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ABSTRACT
During the past years, statistical regularization methods have
shown their advantages for portfolio selection in various aspects like stabilizing the portfolio weights, selecting sparse
portfolios, and reducing the portfolio turnovers. In this paper, a regularized portfolio selection model is proposed based
on the sorted (or ordered weighted) `1 norm. The proposed
model is general to incorporate both the Markowitz’s meanvariance portfolio problem and the index tracking portfolio
problem. To be capable of handling large-scale portfolio selection (i.e., the asset universe is large), an efficient algorithm
based on the alternating direction method of multipliers is developed. Numerical simulations validate the benefits of the
proposed model and the high efficiency of the algorithm.

1. INTRODUCTION
Regularized portfolio (RP) selection has attracted a lot of attention during the past years where various statistical regularization methods have been used [1]. To some extend, methods
on RP selection closely follow the variable selection developments in the statistical literature. The `1 norm regularization
(a.k.a. LASSO [2]) was proposed for regularized Markowitz’s
mean-variance portfolio (MVP) [3] selection in [4] which can
lead to sparse portfolios (i.e., reducing the investment dimension). Besides, it is well-known that in the MVP selection the
multicollinearity in asset returns [5] and also the estimation
errors in the covariance matrix can result in unstable portfolio
weights [4], i.e., extreme (very large or small in magnitude)
positions which are undesirable for investment [6]. This issue
is more pronounced when the portfolio size is large [7]. The
`1 norm regularization is also shown to be able to mitigate the
covariance estimation errors, i.e., to select stable portfolios.
The `2 norm regularization (a.k.a. RIDGE [8]) was also
considered to stabilize the portfolio selection as it can control
for multicollinearity [4]. But it does not promote sparsity. A
combination of the `1 norm and the `2 norm (i.e., Elastic Net
[9]) could also be naturally used [1]. Interestingly, in [5] the
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ability of these norm-regularized portfolios in stabilizing the
portfolio weights was explained based on their connections
with the celebrated covariance shrinkage techniques [10].
When both the portfolio budget constraint and the longonly constraint are present in portfolio selection, however, the
`1 norm regularization can become ineffective as it degenerates to a constant. To tackle this issue, nonconvex regularizers like the `q norm (0 < q < 1) [11] (a.k.a. BRIDGE
[12]) and the log-function [13] were proposed for RP selection problems. From an optimization standpoint, nonconvex
regularizers will result in optimization problems that are NPhard. Thus, solutions are typically computed by heuristics
[14, 15] or local optimizers [16, 13, 17] without guaranteed
convergence to the optimum of the problem. Besides that,
the RP selection problem is often of a large dimension N (#
of financial assets). For example, in index tracking portfolio (ITP) selection [13] the dimension of the constituents in
a benchmark index can be very large (for the global index
S&P Global 1200, N = 1200 and for the U.S. regional index Wilshire 5000, N = 5000). In this case, the nonconvex regularizers will make the solving procedures not efficient
since finding a desirable solution in large-scale nonconvex optimization problems can be extremely time-consuming.
Apart from the above issue, when the financial asset returns
are highly correlated the `1 norm regularization method will
select only one or randomly select several among the assets,
making the portfolio weights not consistent over different investment periods. As a result, high portfolio turnovers and
hence high cost are incurred in portfolio management. This
motivates the idea of imposing a regularizer combining the
`1 norm and the pairwise `∞ norms on the portfolio weights
(a.k.a. OSCAR [18]). Such a regularizer can not only attain
lower turnovers than traditional approaches but also design
sparse portfolios at the same time without bothering the nonconvex regularizers [19]. In [20], the authors further applied
a more general variant of OSCAR, called sorted (or ordered
weighted) `1 norm (SL1) [21] (a.k.a. SLOPE [22]) for RP selection. It was pointed out that SL1 has the favorable clumping property in a sense that it can automatically identify assets with the same underlying risk factor exposures and group
them together with similar weights assigned. This property is
especially desirable for investor planning to incorporate their

individual views into the portfolio selection by selecting assets from such groups according to a specific financial characteristic or an individual preference.
In this paper, we will focus on the large-scale regularized
portfolio (RP) selection problem based on the SL1 regularization. Although the merit of using SL1 regularizer has
been mentioned in the literature [20], the discussion was only
limited to MVP and no efficient algorithm was proposed for
problem solving. Our proposed RP selection problem is able
to incorporate both the MVP and ITP problem and an efficient algorithm based on the alternating direction method of
multipliers (ADMM) will also be developed. To summarize,
the proposed RP selection problem can simultaneously i) lead
to practical portfolio weights (i.e., stability); ii) realize sparse
portfolios (i.e., sparsity); iii) reduce portfolio turnovers (i.e.,
consistency); and v) result in easy and guaranteed numerical
solving procedures for large-scale problem (i.e., efficiency).
2. REGULARIZED PORTFOLIO SELECTION
As mentioned before, the proposed RP selection problem can
consist of both the Markowitz’s MVP problem and the ITP
problem. It is generally formulated as follows:
min F (w) , Mγ (w) + Tη (w) + Rλ (w)
w

s.t.

1T w = 1,

(RP)

l ≤ w ≤ h,

where w ∈ RN is the portfolio weight to design, 1T w =
1 is the portfolio budget constraint and l ≤ w ≤ h is the
holding constraint specifying limits on the long and the short
positions. Meanings of the terms in the objective F (w) (i.e.,
Mγ (w), Tη (w), and Rλ (w)) will be introduced below.
The Markowitz’s mean-variance term Mγ (w). It represents the MVP selection criterion [3] and is given by
1
Mγ (w) , γσ σp2 (w) − γµ µp (w) ,
2
where γ , [γσ , γµ ] is a constant tuning parameter; σp2 (w)
and µp (w) represent the portfolio expected return and the
portfolio variance, respectively. Let rt denote the asset return time series and wT rt be the portfolio return series. The
portfolio expected return µp (w) is readily written as


µp (w) , E wT rt = wT E [rt ] = wT µ,
where µ , E [rt ] is the the asset return mean vector. The
portfolio variance σp2 (w) is given by
h
i
2
σp2 (w) , E wT rt − µp (w)
h
i
T
= wT E (rt − µ) (rt − µ) w = wT Σw,
h
i
T
where Σ , E (rt − µ) (rt − µ) is the asset return covariance matrix. In MVP, we aim to select a portfolio with lower
variance but higher return; hence Mγ (w) is to be minimized.

The tracking quality measure term Tη (w). The Tη (w)
denotes the tracking quality measure in ITP design [13]. In
this paper, it is chosen as the least squares error between the
portfolio return wT rt and the benchmark index return rb,t :
i
1 h
2
Tη (w) , η E wT rt − rb,t
2
i
1 T h
1
T
= η w E (rt − 1rb,t ) (rt − 1rb,t ) w = η wT Tw,
2
2
where the relation
h 1T w = 1 has been used
i in the second
T
equation, T , E (rt − 1rb,t ) (rt − 1rb,t ) , and η is a preset constant. In ITP selection, Tη (w) should be minimized.1
The regularization term Rλ (w). As already mentioned,
the SL1 regularizer [22] will be used. It is given as follows:
N
X
Rλ (w) ,
λn |w|(n) ,
n=1

where λ1 ≥ λ2 ≥ . . . ≥ λN > 0 are nonincreasing and
nonnegative constants and |w|(1) ≥ |w|(2) ≥ . . . ≥ |w|(N )
are the nonincreasing absolute values of portfolio weight w.
The SL1 regularizer is a convex function in w [22] and it
penalizes the portfolio weights according to their ranks: the
higher rank-i.e., the larger weight-the larger penalty.
The overall objective F (w). Combining all the terms introduced before, the objective F (w) is given by
N
X
1
1
F (w) = γσ wT Σw−γµ wT µ+η wT Tw+
λn |w|(n) .
2
2
n=1
With this objective, problem (RP) is a convex optimization
problem. Standard solvers can be used for problem solving
but can be inefficient for large-scale optimization problems.
Remark 1. In problem (RP), l = 0 leads to designing longonly portfolios. In this case, we can drop the absolute value
signs in Rλ (w) and further transform the problem into a convex quadratic program (QP). However, the number of linear
constrains in this QP grows exponentially with the problem
dimension N , which is unfavorable for large asset universe.
3. PROBLEM SOLVING VIA THE ADMM METHOD
In this paper, we will develop a problem-tailored and scalable
algorithm especially amenable for large-scale problems based
on the alternating direction method of multipliers (ADMM)
[23]. Due to its ability in variable splitting, ADMM is efficient in “arbitrary-scale” optimization problems.
To apply ADMM, we first introduce an auxiliary variable z
and then the problem (RP) can be rewritten as follows:
N
X
1
1
min γσ wT Σw − γµ wT µ + η wT Tw +
λn |z|(n)
w, z
2
2
n=1
s.t.

1T w = 1,

l ≤ w ≤ h,

w = z.

(RP0 )

1 If T (w) is jointly considered with M (w) in problem (RP), we obtain
η
γ
the variance-enhanced ITP (γσ > 0, γµ = 0), the mean-enhanced ITP
(γσ = 0, γµ > 0), and the mean-variance-enhanced ITP (γσ > 0, γµ > 0).

Lρ w, z, u (x) , v (y)



N
i
X

2
1
1
ρh T
2
=γσ wT Σw − γµ wT µ + η wT Tw +
λn |z|(n) + IW (w) + x 1T w − 1 + yT (w − z) +
1 w − 1 + kw − zk2
2
2
2
n=1
N
i
X
2
1
1
ρh T
2
=γσ wT Σw − γµ wT µ + η wT Tw +
λn |z|(n) + IW (w) +
1 w − 1 + u + kw − z + vk2 + cst.
2
2
2
n=1


We continue to define the set W , w( l ≤ w ≤ h and an
0,
w∈W
indicator function for W as IW (w) ,
.
+ ∞, otherwise
The augmented Lagrangian function (AL) is then given in
(AL), where ρ > 0 is the penalty parameter which serves
as the dual update step-size, the scaled dual variables are accordingly defined as u , ρ1 x and v , ρ1 y respectively, and
cst. represents constant term. Based on ADMM, the variables
(w, z, u, v) will be updated cyclically by minimizing (AL).
Updating variable w. To solve the w-subproblem, we
first find a majorized (AL) (i.e., an upperbound function).
Lemma 2. [24] Let A ∈ SK , then at any given point
x(k) ∈ RK , the following relation holds xT Ax ≤ ψxT x
+2xT (A − ψI) x(k) + x(k)T (ψI − A) x(k) , where the constant ψ ≥ λmax (A) and the equality is attained at x = x(k) .
Based on Lemma 1, the majorized AL with respect to variable w is given by

(k)
Lρ w, z(k) , u(k) , v(k) |w(k)
ψ
= wT w + wT (γσ Σ + ηT + ρ11T − ψI)w(k) − γµ wT µ
2
ρ
2
+ ρ(u(k) − 1)1T w +
w − z(k) + v(k) + IW (w) + cst.
2
ψ+ρ
2
=
w − m(k) + IW (w) + cst.,
2
where ψ = γσ ψΣ + ηψT + ρψ11T with ψ Σ ≥ λmax (Σ),
ψT ≥ λmax (T), and ψ11T ≥ λmax 11T = N ; m(k) ,
1
T
(k)
+ γµ µ − ρ(u(k) −
ψ+ρ [−(γσ Σ + ηT + ρ11 − ψI)w
1)1 − ρ(v(k) − z(k) )].
Instead of minimizing the original AL function, the updating of w now is to minimize the majorized AL which is essentially a projection step as follows:


1
(k+1)
(k) 2
w
= arg min
w−m
+ IW (w)
2
w
2
, projW (m(k) ).
The solution to this problem is given in the following result.
Lemma 3. (Solution to projW (m(k) )) The w-projection step
can be solved in parallel and obtains a closed-form solution


(k)
given by wn? = min max ln , mn , hn , for n = 1, . . . , N .
Updating variable z. The AL in terms of variable z is

Lρ (w(k+1) , z, u(k) , v(k) ) =

ρ
z−n(k)
2

2

+

N
X

(AL)

λn |z|(n) +cst.,

n=1

where n(k) , w(k+1) + v(k) . The updating rule for variable
z is a proximal step and can be summarized as follows:


N
1
1X
2
z(k+1) = arg min
z − n(k) 2 +
λn |z|(n)
z
2
ρ n=1
, prox ρ1 Rλ (·) (n(k) ),
where prox ρ1 Rλ (·) (·) denotes the Moreau proximity operator.
Due to the complicatedness of the exact solution form and the
limited space, we simply give the following conceptual result.
Lemma 4. (Solution to prox ρ1 Rλ (·) (n(k) )) The z-proximal
step can be reformulated as an isotonic regression [25] and
the optimal solution can be efficiently obtained with time complexity O (N ) based on the Karush-Kuhn-Tucker conditions.
Updating variables u and v. The updating rule in ADMM
for the dual variables u and v are accordingly given by
u(k+1) = u(k) + 1T w(k+1) − 1,
and

v(k+1) = v(k) + w(k+1) − z(k+1) .

In summary, to solve problem (RP), variables (w, z, u, v)
should be updated cyclicly until convergence criteria are met.
The overall algorithm. The algorithm is outlined below.
The ADMM algorithm for Problem (RP)
Input: Σ, µ, γ, T, η, λ, l, h, and ρ.
Initialize w(0) ∈ Da , z(0) = v(0) = 0, u(0) = 0, k = 0.
Repeat
1. Compute m(k) and w(k+1) = projW (m(k) ) (Lm. 1)
2. Compute n(k) and z(k+1) = prox ρ1 Rλ (·) (n(k) ) (Lm. 2)
3. u(k+1) = u(k) + 1T w(k+1) − 1
4. v(k+1) = v(k) + w(k+1) − z(k+1)
5. k ← k + 1
Until some termination criteria are satisfied.
Output: w(k) .
a The

D stands for feasible domain of the problem (RP).

The convergence properties of this algorithm are as follows.
Lemma 5. (Convergence analysis [26]) The ADMM algorithm converges globally to the optimal
 solutions of problem
1
(RP) with iteration complexity O K
(K: # of iterations).

4. NUMERICAL SIMULATIONS
In this section, numerical simulations will be given to demonstrate the effectiveness of the proposed algorithm and also the
RP selection model. Although the proposed model can be
used for both MVP selection and ITP selection, due to space
limitations we will only focus on its performance in MVP selection. The numerical simulations are conducted based on
the historical data of S&P 500 stocks from the U.S. market.
Algorithm convergence. We first show the proposed
ADMM algorithm can actually converge to the global optimum of the proposed convex RP selection model. The problem dimension is set as N = 15 and the result from MOSEK
[27] is included for comparison. We conducted 100 trials with
different initializations for the same problem instance. As can
be seen from Fig. 1, the ADMM can uniformly converge to
the global optimal solution (benchmarked by MOSEK).

in RP selection via different regularizers. We consider
N = 15 assets and the average risk and total
P5turnovers were
computed for 5 investment periods as 15 t=1 σp2 (wt ) and
P5
t=2 kwt − wt−1 k1 , respectively. This result is given in
Fig. 2. It can be seen that both `1 norm and SL1 can realize sparsity except `2 norm. However, the SL1 regularizer is
able to realize the lowest portfolio turnover among the three.
This can be expected since financial returns are highly correlated and SL1 has the clumping property, i.e., assigning similar weights to correlated assets which leads to consistent portfolio weights for multiple investment periods.
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Fig. 1. Convergence of the proposed ADMM algorithm.
Computing time. To demonstrate the efficiency of the
ADMM algorithm for large-scale portfolio selection problems. We further compared the proposed ADMM algorithm
with MOSEK in terms of runtimes in MATLAB based on a
series of RP selection problems by varying the problem dimension N . The average runtimes measured on a MacBook
Pro equipped with a 2.6 GHz Intel Core i5 and 8 GB RAM are
reported in Table 1. It is shown that in terms of running time
ADMM can substantially beat MOSEK in different settings.
Table 1. CPU running time comparisons.
CPU times / sec. (averaged over 50 trials)
Methods
N = 10
15
50
100
1000
MOSEK
2.73
4.21 NAa NA
NA
ADMM
0.07
0.09 1.17 3.36
50.70
a NA:

The testing computer is out-of-memory in this case.

Regularized portfolios based on `1 , `2 , and SL1 regularizers. We compare the risk and turnover performance

Fig. 2. Regularized portfolio turnovers with `1 , `2 , and SL1
(plots from top to bottom: `1 , `2 , and SL1).

5. CONCLUSIONS
In this paper, a regularized portfolio selection model based on
sorted `1 norm has been proposed in a unified way by compromising both the Markowitz portfolio and the index tracking portfolio. The overall problem is convex and an efficient
algorithm has been proposed based on ADMM. The designed
algorithm can also be extended to consider other portfolio risk
measures and other tracking quality measures. Besides, linear
and fixed transaction costs can be incorporated in the model.
Due to space limitations, a more detailed discussion on this
topic will be given in a journal version.
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