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ABSTRACT
As a prevailing passive investment strategy in the financial
world, index tracking aims at replicating or surpassing the
performance of a financial index. The core part of an index
tracking strategy is to design a sparse index tracking portfolio (ITP) from a basket of candidate financial assets. In this
paper, a scalable two-stage approach is developed for ITP design under the minimax criterion, which consists of an asset
selection stage (i.e., to select a subset of the assets from the
index constituent stocks) and a capital allocation stage (i.e.,
to allocate the capital among the selected assets). The asset selection problem is tackled via a well-calibrated graph
neural network (GNN), followed by a light-weight linear programming problem for capital allocation resolved via a standard solver. The idea proposed in this paper is novel for the
area of ITP design in that it is especially scalable for tracking
large-scale and dynamic-updating financial indices. Numerical simulations validate the scalability and high-efficiency of
the proposed GNN-based approach with comparisons to the
standard solver-based approach.
Index Terms— Index tracking, portfolio design, asset selection, graph neural network, mixed-integer programming.
1. INTRODUCTION
In the world of financial fund management (a.k.a. portfolio management), there are two prevailing investment ideas,
namely active investment and passive investment [1]. Active
investment strategies assume that the market is not perfectly
efficient, and hence the active managers will try to beat the
market by finding those “diamond in the rough” assets they
believe in. Passive investment strategies, on the other hand,
assume the market is efficient and cannot be beaten in the
long run, and therefore the passive managers are trying to follow the markets and more specifically a specific financial index [2]. Vast analyses of historical data have shown that most
active funds failed to outperform the market [3]. However,
the market was rising in the long run, indicating that passive
strategies can make a decent profit by following the market.
This work was supported in part by the National Nature Science Foundation of China (NSFC) under Grant 62001295 and in part by the Shanghai
Sailing Program under Grant 20YF1430800.
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As one of the most popular investment strategies, index
tracking aims at reproducing or exceeding the performance
of a financial index [4]. The core part of an index tracking
strategy is to design an index tracking portfolio (ITP) from a
basket of candidate financial assets. A straightforward way
to achieve such a goal is to invest in all the underlying assets constituting an index, which leads to the full replication
index tracking procedure. However, the full replication strategy will cause small positions and high liquidity, resulting in
high transaction costs [5]. To overcome the aforementioned
defects, an alternative method is to maximally reproduce the
index performance by holding only a subset of the assets in
an index (i.e., designing a sparse portfolio), leading to the
well-known sparse ITP design problem [6, 7]. In practice,
the sparse ITP design problem can be formulated as a mixedinteger programming (MIP) problem [8], which is commonly
fed into the off-the-shelf solvers, such as CPLEX [9], SCIP
[10], and Gurobi [11] for problem resolution. Such solvers
can achieve the optimal results for a class of MIP problems
based on optimality-guaranteed methods like the branch-andbound algorithm [12]. However, they are only suitable for
small-scale MIP problems, and it is prohibitive in practice
when handling large-scale MIP problems since the worst-case
complexity of such optimality-guaranteed methods is exponential [12]. Therefore, researchers have been seeking for
more efficient algorithms practical for large-scale problems
[13]. Especially, such large-scale problem settings are normal in the context of ITP design [14]. For instance, the global
index S&P Global 1200 consists of around 1200 equities and
the U.S. index Wilshire 5000 contains around 5000 equities.
Deep learning techniques have made impressive development in diverse fields [15, 16]. Not coincidentally, many researchers have been trying to improve the MIP solvers leveraging such techniques. In the context of index tracking, given
that the dimension and the constituent stocks of an index are
always dynamically changing over time, a scalable algorithm
that can be adaptive to problems with changing scales is desirable. Besides that, the demand for a scalable algorithm is also
beneficial in that the financial training data (such as the stock
and index returns) is scarce compared to other application scenarios. Therefore, we propose a scalable ITP design approach
based on the graph neural network (GNN) [17–19] model
which can be trained on small-scale problems with fewer data
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and can generalize to large-scale problems for practical setting. In fact, several attempts have been carried out to apply the GNN-based methods on MIP problems [20]. And
as shown in [21], the GNN-based approach can outperform
many other learning-based methods [22–24] in terms of solution quality.
In fact, although there has been a surge of interest in using deep learning methods to accelerate the MIP solvers, it is
not well explored in areas like signal processing and financial
engineering. Given this, this paper suffices to be an attempt
to leverage the power of GNNs for efficient resolving of a
specific financial engineering problem and also sheds light on
how to deal with a large number of problems that arise in the
areas of signal processing and financial engineering with similar problem structures. In this paper, the ITP design problem
is formulated to minimize the maximum absolute deviation of
the portfolio returns from the target index returns, resulting in
a minimax [25] MIP problem. A two-stage approach is developed for problem solving, which consists of an asset selection
stage (i.e., to select a subset of assets of the index) and a capital allocation stage (i.e., to allocate the capital among the selected assets). The asset selection problem is considered as a
classification problem, with a well-calibrated GNN serving as
the classifier. In the capital allocation stage, a standard solver
is used to cope with a light-weight linear programming problem. Numerical simulations are conducted to demonstrate the
effectiveness and the scalability of the proposed approach.
2. MINIMAX MODEL FOR ITP DESIGN
Given an index composed of N assets, we denote the returns
T
of the index over time 1 to T as rind , [rind,1 , . . . , rind,T ]
and the returns of its constituents at time t (t = 1, . . . , T )
T
as rt , [r1,t , . . . , rN,t ] . To construct an ITP defined by
T
portfolio weights w , [w1 , . . . , wN ] , a commonly used
measure of the tracking performance is the maximum absolute deviation (a.k.a. minimax criterion) between the ITP returns and the index returns. This minimax criterion leads to a
worst-case robust portfolio design problem, which stands for
a “worst-case protection strategy” in index tracking [25]. The
resulting ITP design problem is given as follows:
minimize
w

max

t=1,...,T

rind,t − wT rt

subject to 1T w = 1
l ≤ w ≤ h,

(1)

where 1T w = 1 represents the portfolio budget constraint
and l ≤ w ≤ h represents the holding constraint specifying
the limits on the long and short positions.
In order to obtain a sparse ITP, we introduce the binary
T
variables z = [z1 , . . . , zN ] , where zi = 1 indicates asset i
is selected in the portfolio and zi = 0 indicates asset i is deselected in the portfolio. Then the sparse ITP design problem
can be cast as
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minimize
w,z

max

t=1,...,T

rind,t − wT rt

subject to 1T w = 1
1T z ≤ k
z l≤w≤z

(2)
h

N

z ∈ {0, 1} ,
where k limits the number of assets to hold in the sparse ITP.
By further introducing variable s, Problem (2) can be equivalently converted into an epigraph form as follows:
minimize
w,z,s

s

subject to 1T w = 1
1T z ≤ k
z l≤w≤z

h

(3)

T

s ≥ rind,t − w rt , t = 1, . . . , T
s ≥ −rind,t + wT rt , t = 1, . . . , T
z ∈ {0, 1}N .
Evidently, the resulting ITP design problem (3) becomes a
classical MIP problem.
3. TWO-STAGE APPROACH FOR ITP DESIGN
To realize an efficient problem resolution procedure for largescale problem settings, a two-stage approach will be developed, which consists of an asset selection stage and a capital
allocation stage.
3.1. Asset Selection
The asset selection problem will be addressed via a wellcalibrated GNN. Firstly, Problem (3) is modeled as a graph
G = {V, E} as depicted in Fig. 1, where Vcv , Vbv , Vc , and Vo
are the vertex sets that contains all the continuous variables,
binary variables, constraints, and objective, respectively, and
E is the edge set. As shown in Fig. 1, there is no edge between Vcv and Vbv or within a vertex set. Besides capturing
the connections among the vertices (i.e., the variables, constraints, and objective), the detailed coefficients of Problem
(3) are extracted as edge features and their statistics are served
as vertex features. Note that the coefficient of a constraint in
the objective can be obtained from the dual problem of (3). 1
After the collection of features, the feature vectors of vertices
and edges are embedded to the same dimension, with the vertex embedding denoted by vi , i ∈ V and the edge embedding
represented by eij , (i, j) ∈ E.
To include the edge embedding information into the message passing process and recognize the different importance
of the embeddings of other vertices to a vertex i ∈ V, the
first-order attention mechanism is adopted [26] in our model.
That is, only the embeddings of vertices in Ni (the set of firstorder neighbor vertices of vertex i) are aggregated for the update of vi with the attention coefficient of vertex j ∈ Ni to
1 Interested readers are referred to [20–22] for details of the features collected for a graph representation.
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The GNN will be optimized by minimizing the binary
cross-entropy loss between the output of the GNN and the solution given by CPLEX under a supervised learning scheme.
Since the output values of the GNN are not binary, i.e., 0 <
zi < 1, i = 1, . . . , N , we will first sort them in descending order and then set zi = 1 for the first k elements (i.e.,
the corresponding assets are active/selected in the ITP) and
zi = wi = 0 for the remaining ones (i.e., the corresponding assets are inactive/deselected in the ITP and the capital
invested in them are zero).
3.2. Capital Allocation
Fig. 1. The graph representation for Problem (3).

i ∈ V calculated by αij ← σl a · CAT(vi , eij , vj ) , where
a is a trainable weight vector, σl (·) and CAT (·) represent the
Leaky ReLU function and the concatenate function that joins
two vectors, respectively. To make the attention coefficients
comparable, they are further normalized across the neighbor
vertices belonging to the same vertex set using the “softmax”
function. For example, the normalized attention coefficients
of j ∈ Vc to i ∈ Vbv is given by
exp(αij )
.
k∈Vc ∩Ni exp(αik )

α̃ij = P

It should be noted that α̃ij = α̃ji does not always hold since
the normalization procedures of them are conducted with different vertex sets. Once the normalized attention coefficients
are obtained, they can be used to identify the importance that
one vertex has on another.
In each stage of the message passing process, the embeddings of neighbor vertices from different vertex sets are
aggregated separately. For example, the update of vi , i ∈
{Vbv , Vcv } is performed in two stages as follows:
X

vi ← σ W1 · CAT(vi ,
αij vj ) ,
j∈Vo ∩Ni

and
vi ← σ W2 · CAT(vi ,

X

minimize
w,s

s

subject to 1T w = 1
l≤w≤h

(4)

s ≥ rind,t − wT rt , t = 1, . . . , T
s ≥ −rind,t + wT rt , t = 1, . . . , T,
where w contains only k unknown elements. In the original
ITP design problem (3), there are N binary variables and N +
1 continuous variables, while the capital allocation problem
(4) is much easier with only k + 1 continuous variables, in
which case the computational burden is reduced significantly,
and Problem (4) can be solved via the off-the-shelf solvers
efficiently.
4. NUMERICAL SIMULATIONS
In this section, the performance of the proposed GNN-based
two-stage approach (“GNN” is used to represent the proposed
two-stage approach for short in this section) will be evaluated
via numerical simulations on a synthetic dataset, while the
standard solver CPLEX will be used for data generation and
performance comparisons.
4.1. Synthetic Dataset Generation


αij vj ) ,

j∈Vc ∩Ni

where W1 and W2 are trainable weight matrices and σ(·) denotes the ELU function. The whole message passing process
is conducted as follows. Firstly, vi , i ∈ Vo is updated by aggregating vi , i ∈ {Vbv , Vcv }, then vi , i ∈ {Vbv , Vcv , Vo } are
used to update vi , i ∈ Vc followed by the update of vi , i ∈ Vo
based on vi , i ∈ Vc , and in the end vi , i ∈ {Vbv , Vcv } is updated by vi , i ∈ {Vc , Vo }. The message passing process will
be executed recurrently for several times, followed by two
fully-connected layers to realize the prediction of binary variables which takes the form of
zi ← sigmoid(Wout · vi ), ∀i ∈ Vbv ,

Assuming an index consists of N assets, firstly we generate the return rit of asset i (i = 1, . . . , N ) at time t (t =
1, . . . , T ) from a normal distribution with mean of µ = 0.01
and variance of σ 2 = 0.1.
Qt Then the price of asset i at time
t is calculated by pit = i=1 (rit + 1)pi0 with pi0 being the
initial price of asset i. With the price-weighted setting of the
index (i.e., the portion of the assets in the index are weighted
based on the ratio of their price to the sum of all prices of the
underlying assets) [2], the price of the index at time t is given
PN
by pind,t , i=1 PNpit p pit , and the index return at time t
i=1

is computed as rind,t =

it

pind,t −pind,t−1
.
pind,t−1

4.2. Numerical Evaluations of Tracking Performance

where Wout is a trainable weight matrix and sigmoid(·) is the
sigmoid activation function.
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When the asset selection process is fulfilled via GNN, the ITP
design problem suffices to assign the portion of dollars to the
k active assets, which is a linear programming problem as
follows:

To evaluate the tracking performance of GNN, several synthetic cases with different problem scales are generated: Case
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Fig. 2. Tracking performance of an instance from Case 1.
Table 3. Runtime comparison.

Table 1. Tracking performance of GNN and CPLEX (ADmax
and ADmean are averaged over all test data).
Case

Approach
CPLEX
GNN
CPLEX
GNN
CPLEX
GNN

N = 30, k = 10
N = 50, k = 20
N = 70, k = 20

ADmax
0.02821
0.04224
0.02300
0.02688
0.02090
0.03092

Case

ADmean
0.01599
0.02234
0.01036
0.01653
0.00925
0.01874

N = 30, k = 10
N = 50, k = 20
N = 70, k = 20
N = 100, k = 20
N = 150, k = 30

Table 2. Tracking performance of Case 2 and Case 3 with
GNN trained on Case 1.
ADmax
0.02851
0.03112

Case
N = 50, k = 20
N = 70, k = 20

ADmean
0.01701
0.01846

1 (N = 30, k = 10), Case 2 (N = 50, k = 20), and Case
3 (N = 70, k = 20). For each case, 200 instances are generated, while 140 instances are used for training, 20 instances
are used for evaluation, and 40 instances are used for testing. Tracking performance comparisons between GNN and
CPLEX (which solves Problem (3) directly) are presented in
Table 1 in terms of maximum absolute deviation that is calculated by
ADmax = max

t=1,...,T

rind,t − wT rt ,

and mean absolute deviation that is given by
ADmean

T
1X
=
rind,t − wT rt .
T t=1

CPLEX
Runtime Success rate
0.7258
100%
3.1856
100%
180.92
97.5%
1167.98
40%
1644.58
30%

GNN
Runtime Success rate
0.1216
100%
0.1300
100%
0.1752
100%
0.2434
100%
0.4135
100%

k = 20), with the tracking performances presented in Table 2.
From Table 1 and Table 2, it can be concluded that the GNN
trained on small-scale instances can attain acceptable tracking
performances when generalized to large-scale instances.
The comparisons in terms of runtime between GNN and
CPLEX are recorded in Table 3, where two larger datasets,
i.e., Case 4 (N = 100, k = 20) and Case 5 (N = 150,
k = 30), are included. Considering that the training data for
Case 4 (N = 100, k = 20) and Case 5 (N = 150, k = 30)
are expensive to obtain, the GNN model trained on Case 1
(N = 30, k = 10) is used for testing. The upper bound of the
runtime is set to be 1800s, and the runtime and the success
rate are listed in Table 3. We can see that CPLEX fails to output a converging solution for Problem (3) under the time limit
for some instances, while the GNN approach can handle all
the problems with orders of magnitude faster than CPLEX.
Compared to the standard solvers which can be prohibitive
for large-scale ITP design problems due to their high computational complexity, the superiority of the proposed two-stage
approach is more pronounced.
5. CONCLUSIONS

From Table 1, we can see that the tacking performance of
GNN is comparable to CPLEX. The tracking performance in
terms of cumulative returns of one instance from Case 1 (N =
30, k = 10) is further depicted in Fig. 2.
4.3. Generalizations to Large-Scale Instances
The underlying GNN framework endows the proposed twostage approach with scalability, which means it can be trained
on small-scale instances and generalize to large-scale instances. We apply the GNN trained on Case 1 (N = 30,
k = 10) to Case 2 (N = 50, k = 20) and Case 3 (N = 70,
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In this paper, the minimax model for index tracking portfolio
design has been considered. A two-stage approach has been
developed for problem solving, which contains a calibrated
graph neural network to realize asset selection in the first
stage, and a standard numerical solver for the resolution of
the capital allocation problem in the second stage. Numerical
simulations demonstrate the proposed graph neural networkbased approach is scalable and can achieve comparable tracking performance with orders of magnitude improvement on
runtime compared with the standard solver-based approach.

549

Authorized licensed use limited to: ShanghaiTech University. Downloaded on January 10,2022 at 04:12:40 UTC from IEEE Xplore. Restrictions apply.

2021 IEEE Statistical Signal Processing Workshop (SSP)

6. REFERENCES
[1] W. F. Sharpe, “Asset allocation: Management style and
performance measurement,” Journal of Portfolio Management, vol. 18, no. 2, pp. 7–19, 1992.
[2] K. Benidis, Y. Feng, D. P. Palomar et al., “Optimization methods for financial index tracking: From theory
to practice,” Foundations and Trends R in Optimization,
vol. 3, no. 3, pp. 171–279, 2018.
[3] B. M. Barber and T. Odean, “Trading is hazardous to
your wealth: The common stock investment performance of individual investors,” The journal of Finance,
vol. 55, no. 2, pp. 773–806, 2000.
[4] J. E. Beasley, N. Meade, and T.-J. Chang, “An evolutionary heuristic for the index tracking problem,” European
Journal of Operational Research, vol. 148, no. 3, pp.
621–643, 2003.
[5] N. A. Canakgoz and J. E. Beasley, “Mixed-integer
programming approaches for index tracking and enhanced indexation,” European Journal of Operational
Research, vol. 196, no. 1, pp. 384–399, 2009.
[6] R. Jansen and R. Van Dijk, “Optimal benchmark tracking with small portfolios,” The Journal of Portfolio
Management, vol. 28, no. 2, pp. 33–39, 2002.
[7] Z. Zhao, R. Zhou, and D. P. Palomar, “Optimal meanreverting portfolio with leverage constraint for statistical arbitrage in finance,” IEEE Transactions on Signal
Processing, vol. 67, no. 7, pp. 1681–1695, 2019.
[8] S. J. Stoyan and R. H. Kwon, “A two-stage stochastic mixed-integer programming approach to the index tracking problem,” Optimization and Engineering,
vol. 11, no. 2, pp. 247–275, 2010.
[9] T. Achterberg and R. Wunderling, “Mixed integer programming: Analyzing 12 years of progress,” in Facets
of Combinatorial Optimization. Springer, 2013, pp.
449–481.
[10] T. Achterberg, “SCIP: solving constraint integer
programs,” Mathematical Programming Computation,
vol. 1, no. 1, pp. 1–41, 2009.

[14] Z. Zhao and D. P. Palomar, “Large-scale regularized
portfolio selection via convex optimization,” in 2019
IEEE Global Conference on Signal and Information
Processing (GlobalSIP). IEEE, 2019, pp. 1–5.
[15] Y. Bengio, A. Lodi, and A. Prouvost, “Machine learning
for combinatorial optimization: a methodological tour
d’horizon,” European J. of Operational Research, 2020.
[16] Z. Zhang and Z. Zhao, “A deep learning-aided approach
to portfolio design for financial index tracking,” in 2020
Asilomar Conference on Signals, Systems, and Computers (Asilomar), 2020.
[17] M. Defferrard, X. Bresson, and P. Vandergheynst, “Convolutional neural networks on graphs with fast localized
spectral filtering,” in Advances in Neural Information
Processing Systems, 2016.
[18] T. N. Kipf and M. Welling, “Semi-supervised classification with graph convolutional networks,” in International Conference on Learning Representations, 2017.
[19] J. Bruna, W. Zaremba, A. Szlam, and Y. Lecun,
“Spectral networks and locally connected networks on
graphs,” in International Conference on Learning Representations, 2014.
[20] J.-Y. Ding, C. Zhang, L. Shen, S. Li, B. Wang, Y. Xu,
and L. Song, “Accelerating primal solution findings for
mixed integer programs based on solution prediction.”
in Thirty-Fourth AAAI Conference on Artificial Intelligence, 2020.
[21] M. Gasse, D. Chételat, N. Ferroni, L. Charlin, and
A. Lodi, “Exact combinatorial optimization with graph
convolutional neural networks,” in Advances in Neural
Information Processing Systems, 2019.
[22] E. B. Khalil, P. Le Bodic, L. Song, G. Nemhauser, and
B. Dilkina, “Learning to branch in mixed integer programming,” in Thirtieth AAAI Conference on Artificial
Intelligence, 2016.
[23] A. M. Alvarez, Q. Louveaux, and L. Wehenkel, “A machine learning-based approximation of strong branching,” INFORMS Journal on Computing, vol. 29, no. 1,
pp. 185–195, 2017.

[11] I. Gurobi Optimization, “Gurobi optimizer reference
manual,” URL http://www. gurobi. com, 2018.

[24] A. Marcos Alvarez, L. Wehenkel, and Q. Louveaux,
“Online learning for strong branching approximation in
branch-and-bound,” 2016.

[12] E. L. Lawler and D. E. Wood, “Branch-and-bound methods: A survey,” Operations Research, vol. 14, no. 4, pp.
699–719, 1966.

[25] M. Rudolf, H.-J. Wolter, and H. Zimmermann, “A linear model for tracking error minimization,” Journal of
Banking & Finance, vol. 23, no. 1, pp. 85–103, 1999.

[13] K. Benidis, Y. Feng, and D. P. Palomar, “Sparse portfolios for high-dimensional financial index tracking,”
IEEE Transactions on Signal Processing, vol. 66, no. 1,
pp. 155–170, 2017.

978-1-7281-5767-2/21/$31.00 ©2021 IEEE
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