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Motivation
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q With the rapid development in machine learning, a large computational load is imposed on a computing
system as the learning models become more and more complex. However, the demand for machine
learning-based mobile application is increasing, which requires low-cost and energy-efficient devices.
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Signal flow of training in a simple 
deep learning model

Conventional computing → Stochastic computing (SC)

q Low power, small area

Time-consuming, high energy & hardware cost.

q Biologically plausible
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q In stochastic computing (SC), information is encoded and processed by random binary bit streams.

Background: stochastic computing
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Limitations of Stochastic Computing
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q Low accuracy

• Random fluctuations

Linear feedback shift register (LFSR) as 
a random number generator (RNG).

q High latency

Accuracy of a unipolar stochastic multiplier using 
pseudorandom sequences.
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q Potential solution: dynamic stochastic computing 
(DSC)
• An extreme case: 1-bit SC.
• Reduce sequence length without harming 

the accuracy



Dynamic Stochastic Computing Systems
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q In a dynamic stochastic computing (DSC) system, the stochastic sequence can encode a consistently
varying signal instead of a static number as in conventional stochastic computing systems.

A dynamic stochastic computing (DSC) system.
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Generation of Dynamic Stochastic Sequence
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q Definition: dynamic stochastic sequence (DSS):

A DSS {"#} encoding digital signal, %#, satisfies that the &th bit in the random binary sequence has the

expectation,

' "# = %#.

111010001011…

Dynamic stochastic 
sequence (DSS) encoding 

signal %#.

n-bit

Signal to be encoded {yk}

• A dynamic SNG (DSNG) can be
realized by comparing each
sampling point with a uniform
random number generated by the
RNG.

RNG

Y

X
X < Y

q In dynamic stochastic computing (DSC), a random binary bit stream is used to encode a changing
signal instead of a static number as in conventional .



An example of a DSS
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q Dynamic stochastic sequence (DSS):

A DSS {"#} encoding %# satisfies that the &th bit in the random binary sequence has the expectation,

' "# = %#.

A DSS encoding a 1-Hz sine wave. The 
DSS is decimated for a clear view.

A higher frequency of ‘1’ is
observed in the DSS when
the signal is close to 1 and
vice versa.



Stochastic Integrator
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A stochastic integrator. A symbol.

An example of stochastic integrator (n=8).
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!"#$ = !" +
$
'(

)" − +" . (1)

Accumulating (1) for , = 0, 1, … , 1 − 1

!2 = !3 +
$
'(
∑"5326$()" − +") . (2)

Taking the expectation of (2)

9 !2 = !3 +
$
'(
∑"53
26$ 9 )" − 9[+"] . (3)

Function of a stochastic integrator: < ≈ ∫ ) − + ?@.
!"#$ = A

!" + 1/2D )" = 1 & +" = 0
!" − 1/2D )" = 0 & +" = 1

!" )" = +"

0110…

Let !" equals to normalized F, i.e., !" =
$
'(
F. 

, )" +" !" RN" <"
0 1 0 0.10000000 ' 0.75 0

1 1 1 0.10000001 ' 0.20 1

2 0 1 0.10000001 ' 0.19 1

3 0 0 0.10000000 ' 0.62 0

…… … … …… … …

{<"} encodes signal !" .



Stochastic integrator for iterative accumulations
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q Numerical solution of ordinary differential equations (ODEs) using the Euler method.

q Numerical integration by performing a Riemann sum

’0’
*A segment of the signal is shown 
with decimation for a clear view.

Euler
Method:

!" #
!# = % #

&"' = "( + ℎ∑,-('./ %(ℎ1) ≈ " ℎ4 .                 

a

b

c

5 6' = 6( + /
78 ∑,-(

'./ 5 9, − 5[<,] .
Let 6( = "(, 5 9, − 5 <, = %(ℎ1), then

5 6' = &"' ≈ "( '7?), with ℎ = /
7?.

Stochastic 
Integrator:

A stochastic integrator provides an unbiased estimate
to the Euler solution with a step size of 1/2C.
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1
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Hardware ODE solver using DSC
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q Numerical solution of ordinary differential equations (ODEs) using the Euler method.
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q A second-order ODE q A system of ODEs



Hardware efficiency of DSC-based ODE solver
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q A second-order ODE q A system of ODEs
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q Gradient descent
As a basic optimization algorithm, gradient descent (GD) has widely been used in machine learning to
optimize the weights of a model by minimizing a loss function.
The optimization result is an accumulation of multiple steps of the gradients (!" #$ ).

Gradient descent searching for 
local minimum.

Let " # be a multivariate differentiable loss function, where # is a
vector of weights that are to be trained or optimized. GD computes
the local minimum of the loss function by an iterative optimization:

#$%& = #$ − )!" #* , (1)

where !" #* is the gradient, and ) is the step size or learning rate,
which determines how fast the model learns. If using a constant ),
(1) is accumulated for + = 0, 1, 2, … , 1 − 1
#2 = #3 − )∑$5326& !" #* . (2)

Stochastic Integrator for Gradient Descent
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Training of a Neural Network
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Signal flow of training (backward 
phase) in a simple deep learning model

q Forward- and Backward-propagation
1. During the forward-propagation, the output
of neuron ! in layer ", #$

(&), is recorded.
2. During the backward-propagation, the local gradients,
()
(&) are computed.

3. The gradients for each neuron are then obtained by
Δ+$,)

(&-.) = 0()
(&)#$

(&-.), where 0 is the step size.

4. ()
(&) is further decomposed into (),1

(&) and (),-
(&), and

Δ+$,)
(&-.) = 0 (),1& − (),-& #)

(&-.) , in order to work
with the stochastic integrator.
5. Sum-over Δ+$,)

(&-.) for each training sample provides

the trained parameter of +$,)
(&-.).

*(),1& : local gradient contributed by the target

*(),-& : local gradient contributed by the NN output
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DSC-based gradient descent circuit design

Δ"#,%
('()) = , -%,.' − -%,(' 0%

('()) = , -%,.' 0%
('()) − -%,(' 0%

('()) "#,%
('()) = "#,%

('()) 0 + ∑Δ"#,%
('())

Recall:

4 56 = 57 + )
89 ∑:;7

6() 4 <: − 4[>:] .
l: the lth sample in the training data.
n: bit width of the stochastic integrator (up/down counter).

4 56 = "#,%
('())[@], when , = )

89 , 57 = "#,%
('()) 0 .

<:

>:

Sto_multi1: 4 <: = -%,.' A 0%'() [A]
Sto_multi2: 4 >: = -%,(' A 0%'() [A]

The proposed DSC-based gradient descent
circuit provides unbiased estimate of the
optimized weights.

(DSC)
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Experiments on MNIST Dataset

q The weights of a 784-128-128-10 fully connected neural network (NN) is updated by the proposed
DSC-based gradient descent circuit. The NN is used for handwritten digit recognition of MNIST dataset.
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Experiment Results
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Hardware Efficiency Assessment
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Conclusion
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