, b} *, as weIl as the language 
L 2 = c+d+c+d+, which is not in the family SH (Lemma 4.2). Construct the 
language 

L = Ld c, d} * U { a, b} * L2 • 

This is a linear language. 
If LI = {a, b} *, then L = {a, b} * { c, d} * and this is a simple H lan

guage: for, = ({a,b,c,d},{xy I x E {a,b}*,y E {c,d}*,lxl E {O,2},lyl E 
{O,2}},{a,b,c,d}) we have L(r) = {a,b}*{c,d}*. 
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If LI =I- {a, b} *, then {a, b} * - LI =I- 0. Take w E {a, b} * - LI and consider 
the string w' = wcdcd. It is in L, and (w', w') f- e wcdcdcd for each e E {c, d}. 
The obtained string is not in L, therefore no one of c, d can be a marker in 
an H system for the language L. But L contains all strings in wc+ d+ c+ d+ , 
hence L E SH would contradict Corollary 4.3 above. 

Consequently, L E S H if and only if LI = {a, b} *, which is undecidable. 
o 

Because SH c REG, it is of interest to investigate the relationships 
between SH and other subfamilies of REG. We consider only one (important) 
such sub-regular family, that of strictly locally testable languages [32], [9]. 

A language L ~ V* is p-strictly locally testable, for some p ::::: 1, if we can 
write it in the form 

L={x EL Ilxl < 2p}U(Prej(L)nVP)V*(Suj(L)nVP)-v*(VP-Sub(L))V*. 

A language is strictly locally testable if it is p-strictly locally testable for 
some p ::::: 1. We denote by SLT the family of such languages. 

Clearly, SLT c REG. In fact, SLT is contained in the family of extended 
star-jree languages, the smallest family of languages containing the finite 
languages and closed under boolean operations and under concatenation. 
This family coincides with that of non-counting languages [32] and has been 
characterized in [50] as the family of languages having aperiodic syntactic 
monoids. 

Theorem 4.6. SH c SLT. 

Proof. We shall use the characterization given m [9] for strictly locally 
testable languages. 

According to [51], astring x E V* is called constant with respect to a 
language L ~ V* if whenever uxv E Land u'xv' E L, then also uxv' E L 
and u' xv E L. In [9] it is proved that a language L ~ V* is strictly locally 
testable if and only if there is an integer k such that all strings in V k are 
constants with respect to L. 

Consider now a language L E SH, L = Lh), for so me "( = (V, A, M). 
Take the integer 

k = max{lxll x E A} + 1. 

Every string in V k is a constant with respect to L. Indeed, take such astring 
x and two strings uxv, u'xv' in L. Because lxi = k, according to Corollary 
4.3, we have IxlM > O. Take a E M such that x = XIax2. Therefore uxv = 
uXIax2v,u'XV' = U'XIax2v', hence (uxv,u'xv') f- a uXIax2v' = uxv' and 
(u'xv', uxv) f- a U'XIax2v = u'xv. In conclusion, L E SLT and SH ~ SLT. 

The inclusion is proper: for w = aabb we have w* E SLT (obvious), but 
w* fj. SH (Lemma 4.4). 0 



Language Theory and Molecular Genetics 333 

We elose this section with the remark that given a simple H system 
'Y = (V, A, M) we can associate to it splicing rules of four (nontrivial) 
forms: a#$a# as above (we say that they are 0/ type (1,3)), #a$#a (of 
type (2,4)), a#$#a (of type (1,4)), and #a$a# (of type (2,3)). If we de
note by r~i,j) the splicing with respect to a rule of type (i,j) associated 
to a E M, we have r~I,3)=r~2,4), but r~I,4) and r~2,3) are different. Conse
quently, to a simple H system 'Y we can associate three distinct languages, 
L(1,3) (-y) = L(2,4) ('Y), L(I,4)(-y) and L(2,3) (-Y), defined by iterating on A the 

corresponding operation r~i,j). The reader can verify that each two of the as
sociated families SH = SH(I,3) = SH(2,4) , SH(I,4) , SH(2,3) are incomparable. 
Therefore, a similar study as that done here for SH is necessary for SH(1,4) 

and S H(2,3)' Most of the results in this section hold true also for these two 
furt her families. 

4.2 Extended H systems 

We return now to the splicing operation based on arbitrarily large sets of 
rules, and still we add one further feature to the generative devices we con
sider: extended symbols, as in Chomsky grammars and in L systems. 

An extended H system is a quadruple 

'Y = (V, T, A, R), 

where V is an alphabet, T ~ V, A ~ V*, and R ~ V*#V*$V*#V*, where 
#, $ are special symbols not in V. 

We call V the alphabet of 'Y, T is the terminal alphabet, A is the set of 
axioms, and R the set of splicing rules. Therefore, we have an underlying H 
scheme, u = (V, R), augmented with a given subset of V and a set ofaxioms. 

The language genemted by 'Y is defined by 

L(-y) = u*(A) n T*, 

where u is the underlying H scheme of 'Y. 
For two families of languages, F Al, F A 2 , we denote by EH(F Al, F A2 ) 

the family of languages L( 'Y) generated by extended H systems 'Y = (V, T, A, 
R), with A E F Al, R E F A2. Part of the results in the preceding sections 
can be reformulated in terms of extended H systems. Moreover, we have 

Lemma 4.5. REG ~ EH(FIN,FIN). 

Proof. Take a language L E REG, L ~ T*, generated by a regular grammar 
G = (N,T,S,P). 

We construct the H system 
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with 

Al = {S} U (L n {A}), 

A2 = {Z aY I X ~ aY E P, a E T}, 

A3 = {ZZa I x ~ a E P,a E T}, 

R l = {#X$Z#aY I x ~ aY E P,a E T}, 

R2 = {#X$ZZ#a I x ~ a E P,a E T}. 

If we splice astring ZxX, possibly from A2 (for x = C and U ~ cX E P) 
using a rule in R I , then we get astring of the form ZxaY. The symbol Z 
cannot be eliminated, hence no terminal string can be obtained if we continue 
to use the resulting string as the first term of a splicing. On the other hand, 
such astring ZxX with lxi ~ 2 cannot be used as the second term of a 
splicing. Consequently, the only way to obtain a terminal string is to start 
from S, splicing with rules in RI for an arbitrary number of times and ending 
with a rule in R2 • Always the first term of the splicing is that obtained by a 
previous splicing and the second one is from A2 or from A3 (at the last step). 
This corresponds to a derivation in G, hence we have L(-y) = L(G) = L. 0 

Theorem 4.7. The relations in Table 3 hold, where at the intersection of 
the row marked with F Al with the column marked with F A2 there appear 
eitherthefamilyEH(FAI ,FA2 ), ortwofamiliesFA3 ,FA4 suchthatFA3 C 
EH(F Al, F A2 ) ~ F A4 • These families F A3 , F A4 are the best estimations 
among the six families considered here. 

Table 3 

FIN REG LIN CF CS RE 
FIN REG RE RE RE RE RE 

REG REG RE RE RE RE RE 

LIN LIN,CF RE RE RE RE RE 

CF CF RE RE RE RE RE 

CS RE RE RE RE RE RE 
RE RE RE RE RE RE RE 

Proof. Clearly, FA ~ EH(FA,FIN) for an FA. From Lemma 4.5 we 
also have REG ~ EH(FIN, FA) for an FA. From Lemma 3.14 and 
the closure of REG, CF under intersection with regular sets we obtain 
EH(REG, FIN) ~ REG, EH(CF, FIN) ~ CF. If in the proof of the re
lation RE ~ S (C S, F I N) in Theorem 3.1 we take Cl, C2, C3 as nonterminal 
symbols and V as a terminal alphabet, then we obtain RE ~ EH(CS, FIN). 
Thus, the first column of Table 3 is obtained. 

From the proof of Lemma 3.15 we obtain RE ~ EH(FIN, REG). As 
EH(FAI ,FA2 ) ~ RE for an families FAl ,FA2 (by Turing-Church thesis), 
this completes the proof. 0 
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The only family which is not precisely characterized is EH(LIN,FIN). 
One can see in Table 3 that the extended H systems have a surprisingly 

large generative power. In particular, extended H systems with a finite set of 
axioms and a regular set of rules prove to be computationaHy complete, they 
have the same power as Turing machines. 

5. Splicing circular words 

Since DNA exists in a circular form as weH as a linear form, it is important 
to extend splicing theory to incorporate circular strings. In this section we 
give the basic definitions and prove some dosure results similar to those for 
linear splicing, under some extra restrictions on the H scheme. These extra 
restrictions are natural in the applications to DNA splicing. However, in the 
more general setting, many questions, induding the analysis of generative 
capacity, remain open. 

5.1 Circular words 

We start with some basic definitions for circular strings. The idea is that a 
circular string over an alphabet V is a sequence XIX2 ••• X n of elements of V, 
with the understanding that Xl follows X n • In other words, XIX2 •• ' X n should 
be regarded as the same as XkXk+1 ••• XnXI ••• Xk-l for 1 < k < n. 

To make this precise we introduce a relation on strings in V* by dedaring 
xy f'V yx for all strings X, y. This is easily seen to be an equivalence relation, 
and we define 'w, the circular form of w, to be the equivalence dass of the 
string w. The set of aH such circular strings over V is denoted V'. A subset 
of V' is called a circular language over V. Suppose L is a language in V* and 
C is a circular language in V'. The set of aH circular strings corresponding 
to elements of L is written Cir(L), and is called the circularization of L. Any 
languag~ L for which Cir(L) = C is called a linearization of C. The set of 
all strings in V* corresponding to elements of C is the Jull linearization of 
C, written Lin(C). Given a family oflanguages FA we form a corresponding 
family of circular languages FA' consisting of all those circular languages C 
which have some linearization in FA. This gives a meaning to such notions 
as "regular circular language." 

It is easy to see which of the standard operations of language theory are 
usable in the circular sense. For example, length of a circular word is weH 
defined. Althouth the concatenation of two circular words is not generally weH 
defined, the powers Cw)n of the circular word 'ware weH defined as 'wn. Also, 
any homomorphism h from V* to W* induces a map, also written h, from V' 
to W'. We will caH such an induced map a homomorphism (although there 
is no underlying algebraic structure to justify the name). 
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In discussing closure properties the following observations will be useful. 
The cyclic closure CYCLE(L) of a language L is the set of all cyclic permu
tations of words of L. In other words, this is the set of all w' such that w' rv W 

for some w in L. It is shown in [25] that each of the families REG, CF, and 
RE is closed under this operation. If C = Cir(L) then Lin(C) = CYCLE(L), 
from which the following lemma and its corollary are obvious. 

Lemma 5.1. IJ FA is a Jamily oJ languages closed under cyclic closure then 
a cir·cular language C is in FA A iJ and only iJ its Jull linearization Lin( C) is 
in FA. 

Corollary 5.1. Suppose FA is a Jamily oJ languages closed under eyclie 
closure. IJ FA is closed under finite unions, direct homomorphie images, 
or inverse homomorphie images then so is FA A, and iJ FA is dosed under 
intersection with reglar sets then FA A is closed under interseetion with regular 
eireular languages. 

5.2 Circular splicing 

Given a splicing rule r = Ul #U2$U3#U4 we define the reversal of r to be the 
rule U3#U4$Ul #U2, and we use the notation T to refer to this revers al. We 
say an H scheme (J" = (V, R) is symmetrie iff T is in R whenever r is in R. We 
say (J" is reflexive iff whenever Ul #U2$U3#U4 is in R then Ul #U2$Ul #U2 and 
'U3#U4$U3#U4 are also in R, 

Now we can discuss splicing in the circular context. We start with a 
splicing rule r = Ul #U2$U3#U4 and two circular strings A XU1 U2 and AYU3U4 
containing the splicing sites Ul U2 and u3u4. The idea of splicing is to cut 
the first string between ul and U2 and the second one between U3 and u4, 
obtaining the linear strings u2xul and u4yu3, and then to join the appropriate 
ends. However, the rule r only specifies that the Ul end should be joined to 
the U4 end, resulting in the linear string U2XUIU4YU3. In order to obtain a 
circular ,string we must join the two ends of this string together, to obtain 
AU2XUIU4YU3. We may consider this final closing up of the string to be the 
effect of simultaneously applying the reversed rule T = U3#U4$Ul #U2, which 
also dictates cutting between Ul and U2 and between U3 and U4, but which 
then specifies that the U3 end should be connected to the U2 end. 

Thus we define the result of splicing AXUIU2 and AYU3U4 using the rule 
r to be AU2XUl U4YU3. This is the same as the result of splicing AYU3U4 and 
AXUIU2 using the reversed rule T. In light of this and the discussion above it 
is natural to assume that any H scheme (J" = (V, R) used for circular splicing 
is symmetrie. 

There is another possibility for circular splicing that did not occur in the 
linear case. Suppose that A XU1 U2YU3U4 is a circular string containing disjoint 
copies of the sites of the splicing rule r. We can consider this string to be cut 
at botlt sites to yield the linear strings U4xul and U2yu3, which can then be 
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closed to the circular forms 'U4XUl and 'U2YU3 by joining the U4, Ul and U2, 
U3 ends as specified by the pair of rules rand f. This operation, producing 
the two circular strings 'U4XUl and 'U2YU3 from 'XUl U2yu3u4, will be called 
self-splicing using the rule r. In the linear case the analogous operation can 
be effected by a sequence of ordinary splicing operations on pairs of strings, 
but in the circular case this is not so, and self-splicing cannot be subsumed 
under the binary splicing operation. 

If u = (V, R) is a symmetric H scheme and C is a circular language 
then we define the circular splicing language u* (C) generated by u and C as 
the smallest circular language that contains C and is closed under circular 
splicing and self-splicing using the rules of R. 

We now consider a simple example due to Siromoney et al. [53]. We let 
V = {a,b}, C = {'ab}, u = (V,R) where R = {r,f} and r = a#b$b#a. 
One can then calculate that u*(C) = {'anbm In = 0, m > 0 or n > 0, m = 
o or n = m > O}. Thus in this case a finite H scheme and a finite initial 
language produce a non-regular splicing language. The problem of character
izing the circular languages that arise in this way, even for finite initial data, 
remains open. 

There is one case where the closure results of Section 3 extend in a sat
isfactory manner. It is natural to assume that whenever astring can be cut 
at a site then the two cut ends can be rejoinedj in partieular, this is con
sistent with the interpretation in terms of DNA splicing. In other words, if 
'Ul #U2$U3#U4 is a splicing rule then the Ul end resulting from a cut may be 
joined not just to a U4 end but also to a U2 end, and similarly for the other 
combinations. We can assure this condition by assuming that the splicing 
scheme is reflexive. 

If we reconsider the previous example, but add a#b$a#b and b#a$b#a 
to R, then we have a reflexive H scheme. We can calculate in this case that 
the splicing language is the set of all circular strings of positive length, which 
is regular, as we should expect. 

The result of this section is the following version of the closure Lemma 
3.14: 

Theorem 5.1. Suppose FA is a jull abstract family of languages which is 
closed under cyclic closure. Suppose u = (V, R) is a finite symmetrie and 
reflexive H scheme and C is a circular language in FA'. Then u* (C) is also 
in FA'. 

Remark 5.1. In applications to DNA splicing the rules are determined by the 
actions of restrietion enzymes and ligases. A restrietion enzyme is character
ized by a site (Ul, U2), an overlap prefix of U2, and a polarity (+ or -). A 
rule Ul #U2$U3#U4 is determined from two such descriptions if and only if 
the overlap prefixes and polarities are the same. It follows easily that any H 
scheme constructed in this way is both symmetrie and reflexive. 
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Remark 5.2. As noted above, this result is not true without the reflexivity 
assumption. It is possible to consider circular splicing languages generated 
only by the binary splicing operation, without using self-splicing. If we drop 
self-splicing in the Siromoney examples we obtain the following: Without the 
reflexivity assumption the splicing language is the set of all circular strings 
Aanbn with n > 0, and, if we enforce the reflexivity assumption, it is the set 
of all circular strings with positive length, where the number of a's equals 
the number of b's. Thus without the self-splicing operation we can have non
regularity even if we assume reflexivity. The problem of characterizing the 
circular languages obtained this way remains open. 

Before proving Theorem 5.1 we introduce a construction that is gener
ally useful in dealing with splicing (although we present aversion adapted to 
the case at hand). This construction follows closely the original motivation 
for splicing in terms of DNA fragments. This motivation can be understood 
very roughly as folIows, as a two-step process. Moleeules may be cut (by a 
restrietion enzyme), leaving the two new ends "marked" (single-stranded in
stead of double stranded). Then these fragments may be pasted back together 
(by a ligase) which can only join ends that are appropriately marked. Our 
construction is a modified form of splicing which more closely follows this 
process. 

We start with an H scheme a = (V, R). For later convenience we introduce 
the following notation: If r = Ul #U2 $U3 #U4 is in R then we wri te Qr = Ul U2, 

Ir = U3U4 and ßr = UIU4' We also introduce new symbols X r and Yr for each 
r in R, and we let X = {Xr IrE R} and Y = {Yr IrE R}. Using this 
notation we define two operations on strings: 

Cutting: If r is in R then XQrY may be cut to produce xXr and x,rY may 
be cut to produce YrY. 

Pasting: If r is in R then xXr and YrY may be pasted to produce xßrY. 

The idea is that X r and Yr are the "marked" versions of the Ul and U4 ends 
after a cut, and they are "unmarked" when the cut ends are rejoined, so XrYr 
is replaced with ßr = Ul U4· 

Lemma 5.2. Suppose that a = (V, R) is a finite H scheme and that X and 
Y are defined as above. Suppose that L is a language in YV* X which lies in 
the Jull AFL FA. Suppose that Jor each r E R both Qr and'Yr are non-empty, 
and that both X r and Yr occur on strings in L. Then the smallest language L 
which contains Land is closed under cutting and pasting lies in YV* X and 
is in the Jamily FA. 

Proof. The fact that cutting and pasting preserve the language yv* X is 
immediate from the definitions of the operations, using the fact that Qr and 
Ir are non-empty strings over V (so that the site for cutting a word YrzXs 

must be in z.) 
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For the closure result we first define a related H scheme Ul = (VI, R 1). 

The new alphabet consists of the symbols of V, the new symbols X r and 
Yr , and a second collection of new symbols X~ and Y:. As above we define 
X' = {X~ : r E R} and Y' = {Y: : r ER}. The rules in R1 are all those of 
the forms #aA#Xr, Yr#hr#, #Xr$Y:# and #X~$Yr#, where r is in R. 
We also define LI by adding to L all strings Y:ßrX~ for r in R. 

We have L ~ ui(L1 ). To see this we just need to note that any cut or 
paste operation can be emulated by splicing operations. For example, a cut 
operation XO'.rY --+ xXr can be obtained by splicing XO'.rY to any string ending 
in X r using the rule #O'.r$#Xr. Cutting on the other end is handled similarly. 
Also, a paste operation xXr , YrY --+ xßrY is the result of first splicing xXr 
and Y:ßrX~ using #Xr$Y:#, and then splicing the result with YrY using 
#X~$Yr#. 

We claim that L = ui(Lt) n YV· X. Together with Lemma 3.14 this 
finishes the proof that L is in FA. 

To prove the claim we must show that ui( LI) n YV· X ~ 1. It is clear, 
as in the first paragraph of this proof, that splicing using Ul preserves (Y U 

Y')V*(X U X'). Hence each string w E ui(L1) has the form BzA where 
BEY U Y', A E X U X' and Z E V*. We shall show that if BEY and 
A E X then w E L by induction on the number of splicing operations needed 
to produce w. We actually need to prove the following technicality, which 
reduces to the statement that w E L if BEY and A E X. 

Assertion 1. Write w E ui(LI ) as BzA, as above. If B = y.. let t = rand 
Zl = A, and if B = Y: let ytzlXr be astring in L. Similarly, if A = Ys 
let Z2 = A and u = s, and if A = Y: let Ysz2X" be astring in 1. Then 
ytZlZZ2X" is in 1. 

Proof. We start the induction with w E LI' Then either B = Yr, A = X s, 
and ytZIZZ2Xu = YrzXs = w E L ~ L, or B = Y:, A = X~, and w = 
X~ßrY:' But then ytZIZZ2Xu = ytZIßrZ2Xu is the result of pasting Ytz1Xr 
and Ys z2X u , so it is in 1. 

For the general case we consider w in ur(Lt) but not in ui-1(LI), and 
we suppose that the Assertion is true for all strings in ui-I(Lt). Then w was 
obtained from two strings in ui-I(Lt} by a splicing operation. 

Suppose first that this splicing operation used a rule of the form #O'.s$#Xs' 
Thus there are two strings BzO'.sz'C and xXr in ui-1(Lt) which splice to 
produce w = BzA (with A = X s.) If C = Xp then we set q = p and z~ = A, 
and otherwise we choose any string Ypz~Xq in LI. Applying the Assertion 
inductively to BzO'.sz'C, with t and Zl on the left and q and z~ on the right, 
we have ytZlZO'.sZ' Z~Xq in 1. Now a cut operation at the site O'.s produces 
Ytz1zXs = YtZ1ZZ2X u in L, as desired. A similar argument applies if the last 
splicing operation used the rule Yr#hr#. 

The alternative is that the last splicing operation used #Xv$Y~# (or 
#X~$Yv# with a similar analysis). In this case there are strings Bx1Xv and 
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Y~x2A in (Jt(Ld which splice using #Xv$Y~# to form w, with Z = XlX2. 
Applying the Assertion inductively to Bx1Xv , with t and Zl on the left and 
v and ). on the right, shows that ytZlX1Xv is in L. Since YtZ1X1Xv is in L 
we can apply the Assertion inductively to Y~x2A, with t and ZlXl on the left 
and u and Z2 on the right, to see that ytZlXlX2Z2Xu = ytZlZZ2Xu is in L. 

This concludes the induction proof of the Assertion, and hence concludes 
the proof of Lemma 5.2. 0 

Now we turn to the proof of Theorem 5.1. We start with FA, C, and 
(J = (V, R) as specified. The main idea is to cut the circular words in C to 
form a linear language L to which we can apply Lemma 5.2. We then recover 
(J* (C) by rejoining the ends in the strings of L. We need some preliminary 
analysis so we can satisfy the hypotheses of Lemma 5.2. 

First we need to eliminate the possibility of empty sites. Suppose R con
tains one rule with either D:r = ). or "Ir = ).. Then by the reflexivity assump
tion R contains the rule #$#. Now if 'x and 'y are in (J*(C) we can splice 
them using #$# to obtain 'xy in (J*(C). On the other hand, if'xy is in (J*(C) 
then we can apply self-splicing using #$# to obtain 'x and 'y in (J*(C). Hence 
Lin( C) is closed under arbitrary factorization and concatenation. It follows 
that (J* (C) = C if C = 0 or C = {>.}, and otherwise (J* (C) = Vo' where Vo is 
the set of symbols of V which occur on strings in C. Hence in this case (J* (C) 
is regular, so it is in the family F X. Thus for the remainder of the proof we 
may ass urne that D:r and "Ir are non-empty for all r E R. 

We also need to arrange that any si te of any rule in R occurs on astring 
of C. To do this we first delete from R any rule which can not be used in any 
splicing operation involving strings of (J* (C). This preserves the symmetry 
and reflexivity of R. We then select, for each rule r E R, astring 'wr E (J* (C) 
which contains D:r as a substring and we let C' = Cu {'wr IrE R}. This 
is still in FA' since it differs from C by a finite set. Moreover, since C ~ 
C' ~ (J* (C), it is clear that (J* (C') = (J* (C). Thus for the proof of Theorem 
5.1 we may replace C with C', so we mayassume that for every rule r in R 
there is.a string in C which contains D:r as a substring. (By the symmetry 
assumption, there is also astring in C which contains "Ir = D:r .) 

We define the sets X and Y of extra symbols as before. Suppose 'ZD: r is 
an element of C containing the site D:r . From this we generate a linear string 
in YV* X by cutting before D:r and marking the cut end with X r ; this is the 
same as cutting after D:r = "Ir, so we mark the other cut end with Yr . That is, 
the associated linear string is YrzXr . We let L be the set of all such strings 
generated from elements of C, and we let L be the closure of L und er cutting 
and pasting using the rules in R. We now consider astring of the form YrzXr 
to be suitable for reconnection to form the circular string 'zßr. We define 6 
as the set of all such circular strings obtained from elements of L, together 
with the original strings in C. 

We shall finish the proof of Theorem 5.1 by showing that 6 is in F X 
and that 6 = (J*(C). 
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For the first part we describe C in terms of language operations. First, 
Lin(C) is in FA by Lemma 5.1. Next let Yr be the set of strings of the form 
ZQr where AZQr is in C. Then Yr = Lin(C)n V*{Qr}, so Yr is in FA since FA 
is closed under intersection with regular sets. But then L can be written as 
the union ofthe sets {Yr}(Lrj{Qr}){Xr}, which is in FA since FA is closed 
under concatenation, quotients, and finite unions. Since any site of any rule 
in R lies on some string in C we see that each X r and each Yr occurs on some 
string of L. So Lemma 5.2 applies to show that L is in FA. Now the set 
of circular strings resulting from reconnecting the elements of L of the form 
YrzXr may be written as Cir(({Yr}\Lj{Xr}){ßr}). This is in FA' since FA 
is closed under quotients and concatenation. Therefore C is in F AA since it 
is the union of these finitely many sets together with C. 

For the last part we need the following two observations connecting C 
with Land L with a*(C). 

Assertion 2. If rE Rand AXQr is in ethen YrxXr is in L. 
Proof. This is true, by the definition of L, ifAXQr is in C. Otherwise we can 
find s E Rand Y.yX. in L, so that AXQr = AYß •. Pasting three copies of y"yX. 
together shows that y"yß.yß.yY. is in L. Since Yß. is a cyclic permutation 
of XQr we can factor this as Y.WQrXQrzY., If we notice that 'Yr = Qr we see 
that we can perform two cut operations, one after the first Qr and the other 
before the second Qr, to show that YrxXr is in 1. 0 

Assertion 3. IfY.xXr is in L then there is astring y so that A'Y.XQrY is in 
a*(C). 

Proof. We prove this by induction on the number of cutting and pasting 
operations necessary to produce Y.xXr. First suppose that Y.xXr is in L. 
Then s = rand AXQr is in C. By refiexivity there is a rule t E R with Qt, ßt, 
and 'Yt all equal to Qr. If we splice together two copies oCXQr using this rule 
we obtain AXQrXQr = AQrXQrX = A'YrXQrX in a*(C), as required. 

For the inductive step we must consider two cases. First, suppose that 
Y.xXr is the result of cutting astring W in L for which Assertion 2 is true. 
Either W = Y.XQrzXt or W = ytz'Y.xXr, from which we deduce that either 
A'Y.XQrZQtZ' or A'Ytz'Y.XQrZ' = A'Y.XQrz''YtZ is in a*(C), as required. The second 
case is that Y.xXr is the result of pasting two strings in L which satisfy 
Assertion 2. We write these as Y.x1Xt and ytX2Xr, so Y.xXr = Y.XIßtX2Xr, 
and we can find strings A'Y.XIQtYl and A'YtX2QrY2 in a*(C). Now the result 
of splicing these strings using the rule t is A'Y.XIßtX2QrY2ßWl, which has the 
desired form since XIßtX2 = x. 0 

Now we can argue that C = a*(C). 
First we show that Cis closed under splicing. Suppose that AXQr and AY'Yr 

are in C. Remembering that 'Yr = Qr, we can apply Assertion 1 to see that 
YrxXr and YryXr are in L, and pasting these together shows that YrxßryXr 
is in 1. Hence A X ßr y ßr is in C, and this is the resul t of splicing A XQr and A Y'Yr . 
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Next suppose 'w = 'XUrY'Yr is in C. If we rewrite 'w as 'Y'Yrxur and apply 
Assertion 1 we obtain YrY'YrxXr in L. Now a cut operation after 'Yr produces 
YrxXr in L, so 'xßr is in C. This is one of the two results of self-splicing 'w, 
and the other is produced similarly. 

Since C contains C, we have shown that lT*(C) ~ C. 
Finally we show that C ~ lT*(C). Take 'w E C. We may assume that 

'w rt c, so 'w = 'xßr where Y;.xXr is in L. By Assertion 2 there is astring Y 
so that ''YrxurY is in lT*(C). But then self-splicing this string using the rule 
r shows that 'xßr is in lT*(C). 

This concludes the proof of Theorem 5.1. 0 

5.3 Mixed splicing 

There is another splicing variation which is important for DNA applications, 
which arises when both linear and circular words are present. We first ask 
whether there are new possibilities for the splicing operations. Considerations 
similar to those for circular splicing lead to two new operations: splicing a 
linear and a circular string, and self-splicing a linear string. Suppose r = 
Ul #U2$U3#U4 is a splicing rule. If w = XUl U2Y and 'v = 'ZU3U4 are a linear 
and a circular string containing the splicing sites then we define the result 
of splicing wand 'v using rand r as the linear string XUl U4ZU3U2Y. If w = 
xUl U2YU3U4Z is a linear string containing disjoint copies of the two splicing 
sites then we define the result of self-splicing w using rand r as the circular 
string 'U3YU2. (The other plausible result of self-splicing w is the linear string 
XUIU4Z, but this is the result of ordinary linear splicing on two copies of w.) 

Bya mixed language over V we shall mean a subset M of the (disjoint) 
union V* u V'. If we have an H scheme lT = (V, R) then we define the 
mixed splicing language lT;" (M) generated by lT and M as the smallest mixed 
language containing M and closed under all the splicing operations defined 
so far: linear splicing, circular splicing and self-splicing, and mixed splicing 
ami self-splicing. 

The ·analog of Theorem 5.1 still holds for mixed splicing: 

Theorem 5.2. Suppose FA is a full abstract /amily o/languages whieh is 
closed under cyclic closure. Suppose lT = (V, R) is a finite symmetrie and 
reflexive H seheme and M is a mixed language with M n V* in FA and 
MnV' inFX. Then lT;"(L) nV* isinFA andlT;"(L)nV' isinFX. 

ProoJ. This is proved by minor adjustments to the proof of Theorem 5.1. As 
in that proof we need to convert the initiallanguage M to a linear language 
L to which we can apply cutting and pasting operations. We translate the 
circular words in M as before. For the linear words we introduce two extra 
symbols X o and Yo (where 0 is not in R) and we translate the linear string 
w in M to YowXo. We then need to translate the resulting linear strings 
in L back to mixed strings. Elements of L of the form YrwXr with r E R 
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translate, as before, to circular words. An element of L of the form YowXo 
simply translates to the linear string w. 

There are no other significant changes in the proof. 0 

Two special cases of mixed splicing occur when the initiallanguage con
tains only linear strings, or only circular strings. In these cases there is no 
difference between mixed splicing and ordinary linear or circular splicing. In 
the circular case this is obvious, since splicing operations starting with cir
cular strings cannot produce linear strings, but in the linear case it requires 
some argument: 

Theorem 5.3. Suppose a = (V, R) is asymmetrie H scheme. IJ L ~ V* 
and C ~ VA then a;;'(L) = a*(L) and a;;'(C) = a*(C). 

Proof. We only need to consider the linear case. Let MLn = a;:'(L) n V* 
(the linear strings obtained by n or fewer mixed splicing operations) and 
MCn = a;:'(L)nVA (the circular strings obtained by n or fewer mixed splicing 
operations). Since a*(L) ~ a;;'(L) we only have to show that MLn ~ a*(L) 
for all n > o. This is part c) of the following, w hich we shall prove by ind uction 
on n. 

Assertion 4. 
a) IJ A W E MCn then A W ean be obtained /rom astring in a*(L) by a single 

selJ-splieing operation. 
b) IJ A W E MCn then there are u, v sueh that uwkv E a*(L) Jor alt k > o. 
e) MLn ~ a*(L). 

The base case is immediate since MLo = Land MCo = 0. So we suppose 
that the Assertion is true, and we shall prove that it remains true with n re
placed with n+ 1. We use the notation introduced in the previous subsection. 

Part a): Suppose that A W is in MCn +! but not in MCn . Then A W is 
obtained from a;:'(L) = MLn U MCn by one splicing operation. There are 
three possibilities: self-splicing a linear string, self-splicing a circular string, 
and splicing two circular strings. In the first case part a) is immediate. For 
the second possibility, suppose that A W is the result of self-splicing a circular 
string, A Z E MCn • Thus there is a rule r in R so that A Z = AxarYrr and 

A W = Axßr. Then part b) of the Assertion applied to A Z written as AYrrxar 

provides astring UYrrxarV in a*(L), and self-splicing this using r yields 
Axßr = A W • 

For the third possibility there are A Z1 = A Xlar and AZ2 = AX 2"(r in MCn 

which splice using r E R to give A W = AX1ßrX2ßr. By part b) of the As
sertion we can find strings z~ = UIXlarXlarVl and z~ = U2X2rrX2"(rV2 

in a*(L). Then splicing z~ to z~ using r -;:t the underlined sites pro
duces ulxlarXlßrX2rrV2, and self-splicing this at the underlined sites yields 
AX1 ßr X 2ßr = A W • -
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Part b): Suppose that ~w is in MOn+!. Since we have now proved the n+l 
case of part a) we mayassume that 'w is the result of self-splicing a linear 
string z E u*(L). That is, z = U"'!rxarV and ~w = 'xßr. If we splice two copies 
of z,. using r, we obtain u"'!rxßrxarv. Splicing this and another copy of z yields 
u"'!rxßrxßrxarv. Continuing this process, we see that U"'!r(xßr)k+!xarv is in 
u*(L) for all k ~ O. Since ~w = ~xßr the string xßr is a cyclic permutation of 
w, so (Xßr)k+! contains w k as a substring. Thus (xßr)k+! = u'wkv', and we 
have shown that u"'!rU'Wkv'xarv is in u*(L) for all k > 0, as desired. 

Part c): Suppose that w is in MLn+! but not in MLn. Then w is obtained 
from u~(L) = MLn U MOn by one splicing operation. There are two possi
bilities. In the first case w is obtained by applying a linear splicing operation 
to two strings in M Ln. By part c) of the Assertion, M Ln ~ u* (L), so w is in 
u* (L). In the second case w is the result of splicing z E M Ln ~ u* (L) and 
'z' E MOn' Then z = XlarX2, 'z' = 'Y"'!r, and w = XIßryßfX2' By part b) of 
the Assertion we can find astring z" = UY"'!rY"'!rV in L. Then splicing z and 
z" using r yields XIßrY"'!rV, and this can be spliced with z using f to yield 
XIßrYßrX2 = w. So w is in u*(L). 

This concludes the proof of the induction step and hence the proof of 
Theorem 5.3. 0 

6. Computing by splicing 

From the results in the previous sections we obtain a lot of situations where, 
starting from a given language and applying to it, iteratively or not, an H 
scheme, possibly also using some squeezing mechanisms (an intersection with 
a regular language - of the form T* - in the case of extended H systems), 
we can characterize the recursively enumerable languages. In other words, we 
reach in these cases the (generativejrecognizing) power of Turing machines. 
Therefore, we can "compute" by splicing (in certain conditions), exactly what 
we can compute by Turing machines, hence by any known type of algorithms. 

For instance, we know from Theorem 3.6 that RE = EH(mFIN, FIN), 
where EH(mFIN,FIN) denotes the family of languages generated by ex
tended mH systems, that is constructs "'! = (V, T, A, R), with A a multiset with 
finite support and Ra finite set ofrules. Let us write EH(m[k], FIN) instead 
of EH(mFIN, FIN) , when A above is a multiset with card(supp(A)) ::; k. 
When using w multisets, we write EH(wF Al, F A 2), EH(w[k], F A 2) for de
noting the corresponding families. 

A still stronger form of the result in Theorem 3.6 can be obtained, useful 
below. The following lemma will be used in the proof. 

Lemma 6.1. EH(mFIN,FIN) ~ EH(m[2],FIN). 

Proof. Take an mH system",! = (V, T, A, R), with finite supp(A). Let 
Wb W2,"" Wn be the strings of supp(A) such that A(Wi) < 00,0 ::; i ::; n, 
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and let Zl, ... , Zrn be the strings in suppe A) with A( Zi) = 00, 0 ~ i ~ m. We 
construct the mH system 

" = (V u {c, dl , d2 }, T, A', R'), 

where A' contains the string 

W = (W1C)A(wtl (W2 C)A(w2l ... (wnc)A(w n l , 

with multiplicity 1, and the string 

with infinite multiplicity. If n = 0, then W does not appear, if m = 0, then 
Z = dl cd2. ~oreover 

The string Z can be used for cutting each Wi and each Zj from wand 
z, respectively. For instance, in order to obtain Zj we splice Z with Z using 
#d l $c# far the occurrence of c to the left hand of Zj, that is 

then we splice the second string with Z again using #c$d2#, and we get 

(Zjc . .. czrncd2, z) I- (Zj, ZCZj+1'" czrn cd2). 

Arbitrarily many strings Zj can be produced, because A'(z) = 00. 

In order to produce the strings Wi, 1 ~ i ~ n, we start from the left 
hand end of w, applying #c$d2# to wand z; we get Wl and ZC(W1C)A(wtl-l 
(W2C)A(w2l ... (wnc)A(w n l , both with multiplicity 1. Using the rule #dl$c# 
for Z and the second string, we obtain zcz and (W1C)A(wtl-l(W2C)A(w2l ... 
(wnc)A(w n l , again both with multiplicity 1. From the first string we can sep
arate axioms Zj, 1 ~ j ~ m, but this is not important, because these axioms 
appear with infinite multiplicity in A. From the second string we can continue 
as above, cutting again aprefix Wl' In this way, exactly A( Wl) copies of Wl 

will be produced. We can proceed in a similar fashion with the other axioms 
W2, ... , Wn in order to obtain exactly the A(wi) copies of Wi, i = 2, ... , n. 

The use of the nonterminals c, d l and d2 guarantees that only the axioms 
of , with multiplicity 00 can be generated in an arbitrary number by the 
splicing rules in R' - R, whereas for each axiom Wi of, with finite multiplicity 
A( wd we can only obtain A( Wi) copies of Wi. If a rule of R is used for splicing 
strings of the form Xl CX2, i. e. containing the nonterminal c, we will finally 
have to cut such astring by using the rules in R' - R in order to obtain 
a terminal string. Since we start with the axioms of " separated by c, and 
with the correct multiplicities (guaranteed by the construction of the strings 
wand z), this resuit corresponds to a correct splicing in ,. Consequently, 
L(r') = L(r). 0 
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Theorem 6.1. REG = EH(m[l],FIN) C EH(m[2],FIN) == RE. 

Proof. From Theorem 3.6 we know that RE <:;;; EH(mFIN, FIN). With 
Lemma 6.1 we get RE <:;;; EH(m[2], FIN). Combining this with the Turing
Church thesis, we have RE = EH(m[2J,FIN). 

In Lemma 4.5 we have proved that REG <:;;; EH(FIN,FIN). We can 
write REG <:;;; EH(wFIN, FIN), having in mind that we use multisets M 
with infinite multiplicity for each x E supp(M) (by an easy modification in 
the proof of Lemma 4.5 we can work with wH systems in the same way as 
with mH systems, that is producing two strings in each splicing operation). 
We then apply the construction in the proof of Lemma 6.1 to "( constructed 
in the proof of Lemma 4.5. We obtain a system "(' with only one axiom, that 
denoted by z in the proof of Lemma 6.1, with infinite multiplicity. Therefore, 
REG<:;;; EH(m[l],FIN). 

Conversely, EH(m[l],FIN) <:;;; REG. Indeed, take "( = (V,T,A,R) with 
s'upp(A) = {w}. If A(w) < 00, then L("() is, obviously, a finite language 
(every string in L("() has a length not greater than Iwl· A(w)). 

If A(w) = 00, then L("() E EH(w[lJ,FIN) <:;;; EH(wFIN,FIN). From 
Lemma 3.14 we know that H(wFIN,FIN) <:;;; REG. As REG is closed 
under intersection and L("() = L("(') n T*, for "(' = (V, V, {w}, R), we obtain 
L("() E REG. Hence we conclude EH(m[l], FIN) <:;;; REG. 

Therefore, REG = EH(m[l],FIN). 0 

The fact that we can fix the number ofaxioms in an mH system without 
diminishing the computational completeness suggests that we should look for 
universal H systems, that is systems which have all components but one (the 
axiom set) fixed, which are able to behave as any given H system "( when a 
code of'Y is introduced in the axiom set ofthe universal system. The existence 
of such systems would be a theoretical proof that universal programmable 
DNA computers can be designed. 

The existence of universal mH systems can be derived from the proofs of 
Theorems 3.6 and 6.1. First, let us define the notion of a universal mH in 
a precise way. 

Given an alphabet T and two families oflanguages, F Al, F A 2 , a construct 

'Yu = (Vu,T,Au,Ru ), 

where Vu is an alphabet, Au <:;;; V~, Au E FA I , and Ru <:;;; V~#V~$V~#V~, 
Ru E F A 2 , is said to be a universal H system of type (FA I , F A 2 ), if for 
every H system 'Y = (V, T, A, R) of any type (F A~, F A~), F A~, F A~ E RE, 
there is a language A-y such that Au U A-y E F Al and L("() = L(,,(~), where 
'Y~ = (Vu,T,AuUA-y,Ru ). 

Note that the type (F Al, F A 2 ) of the universal system is fixed, but the 
universal system is able to simulate systems 0/ any type (F A~, F A~). 

The restriction to a given terminal alphabet cannot be avoided, but this 
is anyway imposed by the fact that the DNA alphabet has only four letters. 
It is perhaps no surprise why this alphabet has been chosen: it is the smallest 
one by which we can codify two disjoint arbitrarily large alphabets (terminal 
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and nonterminal symbols in our terminology), using two disjoint subsets ofit. 
This is known in language and information theory in general, but this works 
also in the H systems area. 

Lemma 6.2. Given an extended H system '"( = (V,T,A,R) of type (FAl , 
F A 2), for F Al, F A 2 families of languages closed under >'-free morphisms, 
we can construct an extended H system '"(' = ({Cl, C2} U T, T, A', R') of the 
same type (FAl , FA2 ), such that L('"() = L(i). This is also true wh(m '"( is 
an mH system. 

Proof. If V - T = {Zl' ... ' Zn}, then we consider the morphism h : V* --+ 

({ Cl. C2} U T)*, defined by 

Then 

A' = h(A), 

h(Zi) = ClC~Cl' 1 ::; i ::; n, 
h( a) = a, a E T. 

R' = {h(ud#h(U2)$h(U3)#h(U4) I Ul#U2$U3#U4 ER}. 

The equality L('"() = L('"(') is obvious. Due to the form of the axioms in 
A' and of the rules in R', the blocks Cl C~Cl, 1 ::; i ::; n, are never broken by 
splicing, thus they behave in the same way as the corresponding symbols Zi 
do. 

For the case when '"( is an mH, the definitions of the corresponding com-
ponents of '"(' are obvious. 0 

Theorem 6.2. For every given alphabet T there exists an mH system of 
type (m[2], FIN) which is universal for the class of mH systems with the 
terminal alphabet T. 

Proof. Consider an alphabet T and two different symbols Cl> C2 not in T. 
For the dass of type-O Chomsky grammars with a given terminal alphabet, 

there are universal grammars, i. e. constructs Gu = (Nu, T, -, Pu) such that 
for any given grammar G = (N,T,S,P) there is astring weG) E (Nu UT)* 
(the "code" ofG) such that L(Gu) = L(G) for Gu = (Nu,T,w(G), Pu). (The 
language L( Gu ) consists of all terminal strings z such that w( G) ===} * z using 
the rules in Pu.) This follows from the existence of universal Turing machines 
and from the way of passing from Turing machines to type-O grammars and 
conversely, or it can be proved directly (an effective construction of a universal 
type-O grammar can be found in [2]). 

For a given universal type-O grammar Gu = (Nu,T,-,Pu), we follow 
the construction in the proof of Theorem 3.6, obtaining an mH system 
'"(1 = (VI, T, Al, R l ), where the axiom (with multiplicity 1) Wo = XlYSXi 
is not considered. Remark that all other axioms in Al (all having infinite 
multiplicity) and the rules in R l depend on Nu, T and Pu only, hence they 
are fixed. 
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As in the proof ofLemma 6.1, we now pass from 'Yl tO'Y2 = (V2, T, A2, R2), 
with at most two axioms in A2 • In fact, as Al contains only axioms with 
infinite multiplicity, A2 consists of only one string (that one denoted by z in 
the proof of Lemma 6.1), namely one which has infinite multiplicity. 

We now follow the proof of Lemma 6.2, codifying all symbols in V2 - T 
by strings over {Cl, C2}; the obtained system, 

'Yu = ({Cl,C2}UT,T,Au ,Ru ) 

is the universal mH system we are looking for. 
Indeed, take an arbitrary mH system 'Yo = (V, T, A, R). From the Turing

Church thesis we know that L(-yo) E RE, hence there is a type-O grammar 
Go = (No, T, So, Po) such that L(-yo) = L(Go) (the grammar Go can be con
structed directly and in an effective way). Construct the code of Go, w(Go), 
as dictated by the definition of the universal type-O grammars one uses, and 
consider the string 

w~ = XiYw(Go)X~, 
corresponding to the axiom Wo in the proof of Theorem 3.6. Codify Wo over 
{Cl, c2}UT as we have done above with the axioms of 'Y2. By w('Yo) denote the 
obtained string. Then L('Yu) = L('Yo), for 'Yu = ({Cl, C2} UT, T, {(w('Yo), I)} U 
Au, Ru). 

This can be easily seen: In the proof of Theorem 3.6, the system 'Y simu
lates the work of G, starting from the axiom S of G, bracketed as in XfY S X? . 
If we replace S with an arbitrary string x over the alphabet of G, then we 
obtain in 'Y exactly the language of terminal strings y such that x==>* y in 
G. If we start from a universal grammar Gu and S is replaced by the code 
w(Go) of a type-O grammar Go equivalent with 'Yo, then the system 'Yu, asso
ciated as above with Gu , will simulate the work of Gu , starting from w(Go). 
Hence L(-yu) = L(G~) = L(Go) = L(-yo), for G~ = (Nu,T,w(Go),Pu ). 0 

The equality RE = EH(FIN,REG) in Theorem 4.7 can also be used, 
exactlyas above, to obtain universal H systems with regular sets ofrules (we 
bound the number ofaxioms to one and the number of nonterminals to two 
by Lemmas 6.1, 6.2). 

7. Bibliographical not es 

The splicing operation has been introduced in [22], in the following form: a 
splicing rule over an alphabet V is a pair of tripies, « Ub v, U2), (U3, v, U4)). 
Such a rule, applied to two strings of the form Xl Ul VU2X2, Yl U3VU4Y2 (on the 
specified sites) produces two new strings, XlUlVU4Y2 and YIU3VU2X2. There
fore, a splicing scheme (or system) based on such rules, used as above, corre
sponds to an H scheme (system) as we have considered here, containing two 
rules associated to the tripie «Ul' v, U2), (U3, v, U4)), namely UI V#U2$U3V#U4 
and U3V#U4$UIV#U2. Consequently, the framework we have used here is 
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slightly more general than that in [22] (and doser to the "contextual thinking" 
in formallanguage theory, where, in most cases - see [15], [29], [11], etc. - one 
controls by pairs of words, called contexts, various operations, of rewriting, 
insertion, deletion, etc.). 

In [22] one considers only splicing schemes with finite sets of rules, in the 
iterated mode of application. One of the main problems raised in [22] concerns 
the power of such schemes. A first (important) answer to this question is 
given in [6], where it is proved that iterating a (finite) splicing scheme on 
a regular language we obtain a regular language, too. The proof uses rather 
complicated arguments, in terms of the semigroup of dominoes. The proof has 
been essentially simplified in [44], where the same result is obtained in formal 
language and automata theory terms. Splicing schemes with infinite sets of 
rules codified as in the present chapter were considered in [35], where results 
concerning the relationships between the splicing operations with respect to 
sets of rules being languages in Chomsky hierarchy and usual operations with 
languages are given. The above mentioned regularity result in [6] is extended 
in [45] to the case of arbitrary full AFL's (Lemma 3.16). Lemma 3.15 is 
from [39]. 

Most of the results about uniterated splicing are from [35], [41]; a few 
results are new, or improvements of those in [35], [41]. Morphic characteriza
tions of regular languages also appear in [16], [17]. 

The case of multisets was first considered in [10], where one proves that 
the range of any Turing machine can be represented in a precise way us
ing the iterated splicing of a multiset. A representation of recursively enu
merable languages (as morphic images of the intersection of a language in 
H(mFIN, FIN) with a regular language) is obtained in [36]. The result is 
improved in [14] in the form of Theorem 3.6. The discussion about describ
ingjpredicting the evolution of finite multisets is new. 

The material from Section 4.1 is from [31], where, furthermore, an al
gebraic characterization of simple H languages is given, as weIl as furt her 
results (concerning, for instance, the descriptional complexity of such lan
guages): The results in Section 4.2 are from [42], where the notion of an 
extended H system is introduced. 

The problem of splicing circular words is formulated in [22]. Section 5 is 
mainly based on [45]. Circular words are also considered in [53]. 

The idea of computing by splicing appears first in [42]. Theorem 6.2 is 
from [14], where one also finds universal H systems with finite sets of rules and 
finite sets ofaxioms, with the work controlled by permitting (or forbidding) 
contexts: the splicing rules have associated finite sets of symbols; a rule r can 
be applied for splicing two strings x, y only when the symbols associated to 
rare present in x, y (respectively, not present, in the case of systems with 
forbidding contexts). Universality results are also proved in [58] and [12). 

Many other not ions and results related to the splicing operation, in gen
eral, on the recombinant behavior ofDNA, appear in the literature. We briefly 
survey some of them. 
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Regulated variants of the splicing operation. In the previous sec
tion, no restriction is imposed to the using of a splicing rule: the two sites 
u1u2,u3u4 defined by r = Ul#U2$U3#U4 may appear in x,y in any place, 
x = Xl Ul U2X2, Y = Yl U3U4Y2, any rule may be applied to any strings X, y 
and so on. Both from biological and from mathematical point of view it is 
however reasonable to restrict this freedom. For instance, one may imagine 
that the evolution (by DNA recombination) has a purpose, a "favourized di
rection" , hence we may select from the splicing possibilities those which fulfill 
a given criterion. We can consider such restrictions as: to increase/decrease 
the length, to produce astring which is a strict continuation of the first 
term of the splicing, to produce astring from a given "target language", 
etc. Symmetrically, it is natural to restrict the splicing to strings having a 
given degree of similarity. This can be achieved by partitioning the set of all 
strings and allowing splicing to occur only among strings in the same dass. 
In particular, the dasses can consist of singleton languages, of aU strings of 
equal length, they can be regular sets, etc. Then, we can impose restrictions 
on the place where the sites ul U2, U3u4 appear in the spliced strings (on the 
leftmost/rightmost possible positions, as a prefix/suffix, covering completely 
the string). Finally, the splicing rule to be used can be selected in such a way 
that its sites are maximal/minimal among the set of the applicable rules, or 
it can be selected according to a priority criterion (a partial order relation 
on the set of rules), or according to favouring or inhibiting symbols (like in 
the random context grammars in regulated rewriting). 

There are a lot of variants. Formal definitions and results about the non
iterated case of the associated splicing operations can be found in [41], [27]. 
The iterated case is still a research topic to be considered. 

Crossovering. An operation with DNA sequences, similar to the splicing, 
is the crossovering: given two strings x, Y, we jump from X to y and back to 
x, and so on, a number of times, combining subwords of x, y as specified 
by the jumping positions. (The splicing is a particular case, with only one 
jump, from X to y.) It is obvious that when the number of jumps is not 
specified, a crossovering operation can be simulated by an iterated splicing. 
An interesting case appears when the number of jumps is fixed (and the 
places where they are done are ordered). Results about such an operation 
appear in [34], [26] (many problems are still open in this area). 

Splicing on graphs. The reader is referred to [13], where aseries of 
detailed (and complex) definitions are given. The subject still remains to be 
investigated. 

Generating strings by replication. A sort of 2-crossovering is consid
ered in [33], based on the following idea. Take some given insertion contexts, 
(u, v), over some alphabet V, and astring X E V*. We interpret each (u, v) 
as a "weak link", where X can be cut and where a furt her segment, also being 
a substring of x, can be inserted, providing the links are reproduced. That 
is, if X = Xl UVX2 and Y = vy' = y"u is a substring of :z:, then we produce 
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the string z = XIUYVX2 = xluVy'vX2 = XluY"UVX2. Remark how the string z 
contains again the links UV, before y' and after y". Based on this operation of 
replication, we can define replicating systems, tripies '"Y = (V, A, R), where V 
is an alphabet, A is a language over V and R is a set of insertion contexts. As 
for H schemes, we can codify the contexts in R as strings, hence we can allow 
infinite sets R, of a given type in Chomsky hierarchy. As for the splicing oper
ation, we can also consider replicating schemes, pairs a = (V, R), which then 
can be applied uniterately or iterately to languages. The language generated 
by a replicating system '"Y = (V, A, R) is the language obtained by iterating 
the underlying replicating scheme a = (V, R) on the language A ofaxioms. 

A particular form of replicating systems was investigated in [33] j the cases 
of more general replicating systems remain to be considered (and they seem 
to lead to rat her difficult problems). 

The simple replicating systems discussed in [33] are of the form '"Y = 
(V, w, (a, b)), where w E V+ and a, bE V (one axiom and only one context, 
of "radius" one). Several variants of the replication operation as specified 
above are investigated in [33], namely with restrictions about the choice of 
the inserted substring y. For instance, one can impose any of the following 
restrictions on the inserted string y: y is aprefix of the current string, y is 
a maximal prefix or a minimal prefix, y is the leftmost, maximal leftmost 
or minimalieftmost of the form y = vy' = y" u, y is arbitrarily maximal or 
minimal among the substrings ofthe current string. Ten languages Lg('"'t) can 
be associated in this way to a replicating system '"Y, hence ten families (of 
"snakes" - as termed in [33]) are obtained. A comparlson of the size of these 
families relative to each other and to the families in Chomsky hierarchy, is 
investigated in [33]. All the relationships between the ten families are settled: 
somewhat surprisingly, most of them are incomparable. 

Also settled in [33] is the regularity of languages generated by simple 
replicating systems. However, the proofs in [33] concerning regularity cannot 
be directly extended from simple systems to more general systems. The prob
lem is open for replicating systems having finite but arbitrary sets of insertion 
contexts. 

Appendix: The derivation of the splicing concept from DNA 
recombination 

Although the formal systems treated in this chapter have the potential to re
fer to various linear polymers such as polypeptides, RNA, and single-stranded 
DNA, the model has been explicitly devised to express the cut and paste ac
tivities carried out in vitro on double-stranded DNA with restriction enzymes 
and a ligase. Such activities have been carried out routinely in recent decades 
in the activity called gene splicing. Our model is liberal in considering the 
potential recombinant activities made possible in an environment containing 
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at the same time several different restriction enzymes and a ligase. Practical 
genetic engineering normally uses only one or two restriction enzymes and a 
ligase, possibly made available sequentially. For details not considered here 
see [22], [23], and the biological references listed in them. 

Single stranded DNA molecules are linear polymers consisting of four 
bases denoted A, C, G, and T. Each such base is joined to the next by a 
phosphate group that is bonded through the so-called 3' carbon atom of the 
ribose portion of one base and the 5' carbon of the ribose portion of the next 
base. As a result of this 3' - 5' distinction, each single strand of DNA has a 
unique representation exemplified by 5' - GCTT AC - 3' where the 5' and 
the 3' each tell us that the molecule is being displayed with a 5' carbon to the 
left and a 3' carbon to the right. There is redundance here since in every case 
a well formed single strand must have a 5' at one end and a 3' at the other. 
Bases pair naturally through the formation of weak, easily broken, hydrogen 
bonds. A and T pair with each other and C and G pair with each other. This 
provides for DNA strands to associate into double stranded DNA molecules 
having forms as illustrated by the following three molecules: 

5' - CCCCCTCGACCCCC - 3' 
3' - GGGGGAGCTGGGGG - 5' 

5' - AAAAAGCGCAAAAA - 3' 
3' - TTTTTCGCGTTTTT - 5' 

5' - TTTTTGCGCTTTTT - 3' 
3' - AAAAACGCGAAAAA - 5' 

Notice that complementary strands always have opposite 5' - 3' orienta
tion. 

Restriction enzymes (endonucleases) cut double stranded DNA molecules 
in specific ways. The recognition sequences at which the enzymes TaqI, Sei 
NI, and HhaI cut are, respectively: 

TCGA 
AGCT 

GCGC 
CGCG 

GCGC 
CGCG 

When TaqI, SeiNI, and HhaI act, respectively, on the three DNA molecules 
listed above they cut these molecules at the unique sites occurring in these 
molecules to yeld the six fragments as illustrated: 

5' - CCCCCT 
3' - GGGGGAGC 

5'-AAAAAG 
3' - TTTTTCGC 

5' - TTTTTGCG 
3'-AAAAAC 

CGACCCCC - 3' 
TGGGGG-5/ 

CGC AAAAA - 3' 
GTTTTT-5' 

CTTTTT-3 f 

GCGAAAAA - 5" 
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The action of TaqI is to sever one covalent bond in each strand of its 
recognition sequence. In each case it is the bond between the T and the 
neighboring G that is cut. With these two covalent bonds severed, the hy
drogen bonds between the two C / G pairs are not strong enough to hold the 
molecule firmly together. The two fragments that result can then drift apart. 
However, the potentiality for forming hydrogen bonds between the G and C 
bases makes the "overhangs" (each reading CG when read in the 5' to 3' 
direction) "sticky". Notice that the result of the cut made by SeiNI leaves 
precisely similar CG sticky overhangs. Notice that the cut made by HhaI 
also leaves a CG sticky overhang (when reading in the 5' to 3' direction). 
However, there is an absolutely crucial distinction: The free tips of all four 
overhangs created by TaqI and SeiNI are at 5' ends, but the free tips of the 
two overhangs created by HhaI are at 3' ends. The result is that the fragments 
produced by the first two enzymes are compatible in the sense that hydrogen 
bonds can form between the two-base sticky ends of a fragment produced by 
one of these enzymes and a fragment produced by the other. Carefully note 
that there is nO such compatibility between the fragments produced by HhaI 
and the fragments produced by either of the other two enzymes. We say that 
TaqI and SeiNI produce 5'-overhangs and that HhaI produces 3'-overhangs. 
Various overhangs are provided by various restriction enzymes. For example, 
EcoRI pro duces the 5'-overhang AATT. Overhangs are rarely of length more 
than six bases. See [46J for a detailed discussion of restriction enzymes. 

The effect of a ligase enzyme, when introduced into a set of DNA frag
ments that have been produced by restriction enzymes, is to bind eompatible 
pairs of fragments back into double stranded molecules by reestablishing co
valent bonds. This allows restoration of molecules of the same form as those 
previously cut. But it also allows "recombinant" molecules of new types to 
be formed. Using as examples the six fragments given above, we point out 
two molecules that may arise through ligation: 

5' - CCCCCTCGCAAAAA - 3' 
3' - GGGGGAGCGTTTTT - 5' 

5' - AAAAAGCGACCCCC - 3' 
3' - TTTTTCGCTGGGGG - 5' 

The formation of these reeombinant moleeules is only possible because the 
overhangs match appmpnately. The action of the ligase enzyme is to create 
covalent bonds that restore the integrity of the strands. In the left molecule 
the ligase has constructed a bond TC in the upper strand and a bond CG in 
the lower strand. In the right molecule the ligase has constructed a bond GC 
in the upper strand and a bond CT in the lower strand. The key features of 
the behaviors that the formal systems of this chapter were initiated to model 
have here been described. Periferal features that can be considered by those 
interested include the duplicity of representations of double stranded DNA 
molecules, appropriate buffers to support the enzymatic activities, and energy 
sources in the form of ATP. We leave these considerations to our references 
and develop the formal model. 
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The phenomenon to be modeled is the process of producing new double 
stranded DNA moleeules from pre-existing double stranded DNA molecules, 
especiaHy by the cut and paste methods outlined above. Several fundamental 
modeling decisions must be motivated and made dear. The purpose of the 
model is to allow a formal treatment of the generative power of recombi
nant processes to be incorporated smoothly into the weH established theory 
of formal languages. Two fundamental issues arise immediately. Should the 
model used for a double stranded DNA moleeule recognize the fact that it 
can be analysed into two single strands? Should the model recognize frag
ments such as those with sticky overhangs as illustrated above? The answer 
given here to both questions is: No. Positive answers would not provide mod
els that blend smoothly into standard formal language theory. The previous 
sections of this chapter demonstrate that the negative decisions have aHowed 
the development of a theory that works weH with such dassical features as 
the Chomsky hierarchy and AFL theory. It is certainly possible to develop 
models that are based on affirmative answers to both quest ions and, in fact, 
the first treatment of regularity was given in [6] in this way. The reader may 
wish to compare the treatment in [6] with the corresponding portions of the 
exposition provided in this chapter. 

In order to model each double stranded DNA moleeule with a single string 
we must use as our alphabet the four compound "two-Ievel" symbols 

A 
T 

C 
G 

G 
C 

T 
A 

Using two lines for a symbol is cumbersome. We -adopt a much simpler 
notation taking advantage of the fact that we will no longer treat single 
stranded DNA. Since the second row of symbols in a representation of a weH
formed double stranded DNA molecule is redundant, we now represent double 
stranded DNA molecules by writing only one row. Thus the two recombinant 
moleeules represented above are now represented more simply by: 

5'- CCCCCTCGCAAAAA - 3' 5'- AAAAAGCGACCCCC - 3' 

The set D = {A, C, G, T} has now become the alphabet for representing 
double stranded DNA molecules. Be sure to keep in mind that each of A, C, G, 
and T now represents a two level pair of bases joined by hydrogen bonds: A 
is now an abbreviation for AjT, C for CjG, G for GjC, and T for TjA. 

In order to model the effect of restriction enzymes and a ligase without 
formaHy recognizing the fragments having sticky overhangs we proceed as 
foHows: With the set of restrietion enzymes being modeled we construct two 
sets Band C as foHows. Subdivide the restrietion enzymes into two dasses: 
those that create 5'-overhangs and those that create 3'-overhangs. Set B 
will be formed by inspecting the recognition sequences and cut sites of the 
enzymes that produce 5'-overhangs and set C will be formed by inspecting 
the recognition sequences and cut sites of those that produce 3'-overhangs. 
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The construction of the sets Band C will be made dear with an example. 
Let the situation to be modeled be the one in which the set of enzymes to be 
used consists of TaqI, SciNI, and HhaI. The information we need concerning 
the cutting activity of TaqI is expressed completely by writing (T, CG, A) 
and noting that this enzyme produces 5'-overhangs. Since 5'-overhangs are 
produced, we place (T, CG, A) in the set B. That this triple is in Bencodes 
the fact that TaqI acts at the recognition sequence TCGA and cuts leaving 
sticky 5'-overhangs CG. For exactly similar reasons we place (G, CG, G) in 
B to represent the action of SeiN!. Since HhaI produces 3'-overhangs, we 
place (C, CG, C) in the set C. That this triple is in C encodes the fact that 
HhaI acts at the recognition sequence GCGC and cuts leaving sticky 3'
overhangs CG (reading always in the 5' to 3' direction). Finally, suppose that 
we also wish to use EcoRI. This enzyme operates at the recognition sequence 
GAATTC and cuts leaving sticky 5'-overhangs at AATT. Consequently we 
merelyadd (G, AATT, C) to B in order to add the action of EcoRI into oUf 
model. 

There are restriction enzymes which cut without sticky overhangs. In the 
introduction to this chapter two such enzymes are given: DpnI and Ban. 
When there is no overhang it is convenient to write that the overhang is 
A, which denotes the null string. Using this convention we give as patterns 
for these two enzymes as: ( GA, A, TC) and (TGG, A, CC A), respectively. En
zymes that cut without leaving overhangs are said to leave "blunt ends". Any 
two blunt end enzymes are compatible as illustrated in the introduction for 
DpnI and Ban. We incorporate the blunt end enzymes into our formalism by 
adding their patterns to the set B. For the six enzyme system discussed here 
we have B = {(T,CG,A), (G,CG,C), (G,AATT,C), (GA, A,TC), (TGG,A, 
CCA)} and C = {(G, CG, C)}. The biochemical discussion is now adequate 
to motivate the original definition of the concept of a splicing system. 

Definition .1. A splicing system S = (V, I, B, C) consists oJ a finite alpha
bet V, a finite set I of initial strings in V*, and finite sets Band C of triples 
(y, x, z) with y, x, z E V*. Each such triple in B or C is called a pattern. For 
each such triple the string yxz is called a si te and the string x is called a 
crossing. Patterns in Bare called left patterns and patterns in C are called 
right patterns. 

Definition .2. The language L = L(S) generated by S = (V,I, B, C) is 
defined inductively to be the union L of the following sequence of languages: 
Lo = I, and, for each integer i ~ 0, Li+! = LiU{ W E V* Iw is either XIPXVY2 
or Yl uxqX2 where the Jollowing condition holds: XIPxqX2 and Yl UXVY2 are in 
Li with (p, x, q) and (u, x, v) patterns oJ the same hand}. 

With each experiment in which, into an appropriate aqueous solution, a 
finite set of double stranded DNA moleeules (many copies of each), (many 
copies of) a ligase, and a finite set of restriction enzymes (many copies of 
each) are to be added we associate the splicing system S = (V, I, B, C): V is 
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the four letter DNA alphabet; I is determined from the sequence of the bases 
occurring in the initial set of DNA molecules; and Band C are determined 
from the cutting patterns of the restriction enzymes. See [22] for the exact 
details of this process. For this model S, L = L(S) represents the set of all 
possible wen formed double stranded DNA molecules that can arise in the 
in vitro environment in which the molecules present are only those chosen 
for the experiment. The biochemical background that motivated the original 
definition of a splicing system [22) is now complete. Additional details are 
given in [22) and [23). 

Notice that the two definitions above, of S = (V, I, B, C) and L(S), have 
provided for the modeling of the set of weil formed double stranded DNA 
molecules obtainable from an initial set by splicing without granting any for
mal recognition to fragments having sticky overhangs. In this way splicing 
can be discussed in the context of ordinary formal language theory. This is 
a consequence of our giving the common answer of "No" to the two funda
mental questions raised earlier ab out how the model for splicing should be 
constructed. 

In this chapter splicing operations are not discussed within the context 
of the splicing systems as just defined, but rat her within the newer context 
of H-systems. The final objective of this appendix is to explain the relation 
between these two types of systems and the value of each. 

The sets Band C in S = (V, I, B, C) are quite natural from a biochem
ical point of view: An endonudease cuts leaving either a 5'-overhang or a 
3'-overhang or blunt ends. There is no other possibility. Mathematically the 
B : C distinction serves only to express one of the forms of limitation on corn
patibility for recombination: the patterns (p, x, q) and (u, J;, v) can prod uce 
new strings only if both lie in B or both lie in C. The intrinsic general
ity of the mathematical results concerning splicing is not fully expressible 
when these proofs are made using the biochemically natural S = (V, I, B, C) 
formalism. Moreover, building the B : C distinction into proofs makes the 
proofs more awkward and less dear than necessary. All this can be seen from 
an examination of the proofs appearing in the first few papers dealing with 
splicing systems. 

Splicing is discussed in terms of the concept of an H scherne in this chap
ter. We consider that this chapter demonstrates that the H scheme con
cept provides a fully adequate response to the mathemat.ical awkwardness 
of the original splicing system concept as outlined in the previous para
graph. We next show how to express the information in the splicing scheme 
SS = (V, B, C) in the form of an H scherne (J = (V, R), where R is a language 
of a special form over the augmented alphabet V U {#, $}: For each pair of 
patterns (p, x, q) and (u, y, v) of the same hand and having the same cross
ing x = y, place px#q$ux#v in R. Each rule of R is said to be a splicing 
rule and R is said to be a language of rules. In an H scherne (J = (V, R), 
R is always a subset of V*#V*$V*#V*. Each H scherne (J = (V, R) be-
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comes a unary operation on the set of all languages over V by defining: 
a(L) = {XIUIU4Y2 I XIUIU2X2 E L,YIU3U4Y2 E Land Ul#U2$U3#U4 ER}. 
Exponents applied to a provide unary operations by defining iteratively: 
aO(L) = Land ai+l(L) = ai(L) U a(ai(L)). (Note that a1(L) is not a(L). 
Instead it is Lu a(L).) Finally, a* also becomes a unary operator by defin
ing: a* (L) = U{ ai (L) I i ~ O}. A careful reading of all the relevant def
initions confirms that the language L(S) generated by the splicing system 
S = (V, I, B, C) is identical with the language a*(I) for a = (V, R) derived 
above from S S = (V, B, C) as above. 

When maximum generality is desired in the mathematics of splicing, the 
H system formulation is appropriate. However, if DNA computatiori is to be 
carried out using restriction enzymes and a ligase then it may be necessary to 
formulate results in terms of splicing systems as defined in this appendix. A 
representation theory for H systems in terms of splicing systems may therefore 
be desired. The freedom allowed in choosing a rule set R does not recognize 
various closure requirements that hold on any R that is buHt from a splicing 
system and therefore also one that is buHt from a concrete set of restriction 
enzymes. The simplest example of properties that inevitably hold for any R 
that is constructed from an S = (V, I, B, C) follow: 

(1) If Ul #U2$U3#U4 is in R then both Ul #U2$Ul #U2 and U3#U4$U3#U4 are 
in R. 

(2) If Ul #U2$U3#U4 is in R then U3#U4$Ul #U2 is in R. 

The first of these conditions is akin to reflexivity and the second to sym
metry. An example of one of the more subtle conditions that must hold is: 

(3) If Ul#U2$Ul#U3, Ul#U2$Ul#U4, and Ul#U2$Ul#U5 are all in R then 
either Ul #U3$Ul #U4 is in R or Ul #U3$Ul #U5 is in R or Ul #U4$Ul #U5 
is in R. 

The distinction between B (5'-overhangs) and C (3'-overhangs) allows the 
construction of chemical examples for which a natural analog of transitivity 
fails, i.e., for which, in the H theory formulation, there are Ul #U2$U3#U4 
and U3#U4$U5#U6 in R with Ul #U2$U5#U6 not in R. Ultimately, of course, 
any computing system based on splicing must consider in detail the exact 
recognition sequences and the cutting pattern of any enzymes to be used. 
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String Editing and Longest Common 
Subsequences 

Alberto Apostolico 

Summary. The string editing problem for input strings x and y consists of trans
forming x into y by performing aseries of weighted edit operations on x of overall 
minimum cost. An edit operation on x can be the deletion of a symbol from x, the 
insertion of a symbol in x or the substitution of a symbol of x with another symbol. 
String editing models a variety of problems arising in such diverse areas as text and 
speech processing, geology and, last but not least, molecular biology. Special cases 
of string editing include the longest common subsequence problem, local alignment 
and similarity searching in DNA and protein sequences, and approximate string 
searching. We describe serial and parallel algorithmic solutions for the problem and 
some of its basic variants. 

1. Introduction 

Let x be astring of lxi = rn symbols from some alphabet E of cardinality 
s. We say that E is bounded when s is a constant independent of rn, un
bounded otherwise. We consider three edit operations on x, namely, deletion 
of a symbol from x, insertion of a new symbol in x, and substitution of one 
of the symbols of x with another symbol from E. We assurne that each edit 
operation has an associated nonnegative real number representing the cost of 
that operation. More precisely, the cost of deleting from x an occurrence of 
symbol a is denoted by D( a), the cost of inserting some symbol a between any 
two consecutive positions of xis denoted by I(a) and the cost of substituting 
some occurrence of a in x with an occurrence of bis denoted by S(a, b). An 
edit script on x is any sequence S of viable edit operations on x, and the cost 
of S is the sum of all costs of the edit operations in S. 

For any given string x, there is always some edit script S that transforms 
x into any other string of E*, so that the only possible questions of interest 
revolve around the cost of S. Let x and y be two strings of respe~tive lengths 
lxi = rn and lyl = n ~ rn. The string editing problem for input strings x 
and y consists of finding an edit script SI of minimum cost that transforms 
x into y. The cost of S, is the edit distance from x to y. Edit distances 
where individual operations are assigned integer or unit costs occupy a special 
place. Such distances are often called Levenshtein distances, since they were 
introduced by Levenshtein [1966] in connection with error correcting codes. 
String editing finds applications in a broad variety of contexts, ranging from 
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text and speech processing to geology, from computer vision to molecular 
biology. 

It is not difficult to see that the general (i.e., with unbounded alphabet 
and unrestricted costs) problem of edit distance computation is solved by a 
serial algorithm in 8(mn) time and space, through dynamic programming. 
Due to widespread application of the problem, however, such a solution and 
a few basic variants were discovered and published in literat ure catering to 
such diverse disciplines (see, e.g., Sankoff and Kruskal [1983] and references 
therein). In computer science, the problem was dubbed "the string-to-string 
correction problem" by Wagner and Fischer [1974J. The CS literat ure was 
possibly the last to address the problem, but interest in the CS community 
increased steadily in subsequent years. By the early 1980s, the problem had 
proved so pervasive, especially in biology, that a book (Sankoff and Kruskal 
[1983] ) was devoted almost entirely to it. Special issues of the Bulletin of 
Mathematical Biology and various other books and journals routinely dedi
cate significant portions to it (see, e.g., Martinez [1984], Waterman [1989]). 

An fl(mn) lower bound was established for string editing by Wong and 
Chandra [1976J for the case where the queries on symbols of the string 
are restricted to tests of equality. For unrestricted tests, a lower bound 
fl(nlogn) was given by Hirschberg [1978J. Algorithms slightly faster than 
8(mn) were devised by Masek and Paterson [1980], thru resort to the so
called "Four Russians Trick". The "Four Russians" are Arlazarov, Dinic, 
Kronrod, and Faradzev [1970J (see also Aho, Hopcroft and Ullman [1974J for 
a discussion of their approach). Along these lines, the total execution time 
becomes 8(n2 jlogn) for bounded alphabets and O(n2 (loglogn)jlogn) for 
unbounded alphabets. The method applies only to the classical Levenshtein 
distance metric, and does not extend to general cost matrices. To this date, 
the problem of finding either tighter lower bounds or faster algorithms is still 
open. 

The criterion that subtends the computation of edit distances by dynamic 
programming is readily stated. For this, let G(i,j), (0 ~ i :S lxi, ° ~ j ~ lyD 
be the minimum cost of transforming the prefix of x of length i into the prefix 
of y of length j. Let s k denote the kth symbol of string s. Then G (0, 0) = 0, 
G(i, 0) = G(i-1,0)+D(xi) (i = 1,2, ... ,m), G(O,j) = G(0,j-1)+I(Yj) (j = 
1,2, ... ,n), and 

G(i,j) = min{G(i-l,j-1)+S(xi,Yj), G(i-l,j)+D(xi), C(i,j-1)+I(Yj)} 

for all i, j, (1 ~ i ~ lxi; 1 ~ j ~ lyD. Observe that, of all entries of the G
matrix, only the three entries G(i -1,j - 1), C(i - 1,j), and G(i,j - 1) are 
involved in the computation of the final value of G(i,j). Hence G(i,j) can 
be evaluated row-by-row or column-by-column in 8(lxllyl) = 8(mn) time. 
An optimal edit script can be retrieved at the end by backtracking thru the 
local decisions that were made by the algorithm. 

A few important problems are special cases of string editing, including 
the longest eommon subsequenee problem, loeal alignment, i.e., the detection 
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of local similarities of the kind sought typically in the analysis of molecular 
sequences such as DNA and proteins, and the problem of searching for ap
proximate occurrences of a pattern string in a text string. As highlighted in 
the foHowing brief discussion, a solution to the general string editing problem 
implies typically similar bounds for all these special cases. 

1.1 Approximate string searching 

In this problem, we assurne unit cost for all edit operations. Given a pattern 
x and a text y, the most general variant of the problem consists of computing, 
for every position of the text, the best edit distance between the pattern x 
and some substring W of yending at that position. It is not difficult to express 
a solution in terms of a suitable adaptation of our previous recurrence. The 
first obvious change consists of setting all costs to 1 except that S(Xi, Yj) = 0 
for Xi = Yj. Thus, we have now, for all i,j, (1 ~ i ~ lxi; 1 ~ j ~ Iyl), 

G(i,j) = min{G(i - 1,j -1) + 1, C(i -l,j) + 1, G(i,j - 1) + I}. 

A second change consists of setting the initial conditions so that G(O, 0) = 
0, G(i,O) = i (i = 1,2, ... , m), G(O,j) = 0 (j = 1,2, ... , n). This has the effect 
of setting to zero the cost of prefixing x by any prefix of y. In other words, 
any prefix of the text can be skipped free of charge in an optimum edit script. 

Clearly, the computation of the final value of G(i,j) may proceed as in 
the general case, and it will still take 8(lxlIyl) = 8(mn) time. Note, however, 
that we are interested now in the entire last row of matrix G at the outset. 

In practical cases, one would be more interested in methods capable of 
locating only those segments of y that present a high similarity with x. For
mally, given a pattern x, a text Y and an integer k, this restricted version 
of the problem consists of locating all substrings W of Y such that the edit 
distance between wand x is at most k. While the recurrence above obviously 
incorporates aH the distances, there are more efficient methods to deal with 
this restrietion, e.g., with a worst case time complexity O(kn) or evep. sublin
ear expected time. Landau and Vishkin [1986, 1988], SeHers [1974], Ukkonen 
[1985], Galil and Giancarlo [1988], Chang and Lawler [1990], are some good 
sources for the various notions of approximate string searching and their 
connection to the string editing problem. 

1.2 Local similarity searches in DNA and protein sequences 

The basic and widely accepted working hypothesis of molecular biology is 
that all of the information presiding over the propagation and development 
of living organisms is encoded in the four bases adenine (A), thymine (T), 
guanine (G), and cytosine (G) along the DNA (or, in some cases, RNA) 
moleeules that compose their genomes. It is also believed that different path
ways in the evolution of species are provoked by elementary perturbations 
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that come to these genomic sequences as one of our edit operations. Once 
such edit operations are assumed at the basis of molecular evolution, then 
the cost of an optimum edit script between two genetic sequences may be 
taken as a measure of their phylogenetic distance. This explains the inter
est for general string editing in molecular biology applications. In fact, there 
is a considerable number of motivations and contexts for computing edit 
distances and alignments of molecular sequences: There is global alignment 
of pairs of sequences that are globally related by common ancestry, local 
alignments of related sequences, multiple alignments of members of protein 
families, self-alignments measuring the autocorrelation in a same sequence, 
auxiliary alignments performed in data base searches, and so on. 

Local alignment is motivated by the fact that not all of the genetic mate
rial seems equally crucial to the functionality of organisms, so that the process 
of evolution tends to preserve some segments of DNA while accepting more 
liberally changes to others. Notable among the most preserved regions of 
DNA are certain special segments, that translate into sequences of amino 
acids that fold up as particular proteins, the building blocks of life. Often in 
the practice of biological sequence comparison, sequences are compared that 
have a very poor global similarity score, but embed pairs of highly similar 
segments. In these cases, methods that detect such local resemblances become 
of interest. 

One way of doing this is by resort to a recurrence formulated by Smith and 
Waterman [1981]. This assurnes as initial conditions C(i,O) = C(O,j) = 0, 
and then sets: 

C(i,j) = max{C(i - 1,j -1) + S(Xi, Yj), C(i - 1,j) + 8, C(i,j -1) + 8, O} 

for all i, j, (1 ::; i ::; lxi; 1 ::; j ::; lyl). Here 8 is the negative weight of deleting 
or inserting a symbol, and S is also negative on average. At the outset, C(i,j) 
yields the cost of the best edit script to transforms some suffix of Xl X2 •.. Xi into 
some corresponding suffix of Y1Y2 ... Yj. Hence high entries in edenounce the 
terminal points of segments in the two sequences that have a high similarity 
score. 

1.3 Longest common subsequences 

Given astring x over an alphabet E = (O"b 0"2, ... 0"8), a subsequence of x 
is any string w that can be obtained from x by deleting zero or more (not 
necessarily consecutive) symbols. The longest common subsequence (LCS) 
problem for input strings x = X1X2 .•. Xm and Y = Y1Y2 ... Yn (m ::; n) consists 
of finding a third string w = Wl W2 ... Wl such that W is a subsequence of x and 
also a subsequence of y, and W is of maximum possible length. In general, 
string w is not unique. 

Like the string editing problem itself, the LCS problem arises in a number 
of applications spanning from text editing to molecular sequence comparisons, 
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and has been studied extensively over the past. Its relation to string editing 
can be understood as follows. 

Observe that the effect of a given substitution can be always achieved, 
alternatively, by an appropriate sequence consisting of one deletion and one 
insertion. When the cost of a non-vacuous substitution (i.e., a substitution of 
a symbol with a different one) is higher than the global cost of one deletion 
followed by one insertion, then an optimum edit script will always avoid 
substitutions and produce instead Y from x solely by insertions and deletions 
of overall minimum cost. Specifically, assume that insertions and deletions 
have unit costs, and that a cost higher than 2 is assigned to substitutions. 
Then, the pairs of matching symbols preserved in an optimal edit script 
constitute a longest common subsequence of x and y. It is not difficult to see 
that the cost e of such an optimal edit script, the length 1 of an LeS and 
the lengths of the input strings obey the simple relationship: e = n + m - 2l. 
Similar considerations can be developed for the variant where matching pairs 
are assigned weights and a heaviest common subsequence is sought (see, e.g., 
Jacobson and Vo [1992)). 

Lower bounds for the LeS problem are time D(nlogn) or linear time, 
according to whether the size S of E is unbounded or bounded (Hirschberg 
[1978)). Aho, Hirschberg and Ullman [1976] showed that, for unbounded al
phabets, any algorithm using only "equal-unequal" comparisons must take 
D(nm) time in the worst case. The asymptotically fastest general solution 
rests on the corresponding solution by Masek and Paterson [1980] to the string 
editing, hence takes time O(n2 loglogn/logn). Time 6l(mn) is achieved by 
the following dynamic programming algorithm from Hirschberg [1975]. 

Let L[O ... m,O ... n) be an integer matrix initially filled with zeroes. The 
following code transforms L in such a way that L[i,j] (1 ~ i ~ m, 1 ~ j ~ n) 
contains the length of an LeS between XIX2 •.• Xi and YIY2"'Yj' 

for i = 1 to m do 
for j = 1 to n do if Xi = Yj then L[i,j] = L[i - 1,j - 1] + 1 

else L[i,j] = Max {L[i,j -l],L[i - 1,j]} 

The correctness of this strategy follows from the obvious relations: 

L[i -l,j] 
L[i,j -1] 
L[i-1,j-1] 

< L[i,j] 
< L[i,j] 
< L[i,j] 

< L[i - 1,j] + 1; 
< L[i, j - 1] + 1; 
< L[i - 1,j - 1] + 1. 

If only the length 1 of an LeS is desired, then this code can be adapted 
to use only linear space. The basic observation for this is again that the 
computation of each row of L only needs the preceding row. If an LeS needs 
be retrieved at the outset by backtracking, then it would seem necessary 
to keep track of the decision made at every step by the algorithm. However, 
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Hirschberg [1975] combined the dynamic programming above and divide-and
conquer in such a way as to compute and output an LCS in time 8( nrn) and 
linear space. 

The LCS problem will constitute the focus of our discussion through most 
of this paper, in view of the particularly rich variety of algorithmic solutions 
that have been devised for this problem over the past two decades or so, 
which made it susceptible to some degrees of unification and systematization 
of independent and general interest. Our discussion starts with the exposition 
of two basic approaches to LCS computation, due respectively to Hirschberg 
[1978] and Hunt and Szymanski [1977]. We then discuss faster implementa
tions of this second paradigm, and the data strucures that support them. 
In Section 5 we discuss algorithms that use only linear space to compute an 
LCS and yet do not necessarily take 8(nrn) time. One, final, such algorithm 
is presented in Section 6 where many of the ideas and tools accumulated in 
the course of our discussion find employment together. In Section 7 we make 
return to string editing in its general formulation and discuss some of its 
efficient solutions within a parallel model of computation. 

2. Two basic paradigms for the LeS problem 

The more recent approaches to the LCS problem achieve time complexities 
bett er than 8(nm) in favorable cases, though a quadratic time complexity 
is always touched and sometimes even exceeded in the worst cases. These 
approaches exploit in various ways the sparsity inherent to the LC problem. 
Sparsity allows us to relate algorithmic performances to parameters other 
than the lengths of the input. Some such parameters are introduced next. 

The ordered pair of positions i and j of L, denoted [i, j], is a match iff 
Xi = Yj. We use r· to denote the total number of matches between X and 
y. If [i, j] is a match, and an LCS Wi,j of XIX2 ... Xi and Yl Y2 ... Yj has length 
k, then k is the rank of [i,j]. The match [i,j] is k-dominant if it has rank 
k and for any other pair [i/,j/] of rank k either il > i and jl :::; j or il :::; i 
and jt > j. A little reflection establishes that computing the k-dominant 
matches (k = 1,2, ... , l) is all is needed to solve the LCS problem (see, e.g., 
Apostolico and Guerra [1987], Hirschberg [1977]). Clearly, the LCS of x and 
y has length l iff the maximum rank attained by a dominant match is l. It is 
also useful to define, on the set of matches in L, the following partial order 
relation R: match [i, j] precedes match fit, jt] in R if i < it and j < jt. A set of 
matches such that in any pair one of the matches always precedes the other 
in R constitutes a chain relative to the partial order relation R. A set of 
matches such that in any pair neither element of the pair precedes the other 
in R is an antichain. Then, the LCS problem translates into the problem of 
finding a longest chain in the poset of matches induced by R (cf. Sankoff and 
Seilers [1973]). A decomposition of aposet into antichains is minimal if it 
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partitions the poset into the minimum possible number of antichains (refer, 
e.g., to Bogart [1983]). 

Theorem 2.1. (Dilworth [1950]) A maximal chain in aposet P meets alt 
antichains in a minimal antichain decomposition 0/ P. 

In other words, the number of antichains in a minimal decomposition 
represents also the length of a longest chain. Even though it is never explic
itly stated, most known approaches to the LCS problem implicitly compute a 
minimal antichain decomposition for the poset of matches induced by 'R. The 
k-th antichain in this decomposition is represented by the set of all matches 
having rank k. For general posets, a minimal antichain decomposition is com
puted by flow techniques (see Bogart [1983]), although not in time linear in 
the number of elements of the poset. Most LCS algorithms that exploit spar
sity have their natural predecessors in either Hunt and Szymanski [1977] 
01' Hirschberg [1977]. In terms of antichain decompositions, the approach of 
Hirschberg [1977] consists of computing the antichains in succession, while 
that of Hunt and Szymanski [1977] consists of extending partial antichains 
relative to all ranks already discovered, one new symbol of y at a time. The 
respective time complexities are O(nl +nlogs) and O(rlogn). Thus, the al
gorithm of Hunt and Szymanski is favorable in very sparse cases, but worse 
than quadratic when r tends to nm. An important specilaization of this algo
rithm is that to the problem of finding a longest ascending subsequence in a 
permutation of the integers from 1 to n. Here, the total number of matches is 
n, which results in a total complexity O(nlogn). Resort to the /at-tree struc
tures introduced by Van Emde Boas [1975] leads to O(nloglogn) for this 
problem, abound which had been shown to be optimal by Fredman [1975]. 

Figure 2.1. illustrates the concepts introduced thus far, displaying the 
final L-matrix for the strings x = atcgtt and y = ctactaata. We use circles 
to represent matches, with bold circles denoting dominant matches. Dotted 
lines thread antichains relative to 'R and also separate regions. 

eTA eTA A T A 

1 2 345 6 7 8 9 
A 1 0 0 0···i····1···CV{V···1··(!) 

T 2 0 (rr 1 QY"i"'i"®"'2' 
C 3 Q)" 1 0" 2 2 2 2 3 

G 4 : 1 

T 5 : 1 

T 6 : 1 

1 1: 2 

G)"i'" 2 

ty 2 2 

2 2 2 2 3 

(iJ "3" "3' "G)' j 

Q 3 3 G)'''4 

Fig. 2.1. Illustrating antichain decompositions 
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2.1 Hirschberg's paradigm: finding antichains one at a time 

We outline a 6>(mn) time LCS algorithm in which antichains of matches 
relative to the various ranks are discovered one after the other. Let the 
dummy pair [0,0] be labeled a O-dominant match, and assurne that all (k -1)
dominant matches for some k, 0 ~ k ~ 1- 1, have been discovered at the 
expense of scanning the part of the L-matrix that would lie above or to the 
left ofthe antichain (k -1), inclusive. To find the k-th antichain, scan the un
explored area of the L-matrix from right to left and top-down, until a stream 
of matches is found occurring in some row i. The leftmost such match is the 
k-dominant match [i, j] with smallest i-value. The scan continues at next row 
and to the left of this match, and the process is repeated at successive rows 
until all of the k-th antichain has been identified. Note that for each k the list 
of (k - 1 )-dominant matches is enough to describe the shape of the antichain 
and also to guide the searches involved at the subsequent stage. Thus, also 
in this case linear space is sufficient if one wishes to compute only the length 
ofw. 

An efficient implementation of this scheme leads to the algorithm by 
Hirschberg [1977], which takes time O( nl + n log s) and space 0 (d + n). Some 
preprocessing is necessary for that algorithm. Specifically, for each distinct 
symbol (J in x, we need the count N((J) of all distinct occurrences of (J in 
y, and also a list (J-OCC of the increasing positions of y that correspond to 
occurrences of (J. We will find it convenient to make the convention that y is 
always replaced by y$, where $ is ajoker symbol not in E, whence the last en
try of any (J-OCC list is always n + 1. In general, producing the (J-OCC lists 
charges O(nlogs) time, but the lists require only O(n) space, collectively. 

Hirschberg [1977] showed that, as a consequence of the introduction of 
the (J-OCC lists, one may now identify antichains by traveling on such lists 
rather than on the rows of matrix L. In this way, each antichain requires 
only O(n + m) steps. Moreover, the condition that I, the length of an LCS, 
has been reached is testable in constant time, whence this algorithm requires 
O(ln + .nlogs) in total. We leave it as an exercise for the reader to fill in 
the details of this construction, and describe below a similar algorithm that 
requires O(lm + 'f + nlog s) time, inclusive of preprocessing (Apostolico and 
Guerra [1987]). 

We use an array of integers PEBBLE[l..m], initialized to 1, the role of 
which shall become apparent later. If Xi = (Jp, PEBBLE[i] either points to 
(the location of) an entry j ~ n of (Jp-OCC, and is said to be active, or it 
points to (the location of) n + 1 and is inactive. 

Our algorithm consists of l stages, stage k being the set of operations 
involved in identifying all the k-dominant matches. A match is k-internal 
(k = 1,2, ... , I) if its rank is larger than k. Stage k, 1 ~ k ~ I begins with 
all active entries of P EBBLE pointing to (k - l)-internal matches and ends 
with those same entries of P EBBLE pointing to k-internal matches. During 
stage k the pebbles: P EBBLE[k], P EBBLE[k + 1], ... , P EBBLE[m], are 
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considered in succession (indeed, no P EBBLE[i] with i < k can be active 
at stage k). The k-dominant matches detected are appended to the k-th 
list in the array of lists RANK (through the concatenation operation '11 '). 
The entire process termin at es as so on as there are no active pebbles left. 
We also use an auxiliary table called SY MB, which is defined as follows. 
SY M B[j] = k, if Yj = ap-OCC. Thus SY MB gives constant time access 
to the entry in the a-OCC list that corresponds to the symbol of Y occurring 
at any position. We make the convention that, each time P EBBLE[i] is being 
handled by the algorithm (i = 1,2, ... , m), then SY MB[n+ 1] takes the value 
N(Xi). The table SYMB can be prepared in linear time from the a-OCC 
lists, quite easily, and we will not spend time on it. Within Algorithm LCSI, 
SY M Bis used to speed up the advancement of some P EBBLE[i'J, if Xii = Xi 
for some i < i', and T, the threshold, was not changed since row i. 

Algorithm LeSl 
o for i = 1 to m do PEBBLE[i] = 1; (initialize pebbles) 
1 k = 0 
2 while there are active pebbles do (start stage k + 1) 
3 begin T = n + 1; k = k + 1; RANK[k] = A; 
4 for i = k to m do (advance pebbles) 

begin 
5 t = T; 
6 if xi-OCC[PEBBLE[i]] < T then 

(record a k-dominant match; update threshold) 
7 begin RANK[k] = 

RAN K[k]1 J[i, Xi-OCC[P EBBLE[i]]]; 
8 T = xi-OCC[PEBBLE[i]] 

9 
10 
11· 

end. 
end; 

end; 
(advance pebble, if appropriate) 
if Xi = Yt 
then PEBBLE[i] = SYMB[t] + 1 
else while Xi-OCC[P EBBLE[i]] < t do 
P EBBLE[i] = P EBBLE[i] + 1 

Figure 2.2. shows the positions occupied by the pebbles at the beginning 
of each of the stages performed by Algorithm LCSI on the input strings of 
Fig.2.l. 

To illustrate the action of the algorithm, we trace its stage 1, which pro
duces the first boundary (consisting of all the I-dominant matches). The al
gorithm starts by assigning the value '10' to both T and t, i.e., the variables 
which will be used to store the current and previous threshold, respectively 
(lines 3,5). Next, it compares the first occurrence of symbol a = Xl in Y (li ne 
6). Such test is passed (3<10), whence the first I-dominant match is detected 
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I 2 3 4 5 6 7 8 9 10 I 2 3 4 5 6 7 8 9 10 

A I A I 
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C 3 • • C 3 • 
G 4 • G 4 • 
T 5 • • • • T 5 • • 
T 6 • • • • T 6 • • 

C' T A C T A A T A $ C T A C T A A T A $ 

I 2 3 4 5 6 7 8 9 10 I 2 3 4 " .1 6 7 8 9 10 

A I A I • • • • 
T 2 T 2 

! 
• • 

C 3 • C 3 • 
G 4 • G 4 • 
T 5 • • T 5 

+ • ~ T 6 • • T 6 

Fig. 2.2. Illustrating the operation of Algorithm LeSl 

and appended to the antichain RANK[I] (line 7). Moreover, T is updated 
to the new value '3' (line 8). At this point, the algorithm tries to advance 
PEBBLE[I] onto a l-internal match. By definition of$, Xi matches $. More
over, by our convention, the current value of SY M B[lO] is N( a) = 4. Thus 
line 10 is executed following the test of li ne 9, with the effect of bringing 
PEBBLE[I] to its rightmost position on a-OCC, and rendering it inactive. 
As Algorithm 1 proceeds to consider X2 = b, the test of line 6 prompts 
the detection and recording of a new I-dominant match on column 2 of the 
L-matrix. This is followed by the advancement of PEBBLE[2] which is thus 
brought on column 5. PEBBLE[3] is subjected to a similar treatment. In 
our example, the first three pebbles yield all the dominant matches for the 
first stage. When P EBBLE[4] is considered, it does not pass the test ofline 
6; line 11 has no effect and this pebble is left in its inactive status. The last 
two pebbles are also left in their original position. We encourage the reader 
to carry out for himself or herself the remainder of this example, with the aid 
of Fig. 2.2. 

As is easy to check, Algorithm LCSl maintains the following invariant 
condition: if a pebble is considered for the k-th time, then there is no match 
of rank k on the same row and to the left of that pebble. In other words, 
if such pebble is active, then it represents either a k-dominant match or a 
k-internal match. The savings over the algorithm in Hirschberg [1977] is in 
that in Algorithm LeSl matches whose ranks have been already determined 
are not reconsidered at subsequent stages. 



String Editing and Longest Common Subsequences 371 

Theorem 2.2. Aigorithm LGSI takes time O(lm + r) 

Proof During stage k, m - k + 1 pebbles are considered in succession. Each 
pebble either is advanced some position to the right or it is not moved. The 
number of moves on one row is bounded by the number of matches on that 
row, thus the total number of moves is bounded by r. A pebble is considered 
exactly once during each stage, thus the number of times a pebble can stay 
put is bounded by I, which yields a total of Im. 0 

If we inelude preprocessing, the bounds of our strategy become 0(1 X m + 
r + n log s) and O( d) space (linear space if only the length I is sought). If 
'f < Im and m is much smaller than n, this is better than the O( In + n log s) 
in Hirschberg [1977]. When r is large compared to m X I, the strongest cause of 
inefficiency becomes the inner while loop of Aigorithm 1, which generates the 
OCr) term. Later in our exposition we will see that it is possible to eliminate 
this term. 

2.2 Incremental antichain decompositions and the 
Hunt-Szymanski paradigm 

When the number r of matches is small compared to m 2 (or to the expected 
value of lm), an algorithm with running time bounded in terms of r may be 
advantageous. Along these lines, Hunt and Szymanski [1977] set up an algo
rithm (HS) with a time bound of O((n + r) logn). This algorithm works 
by computing, row after row, the ranks of all matches in each row. The treat
ment of a new row corresponds thus to extending the antichain decomposition 
relative to all preceding rows. A same match is never considered more than 
once. On the other hand, the time required by H S degenerates as r gets 
elose to mn. In these cases this algorithm is outperformed by the algorithm 
of Hirschberg [1977], which exhibits abound of O(ln) in all situations. 

Algorithm HS is reproduced below as our Aigorithm LGS2. Essentially, 
it scans the M ATG H LIST associated with the i-th row and considers the 
matches in succession, from right to left. For each match, HS decides whether 
it is a k-dominant match for some k through a binary search in the array 
THRESH. If this is the case, then the contents of THRESH[k] is suitably 
updated. Observe that considering the matches in reverse order is crucial to 
the correct operation of H S. For this, H S needs to preprocess y to obtain the 
reverse of each sigma-OGG list: the resulting lists are called MATGHLISTs 
in Hunt and Szymanski [1977]. 

Algorithm LCS2 "HS": element array x[1 : mJ, y[1 : n]; 
integer array THRESH[O: m]; list array MATGHLIST[1 : m]; 
pointer array LI N K[l : mJ; pointer PT R; 
begin (P H AB E l: initializations) 

for i = 1 to m do 
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set MATCHLIST[i] = {jllj2, ... ,jp} 
such that j1 > j2 ... > jp 
and Xi = Yjq for 1 ~ q ~ p 
set THRESH[iJ = n + 1 for 1 ~ i ~ m; 
THRESH[OJ = 0; LINK[OJ = null; 

(P H AS E 2: find k-dominant matches) 
for i = 1 to m do 

for j on MATCHLIST[i] do 
begin find k such that 

THRESH[k -lJ < j < THRESH[kJ; 
if j < THRESH[k] then 

begin THRESH[kJ = j; 
LINK[k] = newnode(i,j, LINK[k -1]) 

end 
end 

(P H ASE 3: recover LCS w in reverse order) 

end. 

k = largest k such that THRESH[k] i= n + 1; 
PTR = LINK[k]; 
while PTR i= null do begin 
print the match [i,jJ pointed to by PTR; 
advance PT R end 

The total time spent by H S is bounded by 0(( r + m) log n + n log s), 
where the n log s term is charged by the preprocessing. The space is bounded 
by O(d + n). As mentioned, this is good in sparse cases but becomes worse 
than quadratic for dense r. 

3. A speed-np for HS 

We can .rearrange H S in a way that not only exposes some of its sources of 
inefficiency but also eliminates them (cf., e.g., Apostolico [1986]). 

Instead of considering all the matches in each row, Algorithm LCS3 
("HSI") below (cf., e.g., Apostolico [1986]) maintains an active list of 
matches associated with that symbol. A match is in the active list if it is 
not currently a threshold. The algorithm spots all and only the new domi
nant matches contributed by any given active list by performing a number 
of dictionary primitives (cf. Aho et al. [1974]) proportional to the number 
of these new dominant matches, i.e., irrespective of the current size of the 
active list involved. This might appear counterintuitive at first: one implicit 
task of the algorithm is to decide which matches are dominant, and yet we 
are asking that it should never touch a match unless that match will turn 
out to be dominant. 
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Algorithm LCS3: "HSI " 
begin 
for i = 1 to m do 

begin u = char(xi); 
PEBBLE = first(AMATCHLIST[u]) ; 

FLAG = truej 
while F LAG do 

end; 

begin 
1) T = SEARCH( PEBBLE , THRESH) ; 

k = rank(SUCC[T]); 
2) if T = NIL then FLAG = faLse; 
3) INSERT( PEBBLE , THRESH); 

DELETE( SUCC[T] , THRESH); 
4) LINK[k] = newnode(i, PEBBLE, LINK[k -1]); 
5) ul = char(YT); 
6) DELETE( PEBBLE , AMATCHLIST[u]); 
7) PEBBLE = SEARCH(T, AMATCHLIST[u]); 
8) INSERT(SUCC[T], AMATCHLIST[u/]); 

end; 

retrieve an LCS as per phase 3 of HS; 
end. 

Algorithm LCS3 uses the same array THRESH of HS. The "active" 
lists AMATCHLIST[up ], p = 1,2, ... s are initialized to coincide with the 
old MATCHLISTs. The primitives INSERT and DELETE have the 
usual meaning. SEARCH( key , LIST) returns the largest element in 
LIST which is not larger than key ( NIL, if no such element exists). 
SEARCH(NIL,LIST) returns NIL without performing any action. No
tice that all the searches performed within H SI terminate without success 
(i.e., key is not in LIST). The function char(symboL) returns the element of 
the alp~abet E which coincides with symboL. 

To illustrate the operation of HSI, refer to Fig. 2.1. and assurne it resulted 
from applying H SI to Y = CT ACT AABA and the first six characters of 
x = ATCGTTA. ... At this point, THRESH consists of {1,2,5,8}, since 
Ul = X7 = A. Thus, AMATCHLIST[A] = {9, 7,6,3} coincides with the 
A-OCC list. The management of X7 leads to THRESH = {1,2,3,6,9}. 
AMATCHLIST[A] shrinks to just {7}, while AMATCHLIST[T] is given 
back the matches '5' and '8'. 

The correctness of H SI hinges on two easy invariant conditions. Specifi
cally, after the i-th iteration: 

1) The k-th entry of THRESH is the smallest position in y such that there 
is a k-dominant match between Xi and y. 

2) AM ATCHLIST[ut] (t = 1,2, ... ,s) contains all and only the occurrences 
of Ut in y which are not currently in THRESH. 
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Theorem 3.1. Throughout its execution, Algorithm HSI performs 8(d) 
searches, insertions and deletions. 

Proof. All the searches, insertions and deletions take place in the while loop 
(lines 1-8) controHed by F LAG. There is a fixed number of such primitives 
within these lines, whence it will do to show that F LAG is true exactly d 
times. We can assurne w.l.o.g. (as a result of trivial preprocessing) that for 
a = char(xt) AMATCHLIST[a] is not empty. Then the last element on 
this list (i.e., the leftmost match in the form [1,j]) is a I-dominant match, 
as weH as the only dominant match from that list. By initialization, F LAG 
is true ~he first time it is tested. Since THRESH is empty at this time, 
lines (3,4) will be executed, whence the first I-dominant match is recorded. 
The algorithm updates the other lists so that they are consistent at the next 
step. Since the SEARCH ofline (1) returns NIL, then FLAG is set to the 
value false, which concludes the treatment ofthe first row. On a generic row, 
the first match on the AM ATC H LIST is certainly a k-dominant match for 
some k. Assurne that a certain number of entries of this AMATCHLIST 
have been processed and that: (i) the number of times that F LAG was true 
equals the number of dominant matches detected so far, (ii) j is the last 
dominant match detected, and (iii) j is the only such match which has not 
been recorded yet. It is easy to see that H SI: locates the displacement of this 
match in THRESH (line 1); switches FLAG to false, if appropriate (li ne 
2); updates the lists and records this new dominant match in LINK (lines 
3-6, 8), and probes into AMATCHLIST[a] seeking the next position to 
which the PEBBLE should be advanced to mark the next dominant match 
(line 7, meaningful only if FLAG is true). Thus FLAG is true as long as 
conditions (i-iii) hold, that is, exactly for d times. 0 

Since dominant matches are a subset of aH matches, then it is always 
d ::; r. However, there is no general relationship between d and r. For 
example, if x = y and x and y are permutations of the first n integers, then 
we have d = r, and also d = n. At the other extreme, if x = y = an, 
then r = n 2 , but we still have that d = n. hence d is linear both in very 
dense and very sparse cases. Unfortunately, there are still intermediate cases 
where d = 8(n2 ). 

A time bound of HSI depends on the choice of list implementation. If 2-3 
trees or AV L trees (see, e.g., Aho et al. [1974], Mehlhorn [1984]) are used, 
then HSI runs in O(dlogn + n log s) time, inclusive of preprocessing, and 
this reduces to O(dloglogn + nlogs) if one uses a specialized structure 
for the manipulation of integers [VElo While this represents an improvement 
over HS, it is still worse than quadratic in the worst case. Observe, however, 
that the insertions in each list occur like in merging sorted linear sequences, 
for which efficient dynamic structures such as finger-trees are available (cf., 
e.g., Brown and Tarjan [1978], Mehlhorn [1984]). SpecificaHy, two lists of sizes 
k and f ~ k, respectively, may be merged in time O(klog(2f/k)). Thus the 
total time spent by H SI for the mergings might be bounded by a form such as 
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O(mlogm + dlog(2mnjd)). In general, this bound no longer applies when 
deletions are intermixed with insertions in an unpredictable way. Luckily, 
the special mixture in HS, is still susceptible to efficient implementation on 
finger trees, as we see next. 

4. Finger trees 

For our purposes, a finger tree is a level-linked (a, b)-tree (b ~ 2, a ~ 2) with 
fingers (see Mehlhorn [1984]). A finger is simply apointer to a leaf. A typical 
finger tree can be obtained, for instance, from a standard 2-3 tree by adding 
auxiliary links in such a way that it is possible to reach, from each node, its 
father, children, and neighboring nodes on the same level. Thus, a finger tree 
can be traversed in any direction. 

Let S be a linearly ordered sequence of m elements. The search for an 
element i in a finger tree Ts storing the sequence S returns the first element 
j of S not larger than i (NIL, if no such element exists). We assurne that 
any such search originates at the bottom of Ts and from a finger leaf f (see, 
e.g., Brown and Tarjan [1978]). For instance, assurne that i < f. The search 
starts by climbing from leaf f toward the root (see Fig. 4.1.), using level-links 
to inspect left neighboring nodes, until the first node v is found such that the 
interval of S subtended by v has a left delimiter not larger than i. Prom this 
moment on, the search may proceed downwards from node v, driven by the 
range information stored in each node. Clearly, the effort involved in such a 
search is proportional to the number of nodes that are traversed in the climb. 

In intuitive terms, every new node visited in a climb corresponds to 
roughly doubling the previous guess for the number of leaves separating j 

~3: 62 

b 

.~ 
Fig. 4.1. Highlighting a search in a finger tree: searching for an item displaced b 

positions apart from the finger takes time only O(logb) 



376 A. Apostolico 

from the finger f, much as it happens in an unbounded search (Bentley and 
Yao [1976]). This observations can be made rigorous, resulting in the follow
ing statement (cf., e.g., Mehlhorn [1984]). 

Lemma 4.1. Searching a finger tree for an element that falls b leaves away 
from a finger takes o (log b) steps. 

Consider now a sequence of searches in S for an increasing set of keys. 
We start with the finger pointing to the leftmost leaf of Ts, and advance it, 
following each search, to the leaf returned by that search. For k consecutive 
searches, the total effort is bounded by a constant times 

k 

k + Llogbj 

j=l 

where the bj's represent the widths of the various intervals, and these lat

ter are non-overlapping, i.e., ~~=1 bj < 2m. With this constraint, the 
above sum is maximum when all the bj's are equal, which yields abound of 
O(k log(2mjk)) for the sequence of searches. When sequences of consecutive 
insertions or deletions are considered,' the problem becomes more compli
cated, due to the fact that those primitives tamper with the structure of 
the tree. However, we can still appeal to the following result by Brown and 
Tarjan [1978]. 

Lemma 4.2. Let T be a 2-3 tree with m leaves numbered 1,2, ... , m, and let 
i1,i2, ... ,ik beasubsequenceoftheleaves. Letio = 0, andbj = ij-ij_1 + 1 
for j = 1,2, ... , k. Furthermore, for i and i' > i, let l(i, i') be the number 
of nodes which are on the path from i' to the root but not on the path from i 
to the root. Finally, let 

k 

P = logm + 1 + Ll(ij-1,ij). 
j=l 

Then p obeys the inequality: 

k 

P ~ 2(logm + Llog2bj ). 

j=l 

For two ordered sequences Q and S of respective cardinalities k and m, the 
expression denoted by pis an upper bound for the process of producing TQus 
from Ts or vice versa by orderly insertion in S (deletion from S U Q) of the 
elements of Q. Specifically, consider the following three homogeneous series 
of k operations each: (i) the finger-searches in Ts of each of the elements of 
Q (where the finger is initially f = io = 0), (ii) the insertions of all elements 
of Q in Ts , (iii) the deletions of all elements of Q from TQus. Then Lemma 
4.2 supports the following claim (see, e.g., Mehlhorn [1984]). 
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Lemma 4.3. Each one 0/ the series (i)-(iii) takes time O(P). 

Lemma 4.3 does not apply to any hybrid series of dictionary primitives. 
However, we shall use it to show that it works for the peculiar hybrid series 
which are involved in HSI at each row. Thus, we assurne henceforth that all 
lists in HSI are implemented as finger trees. The collective initialization of 
all trees takes trivially t9(n) time. 

Theorem 4.1. Algorithm HSI can be implemented in O(nlogs) preprocess
ing time and O(mlogn + dlog(2mn/d)) processing time. 

Proof. It is easy to check that the preprocessing required by H SI is basically 
the same as that required by H S, whence we can concentrate on the second 
time-bound. Let c4 denote the number of dominant matches which H SI intro
duces handling row i. As seen in the discussion ofTheorem 3.1, di searches are 
performed on TH RESH at row i. Observe that the arguments of successive 
searches constitute a strictly decreasing sequence of integers, and that the 
same can be said of the values returned by those searches. Thus, by Lemma 
4.3, the cost of all searches on this row is bounded, up to a multiplicative 
constant, by 

d; 

logn + Llogbk, 
k=l 

where the intervals bk are such that 

since the finger tree ofTHRESH containsn leaves. (Note, incidentally, that a 
logn term is not necessary for searches.) It follows that, up to a multiplicative 
constant, the total cost on all rows is bounded by 

d 

mlogn + Llogbk, 
k=l 

where now E~=l bk < 2mn. With this constraint, the previous sum is 
maximized by choosing all bi equal, i.e., bi = 2mn/d. The claimed bound 
then follows. 

It is not difficult to show that the same bound holds for the insertions 
and deletions performed on THRESH. We observe the following. First, the 
two lists of arguments for the insertions and deletions, respectively, repre
sent increasing subsequences of the integers in [1, n]. Moreover, the set of 
items inserted into THRESH is disjoint from the set of items deleted from 
THRESH. The second observation enables us to deal with each one of the 
two series separately. In other words, the total work involved in the insertions 
and deletions affecting THRESH at some row is not larger than the work 
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which would be required if one performed all the deletions first, and then 
performed all the insertions. Thus, through an argument analogous to that 
used for the searches, the bound follows from Lemma 4.3, and from the fact 
that, on each row, THRESH is affected by di insertions and by a number 
of deletions which is at least di - 1 and at most di . 

We now consider the collection of primitives performed, during the man
agement of a single row, on all the AM ATC H LI STs involved. The key obser
vation here is that the sum of the cardinalities of all such lists never exceeds n. 
In fact, there will be exactly nieaves in the forest of finger trees which imple
ment such lists. If the trees corresponding to the various AM ATC H LIST Ss 
are visualized as aligned one after the other, it is easy to adapt the same argu
ment which was used for THRESH to the primitives affecting the collection 
of these lists. Indeed, the special conditions on the searches, insert ions and 
deletions still hold locally, on each individual list. This leads to our elaimed 
bound, since the di insertions in T H RE S H correspond in fact to di searches 
with deletions on AMATCHLIST[a], and an equivalent number of inser
tions take place in the collection of all lists. 0 

In conelusion, there is a variation on the Hunt-Szymanzki paradigm in 
which time depends only on dominant matches, and also is never worse than 
quadratic in the length of the input. With little extra effort, it is possible to 
set up simpler ad hoc variants of finger trees supporting the same performance 
(Apostolico and Guerra [1987]). Abound O(mlogn+dlog(2mn/d)) was also 
elaimed by Hsu and Du [1984] for one of their constructions, but the elaim 
turned out to be flawed (Apostolico [1987]). Eppstein et al. [1990] observed 
that using Johnson's [1982] variant of the flat trees of van Emde Boas [1975] 
would reduce the log factor to log log. 

Before leaving this section, it is useful to mention also some other ap
proaches to the LCS problem. One notable line of research concentrated on 
cases where the length of an LCS is expected to be elose to m, the length of 
the shorter input string. One early construction in Hirschberg [1977] achieves 
time O((m -l)llogn) for this case. (An additional 8(nlogs) term, charged 
by preprocessing, should be added to all time bounds mentioned here.) A sub
sequent construction requiring O((m -l)n) was proposed by Nakatsu, Kam
bayashi and Yajima [1982], along with another O((m -l)llogn) algorithm. 
The latter bound can be reduced to O(m(m -l)min {10gs,logm,log2n/l}) 
using the techniques we are discussing. In terms of antichain constructions, 
these approaches may befit the Hunt-Szymanski paradigm. An algorithm tak
ing time O( ne) in terms of the edit distance e = m + n - 2l was proposed 
by Myers [1986]. Note that since l ~ m, then e2 = e(n2 ) for n ?: 2m. 
Thus, this bound is comparable to those by Hirschberg [1977] and Nakatsu 
et al [1982] only for two input strings of nearly equal length. However, this 
algorithm has expected time O(n + e2 ) and a nice, though admittedly irn
practical, O(nlogn+e2 ) variation. Wu, Manber, Myers, and Miller [1990] ob
tained a slightly faster O(nP) algorithm, where P is the number of deletions 
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in the shortest edit script. Finally, Wu, Manber, and Myers [1991] presented 
an O(n + ne/logn) solution by combining features from the algorithms of 
Masek and Paterson [1980], Ukkonen [1985], and Myers [1986]. 

5. Linear space 

Space saving techniques in computations of string editing and longest com
mon subsequences are useful in many applications and often crucial in molec
ular sequence alignment. For some time, the early 8(nm) algorithm by 
Hirschberg [1975] was the only one to require linear space. Stated more accu
rately, most subsequent algorithms could be adapted to run in linear space, 
but this would be accompanied typically by adegradation of the time per
formance to 8(nm). Apostolico and Guerra [1985] showed that one of their 
variants of Hirschberg's paradigm could be implemented in linear space at 
the expense of only an additive term O(mlogm) in time. Also Myers' [1986] 
strategies can be implemented in linear space. Linear space implementation 
of the O«m - l)n) by Nakatsu et al. was obtained subsequently in Kumar 
and Rangan [1987], through a divide and conquer scheme not quite identical 
to that of Hirschberg. Additional linear space algorithms are found, e.g., in 
Myers and Miller [1988], Apostolico, Browne and Guerra [1992], Chao [1994], 
and others. It is not obvious in general that an LCS algorithm can be adapted 
to run in linear space without substantial alteration of its time complexity. 
For instance, it is not dear that the O( m log n + d log(2mn/ d)) implementa
tion of the Hunt-Szymanski paradigm, seen in the preceding section, could 
be adapted to linear space without having to change its time bound. 

In this section, we examine a few linear space algorithms that do not 
always take 8(nm) time. Along the way, we shall see that for m = n an 
O(n(n -t» algorithm of great conceptual simplicity results from introducing 
some kind of dualization in the structure of HS. Equally simple extensions 
will enable us to handle the case m ~ n, in time O(n(m - l)) and linear 
space. At the heart of these algorithms, there is the following divide-and
conquer scheme (cf. Kumar and Rangan [1987]). A recursive procedure takes 
as input: (1) two strings € and {j such that € is always a substring, say, of y 
and {j is always a substring of x; (2) the length I of an LCS of € and {j. The 
task of the procedure is to produce an LCS of € and {j. This is achieved by 
first computing a suitable cut for an LCS of € and {j and then by applying 
the scheme recursively to the two subdomains of the problem induced by the 
cut. A cut is any pair tu, v] such that an LCS of € and {j can be formed by 
concatenating an LCS ofthe prefixes oflength u and v of € and {j, respectively, 
with an LCS of the corresponding suffixes of those two strings. The detailed 
description of our scheme is as follows. 
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Procedure lesls (10, 8, i1, i2, j1, j2, l, LCS) 
begin 

if l = e or min[IEI, 181] - l = e 
for same eonstant e 
then 

end. 

determine an LCS in time O(IE1181) 
and spaee O(min[IEI, 181]) 
else begin 

(split the problem into subproblems) 
ehoose a eut [u, v], 1::; u ::; jEl, 1::; v ::; 181 
lesls(E, 8, i1, i1 + u - 1, j1, j1 + v - 1, ll, LCS1); 
lesls(E, 8, i1 + u, i2, j1 + v, j2, h, LCS2); 
LCS = LCS1 11 LCS2; 

end 

The major difference with respect to the scheme Hirschberg [1975] is in 
that here l is computed prior to running lesls. In what foUows, we discuss first 
so me ways of computing l, and then how to choose and compute a suitable 
cut inside lesls. Obviously, we seek to choose such a cut so as to achieve an 
optimal balance (cf. Kumar and Rangan [1987]), in the sense that the total 
time required to solve both induced subproblems should be about one half 
the time required to solve the original problem. 

5.1 Computing the length of a solution 

We assurne first n = m and out li ne a simple O(n(n -l)) time strategy which 
is dual to that used in Hunt and Szymanski [1977]. The case n = marises in 
the row-wise comparison of digitized pictures and thus has special interest. 
As seen, the Hunt-Szymanski approach consists of detecting the dominant 
matches of aU available ranks by processing the matches in the L matrix 
row by.row. For this purpose, a list of thresholds which we will now caU 
row-TH RESH is used. After the processing of a row, the k-th entry in row
T H RE S H contains the col umn of the leftmost k-dominant match found so 
far (refer to Fig. 5.1.). In our example, After processing the sixth row, the 
final set of row thresholds after processing the sixth row is {1,2,5}. Note that 
m - l = 3 positions are missing from the final set of thresholds, namely 
positions 3, 4, and 6. We caU each such missing position a gap, and we call 
the sorted list of gaps row-COTHRESH. 

We can define similarly a list eolu-T H RESH such that its k-th entry 
contains the row index of the rightmost k-dominant match found so far. 
For our example, the final set of column thresholds is {1,2,5}. The cor
responding set eolu-COTHRESH of gaps would be {3,4,6}. Clearly, the 
COTHRESH lists can be deduced from the THRESH lists, and vice versa. 
H m - l < l, then the COT H RE S H lists give a more compact encoding of 
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C T A C T A A T A 

1 2 3 4 5 6 7 8 9 

A 1 0 

T 2 0 2 2 2 2 

C 3 2 2 2 3 

G 4 2 2 2 2 2 3 

T 5 2 2 2 

~ 
3 3 3 3 

T 6 2 2 2 3 3 4 4 

Fig. 5.l. The trace of row-TRESH 

the final set of thresholds. Unfortunately, this is not always true at any stage 
of the row-by-row computation, since T H RESH can be initially more sparse 
and COTHRESH correspondingly denser. However, ifwe consider only the 
upper-Ieft square submatrices of the L-matrix, then we can obtain an useful 
bound on the size of the COTH RESH lists. 

Lemma 5.1. The total number of gaps falling within the first i positions of 
either the i-th row or the i-th column of the L-matrix is at most m - l. 

Proof. There must be an equal numoer of gaps, say q, in the i-th row and in 
the i-th column. Assurne that q > m - l. Clearly, the number of matches 
contributed to any LCS by the upper left i·i submatrix ofthe L-matrix cannot 
exceed i - q. Since the remaining portion of the L-matrix cannot contribute 
more than m - i matches, it must be the case that l ::; (m - i) + (i - q) = 
m - q. But then m - l 2: q, a contradiction. 0 

Lemma 1 suggests that the length of an LCS of x and Y with lxi = lyl can 
be computed by extending, one row and one column at a time, submatrices 
of the L-matrix. This is done by a procedure lengthl which we now describe 
informally. During its i-th iteration, the procedure scans from left to right the 
O(m-l) cells ofthe two COTHRESH lists. Hin the row - COTHRESH 
list we find a cell containing position p < i such that Xi = YP' then [i,p] is 
a dominant match. Continuing the scan, the first cell (if any) is located with 
an entry larger than 1 + pI, where pI is the value stored in the immediately 
preceding cello This jump in the list of gaps represents a threshold, namely, 
the first threshold to the right of p. H such a cell is found, then for some 
il < i, [iI,pl+ 1] is a dominant match having the same rank as [i,p]. Hence, 
gap pI + 1 is inserted into row - COT H RESH. H no such cell is found, then 
[i, p] is the first dominant match found of its rank, and the cell containing i is 
removed from col-COTHRESH. The processing ofthe col-COTHRESH 
list is similar. It is easy to keep track, during these scans, of the number of 
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positions not currently occupied by a gap, whence the rank of any newly 
detected dominant match is readily computed. The highest rank detected by 
the algorithm is the length of an LeS for the two input strings. We could 
add some extra bookkeeping to provide for the retrieval of an LeS at the 
end. This would, however, havoc the linearity of space. We are interested 
here mainly in the computation of Iwl, so that these tedious details can be 
omitted. The following claim suffices for our discussion. 

Lemma 5.2. The length I 0/ an LGS 0/ two strings x and y such that lxi 
lyl = n can be computed in time O(n(n -I)) and linear space. 

Note that O(n(n - I)) is the same as O(ne), where the edit distance e 
n + m - 2l = 2(n -l). When n > m the condition of Lemma 5.1 is no longer 
met. Even so, it will not be difficult to adapt our technique. Our basic tool 
is a procedure that tests, for any integer p in the range [0, m], whether x and 
y have an LeS of length m - p. Such a procedure, which we call length2 is 
based on the following observation. Suppose strings x and y have an LeS of 
length l. Then there is at least one such LeS, say, w, that uses only dominant 
matches. Let [i,j] be one such match. Then, [i,j] appears in the j-th colu
THRESH list and, implicitly, in the j-th eolu-COTHRESH list. Let / be 
the number of gaps preceding [i, j] in column j of the L matrix. Then the 
prefix of w that is an LeS for Xi and Yj uses precisely i - / rows among the 
first i rows of the L matrix. By an argument similar to that of Lemma 5.1, it 
must be that / :::; m -l, since the remaining m - i rows cannot contribute 
more than m - i matches to w. In other words, no dominant match in an 
LeS can be preceded by more than m - l gaps in the cothresh list relative 
to the column where that match oceurs. 

Therefore, to test whether there is a solution of length m - p, it is suf
ficient to produce the n successive updates of the first p entries of eolu
COTH RESH. By our preceding discussion, this takes time O(np) and linear 
spaee. At the end, either we find a match of rank m - p or higher in this list, 
or we know that no LeS of length at least m - p exists. Our final procedure 
length, which computes the length of an LeS of x and Y in O( n( m - l)) time 
descends now naturally from length2. It consists of running the O(pn) proce
dure length2 with p = 0,1,2,4,8, ... until it suceeeds. Procedure length2 will 
succeed when p is at most 2(m - l). Thus the total time spent by length is 
proportional to 2n(m-l) + n(m-l) + 1/2n(m-l) + ... + 2n + n +n = 
4n(m - l) + n, which is O(n(m - I)). This establishes the following claim. 

Theorem 5.1. The length l 0/ an LGS 0/ two strings x and y, 01 m and n 
symbols respectively, can be computed in O(n(m - l)) time and linear space. 

5.2 Computing an LeS in O(n(m - l)) time and linear space 

We show here that length2 and length (or length1, if n = In) can be combined 
with lesls to produce an LeS of the two input strings x and y. We call the 
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resulting algorithm lesls1. In what follows, we describe the structure of lcsls1 
and maintain the following bounds. 

Theorem 5.2. Algorithm lesls1 computes an LGS of x and y in time 
O( n( m - l)) and linear space. 

Proof. The proof will be a consequenee of the diseussion given below. D 

The two issues to be addressed are the computation of l that preeedes the 
execution of lesls and the choice and computation of a cut inside the body 
of lesls. We use length to compute l. From this, we know p = m - l. This 
takes time O(np) and linear space. We now call1esls on f = Y and 6 = x. 
Inside lesls, we will maintain that the value t = 161 - 1 (i.e., the value of 
P relative to the current subdomain of the problem) is always known. More 
precisely, we maintain that at the k-th level of recursion, t :::; fp/2kl This 
is achieved by computing cuts that always divide t into halves. We call these 
cuts balanced cuts. We will show how the computation of all balanced cuts 
needed at the k-th level of recursion can be carried out in time O(np/2k ) 

and linear space. Before describing how this is done, we observe that this 
condition establishes, for the time bound T(n,p) of lcsls, a recurrence of the 
form: T(n,p) = enp + T(nl,np/2) + T(n2,np/2), with nl + n2 = n 
and e a constant. With initial conditions of the type T( h, 0) :::; bph, where 
bis another constant, this recurrence has a solution O(np). 

Let n and m :::; n be the lengths of fand 6, respectively, and let l = m-p 
be the length of an LCS for the two strings. The following lemma will be used 
to find a balanced cut for fand 6 (see Fig. 5.2.). 

Lemma 5.3. Assume m > P 2: 2 and set P = PI + P2 + P3 with 
PI f=. 0, P2 = 0, and P3 f=. O. Then, there is an LGS "1 = "11"12"13 of f 
and 6 for which it is possible to write f = fl f2f3 and 6 = 61d82dl63 with 
d and dl symbols of E, in such a way that: (1) "1 consists only of dominant 
matches; (2) for i = 1,2,3, 'Yi is an LGS of fi and 8i and 18i l - hil = Pi; 
(3) let e and el be, respectively, the last symbol of fl and the first symbol of 
f3, then e and d do not form a dominant match in Land el f=. dl. 

Proof. In the L-matrix, consider in succession the columns relative to the 
positions of 6. We start with a counter initialized to zero and update it 
according to the following. Consider column 1. As is easy to check, if there is 
any match in column 1, then the one such match occupying the row of lowest 
index is also the unique dominant match in column 1. If there is a solution 
"1 that uses a match in this column, then we pick the only dominant match 
in this column and initialize with it astring "(I. If this is not the case, we 
increment the counter by one. Assume we have handled all columns up to 
h-l updating the counter or extending the prefix "(I of an optimal solution "1, 
according to the cases met. Considering column h, we increment the counter 
if and only if no match in that column could be used to extend the length 
of "1' by one unit in such a way that the extended string would still be the 
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: j : j'=j+g+l 

1 " 2 ' 3 
:--- ö -: d :-- ö --: d' '-- ö 

, 
---------1--

Fig. 5.2. Illustrating Lemma 5.3 

--' I , 

prefix of an optimal solution. If some such matches exist, we append to "1' the 
one such match contained in the row of smallest possible index (observe that 
the match thus selected is a dominant match). In conclusion, each column 
at which the counter is not incremented extends the subsequence "1' by one 
new dominant match, while the fact that the counter is incremented at some 
column h signals that "1' could not have been continued into an optimal 
solution "1 had we picked a match in column h. 

Let now j be the leftmost column at which the counter reaches the value 
PI, and let i be the row containing the last one among the matches appended 
to "1'. We claim that entry [i,j] cannot be a dominant match. In fact, if [i,j] 
is amatch, then clearly its rank is at least 17'1. Assuming the rank of [i,j] 
higher than 17'1 leads to a contradiction. In fact, in this case we can find a 
string 'f/ such that 'f/'Y" is an LCS of I" and 8, "1 = "1'''1'' is also an LCS of 
I" and 8 and yet I 'f/'Y I > 1"11. Thus, either [i,j] is not a match or it is a non 
dominant match of rank equal to the last match of "1' used so far. We set 81 

equal to the prefix of 8 of length j - 1, EI equal to the prefix of I" of length 
i, "11 = "1', e = E[i] and d = 8[j]. These choices are consistent with the 
properties listed in the lemma for the objects involved. 
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To continue with the columns of L that fall past column j, we distinguish 
two cases, according to whether or not "1' can be extended with a match 
in column j + 1. If "1' can be extended with a match in column j + 1, let 
j + 1, j + 2, ... , j + 9 be the longest run of consecutive columns such that 
each column contributes a new match to "1' . By the hypothesis PI p, we have 
j + grn (i.e., we must be forced to skip at least one more column). Let il be 
the row such that [iI, j + gJ is a match of "1'. Then, by our choice of 9 the entry 
[il + 1, j + 9 + 1 J cannot be a match. We set f2 equal to the substring of f that 
starts at position i + 1 and ends at position iI, 82 equal to the substring of 8 
that starts at j + 1 and ends at j + g, and el = f[iI+ 1J and dl = 8(j + g+ 1J. 
Finally, we take the suffix of length 9 of "1' as "12. Clearly, these assignments 
satisfy the conditions in the claim. The choices performed so far induce a 
unique choice of f3, 83 , and "13 . By our construction of "1', there is an optimal 
solution "I which has "1' = "1 1"12 as aprefix. In any such solution, "1' must 
be followed by an LCS of f3 and 83 of length 1831 - (p - PI - P2), i.e., of 
length 1831 - P3. Thus the remaining conditions of the claim are also met. 
If "1' cannot be extended with a match in column j + 1, then the claim still 
holds by simply taking 82 and "12 both empty. 0 

With the choice PI = rp/21 Lemma 5.3 can be used in the computation of 
a balanced cut for fand 8, as folIows. We restriet ourselves to the case where 
P is even, the case of odd P is quite similar and will be left for an exercise. 
Let j and jl = j + 9 + 1 be the positions in 8 of d and dl, respectively, and let 
i be the position in f of the last symbol of fl. Clearly, [i/, jl - 1 J is a balanced 
cut. Observe that this cut coincides with [i,jJ if "12 is empty. 

We now run length2 on the ordered pair (8, E) and with parameter p/2 + 
1. We use this run to prepare an array REACH with the property that 
REACH[iJ contains the column index relative to the p/2 + l-st gap in the 
COTHRESH list at row i. Observe that, by condition 3 of the lemma, if 
iI + 1 is the position in f ofthe first symbol of f3, then REACH[iI + 1J equals 
precisely the position jl of dl in 8. 

Next, we run a copy of length2 on the ordered pair (8R , fR) of the reverse 
strings of the two input strings, this time with parameter p/2. An array 
REV REACH similar to REACH is built in this way. Since [il + 1,jlJ is not 
amatchandweknowthatI831-1'Y31 = p/2,thenREVREACH[iI+1J = jl. 

Clearly, any index i* for which REACH[i*J = REVREACH[i*J yields a 
corresponding balanced cut [i* -1, REACH[i*J - 1J. By Lemma 5.3 and the 
above discussion, at least one such index is guaranteed to exist. In conclusion, 
we only need to sc an the two arrays REACH and REV REACH looking for 
the first index k such that REACH[kJ = REVREACH[kJ. Having found 
such an index, we can set, for our balanced cut tu, vJ, u k - 1 and 
v = REACH[kJ - 1 = REV REACH[kJ - l. 

As mentioned, the case of odd P is dealt with similarly. At the top level 
of the recursion, this process takes O( np) time and linear space. Since the 
parameter P is halved at each level, the overall time taken by the computation 
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of cuts is still O(np). The recursion can stop whenever the current partition of 
L has an associated value of either the 1 or p not larger than some preassigned 
constant. For any such partition, an LCS can be found by known methods in 
linear space. 

This concludes our discussion of Theorem 5.2. 

6. Combining few and diverse tools: Hirschberg's 
paradigm in linear space 

In this section, we pick up again Hirschberg's paradigm having in mind a 
twofold goal: on one hand, we plan to improve the time complexity seen 
when we last parted from this paradigm; on the other, we want to implement 
the new version in linear space without having to pay a penalty in time. 

We start by presenting a procedure newlength that computes the length 
of an LCS of x and Y in time O(lmlog(min[s, m, 2n/m])). Since symbols not 
appearing in x cannot contribute to an LCS, we can eliminate such symbols 
from Y and assurne henceforth s :::; m, which eliminates the logm from the 
bound. 

The alert reader shall realize quickly that newlength is not hing but an 
offspring of Algorithm LGSl. In analogy with that algorithm, the procedure 
consists of lsub stages which identify in succession the lsub antichains within 
a suitable partition of our matrix L. At the beginning, P EBBLE[i] (i = 
i l , .. , i 2 ) points to the the entry j of Xi - OGG, which corresponds to the 
leftmost occurrence of xi in the interval [jl, .. ,12]' if any. P EBBLE[i] is then 
said to be active. The procedure advances an active pebble until it becomes 
inactive, i.e., reaches an entry larger than j2, or the last entry of Xi - OGG. 
By the end of the execution of newlength, each pebble is set to point to the 
rightmost position that it can occupy in the interval [jl ... 12]. 

A significant innovation brought about by newlength is in its auxil
iary function closest, which is defined as follows. For any character u, 
closest(u, Yd returns apointer to the entry in the u-OCC list corresponding 
to leftmost occurrence of u in Y which falls past Yt. 

One more place where newlength departs from Algorithm LGS1 is that 
even though newlength still detects all dominant matches, it records only the 
leftmost dominant match incurred for each k. This achieves the linear space 
bound. 

Procedure newlength (i1, i2, j1, j2, RANK, lsub) 
o RAN K[k] = 0, k = 1,2, ... , (i2 - i1); 
1 k = 0 
2 while there are active pebbles do (start stage k + 1) 
3 begin T = j2 + 1; k = k + 1; 
4 for i = i1 - 1 + k to i2 do (advance pebbles) 



begin 
5 t = T; 
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6 if P EBBLE[i] is active 
and Xi - OCC[P EBBLE[i]] < T then 
(update threshold, update leftmost k-dominant match) 

7 begin T = Xi - OCC[PEBBLE[i]]; RANK[k] = T end; 
(advance pebble, or make it inactive) 

8 PEBBLE[i] = closest[xi, t]; 
9 if P EBBLE[i] is active 

and Xi - OCC[P EBBLE[i]] > j2 then 
10 begin P EBBLE[i] = P EBBLE[i] - 1; 

make PEBBLE[i] inactive end; 
end; 

end (lsub = k). 

All the elementary steps of newlength, with the exception of the execu
tions of closest, take constant time. On an input of size n + m the procedure 
handles at most m pebbles during each of the lsub stages. Thus the total time 
spent by newlength is O(m x lsub + total time required by closest). The sec
ond term depends on implementation. One efficient implementation of closest 
rests on two auxiliary structures which we now proceed to describe. 

The first structure is a table CLOSE[l...n + 1] which is subdivided into 
consecutive blocks of size sand defined as follows. Letting p = j mod s (j = 
1, ... ,n), CLOSE[j] contains the leftmost position not smaller than j where 
ap occurs in y. Table CLOSE is prepared in time B(n), and it allows us to 
implement closest in time O(logs) (Apostolico and Guerra [1987]). 

Next, we ass urne that each a-OCC list is assigned a finger tree. In order 
to keep track of the fingers we institute a new global variable, namely, the 
array of integers F I N G E R[l... m]. At its inception, the proced ure newlength 
moves all the fingers FINGER[il], FINGER[il + 1], ... , FINGER[i2], 
originally coincident with the pebbles, onto the rightmost position in the 
interval (j1...j2] that they can occupy on their corresponding a - OCC lists. 
This positioning of each finger is accomplished in O(min[log s, log(j2 - jl)]) 
time through an application of closest. Fingers set from different rows on the 
same a - OCC list merge into one single representative finger. 

During the execution of each stage of newlength, the (representative) 
finger associated with each symbol in [il...i2] is reconsidered immediately 
following a closest query and the possible consequent update of the pebble 
(cf. lines 8-10 of newlength). At that point, we simply set: FINGER[i] = 
PEBBLE[i]. Thus, through each individual stage, the finger associated with 
each symbol moves from right to left. Each of the manipulations just described 
takes constant time. Finally, both fingers and pebbles are taken back to their 
initial (leftmost) position soon after the last stage of newlength has been 
completed. Overall, this takes time O(i2 - il). In the light of our discussion 
of Section 4. we may list the following: 



388 A. Apostolico 

Theorem 6.1. By the combined use of FINGER and GLOSE, the proce
dure newlength computes the length lsub of an LGS of XiI ... Xi2 and yjI .... yj2 

in time O(lsub . (i2 - i1) . min[log s, log(2n/ (i2 - i1))]) and l'inear space. 

We now show that the procedure newlength can be cast in the divide
and-conquer scheme of the previous seetion resulting in an algorithm Icsls2 
that has time bound O(mllog(min[s, 2n/lJ)). 

We need to remove the previous assumption that newlength, called with 
j-parameters j1,j2, always finds pebbles and fingers pointing to the leftmost 
positions in the interval (j1...j2]. We replace that with the new assumption 
that either all pebbles and fingers occupy the rightmost positions in the inter
val (j1...j2], or else they all occupy the leftmost one. Procedure newlength 
checks at its inception which case applies, and brings all pebbles to their 
leftmost positions, if necessary. This does not affect the time bound of the 
procedure. Algorithm lcsls2 uses newlength both to compute 1 prior to exe
cuting lcsls and to compute cuts inside the body of lcsls. For this latter task 
we use an approach similar to that of lcslsl. We outline the method for the 
case of even l, the case of odd l being handled similarly. We run two copies of 
newlength, on the two mirror images of the problem, with the proviso that 
computation in each row is stopped as so on as a dominant match of rank l/2 
is detected. All matches of rank l/2 so detected by each version of the pro
cedure are stored in one of two dedicated lists. Observe that the number of 
such matches cannot exceed the total number of dominant matches detected, 
and this latter number cannot be larger than ml, the maximum number of 
matches handled by the procedure. At the end, we scan the two lists looking 
for the first pair of matches, one from one list and one from the other, that 
form a chain. From the positions in L of these two matches, we can infer a 
balanced cut. In the present context, a cut is balanced if it identifies two sub
matrices LI and LII of L with the property that an optimal solution 1 can be 
formed by concatenating two optimal solutions l' and 1" entirely contained, 
respectively, in LI and LII and both of length l/2. Leaving the details for an 
exercise, we concentrate on the following claim. 

Theorem 6.2. The procedure lcsls2 finds an LGS in linear space and in time 
O(mllog(min[s,2n/l ])). 

Proof. Each execution of newlength at the k-th level of the recursion can 
be bounded in terms of mf . l/2k log(min[s, 2n/mf]), where mf denotes the 
number of rows assigned to the f-th subproblern. By the preceding discussion, 
the time needed to scan each pair of antichains of maximum rank in order to 
find a balanced cut for that pair can be absorbed in this bound. There are 
2k calls at level k, yielding a total time: 

2 k 1 2 
"mf-k log(min[s, '-::]), 
L.J 2 mf 
f=1 
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up to a multiplicative constant. Now it is 

2 k 

L:ml=m. 
1=1 

Since m 1 ~ l /2 k , we have that the total work at this level of recursion 
can be bounded by the quantity: 

l 2n k 
m· 2k • log(min[s, T 2 l) 

l k 2n k < m· - ·log(min[s2 -2]) - 2k 'l· 

The right term can be rewritten as: 

l k. 2n l l 2n 
m· 2k log(2 . mm[s, Tl) = m· k· 2k + m· 2k log(min[s, Tl)· 

Adding up through k = 1,2, ... ,logl yields: 

whence the O(mllog(min[s, 2n/ll) time bound follows. 

7. Parallel algorithms 

o 

It is an exercise of moderate difficulty to set up a parallel solution for the 
string editing problem in the so-called systolic array of processors architec
ture (see, e.g., Lipton and Lopresti [1985], Leighton [1992]). Such an algorithm 
would deploy n processors to solve the problem in linear time. A hypercube 
algorithm for the case m = n that runs in O( Jn log n) time with n 2 pro
cessors can be found in Ranka and Sahni [1988]. Here we concentrate on 
the model of computation represented by the synchronous, shared-memory 
machine, usually referred to as the PRAM (see, e.g., Ja Ja [1992] for these 
notions). The currently best algorithms are based on the two strongest vari
ants of the PRAM, namely, the CREW and CRCW, respectively. Recall that 
in the CREW-PRAM model of parallel computation concurrent reads are 
allowed but no two processors can simultaneously attempt to write in the 
same memory location (even if they are trying to write the same thing). The 
CRCW-PRAM differs from the CREW-PRAM in that it allows many pro
cessors to write simultaneously in the same memory location: in any such 
common-write contest, only oue processor succeeds, but it is not knowu in 
advance which one. 

The primary objective ofPRAM algorithmic design is to devise algorithms 
that are both fast and efficient for problems in the dass NC, i.e., in the dass 
of problems that are solvable in O(logO(l) n) parallel time by a PRAM using 
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a polynomial number of processors. In order for an algorithm to be both 
fast and efficient, the product of its time and processor complexities must 
fall within a polylog factor of the time complexity of the best sequential 
algorithm for the problem it solves. This goal has been elusive for many 
simple problems, such as topological sorting of a directed acyclic graph and 
finding a breadth-first search tree of a graph, which are trivially in NC. For 
some other problems in NC, it seems somewhat counter-intuitive that any 
fast and efficient algorithm may exist until one is finally found. Such is the 
case of the string-editing problem. 

For the sake of generality, we reason in terms of the cost matrix C intro
d uced in Section 1. The interdependencies among the entries of that matrix in 
the string editing problem find useful representation in an (lxi + 1) x (lyl + 1) 
grid directed acyclic graph. An II x l2 grid DAG is a directed acyclic graph 
whose vertices are the hl2 points of an h Xl2 grid, and such that the only edges 
from grid point (i,j) are to grid points (i,j + 1), (i + 1,j), and (i + 1,j + 1). 
A grid DAG is obtained by drawing the points such that point (i, j) is at the 
ith row from the top and jth column from the left. Thus, the top-left point 
is (0,0) and has no edge entering it (i.e., is a source), and the bottom-right 
point is (m,n) and has no edge leaving it (i.e., is a sink). An example of a 
grid DAG is given in Figure 7.1. 

It is quite natural to associate an (lxi + 1) x (Iyl + 1) grid DAG G with 
the string editing problem in the natural way: the (lxi + l)(lyl + 1) vertices 
of G are in one-to-one correspondence with the (lxi + l)(lyl + 1) entries of 
the C-matrix, and the cost of an edge from vertex (k, I) to vertex (i, j) is 
equal to I(Yj) if k = i and I = j - 1, to D(Xi) if k = i-I and I = j, to 
S(Xi, Yj) if k = i-I and l = j - 1. Clearly, the edit scripts that transform x 
into Y or vice versa without obviously wasteful operations are in one-to-one 
correspondence with the weighted paths in G that originate at the source 
(which corresponds to C(O,O)) and end on the sink (whieh corresponds to 
C(lxl, Iyl))· In conclusion, the string editing problem may be regarded as the 

insert y 

x 

Fig. 7.1. String editing as a path in a grid graph 
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problem of finding a shortest (i.e., least-cost) source-to-sink path in an mx n 
grid DAG G. 

This characterization provides a convenient framework for divide and con
quer, and thus is especially useful in our present context. To see this, assurne 
for simplicity m = n, i.e., G is an m x m grid DAG. Let DISTG be a 
(2m) x (2m) matrix containing the lengths of all shortest paths that begin 
at the top or left boundary of G, and end at the right or bot tom boundary 
of G. Divide now the m x m grid into four (m/2) x (m/2) grids A, B, C, D. 
Assurne that we have (recursively) solved the problem for each of the four 
grids A, B, C, D, obtaining the analogous distance matrices DISTA, DISTB, 
DISTc; DISTD. Then we only need to combine these four matrices into the 
global matrix DISTG. 

Let DISTAUB be the (3m/2) x (3m/2) matrix containing the lengths of 
shortest paths that begin on the top or left boundary of A u Band end 
on its right or bottom boundary. Let DISTcUD be analogously defined for 
CuD. We may produce DISTG in three main steps, as follows. First, we use 
DISTA and DISTB to obtain DISTAUB. We then similarly combine DISTc 
and DISTD into DISTcUD, and finally obtain DISTG from DISTAuB and 
DISTcuD. Clearly, the main problem we face is how to perform such a "con
quer" phase efficiently, in parallel. 

Since the three steps above are similar in essence, we may restrict consid
eration to the task of obtaining DISTAuB from DISTA and DISTB. Note 
that we only need to compute the entries of DISTAuB that correspond to 
paths that begin at a point v on the top or left boundary of A and end at 
a point w on the right or bot tom boundary of B, since all other costs in 
DISTAuB need only to be copied from DISTA and DISTB. 

Observe that DISTAUB(V, w) = min{DistA(V,p) + DistB(p, w) I pis on 
the boundary common to A and B}. This shows that we can trivially compute 
DISTAuB(v, w) for a given v, w pair in time O(q+log(m/q)) ifwe are allowed 
to use 8(m/q) processors for each such pair. This, however, would require 
an unacceptable 8(m3 /q) processors. We would like to perform this task by 
having only m/q processors assigned to v for computing DISTAUB(V, w) for 
alt w on the bottom or right boundary of B. It turns out that these m/q 
processors are enough for doing the job in time O«q+log(m/q)) logm). The 
handle is a monotonicity property that allows us to save a linear factor in 
the number of processor at the cost of a logarithrnic factor in time. In order 
to illustrate this property we need to introduce some additional concepts. 

Consider a pair of points (v, w) such that v falls on the left or top boundary 
of A, and w falls on the bottom or right boundary of B. Let O(v,w) denote 
the lejtmost p which minimizes DISTAuB (v, w). Thus, O( v, w) is the leftmost 
point that can be encountered on the common boundary of A and B in a 
shortest path from v to w. (see Fig. 7.2.). 

Define a linear ordering <B on the m points at the bot tom and right 
boundaries of B, such that they are encountered in increasing order of <B 
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c 

Fig. 7.2. Divide-and-conquer of Matrix DIST 

by a walk that starts at the leftmost point of the lower boundary of Band 
ends at the top of the right boundary of B. Let L B be the list of m points 
on the lower and right boundaries of B, sorted by increasing order according 
to the <B relationship. For any Wl, W2 E L B, we have the following: 

Lemma 7.1. Ifwl <B W2 then (;I(v,wt) is not to the right of(;l(V,W2)' 

Proof. The proof is by contradiction. Suppose that, for so me Wl, W2 E L B, we 
have Wl <B W2 and (;I(v,wt) is to th~ right of (;I(V,W2), as shown in Fig. 7.4. 
By definition of the function (;I there is a shortest path from v to Wl going 
through (;I(v,wt) (call this path 0:), and one from v to W2 going through 
(;I(V,W2) (call it ß). Since Wl <B W2 and (;I(v,wt) is to the right of (;I(V,W2), 
the two paths 0: and ß must CrOSS at least once somewhere in B: let z be such 
an intersection point. See Fig. 7.4. Let prefix(o:) (respectively, prefix(ß)) 
be the portion of 0: (respectively, ß) that goes from v to z. Consider the two 
possible cases: 

Gase 1. The length of prefix(o:) differs from that of prefix(ß). Without 
loss of generality, assurne it is the length of prefix(ß) that is the smaller of 
the two. But then, the v-tO-wl path obtained from 0: by replacing prefix(o:) 
by prefix(ß) is shorter than 0:, a contradiction. 

Gase 2. The length of prefix(o:) is same as that of prefix(ß). In 0:, 

replacing prefix(o:) by prefix(ß) yields another shortest path between v 
and Wl, one that crosses the boundary common to A and B at a point to the 
left of (;I ( v, Wl), contradicting the definition of the function (;I. 0 

Lemma 7.1 may be used to obtain an O((q + log(m/q)) logm) time and 
O(m/q) processor algorithm for computing DISTAUB(V, w) for all W E LB. 
We henceforth use (;I(w) as a shorthand for (;I (v , w), with v being understood. 
It suffices to compute (;I(w) for all W E L B. The procedure for doing this is 
recursive, and takes as input: 
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Fig. 7.3. The function fJ 

v 

Fig. 7.4. The monotonicity Lemma 
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- A particular range of r contiguous values in L B , say a range that begins at 
point a and ends at point c, a <B c, 

- The points B(a) and B(c), 
- A number of processors equal to max{l, (p + r)/q} where P is the number 

ofpoints between B(a) and B(c) on the boundary common to A and B. (See 
Fig. 7.5.) 

The procedure returns B( w) for every a <B W < B C. If r = 1 then there is 
only one such wand there are enough processors to cornpute B( w) in time 
O(q + log(p/q)). If r > 1 then all of the max{l, (p + r)/q} processors get 
assigned to the median b of the a-to-c range and cornpute the value B(b) 
in time O(q + log(p/q)). By Lemma 7.1, it is now enough for the proce
dure to recursively caH itself on the a-to-b range and (in parallel) the b-to-c 
range. The first (respectively, second) of these recursive calls gets assigned 
max{1, (pI +r /2)/q} (respectively, max{l, (P2 +r /2)/ q}) processors, where PI 
(respectively, P2) is the number ofpoints between B(a) and B(b) (respectively, 
between B(b) and B(c)). Because PI + P2 = p, there are enough processors 
available for the two recursive caUs. (See Fig. 7.5.) In the initial call to the 
procedure, it is given (i) the whole list LB , (ii) the B ofthe first and last point 

P . oe ..... 
: PI P2 : 
.~.~. . . . 

v 

],,, 
b 

t'" 
a 

Fig. 7.5. The recursion scheme 
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of L B , and (iii) 3mj2q processors. The depth ofthe recursion is logm, at each 
level ofwhich the time taken is no more than O(q+log(mjq)). Therefore the 
procedure takes time O((q + log(mjq)) logm) with O(mjq) processors. 

Theorem 7.1. The matrix D1STa can be computed in O(log3 m) time, 
O(m2 ) space, and with O(m2jlogm) processors by a CREW-PRAM. 

Proof. It follows from our discussion that D1STa can be obtained from 
DISTA, DISTB, DISTe, DISTD in parallel in time O((q + logm)logm) 
and with O(m2 jq) processors, where q ::; m is an integer of our choice. More
over, the whole problem can be solved sequentially in O(m2Iogr:n) time. 
Then, the time and processor complexities of the overall algorithm obey then 
the following recurrences: 

T(m) ::; T(mj2) + Cl(q + log m) logm, 

P(m) ::; max( 4P(mj2), C2m2 jq), 

with boundary conditions T(y'ii) = c3q log q and P(y'ii) = 1, where Cl,C2,C3 
are constants. The solutions are T(m) = O((q + logm) log2 m) and P(m) = 
O(m2 jq). Choosing q = logm then establishes the desired result. 0 

Parallel algorithms more efficient than the one presented here can be based 
on the monotonicity property subtending Lemma 7.1 (see, e.g., Apostolico et 
al. [1988, 1990], Aggarwal and Park [1988], Atallah [1993]). The Lemma itself 
has a rich history of re-discoveries, which in modern times begin perhaps with 
Fuchs et al. [1977], but Aggarval and Park [1988] traced back to G. Monge 
in 1781. 
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Automata for Matching Patterns 

Maxime Crochemore and Christophe Hancart 

1. Pattern matching and automata 

This chapter describes several methods of word pattern matching that are 
based on the use of automata. 

Pattern matching (in words) is the problem of locating occurrences of a 
pattern in a text file. The file is just astring of symbols, but the pattern can 
be specified in various ways. Here, we only consider patterns described by 
regular expressions or weaker mechanisms. 

Solutions to the problem are basic parts of many text processing tools, 
such as editors, parsers, and information retrieval systems. They are also 
widely used in the analysis of biological sequences. The algorithms that solve 
the problem classically decompose in two steps: a preprocessing phase and a 
search phase. When the text file is considered to be dynamic (as in editing 
applications), the preprocessing is applied to the pattern (see Sections 4, 5, 
and 6). This leads aposteriori to a good solution regarding the efficiency of 
the algorithms of this chapter. When the text file is static (if it is a dictionary, 
for example) the preprocessing applied to the text builds an index that can 
later support efficiently several series of queries (see Section 7). 

We present solutions in which the search phase is based on automata as 
opposed to solutions based on combinatorial properties of words. Thus, the 
algorith.ms perform on-line searches with a buffer on the text that does not 
need to store more than one letter at a time. The solutions are adequate for 
processing sequential-access files or streams of symbols. 

The main algorithms of this chapter solve special instances of the deter
minization or minimization problems of automata. Basically, given an au
tomaton that recognizes the language X on the alphabet A, algorithms build 
a deterministic, and sometimes minimal, automaton for the language A * X, 
which is applied afterwards to search efficiently for words of X. 

The time complexity of algorithms is given as a function of the input, 
and is typically linear in the length of the input. This takes into account 
the set of letters actually occurring in the input. But the running time may 
depend on the output as weH. So, a careful statement of each problem is 
necessary, to avoid for example quadratic-size outputs that would obviously 
imply quadratic-time algorithms. 

G. Rozenberg et al. (eds.), Handbook of Formal Languages
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The complexity of algorithms is analyzed in a model of a machine in 
which the basic operation on letters is comparison in the form less-equal
greater. The implicit ordering on the alphabet is exploited in several algo
rithms. The assumption on the model makes it possible to process words over 
a potentially unbounded alphabet. Some algorithms for the simplest pattern
matching problem (searching for only one word) operates in a weaker model 
(comparison in the form equal-unequal). We also mention how the running 
times of most algorithms are affected when branchings in automata are per
formed by looking up a transition table (see Section 3). This is valid if the 
alphabet is known in advance and if the letters can be assimilated to indices 
on a table. Otherwise, a straightforward simulation implies that the running 
times are multiplied by O(logcard(A)), while in the comparison model the 
running times of some algorithms are independent of the alphabet. 

The regular-expression-matching problem (Section 4) is when the pattern 
is a general regular expression. The standard solution is certainly by Thomp
son (1968). The mechanism is one ofthe basic features ofthe UNIX operating 
system and of its tools. 

When the language described by the pattern reduces to a finite set of 
words (Section 5), called a dictionary, the pattern-matching algorithm runs 
in linear time (on a fixed alphabet) instead of quadratic time for the general 
solution. Moreover, when the pattern is only one word (Section 6), the same 
running time holds, independently of the alphabet. 

The suffix automata presented in Section 7 serve as indexes. They provide 
a solution to the pattern-matching instance where the searched text has to 
be preprocessed. The main point of the section is the linear-time construction 
of suffix automata (on a fixed alphabet), which results partially from their 
linear size. 

The efficiency of pattern-matching algorithms based on automata strongly 
relies on particular representations of these automata. This is why a review 
of several techniques is given in Section 3. The regular-expression-matching 
problem, the dictionary-matching problem, and the string-matching problem 
are treated respectively in Sections 4, 5, and 6. Section 7 deals with suffix 
automata and their applications. 

2. Notations 

This sectiorl is devoted to a review of the material used in this chapter: 
alphabet, words, languages, regular expressions, finite automata, algorithms 
for matching patterns. 
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2.1 Alphabet and words 

Let A be a finite set, called the alphabet. Its elements are called letters, and, 
for convenience, we denote them by a, b, C, and so on. Furthermore, we assurne 
that there is an ordering on the alphabet. 

A word is a finite-length sequence of letters. The length of a word u is 
denoted by lul, and its j-th letter by Uj. The set of all words is denoted by 
A*, the empty word by c, and A+ stands for A*\{c}. 

The product of two words u and v, denoted by u . v or uv, is the word 
obtained by writing sequentially the letters of u then the letters of v. Given 
a word u, the product of k words identical with u is denoted by u k, setting 
uD = c. Denoted respectively by uw- l and v-lu are the words v and w when 
u =vw. 

A word v is said to be a factor of a word u if u = U' vu" for some words 
u' and u"; it is a proper factor of u if v =j:. u, aprefix of u if u' = c, and a 
suffix of u if u" = c. 

2.2 Languages 

A language is any subset of A *. The product of two languages U and V, 
denoted by U . V or UV, is the language {uv I (u, v) E U x V}. Denoted 
by U k is the set of words obtained by making products of k words of U. 
The star of U, denoted by U*, is the language Uk>D Uk. By convention, 
the order of decreasing precedence for language operations in expressions 
denoting languages is star or power, product, union. By misuse, a language 
reduced to only one word u may be denoted by u itself if no confusion arises 
(with furt her notations). 

The sets of prefixes, of factors, and of suffixes of a language U are denoted 
respectively by Pref(U), Fact(U) , and Suff(U). If U is finite, IUI stands for 
LUEU lul (therefore, note that card(A) = lAI). 

The r'ight context of a word u according to a language W is the language 
{u-lw Iw E W}. The equivalence generated over A* by the relations 

is denoted by =w; it is the right syntactic congruence associated with the 
language W. 

2.3 Regular expressions 

Regular expressions and the languages they describe, the regular languages, 
are defined inductively as follows: 

- 0, 1, and a are regular expressions and describes respectively 0 (the empty 
set), {cl, and {al, for each a E A; 
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- if u and v are regular expressions describing respectively the regular lan
guages U and V, then u+v, u·v, and u* are regular expressions describing 
respectively the regular languages U U V, U· V, and U*. 

By convention, the order of decreasing precedence for operations in regular 
expressions is star (*), product (.), sum (+). The dot . is often omitted. 
Parenthesizing can be used to change the precedence order of operators. 

The language descri bed by a regular expression u is denoted by Lang ( u). 
The length lul of a regular expression u is the length of u reckoned on 
the alphabet Au {O, 1, +, *} (parentheses and product operator· are not 
reckoned). 

2.4 Finite automata 

A (finite) automaton (with one initial state) is given by a finite set Q, whose 
elements are called states, an initial state i, a subset T ~ Q of terminal 
states, and a set E ~ Q x A x Q of edges. 

An edge (p, a, q) of the automaton (Q, i, T, E) is an outgoing edge for state 
p and an ingoing edge for state q; state p is the source of this edge, letter 
a its label, and state q its target. The number of edges outgoing astate p is 
called the (outgoing) degree of p. We say that there is a path labeled by u 
from state p to state q if there is a finite sequence (rj-I, aj, rjh5,j5,n of edges 
such that n = lul, aj = Uj for each j E {I, ... , n}, ro = p and rn = q. One 
agrees to define a unique path labeled by c from each state p to itself. 

A word u is recognized by the automat on A = (Q, i, T, E) if there exists a 
path labeled by u from i to some state in T. The set of all words recognized 
by A is denoted by Lang(A). A language X is recognizable if there exists an 
automat on A such that X = Lang(A). 

As an example, the automaton depicted in Figure 2.1 recognizes the lan
guage {a, b} * abaaab. Its initial state is 0, and its only terminal state is 6. 

The automaton (Q,i,T,E) is deterministic if for each (p,a) E Q x A 
there iso at most one state q such that (p, a, q) E E. It is complete if for 
each (p, a) E Q x A there is at least one state q such that (p, a, q) E E. It 

b 

Fig. 2.1. An automaton recognizing the language {a,b}*abaaab. 
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is normalized if card(T) = 1, the initial state has no ingoing edge, and the 
terminal state has no outgoing edge. It is minimal if it is deterministic and 
if each deterministic automaton recognizing the same language maps onto 
itj it has the minimal number of states. The minimal automaton recognizing 
the language U is denoted by M(U). It can be defined with the help of right 
contexts by: 

Uu-1U I u E A*}, {U}, {u-1U I u EU}, 

{(u-1U, a, (ua)-lU) lu E A",a E A}) 

In case A = (Q, i, T, E) is a deterministic automaton, it is convenient 
to consider the transition function ö: Q X A -+ Q of A defined for each 
(p, a) E Q X A such that there is an outgoing edge labeled by a for p by 

ö(p, a) = q {=:} (p, a, q) E E 

(notice that Ö is a partial function). Equivalently, the quadrupie (Q,i,T,ö) 
denotes the automaton A. In a natural way, the transition function extends 
to a function mapping from Q X A" to Q and also denoted by Ö setting 

{ 
p, if u = c, 

ö( u) _ ö( ö(p, a), v), if ö(p, a) is defined and u = av 
p, - for some (a,v) E A X A", 

undefined, o~herwise, 

for each (p, u) E Q X A". 
In algorithms that manipulate automata, we constantly use the function 

STATE-CREATION described in Figure 2.2 (+ stands for the union of sets). 
This avoids going into details of the implementation of automata that is 
precisely the subject of Section 3. 

STATE-CREATION 

1 chose astate q out of Q 
2 Q+-Q+{q} 
3 return q 

Fig. 2.2. Creation of a new state and adjunction to the set of states Q. 

2.5 Algorithms for matching patterns 

The pattern matching problem is to search and locate occurrences of patterns 
in words (or textual data, less formally speaking). A pattern represents a 
language and is described either by a word, by a finite set of words, or more 
generally, by a regular expression. We do not consider patterns described by 
other mechanisms. 
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Let y be the searched word. An occurrence in y of a pattern represented 
by the language X is a tripie (u, x, v) where u, v E A *, x EX, and such 
that y = uxv. The position of the occurrence (u, x, v) of x in y is the length 
lul; it is sometimes more convenient to consider the end-position of the same 
occurrence, which is defined as the length luxl. Observe that searching y for 
words in a language X is equivalent to search for prefixes of y that belong to 
the language A* X; the language ofmost automata considered in this chapter 
is of this form. 

According to a specific matching problem, the input of an algorithm is 
a language X described by a word, by a finite set of words, or by a regular 
expression, and a word y. The output can have several forms. To implement 
an algorithm that tests whether the pattern occurs in the word or not, the 
output is just the boolean value TRUE or FALSE respectively. In an on-line 
search, what is desired is the word, say z, on the alphabet {O, 1} that encodes 
the existence of end-positions of the pattern; the length of z is lyl + 1, and its 
j + 1-th letter is 1 exactly when an occurrence of the pattern ends at position 
j in y. The output can also be the set, say P, of positions (or end-positions) 
in y of the pattern. To avoid presenting several variants of algorithms, we 
introduce the statement 

occurrenceif e 

where e is an appropriate predicate. It can be translated by 

if e 

in the first case, 

in the second case, and 

if e 

then return TRUE 

if e 
then z +- z·l 
else z +- Z· 0 

then P +- P + {the current position in y} 

in the third case. In the first case, the "return FALSE" statement has to be 
included correspondingly at the end of the algorithm; and in the other cases, 
word z and set P should be initialized at the beginning of the algorithm and 
returned at the end of the algorithm. From now on, the standard algorithm 
for matching patterns in words can be written as in Figure 2.3. 

The asymptotic time and space complexities of algorithm MATCHER de
pend on the representation of the automaton, and more specifically, on the 
representation of the transition function {j (see Section 3). More generally, the 
complexities of algorithms, functions or procedures developed in this chapter 
are expressions of the size of the input. They include the size of the language, 
the length of the searched word, and the size of the alphabet. We assurne that 
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Preprocessing phase 
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1 built an automaton (Q, i, T, E) recognizing A· X 
Search phase 
let 15 be the transition lunction 01 (Q, i, T, E) 

2 P ~ i 
3 occurrenceif pET 
4 for letter a from first to last letter of y 
5 loop p ~ 15(p, a) 
6 occurrenceif pET 

Fig. 2.3. Given a regular language X and a word y, locate all occurrences of words 
in X that are factors of y. 

the "occurrenceif e" statement is performed in constant time. Nevertheless, 
an ad hoc output often underlies the complexity result. 

3. Representations of deterministic automata 

Several pattern matching algorithms rely on a particular representation of the 
deterministic automaton underlying the method. Implementing a determin
istic automaton (Q, i, T, E) remains to implement the transition function 8 
of the automaton, which is the general problem of realizing partial functions. 
Five methods are described in this section: transition matrix, adjacency lists, 
transition list, failure function, and table-compression. 

The choice of the representation of the automat on influence the time 
needed to compute a transition, i.e. the time to evaluate 8(p, a), for any 
state p and any letter a. This time is called the delay, in that it is also the 
time spent on letter a before moving to the next letter of the input word. 
Basically: on the one hand, the time to evaluate 8(p, a) is constant in a model 
where branchings are allowed and a transition matrix implements 8; on the 
other hand, if comparison of letters is the only operation allowed on them, 
the time to evaluate 8(p, a) is O(logcard(A)), assuming that any two letters 
can be compared in one unit of time (using binary operations =, =/-, < or 
> ). In the following, we give the memory space and the delay associated to 
each type of representation. There is an obvious trade-off between these two 
quantities. 

In the chapter, having a representation R of the transition function 8, the 
automaton is indifferently denoted by (Q, i, T, E), (Q,i, T, 8), and (Q, i, T, R). 

3.1 Transition matrix 

The simplest method to implement the transition function 8 is to store its 
values in a Q x A-matrix. This is a method of choice for a complete deter
ministic automaton on a small alphabet and when letters can be assimilated 
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to indices on an array. The space required is O(card(Q) x card(A)) and the 
delay is 0(1). 

When the automaton is not complete, the representation still works except 
that the searching procedure can stop on an undefined transition. The matrix 
can even be initialized in time proportional to the number of edges of the 
automaton with the help of a sparse matrix representation technique. The 
above complexities are still valid in this situation. 

This kind of representation implicitly assumes that the working alphabet 
is fixed and known by advance. This contrasts with the representations of Sec
tions 3.2 and 3.4 for which the basic operation on the alphabet is comparing 
letters. 

3.2 Adjacency lists 

A traditional way of implementing graphs is to use adjacency lists. This 
applies to automata as weH. Doing so, the set of couples (a, /5(p, a)), whenever 
/5(p, a) is defined, is associated with each state p E Q. The space required 
to represent the card(Q) adjacency lists of the automaton is O(card(Q) + 
card(E)). Contrary to the previous method, this one works even if the only 
possible elementary operation on letters is comparison. Denoting by d the 
maximum degree of states of the automaton, the delay is O(log d), which is 
also o (log min{ card( Q), card(A)}), using an efficient implementation of sets 
based for instance on balanced trees. 

The space complexity may be ftirther reduced by considering adefault 
(target) state associated to each adjacency list (the most frequently occur
ring target of a given adjacency list is an obvious choice as default for this 
adjacency list). The delay can even be improved at the same time because 
adjacency lists become smaller. 

When implementing the automaton, each adjacency list is stored in an 
array G indexed by Q. If the deterministic automaton is complete and if the 
initial state i is the uniform default state (i as default state fits in perfectly 
with pattern matching applications), the computation of a transition from 
any state p by any letter a, that is, the computation of /5(p, a), is done by the 
function of Figure 3.1. 

ADJACENCyLISTS-TRANSITION(p, a) 
1 p <-- state of the couple of label a in G[p] 
2 ifp=NIL 
3 thenp<--i 
4 return p 

Fig. 3.1. Computation of the transition from astate p by a letter a when an array 
G of adjacency lists represents the transition function. 
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3.3 Transition list 

The transition list method consists in implementing the list of tripIes (p, a, q) 
of edges of the automaton. The space required by the implementation is only 
O(card(E)). Doing so, it is assumed that the list is stored in ahashing table to 
provide fast computations of transitions. The corresponding hashing function 
is defined on couples (p, a) from Q X A. Then, given a couple (p, a), the access 
to the transition (p, a, q), if it appears in the list, is performed in constant 
time on the average under usual hypotheses on the technique. 

3.4 Failure function 

The main idea of the failure function method is to reduce the space needed 
by 8, by deferring, in most possible cases, the computation of the transition 
from the current state to the computation of the transition from an other 
given state with the same input letter. It serves to implement deterministic 
automata in the comparison model. Its main advantage is that, in general, 
it provides a linear-space representation, and, simultaneously, gives a linear
time cost for aseries of transitions, though the time to compute one transition 
is not necessarily constant. 

We only consider the case where the deterministic automata is complete 
and where i is the default state (extensions of the following statement are 
not needed in the chapter). 

Let 'Y be a function from Q x A to Q, and let f be a function from Q into 
itself. We say that the couple ('Y, f) represents the transition function 8 if 'Y 
is a subfunction of 8 and if 

{ 
'Y(p, a), if 'Y(p, a) is defined, 

8(p,a) = 8(f(p),a), if'Y(p,a) is undefined and f(p) is defined, 
i, otherwise, 

for each (p, a) E Q x A. In this situation, the state f(p) is a stand-in of state 
p. The functions 'Y and f are respectively said to be a subtransition function 
and a failure function, according to 8. However, this representation is correct 
if we assurne that f defines an order on Q. 

Assuming a representation of 'Y by adjacency lists, the space needed to 
represent 8 by the couple ("(, f) is O(card(Q) + card(E')), where 

E' = {(p, a, q) I (p, a, q) E E and 'Y(p, a) is defined}), 

which is of course O(card(Q) + card(E)) since E' ~ E. (Notice that 'Y is the 
transition function ofthe automaton (Q, i, T, E').) If d is the maximum degree 
of states of the automaton (Q,i,T,E'), the delay is typically O(card(Q) x 
logd), that is also O(card(Q) x 10gcard(A)). 

When implementing the automaton, the values of the failure function f 
are stored in an array F indexed by Q. The computation of a transition is 
done by the function of Figure 3.2. The function always stops if we assurne 
that f defines an order on Q. 
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FAILUREFuNCTION-TRANSITION(p, a) 
1 while p i= NIL and 'Y(p, a) = NIL 
2 loop p +- F[P] 
3 ifp i= NIL 
4 then p +- 'Y(p, a) 
5 else p+-i 
6 return p 

Fig. 3.2. Computation of the transition from astate p by a letter a when a subtran
sition 'Y and an array F corresponding to a failure function represent the transition 
function. 

3.5 Table-compression 

The latest method is a mix of the previous ones that provides fast eompu
tations of transitions via arrays and a eompaet representation of edges via 
failure funetion. 

Four arrays, denoted here by fail, base, target, and check, are used. The 
fail and base arrays are indexed by Q, and, for each (p, a) E Q x A, base(p) +a 
is an index on target and check arrays, assimilating letters to integers. 

The eomputation of the transition from some state p with some input let
ter a proeeeds as folIows: let k = base(p) + ai then, if check[k) = p, target[k) 
is the target of the edge of souree p and label ai otherwise, this statement 
is repeated reeursively with state fail(p) and letter a. (Notiee that it is eor
reet if fail defines an order on Q, as in Seetion 3.4, and if the targets from 
the smallest element are all defined.) The eorresponding funetion is given in 
Figure 3.3. 

TABLECOMPRESSION-TRANSITION(p, a) 
1 while check[base[p] + a] i= p 
2 loop p +- fail[p] 
3 return target[base[p] + a] 

Fig. 3.3. Computation of the transition from astate p by a letter a in the table
compression method with suitable arrays fail, base, target, and check. 

In the worst ease, the spaee needed is O(eard(Q) x eard(A)) and the delay 
is O(eard(Q)). However the method ean reduee the spaee to O(eard(Q) + 
eard(A)) with an 0(1) delay in best possible situation. 

4. Matching regular expressions 

4.1 Outline 

Problem 4.1. (Regular-expression-matehing problem.) Given a regular ex
pression a:, preproeess it in order to loeate all oeeurrenees of words of Lang( x) 
that oeeur in any given word y. 
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A well-known solution to the above problem is composed of two phases. 
First, transform the regular expression a: into a nondeterministic automaton 
that recognizes the language described by a:, following a construction due to 
Thompson. Second, simulate the obtained automaton with input word y in 
such a way that it recognizes each prefix of y that belongs to A* Lang(a:). 

Main Theorem 4.1. The regular expression-matching problem for a: and y 
can be achieved in the following terms: 

- a preprocessing phase on a: building an automaton of size 0(1a:\), performed 
in time 0(1a:1) and 0(1a:1) extra-space; 

- a search phase executing the automaton on y performed in time O(I:vllyl) 
and 0(1:v1) space, the time spent on each letter ofy being 0(1:v1). 

The construction of the automaton is given in Section 4.2. In Section 4.3, 
we first show how to solve the membership test, namely, "does y belongs to 
Lang(:v)?"; we then present the solution to the search phase of the regular
expression-matching problem as a mere transformation of the previous test. 
Finally, in Section 4.4, we discuss a possible use of a deterministic automaton 
to solve the problem. 

In the whole section, we assurne that the regular expression contains no 
redundant parentheses, because otherwise the parsing of the expression would 
not be necessarily asymptotically linear in the length of the expression. 

4.2 Regular-expression-matching automata 

In order to solve the problem in space linear in the length of the regular 
expression, we consider special nondeterministic automata. 

We say that an automaton is extended if it is defined on the extended 
alphabet A U {c}. Observe that a transition from astate to another in an 
extended automaton may either result of the reading of a letter from the 
input word, or not (c-transition). 

Theorem 4.2. Let:v be a regular expression. There exists a normalized ex
tended automaton recognizing Lang(:v) satisfying the following conditions: 

(i) the number of states is bounded by 21:v1; 
(ii) the number of edges labeled by letters of A is bounded by l:vl, and the 

number of edges labeled by c is bounded by 41:v1; 
(iii) for each state the number of ingoing or outgoing edges is at most 2, and 

it is exactly 2 only when the edges are labeled by c. 

Praof. The proof is by induction on the length of regular expressions. 
The regular expressions of length equal to 1 are 0, 1, and a, for each 

a E A. They are respectively recognized by normalized extended automata 
in the form 

({i,t}, i, {tl, 0), 
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({i,t}, i, {tl, {(i,c:,t)}), 

({i,t}, i, {tl, {(i,a,t)}), 

where i and t are two distinct states. The automata are depicted in Figure 4."1. 
Now, let (Q',i',{t'},E') and (Q",i",{t"},E") be normalized extended 

automata recognizing respectively the regular expressions u and v, assuming 
that Q' n Q" = 0. Then the regular expressions u + v, u . v, and u* are 
respectively recognized by normalized extended automata in the form 

(Q'UQ"U{i,t}, i, {tl, E'UE"U{(i,c:,i'), (i,c:,i"), (t',c:,t), (t",c:,t)}) 

where i and t are two distinct states chosen out of Q' U Q", 

(Q'UQ", i', {t"}, E'UE"U{(t',c:,i")}), 

and 

(Q' U {i,t}, z, {tl, E' U E" U {(i., c:, i'), (i,c:,t), (t',c:,i'), (t',c:,t)}) 

where i and t are two distinct states chosen out of Q'. The automata are 
depicted in Figure 4.2. 

The above construction clearly proves the existence of a normalized ex
tended automaton recognizing the language described by any given regular 

~ (!)+ 
(I) 
~ 

(11) 
~ 

(III) 

Fig. 4.1. Normalized extended automata recognizing the regular expressions 0 (I), 
1 (11), and a (III) for some a E A. 

(I) (III) 

(11) 

Fig. 4.2. Normalized extended automata recogmzmg the regular expressions 
u + v (I), u . v (11), and u· (111), obtained from normalized extended automata 
(Q', i' , {t'}, E') and (Q", i", {t"}, E") recognizing respectively the regular expres
sions u and v. 
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expression. It remains to check that the automaton satisfies conditions (i) to 
(iii). Condition (i) holds since exactly two nodes are created for each letter 
of a regular expression accounting for its length. Condition (ii) is easy to 
establish, using similar arguments. And the last condition follows from con
struction. 0 

The previous result proves one half of the theorem of Kleene (the second 
half of the proof may be found in any standard textbook on automata or 
formal language theory). 

Theorem 4.3 (}(}eene, 1956). A language is recognizable if and only if it 
is regular. 

We denote by &(x) the normalized extended automaton constructed in 
the proof of Theorem 4.2 from the regular expression x, and we call it the 
regular-expression-matching automaton of x. 

To evaluate the time complexity of the above construction, it is necessary 
to give some hints about the data structures involved in the representation of 
regular-expression-matching automata. Due to the conditions stated in The
orem 4.2, a special representation of regular-expression-matching automata 
is possible providing an efficient implementation of the construction function. 
States are simply indices on an array that store edges; each cell of the array 
has to store at most two edges whose ingoing state is its index. Indices of 
the initial state and of the terminal state are stored separately. This shows 
that the space required to store &(x) is linear in its number of states, which 
is linear in the length of x according to Theorem 4.2. 

Hence, each of the operations induced by +, . or * can be implemented 
to work in constant time. This proves that the time spent on each letter of 
x is constant. In addition, the function which builds the regular-expression
matching automaton corresponding to a given regular expression is driven by 
a parser of regular expressions. Then, if parenthesizing in x is not redundant, 
the time and the space needed for the construction of & (x) is linear in the 
length of x. 

We have established the following result: 

Theorem 4.4. Let x be a regular expression. The space needed to represent 
&(x) is O(lxl). The computation of the automaton is performed in time and 
space O(lxl). 

4.3 Searching with regular-expression-matching automata 

The search for end-positions of words in Lang( x) is performed with a sim
ulation of a deterministic automaton recognizing A* Lang(x). Indeed, the 
determinization is avoided because it may lead to an automaton with a num
ber of states which is exponential in the length of the regular expression (see 
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Section 4.4). But the determinization via the subset construction is just sim
ulated: at a given time, the automaton is not in a given state, but in a set 
of states. This subset is recomputed whenever necessary in the execution of 
the search. 

As for the determinization of automata with E-transitions, the searching 
procedure needs the not ion of closure of a set of states: if S is a set of states, 
its closure is the set of states q such that there exists a path labeled by E 

from astate of S to q. From the closure of a set of states, it is possible to 
compute effectively the transitions induced by any input letter. 

The simulation of a regular-expression-matching automaton consists in 
repeatirig the two operations closure and computation of transitions on a 
set of states. These two operations are respectively performed by functions 
CLOSURE and TRANSITIONS of Figures 4.3 and 4.4. With careful implemen
tation, based on standard manipulation of sets and queues, the time and the 
space required to compute a closure or the transitions from a closure are 
linear in the size of involved sets of states. 

A basic use of an automaton consists in testing whether it recognizes 
some given word. Testing whether y is in the language described by x is 
implemented by the algorithm of Figure 4.5. The next proposition states the 
complexity of such a test. 

CLOSURE{E, S) 
1 R<- S 
2 '19 <- EMPTVQUEUE 
3 for each state p in S 
4 loop ENQUEUE('I9,p) 
5 while not QUEuEIsEMPTv( '19) 
6 loop p <- DEQUEUE('I9) 
7 for each state q such that (p, E, q) is in E 
8 loop if q is not in R 
9 then R <- R + {q} 

10 ENQUEUE( '19, q) 
11 return R 

Fig. 4.3. Computation of thc closure of a set S of states, with respect to a set E 
of edges. 

TRANSITIONS(E, S, a) 
1 R<- 0 
2 for each state p in S 
3 loop for each state q such that (p, a, q) is in E 
4 loop R <- R + {q} 
5 return R 

Fig. 4.4. Computation of the transitions by a letter a from states of a set S, with 
respect to a set E of edges. 
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REGULAREXPRESSIONTESTER( x, y) 
1 built the regular-expression-matching automaton (Q, i, {t}, E) of x 
2 C +- CLOSURE(E, {i}) 
3 far letter a from first to last letter of y 
4 laap C +- CLOSURE(E, TRANSITIONS(E, C, a)) 
5 return t E C 

Fig. 4.5. Algorithm for testing whether a word y belongs to Lang(x), x being a 
regular expression. 

Proposition 4.1. Given a regular expression x, testing whether a ward y 
belangs to Lang(x) can be performed in time O(lxllyl) and space O(lxl). 

Praof. The proof is given by algorithm TESTER of Figure 4.5 for which we 
analyze the complexity. 

According to Theorem 4.4, the regular-expression-matching automaton 
(Q, i, {t}, E) of x can be built in time and space O(lxl). 

Each computation of functions CLOSURE and of TRANSITIONS requires 
time and space O(card(Q)), which is O(lxl) from Theorem 4.2. This is re
peated lyl times. This gives O(lxllyl) time. 0 

We now co me back to our main problem. It is slightly different than the 
previous one, because the answer to the test has to be reported for each factor 
of y, and not only on y itself. But no transformation of &(x) is necessary. 
A mere transformation of the search phase of the algorithm is sufficient: at 
each iteration of the closure computation, the initial state is integrated to 
the current set of states. Doing so, each factor of y is tested. Moreover, the 
"occurrenceift E C" instruction is done at each stage. The entire algorithm 
is given in Figure 4.6. The following theorem established the complexity of 
the search phase of the algorithm. 

Theorem 4.5. Let x be a regular expression and y be a ward. Finding all 
end-positions of factars of y that are recognized by &( x) can be performed in 
time O(lxllyl) and space O(lxl). The time spent on each letter ofy is O(lxl). 

Proof. See the proof of Proposition 4.1. The second part of the statement 
comes from that fact: the time spent on each letter of y is linear in the time 
required by the computations of functions CLOSURE and TRANSITIONS. 0 

REGULAREXPRESSIONMATCHER(X, y) 
1 buHt the regular-expression-matching automaton (Q, i, {t}, E) of x 
2 C +- CLOSURE(E, {i}) 
3 accurrenceif t E C 
4 far letter a from first to last letter of y 
5 laap C +- CLOSURE(E, TRANSITIONS(E, C, a) + {i}) 
6 accurrenceif t E C 

Fig. 4.6. Algorithm for computing prefixes of a word y that belong to A* Lang(x), 
x being a regular expression. 
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4.4 Time-space trade-off 

The regular-expression-matching problem for a regular expression x and a 
word y admits a solution based on deterministic automata. It proceeds as 
follow: build the automaton t'(x); built an equivalent deterministic automa
ton; search with the deterministic automaton. The drawback of this approach 
is that the deterministic automaton can have a number of states exponential 
in the length of x. This is the situation, for example, when 

m-l times 
A 

for some m 2: 1; here, the minimal deterministic automaton recogmzmg 
A * Lang( x) has exactly 2m states since the recognition process has to memo
rize the last m letters read from the input word y. However, all states of the 
deterministic automaton for A * Lang( x) are not necessarily met during the 
search phase. So, a lazy construction of the deterministic automaton during 
the search is a possible compromise for practical purposes. 

5. Matching finite sets of words 

5.1 Outline 

Problem 5.1. (Dictionary-matching problem.) Given a finite set of words 
X, the dictionary, preprocess it in order to locate words of X that occur in 
any given word y. 

The classical solution to this problem is due to Aho and Corasick. It essen
tially consists in a linear-space implement at ion of a complete deterministic 
automat on recognizing the language A * X. The implementation uses both 
adjacency lists and an appropriate failure function. 

Main Theorem 5.1 (Aho and Corasick, 1975). The d'ictionary-match
ing problem for X and y ean be aehieved in the following ter'ms: 

- a preproeessing phase on X building an implementation of size O(IXI) of 
an automaton reeognizing A* X, performed in time O(IXI x 10gcard(A») 
and O(card(X» extra-space; 
a seareh phase executing the automaton on y performed in time O(lyl x 
10gcard(A» and eonstant extra-spaee, the delay being O(IXI x log card(A)). 

If we allow more extra-space, the asymptotic time complexities ean be 
reduced. This is achieved, for instance, by using techniques of Seetion 3 für 
representing deterministic automata with a sparse matrix, and assuming that 
O(IXI x card(A) space is available. The time eomplexities of the preprocess
ing and seareh phases are respectively reduced to O(IXI) and O(lyl), and the 
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delay to O(lXI). Nevertheless, notice that the times complexities given in the 
above theorem are still linear in lXI or lyl if we consider fixed alphabets. 

The method behind Theorem 5.1 is based on a specific automaton recog
nizing A* X: its states are the prefixes of words in X (their number is finite 
as X is). The automaton is not minimal in the general case. It is presented 
in Section 5.2, and its implementation with a failure function is given in 
Section 5.3. Section 5.4 is devoted to the search for X with the automaton. 

5.2 Dictionary-matching automata 

We give a complete deterministic automaton that recognizes A * X. In order 
to formalize this automaton, we introduce for each language U the mapping 
hu : A* - Pref{U) defined for each word v by 

hu{v) = the longest suffix of v that belongs to Pref{U). 

(In the whole Section 5, U refers to an ordinary language, and X refers to a 
finite language.) 

Proposition 5.1. Let X be a finite la"nguage. Then the automaton 

(Pref{X), e, Pref{X) n A* X, {(p, a, hx(pa)) I p E Pref{X), a E A} ) 

recognizes the language A * X. This automaton is deterministic and complete. 

In the following, we denote by V{X) the automaton of Proposition 5.1 
appHed to X, and we call it the dictionary-matching automaton of X. 

The proof of Proposition 5.1 reHes on the following result. 

Lemma 5.1. Let U ~ A*. Then 

(i) v E A*U iff hu{v) E A*U, for each v E A*. 

Furthermore, hu satisfies the relations: 

(ii) hu{e) = e; 
(iii) hu{va) = hu{hu{v)a), for each (v, a) E A* X A. 

ProoJ. If v E A*U, then v is in the form wu where w E A* and u E U; by 
definition of hu, u is necessarily a suffix of hu{v); therefore hu{v) E A*U. 
Conversely, if hu (v) E A * U, we have also v E A * U, because hu (v) is a suffix 
of v. Which proves (i). 

Property (ii) clearly holds. 
It remains to prove (iii). Both words hu{va) and hu{v)a are suffixes of 

va, and therefore one of them is a suffix of the other. Then we distinguish 
two cases according to which word is a suffix of the other. 

First case: hu{v)a is a proper suffix of hu{va) (hence hu{va) ::f. e). Con
sider the word w defined by w = hu{va)a-1 • Thus we have: hu{v) is a proper 
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suffix of w, w is a suffix of v, and since hu{va) E Pref{U) , w E Pref{U). 
Whence w is a suffix of v that belongs to Pref{U), but strictly longest than 
hu{v). This contradicts the maximality of Ihu{v)l. So this case is impossible. 

Second case: hu{va) is a suffix of hu{v)a. Then, hu{va) is a suffix of 
hu{hu{v)a). Now, since hu{v)a is a suffix of va, hu{hu{v)a) is a suffix of 
hu{va). Both properties implies hu{va) = hu{hu{v)a), and the expected 
result folIows. 0 

Proof of Proposition 5.1. Let v E A*. It follows from properties (ii) and (iii) 
of Lemma 5.1 that 

(hX {VIV2" 'Vj-d, Vi, hX {VIV2'" Vj))l~j~lvl 

is a path labeled by v from the initial state c to the state hx(v). 
If v E A* X, we get hx{v) E A* X from (i) ofLemma 5.1; which shows that 

hx (v) is a terminal state, and finally that v is recognized by the automaton. 
Conversely, if v is recognized by the automaton, we have hx(v) E A* X by 

definition oft he automaton. This implies that v E A* X from (i) ofLemma 5.1 
again. 0 

We show how to implement the automaton V{X) in the next section. 

5.3 Linear dictionary-matching automata 

The automaton V{X) is implemented with a failure function. The aim is to 
get a representation that does not depend on the size of the alphabet. 

For each language U, let fu: Pref(U) -+ Pref(U) be the function defined 
for each nonempty word u in Pref{U) by 

fu{u) = the longest proper suffix of u that belongs to Pref{U). 

Lemma 5.2. Let U ~ A*. For each (u, a) E Pref{U) x A, we have: 

{
ua, 

hu(ua) = huUu{u)a), 
c, 

if ua E Pref (U), 
ifu #- c and ua fj. Pref{U), 
otherwise. 

Proof. The identity clearly holds when ua E Pref{U) or when ua fj. Pref(U) 
but u = c. 

It remains to examine the case where ua fj. Pref{U) and u #- c. Here, 
fu{u)a is a proper suffix of ua. What is more, huUu{u)a) is the longest 
suffix of ua that belongs to Pref{U). Indeed, if we ass urne the existence of a 
suffix v of ua satisfying v E Pref{U) and lvi 2:: Ifu{v)al, we get that va-1 is 
a proper suffix of u belonging to Pref{U}; then va- 1 = fu(u) because of the 
maximality of Ifu(u)l. Which achieves the proof. 0 
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We introduce for each language U the function "'tu: Pref(U) x A -+ 

Pref(U) associating with each (u,a) E Pref(U) x A such that ua E Pref(U) 
the word ua. Thus, with conventions of Section 3.4, we have: 

Proposition 5.2. For each finite language X, the couple ("'tx, fx) represents 
the transition function of1J(X); function "'tx is a subtransition function and 
function f x a failure function, according to the transition function of 1J( X). 

Proof. Follows from Lemma 5.2. o 

Now, let us observe that function "'tx is exactly the transition function of 
the deterministic automaton 

(Pref(X) , e, X, {(p, a,pa) I p E Pref(X) , a E A,pa E Pref(X)}). 

This automaton recognizes the language X, and is dassically called the trie 
of X, as a reference to "information retrieval" . It is built by function TRIE 
of Figure 5.1. 

Proposition 5.3. Function TRIE applied to any finite language X builds 
tILe trie of X. If tILe edges of the automaton are implemented via adjacency 
lists, the size of the trie is O(IX\), and the construction is performed in time 
O(IXI x logd) within constant extra-space, d being the maximum degree of 
states. 

When X = {ab, babb, bb}, the trie of X is as depicted in Figure 5.2. This 
example shall be considered twice in the following. 

To achieve the goal of implementing 1J(X) in linear size, we use Proposi
tion 5.2. Then, it remains to give methods for computing fx and for marking 
the set of terminal states. This can be done by a breadth first search on the 
graph underlying the trie starting at the initial state, as shown by the two 
following lemmas. 

TRIE(X) 
let 8 be the transition /unction 0/ (Q, i, T, E) 

1 (Q,T,E) +-(0,0,0) 
2 i +- STATE-CREATION 

3 for word x from first to last word of X 
4 
5 
6 
7 
8 
9 

10 
11 
12 

loop t +- i 
for letter a from first to last'letter of x 

loop q +- 8(t, a) 
ifq = NIL 

then q +- STATE-CREATION 

E +- E + {(t,a,q)} 
t +- q 

T+-T+{t} 
return (Q, i, T, E) 

Fig. 5.1. Construction of the trie of a finite set of words X. 
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Fig. 5.2. The trie of {ab, babb, bb}. 

Lemma 5.3. Let U ~ A*. For each (u,a) E Pref(U) x A, we have: 

fu(ua) = {huUu(u)a), ifu i- c, 
c, otherwise. 

Proof. Similar to the proof of Lemma 5.2. 

Lemma 5.4. Let U ~ A*. For each u E Pre/(U), we have: 

u E A*U {:::::} (u EU) or (u i- c and /u(u) E A*U). 

Proo/. It is clearly sufficient to prove that 

u E (A*U)\U ===} fu(u) E A*U. 

o 

So, let u E (A*U)\U. The word u is in the form vw where v E A* and w 
is a proper suffix of u belonging to U. Then, by definition of fu, w is a suffix 
of /u(u). Therefore fu{u) E A*U. Which ends the proof. 0 

The complete function constructing the representation of D(X) with the 
subtransition "Ix and the failure function fx is given in Figure 5.3. Let us 
recall that the transition function {j of D{X) is assumed to be computed by 
function FAILUREFuNCTION-TRANSITION of Section 3.4. The next theorem 
states the correctness of the construction and its time and space complexities. 
We call this representation of D( X) the linear dictionary-matching automaton 
of X. The term "linear" (in lXI is understood) is suitable if we work with a 
fixed alphabet, since degrees are upper-bounded by card(A). 

Theorem 5.2. The linear dictionary-matching automaton of any finite lan
guage X is built by function LINEARDICTIONARyMATCHINGAUTOMATON. 
The size of this representation 0/ D(X) is O(IXI). The construction is peT
formed in time O(IXI x logd) within O(card(X)) extra-space, d being the 
maximum degree of states of the trie 0/ X. 
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LINEARDICTIONARVMATCHINGAUTOMATON(X) 
let 'Y be the transition fu.nction 0/ (Q, i, T, E') 
let fJ be the transition fu.nction 0/ (Q, i, T, ('Y, F» 

1 (Q, i, T, E') +-- TRIE(X) 
2 F[i] +-- NIL 
3 ß +-- EMPTVQUEUE 
4 ENQUEUE(ß,i) 
5 while not QUEUEIsEMPTV(ß) 
6 loop p +-- DEQUEUE(ß) 
7 for each letter a such that 'Y(p, a) 1= NIL 
8 loop q +-- 'Y(P, a) 
9 F[q] +-- fJ(F(P], a) 

10 if F[q] is in T 
11 then T +-- T + {q} 
12 ENQUEUE(ß,q) 
13 return (Q, i, T, (-y, F» 

Fig. 5.3. Construction of the linear dictionary-matching automaton of a finite set 
ofwords X. 

Proof. The correctness of the function and the order of the size of the rep
resentation is consecutive to PropositiQlls 5.1, 5.2, and 5.3, and Lemmas 5.2, 
5.3, and 5.4. The extra-space is linear in the size of the queue -0, which has 
always less than card(X) elements. 

In order to prove the announced time complexity, we shall see that the 
last test of the loop of function FAILUREFuNCTION-TRANSITION (for com
puting 8(F(P] , a); see Section 3.4) is executed less than 21XI times. To avoid 
ambiguity, the state variable p of function FAILUREFuNCTION-TRANSITION 
is renamed r. 

First. We remark that less tests are executed on the trie than if the words 
of X were considered separately. 

Second. Considering separately each word x of X, and assimilating vari
ables p and r with the prefixes of x they represent, the quantity 21pl - Irl 
grows of at least one unity between two consecutive tests "'Y(r, a) = NIL". 
When lxi ~ 1, no test is performed. But when lxi ~ 2, this quantity is equal 
to 2 before the execution of the first test (Ipl = 1, Irl = 0), and is less than 
21xl - 2 after the execution of the last test (Ipl = lxi - 1, Irl ~ 0); which 
shows that less than 21xl - 3 tests are executed in this case. 

This proves the expected result on the number of tests. 
Now, since each of these tests is performed in time O(log d), the loop 

of lines 5-12 of function LINEARDICTIONARyMATCHINGAuTOMATON is per
formed in time O(lXI x log d). This is also the time complexity of the whole 
function, since line 1 is also performed in time O(IXI x log d) according to 
Proposition 5.3. 0 

Figure 5.4 displays the linear dictionary-matching automaton of X when 
X = {ab,babb,bb}. The failure function Ix is depicted with non-labeled 
discontinuous edges. 
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Fig. 5.4. The linear dictionary-matching automaton of {ab, babb, bb}. 

To be complete, we add that fu can be expressed independently of hu 
for any language U. 

Lemma 5.5. Let U E A*. For each (u,a) E Pref(U) x A, we have: 

{ 
fu(u)a, 

fu(ua) = fuUu(u)a), 
c, 

if u:f. c and ua E Pref(U), 
if u :f. c and ua (j. Pref(u), 
ifu = c. 

Proof. This follows from Lemmas 5.2 and 5.3. o 

However interesting this result is, it does not lead to another computation 
of linear dictionary-matching automata than the computation performed by 
the function of Figure 5.3. 

5.4 Searching with linear dictionary-matching automata 

We prove in this section that matching a finite set of words can be performed 
in linear time on fixed alphabets. This is stated in the following theorem. 

Theorem 5.3. Let X be a finite set of words and y be a word. Let·( be the 
maximum length of words of X and d be the maximum degree of states of the 
trie of X. Using the linear dictionary-matching automaton of X, searching 
for all occurrences of words of X as factors of y (search phase of algorithm 
MATCHER) is performed in time O(lyl x logd), constant extra-space, within 
a delay ofO(( x logd). 

Proof. The proof is similar to the proof of Theorem 5.2. 
Here, instead of the quantity 2Ipl-lrl, we consider the quantity 2ly'l-lpl 

where y' is the already read prefix of y. We obtain that less than 2lyl-l tests 
"-y(p, a) = NIL" are executed. This proves that the total time is O(lyl x logd). 
For the delay, the test "-y(p, a) = NIL" cannot be executed strictly more than 
( times on each input letter a, which gives a time 0(1'. x log d). 0 
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The search phase can be improved to prevent unnecessary calls to the 
failure function as far as it is possible. 

Assume for instance that during the search state 5 of Figure 5.4 has been 
reached, and that the next letter of the input word, say c, is not b. The failure 
function has to be iterated at least twice since neither 'Yx(5,c) nor 'Yx(2,c) 
are defined. It is dear that the test on state 2 is useless, whatever cis. The 
next attempt is to compute 'Yx(3, c). Here, state 3 plays its role because c 
might be equal to a. But now, if 'Yx(3, c) is undefined, it is needless to iterate 
again the failure function on state 0, since c is then neither a nor b. 

Following a similar reasoning for each states of the linear dictionary
matching automaton of X when X = {ab, babb, bb} leads to consider the 
representation depicted in Figure 5.5. 

More generally, given a finite language X and the failure function fx, 
the representation of V(X) can be optimized by considering another failure 
function, denoted here by Ix. Introducing the notation Followu(u) to denote 
the set defined for each language U and for each word u in Pref(U) by 

Followu(u) = {a 1 a E A,ua E Pref(Un, 

it is set that 

{ 
fx(p), 

Ix(p) = Ix (fx(p)), 
undefined, 

if p =I- c and Follow x (f x (p)) ~ Follow x (p) , 
if p =I- c and Followx(fx(p)) ~ Followx(p), 
otherwise, 

for each p E Pref(X). The couple (-rx, Ix) represents dearly the transi
tion function of V(X). New failure states can be computed during a second 
bread th first search, and this can be done directly on array F x . 

However, substituting Ix to fx does not affect the maximum delay of the 
searching algorithm that still remains D(l x logd). To show this point, we 
give a worst case example. Let cp( m) be the language defined for each m :2: 1 
by: 

cp(m) = {am-1b} U {a2i - 1ba 11 ::; j < rm/2l} U {a2i bb 10::; j < Lm/2j}. 

Fig. 5.5. The optimized representation of V( {ab, babb, bb}). 
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Fig. 5.6. The optimized reprcsentation of V( cp( 4)). 

If X = ",(rn) for some m 2: I, and if am-1bc is the already read prefix of the 
input, rn accesses to the failure function of the linear dictionary-matching 
automaton of X are made when reading letter c, whatever function fx or Jx 
is chosen. (See the example given in Figure 5.6.) 

6. Matching words 

6.1 Outline 

Problem 6.1. (String-matching problem.) Given a word x, preprocess it in 
order to locate a11 its OCCurrences in any given word y. 

Let us first observe that this problem can be viewed as a particular case 
of the dictionary-matching problem (see Section 5). Here, the dictionary 
has only one element. Moreover, the dictionary-matching automaton V( {x} ), 
which recognizes the language A*x, has the minimum number of states re
quired to recognize A *x, i.e. lxi + 1 states. Therefore, the minimal automaton 
recognizing A*x, denoted by M(A*x), can be identified with V({x}). Since 
the maximum degree of states of the trie of {x} is upper-bounded by one, 
implementing this automaton with the help of the optimized failure function 
described Section 5.4 leads to the fo11owing results. 

Theorem 6.1 (Knuth, Morris, and Pratt, 1977). The strmg-matching 
problem for x and y can be performed in time O(lxl + Iyl) and space O(lxl), 
the delay being 8(log lxI) in the worst-case. 

We just have to hark back to the order of the delay for the algorithm of 
Knuth, Morris and Pratt. It is proved that the nu mb er of times the tran
sition function of the trie of {x} is performed on any input letter cannot 
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exceed Llog~(lxl + l)J where P = (1 + ..;5)/2 is the golden ratio. This upper 
bound is a consequence of a combinatorial property of words due to Fine 
and Wilf (known as the "periodicity lemma"). But it is closed to the worst
case bound, obtained when x is aprefix of the infinite Fibonacci word (see 
Chapter "Combinatorics of words"). 

However, as we shall see, implementing M(A*x) with adjacency lists 
solves the string-matching problem with the additional feature of having a 
real-time search phase on fixed alphabets, i.e. with a delay bounded by a 
constant. 

Main Theorem 6.2. The string-matehing problem for x and y ean be aehie
ved in the following terms: 

- a preproeessing phase on x building an implementation of M (A * x) of size 
O(lxl), performed in time O(lxl) and eonstant extra-spaee; 

- a seareh phase exeeuting the automaton on y performed in time O(lyl) and 
eonstant extra-spaee, the delay being o (log min{l + Llog2lxlJ, card(A)}). 

Underlying the above result are indeed optimal bounds on the complexity 
of string-matching algorithms for which the search phase is on-line with a one
letter buffer. Relaxing the on-line condition leads to another theorem stated 
below. But its proof is based on combinatorial properties of words unrelated 
to automata and not considered in this ehapter. 

Theorem 6.3 (Galil and Seifera~, 1983). The string-matehing problem 
for x and y previously stored in memory can be performed in time O(lxl + Iyl) 
and eonstant extra-spaee. 

In Seetion 6.2, we describe an on-line construction of M(A*x). The linear 
implementation via adjacency lists is discussed in Section 6.3. We establish 
in Section 6.4 properties of M(A*x) that are used in Section 6.5 to prove the 
asymptotie bounds of the search phase claimed in Theorem 6.2. 

6.2 Stdng-matching automata 

We give a method to build the automat on M(A*x). The feature of this 
rnethod is that it is based on an on-line eonstruction and that it does not use 
the usual proeedures of determinization and minimization of automata. 

In the remainder of Section 6 we identify M(A*x) with V( {x}), whieh is 
the automaton 

(Pref(x) , c, {x}, {(p, a, hx(pa)) I p E Pref(x) , a E A} ), 

hx ( v) being the longest suffix of v w hieh is aprefix of x, for eaeh v E A *. We 
eall this automaton the string-matehing automaton of x. 

An example of string-matching automat on is given in Figure 2.1: the 
depicted automaton is M(A*abaaab) assuming that A = {a, b}. 
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We introduce the notions of "border" as folIows. A ward v is said to be a 
border of a word u if v is both aprefix and a suffix of u. The longest proper 
bord er of a nonempty word u is said to be the bordeT of u and is denoted by 
BOTd(u). As a consequence of definitions, we have: 

hx(pa) = { ~a~rd(pa), if pa is aprefix of x, 
otherwise, 

for each (p,a) E PTef(x) x A. 
In order to build M (A * x), the construction of the set of edges of the 

string-rnatching automaton of x is to be settled. The construction is on-line, 
as suggested by the following lemma. 

Lemma 6.1. Let us denote by Eu the set of edges of M(A*u) fOT any u E 

A*. We have: 
E c = {(c,b,c) I b E A}. 

FurtheTmore, fOT each (u, a) E A * x A we have: 

with 
E~a = (Eu \ { (u, a, hu (ua)) } ) U { (u, a, ua) } 

and 
E~a = {(ua,b,w) I (hu(ua),b,w) E E~a}· 

PTUOf. The property for Ec clearly holds. 
Now, let u E A* and a E A, let E~a and E~a be as in the lemma, and set 

v = hu(ua). 
Each edge in E ua outgoing astate no longer than lul belongs to E~a. The 

converse is also true. 
It remains to prove that each edge in Eua outgoing state ua belongs to 

E;:a' and that the converse holds. This is to prove that for each b E A, 
the targets wand w' ofthe edges (v,b,w) and (ua,b,w'), both in Eua , are 
identical. 

Since v is a border of ua, w is both a suffix of uab and aprefix of ua. 
Wh ich implies that w is shorter than w'. 

Conversely. We have that Iw'l ::; Ivbl. (Assuming the contrary leads to 
consider that w'b- 1 is a border of ua contradicting the maxirnality of v.) 
Since w' and vb are both suffixes of uab, w' is a suffix of vb. Now w' is also 
aprefix of ua. This shows that w' is shorter than w, and ends the proof. 0 

The construction of M(A*ua) from M(A*u) can be interpreted in a visual 
point ofview as the "unfolding" ofthe edge (u,a,hu(ua)) ofthe autornaton 
M(A*u). An example is given in Figure 6.1 that depicts four steps related 
to the construction of M(A*abaaab). 
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b b 

t ~ 
a a 

(I) (11) 

b b b b b 

~ 
a a 

(III) (IV) 

Fig. 6.1. During the construction of the string-matching automaton of abaaab, 
unfolding of thc cdge (c, a, c) from step "c" (I) to step "a" (I1), of the edge (a, b, c) 
from step "a" to step "ab" (III), and of the edge (ab, a, a) from step "ab" to step 
"aba" (IV). It is assumed that A = {a, b}. 

A function that builds the string-matching automaton of x following the 
method suggested by Lemma 6.1 is given in Figure 6.2. This can be used 
straightforwardly to implement the automaton via its transition matrix. Fol
lowing the same scheme, we describe in the next section an implementation 
of the string-matching automaton of x which size is both linear in lxi and 
independent of the alphabet. 

STRINGMATCHINGAUTOMATON(X) 

let 6 be the transition junction oj (Q, i, 0, E) 
1 (Q, E) <- (0,0) 
2 i <- STATE-CREATION 

3 far each letter b in A 
4 laap E <- E + {(i, b, i)} 
5 t <- i 
6 far letter a from first to last letter of x 
7 laap r t-- 6(t, a) 
8 q <- STATE-CREATION 

9 E<-E-{(t,a,r)}+{(t,a,q)} 
10 far each letter b in A 
11 laap Et--E+{(q,b,6(r,b))} 
12 t <- q 
13 return (Q,i,{t},E) 

Fig. 6.2. Construction of the string-matching automaton of a word x. 
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6.3 Linear string-matching automata 

We show in this section that implementing string-matching automata via 
adjacency lists gives representations that are time-linear and space-linear in 
the length of the pattern. Indeed, the property comes from the fact: with c as 
default state in the adjaceney lists (see Seetion 3.2), the totallength of these 
lists is linear. This representation reduees the automaton to its significant 
part. Another way of saying it, is to consider "significant edges" as folIows. 

An edge (p, a, q) of a given string-matehing automat on is significant if 
q i: c, and null otherwise; if the edge is significant, it is forward if q = pa 
and backward otherwise. 

Picking up again the case x = abaaab, the string-matching automaton of 
x has 6 forward edges and 5 backward edges (see the automaton given in 
Figure 2.1). 

Proposition 6.1. The number of significant edges of the string-matching 
automaton of any word x is upper-bounded by 21xl; more precisely, its number 
of forward edges is exactly lxi, and its number of backward edges is upper
bounded by lxi. The bounds are reached for instance when the first letter of x 
occurs only at the first position in x. 

In order to prove Proposition 6.1, we shall establish the following result. 

Lemma 6.2. Let (p, a, q) and (p', a', q') be two distinct backward edges of the 
string-matching automaton of some word u. Then Ipl- Iql i: Ip'l- Iq'l· 
Proof. Suppose for a contradietion the existenee of two distinct baekward 
edges (p,a,q) and (p', a', q') of M(A*u) satisfying Ipl-Iql = Ip'I-lq'l· 

In ease p = p', we have that q = q'. Sinee the two edges are significant, 
this implies that a = a'. Whieh is impossible. 

Thus, we can assurne without loss of generality that Ipl > Ip'l, thus, 
Iql > Iq'l· Since qa- l is a border of p (lpl-lqa-11 is aperiod of p) and since 
q' is a proper prefix of q, we have 

, 
a = Plq'l = Plq'I+lpl_lqa~ll = Plq'I+lp'I-lq'l+1 = Plp'I+1' 

Whieh eontradicts the fact that (p', a', q') is a baekward edge. D 

Proof of Proposition 6.1. The number of forward edges of the automaton is 
obviously lxi. 

Let us prove the upper bound on the number of backward edges. Since 
the number Ipl - Iql associated to the baekward edge (p, a, q) ranges from 0 
to lxi - 1, Lemma 6.2 implies that the total number of backward edges is 
bounded by lxi. 

We show that the upper bound on the number of baekward edges is opti
mal. Consider that the first letter of x occurs only at the first position in x. 
The edge (p, Xl, Xl) is an outgoing edge for each state P of non-zero length 
of the automaton, and this edge is a backward edge. So, the total number of 
backward edges is lxi in this case. D 



Automata for Matching Patterns 427 

Figure 6.3 displays a string-matching automaton which number of signif
icant edges is maximum for a word of length 7. 

From the previous proposition, an implementation of M(A*x) via adja
cency lists with the initial state c as uniform default state has a size linear 
in lxi, since the edges represented in the adjacency lists are the significant 
edges of the automaton. We call this representation of the string-matching 
automaton of x the linear string-matching automaton of x. It is constructed 
by the function given in Figure 6.4. This function is a mere adaptation of 
the general function given in Figure 6.2. Recall that the transition function 
of the linear string-matching automaton of x is assumed to be computed by 
function ADJACENcyLISTS-TRANSITION of Section 3.2. 

Theorem 6.4. Function LINEARSTRINGMATCHINGAuTOMATON builds the 
linear string-matching automaton of any given word x. The size of this repre
sentation of M(A*x) is O(lx!). The construction is performed in time O(lx!) 
and constant extm-space. 

Praof. The correctness of the function is consecutive to Lemma 6.1. The 
order of the size of the representation follows from Proposition 6.1. 

The time required to build the set of all significant edges outgoing a given 
state is linear in their number (the operations executed on the adjacency list 
associated to a given state p =I- x are the operations occurring in Figure 6.4 at 
line 3 if p = i and at li ne 11 otherwise, then at line 9 if necessary, then finally 
at line 10; the corresponding operations for state x are at line 3 if x = c and 
at line 11 otherwise). Hence, the total time is O(lx!) from Proposition 6.1. D 

We show in Section 6.5 that the linear representation of the string
matching automat on of x described above yields a search for occurrences of 
x in y that runs in time linear in lyl. Before that, we establish combinatorial 
properties of string-matching automata in the next section. 

a 

a 
a 

a 

a 

Fig. 6.3. A string-matching automaton with the maximum number of significant 
edges. The significant edges are the only depicted edges; the target of other edges 
is o. 
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LINEARSTRINGMATCHINGAUTOMATON(X) 

let 8 be the transition /unction 0/ (Q, i, 0, G) 
1 Q f- 0 
2 i f- STATE-CREATION 

3 G[i] f- 0 
4 t f- i 
5 for letter a from first to last letter of x 
6 loop r f- 8(t, a) 
7 q <- STATE-CREATION 

8 if r i- i 
9 then G[t] <- G[t]- {(a,r)} 

10 G[t] <-G[t]+{(a,q)} 
11 G[q] <- G[r] 
12 t <- q 
13 return (Q,i,{t},G) 

Fig. 6.4. Construction of the linear string-matching automaton af a ward x. 

6.4 Properties of string-matching automata 

We establish in this section so me upper bounds for the number of significant 
edges of string-matching automata. These bounds complete the global bound 
given in Proposition 6.1, by focusing on the number of outgoing significant 
edges. The two main results, namely Propositions 6.2 and 6.3, are intensively 
used in Section 6.5. 

Given a word u, we denote by seu(p) the number of significant edges 
outgoing the state p of the string-matching automaton of u; if p is aprefix 
of u and q aprefix of p, the notation seu(p, q) stands for the number of 
significant edges which sources range in the set of prefixes of 'Vi from q to p, 
i. e. the number 

seu(q) + seu(q· PIQI+1) + ... + seu(q· Plql+l ... plpl-d + seu(p). 

The next two lemmas provide recurrence relations satisfied by the numbers 
seu (p). The expressions are stated using the following notation: given a pred
icate e, ,the integer denoted by x(e) has value 1 when e is true, and value 0 
otherwise. 

Lemma 6.3. Let (u,a) E A* X A. For each v E Pref(ua), we have: 

{ 
seu(Bord(ua)), ifv = ua, 

seua(v) = seu(u) + x(Bo1'd(ua) = c), ifv = 'U, 

seu (v), other-wise. 

Proof. This is a straightforward consequence of Lemma 6.l. 

Lemma 6.4. Let u E A +. Fo1' each v E Pr-ef (u), we have: 

{ 
seu(Bord(u)), 

seu(v) = seu(Bor-d(v)) + X(Bor-d(va) = c), 

1, 

ifv = u, 
if va E Pr-ef ( u) 

fo1' sorne a E A, 
ifv = c. 

o 
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Praof. Follows from Lemma 6.3. 0 

The next lemma is the "cornerstone" of the proof of the logarithmic bound 
given in Proposition 6.2 stated afterwards. 

Lemma 6.5. Let u E A+. For each v E Pref(u)\{c}, we have: 

2IBord(v)1 ~ lvi ===? seu(Bord(v)) = seu(Bord2(v)). 

Praof. Set k = 2IBord(v)I-lvl, w = VIV2··· Vk, and a = Vk+1. Since wa is 
a proper border of Bord(v)a, the border of Bord(v)a is nonempty. Then we 
apply Lemma 6.4 to the proper prefix Bord(v) of u. 0 

Proposition 6.2. Let u E A*. For each state p of M(A*u), we have: 

Praof. We prove the result by induction on Ipl. From Lemma 6.4, this is true 
if Ipl = 0. Next, suppose Ipl ~ 1. 

Let j be the integer such that 

2i :s Ipl + 1 < 2i+1, 

then let k be the integer such that 

IBordk+1(p)1 + 1< 2i :s IBordk(p)1 + 1. 

Let f E {O, ... , k - 1}; we have 21 BordL+\p) I ~ 2i +1 - 2 ~ Ipl ~ IBordl(p)l; 
which implies seu(BordL+l(p)) = seu(BordL+2(p)) from Lemma 6.5. Hence 
we get the equality 

seu(Bord(p)) = seu(Bordk+1(p)). 

From the induction hypothesis applied to the state Bordk+1(p), we get 

seu(Bordk+l(p)) :s 1 + Llog2(IBordk+1(p)1 + 1)J. 

Now Lemma 6.4 implies 

seu(p) :s seu(Bord(p)) + 1. 

This shows that 

and ends the proof. o 

By way of illustration, we consider the case where x = abacabad. Given 
astate p of M(A*x) (see Figure 6.5), the 1 + Llog2(lpl + 1)J bound for the 
number of significative edges outgoing p is reached when Ipl = 0, 1, 3, or 7. 
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a 

Fig. 6.5. The string-matching automaton of abacabad without its null edges. 

Proposition 6.3. Let u E A*. For each backward or null edge (p, a, q) of 
M(A*u), we have: 

seu(p, q) :::; 21pl- 21ql + 2 - x(p = u) - X(q = c:). 

PTOOf. The property clearly holds when u is the power of some letter. The 
rerrminder of the proof is by induction. 

So, let u E A*, b E A, and let (p, a, q) be a backward or null edge of 
M(A*ub). 

If Ipl :::; lul, (p, a, q) is also an edge of M(A*u). By application of 
Lemma 6.3, we obtain that 

Otherwise p = ub. Let r be the bord er of ub. We only have to examine 
the case where r is a proper prefix of u (if r = u, then u E b*). Thus (r, a, q) 
is an edge of M(A*u) and of M(A*ub). If it is a forward edge, i.e. if q = ra, 
we obtain from Lemma 6.3 that 

seub(p,q) = seu(u,r) + x(r = c:), 
and if it is a back ward edge we obtain that 

The result now follows by applying of the induction hypothesis to 'tt. 0 

The previous result is illustrated by the example given in Figure 6.3, i. e. 
when x = abbbbbb. In this case, the 21pl - 21ql + 2 - X(p = .:c) - X(q = c:) 
bound is reached for any backward or null edge of M (A * x). 

Observe that Proposition 6.3 provides another proof of the 21xl bound 
given in Proposition 6.1 as follows. We consider a null edge outgoing state 
x (possibly extending the alphabet by one letter). For this edge, with the 
notation of Proposition 6.3, we have p = u = x and q = c:. Thus, sex (x, c:), 
which is the total number of significant edges of M (A' x), is not greater than 
21xl - 21c:1 + 2 - 1 - 1 = 214 
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6.5 Searching with linear string-matching automata 

Our proof of Theorem 6.2 consists in considering linear string-matching au
tomata for matching words. We then consider the model of computation 
where none ordering on the alphabet is assumed, and give some optimal 
bounds for string-matching algorithms for wh ich the search phase is on-line 
with a one-Ietter buffer. 

Consider the search phase of algorithm MATCHER using the linear string
matching automaton of a given word x. For each backward or null edge 
(p, a, q) of the string-matching automaton of x, let us denote by cx(p, q) the 
maximum time for executing the series of transitions from q to q via p, i. e. for 
reading the word xI QI+!xl q l+2 ... xlpla starting in state q. Let us also denote 
by Gx(Y) the time for executing the search phase when Y is the searched 
word, i.e. the time for executing the automaton on y. 

Lemma 6.6. Let x, Y E A*. There exists a finite sequence of backward or 
null edges of M(A*x), say «Pj, aj, qj)h":'j::;k, satisfying the three following 
conditions: 

(i) qk=ci 

(ii) l:.~=l (Ipjl-Iqjl + 1) = IYli 

(iii) Gx(Y) ::; l:~=l cx(Pj,qj). 

Praof. The proof is by induction on lyl. Since the property trivially holds 
when lyl = 0, we assurne that lyl ~ 1. 

Observe first that since an upper bound is expected for GAY), we can 
assurne, even if the alphabet has to be extended by one letter, that the last 
letter of y is not a letter occurring actually in x. Hence, we can assurne that 
the lastly performed transition corresponds to a null edge. 

Now, let (pe)o.,:,e":'IYI be the sequence of successive values of the current 
state P of algorithm MATCHER (in other words Pt = hx (YIY2'" ye)). Let rn, ° ::; m ::; lyl - 1, be the minimal integer satisfying Pm+l = Pm' for some 
m' ::; m, then let m' be the integer in {O, ... , m} such that Pm' = Pm+!' 
Thus, the tri pie (Pm, Ym+!,Pm') is a backward or null edge of M(A*x), and 
the m - m' + 1 successive letters Ym'+l, Ym'+2, ... , Ym+l of Y have been read 
during the computation of the transitions from Pm' to Pm+! via Pm. Consider 
the word Y' defined by Y' = YIY2'" Ym' . Ym+2Ym+3'" Ylyl' Following the 
definition of m and m' we have that Gx(Y) ::; cx(Pm, Pm') + GAy'). Applying 
the induction hypothesis to Y' gives the existence of a finite sequence e' as 
depicted in the statement. The expected sequence related to Y can then be 
o btained by adding the edge «Pm, Ym+!, Pm')) in front of the sequence e'. It 
clearly satisfies conditions (i) to (iii). This ends the proof. 0 

Theorem 6.5. Let x and Y be words. Using the linear string-matching au

tomaton of x, searching for alt occurrences of x as factors of Y (search phase 
of algorithm MATCHER) is performed in time O(lyl), constant extra-space, 
within a delay O(logmin{l + llog2IxlJ,card(A)}). 
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Praof. Whatever efficient is the implementation of adjacency lists, we may 
assurne that the time for executing the transition from the current state by 
the current input letter is asymptotically linear in the number of significant 
edges outgoing the involved state. For each backward or null edge (p, a, q) of 
M(A*x), this assumption implies that 

c",(p,q) = O(sex(p,q))j 

which leads to 
C",(p, q) = O(lpl- Iql + 1), 

by application of Proposition 6.3. We finally apply Lemma 6.6, and get the 
O(lyl) bound. 

We now turn to the proof of the delay. The cardinality of each adjacency 
list is both upper-bounded by card(A), and, from Lemma 6.3 and Propo
sition 6.2, by 1 + Llog2lxlJ. Now, observe that each adjacency list can be 
arranged in a balanced tree when computing it, without loosing the linear
time complexity of the construction. This provides a logarithmic time for 
computing a transition. Which proves the asymptotic bound of the delay. 0 

In the remainder of the section, no ordering on the alphabet is assumed, 
contrary to what is assumed for the previous statement. The model of com
putation is the comparison model in which algorithms have access to the 
input words by comparing pairs of letters to test whether they are equal or 
not. Within this model, given a word x, we denote by S(x) the family of 
the string-matching algorithms for which the search phase is on-line with a 
one-Ietter buffer. 

String-matching algorithms based on the linear string-matching automa
ton of x can be classified according to the way the adjacency lists are ordered 
or scanned. For example, the adjacency lists can be ordered by decreasing 
length of target, or by the frequency of labels as letters of the prefix already 
readj each adjacency list can also be scanned according to a random process
ing. (Let us observe that any of these variations preserves the linear time of 
the search). We denote by C(x) the subfamily of algorithms in S(x) which 
use the linear string-matching automaton of x to search a given word for 
occurrences of x. 

Theorem 6.6. Given x E A +, consider an algorithm ). in C( x), and an 
input of non-zero length n. In the comparison model, ). performs no more 
than 2n - 1 letter comparisons, and compares each of the n letter of the input 
less than min{l + Llog2IxlJ,card(A)} times. 

Praof. This is similar to the proof of Theorem 6.5. The term "-1" of the 
2n - 1 bound results from the fact that we can assurne that at least one 
transition by a null edge of M(A*x) is simulated (the edge (qk-l, ak, qk) of 
Lemma 6.6). 0 
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The 2n - 1 bound of Theorem 6.6 is also the bound reached by the algo
rithm of Section 5 when ab is aprefix of the only word of the dictionary and 
the input is in a*. However, this worst-case bound can be lowered in .c(x), 
using the special strategy described in the following statement for computing 
transitions. 

Theorem 6.7. Given xE A+, consider an algorithm). in .c(x) that applies 
the following strategy: to compute a transition from any state p, scan the 
edges outgoing p in such a way that the forward edge (if any) is scanned last. 
Then, in the comparison model, ). executes no more than l(2 - I/lxI) x nJ 
letteT compaTisons on any input of length n. 

Pmof. Let (p, a, q) be a backward or null edge of M(A*x). The number 
of comparisons while executing the series of transitions from q to q via p is 
bounded by sex (p, q) - X(p #- x). By application of Proposition 6.3, we obtain 
that at most (2 - 1/lxl) x (Ipl- Iql + 1) comparisons are performed during 
this series of transitions. Then we apply Lemma 6.6 and obtain the expected 
bound. 0 

For a given length m of patterns, the delay min{1 + llog2 m J, card(A)} 
(Theorem 6.6) and the coefficient 2 - l/m (Theorem 6.7) are optimal quan
tities. This is proved by the next two propositions. 

Proposition 6.4. Consider the comparison model. Then, for each m ;::: 1, 
for each n ;::: m, there exist x E Am and y E An such that any algorithm in 
S(x) pe1jorms at least min{1 + llog2mJ,card(A)} letteT comparisons in the 
worst-case on same letteT of the searched ward y. 

Pmof. Define recursively the mapping e: A* ~ A* by e(ua) = e(u) . a· e(u) 
for each (u, a) E A* x A and ~(c) = c. (For instance, we have ~(abcd) = 
abacabadabacaba. ) 

Set k = min{1 + llog2 mJ, card(A)}, choose k pairwise distinct letters, 
say al, a2, ... , ak, and assurne that e(ala2··· ak-dak is aprefix of x. If 
e( al a2 ... ak-l) is the already read prefix of y, the algorithm can suppose that 
an occurrence of x starts at one of the positions in the form 2k - l , 1 :::; f :::; k. 
Hence, the algorithm performs never less than k letter comparisons at position 
2k - 1 in the worst-case. 0 

Proposition 6.5. ConsideT the camparisan model. Then, for each m ;::: 1, 
for each n ;::: 0, there exist x E Am and y E An such that any algorithm in 
S(x) pe1joTms at least l(2 - l/m) x nJ letter compaTisons in the worst-case 
when searching Y. 

Proof. Assurne that x = abm - 1 and Y E Pref((a{a,b}m-l)*). Then let j, 
1 :::; j :::; n, be the current position on Y, and let v be the longest suffix of 
YIY2 ... yj-l that is also a proper prefix of x. 

If v #- c, the algorithm has to query both if Yj = a and if Yj = b in the 
worst-case, in order to be able to report later an occurrence of x at position 
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either j or j -lvi. Otherwise v = c, and the algorithm can just query if Yj = a. 
But, according to the definition of y, the second case, namely v = c, may 
occur only when j == 1 (mod m). Therefore, the number of letter comparisons 
performed on Y is then never less than 2n - rn/ml = L(2 -I/rn) x nJ in the 
worst-case. 0 

7. Suffix automata 

7.1 Outline 

The suffix automaton of a word x is defined as the minimal deterministic (non 
necessarily complete) automaton that recognizes the (finite) set of suffixes of 
x. It is denoted by M(SuJJ(x)) according to notations of Section 2. 

An example of suffix automaton is displayed in Figure 7.l. 
The automaton M(SuJJ(x)) can be used as an index on x to solve the 

following problem. 

Problem 7.1. (Index problem.) Given a word x, preprocess it in order to 
locate all occurrences of any word Y in x. 

An alternative solution to the problem is to implement data structures 
techniques based on a representation of the set of suffixes of x by compact 
tries. This structure is known as the suffix tree of x. 

The suffix automaton provides another solution to the string-matching 
problem (see Section 6) since it can also be used to search a word Y for 
factors of x. This yields aspace efficient solution to the search for rotations 
(Section 7.5) of a given word. 

The surprising property of suffix automata is that their size is linear 
although the number of factors of a word can be quadratic in the length of 
the word. The construction of suffix automata is also linear on fixed alphabets. 

Main Theorem 7.1. The size of the suffix automaton of a word x is O(lxl). 
The automaton can be implemented in time O(lxl x logcard(A)) and O(lxl) 
extra-space. 

Fig. 7.1. The minimal deterministic automaton recognizing the suffixes of aabbabb. 
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The implementation which is referred to in the theorem is based on adja
cency lists. As in Section 5, if we allow more extra-space, the time complexity 
reduces to O(lxl). This is valid also for Theorems 7.5 and 7.6, Propositions 
7.2, 7.3, 7.4, 7.5, and 7.8. 

We first review in Section 7.2 properties of suffix automata that are useful 
to design a construction method. At the same time, we provide exact bounds 
on the size of the automata. These results have consequences on the run
ning time of the method. Section 7.3 is devoted to the construction of suffix 
automata itself. The same approach is presented in Section 7.6 for factor au
tomata. Sections 7.4 and 7.5 show how these automata can be used either as 
indexes or as string-matching automata. 

7.2 Sizes and properties 

7.2.1 End-positions 
Right contexts according to Suff (x) satisfy a few properties stated in the 
next lemmas and used later in the chapter. The first remark concerns the 
context of a suffix of a word. 

Lemma 7.1. Let u,v E A*. 1fu E Suff(v), then v-1Suff(x) <;;; u-1Suff(x). 

Proof. If v-1Suff(x) = 0 the inclusion trivially holds. Otherwise, let z E 
v-1Suff(x). Then, vz E Suff(x) and, since u E Suff (v) , uz E Suff(x). So, 
z E u-1Suff(x). 0 

Right contexts satisfy a kind of converse statement. To formalize it, we 
introduce the function endposx: Fact(x) -+ N defined for each word u by 

endposxC u) = min {Iwl I w is aprefix of x and u is a suffix of w}. 

The value endposx(u) marks the ending position of the first (or leftmost) 
occurrence of u in x. 

Lemma 7.2. Let u,v E Fact(x). 1f u =Suff(x) v, we have the equality 
endposxC u) = endposx (v), which is equivalent to say that one of the words 
u and v is a suffix of the other. 

Proof. Let y, z E A* be such that x = yz and u E Suff(y). We assume in 
addition that lyl = endposx(u). Then z is the longest word of u-1Suff(x). 
The hypothesis implies that z is also the longest word of v-1Suff(x), wh ich 
shows that lyl = endposx(v). In this situation, u and v are both suffixes of y, 
which proves that one of them is a suffix of the other. 0 

Another often used property of the syntactic congruence associated with 
Suff (x) is that it partitions the suffixes of factors into intervals (with respect 
to the lengths of suffixes). 
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Lemma 7.3. Let u, v, w E Fact(x). Then, if u E Suff(v), v E Suff(w), and 
'U =sujj(x) w, we have u =sujj(x) v =sujj(x) w. 

Pmof. By Lemma 7,1, we have the inclusions w-1SujJ(x) ~ v'-lSujJ(x) ~ 
'u-1Suff(x). But then, the equality u-1Suff(x) = w-1Suff(x) implies the 
conclusion of the statement. 0 

A consequence of the next property is that the direct inclusion of right 
contexts relative to SujJ(x) induces a tree structure on them. In the tree, the 
parent link corresponds to the proper direct inclusion. This link is discussed 
in Section 7.2.2 where it is called the "suffix function" . 

Corollary 7.1. Let u, v E A*. Then, one of the three following conditions 
holds: 

(i) 'u-1Suff(x) ~ v-1SujJ(x); 
(ii) v-1Suff(x) ~ u-1Suff(x); 
(iii) 'u-1SujJ(x) n v-1Suff(x) = 0. 

Pmof. We just have to show that if u-1SujJ(x) n v-1SujJ(x) :f. 0, then we 
have the inclusion u-1Suff(x) ~ v-1Suff(x) or the inclusion 'IJ-1SujJ(x) ~ 
'u-1SujJ(x). Let z E u-1Suff(x)nv-1Suff(x). Then, uz and vz are suffixes of 
x. So, u and v are suffixes of xz- 1, which implies that one of the words u and 
'U is a suffix ofthe other. Therefore, the conclusion follows by Lemma 7.1. 0 

7.2.2 Suffix function 
We consider the function Sx: Fact(x) -+ Fact(x) defined for each nonempty 
ward v in Fact(x) by 

sx(v) = the longest u E Suff(v) such that u i=suJJ(x) v. 

Regarding Lemma 7.1, this is equivalent to 

SxCu) = the longest u E Suff(v) such that v-1Suff(x) C u-1SujJ(x). 

The function Sx is called the suffix function relative to x, An obvious conse
quence of the definition is that Sx (v) is a proper suffix of v. The next lemma 
shows that the suffix function Sx induces what we call a "suffix link" on states 
of M(Suff(x)). 

Lemma 7.4. Assuming x :f. c, let u, v E Fact(x)\{c} , If u =sujj(x) v, then 
sx(-u) = sx(v). 

Pmof. From Lemma 7.2 we can assume without loss of generality that u E 
SujJ(v). The ward u cannot be a suffix of sx(v), because Lemma 7.3 would 
then imply sx(v)-lSuff(x) = v-1Suff(x), which contradicts the definition of 
sx(v). Therefare, sx(v) is a suffix of u. Since, by definition, it is the longest 
suffix of v non equivalent to it, it is equal to sx( u). 0 
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Lemma 7.5. If x i= c, sx(x) is the longest suffix of x that occurs at least 
twice in x. 

Proof. The set x-1Suff(x) is equal to {cl. Since x and sx(x) are not equiv
alent, the set SAx)-lSuff(x) contains some nonempty word z. Therefore, 
sx(x)z and sx(x) are suffixes of x, which proves that sx(x) occurs at least 
twice in x. Any suffix w of x, longer than sAx), satisfies w-1Suff(x) = 
x- 1Suff(x) = {cl by definition of sx(x). Thus, w occurs only as a suffix of 
x, which ends the proof. 0 

The next lemma shows that the image of a factor of x by the suffix function 
is a word of maximum length in its own congruence dass. This fact is needed 
in Section 7.5 where the suffix automat on is used as a matching automaton. 

Lemma 7.6. Assuming x i= c, let u E Fact(x)\{c}. Then, any word equiv
alent to sx(u) is a suffix of sAu). 

Proof. Let w = sAu) and v =SufJ(x) sx(u). The word w is a proper suffix 
of u. If the condusion of the statement is false, Lemma 7.2 insures that w 
is a proper suffix of v. Let z E u -1 Suff (x). Since w is a suffix of u and is 
equivalent to v, we have z E w-1Suff(x) = v-1Suff(x). Therefore, u and v 
are both suffixes of xz- 1 , which implies that one of them is a suffix of the 
other. But this contradicts either the definition of w, or the condusion of 
Lemma 7.3. This proves that v is necessarily a suffix of w. 0 

7.2.3 State splitting 
In this section we present the properties that yield to the on-line construc
tion of suffix automata described in Section 7.3. This is achieved by deriv
ing relations between the congruences =sufJ(w) and =SufJ(wa) for any couple 
(w,a) E A* x A. The first property, stated in Lemma 7.8, is that =SufJ(wa) is 
a refinement of =sufJ(w). The next lemma shows how right contexts evolves. 

Lemma 7.7. Let w E A* and a E A. For each u E A*, we have: 

-1S:ff( ) _ {u-1Suff(w)a U {cl, 
u u wa - -1S:ff() u u wa, 

ifu E Suff(wa), 
otherwise. 

Proof. Note first that c E u-1Suff(wa) is equivalent to u E Suff (wa). So, it 
remains to prove u- 1Suff(wa)\{c} = u-1Suff(w)a. 

Let z be a nonempty word in u-1Suff(wa). This means uz E Suff(wa). 
The word uz can then be written uz'a with uz' E Suff (w). Thus, z' E 
u-1Suff(w), and z E u-1Suff(w)a. 

Conversely. Let z be a (nonempty) word in u-1Suff(w)a. It can be written 
z'a for some z' E u-1Suff(w). Therefore, uz' E Suff(w), which implies uz = 
uz'a E Suff(wa), that is z E u-1Suff(wa). 0 

Lemma 7.8. Let w E A* and a E A. The congruence =SufJ(wa) is a refine
ment of the congruence =sufJ(w), that is, for each u, v E A*, u =SufJ(wa) v 
implies u =sufJ(w) v. 
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Proof. We assurne u =Suff(wa) v, that is, u-1Suff(wa) = v-1Suff(wa), and 
prove u =Suff(w) v, that is, u-1SuJJ(w) = v-1SuJJ(w). We only show that 
u-1SuJJ(w) ~ v-1SuJJ(w) because the reverse indusion follows by symmetry. 

If u-1SuJJ(w) is empty, the indusion trivially holds. Otherwise, let 
z E u-1SuJJ(w). This is equivalent to uz E SuJJ(w), which implies uza E 

SuJJ(wa). The hypothesis gives vza E SuJJ(wa), and thus vz E SuJJ(w) or 
z E v-1SuJJ(w), which achieves the proof. 0 

Given a word w, the congruence =Suff(w) partitions A* into classes. And 
Lemma 7.8 remains to say that these dasses are union of dasses according 
to =Suff(wa), a E A. It turns out that only one or two dasses according to 
=Suff(w) split into two sub-dasses to get the partition induced by =Suff(wa). 
One of the dass that splits is the dass of words not occurring in w. It contains 
the word wa itself that gives rise to a new dass and a new state of the 
suffix automaton (see Lemma 7.9). Theorem 7.2 and its corollaries exhibit 
conditions under which another dass also splits and how it splits. 

Lemma 7.9. Let w E A* and a E A. Let z be the longest suffix of wa 
occurring in w. If u is a suffix of wa such that lul > Izl, u =Suff(wa) wa. 

Proof. This is a straight forward consequence of Lemma 7.5. o 

Theorem 7.2. Let w E A* and a E A. Let z be the longest suffix of wa 
occurring in w. Let z' be the longest factor of w such that z' =Suff(w) z. For 
each u, v E Fact (w), we have: 

u =Suff(w) v and u t;suff(w) z ~ u =Suff(wa) v. 

Furthermore, for each u E A *, we have: 

u =Suff(w) Z { u =Suff(wa) Z, 

U =Suff(wa) z', 
if lul ~ 14 
otherwise. 

Proof. Let u,v E Fact(w) be such that u =Suff(w) v, that is, u-1SuJJ(w) = 
v-1SuJJ(w). We first assurne u t;suff(w) z and prove u =Suff(wa) v, that is 
u-1SuJJ(wa) = v-1SuJJ(wa). 

By Lemma 7.7, we just have to prove that u E SuJJ(wa) is equivalent to 
v E Suff(wa). Indeed, it is even sufficient to prove that u E Suff(wa) implies 
v E Suff(wa) because the reverse implication comes by symmetry. 

Assume then that u E SuJJ(wa). Since u E Fact(w), u is a suffix of z, 
by definition of z. So, we can consider the largest integer k ~ 0 such that 
lul ~ Iswk(z)l· Notethat swk(z) isasuffixofwa (as z is), and that Lemma 7.3 
insures that u =Suff(w) swk(z). So, V =suff(w) swk(z) by transitivity. 

Since u t;suff(w) z, we have that k > O. Thus, Lemma 7.6 implies that 
v is a suffix of sw k (z), and then that v is a suffix of wa as expected. This 
proves the first part of the statement. 

Consider now a word u such that u =Suff(w) z. 



Autamata far Matching Patterns 439 

If lul ::; Izl, to prove u =Suff(wa) z, using the above argument, we just 
have to show that u E Suff(wa) because z E Suff(wa). Indeed, this is a 
simple consequence of Lemma 7.2. 

Conversely, assurne that lul > Izl. When such a word u exists, z' =I- z and 
Iz'l > Izl (z is a proper suffix of z'). Therefore, by the definition of z, u and 
z' are not suffixes of wa. Using again the above argument, this shows that 
u =Suff(wa) z'. 

This proves the second part of the statement and ends the proof. D 

Corollary 7.2. Let w E A* and a E A. Let z be the langest suffix of wa 
occurring in w. Let z' be the langest ward such that z' =Suff(w) z. If z' = z, 
then, fOT each u,v E Fact(w), u =Suff(w) v implies u =Suff(wa) V. 

Proof. The condusion follows directly from Theorem 7.2 if u -::f:. Suff (w) z. 
Otherwise, u =Suff(w) z, and by the hypothesis on z and Lemma 7.2, we get 
lul ::; Izl· Thus, Theorem 7.2 again gives the same conclusion. D 

Corollary 7.3. Let w E A* and a E A. Assume that letter a da es not OCCUT 
in w. Then, fOT each u,v E Fact(w), u =Suff(w) v implies u =Suff(wa) V. 

Proof. Since a does not occur in w, the word z of Corollary 7.2 is the empty 
word. This word is the longest word in its own congruence dass. So, the 
hypothesis of Corollary 7.2 holds. Therefore, the same conclusion follows. D 

7.2.4 Sizes of suffix automata 
We discuss the size of suffix automata both in term of number of states and 
number of edges. We show that the global size of M(Suff(x)) is O(lxl). The 
set of states and the set of edges of M(Suff(x)) are respectively denoted by 
Q and E (without mention of x that is implicit in statements). 

Corollary 7.4. If lxi = 0, card(Q) = 1; and if lxi = 1, card(Q) = 2. 
Otherwise lxi 22; then, lxi + 1::; card(Q) ::; 21xl- 1 and the upper bound is 
Teached only when x is in the form ab lxl - 1 for two distinct letters a and b. 

Proof. The minimum number of states is obviously lxi + 1, and is reached 
when x is in the form a lxl for some a E A. Moreover, we have exactly 
card(Q) = lxi + 1 when lxi::; 2. 

Assurne now that lxi 2 3. By Theorem 7.2, each symbol Xk, 3::; k ::; lxi, 
increases by at most 2 the number of states of M(SUjJ(XIX2'" Xk-t)). Since 
the number of states for a word of length 2 is 3, we get that 

card( Q) ::; 3 + 2(lxl - 2) = 21xl - 1, 

as announced in the statement. 
The construction of a word x reaching the upper bound for the number of 

states of M(SujJ(x)) is a mere application of Theorem 7.2 considering that 
each letter Xk, 3 ::; k ::; lxi, should effectively increase by 2 the number of 
states of M(SUjJ(XIX2'" Xk-l))' D 
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Figure 7.2 displays a suffix automat on whose number of states is maximum 
for a word of length 7. 

Let lengthx: Q ~ N be the function associating to each state q of 
M(SuJJ(x)) the length of the longest word u in the congruence dass q. It is 
also the length of the longest path from the initial state to q. (This path is 
labeled by u.) Longest paths form a spanning tree on M(SuJJ(x)) (a conse
quence of Lemma 7.2). Transitions that belong to that tree are called solid 
edges. Equivalently, for each edge (p, a, q) of M(SuJJ(x)), we have that: 

(p, a, q) is solid -<==> lengthx(q) = lengthx(p) + 1. 

This notion is used in the construction of suffix automata to test the condition 
stated in Theorem 7.2. We use it here to derive exact bounds on the number 
of edges of suffix automata. 

Lemma 7.10. Assuming lxi ~ 1, card(E) ~ card(Q) + Ixl- 2. 

Proof. Consider the spanning tree of longest paths from the initial state in 
M(SuJJ(x)). The tree contains card(E) - 1 edges of M(SuJJ(x)), which are 
the solid edges. 

To each non-solid edge (p, a, q) we associate the suffix uav of x defined as 
follows: u is the label of the longest path from the initial state to p, and v is 
the label of the longest path from q to a terminal state. Note that, doing so, 
two different non-solid edges are associated with two different suffixes of x. 
Since suffixes x and c are labels of paths in the tree, they are not considered 
in the correspondence. Thus, the number of non-solid edges is at most Ix 1- 1. 

Counting together the number of both kinds of edges gives the expected 
upper bound. 0 

Corollary 7.5. If lxi = 0, card(E) = 0,. if lxi = 1, card(E) = 1,. and if 
lxi = 2, 2 ~ card(E) ~ 3. Otherwise lxi ~ 3,. then lxi ~ card(E) ~ 31xl - 4, 
and the upper bound is reached when x is in the form ab1xl - 2 c, f07· three 
pairwise distinct letters a, b, and c. 

Proof. The lower bound is obvious, and reached when x is in the form a1xl for 
some a E A. The upper bound can be checked by hand for the cases where 

lxi ~ 2. 
Assurne now that lxi ~ 3. By Corollary 7.4 and Lemma 7.10 we have 

card(E) ~ 21xl- 1 + Ixl- 2 = 31xl- 3. The quantity 21xl- 1 is the maximum 

Fig. 7.2. A suffix automaton with the maximum number of states. 
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number of states obtained only when x is in the form ab1xl - 1 for two distinct 
letters a and b. But the number of edges in M(Suff(ab1xl - 1 )) is only 21xl-1. 
So, card(E) :::; 31xl - 4. 

The automaton M(Suff(ab 1xl - 2c)), for three pairwise distinct letters a, 
band c, has 21xl - 2 states and exactly 31xl - 4 edges composed of 21xl - 3 
solid edges and lxi - 1 non-solid edges. 0 

Figure 7.3 displays a suffix automat on whose number of edges is maximum 
for a word of length 7. 

As a condusion of Section 7.2, we get the following statement, direct 
consequence of Corollaries 7.4 and 7.5. 

Theorem 7.3. The total size of the suffix automaton of a word is linear in 
the lengtlt of the word. 

7.3 Construction 

We describe in Sections 7.3.1, 7.3.2 and 7.3.3 an on-line construction of the 
suffix automaton M(Suff(x)). 

7.3.1 Suffix links and suffix paths 
The construction of M(Suff(x)) follows Theorem 7.2 and its corollaries stated 
in Section 7.2. Conditions that appear in these statements are checked on the 
automat on with the help of a function defined on its states and called the 
"suffix link". It is a failure function in the sense of Section 3.4, and is used 
with this purpose in Section 7.5. 

Let (Q, i, T, E) = M(Suff(x)) and 8 be the corresponding transition func
timl. Let p E Q\ {i}. State p is a dass of factors of x congruent with respect 
to =Suff(x)' Let u be any word in the dass of p (u =I- c because p =I- i). Then, 
the suffix link of pis the congruence dass of sx(u). By Lemma 7.4 the value 
sx('u) is independent of the word u chosen in the dass p, which makes the 
definition coherent. We denote by fx the function assignating to each state p 
its congruence dass sx(u). 

c 
c 

c 
c 

Fig. 7.3. A suffix automaton with the maximum number of edges. 
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Suffix links induce by iteration "suffix paths" in M(Suff(x)). Note that 
if q = fx(p), then lengthx(q) < lengthx(p). Therefore, the sequence 

is finite and ends with the initial state i. It is called the suffix path of p. 
We denote by lastx the state of M(Suff(x)) that is the dass of x itself. 

State lastx has no outgoing edge (otherwise M (Suff (x)) would recognize 
words longer than x). The suffix path of lastx , i. e. 

plays an important role in the on-line construction. It is used to test efficiently 
conditions appearing in statements of the previous section. 

Proposition 7.1. Let u E Fact(x)\{c} and set p = o(i,u). Then, for any 
integer k 2': 0 for which sxk(u) is defined, f/(p) = o(i,sxk(u)). 

Proof. The proof is by induction on k. 
For k = 0, the equality holds by hypothesis. 
Next, let k 2': 1 such that sxk(u) is defined and ass urne thaI. f/- 1 (p) = 

o( i, sx k-l( u)). By definition of fx, fx(fx k-l (p)) is the congruence dass of the 
word sx(sx k- 1(u)). Therefore, fx k(p) = 8(i, sxk(u)) as expected. 0 

Corollary 7.6. Terminal states of M(Suff(x)), the states in T, are exactly 
the states of the suffix path of state lastx . 

Proof. Let p be astate of the suffix path of lastx . Then, p = fx k(lastx ) 
for so me integer k 2': O. By Proposition 7.1, since lastx = o(i, x), we have 
p = o(i, sxk(x)). Since sxk(x) is a suffix of x, pET. 

Conversely, let pET. So, for some U E Suff(x), P = o(i,u). Since u E 

Suff(x), we can consider the largest integer k 2': 0 such that lul :::: Isxk(x)l. 
By Lemma 7.3 we get u =suff(x) sxk(x). Thus, p = 8(i,sx k(x)) by definition 

of M (S1,lff (x)). Then, Proposition 7.1 applied to x shows that p = fx k(lastx ), 
which proves that p belongs to the suffix path of lastx. 0 

7.3.2 On-line construction 
This section presents an on-line construction of suffix automata. At each 
stage of the construction, just after processing aprefix XIX2'" Xe of x, the 
suffix automaton M(Suff(XIX2'" xe)) is built. Terminal states are implic
itly known by the suffix path of lastxIX2'''Xi (see Corollary 7.6). The state 
lastxIX2'''Xi is explicitly represented by a variable in the function building the 
automaton. 

Two other elements are also used: Length and F. The table Length repre
sents the function lengthx defined on states of the automaton. All edges are 
solid or non-solid according to the definition of Section 7.2 that relies on func
tion lengthx ' Suffix links of states (different from the initial state) are stored 
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SUFFIXAuTOMATON(X) 
let {j be the transition /unction 0/ (Q, i, T, E) 

1 (Q,E) <- (O,O) 
2 i <- STATE-CREATION 
3 Length[i] <- 0 
4 F[i] <- NIL 
5 last <- i 
6 for f from 1 up to lxi 
7 loop SA-ExTEND(f) 

8 T<- ° 
9 p<- last 

10100p T<-T+{p} 
11 p<- F(P] 
12 while p t= NIL 
13 return ((Q, i, T, E), Length, F) 

Fig. 7.4. On-line construction of the suffix automaton of a word x. 

in a table denoted by F that stands for the function fx. The implementation 
of M(SujJ(x)) with these extra features is discussed in the next section. 

The on-line construction in Figure 7.4 is based on procedure SA-ExTEND 
given in Figure 7.5. The latter procedure processes the next letter, say Xl, 
of the word x. It transforms the suffix automaton M(Suff(xlx2" ,xl-d) 
already built into the suffix automaton M(SUjJ(XIX2 ···Xl)). 

We illustrate how procedure SA-ExTEND processes the current automa
ton through three examples. Let us consider that XIX2 ... Xl-l = ccccbbccc, 
and let us examine three possible cases according to a = Xl, namely a = d, 
a = c, and a = b. The suffix automaton of XIX2 ... Xl-l is depicted in Fig
ure 7.6. Figures 7.7, 7.8, and 7.9 display respectively M(SujJ(cceebbceed)), 
M (Suff ( ceeebbecec)), and M (Suff ( ceeebbcceb )). 

During the execution of the first loop of the procedure, state p runs 
through apart of the suffix path of last. At the same time, edges labeled 
by aare created from p to the newly created state, unless such an edge 
already exists in which case the loop stops. 

If a = d, the execution of the loop stops at the initial state. The edges 
labeled by d start at terminal states of M(Suff(ccccbbecc)). This case corre
sponds to Corollary 7.3. The resulting automaton is given in Figure 7.7. 

If a = c, the loop stops on state 3 = F[last] (of the automaton depicted 
in Figure 7.6) because an edge labeled by c is defined on it. Moreover, the 
edge is solid, so, we get the suffix link of the new state. Nothing else should 
be done according to Corollary 7.2. This gives the automaton of Figure 7.8. 

Finally, when a = b, the loop stops on state 3 = F[last] for the same 
reason, but the edge labeled by b from 3 is non-solid. The word eceb is 
a suffix of the new word eecebbcccb but cceeb is not. Since these two words 
reach state 5, this state is duplicated into a new state that becomes a terminal 
state. Suffixes ccb and cb are re-directed to this new state, according to 
Theorem 7.2. We get the automaton of Figure 7.9. 
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SA-ExTEND(l) 
1 a <- Xl 

2 newlast <- STATE-CREATION 
3 Length[newlast) <- Length[last) + 1 
4 p<- last 
5 loop E <- E + {(p, a, newlast)} 
6 p<- F[P) 
7 while p cl NIL and l5(p, a) = NIL 
8 ifp = NIL 
9 then F[newlast) <- i 

10 else q<- l5(p, a) 
11 if Length[q) = Length[p) + 1 
12 then F[newlast) <- q 
13 else q' <- STATE-CREATION 
14 for each letter b such that 6(q, b) cl NIL 
15 loop E<-E+{(q',b,6(q,b))} 
16 Length[q') <- Length[p) + 1 
17 F[newlast)<-q' 
18 F[q') <- F[q) 
19 F[q) <- q' 
20 loop E <- E - {(p, a, q)} + {(p, a, q')} 
21 p <- F[p) 
22 while p cl NIL and 6(p, a) = q 
23 last <- newlast 

Fig. 7.5. From M(Suff(XIX2'" xl-d) to M(Suff(XIX2'" Xl)). 

Fig. 7.6. M(Suff(ccccbbccc)). 

d 

Fig. 7.7. M(Suff(ccccbbcccd)). 
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Fig. 7.8. M(Suff(ccccbbcccc)). 

b 
b 

b 

Fig. 7.9. M(Suff(ccccbbcccb». 

Theorem 7.4. Function SUFFIXAuTOMATON builds the suffix automaton of 
any given word x. 

Proof. The proof is by induction on the length of x. It heavily relles on the 
properties stated previously. 

If x = c, the function builds an automaton with only one state that is 
both initial and terminal. No edge is defined. So, the automaton recognizes 
the language {c}, which is Suff(x). 

Otherwise x"# c. Let w E A* and a E A be such that x = wa. We assume, 
after preprocessing w, that the current values of Q and E are respectively 
the set of states and of edges of M(Suff(w)), that last is the state 8(i,w), 
that Length[r] = lengthw(r) for each r E Q, and that F[r] = fw(r) for each 
rE Q\{i}. We prove first that procedure SA-ExTEND correctly updates sets 
Q and E, variable last, and tables Length and F. Then, we show that terminal 
states are eventually correct1y marked by function SUFFIXAuTOMATON. 

The variable p of procedure SA-ExTEND runs through the states of the 
suffix path of last of M(Suff(w)). The first loop creates edges by letter a 
onto the new created state newstate according to Lemma 7.9, and we have 
the equality Length[newlast] = length.,(newlast). 
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When the loop stops, three exdusive cases can be distinguished: 

(i) p is undefined; 
(ii) (p, a, q) is asolid edge; 
(iii) (p, a, q) is a non-solid edge. 

Case (i). The letter a does not occur in w, so, fx(newlast) = i. Then, 
we have F[newlast] = fz(newlast). For any other state r, fw(r) = fxCr) by 
Corollary 7.3. Then, again F[r] = fx(r) at the end of execution of procedure 
SA-ExTEND. 

Case (ii). Let u be the longest word such that 6(i, u) = p. By induction 
and by Lemma 7.6, we have lul = lengthz(p) = Length(p]. The 'word ua 
is the longest suffix of x occurring in w. Then, fx(newlast) = q, and thus 
F[newlast] = fz(newlast). 

Since the edge (p, a, q) is solid, using the induction again, we obtain lual = 
Length[q] = lengthz(q), which shows that words congruent to ua according to 
=suJJ(w) are not longer than ua. Therefore, Corollary 7.2 applies with z = ua. 
And as in case (i), F[r] = fx(r) for each state different than newlast. 

Case (iii). Let u be the longest word such that 6(i, u) = p. The word ua 
is the longest suffix of wa occurring in w. Then, fx(newlast) = q, and thus 
F[newlast] = fz(newlast). 

Since the edge (p, a, q) is non-solid, ua is not the longest word in its own 
congruence dass according to =suJJ(w). Theorem 7.2 applies with z = ua, and 
Zl the longest word, label of the path from i to q. The dass of ua according 
to =suJJ(w) splits into two dasses according to =suJJ(z)' They are represented 
by states q and q'. 

Words v shorter than ua and such that v =suJJ(w) ua are in the form v'a 
with v' E Suff(u) (consequence of Lemma 7.2). Before the execution of the 
last loop, all these words v satisfy q = 6(i,v). Therefore, after the execution 
of the loop, they satisfy q' = 6(i,v), as expected from Theorem 7.2. Words 
v longer than ua and such that v =suJJ(w) ua satisfy q = 6U, v) after the 
execution of the loop, as expected from Theorem 7.2 again. It is easy to 
check that suffix links are correctly updated. 

Finally, in the three cases (i), (ii), and (iii), the value of last is correctly 
updated at the end of procedure SA-ExTEND. 

Thus, the induction proves that the sets Q and E, variable last, tables 
Length and F are correct after the execution of procedure SA-ExTEND. 

That terminal states are correctly marked during the last loop of function 
SUFFIXAuTOMATON is a consequence of Corollary 7.6. 0 

7.3.3 Complexity 
In order to analyze the complexity of the above construction, we first de
scribe a possible implementation of elements required by the construction. 
We assume that the automaton is represented by adjacency lists. Doing so, 
the operations of adding, updating, and accessing a transition (computing 
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8(p, a)) take O(log card(A)) time with an efficient implementation of adja
cency lists (see Section 3.2). Function Ix is implemented by the array F that 
gives access to Ix(p) in constant time. 

For the implementation of the solid/non-solid quality of edges, we have 
chosen to use an array, namely Length, representing function lengthx , as sug
gested by the description of procedure SA-ExTEND. Another possible imple
mentation is to tie a boolean value to edges themselves. Doing so, the first 
edges created at steps 5 and 20 should be marked as solid. The other edges 
should be defined as non-solid. This type of implementation do not require 
the array Length that can be eliminated. But the array can be used in appli
cations like the one presented in Section 7.5. Both types of implementation 
provide a constant-time access to the quality of edges. 

Theorem 7.5. Function SUFFIXAuTOMATON can be implemented to work 
in time O(lxl x 10gcard(A)) within O(lxl) space on each given word x. 

Proof. The set of states of M(SujJ(x)) and arrays Length and F require 
O(card(Q)) space. The set of adjaeeney lists require O(eard(E)) spaee. Thus, 
the implementation takes O(lxl) spaee by Corollaries 7.4 and 7.5. 

Another eonsequenee of these corollaries is that all operations executed 
onee for each state or eaeh edge take O(lxl x 10gcard(A)) on the overall. The 
same result holds for operations exeeuted onee for eaeh letter of x. So, it 
remains to prove that the total running time of the two loops of lines 5-6 
and lines 20-21 inside proeedure SA-ExTEND is also O(lxl x 10gcard(A)). 

Assurne that proeedure SA-ExTEND is going to update M(SujJ(w)), w 
being aprefix of x. Let u be the longest word reaching state p during the test 
of the loop of lines 5-6. The initial value of u is sw(w), and its final value 
satisfies ua = Swa(wa) (if pis defined). Let k be the quantity Iwl-Iul, which 
is the position of the suffix oeeurrenee of u in w. Then, each test strictly 
inereases the value of k during a single run of the proeedure. Moreover, the 
final value of k after a run of the proeedure is not greater than its initial 
value at the beginning of the next run. Therefore, tests and instructions of 
that loop are executed at most lxi times. 

We use a similar argument for the loop of lines 20-21 of proeedure 
SA-ExTEND. Let v be the longest word reaehing state p during the test 
of this loop. The initial value of v equals Sw k (w) for some integer k :::: 2, and 
its final value satisfies va = Swa 2 (wa) (if pis defined). Then, the position of 
v as a suffix of w strictly increases at eaeh test over all runs of the proeedure. 
Again, tests and instruetions of that loop are exeeuted at most lxi times. 

Therefore, the aceumulated running time of the two loops of lines 5-6 and 
lines 20-21 altogether is O(lxl x logcard(A)). Whieh ends the proof. 0 

7.4 As indexes 

The suffix automaton of a word naturally provides an index on its factors. 
We consider four basie operations on indexes: membership, first position, 
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number of occurrences, and list of positions. The suffix automaton also helps 
computing efficiently the number of factors in a word, as wen as the longest 
factor occurring at least twice in a word. 

7.4.1 Membership 
Problem 7.2. (Membership problem for Fact(x).) Given w E A*, find its 
longest prefix that belongs to Faet(x). 

Proposition 7.2. With M(Suff(x)), computing the longest prefix u of a 
word w such that u E Fact(x) can be performed in time O(lul x logcard(A)). 

Proof. Just speIl the word w in M(Suff(x)) considering the two implemen
tations described in Section 7.3. Stopping the search on the first undefined 
transition gives the longest prefix u of w for which 8(i, u) is defined, which 
means that it is a factor of x. 0 

7.4.2 First position 
Problem 7.3. (First (respectively last) position of w in x.) Given w E 

Faet(x), find its first (respectively last) position in x. 

We assume that w E Faet(x). This test ("does w belong to Faet(x)?") 
can be performed separately as in Section 7.4.1, or can be merged with the 
solution of the present problem. 

The problem of finding the first position fpA w) of w in x is equivalent to 
computing endposx(w) because 

fpx(w) = endposx(w) -Iwl· 

Moreover, this is also equivalent to computing the maximum length of right 
contexts of w in x, 

lcx(w) = max{lzll z E w- 1 Fact(x)}, 

because 
fpx(w) = Ixl- lexCw) - Iwl· 

Symmetrically, finding the last position lpx(w) of w in x remains to com
puting the smallest length sc,,(w) of its right contexts because 

lpx(w) = Ixl- sc,,(w) - Iwl· 

To be able to answer efficiently requests on the first or last positions of 
factors of x, we precompute arrays indexed by states of M(Suff(x)) repre
senting functions lex and sex. We get the next result. 

Proposition 7.3. The automaton M(Suff(x)) ean be preprocessed in time 
O(lxl) so that the first (or last) position in x of any word w E Fact(x) can 
be eomputed in time O(lwl x logcard(A)) within O(lxl) space. 
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Proof. We consider an array LC defined on states of M(Suff(x)) as folIows. 
Let p be astate and u be such thatp = o(i,u); then, wedefine LC[P] = lcx(u). 
Note that the value of LC[P] does not depend on the word u because for an 
equivalent word v, lcx(u) = lcx(v) (by Lemma 7.2). The array LC satisfies 
the induction relation: 

LC[P] _ { 0, if P = lastx, 
- 1 + max{LC[q] I q = o(p, a), a E A}, otherwise. 

So, the computation of LC can be done during a depth-first traversal of 
the graph of M(Suff(x)). Since the total size of the graph is O(lxl) (Theo
rem 7.3), this takes time O(lxl). 

To compute fpx(w), we first locate the state p = o(i, w), and then return 
lxi - Iwl- LC[P]. This takes the same time as for the membership problem. 

To find the last occurrence of w in x we consider the array SC that 
represents the function sCx. If p = o(i,u), we set SC[P] = scx(u), which is 
a coherent definition. We then use the next relation to compute the array 
during a depth-first traversal of M(Suff(x)): 

SC[P] = { 0, if pET, 
1 + min{SC[q] I q = o(p, a), a E A}, otherwise. 

After the preprocessing, we get the same complexity as above. This ends the 
~~ 0 

7.4.3 Occurrence number 
Problem 7.4. (Number of occurrences of w in x.) Given w E Fact(x), find 
how many times w occurs in x. 

Proposition 7.4. The automaton M(Suff(x)) can be preprocessed in time 
O(lxl) so that the number of accurrences in x of any ward w E Fact(x) can 
be computed in time O(lwl x 10gcard(A)) within O(lxl) space. 

Praof. The number of occurrences of w in x is 

card{z I z E A* and wz E Suff (x)}. 

If 8( i, w) = p, this is also 

card{z I z E A* and 8(p,z) E T}. 

Let NB[P] be this quantity, for any state of M(Suff(x)). 
The array NB satisfies the recurrence relation: 

NB[P] _ { 1 + L:q=b(p,a),aEA NB [q] , if pET, 
- L:q=6(p,a),aEA NB[q], otherwise, 

which shows that the array NB can be computed in time proportional to the 
size of the automat on during a depth-first traversal of the graph. This takes 
O(lxl) time. 
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Afterwards, the problem remains to access NB[P) for p = 8(i, w). (If pis 
undefined, w does not occur in x.) Computing p takes the time announced 
in the statement. 0 

An argument similar to that of the previous proof gives the computation of 
the number offactors occurring in x, i.e. the size of Fact(x). Indeed, Fact(x) 
is the particular right context associated with the initial state of M(SujJ(x)). 
And to compute its size, we evaluate contexts sizes es[p] of all states of the 
automat on using the relation: 

[P] { 1, if p = lastx , 

es = 1 + L q=6(p,a),aEA eS[q], otherwise. 

This provides a linear-time computation of card(Fact(x)) = eS[i]. 

7.4.4 List of positions 
Problem 7.5. (Positions of w in x.) Given w E Fact(x), produce the list of 
positions of w in x. 

Proposition 7.5. The automaton M(SujJ(x)) can be preprocessed in time 
O(/xl) so that the list L 01 positions in x 01 any w E Fact(x) can be computed 
in time O(/w/ x logcard(A) + card(L)) within O(/xl) space. 

Proof. We just sketch the proof of the statement. The automaton is prepro
cessed in order to create shortcuts over states on wh ich exactly one edge is 
defined and that are not terminal states. To do so, we create a graph structure 
superimposed on the automaton. The nodes of the graph are either terminal 
states or states whose degree is at least two. Arcs of the graph are labeled 
by the labels of the corresponding path in the automaton. From a given 
state, labels of outgoing arcs start with pairwise distinct letters (because the 
automaton is deterministic). 

Once the node q associated with w (or an extension of it) is found in the 
graph, the list of positions of w in x is computed by traversing the subgraph 
rooted at q. Consider the tree of the traversal. Its internal nodes have at 
least two children, and its leaves are associated with distinct positions (some 
positions can correspond to internal nodes). Therefore, the number of no des 
of the tree is less than 2 x card(L), which proves that the time of the traversal 
is O(card(L)). The extra running time is used to find q. 0 

7.4.5 Longest repeated factor 
There are two dual problems efficiently solvable with the suffix automat on of 
x: 

- find a longest factor repeated in x; 
- find a shortest factor occurring only once in x. 

Problem 7.6. (Longest repeated factor in x.) Produce a longest word u E 

Fact(x) that occurs twice in x. 
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If the table NB used to compute the number of occurrences of a factor 
is already computed, the problem is equivalent to find the deepest state p in 
M(Suff(x)) for which NB(P] > 1. The label of the path from the initial state 
to p is a solution to the problem. In fact, the problem can be solved without 
any use of the table NB. We just consider the deepest state p which satisfies 
one of the two conditions: 

(i) the degree of p is at least tWOj 
(ii) p is a terminal state and the degree of pis at least one. 

Doing so, no preprocessing on M(Suff(x)) is even needed, which gives the 
following result. 

Proposition 7.6. With M(Suff(x)), computing a longest repeated fact01' of 
x can be performed in time O(lxl). 

Given a longest repeated factor u of x, ua is a factor of x for so me letter 
a. It is clear that this word is a shortest factor occurring once only in x, i.e., 
this word is a solution to the dual problem. Hence, the proposition also holds 
for the second problem. 

7.5 As string-matching automata 

The suffix automaton M(Suff(x)) of x can be used to solve the string
matching problem, to locate the occurrences of x in a word y. The search 
procedure behaves like the search phase of algorithm MATCHER (see Sec
tion 2) that processes y in an on-line manner. The existence of failure links 
in M(Suff(x)) is essential for this application, which gives them their name. 
The search procedure is a consequence of a generic procedure, given Fig
ure 7.10, that can be used for other purposes. 

7.5.1 Ending factors 
Procedure ENDINGFACTORS of Figure 7.10 computes the longest factor of x 
ending at each position in y, or more exactly the length of this factor. More 
precisely, we define for each k E {O, ... , Iyl} the number 

lk = max{lwll w E SUff(YIY2'" Yk) n Fact(x)}. 

The procedure ENDINGFACTORS performs an on-line computation of the se
quence cek)O~k~IYI of lengths of longest ending factors. The output is given 
as a word on the alphabet {O, ... , lxi}. Function lengthx of Section 7.2 (im
plemented via table Length) is used to reset properly the current length just 
after a suffix link has been traversed. 

The core of procedure ENDINGFACTORS is the computation of transitions 
with the failure table F (implementing the suffix link fx), similarly as in the 
general method described in Sections 3.4 and 5.4. 
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ENDINCFACTORS((Q, i, T, E), Length, F, y) 
let 8 be the transition function of (Q, i, T, E) 

1 (i,p) <- (O,i) 
2 L <- 0 
3 for letter a from first to last letter of y 
4 loop if 8(p, a) =1= NIL 
5 then (i,p) <- (i+ 1,8(p,a» 
6 else loop p <- F[P] 
7 while p =1= NIL and 8(p, a) = NIL 
8 if p =1= NIL 
9 then (i,p) <- (Length[p] + 1,8(p,a» 

10 else (i, p) <- (0, i) 
11 L<-L·i 
12 return L 

Fig. 7.10. Computing lengths of factors of a word x ending at all positions in a 
word y, with (Q, i, T, E) = M(Suff(x». 

Theorem 7.6. Procedure ENDINGFACTORS computes the lengths of longest 
ending factors of x in y in time O(lyl x 10gcard(A)). It executes less than 
21yI transitions in M(Suff(x», and requires O(lxl) space. 

Proof. See the proof of Theorem 5.3. o 

7.5.2 Optimization of suffix links 
Indeed, instead of the suffix link Ix, we rather use another link., denoted by 
lx, that optimizes the delay of searches. Its definition is based on transitions 
defined on states of the automaton, and paralleis what is done in Section 5.4. 

The "follow set" of astate q of M(Suff(x)) is 

Followx(q) = {a I a E A,8(q,a) is defined}. 

Then, ix(q) is defined by the relation: 

ix( ) = {~x(q), if Followx{fx(q» ~ Followx(q), 
q Ix{fx(q», otherwise. 

Note that lxCq) can be left undefined with this definition. 
A property of Follow x sets simplifies the computation of ix. In the suffix 

automaton we always have Followx(q) ~ FollowxCfx(q». This is because 
fx(q) corresponds to a suffix v of any word u for which q = 8(i, u). Then, 
any letter following u in x also follows v (see Lemma 7.1). And this property 
transfers to follow sets of q and fx(q) respectively. With this remark, the 
definition of the failure function ix can be equivalently stated as: 

ix(q) = {~x(q), if the degrees of q and of fx(q) are different, 
fx{fx(q)), otherwise. 

Thus, the computation of lx has only to consider degrees of states of the 
automaton M(Suff(x», and can be executed in linear time. 
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Proposition 7.7. For procedure ENDINGFACTORS using a table, say F, im
plementing the suffix link Ix instead 0/ the table F, the delay is O(card(A)). 

Proof. This is a consequence of: 

for any state q for which Ix(q) is defined. o 

7.5.3 Searching for rotations 
The knowledge of the sequence oflengths (fk)09~IYI leads to several applica
tions such as searching for x in y, computing lc/(x,y), the maximum length 
of a factor common to x and y, or computing the subword distance between 
two words: 

d(x, y) = lxi + lyl- 2 x lc/(x, y). 

The computation of positions of x in y relies on the simple observation: 

f k = lxi ~ x occurs at position k - lxi in y. 

The same remark applies as wen to design an efficient solution to the next 
problem. A rotation (or a conjugate) of a word u is a word in the form wv, 
'W,V E A*, when u = V'W. 

Problem 7.7. (Searching for rotations.) Given x E A*, locate all occur
rences of rotations of x in any given word y. 

A first solution to the problem is to apply the algorithm of Section 5 to 
the set of rotations of x. However, the space required by this solution can 
be quadratic in Ixllike can be the size of the corresponding trie. A solution 
based on suffix automata keeps the memory space linear. 

Proposition 7.8. After a preprocessing on x in time O(lxl x 10gcard(A)), 
positions 0/ occurrences 0/ rotations 0/ x occurring in y can be computed in 
tirne O(lyl x 10gcard(A)) within O(lxl) space. 

Prouf. Note that the factors of length lxi of the word xx are all the rotations 
of x. And that longer factors have a rotation of x as a suffix. (In fact, the 
word xuA -1, W here u is the shortest period of x, satisfies the same property.) 

The solution consists in running the procedure ENDINGFACTORS with 
the automaton M(Suff(xx)) after adding this modification: retain position 
k - lxi each time f k ~ lxi. Indeed, f k ~ lxi if and only if the longest factor 
'W of xx ending at position k is not shorter than x. Thus, the suffix of length 
lxi of w is a rotation of x. The complexity of the new procedure is the same 
as that of procedure ENDINGFACTORS. 0 
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7.6 Factor automata 

The factor automaton of a word x is the minimal deterministic automaton 
recognizing Fact(x). It is denoted by M(Fact(x)). It is dear that the suffix au
tomaton M(SuJJ(x)) recognizes Fact(x) if all its states are transformed into 
terminal states. But the automaton so obtained is not always minimal. For 
example, the factor automaton of aabbabb, shown in Figure 7.11, is smaller 
than the suffix automaton of the same word (Figure 7.1). In this section we 
briefly review few elements related to factor automata: their relation to suffix 
automata, their sizes, and their construction. 

7.6.1 Relation to suffix automata 
The construction of factor automata by an on-line algorithm is slightly more 
tricky than the construction of suffix automata. The latter can be simply 
deduced from a procedure that builds factor automata as follows. To get 
M(Suff(x)), first build M(Fact(x$)), extending alphabet A by letter $, then 
set as terminal states only those states from which an edge by letter $ out
goes, and finally remove all edges by letter $ and the state they reach. The 
correctness of this procedure is straightforward, but is also a consequence of 
Theorem 7.7 below. 

Conversely, the construction of M(Fact(x)) from M(SuJJ(x)) requires a 
minimization procedure. This is related to the non-solid path in M(Fact(x)) 
considered in the on-line construction, and that is presented here. 

Let us denote by ffx the suffix function corresponding to the right syn
tactic congruence associated with Fact(x) (and denoted by =Fact(x) in this 
chapter). Let Z = ffxCx) (the longest suffix of x occurring at least twice in it). 
Let (Pj)o::;j::;lzl be the sequence of states of M(Fact(x)) defined by Po = i, 
and, for 0 < j :::; Izl, Pj = 8(pj-l, Zj), where 8 is the transition function of 
M(Fact(x)), and i its initial state. Let k, 0 :::; k :::; Izl, be the smallest integer 
for which (Pk,Zk+l,Pk+1) is a non-solid edge (setting k = Izi ifno such edge 
exists). Then, the non-solid path of M(Fact(x)) is composed of edges 

(pk, Zk+ll Pk+1), (pk+1' Zk+2, Pk+2), ... , (Plzl-ll zlzl ,PIzi)' 

In equivalent terms, the word Z is decomposed into UV, where u = ZlZ2'" Zk 

and v = Zk+1Zk+2 ... zizl' The word u is the longest prefix of Z which is the 

Fig. 7.11. Minimal deterministic automaton recognizing the factors of aabbabb. 
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longest word in its own congruence class according to =Fact(x)' This implies 
that all shorter prefixes of z satisfy the same condition while longer prefixes 
do not. The word v labels the non-solid path of M(Fact(x)). It is the empty 
word if the non-solid path contains no edge. 

With the above not ion we can describe an alternative method to de
rive M(SujJ(x)) from M(Fact(x)). It consists of first building M(Fact(x)), 
and then duplicating states Pk+1, Pk+2, ... , Plzl' of the non-solid path of 
M(Fact(x)) into terminal states while creating edges and suffix links ac
cordingly. This gives also an idea of how, by symmetry, the automat on 
M(SujJ(x)) can be minimized efficiently into M(Fact(x)). 

For example, in the automaton M(Fact(aabbabb)) ofFigure 7.11, 'the non
solid path is composed of the two edges (1, b, 3) and (3, b, 4). The automaton 
M(SujJ(aabbabb)) is obtained by cloning respectively states 3 and 4 into 
states 3" and 4" of Figure 7.1. 

The duplication of the non-solid path labeled by v as above is implemented 
by the procedure of Figure 7.12. The input (r, k), which represents the non
solid path, is defined by k = lxv-li and r = 8(i,xv- l ). For example, with 
the automaton M(Fact(aabbabb)) of Figure 7.11 the input is (5,5). 

7.6.2 Size of factor automata 
Bounds on the size of factor automata are similar to those of suffix automata. 
We state the results in this section. We set (Q, i, T, E) = M(Fact(x)). 

Proposition 7.9. If lxi::; 2, card(Q) = lxi + 1. Otherwise lxi ~ 3, and 
lxi + 1::; card(Q) ::; 21xl- 2. If lxi ~ 4, the upper bound is reached only when 
x is in the form ab lxl - 2 c for three letters a, b, and c, such that a =1= b =1= c. 

Proof. The argument of the proof of Corollary 7.4 works again, except that 
the last letter of x yields the creation of only one state. Therefore, the upper 
bound on the number of states is one unit less than that of suffix automata. 

FA-TO-SA(r, k) 
1 for letter a from k + l-st to last letter of x 
2 loop t +- 8(r, a) 
3 p +- F[t] 
4 q +- 8(p,a) 
5 q' +- STATE-CREATION 

6 for each letter b such that 8(q, b) i= NIL 

7 loop E +- E + {(q',b,8(q,b))} 
8 Length[q'] +- Length(p] + 1 
9 F[t] +- q' 

10 F[q'] +- F[q] 
11 F[q] +- q' 
12 loop E +- E - {(p, a, q)} + {(p, a, q')} 
13 P +- F[q] 
14 while p i= NIL and 8(p, a) = q 
15 r +- t 

Fig. 7.12. From M(Fact(x)) to M(Su.fJ(x)). It is assumed that the couple (r,k) 
is (8( i, xv- l ), lxv-lI) where v is the label of the non-solid path of M(Fact(x)). 
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By Theorem 7.2, in order to get the maximum number of states, letters 
X3, X4, .•. , xlxl-l should eventually lead to the creation of two states (letters 
Xl, X2, and Xlxl cannot). This happens only when Xl =I X2, X2 = X3 = ... = 
xlxl-l' If xlxl = xlxl-l the word X is in the form abm-l, with m 2: 3 and 
a =I b, and its factor automaton has exactly m + 1 states. Therefore, we must 
have xlxl =I xlxl-l to get the 21xI - 2 bound, and this is also sufficient. 0 

Figure 7.13 displays a factor automaton having the maximum number of 
states for a word of length 7. 

Proposition 7.10. If lxi ~ 2, lxi ~ card(E) ~ 21xI - 1. Otherwise lxi 2: 3, 
und lxi ~ card(E) ~ 31xI - 4. If lxi 2: 4, the upper bound is reached only 
when x is in the form ab lxl - 2c for three puirwise distinct letters a, b, und c. 

Proof. Lemma 7.10 is still valid for factor automata, and gives the upper 
bound 31xI - 4 for lxi 2: 3. The rest can be checked by hand. 

To reach the upper bound, regarding Lemma 7.10 again, M(Fact(x)) 
should have the maximum number of states. Note that if x is in the form 
ab lxl - 2a, with a, b E A and a =I b, card(E) = 21xl- 1 only. If x is in the form 
ab lxl - 2c for three pairwise letters a, b, and c, card(E) = 31xl- 4. Therefore, 
by Proposition 7.9, this is the only possibility to reach the upper bound. 0 

Figure 7.14 displays a factor automaton having the maximum number of 
edges for a word of length 7. 

7.6.3 On-line construction 
The on-line construction of factor automata is similar to the construction of 
suffix automata (Section 7.3). The main difference is that the non-solid path 
of the current automaton is stored and updated after the processing of each 
letter, and that table F implementsffx instead of fx that is related to =Suff(x)' 

The couple of variables (r, k) represents the path as explained previously. The 
couple gives access to the waiting list of states that are possibly duplicated 
afterwards. 

The function of Figure 7.15 relies on procedure FA-ExTEND (given in 
Figure 7.16) aimed at transforming the current automaton M(Fact(w)) into 
M(Fact(wa)), a E A. The correctness of the function is based on a crucial 
property stated in the next theorem. For each nonempty word w, we denote 
by R(M(Fact(w))) the automaton obtained from M(Fact(w)) by removing 
the state lastw and all edges reaching it. 

Fig. 7.13. A factor automaton with the maximum number of states. 
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Fig. 7.14. A factor automat on with the maximum number of edges. 

FACTORAuTOMATON(X) 

1 (Q,E).-(0,0) 
2 i <- STATE-CREATION 
3 Length [i) .- ° 
4 F[i).- NIL 

5 last <- i 
6 (r,k)'-(i,O) 
7 for f from 1 up to x 
8 loop FA-ExTEND(f) 
9 return (Q,i,Q,E),Length,F 

Fig. 7.15. On-line construction of the factor automaton of a word x. 

Theorem 7.7. Let w E A', z the longest suffix of w that occurs at least 
twice in it, and a E A. If za ~ Fact(w), then, disregarding terminal states, 

R(M(Fact(wa))) = M(Sufj(w)). 

Before proving the theorem, we prove the following lemma. 

Lemma 7.11. Let w E A*, z the longest suffix of w that occurs twice in it, 
and a E A. If za ~ Fact(w), then, for each sE A*, we have 

s =Fact(wa) Z ===} sE Sufj(z). 

Proof. The condition on z implies that (za)-l Fact(wa) = {c}. Then, we have 
(sa)-lFact(wa) = {c}, which implies that s is a suffix ofw. Since z occurs 
twice in w, this is also the case for s (because some word ta, with t i- c, 
belongs to z-l Fact(wa) = s-l Fact(wa)). Therefore, by the definition of z, s 
is a suffix of z. 0 

Proof of Theorem 7.7. We prove that, for any words u, v E Fact( w), 

U =Fact(wa) V {:=} U =Suff(w) v, 

which is are-statement of the conclusion of the theorem. 
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Assurne first u =Fact(wa) V. After Lemma 7.2 we can consider, for example, 
that u E Suff ( v). Then, V-I Suff ( w) ~ u- I Suff ( w), and to prove 71 =Suff(w) v 
it remains to show u-ISuff(w) ~ v-ISuff(w). 

Let tE u-ISuff(w). We show that t E v-ISuff(w). Since ut '0: Suff(w), 
we have uta E Suff (wa) ~ Fact(wa), and using the hypothesis, namely 
'U =Fact(wa) v, we get that vta E Fact(wa). If ut occurs only once in w, 
(ut)-IFact(w) = {c}o Therefore, (vt)-IFact(w) = {cl because =Fact(wa) is a 
congruence, which proves that vt E Suff(w), i.e. t E v-ISuff(w). If ut occurs 
at least twice in w, by definition of z, ut is a suffix of z. So, z = z'ut for so me 
prefix z' of z. Then, z'vt =Fact(wa) Z, which implies that vt is a suffix of z 
and consequently of w by Lemma 7.11, Hence again, t E v-ISuJJ(w). This 
ends the first part of the statement. 

Conversely, let us consider that u =suff(w) v, and prove u ==Fact(wa) V. 

Without loss of generality, we assurne u E Suff (v) , so it remains to prove 
u- I Fact(wa) ~ v-I Fact(wa). 

Let t E u- I Fact(wa). If t = c, t E v-I Fact(wa) because v E Fact(w). We 
then assume that t is a nonempty word. If ut E Fact(w), for so me t' E A*, 
utt' E Suff(w), that is tt' E u-ISuff(w), The hypothesis u =Suff(w) v implies 
tt' E v-ISuff(w), and consequently t E V-I Fact(wa). If vt f/. Fact(w), t is a 
suffix of wa. It can be written t'a for some suffix t' of w. So, t' E u-1Suff(w), 
and then t' E V-I Suff (w) which shows that vt' is a suffix of w. Therefore, 
t E V-I Fact( wa). This ends both the second part of the statement and the 
whole proof. 0 

During the construction of M(Fact(x)), the following property is invari
ant: let M( Fact( w)) be the current automaton and z be as in Theorem 7.7, 
then 8(i, z) = F[lastJ, Consequently, the condition on z that appears in Theo
rem 7.7 translates into the test "8(F[last], a) f= NIL". If its value is TRUE, the 
autornaton and the suffix z extend, and the procedure FA-ExTEND updates 
the pair (r, k) if necessary in a natural way. Otherwise, Theorem 7.7 applies, 
which leads to first transform M(Fact(w)) into M(Suff(w)). After that, the 
automat on is extended by the letter a. In this situation, the new non-solid 
path is composed of at most one edge, as a consequence of Lemma 7.6 (see 
also the proof of Theorem 7.7). 

Finally, we state the complexity of function FACTORAuTOMATON: the 
construction of factor automata by this function takes linear time on a fixed 
alphabet. 

Theorem 7.8. Function FACTORAuTOMATON can be implemented to work 
on the input word x in time O(lxl x 10gcard(A)) within O(lxl) space. 

Proof. If, for amoment, we do not consider the calls to procedure FA-TO-SA, 
it is rat her simple to see that there is a linear number of instructions executed 
to built M(Fact(x)). Implementing the automaton with adjacency lists, the 
cost of computing a transition is O(logcard(A)). Which gives the O(lxl x 
log card(A)) time for the considered instructions. 



FA-ExTEND(l) 
1 a <- Xl 
2 if o(F[last], a) # NIL 
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3 then newlast <- STATE-CREATION 
4 E <- E + {(lasta, newlast)} 
5 Length[newlast] <- Length[last] + 1 
6 F[newlast] <- o(F[last],a) 
7 if k = land Length[F[lastll + 1 = Length[o(F[last], a)] 
8 then (r, k) <- (newlast, l + 1) 
9 else FA-To-SA(r, k) 

10 newlast <- STATE-CREATION 
11 p<- last 
12 loop E<- E + {(p, a, newlast)} 
13 p<- F(P] 
14 while p # NIL and o(p, a) = NIL 
15 ifp = NIL 
16 then F[newlast] <- i 
17 (r,k) <-(newlast,l+l) 
18 else q <- o(p, a) 
19 F[newlast] <- q 
20 if Length(p] + 1 = Length[q] 
21 then (r,k) <- (newlast,l+ 1) 
22 else (r,k) <- (last,l) 
23 last <- newlast 

Fig. 7.16. From M(Fact(xl ... Xl-I» to M(Fact(XI ... Xl». 

The sequence of calls to procedure FA-TO-SA behaves like a construction 
of M(Suff(x» (or just of M(Suff(x'», for some prefix X' of x). Thus, their 
accumulated running time is as announced by the theorems of Section 7.3, 
that is, O(lxl x logcard(A». 

This sketches the proof of the result. 0 

Bibliographie notes 

Only a few books are entirely devoted to pattern matching. One can refer to [19] 
and [31]. The topic is treated in some books on the design of algorithms such as 
[3], [7], [23], [15]. An extensive bibliography is also included in [I], and the subject 
is partially treated in relation to automata in [29]. 

The notion of a failure function to represent efficiently an automaton is implicit 
in the work of Morris and Pratt (1970). It is intensively used in [26] and [2]. The 
table-compression method is explained in [4]. It is the base of some implementations 
of lex (compiler of lexical analyzer) and yacc (compiler of compiler) UNIX software 
tools that involve automata. 

The regular-expression-matching problem is considered for the construction of 
compilers (see [4] for example). The transformation of a regular expression into 
an automaton is treated in standard textbooks on the subject. The construction 
described in Section 4 is by Thompson [32]. Many tools under the UNIX oper
ating system use a similar method. For example the grep command implements 
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the method with reduced regular expressions. While the command egrep operates 
on complete regular expressions and uses a lazy determinization of the underlying 
automaton. . 

The first linear-time solution of the string-matching problem was given by 
Morris and Pratt, and improved in [26]. The analogue solution to the dictionary
matching problem was designed by Aho and Corasick [2] and is implemented by 
the fgrep UNIX command. 

Several authors have considered a variant of the dictionary-matching problem 
in which the set of words changes during the search. This is called the "dynamic
dictionary-matching problem" (see [5], [6], [25]). A related work based on suffix 
automata is treated in [27]. A solution to the problem restricted to uniform dictio
naries is given in [11] in the comparison model of computation. 

The linear size of suffix automata (also called "directed acyclic word graphs" 
and denoted by the acronym DAWG) and factor automata has been first noticed 
by Blumer et al., and their efficient construction is in [9] and [16]. An alternative 
data structure that stores efficiently the factors (subwords) of a word is the suffix 
tree. It has been first introduced as a position tree by Weiner [35], but the most 
practical algorithms are by McCreight [28] and Ukkonen [33]. Suffix automata and 
suffix trees have similar applications to the implementation of indexes (inverted 
files), to pattern matching, and to data compression. 

The solution of the string-matching problem presented in Section 6 is adapted 
from an original algorithm of Simon [30]. It has been analyzed and improved by 
Hancart [24]. These algorithms as weIl as algorithms in [26] solve the string-prefix
matching problem which is the computation of ending prefixes at each position on 
the searched word. Breslauer et al. [12] gave lower bounds to this problem that 
meet the upper bounds of Theorem 6.7. Galil showed in [20] how to transform the 
algorithms of Knuth, Morris and Pratt, so that the search phase works in real time 
(independently of the alphabet). This applies as weIl to the algorithm of Simon. 

There are many other solutions to the string-matching problem if we relax 
the condition that the buffer on the searched word is reduced to only one letter. 
The most practically efficient solutions are based on the algorithm of Boyer and 
Moore [10]. With the use of automata, it has been extended to the dictionary
matching problem by Commentz-Walter [14] (see also [1]) and by Crochemore et al. 
(see [19]). The set of configurations possibly met during the search phase of a variant 
of the algorithm of Boyer and Moore in which all information is retained leads to 
what is called the "Boyer-Moore automaton" . It is still unknown if the number of 
states of the automaton is polynomial as conjectured by Knuth (see [26, 13, 8]). 
Theorem 6.3 is by GalH and Seiferas [21]. Like their solution, several other proofs 
(in [18, 17, 22]) of the same result are based on combinatorial properties of words 
(see Chapter "Combinatorics of words"). 

Ot.her kinds ofpatterns are considered in the approximate string-matching prob
lem (see [19] for references on the subject). The first kind arises when mismatches 
are allowed between a given word and factors of the searched word (base of the 
Hamming distance). A second kind of patterns arises when approximate patterns 
are defined by transformation rules (substitution, insertion, and deletion) that yield 
the edit distance (see Chapter "String editing and DNA"). This notion is widely 
used for matching patterns in DNA sequences (see [34]). 
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Symbolic Dynamics and Finite Automata 

Marie-Pierre Beal and Dominique Perrin 

1. Introduction 

Symbolic dynamics is a field which was born with the work in topology of 
Marston Morse at the beginning of the 1920s [44]. It is, according to Morse, 
an "algebra and geometry 0/ recurrence". The idea is the following. Divide a 
surface into regions named by certain symbols. We then study the sequences 
of symbols obtained by scanning the successive regions while following a 
trajectory starting from a given point. A furt her paper by Morse and Hedlund 
[45] gave the basic results of this theory. Later, the theory was developed by 
many authors as a branch of ergodic theory (see for example the collected 
works in [59] or [12]). One of the main dir~~tions of research has been the 
problem of the isomorphism 0/ shifts 0/ finite type (see below the definition of 
these terms). This problem is not yet completely solved although the latest 
results of Kim and Roush [35] indicate a counterexample to a long-standing 
conjecture formulated by F. Williams [61]. 

There are many links between symbolic dynamics and the theory of au
tomata, as pointed out by R. Adler and B. Weiss [60]. Actually a very early 
reference on this connection can be found in a paper of A. Gleason published 
many years later [30] after aseries of lectures given at the Institute for De
fense Analysis in 1960. In this paper, based on notes by R. Beals and M. 
Spivak, methods of finite semigroups were introduced to obtain some of the 
results of G. Hedlund. 

The idea of considering infinite words also appears, of course, in the frame
work of automaton theory, independently of symbolic dynamics. This theory 
was developed initially by R. Büchi and R. McNaughton. Since the beginning 
it has, however, taken a different direction and is connected with problems 
of logic rat her than with the topological ones raised in symbolic dynamics. 

In this chapter, we present some interconnections between automata and 
symbolic systems and discuss some of the new results that have been obtained 
in this direction together with some interesting open problems. 

The material presented here does not cover all existing connections of this 
kind. There are, in particular, interesting links between symbolic dynamics 
and representation of numbers that are not presented here (see [28]). There 
are also important connections with cellular automata (see, e.g., [16]). The 
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applications of symbolic dynamies to coding are not treated (see [2] or the 
book of D. Lind and B. Marcus [38]). 

The chapter is organized as follows. The first sections (Sections 2, 3, 
4) constitute an introduction to symbolic dynamics. It is essentially self
contained although some proofs are only sketched. The concepts introduced 
indude shift spaces, symbolic systems, minimal systems, sofic systems, and 
systems of finite type. 

In the next section (Section 5), we show how the notion of a minimal 
deterministic automaton translates in the framework of symbolic dynamics 
to the notion of a Fischer cover. Both notions essentially coincide but for the 
choice of an initial state. 

The following section (Section 6) describes the relation between unam
biguous automata and codes with a dass of maps called finite-to-one. We 
show that some results on the completion of codes can be translated into 
ones on shifts of finite type. 

Section 7 is an introduction to the technique of state splitting. We show 
in particular how this operation is related to automata minimization. 

The next section (Section 8) deals with the notion of the isomorphism of 
shifts of finite type. We define shift equivalence and strong shift equivalence. 
We show that two shifts of finite type are isomorphie iff their matrices are 
strong shift equivalent (William's theorem). 

Section 9 contains the definition of entropy. We show how this notion is 
related to well-known concepts in automata and coding theory such as the 
Kraft inequality. We also state without proof arecent result ofD. Handelman 
that characterizes the entropies of systems generated by finite codes. 

The following sections present various topies relating symbolic dynamics 
and finite automata, covering in particular zeta functions and circular codes. 

This chapter is a survey of many results and concepts, not all of them pre
sented with the same degree of detail. As far as the definitions are concerned, 
it is self-contained for areader familiar with basic notions of automata the
ory. Concerning the proofs of the results, the situation is more variable: so me 
of them' are given completely, even if sometimes condensed. Some others are 
only sketched or not even given here, as not being in the scope of this survey. 

The material presented is an extended version of a survey by the second 
author at the conference MFCS in September 1995 in Prague [51]. 

We would like to thank many people for their help during the preparation 
of this work and, in particular, Frederique Bassino, Veronique Bruyere, Aldo 
De Luca, and Paul Schupp. 

2. Symbolic dynamical systems 

We present in this section a short introduction to the concepts of symbolic 
dynamics. For a much more detailed and complete exposition, we refer to the 
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new book of Doug Lind and Brian Marcus [38], which is the first exposition 
in book form of this theory. Our presentation aims especially at a public of 
computer scientists already familiar with such concepts as finite automata 
and transductions. 

Let A be a finite alphabet. We denote by A* the set offinite words on A. 
The empty word is denoted fand the set of nonempty words is thus A + = 
A* - f. We consider the set AZ of two-sided infinite words as a topological 
space with respect to the usual product topology. An element of AZ is a 
sequence 

= ... X-I X OX l··· 

The topology is defined by the distance for which words are elose if they 
coincide on a long interval centered at o. Formally, we may define the distance 
of x,y as 

d(x, y) = Te(x,y) 

where 
e(x,y) = max{n ~ 0 I Xi = Yi, -n ~ i ~ n} 

using the convention e(x,y) = 00 if x = y, and e(x,y) = -1 if xo i= Yo. 
The shijt transformation a acts on AZ bijectively. It associates to X E AZ 

the element y = a(x) E AZ defined for n E Z by 

Yn = X n +l 

and obtained by shifting all symbols one place left. 
A symbolic dynamical system or subshijt is a subset S of AZwhich is both 

1. topologically elosed and, 
2. shift-invariant, Le., such that a(S) = S. 

Thus, and in more intuitive terms, a subshift is a set of bi-infinite words 
whose definition does not make reference to the origin and allows one passing 
to the limit. 

The system is denoted S or (S, a) to emphasize the role of the shift a. 
For example, (AZ, a) itself is a symbolic dynamical system, often called 

the Jull shijt in contrast with the subshifts whose name refer to the embedding 
in the full shift A Z . 

As a less trivial example, the set of sequences on A = {a, b} such that 
a symbol b is always followed by a symbol a is a subshift often called the 
golden mean system. We shall use this example several times in the rest of 
the chapter. 

Let G be a directed graph with E as its set of edges. We actually use 
multigraphs instead of ordinary graphs in order to be able to have several 
distinct edges with the same origin and end. Formally, a directed multigraph 
is given by two sets E (the edges) and V (the vertices) and two functions 
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a, ß : E -+ V. The vertex a(e) is the origin of the edge e and ß(e) is its end. 
We shall always say "graph" for "direeted multigraph" . 

Let SG be the subset of EZ formed by all bi-infinite paths in G. It is dear 
that SG is a subshift ealled the edge shift on G. Indeed SG is dosed and shift 
invariant by definition. 

Figure 2.1 presents an example of a graph with three edges whieh defines 
an edge shift on three symbols. 

Let A = (Q, E) be a finite automaton on an alphabet A given by a finite 
set Q of states and a set E c Q x A x Q of edges but without initial or final 
states. The set of all labels ... a-laOal ... of the bi-infinite paths 

a-l aQ 
... P-l -- Po -- Pl ... 

is a subshift S. We say that S is the subshift recognized by the automaton A. 
An automaton ean be eonsidered as a graph in whieh the set of edges is 

contained in Q x A x Q. Thus we may eonsider the subshift formed by all bi
infinite paths in A, whieh is really the edge shift SA. The subshift reeognized 
by A is the image of the edge shift SA under the map assigning to a path 
its label. This map is eontinuous. Sinee the automaton is finite, the set SG is 
eompaet and so is S whieh is thus dosed. A subshift obtained in this way is 
ealled a softc shift or a sofie system. 

We will use in the sequel finite automata, either in the dassical sense as 
a tuple (Q,E,I,T) with I c Q as set of initial states and T C Q as set of 
final states, to reeognize a set of finite words, or, as above, without initial 
and final states, to recognize a subshift. 

For a subset X of A * , we say that X is recognizable if it ean be reeognized 
by a finite automaton. 

A finite word v is said to be a factor (or also a block) of a finite or infinite 
word z if its symbols appear eonseeutively in z. 

We may assoeiate with a subshift S C AZ the set 

of factors of its elements. 
We may also eonsider the eomplement Is = A* - Fs of this set, whieh is 

the set of forbidden blocks. 
The set F = Fs C A* satisfies the eonditions of being 

Fig. 2.1. An edge shift 
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1. factorial: uvw E F:::} v E F. 
2. extendable: \Iv E F, 3 a, b E A: avb E F. 

Conversely, such a set of finite words is the set of factors of a subshift as 
shown by the following proposition. 

Proposition 2.1. Let Fe A* be a factorial and extendable set. The set 

8 = 8F = {x E AZ I Xi" 'Xj E F (i:$ j)} 

is a subshift and FSF = F. 

Proof. It is dear that 8 is a subshift and that Fs c F. To show that F c Fs , 
consider v E F. Since F is extendable, we can construct a two-sided infinite 
word x of the form ... an ... al vb1 ... bn ... such that an' .. al vb1 ... bn E F 
for all n. Then all factors of x are in Fand thus x E 8, whence v E Fs . 0 

One mayaiso define a subshift by a set of forbidden blocks. Indeed, for 
any set I C A+ the set 

8 = {x E AZ I Xi" 'Xj f/. I (i:$ j)} 

is always a subshift whatever be the set I, but we only have the inclusion 
I s :J I instead of an equality. 

For instance, if 8 is the golden mean system, the set I s of forbidden blocks 
is formed by all words containing bb. 

The simple relation between a subshift and its set of factors shows that 
subshifts are dosely related to ordinary sets of finite words, in contrast with 
more general sets of infinite words defined by Büchi automata. The latter are 
indeed not topologically dosed in general and thus have a larger topological 
complexity in the Borel hierarchy (on Büchi automata, see [24], [58], or the 
chapter by W. Thomas in this handbook). 

We say that an automaton A = (Q, E) is trim if any state is on abi-infinite 
path. We shall consider only here trim automata since we are interested in 
bi-infinite paths. For an automaton A = (Q, E, I, T) with initial and final 
states, we say that A is trim if any state is accessible from I and can access 
T. 

Proposition 2.2. Let A = (Q, E) be a finite trim automaton. The set Fs 
of factors of the subshift 8 recognized by A is recognized by the automaton 
(Q, E, Q, Q) in which alt states are both initial and final. Conversely, if Fs is 
recognized by a trim finite automaton A = (Q, E, i, T), then 8 is recognized 
by the automaton (Q, E). 

In particular, 8 is sofic iff Fs is recognizable. 

Proof. The first assertion is dear. For the second one, let 8' be the subshift 
recognized by A. Since Fs = Fs' we have 8 = 8' and thus the conclusion. 
The third statement is a direct consequence of the first ones. 0 
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The not ions introduced above can also be formulated in the context of 
one-sided infinite words. Indeed the set AN of one-sided infinite words is also a 
topological space and the shift transformation is also defined upon it although 
it is no longer one-to-one. A one-sided symbolic system, or one-sided subshift, 
is a set 8 C AN which is both closed and invariant. Equivalently, it is the set 
of right infinite sequences that appear in a shift. We shall usually work with 
two-sided subshifts because two-sided shifts take into account both the past 
and the future. An exception will be made in Section 3 concerning the notion 
of recurrence. 

A subshift 8 is said to be irreducible if for any x, y E F s there is a word 
u such that xuy E Fs . 

For example, the golden mean system is irreducible. In fact, if x and y 
avoid bb, then xay also does. On the contrary, the set of infinite words on 
{a, b} avoiding ba is reducible since for all u, the word bua contains a factor 
ba. 

Let 8 be the edge graph of a graph C. If Cis strongly connected, then 8 
is irreducible. The converse is true provided the graph satisfies the condition 
that each vertex has positive in- and out-degree. 

An automaton with a strongly connected graph is said to be transitive. 
In general, the definition of an irreducible system can be formulated in 

topological terms and it is related to the possibility of a decomposition into 
simpler elements. 

A subshift 8 is said to be primitive if there is an integer n> 0 such that 
for all x, y E Fs there exists a word u of length n such that xuy E Fs . 

For example, the golden mean system is primitive. On the contrary, the 
system 8 formed by all words on {a, b} avoiding aa and bb is not primitive. 
Indeed, for x = a, y = b the only adequate u has to be in (ba)* and thus of 
even length, whereas for x = a, y = a it has to be in b(ab)* and thus of odd 
length. 

When 8 is the edge graph of a strongly connected graph C, then 8 is 
primitive if and only if the gcd of the cycle lengths is one. 

A morphism between two subshifts (8,0") and (T, T) is a map I : 8 -+ T 
which is continuous and commutes with the shifts, i.e. such that 10" = TI. 

8 --L. T 

8 
I 

--+- T 

When I is a morphism from 8 onto T, it is said that T is a lactor of 8. 
Let 8 c AZ and T c B Z be two subshifts and let k 2 1 be an integer. 

A function I : 8 -+ T is said to be k-local or local if there exists a function 
1: A k -+ Band an integer mEZ such that for all x E 8 the word y = I(x) 
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is defined far n E Z by 

Yn+m = !(Xn-(k-l) ... Xn-lXn ) (2.1) 

Thus the value of a symbol in the image is a function of the symbols eon
tained in a window of length k above it, ealled a sliding window (represented 
on Figure 2.2 in the ease m = 0). A loeal function defined by a formula 
like Formula (2.1) with m = 0 is called sequential. Thus a sequential local 
function is one that writes below the right end of the window. 

A local function is also ealled a sliding block code and a k-Ioeal function 
is also ealled a k-block map. A 1-loeal function ar one-block map is nothing 
else than an alphabetic substitution (or very fine morphism in [24]). 

The following result is well-known. In Hedlund's article [33], it is credited 
to M. L. Curtis, G. Hedlund, and R. C. Lyndon1. 

Theorem 2.1. Let S c AZ, T C B Z be two symbolic systems defined over 
finite alphabets A and B. A lunction I : S c AZ -+ T C B Z is a morphism 
il it is k-local lor some k 2: o. 
Prool. It is clear that a loeal function is a morphism since it is continuous 
and commutes with the shift by definition. Conversely, let I : S -+ T be a 
eontinuous map. Sinee A is finite, AZ is compact and so is S which is closed 
in AZ . Thus f is uniformly continuous. This implies that there is an integer 
k such that the symbol f(x)o is determined by the window X-k'" XO'" Xk. 

Since f eommutes with the shift the other symbols of I (x) are also determined 
by the corresponding window of length 2k + 1. 0 

An isomorphism (also ealled a conjugacy) is a bijective morphism. If I is 
an isomorphism from S onto T, then Sand T are said to be conjugate. Since 
the alphabet A is finite, the space S is compact. The inverse of a continuous 
function I : S -+ T is also eontinuous when S is compact.Thus the inverse of 
a eonjugaey is a eonjugacy. 

As a general rule, the eoncepts studied in symbolic dynamics are invariant 
under conjugaey and a lot of the attention is given to the search of complete 
invariants, i.e., invariants that characterize a subshift up to conjugacy. 

Fig. 2.2. A sequentiallocal function 

1 Such an activity was supposedly related to cryptography and supported as such 
by the Institute for Defense Analysis. It was one of Roger Lyndon's favorite 
subjects of jokes on the notion of applications in mathematics. 
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3. Recurrence and minimality 

In this section, we concentrate on a special kind of symbolic dynamical sys
tems: the smallest system containing a given infinite word. It is more ap
propriate to present it in the one-sided case. For a one-sided infinite word 
x E AN, we define F(x) to be the set of factors of x. We also define 
S(x) = {y E AN I F(y) c F(x)}. The set S(x) is obviously the smallest 
subshift containing x. 

A one-sided infinite word x E AN is said to be recurrent if any block 
occurring in x has an infinite number of occurrences. It is obviously enough 
for x tO'be recurrent that any prefix of x has a second occurrence. 

It is easy to verify that x is recurrent if and only if the su bshift S (x) is 
irreducible. Indeed, if S(x) is irreducible, then for any prefix U of x there is 
a v such that uvu E F(x) and thus U has a second occurrence. Conversely, 
if xis recurrent then for any u,v E F(x), v has an occurrence following any 
occurrence of U and thus there is a word w such that uwv E F(x). 

The notion of a recurrent word is linked to the concept of a sesquipower 
(or (1 + t)-power). A word w is called a sesquipower of order n if it can be 
written w = uvu with u a sesquipower of order n - 1 and v any word. A 
sesquipower of order 0 is any nonempty word. 

A recurrent word is one that can be written as an infinite sesquipower, 
i.e., as 

x = UO ... 

UOUIUO·· . 

UOUIUOU2 UOU I UO'" (3.1) 

Indeed, we can choose Uo to be the first symbol of x. Then, since Uo has a 
second occurrence in x, we can find Ul such that UOUI Uo is aprefix of x and 
so on. 

A word x E ANis said to be uniformly recurrent if every block of x appears 
infinitely often at bounded distance. 

A periodic word is obviously uniformly recurrent. A simple way to con
struct a uniformly recurrent non periodic word is to use words Ui of bounded 
length in equation (3.1). We shall see examples in more detail below. 

These notions are strongly related to that of a minimal subshijt, i.e., a 
subshift S c A Z such that T c S implies T = 0 or T = S. 

The following result is one of the earliest in symbolic dynamics ([15],[45]). 
It links a dynamical property of the orbit of a point with a property of the 
words representing the orbit. 

Theorem 3.1. Let x E AN be a one-sided infinite word. The following con
ditions are equivalent. 

1. x is uniformly recurrent. 
2. S(x) is minimal. 
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Proof. 1 => 2 Let S C S(x) be a subshift and let y E S. Then S(y) C S. 
Since y E S(x), we have F(y) C F(x) by the definition of S(x). Let w E F(x). 
Since x is uniformly recurrent, w appears in every long enough block of x. 
Hence w appears in the long enough blocks of y. Whence w E F(y). This 
shows that F(x) = F(y) and this implies that S(y) = S = S(x). 

2 => 1 Any block w of x appears in all y E S(x) since S(x) is minimal. For 
a given block w of x, we define iw(Y) to be the function assigning to y E S(x) 
the least integer i such that y = uwz with lul = i. Since iw is continuous and 
S(x) is compact, iw is bounded. Let w be a block of x = uwy. Since y E S(x), 
w E F(y) and thus w has a second occurrence in x at a distance bounded by 
iw(Y). 0 

Example 3.1. The word of Thue-Morse is the infinite word obtained by iterat
ing the substitution f defined by f(a) = ab, f(b) = ba. The word m = r(a) 
is uniformly recurrent. Indeed, aaa or bbb are not in F(m). Thus successive 
occurrences of a or bare separated by at most two symbols. It follows that 
any block of mappears at bounded distance since it has to appear in some 
fk(a) or fk(b). The system S(m) is known as the Morse minimal set. 

It is possible to generalize the example of the Morse minimal set as follows. 
Let f : A -+ A * be a substitution such that for any symbols a, b E A there 
is at least an occurrence of b in f(a). Then any infinite word x such that 
f(x) = xis uniformly recurrent [43]. 

We used in the proof of Theorem 3.1 a possible variant of the definition 
of a uniformly recurrent word: for aH n > 0 there is an m > n such that any 
factor of length n appears in any factor of length m. This condition can be 
used as adefinition for a uniformly recurrent two-sided infinite word. It also 
leads to the definition of a function rx(n) called the recurrence index of x. 
We let rx{n) = m if m is the smallest possible integer such that any factor of 
length n appears in any factor of length m. It is weIl defined for all integers 
n iff x is uniformly recurrent. 

It is worth mentioning yet another equivalent definition of uniformly re
current words. It uses the notion of a well-quasi-order. RecaH (see [39],[37] or 
[23]) that a partial order on a set X is called a well-quasi-oroer if 

1. there are no infinite descending chains 
2. Any set of pairwise incomparable elements is finite 

WeIl-quasi-orders are a generalization of weH orders which are total orders 
satisfying condition (1) , or equivalently such that any nonempty subset has 
a smallest element. 

We consider the factor ordering on sets of words. It is the partial order 
defined by u < v if u is a factor of v. The first condition in the above 
definition is then automatically satisfied since the length of words cannot 
decrease indefinitely. 

We have the following result. 
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Proposition 3.1. A recurrent one-sided infinite word x is uniformly recur
rent if and only if the factor ordering on the set F(x) is a well-quasi-order. 

Proof. The condition is obviously necessary since the order considered on 
the set F(x) of factors of a uniformly recurrent word x satisfies t.he stronger 
property that the set of elements incomparable with a given U E F(x) is 
finite. Conversely, if x is not uniformly recurrent, we can find a sequence 
vunv E F(x) of words of increasing length such that the only occurrences of 
v in VUn v are the two ones as aprefix and a suffix. Then the words VUn v are 
incomparable and thus the order is not a wen partial order. 0 

Note that the factor order on the set A* itself is not a weIl-quasi-order 
(and in fact quite the opposite since it is a maximal set of factors instead of 
a minimal one). By a classical theorem of Higman (see [39]), it is well-quasi
ordered by a different order, namely the subword ordering defined by U < v 
if U = Ul U2 .•. Un and v = XOUlXl ... Xn-l unxn. 

In this section, we have only touched the subject of minimal subshifts. 
There are many other interesting developments in this direction, such as 
the one of Sturmian words (see the Chapter by Aldo De Luca and Stefano 
Varricchio in this handbook). Minimal subshifts are in a sense at the opposite 
of the subshifts that we are going to study now. To be more precise, minimal 
subshifts contain no periodic point unless they are finite, whereas in the sofic 
subshifts introduced below, the set of periodic points is dense. 

4. Sofie systems and shifts of finite type 

Recall from Section 2 that a sofic system is a subshift S recognized by a finite 
automaton. For instance the system given in Figure 4.1 is a sofic system. It 
consists of an binary sequences such that the length of the blocks of b's 
between two a's are of even length. This system is sometimes caned the even 
system. 

A shift of finite type is a subshift which is made of an infinite words 
avoiding a given finite set of blocks. For example, the golden mean system 
defined in Section 2 as formed by an words on {a, b} avoiding bb is a shift of 
finite type. 

b 

a 

Fig. 4.1. The even system 
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Shifts of finite type are dosely related to a particular and well-known 
dass of finite automata ealled loeal automata. We first give their definition. 

Proposition 4.1. Let A be a finite transitive automaton. The following eon
ditions are equivalent. 

1. The eurrent state on a path is determined by a bounded number of labels 
in the past and in the future. 

2. There is at most one infinite path with a given label. 
3. There is at most one periodie infinite path with a given label. 

ProoJ. I::} 2. If 
an.-l an 

... Pn-l --+ Pn --+ Pn+l ... 

is an infinite path, the current state Pn is determined by (a bounded number 
of) the symbols ... an-l an ... and thus the label determines the path. 

2 ::} 3 is dear. 
3 ::} 1. If condition 1 is not true, there exist by König's lemma two distinct 

. fi . h a .. -l d a .. -l • h h I b 1 In mte pat s··· Pn-l --+ Pn ... an ... qn-l --+ qn' .. Wlt t e same a e. 
As the paths are distinct, there is an index n such that Pn :f: qn' Since the 
automaton is finite, both paths use the same pair of states (p, q) infinitely 
often before time. n, and the same pair of states (r, s) infinitely often after 
time n. If P :f: q or r :f: s, this defines two distinct periodic paths with the 
same label. If not, we have P = q and r = s. As the automaton is transitive, 
there exists a path from r to q and this again defines two distinct periodic 
paths with the same label. 0 

A finite automaton is said to be loeal if it satisfies condition 1 above 
(equivalent to 2 and 3 when the automaton is transitive). The bound on the 
window size corresponding to condition 1 above can actually be shown to be 
quadratic as a function of the number of states (see, e.g., [7], p. 45). 

We reeall that an automaton is called deterministie if it admits at most 
one edge leaving a given state and with a given label. 

Proposition 4.2. Let A be a finite deterministie automaton. The following 
eonditions are equivalent. 

1. The eurrent state on a path is determined by a bounded number of labels 
in the past. 

2. The automaton is loeal. 

ProoJ. I::} 2 is dear. 
2 ::} 1. By definition there exist n and m such that the current state on 

a path is determined by n symbols in the past and m symbols in the future. 
Any block of n + m symbols determines the final state. Indeed, on a path 
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the state Pn is determined. But then Pn+l, ... , Pn+m are also determined 
because the automaton is deterministic. Thus n + m symbols in the past 
determine the current state. 0 

The basic example of a deterministic local automaton is the standard k
local automat on or De Bruijn graph. Its set of states is the set Ak of words 
of length k and its edges are the tripies (au, b, ub) for u E Ak-l and a, bE A.. 

The following result shows that shifts of finite type correspond to local 
automata. 

Proposition 4.3. A shift of finite type is a sofie system. More preeisely, a 
subshift is of finite type if and only if it is reeognized by a loeal fLutomaton. 

Proof. Let S be a shift of finite type defined by a set of forbidden blocks of 
maximallength k. We use the standard (k - 1)-local automatoll, erasing all 
edges (au, b, ub) such that aub contains a forbidden block. In this way, we 
obtain a finite automaton recognizing S as a sofic system. 

Conversely, let A be a local automaton. By definition, the current state 
on a path is determined by a bounded number n of symbols in the past and 
a bounded number m of symbols in the future. Let I be the set of words 
of length n + m + 1 which are not labels of paths of A. The sofic system 
recognized by A is then equal to the set of bi-infinite words whose blocks of 
length n + m + 1 avoid I. As a consequence, it is of finite type. 0 

We shall see in the next section how this result can be used to check 
effectively whether a sofic system is of finite type or not. 

As an illustration of the above proposition, we may consider again the 
golden mean system. The set of allowed blocks of length 2 is {aa, ab, ba} thus 
giving the automaton of Figure 4.2. 

As a particular dass of shifts of finite type, one may define a Markov shift 
as a shift of finite type defined by a set of forbidden blocks of length 2. It is 
dear that the edge shift SG on a graph G is a Markov shift. The previous 
example is also a Markov shift since it can be defined by the set of words on 
{ a, b} avoiding bb. 

Any shift of finite type S can be obtained, up to conjugacy, as the edge 
shift of some finite graph. Indeed, in a local automaton the map from edges 
to labels is aI-block conjugacy from the edge shift onto S. 

a 

a 

Fig. 4.2. The golden mean system 
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We will prove that both the not ion of a shift of finite type as weIl as that 
of a sofic system, are invariant under conjugacy. We begin with shifts of finite 
type. 

Proposition 4.4. Any conjugate 01 a shift 01 finite type is 01 finite type. 

Proof. Let S c AZ be a shift of finite type conjugate by I to T c B Z • By 
definition, S is the set of words avoiding a finite set of blocks I c A +. We may 
assurne that all words of I have the same length s. The map 1-1 is a k-Iocal 
map and thus there is a k-Iocal map 9 : B Z -+ AZ such that 1-1 = 9 on T. 
Up to sqme composition with the shift, we may suppose that 9 is sequential. 

Let J = Bk+s -1 - FT be the complement of the set of words of length 
(k + s - 1) that appear as factors of T. We claim that T is the set of words 
avoiding the finite set J, which proves that T is of finite type. 

First it is clear that T avoids the set J. Conversely, let y be an infi
nite word with all factors of length (k + s - 1) belonging to the comple
ment of J. Let x = g(y). We claim that x belongs to Sand therefore 
that Y E T. Let XiXi+1 ... Xi+s-1 be a factor of x of length s. The fac
tor Yi-(k-1) •.. YiYi+1 ... Yi+s-1 of Y of length (k + s - 1) is a factor of a 
word y' of T. By definition of the k-Iocal map 1-1, the factor of x equal to 
XiXi+1 ... Xi+s-1 is also a factor of the word 1-1(y') E S. It then does not 
belong to I. We finally get that x belongs to Sand y = I(x) belongs to 
T. 0 

Before proceeding to prove further properties of shifts of finite type and 
sofic systems, we define a useful way to realize a morphism between subshifts. 

A (synchronous) transducer on A x B is a finite automaton (Q,E) with 
edges labeled by A x B. If (p, a, b, q) is an edge, we say that a is the input label 
and b the output label. We will only consider here synchronous transducers 
instead of the more general notion of a transducer in which the edges are 
labeled by pairs of words on A, B. We shall also only use transducers such 
that if two distinct edges (p, a, b, q) and (p, a', b', q) have the same origin p 
and end q then a #- a' and b #- b'. 

The hypothesis made on transducers implies that, by removing the input 
labels or the output labels, we get an automaton. The automaton we get by 
removing the input labels is called the output automaton of the transducer 
and the automaton we get by removing the output labels is called the input 
automaton of the transducer. 

Let I : S -+ T be a morphism from a subshift Sinto a subshift T. A 
transducer T is said to realize I if for all x E S, there is a path with input 
label x and all of them have output label y = I(x) (we admit the possibility 
of several paths with input label x). 

A morphism I : S -+ T between two subshifts S c AZ and T C BZ can 
be realized by a transducer T = (Q, E) such that the input automaton is 
local. Let in fact k be such that I is k-Iocal. Up to some composition with 
apower of the shift, we may assurne for simplicity that I is sequential. The 



476 M.-P. Beal and D. Perrin 

set Q of states of T is the set of factors of S of length (k - 1), and there is 
an edge between au and ub labeled (b,l(aub)). 

If S is moreover of finite type, we may choose k large enough to ensure 
that S is recognized by the input automaton of T. 

For example, the transducer of Figure 4.3 realizes the morphism coding 
the overlapping blocks of length 2 over the binary alphabet A = {a, b} by a 
symbol from the alphabet B = {x, y, z, t}. 

The transducer that we have associated with a morphism is such that the 
input automaton is local since it is part of a De Bruijn graph. The following 
proposition gives a practical method to check whether a morphism between 
shifts of finite type is a conjugacy. 

Proposition 4.5. Let S be a shift 01 finite type and let I : S -+ T be a 
morphism from S onto a subshift T. Let T be a transdueer realizing land 
such that its input automaton is a loeal automaton recognizing S. Then I is 
a eonjugaey iff the output automaton 01 T is loeal. 

Proof. If both the input and the output automaton are local, then I is one
to-one and therefore a conjugacy. Conversely, if the output automaton is not 
local, there exist two distinct paths with the same output label and thus I is 
not one-to-one. 0 

The following proposition is analogous to the well-known result that the 
dass of rationallanguages is the dosure oflocallanguages under substitutions 
(Medvedev's theorem, see, e.g., [24], p. 27). 

Proposition 4.6. The laetors 01 shifts 01 finite type are the sofie systems. 

Proof. A sofic system is by definition recognized by a finite automaton. As 
such, it is a factor of the edge graph associated with the automaton. 

Conversely, let I : S -+ T be a morphism from a shift of finite type S 
onto a subshift T. Up to some composition of I with apower of the shift, 
we may realize I by a transducer T which mayaiso be chosen such that its 
input automaton recognizes S. Then the output automaton of T recognizes 
T which is therefore sofic. 0 

We finally obtain the desired result on the invariance under conjugacy of 
the dass of sofic systems as a corollary of the above statement. 

alz 

alx bit 

Fig. 4.3. A 2-block map 
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Proposition 4.7. Any eonjugate 0/ a softe system is softe. 

Proof. Let S be a sofic system conjugate to T by f. The sofic system S is a 
factor of some system of finite type U by an onto morphism g. Then T is the 
image of U by the morphism / 0 gwhich proves that it is sofic. 0 

5. Minimal automaton of a subshift 

The elose connection between a subshift Sand the set Fs of its finite blocks 
leads to a possibility of studying the same objects from both the points of 
view of symbolic dynamics and of finite automata. As a first example of a 
result with equivalent formulations in terms of symbolic dynamics and in 
terms of finite automata, the existence of a unique minimal deterministic 
automaton takes the following form for sofic systems. 

We recall that an automaton is said to be transitive if its graph is strongly 
connected. If A = (Q, E) is a deterministic automaton, we often denote by 
p. a the unique state q such that (p, a, q) E E if it exists. The notation is 
extended to words. Thus a deterministic automaton is transitive iff for any 
states p, q there exists a word x such that p . x = q. 

Proposition 5.1. Any softc system can be recognized by a deterministic au
tomaton. The system is irredueible iff the automaton can be chosen transitive. 

Proo/. By Proposition 2.2 a sofic system S can be recognized by any automa
ton recognizing the set Fs . It follows that this automat on can be chosen to 
be deterministic. If the automaton is transitive, the system is clearly irre
ducible. Conversely, we consider a deterministic automaton A = (Q, E, i, Q) 
recognizing the set Fs of factors of an irreducible sofic system S. Let C be 
a maximal connected component accessible from i of the automaton (here 
maximal means that any edge starting in C also ends in Cl. Then C is a de
terministic transitive automaton recognizing S. Indeed, any label of a finite 
path of·C is in Fs. Conversely, let w be a word of Fs and u be the label 
of a path from i to astate of C. As S is irreducible, there exists a word v 
such that uvw belongs to Fs. Since the automaton C is transitive and Ais 
deterministic, we get that w is the label of a path of C. The set of labels of 
finite paths in Cis Fs and thus the automaton C recognizes S. 0 

A reduction from an automaton A = (Q, E) onto an automat on B = 
(R, F) is a surjective mapping p : Q -+ R such that (p, a, q) E E iff 
(p(p) , a, p(q)) E F. We will show that an irreducible sofic system S has a 
unique minimal automaton As, in the sense that for any transitive automaton 
B recognizing S, there is a reduction from B onto the minimal automaton As. 
In particular, the automaton As has the minimum possible number of states. 
This result is due to Fischer [25] and the minimal automaton is also called 
the Fischer cover. It was also obtained independently by D. Beauquier [11]. 
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Proposition 5.2. Any irredueible softe system has a umque minimal au
tomaton. 

The proof of this result does not follow immediately from the corresponding 
well-known statement for ordinary finite automata because of the absence of 
an initial state. It reHes on the notion of a synchronizing word which allows 
one to fix an initial state. Let S be a non empty irreducible sofic system and 
let Fs be its set of finite factors. A word x of Fs is a synehronizing word of 
S iff for all words u, v 

ux, xv E Fs => uxv E Fs. 

Let A = (Q, E) be a deterministic automaton. For a finite word x E A *, we 
define the mnk of x as the cardinality of the set Q. x = {q. x I q E Q}. 

Proposition 5.3. Any non-empty irreducible softe system admits a synehro
nizing word. In fact any word of minimal nonzero mnk is synehronizing. 

Proof. Let x be a word of Fs of minimal nonzero rank. If u is a word such 
that ux E Fs, then 0 -:j:. Q . ux c Q . x. By minimality of the rank of x, this 
impHes that Q. ux = Q. x. Let ux,xv E Fs . Let p ~ q ~ r be a path of 
label xv. Since Q. x = Q . ux, there is a path s ~ q and thus a path 

ux v 
s-q-r 

We conc1ude that uxv E Fs and thus xis synchronizing. o 

Proof. of Proposition 5.2. We choose a synchronizing word x of S. Let A' be 
the minimal automaton oft he set offinite words X-IFS = {y I xy E Fs }. 

We denote by A the automaton obtained from A' by allowing all states to 
be both initial and terminal. The automaton A recognizes S. Indeed any label 
of a path in A is c1early in Fs. Conversely, let y E Fs . Since S is irreducible, 
there exists a word u such that xuy E Fs. Thus uy E x-I Fs showing that y 
is the label of some path in A. 

Let now B be any transitive deterministic automaton recognizing S. The 
automaton B' obtained from B by choosing as initial state astate i in Q . x 
and all states as terminal states, recognizes the set X-I Fs . Indeed, it is clear 
that the language L recognized by B' is included in x-I Fs . 

Conversely, let y be a word of x-I Fs. Let z be a word which has nonzero 
minimal rank in B. As B' is a transitive automaton, there exists a word u such 
that zux is a label of a path of B' leading to state i. Since xis a synchronizing 
word, 

zux E Fs,xy E Fs => zuxy E Fs . 

Then the ranks of zuxy, zux, and z are the same. Thus y is the label of a 
path of B' beginning at i, since otherwise zuxy would have a nonzero rank 
strictly smaller than the rank of zux. 
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We now use the known result that a recognizable set of finite words has 
a unique minimal automaton. Let A' be the minimal automaton of the set 
x-l Fs . Since B' recognizes x-lFs , there is a reduction from B' onto A'. Thus 
there is a reduetion from B onto A. 0 

The minimal automaton is used to characterize different classes of sofie 
systems like aperiodie systems [7], almost-of-finite-type shifts [42], or shifts 
of finite type. We give the result for shifts of finite type. 

Proposition 5.4. A sofie system is 01 finite type il and only il its minimal 
automaton is Ioeal. 

Praol. By Proposition 5.2, if the sofic system admits a loeal minimal au
tomaton, it is of finite type. Conversely, by the same proposition, a shift of 
finite type is recognized by a deterministic local automaton A. The minimal 
automaton As itself is obtained by a reduction from the local automaton 
A. A reduction transforms a local automaton into a local one since a fixed 
number of symbols determine the current state in A and thus in As. 0 

There is adefinition of deterministic automaton which is more abstract 
and which we introduce now. 

Let Sand T be two subshifts with S of finite type. Let I : S -+ T be a 
sequential local function and let T be a transducer realizing I with a local 
input automaton recognizing S. The morphism I is said to be right-resolving 
if the output automaton is deterministic. 

The following statement, whose proof is straightforward, shows that one 
ean define a right-resolving function directly, without referenee to the trans
ducer. 

Proposition 5.5. A sequential k-local funetion I is right-resolving ifJ lor 
y = I(x), the values olthe bloekx_k+1" 'X-l and olthe symbolyo determine 
the value 01 the symbol xo. 

o 
Right-resolving morphisms belong to a broader family of almost one-to

one morphisms ealled finite-to-one and introduced in Section 6. 
A right-resolving eover of a sofic system S is a right-resolving morphism 

I : T -+ S from a shift of finite type T onto S. The minimal automaton 
of a sofie system S defines a right-resolving cover I : T -+ S of S whieh is 

Fig. 5.1. A right-resolving map 
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minimal in the sense that for any other right-resolving cover 9 : U ~ S the 
subshift T is a factor of U. 

6. Codes and finite-to-one maps 

In this section, we are going to study the relationship between two notions: 
finite-to-one maps on the one hand and codes on the other hand (on codes, see 
also the chapter by Helmut Jürgensen in this handbook). We will show that 
the dose connection between both notions allows one to prove new results and 
also to give new and simpler proofs of old ones. We begin with the definition 
of a finite-to-one map. 

A morphism I : S ~ T between two subshifts Sand T is said to be 
finite-to-one if, for all Y E T, the set 1-1 (y) is finite. 

We shall see below that when S is an irreducible shift of finite type, 
a finite-to-one map is actually bounded-to-one in the sense that there is a 
constant n such that each point of T has at most n pre-images. 

We now come to the concepts of codes and unambiguous automata, which 
are related to the notion of finite-to-one maps. 

For a set X of finite words, we denote by X* the set of all concatenations 
XIX2 ••. X n with n ~ 0 and Xi EX. 

A set X of finite words is called a code if no non-trivial equality holds 
between the words of X*. In more precise terms, X is a code iff 

where Ui, Vj EX, implies n = m and Ui = Vi for each index i. 
As an example of a code, aprefix code is a set X such that no element of 

X is aprefix of another element of X. 
An automaton is said to be unambiguous if two paths with the same 

origin state, the label, and the same final state, are equal. A deterministic 
automaton is unambiguous since the origin state and the label are sufficient to 
determine the path. As another particular case, a transitive local automat on 
is also unambiguous. Indeed, if two distinct paths have the same origin and 
end, and the same label, we can build two distinct cydes with the same label. 
This contradicts the hypothesis that the automaton is local. 

Let .A = (Q, E) be a transitive automaton and let i E Q be a particular 
state. A path from i to i is called simple if it does not use i between its 
endpoints. The set of labels of simple paths from i to i is called the set 01 
first returns to i. 

The following result establishes the connection between these concepts. It 
can be stated more generally for arbitrary morphisms between shifts of finite 
type. We state it, however, in the case of one-block maps for simplicity. 

Proposition 6.1. Let.A = (Q,E) be a transitive automaton, i E Q and let 
X be the set 01 first returns to i. The lollowing conditions are equivalent. 
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1. The automaton A is unambiguous. 
2. X is a code and distinct simple paths /rom i to i are labeled by distinct 

elements 0/ X. 
3. The map going /rom bi-infinite paths in the automaton to their labels is 

finite-to-one. 

Proof. It is dear that 1 and 2 are equivalent. 

Further , if the automaton is ambiguous, the map f going from paths in 
the automaton to their labels is not finite-to-one. Thus 3 :::} l. 

Finally, if the map f is not finite-to-one, there exists an infinite number of 
infinite paths having the same image by f . .Aß there is only a finite number of 
states, an infinity of these paths go through a same state p after the edge of 
index o. We can assurne that an infinity of them are distinct after the index o. 
Let us take n + 1 of them, where n is the number of states of the automaton. 
Let us assurne that they can all be two by two distinguished before the edge of 
index m, where m is a positive integer. At least two ofthem go then through 
the same state q after this edge and we get two equally labeled paths going 
from p to q. Thus 1 :::} 3. 0 

An easy consequence of this result is that a finite-to-one map f from an 
irreducible shift of finite type S to T is really bounded-to-one. 

Proposition 6.2. Let f : S -+ T be a finite-to-one map realized by a trans
ducer with n states. The number of pre-images of an element ofT is bounded 
by n2 • 

Proof. Let x be an element of T. For each m ~ 1 there are at most n 2 paths 
PTn ~ qTn labeled by wTn = x-Tn ... xTn since such a path is determined by 
the pair (PTn, qTn). Thus x has at most n 2 pre-images. 0 

The connection between codes and subshifts can be considered indepen
dently of automata. Let indeed X be a code and let S be the subshift SF(X*) 

formed by all bi-infinite words having all its factors in the set F(X*). One 
then has the following statement. 

Proposition 6.3. Let A be an unambigous automaton such that X is the 
code of first returns to same state of A. Then S is the subshift recognized by 
A. If X is finite, then S is the set of bi-infinite words having at least one 
factorization in words of X. 0 

It is of course still true that the set of bi-infinite words having a factor
ization in words of X is a subshift, even if X is a set of words which is not 
a code, provided it is finite. Such a system is sometimes called the renewal 
system generated by X. 

Example 6.1. If X = {a, ba}, then S is the golden mean system of Figure 4.2 
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A code X c A + is said to be maximal if it is maximal for set-inclusion, 
that is if X c Y for a code Y implies X = Y. It is known that a rational 
code X c A* is maximal Hf it is complete, i.e. if the set F(X*) of factors of 
words of X* is equal to A* (see [13] p. 68). A result, due to Ehrenfeucht and 
Rozenberg, says that any rational code is included in a maximal one (see [13] 
p.62). 

An analogous proof can be used to obtain the following result [4]. 

Theorem 6.1. 1f S, T are irreducible shijts of finite type, and f : S -+ T is 
a finite-to-one morphism, then there is an irreducible shijt 0/ finite type U 
containing Sand a finite-to-one morphism from U onto T ectending f. 

We make two comments about this statement before indicating its proof. 
First, the fact that the larger subshift U is required to be irreducible 

is essential in the statement which would be otherwise trivial: it would be 
enough to take U to be a disjoint union of Sand a copy of T, and to define 
f on U as being the identity on T. 

Second, the link with the theorem of Ehrenfeucht and Rozenberg is the 
following. Consider the particular case of the map f: paths 1-+ labels in a 
transitive unambiguous automaton A. Thus f is a finite-to-one morphism 
from the edge shift S on A into the full shift T = A z. Let X be the code 
defined by the first returns to some state q of A. An embedding X c Y of 
X into a maximal rational code Y can always be obtained by adding states 
and edges to A in such a way that Y is the set of first returns to q in the 
new automaton B. 

The set of labels in Bis thus equal to A* since it is the set of factors of 
the complete code Y. Thus embedding X into a rational maximal code Y 
corresponds to an extension of the finite-to-one map f to a larger subshift in 
such a way that it becomes surjective. 

We now give an indication of the proof of Theorem 6.1. 
Proof of Theorem 6.1. We first make the hypothesis that S c AZ and 

T c B Z are Markov shifts. This is true up to conjugacy and thus we may 
make this hypothesis. We also suppose that f is a one-block map. This is 
true again up to a conjugacy. Under these assumptions, we may realize f as 
the map paths 1-+ labels in an automaton A whose set of states is Q = A. 
Also, T is recognized by an automaton B with set of states equal to B. 

Let q E Q be a particular state of A. Let X be the image under f of the 
set of first returns to q in A. Let b = f(q) and Y be the set of first returns 
to b in B. Thus X c Y*. Moreover y* and X* are rational subsets of B*. 

If T = feS), there is nothing to prove. Otherwise, there is a word y E Y* 
such that 

1. Y is unbordered, i.e. y has no non-trivial prefix which is also a suffix. 
2. y f/. Ff(s) = f(Fs ) 

The construction of such a word y follows the same lines as the analogous 
construction in [13], p. 64. 
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Let Z c B* be the set 

Z = Y* - X* - B*yB* 

We build an irreducible shift of finite type U containing Sand an extension 
9 of f by considering the automaton C of Figure 6.1 where the component 
called Z is actually a finite automaton recognizing the set Z (with i as initial 
state and t as final state). The subshift U is the set ofinfinite paths in G and 
the function 9 is the map paths 1-+ labels in C. 

Then the extension 9 of f to U satisfies the following properties. 

1. 9 maps U into T. 
2. 9 is finite-to-one. 
3. 9 is onto. 

Thus 9 is a finite-to-one morphism from U onto Textending f. This completes 
the sketch of the proof of Theorem 6.1. 0 

The theorem of Ehrenfeucht and Rozenberg corresponds to the case where 
T is the full shift. The more general case where a code X is constrained to 
be included in a fixed factorial set F has been studied by A. Restivo who has 
shown that the results known previously extend to this case [53]. 

The paper [4] contains other results of the same kind. One of them deals 
with right-closing morphisms, a notion intermediate between finite-to-one 
and right-resolving which is defined precisely as follows. 

A function f : S - T is right-closing if whenever x, y E S have a common 
left-infinite tail and fex) = f(y) then x = y (see Figure 6.2). 

Right-closing morphisms correspond to automata with bounded delay in 
the same way as right-resolving morphisms correspond to deterministic au
tomata. The result on right-closing morphisms proved in [4] corresponds to 
the result on codes with bounded deciphering delay proved by V. Bruyere, L. 

Fig. 6.1. The resulting transducer 

x 

------~~---y----
Fig. 6.2. Two left-asymptotic words x and y 
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Wang, and L. Zhang in [21): any rational code with finite deciphering delay 
can be embedded into a rational maximal one (see also [20]). 

Finally, the paper [4) contains an analogous result on extending mor
phisms belonging this time to the dass of biclosing morphisms, i.e., mor
phisms that are both left and right dosing. This is related to a result proved 
recently by L. Zhang: any rational biprefix code can be embedded into a 
rational maximal one [62]. 

7. State splitting and merging 

We have seen that one may associate with every irreducible sofic system a 
minimal automaton that recognizes it. The computation of such a minimal 
automaton may be performed using one of the standard algorithms for au
tomaton minimization, such as Moore's algorithm or Hopcroft's algorithm 
(see [3] for example). All minimization algorithms consist in some kind of 
state identification since the states of the resulting minimal automaton are 
equivalence dasses of states (equivalent states are those with the same fu
ture). In this section, we introduce an operation on symbolic systems, called 
state merging which allows one to identify states of the automaton recogniz
ing a sofic system S in such a way that the resulting system is conjugate to 
S. The inverse operation is called state splitting. These concepts are due to 
F. Williams [61]. We first define the operation on the edge shift of a graph. 

Let G = (Q,E) be a graph. Let q E Q and let 1 (resp. 0) be the set of 
edges entering q (resp. going out of q). Let 0 = 0' + 0" be a partition of 
O. The operation of (output) state splitting relative to (0',0") transforms G 
into the automaton G' = (Q', E') where Q' = Q U q' is obtained from Q by 
adding a new state q' and E' is defined as folIows. 

E' = E - 0' + I' + U 

with I' = {(p,q') I (p,q) EI} and U = {(q',q") I (q,q") E O'}, 
Thus G' is obtained from G by 

1. leaving unchanged all edges not adjacent to q. 
2. giving q' copies of the input edges of q (this is the set 1'). 
3. distributing the output edges of q between q' and q according to the par-

tition of 0 into 0' and 0". 

The operation of input state splitting is analogous. It uses a partition 1 = 
I' + I" of the edges entering q instead of a partition of the edges going out 
of q. 

Example 7.1. Let us consider the edge shift of the graph represented on Fig
ure 7.1 on the left side. The graph on the right side is obtained by state 
splitting on vertex 1 with the effect that a vertex 1 before a 2 is transformed 
into a 3 . The edges going out of 1 are split into two parts: the loop on 1 on 
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Fig. 7.1. An output split of state 1 

the first hand remains unchanged. The edge going from 1 to 2 becomes an 
edge from 3 to 2. The edges incoming at 1 and 3 are identical. 

The operation of (output) state merging is the inverse of that of (output) 
state splitting. Formally, let G = (Q,E) be a graph and let q,q' E Q be two 
states such that the edges coming into q and q' are the same (except for the 
end). We merge q and q' in a single state q having the same input edges as 
the former state q (wi th loops (q, q) for the edges of the form (q', q)). The 
output edges are obtained as the union of those of q and q'. 

Finally, the operation of input state merging is the inverse of input state 
splitting. It is the operation linked with the minimization of automata, as we 
shall see shortly. 

The following statement is easy to prove. 

Proposition 7.1. Let G' be obtained from G by state splitting. Then the 
edge graphs SG and SG' are conjugate. More precisely, astate splitting is a 
2-block map whose inverse (the merge) is aI-block map. 

Proof. It is clear that the merge is aI-block map. Consider now an output 
split at q according to a partition 0 = 0' + 0/1 of the set 0 of edges going 
out of q. The image of an edge is itself unless it is in [ or 0'. In the first case 
it is transformed into an edge of [' if it is followed by an edge of 0'. In the 
second case, it is transformed into an edge of U. Thus a sliding window of 
length 2 is enough to perform the transformation. 0 

Let S be a sofic system and let A = (Q, E) be an automaton recognizing 
S. The operations of state splitting and merging on the graph transfer to 
operations on the automaton. In an output split, the labels of the edges 
coming into and going out of q are transferred to the edges incident to the 
new state q'. More precisely, we have 

l' = {(p,a,q') I (p,a,q) E 1} and U = {(q',a,q/l) I (q,a,q/l) E O'}. 

Example 7.2. Let A be the automaton with two states represented on the 
left of Figure 7.2. 
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a 

a 

a 

Fig. 7.2. An output split 

There are two edges going out of state1: (1, a, 1) and (1, b, 2). We transfer 
the seeond one to a new state ealled 3 whieh reeeives the same input edges 
as state 1. The result is represented on the right side of Figure 7.2. 

Let A be a deterministie automaton. A sequenee of input state mergings 
produees a deterministie automaton B with fewer states than A and still 
equivalent, i.e. reeognizing the same subshift. However, it is not true in general 
that the minimal automaton C ean be reaehed in this way. This is illustrated 
by the following example. 

Example 7.3. Let us eonsider the automaton A of Figure 7.3. The two states 
eannot be merged sinee they have distinet output edges (taking the labels 
into aeeount). 

Aetually, the map from paths to labels is 2-to-1 and the subshift reeog
nized is the full shift. If it were possible to reach the minimal automaton with 
splits and merges, the result would be a eonjugaey between paths and labels. 

There is however one interesting ease where the minimization ean be 
obtained by merges. 

Proposition 7.2. Let A be a transitive and deterministic automaton. If A 
is loeal, there is a sequence of state merges that transforms Ainto a minimal 
equivalent automaton. 

Proof. We recall from Seetion 5 that the minimal automaton ean be eom
puted by an identifieation of states having the same future i.e. the same set 

b 

a a 

Fig. 7.3. A non minimal automaton 
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Fq = {w E A* I q . w is well-defined}.We suppose that A is not minimal 
and thus that there are distinct states q, q' with the same future. Let x be a 
word of maximal length such that q . x =f. q' . x. Then for all a E A, we have 
(q . x) . a = (q' . x) . a and thus q . x, q' . x can be merged. 0 

The following result is due to F. Williams [61]. 

Theorem 7.1. Any conjugacy between shifts 01 finite type can be obtained, 
up to a renaming 01 the symbols, as a composition 01 splits and merges. 

Proof. We first consider the particular conjugacy which is the coding by 
overlapping blocks of fixed length, say k. This particular map can certainly 
be obtained by aseries of splits. This allows us to obtain the shift map itself 
since it can be obtained through a co ding in blocks of length 2. 

It is therefore enough to prove that we can obtain al-block map whose 
inverse is sequential as a composition of splits and merges. Such a map is 
the map from paths to labels in a deterministic local automaton A. Let k be 
such that k symbols in the past determine the current state. We can, up to a 
coding by blocks of length k + 1, make the labels all distinct. The result is a 
I-block map whose inverse is also I-block. Such a map is a renaming of the 
symbols. 0 

Theorem 7.1 shows in particular that the group of automorphisms of a 
shift of finite type is generated by splits and merges, but through possibly 
larger shifts. For a primitive shift of finite type, the automorphism group 
contains every finite group [33]. It is not known whether, on a finite alphabet, 
it is generated by the shift and its elements of finite order, although this has 
been conjectured (on automorphisms see [19] or [46]). 

The operation of state splitting plays an important role in the applications 
of symbolic dynamics to coding (see [41], [2]). In the next section, we shall 
see how it is related to the isomorphism of shifts of finite type. 

8. Shift equivalence 

In this section, we discuss the problem of the conjugacy of shifts of finite 
type. In particular, we shall give an algebraic formulation of the equivalence 
in terms of matrices. In fact, R. F. Williams [61] introduced two equivalence 
relations on matrices allowing one to formulate the relation of conjugacy on 
the subshifts in algebraic terms. 

Two square matrices M, N with nonnegative coefficients are said to be 
elementary shijt equivalent if there exist two nonnegative integral matrices 
U, V such that 

M=UV, N=VU (8.1) 

Note that M and N may have different dimensions. 
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Then M and N are called strang shijt equivalent if there is a chain of 
elementary shift equivalences between M and N. 

Let S = SG, T = T H be two edge shifts given by the adjacency matrices 
M, N of the graphs G, H. We then have the following result. 

Theorem 8.1. (Williams [61]) Two shijts of finite type Sand T given by 
the rnatrices M, N as above ar'e conjugate iff the rnatrices M, N are strang 
shijt equivalent. 

Praof. Let first Sand T be conjugate. By Theorem 7.1, there exists a se
quence of splits and merges transforming Sinto T. It is therefore enough to 
prove that splits and merges correspond to shift equivalences on matrices. 
We consider an output split of astate q. We suppose that q corresponds to 
the last index of M. Then 

N = [N' z z J 

where x, y are row vectors, z is a column vector and the decomposition of the 
last row of M corresponds to the partition of the edges going out of q. We 
have M = UV and N = VU where 

U= 

1 0 

o 
1 

o 
o 
o 

o 0 
o 1 1 

Thus conjugate subshifts have strong shift equivalent matrices. We prove 
the converse in the case where the matrices M and N have coefficients 0 or 1 
or, equivalently when G and H are ordinary graphs. The general case is not 
substantially more difficult but the notation is more cumbersome. 

Since neither G or H has multiple edges, we rnay consider Sand T as 
formed by sequences of vertices instead of sequences of edges. Let f : S ---+ T 
be the function defined as follows. For x E Sand n E Z, if X n = i, X n +! = j 
then (i, j) is an edge of the graph G. Since M = UV there is exactly one vertex 
k of H such that Uik = Vkj = 1. We define a 2-block map by f(i,j) = k. The 
inverse is obtained in the same way and S, T are thus conjugate. 0 

Exarnple 8.1. For instance, in Example 7.1, the adjacency rnatrices M and 
N of the graphs are elementary shift equivalent since 

M [ii] [~~~l[ln 

N [i!n [ln[~~~] 
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The relation of strong shift equivalence is not easy to compute because in 
a chain (M1 , M 2 , .•• , Mn) of elementary equivalences, the dimensions of the 
matrices Mi are not apriori bounded. It is not known whether it is recursively 
computable or not. 

We now come to the second equivalence relation on square matrices. Two 
square matrices M and N are called shift equivalent, denoted M "'k N, if 
there exist two nonnegative integral matrices U, V and an integer k such that 

UN, 
UV, 

VM 
VU 

(8.2) 

The relation "'k is transitive. Let indeed M "'k N and N "'I P, let MU = 
UN,NV = VM,Mk = UV,Nk = VU and NR = RP,PS = SN,NI = 
RS,pl = SR. Then 

URP, 
(UR)(SV), 

PSV 
pHI 

The integer k is called the lag of the equivalence. 

SVM, 
(SV)(UR) 

It is clear that k = 1 corresponds to an elementary shift equivalence and 
thus that strong shift equivalence implies shift equivalence. 

The converse was posed by Williams as a problem: does shift equivalence 
imply strong shift equivalence? It was shown by Kim and Roush in [35] that 
the answer is negative in general. However the subshifts of their counterex
ample are reducible and the conjecture is still pending for irreducible shifts 
of finite type. 

The definition of shift equivalence given above asks for the existence of 
nonnegative integral matrices U, V such that equations 8.2 are satisfied. If 
we only require that U, V have integer coefficients (possibly negative), we get 
the apriori weaker not ion of shift equivalence over Z. 

Both notions coincide however for primitive matrices, i.e. matrices such 
that the associated shifts are primitive (Parry and Williams [48]). 

Proposition 8.1. Two primitive integral matrices are shift equivalent ijJ 
they are shift equivalent over Z. 

It should be noted that the index k in equation (8.2) can be larger over N 
than over Z as shown in the following example. 

M M M M M 

u~ 
N N N N N 

Fig. 8.1. Shift equivalence (lag 2) 
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Example 8.2. Let 

Then M and N are similar over Z since if 

p-l= [ -1 3] 
1 -2 

then M = p-l NP. Thus M, N are shift equivalent over Z. They are thus 
shift eql1ivalent. We may indeed choose k = 3 and U = p-l N3, V = P. 

It has been shown by Kirby Baker that the matrices M and N are indeed 
strong shift equivalent (see [38], p. 238). However the least number of pairs 
of elementary shift equivalent matrices used to go from M to N is 7. 

The matrices M and N are particular cases of the more general case: 

It is easy to see that these matrices are shift equivalent over Z and thus over 
N. However, it is not known whether they are strong shift equivalent. 

It is interesting to note that shift equivalence has been proved decid
able by Kim and Roush [34]. Also, the problem of comparing, inside a given 
semigroup, the various relations generalizing the group conjugacy has been 
studied by several authors (see [22]). It is however a different problem here 
since the relation is defined among square matrices of different dimensions 
and not inside a semigroup. 

9. Entropy 

The notion of entropy in information theory has its root in the work of 
Shannon. It is defined as a measure of uncertainty and depends on the use 
of probabilities. Its use in symbolic dynamics, under the name of topological 
entropy, is independent of probabilities. It is an invariant under conjugacy as 
we shall now see. 

The entropy of a nonempty subshift S is the limit 

h(S) = lim ~ log Sn 
n-too n 

where Sn is the number of blocks of length n appearing in the elements of S. 
This limit is well defined. In fact, if S is a subshift, we have Sn+m :S SnSm. 

Then log(sn+m) :S log(sn) + log(sm). We get that the sequence (log(sn))n>O 
is a subadditive sequence of strictly positive integers and, as a consequence 
of this fact, that the sequence (log(Sn)/n)n>O converges. 
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The entropy of a set of finite words X is the superior limit 

. 1 
h(X) = hmsup -logan 

n~oo n 

where an is the number of words of length n belonging to X. 
The following statement gives a method to compute the entropy of a 

irreducible sofic system provided we can compute the entropy of a set of the 
form X* where X is a code. 

Proposition 9.1. Let S be an irredueible sofie system recognized by a tran
sitive unambiguous automat on A. Let X be the code 01 first returns to some 
state 01 A. The entropy 01 S is equal to the entropy 01 X* . 

Proof. Let us denote by ln the number of words of X* of length n and let Sn 
be the number of blocks of length n in S. For any positive integer n, we have 
ln ::; Sn since any word of X* is a block of an element of S. This proves that 
h(X*) ::; h(S). 

Let k be the number of states of A. Let W n be a block of length n of an 
element of S. As the graph of Ais strongly connected, there meist two words 
'U and v, of lengths lul, lvi satisfying lul + lvi::; k, such that UWnV belongs to 
X*. This allows us to associate to each block of length n of a sequence of S, 
a word of length at most (n + k) of X*, which admits the block as factor. 
As the number of positions of the block in the word is at most k + 1, we get 
Sn ::; (k+ 1)(ln +ln+1 + .. ·+lnH). It follows from this that h(S) ::; h(X*). 0 

Let L be a set offinite words over an alphabet A and let In = card(LnAn) 
be the number of words of Iength n in L. Then 

h(z) = Llnzn 
n?;O 

is the generating series of the sequence In. One can show (see [13] p. 42) that 
a set X is a code iff the following equality holds. 

1 
lx- =--

1- Ix 

The following result allows one to compute the entropy of a set of the form 
X" where X is a code. 

Theorem 9.1. Let S be an irredueible sofie system. Let A be a transitive 
unambiguous automaton recognizing Sand let X be the code 01 first returns 
to some state 01 A. The entropy 01 S is log(l/rx) where rx is the unique 
positive root 01 Ix(r) = l. 

Proof. By Proposition 9.1 we have h(S) = h(X*). The entropy of X* is equal 
to log(l/r) where r is the convergence radius of Ix-. Since X is a code, we 
have lx- = (1- IX)-l. As any JR+-rational series which is not a polynomial 
has its convergence radius as a pole, we get that rx is the unique positive 
root of Ix(z) = 1. 0 
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Theorem 9.1 gives a method to compute the entropy of an irreducible sofic 
system. One may cornpute the number r by solving the equation Ix(z) = 1. 
This is effective when X is a rational code or equivalently when S is a sofic 
system. 

An alternative method to compute r is to use the fact that l/r is the 
maximal eigenvalue of the matrix associated to any unambiguous automaton 
recognizing S. In fact, let M be a matrix with real coefficients. The spectral 
radius p of M is the maximal modulus of its eigenvalues. One has (see [29] 
for example) 

p = lim sup VII Mn 11 

where 11 M 11 is any norm of the matrix M. If we choose the particular norm 
equal to the sum of modulus of aB coefficients, then the number of blocks of 
length n in the edge shift of the automaton is 11 Mn 11. Thus the entropy of 
S is logp. 

This is true also when the automaton is not transitive. Thus, the entropy 
of S is the maximum of the entropies of the irreducible components of S. 

Example 9.1. Let S be the even system represented on Figure 4.1. We have 
X = {a, bb} and Ix(z) = z + z2. Thus r = 1/<.p where <.p is the golden mean. 
Accordingly, the maximal eigenvalue of the matrix 

M=[~ ~] 
is <.p. 

We prove the following result which implies in particular that the entropy 
is invariant under conjugacy (a fact that could also be proved directly). 

Proposition 9.2. Let Sand T be two irreducible shijts 01 finite type and let 
I : S ~ T be amorphism. The lollowing conditions are equivalent. 

1. I is finite-to-one. 
2. h(S) = h(T) 

Proof. 1 =} 2. Let A be a transducer realizing I with a local input automaton. 
By Proposition 6.1, the output automaton is unambiguous. Let q be astate 
of A, let X be set of first returns to q in the input automaton and let Y be 
the set of first returns to q in the output automaton. Then X and Y have 
the same number of words of each length and thus h(X*):::: h(Y*). Hence 
h(S) = h(T) by Proposition 9.1. 

2 =} 1. Let A be a transducer realizing I. We suppose that the output 
automaton of A is ambiguous. If there exist two edges in A wh ich only differ 
by the input, then we can remove one of these edges without changing the 
map realized. This removal decreases the entropy of the set of returns X* in 
the input automaton since it increases strictly r x. 
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To handle the general case, we consider two paths u, v of length k with 
the same label x. We shall consider the automat on A k which has the same 
set of states as A but the set of words of length k as alphabet with the 
transitions induced by those of A. Obviously, the entropies of the systems 
Sk, T k recognized by the input and output automata of A k satisfy h(Sk) = 
k h(S), h(Tk) = k h(T). We may choose k to be prime to the gcd of the cyde 
lengths of the automaton. In this way the automaton Ak is still transitive. 
We are thus in the situation considered at the beginning. 0 

If the alphabet A has k elements, then r ~ l/k or equivalently 

fx(1/k) ::; 1 (9.1) 

which is Kraft's inequality. 
It is well-known that one has equality in (9.1) iff the code X is maximal 

(see [13]). This can be seen as equivalent to the fact that the sofic system S 
associated to X is equal to the full shift on k symbols. 

There are actually several results for which one may indifferently use 
either the vocabulary of subshifts or that of codes and automata. 

As an example, we have the following result, due to Hedlund [33]. 

Proposition 9.3. Let Sand T be irreducible sofic systems and let f : S ---. T 
be amorphism. Any two of the following conditions imply the third. 

1. f is finite-to-one. 
2. f is onto. 
3. h(S) = h(T) 

This statement is the direct counterpart of the following one for codes 
(see [13], p. 69). 

Proposition 9.4. Let X be a recognizable subset of A* and let k = Card(A). 
Any two of the three following statements imply the third. 

1. X is a code. 
2. fx(l/k) = 1. 
3. X is complete. 

For any series f with positive coefficients satisfying (9.1), it is well-known 
that there exists aprefix code X on a k-symbol alphabet such that f = f x. 

Recall that aseries f = Lk>O fkZk is said to be N-rational if there exists 
a nonnegative integral n x n matrix M, and two vectors i E N1 xn,t E Nnxl 
such that identically fk = iMkt. 

If X is a rational code, then fx satisfies (9.1) and is additionally an N
rational series. What can be said conversely? It is tempting to conjecture 
that for any N-rational series f = Ln>o QnZn, such that f(1/k) ::; 1, there 
exists a rational prefix code X over a k-::: letter alphabet such that f = f x . 
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A particular case of this is proved in [49]. 
We recall that an algebraic number is a root r of a monic polynomial 

whose coefficients are rational numbers. Among these polynomials there is a 
unique one p{z) of minimal degree, called the minimal polynomial of r. The 
algebraic conjugates of r are the roots of p{z). 

When X is a recognizable code, 1 x (z) is a rational series and thus r x is an 
algebraic number. It is indeed the largest root of the numerator of 1- 1x{z). 
In the case of a finite code, one has additional properties of this algebraic 
number. 

Proposition 9.5. 11 X is a finite code, then rx has no other real positive 
algebraic conjugate. 

ProoJ. Since 1x{z) has positive coefficients, the function z ~ 1x{z) - 1 is 
strict1y increasing from -1 to +00 for z E [0, +00[. Thus there can be only 
one positive real number r such that 1x{r) = 1. Hence, the algebraic integer 
rx has the property that it has no other positive real algebraic conjugate. 0 

Thus r x is the only real positive root of its minimal polynomial. It is also 
its root of minimal modulus since for any other root p of 1 - fx{z), one has 
fx{r) = 1 ~ !x{lpl) whence r ~ Ipl· 

The above property can be used to prove that some systems cannot be 
obtained as a renewal system generated by a finite code, as shown in the 
following example. 

Example 9.2. Let X = {a, bc, ab, c}. The set X is not a code since abc has two 
factorizations. Let S be the renewal system generated by X. An automaton 
recognizing S is represented in Figure 9.1. 

The determinization and further minimization of the automaton of Figure 
9.1 gives the automaton of Figure 9.2. 

The minimal automaton of S is local and therefore S is a shift of finite 
type (although the automaton of Figure 9.1 is not local). Let M be the 

Fig. 9.1. The renewal system S 

Fig. 9.2. The minimal automaton of S 
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adjacency matrix of A. We have 

M~ [~ ~ n 
The characteristic polynomial of M is p(z) = z3 - 2z2 - 2z + 1 = (1 + 
z)( 1 - 3z + z2). The roots of p( z) are -1, cp2, ",2 where cp is the golden mean 
and '" its conjugate. The entropy of S is logcp2. Since cp2 has a positive real 
conjugate which is ",2, the system S cannot be generated by a finite code. This 
example is due to J. Ashley (unpublished). It answers negatively a cO,njecture 
formulated by A. Restivo asserting that a finitely generated renewal system 
which is at the same time a shift of finite type can be generated by a finite 
code. 

The following result, due to D. Handelman gives a converse to Proposition 
9.5. 

Theorem 9.2. (Handelman [32]) Let r be an algebraic integer stricly less in 
modulus than any of its conjugates. The number r is a root of a polynomial 
of the form 1 - zp(z) with p a polynomial with non-negative coefficients iff it 
has no other real positive algebraic conjugate. 

The theorem does not cover the case where r has conjugates of the same 
modulus. In this case, the set of roots of modulus r is of the form TE where f

is any of the p-th roots of 1. The generalization of Handelman's theorem to 
this case has been obtained by F. Bassino ([6], [5]). 

The polynomials oft he form 1-zp(z) with p non-negative are a particular 
case of polynomials with one sign change, i.e. such that, after deleting the 
zero coefficients, the sequence (ao, al,"') of coefficients has exactly one sign 
change. The result of D. Handelman is actually stated in this more general 
case. 

The proof of Theorem 9.2 uses properties of log concave polynomials, also 
called unimodal, which are polynomials such that the sequence (ao, al, ... ) of 
coefficients satisfies ai2 > ai+l ai-i. It is also related to a result of Poincare 
according to which, if a polynomial p with real coefficients has exactly one 
positive real root, then there exists a polynomial P such that the product pP 
has one sign change. 

Theorem 9.2 has been extended to study the star-height of one-variable 
rational series. It is known that the star-height of a one-variable N-rational 
series is at most two (see [56]). F. Bassino has used Theorem 9.2 to obtain 
a characterization of the series of star-height one under the assumption that 
they have a unique pole of minimal modulus ([6], [5]). 

Much of the study of shifts of finite type is linked to that of positive 
matrices. Indeed, a shift of finite type is given by a finite graph which in turn 
is given by its adjacency matrix. The shift of finite type itself corresponds to 
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a dass of equivalent matrices. The study of this equivalence has motivated a 
lot of research (see [18] for a survey). 

One aspect of this research is the study of the cone of positive matrices 
inside the algebra of all integer matrices. The basic properties of positive 
matrices were obtained long ago by Perron and Frobenius. The theorem says 
essentially that a nonnegative real matrix has an eigenvalue of maximal mod
ulus which is a positive real number. If it is irreducible, it has a corresponding 
eigenvector with positive coefficients. And if it is primitive, there is only one 
eigenvalue of maximal modulus. 

In a more recent work, Handelman [31] has proved a kind of converse of 
the Perron Frobenius theorem. A matrix is said to be eventually positive if 
some power has only strictly positive coefficients. A dominant eigenvalue is 
an eigenvalue a such that a > IßI for any other eigenvalue. 

Theorem 9.3. (Handelman [31]) A matrix with integer coefficients is con
jugate to an eventually positive matrix iJJ it has a dominant eigenvalue of 
multiplicity one. 

This result is very dose to one due to M. Soittola (see [56]) characterizing N
rational series in one variable among Z-rational series. We quote it for series 
having a minimal pole, i.e., a unique pole with minimal modulus. 

Theorem 9.4. (Soittola) A Z-rational series with nonnegative integer coef-
ficients 

having a minimal pole is N-rational. 

In [50] it is shown that both theorems can be deduced from the construction 
of a basis in which the matrices have the appropriate properties. It also gives 
at the same time a proof that a one-variable N-rational series has at most 
star-height 2. 

10. The road coloring problem 

A dassical not ion in automata theory is that of a synchronizing word. We 
recall that, given a deterministic and complete automaton A on astate set 
Q, a word w is said to be synchronizing if the state reached from any state 
q E Q after reading w is independent of q. The automaton itself is called 
synchronizing if there exists a synchronizing word. 

A maximal prefix code X is called synchronizing if it is the set of first 
returns to the initial state in a synchronizing automaton. 

It is deal' that a necessary (but not sufficient) condition for an automaton 
to be synchronizing is that the underlying graph is primitive (i.e., strongly 
connected and the gcd of the cyde lengths is 1). The same holds for aprefix 
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code (which is called aperiodic ifit is maximal and the gcd ofthe word lengths 
is 1). 

The following problem was raised in [1]. Let G be a finite directed graph 
with the following properties: 

1. All the vertices of G have the same outdegree. 
2. G is primitive. 

The problem is to find, for any graph G satisfying these hypotheses, a labeling 
turning G into a synchronizing deterministic automaton. The problem is 
called the road-coloring problem because of the following interpretation: a 
labeling' (or coloring) making the automat on synchronizing allows a traveler 
lost on the graph G to follow a path which is a succession of colors leading 
back horne regardless of where he actually started. 

In terms of symbolic dynamies, such a labeling defines a right-resolving 
map f : Sa ----> AZ from the shift of finite type SG onto a full shift which is 
1-to-1 almost everywhere, In this context, a synchronizing word is called a 
resolving block and we say that f has a resolving block if there exists such a 
synchronizing word, 

The road-coloring problem itself remains still open but some results have 
been obtained that we describe now. 

The following result is proved in [1]. It shows that if the road coloring 
problem can perhaps not be solved on a given graph G, it can be solved on 
a subshift conjugate to Sa. 

Theorem 10.1. 1f Gis a primitive graph with all vertices of the same outde
gree, there exists a conjugate T of SG and a right-resolving map f : T ----> AZ 

from T onto the full shijt on k symbols having a resolving block. 

The proof consists in considering the subshift Sa(n) , for large enough n, where 
G(n) is the graph having as edges the paths of length n in G. 

Actually, Theorem 10.1 can also be obtained using a result on codes that 
we now describe. 

A set X c A * is called thin if there exists a word w E A * such that 
A*wA* n X = 0, that is to say that w does not appear as a block in the 
words of X, It is known that every rational code is thin (see [13], p. 69). 

The following result is due to Schützenberger [57] (see also [52]), 

Theorem 10.2. (Schützenberger) Let k ~ 2 be an integer and let a 
(an )n21 be a sequence of integers. Let 1 = Ln anzn and let Pa denote the 
radius of convergence 01 the series f, 

There exists a thin maximal and synchronizing prefix code X on a k-letter 
alphabet such that fx = 1 iff the following conditions are satisfied, 

1. Ln>1 ank-n = 1, 
2. Pa :> l/k, 
3. the integers n such that an =1= 0 are relatively prime, 
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Actually, conditions (1) and (2) are equivalent to the existence of a thin 
maximal prefix code such that Ix = land condition (3) holds then iff Xis 
aperiodic. It is shown in [57] that, under the hypotheses of the theorem, one 
may choose an integer n and two symbols a, bE A such an EX and that the 
set 

Y = an U (X n a*ba*) (10.1 ) 

contains a synchronizing word for X. 
Theorem 10.2 can be used to prove Theorem 10.1. Indeed, let us consider 

a particular vertex i of the graph G and let an be the number of simple paths 
from i to i in G. Then the sequence a = (an )n>l satisfies the cond,itions of 
Theorem 10.2. We can use astate splitting to be able to label n + 1 paths of 
the resulting graph by the words of the set Y of Eq (10.1). 

The following result is proved in [52], providing a partial answer to the 
problem. For aprefix code X, we denote by Tx the usual (unlabeled) tree 
whose leaves correspond to the elements of X. Several prefix codes may thus 
correspond to the same tree according to the choice of a labeling of the sons 
of each node. 

Theorem 10.3. Given a finite aperiodic prefi,x code X, there is a synchro
nizing prefix code Y such that Tx = Ty. 

The proof uses heavily the theorem of C. Reutenauer ([54]) on the noncom
mutative polynomial of a code. 

In terms of symbolic dynamics, Theorem 10.3 solves positively the road
coloring problem for those graphs G satisfying the following additional as
sumption: 

(3) All vertices except one have indegree 1. 

Other results on the road coloring propblem have been obtained and in par
ticular, by G. O'Brien [47] and by J. Friedman [27]. 

11. The zeta function of a subshift 

Besides the entropy, there is an invariant of symbolic dynamical systems 
which takes into account the number of elements of a given period. 

Let (S, a) be a subshift and let 

Pn={xESlan(x)=x} 

be the set of points of period dividing n. 
The zeta junction of a subshift S is the series 

with Pn = card(Pn ). 

(s(z) = exp L Pn zn 
n>O n 



Symbolic Dynamics and Finite Automata 499 

Two subshifts have the same zeta function iff they have the same number 
of elements of each period. Since a conjugacy preserves the period of the 
points, the zeta function is an invariant under conjugacy. This information 
is useful for separating non equivalent systems. It is actually stronger than 
entropy for sofic systems. 

In fact, let 8 be an irreducible sofic subshift recognized by an unambiguous 
automaton A. Let X be the code of first returns to some state of A. Let tn 

be the number of words of length n in X*. Then 

By definition, we have h(8) = lim~logsn and h(X*) = lim~logtn. By 
Proposition 9.1 we have h(X*) = h(8) and thus 

lim .!. log tn = lim .!. log Pn = lim .!. log Sn 
n n n 

Hence h(8) is determined by «8). 
Another invariant related to the number of minimal forbidden blocks of 

each length is studied in [10]. 
It was proved by R. Bowen and O. Lanford in [17] that the zeta function of 

a shift of finite type 8 is a rational series. They proved actually the following 
proposition. 

Proposition 11.1. Let 8 be the edge shift 01 a gmph G. 11 M is the adja
cency matrix G, 

(s(z) = det(I - Mz)-l 

Proof. As we can associate bijectively to each sequence x of 8 such that 
an(x) = x, a eycle ofthe graph oflength n, we get that Sn = traee(Mn). The 
computation of the zeta function of 8 ean now be done as follows, where I 
is the identity matrix of the same size as M. 

1 1 
(s(z) exp L -trace(Mn)zn = exptraee(L -(Mzt) 

n>O n n>O n 
1 = detexp(L ;;:(Mz)n) = detexplog(I - Mz)-l 

n>O 
= det(I - Mz)-l 0 

It was proved later by A. Manning [40] and also by R. Bowen [17] that 
the zeta function of a sofie system is also rational. 

This has motivated further investigations in several directions. On one 
hand, J. Berstel and C. Reutenauer have extended the result of Manning to 
the ease of a generalization of the zeta function to some formal series [14] and 
proved the rationality of the generalized zeta function for eyclic languages. 

On the other hand, M. P. Beal has introdueed an operation on finite au
tomata, the extern al power, allowing one to obtain the generalized zeta fune
tion of a sofic system as a eombination of the values obtained on the different 
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external powers, (see [7] and [8]). This gives a proof of the formula of Bowen 
[17] and this proof can be extended to the case of cydic languages [9]. 

More recently, C. Reutenauer [55] has obtained new results showing that 
the zeta function of a sofic system is not only rational but even N-rational. He 
has also extended his results to more general symbolic systems, introduced 
by D. Fried under the name of finitely presented systems [26]. 

12. Circular codes, shifts of finite type and Krieger 
embedding theorem 

There is a dose connection between shifts of finite type and a particular dass 
of codes called circular codes (see [13] for a more comprehensive introduction). 

A set X C A + is called a circular code if any circular word over A has at 
most one decomposition as a product of words from X. More precisely, X is a 
circular code if for any Xl. X2, ... , Xn , Yl, Y2, ... , Ym EX and p E A*, sE A+ 
the equalities 

YIY2·· ·Ym, 
ps 

imply n = m, p = € and Xl = Yl, ... , X n = Yn· 

(12.1) 

(12.2) 

Indeed, Equalities 12.1,12.2 corresponds to two decompositions of a word 
written on a cirde as represented in Figure 12.l. 

The following statement relates circular codes and local automata (see [7] 
p.65). 

Proposition 12.1. Let X be a finite code and let A be an unambiguous 
strongly connected automaton such that X is the set 01 first returns to some 
state 01 A. The 10110wing conditions are equivalent. 

Fig. 12.1. Two circular factorizations 
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1. X is a circular code. 
2. The automaton A is local. 

Pmof. Two cycles in A with equallabels define two factorizations of a circular 
word and conversely. Thus the result follows from Proposition 4.1. 0 

The next result relates circular codes and shifts of finite type. 

Proposition 12.2. The renewal system generated by a finite circular code 
is a shijt of finite type. 

Pmof. Let S be the renewal system generated by the circular code X. By 
the previous proposition, there exists a local automaton recognizing S. By 
Proposition 4.3, S is a shift of finite type. 0 

Let, as in Section 9., an = Card(XnAn) and fx(z) = En>oanzn. Let S 
be the system generated by X, which is the set of all bi-infinite words having 
a factorization in words of X. The following statement shows that the zeta 
function of S can be easily computed. 

Proposition 12.3. Let X be a finite circular code. The zeta function of S 
is given by 

(s = (1- fX)-l (12.3) 

Pmof. Since X is circular, S is a shift of finite type (Proposition 12.1). Let 
M be the adjacency matrix of the graph of the flower automaton of X. By 
Proposition 11.1, we have 

(s(z) = det{I - MZ)-l 

1t is well-known for any graph made of n cycles of lengths (al, ... , an) with 
one common vertex that 

det(I - Mz) = 1 - fx 

The result follows from the two above equations. 0 

The number Pn of points of S of period dividing n can be computed from 
Formula (12.3). Indeed, we have 

L P; zn = log((s) 
n 

and thus, by Formula (12.3) 

2: Pn n -z 
n 

-log(l- fx) 
n 

n 

n 
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with 

Thus we have 

_~.!. (k) 
Sn - ~ kan , 

k=1 

a~k) = L 0i 1 •• ·Oi n 

i 1 +.·.+i.=n 

n 

P =" !:O(i) n ~. n 
2 

i=1 

(12.4 ) 

The number of points having period exactly n is denoted by qn(S) or sim
ply qn. Obviously Pn and qn are related by Pn = l:dln qd. The foHowing 
inequalities are then satisfied for all n 2: 1. 

(12.5) 

where in (k) is the number of points of period exactly n in the fuH shift over 
k symbols. Indeed, the number of points in S having period exactly n cannot 
exceed the total number of points of per iod n in the fuH shift on k symbols. 

The numbers in(k), sometimes caHed Witt numbers, satisfy l:dln dld(k) = 
kn or equivalently, by Möbius inversion formula, 

The length distribution (an )n2:1 of a circular code satisfies inequalities 
stronger than (9.1) which are obtained after expressing in (12.5) the integers 
Pn in terms of the On using Formula (12.4). 

The first inequalities are, in explicit form: 

< k 

< ~(k2 - k) 
2 

< 

It was shown by Schützenberger (see [13] p. 343) that these inequalities 
characterize the length distributions of circular codes. 

Theorem 12.1. (Schützenberger) A sequence (~n 0/ integers is the length 
distribution 0/ a circular code over a k-letter alphabet iJJ d satisfies the above 
inequalities. 

This is linked in a very interesting way with a theorem of Krieger which 
gives a necessary and sufficient condition for the existence of astriet embed
ding of a shift of finite type into another one. 



Symbolic Dynamics and Finite Automata 503 

Fig. 12.2. A renewal graph 

Theorem 12.2. (Krieger [36]) Let 8 and T be two shifts of finite type. Then 
there exists an isomorphism f from 8 into T with f(8) =f:. T iJJ 

1. h(8) < h(T). 
2. fOT each n ~ 1, qn(8) ~ qn(T) 

A proof of Krieger's theorem can be found in the book of D. Lind and B. 
Marcus [38). 

We explain here the connection between Krieger's theorem and the theo
rem of Schützenberger on circular codes. 

Given a finite sequence ~ = (~ih<i<n, let G be the renewal graph made 
of n simple cycles of lengths 6, ... , ~n with exactly one common point (see 
Figure 12.2). Any circular code on the alphabet A with length distribution 
~ defines an isomorphism from the edge shift 8G into AZ, Indeed, there is 
a labeling of Gwhich defines a fiower automaton A for X. By Proposition 
12.1, the subshift recognized by A is of finite type. The map from paths to 
labels is therefore an embedding of 8G into the full shift AZ • 

Thus Theorem 12.1 gives a proof of Theorem 12.2 in the particular case 
where 8 is a the edge shift defined by a renewal graph and T is a full shift. 
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Cryptology: Language-Theoretic Aspects 

Valtteri Niemi 

1. Introduction 

Cryptology is the science and art of secret writing. The basic idea is to convert 
a meaningful text to another text in which the meaning is concealed. This 
starting point seems to imply that cryptology is essentially connected to 
semanties. The reason why this conclusion is not true is the following. 

The conversion process is not useful unless it is also possible to reveal 
the original meaning somehow. Moreover, the revealing should be possible 
(in case suitable secret information is known) without knowing the original 
meaning beforehand. It follows that the revealing process must be based on 
syntactical properties of the concealed text. 

Indeed, all modern cryptologic systems are built by syntactical rules. Al
though semantical issues are important when the quality of the system is 
concerned, cryptology can be rooted in formallanguage theory. On the other 
hand, a language-theoretic framework has not been widely used in cryptologic 
research. This fact constitutes achallenge for scientists in both fields. 

We continue the discussion about connections between cryptology and 
language theory after introducing some cryptologic terminology in the next 
section. More background in cryptology can be obtained by consulting, e.g., 
the books [11], [38], [40], [41], [42], [44]. As for basic language-theoretic ter
minology we refer to other chapters of this handbook. 

2. Basic notions in cryptology 

The original meaningful message is called a plaintext while the converted 
message is called a cryptotext. The conversion process is called encryption and 
the revealing process is called decryption. All possible plaintexts constitute 
a plaintext space which can be defined as a language over some alphabet E. 
For instance, the plaintext space could be the set of all meaningful texts 
in English. As mentioned in the introduction, encryption does not usually 
depend on the meaning of the plaintext, hence all elements of E* could be 
encrypted. 

G. Rozenberg et al. (eds.), Handbook of Formal Languages
© Springer-Verlag Berlin Heidelberg 1997
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In the encryption algorithm there are two parameters, namely the plain
text p and an encryption key k wh ich can be defined as a word over an 
alphabet K. If the algorithm produces a cryptotext c this relation is denoted 
by 

Ek(p) = c. 

Typically, E k is a function for a fixed encryption key k but this is not always 
the case because the encryption algorithm can be nondeterministic. 

Respectively, the decryption algorithm uses two parameters, the crypto
text c and a decryption key k' which is a word over an alphabet K'. If the 
algorithm pro duces a result p, this is denoted by 

Dk'(c) = p. 

Typically, D is a deterministic algorithm and D k , is a function. The pair 
(E, D) is called a cryptosystem if for each encryption key k there exists a 
decryption key k' such that 

for each plaintext p. 
A cryptosystem is sometimes called a cipher. 
The basic requirements for a secure cryptosystem are the following: 

1) If k (resp., k') is known then the algorithm E k (resp., D k ,) can be executed 
effectively. 

2) If k (resp., k') is not known then it is impossible in practice to find out 
the outcome of the algorithm E k (resp., D k ,). 

The art of designing sec ure cryptosystems is called cr-yptography. (Note, 
however, that many authors use the term "cryptography" as a synonym for 
the more general term "cryptology".) It is usually quite easy to meet the 
requirement (1) but the other requirement (2) is much trickier. If it is shown 
that a cryptosystem does not meet (2) then the system is broken. The art of 
trying to break cryptosystems is called cryptanalysis. 

Often the encryption key is equal to the decryption key, i.e., k = k', 
and then the cryptosystem is called classical (or one-key or symmetTic). In 
the mid-1970s Whitfield Diffie and Martin Hellman noted that it is possible 
to separate k and k' essentially from each other [12]. More precisely, they 
suggested that it is possible to construct such cryptosystems in which there 
is a third key k" frorn wh ich both k and k' can be derived but without 
knowing k" it is impossible in practice to find out k' if k is given andjor 
vi ce versa. This kind of cryptosystem is called a publ-ic-key (or two-key or 
asyrnmetr-ic) system. 

Seeure public-key systems are closely related to the following more general 
not ions. A function is called one-way if it is easy to compute but, on the other 
hand, it is intractable to find any preimage of a given value. Furthermore, if 
there exists so me additional information, called the trapdooT, by which it is 
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easy to find preimages, then the function is called trapdoorfunction. (Without 
the trapdoor information it is, again, intractable to find preimages.) 

Clearly, a public-key cryptosystem can be turned to a classical one by 
simply using k" as both encryption and decryption key, thus including the 
derivation of k and k' into the encryption and decryption algorithms. The 
following example shows what are the benefits if this is not done. The example 
also illustrates so me differences between the two types of cryptosystems. 

Assurne we have an open network of n users and each user is connected 
to one single server. It is possible that both insiders and outsiders can read 
any message sent in the network. In order to be able to change confidential 
messages over the network so me kind of encryption is introduced. The biggest 
problem in a situation of this kind is the management of the keys. If a classical 
cryptosystem is used we have two options: 

1) The server generates n keys and sends one of them to each user via 
a secur·e channel (e.g., ordinary maii). Suppose now that a user A wants to 
send a message to another user B. First A encrypts the message using her 
key and sends it to the server. The server decrypts and forwards the message 
encrypted by B's key. 

An obvious disadvantage is the huge load on the server. Also, all messages 
appear temporarily in plaintext form inside the server. 

2) The server generates n(n2-1) keys, one for each pair of users, and sends 
the appropriate n - 1 keys to each user via a sec ure channel. Now A and B 
can change messages using the key designated to this specific pair. 

An obvious disadvantage is the huge nu mb er of keys in the case n is large. 
Suppose now that a public-key cryptosystem is used instead of a classical 

one. The server generates n pairs of encryption and decryption keys, one pair 
for each user. The decryption key is sent to each user via sec ure channel while 
the encryption key is made public! If A wants to send a message to B she 
first looks up B's encryption key in the server's public list. Then A encrypts 
the message using this key and, at the other end, B decrypts the message. It 
follows from the definition of a public-key cryptosystem that the public list 
of encryption keys does not give away any of the decryption keys. 

Neither of the two previous disadvantages appear in this case. On the 
other hand, there is a new drawback which is not so obvious. It is possible 
in principle for a third user C to impersonate A in the process and send 
a message to B signed by A because B's encryption key is public. Hence, 
authenticity of the messages cannot be guaranteed. Fortunately, the concept 
of a public-key system offers a solution also to this problem. 

Let the server reverse the roles of encryption and decryption keys in the 
set-up phase of the system. That means encryption keys are dealed to the 
users via sec ure channels while decryption keys are made public. 

Now Asends the message to B using A's secret encyption key. At the 
other end, B can decrypt the message by the public decryption key. If the 
resulting text is meaningful it must be coming from A because only A knows 
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the encryption key. Of course, in this reversed scenario also the drawback 
mentioned above is reversed. This means confidentiality of the messages is 
not guaranteed any more, since anyone in possession of the cryptotext can 
decrypt it by the public key. Messages encrypted by the second method are 
called d'igital signatures. 

To save both authenticity and confidentiality a double system can be used 
in which two different sets of pairs of keys are constructed by the server. The 
user A encrypts first, along the first scenario, using B's public encyption 
key and after that encrypts the resulting text along the other scenario using 
her own secret encyption key. Of course, a double system like this decreases 
efficiency. Also, public-key cryptosystems are typically less efficient than clas
sical systems. For these reasons, the most practical scenario seems to be as 
folIows. 

The user Asends arequest "I want to talk to B" to the server using the 
system that guarantees authenticity. Then the server generates a session key 
in so me classical cryptosystem and sends this key to both A and B using the 
double system that was described above. Now A and B can change authentie 
and confidential messages using the session key while the server need not be 
active any more. 

This example also illustrates the fact that in building seeure communica
tion systems one usually needs both classical and public-key cryptosystems 
together with some amount of physically secured communication. 

3. Connections between cryptology and language theory 

Almost all cryptosystems can be modelIed by genemlized sequential machines 
(i.e., finite automata with output) in the following way. The machine takes 
first a preliminary input which contains the encryption key. After the key 
the input contains the plaintext stream. The first portion of the cryptotext 
depends only on some fixed-Iength prefix of the plaintext and the whole cryp
totext can be computed effectively. Subsequent parts of the cryptotext may 
depend on earlier parts of cryptotext or plaintext but typically the memory 
needed for this purpose is of fixed size. Altogether, the input is read in a 
linear sweep and a fixed amount of memory is needed to produce the output. 
Decryption is done similarly: the encryption key is replaced by the decryption 
key and the plaintext and the cryptotext change roles. 

Many famous mechanical cryptographic machines are concrete examples 
of this interpretation. Some of these machines are still used as software ver
sions. A cryptanalysis of one of these versions can be found in [57]. 

Unfortunately, the automaton model of a cryptosystem is seldom useful, 
mainly because the number of states in the machine is often astronomical. 
Despite this drawback there are many connections between cryptology and 
language theory. Some of the connections are presented in subsequent sections 
of this survey. 
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Sections 4 and 5 show how language theory and automata theory can be 
used in design of both classical and public-key cryptosystems. In Section 6 
it is shown that there are cases in which theoretical cryptologic research can 
benefit from theory of languages. Section 7 discusses how cryptanalysis may 
apply language-theoretic and automata-theoretic methods. In Section 8 we 
present results in language theory which are motivated by cryptology. Finally, 
in Section 9, a few examples are given of results in different areas making use 
of both cryptology and formal language theory. 

4. Public-key systems based on language theory 

The best known public-key cryptosystems (e.g., the RSA system [35]) are 
based on number theory. A very crucial assumption associated with these 
systems is that some specific number-theoretic problems (like factoring a big 
integer) are intractable in practice. 

Many experts feel that public-key cryptology is dangerously dependent 
on a few problems whose complexity is not exactly known. This is the main 
reason why new systems based on other areas of mathematics are wanted. In 
this section we present some public-key cryptosystems the security of which 
depends on formal language theory. There are also classical cryptosystems 
based on language theory (e.g., [1]) but we do not discuss them here. 

There are two general problems that seem to be difficult to overcome when 
language-theoretic cryptosystems are constructed. First, the cryptotext tends 
to be much longer than the plaintext. In many practical situations this data 
expansion cannot be tolerated. Secondly, while it is intractable (or at least 
difficult) to find the decryption key when the encryption key is given, the 
same is not true in the opposite direction. This means the systems cannot be 
used in the digital signature mode (see Section 2). The fundamental reason 
for these problems might be the fact that the structural richness of the set 
of integers is not met in objects of language theory. 

In the sequel we present the main ideas of some specific systems. Many 
important details are omitted for the sake of simplicity. 

4.1 Wagner-Magyarik system 

This public-key cryptosystem [56] is based on an undecidable word problem 
for finitely presented groups. Consider generators Xl, ... , X n and their inverses 
xII, ... , X~l. Assurne further that we have relators rl = .>., ••. , rm = .>. where 
each ri is a word over the alphabet {XI,,,,,Xn,XII, ... ,x~l} and'>' is the 
empty word. Two words are said to be equivalent if one of them can be derived 
from the other by the following rewriting rules: 
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where i = 1, ... ,m and j = 1, ... , n. It turns out that there are specific sets 
of relators for which the problem whether or not two words are equivalent 
(the word problem) is undecidable. 

Encryption key: Generators, relators and two words Wo, Wl which are 
known to be inequivalent. 

Encryption: This is performed bit-by-bit and nondeterministically. Sup
pose next bit in the plaintext is i. Then a word equivalent to Wi is genera ted 
using the rewriting rules above. This word is added as a new entry to the 
cryptotext. 

Decryption key: More relators SI = A, . .. ,sp = A which are chosen in 
such way that 

1) Wo and Wl are still inequivalent, 
2) the problem whether or not two words are equivalent can now be decided 

effectively. 

Decryption: The effective decision procedure is used to check whether 
the word in the cryptotext is equivalent to Wo or Wl. 

Similar cryptosystems are constructed in [15] based on word problems 
for groups that are not finitely presented. The reference [3] contains another 
method to extend the Wagner-Magyarik cryptosystem. 

4.2 Salomaa-Welzl system 

In this system [37] we consider two morphisms ho, hl : E* ~ E* and a 
nonempty word W E E*. The quadruple G = (E, ho, hb w) is said to be 
backward deterministic if the condition 

always implies 

A system of this kind can obviously be used as a classical cryptosystern 
by encrypting i l ... in as hdhi2 ( ... (hin (w)·· .). To construct a public-key 
system let us proceed as follows. 

Let ..1 be an alphabet of much greater cardinality than E and 9 : ..1* ~ E* 
be a rnorphism that maps each letter either to a letter or to the empty word. 
Construct now nondeterministically another quadruple H = (..1, ao, al, u) 
where u E g-l(w) while ao and al are finite substitutions on ..1 such that the 
following condition holds: if y E ai(d) then g(y) = hi(g(d)). 

(In fact, H is a TOL system and G is a DTOL system.) 

Encryption key: The quadrupIe H. 
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Encryption: A bit sequence i1 ... in E {O, 1} * is encrypted by choosing 
at random one element c from (T i , ( ... «(Tin ( U) •.• ). 

Decryption key: The quadrupie G and the morphism g. 

Decryption: The word g( c) equals hi, (h i2 ( ... (hin ( w) ... ). Since G is 
backward deterministic the sequence i 1 ... in can be found. The process is 
effective if G is chosen in an appropriate manner. 

One possible way to make the decryption process effective is to begin with 
a stmngly backward deterministic Gin which the condition 

always implies the conditions t = i 1 and x = hi2 (··· (hin (W)·· .). Now it is 
possible to parse without any look-ahead. 

A polynomial-time algorithm was given in [18] which breaks the cryp
tosystem if strongly backward deterministic G is used. The essential point in 
the algorithm is the fact that the image of a regular language under an inverse 
of a finite substitution is accepted by a finite nondeterministic automaton of 
the same size as the automat on accepting the original language. This fact 
makes parsing without any look-ahead possible also in the case where only 
His known. 

Other cryptanalytic observations concerning Salomaa-Welzl system can 
be found in [19] and [39]. There are also several extensions of the system. 

4.3 Subramanian et al. system 

This system [45] combines some ideas of the two previous systems. Consider 
two words 'Uo, U1 over an alphabet E and an injective morphism h : E* -> E*. 
By using a similar morphism g : ..:1* -> E* as in the previous section several 
finite substitutions (Tl, •.• , (Tm are defined with the following property: if y E 

(Ti(d) then g(y) = h(g(d)). 

Encryption key: Two words Xi E g-l(Ui) (i = 1,2) and the substitu
tions (Ti for i = 1, ... , m. 

Encryption: To encrypt a bit i we compute nondeterministically a word 
cE (Tj, ( ... «(Tjk (Xi)"') where each jl E {1, ... , m} is chosen randomly. 

Decryption key: Morphisms g and h. 

Decryption: The word g(c) is equal to hk(Ui). Since his injective it is 
possible to find Ui. 

The cryptanalytic method of [18] breaks also this system. More precisely, 
let us combine the different substitutions (Tl, ..• , (Tm into a single substitution 
(T with 
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n 

O"(a) = U O"i(a). 
i=l 

(In other words, we obtain a OL system.) Clearly, cE O"k(Xi). This condition 
already implies g(c) = hk(Ui). Hence, exactly one of the two words XO,Xl 
belongs to the language O"-k(c). 

4.4 Siromoney-Mathew system 

In this public-key cryptosystem [43] Lyndon words playa central role. Sup
pose (17, <) is a totally ordered alphabet. The order< is extended to a total 
lexicogmphicalorder in 17* by the condition: U < v iff 
i) 'U is a proper prefix of v or 
ii) there exist words r, s, t E 17* and letters a, b E 17 with a < b such that 
'U = ras and v = rbt. 

Two words u, v E 17* are conjugate if there exist x, y E E* such that 
u = xy and v = yx. A word W is a Lyndon word if W < v whenever v is 
a conjugate of W (and v f. w). By a well-known theorem (of Chen, Fox, 
and Lyndon, see [23]) every word W E 17* admits a unique factorization 
W = Wl ... Wm such that each Wi is a Lyndon word and Wl ~ W2 ~ ... ~ Wm . 

A morphism 9 : ..1* --+ 17* of the Salomaa-Welzl type is introduced again. 
Let us choose two disjoint sets LI, L 2 consisting of Lyndon words in 17*. 
Furthermore, we construct a set E = {Wb, .. , Wn } ~ ..1* such that IWi I < IWj I 
irnplies g(Wi) < g(Wj). Finally, define so me rewriting rules Uj --+ Vj,Vj --+ Uj 
such that g( Uj) = g( Vj). 

Encryption key: Two sets Ei = g-l(Li)nE for i = 1,2 and the rewriting 
rules above. 

Encryption: Suppose the plaintext is il ... i p with ij E {O, I}. Choose 
words VI,'" ,vp such that IVjl ~ IVj+ll and Vj E Eij for j = 1, ... ,p. Finally, 
repeated use of the rewriting rules completes the encryption producing a 
word c. 

Decryption key: The morphism 9 and the sets Li which may be regular 
languages. 

Decryption: The unique factorization theorem gives HS the equation 
g(c) = Tl' ··rp where Tj E Lij' 

4.5 Niemi system 

The following public-key cryptosystem [27] is based on hiding regular lan
guages. Consider two arbitrary grammars Go, GI and two finite automata 
Ao, Al such that L(Ao) n L(Ad = 0. By standard triple construction we rnay 
construct grammars G~,G~ with L(GD = L(Gi ) nL(Ai ) for i = 1,2. Let us, 
once again, introduce similar morphisrn 9 as in Salomaa--Welzl system. Now 
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we build two more grammars G~, G~ in such way that after the morphism 9 is 
applied to all elements (also to productions) of G~' the result is a subgrammar 
of G~. 

Encryption key: The grammars G~ and G~. 

Encryption: Done bit-by-bit. To encrypt the bit i we (nondeterministi
cally) generate a word c E L(G~/). 

Decryption key: The automata Ao and Al, the morphism g. 

Decryption: Now g(c) E L(G~) ~ L(Ai ). We simply check whether Ao 
or Al accepts g(c). 

4.6 Oleshchuk system 

In this system [28] we consider a word problem for semigroups, similarly as 
in Section 4.1. Let us define an alphabet E and some equations 

where Li, Ti are words over E for i = 1, ... m. Now two words are equivaLent if 
one of them can be derived from the other by the rewriting rules Li - ri, ri -
l;. 

The set of equations has the Church-Rosser property if the following 
condition holds: two words are equivalent iff some third word can be derived 
from both of them using only length-decTeasing rewriting rules. In this case 
the word problem, i.e., the problem whether or not two words are equivalent, 
can be solved in linear time. 

The basic idea of the cryptosystem is the same as in the Wagner-Magyarik 
system: the encryption key consists of two inequivalent words Wo, Wl and so me 
equations with a difficult word problem while the decryption key adds more 
equations which possess the Church-Rosser property. 

There is one additional trick in the system: Wo and Wl are chosen in such 
way that 

1) all words in {wo, wd * are pairwise inequivalent and 
2) {wo, Wl} is a code: the condition Wi , ... Wi n = Wj, ... Wj= implies i l = ]1· 

Suppose the plaintext is i l ... in. In the encryption, the rewriting rules 
can be applied directly to the long word Wi , •.• Wi n and decryption is still 
possible. Of course, this trick can be introduced similarly to the system of 
Section 4.1. 

This addition is useful mainly because in bit-by-bit encryption the in
tegr-ity of the message cannot be guaranteed easily. For instance, an active 
intruder can modify the cryptotext in such way that the order of bits in 
the decrypted message is changed. This can be done without breaking the 
cryptosystem at all. 
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5. Cryptosystems based on automata theory 

Automata theory offers a natural basis for cryptosystem design. As explained 
in Section 3 all cryptosystems can be viewed as finite automata (or as se
quential machines). There are also many purely automata-theoretic problems 
suitable for constructing cryptosystems. The basic model is simple: the en
cryption key consists of an automaton and its inverse is the decryption key. 
In many cases it is difficult to find a machine that inverts the function of a 
given machine. 

Automata-theoretic cryptosystems seem to avoid the biggest drawbacks 
of the language-theoretic systems, i.e., data expansion and lack of digital 
signatures. On the other hand, both topics suffer from the lack of systematic 
and massive cryptanalytic research. 

As in the previous section, we survey the key ideas of a few specific sys
tems. Let us begin with a couple of systems based on cellular automata. 

5.1 Wolfram system 

One popular method in constructing classical cryptosystems is to produce 
an unpredictable pseudorandom bit sequence which is added bitwise to the 
plaintext stream. The key of the system is the seed of the pseudorandom 
sequence. For instance, nonlinear feedback shift registers are often used in 
this manner. 

Wolfram system [58] uses a one-dimensional cellular autornaton to gener
ate a pseudorandom stream. The value of each cell (which is a bit) is updated 
synchronously in discrete time steps and the new value depends on the old 
values of the cell itself and its two neighbours according to the rule 

The values of a particular cell through time serve as a pseudorandom sequence 
while the key (or the seed) is the initial state of the automaton. 

A cryptanalytic algorithm for the cryptosystern was developed in [25]. It 
is based on an equivalent description of the system in which the key space 
is considerably reduced. As a conclusion, a key size of at least one thousand 
bits is needed to use the system in a sec ure way. 

5.2 Guan public-key system 

Another way to build a cryptosystem upon a cellular autornaton is to use the 
plaintext as the initial state while the rules of the automatoll constitute the 
encryption key. The final state of the automatoll is the cryptotext. Decryption 
is possible if the CA is invertible, i.e., there exists another set of rules which 
reverses the process. These rules are used as the decryption key. It is easy 
to construct classical cryptosystems along these guidelines because both keys 
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are kept secret. To obtain a public-key cryptosystem one must find such rules 
for the CA that even if they are given it is impossible in practice to find the 
rules of the inverse automaton. 

Guan [16] uses easily invertible rule sets as basic building blocks in such 
way that a composition of these blocks is difficult to invert. More specifically, 
a composite of so-called partially linear functions is not necessarily partially 
linear. 

The resulting cryptosystem can be used for both confidentiality and au
thenticity purposes because the encryption and decryption keys are essen
tially in symmetric positions. 

Other cryptologic results concerning cellular automata can be found in, 
e.g., [10], [9], [17], [26]. 

Next we present some public-key systems based on sequential machines. 
They serve as a rare example of a public-key stream cipher. This means a 
stream of plaintext bits can be encrypted without any division into blocks 
of bits beforehand. All systems presented so far, as weIl as the best-known 
systems like RSA, need block division before encryption. 

5.3 Tao-ehen public-key system 

Let us cOllsider a sequential machine in which the output sequence determines 
uniquely the input sequence provided that the initial state of the machine is 
fixed. Such machine is called weakly invertible and it can be proved that there 
exists another machine which reverses function of the original machine. It 
seems to be possible to construct cryptosystems based on sequential machines 
analogously to the case of cellular automata. Unfortunately, it is quite easy 
to find the inverse machine of the given weakly invertible machine. Hence, 
so me modifications are needed. 

A sequential machine is called weakly invertible with delay T if the output 
sequence determines uniquely the input sequence except possibly the last T 

letters. It turns out that in this case there exists another machine which 
reverses the action of the original machine with the exception that the first 
T letters of the input sequence may be changed. 

Already for relatively small values of T it becomes very difficult to find 
an inverse machine of a given machine which is weakly invertible with delay 
T. The original Tao-Chen system [51] is built on this phenomenon. In the 
case where each output symbol is a linear function of the input symbol and a 
few previous input and output symbols the machine is called linear and the 
problem to find an inverse machine is still easy even for larger delay values T. 

If a nonlinear weakly invertible machine Mo with delay 0 and a linear weakly 
invertible machine M 1 with delay T are combined to operate sequentially, 
then a composed machine Mo x M 1 can be defined and it is weakly invertible 
with delay T. Moreover, the inverse machine of Mo x M 1 is not easily found 
if Mo and M 1 are not given. 
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Encryption key: A submachine M of Mo x MI. 

Encryption: Feed the plaintext with Trandom symbols in the end to 
the machine M and obtain cryptotext as the output. 

Decryption key: Machines Mo and MI. 

Decryption: Feed the cryptotext first to the inverse of MI' Remove then 
T first symbols from the output and feed the rest to the inverse of Mo. The 
plaintext is obtained as the output. 

Like the CA systems also this system may be applied for both confiden
tiality and authenticity purposes. The system is easily implemented and it 
has been in practical use in China [22], [53], [59]. 

An attempt to find out the decryption key given the encryption key leads 
to a problem of finding special common factors of two given matrix poly
nomials. No fast algorithms solving this problem are known in the general 
case. 

However, the system was cryptanalyzed in [6] by showing that it is in 
fact enough to solve the problem far modular- matrix polynomials which can 
be done effectively. Other cryptanalytic attacks can be found in [5] and [33]. 
There exists also an attack by Dai et al. referred to in [55]. 

Both the designers of the system [52], [55] and the cryptanalysts [6] have 
shown that the original system can be modified to avoid the attacks. 

Tao et al. have also constructed classical systems based on sequential 
machines [48]. They include the nice features of no data expansion during 
encryption and bounded effect of an error in cryptotext to the (rest of) the 
decryption process. Other classical cryptosystems based on sequential ma
chines can be found in, e.g., [4], [34]. 

6. Theoretical cryptologic research based on language 
theory 

As explained in Section 3 almost all cryptosystems can be studied from the 
point of view of automata theary. Examples of research in general level that 
uses sequential machines as models of cryptosystems can be found in [30] and 
[31]. Altogether, the model has not turned out to be very fruitful. 

On the other hand, some important parts of various cryptosystems can 
be modelled by sequential machines more successfully. The generation of a 
pseudorandom sequence is a good example. As already mentioned earlier, 
feedback shift registers have been heavily used in this sense (see, e.g., [42]). 

The area of modern cryptologic research contains much more than me re 
design and analysis of cryptosystems. Active research is done on cryptologic 
pmtocols. For example, in an interactive pmof system for membership in a 
language L one party called the pr-over convinces another party called the 
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verifier that words w E L are actually in L. The concept is interesting only 
if the verifier has a limited computational power. The system is said to be 
zero knowledge if the only information wh ich the verifier can get during the 
protocol is the single bit of information that w belongs to L. In [14] the 
subject is studied in the case the verifier is a two-way probabilistic finite 
automaton. It is worth mentioning that zero knowledge protocols have direct 
applications in, for instance, user identification and computer voting. 

In practice, cryptosystems are typically used as building blocks of a larger 
system which can be called a security architecture. An example of other type 
of building block is access control which can also be modelled by finite au
tomata [7]. The whole security architecture is often a complex object. In [36] 
it is modelIed as a word in a language. The language is generated by a gram
mar in which the building blocks of the system are terminals and different 
specific security tasks are nonterminals. Examples of basic security tasks are 
authenticity and confidentiality of messages receivedjsent by so me specific 
users of the computer system. Productions of the grammar are general rules 
which describe how different tasks can be reduced to other tasks and building 
blocks (e.g., concrete implementations of cryptosystems). The analysis of a 
specific security architecture transforms in the model into a parsing problem. 

As aheady explained in Section 2, authenticity is as important ingredient 
of security as is confidentiality. A sec ure public-key cryptosystem as such 
is typically effective only against passive eavesdroppers who merely tap the 
lines and try to cryptanalyze the messages. On the other hand, an active 
saboteur may be able to read confidential messages even if the cryptosystem 
used is secure. A simple example of this was given in Section 2 where one user 
impersonates another user. To resist all possible attacks of active intruders 
the protocols used in communication must be designed carefully. In [13] a 
formalism is developed by which it is possible to analyze and charaterize 
security of protocols. The protocols are modelled by series of words over an 
alphabet. Algorithms constructed in the model involve, e.g., similar word 
problems as those introduced in Section 4. 

7. Cryptanalysis based on language theory 

Cryptanalysis is as important part of cryptology as design of cryptosystems. 
Usually cryptanalysis of a specific cryptosystem applies results of the same 
theory on which the system itself relies. In earlier sections we have mentioned 
examples of cryptanalytic methods which use language theory and automata 
theory to break cryptosystems based on these theories [18], [6]. The next 
example shows how automata theory can be used in cryptanalysis of a weIl 
known classical cryptosystem [29]. 

In a monoalphabetic substitution cipher each element of the plaintext al
phabet is uniformly encrypted to some element of the cryptotext alphabet. 
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Hence, the encryption algorithm computes the value of an injective letter-to
letter morphism. If the plaintext is known to be in some naturallanguage and 
a relatively long sequence of cryptotext is also known there is usually only 
one morphism that could have been used in the encryption. Thc traditional 
cryptanalytic method for finding this morphism is to consult so me statisti
cal information about the plaintext language. For instance, there exist tables 
of frequencies of all different n-Ietter subwords in the English language for 
n=1,2,3. 

In [29J the problem of breaking substitution ciphers involves the use of a 
stochastic learning automaton. Candidates for the encryption morphism are 
coded in the states of the automaton. A fixed dictionary l1st of the most 
COInmon words in, say, English are used in order to measure the "fitness" 
of the current state when the cryptotext is read as input to the automaton. 
The transition to the new state depends on the fitness of the previous state. 
Experimental results show that the automaton reaches quite rapidly astate 
where a "correct" amount of decrypted words are found in the dictionary list. 
The method seems to be faster than other methods in breaking substitution 
ciphers. 

8. Language-theoretic research inspired by cryptology 

When results of a scientific theory are applied to solve problems in the area of 
another theory the interaction is seldom one-way. Those problems and their 
solutions usually generate furt her research in both fields. This phenornenon 
has occurred also between cryptology and formallanguage theory. There are 
rnany language-theoretic contributions in cryptology but cryptologic concepts 
have given rise to new ideas and notions also from the point of view of pure 
language theory. In the sequel we briefly present a few examples. 

In the cryptosystem custornarily attributed to Richelieu the cryptotext 
is obtained from the plaintext by adding irrelevant text which is scattered 
over the plaintext. This rnethod referred to as garbage-in-between is also an 
essential part of rnany modern cryptosysterns (see the morphism 9 in several 
systems presented in Section 4). The notions of sequential (resp., pamlle0 
insertion and deletion studied in [20J are directly connected to this idea. 

In [2J the method of garbage-in-between is modelled by guided filtering. 
Consider a word w E {O, I} * whose length equals the length of the cryptotext. 
Now w can be used as a decryption key that shows in which positions letters 
of the plaintext can be found. To be able to decrypt cryptotexts of different 
lengths a whole language of key words is introduced. For each length n only 
one w with Iwl = TL is needed and the concepts of thin and slender languages 
are introduced. 

A cryptosystem of [1 J uses the plaintext as a control 'Word in a Szilard 
language. The result of a derivation controlled by this word is the cryptotext. 



Cryptology: Language-Theoretie Aspects 521 

In this framework a single control word may correspond to several deriva
tion trees and interesting language-theoretic problems arise which are further 
studied in [24). 

Cryptologic applications of rewriting systems (see cryptosystems in Sec
tion 4 and, also, [13)) have brought new insights to this area. An example 
of a paper in rewriting systems inspired by cryptology is [8). Similarly, the 
cryptosystems based on generalized sequential machines have been a starting 
point for a great amount of research on invertible automata, e.g., [46), [47), 
[50), [54). 

9. Research associated with language theory and 
cryptology 

There are a number of papers in complexity theory which have direct connec
tions to both cryptology and language theory. An example of such a paper 
is [15). Because another chapter in this handbook is devoted to complexity 
theory we omit eloser discussion of these connections here. Instead, we men
tion a couple of examples of other topics that have both language-theoretic 
and cryptologic aspects. 

Let us consider a public-key cryptosystem (E, D). Breaking the system 
is related to learning theory in the following way. Anybody may generate 
as many pairs of the form (x, Ek(x)) as wanted. These pairs are also of the 
form (Dkf (y), y), hence learning D from examples must be intractable if the 
cryptosystem is seeure. Starting from this observation it is proved in [21) that, 
for instance, learning deterministic finite automata is intractable if some weH 
known cryptosystems like RSA are secure. Other results in the area can be 
found in, e.g., [32]. 

A Latin army is a combinatorial not ion wh ich is motivated by cryptology 
and automata theory. It is a generalization of a Latin square: each element 
occurs exactly once in every column but exactly k times in each row. (This 
means a Latin array is an n x nk-rnatrix.) The reference [49) is a survey of 
results in this area. 
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